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infinite-body Greens function is employed, whereas for a surface coating the half-space Greens function is exploited.  The 
presence of the substrate or IUHH�VXUIDFH�SHUWXUEV�WKH�µLQWHUDFWLRQ�VWUHVVHV¶�IURP�SKDVH�WR�SKDVH��DQG�FRQVHTXHQWO\�WKH�effective 
properties of the coating differ from those predicted for the bulk composite of equal thickness.  Boundary layers emerge 
within the coating, adjacent to the substrate and free surface. 
 
The purpose of this study is to make accurate predictions for the effective properties of a surface composite coating or an 
embedded composite layer, taking into account the presence of the substrate of differing properties, whether linear or non-
linear.  Effective properties and associated bounds are generated for composite coatings and for composite sandwich layers 
of finite thickness, based on the Hashin-Shtrikman approach, but suitably modified to account for the presence of a free 
surface in the case of a coating and of substrates in the case of a sandwich layer.  First, the linear properties are generated 
and then the method is modified to generate bounds and estimates for a non-linear composite coating.  We limit our scoping 
study to two-dimensional problems by considering anti-plane shear of an isotropic 2-phase composite on a single-phase 
substrate, with microstructure prismatic along the direction of anti-plane shear.   
 
 

  
   Fig. 1  A microarchitectured adhesive joint 
 
 
 

CONCLUSIONS 
 

There is scope to develop microarchitecture lattice materials with a wide range of topologies, and engineering properties.  Recent 
advances in additive manufacture and in nanoscale manufacture have stimulated this activity, due to the ability to co-deposit two 
or more lattices.  The effective properties for a wide range of topologies have been determined, and defect sensitivity assessed.  
Reinforcement and pre-stressing by a second phase can be used to increase strength and toughness.  Finally, the effective 
properties of composite coatings is explored, and the role of boundary layers emphasised. 
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APPLICATION OF NONLINEAR ELASTICITY TO SOFT TISSUE BIOMECHANICS

Ray W. Ogden�1 and Gerhard A. Holzapfel2
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Summary After a short background discussion, this lecture will focus on the application of anisotropic nonlinear elasticity theory to the
modelling of the mechanical properties of soft biological tissues, with particular attention paid to the properties of artery walls and their
layered fibrous structure. We shall describe how our models have developed in sophistication as more and more experimental data have
become available to inform the modelling process, with particular reference to the details of collagen fibre dispersion and the most recent
model involving non-symmetric fibre dispersion. We shall also touch on recent work that shows how omitting the contribution of fibres
within a dispersion that are compressed during deformation makes a significant di�erence to the stress response of the material.

BACKGROUND

The theory of nonlinear elasticity was developed largely by Rivlin in the 1940s and 1950s because of the need to describe
the properties of rubberlike materials and to predict the behaviour of these materials for di�erent geometries and under various
loading regimes. Rivlin’s substantial works are contained in the two-volume collection of papers edited by Barenblatt and
Joseph [1] and are a continuing source of reference for researchers in the area. In more recent years, while significant interest
in the application of the theory of elasticity, and also inelasticity, remains, much attention has turned towards applications in
the field of biomechanics, in particular for applications to the mechanics of soft biological tissues such as artery walls and
heart tissue, as exemplified in Humphrey’s book [2]. Further stimulus for the theory has been found relatively recently in the
need to analyze the properties of so-called ‘smart materials’, which include electro-sensitive and magneto-sensitive elastomers
capable o�arge elastic deformation induced by applied electric or magnetic fields. Such materials have been developed for
applications to sensors, actuators and artificial muscles, for example, and to fully understand their behaviour the theories of
nonlinear electro-elasticity and magneto-elasticity are required, as summarized in the recent volume [3]. This presentation,
however, focuses entirely on the biomechanics applications.

Soft biological tissues have a very complicated struc-
ture, only some of which can be seen depicted in this
widely used schematic figure from [4]. Within the struc-
ture the collagen fibres have a very important role since
they are considerably sti�er than the surrounding material
in which they are embedded and they endow the material
with anisotropic properties. To describe the elastic proper-
ties of soft materials with a fibrous structure the theory of
nonlinear elasticity that incorporates preferred directions,
the local fibre directions, is required. The two main solid
mechanically relevant layers of a healthy artery wall, the
media and adventitia, typically contain families of colla-
gen fibres that are arranged symmetrically in two helical
structures, and this (idealized) structure was the basis for
our first contribution to the elasticity of arteries described
in [4]. Subsequently it became apparent that a slightly more
sophisticated model that accounted for the dispersion in the
fibre orientations about the mean helical structure was re-
quired, and to accommodate this we introduced the notion
of a generalized structure tensor that incorporated a mea-
sure of the dispersion, and this was published in [5].

Both papers have been very successful and the models they contain have been applied to a wide range of soft biological
tissues. However, recent very detailed and extensive experimental work [6, 7] highlighting the collagen fibre dispersion in a
range of di�erent arteries has shown that a more general model is needed to account for the three-dimensional dispersion. In
particular, the rotationally symmetric dispersion model in [5] cannot account for these data. This prompted us to develop a
non-symmetric fibre dispersion model to accommodate the new findings, and this was published recently in [8].

�Corresponding author. Email: raymond.ogden@glasgow.ac.uk



CONTENT OF THE LECTURE

In this lecture we shall describe the development of our constitutive models of arterial elasticity starting from the model
with two helically arranged families of fibres in [4] and then going on to the models of fibre dispersion in [5, 8]. The non-
symmetric fibre dispersion model in [8] is based on a bi-variate von Mises distribution of fibres and introduces new structure
tensors, one for each fibre family, which are incorporated into the constitutive law to model the fibre dispersion. Necessarily
we shall cover some background material on nonlinear anisotropic elasticity and constitutive laws that govern the nonlinear
elastic response of fibrous solids. Then, with reference to experimental data, models that have a specific structure but are
special cases within the general constitutive framework will be described, and their predictions will be examined for particular
simple deformations. The non-symmetric fibre dispersion model, in particular, will be described in detail. We shall also make
reference to the important effect that residual stresses in unloaded arteries have on their response when loaded.

In the literature it is often considered that collagen fibres do not support significant stress when under compression and so
should be excluded from constitutive models when the material is subject to deformations for which they are compressed. It
is debatable to what extent this notion should be applied since multiple fibres in the matrix within which they are embedded
may well support at least some compressive stress. Nevertheless, in recent (as yet unpublished) work we have explored the
effect of omitting compressed fibres within a dispersion from the analysis and we have found that this makes a considerable
difference to the stress response of the material when there is significant dispersion. This will be discussed briefly during the
lecture.

References

[1] Barenblatt G.I., Joseph D.D.: Collected Papers of R.S. Rivlin. Springer, New York 1997.
[2] Humphrey J.D.: Cardiovascular Solid Mechanics. Springer, New York 2002.
[3] Dorfmann L., Ogden R.W.: Nonlinear Theory of Electroelastic and Magnetoelastic Interactions. Springer, New York 2014.
[4] Holzapfel G.A, Gasser T.C., Ogden R.W.: A new constitutive framework for arterial wall mechanics and a comparative study of material models. J.

Elasticity 61:1-48, 2000.
[5] Gasser T.C., Ogden R.W., Holzapfel G.A.: Hyperelastic modelling of arterial layers with distributed collagen fibre orientations. J. R. Soc. Interface

3:15-35, 2006.
[6] Schriefl A.J., Zeindlinger G., Pierce D.M., Regitnig P., Holzapfel G.A.: Determination of the layer-specific distributed collagen fiber orientations in

human thoracic and abdominal aortas and common iliac arteries. J. R. Soc. Interface 9:1275-1286.
[7] Schriefl A.J., Reinisch A.J., Sankaran S., Pierce D.M., Holzapfel G.A.: Quantitative assessment of collagen fiber orientations from two-dimensional

images of soft biological tissues. J. R. Soc. Interface 9:3081-3093, 2012.
[8] Holzapfel G.A., Niestrawska J., Ogden R.W., Reinisch A.J., Schriefl A.J.: Modelling non-symmetric collagen fibre dispersion in arterial walls. J. R.

Soc. Interface 12: 2015.0188, 2015.



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

FLUID DYNAMICS AT THE SCALE OF THE CELL

Raymond E. Goldstein∗
Department of Applied Mathematics and Theoretical Physics, University of Cambridge, United Kingdom

Summary The world of cellular biology provides us with many fascinating fluid dynamical phenomena that lie at the heart of impor-
tant aspects of physiology, development, and ecology. Advances in imaging, micromanipulation, and microfluidics over the past decade
have allowed for high-precision measurements of such flows, providing tests of fundamental theories about microhydrodynamics and also
revealing a wealth of new phenomena which call out for explanation. In this lecture I summarize this progress in the context of four is-
sues: cytoplasmic streaming in plant and animal cells, synchronization of eukaryotic flagella, collective behaviour in dense suspensions
of microswimmers, and the interaction between swimming cells and surfaces. Throughout, I emphasize the role of fluid dynamics in an
interdisciplinary approach to the mysteries of biology.
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MODELS OF COHERENT STRUCTURES IN TURBULENT JETS AND THEIR RADIATED
SOUND

Tim Colonius∗1, Aaron Towne1, and Oliver Schmidt1
1Department of Mechanical and Civil Engineering, California Institute of Technology, Pasadena, CA USA

Summary This paper provides an overview of recent research aimed at modeling the coherent structures that comprise the dominant source
of mixing noise in high-speed, turbulent jets. A trove of new data from numerical simulations and state-of-the-art measurement techniques
are being fruitfully combined with computationally-enabled access to the eigenspace of large, non-normal, linear systems, in order to
provide tools whereby turbulent structure and mechanism can be reliably educed, and through which quantitatively accurate models are now
emerging. Beyond jet noise, these models have a role to play in controlling turbulence in a variety of free and wall-bounded shear flows.

Background
Enormous progress has been made towards the accurate prediction, via large-eddy simulation (LES), of jet turbulence

and its associated radiated sound, a problem of profound and sustained interest in commercial and military aviation. While
LES is computationally expensive, motivating the continued pursuit of theory and reduced-order models, the realism of the
predictions makes its data a key resource for understanding the physics and modeling the relevant phenomena.

In high Reynolds number turbulent jets, coherent large-scale structures in the form of wavepackets (reminiscent of linear
instability waves in transitional flow) have long been observed (see the extensive review in [1]). Their length and time-scales
far exceed the integral scale of turbulence, and they propagate with a coherent wavelength and phase speed that is slowly
varying with downstream position along the jet potential core and beyond. Their spatiotemporal coherence renders them
more acoustically efficient than smaller-scale, more random turbulent fluctuations, especially in high subsonic and supersonic
jets. The signatures of these structures can be most clearly identified from modern multi-point measurements such as near-
field microphone arrays [2, 3] and time-resolved particle image velocimetry [3]. Within the turbulent jet itself, the envelope,
wavelength, and phase speed of these wavepackets have been accurately modeled, compared with these experiments, using a
variant of weakly nonparallel spatial linear stability analysis, namely parabolized stability equations (PSE) [2]. A key aspect of
the work has been using techniques such as proper orthogonal decomposition, which involve averaging, to extract the coherent
wavepacket from more random fluctuations present in the measurements in order to compare to the analytical models; models
should therefore be regarded as predicting the average wavepackets.

Unfortunately, particularly in subsonic jets, these linear models fail to accurately predict a consistent acoustic signature
of wavepackets in the far-field. Random variations in the wavepacket characteristics in different short-duration realizations
of the flow lead to preferential amplification to the acoustic field. Simply put, the average wavepacket does not necessarily
make the average sound. Thus to predict the acoustic field, it becomes necessary to model the “jitter” [4] of the wavepackets
through their stochastic forcing, either at the nozzle exit or in a distributed way throughout the jet.

Input/output models
In our recent work, we consider a more general modeling framework that is based on the full equations of continuity,

momentum, and energy, and the Reynolds decomposition separating the flow into mean and fluctuating components. Once
spatially discretized and specialized to the case of statistically stationary flow, these equations take the form of a set of large,
linear systems (one for each frequency and azimuthal wavenumber) driven by the (generalized) Reynolds stresses representing
triadic interactions coupling the frequency/wavenumber components.

In the absence of right-hand-side forcing, the linear system is then identical to that which would be used in modal or
transient stability analysis, but linearized about the turbulent mean rather than an equilibrium (laminar) solution. This provides
a commonality with previous models built around the weakly parallel flow theory, but allows for the full spectrum of modes
associated with the non-parallel flow to also be considered. Further, with nonzero forcing, the input/output (resolvent) behavior
of the system can be studied, similar to that being developed for wall-bounded flows [5]. The SVD can be used to extract
the highest-gain modes of the multiple-input, multiple-output system, forming a reduced-order (low rank) basis that can be
expected to span the energetic, large-scale coherent structures [6].

This approach, while computationally intensive in non-parallel flow, provides new insights into the wavepackets and their
associated noise radiation [7]. We note without elaboration that we have recently proposed more computationally efficient
solutions to these systems based on the notion of parabolization, or streamwise marching, of the equations [8]. Such methods
are in fact necessary if we are to develop “reduced-order” models of turbulence, since the SVD associated with the full
complement of frequencies and wavenumbers has a cost approaching LES.

∗Corresponding author. Email: colonius@caltech.edu



Ramifications for wavepackets and their radiated noise
The present analysis is fueled by an extensive LES database and companion experiment created by our collaborators for a

canonical Mach 0.9 jet [9] with Reynolds number 106 issuing from a round, converging nozzle. The LES model was carefully
developed to replicate, as closely as possible, the turbulent boundary layers emanating from the nozzle exit in the experiment.
Within the nozzle, synthetic turbulence injection and wall modeling were found to be of prime importance in accurately
predicting the overall jet turbulence and especially the spectrum of radiated sound [9]. Another critical aspect of the LES
was to assemble very long-duration records of the entire flow field to allow for adequate convergence of the low-frequency
statistics associated with the largest flow structures.

Based on the LES mean flow field, we have computed global and resolvent modes associated with the linear operator,
restricting our attention to the jet region downstream of the nozzle exit. Both analyses produce dominant modes in the form of
wavepackets over a wide range of frequencies. An interesting twist, however, is that over a range of frequencies, these modes
are coupled to what can be understood as trapped acoustic waves within the potential core. These modes appear as discrete
lightly damped modes in the global spectra, and their frequencies have also been observed as tones in the near nozzle acoustic
field of recent experiments, as will be reported in forthcoming publications.

The extensive LES data allows us to assess the impact of the nonlinear forcing term on wavepacket evolution by directly
tabulating, over a range of frequencies, both sides of the forced input/output system described in the previous section. In order
to focus the analysis on the dominant coherent structures, we have developed a data decomposition technique that we call
empirical resolvent-mode decomposition [10]. Given an ensemble of realizations for both the forcing and response, two sets
of linked, mutually orthogonal modes can be formed–one for the forcing (inputs) and one for the response (outputs)–that max-
imize the respective gain between them. For a full-rank dataset these would naturally reproduce the standard resolvent modes
associated with the input/output transfer function. For data constrained to lie in the space visited by the LES simulations, the
empirical modes are biased towards high-gain “events” that actually occurred, thereby serving as a diagnostic to determine
which kind of nonlinear interactions led to the observed coherent structures.

The results of this analysis were striking, in that the forcing modes that produced the highly coherent large-scale wavepack-
ets lacked a coherent wave structure, instead appearing more random and smaller-scale in nature, and particularly concentrated
in the near-nozzle thin shear layer region. Whereas a relatively small subset of the response modes were responsible for a
large fraction of the flow fluctuations, the forcing modes were essentially no more efficient than white noise in reconstruct-
ing their total forcing. These observations support the view that the dominant large-scale structures arise stochastically from
uncorrelated forcing from other scales, the structure being associated with the high-gain linear operator itself rather through
coherent nonlinear interactions amongst the dominant modes at other frequencies. This provides justifications for the earlier
PSE models, which are based on the premise that the waves are initiated stochastically in the near-nozzle region.

By restricting the output of the linear system to be the far-field pressure, acoustically dominant structures and their related
forcings can also be characterized. Again it is found that the wavepackets associated with the dominant (low-rank) far-field
structures are produced by incoherent, small scale fluctuations, dominant near the nozzle exit but also through the jet shear
layers, particularly near the region that would be marked as the critical layer (for a given frequency) in a weakly non-parallel
framework. To state the result in cartoon form, both the near-field-dominant wavepackets and far-field-dominant wavepackets
are the result of incoherent fluctuations amplified through the low-rank, non-normal operator associated with the mean of the
turbulent flow field. This suggests the potential for linear models that capture both the coherent flow and acoustic fields. One
approach would be to use RANS to predict the turbulent mean flow field, resolvent analysis (made computationally efficient
via the aforementioned spatial marching method), together with parameterizations of the stochastic forcing terms.
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TURBULENT DRAG REDUCTION USING LIQUID-INFUSED SURFACES
Alexander J. Smits∗1,2 and Tyler Van Buren1

1Princeton University, Princeton, NJ 08544, U.S.A. and 2Monash University, Melbourne, Australia

Summary Liquid-infused surfaces are textured surfaces that have a lubricating liquid impregnated in the surface features. When these
surfaces are exposed to the flow of an immiscible liquid, it is possible to achieve substantial drag reduction in fully turbulent flow. Liquid-
infused surfaces may overcome some of the shortcomings associated with conventional superhydrophobic surfaces, namely failure under
turbulent flow fluctuations and conditions of high hydrodynamic pressure. Results are presented for turbulent Taylor-Couette flow with
longitudinal grooves. A number of different lubricating liquids are tested, and we find a strong dependence on the ratio between the
viscosity of water and that of the lubricating liquid. The drag reduction, remains fairly constant over the Reynolds number range tested
(100 ≤ Reτ ≤ 140) with a maximum of about 14%, as reported by [6]. The current study extends this previous work to examine the effects
of changing the characteristics of the surface features.

INTRODUCTION

It has variously been shown that modifications of the surface can lead to drag reduction for turbulent wall-bounded flows.
For example, [1] showed that for V-shaped grooves (riblets) drag was reduced when h+ < 25 and b+ < 30, with the maximum
drag reduction of 8% occurring for h+ = 10 and b+ = 15. Here, h+ = ρhuτ/µ, b+ = ρbuτ/µ, where h is the riblet height, b
is the riblet pitch, uτ =

!
τw/rho is the friction velocity, τw is the surface shear stress, and ρ and µ are the fluid density and

viscosity, respectively. Shark-skin surfaces, which are broadly similar to riblet surfaces, have been reported to reduce drag
by up to 10% [2]. Superhydrophobic surfaces, where water flows over a grooved surface with air infused in the grooves, has
shown particular promise for drag reduction, with some researchers reporting up to 75% drag reduction in turbulent flows [3].
However, the air pockets may fail when they are under high pressure and under high shear, and turbulent pressure fluctuations
can also cause failure at high Reynolds numbers [4].

Recently, a new technology that uses liquid-infused surfaces has been developed that exhibits negligible contact angle
hysteresis when in contact with various polar and non-polar fluids, low sliding angles for drops on the surface, rapid and
repeatable self-healing, and extreme pressure stability (at least 675 atm) [5]. These liquid/liquid systems are stable as long
as the two liquids are immiscible, the impregnating liquid preferentially wets the substrate compared to the working liquid,
and interfacial tension is stronger than destabilizing body and surface forces. Here, we report how this new surface treatment
responds to flow, and demonstrate that such liquid-infused surfaces can lead to sustainable drag reduction in turbulent flows.
The current study extends the recent work by [6] to examine the effects of changing the characteristics of the surface features on
the level of drag reduction that can be achieved. In addition, we discuss related analytical and numerical model development,
and preliminary results obtained in large-scale tests.

EXPERIMENTS

A Taylor-Couette flow was used to study the drag reducing characteristics of liquid-infused surfaces. The Taylor-Couette
flow was generated using a commercial rheometer (Brabender Rheotron). The inner cylinder was stationary, while the outer
cylinder was rotated over a range of angular frequencies ω (rad/s). The radial gap between the outer and inner cylinders, d
was 1.982± 0.013 mm and the height of the inner cylinder H was 80.0± 0.1 mm. The working fluid, deionized water, was
maintained at constant temperature to within ±0.1◦C for each experiment using a cooling jacket.

In the original experiments reported by [6], the surface of the aluminum inner cylinder was engraved with grooves aligned
in the flow direction that had a pitch b ≈ 106 µm. A confocal microscope (Olympus LEXT OLS4000) was used to measure
the surface topography (see figure 1a), and the features had an average height of h = 75 ± 3 µm.

Three configurations of the h = 75 µm surface were tested, as illustrated in figure 1b. These preparations were called
“hydrophilic,” “superhydrophobic,” and “oil-filled,” respectively. For the hydrophilic or “control” case, the surface was made
wettable so that the water completely filled the texture. For the superhydrophobic case the same cylinder was then placed in
an ethanol-based solution containing Masurf FS100 (Mason Chemical Co.), resulting in a strong repellency to water and the
entrapment of air in the grooves. For the liquid-infused cases using perfluorinated oils, the oils have a high chemical affinity for
the fluorinated aluminum. For the cases using alkanes such as heptane, the surface was made wetting with respect to alkanes by
removing the fluorination treatment in the plasma cleaner and then functionalizing the surface with n-Octadecyltrichlorosilane
(OTS). The physical and chemical properties of all test surfaces are summarized in table 1.

Figure 1c show the torque measured on the inner cylinder as a function of Reynolds number Re based on the gap size
and the outer cylinder speed (Re = ρwdωRo/µw). The Reynolds number range corresponds to turbulent flow with 100 ≤
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COHERENT STRUCTURES IN WALL-BOUNDED TURBULENCE
Javier Jiménez∗

School of Aeronautics, Universidad Politécnica Madrid, 28040 Madrid, Spain

Summary As a consequence of the recent explosion in the amount and quality of data on turbulent flows, due in large part to direct numerical
simulations, the emphasis has moved from what information is available to the choice of how to analyse it. In particular, the deterministic
description of turbulence, although still a distant goal, does not appear any longer to be unreachable. We review recent advances in the
description of wall-bounded turbulence in terms of identifiable structures that remain coherent for substantial times. We outline their
properties and temporal evolution, and trace their connections with other descriptions of turbulence. We enumerate successes and failures,
and speculate on the future development of the field.

INTRODUCTION

As far as we know, the flow of Newtonian fluids is well described by the deterministic Navier–Stokes equations. This
includes turbulence, and its usual stochastic description can be seen as an admission of our inability to handle complex
solutions rather than as an intrinsic property of the flow. Even the usual argument that engineering is primarily interested
on mean quantities is disingenuous. While the point-to-point instantaneous description of an industrial flow may never be
required, a robust deterministic description would open the door to better prediction and even to control. To give an example,
full-scale weather control may always be impractical, but the prevention of individual tornadoes is a simpler proposition that
would still be very useful.

Coherent structures have always been part of these descriptive attempts. Ideally, they would be local flow configurations
that can be easily recognised and that stay recognisable for a while in a way that can be predicted from the equations. Unfortu-
nately, this is unlikely to be true in general, because pressure in incompressible flows satisfies an elliptic equation that spreads
globally the effect of local initial conditions, but it may work locally for strong events. This hope probably stems from the
observation of free-shear flows [3] or of eddies in rivers and in the atmosphere, although we now understand that coherence
in these systems is linked to fast inviscid instabilities that locally overwhelm the nonlinearity and chaos of the equations.

WALL-BOUNDED FLOWS

Most wall-bounded turbulent flows lack inviscid instabilities in the sense just mentioned, but they don’t lack structures
that can be ‘visually’ identified as coherent. That identification can be automated, and most of the results below have good
statistical support. Popular examples are streaks [11], hairpins[1], sweeps and ejections [14] and vortex clusters [5]. They
differ from the free-shear structures in that we lack a clear theory for their origin, although we believe that we know why they
survive once they have been created. For the same reason that there are no strong instabilities to create them, they are only
weakly damped once they form.

These structures have often been used as descriptive devices in wall turbulence, and each of them has fierce defenders and,
in some cases, detractors. The absence of a fast generation mechanism probably means that no single structure is likely to
dominate the flow everywhere. Most reasonable definitions imply a low-dimensional manifold in phase space towards which
the flow tends, and in whose neighbourhood it stays for some time, but the intrinsic dimensionality of even very-low-Reynolds
number turbulence is high [10]. Moreover, recent results suggest that the inertial range of turbulence is essentially attractor-
less, and temporal tracking of the growth and decay of individual structures is more consistent with a memoryless process
than with an organised evolution. On the other hand, the visually identified structures are far from being negligible. Streaks
carry a large fraction of the fluctuating kinetic energy, and the same is true of the momentum transfer (i.e. drag) by sweeps
and ejections.

A wealth of data, and a paucity of models
Some of the ambiguities plaguing coherent structures can be traced to the incomplete information that experiments provide

about extended objects. Until the recent appearance of time-resolved PIV, experiments were mostly restricted to time traces at a
few points. Even today, experiments rarely extend beyond two-dimensional sections. This left a lot of scope for interpretation
and hypothesising, and has been largely superseded by direct simulations that routinely provide three-dimensional time-
resolved fields of all flow variables. Numerical Reynolds numbers are also now comparable to experiments, although it is
striking that efforts to relate experimental with numerical structural data remain relative rare.

A case that has been studied in some detail are the carriers of intense ‘bursts’ of momentum transfer, originally defined
from point velocity data in terms ‘quadrants’ in a u–v diagram [14]. They were later generalised to a self-similar hierarchy
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of irregular three-dimensional objects [12], each of which contains, on average, a short streamwise roller and a side-by-side
pair of a sweep and an ejection. They have lifetimes of the order of the local eddy turnover, and owe much of their growth
and decay to a series of mergers and splits between objects of comparable size [13]. A sub-family of ‘wall-attached’ eddies
spanning the whole boundary layer carry 60% of the total momentum flux, even if they fill less than 8% of the total volume.

Unfortunately, while data are very useful to determine which hypotheses are untenable, they do not amount to a theory
of turbulence. Models incorporating structures are also being developed. For example, we have reasons to believe that the
origin of the observed bursts is the quasi-linear transient growth of perturbations to the mean profile [4, 6], and we know
that these transient structures exist in all the linearly stable turbulent shear flows in which they have been sought [7]. Linear
processes are thus excellent candidates for the driving engine of wall-bounded flows, and they can be easily analysed and
predicted. They are also fast and inviscid in the sense of free-shear flows, even if transient. However, it is unclear whether our
enthusiasm for these desirable properties simply reflects our inability to deal with fully nonlinear behaviour. A recent analysis
in our group reveals that only 10% of the volume and 40% of the drag are represented by ‘linear’ bursts.

Nonlinear exact solutions of the Navier–Stokes equations, such as permanent waves, cycles [9], and homoclinic and hete-
roclinic connections [2, 15], are also tantalisingly similar to some of the visual features of low-Reynolds number turbulence,
but they are hard to observe at higher Reynolds numbers, and it is even unclear how they could be recognised in a fully chaotic
flow if they were present. As long as this continues to be the case, we do not know how significant they are.

A worrying possibility is that we may be looking at the wrong objects. Structures are presently defined in terms of
variables, such as the Reynolds stresses, whose main justification is that they can be measured experimentally. But only their
divergence enters the equations, and the stresses themselves can be modified by an arbitrary divergence-less ‘gauge’ [8]. Most
present analyses use a particular ‘experimental’ gauge, but this needs not be the case with numerical data. It is intriguing
whether other gauges, or even gauge-invariant quantities, may give results that are easier to interpret.

CONCLUSIONS

The flood of data provided by numerical simulations, and up to a point by experiments, is shifting the focus of turbulence
research away from observation and back to theoretical modelling. In particular, coherent structures offer a promising path
to the deterministic description of at least the most energetic parts of the flow. This in turn may lead to practical applications
in control and modelling. There is by now a virtually unlimited supply of relevant data, including at Reynolds numbers
comparable to most experiments in which detailed measurements are possible. On the other hand, theoretical understanding
is still limited. In particular, we do not know how to restrict our analysis to a local region. We have argued that part of the
problem may be that our methods have inherited the limitations of experiments, and that adapting them to the new numerical
capabilities could be a first step in resolving the theoretical impasse.

This preparation of this paper was partially supported by the Multiflow and Coturb advanced grants of the European
Research Council. I am grateful to S. Dong, M.P. Encinar, C. Huertas–Cerdeira, A. Lozano–Durán and A. Vela–Martı́n for
much of the research cited here.
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[6] J. Jiménez: How linear is wall-bounded turbulence? Phys. Fluids, 25:110814, 2013.
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effects are all negligible. Balancing hydrostatic pressure and viscous resistance we solve for the speed of the advancing front.
By comparing this speed with the diving speed, we find a maximum diving depth that can be achieved while maintaining an
insulating layer of air given by:

hmax

L
=

!
V µ

kρgr2

"1/2

.

The model is compared with experimental data from our toy system as well as with typical biological data from seals and
otters.

LOW REYNOLDS NUMBER SOLID STATE FLOW RECTIFIERS

A fundamental component in hydraulic systems is the flow rectifier in which resistance varies with the direction of the
flow. One of the simplest ways to generate such an asymmetry is with a ball valve in which flow is completely obstructed in
one direction and free to flow in the other. In this work we seek a variation that: (1) allows the designer to modulate the relative
resistances in the rectifier and (2) can be achieved with solid state state components (i.e. no moving parts). Such a device was
first proposed by Nikola Tesla who patented the “valvular conduit” in 1920 [4]. Tesla’s device relied on fluid inertia to break
symmetry in the rectifier. Later Groisman and Quake [5] demonstrated a microfluidic rectifier for viscoelastic fluids in which
the non-Newtonian properties of the working fluid break symmetry in the flow via nonlinear effects.

In this project, we design a fluid rectifier for low Reynolds number Newtonian flows [6]. In order to circumvent the time-
reversal symmetry inherent in Stokes flow, we again turn to mesoscale elastic hairs that are affixed to the channel walls. Hairs
are angled such that flow aligned with the hairs bends them towards the channel walls increasing the effective height of the
channel; flow in the other direction bends hairs away from the walls decreasing the effective height.

Consider a channel coated with a bed of elastic fibers, each of radius a and length L ≫ a. The fibers are anchored to
a rigid substrate wall, and tilted at an angle θ0 to the z-axis. Flow is driven through the channel by an externally imposed
pressure differential. The channel, of height 2R, can be modeled using two zones. The interior zone corresponds to the space
in the center of the channel which is free of hairs, hence the flow corresponds to Poiseuille flow. The second zone is comprised
of flow through the fiber bed near the wall and is modeled as a porous medium using Darcy flow with a permeability that is
dependent on the local orientation of the fibers [7]. Coupling the two zones, we assume that the shear stress is supported by
the elastic fibers and that the flow velocity is continuous at the fiber tip. Finally, to close the system we require a model for the
deformation of the fibers. We consider two alternate models for fibers: (1) a linear elastic beam and (2) a rigid fiber attached
to the substrate via a torsional spring. This system can now be solved to find the equilibrium shape of the fibers which can
then be used to find flow rates and resistances.

For the torsional spring model, fiber orientation θ is given by the transcendental equation

cos θ
#
1− α

2
cos θ

$
= Te(θ − θ0).

Hence the system response is characterized by three dimensionless groups: Te = (Ksφs)/(πa2Lµv) which represents the
ratio of elastic to viscous stresses, α = L/R the ratio of fiber length to channel height, and θ0 the undeformed angle of the
fiber. Here Ks represents the torsional spring stiffness, φs is the density of fibers, and v is the average fluid velocity. This
equation can be solved numerically to map and optimize impedance asymmetry. Note that in the limit of large Te the fibers are
nearly rigid and, owing to the time-reversal symmetry in Stokes flow, there is no impedance asymmetry. At the other extreme,
Te → 0, the fibers are extremely flexible and fold down to the walls regardless of the flow direction, again resulting in no
asymmetry. However, there is a region of parameter space in which elastic and viscous forces on the fibers are comparable,
maximizing the anisotropic resistive properties of the channel. These predictions are tested by constructing a fiber bed using
the fabrication techniques described above and directly measuring resistance asymmetries.
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THE TRANSITION TO THE ULTIMATE STATE IN TURBULEN THERMAL CONVECTION

E. Bodenschatz ∗, G. Ahlers, D. Funfschilling, D. van Gills, X. He, H. Nobach, and S. Weiss
Max Planck Institut für Dynamik und Selbstorganisation, Göttingen, Deutschland

Summary We report measurements on turbulent Rayleigh-Bénard convection using three cylindrical samples with aspect ratios (diame-
ter/height) Γ = 1.00, 0.50 and 0.33. All samples had the same diameter D = 1.12 m, but different heights L. Compressed sulfur
hexafluoride gas (SF6) at pressures up to 19 bar was used as the fluid at the Göttingen Turbulence Facility (see www.EuHIT.org). The
measurements were conducted over the Rayleigh-number range 1012 <∼ Ra <∼ 4 × 1015 and for Prandtl numbers Pr near 0.8. In three
independent measurements, namely global heat transport, local turbulent Reynolds numbers, and large-scale-circulation dynamics, we ob-
served a transition over a range of Ra from the classical regime to a new regime which has been referred to as “ultimate”. We discuss the
properties of the classical and the ultimate state, as well as the influence of rotation on this system.

INTRODUCTION

Rayleigh-Bénard convection (RBC), where fluid mass and heat are convected due to a vertical temperature difference ∆T
in the presence of gravity, has long been a model system for the study of thermal convection [1]. The fluid is contained
between two parallel horizontal plates and heated from below. The dynamics of the system depends on the Rayleigh number
Ra ≡ αg∆TL3/(κν) and the Prandtl number Pr ≡ ν/κ. Here g is the gravitational acceleration, L is the sample height, and
α, ν and κ are the thermal expansion coefficient, the kinematic viscosity and the thermal diffusivity respectively. When Ra is
moderate, there are two thin laminar boundary layers (BLs), one adjacent to each of the plates. This system is referred to as
the “classical state”. Each BL emits plumes that rise or fall towards the opposite plate under the influence of buoyancy. The
plumes drive, and in turn are carried by, a large-scale circulation (LSC). When L and the diameter D of the sample are not too
different, then the LSC consists of a single convection roll occupying the bulk region between the BLs. As Ra increases and
exceeds a critical value Ra∗, the LSC mean flow, as well as fluctuations on somewhat smaller scales, will apply shear to the
BLs and, at sufficiently large Ra > Ra∗, will cause the BLs to become turbulent as well. Since no further structural changes
are anticipated as Ra increases beyond Ra∗, the system above Ra∗ is referred to as the “ultimate state”. The value of Ra∗ was
predicted to be of the order of 1014 for Pr ≃ 1 [2], and to increase as Pr increases.

Various properties, such as the Nusselt number Nu (a dimensionless form of the heat transport), the Reynolds numbers
Re, and aspects of the the LSC dynamics are expected to have different Ra dependences in the classical and ultimate states.
In agreement with the model of Grossmann and Lohse (GL) [2], measurements at the Göttingen Turbulence Facility gave
Nu ∝ Ra0.32 and Re ∝ Ra0.43 for the classical state. For the ultimate state they yielded Nu ∝ Ra0.38 and Re ∝ Ra0.50, as
predicted also by GL [3]. Recent measurements of the Reynolds number Reθm (which describes the LSC azimuthal diffusivity)
revealed a transition from Reθm ∝ Ra0.28 for the classical state to Reθm ∝ Ra0.40 for the ultimate state [4].

EXPERIMENTAL FACILITIES AND MEASUREMENTS

The experiments were conducted with three large RBC samples known as the High-Pressure Convection Facilities (HPCFs)
which were located in an even larger pressure vessel known as the Uboot of Göttingen at the Göttingen Turbulence Facility.
The samples were cylindrical with diameter D = 1.12 m and heights L = 1.12, 2.24, and 3.40 m, corresponding to aspect
ratios Γ ≡ D/L = 1.00, 0.50, and 0.33. The fluid was gaseous pressurized sulfur hexafluoride (SF6) at ambient temperatures.
For a perfect gas Ra ∝ P 2 (P is the pressure). Thus, increasing P up to the maximum Uboot design pressure of 19 bar yielded
the highest possible Ra values. For L = 3.40 m Ra = 4 × 1015 was reached. The value of Pr was close to 0.8. Details about
the facilities and experimental procedures were reported elsewhere [5].

EXPERIMENTAL RESULTS

Figure 1(a) shows Nu measurements for the Γ = 1.00 sample (known as “HPCF-IVb”) which cover the range 1012 <∼
Ra <∼ 1.5× 1014. For Ra < Ra∗1 ≃ 2× 1013 one sees that Nu ∝ Ra0.321, consistent with the classical-state prediction [2] and
previous measurements. For Ra > Ra∗2 ≃ 8 × 1013 we find Nu ∝ Ra0.37, consistent with the prediction for the ultimate state
[3]. In the range Ra∗1 < Ra < Ra∗2 Nu gently increases from values corresponding to one state to those of the other, indicating
the existence of a transition range between the classical and the ultimate state.

Figure 1(b) shows the reduced Reynolds number ReV /Ra0.5 from a different Γ = 1.00 sample (known as “HPCF-IV”)
[5]. Here ReV ≡ V L/ν where V is the rms velocity fluctuation in the vertical direction. While the data do not give an
obvious indication of Ra∗1 (except for a slight increase of the scatter), they clearly show a discontinuity and a change of the Ra
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Figure 1: (a) The reduced Nusselt number Nu/Ra0.321 as a function of Ra on logarithmic scales. The solid line is the power-
law fit Nu = 0.0159Ra0.37 to the red squares, and the horizontal dashed line is at Nu/Ra0.321 = 0.0763. (b) The reduced
velocity-fluctuation Reynolds number ReV /Ra0.5 as a function of Ra [5]. The solid line is the power-law fit to the data
with Ra ≤ Ra∗1 = 2 × 1013, which gave an exponent of 0.43. The dashed line is the extrapolation of that fit beyond Ra∗1.
The horizontal solid bar corresponds to 0.0863. (c) The reduced Reynolds number ReθmPr1.2/Ra0.4 as a function of Ra.
Dashed line: ReθmPr1.2 = 0.124Ra0.278 as determined using the data from Ref. [6] for Pr = 4.38. The horizontal solid
bar corresponds to ReθmPr1.2 = 0.00364Ra0.40. In all panels the data are for Γ = 1.00 and vertical dotted lines represent
Ra∗1 ≃ 2 × 1013 and Ra∗2 ≃ 8 × 1013.

dependence at Ra∗2. Above Ra∗2 the data give ReV ∝ Ra0.50±0.02, in excellent agreement with the prediction for the mean-flow
Reynolds number ReU in the ultimate state [3] (to our knowledge there is no prediction for ReV ).

The orientation θm (measured at the height z = L/2) of the LSC plane diffuses in the azimuthal direction because of
the stochastic action of the small-scale fluctuations. From the LSC azimuthal diffusivity Dθm one can construct a Reynolds
number Reθm ≡ L

!
Dθm/ν as a quantitative measure of the stochastic azimuthal dynamics of the LSC. In figure 1(c) we show

ReθmPr1.2/Ra0.4 measured with HPCF-IVb. In the classical regime the Ra dependence agrees well with the extrapolation of
the result Reθm ∝ Ra0.28 obtained from a physically smaller Γ = 1.00 sample for Ra <∼ 1011 and Pr = 4.38 [6]. In the
ultimate state the data scatter much less than in the transition range, and yield ReθmPr1.2 = 0.0036Ra0.40±0.03. While a
theoretical explanation of the scaling of Reθm(Ra, Pr) remains a challenge for both the classical and the ultimate state, our
measurements of Nu, ReV and Reθm for Γ = 1.00 clearly reveal the ultimate-state transition and yield consistent values of
Ra∗1 and Ra∗2.

Measurements of Nu and Re for Γ = 0.50 [7] and Γ = 0.33 also showed the same ultimate-state transition. As Γ
increased, the onset of the transition at Ra∗1 ≃ 2 × 1013 remained almost unchanged, while Ra∗2 decreased. This leads to a
shorter transition range at larger Γ. The data suggest that Ra∗1 = Ra∗2 for Γ >∼ 1.5, implying a sharp transition at a unique
value Ra∗ of Ra.
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Summary A decade ago, Yves Couder and Emmanuel Fort discovered that a millimetric droplet may self-propel on the surface of a vibrating
bath by virtue of a resonant interaction with its own wave field. This hydrodynamic system is unique in that it exhibits several features, both
dynamical and statistical, previously thought to be exclusive to the microscopic, quantum realm. Moreover, its dynamics are reminiscent
of an early realist model of quantum dynamics, Louis de Broglie’s pilot-wave theory. In my Sectional Lecture, I shall discuss prior and
ongoing work in the experimental and theoretical modeling of this rich hydrodynamic pilot-wave system, and its relation to the modern
extensions of de Broglie’s mechanics.

When a fluid layer is subjected to vertical vibration, its surface goes unstable to a field of Faraday waves when a critical
forcing acceleration is exceeded (Figure 1A-B). Below this Faraday threshold, millimetric drops can bounce indefinitely on
the surface (Figure 1C). Ten years ago, Yves Couder and Emmanuel Fort discovered that a droplet bouncing in this fashion
may destabilize into a dynamic state, interacting with its own wave field in such a way as to walk steadily across the surface
[4] (Figure 1D). These walking droplets, or ‘walkers’, are composed of both the droplet and an extended wave field. The
propulsive wave force imparted to the walker during impact is proportional to the local slope of the interface. Since the wave
field depends on both the walker’s history and environment, the walker dynamics are implicitly non-local in both space and
time, said to depend on the system’s ‘path-memory’ [9]. By virtue of this dynamical non-locality, as is most pronounced in the
high-memory limit when the waves are most persistent, the walkers exhibit several features previously thought to be peculiar
to the microscopic, quantum realm.

The walkers exhibit single-particle diffraction when they pass through a slit, on the basis of which one can infer an
uncertainty principle in position and momentum [5]. Single-particle interference has also been reported in the double-slit
geometry [5], although these results have recently been contested [1]. The walkers can tunnel across barriers consisting of
submerged obstacles, with the tunneling probability decreasing exponentially with barrier width [8]. Walkers in confined
geometries follow complex chaotic trajectories, but exhibit coherent statistics reminiscent of electrons in a quantum corral
[13]. When the droplets walk in a rotating frame, quantized inertial orbits analogous to Landau levels may emerge owing
to the droplet interacting with its own wake [11, 14]. Hydrodynamic spin states and analog Zeeman splitting have also been
explored [18]. Walkers in a harmonic potential execute orbits that are quantized in both energy and angular momentum,
analogous to the quantum simple harmonic oscillator [20].

When several bouncing or walking droplets interact, they couple through their wave fields to form a variety of static or
dynamic bound states. Pairs of identical walkers may either scatter, lock into circular orbits [4, 21] (Figure 1E), walk together
with one trailing the other, or walk side by side in the so-called promenade mode [2] (Figure 1F). Atom-like structures can
form from small drops near larger ones, with walkers orbiting static bouncers (Figure 1G). Multiple bouncers or walkers may
also lock into a stable lattice[7] (Figure 1H). All such multiple droplet arrangements, or ‘bound states’, are stable below a
critical forcing acceleration, beyond which wobbling instabilities set in, followed by the collapse of the compound structure.

Recent experimental studies have been directed towards an improved understanding of walker-boundary interactions.
When walkers interact with a planar boundaries, enigmatic reflection laws emerge. Specifically, the reflection angle depends
only weakly on the system memory and angle of incidence: for a broad range of incident angles, the angle of reflection is
nearly 70◦. When a walker scatters off a submerged pillar, it may lock onto a logarithmic spiral. The effective force required
to generate such a spiral is found to be proportional to the Coriolis force that would act on the walker if it were in a frame
rotating with its instantaneous angular velocity. The equivalent form of the Lorentz force acting on a charge in a uniform
magnetic field and the Coriolis force acting on a mass in a rotating frame suggests that the walker is behaving as would a
moving charge responding to the magnetic field generated by the current associated with its own motion. These scattering
experiments have thus revealed a surprising new behavior analogous to mechanical self-induction.

A hierarchy of theoretical models of increasing sophistication have been developed to describe the walkers [11, 16, 17, 15]
Theoretical models now allow for a quantitative description of the walker dynamics, and reveal a strong dependence of the
bouncing behavior on drop size and driving acceleration [16]. These models allow for a robust assessment of the stability
of a number of dynamical states, including straight line walking and circular orbital motion [17, 18]. The studies of orbital
dynamics have provided insight into the origins of quantization and quantum-like statistics in this hydrodynamic pilot-wave
system. Quantization arises by virtue of the dynamic constraint imposed on the walker by its monochromatic wave field. When
the orbital states destabilize, the chaotic walker drifts between unstable orbital states, the result being multimodal, quantum-
like statistics. A similar physical picture provides rationale for the statistical behavior reported for walkers in a circular corral
[13], wherein concentric circles may be considered as the quantized orbital states [12]. Current theoretical models are being
extended in order to consider walker-boundary interactions and the stability of multiple-walker states.

∗Corresponding author. Email: bush@math.mit.edu
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elastic materials (such as elasto-plastic or visco-plastic materials), the design of robust and efficient simulation methods, and
the derivation of explicit solutions to non-linear self-contact problems.

Being effectively one-dimensional, slender bodies are governed by equations that are simpler to write down, more likely
to have analytical solutions, and easier to solve numerically than the corresponding equations of 3D continuum mechanics.
This allows one to address problems that would be impossible to tackle otherwise. In this talk, we will illustrate the derivation
of solutions of this kind.
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Abstract 

Electromagnetic functional materials, such as ferroelectrics, ferromagnetics and magnetoelectric thin films and 
laminates, have been widely used in modern industries. Their deformation and fracture behaviors under mechanical loading 
are affected considerably by an external electric or magnetic field. To provide a deep understanding of the intrinsic coupling 
properties, a novel electro-magneto-mechanical multi-field nanoindentation apparatus and a novel multi-field bulge-test 
instrument were designed and constructed. The corresponding characterization method for the thin-film electromagnetic 
materials was also established. The experimental results reveal the size-dependency of various mechanical properties, 
UDQJLQJ� IURP� WKH�<RXQJ¶V�PRGXOXV�� WR� WKH�KDUGQHVV� DV�ZHOO� DV� IUDFWXUH� WRXJKQHVV. Notably, these properties can be well 
controlled by applying external electric/magnetic fields. Furthermore, a new size-dependent nonlinear constitutive model is 
developed for the magnetoelectric laminates to account for the coupling mechanisms under multi-field loading. This model 
is managed to study the dynamic harmonic magnetoelectric response and the microwave magnetoelectric effect. 
 
Main text 

With the rapid advances in the materials science and technologies, the characteristic dimensions of electromagnetic 
functional materials have been pushed down to micro or even nanoscale, creating great challenges in the characterization of 
their multi-field coupling properties [1,2]. In this work, a novel electro-magneto-mechanical multi-field nanoindenter with 
powerful functions [Fig. 1(a)] was designed and constructed to study the local mechanical properties of electromagnetic 
materials [3@�� 7KH� GHSHQGHQFH� RI� <RXQJ¶V� PRGXOXV� DQG� KDUGQHVV� RI� IHUURHOHFWULF�IHUURPDJQHWLF� PDWHULDOV� RQ� DSSOLHG�
electric/magnetic fields were systematically investigated [4]. The field tunable fracture behavior of thin-film structures was 
studied as well [Fig. 1(b)], which is found to be size-dependent. A new method is proposed to characterize the electro-
magneto-mechanical coupled performances resulted from the nanoindentation experiment, based on the field tunable scaling 
laws. This method can avoid the testing errors encountered in the Oliver-Pharr method for the estimation of contact area [5]. 
Moreover, a multi-field bulge-test instrument [Fig. 1(c)] was designed and constructed to explore the electro-magneto-
mechanical coupling properties of the electromagnetic thin films [6]. The corresponding characterization method for the 
elastic property and fracture toughness of thin films was also established. A few interesting phenomena were found, 
including the evident effect of mechanical deformation on the electric/magnetic behaviors (e.g., the ferroelectric hysteresis 
loops, butterfly curves, magnetization loops and magnetostrictive curves), as well as the underlying dependences of the 
fracture toughness of the magnetic thin films on both the thickness and the external magnetic field [Fig. 1(d)]. 

 



Fig. 1. (a) Photo of the multi-field nanoindenter. (b) Electric-filed dependency of fracture toughness of relaxor ferroelectric 
Pb(Mn1/3Nb2/3)O3-PbTiO3 crystals measured by nanoindentation. (c) Multi-field bulge-test instrument setup. (d) Fracture toughness of 
Ni thin films under different magnetic fields. 

In order to describe the multi-field coupling deformation behavior of magnetoelectric composites laminates, we 
develop a nonlinear constitutive model, which can reveal size dependency of coupling behaviors, by use of a probabilistic 
criterion of domain switching [7]. The various responses (e.g., the polarization, magnetization as well as strain) under 
combined electro-magneto-mechanical loading were investigated. The results demonstrate quantitatively the electric-field 
control of magnetization and magnetic-field tuning of polarization, as shown in Fig. 2, which can serve as a guideline for 
practical device applications. The size effect of the magnetoelectric coupling was also explored, which demonstrates the 
competition of the strain-mediated and charge-driven effects. Finally, the model is successfully extended to study dynamic 
harmonic magnetoelectric response and nonlinear microwave magnetoelectric effect. 

 
Fig. 2. Comparisons of theoretical results with experimental data: (a) The magnetic-field tuning of polarization. (b) The electric-filed 
control of magnetization. 
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Summary New concepts in mechanics provide routes to high performance electronics with physical characteristics matched to those of vital 
organs of the human body.  The resulting opportunities for integration of sensors, actuators, radios and computing capabilities directly on the 
surfaces or into the depths of targeted tissues have strong potential to improve current practices in clinical care and physiological monitoring.  
This paper outlines some of the key ideas, and describes their use in skin-mounted systems and 3D open-mesh networks. 
 

INTRODUCTION 
 
   Biology is soft, curvilinear and transient; modern semiconductor technologies are rigid, planar and everlasting.   
Electronic and optoelectronic systems that eliminate this profound mismatch in properties create opportunities for devices 
that can intimately integrate with the body, for diagnostic, therapeutic or surgical function with important, unique 
capabilities in biomedical research and clinical healthcare.  A convergence of concepts in mechanics, materials science, 
electrical engineering DQG�DGYDQFHG�PDQXIDFWXULQJ�KDV� OHG� WR� WKH�HPHUJHQFH�RI�GLYHUVH��QRYHO�FODVVHV�RI� µELRFRPSDWLEOH¶�
electronic platforms, with capabilities in intimate, persistent physical interfaces with the surfaces of biological tissues, and 
recent work that foreshadows possibilities in full 3D integration.  This paper describes the core ideas, with examples 
ranging from wireless, skin-OLNH� HOHFWURQLF� µWDWWRRV¶� IRU� FRQWLQXRXV� PRQLWRULQJ� RI� SK\VLRORJLFDO� KHDOWK� WR� �'�PHVRVFDOH�
electronic networks as active cellular scaffolds. 
 
 

RESULTS 
 
   When mounted on the skin, advanced sensors, circuits, radios and power supply systems have the potential to provide 
clinical-quality health monitoring capabilities for continuous use, outside of traditional hospital settings or laboratory 
facilities.  The most well-developed component technologies are, however, currently available only in hard, planar 

 
Figure 1.  Upper left: Serpentine filamentary network of hard materials in a soft, surrounding elastomeric 
matrix, as a deterministic composite.  Lower left: The mechanical responses exhibit stress/strain relationships 
with characteristic J-shaped behavior similar to that of biological tissues.  Upper right: Image of a composite 
designed to match the properties of the epidermis.  Bottom right: Stress/strain relationships of composites 
engineered with mechanical responses that match those of the skin from different regions of the body. 

 
 



formats.  As a result, existing options in system design are unable to effectively accommodate integration with the soft, 
textured, curvilinear and time-dynamic surfaces of the skin, without irritation or interface failures.  Recent work 
establishes experimental and theoretical approaches for using soft materials, ultrathin micro/nanostructures, and controlled 
processes of mechanical buckling to achieve ultralow modulus, thin and highly stretchable, systems of state-of-the-art 
semiconductor devices, with options in quantitatively matching the effective non-linear stress/strain relationships of the 
epidermis�� � 7KH� UHVXOW� LV� D� µVNLQ-OLNH¶� WHFKQRORJ\� ZLWK� PHDVXUHPHnt fidelity that can match that of large-scale tools 
currently used in clinical medicine.  Figure 1 shows an example[1]. 
   The essential 3D character of biological systems motivates the development of approaches to 3D electronics that adopt 
bio-inspired, mesoscale open network designs.  Of the many methods for fabricating such structures, few are compatible 
with the highest performance classes of electronic materials, such as monocrystalline inorganic semiconductors, and only a 
subset of these can operate at high speeds, across length scales, from centimeters to nanometers.  New strategies avoid 
these limitations, via the use of controlled compressive forces imparted by a pres-strained elastomeric substrates with the 
effect of transforming 2D micro/nanostructures with lithographically defined geometries and points of adhesion into 3D 
structures, with levels of complexity and control that significantly exceed those that can be achieved with alternative 
methods[2].  Examples include a diverse set of examples formed using silicon nanomembranes, plates and ribbons and 
heterogeneous combinations of them with micro/nanopatterned metal films and dielectrics.  Quantitatively accurate 
theoretical modelling of the solid mechanics of the transformation process provides a design tool to create targeted 
geometries that offer adaptable shapes and desired modes of operation. 

 
CONCLUSIONS 

 
  Advanced concepts in mechanics create new opportunities in the construction of 2D and 3D electronic systems with 
unmatched capabilities in bio-integration.  Research in these areas now ranges from the study of the foundational 
mechanical science to the development of clinically relevant biomedical devices. 
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Figure 2.  Colorized scanning electron micrographs of 3D mesoscale networks formed by mechanical 
assembly from corresponding 2D precursors.  The top two frames show helical coils (left: overlaid modeling 
results for the distributions of strain for a pair of anti-Helmholtz coils, where the chirality undergoes an abrupt 
change at the dashed red line) and nested toroids with a central, open-mesh basket (right), all formed in 
monocrystalline, device-grade silicon.  The bottom two frames show architectures that incorporate ribbons 
and membranes in complex architectures: left: sunflower-inspired structure; right: array of chiral and achiral 
features. 
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Summary Machines in engineering use mostly hard materials, whereas machines in nature are often soft.  This difference has 
been an inspiration for the nascent field of soft machines.  What does softness impart to the life of animals and plants?   
Softness enables deformation, and deformation provides functions.  Familiar examples include the beating of the heart, the 
sound shaped by the vocal folds, and the flapping of the wing.  In soft machines, the large deformation enable soft materials to 
behave as transducers, connecting multiple stimuli to multiple functions.  How do molecular processes enable new classes of 
actuators and sensors?  How efficiently can materials convert information from one form to another?  These questions are 
stimulating new and exciting developments at the interface between science and engineering.  This talk highlights the behavior 
of soft materials that enables the creation of soft machines.  Examples include highly stretchable and transparent devices that 
mimic the functions of muscles, skins and axons. 
 
 

LARGE DEFORMATION ENABLE MANY FUNCTIONS 
 
    A conspicuous feature of life is to receive and process information from the environment, and then move.  The movements 
are responsible for diverse functions.  Consider the accommodation of the eye, the beating of the heart, the sound shaped by the 
vocal folds, and the sound in the ear.  Abstracting these biological soft machines, we may say that a stimulus causes a material 
to deform, and the deformation provides a function.  Connecting the stimulus and the function is the material capable of large 
deformation in response to a stimulus. 
    An exciting field of engineering is emerging that uses soft materials to create soft machines.  Soft materials in engineering 
are indeed apt in mimicking the salient feature of life:  movements in response to stimuli. An electric field can cause an 
elastomer to stretch several times its length.  A change in pH can cause a hydrogel to swell many times its volume.  These soft 
active materials are being developed for diverse applications, including soft robots, adaptive optics, self-regulating fluidics, 
programmable haptic surfaces, and oilfield management [1,2].  
 

TOUGH WATER 
 
   What can we do if water is a tough solid?  A hydrogel aggregates water and a polymer network.  The polymer 
network makes the hydrogel a stretchable solid, but water retains its exceptional physical and chemical properties.  Several 
recent findings show that hydrogels can achieve properties and applications well beyond previously imagined. Most existing 
hydrogels, like Jell-O and tofu, are fragile and dry out in open air.  We make hydrogels as tough as rubber, and retain water 
in low-humidity environment [3,4]. We show that hydrogels outperform existing fire-retarding materials [5]. We also 
demonstrate fiber-reinforced hydrogels [6].   
 

ARTIFICIAL MUSCLES 
 
   Existing stretchable, transparent conductors are mostly electronic conductors. They limit the performance of 
interconnects, sensors and actuators as components of stretchable electronics and soft machines. We describe a class of 
devices enabled by ionic conductors that are highly stretchable and fully transparent to light of all colors [7], capable of 
operation at frequencies beyond 10 kHz and voltages above 10 kV. We demonstrate a transparent actuator that can generate 
large strains, and a transparent loudspeaker that produces sound over the entire audible range. The electromechanical 
transduction is achieved without electrochemical reaction. The ionic conductors have higher resistivity than many electronic 
conductors; however, when large stretchability and high transmittance are required, the ionic conductors have lower sheet 
resistance than all existing electronic conductors. 
 

ARTIFICIAL SKIN 
 
   Our skin is a stretchable, large-area sheet of distributed sensors.  These properties of skin have inspired the 
development of mimics, with differing levels of sophistication, to enable wearable or implantable electronics for 
entertainment and healthcare. We explore the potential of ionic conductors in the development of a new type of sensory 
sheet, which we call “ionic skin” [8].  The sensory sheet is highly stretchable, transparent, and biocompatible.  It readily 
monitors large deformation, such as that generated by the bending of a finger.  It detects stimuli with wide dynamic range 



(strains from 1% to 500%).  It measures pressure as low as 1 kPa, with small drift over many cycles. A sheet of distributed 
sensors covering a large area can report the location and pressure of touch.  High transparency allows the sensory sheet to 
transmit electrical signals without impeding optical signals.  
 

ARTIFICIAL AXON  
 
   We demonstrate a new type of interconnects to fulfill the primary function of axons:  transmitting electrical signals 
over long distances and at high speeds [9].  The interconnect, which we call “ionic cable”, uses ions to transmit signals, 
and is built entirely with soft, elastic materials—elastomers and gels. The ionic cable is highly transparent, and remains 
functioning after being stretched nearly eight times its original length.  We describe the design, theory and experiment of 
the ionic cable.  We show that the diffusivity of signals in the ionic cable is about 16 orders of magnitude higher than the 
diffusivity of ions. We demonstrate that the ionic cable transmits signals up to 100 MHz over 10 cm, and transmits music 
signals over meters. The ionic cable transmits enough power to turn on light-emitting diodes. Our theory shows that the 
ionic cables scale well, suggesting tremendous opportunities to create miniaturized ionic circuit.  Furthermore, we use the 
ionic conductors to demonstrate electroluminescence of giant stretchability [10]. 
 

CONCLUSIONS 
 

   A large number of examples in plants and animals demonstrate that deformation of soft materials connect diverse stimuli to 
many functions essential to the life.  An exciting field of engineering is emerging that uses soft materials to create soft 
machines.  To participate in advancing the field of soft active materials and soft machines effectively, mechanicians must retool 
our laboratories and our software, as well as adapt our theories.  This talk highlights this theme using recent advances in 
materials, devices, and theories. 
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Summary The micromorphic method is recalled and applied to continuum crystal plasticity in order to model size effects in the mechanical
behavior of single and polycrystals. The constitutive equations are discussed with respect to the prediction of scaling laws. The regularization
power of the model is illustrated in the case of crack propagation simulation in single crystals.

INTRODUCTION TO THE MICROMORPHIC APPROACH

The micromorphic approach consists in enhancing the continuum mechanical framework by introducing deformation–like
independent degrees of freedom [1]. The set of constitutive variables is then extended to the gradient of these additional
degrees of freedom. It originates from Eringen and Mindlin’s proposal to endow each material point with a second order
generally nonsymmetric microdeformation tensor representing the rotation and stretch of a triad or directors related to the
microstructure, in addition to the classical displacement degrees of freedom [2]. A whole hierarchy of generalized continua is
built in the micromorphic theory, including the celebrated Cosserat model when the microdeformation reduces to a microro-
tation [3]. The micromorphic approach was applied to crystal plasticity by [4, 5, 6] using the Cosserat framework and by [7]
where a generally nonsymmetric plastic microdeformation tensor is introduced. The latter model reduces to strain gradient
plasticity based on the disclocation density tensor when the microdeformation coincides with the plastic deformation itself
[8]. These models involve intrinsic characteristic lengths, in contrast to the conventional Cauchy continuum, which makes it
possible to describe size effects in the mechanical responses of elastic–plastic polycrystals, including Orowan and Hall–Petch
effects associated with the interaction of dislocations with precipitates and grain boundaries. The method can be extended
to strain–like scalar degrees of freedom related to elastic or plastic strain or damage [1]. The new scalar degree of freedom
must be constitutively related to some strain or internal variable of the original model. In the case of crystal plasticity, a
micromorphic variable was associated to an equivalent plastic slip measure by [9] and a microdamage variable was introduced
related microcrack opening along cleavage planes in [10]. Close links exist between the micromorphic approach and phase
field modeling as discussed by [11], with the difference that the phase field parameter is not necessarily related to a mechanical
variable.

SIZE EFFECTS IN THE CYCLIC BEHAVIOUR OF SINGLE CRYSTALS

Strain gradient plasticity theory represents a continuum model of dislocation plasticity. It can be used to represent dislo-
cation pile–up formation at interfaces in single crystals [12]. The microcurl model was shown in [7] to predict channel–size
effects in the stress–plastic strain response of laminate microstructures made of alternating elastic and plastic layers. The
choice of the constitutive functional related to the gradient terms is essential to the quantitative description of such effects.
In particular, the quadratic ansatz in the gradient terms, widely used in strain gradient plasticity and phase field models, was
shown to predict physically unrealistic scaling laws. Alternative potentials were proposed by [13]. The concept of reversible
plasticity is put forward in the latter contribution leading to unusual cyclic stress–strain loops with inflection points. It repre-
sents a continuum model of the first–in last–out concept in dislocation pile–ups initially proposed in the seminal paper [14]. A
remarkable effect was predicted by the microcurl model in the plasticity of polycrystals. Sub–micron grain sizes were shown
to promote plastic slip localization in the form of intense slip bands interconnecting grains of the polycrystals whereas more
diffuse slip is observed at larger grain sizes. This is due to the high energy cost associated with lattice curvature, as illustrated
in Fig. 1.

SIMULATION OF CRACK INITIATION AND PROPAGATION IN SINGLE CRYSTALS

Accumulated plastic slip is known to be responsible for crack initiation, especially under fatigue loading conditions. A
coupled plasticity–damage criterion was proposed allowing for damage strain associated with opening of crystallographic
planes as the result of a combination of normal stress and accumulated slip [16]. A micromorphic microdamage variable is
introduced akin to the cumulated damage variable. The introduction of microdamage gradient into the constitutive model
provides a regularization of damage localization into cracks of finite thickness. The regularization properties of the micro-
morphic approach to damage were used first by [17, 18]. Thermodynamical foundations of this class of regularized models
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Figure 1: Field of accumulated plastic slip in two idealized polycrystals with the same microstructure (grain shape and
orientations) but different grain sizes: 100 µm and 4 µm (right). The formation of intense slip bands crossing grain boundaries
is observed in the right picture where the traces of the slip planes are represented, after [15].

were provided by [1]. The simulations of crack initiation and propagation in single and polycrystals will be related to recent
experiments of 3D observations of short fatigue cracks combining microtomography and diffraction at the ESRF synchrotron
in Grenoble [19, 20]. The role of grain boundaries as barriers to short crack growth will be illustrated.
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SOFT MACHINES: CHALLENGES TO COMPUTATIONAL DYNAMICS 
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Summary The lecture presents the study on modeling and simulating the dynamics of soft machines from the viewpoint of rigid-soft 
multibody systems. The study focuses on the description of nonlinear dynamics of coupled overall motion and large deformation of a soft 
body made of elastic or hyper-elastic material, the modeling of frictional contacts or even entanglements of soft bodies, as well as the 
efficient dynamic computation algorithm of rigid-soft multibody system governed by a set of differential-algebraic equations of very high 
dimensions. The lecture illustrates the proposed approach through a number of case studies, including the knotting of two threads, the 
deployment of a mesh reflector of satellite antenna and the deployment of a spinning solar sails of spacecraft, as well as the corresponding 
validations via ground experiments. 
 

INTRODUCTION 
 

The concept of soft machine covers a wide range of advanced industrial products, such as a soft robot making surgical 
operations or handling fragile objects, a snake robot crawling along tunnel corners, a morphing airplane wing and a 
deployable solar sail. Those soft machines are mainly composed of soft bodies, which are made of soft materials, including 
polyamide, polyimide, silicon elastomer and electro-active polymer, in order to adapt to very complex environments or 
missions. Furthermore, the soft bodies are connected via various joints so that they undergo not only large deformations, but 
also overall motions and frictional contacts with themselves or environments. The dynamic model of a soft machine, hence, 
is a rigid-soft multibody system, which gives rise to numerous open and tough problems. It is essential to establish proper 
modeling and efficient simulating approaches for soft machines in the design phase [1,2]. 
 

DYNAMIC MODELING AND SIMULATION 
 
Dynamic modelling of absolute nodal coordinate formulation 

The finite elements of Absolute Nodal Coordinate Formulation (ANCF) have served as useful tools to describe the 
coupling of large deformation and overall motion of a flexible body, such as a very slender beam. The fully parameterized 
beam element of ANCF is able to describe the shear and cross-section deformations of the beam, but suffers from locking 
problems. On the contrary, the gradient deficient beam element of ANCF is suitable for describing the slender beam and 
shows good accuracy. Hence, the lecture presents the new spatial curved beam element and shell element of gradient 
deficient ANCF to model cables and membranes [3], and shows how to deal with possible slacks and wrinkles of a 
membrane via the integrated stiffness reduction [4]. 

Numerical simulation of high efficiency 
The finite element of ANCF results in a constant mass matrix, and a complex expression of nonlinear restoring force 

vector, which requires high cost of computation. The lecture presents how to factorize the unknown generalized coordinates 
from the integration on a finite element level in the case of full parameters and how to reduce the model order on a soft 
body level so as to greatly speed up the computation. The lecture also shows how to solve the differential-algebraic 
equations of a soft machine in parallel on OpenMP [5]. 

The soft bodies in a soft machine may undergo complicated frictional contacts, such as multi-zone contacts between two 
surgical threads. The lecture presents a detection strategy for multi-zone contacts of two soft bodies, where the mutual 
penetration is a multi-peak function of the local coordinates of the soft body predicted to have a larger contact zone. It is 
quite efficient to locate the contact zones of two soft bodies by checking all the local minima of the function. The lecture 
shows how to compute the normal contact force by using the penalty method and the tangential friction force via the 
piecewise analytic expression of the LuGre friction model derived within an integration step [6]. 
 

CASE STUDIES 
 
Knotting of two threads 

To simulate the knotting process of threads of a surgical robot, the lecture presents the knot tightening and knot 
releasing of two identical threads with circular cross-sections meshed via the gradient deficient beam elements of ANCF. 
Figure 1a shows the initial configuration of the two straight threads placed crosswise with one end of each thread clamped 
at the black point. The two threads is deformed to generate three knots progressively by clamping temporarily other two 
internal nodes marked as smaller black points in Figure 1c and 1d, driving two chosen nodes marked as green points, to 
move under planning trajectories, and then freeing the temporarily clamped internal nodes. As shown in Figure 1f, at least 
four contact zones appear in the final configuration of knotting. Actually, the result may contain one or more contact zones 
separated by non-contact zones of very short lengths [6]. 



      

a. b. c. d. e. f. 
Figure 1 Knotting of two threads 

 
Deployment of a mesh reflector of satellite antenna 
   To show the feasibility of the above approach to complicated 
problems, the lecture presents the deployment of a satellite antenna, 
where the hoop truss and mesh reflector modelled via the gradient 
deficient beam elements of ANCF have about 200,000 degrees of 
freedom, as shown in Figure 2. 

To speed up the dynamic simulation, the mesh reflector is  
decomposed into several independent subsystems by cutting its joint. 
Then, the Schur complement method is used to eliminate the internal 
generalized coordinates of subsystem and the Lagrange multipliers 
for joint constraint equations associated with the internal variables. 
With an increase of the number of subsystems, the dimension of 
simultaneous linear equations in the numerical solution process will 
inevitably increase. By using the multilevel decomposition approach, 
the dimension of the simultaneous linear equations can be further 
reduced. Figure 2 illustrates the deployment process of the mesh 
reflector at six specific moments. 

0s 100s

200s 300s

400s 500s  
Figure 2 Deployment of a mesh reflector  

of satellite antenna 
 
Deployment of a spinning solar sail of spacecraft 

The spinning deployment of solar sails of spacecraft has called much attention due to their significant advantages since 
Japan Aerospace Exploration Agency launched IKAROS, the first spacecraft of spinning solar sail. The lecture focuses on a 
spinning-deployable solar sail shown in Figure 3, where the hexagonal membrane modeled via the shell elements of ANCF 
is wrapped around the spinning central hub at the initial moment 0s. With the rotation of central hub, the folded membrane 
is deployed gradually and finally stabilized by the centrifugal forces of the lumped masses at six corners of the solar sail in 
Figure 3a. The simulation shows the importance of proper description of wrinkle of the membrane. For example, the cyclic 
³GHSOR\PHQW-shrinkage-GHSOR\PHQW´ shown in Figure 3b appears if the wrinkle is not properly modeled. In fact, the multi-
scale coupling effect of small wrinkles and large rotation plays a dominant role in the deployment dynamics [4]. 
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Figure 3 Deployment of a spinning solar sail predicted when membrane wrinkles properly modelled or not. 

 
References 
[1] Iida F., Laschi C.: Soft Robotics: Challenges and Perspectives, Procedia Computer Science, 7: 99-102, 2011 
[2] Nurzaman S. G., Iida F., Margheri L., Laschi C.: Soft Robotics on the Move: Scientific Networks, Activities, and Future Challenges, Soft Robotics, 

1: 154-158, 2014. 
[3] Liu C., Tian Q., Hu H. Y.: New Spatial Curved Beam and Shell Elements of Gradient Deficient Absolute Nodal Coordinate Formulation, Nonlinear 

Dynamics, 70: 1903-1918, 2012. 
[4] Liu C., Tian Q., Yan D., Hu H. Y.: Dynamic Analysis of Membrane Systems Undergoing Overall Motions, Large Deformations and Wrinkles via 

Thin Shell Elements of ANCF, Computer Methods in Applied Mechanics and Engineering, 258(1): 81-95, 2013. 
[5] Liu C., Tian Q., Hu H. Y.: Dynamics of a Large Scale Rigid-Flexible Multibody System with Composite Laminated Plates, Multibody System 

Dynamics, 26:283-305, 2011. 
[6] Wang Q. T., Tian Q., Hu H. Y.: Dynamic Simulation of Frictional Multi-Zone Contacts of Thin Beams, Nonlinear Dynamics, DOI 10.1007/s11071-

015-2456-8 2016. 



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

COMPUTATIONAL FRAMEWORK FOR MULTI-MATERIAL FSI, SHOCKS, TURBULENCE
AND FRACTURE

Charbel Farhat ∗1, Philip Avery, Arthur Morlot, Dante de Santis2, and Zhengyu Huan3

1Department of Aeronautics and Astronautics, Department of Mechanical Engineering, and Institute for
Computational and Mathematical Engineering, Stanford University, Stanford, CA, USA
2Department of Aeronautics and Astronautics, Stanford University, Stanford, CA, USA

3Institute for Computational and Mathematical Engineering, Stanford University, Stanford, CA, USA

Summary The FInite Volume method with Exact two-material Riemann (FIVER) problems is a robust computational framework for the
solution of multi-material, Fluid-Structure Interaction (FSI) problems. It was validated for challenging applications characterized by com-
pressible flows, shocks, turbulence, highly nonlinear structures, and dynamic fracture. It couples an Eulerian, finite volume based approach
for solving flow problems, with a Lagrangian, finite element approach for solving solid mechanics problems. Most importantly, it enforces
the governing fluid-fluid and fluid-structure transmission conditions by solving local, one-dimensional, exact, two-material Riemann prob-
lems at evolving interfaces that are embedded in the fluid mesh. First, this framework is reviewed with emphasis on its unique contributions
to the field, and the challenging simulations it enabled. Next, recent advances pertaining to the mathematical underpinnings of this frame-
work are presented. Finally, novel capabilities related to viscous flows, porous media, embedded constraints, and sensitivity analysis and
optimization are described and demonstrated for realistic applications.

BACKGROUND

FIVER was originally developed in [1], in the context of explicit time-discretizations, for the solution of compressible,
inviscid, two-phase flow problems characterized by simple equations of state (EOS) but large contact discontinuities (density
jumps). In [2], it evolved into an Eulerian embedded boundary method (EBM) — or immersed boundary method — for the
solution of highly nonlinear fluid and FSI problems. These include those FSI problems that cannot be handled by Arbitrary
Lagrangian Eulerian (ALE) methods, because of large structural motions, finite deformations, and/or topological changes that
challenge the performance of mesh motion schemes. Unlike most other EBMs which operate exclusively on Cartesian grids,
FIVER can operate on arbitrary grids. This is noteworthy because even in the pure Eulerian setting, the ability of an EBM to
perform on arbitrary, unstructured grids is still particularly advantageous for complex geometries and viscous flows.

For multi-material problems with complex fluid EOSs, the solution of a local, one-dimensional, exact, two-material Rie-
mann problem may be either impossible to obtain analytically, or computationally intensive to evaluate numerically. To
address this issue, a computationally efficient sparse grid tabulation technique was developed in [3] for accelerating the nu-
merical solution of arbitrary fluid-fluid and fluid-structure Riemann problems, and thereby enabling the generalization of
FIVER to multi-material problems with complex fluid EOS. In [4], the generalized FIVER method was validated for the
solution of failure-induced FSI problems. Specifically, it was applied to the simulation of two experiments on the dynamic un-
derwater implosion of cylindrical shells. In both cases, it reproduced with high-fidelity the large deformations of the collapsing
structure and the compression waves emanating from it (see Figure 1-left).

FIVER was also extended to implicit time-discretizations in [5], and to viscous, multi-material fluid and FSI problems
in [6]. For turbulent viscous flows, Eulerian EBMs typically suffer from the fact that they do not track the boundary layers
around dynamic rigid or flexible bodies. Consequently, the application of these methods to such problems requires either
high mesh resolutions in a large part of the computational fluid domain, or adaptive mesh refinement. Unfortunately, the first
option is computationally inefficient, and the second one is labor intensive to implement. To address these issues, an ALE
variant of FIVER that maintains all moving boundary layers resolved during turbulent FSI computations was presented in [7],
and validated with the simulation of turbulent flows past a family of highly flexible flapping wings, and the prediction of the
vertical tail buffeting of an F/A-18 aircraft configuration at a high angle of attack (see Figure 2).

Most recently, a generic, comprehensive, and yet effective approach for representing a fractured fluid-structure interface
was developed in [8] and incorporated in FIVER. Specifically, this approach enables the coupling of FIVER with many
finite element based fracture methods for the solution of multi-material FSI problems with dynamic fracture. These methods
include, among others, the interelement fracture and remeshing techniques, the extended finite element method (XFEM),
and the element deletion method. Equipped with this fractured fluid-structure interface representation, FIVER was further
validated for highly nonlinear FSI problems with crack propagation, flow seepage through narrow cracks, and structural
fragmentation [8] (see Figure 1-right).
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EXACT COHERENT STRUCTURES IN TRANSITIONAL FLOWS: DYNAMICS AND
LOCALIZATION

John F. Gibson ∗ 1

1Department of Mathematics and Statistics, University of New Hampshire, Durham, NH, United States

Summary Invariant solutions of the Navier-Stokes equations provide a mathematically sound framework for the long-standing idea of
coherent structures in turbulence. In recent years, computations of weakly unstable equilibria, traveling waves, and periodic orbits have
shed much light on the structure and dynamics of transitional of shear flows. In this talk we present (1) a brief overview of the methodology
and goals of invariant solutions or exact coherent structures as framework for analyzing transitional turbulence, and (2) recent results that
extend invariant solutions from spatially periodic solutions in minimal flow units to localized solutions in extended flows. The localized
solutions provide precise specifications of coherent structures long observed in turbulent shear flows and are potentially a first step towards
an understanding of the spatiotemporal dynamics of turbulence as a system of self-organized, interacting coherent structures.

BACKGROUND

In the past twenty years, many equilibrium, traveling waves, and periodic orbits have been calculated for canonical shear
flows as invariant solutions of the Naver-Stokes equations with appropriate boundary conditions [1, 2, 3, 4]. These solutions
capture commonly observed features associated with coherent structures in transitional shear flows, such as self-sustaining
wavey roll-streak structures, and dynamical processes such as bursting [5]. Moreover, numerical linear stability analysis
reveals that typical invariant solutions are weakly unstable at transitional Reynolds numbers, i.e. they have only a few un-
stable eigenmodes, with only weakly unstable eigenvalues. Thus a turbulent trajectory of a transitional shear flow can be
understood in dynamical-systems terms as a pseudo-random, chaotic walk between the flow’s unstable solutions, along the
low-dimensional network of their unstable manifolds. The appearance of an organized coherent structure in a turbulent flow
then corresponds to the trajectory making a close pass to a weakly unstable invariant solution. Hence we call such invariant
solutions exact coherent structures.

DYNAMICS

The dynamical-systems vision described above has been fleshed out explicitly in quantitative detail for transitional shear
flows in minimal flow units [6]. For example, figure 1 shows a state-space portrait of plane Couette flow in a minimal flow unit
at Re = 400. Equilibrium solutions are shown as solid dots and trajectories within their low-dimensional unstable manifold
as solid lines. The projection is from the O(105)-dimensional state space of a DNS to a three-dimensional subspace spanning
a few important equilibria, using the standard inner product associated with the L2 energy norm of the velocity field. The un-
stable manifolds of the depicted solutions are clearly intertwined; in fact heteroclinic orbits can be found that describe precise
dynamic connections between the nearby unstable equilibria. Farther away from laminar solution, the turbulent flow can be an-
alyzed as shadowing a sequence of periodic orbits and transitioning between them along the orbits’ low-dimensional unstable
manifolds. Animations illustrating the low-dimensional state-space dynamics of heteroclinic connections and periodic orbits
are available at http://www.chaosbook.org/tutorial and http://www.channelflow.org/movies.

LOCALIZATION

More recently spatially localized exact coherent structures have been computed in extended flows [7, 8, 9], with a number
of interesting features. Spanwise-localized forms of the Nagata equilibria exhibit homoclinic snaking, a process by which
additional structure is grown at the fronts of a quasi-periodic pattern through a sequence of saddle-node bifurcations [7]. This
behavior in 3D solutions of Navier-Stokes is remarkably similar to that of observed for the one-dimensional Swift-Hohenberg
equation, forming an intriguing connection between fluid dynamics and pattern formation theory. Spanwise-localized so-
lutions of plane Poiseuille flow and the asymptotic suction boundary layer bear remarkable resemblance to fundamental
staggered and mirror-symmetric roll-streak coherent structures observed in the high-shear region near the walls of boundary
layer and channel flows [8]. Doubly-localized solutions of plane Couette flow replicate the elongated turbulent spots from
which turbulence is triggered in extended systems [9].

∗Corresponding author. Email: john.gibson@unh.edu



(a)

Figure 1: A state-space portrait of transitionally turbulent plane Couette flow, in the neighborhood of laminar flow. The
origin is placed at near the laminar equilibrium (uLM ). Solid dots correspond to unstable equilibrium solutions of the flow;
solid lines are trajectories in the low-dimensional unstable manifolds of the equilibria, computed with well-resolved DNS.

Figure 2: Exact near-wall traveling waves of plane Poiseuille flow. Swirling strength in blue (counterclockwise) and green
(clockwise), high-speed streaks in red, and isocontours of streamwise velocity perturbation in back plane.
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RESTRICTED NONLINEAR ROLL/STREAK DYNAMICS IN PLANE COUETTE FLOW

Vaughan Thomas and Dennice F. Gayme∗
Department of Mechanical Engineering, Johns Hopkins University, Baltimore, Maryland, USA

Summary The recently developed restricted nonlinear (RNL) modeling framework is used to study a transitioning and turbulent plane
Couette flow at moderate Reynolds numbers. The results show that the critical roll and streak structures involved in the self-sustaining
process of turbulence are well represented by this model. The transitioning flow shows qualitative similarities in the development and
organization of these key flow features when compared to a direct numerical simulation (DNS) of the Navier Stokes (NS) equations.
However, there is greater transient energy growth in both the roll and streak structures in the RNL simulations. Further characterization of
RNL transitioning flows will determine the merit of studying transition using this type of model, which is an appealing prospect due to its
simplified dynamics and the order reduction that leads to significantly reduced computational requirements versus the NS equations.

Studies of disturbance energy growth in wall-bounded shear flows have identified streamwise constant disturbances as
preferential in developing the types of large energy amplification associated with bypass transition. This evidence of the
important role of streamwise coherent structures in linear energy growth as well as observations of their prevalence in fully
developed wall-turbulence motivates the use of a streamwise constant modeling framework to study transition and turbulence
in these flows. A streamwise constant projection of the Navier Stokes (NS) equations leads to a two dimensional flow field in
three velocity components, a 2D/3C model. Simulations of 2D/3C systems with persistent stochastic forcing have been shown
to develop turbulent flow fields that exhibit accurate turbulent velocity profiles and other structural features consistent with
turbulent plane Couette flow [1].

A more comprehensive model, which can self-sustain turbulence [2], is obtained by introducing a streamwise varying per-
turbation field that interacts with a 2D/3C mean flow. The corresponding model is obtained by decomposing the velocity and
pressure gradient fields in the NS equations into a streamwise averaged mean and perturbations from this mean, respectively
uT = U(y, z, t) + u(x, y, z, t) = (U, V,W ) + (u, v, w) and ∇pT (x, y, z, t) = ∇P (y, z, t) +∇p(x, y, z, t). The nonlinear
interactions between perturbations (u) are then neglected to obtain

Ut +U ·∇U+∇P − 1

R
∆U = −⟨u ·∇u⟩, (1a)

ut +U ·∇u+ u ·∇U+∇p− 1

R
∆u = f (1b)

∇ ·U = 0, ∇ · u = 0. (1c)

Here f is a stochastic excitation that is used to initiate turbulence, it is removed once self-sustaining turbulence is achieved.
Previous work shows that simulations of the RNL model in (1) capture salient features of turbulent plane Couette flow at

low Reynolds numbers [2]. Two particular features of interest are the roll and streak structures, whose interactions are known
to play an important role in both transition and turbulence. In this work we focus on the development of these structures and
their characteristics after the transient phase in turbulent flows at two Reynolds numbers, Reτ ≈ 65 and Reτ ≈ 196.

Simulations of the RNL system and the NS equations are out carried using the spectral solver detailed in [2]. Turbulence
is initiated through the application of zero-mean delta-correlated (in y, z, and t) forcing in both the RNL simulations, through
f in (1b), and the DNS. We characterize the streak and roll structures based on their respective RMS velocity measurements,
which we define as follows.

UStreak :=

!" Lz

0

" δ

−δ
(U − [U ])2 dy dz, URoll :=

!" Lz

0

" δ

−δ
V 2 +W 2 dy dz, (2)

where [·] indicates a spanwise average, and the spanwise and wall-normal channel extents are respectively [0, Lz] and [−δ, δ].
Figure 1 compares the development of the RMS roll and streak velocities in the RNL simulations and DNS at Reτ ≈ 65

and Reτ ≈ 190. These figures show that the streak and roll energies developed during the transition phase of the RNL
simulations are significantly higher than those of the DNS, for an equivalent f . One notable difference is the overshoot in the
RMS velocities of the RNL structures that is not present in the DNS. Figure 1 demonstrates how the nature of f affects the
transient behavior of the RNL systems. In particular, reducing the variance of f by 87.5% and 95% for the RNL simulations
with Reτ ≈ 190 lengthens the rise time and increases the magnitude of the overshoot. Although the energy growth of
these structures shows the distinct differences discussed above, an interrogation of the instantaneous velocity fields during the
transition phase uncovers qualitative similarity in both the development and organization of the roll and streak features. Once
the transition phase ends, the RMS velocities of the structures arising from the DNS and RNL simulations are very similar for
both Reynolds numbers, which is consistent with previous results [2].

∗Corresponding author. Email: dennice@jhu.edu
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SITTING ON THE EDGE OF TURBULENCE

Philip Hall

School of Mathematical Sciences, Monash University

Summary The properties of vortex-wave interaction states in shear high speed shear flows are investigated. In particular the relevance of
these high Reynolds number solutions of the Navier Stokes equations to turbulence is discussed. It is shown that the states usually referred
to as lower and upper branch states in the self-sustained process community have quite different stability properties. This explains why
lower branch states can act as edge states whilst upper branch states are more closely related to fully turbulent flows. It is shown that there
are three naturally occuring instabilities of VWI states and that bifurcation to the slow and fast time-periodic states found numerically by
Kawahara and Kida (2001) can be predicted by the theory.

.

VORTEX-WAVE INTERACTION STATES: VWI

In recent years it has been found that exact coherent structures found by numerical or asymptotic reductions of the Navier
Stokes equations play key roles in the both the process by which a flow becomes turbulent and the nature of fully developed
turbulence. Non-localized structures occurring in both external and internal shear flows naturally fall into two categories
at sufficiently high speed. The first kind is described by vortex-wave interaction theory, VWI for short, whilst the second
canonical type of structure due to Deguchi and Hall (2014a) is referred to as a free stream coherent structure and sits at the
edge of a boundary layer.

In a series of papers Hall & Smith (1989,1990,1991) gave formal asymptotic descriptions of quite general interactions
involving waves and stream wise vortices. The analysis described explicitly self-sustaining processes of waves existing as
instabilities of streaks and driving a roll flow through their Reynolds stresses. The process was shown to be closed because the
roll driven in this way itself drives the streak. The Hall-Smith framework applies to both inviscid and viscous waves though
the precise nature of the production of the rolls by the Reynolds stresses depends on the nature of the wave and whether the
flow is fully-developed. At about the same time Nagata (1990) discussed numerical results for nonlinear equilibrium states
in Couette flow. Subsequently, with the advent of more powerful computers, Waleffe and collaborators, see for example,
Waleffe (1997) or Wang et al (2007), found a number of equilibrium states in channel flows. A numerical interrogation of the
results showed that the process was a finite Reynolds number version of that described by Hall and Smith (1991). However
Waleffe was unaware VWI and so described the interaction as a ’self-sustained’ process. More recently such states and the
vortex-wave states have been loosely referred to as exact coherent structures.

The VWI approach shows that upper and lower branch states come into existence as a saddle node bifurcation when
the streamwise wavenumber of the wave is decreased. The lower branch is approached rapidly by finite Reynolds number
computations of the full equations with Reynolds numbers of a few thousand being sufficient for the asymptotic theory of
VWI to capture the finite Reynolds number results with remarkable accuracy. On the upper branch the approach is much more
slow and significantly higher Reynolds numbers are needed for the asymptotic and finite Reynolds number results to be in
excellent agreement.

Hall &Smith (2010) used the vortex-wave framework to describe equilibrium states in Couette flow and found remarkably
good agreement with Waleffe et al (2007). More recently Deguchi and Hall (2014b) extended the Hall and Sherwin results
to describe both upper and lower branch states. It is well-known in the exact coherent structure community that lower branch
states can act as edge states which determine whether disturbances to the unperturbed state ultimately cause the flow to become
laminar or turbulent. On the other hand upper branch states cannot act as edge states but are regularly visited by fully turbulent
flows. The different properties of the upper and lower branch states arise from their different instability properties with the
lower branch state having just a single unstable eigenvalue.

Here we will describe the stability properties of arbitrary VWI states and show how finite amplitude theory can be used
to describe the initial evolutions of some neutrally stable modes found. The analysis is based on the linear theory of Deguchi
and Hall (2016) who give an asymptotic description of the instabilities of both upper and lower branch states. It is shown that
upper and lower branch states are potentially unstable to three types of modes. The first rather ponderous mode corresponds
to a gentle oscillation in time of the vortex-wave state on the slow streak diffusion timescale. A second one is a fast Rayleigh
instability of the streak. At an intermediate timescale a new mode emerges and Deguchi and Hall (2016) referred to is as
the edge mode since it is the only mode of instability of lower branch states. Figure 1 is a schematic of how the instability
properties of VWI states vary along the lower and upper branches. On the bulk of the lower branch there is a single unstable
edge mode with growth rate O(R−1/2) together with stable slow modes of growth rate O(R−1). On the upper branch there
are unstable fast and slow modes and an unstable edge mode. Note also that neutral periodic forms of the slow and edge



Figure 1: Schematic of the connection of the eigenvalues along the lower and upper branches. The horizontal and vertical
axes represents the streamwise wavenumber α and the growth rate σr, respectively.

modes occur close to the saddle-node point. The stability classification found explains the results of numerical simulations of
shear flows by a number of authors and points to the existence of two time periodic equilibrium states living either on the slow
diffusion or edge mode timescales. The predictions of a weakly nonlinear extension of our stability calculation finds solutions
closely related to those found by Kalahari and Kida (2001). Since the latter solutions have been found to capture much of
the turbulent statistics of Couette flow it appears that the high Reynolds descriptions of time periodic states based on VWI
problem might sensibly be used to describe high Reynolds number turbulent flows.
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Summary We identified critical behavior of the transition to turbulence in channel flow. Turbulent domains continuously 
injected from an inlet ultimately decayed, or in contrast, spread depending on flow rates. Near a transition point, critical 
behavior was observed. We found that four critical exponents, a universal scaling function and a scaling relation, are all in 
agreement with the (2+1)-dimensional directed percolation universality class. 
 

INTRODUCTION 
 
    Transitions from laminar to turbulent flow have been extensively studied in the past century. Among these studies, the 
discovery of a well-defined transition to chaos in a fluid heated from below in a small box caused the rewriting of classical 
textbooks on the onset of turbulence. However, this concerns only temporal disorder. When and how spatio-temporal disorder 
emerge remains elusive in particular, for flows under shear, such as pipe and channel flows. Is the transition abrupt or 
continuous? Does it depend on a particular type of perturbation? Are there universal laws in the transition? These fundamental 
questions have to be revisited. Recently, Hof et al. (1) conducted a series of experiments on a pipe flow and found that the 
transition can be regarded as a spreading process of a localized turbulent puff created by perturbations that may duplicate or 
die out indefinitely. Situations are similar for other wall bounded flows. In such flows, the laminar flow becomes turbulent 
despite its linear stability; laminar states do not break up into turbulent states unless they are invaded by turbulent neighbours 
due to the stability against infinitesimal perturbations. If the tendency for invasion by a turbulent state increases, the turbulent 
state will eventually spread over the entire space. It is this behavior that led Pomeau to conjecture that the spatio-temporal 
intermittency observed at the transition from the laminar flow to turbulence belongs to the directed percolation (DP) 
universality class (2). DP is a stochastic spreading process of an active (turbulent) state with a single absorbing state, which 
diverse phenomena such as spreading of epidemics, fires, synchronization, and granular flows potentially belong to. If the 
transition is continuous and the interaction is short-ranged, universal critical exponents are expected. However, to observe the 
critical behavior in a pipe flow, if it exists, an extraordinarily long pipe is required. To overcome this difficulty, we chose a 
quasi-two dimensional channel flow and forced the inlet boundary condition to be active (turbulent) state. It enabled us to 
study the transition to turbulence as a surface critical phenomena. A clear transition between decay and penetration of the 
injected turbulent flow was observed. Quantification of the order parameter and the correlation length revealed critical 
behavior of the transition in channel flow; obtained three independent critical exponents support that the transition to 
turbulence in channel flow belongs to the DP universality class.      
 

EXPERIMENTAL SETUP 
 
   The flow channel has a length of 5880 mm in a streamwise ( x ) direction, a cross section of 5 mm in depth (the y direction) 
and 900 mm wide in a spanwise ( z ) direction. Thus the aspect ratio of the channel was 2 352 6023 h hh u u . The flow 
dynamics in the (x,z) plane were visualized and recorded using a visualization technique and three CCD cameras. Instead of 
triggering turbulent spots by a local perturbation for each measurement as in the previous experiments, we continuously 
excited turbulent flow in the buffering box using a grid and injected it at the inlet ( 0x  ). 
 

ORDER PARAMETER 
 
   This setup enabled us to attain a steady state measurement of the area fraction of the turbulent region (the turbulent fraction 
ȡ) as a function of x. ȡ�x) was estimated by measuring the time fraction occupied by turbulent flow for each of the locations 
averaged over a long time (about 40 min, 100 times of flow circulation time). ȡ�x) seemed to saturate for higher Re and for 
larger x. Therefore, we measured the turbulent fraction as a function of Re  at several distant locations x  satisfying 

/ 1280x h ! . The curves for different positions overlapped, LPSO\LQJ�WKDW�ȡ�LV�DOPRVW�VDWXUDWHG�for Re  larger than a certain 
value. Order parameter increased continuously from zero as shown in Fig.1a. Thus we fit by 0

EU  U H  in the inset of Fig. 1a, 

where H  is the reduced Reynolds number, ( ) /c cRe Re ReH { � . We obtained E =0.58(3) and 830(4)cRe   as the best 
fit. Non-vanishing order parameter is due to finite size effect as usual.   
 
 



DIVERGENCE OF CORRELATION LENGTH 
 
   Critical behavior is characterized by a divergence of the correlation length at the critical point. If the transition from the 
laminar to turbulent state belongs to the DP universality class, the correlation length of the cluster should reflect this critical 
nature. In order to test this, we measured a distribution of the durations W  of the laminar state (laminar interval distribution) 

( )N W  at fixed downstream locations for cRe Re! . For Re sufficiently close to cRe , ( ) ~N �PW W with 1.25(5) P  is 

obtained. This value is close to the universal exponent in DP, DP 1.204(2)AP   which characterizes the scale invariance of 

critical clusters. We defined the correlation length [ , by fitting the tail of a complementary cumulative probability, 

0( ) ( )d / ( )dP N t t N t tf f
WW { ³ ³  with an exponential function, ~ exp / )( ) (P W �W [ . As we approached to cRe , [

substantially increases. The correlation length as a function of H  showed a divergence with a power law and saturation at 
the smallest H  (Fig.1b). We fitted by ~ �Q[ H  with an exponent Q  0.71(5) which agrees with DP 0.733(3)AQ  . In 

addition, we obtained ||Q by looking at a spatial distribution of turbulent fraction ȡ�x). The turbulent fraction showed an 

exponential decay; ( ) ~ exp( / )x x LU �  for Re<Rec. The decay length L increased near the critical point with a power law,

~| |L � QH . We obtained 1.1(3)Q  . This value is again close to the critical exponent for the divergence of temporal correlation 

length, DP

|| 1.295(6)Q  . Thus we obtained three independent critical exponents E , AQ , and ||Q for DP together with the 

exponent for laminar interval distribution, AP . which satisfies the universal scaling relation, 2 /
A A

P Q �E . Therefore the 
results strongly support that the transition belongs to (2+1)-dimensional DP universality class. 
 

 
Figure 1, a; The turbulent fraction U  vs. Re is plotted at different downstream locations: / 1292x h  ( ), / 1880x h  
( ), and / 2096x h  ( ). Inset: A log-log plot of U  as a function of reduced Reynolds number H . b: Correlation length 
estimated from the tail of laminar length distributions as a function of H .  
 

CONCLUSIONS 
 

   Although larger scale experiments and DNSs are needed in the future, the largest channel flow experiment available at 
present strongly supports the idea that the transitions to turbulence in shear flows have a universal critical nature of non-
equilibrium phase transition, i.e., the transition belongs to the DP universality class.  
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Summary Investigation of the laminar–turbulent separatrix is performed in a boundary-layer flow. Constant homogeneous suction is applied
at the wall in order to prevent the spatial growth of the layer, leading to the parallel Asymptotic Suction Boundary Layer (ASBL). Edge
tracking is performed in a large computational domain allowing for full spatial localization on the separatrix. The obtained localized
structure experiences recurrent dynamics going through calm and bursting phases. During calm phases the structure’s active core consists
of a single low-speed streak which develops sinuous instabilities leading to a burst in energy. During the burst new streaks are created, with
the structure growing in size and its core drifting in both planar directions. The recurrent simple structure observed during calm phases is
compared with those seen in the early development of the minimal seed and during bypass transition. The implications on the dynamical
systems view of the transition process are discussed.

INTRODUCTION

Lately a stimulating breakthrough occurred in transition to turbulence, when researchers started adopting tools from deter-
ministic chaos theory and dynamical systems, supported by the on-going progress of computer simulations. One of the new
concepts arising from these recent developments is the idea of “edge states”: nonlinear flow structures living at the dynamical
border between laminar and turbulent flow [1]. They are relative attractors within the laminar–turbulent boundary and can
be simple objects, like fixed points or periodic orbits, or more complicated chaotic structures. In all cases they serve as an
example of simple dynamics in the high-dimensional system. As such they can be used for understanding the mechanisms of
the sustained non-trivial flow behavior. In addition, being saddles of the system, they guide the evolution of the flow going
towards turbulence.

Recently, this concept was applied to the Blasius boundary-layer flow over a flat plate [2]. However due to the spatial
growth of the boundary layer the proper asymptotic dynamics is inaccessible. One way to circumvent this is to apply suction
at the plate which counteracts the spatial growth. If the suction is constant and homogeneous the boundary-layer thickness
saturates and the associated flow is known as the Asymptotic Suction Boundary Layer (ASBL) [3].

Figure 1: Three-dimensional snapshot of the edge state. Low- (blue) and high-speed (red) streaks are shown with the isosur-
faces of the streamwise velocity fluctuations u′ = ±0.05. The vortical structures are shown using the λ2 = −10−4 isosurfaces
(green). Flow from lower left to upper right. The whole computational domain is shown.

∗Corresponding author. Email: duguet@limsi.fr



Figure 2: Top views of the edge state showing the typical structure of the active core during the calm phase. Three independent
events are displayed. The same color coding is used as in figure 1, however with higher isolevels (u′ = ±0.13 and λ2 =
−4×10−4) in order to capture the most energetic parts of the structure. Flow from left to right. Only part of the computational
domain is shown.

LOCALIZED EDGE STATES IN ASBL

The parameters for the current study were based on the previous results in the numerical domain of limited size [4]. We
perform edge tracking in domain of size [Lx, Ly, Lz] = [800δ∗, 15δ∗, 100δ∗] at Re = 500 (defined as the ratio of the free-
stream velocity U∞ to the suction velocity VS) using the fully spectral code with a DECI awarded allocation, as each flow
field has 200 million grid points. Here δ∗ is the laminar boundary-layer displacement thickness and together with U∞ they
are used for non-dimensionalization.

The obtained structure resembles a turbulent spot at the initial stages of its growth. It consists of low- and high-speed
streaks and vortical structures staggered along to the streaks (see figure 1). Both visual inspection and quantitative analysis
confirm the fully localized nature of the state. Its energy oscillates erratically showing no signs of regularization. Hence we
conclude that the edge state is chaotic in this set-up. Still, calmer and bursting phases alternating with irregular intervals can
be identified, indicating pulsating behavior with recurring dynamics.

In the calm phase the active core of the state consists of a single low-speed streak. It develops sinuous instabilities with
two counter-rotating vortices flanking the streak and sustaining it through the lift-up effect. The other streaks slowly decay.
The vortices above the active streak grow in strength and start leaning over it. When they cross, a region is created where the
fluid is pushed down instead of being lifted up.This leads to the breakdown and to a spanwise drift of the whole structure. The
vortices generated in the breakdown process create new low- and high-speed streaks and the cycle is closed.

IMPLICATIONS FOR TRANSITION TO TURBULENCE

The performed edge tracking is a way of mapping out parts of the edge manifold, where the edge can be followed for
arbitrary large times. Thus it allows to identify recurrent dynamics and the regions of phase space which are repeatedly visited
on the edge. The simple structure in the calm phase was identified as this recurrent structure (see figure 2). Surprisingly, very
similar structures are also seen as a part of the trajectory of the minimal seed [5]. Similar structures have also been reported in
many studies on transitional boundary layers [6] at the verge of the breakdown leading to creation of turbulent spots, the so-
called nucleation events. Thus, it is plausible that in bypass transition (e.g. induced by free-stream turbulence) the secondary
instability of the streaks can be associated with the approach to the stable manifold of the edge state and its linear instability.

Hence we can adopt the following dynamical systems view on the bypass transition process in boundary layers with
disturbances of moderate levels. The perturbations are viewed as a cloud of initial conditions of which some are on the
turbulent side of the stable manifold of the edge state. The corresponding trajectories approach the localized edge state for
a finite time. During the approach (the receptivity process) the perturbation evolves into a low-speed streak, the structure
repeatedly seen in the edge state computation. Once the sinuous instability builds up and grows, it leads to a burst of the
streak. For the trajectory constrained to the edge, the burst would be followed by a decrease of the energy. However being
slightly above, the burst leads to the breakdown into a turbulent spot. Thus the nucleation process of turbulent spots in bypass
transition is related to appearances of the edge-type structures which can be used in the understanding and modeling of the
whole process.
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EFFECTS OF DRAG-REDUCING POLYMERS ON THE TRANSIENT DEVELOPMENT OF
TURBULENT COHERENT STRUCTURES

Xue Bai1 and Li Xi ∗1

1Department of Chemical Engineering, McMaster University, Hamilton, Ontario, Canada

Summary Drag-reducing polymers have profound impact on the dynamics of turbulence, not only in the statistically-converged stage but
also in its transient development. Understanding of the latter is essential for solving all major remaining problems in viscoelastic turbulence.
Direct numerical simulation is used to study the transient growth of the laminar-turbulent edge state into full turbulence and comparison is
made between Newtonian and viscoelastic fluid flows. Polymers are found to suppress turbulence growth throughout the process. Inspection
of flow fields further reveals a different pattern of turbulence development after polymers are introduced.

INTRODUCTION

Flexible long-chain polymer additives are known to cause drastic changes in flow turbulence, including significant re-
duction in its friction drag [1] and complex behaviors during the laminar-turbulent (L-T) transition [2]. Recent advances
indicate that major unsolved problems in viscoelastic turbulence can all be linked to the dynamics in the L-T transition re-
gion [3, 4, 5, 6]. Most notably, the edge state – an asymptotic saddle state on the L-T boundary [7, 8] – was found to have
invariant flow statistics with increasing polymer elasticity [4, 6], explaining the existence of a universal upper bound for
polymer-induced drag reduction (DR) – the well-known puzzle of maximum drag reduction (MDR) [1]. Specific solutions
responsible for MDR are yet to be identified, prompting us to shift our attention to the state-space region between the edge
state and the turbulent basin. Better knowledge of the dynamics in the region, especially polymer effects thereon, is also the
key to solving other important problems such as the transition mechanism of viscoelastic fluids and onset criterion of DR.

Using the edge state (perturbed by numerical errors only) as the initial condition, direct numerical simulation (DNS)
is used here to track the growth of a marginal turbulent spot into full turbulence. Newtonian and viscoelastic simulations
are compared to study the polymer effects. We focus on a minimal channel flow (720 and 230 wall units in streamwise
and spanwise directions, respectively) and a moderate Reτ = 84.85; viscoelastic simulation was performed with Wi = 40
(Wi, Weissenberg number, is the product of polymer relaxation time and wall shear rate; Wi ≫ 1 indicates strong polymer
elasticity). Details of the simulation system and numerical procedures are found in recent publications [9, 6].

RESULTS

Figure 1: State-space projections of dynamic trajectories initiated from the edge state:
(a) TKE vs. Ubulk; (b) peak value of the RSS profile vs. log-law slope at y∗ = 25 –
A∗

25 (dashed line marks A∗
MDR = 11.7).

State-space trajectories of the
process is projected using various
quantities of interest and shown in
Fig. 1. Fig. 1(a) focuses on global
statistics: bulk-average turbulent ki-
netic energy (TKE) and velocity
(Ubulk). Turbulence growth in both
Newtonian and viscoelastic systems
starts with a spike in TKE, which
is followed by a dip then a steady
climb toward the magnitude of turbu-
lent basin; Ubulk drastically decreases
during the process. In our recent
study [6], it became clear that quanti-
ties directly measuring near-wall tur-
bulent activities – in particular, the
peak value in the Reynolds shear
stress (RSS) profile |⟨v∗xv∗y⟩|max and log-law slope A∗ ≡ y∗(dU∗

m/dy∗) measured at y∗ = 25, A∗
25 – more clearly reflects the

dynamics of near-walls structures. (Here, superscript “*” indicates quantities in turbulent inner units based on instantaneous
wall shear stress [3, 10]; definition of A∗ comes from a log-law approximation of mean velocity profiles U∗

m = A∗ ln y∗+B∗.)
Projections using these variables are shown in Fig. 1(b). For both Newtonian and viscoelastic cases, turbulence growth starts
with a massive increase of RSS, which proceeds the growth of TKE: by the time TKE reaches the initial spike (instant B for
Newtonian and instant E for viscoelastic), the RSS has already dropped down to magnitudes typical of the turbulent basin.

∗Corresponding author. Email: xili@mcmaster.ca



Figure 2: Distribution of vx at y+ = 25: (a)-(c) correspond to Newtonian instants A-C, and (d)-(f) correspond to viscoelastic
instants D-F (instants defined in Fig 1). The color scale ranges from yellow for 0 to red for 1.

The overall picture arising from Figs 1(a)&(b) is that with a minute perturbation, the edge state, which takes form of a
localized turbulent spot [6], quickly grows into a structure with much stronger turbulent activity, whose RSS is even higher than
that of the turbulent basin. As RSS of this particular structure decays to typical values of the turbulent basin, its disturbance
spreads across the domain, causing the spike in TKE and drop of Ubulk. Growth at the global scale (Fig 1(a)) takes much
longer time, which does not converge in the 1500-time-unit (TU) period shown. Meanwhile, during the same time period,
the initial structure has already converged to the destination state (Fig 1(b)). Fluctuations afterwards reflect the intermittent
dynamics of self-sustaining turbulent cycles. In particular, for the viscoelastic case, these fluctuations lead to recurrent visits
toward the direction of the edge state, with A∗

25 occasionally approaching the magnitude of MDR. This corresponds to the
so-called hibernating turbulence, a type of MDR-like states becoming more exposed as Wi increases [3, 10].

Polymer stress acts as a restraining force and inhibits the development of both the initial structure and globle turbulence,
with lower TKE and RSS observed during the whole growth stage. Somewhat surprisingly, mean velocity – measured by A∗

25

in Fig. 1(b) – of the viscoelastic case drops more rapidly despite the lower RSS. This indicates that turbulent fluctuation is no
longer the only means through which energy is extracted from the mean flow. Indeed, we found that the conversion rate of
mechanical energy to polymer elastic energy is positive throughout the growth stage. This energy is not returned to the flow
motion until turbulent basin is reached.

Contour plots of streamwise velocity, of both Newtonian and viscoelastic cases, are shown in Fig. 2 for three representative
instants: before, at, and after the TKE peak in Fig. 1. Note that the edge state flow field (not shown here) is dominated by a pair
of smooth and elongated low-speed streaks [6]. In the Newtonian case, the initial perturbation first leads to the breakdown of
one of the streaks (Fig. 2(a)). When TKE reaches the peak value (Fig. 2(b)), both streaks have disappeared and are replaced by
high-density turbulent motions: short irregular streaks with strong streamwise variations. The final instant has similar irregular
patterns with lower intensity. By contrast, the viscoelastic case retained the double-streak configuration for the whole period
(Figs. 2(d)-(e)). Even at the TKE peak (Fig. 2(e)), the streaks are distorted in shape but do not break into smaller structures.
Regulated and elongated coherent structures are now increasingly associated with turbulent states with weak activity and low
drag [6]. Our observation here clearly indicates a qualitative change in the turbulent growth mechanism of viscoelastic fluids.

CONCLUSIONS

Starting from a marginal turbulent spot, an infinitesimal perturbation first triggers the growth of its turbulent intensity,
which then propagates across the domain toward full-scale turbulence. Polymer additives suppress the growth of turbu-
lent structures throughout the process, during which energy is extracted from the flow to the polymers. Different transition
pathways are observed in Newtonian and viscoelastic flows: development of Newtonian turbulence goes through a sharp
breakdown of coherent structures whereas for viscoelastic systems the changes are more continuous.

References

[1] Virk, P. S. AIChE J. 1975, 21, 625–656.
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Summary The role of Elasto-Inertial Turbulence (EIT) on the bounds of friction drag is investigated in channel flows from subcritical to
moderate Reynolds numbers. EIT is a newly discovered state of turbulence emerging from self-sustaining interactions between polymer
dynamics and velocity perturbations in parallel shear flows. At low Reynolds numbers, EIT creates an increase in friction drag. Beyond the
critical Reynolds number for Newtonian flows, EIT becomes the lower bound of the friction drag of the Maximum Drag Reduction (MDR)
state. The drag reduction properties of polymer control the upper bound of MDR.

INTRODUCTION

Elasto-Inertial Turbulence (EIT) [1] is a recently discovered new state of turbulence, where interactions between inertia and
elastic effects can sustain a turbulence-like state in channel and pipe flows at Reynolds numbers much lower than the critical
Reynolds at which Newtonian flows undergo a transition from laminar to turbulent state. The structure of EIT[2, 3] consists
of thin sheets of stretched polymers that are tilted upward by the mean shear and produce spanwise coherent flow structures
by opposition to the quasi-longitudinal vortices observed in Newtonian wall turbulence (See Fig. ??). The proposition
investigated here is that EIT is the bounding state preventing a flow with polymer additives from relaminarization.

EQUATIONS

The mathematical nature of the transport equations solved in the present direct numerical simulations is of critical impor-
tance for the understanding of EIT. The momentum is transported by the Navier-Stokes equation modified to account for the
viscoelastic stress:

∂tu+ (u ·∇)u = −∇p+ βRe−1∇2u+ (1− β)Re−1∇ ·T , (1)

where β is the ratio of the solvent viscosity to the zero-shear viscosity of the polymer solution and T is the polymer stress
tensor defined as:

T = Wi−1 (f(trace(C))C− I) . (2)

The non dimensional Weissenberg number Wi is the ratio of the polymer solution time relaxation to a relevant flow time
scale. The conformation tensor C is the tensorial product of the components of the end-to-end vector for a polymer molecule,
phased-average over a large ensemble of molecules. The Peterlin function f(r) =

!
1− r/L2

"−1 describes the restoring
spring force that polymers experience when stretched. L is the normalized polymer length. The transport equation for the
conformation tensor,

∂tC+ (u ·∇)C = C · (∇u) + (∇u) ·CT −T+ (ReSc)−1∇2C (3)

includes on the right hand side, the stretching of polymer molecules by the flow (first two terms), the restoring spring force
(third term) and a diffusion term governed by the Schmidt number Sc. This system of equations (supplemented by ∇ · u =
0 constitutes the FENE-P (Finite Elastic Non-linear Extensibility-Peterlin) model commonly used in the direct numerical
simulation of polymer flows. Note that the derivation of the FENE-P model requires Sc → ∞.

As explained in [4] (where the numerical method used here is also described), A time scale analysis of the right-hand of
Eq. (3), for Sc → ∞ reveals that polymer stretch on the time scale of the flow (first term) and recoil on time scale larger than
the Kolmogorov scale, as stipulated by Lumley [5]. Both terms are local, with no diffusion process. On the left hand side,
the nonlinear advection term, generates small scales if Sc → ∞. A parallel can be made between Eq. (3) and the small scale
dynamics of passive scalar [6, 7]. In the following, a numerical experiment investigates the effect of Sc on the existence of
EIT.

OBSERVATION

Using direct numerical simulation in periodic 2D and 3D channel flows, the existence of EIT was established for Reynolds
numbers as low as 10, based on the bulk velocity and the channel height. Here EIT was found to arise from a variety of initial
perturbations including spatial variation of blowing and suction at the wall over a finite period of time and superimposition
of random noise. The increase in the coefficient of drag and deviation from laminar is shown in Fig. 1a for the lowest

∗Corresponding author. Email: ydubief@uvm.edu
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EXACT INVARIANT SOLUTIONS FOR COHERENT TURBULENT MOTIONS IN COUETTE
AND POISEUILLE FLOWS
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Summary The dynamical systems approach recently applied to understand subcritical transitions in wall-bounded shear flows is combined
with the use of large-eddy simulations to investigate the nature of large-scale coherent motions in turbulent Couette and Poiseuille flows.
Exact invariant solutions of the filtered Navier-Stokes (LES) equations are computed by using the Smagorinsky model to parametrize small-
scale motions. These solutions can be continued into exact solutions of the Navier-Stokes equations therefore providing a bridge between
coherent large-scale motions in wall-bounded fully developed turbulent flows and invariant solutions appearing in transitional flows.

BACKGROUND

The understanding of subcritical transition in wall-bounded shear flows has been dramatically improved by the computa-
tion and the analysis of invariant solutions of the Navier-Stokes equations. These solutions, whose existence is necessary for
subcritical transition, are thought to provide the skeleton of turbulent motions, at least up to moderate transitional Reynolds
numbers. When the Reynolds number is increased, however, additional invariant solutions appear and their nature can also
become increasingly complex both in phase space and in physical space. It is therefore not clear that turbulent motions at high
Reynolds numbers could be approximated with a reasonable number of invariant solutions of the Navier-Stokes equations.

In order to keep the number of degrees of freedom reasonable and to simplify the dynamics even at high Reynolds numbers,
invariant solutions are computed for the filtered Navier-Stokes equations. Subgrid-scale motions are modelled by using the
Smagorinsky eddy viscosity νt = D(Cs∆)2S where Cs is the Smagorinsky constant, ∆ is the average mean grid spacing, S
is the norm of the the rate of strain tensor associated to the filtered velocity and D(y+) is a standard wall damping function.
The reference value Cs = 0.05 provides the best a posteriori performance. Recent investigations [1, 2, 3] have shown that
coherent self-sustained large-scale motions can be isolated by moderately increasing Cs above its reference value in order to
artificially quench active processes at smaller scales in fully developed turbulent flows. When computing invariant solutions
the Smagorinsky constant is therefore used as a continuation parameter, in addition to the Reynolds number. Furthermore,
solutions of the Navier-Stokes equations can be retrieved by setting Cs = 0. A modified Newton-Krylov method based on
time-marching integrations of the filtered equations (LES) is used to compute steady and travelling wave solutions of the
filtered equations.

RESULTS

We first consider plane Couette flow in a horizontally periodic domain having the same size of turbulent large-scale
motions Lx × Lz = 10.9h× 5.5h (where h is the half-width of the channel). The edge state of coherent large-scale motions
is computed, at Re = 750 (roughly twice the transitional Reynolds number) and Cs = 0.14 (overdamped simulation), by
edge-tracking and is found to be a non-trivial lower branch exact steady solution of the filtered equations. By continuation to
higher values of Cs it is found that the computed edge state is connected to an upper branch of solutions via a saddle-node
bifurcation (see figure 1). Upper branch solutions of the filtered equations are computed up to Re = 2150 using specific paths
in the Re−Cs parameter plane (see figure 1). These solutions can be connected to Navier-Stokes solutions by continuation to
Cs = 0, where it is found that they belong to the Nagata-Clever-Busse-Waleffe branch of solutions. We next consider plane
Poiseuille flow where a recently computed [4] multi-streaks travelling-wave solution of the Navier-Stokes equations (Cs = 0),
computed in the periodic domain Lx × Lz = 2πh× 5.5h, is continued from Cs = 0 to Cs = 0.05 at Re = 2000.

The exact solutions consist of a combination of quasi-streamwise vortices and streaks (see figure 2) which, on average,
self-sustain via a coherent self-sustained process, as discussed in [1, 2, 3]. The computed ‘exact’ solutions of the filtered
(LES) equations take into account the effect of small scales but only through their averaged effect. This approach makes
possible to compute steady coherent solutions despite the fact that motions at smaller scale are unsteady and therefore focus
on the relevant dynamics of the large-scale coherent solutions without the complications associated to smaller-scales motions.
The spatial and Re dependence of the eddy viscosity associated with the averaged (residual) small-scale motions is naturally
embedded in the computed solutions (see figure 2).

∗Corresponding author. Email: carlo.cossu@imft.fr
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TRANSITION TO TURBULENCE IN PLANE COUETTE-POISEUILLE FLOW
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Summary We introduce an experimental set-up that enables us to create two dimensional shear flow with zero mean advection velocity.
We investigate a plane Couette-Poiseuille configuration, completing the first experimental results for this flow which had only been studied
theoretically to-date ([5]). Using flow visualizations we characterize subcritical transition to turbulence and we show the existence of
turbulent spots in plane Couette-Poiseuille flow. Due to zero mean advection velocity of the base profile, these turbulent structures are
nearly stationary (despite a non-zero pressure gradient in streamwise direction). We ascertain two characteristic wavenumbers correspond
to two different inner regions of the base flow. We also determine the evolution of streamwise and spanwise dimensions of turbulent spot as
a function of Reynolds number.

EXPERIMENTAL SET-UP

This new experiment is based on the classical plane Couette experimental set-up (see [2], [4]), where the base flow is
generated by imposing velocity at test section walls. This is achieved using a single loop of plastic belt which imposes the
opposite sign velocity at each wall. The main advantage of such an installation is the zero mean velocity of the profile, as
such the generated turbulent structure is not advected ([3]) and an investigation of long time dynamics of turbulent structures
is possible.

However, in our case, instead of using a single loop of belt (which can only impose the opposite sign velocity at each
wall), we use two loops of belt (one for each wall of the test section). This enables us to control independently the speed at
each wall. Let us assume that we set the same speed toward the right at both walls (fig.1, blue), then fluid in the vicinity of
plastic belts will be driven in the same direction which in turns will increase the pressure in tank on the right side. This will
result in a negative pressure gradient from right to left that will induce a reverse flow in the interior. These two factors (the
same positive speed at each wall and the negative induced reverse flow at the center of the gap) will create a parabolic profile
with mean advection velocity equal to zero (see the blue profile on right in the inset of fig.1).

Now we present the configuration with a single loop of plastic belt (fig.1, upper loop in red). This consists of upper moving
and lower stationary walls respectively. The resulting plane Couette-Poiseuille flow (see the black profile in the inset of fig.1)
can be considered as two subregions. The lower one is parabolic (Poiseuille like) and occupies approximately two-thirds of
the gap. In the upper region the velocity profile can be approximated by a straight line, like in plane Couette flow. In addition
the shear in the Couette region is much higher than that of the Poiseuille region.

RESULTS

We characterise the transition to turbulence with flow visualizations (fig.2). The flow is globally laminar in the test section
up to Re=427 (fig.2a), where the Reynolds number is based on the half-distance of gap and the speed of the moving wall. For

Tank 1 Tank 2

Figure 1: Schematic of the new experimental set-up, which consists of two independent closed loops of the belt which control
the speed at each wall independently. The upper loop (red lines) is used to generate the plane Couette-Poiseuille flow with zero
mean advection velocity (black profile in the inset). Plane Poiseuille flow with zero mean advection velocity can be generated
(blue profile on right side in the inset, [1]) if the lower loop is added (blue dashed lines).

∗Corresponding authors. Email: lukasz.klotz@espci.fr and wesfreid@pmmh.espci.fr
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CHARACTERIZATION AND PREDICTION OF STREAK BREAKDOWN

USING MACHINE LEARNING

M. J. Philipp Hack1 and Tamer A. Zaki ∗2

1Center for Turbulence Research, Stanford University, Stanford, United States
2Department of Mechanical Engineering, Johns Hopkins University, Baltimore, United States

Summary Characteristics of streaks in DNS flow fields of pre-transitional boundary layers are extracted and compared between streaks that
induce the formation of turbulent spots via secondary instability and the remainder of the population. The analysis shows that the two classes
of streaks differ in a variety of attributes, including their peak amplitude, distance to the wall and size. The data are used in a machine-
learning approach to predict transition to turbulence. An artificial neural network identifies the streaks that will induce the formation of
turbulent spots. The method is shown to achieve high prediction accuracy at low computational cost which makes the approach suitable for
real-time applications.

INTRODUCTION

In bypass breakdown to turbulence, the pre-transitional boundary layer is characterized by the presence of of highly
energetic streaks. By introducing inflection points in the instantaneous velocity profile, the streaks promote the amplification
of secondary instabilities which ultimately trigger the formation of turbulent spots [1, 2]. Recently, it was demonstrated in Ref.
[3] that linear instability analysis applied to cross-flow planes from DNS time series is able to accurately capture the properties
of the instabilities such as their growth rate and phase speed. The most unstable eigenfunctions identified the specific streaks
that transition to turbulence farther downstream. The work also demonstrated that while the streak amplitude is an important
factor, other properties such as their shape and distance to the wall are relevant as well. A visualization of the bypass process in

U∞

y
x

z

Figure 1: Transitional boundary layer with isosurfaces of low-speed and high-speed streaks and fully turbulent flow downstream with

isosurfaces of the λ2 vortex identification criterion. Enlarged detail: Low-speed streak with sinuous secondary instability.

a boundary layer is presented in figure 1. Only a small fraction of the entire streak population actively promotes the transition
process by amplifying secondary instabilities that eventually spawn a turbulent spot. The present work aims to characterize
the population of streaks in pre-transitional boundary layers. Streaks that break down into turbulent spots are differentiated
from the remainder of the population. This information is used in a machine-learning approach to identify unstable streaks.

ATTRIBUTES OF BOUNDARY-LAYER STREAKS

The properties of the streaks are extracted in cross-planes of the DNS time series (figure 2). Features such as the peak
streamwise and wall-normal velocity fluctuations, and the cross-sectional area are considered. Overall, 4,000 DNS snapshots
are analyzed and provide about 30,000 data samples of individual streaks, 300 of which are unstable. Discrimination between
stable and unstable streaks is achieved by tracking streaks in time and associating them with the formation of turbulent spots.
PDFs of attributes of both classes are presented in figure 3. The streamwise and wall-normal velocity fluctuations show the
most pronounced difference with an increase in the mean of the distribution by 80 and 155 percent, respectively.

The representation of each streak by a set of features yields a significant compression of the information contained in the
DNS fields. By using these low-dimensional data as inputs to an artificial neural network (ANN), an effective and reliable
classification scheme for stable and unstable streaks can be devised. In general, artificial neural networks are universal
approximators which can represent any continuous, smooth function.

∗Corresponding author. Email: t.zaki@jhu.edu
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Figure 2: Streak features in cross-flow plane. Background contours give the streamwise velocity fluctuation, u′. Contour lines indicate
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Figure 3: Probability density functions of streak features. Stable streaks (solid) and streaks inducing breakdown (dashed). Left to right:

Peak streak amplitude, peak wall-normal fluctuation, cross-sectional area, wall distance of peak streak amplitude.

PREDICTION OF STREAK BREAKDOWN

Features are collected from streaks at 18 equidistant cross planes in the region 200 < Reθ < 350. The performance of the
neural network is evaluated using an independent test data set obtained from a second DNS time series of the same duration.
The relative prediction accuracy is defined as A ≡ 1

M

!M

m=1
1− |Pm − Tm|, where Pm is the prediction made by the neural

network and Tm is the target value (1 for unstable streaks and 0 otherwise) of the m-th streak. Figure 4(a) shows the accuracy
obtained with the ANN when using a single input feature. The peak wall-normal velocity fluctuation is the most significant
indicator and leads to an identification accuracy of stable and unstable streaks of approximately 75 percent. The reliability of
the approach can be further enhanced by combining inputs (figure 4b). Starting with the peak wall-normal fluctuation, other
features are added in the order of their relevance when used as single input feature. The best prediction accuracy, A ≈ 92%,
is achieved when all available input features are combined.
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Figure 4: Prediction accuracy A of the neural network. (a) Single input feature. (b) Accumulated input features.

The computational cost for the classification of a single streak is several orders of magnitude lower than the solution of
the eigenvalue problems which arise in classical linear stability theory. In addition to accurately identifying unstable streaks,
computational efficiency is thus another significant advantage of the ANN approach. Finally, the network trained with ZPG
data can be generalized to make predictions in more complex configurations, e.g. in the presence of pressure gradients.
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COLLECTIVE DYNAMICS OF CONFINED BACTERIAL SUSPENSIONS

Raymond E. Goldstein∗
Department of Applied Mathematics and Theoretical Physics, University of Cambridge, Cambridge, United

Kingdom

Summary It is now well-established that laterally unbounded dense suspensions of motile bacteria can exhibit collective behaviour consist-
ing of transient, recurring vortices and jets on scales large compared to the individual cells. Recently, through a combination of theoretical
and experimental work, attention has focused on the effects of confinement on such dynamics, with the discovery that in sufficiently small
circular domains there can be spontaneous circulation in the form of a spiral vortex. Subsequently it has been shown that lattices of intercon-
nected domains can exhibit ordered patterns that are, by analogy to magnetic systems, ferro- or antiferromagnetic depending upon details
of the coupling between adjacent domains. In this talk I present an overview of these systems and highlight very recent work on the role of
‘edge currents’ of bacteria in organizing the large-scale patterns.

Since the discovery [1] that concentrated suspensions of the aerobic bacterium B. subtilis exhibit collective behaviour
characterized by the formation of large, transient vortices and jets, there has been intense interest in the mechanisms that
create such flows. Considerable attention has been paid to the possibility that long-range hydrodynamic interactions set up by
the stresslet flow fields surrounding individual swimming cells are the ultimate cause of these patterns, which constitute an
intriguing form of low Reynolds number turbulence [2]. Motivated by phenomena in cytoplasmic streaming, it was conjectured
[3] and then verified experimentally [4] that confining such a system in a sufficiently small, quasi-two-dimensional domain
would lead to spontaneous circulation in the form of a spiral vortex. One striking and unexpected result to come from the
experimental study was that there is a thin layer of cells at the domain boundary that appear to swim in a direction opposite to
the interior bulk flow. A subsequent study [5] using a double-label fluorescence method to visualize separately the cell body
and flagella revealed that the cells in the vortex actually swim upstream against the flows set up in the boundary layer, and
computational studies of a discrete model of swimming cells revealed the crucial role of long-range hydrodynamic interactions
in the phenomenon. These results led to the question of how the cells would organize if confined to two circular domains
connected by a narrow neck through which edge currents might pass. Systematic study [6] of lattices of such connected
domains revealed that both ferromagnetic and antiferromagnetic order are possible depending upon the lattice structure and
the neck width. Returning to the simpler geometry of a channel, it is possible to see in detail [7] how the interplay between
edge currents and the tendency toward vortex formation compete to determine the observed flows.
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HYDRODYNAMIC COOPERATIVITY AND SELF-ORGANIZATION IN ACTIVE
SUSPENSIONS

Ignacio Pagonabarraga∗1

1Department of Fundamental Physics, University of Barcelona, Av. Diagonal, 645, 08028 Barcelona (Spain)

Summary I will discuss the role that hydrodynamic coupling, through self propulsion and active stress generation, has in the collective
motion of suspensions of self-propelled particles. I will exploit a powerful mesoscopic computational approach to reach the large length
and time scales required to sample the spontaneous structures in which these suspensions self-organize. I will describe the appearance of
stable cluster phases sustianed only through hydrodynamics and will describe their main features.

Active systems generate motion due to energy consumption, usually associated to their internal metabolism or to appropri-
ate, localized, interfacial chemical reactivity. As a result, these systems are intrinsically out of equilibrium and their collective
properties result as a balance between their direct interactions and the indirect coupling to the medium in which they displace.
Therefore, a dynamical approach is required to analyze their evolution and quantify their selfassembly and ability to generate
intermediate and large scale stable structures.
There has been significant advances in recent years to understand the basic physical mechanisms that control the collective
behavior of self-propelled particles and their connection with effective, equilibrium counterparts. The role of the mobility and
its coupling to the preferential direction of motion has emerged as a key player to understand how collections of self-propelled
particles move and self-organize. In many circumstances self-propelled particle swim and move inside a fluid environment.
The role of the medium in the collective behavior of such systems remains less well understood. In particular, the effect it may
have modulating or modifying the understood mechanisms for self-assembly in their absence has not been properly addressed.

The use of computational models that couple individually-resolved self-propelling particles and the continuum solvent in
which they move provides a useful means to analyze and quantify the properties of spontaneous emerging structures. I will
describe how to take advantage of these coarse grained computational methods that capture the essence of activity genera-
tion and the appropriate hydrodynamic coupling when ensembles of active particles move together. I will analyze the relevant
physical mechanisms underlying the specific properties of the collective behavior of model active suspensions. By focusing on
simplified models, it is possible to identify the relevant parameters which control such behavior. Understanding the mechani-
cal principles which determine the emergence of cooperativity will provide a solid basis to clarify the role of hydrodynamics
in active materials and understand how to combine them with biochemical interactions to control their properties and behavior.
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COLLECTIVE BEHAVIOR OF ACTIVE-PARTICLE SUSPENSIONS

Adam Wysocki1, Masoud Abkenar1, Thorsten Auth1, Roland G. Winkler1, and Gerhard Gompper∗1

1Theoretical Soft Matter and Biophysics, Institute of Complex Systems, Forschungszentrum Jülich, Germany

Summary Active, self-propelled particles in suspension generically exhibit motility-induced clustering and phase-separation. A closer look
reveals a pronounced dependence on particle shape and alignment interactions, hydrodynamic interactions, and noise strength. Mesoscale
simulations of large ensembles of such particles help to unravel the complex dynamical behaviors of such systems. A rich variety of
emergent collective behaviors is observed, ranging from motile polar clusters to jets, swirls, and travelling fronts.

ARGGREGATION AND DYNAMICS OF SELF-PROPELLED PARTICLES

Assemblies of intrinsically active objects represent an exceptional class of non-equilibrium systems. A generic phe-
nomenon in such systems is the emergence of self-organized large-scale dynamical patterns like vortices, swarms, waves, or
self-sustained turbulence. This intriguing dynamics is a consequence of the complex interplay of self-propulsion, internal or
external noise, and steric and hydrodynamic interactions [1].

We have studied the collective behavior self-propelled rods [2, 3], spheres [4, 5], and beating flagella [6] or cilia [7] by
mesoscale computer simulations. For rods, we investigate structure formation of bacterial carpets or motility assays, where
the agents can repel and align, but also pass across each other. For spheres, we study aggregation of active colloidal particles
without alignment interactions. Clustering appears in all of these different systems. However, in many other aspects, structure
formation and collective dynamics strongly depend on the shapes and interactions of the active particles.

Self-Propelled Rods
Due to their excluded-volume interactions, rods align during collisions. This leads to the formation of polar motile custers,

which are typically elongated in the direction of rod orientation. Depending on concentration and propulsion velocity, a
disordered phase, a small-cluster phase, phase separation between a high-density polar cluster and a low-density disordered
phase, and a nematic laning phase are found. However, a phase of travelling waves, as observed experimentally in motility
assays, has not been found so far in simulations of self-propelled rods.

Self-Propelled Brownian Spheres
For Brownian spheres, orientation is completely decoupled from particle motion and interactions. Thus, active Brownian

spheres have no obvious alignment mechanism. Simulations show that a minimal propulsion strength is required for self-
propelled spheres to induce phase separation [5]. Interestingly, active Brownian spheres display the formation of large-scale
swirls and jets, see Fig. 1, despite of the absence of an alignment interaction. The origin of this dynamical behavior seems
to be an interfacial sorting mechanismi [5]. At the interface, particles are oriented preferentially toward the dense phase, so
that they are partially blocked. They can only start to move again after orientational diffusion makes them point parallel to the
interface. This implies a collection of particles with the same orientation in concave parts of the interface, which then together
push in the same direction.

Mixtures of active and passive Brownian particles
Natural extensions of single-component active Brownian particle (ABP) fluids are mixtures of particles with, e.g., different

activities, temperatures, or diameters. We consider mixtures of active and passive Brownian spheres. The emergent dynamics
in phase-separated mixtures is studied numerically in two dimensions [8]. A novel steady-state of well-defined traveling fronts
is observed, where the interface between the dense and the dilute phase propagates and the bulk of both phases is (nearly) at
rest. Two kind of interfaces, advancing and receding, are formed by spontaneous symmtry breaking, induced by an instability
of a planar interface due to the formation of localized vortices. Above a threshold in the fraction of active particles, necessary
to induce phase separation, the interface velocity decreases linearly with increasing fraction of active particles [8].

CONCLUSIONS

Mesoscale simulations of self-propelled particles provide new insights into the emergent non-equilibrium behavior of
active-particle suspensions. It becomes increasingly evident that this non-equilibrium behavior is much more complex than
previousy anticipated, and many more interesting phenomena can be expected to be discovered in the near future.

∗Corresponding author. Email: g.gompper@fz-juelich.de
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ACTIVE GRANULAR MONOLAYERS

Sriram Ramaswamy  a)

TIFR Centre for Interdisciplinary Sciences, Narsingi, Hyderabad 500 075, India

Summary Imitations of motility in nonliving systems have proved an excellent testing ground for theories of the collective behaviour of

self-propelled particle systems. Shape-asymmetric macroscopic grains strewn on a horizontal surface vibrated vertically offer a simple

and surprisingly faithful motility mimic. In this setting we explore the behaviour of mixtures of tapered rods and spherical beads. The

former display autonomous motility, the latter do not, and the combined system presents a rich range of phenomena including flocking at

low motile-particle fractions.  We present  results from theory,  simulation and experiment  on these systems,  including studies  of  the

competition between flocking and crystalline order.    

BACKGROUND

It  has  been known for  some time now [1,2]  that  a  macroscopic particle,  placed in  contact  with a vertically vibrating
horizontally  oriented  substrate,  say  a  surface  or  a  one-dimensional  track,  is  capable  of  transducing the  vibration  into
horizontal motion. Significant lateral motion takes place only if the particle is sufficiently anisotropic: contact mechanics
impels the particle when it hits the surface in a tilted orientation, and the direction of tilt sets the instantaneous direction of
movement. This nature of the motion depends on the type of asymmetry carried by the particle [3]. A spherical bead will
show negligible lateral motion, instead simply bouncing in place. A disc will move about randomly, an apolar, i.e., fore-aft
symmetric, rod will move preferentially along its length without favouring either extremity [3,4], and a fore-aft asymmetric
or  polar rod will move with one end leading on average [4-6,1]. This elementary energy conversion property is robust
enough to serve as a motor for each particle, and collections of such particles align their directions of motion spontaneously
at high enough concentration, forming inanimate polar [6-8] or apolar [4,5] flocks to which, on grounds of symmetry and
conservation law, equations designed to describe motile objects in general must apply. 

For some time now we have been interested in mixed monolayers of grains of two types: polar rods and spherical beads or,
more generally, active, motile particles in a non-motile background which nonetheless turns out to influence the dynamics
rather  dramatically.  In the experiments of relevance to this work [6-8] the rods were made of  brass  and the beads of
aluminium. The polarity of the rods lies in their shape: one tip is narrower than the other. The sample cell holding the
particles has a base and a lid separated by a little over one particle diameter, so that the particles have room to tilt as they are
agitated by the vibrating base. The asymmetry between the mechanics of contact of the two ends with the surface on which
they lie results in a particle that “walks” in the direction of the narrow tip. The motion is subject to both translational and
rotational  noise,  resulting from the statistics of  which tip makes contact  with the bounding surfaces  and from minute
asperities on all surfaces. The close confinement by the bounding surfaces means that the vibration amplitude plays no
significant role. The frequency of vibration simply sets the “clock speed”. The only control parameters of relevance are the

projected area fractions  φr of the rods and  φb of the beads. The most important result from our earlier work [6] was the

observation of a  spontaneous transition to a state of global alignment,  i.e.,  a  flock, even at  φr of a few percent,  upon

increasing φb. The underlying mechanism was shown [6] to consist of two parts: flow of the spherical beads generated by

the motile rods, and reorientation of the rods as a result of the bead flow. 

THE PRESENT WORK

In this paper and the corresponding talk I present properties deep in the ordered phase as well as the nature of the onset of

the ordered phase. The physics at high φb  where the bead layer displays crystalline order is especially dramatic, with mutual

exclusion between regions of collective motility and crystalline order. The findings are primarily from mechanically detailed
granular dynamics simulations and analytical theory, supplemented by some experiments. 
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COPEPOD ESCAPE AND RELOCATION JUMPS IN TURBULENCE 
 

Markus Holzner & François-Gaël Michalec 
Institute of Environmental Engineering, ETH Zurich, Zurich, Switzerland 

 
Summary We study the swimming behaviour of copepods using three-dimensional particle tracking velocimetry by tracking simultaneously 
the motion of many organisms and the flow surrounding them. In this work we analyse the jump reaction of the organisms in response to 
hydrodynamic stress, focusing on the strong escape jumps and the weaker relocation jumps. We find that the two types of jumps are influenced 
differently by increasing levels of turbulence and hydrodynamic stress. This may be important for their survival and mating performance in 
dynamic environments 
 

INTRODUCTION 
 
   Planktonic copepods live in environments such as oceans and estuaries where they form the largest part of the zooplankton 
and where flows are typically turbulent. Because of their small size and relatively slow swimming speeds, zooplankton interacts 
very little with the large features of the flow, but at small scales swimming behaviour can overcome advective transport. Because 
three-dimensional observations of copepods swimming freely in turbulent flows remain scarce, most of what is known about 
their behaviour in energetic environments derives from extrapolation of results obtained in still water, where a local disturbance 
simulating turbulence is introduced [1-3]. Only recently have methods matured to enable the monitoring of many organisms in 
turbulent flows [4,5] and it has become possible to simultaneously measure the motion of finite sized particles [6] or organisms 
[7] and the flow surrounding them. In [5], an active response of copepods to background turbulence has been identified that 
cancels gender specific differences in motion strategy. A modification of escape reactions has been found when organisms were 
exposed to a contracting flow but no response has been noted in turbulence [7]. Here we focus on the response of copepods to 
turbulence and analyse relocation and escape jump reactions for varying turbulence intensity. 
 

METHODS  
 
   We carried out three-dimensional particle tracking measurements using three synchronized Mikrotron EoSens high 
speed cameras to track the turbulent flow and one EoSens camera fitted with a four view image splitter to simultaneously 
track the copepods. The measurements were conducted in a water tank containing a forcing device creating quasi 
homogeneous and isotropic turbulence [5]. We seeded the flow with neutrally buoyant tracer particles and introduced about 
1000 Eurytemora affinis parent individuals obtained from laboratory cultures at Wimereux Marine Station. 
 

RESULTS 
 
  The intensities of turbulence produced with our set-up are comparable to characteristic values observed in coastal zones, 
tidal fronts and estuaries. We observed that copepods do not behave passively even at substantial turbulence intensities. 
Jumps and swift movements were clearly visible in all our experiments. In particular we observed that both relocation jumps 
and strong escape jumps are influenced by turbulence intensity. 
 

CONCLUSIONS 
 

   This contribution will illustrate the potential of our method to characterize the behavioural response of copepods to local 
hydrodynamic conditions and to investigate their interactions in complex environments. 
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EFFECTIVE INTERACTIONS BETWEEN
CHEMICALLY ACTIVE COLLOIDS AND SURFACES

Mihail N. Popescu∗ 1,2, William Uspal1,2, Mykola Tasinkevych1,2, and Siegfried Dietrich1,2

1Max Planck Institute for Intelligent Systems, Stuttgart, D-70569, Germany
2 IV. Institut für Theoretische Physik, Universität Stuttgart, Pfaffenwaldring 57, D-70569 Stuttgart, Germany

Summary Micron-sized particles moving through solution by using self-generated chemical gradients serve as model systems for studying
active matter. The self-generated hydrodynamic and chemical fields, which induce particle motion, probe and are modified by the environ-
ment, including its boundaries. We show that near a hard planar wall such a particle may exhibit motion with a steady orientation and height
above the wall, or motionless, steady “hovering”. Furthermore, when also chemi-osmotic hydrodynamic flow at the wall is induced, we
predict that the interplay between this and the self-diffusiophoretic one can be “tuned” by chemical patterning of the wall such that one can
achieve controlled motion of the active particle, e.g., the particle following a chemical stripe.

MODEL

The model system we consider is shown in Fig. 1 (left panel). A spherical particle of radius R, covered by a catalyst
over a spherical cap region parametrized by ψ (black segment in Fig. 1, left panel), is suspended in a Newtonian liquid
solution bounded by a planar wall. The catalytic cap releases a solute which diffuses in the solution. The particle and the
wall are impenetrable to the solute and solvent. There are additional interactions, of range δ ≪ R, between the solute and
the particle surface, as well as between the solute and the wall. In the absence of thermal fluctuations, and if the wall is
chemically uniform, the particle moves only in the plane containing the wall normal and the particle’s symmetry axis. In
such case, the cap orientation θ and the height h of the particle’s center above the wall (see Fig. 1, left panel) completely
specify the particle configuration. (If the wall is chemically patterned, a situation discussed in the second part of Results, the
position and orientation of the particle in respect to the pattern are added to the variables characterizing the configuration.)
The translational and angular velocities are denoted by U and Ω, respectively. The hydrodynamic flow is assumed to have
a very small (vanishing) Reynolds number, and the diffusion of the molecular solute is much faster than the transport by
advection (small Péclet number). The motion of the sphere is assumed to be sufficiently slow and the diffusion of the solute
to be sufficiently fast such that at each instantaneous (h, θ) a quasi-steady state of the solute number density c(r) and of the
hydrodynamic flow u(r), respectively, is established.
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Figure 1: Schematic drawing of a chemically active Janus sphere above a planar wall located at z = 0 (left panel). (a) Sliding
and (b) hovering steady-states for bi = bw < 0; the coverage by catalyst is given by ψ ≃ 114◦ (a) and ψ ≃ 154◦ (b).
Streamlines (white lines) illustrate the flow field in the spatially fixed coordinate system; the color coding represents the solute
number density c(r) in units of the characteristic density c0 = KR/D. (Adapted from Ref. [3].)

U and Ω are calculated within the framework of the classical theory of diffusiophoresis [1, 2]. This accounts for the solute-
surface interaction via phoretic “mobilities bk (where k ∈ {i, c, w, s} indicates b can take different values at the ”inert“ or
”cap“regions of the particle, as well as at the wall or stripe), which are connecting the surface- gradients of solute density
with ”phoretic slip“ hydrodynamic boundary condition at the corresponding surfaces: vs(r) = −bk∇||c(r). The signs and
magnitude of bi and bc determine the direction of motion (catalyst- or inert-face forward). The Lorentz theorem is applied
in order to reduce the complexity of the hydrodynamic problem [1, 3]. The Laplace equation with uniform particle flux K
over the cap region of the particle (accounting for the activity), which governs the distribution of solute molecules) and the
incompressible Stokes equations, governing the hydrodynamics, are solved numerically using the Boundary Element Method
(BEM) (see details in Ref. [3]). For both problems (diffusion and hydrodynamics), approximate analytical expressions are
obtained by employing the standard point-singularities representation of the solution [3, 4]. The rigid-body overdamped
motion of the spherical colloid follows straightforwardly from the translational and angular velocities U and Ω.

∗Corresponding author. Email: popescu@is.mpg.de
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STOCHASTIC GAIT-SWITCHING IN MOTILE MICROALGAE

Kirsty Y. Wan1 and Raymond E. Goldstein ∗2

1DAMTP, University of Cambridge, UK

Summary Self-propulsion by flagella is a significant selective advantage for microorganisms which possess such capabilities. There is great
diversity in the number of flagella, their beating modes, and greater still in the ultrastructure of the basal apparatus into which the flagella are
inserted. For free-living unicellular eukaryotes with few flagella the question of their coordination has been receiving increasing attention
from theorists and experimentalists alike. We propose that this coordination is driven intracellularly, and use select algal species to perform
a comparative study of their swimming gaits. Over longer timescales, we can visualize at high spatiotemporal resolution the stochastic
transitions between different gaits which produce striking manifestations of a bacteria-like run-and-tumble locomotion.

GAITS OF FREE-LIVING FLAGELLATES
Uniflagellates including many species of plant and animal sperms navigate fluidic environments by undulating a posteriorly-

oriented flagellum. This single appendage can be used to effectuate directional changes, such as turning towards a source of
chemoattractant. In contrast, ciliated microorganisms including the freshwater protozoan Paramecium and the large colonial
alga Volvox [3] rely on a large-scale coordinated motion of large numbers of surface-attached cilia for swimming and feeding.
In this case coordination is thought to be largely due to hydrodynamic interactions between the neighbouring cilia, which tend
to drive pairs of cilia into in-phase synchrony, and arrays of cilia into metachrony. The generality of this phenomenon is chal-
lenged when one examines the robust in-phase breaststroke swimming of the unicellular alga Chlamydomonas, the physical
mechanism for synchrony between its two front-mounted flagella is the subject of extensive study and some contention. The
current view is that some form of intracellular coupling must be present, most likely through the contractility of connecting
fibers between the basal bodies whence emanate the flagella [1].

If this were true, then a correlation must be expected between observed gaits or modes of flagellar actuation and the
symmetries of the basal apparatus which not only define the configuration of flagella but also the strength and directionality
of the coupling between flagella. Here we explore the morphospace of distinct modes of flagellar synchrony maintained
by flagella across species of naturally-occurring quadriflagellate algae (for free-swimming or pipette-held individuals) in the
context of their differing basal architectures. Unicellular flagellates possessing more than four flagella are rare, with only a
few species that have either eight or sixteen flagella [1]– the selective advantage of having ever greater numbers of flagella
must be eventually be outweighed by the energetic and activity costs of flagellar synthesis and coordination. By analogy with
well-documented forms of locomotion in quadrupeds, we find that quadriflagellate gaits include the trot, the pronk, the gallop,
and even a stand gait in which all flagella are non-moving. Species-specific symmetries existing within the basal apparatus
are therefore implicated in constraining the possible phase relations between flagella.

GAIT SYMMETRIES
As in many biological systems exhibiting complex periodic behaviour, it has proved useful to consider a dimension-

reduced analysis of oscillations in terms of phase. We were able to measure the phases of individual flagella in several species
of quadriflagellates through a combination of micromanipulation, cell tracking, and high-speed imaging. For flagellar phases
ψj (flagellum index j) we compute the matrix ∆ij = ψi − ψj (i, j = 1, . . . , 4), where ∆ij = ∆ji, ∆ii = 0, and ∆ik =
∆ij +∆jk. Each gait is then associated with a 3-tuple of phase differences: [∆12 ∆13 ∆14]. The primitive Prasinophyte alga

Figure 1: A) In free-living quadriflagellates, two possible configurations are possible (types 1,2). The flagella emerge from basal bodies
comprising a species-specific network whose symmetries may constrain observed swimming gaits. B) In T. suecica (type 2) the relative
phase between the remaining flagella is unchanged when beating is purposefully stalled in one flagellum.

∗Corresponding author. Email: r.e.goldstein@damtp.cam.ac.uk



Figure 2: Flagellated eukaryote performs biased random walk by actively modulating the orientation and coordination of anteriorly-
positioned flagellla.

P. parkeae swims with two pairs of precisely alternating breaststrokes akin to the ‘trot’ of a horse, for which [∆12 ∆13 ∆14] =
[π 0π]. On the other hand the advanced green alga C. crucifera exhibits a rotary gallop gait ([∆12 ∆13 ∆14] = [π/2π 3π/2]).
Inspired by studies of central pattern generators (CPGs) in the control of multilegged locomotion in vertebrates, we sought
features of the basal apparatus in these species that may correlated with the spatiotemporal symmetries of observed gaits
(where a spatiotemporal symmetry comprises a permutation of flagella and a temporal phase shift that fixes the dynamics).
For instance the rotary gallop of four oscillators (Figure 1A) is fixed by the identity transformation, but also by interchange
of diagonals with a phase shift of π, and can emerge from a square network in which the coupling between all oscillators are
identical. This square symmetry is shown in electronmicrographs of sections through C. crucifera, in which basal bodies are
inserted radially at corners of a square.

GAITS SWITCHING DURING FREE-SWIMMING
The flagellate stand gait has the most symmetries (reflection in the horizontal, in the vertical, interchange of diagonals and

arbitrary phase shift) and has the symmetry group D2 × S1, where D is a dihedral group and S the circle group. Intriguingly,
bifurcation from the stand to an alternate swimming gait is observed in many species. Forward swimming can further bifurcate
to a shock response in which the front-mounted flagella change from a puller-type to a pusher-type motility, and the swimming
direction is dramatically reversed or altered. Such gait transitions can occur either stochastically or be induced by mechanical
perturbations, but the backward-swimming phase is transient and a steady-state beating pattern is re-established within a
few beats [2]. Over time (Figure 2), these episodic runs (forward-swimming) and tumbles (gait-switching) allow the cell to
navigate a much larger region (effective diffusion constant of D ∝ v2τ ≈ 10−4 cm2/s for an alga swimming at v = 200
µm/s and mean run duration τ of 0.5 s, compared to passive Brownian diffusion Db = 10−9 cm2/s for a 20 µm cell body).

CONCLUSIONS

Somewhat surprisingly, we find that motile algae can i) maintain precise gaits of swimming defined by specific phase
relations between flagella, yet ii) also rapidly modify these gaits in response to mechanical or biochemical cues to overcome
microscale diffusion barriers. Thus the propensity for a run-and-tumble like dynamics appears to be a general strategy adopted
not only by peritrichously flagellated bacteria [4, 5], but many species of eukaryotic flagellates alike. In light of these results
the control of flagellar coordination and synchrony must now be re-evaluated in the context of intracellular signalling.
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EFFECTS OF DISCRETENESS ON POPULATION PERSISTENCE IN AN OASIS
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Summary Determining the conditions for persistence of species and populations is a question of paramount importance in population
biology. The problem was first theoretically investigated adopting a continuous reaction-diffusion equation for population dynamics in a
patch of finite size surrounded by a completely hostile environment, representing an oasis in a desert. The main result of this model, today
known as the KiSS model (after Kierstead, Slobodkin and Skellam), is that patches need to be larger than a critical size to let the population
survive. To explore the effects of discreteness and demographic stochasticity, here we propose an individual-based formulation of the KiSS
model. We investigate population dynamics in our discrete model, focusing on the average time to extinction (above and below the critical
patch size of the continuous model) and on the quasi-stationary distribution of the number of individuals for patch sizes larger than the
critical value.

INTRODUCTION

Biological and chemical processes often involve the dynamics of discrete entities (e.g., molecules or organisms) that
diffuse and interact with each other and/or with an external environment. If the number density of “particles” is very large,
a macroscopic description in terms of continuous fields is typically appropriate; a well established approach to model the
spatio-temporal evolution of the population density field is in terms of a reaction-diffusion equation. Conversely, if the density
of particles is not very large the discrete nature of the population cannot be neglected [1], new effects arise and the continuous
description becomes inaccurate. In order to account for such effects, we consider a system of particles diffusing in space
and interacting when they get within a given interaction distance [2, 3]. In particular, revisiting the continuous KiSS model
[4, 5], we investigate the effects induced by discreteness on the dynamics of a population inhabiting a favorable region (“an
oasis”) surrounded by a deadly environment (“a desert”). Accounting for such effects is important to assess the role of
demographic and environmental stochasticity on extinction dynamics [6]. A peculiarity of our work with respect to previous
investigations (see, e.g., [6, 7] and [8, 9] for studies respectively adopting non-spatial and spatial models) is that we fully
describe the movement of individuals in space and we do not restrict the attention to steady state properties but we also deal
with dynamical features of extinctions.

MODEL

The persistence/extinction problem was first ivestigated by Kierstead, Skellam and Slobodkin [4, 5] who considered a
continuous population logistically growing with rate r and diffusing with diffusion coefficient D within a one-dimensional
patch of size L surrounded by a deadly environment. For a given growth rate, higher diffusivities imply larger fluxes across
the boundaries, so that larger patches are necessary to compensate the population loss in order to allow stable persistence.
Standard eigenvalue computation for the linearized system (close to extinction the population density will be very small) gives
Lc = π

!
D/r for the minimal (critical) patch size ensuring persistence.

Among the various factors influencing extinction, demographic stochasticity, associated to the unavoidable random occur-
rence of birth and death events, is one of the most important ones. Here we introduce a discrete version of the KiSS model
(see [2, 3] for details) to examine its role. The model is constructed with the essential feature of reproducing the FKPP (Fisher-
Kolmogorov-Petrovskii-Piskunov) dynamics ∂tθ = D∂2xθ+rθ(1−θ), where θ is the population density, for large numbers of
particles [2]. The FKPP equation can be derived from the two coupled reaction-diffusion equations for the concentrations θA
and θB of the species undergoing an autocatalytic reaction, provided the diffusion coefficients of species A and B are equal
and θA + θB = 1 (i.e. local mass conservation). To discretize these equations we pass from the concentrations θA,B to a
particle description in terms of NA particles of type A and NB of type B, with N = NA + NB fixed. All particles undergo
independent diffusive processes with the same diffusion coefficient, D, within the favorable patch [0, L]. A simple way to
implement the interaction term rθAθB is to impose that an A particle changes into B with a probability rate depending on
the intrinsic rate, r, and on the number of B particles within an interaction distance R. Finally to reproduce the boundary
conditions of the KiSS model and locally ensure mass conservation, we impose that A particles hitting the boundaries are
reflected (nutrients are present only within the patch), and that if a B particle hits the boundary it is absorbed (as it cannot
survive outside the favorable patch) and it is replaced in-place by an A-particle.

∗Corresponding author. Email: stefano.berti@polytech-lille.fr
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Figure 1: (Left panel) Long-time limiting biomass B∞
C in the continuous case and average biomass in the quasi-stationary

state, BQS , as a function of L − Lc for different values of N . The solid curve corresponds to the behavior B∞
C (L) ≈ λ1

obtained with a mean-field-like argument, where λ1 is the largest eigenvalue of the linearized KiSS model. (Right
panel) Mean extinction time, Te, vs population size, N , for different patch sizes L = Lc + δL: from bottom to top
δL = −0.3,−0.1,−0.02, 0, 0.02, 0.1, 0.3, encompassing the extinction (empty red symbols) and persistence (blue filled
symbols) regions, as well as the critical point (black half filled symbols) of the continuous model. The continuous red lines
display the logarithmic prediction (see text) with b′ fitted from data; the dashed blue lines correspond to the exponential be-
havior (see text) with a fitted. For L = Lc we found a power-law behavior, Te ∼ Nγ , with best fitting exponent γ = 0.565.

RESULTS ON BIOMASS AND EXTINCTION TIMES

The main difference between the continuous model and the discrete one is that while the (continuous) stationary state
θ = 0 becomes unstable above the critical patch size, the (discrete) absorbing state NB = 0 can always be reached due to
demographic stochasticity, even when L > Lc. Nevertheless, the time taken by the system to be absorbed can be very long
(for N and L large enough) and, in that case, the system reaches a quasi-stationary state. We have investigated the properties
of this state at varying the system and population sizes by means of extensive numerical simulations. The results show that
above the KiSS critical patch size the biomass in the quasi-stationary state recovers the continuum limit value only if the
population is large enough (Fig. 1, left). On the other hand, when the population has a small number of individuals, the link
between biomasses, defined in the continuous and particle models, ceases to exist. In particular, when the patch size tends to
the critical value the number of individuals required to recover the continuum limit diverges.

We further analysed how the survival/extinction transition of the continuous KiSS model translates in the behavior of the
average time to extinction Te. Different functional dependencies of Te on the population size N were found in the extinction
(L < Lc), critical (L = Lc) and persistent (L > Lc) regions of the continuous model (Fig. 1, right). In the extinction region,
the population density exponentially decays to zero with a rate given by the first eigenvalue λ1 = 1 − (Lc/L)2 (in non-
dimensional units), which implies the logarithmic dependence Te ∼ (logN)/|λ1|+b′ (where b′ = const). On the other hand,
for L > Lc, Te exponentially grows as Te ∼

√
NeaN (where a = const), similarly to what is observed in non-spatial models.

In the present case, such a behavior can be shown to be consistent, at least for L and/or N large enough, with Gaussianity
of the quasi-stationary distribution. Finally, at the transition, the logarithmic and exponential behaviors are separated by the
power-law Te ∼ Nγ . The value of the exponent is γ = 0.565 from a best fit, not far from the analytical prediction (γ = 1/2)
obtained in the non-spatial logistic model. Despite small, the difference is clearly measurable and might be due to the spatial
structure of the system under consideration.

We conclude mentioning that it would be interesting in the future to investigate the effects of population discreteness in
more complex heterogeneous environments and possibly in the presence of advection.
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SDUWLFXODU�� WKH� WKUHH�GLIIHUHQW� IORZ�UHJLPHV�RI�FDSLOODU\� ILQJHULQJ�� VWDEOH�GLVSODFHPHQW�DQG�YLVFRXV� ILQJHULQJ��HQFRXQWHUHG�
GXULQJ�WKH�IORZ�RI�WZR�SKDVHV�WKURXJK�SRURXV�PHGLXP�>�@��ZLOO�EH�SUHVHQWHG��7KHVH�IORZ�UHJLPHV�KDYH�EHHQ�VKRZQ�WR�EH�
VWURQJ� IXQFWLRQV�RI� WZR�GLPHQVLRQOHVV�JURXSV�� WKH�&DSLOODU\�QXPEHU�DQG� WKH�YLVFRVLW\�UDWLR�>�@��'HYHORSPHQW�RI�FDSLOODU\�
ILQJHUV�LV�TXLWH�VLPLODU�WR�WKH�IRUPDWLRQ�RI�ODUJH�FOXVWHUV��LVODQGV�RI�ZHW�SKDVH��ZLWQHVVHG�GXULQJ�GU\LQJ�ZKLFK�LV�VLPXODWHG�
TXLWH�DFFXUDWHO\�XVLQJ�WKH�LQYDVLRQ-SHUFRODWLRQ�DOJRULWKP�LQ�QHWZRUN�PRGHOV�>�@��$�FRPPRQ�IHDWXUH�RI�WKHVH�IRUPDWLRQV�LV�
WKDW�WKH\�DUH�JRYHUQHG�HQWLUHO\�E\�WKH�LQKRPRJHQHLWLHV�VHHQ�DW�WKH�SRUH�OHYHO�DQG�OHDG�WR�D�UDWKHU�GLVFRQFHUWLQJ�UHVXOW²WKH�
FRQFHSW�RI�YROXPH�DYHUDJLQJ�EHFRPHV�LQDSSOLFDEOH�VLQFH�WKH�SUHVHQFH�RI�VXFK�ILQJHUV�OHDG�WR�FUHDWLRQ�RI�ODUJH�VWUXFWXUHV�RI�
WKH�VDPH�VL]H�DV�WKH�VROXWLRQ�GRPDLQ���$�FRQGLWLRQ�RI�YROXPH�DYHUDJLQJ�LV�WKDW�WKH�5(9��UHSUHVHQWDWLYH�HOHPHQWDU\�YROXPH��
XVHG�IRU�DYHUDJLQJ� WKH� IORZ�DQG� WUDQVSRUW�YDULDEOHV�VKRXOG�EH� VPDOOHU� WKDQ� WKH�VROXWLRQ�GRPDLQ�EXW�PXFK�ELJJHU� WKDQ� WKH�
LQGLYLGXDO�SRUH-OHYHO� IRUPDWLRQV�VHHQ� LQ� >�@���7KH�FKDOOHQJH�RI�GHYHORSLQJ�D�FORVXUH� IRUPXODWLRQ�� WKDW�FDQ�UHSUHVHQW� WKHVH�
WKUHH�GLIIHUHQW�IORZ�UHJLPHV��LV�WKH�FXUUHQW�REVWDFOH�IDFLQJ�WKH�YROXPH�DYHUDJLQJ�PHWKRG�DV�DSSOLHG�WR�PXOWLSKDVH�IORZV��� 
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Summary Particle agglomeration is important for many unit operations in process technology. A numerical calculation of such processes 
requires appropriate models for describing the agglomeration itself and the behaviour of the agglomerates in the flow. This implies the 
occurrence of collisions, the sticking probability of particles, the mapping of the agglomerate structure and the fluid dynamic drag of complex 
agglomerates. Models accounting for these elementary processes were developed, implemented in an in-house numerical code and tested for 
several flow situations, including a spray dryer. 
 

INTRODUCTION 
 
   In the process industries agglomeration of solid particles in gas or liquid flows is relevant for many unit operations. 
Such an agglomeration may be a desired or undesired phenomenon and results in an effective growth of particles forming 
more or less complex structures. Examples for eligible particle agglomeration are particle capture in a cyclone whereby the 
particle size effectively grows and separation efficiency improves as well as powder production in a spray dryer wherein 
larger particles with desired structures may be produced through on purpose agglomeration. 
   Nowadays many industrial areas apply multiphase flow CFD (computational fluid dynamics) for process design and 
optimization. For the considered dispersed particle-laden flows, the well-known hybrid Euler/Lagrange approach is most 
suitable since the particle size distribution is very important to be resolved. For industrial applications the mostly turbulent 
fluid flow is calculated by solving the Reynolds-averaged conservation equations (RANS) in connection with an appropriate 
turbulence model. In the Lagrangian part a large number of particles are tracked in the before-hand calculated flow field in 
order to eventually obtain reliable averaged dispersed phase properties. So far such calculations consider mostly spherical 
particles represented as point-masses which however is a bad approximation for agglomerates. Real agglomerates consist of 
many primary particles which may be organized in a compact way with relatively low porosity or are made up of numerous 
dendritic branches yielding very high porosities. In each case however, the effective size of agglomerates is much larger 
than the volume equivalent diameter so that the effective size and particle density need to be accounted for in particle 
tracking using resistance force coefficients also accounting for porosity. 
   Essential for the formation of agglomerates is the occurrence of inter-particle collisions which are mainly determined by 
high particle concentrations and large relative velocities between particles; the latter being induced by inertial effects and/or 
turbulence. Agglomeration of particles will only occur if interaction forces such as Van der Waals, electrostatic and liquid 
binding become strong enough. Consequently these three effects, namely particle collisions, agglomerate formation and 
tracking of agglomerates need to be appropriately modelled in a numerical calculation. 
 

LAGRANGIAN AGGLOMERATION MODEL 
 
   In order for appropriately conducting Euler/Lagrange calculations of agglomeration processes, a stochastic inter-particle 
collision model was developed, which also accounts for the impact efficiency [1, 2], i.e. a small particle might move around 
a larger particle with the relative flow and hence not collide. Once two particles collide it is necessary to decide whether 
they rebound or stick together forming an agglomerate. For dry particles, this may be done based on an energy balance, 
comparing the relative kinetic energy with dissipated and Van der Waals energy [1]. This yields a critical upper velocity for 
particle adhesion and agglomeration. If high viscous or mushy droplets collide (e.g. in a spray dryer) they may penetrate 
partially and form also structured agglomerates [3]. The penetration of a high viscous droplet into one with lower viscosity 
is calculated by considering Stokes drag and shear forces [3, 4]. 
   Agglomeration of solid particles might be modelled in different ways depending on the degree of information expected 
from the two-phase flow calculations. Different modelling approaches are summarized in Figure 1. The most straight 
forward approach assumes that the two agglomerating particles form a new volume equivalent sphere with a velocity 
resulting from a momentum balance. This model does however not provide any information on the realistic structure and 
size of agglomerates. The second model, called sequential model, assumes that for every two particle agglomeration a new 
spherical particle is formed with the volume consisting of the volume of the involved two spherical particles plus the void 
volume resulting from the convex hull wrapped around the two particles (see Fig. 1 middle). The new particle is now 
tracked with a size being larger than that resulting from the volume of the two primary particles and a porosity resulting 
from the two particle configuration. This procedure is successively repeated for each agglomeration considering however, 
that the “spherical” agglomerate has already porosity. This model was applied for calculating particle separation in a gas 
cyclone [5]. The most sophisticated agglomeration model (Figure 1 right) allows the estimation of the complete structure of 
agglomerates through statistical approaches. From an initial primary particle location vectors are stored for each new 
primary particle being collected by the agglomerate. This information is carried throughout the flow field for every 
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Summary Trickle bed reactors (TBRs) are an important component in the refining processes. TBRs are widely popular in the 
hydro-WUHDWPHQW�RI�WKH�³ERWWRP-of-the-EDUUHO´�FRPSRQHQWV�RI�PHGLXP�DQG�KHDY\�RLO�IUDFWLRQV�VSHFLILFDOO\�WKH�K\GURFUDFNLQJ�RI�
residual oils, hydrogenation of aromatics in gasoil and the hydrocracking of lube-oils (Sie and Krishna, 1998). When such heavy 
oil suspensions are treated in TBRs, a residual fraction of fine particles may be deposited onto the bed surface. If continued 
unabated, the deposition even in small concentrations, will overtime cause pore plugging and increases the pressure drop over 
the TBR. The catalyst operates as a huge filter now capturing the fine particles instead of its primary role to the extent that the 
chemically active catalyst has to be replaced before the completion of its operating life that incurs economic costs. 
 

METHODOLOGY 
 
   In this work, we focus on multi-scale experimental investigations of the inter-play between flow regimes and fines 
deposition in trickle bed reactors in pursuit of mitigation of the pressure build-up problem. The experimental work includes 
the visualization and characterization of flow regimes in quasi-two-dimensional porous medium with an average pore 
diameter close to the values encountered in trickle beds. A parametric study is done for the development of flow regimes 
and the transition between them when the geometry and arrangement of the particles within the porous medium are varied. 
Experimental observations are made to investigate the development and transition of these flow regimes over a wide range 
of liquid and gas velocities. Cylindrical particles are placed between two glass plates that are sealed on the sides and water 
and air are injected over them using an injection manifold to simulate multiphase flow in a TBR. A diffused LED light table 
is used to illuminate the experimental window while real time images are obtained using a high-speed camera (figure 1). 

A Pilot tubular TBR was used to determine the pressure drop across the Trickle Bed Reactor with and without fine 
particles brought in by the liquid feed (figure 2). The pilot plant consisted tubular reactor with length 0.79 m and dia. 0.0183. 

es. In order 
to prevent cake formation, Homogeneous mixing of the suspension was accomplished in the inlet tank which was equipped 
with a magnetic stirrer and were stirred continuously in different concentrations with LGO in the feed tank. The desired 
flow of LGO through the feed tank was pumped to the inlet of the reactor where it mixes with the desired flow of incoming 
gas and enters the Trickle Bed Reactor. 

In order to record pressure drop across the reactor, two pressure transducers were installed, each at the inlet and the 
outlet of the reactor. After passing through the reactor, the LGO-nitrogen mixture enters the separator where gas is 
separated and liquid goes into the collector tank. The amount of liquid that leaves the feed tank and enters the collector tank 
is measured by placing the tanks at the weighing scale. The pressure of the transducers can be monitored and recorded by 
the electronic unit associated with the pressure transducers. The system was single pass and LGO obtained at collector end 
was not recycled to the feed tank to maintain concentration of fine particles in the feed. 
 

 
Figure 1: Schematic representation of experimental 
setup to visualize flow regimes in a TBR 

Figure 2: The pilot tubular TBR for 
high pressure and fine deposition study 
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DISCUSSION 
 

In Figure 3, flow maps are reported depicting all four regimes and the transition regions between them. Transition 
regions occur where the characteristics of more than one flow regime coexist. The 2D experimental results are then 
compared with existing literature data of three dimensional results and found to be in good agreement. Emphasis is placed 
on the transition between the trickle and pulse regimes since that is the most important mode of operation in industrial 
trickle bed reactors. It is observed that the change in diameters of the cylindrical particles in a two dimensional trickle bed 
reactor has no significant effect on the transition between the flow regimes when the porosity of the bed is kept constant. 

Once the dominant flow regime in the TBR has been identified, the pressure drop was investigated for different fluids 
with pressure varying between 10-30 bars and varying liquid and gas velocities in the ranges of 0.1-0.5 cm/s and 20-95 
cm/s, respectively in a tubular TBR. Glass beads of different diameters were used instead of the catalyst in the tubular pilot 
reactor.  Pressure drop values were plotted against superficial liquid and gas velocities, operating pressures, glass bead 
diameters and fluid properties. The results thus compiled were used to obtain a correlation for the pressure drop in the pilot 
plant reactor within a given set of operating conditions. The correlation obtained was compared with data available in 
literature (Giri and Majumder, 2014) and was found to be in good agreement.  

It was mainly found that increases in the superficial fluid velocities, operating pressures, gas density and liquid 
viscosity caused a rise in the pressure drop whereas an increase in the size of the catalyst particles decreased the pressure 
drop in the reactor, as shown in Figure 4. 

 

 
 
 

Figure 3: Boundaries between flow regimes observed for 
GLIIHUHQW� 5H\QROG¶V� QXPEHUV� ZKHUH� WKH� OLQHV� �-4 denote 
literature empirical relations ({Trickle, �Trickle-Bubble, 
�Bubble, \Bubble-Pulse, UPulse and ¯Spray) 

 

Figure 4: Pressure drop in TBR with respect to different 
operating and geometrical parameters compared to 
literature data. 

 

 
The effect of fines deposition on the pressure drop is finally examined and compared with two-phase pressure drop in 

the absence of fine particles. It was found that with the deposition of the fine particles, the pressure drop across the reactor 
increases dramatically. 
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Summary The dynamics of DNA molecules play essential roles in the life cycle of cells. Large dynamical transitions in the conformations of 
single DNA molecules are required for many cellular functions including, for example, DNA transcription, replication and repair.  This paper 
summarizes how dynamical transitions of DNA can be simulated using a nonlinear rod theory that captures the nonlinear bending and twisting 
of the molecule on long length/time scales. The resulting numerical solutions describe conformational changes of DNA in the context of two 
examples; namely 1) the dynamic relaxation of DNA supercoils induced by enzymes, and 2) the dynamic ejection of DNA from viruses during 
host infection. 
 

BACKGROUND AND SUMMARY 
 
   DNA is a fascinating and enormously long biopolymer molecule that encodes the genetic information to sustain life. 
While the chemical composition of DNA has been known for over 50 years, many unresolved questions remain regarding 
how the structure of DNA affects its cellular functions [1, 2].  By structure, we refer to the shape and stress of the 
molecule and how thesH�FRQWURO�'1$¶V�SULPDU\�IXQFWLRQV�LQFOXGLQJ�DNA transcription, replication and repair. For example, 
the biomolecular motor RNA polymerase, which actively transcribes the genetic code within DNA, also mechanically twists 
the molecule and to a degree that frequently induces distant DNA supercoils that can hinder transcription. How supercoils 
and other DNA structures form, and the dynamics and energy required for their formation, are issues examined in this 
paper. The results contribute to our newly developing knowledge of the genome-scale dynamics of DNA. 
 
   The results in this paper follow from a nonlinear rod theory that describes the nonlinear twisting/bending dynamics of 
DNA on biologically relevant length/time scales [3-6]; refer to Fig. 1. This theory incorporates the physics of large 
twisting/bending of the DNA helical axis, DNA-protein interactions, electrostatic interactions, and the hydrodynamics of the 
surrounding fluid [7, 8]. These effects are present in two example systems reviewed in this paper. The first concerns the 
formation and the dynamical relaxation of DNA supercoils as further detailed in [7]. The second example considers the 
rapid ejection of DNA from viruses during host infection. In particular, we review salient results from [8] which reveal how 
the ejection process is initiated by a highly strained DNA supercoil that explosively straightens to prime the ejection 
process. 
 

 
Figure 1: The DNA double-helix is approximated as a nonlinear rod that captures the nonlinear and three-dimensional 
bending and twisting of the helical axis, and additional forces due to DNA-bound protein/enzymes, electrostatics and 
hydrodynamics. 
 

RESULTS AND DISCUSSION 
 
   Consider first the important example of DNA supercoil formation and relaxation. Note that a single DNA molecule, on 
the centimetre scale in length, must be compacted by four orders of magnitude to fit within the small confines of the 
micron-scale cell nucleus. Doing so requires that this exceedingly long but slender molecule bend and twist massively in the 
form of supercoils. Supercoiling is not static and it changes significantly during cellular processes including DNA 
transcription, replication and repair.  An excellent example of this is the effect induced by the aforementioned 



 

 

biomolecular motor RNA polymerase which, during transcription, locally untwists the double helix to gain access to the 
genetic code (base-pairs) tucked within. Sustained local untwisting during transcription alters the long-length scale 
supercoiling of DNA and can build strain energy that ultimately impedes further transcription.  Fortunately, nature 
provides a means to relieve that strain energy by relaxing tight supercoils.  That action derives from enzymes known as 
topoisomerases that chemically cut through one or both helical strands to relieve strain energy. This first example employs 
the nonlinear rod theory to model the dynamic relaxation of supercoils induced by the action of a particular enzyme known 
as human Topoisomerase IB (Topo IB) that cuts through a single DNA strand. Figure 2(A) reports the simulated relaxation 
of a large DNA supercoil which rapidly unwinds on the microsecond time scale. The relaxation manifests in large 
conformational changes of the molecule and in a cascading decrease in DNA elastic energy as signalled by the step-like 
decrease in the linking number Lk which describes the topology of the supercoil. 
 
   The second example concerns the packing of DNA in viruses during maturation and the subsequent ejection of the viral 
genome into a host during infection.  The example of our study concerns the bacteriophage virus 29I which is one of the 
smallest bacteriophages and it has long served as a model system to study virus structure, assembly, and ejection. Recent 
cyroelectron micrography [9] revealed a stunning, highly strained DNA toroidal supercoil within the so-called connector 
domain of the virus that connects the capsid to the tail tube through which DNA passes during infection. While the function 
of that highly-strained DNA is unknown, it was hypothesized to play a role during DNA ejection.  That role is confirmed 
in the simulated results reported in Figure 2(B) which illustrate a violent straightening of this energetic supercoil at the very 
start of the ejection process.  This large conformation change occurs on a microsecond time scale and prior to initiating the 
ejection of the remainder of the DNA contained in the capsid (now shown). Thus, the DNA toroid primes the ejection 
process through a rapid release of stored energy.  
  

 

    
Figure 2: (A) Dynamic relaxation of a large DNA supercoil (far left) through the action of Topo IB which locally relieves 
strain energy (green site) and induces large and rapid conformational changes of the molecule.  The strain energy (related 
to the linking number Lk) relaxes in a stepwise manner in a fraction of a microsecond. (B) Dynamic relaxation of a highly 
strained DNA supercoil confined to the connector region of the bacteriophage 29I . The explosive straightening of this 
constrained supercoil primes the DNA ejection process during host infection.   
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Summary In rigid-body mechanics, models that capture collisional contact as an instantaneous exchange of momentum may exhibit dy-
namics that include infinite sequences of impacts accumulating in finite time to a state of persistent contact. In this paper, we describe recent
observations of such chatter-like behavior both in forward and reverse time dynamics in several example systems. We review theoretical
tools that enable a successful analysis of transient and steady-state behavior with chatter in such systems by effectively bypassing the tail
end of a chatter sequence of impacts. Finally, we show how such theoretical insight informs computational implementations for forward
simulation as well as parameter continuation of associated boundary-value problems.

INTRODUCTION

In models of mechanical systems that account for persistent or intermittent contact with hard and rough obstacles, a
common approximation considers the limit of time-scale separation in which collisions are described as instantaneous im-
pacts associated with sudden changes to the system velocities, and sustained contact is described in terms of the set-valued
Coulomb-Amonton law of dry friction. Time histories of position and velocity coordinates are naturally partitioned into dis-
joint segments, governed by segment-specific force interactions, and characterized by termination conditions associated with
the onset or cessation of contact, or with transitions between relative stick and slip.

Following Goebel, Sanfelice and Teel [1], we characterize a segmented time history in terms of a subset E of R≥0 × N
given by a sequential union of sets ([tj , tj+1], j) with tj ≤ tj+1, possibly terminated by a set ([tN , T ), N) for some integer
N and T finite or T = ∞. Here, the index j tracks the number of transitions, while [tj , tj+1] and/or [tN , T ) describe intervals
of absolute continuity of the system dynamics. A time history is said to be Zeno if E contains an infinite union of sets
([tj , tj+1], j), such that the sequence {tj} is bounded. It follows that a Zeno time history includes infinitely many transitions
in finite time and, by compactness, a finite time of accumulation of a subsequence of these transitions. We refer to the time of
accumulation as the corresponding Zeno point.

A forward-time Zeno point occurs naturally in a mechanical system with impacts governed by a dissipative impact law, e.g.,
the Newtonian coefficient of restitution model for normal impacts or the Stronge energetic coefficient of restitution model for
arbitrary impacts that include frictional interactions. Surprisingly, the analysis in Nordmark, Dankowicz, and Champneys [2]
shows the possibility also for a reverse-time Zeno point in the Stronge impact model, even for constant free-flight acceleration.
Indeed, as discussed in [2], both forward and reverse chatter is associated with one-parameter families of chatter sequences
with a common Zeno point. In the case of reverse-time chatter, such a degeneracy poses a serious challenge to the description
of the forward-time dynamics in terms of a unique time history past the corresponding Zeno point.

AN ANALYTICAL TREATMENT

A proper accounting of the exchange of momentum between a mechanical system and a rigid obstacle during a forward-
time chatter sequence necessitates an analysis of the asymptotic behavior at the tail end of chatter. In this paper, we review
the work of Nordmark & Piiroinen [3], wherein this asymptotic behavior is described in terms of dynamics along the stable
manifold of a fixed point corresponding to persistent contact in a suitably defined iterated map. In particular, [3] derives an
implicit equation for a bypass map that associates an impact late in the chatter sequence to the configuration and velocity state
at the corresponding Zeno point. An explicit approximation for the bypass map, including the corresponding jump in time, is
further provided in the form of a series expansion in the impact velocity.

A critical border condition occurs along a family of time histories with forward-time chatter under variations in system
parameters when the Zeno point is associated with an immediate release (with zero acceleration) into sustained free flight.
When the border orbit is a periodic trajectory of the dynamical system, a persistent periodic trajectory in which the chatter
sequence is followed by a phase of sustained contact exists only on one side of the critical parameter value. As shown in
unpublished work by Nordmark and Kisitu [4], a complex bifurcation scenario is obtained on the opposite side of the critical
parameter value, including cascades of smooth saddle-node and period-doubling bifurcations, intervals of robust chaos, and
grazing bifurcations. In this paper, we provide a detailed review of the analysis in [4] and illustrate the predictions on example
physical applications described in Alzate and Piiroinen [5] and Fotsch [6] (cf. Fig. 1).
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OPTIMIZATION OF LOCOMOTION FOR MULTIBODY SYSTEMS
MOVING ALONG A PLANE

Felix Chernousko1 and Tatiana Figurina ∗2

1,2Institute for Problems in Mechanics of Russian Academy of Sciences, Moscow, Russia

Summary Dynamics and control of multibody systems moving along a horizontal plane are considered. The bodies perform translational
motions subject to friction along the plane and control forces due to the interaction between the neighboring bodies. The friction forces
obey Coulomb’s law. Several types of multibody systems are considered. Optimal motions are obtained that correspond to the maximum
average speed or to the shortest way of translation. The obtained results are applicable to mobile robotic systems.

OPTIMIZATION OF RECTILINEAR MOTION OF TWO-BODY SYSTEM

A system consists of two interacting bodies of masses m and M , m < M , moving along the horizontal x axis (Fig.1a).
The interaction forces acting upon masses m and M are f and −f , respectively. They are bounded by the constraint f ≤ f0,
where f0 is a given constant, the inequality f0 > Mgk holds to ensure the translational motion of the system. Hereafter k is
the dry friction coefficient and g is the acceleration due to gravity. Denote by x1 and x2 the coordinates of the bodies m and
M , respectively. We find the control f(t) and the corresponding motion of the system for the given interval t ∈ [0, T ] under
condition f ≤ f0 and the following assumptions:

xi(0) = 0, ẋi(0) = ẋi(T ) = 0, i = 1, 2, x1(T ) = x2(T ), 0 ≤ x2(t) − x1(t) ≤ L, ẋ2(t) ≥ 0, t ∈ [0, T ], (1)

where L is fixed. Thus, the bigger mass M does not move backwards. Also, we assume that the motion consists of several
phases with constant acceleration for both masses.

For several versions of optimal control problems, optimal motions subject to conditions (1) and f ≤ f0 are found [1]. For
example, the motion having the maximum average speed is described by explicit formulas. We have

v = max{[x2(T ) − x2(0)]/T} = [gkLm(M − m)]1/2(M + m)−1 (2)

in the case where f0 → ∞. The optimal ratio m/M that provides the maximum v in the last expression is 1/3; in this case
v = (gkL)1/2/4. Similar results are obtained for a more general situation where the coefficients of friction for the bodies m
and M are different [1].

If the actuator creating the interaction force rapidly brings the bodies to a state of constant relative velocity, another
formulation of the locomotion control problem is reasonable. We can assume that the relative velocity of the bodies is the
control bounded by certain constraints. The analysis and optimization of such motions is considered in [2].

OPTIMAL RECTILINEAR MOTION OF A CHAIN OF IDENTICAL BODIES

Let us consider a system consisting of n ≥ 3 bodies with equal masses mi = m, i = 1, ..., n, lying on a horizontal straight
line with dry friction acting between the line and the masses (Fig.1b). The interaction forces between the adjacent masses are
unbounded so that the velocities of the masses can change instantly. Let xi and vi be the coordinate and velocity of the i-th
mass, and let Fi be the dry friction force acting on it. Denote by fi the control force applied by mass i to mass i + 1 (we
assume f0 = fn = 0). The motion of the system is governed by equations

ẋi = vi, mv̇i = fi−1 − fi + Fi, Fi = −kmg sgn vi, i = 1, .., n. (3)

Let at the initial and final time instants all masses be at rest and their positions be the same:

xi(0) = 0, vi(0) = vi(T ) = 0, i = 1, ..., n, xi(T ) = x1(T ), i = 2, ..., n. (4)

The problem is to find a motion of the system obeying relations (3) and (4), which maximizes the displacement of the system,
x1(T ) → max.

There exist infinite number of optimal motions with the same maximal terminal displacement [3].
Proposition 1. When optimal motion occurs, for any t ∈ [0, τ ], τ = n(n − 1)−1T/2, one of the masses moves with

acceleration (n − 2)kg, and all other masses are at rest. At the end of its movement, each moving mass stops instantly giving
its momentum to another mass. At the time instant τ , all masses have the coordinate n(n−2)(n−1)−2kgT 2/8 and acquire the

∗Corresponding author. Email: t figurina@mail.ru



Figure 1: Multibody systems on a plane

velocity equal to (n−2)(n−1)−1kgT/2. In the time interval [τ, T ], all masses synchronously decelerate with the acceleration
equal to −kg until they stop at the time instant T . The maximum displacement of the system x(T ) subject to the optimal
control is equal to (n − 2)(n − 1)−1kgT 2/4. One of the possible optimal motions is defined by relations

vi =

⎧
⎨

⎩

(n − 2)kgt, t ∈ [ti−1, ti],
0, t ∈ [0, tn]\[ti−1, ti],
kg(T − t), t ∈ [τ, T ],

ti =
√

ni

2(n − 1)
T, i = 1, ..n, tn = τ, t0 = 0. (5)

OPTIMIZATION OF QUASI-STATIC MOTIONS FOR THREE-BODY SYSTEM ON A PLANE

Let us consider the system consisting of three point bodies Mi with masses mi on a horizontal rough plane (Fig.1c).
Between each pair of bodies Mi and Mj , control forces f ij and fji = −fij act, changing the distances between the bodies.
The system moves along a plane when changing its configuration due to the dry friction forces Fi between the bodies and the
plane. We study possible quasi-static motions of the system, i.e. the motions with infinitesimal velocities and accelerations of
the bodies. In such motions, the equilibrium equations hold, Fi + fji + fki = 0. We suppose that point masses satisfy triangle
inequalities mi + mj ≥ mk, {i, j, k} = {1, 2, 3}, each of the inequalities is a necessary condition for body Mk to move [4].

Proposition 2. Quasi-static motion of body M3 , with bodies M1 and M2 fixed, is possible iff the straight line containing
point M3 and parallel to its velocity intersects set D. Here, set D is the intersection of the circles with centers in points M1

and M2 and radii |M1M2|m2/m3, |M1M2|m1/m3, respectively.
Let it be required to move quasi-statically body M3 from point A to point B with minimal work against friction, i.e., to

construct the trajectory of quasi-static motion for body M3 with the minimum length.
Proposition 3. If the straight line AB intersects set D, then the trajectory with the minimum length for body M3 quasi-

statically moving from point A to point B is the segment AB. If the the straight line AB does not intersect set D, then the
trajectory with the minimum length is two-link broken line ACB with links AC and BC belonging to the supporting straight
lines of set D. Here, point A and set D are located on different sides of straight line BC, and point B and set D are located
on different sides of straight line AC.

The following algorithm for the displacement of the three–body system from any initial position to any given terminal one
can be used. At any moment, only one body is moving, and each body moves only during one time interval. The bodies Mi,
Mj , Mk move one after another, while two other bodies are at rest. During each time interval, the moving body follows along
the shortest trajectory which is either a straight line or a two-link broken line, according to Proposition 3. Comparing six ways
of displacement, with different sequences of moving body, the sequence corresponding to the minimum work easily can be
chosen.

CONCLUSIONS

Optimal motions of multibody systems along a horizontal plane are considered that correspond to the maximum average
speed or minimum work against friction. These results are useful for planning possible locomotion of mobile robots.
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ENTRAINMENT AND MULTISCALE DYNAMICS IN VIBRATIONALLY DRIVEN
NONHOLONOMIC SYSTEMS

Scott David Kelly∗1

1Mechanical Engineering and Engineering Science, UNC Charlotte, Charlotte, North Carolina, USA

Summary Mechanical systems subject to nonholonomic constraints can exhibit surprising dynamics. A well-known system that illustrates
this point is the rattleback, which can reverse its direction of spin on a horizontal platform atop which it rolls without slipping, defying the
conservation of angular momentum in a dramatic way for a subtle reason. The present paper documents two new instances of unexpected
behavior by nonholonomically constrained mechanical systems, one characterized by a phenomenon akin to vibrational synchronization
and the other characterized by the emergence of dynamics on two distinct time scales in response to forcing on only one.

Hat trick
The left panel in Figure 1 depicts the Chaplygin beanie, so named in [1] because it combines features of two canonical sys-

tems in the mechanics literature, the Chaplygin (or Carathéodory) sleigh and Elroy’s beanie. A balanced rotor (the “beanie”)
surmounts the center of mass of a cart (the “sleigh”) that’s supported in the front by casters and in the rear by a wheel that
rolls without slipping relative to the ground. The casters and wheel are assumed to have negligible inertia. If the system is
initially at rest and the rotor is induced thereafter by internal actuation to rotate relative to the cart, then the cart will translate
forward. In particular, if

JLT = mẋ cos θ +mẏ sin θ, JRW = −mẋa sin θ +mẏa cos θ + (B + C)θ̇ +Bφ̇

represent the system’s forward translational momentum and its angular momentum relative to a vertical axis passing through
the center of the rear wheel, respectively, then the system’s dynamics satisfy

J̇LT =
ma
!
JRW −Bφ̇

"2

(ma2 +B + C)
2
, J̇RW =

−a
!
JRW −Bφ̇

"
JLT

ma2 +B + C
.

Here m, B, and C represent the system’s total mass and the rotational inertias of the rotor and cart relative to their centers,
respectively. The fact that m and a are necessarily positive requires that the forward momentum JLT be nondecreasing.
Sinusoidal oscillations of appropriate amplitude in the rotor’s orientation relative to the cart will induce the cart to advance in
a slaloming motion, speeding up as it goes. A movie of this is visible at http://tinyurl.com/gm4h2nh.

Imagine that two such devices, one with an actuator coupling the rotor to the cart and the other with a linear torsional
spring in place of the actuator, are placed atop a horizontal platform. If the platform has finite mass and is free to translate in
response to forces arising from its interaction with the carts, then an analogy is apparent between this system and that studied
by Huygens in the 1660s [2] comprising a pair of pendulum clocks with a shared nonrigid support. In Huygens’ case, the
oscillations of each clock contributed to small movements of the support and thus exerted influence on the motion of the other
clock, inducing the clocks to exhibit an “odd kind of sympathy” by synchronizing their oscillations. The present problem is
asymmetric — one rotor will be actuated in a prescribed way while the other responds passively — but the reader familiar
with Huygens’ study will suppose correctly that if the actuated rotor is driven sinusoidally so that the first cart slaloms forward
relative to the platform, then the platform will vibrate, inducing the second cart to pivot back and forth about its rear wheel,
and the unactuated rotor will begin to oscillate, inducing the second cart to translate forward relative to the platform as well.

The number of degrees of freedom in the motion of each cart distinguishes the present system from that comprising
Huygens’ clocks. In principle, energy transferred through the platform from the actuated cart to the passive cart could excite
any combination of translational and rotational dynamics, perhaps depending on the initial position or orientation of the one
cart relative to the other. The fact that the cart with the passive rotor is biased to translate forward in response to arbitrary
platform vibration suggests an analogy to the more recent experiment described in [3], in which the flexible corpse of a fish
was observed to swim forward — against a background flow — when excited to undulate by vortices shed from a bluff body.

What’s surprising about the present system is the way in which the relative orientation of the carts evolves. The passive cart
doesn’t merely begin to move forward relative to the platform when the actuated cart does. If the initial orientation of the driven
cart differs substantially from that of the passive cart, then the latter will reorient as it translates — in some cases gradually,
over many cycles of oscillation — in order to follow the former. This is true even if the carts are initially antiparallel, back
to back. Numerical simulation with a variety of initial conditions indicates that the asymptotic average difference between
the carts’ orientations — “average” because both carts undulate persistently as they translate — is generally not zero, but is
consistently small regardless of the initial difference in the carts’ orientations. Typical results are shown in the center and right
panels of Figure 1.

∗Corresponding author. Email: scott@kellyfish.net
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FREAKY MOTION OF A SPINNING SPHEROID INDUCED BY A SLIGHT BREAK OF ITS 
AXIAL SYMMETRY 

 
Yutaka Shimomura 

Department of Physics, Hiyoshi Campus, Keio University, Yokohama, Japan 
 

Summary The Euler equations are derived for spinning spheroids whose mass distribution slightly loses the axial symmetry.  
Based on the obtained equations, the motion of a spheroid spinning on a flat surface is studied by numerical simulations, and it is 
found that a significant nutation is induced with a precession and it generates a beat, both by the slight break of its axial 
symmetry.  As the initial spin rate increases, the period of nutation becomes smaller while its amplitude does larger. 
 
 

INTRODUCTION 
 

Motions of spinning bodies are so attractive, as represented by spinning tops, that many studies have been carried out 
up to now.  However, it seems that some curious motions are left mysterious and unexplained.  In fact, it was just the 
beginning of this century when the rising of a spinning egg was explained [1], its jumping was predicted [2] and observed 
[3], and the spin reversal of celt stone (or, a rattleback) was clarified [4].  Hard-boiled eggs are basically axisymmetric 
bodies, but the celt stones slightly lose the axial symmetry, which results in a little misalignment of the celt’s principle axes 
of inertia and its axes of curvature at the point of contact with the table, and leads to the spin reversal. 

In 2012, Cross [5] introduced to the author what he called a ‘pathological egg’, which shows a freaky motion.  He 
put the “blu-tack” into the bottom of a toy egg for the axial symmetry to be lost, and spun it at a small spin rate to find its 
axis of geometrical symmetry oscillates between the horizontal and the vertical positions.  He conjectured from his 
observation that spheroids with the axisymmetric structure never show such a big nutation and that it is caused by a slight 
break of the structure’s axial symmetry. 

In the present study, we derive the Euler equation for such quasi-axisymmetric spheroids to verify the Cross’s 
conjecture by numerical simulations and study the feature of the nutation. 
 

THE EULER EQUATIONS FOR QUASI-AXISYMMETRIC SPHEROIDS  
 

   As a quasi-axisymmetric spheroid, we study the 
kind as illustrated in Figure 1.  Inside of a spheroid, 
there is a blunt mass M at its bottom like a weighted 
toy tumbler. The ellipse has the dimensions a and b, 
and the parameter c denotes the distance between the 
centre of shape and the blunt end of the mass 
distribution on the axis of symmetry.  We add a 
small mass � of point to the surface of the blunt 
end to make it slightly lose the original axial 
symmetry.   
   Provided the friction could be neglected, the 
Euler equations of order up to O( ) are derived for 
such quasi-axisymmetric bodies as in Figure 1, 
whose centre of mass is displaced a little bit off the 
axis of geometric symmetry and whose principle 
axes of inertia and its geometrical axes are 
misaligned generally.  So, the spin angle itself 
comes into the Euler equations through sinusoidal 
functions. 

The Euler equations of O(1) predicts, as a result of Moffatt, Shimomura and Branicki [6] and Shimomura [7], the 
critical angular velocity n along z axis, over which the vertical spin state is stable.  Figure 2 shows the critical angular 
velocity n as a function of = െ /  in the case of / = 3/2.  Here, we should note that the spheroids with < െ0.3 
is always stable even for zero spin. 
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RESULTS OF NUMERICAL SIMULATIONS 
 

     Simulations for a spheroid with = 3 , = 2 , = െ0.5 spinning on a frictionless flat surface are carried out 
by numerically solving a full system of five first order ODEs using the fourth-order Runge-Kutta method with the time step 
about 5ȝV�� 7KH� LQLWLDO� conditions for the angle  are = 0.01 for = 0 and = 0.4 for = 1.0, which mean the 
almost balanced states of rest for the still spheroid not spinning. After the spheroid in this almost balanced state is spun at 

= 0 with a spin rate n (the angular velocity along the z-axis), the variations of  in time are obtained. 
     First, it is confirmed that significant nutations are observed with a precession in the quasi-axisymmetric case of =
1.0, but not in the axisymmetric case of = 0.  Second, as shown in Figure 3, it is also found that the nutations generate a 
beat, and as the initial spin rate n increases, the period of nutation becomes smaller while its amplitude does larger. 
     In the lecture, a demonstration will be available to observe the freaky motion of an egg-shaped body with a quasi-
axisymmetric structure.  
 
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
CONCLUSIONS 

 
   The Cross’s conjecture [5] is validated by numerical simulations of the Euler equations in the frictionless case: a slight break 
of the axial symmetry of a spinning spheroid gives rise to a significant nutation, which leads to its freaky motion with a 
precession.  It is found that the nutation generates a beat, and the period of nutation becomes smaller and its amplitude does 
larger as the initial spin rate increases. 
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energetically possible motion for a ball of energy E, M(E) = {(x, y) | U(x, y) ≤ E}. The zero velocity curves are the
boundary of M(E) and are the locus of points in the (x, y) plane where the kinetic energy vanishes. The ball’s state is only
able to move on the side of this curve where the kinetic energy is positive, shown in white in Fig. 1(c). The critical energy of
escape, Ee, is the same as the energy of the saddle points in each neck (which are all equal), and divides the global behavior
into two cases, according to the sign of ∆E = E − Ee:

Case 1, ∆E < 0 : the ball is safe against escape since potential wells are not energetically connected.
Case 2, ∆E > 0 : “necks” between all the potential wells open up around the saddle points, permitting the ball to move

between the two potential wells (e.g., Fig. 1(c) shows this case).

TUBE DYNAMICS: TUBES LEADING TO ESCAPE
Within a given potential well the set of all states leading to escape to a different potential well (or having just escaped a

different potential well) are within a cylindrical manifold or tube, as shown in Fig. 1(c). This tube bounds the set of all states
for a fixed energy which will soon reach, or have just passed from, a different potential well [2, 3] (nested energy manifolds
will have correspondingly nested tubes). For each E, the boundary of the tubes in phase space (or more precisely, within
M(E)) are the stable and unstable manifolds of an unstable periodic orbit of the same energy residing in the neck connecting
the adjacent wells. The resulting geometric framework for understanding escape and transition we term ‘tube dynamics’.

EXPERIMENTAL RESULTS
We use a Poincaré section which is selected based on the symmetry of the surface and the equations of motion, and which

are best described in polar coordinates (r, pr); U±
1 = {(r, pr) | θ = π

2 , sign(pθ) = ±1}. Taking Poincaré sections of 120
experimental trajectories (e.g., the typical trial shown in Fig. 2(a)) should reveal the tube cross-sections. We first determine the
instantaneous ∆E for every point on the Poincaré section U1, so we can consider only narrow ranges of ∆E, to approximate
a single energy manifold. In Fig. 2(b) we see an example of the Poincaré section U+

1 for all intersections in the energy
range 200 < ∆E < 300 (cm/s)2. The intersection points which are about to transition from quadrant 1 to 2, determined by
following the experimental trajectory forward in time, and are marked with red circles.
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Figure 2: Experimental results. (a) A typical experimental trajectory in blue, which is released from rest at the lower right. Notice how it moves seemingly
erratically between the ‘wells’. Some height iso-contours are also shown, in light gray. (b) Histogram of energy for crossings of the U+

1 Poincaré section
(blue: ∆E < 0, gray: ∆E > 0, red: transitioning). (c) On U+

1 , we consider only a narrow range of energy (∆E ∈ [0, 100 (cm/s)2]) and label intersecting
trajectories by their recent past or future; black: no transition, red: recent transition to quadrant 1 from quadrant 2 and magenta: imminent transition from
quadrant 1 to 4. (d) Fraction of transitioning trajectories as a function of energy above the saddle.

CONCLUSIONS
The transitioning points at each energy are all found to be within the theoretical tube boundary (blue curve); as in, e.g., Fig.

2(b). Furthermore, the fraction of transitioning trajectories increases linearly with ∆E, Fig. 2(c), as expected theoretically
from arguments related to the phase space flux over a saddle [4]. This experimental validation of tube dynamics establishes a
theoretical framework which can be exploited for purposes of control, e.g., avoiding or triggering escape or transition between
metastable states in mechanical systems. SDR thanks the NSF for partially funding this work through grant 1537349.
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PASSIVE LINEARIZATION OF NONLINEAR SYSTEM RESONANCES
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Summary In this work we demonstrate that the addition of properly-tuned nonlinearities to a nonlinear system can increase the range over
which a specific resonance responds linearly. Specifically, we seek to enforce two important properties of linear systems, namely the force-
displacement proportionality and the invariance of resonance frequencies. Theoretical findings are validated through numerical simulations
and experiments.

Devices used for sensing, imaging and detection are usually required to exhibit linear behavior in their dynamic range.
However, nonlinearity is a frequent occurrence in physical and engineering applications. Nonlinearity may result in plethora
of dynamic phenomena which can drastically limit the performance of the devices [1]. One well-established approach for en-
forcing linear behavior is feedback linearization, which uses feedback control to cancel the undesired nonlinearities. However,
feedback linearization requires an accurate monitoring of the system’s states, an actuator and an external source of energy,
which complicates its practical realization.

We propose a fully passive, resonance-based approach for dealing with undesired nonlinearities in mechanical systems.
Properly-tuned nonlinearities are introduced in the nonlinear system to increase the range over which a specific resonance
responds linearly. Specifically, we seek to enforce two important properties of linear systems, namely the force-displacement
proportionality and the invariance of resonance frequencies. Our approach relies on a principle of similarity [2] which states
that the added nonlinearity should possess the same mathematical form as that of the original nonlinear system. This principle
of similarity enables us to extend the linear regime over a larger range of motion amplitudes.

We consider an n-degree-of-freedom (DoF) mechanical system with concentrated nonlinearities subject to harmonic ex-
citation:

M̃ẍ+ C̃ẋ+ K̃x+ b̃nl (x) =
√
εṽf cosωt, (1)

where ε is a small bookkeeping parameter. The vector b̃nl (x) contains both the original and additional nonlinearities, which
are of polynomial nature. According to the principle of similarity [2], the additional nonlinearities should possess the same
exponent as the original nonlinearity. Without loss of generality, cubic nonlinearities are considered herein.

The objective of this study is to linearize one specific resonance of system (1) through the proper design of the additional
nonlinearities. To this end, the nonlinear normal mode (NNM) theory is exploited, because nonlinear resonances are known
to occur in the neighborhood of NNMs [3]. First, we transform Eq. (1) into modal space through the change of variables
x = Uy where U contains the normal modes of the underlying linear system, and we define normalized modal displacements,
q = y/ (

√
εf), such that

q̈+Cq̇+Ωq+ bnl (x) = v cosωt, (2)

where Ω = diag
!
Ω2

j

"
j=1,n

, C = [cij ]i,j=1,n and bnl (x) =
!
. . . , εf2

#
h1+...+hn=3 bjh1...hn

$n
i=1 q

hi
i , . . .

"T
. bnl (x)

is the projection of b̃nl (x) in modal space, thus, even if b̃nl (x) is sparse, bnl (x) can be fully populated. bjh1...hn are scalars,
where j indicates the mode number and varies according to the rows of bnl (x), while subscripts h1 . . . hn are in accordance
with the exponents of the modal coordinates of the corresponding terms. We assume that the system features no internal
resonances, i.e., natural frequencies Ωj are incommensurate.

The NNMs are now calculated by removing damping and forcing terms in Eq. (2). Following a standard perturbation tech-
nique and limiting the solution to the fundamental harmonic, the approximate solution has the form q =

%
q0 + εq1 +O

%
ε2
&&

sin
%%
ω0 + εω1 +O

%
ε2
&&

t
&
, where q0 = [· · · , qj0, · · · ]T and q1 = [· · · , qj1, · · · ]T. Imposing resonance condition at order

ε0 and solving terms of order ε1 yields for the lth NNM

qj0 = 0, qj1 = −3

4

bj0...3...0q3l0
Ω2

j − Ω2
l

for j = 1, n, j ̸= l, ω0 = Ωl, ω1 =
3

4

bl0...3...0q2l0
2Ωl

. (3)

qj0 and qj1 (j ̸= l) represent the influence of the nonresonant modes on the lth mode. ω1 is the variation of the lth natural
frequency with respect to the amplitude of oscillation ql0. Thus, if bl0...3...0 > 0 (< 0), the resonance is of hardening
(softening) type.

In order to relate the undamped, unforced NNM motions to the resonances of the damped, forced system, the energy
balance criterion [4] is utilized: ' T

0
ẋ(t)TC̃ẋ(t)dt =

' T

0
ẋ(t)T√εṽf cosωt dt, (4)
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where T is the period of motion. Eq. (4) indicates that at resonance the energy dissipated by damping over a full period is
equal to the input energy. Inserting the approximate solution for q in Eq. (4) gives

ql0 =
vl

Ωlcll
, ql1 =

Ωlql0
(#n

j=1
j ̸=l

cljqj1 +
#n

j=1
j ̸=l

cjlqj1
)
−
#n

j=1
j ̸=l

qj1vj

vl − 2Ωlql0cll
+

ω1q2l0cll
vl − 2Ωlql0cll

(5)

and xk =
√
εf
(
uklql0 + ε

(#n
j=1 ukjqj1

)
+O

%
ε2
&)

. Eqs. (3) and (5) completely define the lth resonance of system (1) and
form the basis of the design procedure developed in this paper. Based on these equations, force-displacement proportionality
for coordinate xk of the lth resonance can simply be enforced through

#n
j=1 ukjqj1 = 0. Similarly, invariance of the lth

resonance frequency can be enforced through ω1 = 0, such that the lth natural frequency ωl ≈ ω0. Since these two conditions
involve the n coefficients of the nonlinear terms bj0...3...0, they can be used to design the additional nonlinearities in function
of the original ones.

An experimental set-up is utilized to demonstrate the proposed idea. It comprises a cantilever beam made of steel to which
a doubly-clamped beam is connected (Fig. 1a). A thin steel lamina located at the free end of the cantilever and the doubly-
clamped beam itself generate two hardening nonlinearities, which can be modeled using cubic springs. A two-DoF reduced
model of the system was identified experimentally. From this model, applying the aforementioned procedure, the nonlinearity
of the doubly-clamped beam was designed, such that the second resonant peak satisfies force-displacement proportionality.
In Fig. 1b, solid and dashed lines depict the envelopes of the normalized amplitude of the second resonant peak, respectively
with and without the nonlinearity related to the doubly-clamped beam. The red circles depict the measured resonant peaks.
These circles are almost aligned horizontally, which translates the fact that the displacement of the cantilever beam around
the second resonance is proportional to the amplitude of the harmonic forcing. This condition is not verified if the additional
nonlinearity is not included (dashed line).

Successively, in order to compensate the frequency shift of the first resonance, due to the hardening nonlinearities, a couple
of permanent magnets was placed on the doubly-clamped beam and two others were placed symmetrically next to them on a
fixed support. The two couples of magnets are mutually attractive in order to generate a softening nonlinearity. The amplitude
of this nonlinearity was controllable by varying the distance between the two magnets. Choosing the appropriate distance,
according to the analytical procedure proposed, we were able to linearize the frequency backbone of the first resonance, as
illustrated in Fig. 1c (solid black lines). Dashed red lines in Fig. 1c show the frequency response of the system if the nonlinear
magnetic force is neglected. The blue circles depict the resonance peaks measured experimentally.
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Figure 1: (a) experimental set-up. (b) first part of the experiment, envelops of resonant peak for different forcing amplitude;
dashed line: nonlinearity of doubly-clamped beam neglected, solid line: nonlinearity of doubly-clamped beam included, red
circles: experimental results. (c): second part of the experiment, frequency response without (dashed red lines) and with (solid
black lines) magnetic nonlinear force; blue circles: experimental results.
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ON THE STRONGLY NONLINEAR RESONANCE OF A ROTOR WITH A SELF-BALANCING 
DEVICE  
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Summary Passage through and capture into the resonance of a rigid rotor with the attached self-balancing device and driven by an induction 
engine of limited power is investigated using an averaging procedure for a partially strongly damped system. The approach is closely related 
WR�D�VLQJXODU�SHUWXUEDWLRQ�WHFKQLTXH��,W�LV�GHPRQVWUDWHG�WKDW�WKH�V\VWHP¶V�G\QDPLFV�FDQ�EH�UHGXFHG�RQ�WKH�VORZ�PDQLIROG�WR�three first-order 
differential equation predicting both stationary and transient solutions of the original system. Solutions captured into the resonance differ 
strongly from those in the system without self-balancing devices. The velocity of the rotor oscillates slowly around a certain value while 
WKH�UHVRQDQW�YLEUDWLRQV�RI�WKH�URWRU¶V�D[LV�DUH�VWURQJO\�Podulated in the vicinity of the resonance. The approximate results are compared 
with the direct numerical simulations of the full system and demonstrate very good accuracy everywhere except in the small vicinity of the 
bifurcation point. 
 

INTRODUCTION 
 
   Self-balancing devices providing the perfect balancing of rigid rotors in the overcritical speed range is well known [1, 2]. 
However in the undercritical domain these devices maximize the overall unbalance which leads to significantly increasing 
amplitudes of vibrations or even to capture into the resonance while accelerating or decelerating the rotor. The last effect (also 
known as the Sommerfeld effect) is well analyzed and easy to understand for simple rotors [3]. Many important mathematical 
results on passage through and capture into the resonance have been achieved for weakly damped systems [4]. The significant 
complexity of this analysis even in two-frequency systems is connected to the appearance of the so-called semi-slow 
oscillations [5]. However, a rotor with a self-balancing device has at least four frequencies, which makes the appropriate 
analysis extremely elaborate [6]. On the other hand, damping in technical systems is usually not too small. The corresponding 
asymptotic approach suggested in [7] enables efficient analysis of strongly damped systems.  
   In the present paper the last approach is applied to investigation of the strongly nonlinear interaction between the rotor 
with self-balancing device mounted on a linear carrier system and the induction motor while passing through the main 
resonance. Especial attention is payed to the slowly modulated solutions arising in case of capturing resonance. 
 

MINIMAL MODEL OF A ROTOR WITH A SELF-BALANCING DEVICE DRIVEN BY AN INDUCTION 
MOTOR 

 
   The simplest model of the rotor with the attached self-balancing device is shown in figure 1a.  
 

 
 Figure 1. (a) Model of the rotor with self-balancing device; (b) the torque characteristics of the induction motor.�

�
The rotor of mass M and mass moment of inertia Jr is elastically suspended by a spring-damper of a certain stiffness c and 
damping Er. Its center of mass has an offset J relative to the rotation axis. Two pendulum balancers of mass m, mass 
moment of inertia Jp and length r are placed on the axis of rotation of the rotor. A rotational damping EM is applied between 
the rotor and each of the balancers. The rotor is excited by an induction motor of limited power which static characteristics 
is displayed in figure 1b.  



   Equations of motion of the system are as follows: 
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ASYMPTOTIC ANALYSIS OF THE PASSAGE THROUGH THE RESONANCE AND COMPARISON WITH 

NUMERIC SIMULATIONS 
 

   Approximate asymptotic solutions for these equations have been obtained using averaging technique for strongly 
damped systems [7] under the assumption that the unbalance of the rotor 0J� 2/Jr � and the mass ratio m/M are small 
parameters of the same magnitude order. Dimensionless damping coefficients are assumed to be not small. The whole 
dynamics of the system can be reduced to three first order differential equations for the velocity of the rotor and two phase 
differences between the pendulum balancers and the rotor. Two examples of the transient solutions obtained by solving the 
averaged equations are shown in comparison to the numerical simulations of the full system (1) are presented in figure 2. 

 
Figure 2. (a) Rotation speed of the rotor while passing through resonance (blue lines) and for capture into the resonance (red lines) (b) 
amplitude of the YLEUDWLRQV�RI�WKH�URWRU¶V�D[LV��QXPHULFal results ± solid lines, analytical results ± dashed lines. 

 
   6WDWLRQDU\�FDSWXUH�LQWR�WKH�UHVRQDQFH�LV�QRW�SRVVLEOH�LQ�D�ZLGH�UDQJH�RI�WKH�V\VWHP¶V�SDUDPHWHUV�DOWKRXJK�WKH�URWRU�VSHHG�
does not reach the objected value (figure 1, red curves). Instead of the stationary solutions usual for Sommerfeld effect, 
periodic oscillations of the rotor speed are taking place accompanied by the slowly modulated resonance vibrations of the 
rotor axis attached to the carrier system (figure 2, red curves). In case of the successful passage through the resonance (blue 
curves) vibration of the system can be also slowly modulated. The attraction basin for the captured solutions depends strongly 
on the initial orientation of the pendulum balancers. The qualitative and quantitative discrepancies between the analytical and 
the numerical results are quite small. 
 

CONCLUSIONS 
 

   Passage through and capture into the resonance are investigated for the unbalanced rotor with the attached self-balancing 
device. The system is driven by an induction engine and mounted on a linear carrier. Averaging for strongly damped systems 
appears to be a very efficient analytical method enabling to identify the slow manifold of the system and to obtain accurate 
analytical approximations. This method can be used for analysing a wide class of strongly nonlinear systems operating close to 
resonance in presence of significant dissipation. 
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Summary The dynamics of a visco-elastic belt drive is investigated after loss of stability of its steady configuration. It is well known, that
for sufficiently large drive speeds the steady configuration generically loses stability by either a zero eigenvalue or a pair of purely imaginary
eigenvalues. Using bifurcation theory we investigate the branching behaviour and stability of the bifurcating solution. Special attention will
be paid to the influence of viscous material damping on the stability boundary and the postcritical branching behaviour.

INTRODUCTION

A stable steady configuration of a belt drive is an important operating requirement in many industrial applications. The
stability of the steady state of a stretched cable with bending stiffness and different boundary conditions at the endpoints has
already been derived in [1]. It is shown, that after the transport speed exceeds the wave speed, either a zero eigenvalue occurs or
two pairs of purely imaginary eigenvalues collide and leave the imaginary axis. This scenario is well known as “Hamiltonian
Hopf Bifurcation” or as “Trojan Bifurcation” ([2, 3]). By calculating the Normal Form equations at the bifurcation point, one
can determine whether the bifurcating periodic solution branches are stable or unstable.

Since the Hamiltonian Hopf bifurcation applies only to conservative systems, but in real world applications there will
always occur non-conservative forces like damping, we either have to include non-conservative perturbation terms in the
nonlinear analysis of the double imaginary eigenvalues, or introduce these perturbations already in the initial setup.

Frequently it has been observed, that small viscous damping forces may considerably influence the stability properties
of oscillatory systems. Although it leads to a decay of the kinetic energy, it sometimes destabilizes the equilibrium state,
especially, if two pairs of eigenvalues close to the imaginary axis approach each other.

Usually the tension forces for belt drives are assumed sufficiently large, such that the belt moves along a straight line
during normal operation. If for some reason the tension force is considerably smaller, the belt may display a considerable sag.
In this case the oscillations around the steady configuration contain also axial components and it becomes necessary to study
two-dimensional motions of the system.

MODELLING AND TREATMENT OF THE BELT DRIVE

We investigate an inextensible, unshearable visco-elastic cable with bending stiffness, which travels with constant speed
V between the eyelets. First we present the equations of planar motion in an Eulerian frame using the fundamental equations
of Kirchhoff rods. Assuming a constant velocity of the belt, we first calculate the equilibrium configuration.

Stability boundaries of the equilibrium configuration
Starting with the known results for the straight, undamped configuration we study the influence of viscous damping and

gravity on the equilibrium state and on the distribution of eigenvalues and stability boundaries. It should be noted, that
in this case also the equilibrium configuration depends on the damping, because the belt’s particles are not at rest in the
equlibrium configuration, but move along the center line with constant speed. Therefore also a steady sagged configuration
causes damping forces. Since the damping coefficient is usually very small, the governing equations for the steady state and
the eigenmodes are singularly perturbed boundary value problems.

Preliminary results indicate, that already the introduction of a very small viscous damping changes the spectral properties
considerably: Without damping most eigenvalues lie on the imaginary axis. Variation of the drive speed into the critical range
causes some eigenvalues to move into the right half plane. As soon as some tiny amount of damping is added to the model,
almost all eigenvalues reside in the left half plane, far away from the imaginary axis. A few eigenvalues, corresponding to low
mode numbers, may still cross the imaginary axis at some critical values of the drive speed.

Bifurcations of the equilibrium configuration
Depending on the critical eigenvalues at the stability boundaries, we investigate 3 different bifurcation problems:

1. For a zero eigenvalue we calculate the bifurcating branch of steady solutions. Since in the undamped problem this
zero eigenvalue occurs, when a pair of imaginary eigenvalues approaches the origin, the bifurcation point is actually a
Bogdanov-Takes bifurcation with a non-semisimple pair of zero eigenvalues. In the absence of dissipative forces the
investigation of that bifurcation reduces to the treatment of the ordinary steady state bifurcation.
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2. For a double pair of purely imaginary eigenvalues a Hamiltonian Hopf bifurcation has to be investigated. Proceeding as
in [3], we calculate the Normal Form equation and derive the branching conditions and stability properties of a family
of periodic solutions. In the conservative case the bifurcating oscillations are either elliptic or hyperbolic, depending on
a certain coefficient, which is calculated in the Normal Form procedure.

At this stage it is also possible to consider a small perturbation by non-conservative forces. This perturbation usually
destroys almost all periodic solutions and leaves distinct periodic orbits, which are either stable or unstable. The
situation is quite similar to the Van der Pol equation, where for ϵ ̸= 0 only the trivial state and the periodic orbit of
radius 2 survive.

3. The generic Hopf bifurcations occur at the stability boundary of the damped system. Due to the sag of the equilibrium
configuration the periodic oscillations have vertical and horizontal components.

CONCLUSIONS

In this talk we extend the available results about instabilities of a driven belt in two directions: We consider the influence
of viscous damping on the equilibrium configuration and its spectral properties. Second we allow a moderate sag of the
equilibrium state.
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Summary In the present paper, the dynamic response of a nonlinear plate embedded into a fractional derivative viscoelastic medium is
studied by the method of multiple time scales under the condition of the combinational internal resonances of difference type using a newly
developed approach resulting in uncoupling the linear parts of equations of motion of the plate. The influence of viscosity on the energy
exchange mechanism between interacting nonlinear modes has been analyzed.

PROBLEM FORMULATION

It is well known that the nonlinear vibrations of plates are an important area of applied mechanics, since plates are used as
structural elements in many fields of industry and technology [1]. Moreover, nonlinear vibrations could be accompanied by
such a phenomenon as the internal resonance, resulting in multimode response with a strong interaction of the modes involved
[2] accompanied by the energy exchange phenomenon.

Nonlinear free vibrations of a thin plate embedded into a fractional derivative viscoelastic medium have been considered
recently [3] for the case when the plate motion is described by three coupled nonlinear differential equations. It has been shown
that the occurrence of the internal resonance results in the interaction of modes corresponding to the mutually orthogonal
displacements. As this takes place, the displacement functions are determined in terms of eigenfunctions of linear vibrations.
The procedure resulting in decoupling linear parts of equations has been proposed with the further utilization of the method
of multiple scales for solving nonlinear governing equations of motion, in so doing the amplitude functions are expanded
into power series in terms of the small parameter and depend on different time scales. It has been shown that the type of the
resonance depends on the order of smallness of the fractional derivative entering in the equations of motion of the plate.

In the recent paper [3] it has been shown that the following three combinational resonances could occur during vibrations
of a free supported non-linear thin rectangular plate:

ω1 + ω2 = 2ω3, (1)
ω1 − ω2 = 2ω3, (2)
ω2 − ω1 = 2ω3, (3)

where ω1 and ω2 are some particular natural frequencies of in-plane vibrations, and ω3 is one of the natural frequencies of the
out-of-plane modes.

Reference to (1)-(3) shows that the combinational resonance (1) is of the additive type, while combinational resonances
(2) and (3) are of the difference type. In the present paper, we will focus our attention on the qualitative analysis of the case of
the difference ω1 − ω2 = 2ω3 combinational internal resonance, when two different modes of in-plane vibrations are coupled
with a certain mode of out-of-plane vibrations.

Difference combinational resonance ω1 − ω2 = 2ω3

Now let us consider the case of the difference combinational resonance (2), when ω1−ω2 = 2ω3. Then the set of equations
describing the modulations of amplitudes ai and phases ϕi (i = 1, 2, 3) has the following form:

!
a2
1

". + s1a
2
1 = −2ω−1

1 ζ1k6a1a2a
2
3 sin δ, (4)

!
a2
2

". + s2a
2
2 = 2ω−1

2 ζ2k7a1a2a
2
3 sin δ, (5)

!
a2
3

". + s3a
2
3 =ω−1

3 (ζ13k6+ζ23k7)a1a2a
2
3 sin δ, (6)

ϕ̇1 =
1
2
σ1 + ω−1

1 ζ1k5 a2
3 + ω−1

1 ζ1k6a
−1
1 a2a

2
3 cos δ, (7)
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ϕ̇2 =
1
2
σ2 + ω−1

2 ζ2k6 a2
3 + ω−1

2 ζ2k7a1a
−1
2 a2

3 cos δ, (8)

ϕ̇3 =
1
2
σ3 +

1
2
ω3

−1ζ13k7a
2
1 +

1
2
ω3

−1ζ23k8a
2
2 +

1
2
ω3

−1 (ζ13k2 + ζ23k4) a2
3

+
1
2
ω3

−1 (ζ13k6 + ζ23k7) a1a2 cos δ, (9)

where the phase difference has the form δ = 2ϕ3 + ϕ2 − ϕ1, and

si = µiτ
γ
i ω

γ−1
i sinψ, σi = µiτ

γ
i ω

γ−1
i cosψ, ψ =

1
2
πγ (i = 1, 2, 3). (10)

Reference to (10) shows that damping coefficients si depend of natural frequencies of the coupled modes ωi and the
fractional parameter γ, i.e., the order of the fractional derivative.

Thus, during free vibrations of the plate with internal resonances three regimes can be observed: stationary (absence of
damping at γ = 0), quasi-stationary (damping is defined by an ordinary derivative at γ = 1), and transient (damping is defined
by a fractional derivative at 0 < γ < 1).

For a particular case at Σ = 0 and s1 = s2 = s3 = s, introducing a new function representing a relative displacement
ξ(T2), it is possible to obtain two first integrals of nonlinear set of Eqs. (4)-(9), one of which gives the energy distribution,
while the other results in the stream function

G(ξ, δ) = (c3 + ξ)
#

(c1 − ξ)(c2 + ξ) cos δ − 1
2

K1b
−1(c1 − ξ)2 +

1
2

K2b
−1(c2 + ξ)2

+
1
2

K3b
−1(c3 + ξ)2 = G0(ξ0, δ0), (11)

where c1, c2, and c3 are constants of integration such that 4c1 + 2c2 + 2c3 = 1, and Ki are certain coefficients.
The stream-function allows us to construct phase portraits in terms of two functions, ξ and δ. The phenomenological

analysis carried out for the combinational internal resonance of the difference type with the help of the phase portraits con-
structed for different magnitudes of the plate parameters reveals the great variety of vibrational motions: stationary vibrations,
two-sided energy exchange between two subsystems under consideration, and onesided energy interchange resulting in the
complete one-sided energy transfer. Under the presence of small viscosity all regimes attenuate with time.

CONCLUSIONS

The proposed analytical approach for investigating the damped vibrations of a nonlinear plate in a fractional derivative
viscoelastic medium subjected to the combinational internal resonances of the difference type has been possible owing to the
new procedure suggested recently in [3], resulting in decoupling linear parts of equations with further utilization of the method
of multiple scales for solving nonlinear governing equations of motion.

The phenomenological analysis carried out for the difference combinational internal resonance using the phase portraits
constructed for different magnitudes of the plate parameters reveals the great variety of vibrational motions: stationary vibra-
tions, two-sided energy exchange between two subsystems, and complete one-sided energy transfer. The analysis of the phase
portraits for various oscillatory regimes shows that they contain closed and non-closed streamlines separated by the rectilinear
and curvilinear separatrixes, along which analytic solutions have been found, which define the irreversible energy transfer
from one subsystem into another and are inherently soliton-like solutions in the theory of vibrations.
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Summary This work concerns the dynamics of nonlinear systems that are subjected to delayed self-feedback. Perturbation methods applied
to such systems give rise to slow flows which characteristically contain delayed variables. We consider two approaches to analyzing Hopf
bifurcations in such slow flows. In one approach, which we refer to as approach I, we follow many researchers in replacing the delayed
variables in the slow flow with non-delayed variables, thereby reducing the differential-delay equation (DDE) slow flow to an ordinary
differential equation (ODE). In a second approach, which we refer to as approach II, we keep the delayed variables in the slow flow. By
comparing these two approaches we are able to assess the accuracy of making the simplifying assumption which replaces the DDE slow
flow by an ODE.

INTRODUCTION

When investigating a differential-delay equation (DDE) by use of a perturbation method, one is often confronted with a
slow flow which contains delay terms. It is usually argued that since the parameter of perturbation, call it ϵ, is small, ϵ << 1,
the delay terms which appear in the slow flow may be replaced by the same term without delay, see e.g. [1, 2, 3]. The purpose
of the present paper is to analyze the slow flow with the delay terms left in it, and to compare the resulting approximation with
the usual one in which the delay terms have been replaced by terms without delay.

EXAMPLE 1: DUFFING EQUATION

For example take the following version of the Duffing equation with delayed self-feedback.

ẍ+ x = ϵ
!
−αẋ− γx3 + k xd

"
(1)

where xd = x(t − T ), where T = delay. We treat eq.(1) with the two variable perturbation method, where x(ξ, η), where
ξ = t and η = ϵt. We expand x = x0 + ϵx1 +O(ϵ2) and obtain the following equation on x0:

Lx0 ≡ x0ξξ + x0 = 0 ⇒ x0(ξ, η) = A(η) cos ξ +B(η) sin ξ (2)

Eliminating secular terms in the x1 equation gives the following slow flow:

dA

dη
= −α A

2
+

3 γ B3

8
+
γ A2B

8
− k

2
Ad sinT − k

2
Bd cosT (3)

dB

dη
= −α B

2
− 3 γ A3

8
− γ AB2

8
− k

2
Bd sinT +

k

2
Ad cosT (4)

where Ad = A(η − ϵT ) and Bd = B(η − ϵT ) are delay terms in the slow flow.
Method I involves replacing the delay terms Ad, Bd in the slow flow (3),(4) respectively by undelayed terms A, B,

resulting in a slow flow of ODEs. It is argued that such a step is justified if the product ϵT is small:

Ad = A(η − ϵT ) ≈ A(η) +O(ϵ), Bd = B(η − ϵT ) ≈ B(η) +O(ϵ). (5)

Method II involves studying the slow flow (3),(4) as it is.

Figure 1 (left side) shows a comparison, in the case of the Duffing equation (1), between the analytical Hopf conditions
obtained via the two approaches and the numerical Hopf curves. The approach II plotted by red/dashed curves gives a better
result than the approach I (black/dashdot curves). Therefore in the case of Duffing equation, treating the slow flow as a DDE
gives better results than approximating the DDE slow flow by an ODE.

∗Corresponding author. Email: rrand@cornell.edu
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Duffing example, eq.(1) van der Pol example, eq.(6)

Figure 1: Numerical Hopf bifurcation curves (blue/solid). Also shown are the results of approach I (black/dashdot), and the
results of approach II (red/dashed)

EXAMPLE 2: VAN DER POL EQUATION

As a second example, we consider a version of the van der Pol equation with delayed self-feedback [4]:

ẍ+ x = ϵ
!
ẋ(1− x2) + k xd − k x

"
(6)

We apply the same procedure here as we did for the Duffing equation (1) and show the results in Figure 1 (right). Figure
1 (right) shows that approach II gives better results than approach I. However approach I still gives a good fit for the lower
Hopf curve.

CONCLUSIONS

When a DDE with delayed self-feedack is treated using a perturbation method (such as the two variable expansion method,
multiple scales, or averaging), the resulting slow flow typically involves delayed variables. In this work we compared the be-
havior of the resulting DDE slow flow with a related ODE slow flow obtained by replacing the delayed variables in the slow
flow with non-delayed variables. We studied sample systems based on the Duffing equation with delayed self-feedback, eq.(1),
and on the van der Pol equation with delayed self-feedback, eq.(6). In both cases we found that replacing the delayed variables
in the slow flow by non-delayed variables (approach I ) gave better results on the lower Hopf curve than on the upper Hopf
curve.

Our conclusion is therefore that the researcher is advised to perform the more lengthy approach II analysis on the DDE
slow flow in situations where values of the product ϵT is relatively large, as in the upper Hopf curves in Figures 1.
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Summary The equivalence between systems with state-dependent delays and systems with constant delays is studied. Systems with state-
dependent delays appear when the dynamics of the system does not only depend on the instantaneous configuration but also on a delayed
configuration of the system, and the size of the delay depends on the state of the system. It is shown that, indeed, the condition for a
transformation to a constant delay is related to the mechanism that generates the state-dependent delay. With an example for the cutting
force in turning it is demonstrated that variable and state-dependent delays in metal cutting vibrations can be transformed to constant delays.

INTRODUCTION

Time delay systems can be found in many engineering applications. They range from metal cutting vibrations and laser
dynamics to traffic models and teleoperation of mobile robots (see [1] and Refs. therein). In some systems, as for example
in laser dynamics, the assumption of time-invariant delays is quite reasonable. However, in many applications, the delays are
actually time-varying or state-dependent. For example, in metal cutting the vibrations of the tool directly affect the time delay
and lead to a state-dependent delay [2]. Moreover, variable delays are used for a better control of the system. Indeed, metal
cutting vibrations can be suppressed by an active variation of the spindle speed, which is equivalent to a time-varying delay
[3]. Thus, the analysis of systems with time- or state-dependent delays is relevant in many research areas.

Here, we focus on the analysis of systems with state-dependent delays because time-varying delays can be put in the
framework of state-dependent delays. However, in contrast to the well-established theory for systems with constant delays
there are many open problems in systems with state-dependent delays [4]. In this contribution we shown how a system with
state-dependent delay can be transformed to a system with constant delay. It turns out that, indeed, the mathematical condition
for the existence of such a transformation is fulfilled in many real word examples.

TRANSFORMATION FROM STATE-DEPENDENT DELAYS TO CONSTANT DELAYS

In general, a system with state-dependent delay τ(xt) can be described by the delay differential equation (DDE)

ẋ(t) = f (x(t),x(t− τ(xt))) , (1)

where x(t) is the configuration of the system at time t. The state of the DDE can be specified by the vector function xt =
x(t − θ), θ ∈ [0, τmax], where the constant τmax is the maximum delay [4]. A nonlinear time scale transformation ϕ = Φ(t)
can be used to change the delayed argument t − τ(xt) of the DDE Eq. (1). The function Φ(t) is assumed to be bijective,
which means that there is a one-to-one mapping between the time t and the new independent variable ϕ. The configuration
in terms of the new variable ϕ is given by y(Φ(t)) = x(t). We demand for a constant delay δ in the new representation,
x(t− τ(xt)) = y(ϕ− δ), which is equivalent to the condition

Φ(t)− δ = Φ(t− τ(xt)) ↔ δ =

t!

t−τ(xt)

Φ̇(t′)dt′. (2)

Eq. (2) can be interpreted as follows. The state-dependent delay τ(xt) is the traveling time for a transport of a particle over
the constant distance δ with the velocity Φ̇(t). The absolute distance covered by the particle at time t is given by the function
Φ(t). A graphical illustration of the condition is presented in Fig. 1 a). The function Φ(t) defines a mapping between time t
(horizontal) and space ϕ (vertical). A vertical shift of the functionΦ(t) by the constant distance δ leads to a variable horizontal
displacement (red lines), which is equal to the time delay τ(xt). In particular, a state-dependent delay occurs if the absolute
distance Φ(t) covered by the particles is a component of the configuration x(t) or affected by the configuration x(t) of the
system. In the spatial domain the system can be described by the DDE

y′(φ) =
"
Φ−1

#
′

(ϕ)f (y(ϕ),y(ϕ− δ)) . (3)

Thus, a DDE with state-dependent delay τ(xt) Eq. (1), whose time delay is specified by the condition Eq. (2), is equivalent
to the DDE Eq. (3) with constant delay δ. In other words, every delay that can be interpreted as a variable transport over a
constant distance can be transformed to a constant delay. These delays are sometimes called variable transport delays and
occur in many applications [5]. On the other hand, it is also possible that variable delays are generated by a transport over a
variable distance. In this case it is not clear a priori if the delay is a variable transport delay or not.

∗Corresponding author. Email: otto.a@mail.de
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STATE-DEPENDENT DELAYS IN METAL CUTTING APPLICATIONS

The occurrence of undesired large vibrations at machine tools is still a significant problem in metal cutting applications.
These so-called chatter vibrations are not acceptable in manufacturing industry because they cause noise, bad surface finish
and increased tool wear. As a consequence the prediction of machine tool vibrations and the stability of metal cutting processes
is an important field in research and industry.

An example of a turning process is shown in Fig. 1 b). Small fluctuations of the cutting force F (t) lead to dynamic
displacements x(t) = col (x1(t), x2(t)) of the turning tool and a wavy surface of the workpiece. The instantaneous and time-
delayed vertical displacements x2(t) and x2(t − τ(xt)) determine the inner and the outer surface of the chip, respectively,
and lead to dynamic variations of the chip thickness and the cutting force. In particular, the time delay τ(xt) between the
present and the previous cut at the same location of the workpiece is equivalent to the time for one revolution of the workpiece.
Hence, the delay in turning is defined by a variable transport delay similar to Eq. (2) with the constant distance δ = 2πR,
where R is the radius of the workpiece. In this case, the spatial variable Φ(t) can be interpreted as the absolute machined
distance given by Φ(t) = ΩtR−x1(t), where Ω is the angular velocity of the workpiece and x1(t) are the horizontal dynamic
displacements of the tool. This mechanism of self-excitation of the vibrations in machining is called regenerative effect (see
[2], [3]). If the closed-loop of the regeneration is unstable, chatter vibrations occur. In many other cutting processes the time
delay is similarly defined by a constant distance between two subsequent cuts.

Since the structural dynamics can be described by ordinary differential equations, metal cutting processes, in general, can
be described either in time domain by Eq. (1) with state-dependent delay or by a system similar to Eq. (3) with constant
delay. For Eq. (3) the linearization of the system is much simpler, whereas for systems with state-dependent delay similar to
Eq. (1) the linearization is not straight forward [2], [3]. In addition, many methods for the stability analysis of linear non-
autonomous DDEs can be only applied to systems with constant delay, which follow from the linearization of Eq. (3), whereas
the equivalent linear system of Eq. (1) is a DDE with time-varying delay.

CONCLUSIONS

The transformation of a system with state-dependent delay to a system with constant delay is studied, which can be used
to simplify the analysis in many applications. It is shown that the transformation is possible if the state-dependent delay is
generated by a variable transport over a constant distance. Using the example of a turning process it is demonstrated that the
time-varying and state-dependent delays in metal cutting applications belong to the class of variable transport delays and can
be transformed to constant delays.
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Summary Global dynamics of an orthogonal cutting model is discussed, which is governed by a nonsmooth delay differential equation
(DDE), namely, the delayed term intermittently disappears if the amplitude of the vibrations exceeds some critical value. Along the linear
stability boundaries of the fixed point of the DDE, subcritical Hopf bifurcation occurs and consequently, a parameter domain of bistability
can be identified where the stable fixed point, an unstable periodic orbit, and a large-amplitude stable bounded motion (chatter) coexist. The
first approximation of the amplitude of the unstable periodic orbit is the standard square-root function of the bifurcation parameter that is
the chip width. A non-standard higher-order approximation is proposed that takes into account that the periodic solution disappears as the
chip width approaches zero. This allows the construction of a more accurate still simple formula for the size of the bistable region, which is
highly important for the real-world application of regenerative cutting theory.

MECHANICAL MODEL

Consider the single-degree-of-freedom mechanical model of orthogonal cutting where the tool’s motion is governed by

ẍ(t) + 2ζωnẋ(t) + ω2
nx(t) =

1

m
Fx (h(t)) . (1)

Here, ωn is the undamped natural angular frequency, ζ is the damping ratio, and m is the modal mass of the machining system
corresponding to vibrations in the feed direction x. The x-component Fx of the cutting force acting on the tool is proportional
to the chip width w and can be given as a cubic polynomial of the chip thickness h according to [1]:

Fx(h) = w
!
ρ1h+ ρ2h

2 + ρ3h
3
"

if h > 0 , (2)

where ρ1 = 6.1096× 109 N/m2, ρ2 = −5.41416× 1013 N/m3, and ρ3 = 2.03769× 1017 N/m4 were identified in [1] for a
milling tool of four teeth. Note that for non-positive chip thickness (h ≤ 0), loss of contact takes place between the tool and
the workpiece and the cutting force is zero. The instantaneous chip thickness can be calculated from the feed h0 per revolution
according to the theory of regenerative machine tool vibrations:

h(t) = h0 + x(t− τ)− x(t) , (3)

where τ = 2π/Ω is the regenerative delay related to the angular velocity Ω of the workpiece.
Transforming Eq. (1) to shift its equilibrium to zero, scaling the tool position by h0 and the time by ωn, one obtains the

dimensionless equation of motion in the form

ξ′′(t) + 2ζξ′(t) + ξ(t) = p
#
(ξ(t− τ)− ξ(t)) + η2 (ξ(t− τ)− ξ(t))2 + η3 (ξ(t− τ)− ξ(t))3

$
. (4)

Here, p is the dimensionless chip width, η2 and η3 denote dimensionless cutting-force coefficients:

p =
w
!
ρ1 + 2ρ2h0 + 3ρ3h2

0

"

mω2
n

, η2 =
ρ2h0 + 3ρ3h2

0

ρ1 + 2ρ2h0 + 3ρ3h2
0

, η3 =
ρ3h2

0

ρ1 + 2ρ2h0 + 3ρ3h2
0

. (5)

ANALYSIS OF THE HOPF BIFURCATION AND REGION OF BISTABILITY

Analyzing the stability of Eq. (4) by the D-subdivision method, one obtains the linear stability boundaries in the form

pst(ω) =

!
ω2 − 1

"2
+ 4ζ2ω2

2 (ω2 − 1)
, τst(ω) =

2

ω

%
jπ − arctan

%
ω2 − 1

2ζω

&&
, Ωst(ω) =

2π

τst(ω)
, j ∈ N+ . (6)

The linear stability boundaries are shown by solid line in the left panels of Fig. 1 for ζ = 0.02. Along these boundaries, a
subcritical Hopf bifurcation occurs [2, 3], which gives rise to an unstable limit cycle of approximate angular frequency ω.

The standard approximation [4, 5] of the amplitude r(ω, p) of the unstable limit cycle is given by a square-root function
of the bifurcation parameter p:

r(ω, p) ≈

'

− γ(ω)

∆cr(ω)
(p− pst(ω)) , (7)

∗Corresponding author. Email: molnar@mm.bme.hu
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Figure 1: Left and middle panels: stability charts of the cutting process. Right panel: the corresponding bifurcation diagrams.

where γ(ω) is the crossing speed (root tendency) of the critical pair of imaginary eigenvalues and ∆cr(ω) is the Poincaré-
Lyapunov constant, which can be obtained by center manifold reduction and normal form calculations [2, 3]. A non-standard
higher-order approximation of the amplitude can also be obtained by taking into account that for p = 0 the right-hand
side of Eq. (4) vanishes and the system reduces to a damped free oscillator with no periodic solution. That is, the unstable
limit cycle disappears as the bifurcation parameter p tends to zero, and it happens so that its amplitude tends to infinity:
limp→0 r(ω, p) = ∞. Accordingly, the proposed approximation of the amplitude of the unstable limit cycle becomes

r(ω, p) ≈

()))*− γ(ω)

∆cr(ω)

p− pst(ω)

1 +
p− pst(ω)

pst(ω)

. (8)

The estimations (7) and (8) of the amplitude of periodic solutions bifurcating from points A, B, and C indicated in the left and
middle panels of Fig. 1 are shown for h0 = 250 µm in the right panel by dashed and dash-dot line, respectively. The results
obtained by the proposed approximation (8) overlap with numerical results computed using DDE-BIFTOOL [6].

Due to the existence of an unstable periodic solution, the basin of attraction of the linearly stable equilibrium is bounded.
Consequently, a parameter domain of bistability exists where the linearly stable equilibrium associated with stationary cutting
coexists with large-amplitude stable solutions (chatter), which involve intermittent loss of contact between the tool and the
workpiece [7]. The boundary pbist(ω) of the bistable region is located where the amplitude of the unstable limit cycle reaches
the critical value rbist(ω) for which loss of contact (h ≤ 0) occurs [7] (see points a,b,c, and α, β, γ in Fig. 1). The boundary
of the bistable region computed from Eqs. (7) and (8) is indicated in the left panels of Fig. 1 by dashed and dash-dot lines,
respectively. The bistable region obtained from Eq. (8) is shaded with dark grey, the globally stable region is light grey. Using
the proposed approximation (8), the relative width of the bistable region can be approximated by a simple formula

Rbist(ω) =
pst(ω)− pbist(ω)

pst(ω)
≈ 3ρ3h2

0

4ρ1 + 8ρ2h0 + 15ρ3h2
0

, (9)

which allows engineers to select the technological parameters needed for a globally stable chatter-free cutting process.
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SELF-EXCITED MICROCANTILEVERS FOR SENSING APPLICATIONS
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Summary In the measurement procedure of vibrating-type sensing systems, the frequency response curve under external or forced
excitation has been conventionally used. For instance, viscosity measurement and mass sensing are preformed from the estimation
of difference in the Q-value related to the resonance amplitude and of shift in the resonance frequency, respectively. However, in the
high viscosity range, it is very difficult to accurately measure these values. To overcome such difficulties, we propose the utilization
of self-excited oscillation without relying on the frequency response curve; the positive velocity feedback is applied to compensate
the damping force and to produce the self-excited oscillation. In the presentation, we introduce some measurement systems using
self-excited microcantilevers as ultra-sensitive mass sensor, viscometer for high viscosity sensing, and AFM.

INTRODUCTION

Vibrating-type sensing devices allow for instantaneous and continuous measurements of changes in the viscosity and
the mass of the sample occurring with time, i.e., on-line monitoring. In the measurement procedure of vibrating-type
viscometers, the frequency response curve under external or forced excitation is employed. The viscosity is estimated
by the Q-value related to the resonance amplitude (for example, see Ref. [1]) and in the mass sensing, the shift of the
resonance frequency is utilized (for example, Ref. [2]). However, in the high viscosity range, it is very difficult to
accurately estimate differences in Q-values and the shifting of the resonance frequency. To overcome such difficulties,
we have proposed the utilization of self-excited oscillation without relying on the frequency response curve; the positive
velocity feedback is applied to compensate the damping force and to produce the self-excited oscillation. First, merits of
the use of self-excited oscillation are indicated using an application to the viscometer for high viscosity sensing. Next,
the concept is implemented to micro-cantilevers which is widely used as a resonator for high sensitive measurement. In
particular, non-contact AFM using van der Pol-type self-excited microcantilever beams are proposed and the performance
of ultra-sensitive mass sensor using self-excited coupled cantilevers are experimentally shown.

SELF-EXCITED OSCILLATION BY POSITIVE VELOCITY FEEDBACK AND HIGH-VISCOSITY SENSING

We consider a resonator expressed as spring-mass-damper system with external force whose equation of motion is

m
d2y

dt2
+ c

dy

dt
+ ky = f, (1)

where m and k are the equivalent mass and stiffness of the resonator, respectively. c expresses the viscous environment
for the resonator and the viscosity sensing corresponds to the measurement of c [3]. In conventional viscometers, f is
set to be sinusoidal force as a cos νt. However, in the case of high viscosity, the frequency response curve has no peak
and there is no Q value and the identification of c is impossible from the frequency response curve. To overcome the
difficulty, f is set based on the following positive velocity feedback as f = ccontdx/dt, where ccont is positive feedback
gain. Then, the critical feedback gain to produce the self-excited oscillation ccont−cr is equal to c and c can be estimated
from the critical feedback gain which can be experimentally obtained. This method can be applicable regardless of the
magnitude of viscosity [4].

AFM USING VAN DER POL-TYPE POL-TYPE SELF-EXCITED MICROCANTILEVER

FM-AFM carries out the imaging of the surface of sample in nano-meter accuracy by detecting the natural frequency
shift of the cantilever due to the variation of the atomic force. The compensation of viscosity based on the above positive
velocity feedback makes the eigenstate of the resonator emerge. The response frequency of the self-excited oscillation
produced under the positive velocity feedback gain near the critical one corresponds to the natural frequency and the
detection is easy even in liquid environments. The equation of motion of the cantilever is expressed as follows:

ρA
∂2(y +∆y)

∂t2
+ EI

∂4y

∂t4
= 0, (2)

where y is the deflection of the beam and ∆y is displacement of the supporting point which is applied to produce the
self-excited oscillation in the cantilever. In the actuation accoridng to the feedback as

∆y = clin

!
ydt+ cnon

!
y3dt, (3)
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the linear term produces the above mentioned self-excited oscillation. Furthermore, the additional nonlinear feedback of
the second term can avoid the monotonically increasing response amplitude and realizes the self-excited oscillation with
small steady state amplitude under high gain nonlinear feedback. Then, the non-contact imaging in AFM is achieved [5].

MASS SENSING USING SELF-EXCITED COUPLED MICROCANTILEVERS

Mass sensing by a resonator has been also based on the shift of the natural frequency, i.e., eigenvalue of the resonator
system, depending on the mass. In contrast with this method, it is clarified that the utilization of the shift of an eigenmode
in weakly coupled oscillators realizes more accuracy mass detection [6]. The frequency response curve under the external
excitation is used to detect the eignemode. Similar to the above measurement, it is impossible in a viscous environment.
Accordingly, we propose the self-excited coupled cantilevers which is modeled to two-degrees-of freedom systems as Fig.
1, where m is equivalent mass of the resonator and ∆m is a measured mass. The base excitation of ∆y is established by
the displacement of one of cantilevers to produce the self-excited oscillation [7]. The detection of the displacements of

m m+!m

y1 y2

k k

cc

kc

!"y !"y

Figure 1: Sprin-mass-damper model for self-excited coupled microcantilevers.

the coupled cantilevers is carried out two laser Dopper vibrometers by the experimental apparatus as shown in Fig. 2. The
experiment demonstrated mass sensing of the order of ng [8].

Coupled cantilevers

LDVs

Figure 2: Experimental apparatus of self-excited coupled microcantilevers.
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TAILORING NONLINEAR DYNAMICS OF MICROBEAM RESONATORS WITH
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Summary We have developed an efficient shape optimization procedure for tailoring the nonlinear dynamic performance of microbeam
resonators with electrostatic excitation. By relatively simple modifications of the cross-sectional dimensions along the length of the beam
we demonstrate a considerable degree of control over the characteristic cubic nonlinear coefficient, allowing e.g. for extending the linear
range of operation for resonant MEMS devices, which is important for improving signal-to-noise and other performance metrics.

INTRODUCTION

Recently, we demonstrated in a numerical study [1] the possibility to significantly alter the nonlinear dynamic behavior
of beams and frames by employing shape optimization of the cross-sectional beam dimensions based on direct finite element
calculations of the cubic nonlinear coefficient. This was later supported by experimental observations for microbeams for
MEMS applications [2]. Both an increase of more than a factor 3 and a decrease of almost a factor 3 in the characteristic cubic
nonlinear coefficient was demonstrated for beams with optimized height profiles.

In the present paper the design procedure is extended to cover electrostatic excitation which is of major relevance for
MEMS applications. Furthermore, it introduces an additional nonlinearity in the problem due to the electrostatic force that
depends on the transverse displacements. In addition to the added complexity in modelling, the extra nonlinearity offers in-
creased possibility for tailoring the behavior since two nonlinear effects counteract: the structural hardening nonlinearity (due
to midplane stretching) and the electrostatic nonlinearity which is softening. Examples of shape optimization of electrostat-
ically actuated microbeams have recently appeared (eg. [3]), however, with focus on control of pull-in voltage and stability.
To the authors’ best knowledge we here present the first study on structural optimization with the aim to control the nonlinear
dynamics of electrostatically actuated microbeams.

COMPUTATIONAL MODEL

The basis for the optimization procedure is a model of a clamped-clamped beam including nonlinear effects from mid-
plane stretching and from electrostatic actuation caused by a symmetric set of fixed actuators located at distance d from the
undeformed beam midplane (Figure 1 left). The basic beam equation with a variable beam height h = h(x) reads:

ρhbẅ +
Eb
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! L

0

h(w′)2dx =
εbV 2

DC

2
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2
)2

−
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2
)2
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here, w is the transverse beam displacement, ρ is the mass density, E is Young’s modulus, b is the out-of-plane thickness,
L is the beam length, ε is the permittivity of air and VDC is the constant DC voltage applied to both fixed electrodes (the
time-dependent actuation part is here omitted). The r.h.s. represents a simplification of the electrostatic actuation force but has

d

VDC

VDC+V0cosΩt

h(x)

L

x
w(x,t)

Figure 1: Left: Microbeam with variable height h(x) with two fixed electrodes on each side at the nominal distance of d from
the beam centerline. Deflections of the beam are given as w(x, t). Right: Example of optimized beam profile.
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recently been experimentally supported for a similar configuration [5]. The model is discretized using Bernoulii-Euler beam
finite elements as outlined in [1].

As the first step in the analysis the corresponding linear FE eigenvalue problem is solved and based on the fundamental
linear mode Φ1 we directly compute the cubic nonlinear coefficient using normal forms [1, 4] as

α =
ne$

e=1

Ebhe

8l
(ΦT

1 KgΦ1)
2 −

ne$

e=1

εV 2
dc
b

d5e

! l

0

(NT
Φ1)

4dx (2)

where NT is the shape function matrix and Kg the geometric stiffness matrix.

PARAMETRIZATION AND OPTIMIZATION PROCEDURE

We choose the height of each beam element to be our design variables, i.e. we set

hmin < he < hmin (3)

where the minimum and maximum values of the beam height are chosen from fabrication tolerance (min) and minimum
allowable distance to the electrodes (max).

The optimization problem is now defined as a minimization problem wrt. the cubic nonlinear coefficient:

min
h

: α(he)

s.t. ω1(he) ≤ ω∗

f(he,Φ1(he)) ≥ f∗

(4)

where we have introduced constraints in form of the maximum value of the first eigenfrequency ω∗ and on the minimum
value of the modal excitation force f∗. To solve the optimization problem we apply an iterative gradient-based approach with
analytically computed sensitivities and use the robust mathematical programming tool MMA [6] to obtain design updates.

RESULTS

A preliminary beam design is shown in Figure 1 (right). The initial configuration has a softening nonlinearity due to the
dominating electrostatic effect. However, by modifying the shape of the beam the magnitude of the nonlinear coefficient has
been reduced by a factor of approximately 5. At the same time both the fundamental eigenfrequency as well as the modal
excitation force is unchanged compared to the initial straight beam.

CONCLUSION

We have demonstrated that it is possible, by simple variations of the beam cross-sectional geometry along the beam, to
significantly reduce out the effective nonlinearity while keeping the actuation level and linear dynamic unchanged. The results
shows promising perspectives for enhancing the linear operation range for electrostatically actuated microbeams and also more
complex microsized structures and devices. Further work include modifying also the shape of the electrostatic actuators as
well as experimental validation of the results.
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MULTISTABILITY OF A CANTILEVER MEMS/NEMS CAPACITIVE SWITCH MODEL

Devin Kalafut∗, Anil Bajaj, and Arvind Raman
School of Mechanical Engineering, Purdue University, West Lafayette, Indiana, USA

Summary In order to fully understand nonlinear dynamics of cantilever beam micro- and nanoelectromechanical capacitive switches, thor-
ough knowledge of static behavior is vital. Presented herein is the analysis for equilibrium positions of a generalization of such devices. The
representative system model employs multiphysics features based on Euler-Bernoulli beam theory, parallel plate capacitance for electro-
statics, and a form of surface interaction with both attractive and repulsive regions. The geometry, material properties, and surface features
of a device are condensed into just a few dimensionless quantities, creating a parameter space of low enough dimensionality to provide
accessible representations of all system equilibria within physically relevant ranges. The results offer insight into the breadth of obtainable
multistability as well as sensitivity to parametric uncertainty, which is crucial for informing studies on switching dynamics and various
device performance metrics.

INTRODUCTION

Micro- and nanoelectromechanical systems (MEMS/NEMS) based switches are of great interest in low-power, portable
electronics and RF telecommunications devices due to their favorable operating voltages, low-insertion loss, switching time,
and size [1]. Mathematical models of electrostatically actuated MEMS and NEMS switches have been key to understanding
the dynamic behavior of such systems [2]. Toward this end, a first goal is to explore the eventual states of an electrostatically
actuated cantilever and understand the connection between the various physical properties and the occurrence of bi- and
tristability in these switches.

Many past works have focused on multistability without explicit inclusion of surface forces [3, 4, 5]. Broadly speaking,
these tend to be interested in the relationship between the electrostatic forces and equilibrium positions. Conversely, varius
studies have analyzed surface forces relevant to MEMS/NEMS switches without directly extending results to the breadth of
multistability that may be present [6, 7]. Finally, there are a couple examples of research groups assessing both concepts for
specific purposes. Stulemeijer, Bielen, Steeneken, and van den Berg analytically and experimentally identified equilibrium
positions of a rectangular plate capacitive MEMS switch suspended by for spring-like supports[8], while Ouakad and Younis
looked specifically at the influence of capillary forces on instabilities of a cantilever beam [9]. A void exists in discussing
the basic relationship between surface forces and equilibrium positions of a cantilever capacitive switch in its most simple
representation.

MODEL FORMULATION

Cantilever MEMS/NEMS capacitive switches are manufactured with a small air gap between the beam and the dielectric-
coated substrate, as shown in Fig. 1 (a). Device operation is controlled by the electric potential applied between the metallic
beam and underlying electrode beneath the dielectric. When a high enough potential is applied for a given configuration, it is
possible for the deflecting beam to come into contact with the dielectric. Thus, surface forces between the two materials play a
key role in determining final resting states and shapes of the cantilever, and, in turn, the overall capacitance of the component.

For each contributing multiphysics interaction in the model, a simple formulation is chosen to capture the most basic
behavior relevant to the analysis. Bernoulli-Euler beam theory is assumed to be sufficient for deformations, as is parallel
plate capacitance for the electrostatic actuation. For surface interactions, a model based on the Lennard-Jones potential is
incorporated. This is physically appropriate when assuming flat surfaces approaching contact, but could also be extended as
a fit to imperfect scenarios. When combined, nondimensionalized, and assessed at rest, the resulting form studied is shown
in Eqn. (1). The left side is the remaining static term from beam theory, and the right side terms are from electrostatics and
surface interactions, in order, where all symbols are dimensionless. Here, w is related to the deflection of the beam at a point
x along the beam length, as in Fig. 1 (a), while the parameters V , g, H , and z0 come from applied voltage, dielectric effects,
surface force strength, and zero-pressure gap, respectively. It is helpful to note that the nondimensionalization of w, g, and z0
are all done by simply dividing by the manufactured air gap, but that of V and H are more intricate, involving beam stiffness,
geometry, and material properties.

∂4w

∂x4
/

V 2

�1 � g − w�2
− H

�1− w�3

!"
z0

1− w
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− 1

$
(1)
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SYMMETRY-BREAKING IN A THREE-NANOMECHANICAL-RESONATOR ARRAY FOR
MASS DETECTION
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Summary Due to their accuracy and their size, M/NEMS resonant sensors are present in a lot of domain such as automotive, aerospace and
biotechnology. They are used as accelerometers, gyroscopes for inertial navigation and also mass detection which is the target application
of this investigation. The literature essentially focus on improving the sensitivity of a single resonator. Mass sensors are now able to detect
a mass around a few zeptograms. This work presents a three-nanomechanical-resonator array analysis. The original contribution lies in the
use of the array symmetry-breaking for mass detection.

ARRAY OF THREE NANOMECHANICAL RESONATORS

An array of three clamped-clamped beams is considered, as sketched in Fig. 1. All beams are assumed to have identical
dimensions ( length l, width b, height h, moment of inertia I , gap g between two adjacent beams) and identical material
properties (Young’s modulus E and material density ρ). Each beam is subjected to the electrostatic forces due to its two
adjacent beams. The two beams at both ends of the array (beam 0 and n+ 1) are clamped and non-deformable.

0 1 2 3  nano-beam
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Figure 1: Array of three clamped-clamped M/NEMS beams.

Let w̃s be the lateral displacement in the plane x − z along the z-axis of the s-th beam and Vs,s+1 = V dcs,s+1 +
V acs,s+1 cos(Ωt) the voltage between s-th and s+1-th beams. The s-th resonator motion equation can be written as [1, 2]:
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$2 −
V 2
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$2

'
(1)

where s = 1, .., 3 and Ñs is the axial force acting on the s-th beam and resulting from an externally applied load or from
residual manufacturing stress. ϵ0, CN are the dielectric constant and fringing field coefficient respectively. First and last
resonators are clamped, therefore the following conditions apply:

w̃0(x̃, t̃) = w̃N+1(x̃, t̃) = 0. (2)
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By assumption the three identical beams have the same eigenmodes. First, a Galerkin expansion is used to eliminate the
spatial dependence of the lateral displacement. Then the electrostatic forces in Eq. (1) are treated by either multiplying by the
denominator or either using Taylor series expansions. Then the Harmonic Balance Method associated with the Asymptotic
Numerical Method (HBM+ANM) [3] is used to solve Eq. (1). The ANM is preferred to a more conventional Newton- Raphson
method because of the robustness of the ANM-based continuation and its ability to follow very complicated solution branches.

MASS DETECTION USING SYMMETRY-BREAKING OF NANOMECHANICAL RESONATOR ARRAYS

In order to use the symmetry-breaking of the resonator array for mass detection, a symmetric configuration is considered,
with symmetric voltages as defined in Table 1. The electrostatic forces acting on both sides of the central beam are therefore
compensating each others. Consequently, the central resonator will not vibrate. The symmetry-breaking appears when a mass
fall on either the first or the third resonator. The symmetry is then broken and the central resonator starts to vibrate. The
presence of a mass is thus detected.

Depending on the value of the added mass, different responses are obtained. The corresponding curves are plotted in Fig.
2. The central figure represents the response of the central beam. Without added mass (m = 0) the central beam does not
vibrate. As soon as a mass is added on the first or the third beam, the symmetry is broken and the vibration amplitude of the
central beam is not null anymore and increases with the value of the added mass.

V dc10 V ac10 V dc21 V ac21 V dc32 V ac32 V dc43 V ac43
0 0 5.3 1 5.3 1 0 0

Table 1: Voltage configuration of the three array beams.

22.15 22.2 22.25
0.08

0.1

0.12

0.14

0.16

0.18

0.2

�

W
m

ax

5×10 4

10 4

10 12,10 8,10 6

m=

m=

m=

m=0

22.15 22.2 22.25
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

�

W
m

ax

5×10 4

10 4

10 12,10 8,10 6

m=

m=

m=

m=0

22.15 22.2 22.25

0.08

0.09

0.1

0.11

0.12

0.13

0.14

0.15

0.16

0.17

�

W
m

ax

10 4

5×10 4

10 12, 10 8, 10 6

m=0

m=

m=

m=

Figure 2: Array of three clamped-clamped M/NEMS beams.

CONCLUSIONS

A new mass detection method using symmetry-breaking of a M/NEMS array has been proposed. This method gives an
original way to detect particles and to determine their mass. This work is a first step towards MEMS-based mass spectrometry
via the implementation of thousands resonators in parallel.
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Summary A nonlinear identification technique is presented to obtain the damping of isotropic and laminated sandwich rectangular plates and 
curved panels subjected to harmonic excitation as a function of the vibration amplitude. The response of the structures is approximated by (i) 
reduced-order models with 10 to 100 degrees of freedom and (ii) a single-degree of freedom Duffing oscillator. The method uses experimental 
frequency-amplitude data and the least-squares technique to identify parameters and reconstruct frequency-response curves by spanning the 
excitation frequency in the neighbourhood of the lowest natural frequencies. In order to obtain the experimental data, a sophisticated measuring 
technique has been used. The results reveal a strongly nonlinear correlation between the damping and the vibration amplitude. 
 

Introduction 
   A challenging concept in nonlinear system identification is the characterization of damping from experimental data. 
Dissipation is intrinsically a nonlinear phenomenon. The modal damping assumption is a convenient tool that has been 
extensively used to model dissipation. However, this model generally does not take into account that damping changes with 
the vibration amplitude. Different nonlinear damping mechanisms have been proposed, the most common being the 
quadratic damping [1]. Other forms of nonlinear damping include quadratic and cubic powers of relative velocity [2]. 
Another damping model that is quite often used is the viscoelastic model [3]. Although there have been numerous studies 
about nonlinear damping, so far none has discussed the change of damping with the vibration amplitude. Therefore, 
different from previous studies, we propose a nonlinear identification technique to examine the damping behavior of plates 
and panels during large amplitude vibrations. In order to perform the identification technique, first nonlinear experiments 
are conducted on isotropic and laminated sandwich plates and curved panels with (i) free edges and (ii) clamped boundary 
conditions by using a Laser Doppler Vibrometer and a LMS signal processing system to obtain nonlinear experimental 
frequency-response curves. Then, the frequency-amplitude data obtained from experiments are used as the inputs for the 
identification scheme and the least squares method is utilized to minimize the error between the measured response and the 
identified model. It is observed that damping grows very significantly with the vibration amplitude. 
 

Experimental procedure 
   The non-linear vibration tests have been performed by increasing and decreasing the excitation frequency in very small 
steps in the frequency neighbourhood of the fundamental mode by using a stepped-sine testing technique [4]. The excitation 
has been provided by an electro-dynamic shaker, driven by a power amplifier, via a stinger connecting the shaker to the 
piezoelectric miniature force transducer (B&K type 8203) attached to the structure. The response is then measured by using 
a very accurate Polytec single point Laser Doppler Vibrometer (sensor head OFV-505 and controller OFV-5000) in order to 
have non-contact displacement measurement with no introduction of added mass. The time responses have been measured 
by using a SCADAS III front-end connected to a workstation and the LMS Test.Lab software has been used for signal 
processing, data analysis and excitation control. In particular, the MIMO Sweep & Stepped Sine Testing application of the 
LMS system has been utilized to generate the excitation signal and its closed loop control has been used to keep the force 
constant while the excitation frequency is varied in the neighbourhood of the fundamental frequency. 
 

Modelling and identification method 
   In order to identify the damping for the experimental data, two procedures are used and their results are compared. First, 
a very accurate reduced order model with a number of degrees of freedom of the order of 10 to 100 is built and the 
equations of motions are integrated numerically by using a pseudo-arclength continuation and collocation scheme and the 
damping is varied until the experimental results are matched. The details on the reduced-order models are given in [4]. In 
the second procedure, the response of the tested structures is approximated by a single dimensionless nonlinear oscillator 
with viscous damping, quadratic and cubic non-linearities as follows: 

 2 2 3

2 3 cos( ) ,r x x x x x tζ η η λ+ + + + =!! !       (1) 

where x and t are made dimensionless with respect to the structure’s thickness and the excitation frequency, respectively. 

Moreover, ζ is the damping ratio, λ is the dimensionless force, r is the frequency ratio (the ratio between the excitation 

frequency and the fundamental frequency), and η2 and η3 are the dimensionless quadratic and cubic non-linear terms, 
respectively. Next, the harmonic balance method is applied and the solution of equation (1) is approximated by 

 [ ]0 2 1 2
1

sin cos ,
N

N k k

k

x x x x kt x kt−
=

≈ = + +∑       (2) 

where N is the chosen order of truncation and xN is the truncated Fourier series representation of x. A system of algebraic 
equations is obtained that relates the frequency ratio r to the amplitudes xN. Next, the identification is conducted by 
assuming that the vibration amplitude xN, the frequency ratio r and the harmonic force amplitude are already known for 
every frequency step from experiments. Therefore, in order to obtain the damping and the non-linear parameters, the 
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Abstract We study stress wave propagation in an impulsively forced split Hopkinson bar system with a frictional interface. By first 
considering only the primary-wave transmission and reflection, we reduced the problem to a first-order, strongly nonlinear ordinary 
differential equation. An Iwan element is chosen to model the frictional interface. The primary-wave propagation model is used to identify 
the Iwan parameters by maximizing the R-squared value between the experiment and simulation results. Using the optimized Iwan 
parameters, a high-order finite element model is used to simulate multiple transmissions and reflections across the interface. The results 
demonstrate that the primary-wave propagation model can be used for nonlinear system identification at a lower computational cost 
compared to higher-order models.  
 

INTRODUCTION 
 

   High-order finite element (FE) models are often employed to identify system parameters, leading to high computational 
costs. As such, it is often desirable to develop low-cost reduced order models (ROMs) that can be used to identify accurately 
system parameters. One area where this proves difficult is in the prediction of mechanical wave propagation across a nonlinear 
interface in a waveguide due to an impulsive load. A conventional waveguide is the split Hopkinson pressure bar (SHPB) [1].  
Recently, an SHPB system has been used to study the effects of threaded interfaces [2]. This work presents a new nonlinear 
system identification method based on the primary-wave propagation (PP) model proposed in [3]. We show that the PP model 
can accurately identify the parameters in an Iwan element used to model the nonlinear interface studied in [2] at a reduced 
computational cost. 
 

PROBLEM FORMULATION 
 

   We consider the system depicted in Figure 1, composed of two linear elastic layers coupled by a nonlinear interface. The 
equation of motion governing the longitudinal waves in each layer is 
 2 2 2 2/ / 0, 1, 2,i iu t u x i�w w w w     (1) 

where � �,i iu u x t  is the thi  longitudinal displacement. Additionally, all variables are normalized such that 0 1.xd d  The 
layers are assumed to start with zero initial conditions, with 0t   defined as the time when the primary pulse reaches the left 
boundary 0x   of the layer. The boundary conditions for the layers are 
 � � � � � �2 2 21 10 1 0 1, , , , , 0,/ / / /inx x x xu x F t u x K z z u x K z z F u x

    
w w  w w  w w   w w    (2) 

where the relative displacement is � � � � � �
2 1

, 0 ,1 .z t u t u t �  With the system defined, we turn to the method developed by 
Pilipchuk in [3], which reduces the problem to a single first-order, nonlinear, ordinary differential equation (ODE) by 
considering only the primary transmission and reflection. Pilipchuck provides a full derivation in [3]; here only the resulting 
equations are presented:  
 � � � � � �

01 / 2 , 0,,in tz K z z F t z
 

�     (3) 

 � � � � � �
2 1 / 2 ,inF t F t z �   (4) 

where 2F is the transmitted force. Additionally, the reflection into the first layer is  
 

 
Fig. 1 Impulsively forced dual-layer system with nonlinear interface 
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UNCERTAINITY QUANTIFICATION AND ROBUSTNESS ISSUES IN PLANAR
NONLINEAR RESONANT STRUCTURES

Astitva Tripathi1 and Anil K. Bajaj ∗1
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Summary Nonlinear resonators employing 1:2 internal resonance have been proposed as sensing elements in some Micro-Electro Mechan-
ical Systems (MEMS). A critical aspect of their performance is their robustness of performance with respect to variations resulting from
fabrication uncertainties. In this study, an uncertainty quantification analysis is performed on several candidate designs for 1:2 internal
resonances obtained via a computational synthesis method, and the interplay of geometric fabrication errors and robustness is illustrated.

INTRODUCTION

MEMS Devices operating on the principal of resonant behavior under 1:2 internal resonance have been proposed in
applications such as mass and chemical sensors [1]. Additionally, new synthesis methods have been developed [2] which can
generate several candidate designs for such resonators. Resonators based on 1:2 internal resonances are often designed so as
to have their first two natural frequencies in the ratio of 1:2. In the computational synthesis method in [2], structures composed
of beams having constant cross section joined orthogonally to each other are linearly designed as candidate structures for 1:2
internal resonance by varying the shape and size of structural elements. The intended properties of 1:2 frequency ratio are
achieved by optimizing topology of the linear structure and dimensions of individual beams. As manufacturing processes have
some inbuilt variability in the dimensions they can produce, it is critical to analyze the candidate resonators for their ability
to provide sufficient performance in the face of dimensions achieved in actual fabrication compared to the nominal structure.
While applicable for linear resonators as well, such uncertainty quantification and robustness considerations are especially
important for nonlinear systems as the resonators are quite sensitive to variations in the frequency ratio from nominal value.
In this work, four resonators synthesized using the method described in [2] are compared for robustness of their nonlinear
resonant performance in face of uncertainties induced in dimensions due to manufacturing tolerances.

STRUCTURE SYNTHESIS AND NONLINEAR REDUCED ORDER MODEL

As stated in the introduction, the candidate resonators for 1:2 internal resonances consist of constant cross-section beams
joined orthogonally to each other and undergoing planar vibrations. A hierarchical optimization method described in detail in
[2] is used to synthesize these structures so that their first and second natural frequencies are in the ratio 1:2. Figure 1 shows
four of these candidate structures for 1:2 internal resonance obtained using the hierarchical optimization method. Note that
when the structures are fabricated using MEMS fabrication techniques, the structures deviate from nominal designs.

To obtain the nonlinear equations of motion for the candidate structures, Euler-Lagrange conditions coupled with the
method of averaging are used. It is assumed that the overall nonlinear structural response of these systems consists predomi-
nantly of the lowest two modes. The transverse deflection of the ith beam of the structure can be written as:

vi = ϵ(A1φi1 +A2φi2) , (1)

where A1 and A2 are the modal amplitudes that are only functions of time, and φi1 and φi2 are the first and second linear
modes of the ith beam, respectively. Following the standard averaged Lagrangian approach [3], the two-mode nonlinear
resonant dynamics with quadratic (inertial) nonlinearity is reduced to four first-order equations describing the slow evolution
of the amplitudes A1 and A2 in Eq. (1) and the frequency response is obtained using these first-order equations. It is well-
known [1, 2, 3]that when the second mode is excited near its natural frequency, under the 2:1 internal resonance, the first
mode is excited due to its nonlinear modal coupling with the second mode. The strongest coupling is when the two modal
frequencies have a ratio of 2. In the presence of frequency mistuning, the response of the first mode goes down significantly.
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Figure 1: Optimized structures obtained for 1:2 frequency ratio as obtained in [2]. The planar structures are clamped at the
red ground. The ratio of the first two natural frequencies for each of the structures is 2.0000.
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Figure 2: Histograms of the frequency ratio ω2
ω1

of the structures shown in Fig 1.

Figure 3: Mode 1 amplitude at zero external mistuning (excitation frequency equal to ω2) of the structures shown in Fig. 1.
The red line indicates the failure criterion amplitude.

UNCERTAINITY QUANTIFICATION

Variations in structural dimensions of the optimized structures result in the natural frequency ratios of the structures to
deviate from 2 and thus, a degradation in device performance. To study the effects of variations in the beam lengths on
the nonlinear response of the structure, consider the variations in lengths to be governed by a uniform distribution. Thus,
beam length variations are assumed to be ±10% from the nominal. Samples generated using the Latin Hypercube Sampling
technique are then used to compute the variation in natural frequencies with respect to the beam lengths. This relationship is
expressed in the form of a response surface using the Multiadaptive Regression Splines (MARS) [4] which can be sampled to
study the effect of dimensional uncertainties on nonlinear response of the first mode, and thus the device performance.

To compare the four candidate structures shown in Fig. 1 from the point of view of robustness of the nonlinear response,
a test is defined to quantify each resonator’s operational success or failure. This test can be stated as,“If for a given set of
parameters along with a fixed value of forcing at the second natural frequency, the amplitude of the first mode response is
more than or equal to 50% of the first mode amplitude for the nominal case, the device is said to be successful”. This is based
on the expectation that when a certain number of devices (or structures) are fabricated using identical manufacturing process,
a certain fraction will not exhibit strong internal resonance, and thus the coupled mode nonlinear response. Figure 2 shows
the histogram of the frequency ratios for the four structures. Figure 3 shows the mode 1 amplitudes of the four candidate
structures at exact external resonance. Mode 1 amplitude is highest when the design is at its nominal point (i.e., the frequency
ratio is equal to 2), and deviations from a frequency ratio of 2 cause a gradual drop in efficacy of modal coupling finally
leading to the mode 1 amplitude becoming zero. The device failure rates for the respective structures are 28.98%, 34.62%,
35.30% and 97.14%. Thus, it is clear that among the four structures Structure 1 from Fig. 1 is the most robust to fabrication
errors.

DISCUSSION AND CONCLUSIONS

Several candidate structures were compared for resonant coupled mode dynamics with regards to their ability to provide
functionality in face of dimensional variability. The study brings forth the added aspect of nonlinear resonator design for
internal resonances as some optimal designs, such as structure 4, may not be robust enough to handle uncertainties in device
fabrication.
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STUDIES OF ROTOR-STATOR SYSTEM SUBJECTED TO NOISE EXCITATIONS

Vipin Agarwal∗1 and Balakumar Balachandran1
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Summary In this work, the authors present stochastic averaging studies conducted to examine torsional vibrations of a Jeffcott rotor sub-
jected to continuous stator contact. The rotor drive input includes a deterministic input and white noise. The influence of noise on both
forward and backward whirling motions is considered. In the experimental arrangement, noise is introduced through the drive motor signal.
The experimental results are presented along with the results of the analytical-numerical studies and discussed.

INTRODUCTION

Noise is unavoidable and present is a range of engineering systems, and it can play a significant role in influencing system
dynamics. In the current study, a combination of experimental and analytical-numerical studies are undertaken to understand
the response of a rotor-stator system subjected to noise. The authors make use of the stochastic averaging method [1] to
determine the response of the rotor-stator system. This averaging method has been used quite effectively to study the response
of linear and nonlinear systems subjected to a combination of deterministic and noise inputs (e.g., [2, 3]). The physical system
of interest here is a drill-string system, a representative illustration of which is provided in Fig. 1. Drill strings are long,
tubular structures that are used for boring holes in the ground. These systems can undergo large torsional deformations as well
as lateral displacements.. In general, noise is considered undesirable for the performance of an engineering system. However,
noise may have beneficial effects on the dynamical behavior of systems and it can have a significant influence on the system
dynamics (e.g., [4]). As an extension of their prior study, the authors consider the influence of noise on the dynamics of a
flexible rotor with continuous stator contact.

EXPERIMENTAL ARRANGEMENT

The experimental arrangement consists of a rotor disc attached to a rotating rod. The rotating rod is made of aluminium
and referred as a string due to its slenderness. In the experiments, this structure has a diameter of 3.2 mm and spans a length
of approximately 2.0 m. The rotor is made of aluminium and has a diameter of 15.2 cm, and this rotor is enclosed within a
circular stator with an inner diameter of 20.3 cm. A small mass is attached to the rotor in order to create an imbalance and
eccentricity in the string-rotor system. The complete assembly is shown in Fig. 2.

Figure 1: Representative drill-string system [5].
∗Corresponding author. Email: vagarwal@umd.edu



���

��

��

�20>;.F
�F�A9.;26.7=*5F�;;*70.6.7=�F�*�F�8695.=.F�A9.;26.7=*5F�;;*70.6.7=�F�+�F"89F�<<.6+5B�F�,�F�8==86F�<<.6+5B

"1.F.7=2;.F<=;270�;8=8;F*<<.6+5BF2<F-;2?.7F+BF*F=1;..�3*@F<.5/F,.7=.;270F,1>,4F=1*=F2<F,877.,=.-F=8F*F<=2//F<=*275.<<F<=..5

-;2?.7F<1*/=F*7-F68=8;�F�--2=287*55B�F*F<529F;270F95*,.-F*5870F=1.F-;2?.F<1*/=F*558@<F/8;F<=;*27F0*0.<F=8F+.F<.,>;.-F=8F=1.F<=;270�

"1.F<=;*27F->.F=8F+.7-270F*7-F=8;<287*5F?2+;*=287<F6*BF+.F6.*<>;.-F-.9.7-270F>987F=1.F,87�0>;*=287F8/F<=;*27F0*0.<�F�8;

,.;=*27F-;2?.F<9..-<�F=1.F;8=8;F,86.<F27=8F,87=*,=F@2=1F=1.F<=*=8;F*7-F2<F<>+3.,=.-F=8F/;2,=287*5F/8;,.<�F"1.F;8=8;F6*BF.2=1.;

<=*BF27F,87=27>8><F,87=*,=F27F<=*=8;F@125.F2=F.A9.;2.7,.<F-2//.;.7=F=B9.<F8/F@12;5270F68=287<F8;F;.=>;7F+*,4F=8F=1.F,.7=.;F8/F=1.

<=*=8;�F�7F=1.F9;.<.7=F<=>-B�F=1.F*>=18;<F,87<2-.;F=1.F,87<=*7=F,87=*,=F,*<.<F27F=1.F.A9.;26.7=<�

"8F,8695.6.7=F=1.F.A9.;26.7=<�F*7*5B=2,*5�7>6.;2,*5F<=>-2.<F+*<.-F87F=1.F<=8,1*<=2,F*?.;*0270F6.=18-F2<F,*;;2.-F8>=�F"1.

;8=8;�<=*=8;F<B<=.6F2<F787527.*;F27F7*=>;.�F"1.F=8;<287*5F*7-F5*=.;*5F?2+;*=287<F*;.F,8>95.-F+BF=1.F.,,.7=;2,2=BF8/F=1.F>7+*5*7,.-

6*<<F=1;8>01F=1.F27.;=2*5F=.;6<F*7-F;8=8;F2<F*5<8F<>+3.,=.-F=8F-2<,87=27>8><F/8;,.<F=1*=F*;2<.F/;86F=1.F,87=*,=F@2=1F=1.F<=*=8;�

�F;.->,.-�8;-.;F68-.5�F27F=1.F/8;6F8/F*F68-2�.-F�.//,8==F;8=8;F68-.5�F2<F><.-F/8;F=1.F*?.;*0270F*7-F7>6.;2,*5F<=>-2.<F@1.7

782<.F2<F9;.<.7=F27F=1.F<B<=.6F279>=�F�<F9*;=F8/F=1.F<=>-2.<�F=1.F*?.;*0.-F�844.;��5*7,4��85680;8?F.:>*=287F2<F<85?.-F+BF><270

=1.F9*=1F27=.0;*=287F6.=18-�F�>6.;2,*5F;.<>5=<F*;.F8+=*27.-F/8;F6*4270F,869*;2<87<F@2=1F=1.F.A9.;26.7=*5F8+<.;?*=287<�

"1.F<=8,1*<=2,F*?.;*0270F6.=18-F1*<F+..7F><.-F=8F<=>-BF=1.F;.<987<.F8/F*F�.A2+5.F;8=8;F<B<=.6F27F,87=27>8><F<=*=8;F,87=*,=�

�A9.;26.7=<F*;.F,87->,=.-F@2=1F*F5*+8;*=8;BF<,*5.F*;;*70.6.7=F8/F*F98;=287F8/F*F-;255�<=;270F<B<=.6�F"1.F.//.,=2?.7.<<F8/F782<.

27F27�>.7,270F+*,4@*;-F*7-F/8;@*;-F@12;5270F68=287<F2<F.A*627.-F=1;8>01F=1.F*7*5B=2,*5�7>6.;2,*5F*7-F.A9.;26.7=*5F<=>-2.<

*7-F-2<,><<.-�

!>998;=F;.,.2?.-F/8;F=12<F@8;4F=1;8>01F�!�F�;*7=F�8�F����	���	�	F2<F0;*=./>55BF*,478@5.-0.-�


���	��� ��� ���	�����	���
����	 �������

����	����� �
���

������	���
���

���������

(	)F!=;*=878?2,1�F �F���F	���� �F#85�F
�F� �F�;.<<�

(
)F�>*70�F'��F'1>�F$��F�2�F&��F*7-F�8�F���F
��
�FC!=8,1*<=2,F*?.;*0270F8/F<=;8705BF787�527.*;F8<,255*=8;<F>7-.;F+8>7-.-F782<.F.A,2=*=287D�

�
��F99�F
�E
���

(�)F�1.7�F���F*7-F'1>�F$��F
����FC!=8,1*<=2,F*?.;*0270F8/F<=;8705BF787527.*;F8<,255*=8;<F@2=1F<6*55F/;*,=287*5F-.;2?*=2?.F-*69270F>7-.;F,86+27.-F1*;6872,

*7-F@12=.F782<.F.A,2=*=287<D� ����F99�F
�	E
�	�

(�)F�0*;@*5�F#��F*7-F�*5*,1*7-;*7�F���F
�	�FC�82<.�27�>.7,.-F;.<987<.F8/F->/�70F8<,255*=8;D�F�7F�!��F
�	F�7=.;7*=287*5F�.,1*72,*5F�7027..;270

�870;.<<F*7-F�A98<2=287�F�6.;2,*7F!8,2.=BF8/F�.,1*72,*5F�7027..;<�

()F�2>�F%��F#5*32,�F���F�870�F%��F�.70�F���F*7-F�*5*,1*7-;*7�F���F
�	��FC�87527.*;F68=287<F8/F*F�.A2+5.F;8=8;F@2=1F*F-;255F+2=�F<=2,4�<529F*7-F-.5*BF.//.,=<D�

�	�
��F99�F�	E���

��� �
������������������������������

���������������

������	�������

����������������
��

����������������
��



a) Corresponding author. Email: hongling@mail.xjtu.edu.cn 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

TRANSIENT RESPONSES OF A FORCED TRIPLE WELL POTENTIAL SYSTEM WITH 
FUZZY UNCERTAINTY

Ling Hong1a), Jun Jiang1 & Jian-Qiao Sun 2

1 State Key Lab for Strength and Vibration, Xi’an Jiaotong University, Xi’an, 710049, China 
2 School of Engineering, University of California at Merced, Merced, CA 95344, USA 

Summary Transient responses of a forced triple-well potential system with fuzzy uncertainty are studied by means of the Fuzzy Generalized 
Cell Mapping (FGCM) Method. The FGCM method is first introduced. A rigorous mathematical foundation of the FGCM is established as a 
discrete representation of the fuzzy master equation for the possibility transition of continuous fuzzy processes. The FGCM offers a very 
effective approach for solutions to the fuzzy master equation based on the min-max operator of fuzzy logic. A fuzzy response is characterized 
by its topology in the state space and its possibility measure of membership distribution functions (MDFs). This paper focuses on the evolution 
of transient MDFs of the fuzzy response. It is found that as the time goes on, transient MDFs spread around three potential wells. The 
evolutionary orientation of transient MDFs aligns with unstable invariant manifolds leading to stable invariant sets. 

FUZZY GENERALIZED CELL MAPPING 

   Consider a dynamical system with fuzzy uncertainty, 
( , , ),t S x! "x f x D! (1)

where x is the state vector, t the time variable, S a fuzzy set with a membership function ( ) (0,1]S s# "  where s S" , and f
is a vector-valued nonlinear function of its arguments. D is a bounded domain of interest in the state space. When the 
system parameter S is a fuzzy number, Equation (1) is a fuzzy differential equation. The equation of the FGCM system is 
given as follows by discretizing the time t, state variables x and the fuzzy set S in Equation (1) 

          ( 1) ( ), ( ) (0), ( 1) max min[ , ( )]n
i ij jj

n n n p n p p n$ ! ! $ !p P p p P p" " (2)

where 1n n$ !P P P"  and 0 !P I . "  denotes the min-max operation. The matrix P denotes the one-step transition 
possibility matrix, nP denotes the n-step transition possibility matrix. The vector p(n) is called the n-step membership 
distribution vector and p(0) the initial membership distribution vector. The (i, j)th element pij of the matrix P is called the 
one-step transition possibility from cell j to cell i. Equation (2) describes the evolution of a fuzzy response process and its 
MDFs.

Consider the fuzzy master equation for the possibility transition of continuous fuzzy process [1], 

            
0

0 0 0 0( , ) sup[min{ ( , , ), ( , )}],p t p t t p t
"

! "
x D

x x x x x D . (3)

where x is a fuzzy process, p(x, t) is the membership distribution function of x at t, and p(x, t, x0, t0) is the transition 
possibility function. Equation (2) of the FGCM can be viewed as a discrete representation of fuzzy master equation (3). The 
solution to this equation is in general very difficult to obtain analytically. The FGCM offers a very effective method for 
solutions to this equation, particularly, for fuzzy nonlinear dynamical systems [2] 

TRANSIENT ANALYSIS OF MDFS  

   Consider a forced Duffing oscillator with a triple-well potential driven by additive fuzzy noise, 

            3 50.35 0.5 0.05 0.2cos
x y

y y x x x t S
!%

& ! ' ' $ ' $ $(

!
!  (4)

where S is a fuzzy parameter with a triangular MDF, 

0 0 0

0 0 0

[ ( )]/ ,
( ) [ ( )]/ ,

0,
S

s s s s s
s s s s s s

otherwise

) ) )
# ) ) )

' ' ' * +%
,! ' ' $ * + $&
,(

(5)

where ) >0 is a parameter characterizing the intensity of fuzziness of S and is called fuzzy noise intensity. s0 is the nominal 
value of S with membership grade 0( ) 1S s# ! . We take s0=0,) =0.4.  
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SYNCHRONIZATION OF SELF-INDUCED FRICTION OSCILLATORS 
 

Michal Marszal & $QGU]HM�6WHIDĔski 
Division of Dynamics, Lodz University of Technology, Lodz, Poland 

 
Summary In this paper, the synchronization properties of self-induced dry friction oscillators coupled in array are investigated. As a 
research tool which allows one to predict the synchronization thresholds, the method called master stability function is applied. It is 
realized in the form of the reference probe of two coupled oscillators. Our results demonstrate that this technique can be successfully 
applied for such strongly non-smooth systems with discontinuities. 
 

INTRODUCTION 
 

Phenomenon of synchronization can be defined as a correlation (adjustment) in time of two or more different processes. 
Collective motion of dynamical systems has been known for a long time, i.e., since the second half of 17th century, when 
Christian Huygens observed that two pendulum clocks hanging at the same beam can synchronize in phase [1]. Next, this 
phenomenon has been observed and investigated in various types of mechanical or electrical systems [2]. Recently, the idea 
of synchronization has taken a more interdisciplinary character as a powerful basic concept in nature regulating a large 
variety of complex processes [3]. 

A concept called master stability function (MSF) is a useful tool to determine the complete synchronization (CS) 
thresholds for different coupling configuration of identical oscillators [4]. In general, we can define the MSF as a surface of 
the largest transversal Lyapunov exponent (TLE) over the complex numbers plane �D�� E� representing arbitrary eigenvalue 
� J of the connectivity matrix Gn (see Sec. II), where D�  � VRe(J�� and � E�  � VIm(J�. In mechanical oscillators one has mutual 
and symmetrical interaction yielding to real coupling, i.e. E�  � 0. Then the MSF is a function of the real number D, such that  

VJD         (1) 

If all the eigenmodes corresponding to discrete spectrum of eigenvalues VJi (i = 1, ..., n) of the can be found in the ranges of 
negative TLE then the synchronous state is stable. According to the idea of two oscillators probe these synchronous ranges 
of D are approximated (via relation (1)) by corresponding V-intervals of zero synchronization error [5]. Concluding, results 
obtained for a pair of oscillators allow us to approach possible synchronization ranges for any configuration of coupled 
oscillators. 
  

 
Figure 1. Array of friction oscillators coupled by springs 

 
 

MODEL 
 

Consider an array composed of forced stick-slip friction oscillators shown in Fig. 1. A single oscillator is described by 
the following equation 

)()cos( rN vfFȍWUxkxm ��� �� ,      (2) 
 

where k is the stiffness constant, U amplitude of kinematic excitation, : forcing frequency, FN normal load force, 
xvv br �� is a relative velocity between the contact surfaces and � � --PPP sgn)exp()()( avf kskr ���  represent 

assumed friction characteristic. Introducing mk 0Z , static deflection 2
00 Zgx  , dimensionless time t0ZW   and 

the following substitutions: 0ZZ : , 0xUu  , mgFN H , 00Z-- xbb  , yb �� --  we obtain dimensionless 
equations of friction oscillators array in form 
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is a the connectivity matrix defining the structure of array connections. Coupling coefficient V defines the overall strength 
of the coupling. 

RESULTS 
 

Let us consider the array composed of four coupled oscillators. For the assumed driving frequency Z = 1.40 the single 
oscillator operates in chaotic regime. Other parameters are: - =0.1, Ps=0.3, Ps=0.15, a=2.5, H=2.0, u=0.1. In Fig. 2 the 
MSF, represented by synchronization error eII(D) calculated from two oscillators probe, is projected via eigenvalues of 
connectivity matrix G4 on the bifurcation diagram of average synchronization error eIV evaluated for four coupled 
oscillators. Synchronization error eII(V) is scaled according to Eq.(1) by absolute value of non-zero eigenvalue of 
connectivity matrix G2 (i.e 21  J ) in order to obtain eII(D) function. This function is plotted vertically on top left part of 

Fig. 2, whereas eigenvalues spectrum iVJ on top right. At the bottom, average synchronization error for four coupled 
oscillators as a function of coupling strength V is presented. The synchronization occurs if all eigenmodes corresponding to 
the discrete spectrum of eigenvalues are found in the ranges of zero synchronization error for two oscillators test probe 
(horizontal grey regions in Fig. 1). As one can see in Fig. 2, synchronization of four oscillators occurs only in very narrow 
interval of V, i.e. 0.153 � V � 0.177, where all three eigenvalues are located in the D-region of zero error eII(D) . Thus, 
knowing beforehand the synchronization thresholds for two oscillators probe, we are able to predict synchronization 
thresholds for longed chains of oscillators. 
 

 
Figure 2. The MSF eII�Į�� SURMHFWHG� RQWR� DYHUDJH� V\Qchronization error for three coupled self-induced dry friction oscillators via 
eigenvalues of connectivity matrix, for excitation angular frequency Ȧ = 1.40. Synchronous regions are depicted with grey. 
 

CONCLUSIONS 
 

We investigated the synchronization properties of coupled self-induced dry friction oscillators. The array of four 
oscillators coupled by linear springs was analyzed in order to determine the synchronization thresholds using the MSF 
approach, basing on synchronization error of two oscillators probe. Our results confirmed that this technique can be 
successfully applied for the networks of strongly non-smooth dynamical systems. 
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NONLINEAR SPATIO-TEMPORAL DYNAMICS OF AN  
ELASTIC PANEL IN UNIFORM LAMINAR FLOW 

 
Alex Kleiman & Oded Gottlieb1a)  

1Department of Mechanical Engineering, Technion-Israel Institute of Technology, Haifa, Israel 

 
Summary We formulate an initial-boundary-value problem that consistently couples an elastic field for a panel immersed in a two-dimensional 
viscous compressible fluid field. A finite-difference numerical solver is formulated to investigate strongly nonlinear spatio-temporal fluid-
structure interaction in uniform compressible laminar flow (100<Re<1000). The investigation reveals a complex bifurcation structure that 
includes quasiperiodic and chaotic-like non-stationary limit-cycles that evolve from stability loss of periodic ultra-sub-harmonic solutions. 
These bifurcations correspond to transitions in wake formations and transitions between two distinct fluctuation modes. 

 
   The field of fluid-structure interaction (FSI) incorporates a wide range of phenomena that are of great scientific and 
engineering interest in various disciplines, including aerospace and ocean engineering, biology, energy harvesting, heat 
removal and acoustics. The essence of this interaction is in the information transfer between the structure and the 
surrounding fluid, where the fluid exerts a load on the structure, which in turn complies and disturbs the flow in its vicinity.  
One of the highly investigated FSI problems is the complex motion of an elastic rectangular panel immersed in a uniform 
stream parallel to the longitudinal panel direction [1]. In spite of the comprehensive research done to-date, there are large 
discrepancies between documented experiments and the outcome of proposed simplistic analytical models [2]. Moreover, 
the existing numerical analytical and computational studies lack the full insight of the complex physical bifurcation 
structure which includes non-stationary dynamics and culminating with a possible chaotic spatio-temporal complexity. 
 
   We thus consistently formulate an initial-boundary-value problem that incorporates a two-dimensional viscous 
compressible fluid field described by the Navier-Stokes equations and an extensible Euler-Bernoulli elastic panel truncated 
to cubic order (Fig.1-left). Following [3] we implement a first-order loose coupling where the structure and fluid are solved 
alternatively by a fluid and structural solvers respectively. The fluid filed is solved via a Beam-Warming finite-difference 
scheme whereas the structure is solved using a fourth-order Runge-Kutta method [4]. Validation of the FSI solver is done 
by comparison to results obtained for an elastic panel both the flutter (Hopf) and a secondary bifurcation thresholds (Fig.1- 
middle) where periodic limit-cycle solutions become aperiodic, is consistent with the curve-fitting thresholds obtained in [5] 
as a function of both Reynolds number (100<Re<1000) and mass ratio (0<m*<0.3). A characteristic bifurcation diagram 
(Fig.1-right) depicts the free-edge amplitude (Aw) vs. the mass ratio for Re=750 which includes steady solutions (region I),  
periodic limit-cycles (region II), quasiperiodic (region III) and non-stationary chaotic-like (region V) solutions that are 
separated by an ultra-sub-harmonic (m/n=5/3) solution (region IV). 
 

 
 

Figure 1: Elastic panel definition sketch (left), stability map (middle), bifurcation diagram (right). 
 
    The panel position snapshots for constant time-stepping intervals (Fig.2) reveals for Re=1000 a growing spatio-
temporal complexity for increasing mass ratios. The periodic solution (m*=0.1) reveal an organized multi-mode spatial 
motion (Fig.2-left) whereas the quasiperiodic (m*=0.125) and non-stationary (m*=0.131) solutions reveal an irregularity 
with alternating spatio-temporal complexity which is more extensive for the chaotic-like oscillations (Fig.2-right).  
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NONLINEAR VIBRATIONS OF ELASTICALLY SUPPORTED CYLINDER MOVING IN THE
FLUID FLOW

Ekaterina Pavlovskaia ∗1, Andrey Postnikov1, and Marian Wiercigroch1

1Centre for Applied Dynamics Research, School of Engineering, Aberdeen University, King’s College, Aberdeen,
AB24 3UE, Scotland, UK

Summary In this paper nonlinearities in the fluid-structure interactions of an elastically supported cylinder moving in the uniform fluid flow
are discussed. A new two degrees-of-freedom wake oscillator model [1, 2] is utilised to describe vortex-induced vibrations of elastically
supported cylinders capable of moving in cross-flow and in-line directions. Total hydrodynamic force acting on the cylinder is obtained here
as a sum of lift and drag forces, which are defined as being proportional to the square of the magnitude of the relative flow velocity around
the cylinder. The two van der Pol type oscillators are then used to model fluctuating drag and lift coefficients. The resulting equations
of motions of the cylinder in cross-flow and in-line directions are coupled through the fluid forces. Experimental data and Computational
Fluid Dynamics (CFD) results are used to calibrate the proposed model and to verify the obtained predictions of complex fluid-structure
interactions for different mass ratios.

INTRODUCTION

As offshore oil and gas fields are moving into deeper waters, the nonlinearities in the slender marine structures such as
risers, mooring cables and umbilicals, and the fluid-structure interaction phenomena such as vortex induced vibrations (VIVs)
become more and more important. Many of VIV aspects still require further advanced modelling to investigate the impact
of the phenomenon which significantly affects the service life of marine structures. This work is motivated by the need of
industry to predict loads and fatigue damage on riser systems, especially most common Top Tensioned Risers (TTRs) and
Steel Catenary Risers (SCRs). Accurate prediction of VIVs can help to produce more robust structural design and lead to
substantial savings in the offshore applications. Although the problem of vortex-induced vibrations could be addressed by
different approaches, which include experimental studies, computational fluid dynamics modelling and analytical models, in
present work, we focus on analytical model known as wake oscillator model.
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Figure 1: (a) Wake oscillator model for the cylinder moving in transversal and in-line directions; (b) Fluid forces acting on
the structure [3]. Drag force F⃗D acts in line with relative stream velocity U⃗R and lift force F⃗L acts in perpendicular direction.

MATHEMATICAL MODELLING

In this work we consider an elastically supported cylinder experiencing VIV shown in figure 1(a), that is free to vibrate in
cross-flow and in-line directions. As discussed in [1, 2], for a cylinder capable of oscillating in both directions, the equations
of motion on an XY plane in terms of the displacements in in-line and cross-flow directions, x and y, are

m⋆ẍ+ rsẋ+ hx = FX , (1)
m⋆ÿ + rsẏ + hy = FY , (2)

where the total hydrodynamic force components in X and Y directions are FX and FY . Here m⋆ is mass per unit length
including an added mass m⋆ = ms +

1

4
πCMρfD2, rs is structural damping, and h is stiffness of the support.

∗Corresponding author. Email: e.pavlovskaia@abdn.ac.uk



This total hydrodynamic force, F⃗ = FX i⃗ + FY j⃗, is the result of the actions of the sectional vortex-induced drag F⃗D and
lift F⃗L forces which are shown in figure 1(b). As can be seen from this figure, the drag force F⃗D is acting along the velocity,
U⃗R = U⃗ − V⃗ which is the fluid velocity relative to the cylinder (V⃗ is velocity of the cylinder and U⃗ = Ui⃗ is the velocity of
the flow). The lift force F⃗L is then acting in the perpendicular directions and the magnitudes of lift and drag forces depends
on the magnitude of relative velocity U⃗R

!
|U⃗R| =

"
(U − ẋ)2 + ẏ2

#
:

F⃗D =
1

2
ρfCDD|U⃗R|2

U⃗R

|U⃗R|
, F⃗L =

1

2
ρfCLD|U⃗R|2

ẏ i⃗+ (U − ẋ)⃗j

|U⃗R|
. (3)

Here the parameters are ρf , the fluid density, CL, lift coefficient, and CD = CD0+Cfl
D , total drag, which can be represented as

a sum of constant mean sectional drag CD0 and fluctuating drag, Cfl
D . Following the approach employing nonlinear oscillator

equations of the van der Pol type (see for example [4]), the fluctuating lift CL and drag Cfl
D coefficients could be modeled by

two wake oscillators using q and w variables (q = 2CL/CL0 and w = 2Cfl
D /Cfl

D0
). Thus the system can be described by the

following set of the equations where the acceleration coupling recommended by Facchinetti et. al [5] was adopted in the wake
oscillator equations:

(ms +
1

4
πCMρfD

2)ẍ+ rsẋ+ hx =
"

(U − ẋ)2 + ẏ2
$1
4
ρfCL0qDẏ +

1

2
ρf (CD0 +

1

2
Cfl

D0
w)D(U − ẋ)

%
, (4)

(ms +
1

4
πCMρfD

2)ÿ + rsẏ + hy =
"
(U − ẋ)2 + ẏ2

$1
4
ρfCL0qD(U − ẋ)− 1

2
ρf (CD0 +

1

2
Cfl

D0
w)Dẏ

%
, (5)

ẅ + 2ΩF εx(w
2 − 1)ẇ + 4Ω2

Fw = (Ax/D)ẍ, (6)
q̈ + εyΩF (q

2 − 1)q̇ + Ω2

F q = (Ay/D)ÿ. (7)

The developed equations of motion (4)-(7) describe the vibrations of the cylinder in the fluid flow. However, a careful
calibration of the model is required and specifically empirical wake oscillators equations parameters Ax, Ay, εx and εy
need to be found. In case of a single degree-of-freedom system, numerical results by Facchinetti [5] where fitted against
experimental data, with Ay and εy estimated as 12 and 0.3 respectively. However, further investigation and calibration for
2DOF models are essential. It should be noted that in general these coefficients may be a function of various parameters of
the system such as mass ratio, damping ratio, reduced velocity, added mass coefficient, Reynolds number, etc.

In this study, first, the published experimental results were utilised to calibrate the proposed wake oscillator model. Three
sets of experimental data [6, 7, 8] were considered, and comparisons are made for different mass-damping ratio parameters.
Then, CFD model has been created in ANSYS Fluent 12.0.16 utilizing User Defined Functions (UDFs) in order to compute
the displacement of the cylinder on each time step based on the forces obtained from the dynamic pressure. Relatively low
Reynolds numbers (600 to 2000) were considered for the sake of simplicity. However, even for these low Reynolds numbers
(Re > 300) the vortex street is turbulent, and a high quality grid is required for solution to converge. The results of the
simulations and comparisons with both experimental data and CFD calculations will be presented in this paper.

CONCLUSIONS

In this paper nonlinearities in the fluid structure-interactions of an elastically supported cylinder moving in the uniform
fluid flow are discussed utilising new two degrees-of-freedom wake oscillator model. Equations of motion of the cylinder in
cross-flow and in-line directions are coupled through the fluid forces calculated from the instantaneous relative flow velocity
around the cylinder. This description of the fluid forces allows one to generalise the problem statement for the flexible structure
and conduct the analysis similar to transversal vibration case considered in [3].
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part will respond when it is actuated by the electrical part. Previous Slow Invariant Manifold analytic approximations and
numerical investigations [1] have shown that the system has a slow periodic response over a well-defined region of the forcing
parameters. This region starts from low frequencies and includes the frequency at which the linear system undergoes a
resonance due to the presence of the quadratic nonlinear dependence on the current. At some critical value depending on µ
the amplitude-frequency response loses its smoothness via bifurcation mechanism that creates a finite jump.

NUMERICAL AND EXPERIMENTAL RESULTS

In Figure 1 the experimental realization of the above described coupled dynamical system is shown through a sketch and
a picture. The experimental setup located in the Nonlinear Dynamics Lab at N.T.U.A. consists of the following components:
electromagnet, steel cantilever beam, two acceleration sensors, sound measurement sensor, electric current recording sensor,
frequency generator, power and sensor signal amplifiers. The experimental tests have been carried out by applying a constant
voltage amplitude of 25 V and performing quasi-static forward and backward frequency sweeps. Different values of gap
between the surface of the electromagnet and the cantilever tip were investigated in order to tune the strength of the nonlinear
coupling. In the numerical and experimental investigations the system parameters are set as reported in Figure 1.

Figure 2a shows the numerical frequency-mechanical response amplitude plot. The different branches corresponding to
forward and backward sweeps show how the coupling nonlinearity affects the dynamics. As shown in [1], starting from
Ω = 2.5, as the frequency decreases the upper branch of the period-1 attractor grows until an instability is reached around
Ω = 1.55. At the critical frequency Ω = 0.966 (dashed red line) the period-1 attractor suffers an abrupt downwards finite
jump; afterwards, the lower branch shows the resonance around Ω = 0.5 (dashed blue line). The experimental results are

Figure 2: Numerical (a) and experimental (b) oscillator frequency-amplitude plots (forward (x) and backward (•) frequency
sweep). (c)-(d) Experimental coexisting attractors on the current-mechanical displacement plane (I-x).

shown in Figure 2b; the qualitative agreement with the numerical results obtained by direct numerical integration of (1) can
be seen in terms of both, the non-linear resonance related to the current quadratic nonlinearity, which imposes a natural linear
resonance at half the frequency of the linear oscillator given by Ω = 6.4 Hz (dashed blu line) and a jump at the cantilever
natural frequency occurring at Ω = 12.86 Hz (dashed red line). The coexistence of (at least) two periodic attractors can be
seen by the experimental phase portraits reported in Figures 2c,d for Ω = 12.7 Hz.

CONCLUSIONS

The dynamics of a coupled nonlinear electro-magneto-mechanical system was addressed by means of numerical and exper-
imental approaches. The numerical predictions obtained via Poincaré mappings were qualitatively validated experimentally
in a cantilever steel beam coupled to an electromagnet driven by harmonic voltage.
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ASYMPTOTIC APPROACH TO FLUTTER CONTROL VIA HYSTERETIC ABSORBERS

Arnaldo Casalotti and Walter Lacarbonara ∗

Department of Structural and Geotechnical Engineering, Sapienza University of Rome, Rome, Italy

Summary The flutter control problem in long-span suspension bridges is discussed. A reduced-order bridge model (see Fig. 1) is augmented
by the degree of freedom of a hysteretic mass nonlinearly tuned to mitigate the limit cycle oscillations (LCO) when the wind speed is above
the flutter speed. The model comprises the plunge (vertical) and pitch (torsional) motions while the aerodynamic lift and moment are
governed by a quasi-steady formulation. The restoring force of the absorber is characterized by linear and cubic elastic terms together with
a hysteretic part governed by the Bouc-Wen model. The method of multiple scales is adopted to obtain an asymptotic approximation of the
LCO behavior. An optimization procedure based on the Differential Evolutionary Algorithm is employed to obtain the set of constitutive
parameters that lead to an optimal mitigation of the wind-induced oscillations.

INTRODUCTION

Flutter is an aerodynamic instability that affects real structures such as civil and military aircraft wings or long-span
suspension bridges. A study on a lifting airfoil [1] revealed that the installation of a hysteretic vibration absorber allows to
enhance the pre- and post-flutter behavior of the structure. In [2] the wind-induced oscillation problem was tackled in the
context of long-span suspension bridges showing that the Hopf bifurcation due to the aerodynamic effects can be considerably
shifted towards higher wind speeds by the introduction of multiple arrays of hysteretic mass dampers tuned to the lowest two
flexural-torsional flutter modes.

Here, an asymptotic approach based on the method of multiple scales is applied to a bridge sectional model [3] and an
additional hysteretic vibration absorber is added to provide proper control force and moment. The Bouc-Wen hysteresis flux
law is solved analitically [4] and an optimization procedure based on the Differential Evolutionary Algorithm [5] is developed
to obtain the set of absorber design parameters that lead to optimal flutter control.

EQUATIONS OF MOTION

The equations of motion for the sectional bridge model coupled with the hysteretic absorber can be expressed in nondi-
mensional form as

�q− p / 0,

Ma �p � Cap � Kaq � nk / −ϵ2σu�C̄ap � K̄aq�
(1)

where the vector q / �h, α, x� lists the plunge h, the pitch angle α of the cross section and the absorber displacement x, and
p / �q represents the velocities. To study the Hopf bifurcation and the associated LCOs, the wind speed is expressed as a
perturbation of the critical speed according to U / Uc � ϵ2σu, where Uc is the flutter speed and ϵ is a small nondimensional
ordering parameter. The subscript a denotes the fact that the aeroelastic effects were absorbed into Ma, Ca and Ka which thus
represent the modified mass, damping and stiffness matrices, respectively, whereas C̄a and K̄a denote the perturbed damping
and stiffness aerodynamic matrices. On the other hand, the vector nk collects the nonlinear terms due to the bridge structural
quadratic and cubic nonlinearities and also to the VA hysteresis. According to [4], the hysteresis evolution law is solved
analytically, and a Taylor series expansion yields the hysteretic force as a summation of linear, quadratic and cubic terms.
These hysteretic terms are piece-wise continuous along the hysteresis cycle and the subscript k denotes the branch index (see
the hysteresis loop in Fig. 1).

ASYMPTOTIC APPROACH AND OPTIMIZATION

The state-space coordinates are expressed according to the method of multiple scales as q /
!3

i=1 ϵ
iqi�t0, t2� and p /!3

i=1 ϵ
ipi�t0, t2�, where t0 / t and t2 / ϵ2t are the fast and slow time scales, respectively. Under these assumptions, by

collecting terms of like powers of ϵ, the typical hierarchy of perturbation problems is obtained. The unique aspect of the
associated perturbation problems is the piece-wise nature of the inhomogeneous terms.

The linear problem coincides with the eigenvalue problem, which gives the critical flutter speed and the associated mode
shape. The quadratic problem does not contain resonant terms, but only the terms due to the structural and hysteretic non-
linearities. The linear and quadratic solutions, substituted into the cubic problem, give rise to the resonant terms which are

∗Corresponding author. Email: walter.lacarbonara@uniroma1.it
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DYNAMIC BEHAVIOR OF A TUNABLE MAGNETIC VIBRATION ABSORBER

Simon Benacchio1, Arnaud Malher1, Stefania Lo Feudo1, Jean Boisson ∗1, and C. Touzé1

1IMSIA (Institute of Mechanical Sciences and Industrial Applications), ENSTA ParisTech - CNRS - EDF - CEA,

828 Bd des maréchaux, 91762 Palaiseau Cedex

Summary A magnetic vibration absorber (MVA), completely relying on magnetic forces, is used to reduce the displacement of a vibrating
structure. The distinctive feature of this absorber is the ability of tuning its linear stiffness together with its nonlinear cubic and quintic
stiffnesses. Repulsive and corrective magnets are used to finely tune the values of these stiffness coefficients. A modelisation, relying on
a multipolar expansion of the magnetic fields of each magnets, is used to predict the values of the stiffnesses from the geometry. Using
only three geometrical parameters the MVA can be passively designed either as a nonlinear tuned vibration absorber (NLTVA), a nonlinear
energy sink (NES), or a bi-stable absorber with negative linear stiffness.

INTRODUCTION

Due to its passive feature, the vibration mitigation of mechanical structures using vibration absorbers is an important
solution for engineering issues. Linear vibration absorbers like the well-known Tuned-Mass Damper (TMD) [1, 2] have been
studied for the vibration reduction of both linear undamped [3] and damped [4] primary structures (PS). However, the main
drawback of the TMD is related to its narrow bandwidth of optimal control. To overcome this limitation a Nonlinear Energy
Sink (NES) with an essentially nonlinear restoring force can be used. Having no natural frequency, the NES can thus adapt
itself to the frequency of the PS [5, 6]. Another idea is to use the nonlinearity of the absorber in order to control the nonlinearity
of the PS and has led to the concept of the nonlinear tuned vibration absorber (NLTVA). Recently, bi-stable vibration absorber
devices have been investigated to make smaller the energy barrier required to activate the energy transfer between the PS and
a NES [7]. If numerous experimental devices have been proposed to experiment these absorbers they are often designed for a
specific application [8, 9, 10].

The proposed magnetic vibration absorber (MVA) has the ability of properly tuning its linear and nonlinear characteristics.
Thus, this flexible device can be used either as an NES, an NLTVA, or a bi-stable vibration absorber, all these tunings being
realized passively with a simple change in the geometry of the system. The experimental realisation of the MVA is presented
in this paper. Then, preliminary results of the reduction of the PS vibration are presented when the MVA is tuned as an
NLTVA, an NES and a bi-stable absorber.

THE MAGNETIC VIBRATION ABSORBER

The magnetic vibration absorber is shown in Fig. 1. It is composed of 7 permanent ring magnets. Their length, internal

Figure 1: Diagram of the magnetic vibration absorber (MVA).

and external diameters are denoted L, Dint and Dext respectively. Oscillating around the central position x = 0, the magnet
1 plays the role of the vibrating mass of the absorber. The other magnets (2, 3, 4, 5, 6 and 7) are fixed on plastic rods. The
black and white parts of each magnet give the direction of their axial magnetisation. Magnets 2 and 3 are named the repulsive
magnets since their magnetisation is the opposite of the magnetisation of the magnet 1. The amplitude of the repulsive
force is tuned by modifying the geometric parameter r. Magnets 4, 5, 6 and 7 are named the corrective magnets since their
magnetisation is the same that the magnetisation of the magnet 1. The amplitude of the corrective force is tuned by modifying

∗Corresponding author. Email: jean.boisson@ensta-paristech.fr



the geometric parameters R and d. Therefore, the total force FTot applied on the mass of the MVA is tuned by the independent
modifications of the geometric parameters r, R and d. Modeling the MVA using a multipolar expansion, this force can be
written as

FTot(x) ≈ −K1 x−K3 x3 −K5 x5.

Modifying the geometric parameters r, R, and d, the linear, cubic and quintic stiffness terms can be tuned to change the
properties of the MVA designing it as an NLTVA, an NES or a bi-stable absorber. More details about the design of the MVA
can be found in [11].

VIBRATION MITIGATION

The MVA is then used to reduce the displacement of a plate selected as a PS vibrating with a large amplitude around one
of its modal frequencies. Two opposite sides of the rectangular plate are clamped, whereas the other two are free. The device
is attached to the PS and tuned successively as an NLTVA, an NES and a bi-stable absorber. Figure 2 shows the measured
maximum displacement of the PS in each case and when the MVA is removed from the plate. These results present the effects
of the linear stiffness coefficient tuning.
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Figure 2: Maximum displacement of the primary structure without the MVA [ooo] and with the MVA tuned as an NLTVA
[ooo] (K1 > 0), an NES [ooo] (K1 ≈ 0) and a bi-stable absorber [ooo] (K1 < 0). The gray circles [ooo] indicate the linear
displacement of the primary structure for a lower excitation force. Circles and dots correspond to forward and backward
sweeps respectively.

The measurements first show undoubtedly the effect of the vibration absorber on the nonlinear dynamics of the plate.
Depending on the tuning, one can expect to control different parameters area in the frequency response curve. Current
measurements are realised in order to analyze more deeply the advantages of each configurations as well as showing the best
tuning that can be expected.
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NON-LINEAR DYNAMICS OF A PENDULUM VIBRATION ABSORBER
WITH A MAGLEV HARVESTER

Krzysztof Kecik ∗1, Andrzej Mitura1, Jerzy Warminski1, and Stefano Lenci2

1Department of Applied Mechanics , Lublin University of Technology, Lublin, Poland
2Department of Civil and Building Engineering and Architecture , Polytechnic University of Marche, Ancona,

Italy

Summary This paper describes and analyse a novel harvester-absorber device that uses magnetic levitation (maglev) in order to recover
energy. The energy harvester is mounted in a pendulum which plays a dynamic absorber role. The non-linearity of the magnetic field
suspension exhibits a hardening Duffing’s characteristics. We propose a new model of an electromechanical coupling which depends on a
magnet position in a coil. Theoretical investigations are followed by a series of experimental tests that validate the theoretical predictions
and allow us to obtain a final model of optimized harvester.

INTRODUCTION

Energy harvesting is promising research area as demands for renewable energy sources increase. Electromagnetic energy
harvesters (EEH) are based on Faradays law of induction - the property that a change in the magnetic flux of a circuit will
result in the induction of an electromotive force. Maglev systems are electromechanical devices that suspend ferromagnetic
materials using electromagnetism, and are characterized by non-linear dynamics, instability and are described by highly non-
linear differential equations.

HARVESTER-ABSORBER MODEL

Energy harvesting under investigation is based on motion of the autoparametric vibration absorber. The model of a
harvester-absorber system (HAS) consists of the main mass (oscillator) with the attached the pendulum vibration absorber.
The pendulum is made of nonmagnetic tube with two magnets fixed on the ends, which ensure the levitation of a third moving
magnet (Fig.1c). A coil of wire is wrapped around the outside of the pendulum tube (Fig.1d). While, the moving magnet
oscillate it induces the electromotive force. The view of the laboratory rig is presented in Fig.1b. The system works as the
dynamical vibration absorber with the energy recovery at the same time.

Figure 1: Model of harvester absorption system: a physical model (a), laboratory rig (b), scheme (c) and experimental device
of the maglev system (d)

A schematic diagram of the proposed model is shown in Fig.1a. This is a coupled three mechanical and one electrical degrees
of freedom system. The mass m1, spring k1 and damping component c1, are connected to the base. The pendulum m2 with
magnet m3 creates the vibration absorber engaged with oscillator motion, which is kinematically excited by the spring k2 in
the vertical direction. If the pendulum swings, then amplitude of the oscillator can be reduced.

∗Corresponding author. Email: k.kecik@pollub.pl
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EQUATION OF MOTION AND MAGLEV CHARACTERISTICS

The governing equations of the non-linear harvester-absorber system derived from the Lagrange’s equations of the second
kind have the form

(m1 +m2 +m3)ẍ+ (m2s+m3(z + r))[ϕ̈sin(ϕ) + ϕ̇2cos(ϕ)] +m3(2ṙϕ̇sin(ϕ)− r̈cos(ϕ)) + c1ẋ+ k1x = k2x0, (1)

(I0 +m3(z + r)2)ϕ̈+ (ẍ+ g)[m2s+m3(z + r)]sin(ϕ) + 2m3ϕ̇ṙ(z + r) + c2ϕ̇ = 0, (2)

m3r̈ −m3[ẍcos(ϕ) + ϕ̇2(z + r)] −m3gcos(ϕ) + F (r) + α(r)i = 0, (3)

Li̇+RT i− α(r)ṙ = 0. (4)

The first three equation (1)-(3) describe motion of mechanical parts (i.e. oscillator, pendulum and magnet), while the last
equation (4) characterizes electrical circuit obtained by applying Kirchoffs law. The i is the electrical current, RT is the total
resistance (internal coil and external load resistances), and α(r) means the electromechanical coupling coefficient.

The magnetic restoring levitation force F (r), given by the sum of the repulsive forces acting on the top and bottom
magnets, leads to the the form of hardening Duffing’s characteristic F (r) = k3r + k4r3, where k3 and k4 are estimated
experimentally (see Fig.2a). The changes in the magnets separation cause alter stiffness leading to resonance [1]. For small
values of relative displacements r of the moving magnet, the levitation suspension can be reduced to a linear problem.

Figure 2: The force displacement characteristic (a), and electromechanical coupling coefficient vs. magnet’s position for the
magnet velocity v = 0.7m/min (b).

Usually, in literature, the coupling coefficient (α) is constant [1, 2], assuming the magnetic flux density as uniform. The
experimental investigations show that α strongly depends on the magnet position in the coil (Fig.2b). This is due to the fact,
that magnetic flux density depends on the separation distance between the magnet and the coil. We propose a five-degree
polynomial function to describe coupling coefficient α(r) =

!5
n=0 αnrn, where αn are coefficients computed in order to fit

the experimentally determined characteristic.

CONCLUSIONS

The design and analysis of a novel energy harvesting device that uses maglev to produce energy is presented in the paper.
The magnetic suspension leads to the Duffing’s type equation. The coupling coefficient strongly depends on the magnet’s
position (but does depend on velocity) and has sinusoidal form. The highest values of α occurs at the coil ends. The system is
strongly non-linear producing several interesting phenomena, including regions of multiple solutions and chaotic behavior.

*Acknowledgements: This work was financially supported under the project of National Science Centre according to de-
cision no. DEC-2013/11/D/ST8/03311.
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POSSIBILITY OF ENERGY EXTRACTION FROM NOISE
UNDER STOCHASTIC RESONANCE

Madoka Kubota, Ryo Takahashi∗, and Takashi Hikihara

Department of Electrical Engineering, Kyoto University, Katsura, Nishikyo, Kyoto 615-8510, Japan

Summary Noise must be restrained at sensing and data processing. However, in nature, noise inevitably appears through energy spread
surrounding us. From a viewpoint of energy harvesting, it has been shown that resonators can absorb energy from the excitation around
each resonant frequency. In the sinusoidal vibration, the energy exchange depends on the on-site resonance and inter-cite phase between
resonators and exciters. The simple noise with finite number of frequencies causes the difficulty of energy extraction. This paper discusses
the stochastic resonance, when unidirectional energy flow works for energy harvesting.

STOCHASTIC RESONANCE AND EFFECT OF NOISE

Stochastic Resonance (SR) is known as a phenomenon in which a signal is enhanced by noise of moderate strength. As
an example, here consider the following system,

mẍ = −mγẋ− dU

dx
+ h cosΩt+R(t), U(x) =

1

4
x4 − 1

2
x2. (1)

Where m denotes mass of a particle, x displacement of the free particle, γ damping constant, h cosΩt sinusoidal external
force, and U(x) bistable potential. (˙) is time differential d/dt. Assuming the sinusoidal external force h cosΩt changes
relatively slow to noise R(t), which is the zero-mean white Gaussian noise of auto-correlation function:

⟨R(t)R(t+∆t)⟩ = 2γmkT δ(∆t). (2)

Where k denotes Boltzmann constant and T noise temperature. ⟨ ⟩ shows the operation of ensemble average. The effect of
noise with sinusoidal external forcing is given by the following potential:

V (x) =
1

4
x4 − 1

2
x2 − xh cosΩt. (3)

Depending on the frequency of sinusoidal excitation, the noise response shows various features. The faster frequency than
a certain frequency Ω0, the lower probability of the stochastic switching. (see Fig.1). Ω0 is obtained by Kramers rate [1]:

Ω0/π = W/2. (4)

Figure 1: Response depending on Ω with kT = 0.07 and h = 0.20 kept constant; 0.04 (upper), 0.08 (middle), and 0.12
(bottom). Blue broken curve draws the sinusoidal force h cosΩt.

The rate implies the duration required for transition from one state to the other in the bistable potential wells. The rate
increases with the noise intensity kT and decreases with the potential barrier U [1]. It corresponds to the mechanical transition
probability depending on kT [2].

∗Corresponding author. Email: takahashi.ryo.2n@kyoto-u.ac.jp



EXTRACTION OF ENERGY FROM NOISE

The amplitude of displacement x, the velocity of displacement ẋ and their power spectrum are direct input to the transducer
from mechanical energy to electrical energy at harvesting. Electrically potential will not generate the energy flow between
resonators, so that the velocity is focused. In the sinusoidal vibrations, the velocity keeps the phase shift at π/2 to the
displacement. Figure 2 is the displacement of resonator and the power spectrum. It shows the clear enhancement of power
from input because of stochastic resonance. However, under the long-term free vibration with noise, the power will finally
converge one of balanced states between resonators. Therefore it is inevitable to push the range of power spectrum narrower
for producing the energy flow from the displacement [3]. This requests the resonator and the attached transducer to match the
mechanical to electrical impedances and vice versa.

The energy exchange between resonators is

Figure 2: Displacement x and the power spectrum with sinusoidal force h cosΩt (blue broken line) under the noise intensity
kT = 0.07, h = 0.20, and Ω = 0.04.

CONCLUSIONS

This paper began to discuss the possibility of energy extraction from noise through stochastic resonance. The concept is
not established but includes the general directions of research including power exchange between harmonic generators like
a synchronous generator. The research on energy extractions form noise will be a rich research seed not only in nonlinear
dynamics but also in applications of nonlinear characteristics [4].
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HARDENING SOFTENING BEHAVIOR OF ANTIRESONANCE FOR NON LINEAR
TORSIONAL VIBRATION ABSORBERS
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Summary We address non linear torsional vibration absorbers (TVA), used in rotating machinery to counteract irregularities of rotation at a
some order of the engine speed of rotation. The TVA is analogous to a tuned mass damper (TMD), tuned on the desired order. It exhibits
non-linearities of various natures which affect resonance and antiresonance frequencies at large amplitude of motion, which consequently
causes the detuning of the system from the targetted order. This study focuses on some non linear systems (several TVA designs and a
more general Duffing like system) to study the impact of non-linearities on the hardening / softening behavior of antiresonances. Non linear
solutions are obtained by a numerical continuation procedure coupled with the harmonic balance method to follow periodic solutions in
forced steady-state. Moreover, we propose an original direct antiresonance continuation method for undamped systems.

INTRODUCTION
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Figure 1: TVA scheme

Non linear torsional vibration absorber (TVA) is used in rotating machinery
to counteract irregularities of rotation, called “acyclisms”, at a some order of the
engine speed of rotation. It is compose of a primary and secondary inertia and
acts as the classical tuned mass damper (TMD). It is tuned on the desired engine
order. In practice, the secondary inertia represents a mass subjected to move in
a particular path on the primary inertia which is linked to the rotating assembly.
However the TVA includes strong non-linearities. Geometric non-linearities
and those due to Coriolis effect, intrinsic to rotating articulated systems. They
cause the detuning of the TVA and the shifting of the operating order of TVA (an
antiresonance of the whole system) from the targeted engine order. Knowledge
of operating point behavior of the device is therefore essential to ensure optimal
acyclisms filtering. This study focuses on tow points. First, several non linear
systems, including torsional and translational systems, are studied to highlight
how the hardening / softening behavior is modified by non-linearities. Non

linear frequency responses in steady state are obtained by numerical continuation procedure, the harmonic balance method
(HBM) [3] coupled with the asymptotic numerical method (ANM) [1], which leads to a fast and robust algorithm. Secondly,
we propose an original direct antiresonance continuation method for undamped systems.

MODELLING

The equations of motion of the TVA can be written in general following form :

M(x)ẍ+ fin(x, ẋ) +Cẋ+ fint(x) = F cos (ωt) , (1)

where x is the vector of unknowns. M(x) is the mass matrix and depends on x. C is the damping matrix. fin(x, ẋ) is the
inertial forces vector, including Coriolis terms, and depends on x and ẋ. fint(x) is the internal forces vector and depends on
x. Here, because only one oscillator is forced, the external forces vector is F = [0 · · · f · · · 0] where f is the amplitude
of excitation of the forced oscillator. Assuming a periodic solution of (1), the vector of unknowns is expanded in truncated
Fourier series :

x(t) = x0 +
H!

i=0

xci cos(iωt) + xsi sin(iωt). (2)

Then substituting (2) into (1) and applying HBM, we obtain a system of algebraic equations relating x0, xci, xsi, ω and f .
The accuracy of the periodic solution depends on H , the number of harmonics retains on (2). The final system to solve can be
written :

R(U , w, f) = 0. (3)
∗Corresponding author. Email: olivier.thomas@ensam.eu



Where U = [x0 xci xsi ... xcH xsH ]. Finally, (3) is solved by an asymptotic numerical method, for which a quadratic recast
of R(U ,ω, f) is convenient [2]. In practice, the software Manlab 2.0 is used [4]. Unlike to predictor-corrector algorithms,
where the solution is computed point by point, ANM adopts a piecewise continuous representation of the solution using a
power series expansion of the pseudo arc length along the branch of solution.

ANTIRESONANCE CONTINUATION

Standard continuation procedure consist in considering ω and f as continuation parameters and compute the solutions
with respect to one of them in forced vibration [2]. In free vibration (f = 0), the oscillation frequency can also be computed
as a function of the amplitude, obtaining so-called backbone curves. In this case, the system has to be conservative so that
periodic solutions are obtained and damping must be cancelled (C = 0)[5]. Here, we propose an original method to perform
non linear antiresonance continuation, i.e. the computation of the antiresonance frequency as a function of the amplitude of
forcing. Unlike free oscillations continuation, the system has to be forced. For a linear system, an antiresonance occurs only
for undamped systems, for which the response of one of the unknowns is strictly zero, xi(t) = 0 !t at a given frequency, xi

being the i-th component of x. If the system shows non-linearities, the antiresonance is not strict and only some harmonics
of xi(t) can be set to zero, whereas the others are non zero. The antiresonance continuation is obtained by solving (3) with
ω and f left free and by adding an additional condition: here the first harmonic of a given unknown is set to zero.

RESULTS
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Figure 2: Frequency responses of the non linear TMD for several amplitudes of excitation (a) and antiresonance continuation
(black bold line) (b)

Here, we consider a free-free non linear TMD. The equations of motion can be written :
"
ẍ1 (m1 +m2) + ẍ2m2 = f cos (ωt) ,

ẍ1m2 + ẍ2m2 + kx2 + γx3
2 = 0,

(4a)

(4b)

where γ and k are the non linear and linear stiffness constants, respectively. Figure 2(a) shows the frequency responses of
the first harmonic of the primary mass, subjected to an harmonic forcing, for several amplitudes of excitation f . The system
exhibits a hardening behavior due to the positive non linear stiffness constant. The backbone curve (red bold line), represents
the oscillation frequency in free vibration. The antiresonance continuation can be viewed on the three dimensions representa-
tion, on the figure 2(b), and also on the plane (ω,f ), on the figure 2(c). This procedure is very useful to accurately predict the
detuning with respect to the amplitude of excitation. Moreover, it avoids redundant frequency responses simulations.
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Summary We present an extension of recently developed approach to stationary and non-stationary resonance  dynamics of strongly nonlinear 
two degree of freedom (2DoF) systems to finite strongly nonlinear oscillatory chains (strong nonlinearity implies impossibility to use the 
linearized equations of motion even as a starting point of dynamic analysis). The proposed extension allows revealing new nonlinear effects in 
series of widely used mechanical and physical systems. There are in particular: i) breaking the symmetry caused by instability of almost all 
nonlinear normal modes (NNMs) and appearance of stable elliptic modes (EMs) in the initially un-stretched strings and membranes carrying 
discrete masses; ii) mobile breathers excitation by localized initial pulse in the un-stretched membrane; iii) efficient inter-cluster energy 
exchange and transition to energy localization in the un-stretched membrane and in the finite system of weakly coupled pendulums. The 
applications of revealed strongly nonlinear effects to solution of significant mechanical and physical problems are discussed.  
 

NONLINEAR EFFECTS 
 
   The resonance processes are responsible for energy exchange, localization and transfer in many significant mechanical 
and physical systems. Among them, there are un-stretched strings and membranes carrying discrete masses; arrays of 
Josephson junctions, ferromagnetic chains and oligomer crystals (all three latter ones can be modelled by the finite system 
of weakly coupled pendulums). We consider the case of strong nonlinearity when the equations of motion may not be 
linearized even as a starting point of dynamic analysis. Our new approach which was examined in the case of 2DoF models 
implies a closeness of the system to 1:1 internal resonance only. We describe briefly the revealed strongly nonlinear effects 
which include such phenomena as symmetry breaking because of instability and bifurcation of almost all NNMs, formation 
of mobile transversal breathers, transition from intense energy exchange to energy localization, and appearance of a chaos 
accompanying such transition. 
 
The symmetry breaking caused by instability of NNMs in un-stretched string and membrane. The simplest model of 
such system is presented in Fig.1. 
 

 

Fig. 1. The model of grounded unstretched string (symplest  
model of unstretched membrane) carrying n  particles and 
possessing linear interchain and lateral stiffneseses (for the 
sake of clarity only the lateral spring supporting the  
particle is depicted). If the lateral springs are absent one deals 
with un-stretched string. 

   As it is shown by us recently ([1],[2],[4]) the asymptotic equations of motion in the case of dominating transversal motion 
can be written as  

 
where is normalized transversal displacement of j-th oscillator, N is a number of the oscillators. These equations admit N 

exact solutions for NNMs:  for k-th NNM, k=1,«�N. The direct analytical study reveals instability 
of all NNMs except the mode with highest wave number. The result of this instability can be identified as uni-directional 
energy flow from given NNM to those with larger wave numbers (an inverse energy flow is not observed) (fig. 2). This 
strongly nonlinear effect is illustrated below on the example of non-grounded un-stretched string carrying 10 particles. 
   The highly non-stationary dynamics of the system can be adequately described in terms of Limiting Phase Trajectories 
(LPTs) corresponding to maximum possible energy exchange between different parts (clusters) of the string. This process is 
shown in Fig.3 for the same system. For grounded string (membrane) a threshold from complete inter-cluster energy 
exchange to energy localization on the initially excited cluster is (Fig.4) revealed. 
  

 

i th�



 
 

Fig. 2. Instability of third NNMs and uni-directional energy flow to fifth 
and tenth NNMs. 

Fig. 3. Energy exchange between two parts of 
oscillatory chain. 

 
System of weakly coupled pendulums 
   Similar transition can be observed in other significant strongly nonlinear model which is a finite system of N weakly 
coupled pendulums (without any restrictions on the amplitudes of oscillation). Behavior of this system in the vicinity of 
internal 1:1 resonance in terms of cluster variables {F1, F2} can be described by complex equations (derived for parricular 
case of 2DoF model in [3]): 

 
where Z� is a resonant frequency, E� is a coupling parameter, k=S/N, J1 ± modified Bessel function of 1st kind, 

. The inter-cluster energy exchange is similar to that presented in 
Fig.3. The transition to energy localization is illustrated in Fig.5. 
  

  
Fig. 4. Localization of the displacement (leading to energy 
localization) on the initially excited part of the grounded 

string in the presence of grounding supports. 

Fig. 5. Energy distribution along the chain of pendulums 
after transition to energy localization. Amplitude of the 

pendula oscillation Q=S/2. 
 

CONCLUDING NOTES 
 
   The analysis of considered strongly nonlinear systems reveals instability of NNMs and abrupt transition from intensive 
inter-cluster energy exchange to energy localization on the initially excited cluster. The analytical prediction of this 
transition is confirmed by the results of computer simulation. The analytical results for grounded string as well as for 
weakly coupled pendulums were obtained in the framework of resonance asymptotics. 
The above described strongly nonlinear effects can be directly applied for solution of targeted energy transfer problem and 
the series of physical problems mentioned in Introduction. 
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Summary We describe a novel class of dynamical excitations -- accelerating oscillatory fronts in nonlinear sonic vacua with strongly non-local 
effects. Such models naturally arise in dynamics of common and popular lattices. In this study, we consider a chain of particles oscillating in the 
plane and coupled by linear springs, with fixed ends. When one end of this system is harmonically excited in the transverse direction, one 
observes accelerated propagation of the excitation front, accompanied by an almost monochromatic oscillatory tail. The front propagation obeys 
the scaling law 4/3~l t . This scaling law results from the nonlocal effects; we derive it analytically (including the scaling coefficients) from a 
continuum approximation. Moreover, a certain threshold excitation amplitude is required in order to initiate the front propagation. The initiation 
threshold is explained on the basis of a simplified discrete model, further reduced to a new completely integrable nonlinear system.  
 
   We start with simple numeric experiment: a fragment of common straight linear mass-and-spring chain without pre-
tension is allowed to move in plane. One end of the chain is fixed, and the other is forced to move in the direction 
transversal to the chain axis, in accordance with harmonic law: 1 siny A tZ . Energy distribution in the chain is presented in 
Figure 1.  

 
Figure 1. Propagation of the oscillatory front.  

 
   One can observe  the propagation of the excitation front, accompanied by an apparently monochromatic oscillatory tail. 
Propagating fronts with oscillatory tails are well-known in models of phase transitions in solid state and similar problems. 
However, the solution presented here has very interesting new feature, not known in the settings mentioned above. It 
follows from Figure 1 that this front accelerates in the course of propagation. 
   In order to explain this finding analytically, we use continuum approximation of the transversal dynamics of the chain. It 
is described by the following well-known equation [1,2]: 

 2

0

0
2

L
xx

tt
yy y dx
L

c�  ³                                                                               (1) 

   Here ( , )y x t  is continuous field of transversal displacements of the chain. Density and stiffness characteristics of the 
chain are set to unity without effecting the generality, L is the chain length. Equation (1) exemplifies the concept of the 
sonic vacuum, since it has no linear sound velocity. Moreover, due to integral term the nonlinear interactions turn out to be 



non-local. Besides modal characteristics, the nonlinear dynamics and wave propagation in such systems were almost not 
addressed in previous studies. 
   We then consider a simplified model of the oscillatory region in the chain and suppose a monochromatic wave in the 
oscillatory tail after the front: 

 
sin( ),0 ( )

( , )
0, ( )
A t kx x l t

y x t
x l t

Z � d d
 ® t¯

                                                                (2) 

   Here l(t) is the instantaneous coordinate of the front, and k is the wavenumber. It is also assumed at this stage that the 
front propagation is slow enough compared to the frequency of transverse oscillations of the particles. An additional 
condition can be obtained from the assumed stationary character of the front propagation. To this end, the phase velocity of 
the oscillatory tail should be equal to the front velocity. Substituting (1) into (2), keeping principal terms and applying the 
condition of the phase velocity, one obtains the following explicit expression for the front propagation dynamics: 

 
1/32 2

4/3 81( ) ,
1024

Al t Kt K
L
Z§ ·

  ¨ ¸
© ¹

                                                                     (3) 

   Quality of approximation (3) is illustrated in Figure 2 for three different sets of parameters, with the curves depicting the 
front position versus time (shifted by ln K). One can observe that the curves perfectly collapse, proving the self-similar 
nature of the observed regime. 

 
Figure 2. Numeric simulation: position of the oscillatory front versus time for different parameter values (double 

logarithmic scale). Line slope is 4/3. 
 

   The front formation and propagation is observed for given excitation frequency, if the amplitude overcomes certain 
threshold value. This value can be evaluated from discrete counterpart of Equation (1), derived recently in paper [3]. This 
estimation yields: 
 2crA a LZ                                                                                   (4) 
   Numeric simulations completely confirm scaling predictions for critical excitation amplitude (4). Numeric value of 
coefficient a is also predicted with accuracy of about 15%. 
   To conclude, we revealed a new type of excitations in a lattice representing a nonlinear sonic vacuum with strong 
nonlocal dynamical interactions (despite only next-neighbour physical coupling). Such fronts reveal themselves in most 
well-known and popular models, such as the suspended string without pre-tension and the chain of linear springs and 
masses with fixed ends. Simple analytic considerations allow derivation of all main parameters of the front, including the 
scaling characteristics and the excitation threshold. 
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Summary The energy exchanges between two coupled systems during extreme nonlinear interactions between them around a 1 : 1 reso-
nance is studied. The auxiliary nonlinear oscillator, named as nonlinear energy sink (NES) [1, 2, 3, 4, 5], which is used for controlling the
main one and/or to harvest its energy, possesses both global and local potentials and can be under external forcing terms. Slow invariant of
the system and detected equilibrium and singular points provide design tools for tuning parameters of the NES for the aim of its usage.

MATHEMATICAL MODEL OF THE SYSTEM

The main forced oscillator with scaled displacement, damping and natural frequency as y, a and ω0 is coupled to a forced
NES with scaled displacement and local potential x and g̃(x), respectively. Its global potential is split in linear (ω2

c ) and
nonlinear (W ) parts. The two nonlinear potentials W and g̃ are supposed to be odd functions. We can summarize governing
equations of the system as it follows:

⎧
⎨

⎩

ÿ + aẏ + ω2
0y + c(ẏ − ẋ) + ω2

c (y − x) +W (y − x) = ϵf0 sin(ωt)

ϵẍ− c(ẏ − ẋ)− ω2
c (y − x)−W (y − x) + g̃(x) = ϵf0

NES sin(ωN t)
(1)

The ϵ parameter is the mass ratio of the NES and the main oscillator. We assume that 1 < ϵ≪ 1.

TREATMENTS OF THE SYSTEM AND ITS BEHAVIORS AT DIFFERENT TIME SCALES

• The system is shifted to the center of masses (v =
y + ϵx

1 + ϵ
) and relative displacement (w = x − y). Then complex

variables of Manevitch [6] as ψeiωt = v̇ + iωv and ϕeiωt = ẇ + iωw are introduced to the system (i2 = −1).

• A Galerkin technique is endowed: first harmonics are kept and higher ones are truncated. This technique for an arbitrary
function Γ reads:

S =
ω

2π

∫ 2π
ω

0
Γ(t)e−iωtdt (2)

We assume that ψ, ϕ are independent of fast τ0 = t time scale, but could depend on slow τ1 = ϵτ0, τ2 = ϵ2τ0,... scales.

• System equations at fast time scale provide its slow invariant while at slow time scale around its invariant we can detect
its equilibrium and singular points. These points correspond to potential periodic and strongly modulated responses.

Moreover, following assumptions are made:

• We investigate 1:1:1 resonance of the main system: ω = ω0(1 + σϵ) and ωN = ω0(1 + σN ϵ).

• Damping coefficients are at ϵ1 order: c = ϵd and a = ϵa0.

• Linear part of the global potential is at the order of ϵ1: ω2
c = ϵΩ2. Nonlinear part of global potential and local potential

are assumed to be at the ϵ1 order: g̃(z) = ϵA0z3 and W (z) = ϵB0z3.

• We introduce polar coordinates ψ = N1eδ1 and ϕ = N2eδ2 .

In following sections we present two examples corresponding to two cases: the NES without external excitation and forced
NES. All analytical predictions are compared with results obtained from direct numerical integration of equation (1).

The NES without external excitation: f0
NES = 0

Slow invariant of the system possesses three branches namely, branch l, l = 1, 2, 3. At slow time scale we can trace
two levels of N2 which prepare the system for bifurcations. We name them as N21 and N22 which are called as fold lines.
Meanwhile, for each branch l two functions Hjl = 0, j = 1, 2 are defined. Intersections of Hjl out of fold lines are
equilibrium points of the system while their intersections on fold lines are singular points of the system. Figure 1 illustrates
prediction of all possible regimes (periodic and strongly modulated regimes) of the system for given parameters. It can been
seen that due to the existence of singular point no. 2 (see Figure 1(a)), the system presents strongly modulated response (see
Figures 1(d) and 1(e)).

∗Corresponding author. Email: alireza.turesavadkoohi@entpe.fr
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Summary We investigate energy transfer between frequencies in lattices of interacting magnets with defects. The nonlinear coupling between 
localized and extended lattice modes enables to convert energy between arbitrary frequencies (i.e., non related by integer ratios). In addition, in 
systems with multiple defects, this frequency conversion mechanism allows harvesting energy from several input frequencies in a synchronized 
manner. These results may inform the design of new vibration energy harvesting systems. 
 

   Vibration energy harvesting systems are able to convert ambient vibrations into electric power and are receiving a lot of 
interest in recent years [1]. Regardless of the transduction mechanism (e.g., piezoelectric, electromechanic), these systems 
operate optimally at or close to resonance. However, ambient vibrations are in general broadband or composed of multiple 
frequencies, which render these devices unsuited in most practical situations. A possible way to solve this issue is to 
introduce a frequency conversion mechanism in the system in order to match the spectrum of the excitation with the 
resonance frequency of the transducer. Typical uses of nonlinearity for frequency conversion are based on the phenomena 
of harmonic generation [2] and parametric down conversion [3]. In these mechanisms, the energy transfer occurs at a 
frequency that is an integer multiple or submultiple of the excitation frequency, limiting the applicability of these 
techniques. In this work, we demonstrate a frequency conversion mechanism in lattices of interacting magnets with mass 
defects that transfers energy between arbitrary frequencies, i.e., without being necessarily related by integer ratios.  

   To illustrate this behavior we consider two cases: a lattice with a single defect [Fig. 1(a)] and a lattice containing two 
defects [Fig. 1(b)]. The linear spectrum of these lattices is composed of two types of modes: extended modes, which are 
responsible for the propagation of energy in the lattice; and defect modes, which are localized around the defect. Localized 
and extended modes represent respectively the inputs and outputs of our system. Due to the hardening nonlinearity of the 
magnetic potential [5], when the defect mode is excited harmonically at a frequency close to its resonance frequency, the 
mode undergoes hysteretic cycles in which the mode pumps the input energy to the chain [5]. This results in a modulation 
of the localized mode amplitude that creates an energy transfer from the localized modes to the extended modes. 

 
Figure 1. (a) Linear spectrum of the single-defect lattice. (b) Linear spectrum of the double-defect lattice. 

 
   We first illustrate this frequency conversion mechanism in the single defect lattice. The defect is excited harmonically at 
frequency !!" = !! + !!where !! and !! are, respectively, the resonance frequencies of the second extended mode and 
the defect mode, see Fig. 1(a). The left panel in Fig. 2(a) shows the amplitudes of mode 2 (!!,!black line) and the defect 
mode (!! ,!red line) as a function of time. After the transient regime (! ≈ 15!) we observe that the amplitude !! !becomes 
modulated by !!, which indicates a transfer of energy from the input frequency !!" to the frequency of the extended mode 
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CHIMERA STATES FOR COUPLED PENDULA 
 

Tomasz Kapitaniaka 

Division of Dynamics, Lodz University of Technology, Lodz, Poland 
 

Summary The phenomenon of chimera states in the systems of coupled, identical oscillators has attracted a great deal of recent theoretical 
and experimental interest. In such a state, different groups of oscillators can exhibit coexisting synchronous and incoherent behaviors despite 
homogeneous coupling. Here, considering the coupled pendula, we find another pattern, the so-called imperfect chimera state, which is 
characterized by a certain number of oscillators which escape IURP�WKH�V\QFKURQL]HG�FKLPHUD¶V�FOXVWHU or behave differently than most of 
uncorrelated pendula. The escaped elements oscillate with different average frequencies (Poincare rotation number). We show that imperfect 
chimera can be realized in simple experiments with mechanical oscillators, namely metronomes. The mathematical model of our experiment 
shows that the observed chimera states are controlled by elementary dynamical equations derived from 1HZWRQ¶V�ODZV that are ubiquitous 
in many physical and engineering systems. 

 
MODEL OF COUPLED PENDULA 

 
   Chimera states correspond to the spatiotemporal patterns in which synchronized and phase locked oscillators coexist with 
desynchronized and incoherent ones1-2. Dynamically, it represents a sort of spatially extended symmetry breaking which 
develops in networks of identical oscillators, surprisingly without any evidence of asymmetry or external perturbation. 
Furthermore, this surprising hybrid behavior obeys a substantial reserve of robustness surviving at different kind of 
perturbations.  The experimental proof of chimeras' existence has only recently been provided for optical, chemical, 
mechanical and electronic systems. 

Here, we show that other pattern, the so-called imperfect chimera state, which is characterized by a certain, small 
number of oscillators (solitary states) which escape from the s\QFKURQL]HG�FKLPHUD¶V�FOuster or behave differently than the 
most of uncorrelated pendula can be observed in the networks of identical oscillators. As a proof of concept we use the 
network of coupled metronomess, i.e., the system of coupled pendula whLFK�DUH�H[FLWHG�E\�WKH�HVFDSHPHQW�FORFN¶V�PHFKDQLVP. 

  

 
 

Figure 1:(a). n pendula coupled on the ring through springs and dampers, (b) Experimental implementation of the system of Figure 1(a) 
with n=20 metronomes which pendula are coupled by spring elements 



We consider the system of n pendula which hung from the unmovable disc as shown in Figure 1(a). Pendula of length 
l and mass m are coupled through the linear spring with stiffness coefficient kx and linear dampers with damping coefficient 
cx��3HQGXOD¶V�GLVSODFHPHQWV�DUH�JLYHQ�E\�WKH�DQJOHV�Mi. Springs and dampers are connected to each pendulum at distance ls 
from the pivot. Each pendulum is connected with the nearest neighbor (green spring) and the second nearest neighbor (red 
springs). Additionally, the motion of each pendulum is damped by the linear damper characterized by damping coefficient cM. 
The pendula are excited by the escapement mechanism which for MI<JN generate excitation torque MN. This system can be 
implemented experimentally using the metronomes with the pendula connected by the spring elements as shown in Figure 
1(b).  

The dynamics of the system of Figure 1(a) can be analyzed using the equations of motion which are derived from 
1HZWRQ¶V�ODZV�RI�G\QDPLFV. We present the results for two different coupling schemes, (i) each pendulum is coupled with the 
nearest neighbor (local coupling), (ii) each pendulum is coupled with two nearest neighbors (nonlocal coupling). 

 
RESULTS 

    
Numerical simulations show that the state of complete synchronization of all pendula co-exists with the state of phase 

synchronization in which there exists the constant phase shift between neighboring pendula and various chimera states 
(including imperfect chimeras). These results have been confirmed experimentally. 
 

 
 

Figure 2: Experimentally observed imperfect chimera state. 
 

The example of experimentally observed imperfect chimera is shown in Figure 2(a-c). The group of metronomes at 
the background of Figure 2(a) is synchronized. Their escapement mechanisms are switched on and they oscillate with the 
frequency equal to the nominal frequency of 200 tics per minute . The metronomes on the first plane of Figure 2(a) are either 
at rest or oscillate with smaller amplitudes. The escapement mechanisms of most of them are permanently switched off but 
metronome 15 (see Figure 2(c)) oscillates with larger amplitude and different frequency (approximately 23 tics per minute). 
Its escapement mechanism is intermittently switched on. The yellow arrows in Figure 2(b,c) indicate the actual positions of 
the pendula (snapshot). The imperfect chimera states coexist with the state of complete and phase synchronization and perfect 
chimeras. Imperfect chimera states are easily observed for both local and nonlocal coupling and the wide range of initial 
conditions (moreover, in our experiment it is easier to observe imperfect chimera states than the perfect ones). 
 

 
CONCLUSIONS 

 
We have constructed the simple experimental setup to explore the spatio-temporal dynamics of the network of the 

coupled pendula. The nodes in the network are locally and nonlocally coupled pendula (Huygens' clocks realized by 
metronomes). We observe the formation of coexisting coherent and incoherent domains in which the newly discovered 
patterns of imperfect chimera or multi-headed chimera are the most typical one. This behavior is observed experimentally and 
confirmed in numerical simulations. 
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ANALYSIS OF SYMMETRY-BREAKING AND MULTI-BIFURCATION FOR MULTI-
FOLDING STRUCTURES 

 
Ichiro Ario1 a)  

1Department of Civil Engineering, Hiroshima University, Higashi-Hiroshima, Japan 
 
Summary Recently, it is well-known as the symmetry-breaking phenomena in the field of physics, the block-diagonalization method (BDM) 
based on representation theory of group with the utilization of symmetry has come to be utilized to exploit structural analysis of the symmetric 
structure. According to the fact that topological factor is unclear in the homogeneous structures, in this paper, we present the mechanism of the 
breaking-down from high-symmetry of the stratified symmetry which is developed by the translation law of group theory. We propose that 
there is the finite element mesh issue of numeric error of computing analysis which it is confirmed hidden symmetry and its symmetry-breaking 
on the dynamic simulation problem by using group representation. It is possible to trace the dynamic nonlinear process from symmetric 
structures with strange behavior. It is found that there are different solution on dynamic process without the issue of the numeric method, it 
depends on the number of divided elements on symmetric structure. 
 

  
THEORY OF MFM FOR A DESCRETE CYLINDRICAL STRUCTURES 

 
   We review the interesting eigenvalues problem of a folding truss allowing for the deformation using both analytical and 
numerical approaches. An experimental approach by Holnicki [1] showed an active shock-absorber based on the truss 
system. From these approaches the authors developed the concept of a pantograph truss to model the multi-folding of 
microstructures [2]. The paper [2] presents the theoretical basis for both static and dynamic numerical approaches to the 
elastic stability of a folding multi-layered truss. Both analyses are based on bifurcation theory and include geometrical 
nonlinearity. Comparisons are made between published experimental folding patterns and the patterns obtained from both 
numerical methods in which bifurcations are demonstrated as having elastic unstable snap-through behaviour. The authors 
suggest that understanding this behaviour will be very useful for the development of lightweight structures subject to 
dynamic loading based on the bifurcation static analysis and dynamic analysis.  

In this paper, we investigate the mechanism of several folding patterns for the numerical work to trace the folding 
patterns of the system shown in Fig.1. This structure is similar to the carbon nano-tube, and inside this cage sets up the 
membrain structure. We consider the folding mechanisms for the cylindrical (pantographic) truss structure subject to a 
vertical load at the top node of the system. The system is a pin-jointed elastic truss and all nodes of the system displace 
vertically only. No allowance is made for friction or gravity for this geometrically nonlinear problem. 

 
THEORETICAL APPROACH FOR A FOLDING DIAMOND TRUSS [2] 

 
We focus a diamond truss with right-left symmetry in MFM system. Hence in this paper the theoretical bifurcation 

analysis, is limited to considering a collapse with symmetric deformation.  
Now let's consider a theoretical estimation for a folding diamond truss model. We assume a periodic height for each layer 

of  where the width L of the truss is fixed. Therefore, the initial length for each bar in geometry of the figure is 
expressed as 

 
The deformed length of each bar denoted as , is a function of the height and the nodal displacement variables 

 
 

HILL-TOP BIFURCATION EQUILIBRIUM PATHS [3] 
 

By allowing for symmetric model, we can therefore consider nonlinear equilibrium equations based on the total strain 
energy theoretically. 

For the 1st and 2nd equilibrium equations chained 
 



 

 
Figure 3: D6-invariant axes-symmetric structure with MFM 

 

 
These equations equal 0 in the limit value problem of total potential energy. It is possible to solve all variables  
by substituting the obtained solutions into the next limited condition using the theorem of implicit function. 
 

 
 
where F( . ) denotes a function of the nonlinear solutions. Finally, we obtain all solutions completely as equilibrium paths 
and it is shown the nonlinear kinetic equation in the following; 
 

 
 
We can consider this differential equation with nonlinear stiffness for dynamic problem. Here, M is mass, C is damping and K is 
nonlinear stiffness matrices. 
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Summary� +DUPRQLF� GLIIHUHQWLDO� TXDGUDWXUH�PHWKRG� �+'4�� LV� GHYHORSHG� IRU� WKH� QRQOLQHDU� YLEUDWLRQ� RI� D[LDOO\�PRYLQJ� YLVFRHODVWLF� EHOWV��
'LIIHUHQW�W\SHV�RI�TXDGUDWXUH�QRGHV�VXFK�DV�&KHE\VKHY�*DXVV�/REDWWR��*DXVV�/HJHQGUH�SRLQWV��DQG�WULDQJOH�EDVLV�IXQFWLRQV�DUH�XVHG�WR�GLVFUHWH�
WKH�SDUWLDO�GLIIHUHQWLDO�YLEUDWLRQ�HTXDWLRQV�WR�RUGLQDU\�GLIIHUHQWLDO�HTXDWLRQV�ZLWK�UHVSHFW�WR�WKH�WLPH��+DGDPDUG�SURGXFW�DQG�6-7�SURGXFW�DUH�
XVHG� WR� LPSURYH� WKH� FRPSXWDWLRQDO� HIILFLHQF\� RI� WKH� GLVFUHWL]HG� QRQOLQHDU� HTXDWLRQV�� 1XPHULFDO� UHVXOWV� VKRZ� WKDW� WKH� +'4� PHWKRG� KDV�
DGYDQWDJHV�ERWK�LQ�HIILFLHQF\�DQG�VWDELOLW\��
�

,1752'8&7,21�
�
� � � 'LIIHUHQWLDO�TXDGUDWXUH�PHWKRG��'4��LV�D�SRSXODU�DSSURDFK�XVHG�LQ�WKH�DUHD�RI�HQJLQHHULQJ�DQG�PHFKDQLFV�EHFDXVH�RI�LWV�
DGYDQWDJHV� RI� OHVV� FRPSXWDWLRQ�� VLPSOH� IRUP� DQG� FRQYHQLHQFH�� 7KH�'4�PHWKRG�ZDV� ILUVWO\� LQWURGXFHG� E\� %HOOPDQ� DQG�
&DVWL>�@��LQ�ZKLFK�WKH�SDUWLDO�GHULYDWLYHV�RI�D�IXQFWLRQ�LQ�RQH�GLUHFWLRQ�LV�H[SUHVVHG�DV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�IXQFWLRQ�
YDOXHV�DW�DOO�PHVK�SRLQWV�DORQJ�WKDW�GLUHFWLRQ��7KH�IROORZLQJ�VWXGLHV�RI�WKH�'4�PHWKRG�ZHUH�IRFXVHG�RQ�WKH�FKRLFH�RI�PHVK�
SRLQWV�� WKH� WUHDWPHQW� RI� ERXQGDU\� FRQGLWLRQV�� WKH� FKRLFH� RI� EDVLV� IXQFWLRQ�� WKH� SURSHUW\� RI� ZHLJKW� FRHIILFLHQWV� DQG� WKH�
FRQYHUJHQFH�RI�VROXWLRQ�� ,Q� WKH�+DUPRQLF�GLIIHUHQWLDO�TXDGUDWXUH��+'4��PHWKRG�� WKH� UHVHDUFKHUV�FKRVH� WKH� WULJRQRPHWULF�
IXQFWLRQV�WR�GHWHUPLQH�WKH�ZHLJKW�FRHIILFLHQWV��ZKLFK�LV�DSSURSULDWH�WR�WKH�SHULRGLF�VROXWLRQV�DQG�LV�DSSOLHG�WR�VWUXFWXUDO�DQG�
YLEUDWLRQ�DUHD�>���@��
� � � ,Q� WKLV�SDSHU�� WKH�+'4�PHWKRG� LV� DSSOLHG� WR� WKH� DQDO\VLV�RQ� WKH�QRQOLQHDU�YLEUDWLRQV�RI� WZR�SXOOH\�EHOW�GULYH� V\VWHP�
ZKLFK� LV� REWDLQHG� LQ� SDSHU� >�@�� 7KH� GLIIHUHQW� W\SHV� RI� WKH� TXDGUDWXUH� QRGHV�� VXFK� DV� &KHE\VKHY�*DXVV�/REDWWR��*DXVV�
/HJHQGUH�SRLQWV��+DGDPDUG�SURGXFW�DQG�6-7�SURGXFW�>�@��DUH�XVHG�WR�GLVFXVV�WKH�QRQOLQHDU�YLEUDWLRQV�RI�WZR�SXOOH\�EHOW�GULYH�
V\VWHP��WKH�HIILFLHQF\�DQG�VWDELOLW\�RI�WKH�DOJRULWKP��
�
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� � � 7KH�EDVLV�IXQFWLRQ�LQ�WKH�'4�PHWKRG�FDQ�EH�FKRVHQ�DV�/HJHQGUH�SRO\QRPLDO��/DJUDQJH�LQWHUSRODWLRQ�SRO\QRPLDO��VSOLQH�
IXQFWLRQ��UDGLDO�EDVLV�IXQFWLRQ��HWF��6WUL]�HW�DO��GHYHORSHG�WKH�'4�PHWKRG�E\�XVLQJ�WKH�IROORZLQJ�WULJRQRPHWULF�IXQFWLRQV�WR�
GHWHUPLQH�WKH�ZHLJKW�FRHIILFLHQWV��ZKLFK�LV�FDOOHG�KDUPRQLF�GLIIHUHQWLDO�TXDGUDWXUH�PHWKRG��+'4���,Q�WKH�UHFHQW�VWXG\��WKH�
EDVLV�IXQFWLRQ�RI�WKH�+'4�PHWKRG�FDQ�EH�FKRVHQ�DV� �
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ZKHUH� �� � "j N ��DQG N�LV�WKH�QXPEHU�RI�JULG�SRLQWV�ZKLFK�LV�QRUPDOO\�DQ�RGG�QXPEHU��DQG����x����7KH�FRUUHVSRQGLQJ�
H[SOLFLW�IRUPV�RI�ZHLJKW�FRHIILFLHQWV�IRU�HDFK�RUGHU�GHULYDWLYHV�FDQ�EH�FDOFXODWHG�E\�HTXDWLRQ�����DQG�HDV\�SURJUDPHG�� �

7KH� JULG� SRLQWV� FDQ� EH� FKRVHQ� DV� &KHE\VKHY�*DXVV�/REDWWR�� *DXVV�/HJHQGUH� SRLQWV� HWF�� 7KH� GLIIHUHQW� W\SHV� RI�
TXDGUDWXUH�QRGHV�KDYH�GLIIHUHQW�LQIOXHQFHV�RQ�WKH�VROXWLRQV��
�

121/,1($5�9,%5$7,216�2)�$;,$//<�029,1*�9,6&2(/$67,&�%(/76�
�
� � � 7KH�WZR�SXOOH\�EHOW�GULYH�V\VWHP��LQ�ZKLFK�WKH�DFFHVVRU\�VKDIW�DQG�WKH�GULYHQ�SXOOH\�DUH�FRXSOHG�E\�D�ZUDS�VSULQJ�ZLWK�
VWLIIQHVV Kd�DV� LOOXVWUDWHG�VFKHPDWLFDOO\�LQ�)LJXUH����ZKHUH�c DQG�P���UHVSHFWLYHO\��DUH� WKH�D[LDO�VSHHG�DQG�WKH�LQLWLDO�D[LDO�
VWDWLF�WHQVLRQ�RI�WKH�WUDQVODWLQJ�EHOW�DQG�DUH�DVVXPHG�WR�EH�FRQVWDQW�DQG�XQLIRUP� l�LV�WKH�OHQJWK�RI�WKH�EHOW�VSDQV��x���x��DUH�
WKH�QHXWUDO�D[LV�FRRUGLQDWHV�RI�WKH�EHOW�VSDQ��Ȧ��x��t���Ȧ��x��t��DUH�WKH�WUDQVYHUVH�YLEUDWLRQ�GLVSODFHPHQWV�RI�WKH�EHOW�VSDQ�DW�x�
DQG�WLPH�t��ș��t��DQG�ș��t���UHVSHFWLYHO\��DUH�WKH�DQJXODU�YLEUDWLRQ�GLVSODFHPHQWV�RI�WKH�GULYHQ�SXOOH\�DQG�WKH�GULYLQJ�SXOOH\��
M��LV�WKH�SUHORDG�EHWZHHQ�WKH�DFFHVVRU\�VKDIW�DQG�WKH�GULYHQ�SXOOH\��Ja�DQG�șa�t��DUH�WKH�URWDWLRQDO�LQHUWLD�DQG�WKH�DQJXODU�
GLVSODFHPHQWV�RI�WKH�DFFHVVRU\��UHVSHFWLYHO\��
�
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Summary Steering Gear transmission plays an important role in various transmission systems. This paper investigates the dynamic behaviour 
of a steering system with several backlashes. First, the motion equations of a 3-DOF system about relative movements were established. Then 
the modal analysis was used to analyse the natural frequencies and amplitude-frequency curves of the system using the harmonic balance 
method. Second. the system was numerically simulated by Runge-Kutta method. Bifurcation, chaos and other complex dynamic phenomena 
were presented. Finally, influences of rotational speed ratio, gear backlashes, load force and damping coefficients on dynamics of the system 
were analysed. The result of the paper indicates that both the operating conditions and the structural parameters of the steering gear system can 
be designed properly to avoid undesirable dynamic motion and realize better mechanical properties. 
 

INTRODUCTION 
 
   Transmission systems are widely used in automotive, aerospace and other industrial machinery. Based on dynamic 
analysis of the steering gear parts, a transmission system can be designed with high stability, durability and efficiency. 
Ozguven and Hourser [1] presented a review on gear dynamics with 188 references, which also gives a summary of the 
mathematical models. Another review by Wang [2] presents the gear dynamic behaviours under the influence of nonlinear 
factors. Basic concepts, mathematical models and the solving methods were also summarized. Backlashes between the 
meshed gears can influence heavily on the system vibration behaviour, as described in more theoretical researches recently 
[3-5]. Though the electric steering gear system is an important type of transmission system, which often contains several 
gears and a feed screw-nut structure, the dynamics of this type of gear system has been seldom investigated. Therefore, the 
dynamics of a 3 degree-of-freedom steering gear system with backlashes is analysed in this paper by using of the harmonic 
balance method. Influences of the operating conditions and structural parameters on the system dynamics are also presented. 
 

EQUATION OF MOTION AND MODAL ANALYSIS 
 
   The steering gear system considered is shown in Fig.1. Three gear wheels and one feed screw-nut structure, acted by the 
external torque T1 on gear 1 and concentrating force T4 on the feed screw-nut structure respectively. The displacement 
excitations e(t), acting on each gear, are resulted from the relative gear errors of the meshing teeth. Due to the backlashes, 
the restoring force generated during gears meshing can be modeled by piecewise linear function in Fig 2. Considering the 
relative movement of the meshed gears and screw-nut, the steering gear system can be reduced as a 3 degree-of-freedom 
system without rigid displacements. Then dynamic equations can be established and non-dimensionalized by introducing 
ܾ and � as the nominal size and nominal time. The harmonic balance method based on discrete Fourier transform is 
adopted to modal analysis of the transmission system with backlashes. Natural frequencies and amplitude-frequency curves 
are presented, as an example shown in Fig 3. They indicate that the resonances occur at the nondimensional frequencies 
0.67, 1.01 and 1.85 respectively. All relative vibrations are intense at the first natural frequency. Whereas at the second and 
third natural frequencies, only one or two relative vibrations are quite intense. 

 
Fig. 1 The structure of a steering gear system        Fig. 2 Piecewise linear function of backlash       Fig. 3 A /F diagrams (b=1.2e-4 m) 

 
DYNAMIC TRANSMISSION ERROR AND COMPLEX DYNAMIC PHENOMENA 

 
   The dynamical behaviors of the steering gear system are numerically solved and illustrated by bifurcation diagrams, 
mean value, mesh state ratio, root-mean-square (RMS) of dynamic transmission error (DTE), and so on. Results of one gear 



pair are shown in Fig 4-6 over the dimensionless rotating frequency ȍ range of 0 to 4. In the range of 0-0.4, the mean value 
of DTE changes slightly and the RMS value is small, which means that the gears engage with each other only in one side 
and there is no collision between them at all. That is the gear engagement state is steady. ,Q�WKH�ȍ�UDQJH�RI���4-0.6, the RMS 
value rises significantly while the mean value jumps down, and mesh state ratio of the front side is reduced by about 50%, 
ZKLFK�UHIOHFW�WKH�RFFXUUHQFH�RI�GRXEOH�VLGHV¶�FROOLVLRQV�EHWZHHQ�WKH gears under the resonant conditions. AV�ȍ�LQFUHDVHV and 
the mean value, RMS value and mesh state ratio value fluctuate extensively, which reflect intense gear collisions. Further 
increase of ȍ brings the system returns back to steady movement.  

         
Fig 4. Mean value of DTE                     Fig 5. RMS value of DTE                      Fig 6. Mesh state ratio 

 
INFLUENCES OF THE PARAMETERS 

 
  In general, the gear backlash is the cause of nonlinearity and has a significant effect upon the system dynamics. The 
research shows that every single backlash in the system can cause complex motion and the sensitive frequency areas of each 
backlash are different. Fig 7-9 presents the bifurcation diagrams of the system using gear backlash, dimensionless load force 
and damping coefficient as the bifurcation parameter, respectively. The results demonstrate the reinforce power of the 
complex motions when backlashes increase and the effectiveness of the higher load force and damping coefficient in 
suppressing non-periodic motions of the spur gear system. What is more realistic is that the parameters could be used as 
control parameter to avoid chaotic responses. 

     
Fig 7. Bifurcation with increase of backlashes      Fig 8. Bifurcation with increase of load force     Fig 9. Bifurcation with increase of damping 

 
CONCLUSIONS 

 
   Dynamics of a steering gear system with gear backlash nonlinearities and transmission error excitation are investigated by 
harmonic balance method and numerical simulations in this paper. The result shows that gear backlash is a significant factor to 
the bifurcations and chaos phenomenon in the steering gear system which cannot be ignored. According to the diagrams of mean 
value of dynamic transmission error, mesh state ratio and RMS value, bifurcations and chaos can cause gear collisions and 
unstable transmission to the system. Variations of the rotational speed ratio, gear backlash, dimensionless load force and 
damping coefficients can influence the state of the system response. The unexpected chaotic behavior, collisions within parts of 
the system as a result, can be avoided by designing the parameters with suitable values. 
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VIBRO-IMPACT DYNAMICS IN SYSTEMS WITH TRIGGER OF COUPED THREE 
SINGULAR POINTS: COLLISION OF TWO ROLLING BODIES 
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Summary Under the author’s use Petroviċ’s elements of mathematical phenomenology, especially mathematical analogy, new expressions of 
post-collision outgoing angular velocities of two rolling rigid bodies are determined. Advances to theory of collision between two bodies are 
generalized to collision of two rolling rigid bodies. Using these results, nonlinear dynamics in the vbro-impact system with trigger of coupled 
singular points and homoclinic trajectory in phase trajectory portraits is study. Use phase portraits of two nonlinear dynamical systems in which 
appear central collision of thin rolling different size disks are studied. In first vibro-impact system disks is in rolling along straight line and 
coupled by springs, and in second rolling disks are moving along a circle line rotate with constant angular velocity around vertical central axis. 
In both considers system dynamics exist a trigger of coupled singular points. 

 
ADWANCES TO THEORY OF COLLISION OF TWO RIGID ROLLING BODIES 

 
   Advances to theory of collision between two bodies are generalized to collision of two rolling rigid bodies. Under the 
authors’ use Petroviċ’s elements of mathematical phenomenology [1,2,3,4], especially mathematical analogy, new expressions 
of post-collision outgoing angular velocities of two rolling rigid bodies are determined in following forms (see Figure 1.a*):. 
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Figure 1. a* Plans of the impact velocities of possible points at corresponding circles at same height of balls in central a nd skew 
collisions of two rolling heavy balls different radiuses: left for first smaller ball and  right for second bigger ball. b* and c* Two vibro-
impact systems each containing two rolling thin different  radiuses disks in central successive collisions. 

 
NON-LINEAR DYNAMICS OF TJE VIBROIMPACT SYSTEMS WITH T RIGGESR OF COUPLED SINGULAR 

POINTS AND HOMOCLINIC ORBITS IN FORM NUMBER EIGHTIN  PHASE PORTRAITS 
 
   In Figure 1.b* and c* two mechanical vibro-impact syst ems containing two rolling thin different size disks are 
presented. Each disks, in both considered systems dynamic s, a corresponding trigger [5,6] of coupled three singular po ints 
and homocclinic orbit in the form of number “eight” pos ses in corresponding phase portraits for corresponding rel ation of 
parameters of system, In both system exists a bifurcati on parameter and with its variation in the phase portrait s layering of 
phase trajectories appear, as well as appearance and disappe arance of trigger of coupled singular points. Kinetic para meters 
and phase portraits of each vibro-impact system (in Figu re 1. b* and c*) in ideal constraints as conservative and,  also,  in 
the field of turbulent damping as no conservative, an d of each of the rolling disks are determined and graphic ally presented.  
in Figure 2 a* and b* phase trajectory branches in phase portraits of two rolling disks for motion in interval be tween 
configurations of the initial condition configurations and configurations of pre-first-collision and post-first-co llision 
between two rolling disks for corresponding conservativ e systems are presented. On the phase portraits alterna tions of the 
pre-collision impact velocities of the disks into post-col lision corresponding translator or angular velocities are visible.   
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Kinematical plans of pre- and post- 
collision angular velocities 
are composed for different  
cases of collisions. 
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SWITCHING SENSITIVE AND INSENSITIVE RESPONSES IN A PIECEWISE SMOOTH 
RUBBING ROTOR SYSTEM

Jun Jianga), Ling Hong
State Key Laboratory for Strength and Vibration, Xi'an Jiaotong University, Xi’an 710049, China 

Summary In this work the response characteristics of a two-degree-of-freedom piecewise smooth nonlinear isotropic rubbing rotor system,
which consists of a linear subsystem and a nonlinear subsystem controlled by a switching surface that gives the rubbing condition, are 
investigated. It is found that the parameters of the piecewise smooth system can be classified into the switching sensitive and insensitive regions. 
We show that the responses of the full non-smooth system in the switching insensitive regions can be well determined through the analysis of 
the responses both the linear and the nonlinear subsystems by the theory of nonlinear dynamics. In the switching sensitive regions, some 
responses of the full non-smooth system, although unpredictable theoretically, can still be explained from the response characteristics of the 
subsystems, and some other responses cannot be well understood from our current knowledge. 

PIECEWISE SMOOTH MODEL FOR A RUBBING ROTOR 

   Rotor/stator rubbing is a malfunction in rotating machinery that degrades the machine performance and may lead to the 
catastrophic failure of a whole machine through dry whip in the worst case [1]. A rubbing rotor system (see Fig.1) can be 
modeled by a piecewise smooth system [2]:  
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   deflection magnitude 2 2r x y( %             (1) 

where x,y are the deflections of the rotor in the horizontal and vertical directions, and m,c,ks are mass, damping and stiffness 
of the rotor. e is mass eccentricity and " the rotating speed of the rotor. kb is the stiffness of the stator. r0 and ! are clearance 
and friction coefficient between the rotor and the stator.  

& is Heaveside function with &=0 when the deflection amplitude r <r0, that is, there is no rubbing in the rotor and the 
system is govern by linear equations. &=1 when r - r0 is the rubbing case whereby the system is governed by the nonlinear 
equations. Therefore, the rubbing condition is governed by the switching surface by  

2 2
0{( , , , ) | 0}x x y y x y r. ( % ' (! !                                                            (2)

The piecewise smooth system possesses some specific features: (1) the switching surface is defined as a deflection 
magnitude of two displacement coordinates of the system; (2) when a periodic trajectory of the system begins to touch the 
switching surface, it touches switching surface at all points to make it different from gazing in the usual non-smooth 
systems; (3) there is no periodic motion formed by crossing the switching surface between the two subsystems. 

DYNAMICS OF LINEAR AND NONLINEAR SUBSYSTEMS 

By solving the equations of the linear subsystem of (1) when &=0, the existence boundaries of the periodic solution of 
linear subsystem are obtained by considering the switching condition (2), which are shown by the red dashed lines marked 
respectively by /L and /U in Fig.1(left). Here / is the non-dimensional rotating speed defined by " over the natural 
frequency of the coupled rotor/stator system. These two lines also give the rotating speeds at which the piecewise smooth 
system (1) is in the grazing state.  

The periodic solutions of the nonlinear subsystem of (1) when &=1 can be also solved analytically. There are two 
branches periodic solutions of the nonlinear subsystem, one is stable and the other is unstable. The existence ranges of the 
periodic solutions are decided by three saddle-node bifurcation points denoted by the black solid curves in Fig.1(left). 
However, when the switching condition (2) is taken into account, the periodic solutions are meaningless in the ranges 
between SN1 and /L as well as in right side of SN3 because the amplitudes of the periodic solutions are smaller than the 
clearance r0. The boundaries of Hopf bifurcation for each of the two periodic solutions are also derived analytically and 
shown by the green solid curves in Fig.1(left). It is found that the meaningful stable periodic solution of the nonlinear 
subsystem exists only in the range between /L and SN2 and under the green curve (+). So a meaningful quasi-periodic 
solution with amplitude fluctuating around r0 exists after Hopf bifurcation in the corresponding region but above the green 
curve (+). Through numerical simulations, the nonlinear subsystem possesses only a pair of meaningless periodic solutions 
in the range between SN1 and /L, but there are meaningful chaotic and quasi-periodic responses in the ranges between SN2
and SN3, or in the region in the right side of SN3, where another pair of meaningless periodic solutions exist. The dynamical 
characteristics of subsystems have significant influence on the behavior of the full piecewise smooth system. 
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Summary In this work, we present application of geometric and topological approaches of phase space transport to dynamical systems which
exhibit transition out of a potential well or escape from the realm of bounded motion. This phenomena is observed in problems of celestial
mechanics, chemical kinetics and ship dynamics where by transition and escape may be beneficial or detrimental. We present results in the
context of mechanical systems that can be geometrically reduced to two-dimensional maps using invariant manifolds of unstable periodic
orbits and suitable Poincaré surfaces-of-section. We apply a recently developed notion of controlling a dynamical system, in the presence
of a random bounded disturbance while applying a smaller control, to avoid transition and escape into an undesirable realm of phase space.

PROBLEM DESCRIPTION
In a myriad of natural and engineering systems, there are instants of critical motion when the trajectory escapes from a (or

transitions into another) metastable state, often characterized by a potential well. This phenomenon may be undesirable if it
implies a catastrophic event or could be desirable from a control and design perspective. In any case, it is of paramount interest
to understand the mechanisms underlying such critical motion, providing in essence a reduced order model of transitions. The
discovery of such mechanisms will also lead us to propose strategies to avoid or trigger escape/transition and make better
predictions.

We will illustrate our results in the context of a ship dynamics problem. Consider a model of ship dynamics that has
nonlinear coupling of roll and pitch degrees of freedom (DOF) and is of interest in naval engineering for ship safety against
capsize in the presence of wave forcing. The dynamical system of interest can be expressed by the Lagrangian L(x, y, x̊, ẙ)
given by

L(x, y, x̊, ẙ) = T (̊x, ẙ)− V (x, y)

=
1

2
x̊2 +

1

2

(
2

R2

)
ẙ2 −

(
1

2
x2 + y2 − x2y

)

x̊ = vx

ẙ = vy

v̊x = −x+ 2xy + fx(t)

v̊y = −R2y +
1

2
R2x2 + fy(t)

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

(1)

with V (x, y) = 1
2x

2 + y2 − x2y as the corresponding effective potential energy, x, y denotes the roll and pitch degrees of
freedom which is non-dimensionalized using the roll and pitch angle of vanishing stability, R = ωθ/ωφ, ratio of the pitch to
roll natural frequencies. In what follows, R = 1.6 is chosen so as to lessen the effects of parametric resonance. The equations
of motion can be expressed in first order ODE form given by (1), where time is non-dimensionalized using the natural roll
frequency and the non-conservative time-varying generalized forces, fx(t), fy(t), which denote rescaled angular accelerations
due to wave moments. Our objective is to apply a geometrically motivated approach of identifying trajectories that lead to
capsize and find if a control smaller than a disturbance can be used to avoid such event.

TUBE DYNAMICS AND PARTIAL CONTROL
When the system is autonomous i.e., (fx(t) = fy(t) = 0), Eqn. (1) conserves the energy, E(x, y, vx, vy) = 1

2v
2
x +

1
2

(
2
R2

)
v2y + 1

2x
2 + y2 − x2y since damping isn’t considered and which represents a hypersurface in R4. However, by using

a suitable geometric reduction technique we can classify orbits with varied fates for a given instantaneous energy, e. This is
typically done by using a Poincaré surface-of-section (S-O-S), in this case a plane R2, that captures motion leading to escape
from the potential well i.e., capsize. We consider a Poincaré S-O-S that is intersected by trajectories with motion to the right
and given by ΣU1 = {(y, vy)|x = 0; vx > 0} (where vx > 0 captures motion to the right) and shown in Fig. 1(a) and
Fig. 1(b). Furthermore, the regions of energetically accessible motion for a ship of given energy, e, is defined by considering
the projection of energy surface onto the configuration space, (x, y) plane, given by M(e) = {(x, y)|V (x, y) ! e} which
is historically known as Hill’s Region (see [1]). Using basic dynamical systems theory, we obtain the critical points for the
conservative system at (±1, 0.5, 0, 0) which is a rank-1 saddle (with eigenvalues ±λ,±iω). The energy of saddle equilibrium
points is defined as critical energy given by E(±1, 0.5, 0, 0) = Ecritical = 0.25 and all motions leading to escape from
the potential well occur above this value i.e., a ship rolling and pitching with instantaneous energy e will capsize when
e > Ecritical.

This can be systematically explained by considering the invariant manifolds of the rank-1 saddles (this theory goes by
the name of tube dynamics and is applied to celestial mechanics in [1]) to organize trajectories exhibiting ship’s safe and
capsize configuration. For a 2-DOF system (phase space is R4) the globalized manifolds are topologically a cylinder or tubes
(hypersurface in R4 and co-dimension 1) and forms a boundary between capsize and non-capsize trajectories i.e., escape

∗Corresponding author. Email:shiba@vt.edu
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SYMMETRY-INDUCED DYNAMIC LOCALIZATION IN LATTICE STRUCTURES

Nathan Perchikov ∗and O.V. Gendelman
Faculty of Mechanical Engineering, Technion, Haifa 32000, Israel

Summary The existence of internal symmetry in lattice structures may give rise to stationary compact solutions, even in the absence of
disorder or nonlinearity. These compact solutions are related to the existence of flat dispersion curves (bands). Nonlinearity can be a
destabilizing factor for such compactons. This can be illustrated by a simple one-site model, in which the compacton corresponds to a single
hidden antisymmetric mode. This antisymmetric mode can lose its stability through parametric resonance, when accounting for nonlinear
interactions.

SETTING AND LINEAR ANALYSIS

A chain of linearly coupled elements with symmetric internal structure is considered, as presented in Figure 1.

Figure 1: Schematic plot of the basic setting.

The boxes are considered to be massless. Evidently, due to internal symmetry, the antisymmetric mode in each box will
not interact with the other modes in the system. Thus in the considered case, one obtains a completely localized solution
(compacton). This localized solution emerges already in a linear homogeneous system. Therefore, in addition to two well-
known origins of localization in lattices − disorder [1] and nonlinearity [2] − there appears to be a third possible source of
localization: internal symmetry. Due to lack of direct interaction with external excitation, the aforementioned compactons
may also be referred to as ”hidden modes”. The dispersion curves for the system depicted in Figure 1 are presented in Figure
2.

Figure 2: Oscillatory spectra for the system described in Figure 1.

One of the dispersion curves (bands) is flat, i.e. independent of the wavenumber, k. Its frequency corresponds to the
frequency of compactons. In the specific system depicted in Figure 1, this flat band always lies above ”regular” dispersion
bands. However, for more complicated structures (for instance, for the case when internal transverse motion of particles
is permitted), the emerging flat bands may also intersect other dispersion bands. In such cases, the regular ”intersection
avoidance” of dispersion curves is absent (due to lack of linear coupling between the modes). The existence of compactons in
the model system described above depends only on the symmetry in the considered system. For a single site of such lattice,
we demonstrate that slight perturbation to the symmetry can reveal the ”hidden mode” under external excitation, with an
additional, thin, resonance peak emerging. However, small damping (proportional to the asymmetry) can efficiently destroy
this additional resonance peak, restoring the mode ”hiding” effect.

∗Corresponding author. Email: perchico@gmail.com



NONLINEAR DYNAMICS

The inclusion of (symmetric) nonlinearities does not affect the existence of compacton solutions. In the same time, in
the nonlinear case, the compacton mode becomes coupled to the other modes of the system. Such nonlinear coupling can be
destructive for compacton existence − stability can be lost through the mechanism of parametric resonance. To explore this
scenario, we consider the same single-site (sub)system, only with the addition of internal cubic nonlinearity. The emerging
system can represented by the following equations:

mẍ1 + k1(x1 − x0) + p(x1 − x0)
3 = 0

mẍ2 + k1(x2 − x0) + p(x2 − x0)
3 = 0

k0x0 − k1(x1 − x0)− p(x1 − x0)
3 − k1(x2 − x0)− p(x2 − x0)

3 = 0

(1)

In Eqs. (1), x1 and x2 denote the displacements of the masses, and x0 − the displacement of the external box. The last
equation in the system is algebraic, as arising due to the zero box mass assumption. Evidently, system (1) admits symmetric
and antisymmetric nonlinear normal mode (NNM) solutions. The antisymmetric mode is ”hidden” and corresponds to the
compacton solution. Partial results of numerical Floquet analysis for the NNMs of Eqs. (1) are presented in Figure 3.

Figure 3: 1st (finite-width) and 2nd (degenerate) instability tongues of the purely antisymmetric mode (in solid red) with asymptotic
expansions for tongue boundaries (dashed black), and multiple (finite-width) instability tongues of the symmetric mode (in solid blue). Y0

denotes the (normalized) amplitude of (x1 + x2)/2− x0.

In addition to a finite-width instability tongue for small k1/k0 ratios, there exists a 2nd narrow region of instability, char-
acterized by emerging resonance-related KAM islands, around the rightmost red curve in Figure 3, as shown in Figure 4.

Figure 4: Poincaré sections at x1 = x2 for k1/k0 = 1.25 for (rightwards) increasing amplitudes Y0 = 0.31, 0.313, 0.316, 0.325

CONCLUSIONS

In view of the above, one finds that in the presence of internal symmetry, a localized solution (a ”hidden” mode, or,
a compacton) exists even with no nonlinearity or disorder, and can either remain stable, when accounting for nonlinear
interactions, or be destroyed by them, depending on the parameters.
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DATA-BASED METHOD FOR EXTRACTING NAVIGATIONAL LEADERSHIP BETWEEN
TWO BATS

Subhradeep Roy and Nicole Abaid ∗

Department of Biomedical Engineering and Mechanics, Virginia Tech, USA

Summary We study the navigational leadership roles in bats by implementing a recently developed dynamical systems tool, convergent
cross mapping, to detect the information transfer between two bats. Small groups of bat paths are continuously tracked, from which 3D path
points are extracted and converted to 1D curvature-based time series data to perform convergent cross mapping analysis. This work seeks
to answer the question of whether individuals fly independently of each other or interact to plan flight paths.

NAVIGATIONAL INFORMATION TRANSFER BETWEEN A PAIR OF BATS

Collective behavior in groups of social animals is the interaction and negotiation of individuals to reach an agreement,
examples of which are coordinated motion and synchronous migration. Bats are unique among such social animals in that they
use active sensory echolocation or “bio-sonar”, wherein they emit ultrasonic waves and sense echoes to detect and navigate
surroundings. Jamming occurs when multiple bats are using echolocation and each individual’s calls become difficult to
distinguish, which may lead to misinterpretation of echoes and thus their environment. In the biological literature, there
is evidence of such jamming happening in bats and of their different strategies to avoid misinterpretation, like frequency
modulation or vocalization cessation. Also, there are instances where bats purposefully jam conspecifics during competition
for food. Hence, it is clear that bats act differently in groups than alone and, in many situations, this can benefit their survival.

In real bat swarms, understanding the navigational leadership roles is a challenge and quantitative assessment of leadership
appears to be an entirely untouched area of study. Given the broadcast nature of bio-sonar, the active sensing of one individual
can directly influence the motion of others, making the directionality of leadership unclear. Here, we seek to understand
navigational leadership in bats from direct observation of bat swarms in flight. The exploration of this area is refined by
focusing efforts on pairs of bats and pursuing a method of analysis involving the evaluation of directional information transfer.

Real-world leader-follower interactions can be studied as information transfer by the use of the concepts of Granger
causality (GC) [1], transfer entropy (TE) [2], and convergent cross mapping (CCM) [3]. These different tools measure the
directional information transfer between two random processes. We focus on CCM which is a recently developed method
for determining causality between two time series [3]. We choose this method because of the following reasons. First, it
can be extended to nonlinear, non-separable dynamical systems, involving weakly coupled variables and in the presence of
a third driving variable, in each of which GC does not apply [3]. Secondly, the principal difficulty to calculate TE from
experimental data is in estimating probability distributions which are computed using binning methods such as histograms
[4]; such challenges can be overcome with CCM.

We seek to understand the navigational leadership in a pair of bats, for which we perform CCM analysis to detect the
information transfer which is assumed to flow from leader to follower. For each bat in the pair, we compute a curvature-based
time series from 3D trajectories that are captured in a field experiment in a mountain cave in Jinan, China.

Convergent cross mapping (CCM)
CCM was first introduced in [3], in which it has been reported as a necessary condition for causation. This method is

based on an algorithm that compares the ability of lagged components of one process to estimate the dynamics of another.
Given two time series, X(t) and Y (t) are causally linked if they share a common attractor manifold, M , where t denotes

time index. From Taken’s theorem, generically a shadow version of the original manifold M can be reconstructed from the
projection of any of this time series. The time series data X(t) and its delayed components, X(t − τ) and X(t − 2τ),
where τ is the time delay, can be used as variables to construct the shadow version of the original manifold called MX . The
reconstructed manifold preserves the properties of the original system, such as the topology and the Lyapunov exponents. This
method represents a one-to-one mapping of the original manifold M and the reconstructed manifold, MX , and similarly maps
one-to-one to the reconstructed manifold, MY , built from the time series Y . The next step is to find the nearest neighbors in
MY , and use the time indices to find the corresponding points in MX . If these points are also nearest neighbors in MX , then
X and Y are causally related. This allows the historical records in Y to estimate states in X , and vice-versa. This method is
used to find an estimate of Y, labeled as ˆY (t)|MX . Finally, a correlation coefficient is calculated between the original time
series and an estimate of Y . For a pair of time series, we will have two correlation coefficients corresponding to considering
each bat as a leader in turn; these are then compared to determine the CCM causality and its directionality. A more detailed
description of the algorithm can be found in the supplementary materials of [3].
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Figure 1: Inverse radius of curvature plotted for a pair of bats. Green and yellow represent front and rear bat, respectively [8].

The CCM technique requires the knowledge of the two parameters, namely embedding dimension and the time delay. To
determine the minimum embedding dimension, we use the method as described in [5] because of the following advantages.
First, it depends on time delay only, and does not depend on any other system parameters, unlike the method of false neighbors
[6]. Second, this method is computationally very efficient.

Time delay is a required parameter for both the methods to calculate embedding dimension and CCM. If the time delay, τ is
chosen to be very small, for a two dimensional construction of the state-space, X(t) and X(t+τ) will be indistinguishable and
all the trajectories will appear to lie on the line, X(t) = X(t+τ). This can be avoided by the choice of τ that makes X(t) and
X(t + τ) independent. Linear independence can be achieved by choosing the corresponding τ for which the autocorrelation
function first passes through zero. However, we choose mutual information since it measures the general dependence of two
variables.

CURVATURE TIME SERIES

The 3D path points of each bat were extracted from the video data collected in a mountain cave in Jinan, China, where
small groups of bat paths were continuously tracked. In order to perform CCM analysis of pairs of bats, it is necessary to
generate 1D time series from 3D path data. We choose an inverse radius of curvature metric for representing 1D time series
for the following reasons. First, a curvature-based time series is a reflective of a bat’s steering and hence provides a good
depiction of the 3D navigation of the bat pairs. Secondly, an absolute inverse radius of curvature formulation ensures the
data remains positive and close to zero, resulting a logarithmic binning strategy possible to calculate the minimum embedding
dimension. Finally, curvature-based metrics are frequently used to assess the motion of interacting agents, such as in the study
of laboratory insects [7]. Figure 1 presents an exemplary 1D time series plot for a pair of bats. In a previous study, we have
seen that information flows from bats which are positionally in front to those behind as measured using TE [8]. These results
are compared to the analogous analysis with CCM in this work.

CONCLUSIONS

Here we study the navigational leadership roles in bats who use active sensing making it a challenge to understand the
directionality of leadership. We implement the above mentioned tools to detect the navigational information transfer between
a pair of the bats, in terms of a curvature-based time series that are captured in a field experiment in a mountain cave in Jinan,
China. We observe that the front bat in particular plays a leadership role for the pair and the rear bat displays path coupling
behavior with the leading bat using TE, and we compare these results to those measured with CCM.
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MODELLING NON-PLANAR VIBRATIONS OF A STRING IN THE PRESENCE OF A
DOUBLY CURVED OBSTACLE

Harkirat Singh1 and Pankaj Wahi ∗2

1,2Department of Mechanical Engineering, Indian Institute of Technology Kanpur, Kanpur, India
Summary The present paper investigates the characteristics of a string vibrating against a smooth unilateral obstacle pertaining to the Indian
stringed musical instruments. In particular, we have studied the effect of coupling due to the variable tension and the geometry of the
obstacle. The mathematical model has been developed using Hamilton’s principle followed by system discretization using the Galerkin
approach and numerical investigations using runge-kutta algorithm. Numerical simulations have divulged the transition in characteristics of
a string beyond a certain amplitude.

BRIEF BACKGROUND
Theoretically, the problem of a string vibrations against a parabolic obstacle, considering the inelastic impacts, was first

studied by the Burridge et al[1]. Subsequently equations of motions were derived, assuming smooth wrapping and unwrapping
and a conservative model, in the literature [2, 3]. However, all these analysis were carried out for planar motions of a string. In
the present paper, we have developed a mathematical model, assuming the conservative system, for non-planar vibrations of
a string vibrating against a obstacle with known geometry. The model is relevant to the Indian musical stringed instruments,
since the motion of a string in such case is non-planar and quite complicated.

FORMULATION
The schematic representation of the physical system under consideration is shown in figure 1. It consists of a ideal

string(no bending stiffness) vibrating against a smooth unilateral obstacle which is assumed to be fixed and rigid in our model.
The tension in the string is assumed to be variable, giving rise to stretching non-linearity(σ in our case) which introduces
coupling between the mutually perpendicular modes. We further assume that the string remains tangent to the bridge surface

(Γ1(t), Y (Γ1(t),Γ2(t)),Γ2(t))

B

L
Y

Z

X
HrO

Figure 1: Simplified model for the string vibrations in musical instruments like tanpura and sitar.

at the point of separation (X = Γ1(t) and Z = Γ2(t)) in figure 1. The continuity of string along with slope continuity
implies zero velocity at the point of separation and thus a conservative system. The geometry of the obstacle is defined, in
non-dimensionalized form, by the following surface:

YB(x, z) = ax(b− x) + c
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Using Hamilton’s principle and calculus of variation, the governing equations for the wrapped portion comes out to be:
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Here, λ(x, z) represents the constraint force between the string and the obstacle. For the free portion of a string the governing
equations(non-dimensional form) are:

−ytt + yxx + σ
∂

∂x

$
yx

!
y2x + z2x

"%
= 0, γ+1 ≤ x ≤ 1 (5)

−ztt + zxx + σ
∂

∂x

$
zx

!
y2x + z2x

"%
= 0, γ+1 ≤ x ≤ 1. (6)

Discretization
We discretize the system using Galerkin projection approach. The functional form of the modes are assumed as:

z = α(t) sin(πx), 0 ≤ x ≤ 1 (7)

y = aγ1 (b− γ1) + c

!
d

2
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"!
d

2
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"
, 0 ≤ x ≤ γ−1 (8)

y =
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'
d
2 − γ2

( '
d
2 + γ2

(

1− γ1
(1− x) + β(t) sin

!
π(x− γ1)

1− γ1

"
, γ+1 ≤ x ≤ 1. (9)

Here, γ1 and γ2 are the non-dimensional forms of Γ1(t) and Γ2(t). For clarity, γ−1 and γ+1 are the positions just before
and after the separation point respectively. To begin with, the above representation is restricted to unimodal analysis, since
that alone can capture the underlying fascinating characteristics. Besides this, unit tangent vector continuity engender the
following condition:

aγ21 − 2aγ1 + ab+
cd2

4
− cγ22 − 2cπγ2α(t) cos(πγ1) + 2cπγ2γ1α(t) cos(πγ1)− πβ(t) = 0. (10)

KEY RESULTS
The resultant ODEs are numerically investigated using runge-kutta algorithm. Numerical simulations unearth the peculiar

features of string dynamics, i.e, the behavior of a string changes qualitatively beyond the certain amplitude of vibrations. The
results in figure 2 are reported for chosen obstacle parameters, i.e, b = 0.05, a = 1440, c = 0.1, d = 2 and σ = 0.001. The
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Figure 2: Fig (A),(B),(C) corresponds to the initial condition β(0) = 3, and α̇(0) = 1 and fig (D),(E),(F) corresponds to
β(0) = 4 and α̇(0) = 1. Fig (A) and fig (D) represents the variation of β with non-dimensional time, and fig (D) and fig (E)
represents the variation of α with non-dimensional time. Fig (C) and fig (F) represents the trajectories of a point on a string at
x = 1/2 for corresponding initial conditions.

transition in the characteristics of the string beyond a certain amplitude indicates onset of unstable solutions, which can be
checked using floquet theory. Numerical study also suggests that number of planar motions reduced to one unlike infinitely
many in the absence of obstacle.
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SELF-INTERRUPTED CHATTER IN CYLINDRICAL GRINDING
Yao Yan∗1 and Jian Xu2

1School of Astronautics and Aeronautics, University of Electronic Science and Technology of China, Chengdu,
Sichuan, China

2School of Aerospace Engineering and Applied Mechanics, Tongji University, Shanghai, China

Summary As a self-excited vibration, chatter in cylindrical grinding is mainly incurred by subcritical Hopf bifurcation and is of large
amplitude, which forces grinding wheel to leave workpiece and interrupts the grinding. Normally, interactive wheel-workpiece force is
described by regenerative theory and fixed time delays. However, for the self-interrupted, the theory requires modification as the regeneration
can be absent. Therefore, instead of using delayed differential equations (DDEs), a model with partial differential equations (PDEs) is
proposed for monitoring the regeneration. Results of the PDEs illustrate a smaller amplitude of the chatter compared with the DDEs.

CYLINDRICAL GRINDING

Cylindrical grinding uses a rotating wheel to rub a rotating workpiece, removing workpiece material and regenerating its
surface. Besides, as seen in Figure 1(a), the wheel also has a translational motion for feed, which is plunge[1, 2] for wheel
moving toward the workpiece and transverse[3] for that along the workpiece. When only the first mode of the workpiece is
considered, the continuous model is discretized, which yields the equivalent model in Figure 1(b). Moreover, the interactive
grinding force between the wheel and the workpiece is proportional to the instantaneous grinding depth determined by the
doubly regenerative effect depicted in Figure 1(c), introducing time delays into the governing equation of the grinding. The
grinding force repels the wheel and the workpiece, exciting the system to vibrate when system damping is insufficient.

LARGE-AMPLITUDE GRINDING CHATTER OBTAINED BY DDE

Regarding the dynamical model in Figure 1, the grinding dynamics is governed by

dy(τ)
dτ

= Ay(τ) + Fdde = (A + D)y(τ) + Dwy(τ − τw) + Dgy(τ − τg) + f, (1)

where y(τ) is the state vector of the grinding, A is the coefficient matrix of the system, D, Dw and Dg are coefficient matrices
from the grinding force, and f includes all the nonlinear terms. Using Eq. 1 and eigenvalue analysis, the stability boundary
for the grinding is obtained, which is also a critical value for the Hopf bifurcation. Near the boundary, performing bifurcation
analysis yields the subcritical Hopf bifurcation illustrated in Figure 2(a). As seen, the branch of periodic motions folds and
introduces large-amplitude chatter coexisting with the stable grinding in the linearly chatter-free region. To illustrate, Points I
and II have the same parameter value, but presents different time series in Figures 2(b) and (c). Specially, Figure 2(b) shows
the grinding chatter accompanied by loss-of-contact effect, and thus the grinding is self-interrupted.

In the transverse grinding, as seen in Figure 2(d), the wheel is slowly moving along the workpiece, introducing a time-
varying parameter into the system, and thus the grinding process is quasi-static. Thus, for each fixed wheel position P , the
grinding dynamics is investigated by bifurcation analysis. Then, letting P varies between 0 and L and borrowing the idea
of fast-slow system, one can construct the chatter of the transverse. Two typical cases are displayed in Figures 2(e) and (f),
which are intermittent and of losing contact (dg < 0) as well.

Workpiece

Grinding 
whee

Plunge 
grinding

Transverse 
grinding

P
L

kw

cw cg

kg

Workpiece

Grinding 
wheelmw mg

ωw ωg

Workpiece 
regeneration

Wheel 
regeneration

Xg(t)
Xg(t-τg) Xw(t-τw)

Xw(t)

(a) (b) (c)

Figure 1: Schematics of the (a) plunge and transverse grinding process, (b) equivalent discrete model of the grinding with
respect to the first workpiece mode, and (c) doubly regenerative effect in the wheel and workpiece surfaces.
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Figure 2: (a) Bifurcation diagram, (b) large-amplitude chatter, and (c) stable grinding in the plunge. (d) Wheel motion, (e)
intermittent chatter, and (f) another typical chatter in the transverse.
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Figure 3: (a) Grinding chatter obtained by PDEs, with Regions I and II blown up and replotted in panels (b) and (c).

LARGE-AMPLITUDE GRINDING CHATTER OBTAINED BY PDE

Instead of the DDEs, PDEs can also be used to monitor the regeneration of workpiece surface by using [4]

dy(τ)
dτ

= Ay(τ) + Fpde and
∂r̃(τ, θ)

∂τ
+

2π

τw
∂r̃(τ, θ)

∂θ
= 0, (2)

where r̃ is the workpiece radius. Employing Galerkin Projection transforms Eq. (2) into ODEs, and solving it directory yields
the grinding dynamics, which is illustrated in Figure 3. As seen in Figure 3(b), the solutions obtained from the DDEs and the
PDEs are the same when the wheel keeps grinding the workpiece (dg > 0). By contrast, the time series plotted in Figure 3(c)
are different, where the result of the PDEs presents a smaller chatter amplitude when multiple-delay effect shows up.

CONCLUSIONS

Grinding chatter is of large amplitude and accompanied by loss-of-contact effect, making the grinding self-interrupted and
introduce multi-regeneration. In this situation, the DDEs cannot describe the multi-delay effect with fixed delays. Therefore,
PDEs is employed to record the workpiece profile, obtaining chatter with smaller amplitude.
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A STUDY ON VARIABLE FOR ESTIMATING MAXIMUM POWER CONVERSION OF
PARAMETRIC PENDULUMS

Yuichi Yokoi∗1 and Tsuyoshi Higuchi1

1Division of Electrical Engineering and Computer Science, Nagasaki University, Nagasaki, Japan
Summary The rotational motion of the parametric pendulum can be applied to energy harvesting from vibrations and movements of nature.
In the pendulum system for the power conversion, the output power depends on the load resistance. For this reason, the output power can be
controlled by regulating the load through a power converter on the basis of the Maximum Power Point Tracking (MPPT). The characteristic
power curve implies that the maximum power point cannot be directly tracked by measured power. This paper finds out another variable to
estimate the maximum power point for a MPPT method of the converting pendulum system.

INTRODUCTION

The parametrically excited pendulum inherently exhibits a conversion from a vertical vibration into its rotational motion.
The converting motion, which can directly drive a rotational generator, is associated with energy harvesting from vibrations
and movements of nature such as sea wave. The concept of the power conversion through the parametric pendulum is orig-
inated from a series of studies [1, 2, 3]. Among a variety of motions of the pendulum, the periodic rotation is suited for the
application with respect to the amount of converted power. The system considered for the power conversion consists of a
mechanical pendulum excited vertically or a so-called parametric pendulum, and a DC generator connected with the rota-
tional shaft of the pendulum, and an electrical resistance as the load of the generator, as shown in Figure 1. For a vertical
vibration, the output power depends on the load resistance. For this reason, the output power can be controlled by regulating
the load through a power converter. The technique to maximize output power is used for wind turbines and photovoltaic
systems as Maximum Power Point Tracking (MPPT) [4, 5]. A variety of control methods have been proposed for the MPPT
of the systems [4, 5]. However, these methods cannot be applied to the MPPT of the converting pendulum system because the
characteristic power curve of this system is different from the conventional ones. The power characteristic is described by a
hysteresis curve including a jump phenomenon at the maximum point. This implies that the maximum power point cannot be
directly tracked by measured power. This paper finds out another variable to estimate the maximum power point for a MPPT
method of the converting pendulum system.

MATHEMATICAL MODEL

For the converting pendulum system as shown in Figure 1, a non-dimensional mathematical model is derived as

d2θ

dt2
+ γ

dθ

dt
+ (1 + p cosωt) sin θ = 0, (1)

where θ denotes the angular displacement of the pendulum from the downward position, γ is a non-dimensional parameter
governed by the load resistance, and p cosωt corresponds to the vertical excitation with amplitude of p and angular frequency
of ω. The parameter γ is called the load coefficient. Without any losses, the input power Pin and the output power Pout are
respectively expressed as follows:

Pin = −1

2

!
dθ

dt

"
ω cosωt sin θ and Pout = γ

!
dθ

dt

"2

. (2)

θ

(a) Parametric pendulum. (b) Electrical circuit.

Figure 1: System for the power conversion through a pendulum.
∗Corresponding author. Email: yyokoi@nagasaki-u.ac.jp
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Figure 2: Bifurcation diagram of periodic rotation with respect to the load coefficient γ.

MAXIMUM POWER CONVERSION

The load coefficient γ is regulated to control the amount of the output power Pout. Figure 2 shows the bifurcation diagrams
of periodic rotation with respect to γ at p = 0.5 and ω = 2. These diagrams indicate the existence range of periodic rotation
in the load coefficient γ. This implies that the load coefficient γ has to be regulated with the pendulum rotating for the
power conversion. The output power Pout increases in almost proportion to γ, as shown in Figure 2(b). The power Pout

is maximized at the maximum limit of γ in the range. Therefore, the load coefficient γ should be carefully regulated to
establish the maximum power conversion because the coefficient γ beyond the limit prevents the periodic rotation for the
power conversion. For this reason, this control previously requires the information of the maximum limit of γ. The maximum
limit of γ is estimated with a variable that is less influenced by the parameters because it is difficult to directly predict the limit
that severely depends on the system parameters,

A variable is found to estimate the maximum limit of γ or the maximum value of Pout from an analytical approach. The
solution for periodic rotation can be written as θ = ωt + φ + α(t), where φ corresponds to the phase and α(t) is a periodic
function with period 2π/ω. In the analysis, it is assumed that the function α(t) is negligibly small. The averaging with the
solution transforms the input power Pin into the averaged input power ⟨Pin⟩ = −(ωp/2) sinφ. This expression indicates that
the input power, which is equal to the output power, is maximized at φ = −π/2. The phase φ is not dependent on the system
parameters on the assumption. Thus, the output power is maximized at φ = −π/2 regardless of the system parameters. From
the stability analysis of the solution, it is found that the phase φ within −π/2 and 0 corresponds to stable periodic rotations.
The phase φ is employed as the variable to estimate the maximum limit of the load coefficient γ. The efficacy of the phase φ
is confirmed numerically, as shown in Figure 2(c). The phase φ converges from 0 to the vicinity of −π/2 as the increased load
coefficient γ. On a control method for the MPPT, the load coefficient γ is regulated on the basis of the feedback variable φ to
control the output power Pout.

CONCLUDING REMARKS

This paper finds out a variable to estimate the maximum output power for a MPPT method of the converting pendulum
system. The analytical and numerical studies verify that the phase component of periodic rotation performs as the feedback
variable. In the presentation, we will show experimental evidences for the estimation through the phase and a feedback control
for the MPPT.
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NONLINEAR WAVE TRANSMISSION IN DISORDERED PERIODIC STRUCTURES

Behrooz Yousefzadeh∗1 and A. Srikantha Phani2
1,2Department of Mechanical Engineering, University of British Columbia, Vancouver, BC, Canada

Summary We study wave transmission through a damped nonlinear periodic structure of finite length, subjected to continuous harmonic
excitation at one end. Nonlinearity leads to supratransmission phenomenon by which enhanced wave transmission occurs within the stop
band of the periodic structure when forced at an amplitude exceeding a threshold. Here, we study supratransmission in the presence of
deviations from periodicity (disorder), introduced as small variations in stiffness parameters throughout the structure. We find that disorder
does not influence the supratransmission force threshold in the ensemble-average sense, but it reduces the average transmitted wave energy.

INTRODUCTION

A linear periodic structure exhibits filtering characteristics, whereby wave transmission is prohibited within certain fre-
quency intervals known as stop bands. The presence of nonlinear forces provides a route to achieve enhanced transmission
within a stop band, known as supratransmission [1]. This phenomenon occurs when the periodic structure is harmonically
driven with a frequency within its linear stop band. In this case, energy transmission may become possible if the driving
amplitude is larger than a certain threshold. The frequency components of the nonlinearly transmitted waves lie within the
linear pass band of the structure. This has significant consequences for the transmitted energies if the periodic structure is
disordered. The reason is that disorder results in localization of energy near the source of excitation (Anderson localization),
particularly for frequencies within the linear pass band [2]. Thus, it is natural to expect a competition between nonlinearity
and disorder with regards to transmitted energies above the supratransmission threshold. Our goal is to study this interaction.

MAIN RESULTS

We use a macro-mechanical nonlinear periodic structure that consists of coupled suspended cantilevers beams, shown in
Fig. 1. See [3] for the corresponding mathematical models. The supratransmission phenomenon is explained in Fig. 2 for a
periodic structure with N = 10 units. A key feature for supratransmission is that the motion is no longer periodic beyond the
onset of transmission. As a result, the average transmitted energy (EN ) increases by orders of magnitude, where we define

EN ≡ 1

(m2 −m1)T

! m2T

m1T

"
uN (t)

F

#2

dt where T = 2π/Ω,m1 = 500,m2 = 2500. (1)

We introduce disorder throughout the structure by small variations in the stiffness parameter of each unit, drawn from a
uniform statistical distribution. The strength of disorder is characterized by the ratio D/C, where D is a relative measure of
the deviations in stiffness parameters and C is a measure of the strength of coupling between units [2].

We found that supratransmission persists in the presence of disorder. The change in threshold force amplitude, and whether
it occurs or not, depends on the particular realization that is being considered. Nevertheless, when averaged over an ensemble
of different realizations of disorder at a fixed D/C, the average onset of supratransmission remains unchanged; see Fig. 2(b).

When excitation is within the linear stop band, increasing the strength of disorder has negligible influence on transmitted
energies below the onset of supratransmission, Fig. 3(a). In contrast, the average transmitted energies decrease with disorder
above the transmission threshold, Fig. 3(b). This happens because the average frequency spectrum of transmitted waves lies
within the linear pass band of the structure, where disorder localizes the response to the driven unit (Anderson localization).

CONCLUSIONS

Disorder does not influence the supratransmission force threshold in the ensemble-average sense, but it reduces the average
transmitted wave energy. Generally, the influence of disorder decreases as forcing frequency moves away from the pass band
edge, reminiscent of dispersion effects subsuming disorder effects in linear periodic structures. These results are generic to
nonlinear disordered periodic structures and may be exploited for design of phononic crystals and acoustic metamaterials[4, 5].
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Figure 1: The schematic of the periodic structure made of N repeating units. The unit cell is indicated by the dashed box. An
external harmonic force, f(t ) = F cos(Ωt), is applied to the first unit only. Two electromagnets, operated by direct currents,
are fixed under the beam in each unit, such that the electromagnets have the same polarity facing the beam. Thus, the linear
restoring force of each beam is combined with a strong nonlinear magnetic force to produce on-site nonlinearity. The magnetic
force can be tuned, providing control over the strength of nonlinearity, as well as its type (softening or hardening).
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Figure 2: (a) Energy transmitted to the end of the exactly periodic structure (EN ) as a function of driving amplitude (F ) at
a forcing frequency above the linear pass band (Ω = 1.30). The dashed grey line corresponds to the linear response of the
system. The black curve indicates the evolution of periodic solutions. Circle markers indicates results from direct numerical
integration of the governing equations, with filled markers indicating harmonic response and empty markers indicating non-
periodic response. The periodic solutions lose their linear stability through a saddle-node bifurcation, which is depicted by the
red star. (b) The red solid curve depicts the threshold curve for a periodic structure: locus of supratransmission force threshold
(Fth) as a function of Ω. The filled circles indicate the average value of Fth for a disordered structure with D/C = 2. The
corresponding standard deviations are shown using the empty circles. An ensemble of 1500 realizations is used here.
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Summary: Complex three-dimensional (3D) structures in biology (e.g., cytoskeletal webs, neural circuits, and vasculature 
networks) form naturally to provide essential functions in even the most basic forms of life.  Compelling opportunities 
exist for analogous 3D architectures in human-made devices, but design options are constrained by existing capabilities in 
materials growth and assembly.  We report routes to previously inaccessible classes of 3D constructs in advanced 
materials, including device-grade silicon.  The schemes involve geometric transformation of 2D micro/nanostructures into 
extended 3D layouts by compressive buckling.  Demonstrations include experimental and theoretical studies of more than 
40 representative geometries, from single and multiple helices, toroids, and conical spirals to structures that resemble 
spherical baskets, cuboid cages, starbursts, flowers, scaffolds, fences, and frameworks, each with single- and/or multiple-
level configurations. 
 
 

Controlled formation of 3D functional mesostructures is a topic of broad and increasing interest, particularly in the last 
decade, due to important envisioned uses in nearly every type of micro/nanosystem technology, from biomedical devices to 
microelectromechanical components, photonics and optoelectronics, metamaterials, electronics, energy storage and others.  
Although volumetric optical exposures, fluidic self-assembly, residual stress-induced bending and bio-templated/guided 
growth can be used to realize certain classes of structures in certain types of materials, techniques that rely on rastering of 
fluid nozzles or focused beams of light provide the greatest versatility in design. Applicability of these latter methods, 
however, only extends directly to materials that can be formulated as inks or patterned by exposure to light/energetic 
particles, and indirectly to those that can be deposited onto or into sacrificial 3D structures formed with these materials.  
Integration of more than one type of any material into a single structure can be challenging. Furthermore, the serial nature of 
these processes sets practical constraints on operating speeds and overall addressable areas. These and other limitations 
stand in stark contrast with the exceptional fabrication capabilities that exist for the types of planar micro/nanodevices that 
are ubiquitous in state-of-the-art semiconductor technologies. Routes to 3D mesostructures that exploit this existing base of 
competencies can naturally provide options in high performance function that would otherwise be unobtainable. Methods 
based on residual stress induced bending are naturally compatible with modern planar technologies and they offer yields and 
throughputs necessary for practical applications. Such schemes provide access to only certain classes of geometries, through 
either rotations of rigid plates to yield tilted panels, rectangular cuboids, pyramids or other hollow polyhedra, or rolling 
motions of flexible films to form tubes, scrolls or related shapes with cylindrical symmetry. Here, we present a different set 
of concepts in which strain relaxation in an elastomeric substrate simultaneously imparts forces at a collection of 
lithographically controlled locations on the surfaces of planar precursor structures (1). The resulting processes of controlled, 
compressive buckling induce rapid, large area geometric extension into the third dimension, capable of transforming the 
most advanced functional materials and planar microsystems into mechanically tunable, 3D forms with broad geometric 
diversity. 
 

We also introduce ideas for a form of Kirigami that allows precise, mechanically driven assembly of 3D mesostructures 
of diverse materials from 2D micro/nanomembranes with strategically designed geometries and patterns of cuts (2).  
Theoretical and experimental studies demonstrate applicability of the methods across length scales from macro to nano, in 
materials ranging from monocrystalline silicon to plastic, with levels of topographical complexity that significantly exceed 
those that can be achieved in any other way. A broad set of examples includes 3D silicon mesostructures and hybrid 
nanomembrane-nanoribbon systems, including heterogeneous combinations with polymers and metals, with critical 
dimensions that range from 100 nm to 30 mm. A 3D mechanically tunable optical transmission window provides an 
application example of this Kirigami process, enabled by theoretically guided design. 
 

Finally, Origami is a topic of rapidly growing interest in both the scientific and engineering research communities due to 
its promising potential in a broad range of applications. Previous assembly approaches of origami structures at the 
micro/nanoscale are constrained by the applicable classes of materials, topologies and/or capability of control over the 
transformation. Here, we introduce an approach that exploits controlled mechanical buckling for autonomic origami 



assembly of 3D structures across material classes from soft polymers to brittle inorganic semiconductors, and length scales 
from nanometers to centimeters (3). This approach relies on a spatial variation of thickness in the initial 2D structures as an 
effective strategy to produce engineered folding creases during the compressive buckling process. The elastic nature of the 
assembly scheme enables active, deterministic control over intermediate states in the 2D to 3D transformation in a 
continuous and reversible manner. Demonstrations include a broad set of 3D structures formed through unidirectional, 
bidirectional, and even hierarchical folding, with examples ranging from half cylindrical columns and fish scales, to cubic 
boxes, pyramids, starfish, paper fans, skew tooth structures, and to amusing system-level examples of soccer balls, model 
houses, cars, and multi-floor textured buildings.  
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Summary Extensive experimental investigations revealed unexpected features of the mechanical behaviour of soft biomembranes. A 
comprehensive protocol including mechanical measurements in different stress states and history of loading was applied to human amnion and 
*OLVVRQ¶V�FDSVXOH��Highly repeatable mechanical parameters were determined and mechanisms of deformation were identified based on in situ 
experiments in a multiphoton microscope. This allowed formulating simple model equations able to represent the main features of the observed 
mechanical response. Liquid phase influx and efflux from the collagenous membrane were shown to play an important role during deformation, 
and this points at osmotic processes as a mechanism for active control of stress state and membranes deformation. 
 

INTRODUCTION 

   Examples of highly deformable biological membranes are leaflets of aortic valves, tympanic membrane, connective 
tissues layers forming skin or arteries, or the capsules covering internal organs. The mechanical behavior of these layers is 
important for fulfilling their function. We have recently organized a Euromech Colloquium on this topic and part of the 
contributions were presented in a special issue of the Journal of the Mechanical Behavior of Biomedical Materials [1]. 
Characterizing and modelling the deformation behaviour of soft biomembranes is relevant for medical applications, such as 
tissue engineering, surgery planning, car accident simulation, or elastography. 
   Our interest for soft biomembranes began with the investigation of fetal membranes (FM), i.e. the compliant membranes 
surrounding the developing fetus inside the uterus. In normal pregnancy FM are progressively deformed due to the 
increased intrauterine pressure and are further stretched when the fetus moves and pushes against the uterine wall. Thus, the 
life of the fetus depends on the integrity of a thin biological layer (few hundred Pm thick) exposed to severe mechanical 
loads. Premature rupture of FM represents a devastating complication of pregnancy that accounts for 30 to 40% of preterm 
deliveries and is associated with a high risk of fetal morbidity and mortality. In order to understand conditions favouring 
premature rupture of FM, we have developed a comprehensive protocol for characterization of their deformation behaviour. 
On samples from the same human FM (in particular on the amnion layer) we performed mechanical measurements in 
different stress states (uniaxial, strip biaxial, equibiaxial), and history of loading (slow and fast monotonic loading, 
relaxation, creep, low and high number of loading cycles). We also performed the mechanical measurements in situ in a 
microscope for multiphoton non-linear laser scanning imaging, and thereby could visualize FM tissue through its full  
thickness, in quasi-physiologic conditions [2]. We thus measured local in-plane stretches based on the relative position of 
epithelial cell nuclei, local thickness changes during loading, and quantified the orientation and alignment of collagen fibre 
bundles when stretched. We recently applied the same experimental protocol to other collagenous membranes: bovine 
*OLVVRQ¶V� FDSVXOH� �*&�� WKH� FRQQHFWLYH� WLVVXH� OD\HU� FRYHULQJ� WKH� OLYHU��� VNLQ� DQG� pericardium. In particular, for GC we 
applied the whole set of experimental configurations that were used for the characterization of FM. The experimental 
findings and corresponding model predictions will be presented, illustrating unexpected features and striking similarities in 
the mechanical behaviour of soft collagenous membranes. 

EXPERIMENTS 

   Details of the loading protocols for investigation of the monotonic, time and history dependence of the mechanical 
response in different stress states were described in [2-5] and reference therein. Local deformations were quantified using 
image analysis and correlation algorithms. Biomembrane samples were tested within few hours after extraction from the 
body and most experiments were performed with test pieces submerged in physiological saline solution. Figure 1 illustrates 
the set-up used for in situ measurements in the multiphoton microscope, with examples of collagen fiber orientation 
analysis, full-thickness visualization and cell nuclei staining for local strain measurements [2,4]. Common to all 
biomembranes is the fact that the uniaxial compliance is much larger than the biaxial one. The analysis of the in-plane 
behavior in uniaxial tension tests showed that the kinematic response is highly reproducible and that the incremental in-
plane and out-of plane Poisson's ratios are very large (of up to 8). Elongation was associated with substantial volume 
reduction (water efflux), down to about 30% of the initial value for 20% elongation. This behavior was rationalized by 
mechanisms of rotation, stretching and buckling of the thin fibers which constitute the collagen network of the 
biomembranes. FM (amnion) and GC showed a large tension reduction during relaxation and a small inelastic strain 
accumulation in creep. Data indicated that the dissipative behavior is related to two mechanisms: (i) short term volume 
reduction due to water outflow and (ii) long-term relaxation of collagen fibers without macroscopic deformation and no 
global reorientation. Recoverable water efflux and influx was evident from the stabilized response in cyclic experiments. 
The importance of liquid motion was demonstrated also through comparison of experiments using liquids of different 
osmolarity. 



 

 
Figure 1 (from [2-6]): top row: in situ tensile devices, two axis, uniaxial and inflation��%RWWRP�URZ��H[WUDFWLRQ�RI�FROODJHQ�ILEHUV¶�
orientation and 3D stack for measurement of thickness changes during loading (showing very large thickness reduction upon in-
plane stretching). Right: images of the nuclei of epithelial cells are used to determine in-plane deformation during loading. 

MODELING 

   A large strain viscoelastic continuum model was formulated able to represent the observed deformation mechanisms. 
The collagen network is phenomenologically represented by N representative and mechanically equivalent fiber families 
that are uniformly distributed in the membrane plane (quasi-isotropic) but slightly inclined out of plane, and embedded in a 
compressible matrix. The dissipative behavior is represented through the evolution of internal variables, in a way equivalent 
to a time dependent bulk modulus of the ground matrix (water efflux and influx) and to a viscoelastic deformation of the 
fibers. The model accurately captures the uniaxial and biaxial monotonic response, as well as the time history of tension in 
relaxation and strain in creep experiments, and the same formulation can be successfully applied to both, FM and GC [4,5]. 
While the model include a large number of parameters associated with the different terms in the strain energy function and 
the evolution equations of the internal variables, it was possible to fix the values of all but 1 of these parameters (for GC and 
FM respectively) out of one single experimental configuration and predict the response in all other tests by changing one 
single parameter (addressing sample to sample variability). Next to this continuum model, we developed a discrete fiber 
network model able to represent the main features of the multiaxial deformation behavior of the biomembranes [6]. 
Importantly, the discrete model represents non-affine deformations of collagen fibers and this allowed rationalizing 
differences in the mechanical response of GC and FM based on characteristics of their microstructure.  

CONCLUSIONS 

   The wide range of experimental data provided evidence of unique features of the deformation behavior of these 
biomembranes. Correspondingly, several biomechanical parameters were highly repeatable among different samples. Based 
on a simple interpretation of the microstructural observations, it was possible to rationalize the complex mechanical 
behavior of FM and GC using continuum equations as well as a discrete fibre network model. Application of the 
experimental protocol to other biomembranes will DOORZ�³comparative biomechanics´�� L�H� identifying commonalities and 
differences in the deformation mechanisms and their relation to the function of each membrane. In particular, our current 
investigations focus on osmotic mechanisms for active control of stress state and membranes deformation .  
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MECHANOCHEMICALLY RESPONSIVE ELASTOMERS: FUNDAMENTAL AND 
APPLICATIONS 

 
Xuanhe Zhao1,2 a)  
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2Department of Civil and Environmental Engineering, MIT, Cambridge, MA, US 

 
Summary Mechanochemically responsive (MCR) elastomers have been synthesized by incorporating mechanophores – molecules whose 
chemical reactions are triggered by mechanical force – into conventional polymer networks. Deformation of the MCR elastomers applies force 
on the mechanophores and triggers their reactions, which manifest as phenomena such as changing colors, varying fluorescence and releasing 
molecules. In this talk, we first present a microphysical model of MCR elastomers, which quantitatively captures the interplay between the 
macroscopic viscoelastic deformation of the MCR elastomers and the reversible activation of mechanophores on polymer chains. Our model 
consistently predicts both the time-dependent stress-strain behaviours and the color or fluorescence variation of the MCR elastomers under 
large deformations. We then discuss model-guided design of structures and devices with extraordinary functions and applications enabled by 
MCR elastomers such as synthetic squid skin capable of dynamically varying colours and surface textures on demand. 
 
Introduction 
 A novel strategy for fabricating mechanochemically responsive (MCR) polymers has been developed by covalently 
incorporating molecules capable of force-triggered chemical reactions, or so-called mechanophores, into polymer 
networks[2-5]. Deformation of MCR polymers stretches polymer chains which apply forces on the mechanophores and 
triggers their reactions, leading to phenomena such as changing colors, varying fluorescence and releasing molecules of the 
MCR polymers. During the design of MCR devices, it is highly desirable that the MCR polymers can be reversibly and 
repeatedly activated and deactivated. However, most existing MCR polymers are in glassy or semicrystalline states, whose 
activation requires irreversible plastic deformation or fracture of the polymers. As a result, these MCR polymers cannot 
fully recover their initial shapes after the first activation, and therefore cannot be activated reversibly or repeatedly [6-13]. 
While mechanophores have been incorporated into thermoplastic elastomers[7, 11, 12, 14-16], little success has yet been achieved 
to activate the MCR polymer repeatedly to fully recover its initial shape at the room temperature.    
 Recently, we developed new MCR elastomers by covalently coupling spiropyrans [7] – mechanophores that can 
change color and emit florescence under sufficiently high forces – into the backbone chains of a highly stretchable 
elastomer network, polydimethylsiloxane (PDMS) Sylgard 184 [17, 18]. The MCR elastomers can recover their initial shapes 
under multiple cycles of large deformation, allowing for reversible and repeated variations of the color and fluorescence of 
the elastomers on demand. The MCR elastomers can also be assembled into devices such as a display that is remotely 
controlled by external physical stimuli (e.g., electric fields) to generate on-demand fluorescent and color patterns (Fig. 1A). 
These MCR elastomer systems open promising venues for creating flexible MCR devices with diverse applications in 
flexible displays, optoelectronics, biomedical luminescent devices and dynamics camouflage skins [17]. Despite the potential, 
the microscopic mechanical details underlying the performance of the MCR elastomers have yet to be investigated, and 
those mechanistic insights might enable the optimization of MCR elastomer response. For example, the relationship 
between the macroscopic viscoelastic deformation of the MCR elastomers and the extent of activation of mechanophores 
embedded along those polymer chains is not understood. This understanding, if achieved, can help guide the development 
of MCR elastomers, and improve the design of various MCR-elastomer devices.  
 

 
 
Figure 1. Schematics of the mechanochemically responsive elastomer with mechanophores spiropyran/merocyanine 
covalently coupled on the network (A), and the double-network model to account for the coupling of viscoelastic 
deformation and mechanochemical reactions in the elastomer (B).  



2ˊ́́́Model formulation 
   We aim to develop a simple thermodynamic-based model for mechanochemically responsive viscoelastic elastomers to 
account for the interactions between viscoelasticity and mechanochemical reactions in the elastomers. Adopting the 
generalized Maxwell model, we assume the viscoelastic behaviour of the elastomer can be attributed to two polymer 
networks acting in parallel as illustrated in Fig 1B. The first network (i.e., network A) characterizes the time-independent 
mechanical behavior of the elastomer using a non-linear spring, and the second network (i.e., network B) accounts for the 
time-dependent mechanical behavior of the elastomer using a non-linear spring and a dashpot in series. To account the 
mechanochemical reactions in the elastomers, we further couple modules of mechanophores in series with the non-linear 
springs in both networks (Fig. 1B).  
 Assuming Langevin chains in both networks that undergoes affine deformation, the chain forces can be calculated 
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where Bk  is the Boltzman constant, T is the absolute temperature, l  is the length of a Kuhn monomer; Λ is the stretch 

in polymer chains of both networks; vΛ  the viscous component of the stretch in network B; and vΛΛ / the elastic 
component of the stretch in network B. The chemical kinetics between spiropyrans and merocyanines on both networks of 
the MCR elastomer can be expressed as (Hänggi et al., 1990) 
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where Mc and Sc  are the concentrations of merocyanin and spiropiran in either network, and fk and rk are the forward 
and reverse reaction rates in either network, as indicated by the subscripts. The reaction rates can be further expressed as 
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where 0fk and 0rk  are forward and reverse reaction rates of the mechanophore under no force, and x∆ is a length scale 
the applied chain forces that affect the reaction rates.    
 Further adopting the standard nonlinear viscoelastic model, the chain forces in the elastomer can be quantitatively 
related to the viscoelastic deformation of the elastomer, which therefore affects the chemical reaction of the elastomer 
through Eqs. (1)-(3). 
 
3ˊ́́́Summary and applications 
 In summary, we present a theoretical model for mechanochemically responsive elastomers to quantitatively reveal 
how the macroscopic viscoelastic deformation of the elastomer translates to the molecular forces in polymer networks, and 
how the chain forces subsequently affect chemical reactions of mechanophores coupled to the networks. We further 
program the constitutive model into finite-element models, through which we demonstrate the MCR elastomers’ potential 
applications for strain imaging and color/fluorescence displays. These models can further facilitate the design of MCR 
polymers in the macro/micro structure level to create MCR devices for diverse applications, such as sensors, memories, 
flexible displays, optoelectronics, biomedical luminescent devices and dynamics camouflage skins. 
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Summary We present theoretical models and predictions of how mechanics due to elastic interactions in actively beating heart cells can lead to 
synchronization of beating both within single cells and between nearby cells. Our research is motivated by recent experiments that show a 
correlation between the registry of adjacent muscle fibers and the beating strain of a single, embryonic cardiomyocyte and others that show how 
D�PHFKDQLFDO�SUREH�FDQ�³SDFH´�WKH�SKDVH�DQG�IUHquency of a nearby heart cell. The theory is generic and analytical in nature and focuses on the 
role of elastically mediated interactions of oscillating, active force dipoles in these cells. For the single cell, the theory successfully maps the 
registry data to the strain data.  Similar ideas are used to predict the conditions under which an oscillating mechanical probe will or will not 
³SDFH´�WKH�EHDWLQJ�RI�D�QHDUE\�KHDUW�FHOO� 
 
   Experiments on single, embryonic cardiomyocytes [1] show that both striation, an indication of the structural registry in 
muscle fibers, as well as the contractile strains produced by beating cardiac muscle cells, can be optimized by substrate 
stiffness. We show theoretically how the substrate rigidity dependence of the registry data can be mapped onto that of the 
strain measurements. The elasticity-mediated structural registry is determined [2] including both the elastic interactions of 
neighboring, actively contractile acto-myosin units as well as the noise inherent in biological systems. By assuming that 
structurally registered myofibrils also tend to beat in phase, we explain the observed dependence of both structural striation 
and beating strain measurements of embryonic heart muscle cells on substrate stiffness in a unified manner. The agreement 
of our ideas with experiment suggests that the correlated beating of heart cells may be limited by the structural registry of the 
myofibrils which in turn is regulated by their elastic environment. 
 

 
 
    
   Very recent experiments [3] on the synchronization of beating of two nearby neonatal cardiomyocytes has shown that a 
PHFKDQLFDO�SUREH�FDQ�³SDFH´�D�EHDWLQJ�FHOO�WR�ZLWKLQ�DERXW�WZLFH�RU�D�TXDUWHU�RI�its natural beating frequency. This is expected 
to be indicative of how nearby cardiomyocytes embedded in the extracellular matrix or on an elastic substrate can regulate 
their mutual beating. We predict theoretically [4] the synchronization of the beating phase and frequency of two nearby 
cardiomyocyte cells or a cell and a mechanical probe. Each cell is represented as an oscillating force dipole in an infinite 
viscoelastic medium that allows us to predict the propagation of the elastic signal within the medium. We then show that 
based on elastic interactions alone, two nearby cells can synchronize their phase and frequency in a manner that depends on 
their mutual orientation. The theory predicts both in-phase and anti-phase synchronization depending on the relative cell 
orientations and also shows how mechanics can predict the conditions for frequency synchronization of nearby cells. These 
results may be relevant for the design of cardiomyocyte-based micro devices and other biomedical applications. 
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us to obtain three Euler-Lagrange equations that govern the ratio η of activated acto-myosin bonds, the sliding velocity vs of
myosin on actin and the elastic deformation de of acto-myosin bonds:

ηNk� de / F ; Eb � kBT ln �η/�1− η��/ � ; vs / v0s �1− f/ζ� (1)

where v0s is the sliding velocity in the stress-free state, ζ is the active force generated by myosin on actin and N is the total
number of available acto-myosin bond in the segment. The first equation is interpreted as the mechanical equilibrium of the
control segment, while the second denotes its chemical equilibrium (equality of the chemical potentials) of bonds in attached
and detached states. The last equation describes how the cross-bridge velocity is affected by the balance between the active
force ζ and passive force f / k� de. In the range � < f < ζ, this relation may be thought of as a simplified (bi-linear) form
of the velocity-tension relationship that describes how the sliding velocity decreases if an opposing force f is applied to the
acto-myosin unit. To complete the model, we then expressed the fact that the actin-myosin complex displays a catch-bond
behavior by considering the energy landscape of a single bond shown in Fig. 1 (in which � E is the energy barrier separating
the bound and unbound states). Typically, the larger the energy barrier, the longer a bond can live under thermal fluctuations.
When subjected to a tensile force f , the energy barrier of a conventional “slip bond” typically decreases according to Bell’s
law as Eb�f� / E0

b − f� x where E0
b is the reference energy of the bond and � x ≈ 3nm is the width of the barrier. Since

acto-myosin complexes are known to be temporarily stabilized when moderate pulling forces are applied, a response that can
be interpreted as an temporary increase in the energy barrier � Ed with forces. This response is well captured by the following
two-parameter function:

Eb�f�/ E0
b � α

!
1− e−f/f0

"
− f� x (2)

where α measures the catchiness of the bond and f0 is used to scale the force at which the bond stabilizes. We note that
when α / �, the above expression degenerates to that of a slip bond following Bell’s law. Based on this model, we then
constructed a simplified model of the stress fiber cytoskeleton of adherent cells, made of a random assembly of force-sensitive
acto-myosin filaments (Fig. 1). This computational procedure was then used to investigate the contractile behavior and
cytoskeleton architecture of adherent cells laying on beds of micro-posts, for which a variety of experimental data have been
documented.

RESULTS AND SUMMARY

We investigated how the mechano-sensitive response of a stress fiber segment as described by the above equations can
give rise to a complex architecture of the actin cytoskeleton observed in most adherent cells. In this context, we simulate the
contraction of an adherent cell on soft circular pillars (Fig. 1, right) as presented in various experimental studies. Numerical
simulations allow us to predict the evolution of the stress fiber activation, cortex deformation and the corresponding overall
force per pillar for different values of the bond catchiness α. Overall results show that at stady state, the cytoskeleton is able
to better activate and generate stronger contractile forces as the external environment becomes stiffer. Temporally, we observe
a sharp increase in stress fiber density and micropost forces and a steady increase of the average pillar force in time. From
a local viewpoint, we note that the unbalanced forces on the cell boundaries are responsible for the cortex deformation into
curved arches and the large micropost deflection on the edge of the cell. In contrast, interior pillars, being subjected to more
isotropic forces, tend to marginally deform. This restricted deformation in turn, makes interior posts effectively stiffer and
prone to adhere to a higher number of stress fibers. Eventually, the final cytoskeleton organization is strongly dependent on the
adhesion pattern, micropost stiffness as well as the overall morphology of the cell. The effect of bond catchiness is significant
is these processes; a strong catch bond leads to a fairly high level of stress fiber activation and force generation while a slip
bond only yields a marginal contraction and a quasi-nonexistent stress fiber cytoskeleton.

In summary, we presented a model of acto-myosin interactions within filament structures that shows that the presence of
a catch-bond behavior can explain the activation of the cytoskeleton of adherent cells in response to force and stiffness. The
model importantly shows that the consideration of catch bond iss enough to explain a number of experimental measurements
of cell contractility with stiffness and size, in both the static and dynamic regimes. These results may therefore enable a better
understanding of important biological processes and the development of active and mechano-sensitive polymeric materials.
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Summary Tumor growth is a complicated process involving genetic mutation, biochemical regulation, and mechanical deformation. In this 
paper, a thermodynamics-based nonlinear poroelastic model is established to interrogate the coupling among the mechanical, chemical, and 
biological mechanisms underpinning the growth of avascular tumors. A volumetric growth law accounting for mechano-chemo-biological 
coupling is proposed to describe the development of solid tumors. The regulating roles of stresses and nutrient transport in the growth of tumor 
spheroids are revealed under different surrounding environments. We show that the mechano-chemo-biological coupling triggers anisotropic 
and heterogeneous growth, responsible for the formation of layered structures in growing tumors. There exists a steady state, in which tumor 
growth is balanced by resorption. A phase diagram is constructed to illustrate how the elastic modulus and thickness of the confinements jointly 
dictate the volume of tumors at the steady state. The results are in consistency with relevant experimental results. 
 

INTRODUCTION 
 
   Solid tumors account for more than 85% of cancer mortality [1]. Examples of solid tumors are sarcomas, carcinomas, 
and lymphomas, which often originate from the transformation of small nodes of normal cells into tumor cells that either 
lose or cease to respond to the normal physiological regulations. The development of solid tumors is a biological process 
involving multifactorial determinants, e.g. cell molecular and genetic abnormalities, cell±cell and cell±extracellular matrix  
interactions, and the supply of oxygen and nutrients.  

It has been recognized that, besides genetic alterations and biochemical factors, mechanical cues sensed by or 
transduced to tumor cells also play a vital role in the expansion, invasion, and metastasis of tumors [2]. The mechanical 
stresses in solid tumors mainly arise from two ways: the heterogeneous growth of tumor itself and the confinement of host 
tissues. Experiments evidence that tumors respond to stresses through actively altering biochemical pathways and through 
passively impeding fluid transport. Therefore, the coupling among the mechanical stresses, biological factors, and the 
reaction±diffusion of chemical species is of paramount importance in tumor pathology [3]. In the present paper, we establish 
a biochemomechanical theory incorporating the mechano-chemo-biological coupling mechanisms to investigate avascular 
tumor growth. The tumor tissue is treated as a poroelastic material, which is capable of mass addition and resorption 
regulated by mechanical, chemical, and biological factors. The system is open and thermodynamic continuous, permitting 
the transport of mass, momentum, and energy across its boundaries. A growth law that accounts for the interplay among 
mechanical stresses, biochemical homeostasis, and nutrient transport within tumors is proposed. Furthermore, we also 
examine the regulatory role which the stiffness of the surrounding host tissues plays in tumor growth. 
 

THEORETICAL MODEL 
 
   An avascular tumor is a mixture of cellular elements, ECM constituents, and interstitial space. It corresponds to the 
primary stage of tumors development before angiogenesis. The cells and ECM in a tumor provide the structural and 
mechanical integrity and can be considered as a solid skeleton, while the interstitial space is filled with fluid consisting of 
solvent, generally, water, and solutes such as nutrient, oxygen, and waste. Therefore, a solid avascular tumor is here 
modelled as a porous medium at the tissue level, and the theory of poroelasticity is applied to characterize its mechanical 
behavior. To incorporate its volumetric growth, we decompose the geometric deformation gradient tensor F  as  �F A G , 
where A  denotes the elastic deformation tensor and G  is the growth tensor describing the change in mass. On the basis 
of thermodynamics, we establish the growth evolution law of a tumor 

� � � �g T
h H+Wf c W WD D

D

wª º � � � �« »w¬ ¼
¦G A I b G

A
 

where gcD  denotes the concentration of the D -th constituent. � �gf cD D  is a positive definite scalar function describing 

chemical kinetics of the D -th constituent. Furthermore, it satisfies � �g 0f cD D o  when gcD  approaches the threshold for 

cell survival. W  and hW   are the Helmholtz free energy of the solid skeleton and the incoming mass per unit volume in 
the intermediate configuration, respectively. I  is a unit tensor. Hb  stands for the homeostatic stress tensor, that is, the 
mechanical representation of the biochemical and cellular activity in the steady state of tissues. 
 

NUMERICAL RESULTS 
 



   The proposed theory is validated by experimental data in the literature [4]. Recently, microfluidic experiments were 
performed to examine the morphogenesis of multicellular spheroid in response to external forces or confinements [4]. In the 
experiments, the spheroid of CT26 mouse colon carcinoma cells underwent free growth (Case I) or confined growth within 
alginate microcapsules of different radii and thicknesses (Cases II-IV), as shown in Fig. 1(a). The microcapsules were 
permeable and, hence, enabled outer nutrient and oxygen to flow into interior freely, providing a standard environment for 
cell proliferation. The following four typical cases were studied: (i) in Case I, the freely growing spheroid exhibited an 
initial exponential expansion followed by a power-law volume increase, and further growth led to the formation of a 
necrotic core (the dark region in the image) and a rim occupied by the proliferative cells. (ii) in Case II, the microcapsule 
was large and thick and, thus, the spheroid initially underwent a free growth. After the spheroid reached the microcapsule, 
its growth was almost leveled off. (iii) in Case III, the microcapsule was small and thick. The expansion of the spheroid was 
completely inhibited by the confinement of the microcapsule. (iv) in Case IV, the microcapsule was small and thin. The 
expansion of the spheroid drove the deformation of the microcapsule until the latter burst. After microcapsule ruptured, the 
spheroid can resumed the exponential growth observed in the free spheroid (Case I). To simulate the transition from 
confined growth to free growth in Case IV, we remove the boundary constraint applied on the tumor when the microcapsule 
bursts. The numerical results show that the proposed theoretical model can well reproduce the experimental observations at 
different situations, confirming the efficacy and robustness of our theory (Fig. 1(b)). 
 

   
                                     (a)                                             (b) 
 

Fig. 1 (a) Microfluidic experiment of in vitro tumor growth under four typical environments [4]; (b) Comparison between 
theoretical predictions and experimental data. 

 
CONCLUSIONS 

 
   Based on thermodynamical compatibility, we develop a nonlinear elastic theory to investigate the interplay among stresses, 
nutrients, and growth in a solid tumor. The tumor is treated as a porous growing medium allowing for nutrient transport 
modulated by stresses. As an example, the proposed theory is applied to decipher the MCB coupling in a spheroid avascular 
tumor under various growing environments such as free growth, compressed growth, confined growth, and the transitions 
between them. Our model can predict typical features of tumor growth, in agreement with a number of pervious experiments. 
Although we focus on growth of an avascular tumor, the theory and the results may provide important information for 
understanding development of a vascular one. The method of present study can also be extended to examine embryogenesis and 
the development of normal tissues, e.g. hearts, brains, lungs, and blood vessels. 
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monomer in one region. A diffusive–like “growth” of the thin shell followed, forming shapes that can be predicted by
minimizing the structure’s energy. A comparison of the energies for stretching and bending suggests that, if possible, a thin
sheet exposed to such stimuli should adopt an isometric deformation in the limit of large stretch. We analytically describe
the realization of this asymptotic isometry, corresponding to a zero Gaussian curvature K and a nearly stretch-free sheet.
However, when an isometry cannot be realized, a structure will bend as much possible to avoid stretching. An example of this
can be seen in Fig. 1a. & 1b., where an initially flat disk and ribbon grew into a saddle as material migrated from the inner
disk (pink) to the outer annular ring (green) [1].

When an isometric, or nearly isometric, deformation is available to the growing structure, its morphing becomes quite
straightforward as stretching will be avoided entirely, and the structure’s shape will be determined by a minimization of its
bending energy. This presents a direct approach to identify and exploit near isometries for growing plates and shells with or
without topological constraints, i.e. a plate versus a cylinder. One such example is the “pollen grain” isometry of a spherical
cap [2], where a growing bilayer shell breaks symmetry and adopts a folded structure which conserves the original shell’s
Gaussian curvature (Fig. 1c.). Growth of a partial bilayer shell accesses a more subtle isometry – the mirror buckling of a
cap wherein the apex of the shell everts to a curvature with an opposite sign (Fig. 1d.). By recognizing the structures search
for isometric deformations, it is evident that these shells morph in predictable ways in response to residual swelling. This
controlled morphing provides a direct way to use the governing underlying geometry as a means for inducing minimally
energetic shape changes.

Finally, to fully characterize this class of near–isometries, we investigate the simplest shell growth – growth of a flat sheet
into a cylindrical shell. Cylindrically curved thin structures result from the nano-scale fabrication of semiconductor nanotubes,
and the nonuniform heating, local swelling, and differential growth of thin sheets. For laminated composites, electrolytic thin
film deposition, and concrete slabs, this cylindrical curling presents an engineering challenge, while recent work has utilized
it as a mechanism for stimuli responsive self-assembly. The length scales of these examples range from the nanometer to
the meter, suggesting that geometry dominates the deformation processes. Mechanically, these structures are bilayer disks
in which one layer isotropically expands relative to the other. By coupling geometry and mechanics, we show that in the
asymptotic limit of large bilayer growth, any arbitrarily shaped disk will adopt a cylindrical shape whose mean curvature
is three-fourth’s the natural curvature (Fig. 1e.). We developed an analytical model that captures both the bifurcation from
spherical to cylindrical curvature and the isometric limit, verified by numerics and experiments [3]. To predict and explain the
transition that turns a spherical growth into a flat state, we compare the energies of the spherical and isometric states, without
any a priori assumptions of a stress state or displacement. These assumptions usually rely on the consideration of an Airy
stress function, which is known only for a very small number of sheet’s shapes, and on the account of a linearized version
of the Gauss’s theorem. Away from large stretches, the two principal curvatures are equal to each other and homogeneous
throughout the sheet. However, the morphing into a spherical cap becomes too costly for the sheet when the stretch, or the
natural curvature, reaches a critical value. While for small amounts of growth, it is convenient for the sheet to stretch and
increase its Gaussian curvature, above a critical threshold it is cheaper to morph isometrically. Thus, we fully characterize the
growth of a bilayer with any arbitrary shape from its flat state, through a spherical shell, and finally into a cylindrical isometry
by use of an analytical, geometric model.

CONCLUSIONS

We present a novel means to grow thin sheets into shells while analytically predicting their resulting shape. In plane
growth, as demonstrated through residual swelling, presents a way to take flat sheets and prescribe a non–zero Gaussian
curvature. These results generalize Timoshenko’s formula for beams into 2D by expressing how the dimensionless Gaussian
curvature varies with material and geometric ratios. We have demonstrated how bilayer disks subjected to dome-like natural
curvatures, regardless of their shape, will morph into cylindrical shells with a predictable mean curvature and orientation.
We also showed how this simple experimental framework can identify near–isometries in thin shells containing arbitrary
topological constraints. The capability to morph 2D shapes into 3D shells by in-plane and transverse residual swelling opens
intriguing avenues towards the precise design of soft structures.
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Summary The popular microsphere model, used for creating fully three-dimensional constitutive equations from single polymer chain
models, relies upon an energetic relaxation argument. This formulation presents an improvement to the earlier microplane model that
is predicated upon an affine, Taylor-like, assumption. While the microsphere framework has been previously applied to a wide variety
of phenomena, its application has always involved relaxation only as it relates to quasi-incompressible mechanical motions but affine
with respect to all other phenomena. In this presentation, we show how to lift these restrictions, thereby permitting the development of
fully relaxed constitutive equations based on well characterized one-dimensional micromechanical models even in the presence of other
evolutionary microstructural phenomena – such as strain induced crystallization, viscous flow, and other active phenomena.

OVERVIEW

A great deal of experimental and theoretical effort has been expended upon carefully characterizing the behavior of poly-
meric materials at the chain level. Crowning achievements in this realm include the Gaussian chain model, suitable for long
chain polymers stretched to moderate degrees relative to their end-to-end length, and the Langevin chain model for large
deformations of chains. These models have been successfully validated experimentally and are thus ubiquitously present in
many theories of polymer-system mechanics. Despite these major achievements, among others in polymer chain mechanics,
it is still quite challenging to develop mechanical models for networks of polymer chains, say, continuum level constitutive
laws, even though good models are available at the chain level. The two primary hinderances that give arise to this situation
are: (1) chain-chain interactions are difficult to model and (2) these networks are topologically complex and insufficiently
characterized. Despite these complexities, the need for a scheme to transition from one-dimensional mechanical response to
three-dimensional behavior is still present.

The original network models for achieving this are the well-known 3-, 4-, and 8-chain models; see e.g. Treloar (1958),
Flory (1977), and Arruda and Boyce (1993) or the more general Wu and van der Giessen (1993) and Puso (1994) frameworks.
These models are fully affine in nature or quasi-affine. More recently Miehe et al. (2004) proposed an improvement in the
mathematical framework that encompasses all of these models by formulating the development of a macroscopic free energy
for a network as a constrained relaxation problem – akin to a classical homogenization problem. This further permitted the
incorporation of constraint effects as well as internal evolutionary processes, albeit affinely (see e.g. Miehe and Göktepe
(2005) or Mistry and Govindjee (2014)). Separately, the line of papers that developed the microplane model (Bazant and
Gambarova, 1984) should be noted as intermediate to the earlier cited works and Miehe et al. (2004). The microplane model
is in the spirit of the microsphere model, excepting that it is fully affine. Notwithstanding, the developments under this line of
thinking provide important discoveries that relevant to a properly formulated relaxed model; see e.g. Carol et al. (2004).

In our proposal, we postulate at the microstructural level that the chain stretch is described by a tensor Um = λn⊗ n+
ν(1 − n ⊗ n), where λ is the chain stretch, n is the unit chain orientation vector, and ν is the transverse constraint stretch.
The connection to the macroscopic right-stretch tensor is given in terms of Hencky measures by

lnU =
1

S

!

S
lnUm dS , (1)

where S is the microsphere. Following the microplane developments as outlined in Carol et al. (2004), we advocate that in the
finite deformation case that the microscopic motion be described by a microstructural Jacobian j = λν2 and a microstructural
deviatoric stretch ξ = (λ/ν)1/3. This permits us to postulate a relaxed macroscopic free-energy

Ψ(lnU) = inf
ln j,ln ξ

1

S

!

S
ψmv(ln j) + ψmd(ln ξ) dS subject to (1) (2)

where ψmv and ψmd are chain level energy functions emanating from microstructural polymer mechanics. The macroscopic
constitutive relation follows as the gradient of the free energy, τ = ∂lnUΨ.
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The extension to the case of evolutionary processes leverages the evolutionary formulation of Biot (1955). This framework
formulates inelastic evolutionary equations utilizing a dissipation potential, a concept valid for a wide variety of internal
evolutionary processes. The primary postulate is that the evolution of any internal material parameters z is given by the
variational problem:

inf
ż

"
Ψ̇+∆

#
, (3)

where ∆ is the dissipation potential for the phenomena characterized by z and Ψ now additionally depends upon z. In
the present context, the macroscopic dissipation potential ∆ is constructed from an additional relaxation process on the
microscopic dissipation potential ∆m:

∆(z, ż) = inf
zm,żm

1

S

!

S
∆m(zm, żm) dS (4)

subject to the constraint z = (1/S)
$
S zm dS. Additionally, the free energy relaxation must now include a relaxation with

respect to zm the microscopic internal variables as ψmv and ψmd will necessarily depend on the new microscopic internal
variables.

Combined together, this formulation permits the modeling of a wide variety of phenomena encountered in polymer systems
where single (non-interacting) chain mechanics dominates. The elemental ingredients are chain energy relations and micro-
state dissipation potentials. The mathematical framework produces sensible macroscopic constitutive laws that are computable
and energetically fully relaxed with respect to stretching, transverse constraints, and internal evolutionary processes. Examples
will be shown for a variety of systems and compared to prior non-fully relaxed proposals.
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Summary In the first phase of axon growth, axons sprout from neuron bodies and are extended by the pull of the migrating growth cones
towards their targets. Thereafter, a second phase of axon growth, called stretch growth, ensues as the mechanical forces from the growth of
the animal induce rapid extension of the nerves. Here we propose a mathematical model for stretch growth of axon tracts in which the rate
of production of proteins required for growth is dependent on the membrane tension. We show that there is a length dependent maximum
stretching rate that an axon can sustain without disconnection, and that axon length is increased near the cell body. Our model also predicts
that the diameter of an axon subjected to stretch growth must increase. Our results could inform better design of stretch growth protocols to
create transplantable axon tracts to repair the nervous system.

INTRODUCTION

Smith and colleagues [1] have previously developed tissue-engineering techniques that exploit a natural “second phase” of
axon growth creating long tracts of axons spanning two populations of neurons. In the well known “first phase” of axon growth,
axons sprout from neurons guided by chemotactic and haptotactic factors and typically extend only up to a few millimeters
to reach their targets. Thereafter, the second phase of purely mechanically stimulated, “stretch growth of integrated axon
tracts,” begins as the animal’s body grows. Here, integrated axons spanning body regions that progressively move further
apart undergo continuous mechanical tension. These forces appear to trigger growth somewhere along the center lengths of
the axons, otherwise they would be stretched to the point of disconnection. To explore the cellular dynamics and boundaries
of axon extension during the first phase of axon growth, several groups have developed computational models, with a focus
on polymerization of microtubules as axon cytoskeleton building blocks. In most of these models, as the growth cone is
guided forward, tensile forces are induced at the axon terminal or tip, just behind the growth cone. In turn, it is assumed that
these forces trigger building of the microtubule selectively in this region. However, once the target is reached typically not
more than a few millimeters away, integration and synapse formation essentially abolish the growth cone. Therefore, current
mathematical models do not appear to account for mechanical influences during the extreme second phase of axon growth
and expansion of tracts over tens of centimeters for humans and even many meters for very large animals. Furthermore, the
specific role of membrane tension and stretch activated ion channels in axon stretch growth have not been explored. Here, we
propose a model for stretch growth of integrated axon tracts based on overall mechanical stimulation resulting in very regional
microtubule polymerization and relative contribution of stretch activated channels in the process.

Growth modeled as a polymerization process
A summary of the equations describing stretch-growth, assuming polymerization occurs at the soma (see figure 1(a)),

is [2, 3]:
dL

dt
/ αQs − β,

dQt

dt
/

DA

VtL
�Qs −Qt�,

dQs

dt
/

I

Vs
− DA

VsL
�Qs −Qt��

G

Vs

dL

dt
, (1)

where L is the length of the axon, α / ekon is related to the on-rate kon for polymerization with e the monomer size,
β / ekoff is related to the off-rate koff for polymerization, Qs is the concentraton of monomers in the soma, Qt is the
concentration of monomers at the tip of the axon, D is a diffusion constant, A is the axon cross-sectional area, Vt is a small
volume at the tip of the axon, I is the rate (in units of number of monomers per unit time) of production of tubulin monomers
in the soma, Vs is a small volume in the soma where the polymerization reaction occurs and G is a constant. The steady state
solution to these equations is:

L / L0 � Ut, Qs / Qt / Q /
β

α
�

U

α
, (2)

where U / I/G is the speed of growth. We believe that the rate of monomer production I depends on the membrane tension τ .
As a cell is stretched it must ‘sense’ the increasing membrane tension and increase the rate of production so that growth keeps
up with the stretching. A potential source of this cell signaling during stretch growth is likely mechanosensitive channels in
cell membranes that have been shown to open in other circumstances when the tension increases. Opening of these channels
can cause an influx of ions such as Na+ and Ca2+ that can influence monomer production in the soma by various means.
While the exact mechanism may not be known it is reasonable to assume that I depends linearly on the probability popen
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DYNAMIC INDENTATION: A SIMPLE METHOD TO CHARACTERIZE 
POROELASTICITY OF GELS IN MICRON SCALE 
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Summary In this study, we use the characteristic phase lag between the applied oscillation indentation displacement and the force on the 
indenter due to the energy dissipation from solvent flow in the gel to characterize the poroelasticity of gels. We will show that the phase 
lag degree is a function of two parameters, Poisson’s ratio and normalized angular frequency. The solutions are derived for several shapes 
of indenters. The maximum value of the phase lag over a spectrum of actuation frequencies can be used to characterize the Poisson’s ratio 
of the gel, and the characteristic frequency corresponding to the maximum phase lag can be used to characterize its diffusivity. 
 

INTRODUCTION 
 
Gels composed of crosslinked polymeric network and solvent molecules, can swell or contract in response to external 

stimuli, such as relative humidity, temperature, pH, electric field and light. Gels are almost everywhere in nature, from cells, 
tissues, to organs. Gels are also important engineering materials, which have been widely used as cell culture scaffold, drug 
carrier, microfluidic device, sensors, actuators, soft robots, fuel cell membrane, transparent loudspeaker, swellable packers 
for sealing oil well, etc. Most gels are soft, with a typical modulus of 1~102 kPa. Some gels are also saggy, brittle, and 
slippery. Most bio-gels are often inhomogeneous, degradable as time and of gradient properties. These characters of gels 
raise many practical difficulties in mechanical testing. Traditional techniques such as tension, compression, bending, torsion 
and shearing are very difficult to apply. Recently there is a growing interest in indentation on soft materials, but most 
previous works focus on characterizing the elastic modulus of gels. In the PI’s pervious work, a poroelastic relaxation 
indentation method has been developed allowing the poroelastic properties of gels including shear modulus, drained 
Poisson’s ratio and diffusivity to be measured all from one test.1 While this method is applicable in large scales (mm), it 
remains challenging to be applied in small scale (1~10 µm), when inhomogeneous and local properties are of interests. In 
the relaxation indentation technique, identifying the contact point on soft materials and accurately measuring the initial 
force right after a rapid ramping of displacement are very difficult to realize in small scale. Alternatively, most commercial 
instruments for small scale testing, such as Atomic Force Microscope and Instrumented Nanoindenter, can perform accurate 
dynamic measurement with high resolution. Motivated by this fact, we develop a dynamic indentation method to 
characterize poroelasticity of gels for micro-scale measurement. 

 
METHODOLOGY AND RESULTS 

 
To define quantities of interest, we use the theory of poroelasticity to describe the diffusion-coupled-deformation of 

gels.2 The initial gel is taken to be in a homogeneous state, subject to no mechanical load, with C0 being the number of 
solvent molecules per unit volume of the gel, and µ0 being the chemical potential of solvent in the gel. When the gel 
deforms, the displacement is a time-dependent field, ui(x1,x2,x3,t), and the strain is εij = (∂ui/∂xj+∂uj/∂xi)/2. The conservation 
of solvent molecules requires that ∂C/∂t=-∂Jk/∂xk, where C is the concentration of the solvent in the gel, and Jk the flux 
which is driven by chemical potential gradient Jk=-
(k/ηΩ2)∂µ/∂xk, where k is the permeability, η the 
viscosity of the solvent, and Ω the volume per solvent 
molecule. The stress in the gel is given by 
σij=2G[εij+εkkδijν/(1-2ν)]-δij(µ-µ0)/Ω, where G is the 
shear modulus, ν Poisson’s ratio. The gel is in 
mechanical equilibrium, so that the field of stress 
satisfies ∂σij/∂xj=0. A combination of the above 
equations leads to a familiar diffusion equation 
∂C/∂t=D∇2C, with the diffusivity being D=[2(1-ν)/(1-
2ν)]Gk/η. Summarily, the material is fully described 
by three parameters G, ν and D. 

To characterize these three parameters, we 
develop a dynamic indentation method. As shown in 
Figure 1, a depth of indentation ho is applied on a 
swollen gel with a constant velocity, and then is held 

Fig.1: Schemetic of the dynamic indentation method. A 
depth of indentation h0 is pressed into the swollen gel and 
held for a period of time. After this period of holding, an 
oscillation displacement is applied with different 
frequencies. Meanwhile, the force is measured as a function 
of time, and the phase lag between force spectrum and 
displacement spectrum is recorded as actuation frequency. 
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CELL ALIGNMENT FABRICATION USING STRETCHABLE HYDROGELS WITH 
PROGRAMMABLE STRAIN GRADIENTS  

 
Yuhui Li1,2, Lin Wang1.2 , Moxiao Li2, Tian Jian Lu2 & Feng Xu 1,2 
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Jiaotong University, China 
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Abstract: The mechanical gradients (e.g., stiffness and stress/strain gradients) of extracellular matrix play an important role in guiding cellular 
alignment, especially in tendons and muscles. Though various methods have been developed to engineer graded mechanical environment to 
study its effect on cellular behaviours, most of them failed to distinguish stiffness effect from stress/strain effect during mechanical loading. 
Here, we construct a mechanical environment with strain gradients by using a hydrogel of a linear elastic property. We demonstrate that the 
pattern of cellular alignment can be rather precisely tailored by substrate strains. The experiment is in consistency with a theoretical prediction 
when assuming that focal adhesions would drive cell to reorient to the directions where they are most stable. This work not only provides 
important insights into the cellular response to local mechanical microenvironment, but can also be utilized to engineer patterned cellular 
alignment that can be critical in tissue remodelling applications. 
 

MAIN TEXT 
 
   Mechanical gradient microenvironment has been found to widely exist in native tissues and play an important role in 
regulating cell behaviors including alignment, migration, proliferation and differentiation in vitro for tissue remolding and 
regenerative medicine applications[1-2]. Up to now, a variety of methods based on hydrogels have been developed to 
engineer mechanical gradient microenvironment of cells in vitro[3-4]. However, mostly of these studies were focused on 
stiffness gradient construction and with less effort for engineering stress/strain gradient microenvironment, which are also 
associated with normal physiologic processes such as gut peristalsis and heart contraction. Recently, several approaches 
have been developed to simulate in vitro 3D cell environment with mechanical loading and investigated cell response to 
varying stress/strain conditions, which are discontinuous and lack of controllability to form gradient environment. Besides, 
the effects of stiffness and stress/strain are intertwined. Therefore, there is still an unmet need for a simple and controllable 
method to engineer hydrogels with stress/strain gradients for cells. Here, we developed a simple and facile method based on 
molding and photolithography approaches to fabricate methacrylate gelatin (GelMA) hydrogels with strain gradients 
ranging from 0~20%, which covers the muscle and heart contraction in vivo (Figure 1). The separation of the effects of 
stiffness and stress/strain has been achieved through the hydrogels with linear elastic properties in the testing strain range. 
Hydrogels with programmable strain gradients were formed by UV crosslinking reaction with designed shapes and then 
applied by static stretch loading. (Figure 2) The orientation of C2C12 cells seeded on gradient hydrogels was assessed 
under static stretch loading conditions (Figure 3). The analysis results of cellular stress fiber orientation have shown that 
cell alignment gradients will formed under strain gradients on hydrogels. For large strain region (17.0 ± 0.5%~19.7 ± 1.0%) 
on gradient hydrogels, cells aligned predominantly perpendicular to stretching direction whereas cells randomly oriented in 
control group (non-strech loading). With decreasing strain from 15.4 ± 0.4% to 13.5 ± 0.7%, stress fibers gradually oriented 
towards the stretching direction. Stress gradient generated on hydrogels also ranged from 1.9 ± 0.3 kPa to 3.2 ± 0.1 kPa. 
These results indicated that cellular response to gradient hydrogels supports the principle that cells orient in the direction of 
minimal substrate deformation, known as strain-avoidance or stretch-avoidance, and is in agreement with the existing 
findings from corresponding model systems. The gradient hydrogel fabrication approach we developed here holds great 
potential to impact a wide range of fields, such as cell mechanics, tissue engineering and regenerative medicine. 

 
Figure 1. Schematics of fabrication method for hydrogels with stress/strain gradients. (a) Hydrogels with designed trapezoidal shape are 
fabricated with PMMA mold through an UV crosslinking reaction; (b) Hydrogels with programmable gradients including three levels of strain 
gradients under stretching. 



 

 
 

Figure 2. Characterization of strain/stress of different hydrogels. (a) Representative images depict the microbeads used in the texture 
correlation algorithm before (left) and after (right) stretch to determine strain distribution. (b) Stress/strain curve of hydrogels. 
 

 
 
Figure 3. Analysis of cellular alignment generated on gradient hydrogels. (a-b) florescent images and quantification of cell orientation on 
gradient hydrogels with stretch loading after 3 days culture (cellular F-actin fibers were stained by phalloidin (green) and nuclei by DAPI 
(blue)). 

 
   In conclusion, we here developed a simple and feasible method to engineer patterned cellular alignment in vitro. 
Programmable stress/strain gradients on GelMA hydrogels are realized by stretching hydrogels with linear elastic property. 
When seeding cells on such hydrogels subjected to static stretches, we find that cells on hydrogels align almost perpendicularly 
to stretch direction in regions of large strains, and gradually align towards to stretch direction in regions of relatively small strains, 
whereas cells orient randomly in control group. The effect of substrate strains on cellular alignment is explained with the theory 
by assuming that focal adhesions would drive cell to reorient to the directions where they are most stable. The current work not 
only provides important insights into the cellular response to local mechanical microenvironment for understanding cellular 
mechanosensitivity, but can also be utilized to engineer patterned cellular alignments that can be critical in tissue remodelling 
and regeneration. 
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Summary This paper presents a theoretical model for equilibrium swelling of polyelectrolyte gels immersed in ionic solutions. By 
varying the ion concentrations in the external solution, the polyelectrolyte gel may undergo a smooth transition in the swelling 
ratio or a discontinuous volume phase transition. The theoretical model is further extended for the cases with mixed solvents and 
compared closely with experiments. 
 

INTRODUCTION 
 
   Polyelectrolytes are polymers that contain ionizable groups on the polymer chains. Immersed in an aqueous solution (e.g., 
water), the polymer network imbibes a significant amount of solvent and those ionizable groups dissociate into mobile charges 
(counter-ions) in the solvent and fixed charges on the polymer chains. As a result, a polyelectrolyte gel forms. Polyelectrolyte 
gels are sensitive to many stimuli, such as pH, temperature, ionic strength, electric field, and light. One of the most interesting 
phenomena is the volume phase transition of polyelectrolyte gels induced by various external stimuli. Instead of a smooth, 
continuous change of volume in response to a varying stimulus, a discontinuous, abrupt change of volume may occur at a 
critical condition, similar to the first-order phase transition. While the volume phase transition due to temperature change has 
been studied extensively, fewer studies have considered volume phase transition induced by the effect of salinity or ion 
concentration in the external solutions. Ohmine and Tanaka [1] observed in experiments that an ionized acrylamide gel 
underwent a discrete phase transition in equilibrium volume upon varying the salt concentration in an external solution. In 
this paper, we present a theoretical model that is capable of predicting equilibrium swelling of polyelectrolyte gels with both 
smooth and discrete transitions upon changing the ion concentration in external solutions. 
 

THEORETICAL MODEL 
 

Following Hong et al. [2], we write the free energy density of a polyelectrolyte gel as a function of the deformation 
gradient, the nominal electric displacement, and the nominal concentrations of the solvent and ions, including four parts due 
to stretching of the polymer network, mixing of the polymer and the solvent, mixing of the solvent and ions, and polarizing 
of the gel, respectively. It is assumed that the polymer network and the mobile particles (solvent molecules and ions) are 
incompressible at the molecular level, which is imposed as a kinematic constraint by using a Lagrange multiplier. The nominal 
electric field and the electrochemical potentials are then obtained from the free energy density function. To simplify 
calculations, we assume relatively low ion concentrations in the gel so that ܬ ൎ ͳ   ௦. The nominal concentrations of theܥݒ
ions in the gel can then be obtained explicitly as a function of the electrochemical potential and the volume swelling ratio ܬ. 

Next, by a Legendre transform, the free energy density of the gel is rewritten as a function of the deformation gradient, 
the nominal electric field, and the electrochemical potentials. The nominal stress in the gel is then obtained as the derivative 
of the free energy density function with respect to the deformation gradient, which includes an elastic part, an electrical part 
(Maxwell stress), and osmotic pressures of the solvent and ions. For homogeneous free swelling, the stress vanishes and the 
volume swelling ratio can be solved as a function of the chemical and electrochemical potentials.  

When the gel reaches equilibrium with the external solution, the chemical potential of the solvent and electrochemical 
potentials of the ions in the gel equal to those in the external solution. We treat the external solution as an ionic liquid with a 
mixture of neutral solvent molecules (e.g., water) and positive/negative ions. The treatment is similar to that for 
polyelectrolyte gels, but the free energy density function contains only two parts, due to ion/solvent mixing and polarization. 
Assume an infinitely large reservoir such that the concentrations of the ions are fixed deep in the external solution (far away 
from the gel), where the electric potential is set to be zero and the solution is assumed to be electrically neutral and stress free. 
Under these conditions, the electrochemical potential for the ions is obtained as: ߤ ൌ ȫݒ  ݇ܶ ��ሺܿݒሻ, where ܿ is the 
ion concentration in the external solution and ȫ ൌ െ݇ܶσ ܿ  is the osmotic pressure. Correspondingly, the chemical 
potential of the solvent is: ߤ௦ ൌ  ȫ. Therefore, by changing the ion concentrations in the external solution, the chemicalݒ
potential of solvent and the electrochemical potential of the ions change simultaneously, which leads to change of the 
equilibrium swelling of the gel.  

 
RESULTS AND DISCUSSION 

 
First consider a simple polyelectrolyte gel with two monovalent ions of opposite charges. The valence of the fixed charge 

is set to be -1. Let c0 be the true concentration of the ions deep in the external solution. In this case, the electrical potential of 
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COMBINED MODELING AND EXPERIMENTS OF POLYMERIC GELS
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Summary The literature on polymeric gels is burgeoning at a remarkable pace. However, the majority of the mechanics work has been
directed toward modeling and computational aspects, and not nearly as much on validation. This work overviews recent research on a
combined experimental and modeling effort on polymeric gels, from a mechanics based framework. This integrated approach leads to a data
set useful to mechanicians to further refine those models found in the literature. Most importantly, it shows some serious faults in current
modeling efforts.

INTRODUCTION

An elastomeric gel is no more than a polymer network swollen with a suitable solvent. Many gels can absorb large
quantities of solvent, leading to a volumetric swelling far beyond its initial volume. This swelling allows for gels to be
exploited in a variety of applications, including actuation and sensing in microfluidics, drug delivery and tissue engineering,
and packers for sealing in oilfields. Correspondingly the literature has seen an explosion of interest in recent years for this
class of materials (for brevity, see [2] and references therein). However, recent evidence indicates that current constitutive
models may not be adequate in describing the real coupled deformation-diffusion behavior of gels [4].

The purpose of this work is to develop an integrated research approach that includes combined modeling and experiments
of polymeric gels. This combined approach is used in order to fully characterize the coupled deformation-diffusion behavior
of polymeric gels and understand the mechanisms that drive the material behavior.

MODELING AND EXPERIMENTS

For the modeling portion we closely follow our recently published work [1, 2] which is summarized here. We denote the
solvent concentration per unit reference volume by cR, and per unit current volume by c. We employ the decomposition

F = F
e
F

s, (1)

of the deformation gradient into elastic and swelling parts, where Fs = (Js)1/3 1, with Js = 1 + ΩcR, is the swelling
distortion, and Ω the molar volume of the solvent. Further, we define the polymer volume fraction φ = (1 + ΩcR)

−1,
such that φ = 1 is a fully dry polymer, and φ < 1 is a swollen gel. We note that due to the decomposition (1), we have
B = φ−2/3Be so that the state of stretch is composed of both swelling and elastic deformation. The final form of the Cauchy
stress is given by

T = J−1 [GB− P1] , (2)

where the shear modulus G is stretch dependent and of the form G = G0ζ. With ζ =
!
λL

3λ̄

"
L−1

#
λ̄
λL

$
, and λ̄ =

%
TrB/3,

a scalar measure of the three-dimensional state of stretch, which includes both swelling and elastic stretching. Here L−1 is
the inverse of the Langevin function given by L(•) = coth(•) − 1/(•). Also, G0 is the initial shear modulus, and λL is the
locking stretch. These two parameters are the only parameters required to fully characterize the “dry” mechanical response of
the material.

Turning attention to the diffusion, the fluid flux is assumed isotropic and proportional to the gradient in chemical potential,

j = −m gradµ, with m =
Dc

Rθ
, and µ = µ0 +Rθ

!
ln(1− φ) + φ+ χφ2

"
− ΩG0φ+ ΩPφ. (3)

Here, R is the gas constant, θ the absolute temperature, D the diffusivity which may be constitutively prescribed, and µ is the
chemical potential. The key parameter in the chemical potential is χ, the interaction parameter (sometimes called the Flory
parameter), which represents the dis-affinity between the solvent and the polymer network. The final form of diffusion of the
fluid flux takes the form φ̇ = JΩφ2divj.

To verify the constitutive forms, and obtain the material parameters appearing in the theory an experimental program was
undertaken. Summarizing, the set of material properties to be determined are {G0,λL, D,χ}.

Dry tension
Dry tension tests, including loading and unloading, were carried out to determine the baseline “dry” material behavior.

The tests were carried out quasi-statically at room temperature on flat dog-bone samples with a gauge section 0.25 in wide and
0.22 in thick. The axial deformation was measured using a non-contact digital image correlation system.

∗Corresponding author. Email: shawn.a.chester@njit.edu
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Summary Cavitation is often observed in soft materials. Many studies focused on cavitation in elastomers, and more recently also in
hydrogels, where drying–induced cavitation can determine fractures. In this paper, we investigate cavitation in hydrogel–based structures
with the aim to highlight the physical principles which drive a few unique mechanisms in Nature world, which view cavitation as a tool to
generate fast movements.

INTRODUCTION

Soft active materials are largely employed in Nature to realise mechanisms whose specific function is triggered by specific
stimuli [1, 2]; they are also used to realize man–made devices (actuators), where deformations and displacements are triggered
by a wide range of external stimuli such as electric field, pH, temperature, and solvent absorption [3, 4, 5, 6]. The effectiveness
of these actuators critically depends on the capability of achieving prescribed changes in their shape and size and on the rate
of changes. In particular, in gel–based actuators, the shape of the structures can be related to the spatial distribution of
the solvent inside the gel, to the magnitude of the solvent uptake (refusal), and to the rate of solvent uptake (refusal) rate.
Currently, several approaches to the shape control of swellable materials are being pursued, which involve materials in the
form of thin non–homogeneous sheets realized through a controlled assembly of different gels which may be isotropic or
anisotropic [10, 11, 12, 13].

The present study focus on cavitation in hydrogels as a tool to generate fast movements in hydrogel–based structures.
The starting point is the observation of the cavitation–triggered catapult of fern sporangia, whose function is the realisation
of a perfect dispersal mechanism. Therein, the key structural element is the annulus, which can be viewed as a curved beam
composed by soft material organized in cells separated by stiffer walls. We start by modelling and implementing via a finite
element code the mechano–chemical processes occurring in a mechanical analog of a single cell of the anulus: swelling, de–
hydration, and building up of water tension up to a critical value corresponding to cavitation; and illustrates in the following
the key idea behind our modelling through a simple toy problem.

A MECHANICAL ANALOG

The first step of our work, illustrated in the present abstract, refers to a mechano–chemical toy problem which can be
easily solved, and is useful to illustrate the key idea behind our model. Our starting point is the multiphysics model presented
and discussed in [14], where three different states of a gel body were introduced: the dry state Bd, a swollen and stress–free
state Bo, and the actual state Be. Within a classical Flory–Rehner thermodynamic contex, the constitutive equation for the
stress Sd at the dry configuration Bd, from now on denoted as dry–reference stress, and the chemical potential µ are:

Sd / GFd − pF⋆
d and µ / µ�Jd�� Ωp , with µ�Jd�/ RT

!
log

Jd − 1

Jd
�

1

Jd
�

χ

J2
d

"
, (.1)

being Fd the deformation gradient from Bd to Be and Jd / detFd; moreover, G (�G� / J/m3), Ω (�Ω� /mol/m3), R
(�R� / J/Kmol), T (�T� / K), and χ are the shear modulus of the gel, the solvent molar volume, the universal gas con-
stant, the temperature, and the Flory parameter, respectively. The swollen and stress–free state Bo is attained from Bd for
Fd / λoI; in this case, it holds GFo−pF⋆

o / 0 and µ / µ�Jo�� Ωp / µo, with µo the value of the bath’s chemical potential
which completely determines the corresponding swelling ratio λo.

We consider a cubic gel whose freely swollen state Bo is a cube with sides of length Lo and faces anchored through linear
elastic springs at a solid and permeable container (see figure 1 (left panel)); at Bo springs are relaxed. Due to a change in the
chemical potential of the bath, from µo to µe, a further deformation process arises; the corresponding deformation gradient F
from Bo to the actual state Be is determined by F / FdF

−1
o . Depending on the boundary constraints, the latter deformation

process can have different characteristics. In our toy problem, due to the uniformity of the elastic springs over the boundary,
we assume that F can be represented as an isotropic deformation process of homogeneous intensity λ: F / λI; we also
assume that it is controlled by the chemical potential µe of the solvent’s bath and by the stiffness κo of the boundary springs.
The swollen–reference stress S corresponding to F, the push–forward of the dry–reference stress Sd,

S /
G

Jo
FFoF

T
o − pF⋆ , (.2)
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is homogeneous and the corresponding balance equations of forces prescribe that S / σeF⋆. The corresponding equation of
chemical equilibrium prescribes that

µ�λ3oλ
3�� Ωp / µe . (.3)

When the chemical potential is reduced, that is µe < µo, the gel expels solvent and shrinks, so reducing its volume (see figure
1 (left panel)); springs elongate, thus generating an uniform tension σe / −ko ε on the faces, being / ε / λ− 1.

With this, the hydrogel goes from a stress–free swollen state Bo (blue dot in figure 1 (right panel)) to a shrunken and under
tension state Be, determined by the intersection between the coloured iso–chemical potential lines and the black straight line
in figure 1 (right panel). The final state and the uniform tension’value depend on the new value µe of the chemical potential
through the equations (.2)–(.3) which involve λ, and on the stiffness κo of the springs. When σ / σcr (red dot on the critical
iso–chemical potential line) the solvent inside the gel begins cavitation, hydrogel volume increases, and the spring shorten
releasing the elastic energy previously stored.

k

k

k

k

L =λLo

Lo

(1−λ) Lo
2

σσ

σ

σ=−k ε= ko (λ−1)

Figure 1: Left: We consider a cubic gel in a free swollen state (light red) whose faces are anchored through linear
springs at a solid container (shaded frame). When the chemical potential is reduced, the gel expels solvent, reduces
its volume (red square), and the springs elongate, thus generating a tension on the faces. Right: The de-swollen
cube is under uniform tension whose value depends on the new value of the chemical potential through λ, and
the stiffness of the spring.
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Figure 2: Pressure-strain curves for different values of the external chemical potential µe . We consider a case for
which the free-swollen reference (blue point) is realized with µe =−100 (J/mol). By decreasing µe , the cube shrinks
following the line σ=−ko ε= ko(λ−1). When σ=σcr (red point) the solvent inside the gel begins cavitation.
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Figure 1: Left: We consider a cubic gel in a free swollen state (light red) whose faces are anchored through linear springs at a
solid container (shaded frame). When the chemical potential is reduced, the gel expels solvent, reduces its volume (red square),
and the springs elongate, thus generating a tension on the faces. Center: The de-swollen cube is under uniform tension whose
value depends on the new value of the chemical potential through λ, and the stiffness of the spring. Right: Pressure-strain
curves for different values of the external chemical potential µe. We consider a case for which the free-swollen reference (blue
point) is realized with µe / −1�� (J/mol). By decreasing µe, the cube shrinks following the line p / −ko ε / ko�λ − 1�.
When σ / σcr (red point) the solvent inside the gel begins cavitation.

CONCLUSIONS

The toy problem illustrated above contains the key idea which is behind our investigation about the effects of cavitation on
hydrogel–based systems. More complex deformation processes may occur when a series of units as the one shown in figure 1
is shown, and the contribution of the elastic walls surrounding the gel is not uniform.
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Summary In this paper, we consider the problem of pressure-driven fluid flow through a gel-filled channel. This subject, which is relevant
to many areas, has been addressed by several authors. Our interest here is to investigate how the network elastic response affects the solvent
flow profile under steady-state conditions. We show that there is a class of elastic materials for which the flow profile is not affected by the
applied pressure gradient. This class includes both neo-Hookean and Mooney materials but excludes Gent materials.

INTRODUCTION

A polymer gel is a two-component material composed of a cross-linked polymer network, which is usually described as an
elastic, isotropic and incompressible solid, and an incompressible fluid, solvent for short, that permeates the interstices of the
network. Such materials exhibit unusual and complex phenomena as a result of the coupling between large deformation and
fluid permeation. In this paper, we study the problem of pressure-driven fluid flow through a gel-filled channel. This problem
has been investigated by several authors to investigate, for instance, the phenomenon of pressure-induced channel formation
(Cogan & Keener (2005)) . This work builds upon Duda, Souza & Fried (2010). Due to lack of space, details will be omitted.

PRELIMINARIES

Solvent permeation in polymer gels is governed by a set of equations comprised by the constraint of local volume preser-
vation, which represents the conventional assumption that the solid and solvent are both incompressible, and a pair of field
equations that describe the mechanical force and solvent content balances. These equations are conveniently organized as
follows:

detF = φ0/φ, divT = 0, div (υȷ+ v) = 0. (1)

Here and henceforth, F is the deformation gradient, φ0 and φ are the polymer volume fractions in the reference and actual
configurations, υ is the volume occupied by an individual solvent molecule, T is the Cauchy stress tensor, ȷ is the solvent
flux per unit spatial area, and v is the network velocity field. External body forces, inertial effects, and solvent supply are
neglected here.

From the constitutive point of view, the theory is fully specified by the response functions ψ̂ and M̂s determining the free
energy density ψ and the mobility tensor Ms. Hereafter we suppose that ψ̂ incorporates three contributions: the energy of
the “unmixed” pure solvent; the isotropic elastic energy due to network deformation; and the energy of mixing. Invoking the
Frenkel–Flory–Rehner hypothesis, we assume that the latter two contributions are additive and separable. As for the mobility,
we assume a concentration-depedent isotropic response. It then follows that

ψ̂(F, c) = µ0c+ ψ̂e(I1, I2) + ψ̂m(c), Ms = m̂(c)I, m̂(c) > 0, (2)

where µ0 is a reference chemical potential, c = (detF−φ0)/υ is the number of solvent molecules per unit reference volume,
and I1 = trB and I2 = (I21 − trB2)/2 are the first and second principal invariants of the left Cauchy-Green tensor B = FF⊤.
Notice that both ψ̂m and m̂ can be viewed as a function of φ or I3 = detB, the third invariant of B. With these constitutive
choices, it can be shown that T and ȷ can be written as

T = Tn − pI, ȷ = −υm̂(c) gradp (3)

where
Tn = β0I+ β1B+ β−1B

−1 − πI, π = −(∂ψ̂m/∂c)/v, (4)

and
β0 = 2I2α2/

√
I3, β1 = 2α1/

√
I3, β−1 = −2

√
I3α2, (5)

with α1 = ∂ψ̂e/∂I1 and α2 = ∂ψ̂e/∂I2. The quantities p and π are often called the fluid and osmotic pressures (e.g. Doi
(2013)). Thus, the total Cauchy stress T results from two contributions, one due to the network, Tn, and other due to the
solvent, −pI. By its turn, the network stress arises from network elasticity and the osmotic pressure.

∗Corresponding author. Email: duda@mecanica.coppe.ufrj.br



PRESSURE-DRIVEN FLOW THROUGH A GEL-FILLED CHANNEL

Consider the space between two infinitely long parallel plates separated by a gap 2d and completely filled by a gel which
is fixed to and impermeable at the plates. We introduce a Cartesian coordinate system with the x-axis chosen parallel to the
flow, the y-axis orthogonal to the plates, and z-axis orthogonal to the (x, y)-plane. We take the plates to be located at y = 0
and y = 2d. Suppose that the gel is in a stress-free state with polymer volume fraction constant and equal to φ0. Then, a
pressure gradient a is applied causing the solvent to flow through the gel. Our interest here is to investigate the influence of
the gel properties on the characteristics this flow under steady-state conditions.

Specifically, we suppose that the pressure p is given up to an arbitrary and constant pressure p0, that is,

p(x, y) = −ax+ p0, (6)

with the constant a given. Taking (1)3 into account, this implies that the x-component of the solvent flux ȷ is given by jx =
m̂(φ)a, whereas the remaining components vanish. Since the the solvent flux is fully characterized by jx, its characteristics
depend on the material function m̂ and the polymer fraction distribution φ, which needs to be determined by invoking the
interaction between mechanics and permeation. This issue is discussed in what follows.

We begin by assuming the gel undergoes a special time-independent deformation in which the spatial (x, y, z) and ref-
erential (X,Y, Z) coordinates of a gel particle are related by X = x + f(y), with f symmetric with respect to the central
line between the two plates, Y = g(y), and Z = z. Since the gel is fixed to the plates, the functions f and g must obey the
boundary conditions f(0) = f(2d) = 0, g(0) = 0, and g(2d) = 2d. A simple calculation shows that the deformation gradient
F can be viewed as the result of the superimposition of an uniaxial extension with stretch η = 1/g′ on a simple shear with
amount γ := −f ′/g′. In this case, the incompressibility constraint imposes that φ = φ0/η which in turn yields that φ can
depend on y only. This implies, along with the fact that v = 0 and that jx is the only non-null component of ȷ, that the solvent
content balance (1)3 is trivially satisfied in the case under consideration. Further, as a consequence of the boundary condition
on g, it is easy to see that η must satisfy the condition

2d =

! 2d

0
(1/η(y)) dy. (7)

We now observe that the mechanical force balance (1)2 can be written as divTn = gradp which, under the conditions
discussed in this section, implies the following equations for the network shear and normal stresses τnxy and σn

y :

τnxy(γ(y), η(y)) = −a(y − d), σn
y (γ(y), η(y)) = k, (8)

where k is constant,

τnxy(γ, η) = 2γ(α1(I1, I2) + α2(I1, I2)), σn
y (γ, η) = 2η(α1(I1, I2) + 2α2(I1, I2))− π(η), (9)

I1 = 2 + γ2 + η2, and I2 = 1 + γ2 + 2η2.
The problem under investigation here consists in solving (7) and (8) for γ(y), η(y) and k. Once this problem is solved,

φ is obtained via the relation φ = φ0/η and the solvent flow via jx = m̂(φ)a. The main results are as follows. When a
pressure gradient is applied, the shear stress τnxy is developed in the network to ensure mechanical equilibrium. This stress is
accompanied by the amount of shear γ, the determination of which requires the knowledge of the“shear modulus” 2(α1+α2).
This in turn is a function of γ and η through I1 and I2. On the other hand, the polymer volume fraction φ is obtained by using
φ = φ0/η, with η being obtained by solving (8)2. This equation does not involve γ wherever α1 + 2α2 is constant. For this
class of materials, it is immediate to see that the polymer volume fraction φ, and hence the flow profile, is not affected by the
pressure gradient a. A simple calculation shows that both neo-Hookean and Mooney elastic materials belong to this class of
materials, whereas Gent elastic materials do not.

CONCLUSIONS

We have shown that the shear stress τnxy is a function of the pressure gradient a. Whether the same conclusion applies or
not to the normal stress σn

y depends on the elastic response. When it does not apply, the polymer volume fraction, and hence
the flow profile, is not affected by the pressure gradient. This is the case for both neo-Hookean and Mooney elastic materials.
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EXPERIMENTS

Two polyvinylsiloxane (PVS, Zhermack Elite Double 22) elastic beams with a Young’s modulus E=0.884 MPa, and
rectangular cross sections of length L, width b, and thickness h are separated by a distance d0, clamped at the top, and hung
vertically in a gravitational field. We varied the length L from 15mm-24 mm, the initial gap d0 from 1.2mm-4.9 mm, kept
the width constant at b=3.5 mm for all experiments, and studied two thicknesses h=0.5 mm and h=0.8 mm. The beams are
then lowered until the tips contact a bath of silicone oil (ν / 5 cSt, Sigma Aldrich). Capillary action causes the fluid to rise
between the two beams, and the flexibility of the elastic beams enable the capillary pressure from the silicone oil to bend the
structures until they coalesce. Silicone oil is a favorable solvent for these silicone rubber beams, so the fluid diffuses through
the beam’s thickness and swells the elastic network in a nonhomogenous manner. This nonhomogenous swelling causes the
beams to bend away from each other [7]. Once the beam’s curvature increases beyond some critical point, the deformation is
enough to cause separation with the fluid bath, and the swelling-induced bending continues until fluid has permeated through
half the beam’s thickness. Over the course of this process a volume of fluid is transporting upwards in a ratcheting fashion
(Fig1-iii). At long times the beams relax back to their initially straight configuration, and this process repeats itself.

DISCUSSION

In our experiments, E, ν and the surface tension γ are constant, leaving the geometric parameters L, h, and d0 as our
independent variables. By rescaling some of our experimental results by the characteristic length scales in this problem, we
gain some insight into the underlying mechanics. First, we can split the elastocapillary rise between swellable beams into two
parts by recognizing that the predominant forces act in opposing ways to deform the beam - elastocapillarity bends the beams
together, and swelling curls the beams away from each other. The elastocapillary deformation is dominant until the beams
peel from the surface of the fluid.

Capillary rise between flexible beams comes from a competition between the force per unit area required to bend the
structure and the capillary pressure exerted by the wetting fluid. In this context, minimizing the total energy of this system
with respect to the dry length gives [1]: Ldry /

!
9
2

"1/4√
d0ℓec, where a characteristic elastocapillary length scale ℓec /

%
B/γ

is introduced. The elastocapillary characteristic length scale also arises in the case of a naturally flat flexible sheet in contact
with a wetted cylinder [2]. Here, the situation is reversed as the fluid’s surface tension exerts a force that tries to flatten a beam
with a swelling–induced natural curvature κb / R−1. The result is the same – the coalesced beams will curl apart when the
natural curvature reaches a critical value Rc ∝ ℓec.

The short time dynamics of our experiments are dominated by capillary rise. At longer times, the swelling–induced
bending becomes the main form of deformation. If capillary rise occurs, two general modes of deformation are observed: 1.)
elastocapillary coalescence is dominant, and bending is localized near the bottom of beams, or 2.) swelling–induced bending
is dominant, and the beams peel apart. We measured the maximum radius of curvature Rc that the beams reached while
completely in contact the fluid bath, and observed that above a critical curvature the beams spontaneously peeled away from
the fluid surface. The corresponding critical radius of curvature is on the order of ℓec. Finally, we rationalize the ratcheting
of the fluid integrating using Euler’s Elastica equations with the appropriate set of boundary conditions, thereby revealing the
energy landscape underpinning the fluid’s motion.

In conclusion, we note that the deformations are dramatically different from those observed during traditional elastocapil-
lary rise, and present a rich framework for studying coupled problems with multiple characteristic length and time scales. Our
scaling analysis appears to capture some of the underlying mechanics, but we expect that a more robust theoretical approach
will be necessary to capture the interplay between wetting, adhesion, and swelling. There is much to be done experimentally
as well – in this work the silicone oil swells at a fairly slow rate, and both the solvent and elastomer can be changed to see
enhancements in the swelling dynamics and the magnitude of deformation. Preliminary results on increasing the beam’s width
indicate that out–of–plane twisting can occur, in addition to the in–plane deformations discussed here. It is likely that swelling
occurs in various elastocapillary environments, and while similar deformations may not be observed, confinement could lead
to unexpected residual stresses, and localized deformations.
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where ݇ is the effective tensile stiffness of the mesh, ܪ the original thickness of the tape, ߤ the initial shear modulus of 
the VHB tape, and ݂כ the tensile strength of the mesh layer. The monotonic increasing curve in stage III is governed by the 
behavior of the tape layer, and the stress is bounded by a value set by the strength of the tape. 
 

 
Fig 1. (a) Stress-strain curves of a VHB tape, a fabric mesh, and the DN composite with 1 layer of mesh and 2 layers of tape. For comparison, the nominal 
stress of the mesh is normalized by the same cross-sectional area as the DN composite. The insets (A-F) are snapshots of the sample correspond to the 
specific points along the loading curves. (b) Comparison between the undamaged and partially damage zones in the DN composite, and a similar 
mechanism in DN gels, after Ref. [2]. 

 
   Comparing to the experiment results in Fig. 2a, the agreement between the shear lag model and experiments is reasonably 
well. 

 
Fig 2. (a) Nominal stress-stretch curve of the DN composite at various compositions. (b) Theoretical prediction by considering the interaction in the sliding 
zone with a shear-lag model. The four curves have the same composition as the corresponding ones on (a). Material parameters are extracted from 
independent experiments on base materials. 
 

CONCLUSIONS 
 

   Using a fabric mesh and a VHB acrylic tape, a soft but highly stretchable DN composite is manufactured. The DN 
composite follows the same damage-distribution and toughening mechanisms as in the well-known DN hydrogels. The DN 
composite is as strong as the mesh, as stretchable as the tape, and much tougher than both materials. The DN composite 
exhibit stable necking as the DN gels. By using a simple shear lag model to capture the finite interlayer sliding, a theory is 
developed and its prediction in the stress-strain behaviour agrees well with the experiments. On the other hand, the DN 
composite itself may be regarded as a macroscopic model for the study of DN hydrogels. 
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Summary Liquid crystal (LC) glassy polymers co-polymerized with azobenzenes respond to ultra-violet (UV) light by undergoing anisotropic 
dimensional changes. Such a light-induced mechanical response can be used to generate topographical deformations when LC films are fixed to 
rigid substrates. Various topographical changes, dynamically controlled by light, can be produced by controlling the internal distribution of the 
average orientation of the liquid crystal molecules. In this presentation, we review our recent simulation results of light responsive 
topographical transformations of LC polydomain coatings [1].  
 

LIGHT RESPONSIVE SURFACES 
 
   Switchable surface topographies enable many potential applications in manipulating friction and adhesion in the design 
of robotics and human-interactive haptics. In addition, the control of small-scale surface roughness can alter the effective 
hydrophobicity and thus the wetting properties. Light-driven actuations are preferable over thermal and electrically 
stimulations, because there is no need to build surrounding heating devices or electrodes. Photo-responsive systems are 
particularly advantageous in cases where remote control and localized actuation are desired.  

 
Figure 1: A 3D schematic representing the photo-physics and opto-mechanical response of azo-LC polymers under UV 
illumination. UV-triggered isomerizations of the embedded azobenzene molecules (blue) decrease the orientational order of 
the neighboring LC molecules (green) and results in a contraction along the director ( ሬ݊റ) and expansions along the two 
perpendicular directions. Isomerization from trans (straight) to cis (bent) is driven by UV-light and the back-isomerization is 
driven by visible light and temperature. 
 
   Liquid crystal (LC) polymers can respond to ultra-violet (UV) light in the presence of co-polymerized azobenzene 
molecules [2]. As schematically shown in Fig. 1, triggered by UV-light, conformational changes from the natural trans state 
azobenzene (rod-like) to the bent-like metastable cis state decreases the orientational order of the liquid crystal network. 
These changes lead to a density decrease and a spontaneous contraction along the common direction of the LC moieties, i.e., 
the director, and expansions along the two perpendicular directions [3]. If LC films are fixed to rigid substrates they are able 
to produce surface topographical changes because their in-plane deformations are suppressed and the density changes 
manifest themselves as height variations. LC coatings with a spatially pre-designed patterning of the director distribution 
were recently constructed, which generates reversible protrusions and corrugations under UV illumination [4]. This 
switchable surface topography can be utilized to dynamically control the coating's friction properties [5]. 
 

CMPUTATIONAL MODEL AND RESULTS 
 
   In order to understand the underlying actuation mechanisms and to build a tool for design and optimization, a numerical 
model has been developed to simulate the light-induced surface topography changes of various LC coatings. Using the 
model, we study the dependencies of the generated surface roughness on the material properties and geometric features. A 
nonlinear light absorption model was developed to calculate the UV light attenuation through the thickness of the coating.  
With the absorption model, the corresponding isomerization process of the embedded azobenzenes can be described as a 
function of the director distribution and the type of the incoming light, i.e., diffuse light or polarized light. The light-
triggered spontaneous deformation of the azo-LC polymer was incorporated through an anisotropic eigenstrain which is 
directly proportional to the relative fraction of azobenzene molecules in the cis state. An anisotropic linear-elastic 
constitutive relationship was adopted since the glassy LC polymers remain in the elastic regimes under UV illumination.  



   The key to generate a surface transformation from a flat to a corrugated coating is to create a non-uniform director 
distribution. For regions where the directors are parallel to the electric field of the incoming light, the azobenzenes inside 
have maximal absorbance and thus a higher trans-to-cis conversion level is triggered, leading to a large opto-mechanical 
response. In regions where the directors are perpendicular to the electric field, a much lower deformation is expected due to 
the low cis fraction. Creating a non-uniform director distribution thus produces switchable corrugations. Various types of 
liquid crystalline structures were tested. One of the tested cases is a polydomain film (see Fig. 2), in which the director 
distribution is randomly distributed over different domains and the corresponding photo-induced topographical textures 
feature domain-wise corrugations. The resulting topographical changes of this type of LC glassy films lead to surface 
profiles that are found to be in close agreement with the experimental measurements [1]. Roughness parameters were used 
to quantify the generated surface corrugations. The dependencies of these parameters on the structure's dimensions, 
illumination conditions and opto-mechanical properties of the LC polymer were studied. 
 

 
Figure 2: Simulation results of the light-triggered topographical transformation of a liquid crystal polydomain coating and a 
detailed texture for the boxed region. The polydomain film features domain-wise corrugations [1]. 
 
    

CONCLUSIONS  
 
   A computational tool was developed to simulate UV-triggered surface transformations based on azobenzene-modified 
liquid crystal glassy coatings. Combined with experiments, we show three-dimensional surface topographical changes that 
can be switched by light. Various optimized topographical textures can be produced depending on the specific director 
distribution. 
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Summary�3KRQRQLF�FU\VWDOV�DUH�SHULRGLF��FRPSRVLWH�PDWHULDOV�WKDW�H[KLELW�SKRQRQLF�EDQG�JDSV�±�IUHTXHQF\�UDQJHV�LQ�ZKLFK�HODVWLF�ZDYHV�DUH�
SURKLELWHG��:KHQ�WKH�SHULRGLF�VWUXFWXUH� LV�GHIRUPHG�� WKHVH� IUHTXHQF\�UDQJHV�PD\�EH�PDQLSXODWHG��+HQFH�� IUHTXHQF\�EDQG�JDSV� LQ�SKRQRQLF�
FU\VWDOV�PDGH� IURP�HODVWRPHUV�PD\�EH� UHYHUVLEO\� WXQHG� WKURXJK� ODUJH�GHIRUPDWLRQ��)XUWKHUPRUH�� GLHOHFWULF� HODVWRPHUV�±�PDWHULDOV� LQ�ZKLFK�
GHIRUPDWLRQ�LV�LQGXFHG�WKURXJK�WKH�DSSOLFDWLRQ�RI�DQ�HOHFWULF�ILHOG�±�PD\�EH�XVHG�LQ�SKRQRQLF�FU\VWDOV��RSHQLQJ�WKH�GRRU�IRU�HOHFWULFDOO\�DFWXDWHG�
WXQDELOLW\��,Q�RUGHU�WR�UHDOL]H�WKLV�H[FLWLQJ�FDSDELOLW\��UREXVW�VLPXODWLRQ�DQG�GHVLJQ�WRROV�DUH�QHHGHG��:H�KDYH�GHYHORSHG�ILQLWH�HOHPHQW�WHFKQRORJ\�
WR�DGGUHVV�WKLV�SUREOHP�DQG�KDYH�DSSOLHG�WKHVH�WRROV�WR�GHVLJQLQJ�SKRQRQLF�FU\VWDOV�ZLWK�EDQG�JDSV�WXQHG�WKURXJK�HOHFWULFDO�DFWXDWLRQ��:H�SUHVHQW�
DQ�DSSOLFDWLRQ�RI�RXU� VLPXODWLRQ�FDSDELOLW\� WR� WKH�GHVLJQ�RI�D�SKRQRQLF�FU\VWDO�FRQVLVWLQJ�RI�D�VTXDUH�DUUD\�RI�FLUFXODU�FURVV�VHFWLRQ� WKUHDGV�
HPEHGGHG�LQ�D�GLHOHFWULF�HODVWRPHULF�PDWUL[��
�

%$&.*5281'�
�
$�VROLG�SKRQRQLF�FU\VWDO�XWLOL]HV�FRQVWUXFWLYH�LQWHUIHUHQFH�WKURXJK�%UDJJ�VFDWWHULQJ��VHH�H�J���>�@��WR�FUHDWH�SKRQRQLF�EDQG�
JDSV�±�IUHTXHQF\�UDQJHV�LQ�ZKLFK�HODVWLF�ZDYHV�FDQQRW�SURSDJDWH��7KHVH�PDWHULDOV�KDYH�DWWUDFWHG�D�JRRG�GHDO�RI�UHVHDUFK�
DWWHQWLRQ�LQ�UHFHQW�\HDUV�DQG�VPDOO�VWUDLQ��H�J���PHWDOOLF��SKRQRQLF�FU\VWDOV�KDYH�EHHQ�H[WHQVLYHO\�VWXGLHG��7XQDELOLW\�RI�VPDOO�
VWUDLQ�SKRQRQLF�FU\VWDOV�KDV�EHHQ�H[SORUHG�XVLQJ�SLH]RHOHFWULFV�>�@�DQG�PDJQHWR�HODVWLFV�>���@��EXW�EHFDXVH�RI�WKH�KLJK�ZDYH�
VSHHGV�LQ�VWLII�PDWHULDOV��WKH�SK\VLFDO�GLPHQVLRQ�RI�WKH�UHTXLUHG�XQLW�FHOOV�WHQG�WR�EH�ODUJH��6RIW�PDWHULDOV�RIIHU�WKH�DGYDQWDJH�
RI�VORZHU�VKHDU�ZDYH�VSHHGV�ZKLFK�GR�QRW�UHTXLUH�YHU\�ODUJH�XQLW�FHOO�GLPHQVLRQV��6LQFH�HODVWLFLW\�RI�HODVWRPHUV�LV�QRQOLQHDU��
LW�LV�VWUDLJKWIRUZDUG�WR�FKDQJH�WKH�VWLIIQHVV�SURSHUWLHV�RI�WKH�XQLW�FHOO�WKURXJK�ODUJH�GHIRUPDWLRQ�±�WKHUHE\�FKDQJLQJ�WKH�VSHHG�
RI�ZDYH�SURSDJDWLRQ��$FKLHYLQJ�WXQDELOLW\�WKURXJK�VRIW�PDWHULDOV�LV�MXVW�EHJLQQLQJ�WR�EH�H[SORUHG��)RU�LQVWDQFH��%HUWROGL�DQG�
%R\FH� >�@� GHPRQVWUDWHG� VLJQLILFDQW� WXQDELOLW\� RI� EDQG�JDSV� WKURXJK� ILQLWH� SUH�GHIRUPDWLRQV� LQ� VRIW� HODVWRPHULF� SKRQRQLF�
FU\VWDOV�FRQWDLQLQJ�YRLGV��0RUHRYHU��WKH\�VKRZHG�WKDW�SUH�GHIRUPDWLRQ�ZDV�QRW�RQO\�FDSDEOH�RI�VKLIWLQJ�EDQG�JDSV�EXW�DOVR�
WKDW�QHZ�EDQG�JDSV�FRXOG�EH�FUHDWHG�� �
�
'LHOHFWULF�HODVWRPHUV��'(V��RIIHU�D�XQLTXH�ZD\�WR�DFKLHYH�WKH�ODUJH�UHYHUVLEOH�GHIRUPDWLRQV�UHTXLUHG�IRU�WXQDELOLW\�WKURXJK�
DQ�H[WHUQDOO\�DSSOLHG�HOHFWULF�ILHOG��7KHVH�PDWHULDOV�±�ZKLFK�EHJDQ�DSSHDULQJ�LQ�WKH�OLWHUDWXUH�LQ�WKH�ODWH�����V�>���@�±�DUH�
FKDUDFWHUL]HG�E\� WKH� DELOLW\� WR� GHIRUP� VLJQLILFDQWO\�ZKHQ� DQ� HOHFWULF� ILHOG� LV� DSSOLHG��'(V� DUH�GLVWLQFW� IURP�SLH]RHOHFWULF�
PDWHULDOV�LQ�WKDW�'(V�DUH�FDSDEOH�RI�ODUJH��UHYHUVLEOH�GHIRUPDWLRQV��SRVVHVV�D�TXDGUDWLF�UHODWLRQ�EHWZHHQ�HOHFWULF�ILHOG�DQG�
VWUHVV��DQG�DUH�QRQ�SRODU��DPRUSKRXV�PDWHULDOV��ZKLOH�±�RQ�WKH�RWKHU�KDQG�±�SLH]RHOHFWULF�PDWHULDOV�W\SLFDOO\�RQO\�XQGHUJR�
VPDOO�GHIRUPDWLRQV��SRVVHVV�D�OLQHDU�UHODWLRQ�RI�HOHFWULF�ILHOG�WR�VWUHVV��DQG�DUH�SRODU��FU\VWDOOLQH�PDWHULDOV��7KH�XVH�RI�'(V�LQ�
SKRQRQLF�FU\VWDOV�ZDV�ILUVW�GLVFXVVHG�E\�6KPXHO�>�@�ZKR�GHYHORSHG�DQDO\WLFDO�VROXWLRQV�IRU�HODVWLF�ZDYH�SURSDJDWLRQ�LQ�D�RQH�
GLPHQVLRQDO� SHULRGLF� ODPLQDWH� XQGHUJRLQJ� ODUJH� KRPRJHQHRXV� GHIRUPDWLRQV� LQ� UHVSRQVH� WR� DQ� HOHFWULF� ILHOG�� 6KPXHO� >�@�
H[SDQGHG�RQ�WKLV�ZRUN�E\�GHULYLQJ�DQDO\WLFDO�VROXWLRQV�IRU�D�'(�SKRQRQLF�FU\VWDO�FRPSRVLWH�PDGH�XS�RI�DQ�DUUD\�RI�F\OLQGULFDO�
ILEHUV�LQ�D�PDWUL[��EXW�WKLV�ZDV�DJDLQ�OLPLWHG�WR�KRPRJHQHRXV�GHIRUPDWLRQV��
�
1XPHULFDO�VLPXODWLRQ�LV�FHUWDLQO\�UHTXLUHG�LQ�RUGHU�WR�VWXG\�WXQDELOLW\�LQGXFHG�E\�LQKRPRJHQHRXV�GHIRUPDWLRQV��EXW�WKHVH�
VLPXODWLRQ� WHFKQLTXHV�DUH� ODUJHO\�QHZ�WR�'(V�>�����@��+HUH��ZH�XWLOL]H� WKH� ILQLWH�HOHPHQW�DSSURDFK�RI�+HQDQQ�HW�DO�� >��@�
WKURXJK�DQ�$EDTXV�XVHU�HOHPHQW��8(/��VXEURXWLQH��7KLV�±�LQ�FRQMXQFWLRQ�ZLWK�D�5HSUHVHQWDWLYH�9ROXPH�(OHPHQW��59(��DQG�
%ORFK�)ORTXHW�ERXQGDU\�FRQGLWLRQV��VHH�H�J��>�@��±�DOORZV�XV�WR�H[SORUH�EDQG�JDS�GHSHQGHQFH�RQ�HOHFWULF�ILHOG�PDJQLWXGH�DQG�
GLUHFWLRQ�ZLWKRXW�UHVWULFWLRQ��
�

5(68/76�
 
2XU� VLPXODWLRQ�DSSURDFK�±�FRQVLVWLQJ�RI� WKH� ILQLWH�HOHPHQW� LPSOHPHQWDWLRQ� >��@�� WKH�59(� �VKRZQ� LQ�)LJ������ DQG�%ORFK�
)ORTXHW� ERXQGDU\� FRQGLWLRQV� >�@� ±� KDV� EHHQ� YHULILHG� E\� UHSURGXFLQJ� WKH� DQDO\WLFDO�ZRUN�RI� 6KPXHO� >�@� IRU� KRPRJHQRXV�
GHIRUPDWLRQ�RI�D�SKRQRQLF�FU\VWDO�FRQVLVWLQJ�RI�F\OLQGULFDO�LQFOXVLRQV�DUUDQJHG�LQ�D�VTXDUH�PDWUL[��+RZHYHU��IRU�EUHYLW\��ZH�
GR�QRW� VKRZ� WKDW� UHVXOW� KHUH�� LQVWHDG� IRFXVLQJ�RQ� WKH�PRUH� LQWHUHVWLQJ� FDVH� RI� LQKRPRJHQHRXV�� HOHFWULFDOO\�DFWXDWHG� SUH�
GHIRUPDWLRQ��5HSUHVHQWDWLYH�VLPXODWLRQ�UHVXOWV�IRU�RQH�VHW�RI�PDWHULDO�SURSHUWLHV�DQG�YROXPH�IUDFWLRQ���������LV�VKRZQ�LQ�)LJ��
���$Q�HOHFWULF�ILHOG�LV�DSSOLHG�DORQJ�WKH�GLDJRQDO�RI�WKH�XQLW�FHOO�ZLWK�LQFUHDVLQJ�PDJQLWXGH��DV�VKRZQ�LQ�)LJV�����D���F���7KH�
IUHTXHQF\�DV�D�IXQFWLRQ�RI�ZDYH�YHFWRU�IRU�VHYHUDO�HOHFWULF�ILHOG�PDJQLWXGHV�LV�VKRZQ�DORQJ�WKH�WRS�RI�WKH�ILJXUH��GHPRQVWUDWLQJ�
WKDW�SKRQRQLF�EDQG�JDSV��GHSLFWHG�DV�EOXH�EDUV��FDQ�EH�PDQLSXODWHG��
� � �



�
)LJXUH����(IIHFW�RI�DQ�H[WHUQDO�HOHFWULF�ILHOG�RQ�GHIRUPDWLRQ�DQG�SKRQRQLF�EDQG�JDSV�LQ�WKH�FRPSRVLWH�'(��)URP�OHIW���D��QR�
HOHFWULF�ILHOG���E��DQ�HOHFWULF�ILHOG�RI����9�XQLW�FHOO�LQ�ERWK�WKH�KRUL]RQWDO�DQG�YHUWLFDO�GLUHFWLRQV�ORZHUV�WKH�EDQG�JDSV��DQG��F��
DQ�HOHFWULF�ILHOG�RI����9�XQLW�FHOO�LQ�HDFK�GLUHFWLRQ�ORZHUV�WKH�EDQG�JDSV�IXUWKHU�DQG�DOVR�RSHQV�QHZ�RQHV��1RWH�WKDW�WKH�YROWDJH�
LV�SHU�XQLW�FHOO��DQG�KHQFH��LQ�D�SKRQRQLF�FU\VWDO�RI���[���XQLW�FHOOV��WKH�DFWXDO�DSSOLHG�YROWDJH�ZLOO�EH��N9�DQG��N9�IRU��E��
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Summary Magnetorheological elastomer (MRE) is a kind of soft solid magnetic field-responsive material composing of micron-sized 
magneto-sensitive particles and non-magnetic hyper-elastic matrix. The mechanical or physical behaviour of MRE can be adjusted by using 
external magnetic field, and the behaviour is strongly correlated with the underlying particle-aggregated microstructures of MRE. This work 
aimed to find the relation between the microstructure and the property of MRE, and studied the particle aggregation of MRE in curing process 
and predicted the microstructure-dependent property of cured MRE using particle-level dynamics simulation and finite element analysis, 
respectively. It is suggested that combining particle-level dynamics with finite element analysis is a preferred way to reveal the dominating 
mechanism giving rise to the macroscopic performance of MRE. 
 

INTRODUCTION 
 
   Magnetorheological elastomer (MRE) is a kind of smart magnetic field-responsive composite material. Usually, MRE is 
prepared by embedding micron-sized magneto-sensitive particle into magnetically insensitive polymer or rubber matrix. 
Attractively, the mechanical or physical property of MRE can be altered by using external magnetic field, making MRE be 
widely developed in vibration absorbers, vibration isolators, sensing devices, etc.[1] When preparing MRE, the composite 
material behaves as a high-viscosity fluid-like mixture in the curing process. Thus, an external magnetic field is usually 
applied to control the particle-aggregate microstructure and go further the post-curing property of MRE. Though it is clear 
that the macroscopic property of MRE is strongly correlated with its underlying microstructures, the microstructure-based 
dominating mechanism giving rise to the macroscopic property has never been identified clearly [2]. Therefore, it is 
imperative to reveal the dominating mechanism. As for an analogue to the high-viscosity fluid-like mixture (i.e. MRE in 
curing process), the microstructure-based mechanism of the performance of magnetorheological plastomer has been well 
studied by using particle-level dynamics simulation [3,4]. Given this, in this work, particle-level dynamics combining with 
finite element analysis is developed to study the particle-aggregating mechanism in the curing process and the effect of 
particle-aggregated microstructure on the post-curing property of MRE. 
 

       

       
Fig. 1 Magnetic field-induced change of particle-DJJUHJDWHG�PLFURVWUXFWXUH�LQ�05(¶V�FXULQJ�SURFHVV� 
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MODELING AND SIMULATION 
 
   MRE composes of magneto-sensitive particles and non-magnetic matrix with a small quantity of dispersing agent, 
surfactant, vulcanizing agent, etc. The particle and the matrix are the dominating components of MRE and thus the primary 
factors considered to model MRE. To the particle, it is vital to take its magnetic property and size distribution into 
consideration. The particle used here is a soft magnetic material and has a log-normal size distribution. To the matrix, its 
pre-curing, in-curing and post-curing states, as well as their mechanically analytical models, need to be identified clearly. 
The pre-curing or post-curing matrix affects little on the particle-aggregating structure comparing to the in-curing state. The 
matrix in curing process behaves as a high-viscosity fluid-like medium, while behaves as an elastic material after curing 
process. After the models of particle and matrix are identified, the particle-particle interaction and particle-matrix 
interaction can be constructed accordingly. In this work, a cubic cell with the HGJH�OHQJWK�RI�����ȝP�DQG the particle volume 
fraction of 20% is considered for modelling MRE. Then particle-level dynamics simulation is implemented to study the 
particle aggregation in curing process, and finite element analysis is applied to predict the performance of cured MRE. 
 

RESULTS AND DISCUSSION 
 
   Fig. 1 gives the magnetic field-induced microstructural evolution of MRE in curing process. As the top-left subfigure 
and the bottom-left subfigure show, the particles initially and randomly disperse in the cubic cell before magnetically curing 
process proceeding. After applying an external magnetic field, the particles gradually aggregate to form chain-like and go 
further column-like microstructures, as the right subfigures show. In addition, the porous microstructure is formed by 
magnetic particles from the view of a top point. With the change of particle-aggregated microstructure, the microstructure-
based macroscopic properties of MRE, such as storage modulus, damping, thermal conductivity, permeability, electricity, 
etc., will change a lot. As an example of microstructure-dependent properties in two-dimensional case, Fig. 2 shows that the 
thermal conductivity of MRE is strongly microstructure dependent. That is to say, the isotropic particle dispersion leads to 
isotropic thermal conductivity, while the anisotropic conductivity results from anisotropic particle-aggregation, as a result of 
that the thermal conductivities of particle and matrix are not the same and they differ much to each other. 
 

  
Fig. 2 The microstructure-based isotropic (left) and anisotropic (right) thermal conductivity of cured MRE. 

CONCLUSIONS 
 
   1) Particle-level dynamics simulation can be developed to study the magnetic field-induced particle aggregation of MRE in 
curing process. Finite element method can be utilized for analysing the microstructure-based property of cured MRE. 
   2) Combining particle dynamics with finite element analysis is a suggested way to reveal the microstructure-based 
dominating mechanism giving rise to the macroscopic property of MRE. 
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where an stands for the surface normal vector and S stands for the overall surface area. Subsequently, the voltage derived 
through the definition of capacitance, V=Q/C, where ܥ ൌ ܮᇱߝ ݄ଵΤ , with ߝᇱ  being the effective permittivity of the 
piezoelectric material [2]. Lastly, the generated energy density can also be calculated by U=UV/2. Following this procedure, 
the unimorph electric outputs versus thickness ratio has been analysed for different boundary/loading conditions. As an 
example, Figs. 1(b)-(e) offers the results of simply supported unimorph subjected to central point load. The analytical 
results (curves) show excellent agreement with finite element modelling (FEM) results (markers) if the effect of ݀ଷଷ (or ߪଷ) 
is considered. Non-monotonic outputs also suggest that optimal thickness ratio exists.   

Thickness ratio also affects the actuated displacement of a unimorph subjected to applied electric fieldܧ� ൌ ܸȀ݄ଵ 
across the thickness of the piezo-layer [7]. As a result, a uniform stress ߪଵ ൌ ݀ଷଵ ଵܻഥ ܸȀ݄ଵ is generated in the piezo-layer, 
while stress in the substrate remains zero. The resultant moment will therefore bend the unimorph and the actuated 
displacement is again found to be non-monotonic with respect to the thickness ratio, as displayed in Figs. 1(f) & (g). 

 

 
Fig. 1 (a) Illustration of basic variables of the unimorph. (b) A schematic for the simply supported unimorph subjected to 
central point load. (c) Free body diagram used to calculate average V3. (d, e) The analytical and FEM results of normalized 
voltage, charge density, and energy density as functions of the thickness ratio. (f) A schematic of a simply supported 
unimorph actuator subjected to constant electric potential. (g) The analytical and FEM results of normalized actuated 
displacement of the unimorph as a function of the thickness ratio. 
 

CONCLUSIONS 
 

   We investigate the electromechanical behaviors of flexible unimorph power generators and actuators. Analytical and 
numerical models are built to unveil the effects of piezo-layer-to-substrate thickness ratio and piezoelectric material constants on 
energy conversion under eight different boundary/loading conditions. Our theory reveals that when the unimorph is subjected to 
displacement-controlled loading conditions, the charge, voltage, and energy outputs are monotonic functions of the thickness 
ratio whereas when the unimorph is subjected to load-controlled conditions, optimal thickness ratios for maximum voltage and 
energy outputs exist. Our linear piezoelectric theory has been fully validated by FEM. We have also found that except pure 
bending conditions, all cantilever and simply supported unimorphs should care about the d33 (i.e. V 3) contribution when the 
unimorph length is not much larger than the thickness. A simplified average stress model is proven effective in accounting for 
the d33 effect. d33 effect may also change the outputs of displacement controlled problems from monotonic to non-monotonic. 
The effects of elastic mismatch and thickness-to-length ratio have been discussed and analytical solutions for unimorph based 
actuators are also offered. This work provides a comprehensive and accurate solution for the design and optimization of 
unimorph based power generators and actuators. 
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Summary We explore the fracture toughness of a polymer gel containing a Mode I growing crack. First, an expression is derived for the
energy release rate within the linearized, small-strain setting. This expression reveals a velocity independent toughening that stems from
the poroelastic nature of polymer gels. Then, we establish a poroelastic cohesive zone model that allows us to describe the micromechanics
of fracture in gels by identifying the role of solvent pressure in promoting poroelastic toughening. We confirm our theoretical findings by
means of numerical simulations.

INTRODUCTION

Soft biological tissues, such as cartilage, epithelium and muscles, can withstand relatively high levels of strain without
fracturing. Since hydrogels are commonly considered as proxies for soft biological tissues, their fracture behavior is the
subject of intense theoretical and experimental investigations.

In general, toughening of hydrogels relies on the energy dissipation that takes place in the process zone around the crack
tip [1]. Building upon such a principle, much research currently focuses on the development of experimental techniques for
the synthesis of high-toughness hydrogels, where dissipation mechanisms [2, 3] are introduced at the material scale. At the
same time, a theoretical effort is needed in modeling diverse fracture modes and sources of toughening in soft materials,
starting with the basic, classical fracture mechanics problems.

In this spirit, here [4] we study the propagation of a semi-infinite crack in an infinite polymer gel that is loaded in Mode I
conditions and immersed in a solvent. We present a detailed energy analysis that evidences the existence of a velocity-
independent toughening, which is innate in the poroelastic nature of polymer gels. Further, we establish a poroelastic cohesive
zone model that provides a framework to describe the micromechanics of fracture processes in polymer gels.

ENERGY ANALYSIS FOR A PROPAGATING CRACK IN A POLYMER GEL

We consider a gel consisting of an infinite polymer network immersed in a solvent. The gel contains a semi-infinite crack
propagating with velocity v along the e1 direction. The crack faces are traction-free and in chemical equilibrium with the
surrounding solvent. At infinity, the Mode I stress field is applied with intensity factor K∞

v , and the material responds as an
incompressible elastic solid, under the assumption that fluid flow is confined to a small process zone surrounding the crack
tip. We develop our theory in the linearized, plane-strain setting.

Manipulations of the energy balance statement appropriate for gels [6] lead to the following definition of the energy release
rate G, in a coordinate system (x̂1, x̂2) centered at crack tip [4, 5]:

G =

!

C

"
ψn · e1 −Tn · ∂u

∂x̂1

#
dS −

!

R
p
∂ε

∂x̂1
dA , ψ(E) = GE ·E+

1

2

"
κ− 2

3
G

#
ε2 , (1)

where ψ is the free energy of the gel in the linearized poroelasticity framework [7], T is the Cauchy stress, n is the outer
normal to the (arbitrary) contour C encircling the domain R and containing the crack tip, u is the displacement field, p is the
solvent pressure within the gel, G and κ are the poroelastic moduli of the gel, and ε is the trace of the small-strain tensor E.
The first integral on the right hand side evaluated on a contour C∞ far away from the tip provides the far-field energy release
rate G∞

v = (K∞
v )2/Ēu, where Ēu = 4G is the undrained plane strain modulus. Then, we rewrite eq. (1) as

G∞
v = Γ+

!

R∞
p
∂ε

∂x̂1
dA , (2)

where we have enforced the criterion G = Γ for crack propagation. The area integral may be estimated using the near-tip
fields obtained through an asymptotic analysis of the governing equations for crack propagation, thus providing an analytical
estimate for the degree of toughening, which is reported in Fig. 1(Left) and is confirmed by numerical simulations [4]. This
result shows that the applied stress intensity factor needed for crack propagation at a certain velocity v ̸= 0, which represents
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Figure 1: (Left) Degree of toughening K̃∞
v = K∞

v /K∞
o as a function of the dimensionless crack tip velocity ṽ = vΓ/DcG,

for a Mode I crack, with Dc the effective diffusivity [4] of the solvent. Numerical results (solid lines) and analytical estimates
(dashed lines) obtained from eq. (3) using the asymptotic crack tip fields. Blue line corresponds to κ/G = 1, cyan line to
κ/G = 2, red line to κ/G = 10 and green line to κ/G = 50. (Right) Degree of toughening as a function of the dimensionless
crack tip velocity, for a Mode I crack. The dashed line is the numerical result for the cohesive zone model, with κ/G = 10.
The continuous line is the result obtained computing eq. (1)1 from the numerical solution, without the cohesive zone model
(see Fig. 1-Left).

the effective toughness of the system, is greater than the critical stress intensity factor needed to initiate propagation of a
stationary crack in a purely elastic material, i.e. the intrinsic fracture toughness K∞

o =
√
ĒΓ of the polymer network. Here,

Ē = E/(1− ν2) is the effective plane-strain modulus, where E and ν are computed from G and κ through standard relations
of isotropic linear elasticity. Physically, this toughening effect may be explained as follows. The stress concentration in front
of the crack tip causes the material to expand. Since expansion requires an increase in solvent volume fraction, a reduction
of solvent pressure develops in the process zone to draw solvent towards the crack tip. This solvent flow implies viscous
dissipation that is quantified by the area integral in eq. (2). We note that toughening depends on the ratio κ/G (Fig. 1-Left).

Next we introduce a poroelastic cohesive zone model [4]. In this case, energy balance arguments similar to those leading
to the previous equation provide the following expression for the remotely applied energy release rate

G∞
v = Γ−

! 0

δf

pc dδ +
!

R∞
p
∂ε

∂x̂1
dA , (3)

where pc is the solvent pressure within the cohesive zone and δf is the crack opening at failure. We observe that pc will be
negative in the cohesive zone due to the pressure gradient required to draw solvent into it. Therefore, we conclude that the
second term on the right hand side of eq. (3) contributes a positive increment to the toughness of the gel (Fig. 1-Right), in
addition to toughening contribution provided by the third term on the right hand side.

CONCLUSIONS

We have demonstrated the existence of a velocity-independent toughening in a Mode I-loaded polymer gel specimen
containing a semi-infinite, propagating crack. Physically, this toughening derives from the work performed by the solvent
pressure against volume expansion within the process zone. For the cohesive zone case, we have shown that the applied stress
intensity factor needed for propagation increases with crack tip velocity, thanks to the resistance to crack opening offered by
the negative solvent pressure within the cohesive zone. Our results highlight the importance of poroelasticity to reveal and
quantify possible toughening mechanisms.
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Summary The availability of reversible components that can alter their shapes in response to environmental changes is crucial for active 
materials. The rapid development of 3D/4D printing technologies also enables the fast implementation of sophisticated designs for 
sensors and actuators. This paper demonstrates a new reversible component that is 3D printed to combine shape memory polymers and 
hydrogels. This new method uses the swelling of hydrogel as the driving force for the shape alternation and the change of the modulus 
of shape memory polymers as a function of temperature to regulate the time of such shape alternation. The component can be activated 
by changing temperature and aqueous environment, without any other further mechanical loading and unloading. The obtained structure 
is stiff in two different configurations. Several 2D and 3D shape changing actuators are demonstrated to illustrate the broad application 
potentials of the proposed design. 
 

INTRODUCTION 
 

Structures and devices that can change its shape in response to environmental stimuli are highly desirable in a wide 
range of applications [1]. Shape memory materials, such as shape memory alloys (SMAs) and shape memory polymers 
(SMPs), are candidates that have been widely explored. However, both materials have limitations: SMAs exhibit 
reversible actuations with sufficient stiffness, but the amount of actuation is low[2]; SMPs have been studied as an 
alternative with large shape change, but most SMPs can only achieve one-way actuation[3]. Although some new 
developments in SMPs can achieve reversible actuation, but they either involve complicated fabrication[4] or 
sophisticated chemistry[5]. One exception is environmentally responsive hydrogels[6], whose capability to hold aqueous 
solution can be tuned by temperature and thus to generate a large volume change. However, hydrogels have low stiffness, 
with the typical Young’s modulus in the range of a few tens to hundreds of kPas.  

3D printing allows materials to be deposited in a layer-by-layer manner to form a 3D component. In addition, the 
recent development of multi-material 3D printing enables digital materials, whose properties can vary almost continuously. 
Such capabilities, i.e. printing complicated geometries and digital materials, empower 3D printing to create components 
with unprecedented properties [7-10].  More interestingly, 4D printing concept was developed where active materials are 
used to create shape changing components[11-13], which added the 4th dimension (or time) to the 3D printing process.  

In this work we achieve reversible actuations through a composite where SMPs and hydrogels are spatially distributed 
through a careful design, which can be easily implemented by a multi-material 3D printer[14]. We use mechanical 
constrains to transform an isotropic hydraulic pressure from equiaxial swelling to a uniaxial driving force that powers the 
shape change of the component; we also utilize the shape memory effect in the SMP to regulate the time of such shape 
changes. In addition, the SMP provides the stiffness to the component that is much higher than one would achieve in 
purely hydrogel-based component. Finally, by applying the basic design concept, we demonstrate a folding origami 
structure.  

 
METHODS AND RESULTS 

 
Design concepts 

The two key concepts to our design are to convert the hydrogel swelling force from equiaxial to a linear force that can 
drive the shape change in one particular direction or in one particular plane, and to use the sensitivity of the SMP 
properties to temperature to regulate the time for actuation. To achieve this, the hydrogels and the elastomer columns are 
sandwiched between a layer of the SMP (top) and a layer of the elastomer (bottom). Small holes are placed in the 
elastomer layer to allow water flowing in and out. During a reversible actuation cycle, the printed component is straight 
after printing. It is then immersed into water at a temperature ~0oC for a certain amount of time to allow the hydrogel to 
absorb water; in addition, due to the low temperature, the stiffness of the SMP is high; therefore the volume swelling of 
hydrogel is highly constrained and the strip does not show significant shape change. Next, the strip is brought into a high 
temperature environment (such as water bath) where the SMP softens significantly, which allows the hydrogel swelling to 
induce large shape change. In addition, the elastomer columns that connect the top and bottom layers impose constraints 
on hydrogel swelling in the z-direction, thus converting the swelling force into the x-y plane, which drives the strip 
bending. After actuation at high temperature, we cool the strip to a temperature below the Tg of the SMP; due to the 
increase of the SMP stiffness, the strip is stiff. In the ambient environment, the hydrogel will lose water and dry. After the 
hydrogel is fully dry, immersing the strip into a high temperature environment will recover the straight shape of the strip. 
At low temperature, the strip becomes stiff again. This finishes one cycle of reversible actuation, which can be repeated 
multiple times.  
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CONSTITUTIVE THEORY FOR MECHANOCHEMICALLY-BASED ENERGY DISSIPATING
ELASTOMER

Meredith N. Silberstein∗1
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Summary Mechanochemically responsive polymers can be designed through the incorporation of mechanophores, molecular groups with
a tailored productive response to applied force. Here we present the design and corresponding constitutive theory for an elastomer that
dissipates mechanical energy through the incorporation of length unveiling mechanophores. These mechanophores activate as the elastomer
approaches its finite extensibility, but prior to chain scission. The reversible release of contour length temporarily increases the failure strain
of the polymer chains subjected to the largest local force. The behavior of the model will be presented for monotonic, cyclic, and stress
relaxation loading. Required mechanophore energetics and characteristic recovery times will be discussed.

INTRODUCTION

Mechanochemically responsive (MCR) polymers can be realized through the covalent incorporation of mechanophores
chemical units that undergo a specific chemical transformation in response to applied force. While most of the demonstrated
MCR to date have shown optical responses to mechanical loading, these systems have potential to adapt mechanical properties
in response to mechanical load. Here we propose a synthetic analog to an approach often utilized in biological systems -
length release at a critical force. Stress relief by mechanophore-based length extension has been experimentally demonstrated
in single polymer chains, but not in polymer networks[1]. Here, we present a constitutive theory for an elastomer with length
extending mechanophores.

THEORY

The constitutive theory for the MCR elastomer combines transition state theory for force-biased chemical reactions
with polymer mechanics and builds on our prior work for an optically responsive elastomer based on covalently linked
mechanophores[2]. Polymer chain segments between cross-links are assumed to follow the freely jointed chain model. The
parameters governing the highly non-linear response of a single chain segment are the Kuhn segment length that sets the
initial chain stiffness and the number of segments between crosslinks that sets the locking stretch. The mechanophore state
is determined using transition state theory. The energy barrier between the closed (initial length) and open (extra length)
states is assumed to depend linearly on force (Figure 1). When the mechanophore opens the number of segments between
crosslinks increases thereby decreasing the force on the polymer chain segment. In addition to mechanophore opening,
mechanochemically-driven polymer chain scission is also included. These equations are analogous to those governing the
mechanophore state except that the reverse reaction (healing of the chain) is prohibited. A chain that is broken supports no
force. A single polymer chain segment can occupy any one of four states: closed and intact, closed and broken, extended and
intact, extended and broken. The polymer chain segments then act in concert to form the polymer network with the same force
that drives the mechanophore transition and chain scission summing to give the overall network stress.
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Figure 1: The application of force across a mechanophore reduces the barrier for mechanophore opening.
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RESULTS AND DISCUSSION

The average force-stretch behavior of an ensemble of aligned polymer chains stretched at a strain rate of 0.01s−1 is
shown in Figure 2a. The polymer chain with no mechanophore behaves hyperelastically breaking at a stretch of 1.77, which
corresponds to the the prescribed number of Kuhn segments along the length of the chain N = 3. The ensemble of polymer
chains with the mechanophores incorporated initially behaves identically to those without, however at a force of 0.55 nN per
chain the mechanophores start to activate, N increases to 3.6, and the force drops rapidly. Because of the highly nonlinear
force response, all the chains in the ensemble have their mechanophores open over a relatively narrow stretch range. The
chains are extended further the force again increases until it reaches a value that causes chain scission. This force is the same
as that which causes scission in the chains without mechanophores, however the stretch is significantly larger (1.94 vs 1.77
for these particular chain and mechanophore parameters).

The polymer behavior is qualitatively quite similar to that of the ensemble of aligned chains. The polymer is initially
compliant and hardens nonlinearly as the most oriented chains approach the single chain locking stretch. Under monotonic
loading the work to when the first damage occurs is nearly twice as large with the mechanophore than without. Further,
this model assumes that all mechanophores in a given chain segment activate at once. The energy dissipation performance
could be significantly improved by a more gradual length extension that would maintain the chain closer to its present locking
stretch. Under cyclic loading (Figure 2b) the difference between the elastomer with and without mechanophores is most
apparent in the reloading behavior. The polymer without mechanophores reloads along the unloading curve representing the
damaged polymer; the polymer with mechanophores reloads nearly along the initial loading curve since most of the open
mechanophores closed during unloading.
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Figure 2: Simulation results for numerically implemented length-extending mechanophore constitutive theory compared to behavior with-
out mechanophores. (a) Force-stretch response of an ensemble of single chains undergoing monotonic extension at a constant strain rate (b)
Stress-strain response of a polymer subjected to load-unload-reload to a strain of 0.75 at a constant strain rate magnitude.

CONCLUSIONS

A constitutive model has been presented for an MCR elastomer with repeat energy dissipation capabilities. This model
will guide the design and testing of such a material in subsequent work. Acknowledgements: This work was funded in part by
the National Science Foundation under Grant DMR-1307354.
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MODELING THE EFFECT OF INELASTICITY ON INSTABILITIES IN SOFT
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Summary Soft dielectrics undergo large deformations in response to an electric field and consequently have attracted a lot of interest as
smart active materials with a wide range of applications. The literature on this topic has historically been split between either theoretical
studies or device level experiments, with limited communication. In this paper we report on our modeling capability calibrated to VHB
4910, a widely studied soft dielectric material in the literature, which exhibits a significant level of dissipation. We use specially developed
finite elements to study the role of visco-elasticity on instabilities in soft dielectrics. Our results show that viscoelastic effects tend to
suppress instabilities under cyclic loading.

INTRODUCTION

As soft dielectrics deform under the action of an applied electric field, it is not uncommon to encounter various instabilities.
Instabilities of soft dielectrics – a heavily studied topic in the recent literature – are well known under idealized conditions,
however work still remains for non-ideal conditions. Using the terminology in [6], instabilities in soft dielectrics may be cate-
gorized into three generic modes: i) pull-in, ii) electro-creasing, and iii) electro-cavitation, with the incurred instability based
on the boundary conditions. Realizing that such instabilities may be harmful, the mechanics for suppressing an instability and
enhancing the performance of soft dielectrics has also been investigated. Some of the proposed methods include applying a
mechanical pre-stretch, using materials with “stiffening” properties, and constructing soft dielectric composites to suppress
instabilities ([6, 2, 1]).

Motivated by experimental data, and the trend of the literature, the objective of this work is to produce a numerical
simulation capability for the broader community that takes the real material behavior into account for more realistic simulation,
including the working limits of devices that are susceptible to instability.

CONSTITUTIVE EQUATIONS

Guided by the experimental data for VHB shown in Figure 1, we assume the deformation is accommodated by a com-
bination of one equilibrium mechanism, and N non-equilibrium mechanisms denoted by α = 1, 2, . . . , N . The equilibrium
mechanism provides the “long-time” response of the material using the total deformation gradient, whereas the remaining N
mechanisms capture the inelastic response of the material using internal variables. Based on the work of [5], we introduce
a set of symmetric stretch-like tensorial internal variables A(α) for the N viscoelastic mechanisms. Although not discussed
directly in this paper, thermodynamics and any restrictions required to satisfy the second law are discussed in both [3] and [5]
for this class of materials and for brevity are not repeated here. In this work, the Cauchy stress is given by

T = J−1G(Bdis)0 +K(J − 1)1+ ϵ
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Figure 1: Comparison of the exper-
imental data (shown as points) to
our model (shown as lines) in sim-
ple tension. The experimental data
is taken from [4].

where we have used the notation G = Geq

(
λL

λ̄

)
L−1

(
λ̄

λL

)
for a stretch dependent

shear modulus. Also, P is a fourth order projection tensor P = I− 1

3
C−1⊗C such that

the viscous mechanisms have no volumetric contribution. Furthermore, the referential
and spatial electric displacements, respectively, are given by

DR = ϵJC−1
ER, D = ϵE, (2)

where ϵ is the permittivity, and we denote the electric potential by ϕ, such that the
spatial electric field E = −gradϕ.

The calibration of material parameters is straightforward process. First, we cali-
brate the pure mechanical parameters appearing in our model by fitting to the exper-
imental stress-stretch data found in the literature. Then the electrical parameters are
estimated based on values appearing in the literature. Our model fit to the experimental
data of [4] is shown in Figure 1.

∗Corresponding author. Email: shawn.a.chester@njit.edu
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ACTIVE MOTION AND DEFORMATION OF LIQUID CRYSTAL ELASTOMERS 
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Summary In the talk, I will present our recent research progress on the optically/ thermally actuated motion and deformation in liquid crystal 
elastomer structures.   
 

INTRODUCTION 
   A combination of liquid crystal and polymer network can form a new materialüliquid crystal elastomer (LCE). The 
special molecular combination endows LCE with many unique properties such as soft or semi-soft elasticity and multi-
responsiveness, which have led to myriad applications ranging from artificial muscle to stretchable optical devices. 
Recently, several biological materials such as actin filament network and fibrillar collagens have also been found to have 
similar molecular structure and behaviors as man-made LCEs. In this talk, I will discuss some recent progresses made in our 
group for the active motion and deformation of LCE structures driven by light or heat.  
 

Experiments 
x Material synthesis 
We adopt the chemical reaction recently developed by Yakacki et al [1] to synthesize LCEs. The synthetic process is 

briefly summarized as follows. First, RM257 (liquid crystal monomer), PETMP (crosslinker) and EDDET (spacer) and 
multiwall carbon nanotubes  are dissolved in toluene by heating and vigorous mixing. The molar functionality composition 
of thiol monomers from PETMP and EDDET is fixed as 20:80 while that between thiol monomers and acrylate monomer 
from RM 257 is fixed as 1:1.15 so that there is 15% excess molar functional group of RM257 to that of PETMP and 
EDDET. A value of 0.5 wt% of HHMP to total monomers and 1.1 wt% of DPA to thiol monomers are added in the solution. 
After the solution is homogeneously mixed, it is placed in the vacuum chamber to remove bubbles trapped inside the 
solution. The solution is then transferred to the mold and left overnight at room temperature for the first step reaction. 
During the first-step reaction, RM257 reacts with PETMP and EDDET through thiol-acrylate Michael addition to form a 
lightly-crosslinked polydomain LCE film which are ready for applying mechanical stress and second-step reaction after the 
complete evaporation of toluene at 80ć. In the second-step reaction, LCE film can be completely cured by the photo-
polymerization of unreacted LC monomers under the UV light exposure.  

 
x Different active motion and deformation modes in LCE structures induced by light and heat 

1. Omnidirectional bending of a LCE cylinder induced by light  
As shown in Figure 1, a LCE cylinder is fabricated. With the illumination 

of light from one side, the LCE cylinder can quickly bend toward the light. The 
bending is caused by the inhomogeneous contraction of the LCE cylinder 
induced by the light. There is an optimized diameter of the LCE cylinder which 
can have the largest light-induced bending curvature.   

 
2. Light-driven rolling of a LCE cylindrical tube 

As shown in Figure 2, a LCE cylindrical tube can roll in a flat surface with 
the light illumination from on direction. When the tube is exposed to light from 
one side, the tube deforms inhomogenously which will shift the gravity center 
of the tube. Therefore the gravity of the tube can generate a moment to roll the 
cylindrical tube forward.  

 
 

 
 
 

 

Fig. 1  A LCE cylinder bends toward a 
light source 

Fig. 2 Rolling of a LCE tube driven by light 
illumination.  
 

Fig. 3 Rolling of a LCE tube driven by heating.  
 



3. Heat-driven rolling of a LCE cylindrical tube 
As shown in Figure 3, the same LCE tube can also roll in a fat surface when it is heated from the bottom. The 

mechanism is still under investigation.  
 

CONCLUSIONS 
 

   The active motion and deformation mode discussed in the presentation can be potentially useful for designing and fabricating 
various soft structures and devices.  
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exhibits only the strain-hardening behavior without showing strain-softening, as given in Fig. 1(b). During the unloading
stage, the stress slowly reduces with decreasing strain, signaling a much smaller hysteresis with less energy dissipation,
because of the constraints applied through the cross-linkages. Moreover, the elastic modulus of vulcanized NR is about 20-
30 times larger than that of un-vulcanized NR due to large differences in cross-linking densities. The above stress-strain
curves for un-vulcanized and vulcanized NRs characterize the most important mechanical behavior of elastomers, which can
greatly affect their performance in applications. However, a reliable constitutive model that is able to capture these qualitative
differences in mechanical behavior for un-vulcanized and vulcanized NRs simultaneously does not presently exist.

DEVELOPMENT OF CONSTITUTIVE MODEL

To better understand the viscoelastic behaviors of elastomers, they have been decomposed into a cross-linked network
with superimposed free chains. Mathematically, the viscoelasticity of elastomers has been decomposed into hyperelastic and
viscous parts, which are attributed to the nonlinear deformation of the cross-linked polymer network and the diffusion of free
chains, respectively. The hyperelastic deformation of a cross-linked polymer network is governed by the cross-linking density,
the molecular weight of the polymer strands between cross-linkages, and the amount of entanglements between different
chains, which we observe through large scale molecular dynamics (MD) simulations. Moreover, a recently developed non-
affine network model [2] is confirmed in the current work to be able to capture these key physical mechanisms using MD
simulation. The energy dissipation during a loading and unloading process of elastomers is governed by the diffusion of free
chains, which can be understood through their reptation dynamics. The viscous stress can be formulated using the classical
tube model [3]; however, it cannot be used to capture the energy dissipation during finite deformation. By considering the
tube deformation during this process, as observed from the MD simulations, we propose a modified tube model to account for
the finite deformation behavior of free chains. Combing the non-affine network model for hyperelasticity and modified tube
model for viscosity, both understood by molecular simulations, we develop a mechanism-based constitutive model for finite
strain viscoelasticity of elastomers. All the parameters in the proposed constitutive model have physical meanings, which
are signatures of polymer chemistry, physics or dynamics. More importantly, the finite strain viscoelasticity obtained from
our simulations agrees qualitatively with experimental data on both un-vulcanized and vulcanized rubbers (see Fig.1), which
captures the effects of cross-linking density, the molecular weight of the polymer chain and the strain rate.

CONCLUSIONS

The hyperelastic and viscous behaviors of elastomers are attributed to the nonlinear deformation of a cross-linked network
and diffusion of free chains, respectively. Large scale molecular simulations were performed to reveal the detailed physical
mechanisms of the cross-linked network and free chains under uniaxial tension, simple shear and equal-biaxial tension. For
the cross-linked network, its stress response is attributed to the cross-linking and entanglement. Therefore, the classical
Arruda-Boyce model [4] is not applicable as it does not include the effect of entanglements. The recently developed non-
affine network model [2], simultaneously considering the contributions of cross-linking and entanglement, is identified as the
most proper continuum model to describe the hyperelastic behaviors of elastomers. For the free chains, the primitive chain
length and tube diameter are found to be dependent on the applied deformations in the molecular simulations [5, 6], which
can be captured by our theoretical formulations based on an affine deformation assumption. Based on these observations, the
viscous contribution of free chains can be reformulated according to the classical tube model proposed by Doi and Edwards
[3], which is named as the updated tube model. Combining the non-affine network model with the updated tube model, a
new constitutive model has been proposed for studying the finite strain viscoelastic behavior of elastomers. This new model
is found to be able to capture the mechanical responses of un-vulcanized and vulcanized rubber under uniaxial loading and
unloading with different strain rates. Moreover, parametric studies have been performed based on the proposed constitutive
model, which demonstrate that different viscoelastic behaviors can be achieved through tuning these physical parameters.
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Summary In this work, we propose a new viscoelastic model for shape memory polymers (SMPs) based on phase transition, which has 
clear physical significance and includes the time history. To describe the phase transition phenomenon of SMPs, our new model has 
different constitutive structures above and below transformation temperature. As the proposed viscoelastic model is based on phase 
transition, it can be used both for different types of SMP materials and to treat large strain problems. To validate the model accuracy and 
show the model's capability in reproducing the shape memory effect, two test examples are predicted using the new constitutive model. 
The simulated and predicted results are compared with available experimental results and good agreement can be observed.  
 

INTRODUCTION 
 
   Shape memory polymers (SMPs), a kind of soft and smart material, have been widely used in aerospace structures, 
biomedical devices, functional textiles and other soft machines/devices. Increasing usefulness of SMPs motivates us to 
further understand its thermomechanical properties and deformation behavior. With that in mind, the development of more 
suitable constitutive models for SMPs is imperative. To develop new macro constitutive models for SMPs, two general 
approaches have been adopted: viscoelastic modeling and phenomenological modeling. The existing viscoelastic models 
may be able to describe the behavior of SMPs, but they lack a clear physical meaning. The phenomenological models based 
on phase transition have a clear physical meaning, but do not include the time factor and cannot describe the creep and 
stress relaxation of rubber. In order to overcome the shortcomings of these two types of models, we propose a new 
viscoelastic model based on phase transition, which has physical significance and includes the time factor. In previous 
research work, there is still a lack of unified constitutive model with shape memory effect. At the same time, most studies of 
SMPs are only based on a specific material. These factors narrow the application of models. Many models are limited to 
small strain (within 10%). The proposed new viscoelastic model not only can be used for different materials, but can also be 
used to treat large strain problems. In order to validate the model, simulated and predicted results are compared with the 
available experimental results. Good agreement between predict values and experimental data can be observed.  
 

CONSTITUTIVE MODEL   
 
   With the phenomenological approach, the shape memory effect of SMPs is described by a phase transition at 
transformation temperature. Normally, SMPs have different microstructures at different temperature ranges. To depict the 
phase transition phenomenon, we propose a new viscoelastic model for SMPs. The biggest difference between the ordinary 
viscoelastic model and the proposed model is that the proposed model has different constitutive structures (as shown in Fig. 
1) above and below transformation temperature. When the temperature is higher than the transition temperature Tr, the 
SMPs are in the rubbery state. Rubber is often treated as isotropic incompressible hyperelastic materials in a short time 
period of loading, but from the point of view of a long time period of loading, the materials in the rubbery state still exhibit 
stress relaxation and creep viscosity effect. Thus a simple model for SMPs at rubbery state is proposed, as shown in Fig. 
1(a). This model is composed of two incompressible hyperelastic element and a viscous damping element. It represents the 
rubber phase which is responsible for the permanent shape at a temperature higher than transition temperature. It can be 
called the rubber phase element. As the temperature decreases below Tr, the material enters the glass state. In the glass state, 
a kind of reversible phase, the second crosslinking chain may be formed in the local area of reticular structure of SMPs, 
which act as small locks. The second crosslinking chain lock the materiDO¶V�UHWLFXODU�VWUXFWXUH�WR�IL[�WKH�WHPSRUDO�VKDSH�DW�D�
temperature lower than transition temperature. When the temperature increases above Tr, the second crosslinking chain 
disappear and permanent shape is recovered. The second crosslinking chain can be considered as small springs with viscous 
effects. As such, two spring elements and a viscous damping element are introduced to the model to simulate the reversible 
phase ± the second crosslinking chain (as shown in reversible phase of Fig. 1(b)). It can be called the reversible phase 
element. The constitutive model for SMPs consists of a rubber phase element and a reversible phase element placed in 
parallel at T�Tr, as shown in Fig. 1(b). In the model, the effect of thermal expansion, which is assumed to be independent of 
the mechanical behavior, is also considered (as depicted in Fig. 1(a) and Fig. 1(b)). 
   The advantages of the new viscoelastic model are that it has good physical significance and includes the time factor 
essential to describe the creep and stress relaxation of rubber. From the corresponding experimental results, the parameters 
of the model can be determined for different SMP materials. 



(a)         (b)   
Fig. 1. (a) Constitutive model for SMPs at T>Tr (rubbery state); (b) Constitutive model for SMPs at 7�Tr (glass state). 
 

VERIFICATION OF THE CONSTITUTIVE MODEL  
 
   In order to validate the acuracy of our proposed new model, two examples of uniaxial tests with two different types of 
SMP materials are simulated. The constitutive model is implemented and the simulated results are compared with available 
experimental results. 
   Example one considers the unconstrained free strain recovery experimental test that had been performed by Tobushi et al 
[1, 2]. First, Tobushi et al [1] had developed a linear viscoelastic model and performed a series of experiments on 
polyurethane-SMP. Then, Tobushi et al [2] further modified the linear model to a nonlinear model which can treat the 
behavior of larger strains. Their work can describe the shape memory behavior qualitatively, but it does not have a clear 
physical meaning. We use the newly proposed constitutive model and corresponding material parameters extracted from 
experiment results [1, 2] to simulate the uniaxial tests. The stress-strain relationship, the stress-temperature relationship and 
strain-temperature relationship in an unconstrained free strain recovery cycle are shown in Fig. 2. From Fig. 2, it can be 
observed that the proposed new constitutive model can successfully predict the shape memory behavior of SMPs. In order 
WR�FRPSDUH�PRGHO�SUHGLFWLRQV��7REXVKL¶V�predicted results are also illustrated in  Fig. 2. Better agreement can be observed 
between the new model and experimental data. 
    The second example is to predict experimental test done by McClung et al [3] for large strain recovery test. To verify 
the ability of the new model in large strain and show the validity for different materials, the experiments of the Veriflex E 
epoxy-SMP reported by McClung et al [3] are simulated. As shown in Fig. 3, the simulation results match quite well with 
the experimental data in describing the loading procedure as well as the following strain recovery process. 

                        
(a) Stress-strain curves      (b) Stress-temperature curves       (c) Strain-temperature curves 

Fig. 2. Predicting the shape memory behavior of polyurethane-SMP. Experiments reported by Tobushi et al [2, 3]. 

     
(a) Stress-time curves         (b) Strain-time curves   

Fig. 3. Predicting the shape memory behavior of Veriflex E epoxy-SMP, Experiments reported by McClung et al [4]. 
 

CONCLUSIONS 
 

   Proposed constitutive model of SMPs combines the advantages of phase transition constitutive and viscoelastic 
constitutive. It has a good physical meaning and also includes the influence of loading time. As we did not make more 
special assumptions for different materials and the viscoelastic model is based on phase transition, the new model can be 
used for modeling different materials and large strain problems. 
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Summary Stimuli responsive soft nanomaterials are of growing scientific and technological interest. Polymer brushes are densely packed,
surface tethered polymer chains. A brush behaves like an elastic surface layer with residual surface stress which produces deformation of
the substrate. In a thermoresponsive brush, temperature reversibly changes the residual surface stress as well as the elastic modulus of the
surface layer due to coil-globule phase transition in the brush. A mechanics model incorporating Young-Laplace effect is developed for high
grafting density brush (graft density > 0.2) which produces large surface stress. The model is then applied to experiments on a poly(N-
isopropylacrylamide)-co-Poly(N,N-Dimethylacrylamide) (PNIPAm-co-PDMA) polymer brush grafted on a plasticized poly(vinyl chloride)
(pPVC) film using surface-initiated atom transfer radical polymerization (SI-ATRP). The model estimates effective surface stress due to the
brush to be ∼ −10 N/m which can be halved by applying temperature.

THERMORESPONSIVE POLYMER BRUSH

Long polymer chains grafted to a surface arrange themselves into a brush like structure when the grafting density exceeds
a threshold value [1] (see Fig. 1(a)). This structure arises due to the competition between entropic spring force associated
with each polymer chain and inter chain repulsive forces. The entropic spring force tries to keep the two ends of a polymer
chain together. Repulsive force between monomers, arising due to steric effects, is relieved by chain extension, resulting in
brush like shape. Significantly, these interactions make a brush behave like an elastic surface layer with reversible residual
surface stress which may cause deformation in the substrate [2, 3]. Establishing relationship between the molecular scale
parameters of the brush with its continuum level properties is an ongoing work [2, 4]. Furthermore, polymer brush made of
thermoresponsive polymers show conformation change when temperature is applied to it. This conformation change leads to
a change in the residual surface stress as well as the elastic modulus of the surface layer [2]. This behaviour can be utilized in
sensing and actuation applications [5].

MECHANICS MODEL OF A POLYMER COATED BEAM

We have developed a mechanics model for a thin flexible beam coated with a polymer brush layer on its top surface (see
Fig. 1(c))). The polymer brush has been treated as an elastic surface layer with a residual stress, causing deflection in the
beam. Mechanical equilibrium for the surface layer introduces correction in stress in the substrate through Young-Laplace
relation. For a rectangular cross section of a substrate with thickness t, the correction is considerable if t ∼ νσs

E , where E
and ν are the Young’s modulus and the Poisson’s ratio of the substrate, and σs is surface stress in the surface layer. For a
pPVC substrate E ∼ 107 Pa and ν ∼ 10−1. For surface stress, σs ∼ −10 N/m, correction due to Young-Laplace relation is
considerable if t ∼ 10−7 m. The mechanics model incorporates this effect. Assuming small strain in the beam, the following
relation between the surface stress due to polymer brush and the curvature of the beam is derived:

σs = σ0
s + ϵsEs =

E

1− ν2

!
t2κ

6 + ν
1−ν tκ

"
, (1)

where σ0
s is the residual surface stress in the undeformed substrate, and ϵs and Es are strain and elastic modulus of the surface

layer. (1) is akin to Stoney’s equation with a correction term in the denominator (ν(1− ν)−1tκ) arising due to Young-Laplace
effect. Surface stress due to polymer brush can be estimated by measuring curvature of a polymer coated beam experimentally,
and applying the above formula.

EXPERIMENTAL ESTIMATION OF SURFACE STRESS

To estimate surface stress due to polymer brush, Poly(N- isopropylacrylamide)-co-Poly(N,N-Dimethylacrylamide) (PNIPAm-
co-PDMA) polymer brush was grafted on one side of a part of a plasticized poly(vinyl chloride) (pPVC) film using surface-
initiated atom transfer radical polymerization (SI-ATRP). Note that by varying polymerization time, molecular level properties
of the brush can be varied. For this experiment, it was fixed to six hours. The grafting procedure ensures very high graft den-
sities (number of polymer chains attached to unit area of the substrate) and ultrahigh molecular weight of the polymer chains

∗Corresponding author. (graduate student, UBC) Email: manav@alumni.ubc.ca
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MODELS OF THE FOOT

Mathematical models: We modeled the foot computationally (using COMSOL) and experimentally (static loading experi-
ments) as a continuum elastic shell of length L, width w, and thickness t. The shell has radii of curvature RL and RT in the
longitudinal and transverse directions respectively (figure 2A,B). To isolate the dependence of the stiffness K of the shell on
the geometrical parameters L, w, t, RL, and RT , but eliminate material nonlinearities, the shell is assumed to be made of a
uniform linear elastic solid with Young’s modulus E and Poisson ratio ν.

For flat thin plates, it is well known that stretching can be neglected and is decoupled from bending if the deflection of
the end is much smaller than the thickness [Landau and Lifshitz(1959)]. For curved shells, however, stretching with bending
could be a dominant effect even for small out-of-plane deflections. For a radial displacement by an amount w, the strain scales
as ∼ w/R, where R is the typical radius of curvature. The elastic stretching energy therefore scales as Es ∼ EtA(w/R)2.
When deformations are uniform, pure bending energy scales as Eb ∼ Et3A(w/R2)2, always resulting in a large stretching-
to-bending ratio, r = Es/Eb ∼ (R/t)2 ≫ 1.

When the deformation is caused by an external normal force applied to the shell and the characteristic length scale of the
range of this deformation is ℓ, bending energy will scale as Eb ∼ Et3lW (w/ℓ2)2, where W is the projected width of the shell.
Numerical experiments indeed show the localization of the deformation for curved shells (figure 2A). Hence, by balancing the
stretching and bending energies (equivalent to minimizing the total elastic energy), we derive a scaling law for the deformation
depth, namely ℓ ∼

√
R t. Therefore, for some function f depending on the precise loading of the shell, dimensional analysis

implies K
Bw/L3 = f(RT t/L2, RLt/L2), where the bending rigidity of the cross section of the shell is B = Et3/(12(1−ν2)).

Physical models: Experimental realization of this shell was made using the soft elastomer polydimethylsiloxane (PDMS)
(figure 2B). The shell was clamped at one edge, and an external force was exerted on the other, to mimic the loading experi-
enced by the foot during toe-off (figure 2C). The ratio of the applied force to the relative displacement between the edges of
the shell in the limit of small displacements gives stiffness K.

RESULTS

The inset of figure 2D shows the calculated and measured stiffness K of the foot for shells with different geometries. Using
the dimensionless forms of stiffness and curvature cause these data to collapse, in agreement with the asymptotic predictions.
There was no such effect on longitudinal bending stiffness because of longitudinal curvature. We also plot the curvature
of human, gorilla, chimpanzee and several fossil feet [Harcourt-Smith and Aiello(2004), Pontzer et al.(2010)], shown in the
lower half of figure 2D. Among living primates, humans are the only feet that belong to the 3/2 power-law regime, i.e. correctly
predicted to exhibit a stiff shell-like behavior [Ker et al.(1987)]. On the other hand, the gorilla and chimpanzee are flat, and
correctly predicted to be soft like a thin plate [Bennett et al.(1989)]. The fossil feet show a clear increase in curvature at least
1 million years (Ma) before the emergence of the genus Homo. The ∼ 3.4 Ma foot (Burtele, Ethiopia), which was previously
thought to resemble the gorilla, has a human-like arch even if we assume its proportions to be that of a gorilla.

CONCLUSION

The curvature of the transverse arch in humans is expected to contribute to a 200% increase in stiffness, all else held
the same. Human feet are approximately 220% stiffer than chimpanzee feet [Bennett et al.(1989)], after adjusting for size
differences and assuming equal Young’s modulus (using our dimensionless stiffness). In contrast, the elastic tissue that
constitute the longitudinal arch account for less than 30% of the human foot stiffness [Ker et al.(1987)].

Measurements of stiffness as a function of curvature using the discrete foot shown in figure 1C are in agreement with
theoretical predictions (with two fitting parameters). However, the power-law now exhibits an exponent of 2, different from
the continuum model. We are continuing to investigate the origins of this difference in the exponent.

Our results aid in the study of fossil feet, to infer function from form. There are also implications for flatfoot disorders,
and for the the design of lightweight, yet stiff, robotic or prosthetic feet. Finally, we propose that control of the transverse
curvature is an attractive method to modulate foot stiffness because of the strong dependence of stiffness on curvature.
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Summary As typical smart soft materials, ionic gels can present a large deformation induced by environmental temperature, electric 
field and chemicals, which maintain great potentials in soft actuator, environmental sensor, drug delivery, etc. In this paper, the 
coupling mechanism of reaction kinetics, deformation of polymer network, mass diffusion and polyelectrolyte effect in the gels 
will be uncovered, and a general dynamic electro-chemo-mechanical model will be proposed for common ionic gels. Further 
investigations showed that the dynamic deformation and response time of an ionic gel are dependent on the concentration of 
reactive and non-reactive ions, the time of exposure to external stimuli, the initial state and the density of ionizable groups on the 
polymer chains. At the end, a brief introduction will be additionally given on the application of smart soft materials, especially for 
the space technology. 

INTRODUCTION 

   Ionic gels consist of ionic polymers and a solution. These gels exhibit large amounts of deformation in response to 
mechanical forces, temperature, pH, light and electrical fields. Natural ionic gels in the periphery of plant and animal cells 
have important roles in the regulation of water and in stabilizing the shape of cells. Synthetic ionic gels have been widely 
used in engineering as environmental sensors, biomimetic actuators, autonomous flow controller and drug delivery systems. 
In these applications, the dynamic characteristics of ionic gels are important in device performance and improvements in the 
response time of devices based on ionic gels has become a critical parameter in their design. However, ionic gels usually 
undergo large dynamic deformations accompanied by the migration of ions in and out of the gel as a result of a nonequilibrium 
ionic chemical reaction. There is therefore a need to develop theoretical models for the design and optimization of devices 
based on ionic gels. The exploration of the dynamic behavior of ionic gels in response to chemical stimuli is of particular 
interest. 

We consider here the system of a block ionic gel immersed in a dilute solution of reactive and non-reactive ions. The gel 
has a dynamic behavior (swelling or shrinking) as the result of a nonequilibrium chemical reaction within the gel. By coupling 
the theories of large deformation, the Donnan effect and the nonequilibrium kinetics of chemical reactions, a 
chemomechanical theory has been developed to describe the dynamic behavior of the gel. We validated the predictions from 
the proposed theory using existing experimental and theoretical results. As examples, we report here the oscillation 
deformation of an actuator changing with the period of externally applied chemical stimuli and the response time of a sensor 
affected by the initial state, the density of ionizable groups on the polymer and the measured concentration. 
   When immersed in a solution containing several reactive ions, a polymer network with fixed ionizable groups begins to 
swell or shrink as a result of the ionic reactions between the fixed and mobile species. This results in a non-equilibrium ionic
gel. We focused on a specific system, but without a loss of generality, i.e., a non-equilibrium process for the dissociation and 
association of ionizable groups 

1

2
AB A Bk

k
! "# $% "

where k1 and k2 represent the rate constants of the forward and reverse processes, respectively. When the network imbibes a 
number of solvent molecules, the ionisable groups AB, chemically bonded on the polymer chains, dissociate into mobile ions 
B+ in the solvent and conjugate bases A– fixed on the polymer chains. During the reversible reaction, the network of polymer 
chains charges and discharges. For example, the increasing number of conjugate bases A– gives rise to the fixed electrical 
charges of the polymer chains and consequently induces the deformation of the reactive ionic gels (forward reaction). The 
opposite process occurs during the backward reaction. In addition to the mobile ions B+ and the water molecules, the solution 
also contains non-reactive counter ions (+) and co-ions (–). This reaction-deformation system represents the basic working 
mechanism of a broad range of applications, such as hydrogel-based testing devices and drug-delivery systems. 

RESULTS AND DISCUSSIONS 

   We validated the theoretical model by comparing the steady solutions of a previously reported pH-sensitive gel (a familiar 
ionic gel: A– are carboxylic acids groups, B+ is H+) with the long time-limited solutions of our model (approximating to a 
steady-state). The solutions of our theoretical model at longer dimensionless times agreed well with the steady-state solutions1

(Fig. 1a and 1b). We then compared the swelling ratio of our theoretical predictions at longer dimensionless times ( 100& ' )
with previously reported steady-state experimental results with different concentrations of B+ ( B

Ac N
" ). Here A– is the 

methacrylic acid-co-acrylic acid group and B+ is H+. The solutions of our theoretical model at longer dimensionless times 
agreed well with the previous experimental results2 (Fig. 1c). 



Fig. 1 The swelling ratio of a pH-sensitive gel changes (a) as a function of the concentration of B+ ( B
Ac N

" ) and (b) as a 
function of salt concentration ( ( )

Ac N" ) at different dimensionless time points. The red dots are the steady solution from 
Marcombe et al.1 The molar fraction of the ionizable group f = 0.05 and the dissociation constant k1/NAk2 =10-4.3. (c) 
Comparison between the swelling ratio of our theoretical predictions at a longer dimensionless time ( 100& ' ) and the 
experimental results at steady-state with different concentration of B+. The scattered dots are experimental data from 
Eichenbaum et al.2 and the solid lines are the simulated results from our theoretical model.  

CONCLUSIONS 

   A chemomechanical theory has been proposed to describe the dynamic behavior of ionic gels under non-equilibrium processes. 
We found that the dynamic behavior of an ionic gel depends not only on the dissociation constant of the ionisable groups on the
polymer chains, but also on the concentration of the reactive and non-reactive ions in the external solution. When the ionic gel
undergoes alternating stimuli from reactive ions in the external solution, the corresponding behavior is significantly affected by 
the frequency of the stimulus. The response time of an ionic gel for different measured concentrations of reactive ions is correlated 
with the initial state and the density of the ionizable groups on the polymer chains. 
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hydrogel. The transparency of the solution could indicate the degree of phase transition of the thermo-responding hydrogel. 
During the test, the thermo-responding hydrogel in the structure slowly pumps water out and shrinks. The volume change of 
the thermo-responding hydrogel induces an inverse bending moment on the structure, flattening the structure curvature. It 
takes 350 seconds for the structure to be flattened counting from the moment of the temperature raise (Fig. 1(a-c)). At the 
critical point of the structure inversion, the structure instability is triggered. The structure suddenly snaps-through into 
another stable state with the inversely buckled shape. It only takes less than one second for the structure to snap. 
Furthermore, the impact force of this snap-through process drives the structure to jump up from the vessel base (Fig. 1(d-f)).  

 
Figure 1. Images of the snap-through deformation of the hydrogel structure. 

 
CONCLUDING REMARKS 

 
   In summary, the mechanical instability is induced by a multi-layer hydrogel structure, and fast actuation speed is 
achieved. A variety of snapping behaviours may be presented when pursued along this avenue. Further mechanics analyses 
for the snapping procedure are desirable. In addition, the mechanical principle of built-in mechanical instability in stimuli-
responding hydrogel may open a door for enabling snapping behaviour of other stimuli-responding materials such as liquid 
crystal elastomers and shape memory polymers. 
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Summary Tough adhesion for synthetic hydrogels is challenging and only achieved very recently by chemically anchoring long-chain 
polymer networks of tough hydrogels on solid surfaces. Here we provide a quantitative understanding of the mechanism for the tough 
adhesion of hydrogels on solid materials by using a coupled cohesive-zone and Mullins-effect model. Numerical simulations reveal the 
toughening mechanism of the energy dissipation and the importance of the high intrinsic work of adhesion as well as the interfacial 
strength. These findings shed light on the reported strong bonding of tough hydrogels that the chemical anchoring gives high interfacial 
strength and large intrinsic work of adhesion to trigger significant energy dissipation and further enhance the interfacial toughness. 
 

INTRODUCTION 
 
   Adhesion plays an essential role in applying hydrogels to biological load-bearing materials and structures; for 
example, tough bonding of tendons and cartiODJHV�RQ�ERQHV� LQ�DQLPDOV�DQG� WRXJK�DGKHVLRQ�RI�PXVVHO¶V�SODTXH�RQ�
rocks. Furthermore, tough interfaces between hydrogels and various solids, such as metal, ceramic, silicon and 
polymers, have been the foundations of the well integration and function in devices and systems in the engineering 
applications of hydrogels as diverse as biomedicine, biocompatible stretchable electronics, actuators for optics and 
fluidics, soft robotics and machines.  Although the tough hydrogel adhesion is extremely important in both biological 
and engineering application, it is very challenging to achieve strong adhesion between hydrogels and non-porous 
solids, as the presence of water complicates the interfaces interaction. Most of reported hydrogel adhesions are not 
very strong.  
   Great progress was recently made by Hyunwoo and colleagues [1], who developed a strategy for designing tough 
hydrogel bonding on various nonporous solid surfaces via chemically anchoring the stretchy polymer networks of 
tough hydrogels to the solid surface. Through the standard 90-degree-peeling test, the bonding was found to be very 
strong with an interfacial toughness over 1,500 J/m2 and robust in the wet environment, i.e., stable during constrained 
swelling under water. Although the real detachment process was complicated and involved finger instabilities, 
viscoelasticity and possible cavitation, it has been experimentally and numerically demonstrated the strong chemical 
anchors and energy dissipation were the key factors to achieve the tough bonding of hydrogels. The design 
methodology is expected to benefit the adhesion of various tough hydrogels for diverse engineering applications and 
thus calls for more in-depth theoretical understanding of the mechanisms of tough interfaces to guide the rational 
design of tough bonding and hydrogels. Furthermore, the fundamental toughening mechanisms of the synthetic tough 
hydrogel interfaces can also shed light on the orders magnitude difference between the work of adhesion of the DOPA 
molecular interfaces and macroscale mussel¶s plagues [2].  
   Here we systemically examine the fundamental mechanisms of strong adhesion of the tough hydrogels due to 
chemical anchors and energy dissipations e.g., Mullins effect, with the coupled cohesive zone and Mullins effect 
model. We will present the validation of the simulation model and comparison between simulations and previous 
experiments and conducts parameter studies of the adhesion enhancement by varying the key materials parameters, 
such as interfacial strength and maximum energy dissipation ratio. 
 
 

THEORETICAL MODEL 
 
   We developed a 2D finite-element model to simulate the 90-degree-peeling test of soft materials bonded on solid 
VXEVWUDWHV��$�VWLII�EDFNLQJ�ILOP��L�H���<RXQJ¶V�PRGXOXV�RQ�WKH�RUGHU�RI�*3D��was attached on the top of the soft material 
film to reduce the elastic energy stored in the detached part so that the work of adhesion can be directly converted 
from the measured peeling force. The deformation of the system was assumed to be under plane-strain condition. The 
thickness of the soft material film and stiff backing are denoted as t and b, respectively. 
   To describe the intrinsic failure of the interface, we adopt the cohesive zone model. The specific model used in the 
current study is characterized by a triangular cohesive law with interface strength Sinterface and maximum separation 
distance įmax. The damage of the cohesive interface follows the quadratic nominal stress criterion, 
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where � �xt  represents the nominal surface tractions on the crack surface, and the subscripts n and s indicate normal 
and tangential directions, respectively. The elastic properties and energy dissipation of the soft materials are modeled 
as the Ogden hyperelastic material [3] and Mullins effect [4], respectively. 
 
 

CONCLUSIONS 
 

   We conduct extensive numerical simulations of tough hydrogel adhesion and show that the total work of adhesion 
linearly scales with the intrinsic work of adhesion of the interface and the contribution form the energy dissipation to the 
work of adhesion can be much larger than the intrinsic value. In addition, the simulations can capture the nontrivial 
thickness dependent work of adhesion observed in the experiments. We then explored the fundamental principles to design 
tough and adhesive soft materials by systematically varying the key bulk and interface material properties. For a material 
with given shear modulus and intrinsic work of adhesion, it is found that high interfacial strength and large energy 
dissipation (high value of hmax and small value of m) are the key of the strong bonding. 
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   Summary Considering the organization and engagement behavior of extracellular matrix (ECM) constituents in the 
arterial wall, here we proposed a new constitutive model of ECM mechanics that consists of medial elastin, medial collagen, 
and adventitial collagen, to incorporate the layer-specific distribution of elastin and collagen fiber orientations and the 
sequential fiber engagement in arterial mechanics. Planar biaxial tensile testing method was used to characterize the 
orthotropic and hyperelastic behavior of porcine thoracic aorta. Fiber distribution functions obtained previously [1] were 
incorporated into the constitutive model. Considering the sequential engagement of ECM constituents in arterial mechanics, 
a collagen recruitment function was incorporated into the model to capture the delayed engagement of adventitial collagen. 
A freely jointed chain model was used to capture the mechanical behavior of elastin and collagen at the fiber level. The 
tissue-level ECM mechanics was obtained by incorporating fiber distribution, engagement, and elastin and collagen content.  

INTRODUCTION 

   With a goal to understand how elastin and collagen fibers interrelate and modify the dynamic behavior of the arterial 
wall, we previously studied the ECM fiber organization, realignment, and recruitment by coupling mechanical loading and 
multi-photon imaging [1]. Our study provides quantitative evidence on the sequential engagement of ECM constituents in 
response to mechanical loading. We found that the adventitial collagen exists as large wavy bundles of fibers that exhibit 
delayed fiber engagement after about 1.15-1.2 tissue stretch. The medial collagen is engaged throughout the stretching 
process, and prominent elastin fiber engagement is observed up to 1.2 tissue stretch after which the engagement plateaus. 
These findings suggest that there are intrinsic interrelations between the major ECM constituents, medial elastin, medial 
collagen, and adventitial collagen fibers, which determines the mechanics of arteries and may carry important implications 
to vascular homeostasis and mechanobiology. In this study, a new constitutive model is proposed that considers the 
structural and mechanical interrelations of the three major ECM constituents. The medial elastin, medial collagen, and 
adventitial collagen each play unique structural and mechanical roles, and their distinct contributions to arterial mechanics 
are considered. Material parameters in the constitutive model resemble key structural and biological information in the 
arterial ECM. The layer-specific structural and biological information from quantitative multi-photon imaging and analysis, 
and biochemical assay is incorporated into the model to study the fitting and predicting capability of the model.  

MATERIALS AND METHODS 

Biaxial tensile testing 
   Porcine thoracic aortas from 12-24 month-old pigs were harvested from a local slaughter house and cleaned of adherent 
tissues. Square aortic samples of about 20 mm × 20 mm were prepared for biaxial tensile testing (n=7). Equi- and nonequi-
biaxial tensile tests were performed to characterize the mechanical behavior of the aortic tissue. Following the 
preconditioning cycles, a preload of 2 ± 0.050 N/m was applied in order to ensure tautness of the sutures. Equi-biaxial and 
two nonequi-biaxial tensions were applied to each aortic sample according to the following protocols: fl:fc = 2:3, 1:1, 3:2. 
Where fl:fc is the ratio of tension applied in the longitudinal and circumferential directions, respectively. 

Constitutive Modeling 
   A constitutive model of ECM mechanics is developed that considers the contribution from medial elastin (i = E), medial 
collagen (i = M), and adventitial collagen (i = A) constituents, to incorporate their layer-specific distribution orientations 
Ri(θ) and the sequential fiber engagement in the hyperplastic and anisotropic arterial behavior. The total strain energy 
function of the arterial wall is the sum of the constituent strain energy, Wi, and can be represented as W=∑i=E,M,AWi. A fiber 
distribution network model is used to incorporate the experimentally measured fiber distribution function Ri(θ), and the 
elastin and collagen content ni. The ECM constituent strain energy function, Wi, is assumed to be the sum of the individual 
fiber strain energies and can be expressed as: , where wi(ρi) is the strain energy function at the 

fiber level and is characterized by a freely-jointed chain model [2].  
   Considering the sequential recruitment of ECM constituents in response to mechanical loading, a normal recruitment 
function [3] is included to capture the delayed adventitial collagen engagement. The fiber orientation distribution of the 
ECM constituents, Ri(θ), were incorporated in two ways: A) the distributions of fiber orientation of each constituent are 
incorporated directly based on the analysis of multi-photon images [1]; and B) the measured distribution functions of each 
constituent were fitted with a three-term von Mises distribution (Figure 1). Parameter ni is related to the content of ECM 
constituents. These parameters were allowed to vary within a physiological meaningful range considering the elastin and 
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collagen content in the arterial tissue [4]. The material parameters were determined by minimizing the objective function 
using the Nelder-Mead direct search method implemented in the fminsearch subroutine in Matlab. 

RESULTS AND DISCUSSION 

   The fiber orientation distribution function (Figure 1a) shows remarkably different structural characteristics in ECM 
constituents. The elastic fibers are relatively more uniformly distributed compared to collagen. The medial collagen shows a 
preferred circumferential distribution, however the multi-fiber family distribution is evident in adventitial collagen. For all 
three ECM constituents, the three-term von Mises fittings were able to capture the fiber distributions in the arterial wall. The 
collagen recruitment function was determined based on the straightness parameter analysis of adventitial collagen fibers 
from our previous study by Chow et al. [1]. Adventitial collagen was shown to exist as large wavy bundles of fibers that 
exhibit delayed fiber engagement. The values of the mean and standard deviation of the normal distribution were fixed as 
1.25 and 0.05, respectively, which captures a peak recruitment at about 1.25 stretch and an overall collagen engagement 
between 1.15-1.35 stretch (Figure 1b). Considering the structural characteristics and contributions of elastin, medial 
collagen, and adventitial collagen, the measured fiber orientation distributions were directly incorporated into the 
structurally motivated constitutive models and, hence, reduce the number of estimated parameters to only intrinsic fiber 
properties and fiber content. The model predicts the biaxial mechanical behavior of arteries reasonably well, while requiring 
less mechanical datasets for reliable estimation. With this constitutive model, we can study the mechanical contributions 
from the major load-bearding ECM constituents in the arterial wall (Figure 1c). Understanding the mechanical contributions 
of ECM constituents in the arterial wall may shed light on the underlying mechanisms of vascular remodeling and disease 
progressions. The small load bearing of adventitial collagen at lower stretches is consistent with its role in preventing the 
artery from overstretch and rupture. However contributions from the ECM constituents to the mechanical behavior of the 
arterial wall are highly dependent on the mechanical loading conditions. It is important to understand the interactions 
between elastin and collagen in arterial wall, which are currently unclear. The coexistence of multiple ECM constituents and 
their interrelations may be important in maintaining the fiber distributions in the arterial wall and contributing to the 
anisotropic tissue behavior.   

 
Figure 1: (a) Fiber orientation distributions of medial elastin, medial collagen, and adventitial collagen under 140% equi-
biaxial tissue stretch. Symbols represent measured distribution [1] and lines represent the corresponding three-term von 
Mises distribution function fitting; (b) Straightness parameter of adventitial collagen fibers [1], and the recruitment 
distribution density function that captures the delayed adventitial collagen engagement in response to mechanical loading; 
and (c) stress-stretch relationship of the ECM constituents, medial elastin, medial collagen, and adventitial collagen, when 
the arterial tissue is under equibiaxial tension. 

CONCLUSIONS  

   In this study, we developed a new multi-scale structure-based model of ECM mechanics from a fundamental mechanics 
perspective coupled with critical biophysical input. The model uniquely integrates the ECM microstructural information, 
such as fiber distribution, recruitment, elastin and collagen content, and fiber properties, for tissue-level biomechanical 
function. Contributions from layer-specific ECM structural constituents, medial elastin, medial collagen, and adventitial 
collagen were considered in the model to reflect the different mechanical and structural role of each individual ECM 
component. Moreover, the integrated model shows promises in fitting and predicting with a small set of material 
parameters, which has physical meanings and can be related to the structure and properties of the ECM constituents. 
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Summary We consider shape and topology optimization problems with uncertainties in the loadings, the material properties or the ge-
ometry. In view of minimizing the CPU cost of solving such problems, we propose two deterministic approximation methods, based on
the assumption of small uncertainties. The first one solves the so-called worst-case design scenario for a linearized approximation. The
computational cost is at most twice that of the unperturbed case since it involves three adjoint equations on top of the state equation. The
second one minimizes averaged objective functions (mean value, variance) of second-order Taylor expansions of standard cost functions,
under the additional assumption that the (small) uncertainties are generated by a finite number N of random variables. The computational
cost is now similar to that of a multiple load problems where the number of loads is N . We demonstrate the effectiveness of our approach
on various geometric optimization problems in 2-d linearized elasticity. We rely on a gradient algorithm with shape derivatives in a level set
framework.

GEOMETRIC OPTIMIZATION SETTING

We consider geometric optimization in the context of linear elastic structures. A shape is a bounded, Lipschitz domain
Ω ⊂ IRd (d = 2, 3), filled with a linear isotropic elastic material with Hooke’s law A. Every such shape is clamped on a part
ΓD of its boundary, submitted to given body forces f and surface loads g, applied on a subset ΓN ⊂ ∂Ω disjoint from ΓD,
and only its free boundary Γ := ∂Ω \ (ΓD ∪ ΓN ) is subject to optimization. The displacement uΩ of a shape Ω is the unique
solution of the linear elasticity system: ⎧

⎪⎪⎨

⎪⎪⎩

−div(Ae(u)) = f in Ω
u = 0 on ΓD

Ae(u)n = g on ΓN

Ae(u)n = 0 on Γ

. (1)

For some integrand functions j(u) and k(u), we consider the optimization problem

inf
Ω∈Uad

{
J(Ω) =

∫

Ω
j(u) dx+

∫

ΓN

k(u) ds

}
, (2)

with the set of admissible shapes Uad :=
{
Ω ⊂ IRd is open, bounded and Lipschitz, ΓD ∪ ΓN ⊂ ∂Ω

}
. When it comes to

evaluating the sensitivity of such functionals, we rely on Hadamard’s boundary variation method. Namely, variations of a
shape Ω are of the form

Ωθ := (I + θ)(Ω), θ ∈ C1(IRd, IRd), ∥θ∥C1(IRd,IRd) < 1

and shape derivatives are just usual functional derivatives with respect to the vector field θ.

Figure 1: Uncertainty, parametrized by a vector field V , of the geometry of the shape Ω.

The same Hadamard setting is useful to define uncertainties with respect to the geometry. Denoting now by V a vector
field, a perturbation of a given shape is defined as ΩV (see Figure 1). It is assumed to be small in the continuous norm,
∥V ∥C0(IRd,IRd) ≪ 1. Uncertainties or perturbations of the forces or material properties are defined in a standard way [1], [2]
(many more references can be found in the bibliography of these papers).
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A LINEARIZED APPROACH TO WORST-CASE DESIGN

For a given level of uncertainty m > 0, we choose to optimize the worst-case scenario, namely

inf
Ω∈Uad

⎧
⎨

⎩J (Ω) = sup
V ∈C1(IRd,IRd), ∥V ∥

C0(IRd,IRd)<m

J(ΩV )

⎫
⎬

⎭ .

In order to simplify the inner maximization, assuming that m is small, we linearize the objective function J(ΩV ) with respect
to V . Linearizing the state equation (1) requires a standard ajoint state p. Then, the linearized worst-case design problem can
be written as

inf
Ω∈Uad

{
J lin(Ω) = J(Ω) +m

∫

Γ
h(u, p) ds

}
, (3)

where the integrand h depends on both u and p and is integrated on the free boundary Γ only (like a shape derivative). Then,
it is a standard matter to compute the shape derivative of (3) and to implement a gradient descent algorithm. Note that this
shape derivative requires two additional adjoint (see [1] for details). A similar (albeit simpler) method applies to other types
of uncertainties in the forces or material properties. In Figure 2, one can see the effect of geometry uncertainties for a gripping
mechanism: the small joints are thickened by considering the linearized worst-case approach.

Figure 2: Gripping mechanism: loadings (left), unperturbed optimal design (middle), linearized worst-case design (right).

A SECOND-ORDER APPROACH TO AVERAGED OPTIMIZATION

We now switch to the optimization of an average of the objective function, with respect to to the probability distribution
of the uncertainties. Still for small uncertainties, we further assume that they are generated by N uncorrelated and normalized
random variables. We now perform a second-order Taylor expansion of the cost function (2) with respect to these small
uncertainties and we optimize its mean (or combination of mean and variance). It turns out that, for compliance minimization,
this expansion is exact and leads to a problem equivalent to N multiple loads optimization [2]. In any case, the only used
informations on the random distribution are its mean and variance. In Figure 3 one can see the effect of (vertical) force
uncertainties generated by two random variables in the blue region). The optimal design for the mean is clearly more robust
than the unperturbed one. This approach extends to other type of uncertainties, including geometrical ones.

Figure 3: Minimal compliance bridge: loadings (left), unperturbed optimal design (middle), second-order averaged optimal
design (right).
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Summary The recent and rapid advancement of additive manufacturing technologies has provided engineers the capability to fabricate tailored 
structures with significant complexity at unprecedented length scales.  In order to fully leverage these technologies, the associated new 
capabilities and limitations must be integrated into the design process.  Herein, we extend projection-based topology optimization algorithms 
to address a number of advanced manufacturing methods including both polymer and metal additive manufacturing, and three-dimensional 
weaving. Fundamentally, all algorithms draw upon and extend the Heaviside Projection Method in order to impose manufacturing constraints, 
essentially utilizing tailored geometric and functional relationships between the independent design variables and the physical (and analysis) 
space. Specifically, we present new topology optimization algorithms for designing with multiple materials, considering support anchors for 
overhang regions, and respecting various geometric restrictions associated with 3D weaving. Through this, the end goal is to eliminate solution 
post-processing such that the optimized topologies are directly manufacturable. 
 
 

DESIGN FOR ADDITIVE MANUFACTURING 
 
   With the surge of industry interest in additive manufacturing (AM) comes the increasingy need to properly design 
components for this truly game-changing manufacturing technology. Topology optimization and AM are a natural design-
manufacture pair, with both being capable of addressing and leveraging complexity when such complexity leads to 
enhanced performance.  While manufacturing constraints may be considered reduced for AM as compared to traditional 
manufacturing technologies, they are of course still present and must be considered in the design process.  In this paper, 
several projection-based topology optimization algorithms are highlighted, which design for a number of advanced 
manufacturing methods including direct metal laser sintering (DMLS), material jetting, and 3D weaving. All algorithms are 
derived from the Heaviside Projection Method (HPM) to topology optimization [1].  
 

MAXIMUM OVERHANG ANGLES AND APPLICATION TO DIRECT METAL LASER SINTERING (DMLS) 
 
  Direct Metal Laser Sintering (DMLS) is a powder bed additive manufacturing technology in which metal powder is 
selectively sintered or melted in a layer-wise fashion. After one layer is selectively sintered/melted, the machine sweeps 
another thin layer of powder across the build plate. While possessing the capability of making truly novel metal parts, this 
energy-intense process is susceptible to processing errors including curling and shrinkage due to development of large 
residual stresses. These stresses develop when the heat of the weld-like process cannot dissipate from the point of melting.  
  To mitigate this deleterious effect, designers often introduce support structures to help anchor the part to the build plate. 
Not only is the curling from residual stresses counteracted, but these stresses are reduced as the heat can more effectively 
dissipate from the point of melting. That said, there are signficant advantages to eliminating these material using, sacrificial 
support materials during the additive manufacturing build process. As such, by stipulating that the built part not possess an 
overhang angle greater than the maximum observed printable overhang, the need for support material is completely 
eliminated, thus ensuring that all material used is for an efficient, structural purpose. Here are shown some solutions 
designing for various overhang angles and printing directions. 
 

         

   
Figure 1: Topology optimization under a 45° overhang angle constraint building from bottom-up and top-down.  
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ON CONVERGENCE SPEEDUP IN TOPOLOGY OPTIMIZATION

Ole Sigmund∗
Department of Mechanical Engineering, Solid Mechanics, Technical University of Denmark

Summary This paper introduces a simple-to-implement, multiscale-inspired approach to improve convergence speed in topology optimiza-
tion. To ensure convergence toward globally optimal Michell-like structures, topology optimization approaches often apply continuation
schemes where e.g. the penalization exponent is increased gradually. In this way, one nudges the process by going from an initially convex
problem (variable thickness sheet) to a penalized, black and white solution. Iteration counts for such continuation approaches are usually
counted in many hundreds or up to thousands. By introducing an extra constraint that limits the p-norm of the difference between the
local density field and a smoothed (homogenized) one, the continuation scheme can be eliminated. It is demonstrated that this approach
systematically creates extremely detailed and highly optimized Michell-like structures within at most 200 iterations.

THEORY AND METHOD

The standard density-based minimum compliance topology optimization problem reads

min
ρρ

: C(ρρ)

s.t. : K(ρ̂ρ(ρρ))D = F

: V (ρ̂ρ(ρρ)) ≤ V ∗

: 0 ≤ ρρ ≤ 1 (1)

where ρρ is the vector of element-based design variables, ρ̂ρ(ρρ) are the (density) filtered, physical design variables using a filter
size rmin, C(ρρ) is compliance, K, F and D are global stiffness matrix, load and displacement vectors, respectively, and V
and V ∗ are volume and volume bound, respectively. The optimization problem (1) is set up for a density filtering approach,
however, it can easily be simplified to a sensitivity filtering approach by substituting ρ̂ρ(ρρ) with ρρ or applied with PDE-based
filtering [1]. The relation between density design variables and local (isotropic) stiffness is modelled by the SIMP interpolation
scheme

E(ρ) = Emin + ρ̂q(E0 − Emin), Emin ≪ E0 (2)

where E0 and Emin are Young’s modulus of solid and void material, respectively, and q is the penalization factor.
In its standard form, the optimization problem (1) is solved by selecting appropriate penalization factors (c.f. q = 3) and

filter radii and is then run until convergence. However, this usually results in convergence towards suboptimal topologies,
where design features tend to agglomerate, resulting in suboptimal objective values and feature sizes much bigger than those
allowed by the filter size. In order to circumvent this, researchers often use continuation approaches where e.g. the (SIMP)
filter factor is increased from 1 to 3 in steps of 0.2, c.f. [2]. The increase in penalization factor is performed upon convergence
or every say 100 iterations. Although this scheme probably can be tuned, e.g. by a recent constrained approach [3], total
iteration counts are often reported to exceed a thousand.

To reduce the iteration count, the original optimization formulation (1) is appended with an extra constraint

min
ρρ

: C(ρρ)

s.t. : K(ρ̂ρ(ρρ))D = F

: V (ρ̂ρ(ρρ)) ≤ V ∗

:
||ρ̄ρ(ρ̂ρ(ρρ))− ρρc||p

||ρρc||p
≤ ϵ, (V (ρρc) = V ∗)

: 0 ≤ ρρ ≤ 1 (3)

where || · ||p indicates p-norm, ϵ is a small number that sets the allowed error, ρ̄ρ is a smoothed version of the physical density
field using a large filter radius Rmin and ρρc is an auxiliary smoothed density field with subscript c for “coarse” to make the
association to multiscale approaches, although its meaning and function can be seen in several different perspectives. The
basic requirement to the coarse field ρρc is that it satisfies the volume constraint. If this is fulfilled and ϵ is small enough,
this implies that the volume constraint on the physical density field (third line of (3)) is automatically satisfied. However, the
volume constraint is maintained in the optimization problem since it tends to stabilize convergence and allows some freedom
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TOPOLOGY OPTIMIZATION UNDER UNCERTAINTY VIA NON-INTRUSIVE
POLYNOMIAL CHAOS EXPANSIONS
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Summary This paper presents a systematic approach for topology optimization under uncertainty. The approach integrates an efficient
non-intrusive polynomial chaos expansion with design sensitivities for reliability-based and robust topology optimization. Uncertainty is
introduced in the loading and elemental densities to address the manufacturing variability. The manufacturing variability is represented via a
random process with a Karhunen Loeve expansion on underlying uncertain parameters. To demonstrate the effect of uncertainty, the results
of the optimization under uncertainty are compared with deterministic optimization results.

TOPOLOGY OPTIMIZATION UNDER UNCERTAINTY

The subject of topology optimization has received considerable attention in the past two decades [1]. A majority of these
works assume deterministic material distribution parameters and boundary and load conditions in the optimization process.
However, the performance of a structure varies due to the inherent uncertainty in these quantities. More recently researchers
have developed robust and reliable designs by incorporating the effects of uncertainty into their optimization studies.

In robust design optimization (RDO) researchers minimize the effect of variations on their designs by including higher-
order statistics such as variance in the cost and constraint functions. Typically, the statistical moments are obtained via a
Monte Carlo approach which requires numerous realizations or a perturbation technique that uses Taylor expansions which
requires the computation of higher-order sensitivities with respect to the random variables [2, 3]. Alternatively, in reliability
based design optimization (RBDO) researchers constrain the probability of failure. The probability of failure is often approx-
imated via First-Order Reliability Methods (FORM) or Second-Order Reliability Methods (SORM) [4, 5]. The FORM and
SORM require the solution of a constrained optimization problem, and hence the RBDO requires the solution of a nested,
i.e. two-level, optimization problem. It is evident that the Monte Carlo approach is computationally intractable particularly
in conjunction with an optimization process for large scale problems. Moreover, while numerical techniques based on Taylor
expansions are efficient, they may not yield enough accuracy when there is a significant variation in uncertain parameters.

POLYNOMIAL CHAOS BASED DESIGN OPTIMIZATION UNDER UNCERTAINTY

In the present study, we adopt a different perspective and pursue a methodology based on polynomial chaos expansion
(PCE) for uncertainty propagation[6, 7]. PCE provides a systematic approach to characterize the random response and is an
attractive approach due to its fast convergence property and its ability to provide a mapping between the random response and
random model parameters.

The PCE greatly facilitates the calculation of statistical moments and their design sensitivities. And for this reason the
majority of existing design optimization efforts that utilize PCE concentrate on RDO [8, 9]. Insofar as RBDO is concerned,
the PCE can be used to evaluate the probability of failure by integrating the probability of the random variables over the failure
region. Indeed, this integral is easily evaluated via Monte Carlo, but bear in mind that the realizations in this Monte Carlo
computation are based on the PCE, and thus the computational burden is minimal. The probability of failure design sensitivity
computation is another story however. It requires knowledge on the failure region’s boundary, and more importantly, how the
boundary varies as the design parameters vary. This information is not explicitly available and thus RBDO is problematic,
even with PCE.

We provide a systematic framework for design optimization under uncertainty that addresses both RDO and RBDO via
the PCE. Uncertainty is introduced in the loading and geometry to address the load and manufacturing variability. The
geometry variability is represented via a random process with a truncated Karhunen Loeve expansion that maps the assumed
low dimensional underlying uncertainty to correlated random variables in the random field. Accordingly, the PCE of quantities
of interest such as volume and compliance are developed on the basis of the low dimensional underlying uncertainty.

We demonstrate the easily implemented non-intrusive PCE in the topology optimization of benchmark problems such
as Messerschmitt-Blkow-Blohm (MBB) beam and cantilever beam. To show the significance of uncertainty, the response
of designs which considered uncertainty are compared to those that do not, i.e. deterministic designs. Not surprisingly
deterministic designs do not necessarily satisfy the probabilistic RDO and RBDO constraints.

∗Corresponding author. Email: dtortore@illinois.edu
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With MMC approach, the unit cell of micro material is composed of n components and each component has a number of 
design parameters. The effective property DH is calculated by the asymptotic homogenization through MMC approach and 
the ersatz material model. Thus, DH is a function of parameters of components in the unit cell of the micro material, denoted 
as Ȧ1, Ȧ2,« , ȦS respectively. For the example shown in Fig.1, sub domain ȍ1 has components 1 to n, sub domain ȍ2 n+1 to 
2n and sub domain ȍ3 2n+1 to 3n. The design variable of jth component is written as 

 > @ � �0 0 1 2 3 sin 1,2, ,3Tj x y L t t t j nT  D   (2) 
The design variables of the two scale optimization problem should be 

 � � � � � �^ `1 2 3
1 2, , , , , , ,

TT T Tn
NP P P d D D D   (3) 

The optimization problem is to minimize the compliance subject to volume constraints on both the macro beam and 
micro material. The optimization problem can be written as 
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Where 1 2 3, , ,V v v v  GHQRWH�SUHVFULEHG�YROXPH�IUDFWLRQ�IRU�PDFUR�EHDP��PLFUR�PDWHULDO�Ȧ1��Ȧ2 DQG�Ȧ3 respectively. 
For the example structure in Fig.1, the size parameters of the L-shaped beam are L1=2, L2=1, L3=1 and L4=2. The beam 

is discretized with 4-node plane stress element of size 0.1×0.1 and into N=500 elements. The distributed force of the macro 
beam is p=1. The three units in micro materials scale are of size 2×2 and discretized into 400 elements. The properties of the 
base material are E=10, Ȟ=0.3.  

The prescribed volume fractions for both macro beam and micro materials are 50%. The initial design of the macro plate 
is uniform and the initial design of the micro material is n=8 components for each sub domain, as plotted in Figure 1(b). 
During optimization, the calculation of effective property DH, the macro beam analysis, and sensitivities is done in Matlab 
through proper modification of 188-line MMC Matlab code in Zhang et al. 2016 [2]. The MMA optimizer is used. 

The optimal topologies are plotted in Figure 2 with minimum compliance C=4.19. 

 
Figure 2. Optimal topologies  

 
CONCLUSIONS 

 
   In this paper, a two-scale concurrent optimization is carried out. The macro design domain is divided into three sub 
domains where micro materials differ from each other. This gives more design flexibility than the traditional concurrent 
optimization procedure as different parts of the macro structure are subject to different stress state. A trial application of the 
MMC approach to the micro scale design is given, which achieves smooth boundaries of micro materials, and is more 
appealing to manufacturing applications. There are also some minor problems with this method. For example, some 
oscillation may occur during optimization process and the iteration number needed to converge is comparatively large, 
which will be amended in our future work. 
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Summary A methodology for the design of solid particles in suspension is presented as an extension of the material design 
problem in topology optimization.  The tensor describing the interactions of the particles with the surrounding fluid is 
provided as a target and shapes of particles matching this mobility tensor are identified. The theoretical framework describing 
the motion of single and ensemble of particles is introduced and discussed in the context of its application to topology 
optimization.  

INTRODUCTION 
  
   Nanoparticles and colloids with exotic shapes and functionality are engineered today at the nanometer and micrometer 
scales and can exhibit interesting flow-induced patterns and result in unusual assembled systems [1,2]. Novel synthesis and 
fabrication techniques allow the production of particles with various degrees of asymmetry, and a wide range of shapes (fibers, 
rings, cubes, prisms), and anisotropic interactions. Such shapes include ³QDQR-DFRUQV´��³QDQR-FHQWLSHGHV´��³QDQR-JXLWDUV´��
³QDQR-squidV´�DQG�³QDQR-ZKLVNHUV´�>1].  It is now clear that the shape of particles plays a crucial role, especially at the small 
scale, in determining many of the interesting physical  properties observed. In this work a framework for the design of 
particles based on topology optimization is presented to identify possible particle shapes allowing the realization of desired 
orientation states. The design problem is posed as a material distribution problem as in [3,4,5] in which the goal is to find an 
actual distribution of a material in the fluid that matches the prescribed mobility or fluid interaction tensor for a desired 
orientation state. The proposed approach is outlined below, beginning with an overview of suspension hydrodynamics. 
 

SINGLE PARTICLE DYNAMICS 
 

   The dynamics of neutrally buoyant, rigid ellipsoidal particles in Newtonian fluid flow was first studied theoretically 
by Jeffrey [6] and he showed that the time-rate-change of the unit vector p SDUDOOHO� WR� SDUWLFOH¶� V\PPHWU\-axis can be 

expressed as � � � �� �2 21 / 1 : .e eO O � � � � � �p W p E p E ppp E and W are the symmetric and asymmetric components 

of the velocity gradient. The scalar parameter eO  represents the fiber-fluid coupling coefficient for particles with certain 
axisymmetric shapes. This theory has been generalized by Bretherton [7] where a third rank tensor B is employed to describe 
the coupling between the shape of a particle and its rate of rotation. For a single particle of arbitrary shape, a formulation 
EDVHG�RQ�D�³JUDQG�UHVLVWDQFH�PDWUL[´�LV�VRPHWLPHV�HPSOR\HG,  which relates exerted force ( F ), torque ( L ) and stresslet (
S ) to particle motion and which can be expressed as 

§ · § ·§ ·
¨ ¸ ¨ ¸¨ ¸c ¨ ¸ ¨ ¸¨ ¸
¨ ¸ ¨ ¸¨ ¸c c© ¹ © ¹© ¹

F X P u - U
L P Y Ȧ�ȍ
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                         (1) 

where , ,X Y P  are second order tensors while , ,  are third order tensors. B  can be solved for a force-free particle 

as � � � �11 12 .
�� �c c � � � � � � � �Y P X P P X  Simple cases for which all entries of the tensors are known include 

ellipsoids and various special cases e.g. the sphere. Such cases can be used for validation purposes. In addition, Bretherton 
[7] proposed a configuration of arrays of ellipsoids connected with D�VSKHUH��ZKLFK�ZRQ¶W�WXPEOH�EXW�RQO\�PLJUDWH�LQ�WKH�VKHDU�
flow. Figure 1 below shows a possible candidate of a complex particle. This particle design greatly reduces the particle-
particle interaction and facilitates particle aggregation and alignment. If such shapes could be produced and aerosolized, they 
could deliver, for example, a much larger amount of drugs deep in the lungs when compared to a spherical particle with similar 
frontal area (a fibrous particles would rotate, thus increasing its propensity at being captured by a sticky surface). 
 



 
Figure 1. Illustration of a non-axisymmetric particle of finite length that will not rotate in simple shear flow but will migrate laterally toward 
a center of a channel (adapted from [4]).  

ENSEMBLE OF PARTICLES 
The flow-induced alignment of ensemble of particles can be described by an orientation distribution function. For rod-

like particles it satisfies the following continuity equation in orientation space [8]: 

� �D
Dt
<

 �� � <p p              (2)                                                                                                                  

In the above, p�  represents the angular velocity of a particle. /D Dt<  is the material derivative of the orientation 

distribution function. The differential operator �p  is defined as ( )� ��I pp on a surface of a unit sphere. The 

microstructure of spheroidal suspension is characterized by the second and fourth moments of < : 
2 2

0 0 0 0
sin , sind d d d

S S S S
T T M T T M� !  < � !  <³ ³ ³ ³pp pp pppp pppp ,                               (3)                                                                                                                                                     

where ( , , )sint d dT T M< x p  represents the fraction of particles with orientation vectors between p  and G�p p .  
The well-known evolution equation for the second moment � !pp  must be solved to identify the orientation states for a 

given flow field [8]. The theory has been extend by our group based on a formulation introduced by Rallison [9] involving a 
rotation tensor R which include all three Euler angles.  
 

PARTICLE DESIGN PROBLEM 
 
In the material design problem as described in [3,4,5], a target tensor is given and the goal is to find the vector of design 
variables that result in an effective tensor that matches the target as closely as possible.   The problem can be cast as an 
optimization problem where a prescribed amount of material is provided and the weighted mean square deviation from the 
target tensor is minimized.  The same approach is employed here. We first estimate the shape tensor  that characterizes 
the hydrodynamic interactions. The problem is formulated as in [10] for estimating the relevant entries of the mobility tensor 
of a specific realization. For simple cases where the steady-state solutions of the orientation tensor can be achieved, it is 
straightforward to solve  directly by setting the equations to a steady state. For simplicity the rotational diffusion is 
assumed small, i.e., 0RD | , and the concentration of particles )  are approximately uniform. 
 

SUMMARY AND CONCLUSION 
 

Preliminary work on a methodology for the design of particles is introduced in the work that allows to identify shapes of particles 
with desired motion. The problem can be cast as a material design problem.  Extension of this work is possible for large ensemble 
of interacting particles in which the target would be specific rheological properties.   
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Summary Technological capabilities, such are 3d printing and microfabrication, allow a huge variety of structures to be manufactured for
roughly the same price, and one wants to know “the best” structure, or how composite microstructures can be optimized. There is no gap
between optimal designs and the optimal composites that are structures at at the micro level. So far, the vast majority of related results
deals with two-material composites because of theoretical limitations. Meanwhile, numerous applications call for the optimal design of
multimaterial composites, or of porous composites made of two materials and void. The paper describes various structures of optimal
multi-material composites, the bounds of their effective properties that are achievable by these structures, and optimal designs from several
materials. We show designs from two elastic materials and void.

BOUNDS AND OPTIMAL MULTIMATERIAL STRUCTURES

The bounds show the range of improvement that can be achieved for overall composite properties by varying the structure.
In particular, we study the bounds of the stored energy, find the exact bounds and the set of matching structures, and use these
structures to compose an optimal design. In the past few years (2009-2012), [2, 3, 4, 5] a new approach for optimal bounds
of multimaterial mixtures was suggested and tested on several examples. Calculating the lower bound, we also determine
sufficient conditions on the fields in materials (wells) in an optimal structure [1, 8, 2]. The bound also provides a hint for
optimal structures such as high-rank laminates [1, 8], wheel-type structures [4], or other structures.

Optimal microstructures of multimaterial composites differ drastically from two-material ones. The latter have a steady
and intuitively expected topology: a strong material always surrounds weak inclusions, as in Hashin-Shtrikman coated circles
and second-rank laminates. In contrast, optimal three-material structures [3, 5, 4], see Figure 1 show a large variety of patterns
and the optimal topology depends on the volume fractions.

Optimal structures are diverse; they may or may not contain a strong envelope, and they may contain “hubs” of inter-
mediate material connected by anisotropic “pathways” - laminates from the strong and weak materials, envelopes, and other
configurations that reveal a geometrical essence of optimality. The parameters of the A-E of the optimal structures (Figure 1)
depend on the volume fractions and the ratio of eigenvalues of the applied external stress σ0. It is observed that the strongest
material is always placed in the most stressed parts, the field in the intermediate material stays isotropic if passible and in the
strongest material it is anisotropic.

Testing optimal structures, we stay in the class of structures with explicitly computable effective properties. These struc-
tures are obtained by hierarchical modeling, and they are interesting objects for study. These structures may or may not be
optimal, but they all provide convenient and realistic models for the various sophisticated geometries; acting like LEGO pieces
that are used in the process of modeling to create metamaterial hybrids between composites and machanisms.

L(123,2) Region A2

L(13,2,13,2) Region A1 L(13,2,13) Region B L(13,2,13,1,1) Region D1

L(13,2) Region C L(13,2,1) Regions D2, E

Figure 1: Left: Cartoon of optimal multi-rank laminates that minimize elastic energy (compliance) of a three-material com-
posite [3, 5]. Black fields denote void (an infinite compliance), striped fields denote a material of intermediate compliance
and white fields denote the stiffest material. Center: The wheel assemblage resembles the Hashin?Sthrikman coated spheres.
Right: The cuboudal structure in a 3d development of Gibiansky-Sigmund 2d structure [7].
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OPTIMAL DESIGN

The most popular problem in structural optimization today, called “topology optimization”, is a problem of optimal layout
of a material and void. The optimal structural designs are commonly known as “black-and-white” or “grey” designs. Optimal
multilateral composites allow us to instead deal with with “multi-colored” designs, see Figure .

The first obtained optimal designs from three materials are shown in Figure The designs are made from an expensive
strong material, a cheap weak material, and void. This design shows that the strong material tends to form elongated beam-
like ligaments at the contour of the design, the weaker material is concentrated in the areas where the stress is moderate and
close to isotropy.

CONCLUSIONS

1. Investigation of the range of fields in optimal multimaterial structures will allow for prediction of their microstructues
and for for computing of optimal design from several materials. The presented examples prove that the problem can be solved.

2. The optimal structures are in fact fractal minimizing sequences of alternating materials. To make the theory usable for
practitioners, these structures need to be transformed to a coarse scale designs for suboptimal projects.
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temporarily pushes solutions into the local minima. Such an approach 
assists in forming of the new, real carbon-based molecular structure, i.e., 
during the CG minimization, each individual ± a certain spatial 
configuration of atoms, starts to form a unique, hybridization-dependent, 
geometry of flat carbon networks. This step ensures that EA does not 
process the sets of randomly placed atoms, but operates on fragments of 
properly bonded carbon structures. Additionally, this method ensures that 
the optimized structure of atoms is properly equilibrated. The coordinates 
of atoms are exchanged between EA and the LAMMPS software and the 
equilibration process is performed using the minimization method based 
on the Polak-Ribiere algorithm. The periodicity of the newly-created 
structure is also achieved in this step by proper boundary conditions, 
imposed on the unit cell. After the CG minimization of the potential 
energy, the objective function is computed for each individual in the 
population. The CG optimization is the most time-consuming part of the 
algorithm.  To overcome this problem, the authors decided to parallelize 

the proposed algorithm and make it suitable for running on multiprocessor computers. Thus, the population is scattered into 
certain number of parts using the MPI library. In the next step, each part is further processed in the parallel way using the 
dedicated instance of LAMMPS running on a separate core or node of the computer (Figure 1).  
 

VALIDATION AND RESULTS FOR KNOWN GRAPHENE-LIKE MATERIALS 
 
  In order to validate the accuracy of the results, certain arrangements of carbon atoms already known from literature have 
been examined, e.g. the supergraphene (triclinic unit cell containing 8 carbon atoms) and the graphyne (triclinic unit cell 
containing 12 carbon atoms). Since all the tests yield promising results, the proposed optimization algorithm has been 
applied to search for new stable configurations of a given number of carbon atoms in a unit cell of given size and periodic 
boundaries [1]. FRU�HLJKW�FDUERQ�DWRPV�SODFHG�LQ�WKH���c�î��c�UHFWDQJXODU�XQLW�FHOO obtained a stable  flat network named 
X (Figure 2A) and for the same number of carbon atoms placed in WKH�UHFWDQJXODU�XQLW�FHOO���c�î��c�Rbtained a stable flat 
network named Y (Figure 2B). 

A)                                                        

           
Figure 2. Layout of new stable carbon networks X (A) and Y (B) found by the hybrid algorithm 

 
CONCLUSIONS 

 
   The main purpose of this paper was to present the hybrid parallel algorithm, applied to searching for new 2D graphene-
like materials. The proposed method is able to find already-known structures like supergraphene and graphyne as well as 
new stable ones, named X and Y. Examples performed for new carbon networks clearly show that the final form and 
properties of optimized structures depend on the assumed size, type and atomic density of the unit cell. Thus, the considered 
topology optimization problem can be reformulated and applied to searching for a molecular structure with predefined 
material properties, not only in the case of carbon-based structures.  
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ON TOPOLOGY OPTIMIZATION OF INERTIA DRIVEN DOSING UNITS
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Summary This paper describes how topology optimization can be used to design inertia driven dosing units for the continuous dosage of
one fluid into another. These components often referred to as eductors, utilize the low static pressure in a venturi-type nozzle to drive the
dosing flow. The fluids are modeled using the steady state incompressible Navier-Stokes equations and the two fluids are considered having
the same properties. A Brinkman penalization term is added to the governing equations such that a control problem of the flow topology
is obtained. Optimized component geometries for a range of flow conditions are obtained efficiently by using a gradient based numerical
optimization scheme in order to investigate the performance limit.

INTRODUCTION

The engineering problem of continuous dosage of one fluid into another has multiple solutions. One easy, but also expen-
sive solution is to use a pump for each fluid and by means of adjusting the flow rate ensure a proper dosage. A more elegant
solution is one where a single pump is driving the primary fluid and the secondary fluid is dosed by elaborating on the venturi
principle. Figure 1 show a sketch of such a unit where the primary inflow is the one driven by the pump. Assuming that the
fluid is inviscid and following the Bernoulli principle the dynamic pressure is increasing as the valve contracts and the static
pressure is therefore decreasing. The low static pressure at the throat (minimum cross sectional area of the nozzle) will allow
fluid to enter through the secondary inlet and mix with the primary fluid and eventually leave at the outlet. The principle is
well known and has been used for e.g. ground water pumps, spray paint guns and firefighting foam proportioners.

Primary inflow Outflow

Secondary inflow

0

1

1 40

−0.2

2.4 2.6 5

Design domainΓin Γout

Γs
Γ0 Γ0

Γ0

Figure 1: Sketch of an eductor, an inertia driven dosing unit.
Left boundary is primary inflow. Right boundary is outlet.
The secondary dosed fluid enters from the lower port and is
driven by the lower static pressure right after nozzle.

Figure 2: Physical conditions for the optimization problem.
Left boundary (Γin) is a fully developed laminar profile with
mean flow rate U . Right boundary (Γout) is modeled as
stress free outlet with p = 0. Secondary flow port (Γs) has a
stress free condition. The remaining thick solid line bound-
aries (Γ0) have no-slip condition.

The optimization of such devices, primarily operating at high speed conditions, has previously been studied in the context
of shape optimization c.f. [1]. This paper investigates the performance limit at low to moderate flow speeds for such devices
by applying topology optimization to the design of the nozzle geometry. The method used in this paper relies on the work
published in the seminal paper on topology optimization in Stokes flow[2] and the extension to Navier-Stokes flow[3]. The
design problem is shown in Figure 2 where the gray design domain is subject to change controlled by the gradient based
optimization algorithm MMA[4]. The objective of the optimization is to maximize the amount of incoming secondary fluid
in order to investigate the upper limit for such devices.

Modeling
The flow is modeled by the steady-state incompressible Navier-Stokes equations with an additional Brinkman penalization

term yielding

−∇ · (µ(∇u+ (∇u)T )− Ip) + u · ρ∇u+ α(ξ)u = 0 (1)
∇ · u = 0 (2)

where u is the velocity, p the pressure, µ the dynamic viscosity and ρ the mass density. The α parameter (inverse permeability)
is interpolated using the scheme from [2]

α(ξi) = α+ (α− α)ξi
1 + q

ξi + q
(3)
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Summary Laminate selection in composite structure optimization can be formulated as a topology optimization problem with N 
materials. To interpolate the material properties of the candidate materials, we extend the Shape Function with Penalization (SFP) 
parameterization introduced by Bruyneel (2011). With the SFP parameterization and Lagrange shape functions, the number of possible 
materials is limited to the number of nodes found in FODVVLFDO� ILQLWH�HOHPHQWV��1 �������«�. We show here that is possible to consider any 
number of materials by resorting to Wachspress functions, which have been used to define finite elements with an arbitrary number of nodes. 
The generalized parametrization is presented before being validated by solving academic test problems. Then the new parametrization scheme 
is illustrated in solving composite structures and topology optimization of structures fabricated by additive manufacturing making use of lattice 
structures subdomains. 
 

INTRODUCTION 
 
   High performance structures take advantage of composite materials or cellular materials with superior physical 
properties per unit of mass. The component layout can be optimized to take benefit of the full capabilities of the porous 
composite materials to sustain efficiently the applied loads. To this end, topology optimization [1] is an efficient design tool 
to suggest the best material distribution to maximize the component performance. While black and white designs have been 
searched for a long while, now availability of additive manufacturing techniques makes possible to fabricate structures 
including regions of intermediate density made of porous cellular materials. In particular the lattice microstructures have 
received quite a long of attention in the literature (e.g. Ref [2]). However other microstructural configurations of porous 
microstructures should be investigated in order to have better material usage under given loading conditions. Some recent 
pieces of work have focused in optimizing simultaneously the macrostructural material distribution and the local 
microstructural layouts in all points of the design domain (see Ref [3, 4]).  
   In this work we adopt a rather practical approach based on the selection of porous cellular materials out of a given 
catalogue. To this end, we follow along the idea inspired by Stegmann and Lund [5] with the so-called Discrete Material 
Optimization (DMO). The fundamental items of the approach are 1/ to formulate the design optimization problem as an 
optimal material selection problem in which the different kinds of cellular porous solids as well as their orientations if 
orthotropic are considered as different materials, 2/ to solve the selection problem using the topology optimization with 
multiple materials, 3/ to solve efficiently the optimization problem using continuous existence variables. To transform the 
discrete problem into a continuous one, one introduces a suitable parametrization identifying each material by a unique set 
of continuous design variables while the material properties are expressed as a weighted sum of all candidate materials. 
   The first contribution of this work consists in proposing a novel efficient formulation of the parameterization scheme. 
For composite structures, Bruyneel [6] has proposed an efficient interpolation scheme based for the Finite Element 
functions namely the Shape Function Parameterization (SFP), but the extension to any number of plies is still difficult. To 
this end, the Binary Coded Parametrization (BCP) was proposed by Gao et al. [7]. However the procedure can deal with a 
catalogue of 2N materials. Here we show that it is possible to build shape function for an arbitrary number of materials by 
resorting to the Wachpress rationale functions [8,9] used in polygonal finite elements [10]. The interpolation schemes are 
compared with the particular perspective of solving large-scale applications. The influences of the penalization factor and 
initial design variables are studied and discussed. 
   As a second contribution, we also apply the generalized SFP approach to design components made of void / solid but 
also different patterns of porous microstructures including lattice microstructures. In order to evaluate the advantages of 
including subdomains made of porous microstructures, we revisit some of the classical examples of topology optimization. 
The influence of the types of the porous pattern is investigated for single and multiple load cases applications.  
   The developments are illustrated by several numerical applications including academic examples and benchmarks 
inspired by industrial applications.  
 

INTERPOLATION SCHEME OF MATERIAL PROPERTIES USING WACHPRESS FUNCTIONS 
 
   The discrete optimal orientation design of the laminate can be treated as an optimization material selection problem with 
multiple materials. Following the idea by Stegmann and Lund [5], the material stiffness of the local material is a linear 



anisotropic material stiffness matrix Ci of a composite ply/ material QRWHG�µL¶�DV�D�ZHLJhted sum over the stiffness of some 
candidate materials {j}: 
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The weighting function wij are associated with the jth material phase. From the last conditions of (1), it comes that one ends 
up with a 0/1 design satisfying the constraints. This is achieved by using a penalization of the intermediate densities. 
   When dealing with the classical balanced composite aerospace structures based on laminates made of plies of the four 
discrete orientations 0°/90°/45°/-45°, Bruyneel [6] proposed a parameterization model named SFP (Shape Function with 
Penalization) based on the four node finite element shape functions that, obviously, satisfies the conditions (2): 
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As in the SIMP method, the penalization factor p is applied to push the design variables to their extreme values +/-1. SFP 
introduces only two variables for four materials, which is an advantage to reduce the size of the optimization problem. The 
presence of one material phase is characterized by a specific combination of design variables taking values of +1 and/or -1.  
   Extending the SFP scheme to more than four materials by building complex shape functions relDWHG�WR�µ1¶�QRGH�ILQLWH�
elements satisfying the conditions (1) is not straight forward using Lagrange interpolation functions. To account for a 
variable number of material candidates in the catalogue, the original idea is to use the Wachspress rationale functions [8,9] 
used in a N-node polygonal reference finite element [10]. As depicted in Figure 1, the shape functions of a regular N-node 
finite element are used as interpolation schemes between the mechanical properties of the candidate materials.  

 
Figure 1: N-Polygonal reference element 

 
Figure 2: 6-Polygonal interpolation functions 

 
Ref [11] provides a simple expression for Wachpress basis functions: 
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Where A(pi-1, pi, pi+1) denotes the area of the triangle with the three vertices pi-1, pi, pi+1. This expression can be further 
simplified since the reference element is a regular polygon so that A(pi-1, pi, pi+1) is the same for all i. Figure 2 shows the 
interpolation function after applying a power law penalization with p=3 
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Summary Thermo-mechanical transient problems impose major design challenges for a wide range of applications. This paper focuses on
topology optimization for transient thermo-mechanical problems with extreme precision requirements. The transient nature causes standard
adjoint sensitivity formulations to suffer from backward time integrations, leading to computational inefficiency. To overcome this obstacle,
reduced-order models are used to evaluate the transient thermo-mechanical responses and the associated adjoint sensitivities. Aspects of
investigation include the construction of reduced-order models, application of mode acceleration, accuracy of the transient response and
associated adjoint sensitivities and their use in topology optimization. It is shown, that good topological designs are obtained, whereas
costly adjoint sensitivities are replaced by relatively inexpensive counterparts involving simple backward convolutions.

INTRODUCTION

Transient thermo-mechanical problems emerge in a wide range of applications, for example, energy conversion, combus-
tion processes, but also instrumentation and tooling. The present paper aims at problems with relatively small temperature
fluctuations, but with major impact on ultimate performance. Examples are instruments operating at the nanometer scale
and precision (manufacturing) tools. For these applications, transient thermal effects cause thermal drift of instruments or
thermally induced errors in manufacturing processes [1].

Designing advanced thermo-mechanical systems is very challenging as multiple physics domains are interacting, the
transient nature of the problems at hand, complex layouts are required and active thermal management systems might be
integrated. Given this complexity, application of topology optimization is an obvious choice. Topology optimization relies
on adjoint sensitivities to deal with a large number of design variables. The transient nature however, is severely hindering
adjoint sensitivity analysis, as it requires a backward time integration for transient problems.

In the present paper, reduced-order models are investigated to overcome the difficulties caused by the backward time
integration. Reduced-order models are based upon so-called thermal modes. Herewith, the tedious backward time integrations
can be replaced by simple backward time convolutions. The latter rigorously eliminates the need for huge memory storage
and associated computational costs. Different schemes for model reduction are investigated and their effects on sensitivities
and application in topology optimization is investigated.

THERMAL MODES

A discretized linear thermal problem can be described by

CTθ̇(t) +KTθ(t) = q(t), (1)

here θ(t) denotes the temperature difference with respect to a reference temperature, CT denotes the heat capacity matrix, KT
the heat conductivity matrix and q the thermal load. The thermal modes (φk), see [2], and associated thermal time constants
(τk) follow from the eigenvalue problem defined by setting the thermal load to zero and substituting θ(t) = e−t/τkφk into
(1). Like in structural dynamics, the thermal problem can be represented on the modal basis.

Reduced models may be formulated by selecting only the most relevant modes. Effective mode selection is however
paramount and should account for (i) thermal excitation, (ii) observability and (iii) time relevance. Thus, the thermal problem
is modeled using a limited number of carefully selected modes. The efficiency and accuracy of these reduced-order models
can be improved significantly if a static correction is added, a so-called mode acceleration technique [3]. It is important to
emphasize, that the transient behavior is now determined by simple time convolutions which provide the modal coordinates
as functions of time.

For the applications mentioned in the Introduction, the relevant thermal time constants are orders of magnitude larger than
their mechanical counterparts. This allows for a one-way coupling between the thermal and mechanical domain. Hence, the
thermo-mechanical effects are modeled using equivalent loads which enter the equations of motions. If inertia and damping
effects can be neglected, then the transient thermo-mechanical solution is determined by

Kuu(t) = f(t) + fθ(t), (2)

here u denotes the nodal degrees of freedom and Ku the constant mechanical stiffness matrix. The load is divided into
a mechanical load (f) and an equivalent thermal load (fθ). The latter is evaluated via a reduced-order transient model as
summarized above.

∗Corresponding author. Email: A.vanKeulen@tudelft.nl
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Figure 1: Left, thermo-mechanica topology optimization problem. Heat sources Q1–Q4 switch on alternatingly, whereas the
center of the heat exposed area should exhibit minimal displacement once the heat load is activated. Sensitivities obtained
with a reduced-order model without and with mode acceleration (MAM) are depicted. Right, the resulting topology.

ADJOINT SENSITIVITIES

For transient problems, adjoint sensitivities require backward time integrations. The latter implies that many intermediate
results obtained during the forward response evaluations must be kept, thus, severely hindering topology optimization of
transient problems [4].

The adopted reduced modal basis is used as a staring point for the adjoint sensitivity analysis as well. Since for the
reduced modal basis the transient thermal behavior is described by decoupled ordinary differential equations, the adjoint
sensitvity formulation can be formulated in such a manner that exhaustive memory requirements are avoided and ultimately
results in simple backward convolutions. This adjoint sensitivity formulation can be easily adapted to also accommodate a
static correction as used in the mode acceleration method.

APPLICATION TO TOPOLOGY OPTIMIZATION

Figure 1 shows a typical test case of a system subjected to convection and alternating heat loads (Q1–Q4). The objective
is to obtain minimal center displacement of the area which is exposed to an active heat load. The figure provides results for
the sensitivities based on 100 modes and 30 modes but with mode acceleration. It is clearly seen, that the sensitivities with
fewer modes, but with mode acceleration are significantly more accurate. The resulting topology design is also provided.

CONCLUSIONS

The proposed topology optimization scheme for transient thermo-mechanical problems makes efficient use of a reduced
modal basis. The fact that the transient thermal analysis reduces to a set of ordinary differential equations provides an excellent
starting point for an efficient adjoint sensitivity analysis. The best efficiency and accuracy of both response evaluations and
adjoint sensitivities are obtained if the modal reduction is combined with a mode acceleration scheme. The advocated method
turns out to be effective for topology optimization problems with transient thermo-mechanical responses.
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Summary The design of high performance instruments often involves the attenuation of poorly damped resonant modes. Current design
methods typically rely on informed trial and error based modifications to improve dynamic performance. In this contribution, we present a
multi-material topology optimization as an alternative, systematic methodology to design structures with optimized damping characteristics.
A parametric, level set-based topology optimization is employed to simultaneously distribute structural and viscoelastic material to optimize
the structure’s damping characteristics. To model the viscoelastic behavior a complex-valued material modulus is applied. The structural
loss factor is determined from the complex-valued eigensolutions and its value is maximized during the optimization. We demonstrate the
performance of the optimization by maximizing the damping of a cantilever beam.

INTRODUCTION

In this contribution we address the optimization of components containing both viscoelastic and structural material to
achieve optimized damping characteristics. The design of high-performance instruments often involves the attenuation of
poorly damped resonant modes, as has been encountered in the design of optomechatronic instruments at the Netherlands
Organisation for Applied Scientific Research (TNO) [1]. Current design methods typically start from a baseline design and
introduce stiffening or damping reinforcements to modify these modes. Difficulties in predicting the influence of these rein-
forcements leads to a time-consuming, trial and error based design proces. To overcome this, we propose a multi-material
topology optimization routine as a systematic method for the design of these structures.

Multi-material designs containing viscoelastic material are known to provide high structural damping [2]. These type of
materials dissipate energy during deformation. To increase the structural damping, we can therefore introduce viscoelastic
materials at locations that undergo deformation. Moreover, the geometrical design could be modified to promote deformations
in the regions of viscoelastic material. This provides a challenging optimization problem, where to goal is to achieve optimal
structural damping: both the location and the geometry of the viscoelastic regions are determined during the optimization. In
previous works these two aspects have been investigated separately: by shape optimization of (un)constrained layer damping
[3] and by topology optimization of the material distribution within predefined damping configurations [4, 5]. These methods
are limited by the initial design configuration of the viscoelastic material.

To overcome these restrictions, we present a multi-material topology optimization routine to simultaneously distribute the
viscoelastic and structural material throughout the design to optimize the damping characteristics. The proposed method is
able to achieve freeform material distributions, resulting in higher structural damping. Moreover, the method does not require
the designer to specify any initial (un)constrained layer configuration for the viscoelastic material.

TOPOLOGY OPTIMIZATION OF VISCOELASTIC AND STRUCTURAL MATERIAL

In this work we aim to optimize the damping characteristics for structures subjected to harmonic excitations. This allows
to represent the viscoelastic material behavior using a complex-valued material modulus [6]. Either a complex-valued shear,
bulk or Young’s modulus can be applied. In the remainder of this work, it is assumed that only shear deformation dissipates
energy and therefore a complex-valued shear modulus is implemented. The structural loss factor is applied to quantify the
damping of these designs [7]. However, compared to the referred implementation the complete complex-valued eigensolutions
are used for the formulation of the structural loss factor to achieve better prediction of the structure’s Q-factor.

A multi-material, parametric level set method allows to describe multiple material regions within the design domain [8].
We have opted for a level set-based approach, in order to obtain clearly distinct material regions. Trials using density-based
multi-material topology optimization often resulted in designs containing mixture of materials that are difficult to interpret.
For each material a level set function is defined, which are parameterized using radial basis functions [9]. The numerical
implementation applies four-node square quadrilateral (Q4), plane stress elements to discretize the domain. The material
properties of any elements near the boundaries of the level set functions are scaled by the ersatz material model. Also,
the discrete Heaviside and its derivative are implemented with continuous approximations. Finally, the Method of Moving
Asymptotes (MMA) solves the gradient-based optimization problem [10].

The optimization aims to maximize the structural loss factor corresponding to the specified number of eigenmodes. Con-
straints are applied to limit the volume of viscoelastic material and enforce a minimum eigenfrequency. An exact formulation

∗Corresponding author. Email: M.vanderKolk@tudelft.nl
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DESIGN OF BEAM CROSS SECTIONS WITH EXTREME STRUCTURAL PROPERTIES
USING TOPOLOGY OPTIMIZATION
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Summary Optimal topologies and material distributions are presented which minimize the individual components of the beam cross sec-
tion compliance matrix (e.g., transverse shear stiffness, shear-torsion coupling, among other). The entries of the compliance matrix are
determined using a finite element based cross section analysis tool. A multimaterial topology optimization framework is employed which
accommodates any number of isotropic and anisotropic materials. Results are presented for minimization of the individual entries of the
cross section compliance matrix subjected to a volume constraint. Some non-intuitive cross section designs are obtained which help shed
light on the role of different topological features and material combinations for design of beam structures with non-trivial static and dynamic
behaviour. This approach will be used in the future for large scale structural topology optimization of wind turbine blades with nonlinear
aeroelastic constraints.

INTRODUCTION

A beam is a type of structure whose length dimension is much larger than its cross section width and height. Beam type
structures include wind turbine, helicopter, and airplane rotor blades, among other. The structural response of beam structures
can be correctly analysed using beam finite elements. The analysis of the beam response is split in two steps. Firstly the
stiffness properties of the beam cross section are analysed. Secondly, these properties are integrated along the length to build
the beam finite element stiffness matrix. The author has previously presented results in which structural topology optimization
techniques are used to design beam cross sections to control the static and dynamic properties of beam structures ([1, 2]). This
paper follows the same approach to focus on the identification of cross section designs - topology and material distribution
- which minimize the entries of the cross section compliance matrix (e.g., transverse shear stiffness, shear-torsion coupling,
etc.). The work is analogous to design of microstructures to tailor the material properties whereas here the cross section is
designed to tailor the beam properties.

METHODOLOGY

For a linear elastic beam there exists a linear relation between the cross section generalized forces T and moments M in

θ =

!
T TMT

"T
, and the resulting strains τ and curvatures κ in ψ =

#
τTκT

$T (see Figure 1). This relation is given in its
compliance form as F sθ = ψ, where F s is the 6× 6 cross section compliance matrix. In the most general case, considering
material anisotropy and inhomogeneity, all the 21 compliance parameters in F s may be required to describe the deformation
of the cross section. The entries of F s,ij are determined here following the description and nomenclature in [1] of the theory
in [3]. The formulation relies on a finite element discretization of the cross section to approximate the three-dimensional cross
section deformation or warping. The cross section compliance matrix F s is obtained as

F s = W TGW , where W is the solution to KW = F (1)

where the coefficient matrix K and G are associated with the stiffness of the cross section. Furthermore, the solution matrix
W contains the cross section rigid body motions ψ and the three dimensional warping displacements u. Finally, the load
array F is associated with a series of unit load vectors θ.

(a) Forces and moments (b) Strains and curvatures

Figure 1: Cross section coordinate system, foces and moments (a), and corresponding strains and curvatures (b).



The optimal design problem is formulated within a multi-material topology optimization context as

minimize
ρ∈Rne×nc

F s,ij(ρ)

subject to V (ρ) ≤ V (P1)
nc%

m=1

ρem(ρ) < 1 , ∀e = 1, ..., ne

0 ≤ ρem ≤ 1, ∀e = 1, ..., ne , ∀m = 1, ..., nc

where V (ρ) is the total volume of the beam occupied with material. The design variable ρem represent the volume fraction
of candidate material m at element e of the cross section finite element mesh, where nc and ne are the number of candidate
materials and finite elements, respectively. The sensitivities of the cross section compliance matrix F s(ρ) are analytically
determined as described in [1]

NUMERICAL RESULTS

A few illustrative results are presented in Figure 2. The design domain defining the beam cross section is 1 × 1 m and is
meshed using 120 × 120 elements with three degrees of freedom per node. In view of future plans to manufacture and test
the resulting beam designs, results are obtained using Polylactic Acid (PLA), an isotropic material typically used in additive
manufacturing. The designs presented in Figure 2 refer to the cross sections of the beam. A three-dimensional beam structure
with constant cross section can be obtained by simply extruding these cross sections.

(a) min Fs,11 (b) min Fs,22 (c) min Fs,12 (d) min Fs,16 (e) min Fs,44 (f) min Fs,55 (g) min Fs,45 (h) min Fs,66

Figure 2: Optimized beam cross section topologies (a) minimizing Fs,11 (transverse shear compliance in x direction); (b)
minimizing Fs,11 (transverse shear compliance in x direction); (c) minimizing Fs,12 (transverse shear-shear coupling); (d)
minimizing Fs,16 (transverse shear-twist coupling); (e) minimizing Fs,44 (bending compliance around x); (f) minimizing Fs,55

(bending compliance around y); (g) minimizing Fs,45 (bending-bending coupling); (h) minimizing Fs,66 (torsion compliance).
The topology minimizing Fs,26 is the same as in (c) rotated 90 degrees with respect to the z axis. The remaining coupling
terms (e.g., Fs,46) cannot be activated using isotropic materials.

CONCLUSION

Initial results are presented for the optimal design of beam cross sections with extreme stiffness properties using isotropic
materials. Further results show that including material anisotropy it is possible to activate the remaining coupling terms which
were not active using a single isotropic material. Future work will utilize the solutions presented here to establish the bounds
on the entries of the cross section compliance matrix to formulate a new class of Free Beam Section Optimization (FBSO)
problems, an approach identical to Free Material Optimization applicable to beam structures. The aim is to use this approach
to develop a computationally very efficient framework for large scale structural topology optimization of wind turbine blades
with nonlinear aeroelastic constraints.
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ON BIFURCATION SENSITIVITIES AND STABILITY OPTIMIZATION
BASED ON LOCAL SUB-DOMAIN EIGENVALUES
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Summary The engineering approach of fully stressed design is a practical tool with a theoretical foundation. The analog approach to
structural bifurcation instability optimization is presented with its theoretical foundation. A numerical redesign procedure is proposed and
illustrated with examples. For the ideal case, an optimality criterion is fulfilled if the design have the same sub-domain ”critical load”
(local Rayleigh quotient). Sensitivity analysis results in a simple relation between system critical load and local ”critical load” for a given
bifurcation mode.

For a general continuum subjected to loads and boundary conditions, the stability analysis is rather complicated and is
normally based on non-linear finite element (FE) analysis. In the present work focus is on bifurcation instability that after non-
linear displacement analysis involve an eigenvalue problem to determine a critical load factor at which bifurcation take place.
The design problem of maximizing such a load factor by optimized distribution of a given amount of material within a specified
design space is the the subject of our work. With analysis being complicated, this synthesis problem seems to relay on pure
numerical procedures, but theoretical results are obtained. Due to recent experience on optimal design of eigenfrequencies in
[1], simplified results are expected also for the bifurcation eigenvalue problem. This holds for the sensitivity analysis that is
necessary for optimizing a design. A simple optimality criterion is derived from the obtained sensitivities..

DIFFERENT STIFFNESS MATRICES FOR ANALYSIS

The static equations of equilibrium for an elastic problem, including reversible non-linear elastic problems, is for a model
with a finite number of degrees of freedom written as [Ss]{D} = {A} where the stiffness matrix [Ss] is the system secant
stiffness matrix that directly relate the resulting displacement vector {D} and the corresponding force vector {A} and may
express equilibrium for a total model (system) or for a single element. For the differential of the displacement vector {dD}
and the differential of the corresponding force vector {dA} the relation is described by the tangent stiffness matrix [St] by
[St]{dD} = {dA}

System stiffness matrices may be obtained by accumulating (FE assembled) over all the element stiffness matrices [Ss] =!
e[Ss]e and [St] =

!
e[St]e. For non-linear models different stiffness matrices are involved

• [S0], symmetric stiffness matrix for a non-displaced model,

• [Ss], non-symmetric secant stiffness matrix for a displaced model,

• [Sγ ], symmetric displacement gradient stiffness matrix for a displaced model,

• [Sσ], symmetric stress stiffness matrix for a displaced model and

• [St] = [Sγ ] + [Sσ], symmetric tangent stiffness matrix for a displaced model.

For a simple triangular 2D plane element analytical expressions for all these different stiffness matrices are available. These
results are derived in [2] and important information follows from these analytical results.

Analysis for bifurcation buckling
With the tangential stiffness matrix available for a FE model, buckling may be determined as described in [3], Chapter 18.

In bifurcation buckling two close equilibrium states are possible for the same load. The procedure is here based on an already
solved non-linear elastic equilibrium. A such solution is given the index n to indicate a step of a possible incremental load
{A}n =

!ñ=n
ñ=1

{∆A}ñ. The determined solution gives a determined stress stiffness matrix [Sσ] by

[Ss]n{D}n = {A}n ⇒ {D}n ⇒ [Sγ ]n and σn ⇒ [Sσ]n (1)

with assumed linearity between λ{∆A}n+1 and λ[Sσ]n giving

([Sγ ]n + λ[Sσ]n) {∆D}n+1 = λ{∆A}n+1

([Sγ ]n + λ[Sσ]n) ({∆D}n+1 + {∆}) = λ{∆A}n+1 (2)



where {∆} is the bifurcation mode from {∆D}n+1. The difference of these two equations give an eigenvalue problem

([Sγ ]n + λC [Sσ]n) {∆} = {0} ⇒ the eigen pair λC , {∆} (3)

The critical load {A}C corresponding to the bifurcation displacement {∆} is

{A}C = {A}n + λC{∆A}n+1 (4)

BIFURCATION LOAD SENSITIVITIES

The eigenvalue problem (3) presented without index n and C is

([Sγ ] + λ[Sσ]) {∆} = {0} (5)

This is pre multiplied by the transposed bifurcation eigenmode {∆}T to

Uγ + λUσ = 0 with Uγ := {∆}T [Sγ ]{∆} and Uσ := {∆}T [Sσ]{∆} (6)

with the Rayleigh quotient λ = −Uγ

Uσ
.

The sensitivity of the bifurcation eigenvalue with respect to the density ρe is

∂λ

∂ρe
= −

∂
"Uγ

Uσ

∂ρe
−

∂
Uγ

Uσ

∂∆

∂∆

∂ρe
= −

∂
"Uγ

Uσ

∂ρe
(7)

simplified by the stationarity of the Rayleigh quotient with respect to change of eigenmode and applying a hat notation for
gradients with unchanged eigenmode, see [4]. Expanding the final term in (7) give

∂λ

∂ρe
= −

∂ #Uγ

∂ρe

1

Uσ
+

∂ #Uσ

∂ρe

Uγ

U2
σ

= −
1

Uσ

$
∂ #Uγ

∂ρe
+ λ

∂ #Uσ

∂ρe

%
(8)

where the energies are accumulated from element energies

Uγ =
&

e

(Uγ)e and Uσ =
&

e

(Uσ)e (9)

The stiffness matrices are here assumed to depend explicitly only on the local element density ρe and this dependence is
assumed to be linear proportionality, that give

∂λ

∂ρe
= −

1

Uσ

$
∂(#Uγ)e

∂ρe
+ λ

∂(#Uσ)e

∂ρe

%
= −

1

Uσρe
((Uγ)e + λ(Uσ)e) =

(Uσ)e

Uσ

1

ρe
(λe − λ) (10)

Optimality criterion
With the objective of maximizing the bifurcation load {A}n + λ{∆A}n, i.e., of maximizing λ subject to a constant of

unchanged total mass/volume

Maximize λ for g =
&

e

ρeVe − V = 0 (11)

the necessary optimization criterion with a constant C is

∂λ

∂ρe
= C

∂g

∂ρe
= CVe ⇒

∂λ

∂ρe

1

Ve
= −

1

Uσ

1

ρeVe
((Uγ)e + λ(Uσ)e)) =

(Uσ)e

Uσ

1

ρeVe
(λe − λ) = C (12)

where Uσ may be normalized to 1 by normalizing the bifurcation mode {∆}.
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EFFICIENT TRANSIENT TOPOLOGY OPTIMIZATION THROUGH DYNAMIC
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Summary This paper presents an efficient topology optimization methodology for dynamic structural design problems. The key to the
method is to utilize dynamic substructering, or component mode synthesis, i.e. the Craig-Bampton reduction method to speed up the
transient analysis. The dynamic substructuring concept is used for both the forward (the state equation) and the backward (adjoint equation).
The developed optimization scheme is demonstrated on design problems for linear elastic Mindlin plates subject to impact loads, where the
goal is to minimize the deflection in a specified region.

INTRODUCTION AND MOTIVATION

Structural shape and topology optimization for transient problem is known to be computionally expensive and thus less
attractive than its steady state counterparts. This is partly due to the fact that a transient analysis is more expensive than a static
analysis - especially for implicit time integration schemes - and partly because the sensitivity analysis requires the solution
to a terminal value problem. To illustrate the extra computional efforst required one may use an example from non-linear
static optimization. Here one have to solve a non-linear problem for the state equation, bu the adjoint problem turns out to be
linear and thus much cheaper than the state problem [1]. Despite this obvious drawback several works on transient structural
topology optimization have been presented and studied in the past decade. The approach has, among others, been used for 1D
pulse modulators and filter design in [2], material microstructure design in [3] and design of composites in [4].

The focus of this work is to develop a methodology which is capable of speeding up the computations by orders of
magnitude. To realize this goal the dynamic substructering method, namely the Craig-Bampton method, is applied [5], [6].
The main idea of dynamic substructuring, or component mode synthesis, is to partition the computational domain into a set
of smaller substructures. The finite element equations on each substructure is then reduced in size by its normal modes while
retaining the interface, or boundary degrees of freedom, by so-called constraint modes. The reduced substructure stiffness,
mass and damping matrices (also known as super elements) are then assemblied into a reduced global system which can be
orders of magnitude smaller than the original, full finite element system. Based on the reduced system, it is now possible to
perform the transient analysis very fast which paves the way for a fast transient topology optimization methodology.

THEORY

The mechanical problem considered in this work is based on Mindlin plate theory for which the unknowns are the out of
plane displacement w and the two rotations θ = {θx, θy}. The governing equations can be stated compactly as follows

∇TG (∇w − θ) = ρh
∂2w

∂t2
(1)

*
α1

∂

∂x
+α2

∂

∂y

+T

D

*
α1

∂

∂x
+α2

∂

∂y

+
+G (∇w − θ) = ρh3

12

∂2θ

∂t2
(2)

where h is the thickness, G and D are constitutive matrices and α1 and α2 are appropriate 3× 2 matrices.
When discretized by the standard Galerkin finite element method and including proportional damping, i.e. C = αM+βK

the matrix equations becomes as follows

Mü+Cu̇+Ku = F (t), t ∈ [0;T ] (3)

where u ≡ u(t) is a vector collecting both displacement and rotational degrees of freedom and M , C, K and F (t) are
the mass-, damping-, stiffness-matrices and load vector, respectively. The system, together with appropriate boundary and
initial conditions, can now be solved by a time integration scheme from 0 to time T . In this work the unconditionally stable
Newmark algorithm is used [5].
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Solving Eq. (3) will lead to the aforementioned issues with computional time and we will therefore study a reduced system
obtained by the Craig-Bampton method first. For each substructure i in the domain the following reduction is performed

Rj =

,
Φj Ψj

0 I

-
(4)

where I is the identity matrix, Φj is the matrix with n normal modes computed on the interior i of substructure j, i.e. the
solution to the eigenvalue problem (Kii

j − ω2M ii
j )Φj = 0 and Ψj is the static correction matrix for the interface b degrees

of freedom , i.e. Ψj = −
%
Kii

j

&−1
Kib

j . The super elements are then obtained by

M r
j = RT

j MjRj , Cr
j = RT

j CjRj , Kr
j = RT

j KjRj F
r
j and RT

j Fj (5)

Once assemblied into a system equivalent to Eq. (3), the time response is obtained effeciently by the Newmark algorithm.
The optimization problem investigated in this work can be posed in discrete form as a standard mathematical programme.

min
x∈Rn

φ =
. t2
t1

w(t)Tw(t) dt

s.t. Mü+Cu̇+Ku = F (t)

V (x)/V ∗ − 1 ≤ 0

0 ≤ xi ≤ 1, i = 1, n

(6)

where the objective function is the out of plane displacement evaluated in a specified region from time t1 to t2. The first
constraint refers to the state equation, the second to a volume constraint and the last to a box constraint on the design variables
denoted by x. The optimization problem is solved using the Method of Moving Asymptotes [7] and the sensitivities are
determined using the adjoint method obtained purely from the discretized state equation and objective. This leads to the
solution of a terminal value problem for the Lagrange multiplier λ.

M ¨̂λ+C ˙̂λ+Kλ̂ =
∂φ

∂u

T
/////
T−τ

, λ̂ = λ(T − τ) (7)

here formulated as an initial value problem by a change in variables. The sensitivity can then be obtained from the following

∂φ

∂xe
=

' T

0

∂(wTw)

∂xe
+ λT

*
−∂M
∂xe

ü− ∂C

∂xe
u̇− ∂K

∂xe
u

+
dt (8)

To reduce memory requirements, the developed implementation uses a check pointing scheme to avoid storing all displace-
ments, velocities and acceleration from the forward problem.

DISCUSSION

The presented study shows that it is possible to reduce the computational effort of transient topology optimization by
order(s) of magnitude by use of dynamic substructering. As expected, the price for the obtained speed up is the more involved
sensitivity analysis and the bookkeeping associated with the substructuring (i.e. a domain decomposition). The findings
presented here can, with some modifications, be applied to e.g. acoustic-structural interaction problems and thus pave the way
for new, interesting multi-physical transient topology optimization problems.
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TOPOLOGY OPTIMIZATION FOR FINITE STRAIN PLASTICITY
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Summary In this work finite strain rate-independent plasticity is combined with topology optimization. The employed constitutive model
is based on rate-independent isotropic hardening plasticity and to separate the elastic deformation from the plastic deformation, use is made
of the multiplicative split of the deformation gradient. The mechanical balance laws are solved using the finite element method and the
optimization problem is solved using the method of moving asymptotes. The sensitivity is derived using a coupled transient adjoint strategy.
A boundary value problem where the plastic work is maximized is used to demonstrate the capability of the presented model.

INTRODUCTION

Most research related to topology optimization has been concerned with linear problems and only a small fraction of the
published research has been concerned with non-linear elasticity. Although topology optimization formulations combined
with plasticity are rare they do exist and an early example of topology optimization combined with a path-dependent material
is provided by [1]. So far, topology optimization combined with plasticity has, however, been restricted to the assumption of
small strains.

One application of topology optimization of path-dependent materials is design of energy absorbing structures and mate-
rials where finite strain plasticity evidently is highly relevant. In the present work an isotropic finite strain elasto-plastic model
is implemented in a finite element environment and combined with topology optimization.

For path-dependent problems the sensitivity is also path-dependent and as a consequence the sensitivity will be obtained
by the solution to a terminal value problem. In the present paper the adjoint procedure for calculating the sensitivity for
transient coupled problems proposed in [3] will be utilized. The resulting optimization problem is solved using the method
of moving asymptotes (MMA), cf. [4]. The presented formulation will be used to find topologies that generates maximum
plastic work when subject to a prescribed displacement.

ELASTO-PLASTIC BOUNDARY VALUE PROBLEM

The employed constitutive model is an isothermal version of the model presented in [2] and it is based on the multiplicative
split of the deformation gradient. The strain energy governing the elastic response is a Neo-hookean potential function defined
in terms of the elastic Finger tensor. The non-dimensional density, c, reduces the strain energy, or stiffness, using the canonical
scaling cp where the penalty exponent is chosen as p = 3.

To distinguish plastic response from elastic response, use is made of the von-Mises yield function formulated in terms of
the Kirchhoff stress tensor. Similar to elasticity, the initial threshold to plasticity is scaled with the non-dimensional density,
however, for the yield stress the penaly exponent q = 2 is employed. The plastic evolution laws are based on the postulate of
maximum dissipation, i.e. associated plasticity is utilized. In each integration point throghout the structure, the evolution laws
for the plastic deformation and the internal variables are integrated using the implicit backward Euler scheme.

The mechanical balance laws are formulated in the reference configuration and discretized using a total Lagrangian finite
element formulation. The set of non-linear equations govering the equilibrium is solved using the Newton-Raphson scheme.
Since the problem is path-dependent, the load is applied in a number of load steps and for each step the non-linear mechanical
balance laws are solved together with the non-liner constitutive equations.

OPTIMIZATION

The objective of the optimization is to maximize the total plastic work for given prescribed displacements. Based on the
spatial and temporal discretization, the plastic work can be expressed as a function of the internal variables in all gauss points
and all time steps. The optimization problem will be solved by using the method of moving asymptotes (MMA), cf. [4] and
consequently the gradients of the constraints and the objective function with respect to the design variables are required. In
contrast to elasticity, plasticity is path-dependent which requires that the entire load path needs to be included in the sensitivity
analysis. In this work, the adjoint method for coupled transient problems presented in [3] will be exploited. In this approach
the discrete constitutive equations and mechanical balance laws are enforced via Lagrangian multipliers in each load step. The
Lagrangian multipliers are then obtained from the solution to a sequence of adjoint problems. To avoid mesh sensitivity, use
is made of a PDE based filter strategy.
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NUMERICAL RESULTS

The finite strain plasticity model has been used to simulate the response of the simple boundary value problem depicted

u

Figure 1: Illustration of geometry of the design domain and boundary conditions used in the numerical example. Due to
symmetry only the right hand side of the structure is included in the numerical model.

in Fig. 1. Initially, the design domain is filled with 50% material and after the optimization procedure the optimal design is
shown in Fig. 2.

a)
wp

106

!
J
m3

" b)

Figure 2: a) Distribution of plastic work, wp, throughout the design in the deformed state. b) Optimal design.

From Fig. 2a it can be concluded that the plastic work is at maximum where the load is applied and where the structure is
attached to the wall. The peak of the plastic work is located at the upper right corner of the structure. In Fig. 2b, the optimal
design is plotted and a comparison to simulations using the assumption of small strains reveals that the optimal design will be
highly influenced by the load level.
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Summary This article proposes a method to identify optimal wind turbine blade structures fabricated by additive manufacturing based on 
topology optimization techniques. The structural model is based on the beam cross-sections through a 2D finite element representation. The 
optimization problems are formulated through the blade properties and response at the cross-section level. The numerical experiments performed 
challenge the topology optimization method proposed against several problem formulations, geometries and candidate materials. 
 
 INTRODUCTION 
 
   Large scale wind turbine blade designs are heavily influenced by the manufacturing constraints currently inherent in their 
production using fiber-reinforced composites. The emergence of industrial-scale additive manufacturing techniques has the 
potential to release most manufacturing constraints from design, thus enable novel blade structures which are more efficient 
in the use of material in order to withstand loads and capture wind power. Topology optimization techniques allow the highest 
degree of design freedom for the optimal allocation of structural mass inside an available design space. Therefore, it is 
considered here as the methodology for conceptual design of wind turbine blades built by additive manufacturing. 
 
 METHODOLOGY 
 
   The optimization problems are based on the structural model of a blade by Timoshenko beam finite elements. These are 
defined from the stiffness and mass matrices at the beam cross-section level. Through a 2D solid finite element discretization 
of a beam slice, its cross-section stiffness matrix is obtained using the cross-section analysis tool BECAS [1]. The formulated 
problems use the 2D FE discretization of the beam cross-sections as design variables through the SIMP parameterization 
extended for multiple materials. The objective is to minimize the overall structural mass of the blade with constraints 
formulated in terms of the cross section deformations described by the in- and out-of-plane strains and curvatures, due to the 
forces and moments along the blade. The restrictions on the deformations along the blade are set attending to structural and 
aero-elastic criteria. The loads and deformations are pre-processed from the DTU-10MW-RWT [2] benchmark blade, from 
nonlinear time-domain wind turbine simulations using the aero-elastic code Hawc2 [3]. The optimization is solved by the 
interior point solver IPOPT [4], using the analytical solutions of the objective and constraint functions and their sensitivities. 
 
 RESULTS AND DISCUSSION 
  
   The results presented demonstrate the ability of the proposed methodology to generate optimal topologies of a set of cross-
sections along a wind turbine blade, by achieving the lowest mass possible while ensuring that it withstands multiple extreme 
load cases. The topologies for each cross-section are obtained from a very fine discretization of the design space available 
inside a predefined aero-foil surface. The computational expense of these problems is orders of magnitude lower than the full 
blade discretization with solid 3D finite elements. This level of refinement can reflect the low volume fraction that 
characterizes modern wind turbine blade structures. The solutions for multiple material topology optimization problems reflect 
the influence of combining orthotropic materials in the topology to optimally carry loads inside a blade. The topologies 
obtained are reproduced as small-scale prototypes through additive manufacturing. 
 

 
Figure 1 Topologies with minimum mass that comply with deformation restrictions on the cross-sections of the 10MW-
RWT blade at 15m, 21m and 28m, respectively. Each topology is composed of unidirectional (blue) and bidirectional 
(red) glass fiber composite laminates. The design space is the area enclosed by the dashed line. 



 
 

 
Figure 2 Topologies with minimum isotropic material that comply with deformation restrictions on each strain and 
curvature component set by the benchmark 10MW-RWT blade at 21m. The topology on the left fulfills a more restrictive 
constraint for the curvature around the in-plane horizontal axis (higher flapwise stiffness). The central topology allows a 
lower curvature around the in-plane vertical axis (higher edgewise stiffness). The topology on the right is restricted to a 
lower twist (higher torsional stiffness).  
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Summary This work aims at developing tools to design structures that can sustain a certain level of degradation, i.e. structures that present
a low sensitivity to damage. To achieve this goal, an optimization approach is chosen. The analysis of the structures is performed resorting
to an XFEM-level set framework. The damage propagation is represented through a non-local model and solved resorting to a non-linear
analysis controlled by prescribed displacement. To optimize structures considering a potential degradation, a sensitivity analysis of the
damage process is required. The latter is carried out through a fully analytical approach and considering both the direct and the adjoint
formulations. Finally, the developed methodology is applied to design 2D structures undergoing damage constraints. The influence of the
degradation of the materials constituting the structures can be observed on the optimized designs.

INTRODUCTION

Composite materials exhibits extremely interesting properties as they combine a high stiffness and a very light weight.
However, their integration in structures is made difficult because of their high damage sensibility. The latter is scarcely
taken into account while designing structures. Therefore, this work aims at developing a systematic methodology to design
structures exhibiting a certain resistance to degradation. An optimization approach is chosen. To represent complex geometries
and deal with large shape modifications, a level set representation of the geometry advantageously combined with the extended
finite element method (XFEM) is used. The degradation of the material is represented using a non-local damage model, which
reduces the material stiffness by a scalar damage value D. To solve optimization problem with damage constraints, a sensitivity
analysis of the damage process is required. As damage growth is an irreversible process, the history of the structural response
has to be taken into account. A fully analytical approach is developed to perform the sensitivity analysis accurately and
efficiently. Finally, ongoing work aims at applying the developed tools to design structures with damage constraints.

FRAMEWORK

The structural response is obtained combining the XFEM and a level set representation of the geometries. The XFEM
allows representing discontinuities, such as material interfaces, within finite elements. A fixed mesh can be used through
the optimization process and costly remeshing operations are avoided. The level set description of the geometries enables to
represent discontinuities, interfaces . . . implicitly. It allows an easy handling of moving boundaries.

DAMAGE MODEL

The degradation of the materials is represented using a non-local damage model. The damage is given by a scalar value
D evaluated at each Gauss point of the structure. The stiffness of the materials are directly reduced by these damage values.
The damage growth is characterized by an evolution law depending on the displacement u: D = g(u). The obtained damage
variables D are then smoothed using a smoothing function fS to avoid abrupt change from zero to non-trivial values. Finally,
a damage filter is applied to the smoothed damage values DS to prevent the localization of the degradation in a thin strip of
elements.

DAMAGE PROCESS ANALYSIS

The damage process is non-linear and presents a limit point in its force-displacement curve. Classical iterative solvers,
as Newton-Raphson, can no longer be used except if dealing with low damage values. A displacement controlled solver,
based on imposed incremental displacements at each iteration, is then implemented to be able to reach high degradation in
the materials. The problem is solved simultaneously on the displacement u and the damage D state variables, collected in a
global one y. The damage propagation is an irreversible process and the damage growth history has to be taken into account.
This path dependence shows through the residuals, given as functions of the current (k) and the previous (k − 1) iterations
and the design parameters s:

R
(k) = R(y(k),y(k−1), s). (1)
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DAMAGE PROCESS SENSITIVITY ANALYSIS

To perform the sensitivity analysis, a fully analytical approach, inspired from Michaleris et al. [3] is developed. The
evaluation of the derivatives is following and extending the basic methodology explained in Noël et al. [2]. The derivatives of
an objective/constraint function F with respect to a particular design parameter si is given as:

F (k) = F(y(k), s),
dF (k)

dsi
=
∂F (k)

∂si
+
∂F (k)

∂y(k)

dy(k)

dsi
. (2)

To evaluate this expression, the derivatives of the state variables y with respect to the considered design parameter si are
required. They can be obtained through the computation of the derivatives of the residuals R:

dR(k)

dsi
=
∂R(k)

∂si
+
∂R(k)

∂y(k)

dy(k)

dsi
+

∂R(k)

∂y(k−1)

dy(k−1)

dsi
. (3)

Using the direct (resp. adjoint) approach and proceeding from the first (resp. last) to the last (resp. first) iterations, the
derivatives of the objective/constraint function can be recovered provided that ∂R(k)

∂si
, ∂R(k)

∂y(k) and ∂R(k)

∂y(k−1) are known.

VALIDATION

The accuracy of the developed sensitivity analysis is illustrated on a simple benchmark example: a plate with a hole. The
considered problem is illustrated in Figure 1 and all the used parameters are given in Table 1. The derivative of the compliance
with respect to the four design parameters a, b, ξ, η is shown in Figure 2. One can see that the sensitivity results using finite
difference (FD) are in very good agreement with the analytical ones either resorting to the direct (A Direct) or the adjoint (A
adjoint) formulations.

Figure 1: Plate with a hole: description.

u E1

E2

Table 1: Plate with a hole: parameters.

Dimensions [m] L = 7.5, l = 3
Elastic moduli [N/m2] E1 = 3 ∗ 1010, E2 = 3 ∗ 104
Displacement [m] u = 10−4

Level set function φ(x, s) = (xa )
ξ + (yb )

η − 1
Gauss points per subelement ngp = 7
Strain threshold εth = 10−4

Smoothing parameter ηS = 7

Figure 2: Plate with a hole: sensitivity analysis.

CONCLUSIONS

An optimization approach to design structures resistant to degradation is developed. The analysis is performed within an
XFEM-level set framework and resorting to a displacement controlled iterative solver. The sensitivity analysis of the damage
process is carried out through a fully analytical approach. Finally, the optimization procedure will be applied to design
structures under damage constraints.
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Summary In topology optimization, there are two formalisms for computing derivatives : one where the variations of the shape are given
by a transformation by a diffeomorphism, and another one where they are described by the flow of a regular vector field. In the level-set
approach, a shape is represented by the negative domain of a scalar function, and its variations are performed trough a transport equation,
namely the Hamilton-Jacobi equation. The present work focuses on computing derivatives in that context. The knowledge of the second
order shape derivatives gives also different indications on numerical aspects, that we illustrate with a few examples at the end.

SHAPE DERIVATIVES

The derivation with respect to a shape - a variable subset of Rd - is a crucial tool in shape optimization. It was widely
developed by many authors [5], [6], [12] (and references therein). Here we follow the approach and notations of Murat and
Simon [6, 11]. Given a bounded open set Ω0 of Rd, a variation of the domain is a perturbation by a regular mapping : any
domain Ω ”close” to Ω0 can be seen as Ω =

(
Id + θ

)
(Ω0), where θ is a small displacement field and Id the identity operator

on Rd. Following this idea, one can define Fréchet derivatives of functions depending on Ω. Zolésio and co-workers [3, 12],
proposed another point of view which consits in considering a moving domain

[0, τ [∋ t "→ Ωt,

with Ωt = XV (t,Ω0), where XV : [0, τ [×Rd → Rd is the maximal flow of a regular vector field V ∈ Ck
(
R+ × Rd;Rd

)
:

∂tXV (t, x) = V
(
t,XV (t, x)

)
with XV (0, x) = x. This allows one to derive a function of the shape with respect to the time

parameter t. The structure of the second order shape derivatives is also known in this context.

DERIVATION WITH RESPECT TO NORMAL EVOLUTION

The goal of this work is to derive along time trajectories, in the framework of the level-set method [1], when the vector field
is aligned with the outer normal to the shape at every point of its boundary. Let φ0 be a level-set function representing Ω0 :

⎧
⎨

⎩

x ∈ Ω0 if φ0(x) < 0,
x ∈ ∂Ω0 if φ0(x) = 0,
x ∈ Rd\Ω0 if φ0(x) > 0.

(1)

The boundary of Ω0 is given by the level set {x ∈ Rd | φ0(x) = 0}. Given a regular vector field v ∈ Ck
(
R+ × Rd;R

)
, let

φv ∈ Ck
(
[0, τ [×Rd

)
be a classical solution of the following Hamilton-Jacobi equation (with t small enough) :

{
∂tφv(t, x) + v(t, x) |∇xφv(t, x)| = 0,
φv(0, x) = φ0(x).

(2)

For 0 ≤ t < τ we define Ωt as being the set of negative values of φv(t, ·) : Ωt = {x ∈ Rd | φv(t, x) < 0}. The perturbation
by the Hamitlon-Jacobi equation corresponds to a normal evolution of the shape. Thanks to the bicharacteristics method
for solving the Hamilton-Jacobi equation [10], we can compute shape derivatives in this framework. It appears that the first
derivatives are all the same, and that the second derivatives are all different.

EXTENSION OF A SCALAR FIELD - APPROXIMATION OF THE SHAPE HESSIAN.

The first shape derivatives only depends on the trace of the field v on ∂Ω. It is then necessary to extend v to Rd. This question
has already been studied in [2, 4]. As a result, v being a descent direction we may choose any extension method from ∂Ω
to Rd. On the first hand, the structure of the second order shape derivatives allows to find an extension method that may be
efficient. On the other hand, it helps to approximate the shape Hessian, which is the basic idea of a quasi-Newton method [7].
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NUMERICAL EXPERIMENTS

At the end we show some numerical comparison between the presented quasi-Newton, the Newton method and the gradi-
ent method. For example, we consider the case of a bridge, and try to minimize the compliance with a fixed penalization
on the volume. We consider three algorithms : the gradient method (GExt0,GExt1 in Figure 2), the Newton method
(NExt0,NExt1) and a Quasi-Newton method (QExt0,QExt1). We also try on each algorithm two extension method.
Below we plot the evolution of the objective L, where L(Ω∞) is the minimum of each method.

Figure 1: Initial and Optimal domains.
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Figure 2: Evolution of the error with each optimal value
L(Ω∞). The value of L(Ω∞) is different for each method;
it is given in the legend.

CONCLUSION

The computation of the second order shape derivatives in the level-set framework and the knowledge of their structures allowed
us to propose some extension method coupled to a gradient, a Newton and a Quasi-Newton algorithms. This combination
seems at first to be efficient in some basics numerical examples.
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Summary It is well known that material distribution topology optimization problems often are ill-posed if no restriction or regularization
method is used. A drawback with the standard linear density filter is that the resulting designs have large areas of intermediate densities,
so-called gray areas, especially when large filter radii are used. To produce final designs with less gray areas, several different methods
have been proposed; for example, projecting the densities after the filtering or using a nonlinear filtering procedure. In a recent paper, we
presented a framework that encompasses a vast majority of currently available density filters. In this talk, we present that these nonlinear
filters ensure existence of solutions to a continuous version of the minimal compliance problem. Moreover, we show numerical experiments
that illustrates that cascades of these nonlinear filters can be used to efficiently solve large-scale topology optimization problems.

INTRODUCTION—THE fW -MEAN FILTERED CONTINUOUS MINIMAL COMPLIANCE PROBLEM

Since the seminal paper by Bendsøe and Kikuchi [2] regarding topology optimization of linearly elastic continuum struc-
tures, the field of topology optimization has been subject to intense research. It is well known that material distribution
topology optimization problems often are ill-posed if no restriction or regularization method is used. Amongst the most popu-
lar techniques to achieve mesh-independent designs is to use a filtering procedure. In a classic paper, Bourdin [4] established
existence of solutions to a continuous version of the linearly filtered minimal compliance problem. Since the introduction of
the linear density filter by Bruns and Tororelli [5], a whole range of nonlinear filters developed to produce final designs with
less gray areas has been presented [6, 8, 9]. We have recently introduced the class of generalized fW -mean filters that include
the vast majority of filters used in topology optimization [10] and provide a common framework for analyzing and evaluating
various filters.

Here, we consider a standard test problem, namely the problem of designing a linearly elastic structure with minimal
compliance given a certain load-case and an upper bound V on the availiable volume. Let Ω ⊂ Rd be a bounded and
connected domain in which we want to place our structure. We describe the design by using the material distribution approach
to topology optimization and define the spatially varying forth order elasticity tensor E(ρ) = (ρ+(1−ρ)P (F (ρ)))E0, where
ρ > 0, F (ρ) is a continuous version of the fW -mean filter, P : [0, 1] → [0, 1] is a smooth and invertible penalty function, and
E0 is a constant forth order elasticity tensor. The above formulation includes the case when the problem is penalized using
SIMP [3], that is the case when P (x) = xp for some p > 1. The continuous fW -mean filtered density is, for x ∈ Ω, given by

!
F (ρ)

"
(x) = f−1

#$

Ω
w(x, y)(f ◦ ρ)(y) dy

%
, (1)

where f : [0, 1] → [fmin, fmax] ⊂ R is a smooth and invertible function and w(x, ·) is a non-negative normalized weight
function. We let A =

&
ρ | 0 ≤ ρ ≤ 1 a.e. on Ω, ∥F (ρ)∥L1(Ω) ≤ V

'
⊂ L∞(Ω) denote the set of admissible designs and

assume that the boundary ∂Ω is Lipschitz and that the structure is fixed at a non-empty open boundary portion ΓD ⊂ ∂Ω.
The displacement of the structure u solves the problem, find u ∈ U such that a(ρ;u, v) = ℓ(v) ∀v ∈ U , where U =&
u ∈ H1(Ω)d | u|ΓD ≡ 0

'
is the set of kinematically admissible displacements, a is the energy bilinear form, and ℓ denotes

the load linear form. In this setting, the minimal compliance problem admits solutions, that is, we can formulate and prove
the following theorem.

Theorem 1. There exists a solution to the following variation of the minimal compliance problem. Find u∗ ∈ U∗ such that
ℓ(u∗) = inf

u∈U∗
ℓ(u), where U∗ =

&
u ∈ U | ∃ρ ∈ A such that a(ρ;u, v) = ℓ(v) ∀v ∈ U

'
.

Remark 1. Theorem 1 also holds true for a cascade of fW -mean filters of the form (1) with different filter functions f .

NUMERICAL EXPERIMENTS

Figure 1 shows the final physical designs (not post processed nor sharpened!) of cantilever beams optimized with aim of
minimizing their compliance when a load is uniformly distributed over the middle 10 % of the beam’s right side; a standard
test problem in topology optimization. Here, we use an open–close filtering strategy (comprising a cascade of four fW -
mean filters) over octagonal shaped neighborhoods as suggested by Sigmund [8]. However, instead of using exponential
averaging, we use harmonic averaging as introduced in topology optimization by Svanberg and Svärd [9]. Remark that even
though the open–close filtering strategy in general does not guarantee minimal size control for both structure and void [7], our

∗Corresponding author. Email: eddiew@cs.umu.se
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Summary Structural topology optimization problems are commonly defined using material interpolation schemes. One of the challenges
observed in the review article [3] for this density based topology optimization is the slow convergence of the solvers when an almost solid-
and-void design is found. In this work, we numerically investigate the reasons for slowly moving boundaries, which are often encountered
in practice, and attempt to indicate how this problem can be remedied.

INTRODUCTION

The recent review article [3] studies, among many other topics, the way optimization algorithms generate the designs in
structural topology optimization. The design parametrization is based on density based topology optimization combined with
the SIMP approach [2]. The review article [3] reports that “the optimization rapidly finds a fairly good design but requires a
very large number of iterations for just slight improvements in objective function but rather large changes in geometry”. Thus,
the final geometry is found by slowly moving the boundaries. This behaviour is illustrated in [3] by two different examples,
namely the inverter mechanism design and a minimum compliance problem resulting in a two-bar truss like structure.

The authors of [3] suggest that the underlying reasons for the slowly moving boundaries is the use of the SIMP approach.
However, other reasons could be the choice of problem formulation, the choice of optimization algorithms, the choice of
regularization technique, a combination of several of these issues, or even something completely different.

The problems presented in [3] are only formulated in the nested approach. In contrast, this note shows the results using also
the Simultaneous Analysis and Design (SAND) formulation of the problem. Furthermore, only two numerical optimization
algorithms were tested in [3], the Method of Moving Asymptotes (MMA) method [5] and the Optimality Criteria (OC) method
[6]. These two algorithms are first-order methods developed for structural optimization. However, none of the general purpose
state-of-the-art nonlinear methods have been tested. The benchmarking study in [1] suggests that interior point methods, such
as IPOPT [4], work particularly well for structural topology optimization problems. In fact, since they are second-order
methods, the number of iterations is considerably reduced. Furthermore, special purpose second-order optimization methods
have been successfully implemented in [1] for the minimum compliance problem, such as TopSQP (Sequential Quadratic
Programming solver) and TopIP (interior point method).

We expect that the issue of slowly moving boundaries in topology optimization problems can be avoided, or at least
decreased, by using different optimization solvers. The numerical results in this work support our hypothesis and suggest that
this issue can potentially be reduced or even remedied by changing optimization methods.

PROBLEM FORMULATION

The structural topology optimization problem which is considered throughout is the classical single load minimum com-
pliance problem

minimize
t

uT (t)K(t)u(t)
subject to v(t) ≤ V

0 ≤ t ≤ 1,
(1)

where v(t) is the volume of the structure described by the design variables t and V > 0 is the volume limit. The nodal
displacements u(t) are obtained from the equilibrium equations K(t)u = f. The stiffness matrix is described with K(t). More
details about the formulation of the problem (in both nested and SAND formulation) can be found in e.g. [2] and [1].

NUMERICAL EXPERIMENTS

In [3] a simple minimum compliance problem, namely 2-bar (see Figure 1), is used to illustrate the slowly moving bound-
aries issue. The design domain is discretized using 50 by 20 elements, with a volume fraction equal to 0.2. A density filter is
used to avoid checkerboards and mesh-dependency problems. The SIMP penalization parameter is set to p = 3. Finally, the
contrast gap between the Young’s modulus of the void and solid material is set to E0/Emin = 103 as in [1].

Two different initial designs are considered to compare and study the slowly moving boundaries behaviour as in [3]; an
uniform density (of 0.2) and a solid bar in the middle of the domain satisfying the volume constraint, see Figure 1.

∗Corresponding author. Email: srla@dtu.dk



Figure 1: Design domain of the studied minimum compliance benchmarked problem (left), uniform density starting point
(middle) and solid bar starting point (right).

Table 1: The table contains the objective function value and the number of iterations when the benchmarked problem is
solved with MMA, TopSQP, TopIP, IPOPT-N and IPOPT-S. The table shows the results using two different starting points;
the uniform design (U) and the solid band (S B).

Solver MMA TopSQP TopIP IPOPT-N IPOPT-N∗ IPOPT-S

Initial point U S B U S B U S B U S B U S B U S B

Compliance 11.18 11.47 11.23 11.47 11.19 11.22 11.72 11.37 11.81 11.80 11.18 11.22

Iterations 40 173 34 108 58 48 60 266 74 111 50 85

Different optimization algorithms, such as MMA, TopSQP, TopIP (monotone approach), and IPOPT, are used to conduct
the numerical experiments. In particular, the interior point solver in IPOPT is used to solve both the nested (IPOPT-N) and
the SAND (IPOPT-S) formulation. All details of the parameter selection and implementation can be found in [1].

Table 1 shows the number of iterations and the objective function value at the local minima obtained by the solvers for the
two different starting points. All the executions are run until some first-order necessary optimality conditions are numerically
satisfied (norm of the KKT conditions is less than or equal to 10−4 for MMA and 10−6 for the rest).

For this particular problem, the slowly moving boundaries cannot be visually observed in most of the interior point meth-
ods presented, such as TopIP, IPOPT-S, and IPOPT-N∗ (monotone barrier parameter strategy selected with an initial barrier
parameter value equal to 10). IPOPT-N uses a BFGS approximation while TopIP and IPOPT-S use the exact Hessian of the
Lagrangian. Thus, the two latter solvers requires fewer iterations. In contrast, TopSQP behaves similar to MMA even if
second-order information is used.

The reason of this performance is the ability of the interior point method to take advantage of the barrier function. Within
few iterations, interior point methods modify the starting point to a “grey” design.

Nevertheless, further investigations are needed to avoid the slow moving boundaries when it is produced close to the
optimal design, as in the inverter example. Since this effect occurs at the end of the optimization process, the barrier penalty
parameter is very small and it will have very little effect in the solver.

CONCLUSIONS

The numerical results presented in Table 1 suggest (but by no means prove) that the choice of the optimization method
might affect the slowly moving boundaries behaviour observed in the review article [3]. The remedy to this issue is thus to
switch to second-order interior point solvers. However, this suggestion is only supported by a small and specific numerical
experiment and must therefore be confirmed (or refuted) by additional and extensive numerical and theoretical surveys.
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[4] Wächter, A. and Biegler, L. T.: On the implementation of an interior point filter line-search algorithm for large-scale nonlinear programming. Mathe-

matical Programming, 1(106):25–57. 2006.
[5] Svanberg, K.: The method of moving asymptotes - A new method for structural optimization. International Journal for Numerical Methods in Engineer-

ing, 24(2):359–373, 1987.
[6] Andreassen, E., Clausen, A., Schevenels, M., Lazarov, B.S. and Sigmund, O.: Efficient topology optimization in MATLAB using 88 lines of code.

Structural and Multidisciplinary Optimization, 43(1):1–16, 2011.



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

TOPOLOGY OPTIMIZATION FOR ADDITIVE MANUFACTURING: CONSIDERING
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Summary Additive manufacturing can build parts of complex shape through support structures. The fabrication of such support structures
leads to the waste of the materials, build time and energy. This paper presents an approach for incorporating support structure consideration
into topology optimization for additive manufacturing. A new measure based on the perimeter length of boundary with undercut, projected
along the build direction, is developed to characterize the support volume. By constraining this projected undercut perimeter in topology
optimization, the amount of support structures in the resulting designs can be effectively controlled. Our study has also revealed one
interesting finding, that is, accounting for support structures in topology optimization can, in some cases, lead to designs with better
performance, in addition to the reduction of support volume.

INTRODUCTION

Additive manufacturing builds part by depositing materials layer-by-layer under computer control. For part shapes with
undercuts, sacrificial support structures are usually used to hold the subsequent layers. The fabrication of such support
structures leads to the waste of the materials, build time and energy. Topology optimization [1] is a computational design tool
that can generate optimal topology and shape under physical constraints. As a design tool, it has been become the method
of choice for exploiting shape freedom of additive manufacturing. However, thus far, limited research [2] has been done in
reducing support structures during the part design stage.

In order to consider support structures in topology optimization, a new measure based on the perimeter length of boundary
with undercut, projected along the build direction, is developed in this paper to characterize the support volume. By con-
straining this projected undercut perimeter (PUP) in topology optimization, the amount of support structures in the resulting
designs can be effectively controlled.

CONSIDERING PROJECTED UNDERCUT PERIMETER IN TOPOLOGY OPTIMIZATION

Our topology optimization formulation for considering support structures via PUP is as follows

min
u∈U,γ

C(u) Compliance (1a)

s.t. aE(u,v) = l(v), ∀v ∈ U0 Equilibrium (1b)
!
Ω γ dΩ
V0

≤ θ0, γ[0, 1] Volume fraction constraint (1c)
"

Ω
H(b ·∇γ)b ·∇γ dΩ ≤ P0 Projected undercut perimeter constraint (1d)

!
Ω 4γ(1− γ) dΩ

V0
≤ ε0 Density grayness constraint, (1e)

where V0 represents the volume of the design domain, θ0 represents the allowed volume fraction of the material, P0 represents
the allowed projected undercut perimeter, and ε0 the specified grayness measure [3]. In this formulation, equations (1a),
(1b), (1c) form the standard formulation of density based topology optimization of a minimal compliance problem under an
equilibrium equation and the volume constraint. In order to take into account the support structures, we here add two additional
constraints with (1d) constraining the projected undercut perimeter and (1e) constraining the grayness in the resulting design.

For a density field γ, its spatial gradient ∇γ and directional gradient b · ∇γ along build direction b, the LHS of (1d)
represents the integration of the directional gradient multiplied with the Heaviside function H(b ·∇γ) over the design domain
to obtain. Therefore, when the directional gradient b ·∇γ is negative, i.e. there is no undercut, this term does nothing. When
it has undercut, i.e. the directional gradient is positive, it has contribution to the term in (1d). By constraining this term within
a pre-specified value, we constraint the amount of support needed in a design.

∗Email: xiaoping.qian@wisc.edu
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minρn,u fTu (1)
s.t. K�ρn�u / f (2)

!

e∈Ω

ρe�ρn�v
e ≤ V (3)

ρmin
n ≤ ρn ≤ 1 ∀n ∈ Ω (4)

In the expression, the nodal densities ni are linearly projected onto the element e if

distnie ≤ r�θnie�/
1

��| 1acos�θnie
m
4 �|�n2 � �| 1b sin�θnie

m
4 �|�n3�

1
n1

(5)

Computer Visison Approach
The second approach tends to use the work done in computer vision researchers to construct the skeleton of the design and

check if the latest does not show overhanging problem. This view of using computer vision technics in topology optimization
problem was initially introduce by Sigmund [6] and opens up lots of new possibilities.

Body load Approach
The last approach relies more on a mechanical approach by adding body load cases [7] during the manufacturing process.

Hence the optimization problem is formulated by introducing multiple body load cases to simulate the printing process and
thus tackling the overhanging problem.

Figure 2: Body load approach
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Summary The application of energy-based topology optimization methods together with two-level design method for 
determination of structural sizes is considered. Main stages of such evolutionary approach to synthesis structural layouts of 
aircraft components are described. The approach is demonstrated on the example of structural optimiza tion of helicopter wing 
and tail boom. It is shown that sizing optimization with including strength/buckling/aeroelasticity constraints results in to the 
design with significantly less weight compared with the one obtained by conventional approach. 
 

INTRODUCTION 
 
   Nowadays, leading aviation companies often use topology optimization methods as an efficient tool for obtaining new 
and lighter structural component designs. Most of such researches are related with design of small structural parts such as 
ribs, spars, door intercostals, etc. [1]. The application of topology optimization for determination of reasonable structural 
layout was proven to result in advanced designs. Significant weight reducing is achieved after the sizing optimization of the  
obtained structural layout. The purpose of this research is to develop novel approach which combines modern topology 
optimization methods with two-level sizing optimizat ion technique for design of larger aircraft components such as wing, 
tail and fuselage. Some approaches to design of wing structures with using topology optimization were demonstrated in the 
papers [2, 3]. The proposed method is based on the integration of the global-local method for sizing optimization described 
in [4] together with topology optimization in the unified cycle of mult idisciplinary design which includes aerodynamic and 
aeroelasticity analyses.  
 

METHODOLOGY OF TOPOLOGY/SIZING OPTIMIZATION 
  
   The general flow-chart of the developed approach is presented in Figure 1 on example of wing design. The first step of 
the procedure is to build solid topology optimization model and aerodynamic model which are specified by geometric 
outlines from CAD system. The specified geometric outlines of mechanical body define the place of load -bearing structure 
or design domain. Some part of the domain is supposed to be fixed and another part is subjected by external loads. The 
design domain is subdivided in detail on 3D finite elements for analysis of displacements and stresses.  
 

CAD, manufacture

Engineering interpretation (alternative concepts)

Solid model

Topology optimizationSizing optimization

Design models

Global-local 
approach

Manufacturing 
constraints

 
Fig. 1 ± Flowchart of topology/sizing optimization 

 
   The second step is to perform a set of topology optimizations with different control parameters . The topology 
optimization results can be slightly different for these parameters. For example, manufacturing constraints with extrusion in  
vertical direction can give pattern with more exp licit place fo r wing box. The obtained topology patterns allow us to  reveal 
where load-bearing material should be located in global sense. Location of ribs is specified by intuition and then it can be 
determined by sizing optimization taking into account buckling constraints. 



   The third step is most complicated and it implies engineering interpretation of the obtained topology results . It is 
difficult  to determine one optimal structure. So  we should imagine several alternative structural layouts  to choose one of 
them as optimal. The forth step is generation of finite element models for the alternative structures. These structures we 
consider as shell/beam ones which usually include skins, ribs and spars. At generation of the models it is necessary to take 
into consideration various manufacturing constraints such location of control surfaces, fuel tanks and technology factors.  
The fifth step is accomplishment of design optimization for determination of sizes of structural elements with satisfying 
stress/buckling/aeroelasticity constraints. Stress and aeroelasticity constraints are involved into the optimization process on 
the global level model while the buckling constraints are engaged on the local level models of structural panels. The final 
step is ranking of obtained structural layouts based on comparison of optimal weights. 
 

NUMERICAL RESULTS 
 
   The proposed method is demonstrated on the example of helicopter wing design. An aerodynamic model of the wing was 
developed to determine aerodynamic forces in extreme load cases and to perform aeroelasticity analyses . It was important for 
this problem to correctly transfer pressure loads from aerodynamic model to FE model. It  was performed by interpolation of the 
obtained pressures with using polynomial function of nodal coordinates on outer surfaces of the FE model. Topology 
optimization was performed with the aim to minimize compliance at saving 50 percent of initial solid model weight in the final 
design. The obtained patterns where the load-bearing material should be distributed are shown in Figure 1 (right). Seven 
alternative structural layouts based on these results and engineering intuition were proposed. The structural optimization under 
strength/buckling/aeroelasticity requirements for the layouts leads to the final optimal design with different weight values. 
Comparison of the chosen alternative structural layouts with optimal distribution of material showed that the weight benefit was 
about 10 percent owing to the choice of location of the primary elements. The best structural layout is two-spar wing with 
additional sloped ribs at the wing end rear part. Note that this design is lighter by 60% than the design obtained by traditional 
methods used in design companies. The second example is a helicopter tail boom. The optimization procedure and topology and 
sizing results are presented in pictures in Figure 2. 
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Fig. 2 ± Optimization results for helicopter tail boom structure 

 
   The solid finite element model was generated based on CAD drawing and the nodes of its larger section were fixed. Forces 
which modelled vertical/horizontal bending and torsion were applied to the nodes on the opposite section. Two extreme load 
cases were considered. Topology optimization was performed at saving 30 percent of initial weight in the final design. It can be 
seen that the obtained design can be treated as a semi-monocoque, namely a structure including stiffened shell. Such structure is 
traditional for aircraft fuselages. In this example the topology optimization results show some regions which can be considered 
as design variables for sizing optimization. Four alternative structural layouts were proposed based on the topology pattern. 
Strength/buckling optimization identified optimal design which had three frames separating the regions of different panel 
thicknesses. 
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Summary This paper aims at designing microstructures using stress-based topology optimization. Most of the developments so far have been
made for compliance design in various field of applications as reflected in the literature. The emergence of the new additive manufacturing
techniques allows to consider porous material, such as lattice structures for instance, which ca be used for the design of structural components
subject to various solicitations. Those components must account for the stress level to prevent failure everywhere in the microstructures
and by extension the whole structure itself. This work proposes to design such microstructures using topology optimization with limitation
on the stress level within the microstructures before printing the result. The homogenization technique is used to determine the equivalent
material properties. The issues and perspectives are also discussed.

ABSTRACT

Topology optimization aims at giving the optimal distribution of the material within a design domain, enabling to place
the material where it is the most efficient while staying with void in less effective regions. Problems based on the discrete
valued approach (0-1) of the optimal distribution of material are difficult to solve numerically but they are also ill-posed
exhibiting convergence issues. To overcome this difficulty, Bendsøe and Kikuchi [2] proposed to relax the problem by in-
troducing porous material, made of an infinite number of holes, whose effective properties can be computed thanks to the
homogenization techniques, see e.g. Hassani and Hinton [4, 5, 6]. Even if the numerical solution of the problems is tractable,
the manufacturability of the optimized design based on classic machine tooling techniques is not straightforward. Thus clear
designs, i.e. nearly black-and-white designs, can be enforced by introducing a penalization of intermediate densities. To this
end, a successful approach is the famous SIMP approach as proposed in Bendsøe. [3]. However nowadays, thanks to the
emergence and the effectiveness of the novel additive manufacturing techniques, structures including regions made of porous
microstructures are now becoming possible to fabricate and topology optimization using homogenization methods receive a
revived interest as attested by recent works of Andreassen et al [1] and Xia [8]. The practical applications of these designs
including microstructures is motivated by the great performances that can be achieved compared to classical solutions of
topology optimization.

In this work, a stress based–topology optimization procedure is considered along with the homogenization technique for
the computation of the equivalent material properties of the porous material. Most of the contributions dealing with the
design of porous material are indeed focused on compliance minimization in a wide variety of applications. The design using
stress–based topology optimization is however gaining in interest, as pointed out by Le et al [7], and it has become critically
important to account for the strength of the microstrucutres and not only their stiffness. To this end, we investigate here the
problem of bounding the stress level within microstructures, problem that has not been much considered so far, to the author
knowledge. The design problem is to find the optimal material distribution within the periodic base cell subject to prescribed
macro strains and bounded stress criterion everywhere in the microstructure and de facto ensure the structural intregrity of the
whole component.

The adopted approach continues along the work developed by the authors. The SIMP approach is adopted while a sequen-
tial convex programming approach using MMA is used to solve the optimization problems. The paper discusses the design
problem formulation as well as the choice of the considered failure criterion (von Mises, principal stresses, etc) while solving
numerical applications. The numerical procedure is at first validated against some analytical results proposed by Vigdergauz
[9, 10] for a single inclusion before investigating more complex loading conditions. Design obtained with pure stress–based
topology optimization is compared to a formulation embedding both stress constraints and a global compliance constraint.
The former method has proven to exhibit better numerical performances, i.e. reduced CPU time . The work focuses also on
an efficient and accurate way to measure the stress field coming from the solution of the adopted finite element procedure.
Numerical issues and perspectives for further works are also discussed.

Finally the optimized designs are fabricated using a multimaterial inkjet polymer printer (Connex by Stratasys) to assess
the actual performance of the optimized designs compared to more conventional results such as compliance–based designs.
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Summary The design of periodic microstructural composite materials to attain specific properties has been carried out by a new combination 
method of the parametric level set method (PLSM) and the energy-based homogenization method (EBHM) in this article. The PLSM is utilized 
to determine microstructural architecture of the representative volume element (RVE) in composites. And its objective function is defined by 
the EBHM which is employed to predict specific material properties. The key characteristic of the PLSM is that the implicit level set function is 
interpolated by a series of compactly support radial basis functions (CSRBF). Besides, the EBHM eliminates the bound of macro structure and 
material microstructure design based on the energy principle and has an easier numerical implementation compared with the numerical 
homogenization method. Finally, some optimal microstructures are achieved by the proposed method, and which validate the design capability 
and favourable features compared with the other design method. 
 

PARAMETRIC LEVEL SET METHOD 
 

The level set method has become popular recently for tracking and modelling the motion of a dynamic interface. 
Because many favourable characteristics of the PLSM [1] are quite benefit to numerical implementation, it is chosen as the 
basis of the microstructural optimization formulation, and which is to determine the layout of materials with a specified 
volume fraction in the RVE. The mathematical formulation could be approximately divided into four key parts. The first 
part is that the structural design boundary is implicitly described by the zero level set of a higher dimension scalar function, 
the dynamic evolution of design boundary is equivalent to propagating the LSF. The second part is that the dynamic 
evolution process of structural boundary is formulated by the rigorous mathematical function. The structural design domain 
is modeled as the zero level set and updated with the merging and splitting of the design boundary. By introducing a 
pseudo-time t into zero level set function and then differentiating on both sides with respect to time, the motion of the 
structure boundary is modelled by a first-order H-J PDE. It is shown at Eq (1). 
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The intention of the third part is to eliminate these poor numerical features of the standard LSM based on above two 
parts. The LSF is interpolated by a series of compactly supported radial basis functions (CSRBF) and unknown expansion 
coefficients, so that the time and space have been decoupled in LSF. It is shown as follows: 
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The Eq (2) has shown that the LSF have been completely transformed into a linear algebraic system equation based on 
the discretized design domain. The final part is that the velocity function is computed by the shape derivative analysis. 
 

ENERGY-BASED HOMOGENIZATION METHOD 
 
   The homogenization theory [2] is built on the small asymptotic expansion theory, and which is utilized to evaluate the 
homogenized effective properties of the periodical composites from directly analysing its periodic RVE. The homogenized 
effective elasticity tensor and the subjected elasticity equilibrium function are reflected at Eq (3). 
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The Eq (3) could be transformed into the sum of the integration of the finite-element based on the FEA. 

 � � � �� � � � � �� �� �0 0

1

1
Y e

NE Te ij e ij e kl e klH
ijkl pq pq pqrs rs rs e

e e

E E dH H H H 

:
 

 ½° ° � � :® ¾
° °¯ ¿

¦ ³   (4) 

Observing the marked Eq (4), the part surrounded by the dotted red line could be interpreted as the average strain energy 
of each finite-element, and which is named by the element mutual energy densities [3]. Hence, it is important to note that 
the elasticity tensor is calculated by the summation of the element mutual energy densities. It is necessary to build 
appropriate boundary conditions in order to evaluate element mutual energy based on the FEA. 



MICROSTRUCTURAL DESIGN MODEL AND SENSITIVITY ANALYSIS 
 

The intention of material design [4] is defined by seeking optimal configuration of the RVE in order to obtain the 
improved homogenized properties. In this article, a new systematic design method is constructed by integrating the PLSM 
with the EBHM. The material microstructural optimization formulation is defined as follows: 
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The OC method is employed to update design variables in the proposed method, and which requires first-order 
derivatives of the objective function and volume constraint function with respect to design variables. as follows: 
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NUMERICAL EXAMPLES 

 
,Q�DOO�H[DPSOHV��WKH�<RXQJ¶V�PRGXOXV�DUH�GHILQHG� ௦ܧ ൌ ͳ of the solid phase, and ܧ௩ ൌ ͲǤͲͲͳ of the void phase. The 

3RVVLRQ¶V� UDWLR�DUH�HTXDO������7KH� ORZHU�DQG�XSSer bounds of design variables હ are defined as Ƚ ൌ ʹ ൈ ݉݅݊�ሼȽሽ and 
Ƚ ൌ ʹ ൈ �ሼȽሽ�ሺ݅ݔܽ݉ ൌ ͳǡʹǡڮ ǡ  ሻ in OC method. Finally, the optimization will be terminated when the difference ofܧܰ
objective functions between two successive steps is less than 10-4. 

Parameters PLSM + EBHM 3*3 Repetitive RVE PLSM + NHM ܬ 
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0.50 
100 100u  

Shear modulus 
1212
HJ G E   

   

0.130 

Tab 1: the optimal configuration of the RVE in different parameters 
 

CONCLUSIONS 
 

   In conclusion, a new systematic, scientific and efficient computation design method is proposed to design the cellular 
material microstructure, and which optimize the shape and topology of the RVE by the PLSM subjected to the objective function 
defined by the EBHM. Based on above results, it is summarized that the optimized results have the distinct and smooth structure 
boundary and the optimal microstructures derived by two different homogenization methods are mostly identical. 
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TOPOLOGY OPTIMIZATION USING BERNSTEIN BASIS POLYNOMIALS
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Summary A new method for density-based topology optimization is presented in which the density field is parametrized using Bernstein
polynomial basis functions on a finite-element mesh. This parametrization permits a continuous variation of the density between mesh
elements to suppress checkerboards without a filter. In addition, rather than refining the design variable mesh, the material boundary is more
accurately captured by elevating the order of the basis functions. Standard meshing techniques may be used to define the design variable
mesh, even with complex domain shapes, and different meshes may be used to define the design variables and the finite element analysis.
Results are presented for two structural topology design problems.

DENSITY FIELD PARAMETRIZATION

In density-based topology optimization with element-based design variables, each finite element is assigned a design
variable to indicate whether that element is solid material or void. Important issues with optimal solutions computed using
element-based design variables include checkerboards of solid and void elements, ragged edges of features not aligned with
the design mesh, and mesh-dependence of the optimal topology. Typically, these issues are mitigated using a filter. In a filter,
the density value of a given element is computed using a weighted average of the density variables in a small neighborhood of
that element. This approach leads to a “gray” transition between solid and void regions whose size depends on the filter size.
Material boundaries are then identified using a projection method.

Several alternative density-field parametrizations also exist to mitigate the issues identified above without using filters.
Matsui and Terada [1] assign design variables to linear shape functions to define a continuous distribution of the density
field. Ngyuen et al. [2] define a multiresolution topology optimization scheme (MTOP) in which each element contains many
constant-density regions with corresponding design variables. Kang and Wang [3] assign density design variables to points in
the domain and use Shepard interpolation to compute the density at any other point in the domain. Qian [4] embeds the design
domain in a tensor-product B-spline mesh and assigns design variables to the B-spline basis functions.

We propose a density field parametrization based on Bernstein polynomial basis functions. The degree-n basis functions
are given by

bk,n(x) =

!
n

k

"
xk(1− x)n−k k = 0, ..., n. (1)

Over the interval x ∈ [0, 1], these n + 1 functions are nonnegative and sum to one regardless of the choice of n. These
properties make the Bernstein polynomials ideal for parametrizing a density field whose values must stay between zero and
one. Figure 1 shows the cubic Bernstein polynomials as basis functions for two adjacent one-dimensional elements, compared
to the cubic Lagrange polynomials over the same interval. Figure 2 shows two example basis functions for adjacent square
elements.

This particular parametrization has several attractive features. First, we are not restricted to using linear basis functions,
so more detailed features of the density field may be revealed with fewer elements. Second, the support size of the basis

Figure 1: The cubic Bernstein polynomials (left), unlike the cubic Lagrange polynomials (right), never take values greater
than one or less than zero.
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Summary Here the author reports a novel structural design optimization method that deals with the orthotropic strength properties of Fused 
Deposition Modelling (FDM) structures. The proposed Strength-Based Evolutionary Structural Optimization (SBESO) method inherits the 
concept of the traditional ESO with a new severeness index to evaluate the stresses in all directions based on the orthotropic strengths. Material 
rejection in the finite element analyses and the topology evolution is performed based on the proposed severeness index. 
 

INTRODUCTION TO THE PROBLEM 
 
   Fused Deposition Modelling (FDM) is a popular type of 3D printing technology, where molten material is ejected 
through a nozzle and deposited layer by layer to form a 3D object. Various thermoplastic polymers such as acrylonitrile 
butadiene styrene (ABS), polycarbonate (PC), or the others in the form of a filament are used as the raw material.  It has 
been discovered that the structures fabricated using the FDM method exhibit significant anisotropy in the ultimate strength 
[1]. In the preliminary testing performed by the author for the properties of the FDM structures, similar results were 
observed. The ultimate strengths were found to be 26.5MPa along the filament direction, 11.98MPa in the direction normal 
to the filament, and 18.67MPa for shear. When forming a design guide for the designer aiming at achieving mass optimized 
FDM structures, such anisotropy should be considered for better accuracy. In this research, the author adopted the concept 
of the Evolutionary Structural Optimization (ESO) method for its simplicity and ease of implementation [2], noting that 
other sophisticated methods for topology optimization exist [3]. A Strength-Based ESO (SBESO) was devised to reflect the 
orthotropic strength characteristics of the FDM structures. A severeness index was defined to evaluate the stresses, instead 
of the von Mises stress commonly used for isotropic materials. The ultimate strengths mentioned above were used as the 
reference for calculating the severeness index of each stress component of each finite element. In this study, the SBESO was 
demonstrated with a short cantilever problem. A strategy of direct incrementing and fixed material removal rate was also 
adopted [4]. 

OPTIMIZATION PROCESS 
 
   The optimization process is detailed in Figure 1. A finite element model of the design envelop was first created with 
boundary conditions applied. The calculated stress components of each finite element were used to compute the severeness 
indices by taking the ratio of the stress to the strength. For each finite element, the maximum severeness index among the 
six components would be taken as the representative index of that element. All the elements would then be ranked based on 
the representative index, and the lowest 1% of the elements would be rejected for the next finite element calculation until a 
desired percentage of total material removal has been achieved. 
 

 
 Figure 1. The procedure of the Strength-Based Evolutionary Structural Optimization. 
 

RESULTS AND DISCUSSIONS  
 
  A plane stress short cantilever problem was attempted using the proposed SBESO. The length of the beam is twice as 
much as the height; line constraints were applied at the right side of the beam, and a point load was applied at the bottom 



left corner (Figure 2 (a)). The optimized topology of the three cases calculated was shown in Figure 2. For the isotropic case, 
von Mises stress was used for evaluation. In the horizontal case, the filament direction was assumed to be horizontal; in the 
vertical case, the filament was vertical. The finite element model has 5000 elements in total. For each calculation increment, 
1% of the total elements that have the lowest severeness indices were rejected. Thus, the volume fraction was controlled to 
be steadily decreasing until 20% as shown in Figure 3(a). The conventional rejection rate and evolutionary rate were not 
adopted [2]. However, for comparison reason, equivalent rejection rates were calculated by taking the ratio of the rejected 
severeness index to the maximum severeness index for every increment. The results were also shown in Figure 3(a). Note 
that although the evolutionary process of the topology was not driven by the rejection ratio, the history of the rejection ratio 
exhibits a similar increasing trend with progressing evolution. As a rough confirmation of the effectiveness in topology 
optimization, the collective representative severeness indices of the final models were compared with each other, along with 
some arbitrary topology (see Figures 2(e)&(f) and 3(b)&(c)). The optimized topology appears to have the lowest deviation 
from the average severeness index, indicating the highest efficiency in material usage in terms of stress distribution. 
 

    
(a)  (b) Isotropic benchmark (c) Horizontal filament (d) Vertical filament 

 

  

 

 (e) Arbitrary design 1 (f) Arbitrary design 2  
Figure 2. The problem of a short cantilever beam: (a), and the results of the optimized topology: (b), (c), & (d). Arbitrary 
designs for comparison: (e) & (f). 
 

   
(a)  (b)  (c)  

Figure 3. (a) Evolutionary histories of the equivalent rejection ratio and the volume fraction; (b) Distributions of the 
normalised severeness indices of the final models; (c) Averages and standard deviations of the normalized severeness 
indices. 

CONCLUSIONS 
 

   A Strength-Based Evolutionary Structural Optimization method was proposed for the structures of the Fused Deposition 
Modelling, which exhibits significant orthotropy in the ultimate strength. Instead of using the von Mises stress as the rejection 
index, a severeness index for each stress component was defined, and the maximum value among the six components was taken 
as the representative index of every finite element. A strategy of direct incrementing and fixed material removal rate was also 
adopted. Results of a short cantilever problem showed that the optimized topology exhibited the highest efficiency in material 
usage in terms of stress distribution while compared with some arbitrary designs. 
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Summary The paper is concerned with the topology optimization of elastic bodies in unilateral contact with a given friction. The aim of
the optimization problem is to find such distribution of the material density function to minimize the normal contact stress. The phase field
approach is used to analyze and solve numerically this optimization problem. The original cost functional is regularized using Ginzburg-
Landau free energy functional including the surface and bulk energy terms. These terms allow to control global perimeter constraint and the
occurrence of the intermediate solution values. The Lagrangian approach is used to calculate the derivative of the regularized cost functional
and to formulate a necessary optimality condition. The optimal topology is obtained as the steady state of the phase transition governed
by modified Cahn-Hilliard equation. The finite difference and finite element methods are used as the discretization methods. Numerical
examples are provided and discussed.

TOPOLOGY OPTIMIZATION PROBLEM

Consider deformations of an elastic body occupying two–dimensional domain Ω with the smooth boundary Γ [6]. The
body is subject to body forces f(x) = (f1(x), f2(x)), x ∈ Ω. The boundary Γ of domain Ω is split into three mutually
disjoint parts such that Γ = Γ̄0 ∪ Γ̄1 ∪ Γ̄2, Γi ∩ Γj = ∅, i ̸= j, i, j = 0, 1, 2. The body is clamped along the portion Γ0 of the
boundary Γ. The surface tractions p(x) = (p1(x), p2(x)), x ∈ Γ, are applied on a portion Γ1 of the boundary Γ. The contact
conditions with Tresca friction are prescribed on the portion Γ2 of the boundaryΓ. Let ρ = ρ(x) : Ω → R denote the material
density function at any generic point x in a design domain Ω. It is a phase field variable taking value close to 1 in the presence
of material, while ρ = 0 corresponds to regions of Ω where the material is absent, i.e. there is a void or weak material. In
the phase field approach the interface between material and void is described by a diffusive interfacial layer of a thickness
proportional to a small lenght scale parameter ϵ > 0 and at the interface the phase field ρ rapidly but smoothly changes its
value [1, 2, 3, 5]. We require that 0 ≤ ρ ≤ 1. The ρ values outside this range do not seem to correspond to admissible material
distributions. The elastic tensor A of the material body is assumed to be a function depending on density function ρ:

A = g(ρ)A0, A0 = {aijkl}
2
i,j,k,l=1 (1)

and g(ρ) > 0 is a suitable chosen function [5, 7]. It is assumed, that elements aijkl(x), i, j, k, l = 1, 2, of the elasticity tensor
A0 satisfy [1, 6] usual symmetry, boundedness and ellipticity conditions. We denote by u = (u1, u2), u = u(x), x ∈ Ω, the
displacement of the body and by σ(x) = {σij(u(x))}, i, j = 1, 2, the stress field in the body. Consider elastic bodies obeying
Hooke’s law, i.e., for x ∈ Ω and i, j, k, l = 1, 2

σij(u(x)) = g(ρ)aijkl(x)ekl(u(x)) where ekl(u(x)) =
1

2
(uk,l(x) + ul,k(x)), uk,l(x)

def
=

∂uk(x)

∂xl

. (2)

We use here and throughout the paper the summation convention over repeated indices. The stress field σ satisfies the system
of equations in the domain Ω [6]

−σij(x),j = fi(x) x ∈ Ω, i, j = 1, 2, where σij(x),j =
∂σij(x)

∂xj

. (3)

The following boundary conditions are imposed on the boundary ∂Ω

ui(x) = 0 on Γ0, i = 1, 2, and σij(x)nj = pi on Γ1, i, j = 1, 2, (4)
uN ≤ 0, σN ≤ 0, uNσN = 0 and | σT |≤ 1, uTσT+ | uT |= 0 on Γ2, (5)

where n = (n1, n2) is the unit outward versor to the boundary Γ. Let us introduce the set Uad of admissible domains. This
set has the form: Uad = {Ω : Ω ⊂ D ⊂ R2 : Ω is suitable regular, V ol(Ω) − V olgiv ≤ 0, PD(Ω) ≤ const1} where
V ol(Ω) =

!
Ω dx and PD(Ω) =

!
Γ dx. The subset D as well as constants V olgiv, const1 > 0 are given. The set Uad is

assumed to be nonempty. Consider the following structural optimization problem: for a given function η ∈ M st, find a
domain Ω⋆ ∈ Uad such that

Jη(u(Ω
⋆)) = min

Ω∈Uad

Jη(u(Ω)) where Jη(u(Ω)) =

"

Γ2

σN (u)ηN (x)ds. (6)

The set M st = {η = (η1, η2) ∈ [H1(D)]2 : ηi ≤ 0 on D, i = 1, 2, ∥ η ∥[H1(D)]2 ≤ 1} and the functional Jη(·)
approximates the normal contact stress.
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Phase field based topology optimization problem
We apply phase field approach to formulate a necessary optimality condition and to solve numerically the optimization

problem (6). We shall consider domain Ω as a two phase domain. We use Ginzburg-Landau energy functional [3] as a
regularization term rather than standard perimeter term. Material density function ρ describes the concentration of one of the
phases in the domain Ω. The other phase is obtained as (1− ρ). This variable is used to describe the phase transition. In order
to indicate the evolution of the material density function ρ let us assume this function depends not only on x ∈ Ω but also on
the artificial time variable t ∈ [0, T ), T > 0 given, i.e. ρ = ρ(t, x). Let us introduce the regularized cost functional J(ρ, u) in
the form:

J(ρ, u) = Jη(u) + E(ρ), E(ρ) =

"

Ω
ψ(ρ)dΩ, ψ(ρ) =

γϵ

2
| ∇ρ |2 +

γ

ϵ
ψB(ρ), (7)

where the functional Jη(u) is given by (6) and ϵ > 0 is a constant, γ > 0 is a parameter related to the interfacial energy
density, ψB(ρ) is a double-well potential which characterizes the two phases [3] usually taken as an even-order polynomial of
the form ψB(ρ) = ρ2(1 − ρ2). The structural optimization problem (6) takes the form: find ρ⋆ ∈ Uρ

ad
such that

J(ρ⋆, u⋆) = min
ρ∈U

ρ
ad

J(ρ, u), (8)

where u⋆ = u(ρ⋆) denotes a solution to the state system (3)-(5) depending on ρ⋆ and Uρ

ad
= {ρ : V ol(Ω) = V olgiv} denotes

the set of admissible material density functions.

NUMERICAL IMPLEMENTATION AND RESULTS

Necessary optimality condition for the optimization problem (8) in the form of the gradient flow generalized Cahn-Hilliard
equation has been formulated. Finite difference and finite element methods have been used as approximation methods. Primal-
dual active set method has been used to solve state and adjoint systems. Biconjugate gradient method has been used to solve
generalized Cahn-Hilliard system. Fig. 1 presents the optimal domain obtained by solving structural optimization problem
(8) in the computational domain D using the optimality condition. The areas with low values of density function appear in
the central part of the body and near the fixed edges. The obtained normal contact stress is almost constant along the optimal
shape boundary and has been significantly reduced comparing to the initial one (see Fig. 2).
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Figure 1: Optimal material density distribution in domain Ω⋆.
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Figure 2: Initial and optimal normal contact stress.

CONCLUSION

The obtained numerical results indicate that the proposed numerical algorithm allows for significant improvements of the
structure and reduction of the normal contact stress. Phase field approach based on the Cahn-Hilliard equation is flexible and
can be easily combined with material density field. In this sense this approach follows SIMP method.
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ADAPTIVE DESIGN PROCESS OF LATTICES PRODUCED BY ADDITIVE
MANUFACTURING

Antonin Paquette-Rufiange1, Serge Prudhomme ∗1, Marc Laforest1, and Augustin Schmidt1

1Département de mathématiques et génie industriel, École Polytechnique Montréal, Montreal, Quebec, Canada

Summary Recent developments in additive manufacturing now allow one to contemplate the fabrication of lightweight parts by the use of
lattice structures. Most lattices to date are designed with a structured configuration (with repeated truss cells), while the freedom provided
by additive manufacturing technologies does not impose this restriction on the design. We propose here a numerical methodology to design
unstructured lattices such that material is only placed where it is needed. Lattices are described in terms of bar, beam and torsion models in
order to handle the simulation of the lattice, even if they possess a large amount of trusses. For given operational constraints, we search for
the truss configuration that minimizes the energy of deformation to weight ratio. The optimization is performed adaptively using a succession
of increasingly complex models. This design process is finally tested on several numerical examples to demonstrate its performance.

INTRODUCTION

Additive manufacturing technologies, such as stereolithography and electron beam melting, now allow for the creation of
complex structural parts using various materials like plastic and titanium alloy. In particular, one could replace solid parts by
lattice structures with the main advantage of being lightweight while respecting geometrical and mechanical requirements.
Lattices are therefore attractive to the aerospace and automobile industries because lighter parts lead to significant savings.
Researches have been made in order to describe the mechanical strength of structured and/or conformal lattices. Also, pub-
lished works have investigated the optimization of some parameters (e.g. the truss diameter) in order to obtain a homogeneous
distribution of mechanical stresses within the lattice [1, 2].

Structural
system

Structured
lattice

Unstructured
lattice

However, one faces several challenges when trying to optimize the design of an unstructured lattice. First, the entire lattice
must be analyzed in a ”discrete” way, meaning that each truss member must be represented. Hence, the number of degrees of
freedom rapidly increases as the lattice becomes denser. Second, obtaining a somewhat optimized configuration of the truss
with respect to loads applied to the system is computationally hard because the position and the size of each truss correspond
to parameters of the optimization problem. We now briefly explain the novel strategies we employ to tackle some of these
challenges.

DESCRIPTION OF THE LATTICE MODEL

We address the first challenge by modeling each truss member as unidimensional single bar, beam and torsion elements.
This allows us to significantly reduce the number of degrees of freedom. For example, if one takes a cubic lattice of 15cm of
length filled with truss members of minimal length of 5mm, one obtains approximatively 230 000 truss members connected
by 30 000 nodes. Thus, using for example the bar model to describe each truss member, one would have about 90 000
degrees of freedom compared to millions of degrees of freedom if one was to discretize each bar solving for the 3D continuum
linear elasticity equations by the finite element method. This approach can therefore considerably reduce the complexity and
computational cost of simulating the mechanical behavior of the lattice.

∗Corresponding author. Email: serge.prudhomme@polymtl.ca
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ADAPTIVE DESIGN PROCESS

The simple models presented in above section to simulate the mechanical response of a lattice can be used for design in
such a way that the quantity of material involved be minimized while satisfying the specific operational requirements of the
lattice. The design variables of the lattice are for example the number of truss members, their diameters, and their position
within the computational domain. The following diagram describes the methodology of the adaptive design process.

Optimize
Intermediate

Model

Optimize
Complex Model

Model Optimization

Compute
Deformation

Compute
Sensitivities

Adapt
Configuration

Initial
Configuration

Optimize
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The adaptive process, with the objective of minimizing the computational cost, consists of two stages: 1) one is to start
with a coarse lattice and refining it with truss members until mechanical tolerance is met, 2) the second is concerned with
adaptive modeling in the sense that each lattice is first described with the simple bar model, which can be locally adapted with
finer models, e.g. beam and torsion models, in order to reduce the modeling errors.
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LATTICE HIP IMPLANT DESIGN 
BY MULTI-SCALE MULTI-CONSTRAINT TOPOLOGY OPTIMIZATION 

 
Yingjun Wang & Damiano Pasinia)  

Department of Mechanical Engineering, McGill University, Montreal, Quebec, Canada 
 

Summary Bone resorption is one of the main issues that lead to aseptic loosening and revision surgery after total hip arthroplasty. 
One of the reasons for bone resorption is stress shielding caused by the prosthesis stiffness usually much higher than that of the 
bone tissue. To address this problem, we present a mechanically biocompatible hip implant that consists of a graded-density 
lattice material obtained via multi-scale multi-constraint topology optimization (TO). Asymptotic homogenization is used to deal 
with the multi-scale mechanics of the implant and a modified proportional TO is used to obtain the relative density distribution 
of the implant. The result shows that bone resorption for the optimized implant is only 9% of that of a fully solid titanium 
implant that is commonly used in current total hip arthroplasty.  
 

INTRODUCTION 
 
   Total hip arthroplasty (THA) is an effective treatment for osteoarthritis and has been successfully performed on over 1 
million patients every year worldwide [1]. Current orthopedic prostheses are generally made of metals, such as 316L 
stainless steel, cobalt chromium alloys, titanium-based alloys and tantalum [2]. These materials, however, are much stiffer 
than the surrounding bone tissue, thereby yielding to stress shielding [3], one of the reasons for bone resorption. Currently, 
13% of hip prostheses require revision surgeries as a result of bone resorption [4]. Khanoki and Pasini [2] introduced a hip 
replacement implant made of a lattice material with graded relative density capable to simultaneously reduce bone 
resorption and bone-implant interface stress. To solve the multi-objective optimization problem, they resorted to an 
evolutionary scheme, which was time consuming and applied to a planar domain only. In this paper, we focus on the 
minimization of bone resorption in a 3D lattice hip implant via a multi-scale multi-constraint topology optimization scheme, 
which is gradient free, more accurate and more efficient than the approach previously used [2].  
 

METHODS 
 
   Figure 1 shows the scheme proposed in this paper to design a graded lattice implant with minimal bone resorption. The 
main steps are briefly described below. 
 

Bonded

Frictionless

Design domain

F1F2 F3

F4

F5

F1F2 F3

F4

F5

S.t.

b b b b ={ }   Relative density of each element
(design variables)

 
Figure 1. Design flow chart to obtain the optimal density distribution for the hip implant.  

 
   (1) A finite element (FE) model is created by processing the CT-scan data from the femur of a 38-year old patient. Two 
FE models are generated, one for the intact femur and the other for implanted femur; the difference in strain energy between 
them is used as proxy to quantify bone resorption [3]. The distal end and condyle are fixed and the loads, written in the (X, 
Y, Z) coordinate system, are F1 (-486, -295, 2063), F2 (75, 6, -111), F3 (9, 15, -111), F4 (-1, -1, 24) and F5 (-1, 19, 93). 
   (2) The macrogeometry of the implant is a minimally invasive design clinically relevant to current THA, whereas the 
microgeometry of the unit cell is a tetrahedron, which is used to aperiodically tessellate the implant domain. This unit cell is 
selected for its smooth mapping relationship to the tetrahedral solid element.   



   (3) The properties of the unit cell are obtained via asymptotic homogenization (AH), e.g., the homogenized elastic 
modulus and the yield surfaces of the cell topology under multi-axial loading conditions. More details about the AH procedure 
can be found in [5]. 
   (4, 5) The full strain and stress regimes for both the intact femur and the implanted femur are obtained via FEA. The 
mean and alternating stresses are used in the Soderberg’s fatigue criterion to obtain the implant safety factor (SF).  
   (6, 7) A multi-constraint topology optimization (TO) scheme modified from the proportional TO [6] is used to optimize 
the relative density distribution of all elements associated to the 3D design domain. In particular, the maximal compliance 
problem is solved by using a density-continuous optimization approach modified from the proportional TO. In addition, the 
constraints of average porosity, pore size and cell wall thickness are directly taken into account during the optimization 
process by converting them into lower and upper bounds of relative density. Failure and fatigue analyses are performed at 
each iteration, and the design variables are updated to satisfy the failure and fatigue requirements. The optimal density 
distribution is obtained upon convergence of the modified TO.   
 

RESULTS 
 
   Figure 2 (a), shows the optimal relative density distribution, and Figure 2 (b) the graded lattice obtained with an in-
house code that can create the geometric model of the lattice ready for manufacturing. The performance of the optimized 
lattice implant is compared with a fully solid implant in Figure 2 (c), which shows that the former can greatly reduce bone 
resorption (1.4% vs 15.7%). Bone loss for the porous implant is only 9% of that for a benchmark implant with solid material. 
Comparing to our previous work [2], where the optimization time required to design a 2D implant was almost 3 days, the 
method presented in this paper for a more realistic 3D implant needs 10 minutes only, a factor that proves the superior 
efficiency of the scheme here proposed.  
 

 
Figure 2. Results of optimized 3D lattice implant: (a) relative density distribution, (b) CAD model of the lattice implant and 

(c) bone resorption comparison with a fully solid implant. 
 

CONCLUSIONS 
 
   In this paper, a multi-scale multi-constraint topology optimization method is proposed to optimize the relative density 
distribution of a 3D hip implant made of graded lattice material. Compared to a fully solid implant, the optimized implant here 
presented can reduce bone resorption of more than 90%. 
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ESTIMATES OF UPPER AND LOWER BOUNDS OF DISPERSIVE EFFECT 
IN THE HOMOGENIZED WAVE EQUATION 
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Summary Waves in periodic media undergo dispersion, namely the propagation velocity depends on the frequency. This effect 
can be modeled by an additional term in the homogenized wave equation. This paper presents the estimation of upper and lower 
bound of the dispersive effect in the two-dimensional wave equation in the case of an 8-fold symmetric periodic microstructure 
with constraints of volume, perimeter and homogenized properties. 
 
 
 

INTRODUCTION 
 
 Dispersive effect is observed on wave propagation in inhomogeneous media. It is well known that the dispersive effect is 
modelled as a higher order terms (namely a fourth order term) in the homogenized wave equation. The fourth order term can 
be obtained by the method of two-scale asymptotic expansions or by the Bloch wave method. That is, wave propagation in 
periodic inhomogeneous media considering dispersive effect is modelled by the following equation. 
 
 

(1) 

 
where  is the ratio between the period size and a characteristic length scale,  is homogenized material property  is a 
fourth-order tensor, called Burnnet tensor studied in [1,2,3],  is a source term and  is second-order tensor. The Burnnet 
tensor satisfies for any Թ  [2] 
 
 

(2) 

 
where and  are defined as follows: 
 
      for  (3) 

   
      for  (4) 

 
The dispersive effect is very important in engineering standpoint, because the periodic size of microstructure is finite. This 
work presents numerical estimates of upper and lower bounds of the dispersive effect in the two-dimensional wave equation. 
We assume that the microstructure is imposed an 8-fold symmetric configuration and consist of two isotropic phases. Under 
this assumption, the Burnett tensor is characterized by two scalar parameters as follows: 
 
 (5) 
 
where is Թ defined as follows: 
 
 

(6) 

   



 
(7) 

 
 
 

FORMULATION OF THE OPTIMIZATION PROBLEM 
 
We introduce an additional assumption that the microstructure is made of two phases with boundary Ȟ and imposed 
constraints of phase proportions, interface perimeter and prescribed homogenized tensor. In order to estimate the upper and 
lower bound of the dispersive effect, we consider the multi-objective problems 
 
 or  (8) 
 subject to: Volume constraint 

Perimeter constraint 
Prescribed homogenized tensor 

(9) 

 
That is, we compute the upper and lower curve in  coordinate system. In this work, the curve is estimated as a set of 
optimal solutions respect to a parameter  utilizing level set-based shape optimization method [4]:. 
 
              (10) 
 
where is a parameter and 
 
 

(11) 

 
where , , , are maximum and minimum value of Ƚ , maximum and minimum value of , 
respectively. That is, the Pareto optimal solutions are obtained by optimizing the interface  in the microstructure based on 
the optimization problem (10) and (11). 
 
 
 

CONCLUSIONS 
 

This works presents an optimization problem for the estimates of upper and lower bounds of the dispersive effect for wave 
propagation in two-phase periodic media. 
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Fig. 1 Schematic of two-scale optimization of the composite frame structure 
 

THE TWO-STEP OPTIMIZATION SCHEME FOR COMPOSITE FRAME 
To cope with the non-convexity problem using the fiber winding angle as design variable, we propose a new two-step 
optimization scheme for composite frame optimization. The schematic diagram of the two-step optimization scheme is 
shown in Fig.2. Where x-axis represents the angle and the stiffness parameter space, y-axis is the value of optimized 
objective function. The solid black line represents the non-convex domain of fiber winding angle space. In the diagram, 
point A represents the local optimum, and point E is the global optimum. The black dashed line represents the convex 
domains of the stiffness parameter space.  

  
  Fig. 2 Schematic diagram of the two space optimization 

A two-step optimization scheme is established to lead the design domain to switch from a non-convex domain to a convex 
domain. Firstly, we generate a set of random or specified initial filament winding angle Ʌ୧ǡ୨�ௌ  as shown in Fig.2 with 
corresponding to the point O. Secondly, carry out the minimize optimization to obtain the local optimum point A with 
filament winding angle Ʌ୧ǡ୨�ை்  in fiber winding angle space. Thirdly, converse the filament winding angle Ʌ୧ǡ୨�ை்  to 
stiffness parameter space, then obtain the local optimum stiffness parameter ൫ ଓܲതതതതതത୩�ை்ݐܵ ൯�corresponding to point A. Finally, 
with the local optimum stiffness parameter�൫ ଓܲതതതതതത୩�ை்ݐܵ ൯ obtained by the previous step, we can obtain its corresponding 
objective function point F in the stiffness parameter space. Then set up the multi-objective minimized optimization problem 
in the parameter space���� ܫ

ǡౠ
, where ܫ ൌ ሼͶ ଵ݂  ଶ݂ሽ, and following the constraints as ݂ ቄ൫ Ʌ୧ǡ୨�ௌ ൯ାଵቅ  ݂ ቄ൫ Ʌ୧ǡ୨�ௌ ൯ቅ ת

൫ Ʌ୧ǡ୨�ௌ ൯ାଵ ് ሺ Ʌ୧ǡ୨�ை் ሻ . By this minimize optimization problem, we can get point G in stiffness space which is 
corresponding to point D in fiber winding angle space as the new starting point of design variables ൫ Ʌ୧ǡ୨�ௌ ൯ାଵ in fiber 
winding angle space. Using the value of ൫ Ʌ୧ǡ୨�ௌ ൯ାଵ as the new start point to optimize iteratively to approach point E. 
Repeat the third step and last step in this process until the ��� ܫ

ǡౠ
 can not determine a new start point for the optimization. 

Thus ݂ா will be regarded as the global optimum for the optimization of composite frame. 

CONCLUSIONS 
The present paper investigates the concurrent multiscale optimization design of composite frame with global optimization 
problem. With the layer-wise constant shear beam theory, we get the equivalent structural stiffness parameter by explicitly 
integrally expressed with respecting to the filament winding angle. To overcome the difficult of local optimum problem in 
case of the fiber winding angle as design variable, a new two-step optimization scheme is proposed. The multi-objective 
minimize optimization problem is established between the fiber winding angle space and stiffness parameter space, which 
can obtain a new optimized starting point in the fiber winding angle space and greatly increase the probability to approach 
the global optimal solution.  
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THE STABILITY OF FLOWING TRAINS OF CONFINED RED BLOOD CELLS
Jonathan B. Freund*1 and Spencer H. Bryngelson2

1Mechanical Science & Engineering and Aerospace Engineering, University of Illinois at Urbana-Champaign,
Urbana, Illinois, USA

2Mechanical Science & Engineering, University of Illinois at Urbana-Champaign, Urbana, Illinois, USA

Summary The asymptotic and transient stability of single-file trains of fluid-filled elastic capsules flowing in narrow channels is analyzed as
a model for the lines of red blood cells commonly observed in small tubes or vessels. The most amplified disturbances in larger channels are
found to have a rich variety of characteristics depending upon the details of the particular configuration. Transient growth mechanisms are
found to be significant, even for relatively small perturbations, and are shown to precipitate nonlinear saturation and chaotic flow many times
more quickly than the t → ∞ asymptotic stability would predict even for nominally small perturbations.

INTRODUCTION

Red blood cells or similar elastic capsules in sufficiently small vessels or tubes are well-known to flow in a regular single-file
formation down the center of the vessel. In wider tubes or vessels, seemingly chaotic flow is observed (e.g. figure 1), presumably
because such capsule trains are unstable. The source of this instability is unclear yet fundamentally important, particularly how
it might be affected by geometric and capsule mechanical properties to avoid line disruption in microfluidic devices to process
blood. We consider the character of the most amplifying perturbations that might lead to chaotic flow.

The model system we analyze is a two-dimensional flow of capsules, which empirically displays both stable and chaotic
behaviors. We assume that the transition between these regimes arises due to the growth of small perturbations via linear
mechanisms. There is no expectation that linearization of this coupled fluid–structure system leads to a diagonalizable system,
so we also consider transient linear amplification of disturbances in addition to the eigensystem that governs long-time linear
amplification. These methods,1 as well as the transient non-modal behavior they expose, have been used to study, for example,
boundary layer stability. Here they are adapted to the complete fluid–structure coupled flow in the viscous limit. Direct
numerical simulations for specific cases confirm both the predicted transient and asymptotic amplification rates, and are used
to track the subsequent nonlinear evolution of the system to a chaotic behavior. Of particular interest are the most amplified
disturbances and what perturbation amplitudes are needed for transient disturbances to achieve nonlinear saturation significantly
before corresponding eigenmodes might lead to finite-amplitude effects at long times, as they must if any eigenvalues are
amplifying.

METHODS

The cells are modeled as finite-deformation elastic shells, each containing a Newtonian fluid of area πr2o , which for this
study matches that of the suspending fluid.2, 3 A boundary integral method4 is used to evaluate their surface velocities u, which
are nonlinear functions of cell surface positions x due to geometric factors. The full nonlinear system evolves as

dx

dt
= u(x). (1)

From this numerical model, withM spectral collocation points x⃗ representing the cell surfaces, a perturbation method is used
to construct the 2M × 2M matrix A that governs the temporal behavior of perturbations ε⃗ to x⃗:

dε⃗

dt
= Aε⃗. (2)

Figure 1: Simulation results for cell shapes and locations for a stable case (left) and an unstable case (right).

*Corresponding author. Email: jbfreund@illinois.edu
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Summary Sickle Cell Anaemia and Hereditary Spherocytosis are genetic hematological disorders in which red blood cell rigidity is increased. 
These changes result in problems of RBC circulation in narrow capillaries and through the thin slits of splenic sinusoids - both situations where 
the RBCs may be subject to very strong deformations. Here, we first show that even in presence of oxygen most RBCs from sickle cell anemia 
patients have an impaired motion when submitted to a shear flow at low shear rate. We then observe the passage of sickle RBCs, spherocytes 
and healthy RBCs through slits mimicking interendothelial slits within the spleen. Their difference in terms of transit time, trapped cell ratio, 
lysis ratio and RBC recovery time are quantitatively determined.  
 

INTRODUCTION 
 
   Two of the most important genetic diseases of red blood cells (RBCs), namely sickle cell anaemia - a very handicapping 
and the most prevalent genetic disease in the world - and hereditary spherocytosis are both characterized by an increase in the 
cell rigidity [1], [2]. In hereditary spherocytosis, the lack of deformability occurs via changes in membrane proteins which in 
turn alter the cytoskeleton resulting in a spherical cell shape whereas in sickle cell anaemia the mutated haemoglobin S able 
to form rigid fibers in conditions of deoxygenation is the cause. Moreover, sickle cell RBCs have been shown to be more rigid 
than healthy ones even in conditions of oxygenation [2]. Surprisingly, the effect of this increased rigidity of oxygenated RBCs 
on their flow behaviour has not been studied. Here, we quantitatively characterize the impact of the rigidity of sickle 
oxygenated RBCs on their orientation under shear flow. We then address the question of the passage of RBCs through the 
interendothelial slits within the spleen. Indeed, both diseases severely affect the spleen albeit leading to different conditions. 
In the case of spherocytosis, the spleen enlarges leading to splenomegaly and anaemia while the sickle cell disease leads to 
the condition of hyposplenism. We developed a technique that enabled us to mimic submicronic interendothelial slits in-vitro 
and we report the first quantitative description of the deformation and the dynamics of RBCs passing through submicronic 
slits in sickle cell anaemia, spherocytosis and healthy conditions. 
 

OXYGENATED RBC DYNAMICS UNDER SHEAR FLOW IN SICKLE CELL DISEASE 
 

 
Figure 1: Density sorting of a healthy blood sample (HbAA) and of sickle cell anaemia sample (HbSS). The evolution of the precession angle ࢥ of RBCs 

with regards to the applied shear stress is shown for unsorted healthy blood samples and two density subpopulation of a sickle anaemia sample.  
 

In a simple shear flow at low shear rates, RBCs may display a variety of motion regimes such as steady tank-
treading/swinging, unsteady tumbling, and chaotic motion. In the tumbling-flipping motion, it has been shown that the 
orientation of the RBC axis of symmetry with the flow direction is determined by the shear stress as a way to minimize 
energetically costly deformations [3]. As such the transition from tumbling to rolling undergone by RBCs as the shear rate is 
increased is a true signature of their elasticity. Oxygenated RBCs from 15 sickle cell patients were suspended in 9% Dextran 



2M. RBCs with a regular biconcave shape were selected and submitted to a controlled shear flow. In order to reduce 
variability, the blood samples have been separated in four different subpopulations based on their densities by using five 
Percoll density solution with densities of respectively 1.085, 1.092, 1.101, 1.107 and 1.122 as described in [4]. As expected, 
sickle RBCs were found to be overall denser than healthy ones (Fig.1 left). The evolution of RBC orientation with the shear 
rate for RBCs belonging to the main dense layer is shifted towards higher shear rates compared to healthy cells. The tank-
treading regime appears for higher shear rates too. This result shows that the enhanced rigidity of dense oxygenated RBCs 
from sickle cell anaemia patients induces a specific flow behaviour. However, RBCs from sickle cell anaemia patients and 
for controls that all belong to the main (less dense) layer of healthy cells present the same flow behaviour (Fig. 1 right). The 
alteration of the flow dynamics of RBCs from sickle cell anaemia seems therefore to be closely related to their density, i.e. to 
the haemoglobin concentration. We finally exploit these results to characterize the average rigidity of a blood samples of 
patients from the automatic detection of the orientation of a large population of RBCs in shear flow.  
 

BIOMIMETIC SPLEEN SLITS  
 

We then studied how the passage of the sickle RBCs and the spherocytes differ within the spleen and to compare them to 
healthy RBCs. To enable this, an on-chip biomimetic spleen is developed. The novelty of this device is the presence of 
submicron sized channels ����� ȝP� which have been obtained by the standard procedures of photolithography and wet 
chemical etching. Moreover, the submicron channels are prepared on a silicon master, which enables obtaining reproducible, 
transparent and disposable biomimetic spleen devices in PDMS.  

Using this device, the passage of sickle cells, spherocytes and healthy RBCs is studied. A difference in the behaviours of 
spherocyte RBCs and sickle RBCs is readily observed. A majority of the spherocyte RBCs are observed to be entrapped 
within the channels compared to the healthy RBCs (Fig. 2). The entrapment is effected by the flow rate of the passage. In 
certain cases, haemolysis of the cells is also observed. In contrast, most of the sickle RBCs are observed to pass through the 
channels but have higher shape recovery times compared to the healthy cells. In addition, the post-deformation shapes of the 
sickle and spherocyte RBCs are seen to be different from each other. 

The present work can therefore answer important questions such as how a difference in the cause of RBC rigidity can 
significantly influence its behaviour in microcirculation. To our knowledge, RBC deformation through channels of submicron 
size has not been studied and this opens up plethora of interesting experiments to be explored using this device. 

 

 
Figure 2: Ratio of healthy RBCs (H-RBCs) and hereditary spherocytosis (HS-RBCs) passing through, haemolysing or getting stuck within the sub-micronic 

PDMS slits (Width*Length*Depth=1.08±0.09*2.28±0.16*10µm) studied at 5mbar, 25mbar and 100mbar pressure drops. Time lapses of a RBC passing 
through the slit and of a haemolysed RBC are shown.  
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with that of the image. Once the solid model is completed, a finite element mesh is generated on the surface of each vessel 
(Fig 2) which defines the non-moving solid-fluid boundary. 
The basic premise of any IBM is to provide a means of 
simulating flows in presence of complex boundaries, such as 
the vascular network, without requiring a boundary-
conforming mesh. The entire domain, including the fluid and 
solid, can be discretized using a rectangular Cartesian mesh 
(Fig 1). The main idea is to impose certain velocity at the solid 
nodes (i.e. ghost nodes) nearest to the boundary such that the 
desired velocity at the boundary is achieved. We have 
developed an interpolation scheme using the image points of 
the ghost nodes inside the fluid domain, which resulted in a 
linear system that can be solved to obtain the ghost-node 

unknowns in an accurate and self-consistent manner for both stationary and moving rigid boundaries.  
As for the cell deformation, we previously had developed a 3D numerical model for deformable blood cells that is most 
comprehensive [2-4]. We model the cells as viscous liquid drops enclosed by zero-thickness hyper-viscoelastic membranes 
whose mechanical properties include resistance against shear deformation, area dilatation, bending, and membrane 
viscosity. The cell membrane is made of a lipid bilayer and an underlying viscoelastic cortex. The bilayer is modeled 
following Helfrich formulation for bending energy, and a finite-strain viscoelastic model is used to obtain the cortical 
tension. The membrane force is transferred to the fluid using a finite-span Delta function. The fluid flow is obtained by 

solving the three-dimensional Stokes equations on the fixed 
rectangular Cartesian grid using a staggered-grid discretization of 
the primitive variables.  Overall, a single set of equations is solved 
using a combined finite difference and spectral method to obtain 
flow fields inside and outside of each deformable cell, with the 
surfaces of rigid boundaries represented using constraints placed on 
Eulerian mesh points identified as ghost nodes.  
   Various validation cases have been performed to assess the 
accuracy of the simulation tool, such as the motion of deformable 
capsules flowing through constricted microchannels, and red blood 
cells moving through a micro-fluidic bifurcation. The later example 
has been used to predict the so-called Zweifach-Fung effect. As a 
further demonstration of the capability of the tool, Fig 3 presents a 
snapshot from a simulation on the flow of blood cells through a 
microvascular network.    
 
 

CONCLUSIONS 
 
   We have developed an IBM-based multiscale direct simulation 
technique to simulate flow of blood cells in complex geometry. The 

technique allows us to consider cellular motion in microvascular network comprised of bifurcating, merging, and tortuous 
vessels, while retaining the cellular-scale details, and essential molecular-scale information. This multiscale tool would 
enhance our ability to consider pathophysiological problems in microcirculation under realistic geometric conditions. 
Problems that can be readily addressed are the influence of vascular network architecture on the heterogeneity of the blood 
cell distribution in microcirculation, and on the platelet margination and leukocyte adhesion. It could also serve as a virtual 
test bed for optimizing the physical characteristics of engineered drug particles for rapid segregation and deposition in the 
microvasculature. 
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Fig. 2: Digital rendering 
(red) of in vivo network 
[1] (black/grey), and 
surface mesh on vessel 
wall. 

Fig 3. Simulation of flow of blood cells in a 
microvascular network. 
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Theory of margination in blood and other multicomponent suspensions

Rafael G. Henriquez Rivera1, Xiao Zhang1, and Michael D. Graham ∗1

1Department of Chemical and Biological Engineering, University of Wisconsin-Madison, Madison WI 53706 USA

Summary A mechanistic theory is developed to describe segregation in confined multicomponent suspensions such as blood. It incorporates
the two key phenomena arising in these systems at low Reynolds number: hydrodynamic pair collisions and wall-induced migration. In
simple shear flow, several regimes of segregation arise, depending on the value of a “margination parameter” M . Most importantly, there
is a critical value of M below which a sharp “drainage transition” occurs: one component is completely depleted from the bulk flow to the
vicinity of the walls. Direct simulations also exhibit this transition as the size or flexibility ratio of the components changes. Results are
presented for both Couette and plane Poiseuille flow.

Using kinetic theory a mechanistic theory is developed to describe segregation in multicomponent suspensions in confined
flow. It incorporates the two key phenomena arising in these systems at low Reynolds number: hydrodynamic pair collisions
(see a schematic in Fig. 1b) and wall-induced migration. We consider a binary suspension of deformable particles in a slit
geometry in Couette and Poiseuille flows. A simple drift-diffusion model is obtained by taking several approximations such
as considering the important case of a binary suspension composed of a “primary” component (‘p’) and a “trace” component
(‘t’) such that φp ≫ φt, where φp and φt are the volume fractions of p and t. Fig. 1a shows an illustration of the binary
suspension in confined simple shear flow with the walls located at y = 0 and y = 2H .

2H2H
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y

y

(b)

Figure 1: (a) Suspension of particles in a slit under simple shear flow. (b) Pair collision trajectories of particles of species α
and β under simple shear flow, where α = p or t and β = p.

In simple shear flow, several regimes of segregation arise, depending on the value of a “margination parameter” M .
Remarkably, this single quantity determines the qualitative nature of the concentration profile. The sign of M is determined
by the competition between the ratio of the migration velocities of the two components and the ratio of the collisional terms.
(1) M > 1: the trace component is displaced further from the wall than the primary component: it demarginates.
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Figure 2: Steady state volume fraction profiles of φp/φ̄p (black solid line) and φt/φ̄t for various values of M for (a) Couette
flow and (b) Poiseuille flow. (The curves coincide when M = 1.)
(2) 0 < M < 1: the relative concentration of the trace component is higher near the wall than the primary component but
does not display a peak: it weakly marginates.
(3) −1 < M < 0: the trace component displays a peak at y = ld, corresponding to an integrably singular concentration
profile: it moderately marginates. ld is the so-called cell-free layer or depletion layer thickness.

∗Corresponding author. Email: mdgraham@wisc.edu



(4) M ≤ −1: the solution for the trace component displays a nonintegrable singularity at y = ld. This steady state is
physically unrealizable as it corresponds to an infinite amount of material in a finite region. In this regime collisional transport
overwhelms migration, and the trace component accumulates indefinitely at y = ld, indicating strong margination.
M = −1 is a critical value of M below which a sharp “drainage transition” occurs: one component is completely depleted
from the bulk flow to the vicinity of the walls. Direct simulations also exhibit this transition as the size or flexibility ratio of
the components changes. Fig. 2a shows the volume fraction profiles of the trace component for different M values. Similar
results from the theory are observed for Poiseuille flow, as shown in Fig. 2b.

The mechanistic nature of the theory leads to substantial and systematic insight into the origins of margination; this
will complement detailed simulations and experiments in guiding development of technologies involving blood and other
multicomponent suspensions at small scales.
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A COARSE-GRAINED THEORY TO PREDICT PARTICLE MARGINATION AND
MIGRATION IN BLOOD SUSPENSIONS

Qin M. Qi ∗1 and Eric S.G. Shaqfeh1,2,3

1Department of Chemical Engineering, Stanford University
2Department of Mechanical Engineering, Stanford University

3Institute for Computational and Mathematical Engineering, Stanford University

Summary The inhomogeneous distribution of red blood cells and platelets normal to the flow direction plays a significant role in hemosta-
sis, drug delivery and microfluidics. In this paper, we develop a coarse-grained theory to predict these distributions in pressure-driven
channel flow at zero Reynolds number and compare them to experiments and simulations. We demonstrate that the balance between the
deformability-induced lift force and shear-induced diffusion results in a red blood cells’ peak concentration at the channel center and leaves
a cell-free or “Fahraeus-Lindqvist” layer near the walls. On the other hand, in the absence of a lift force, platelets have excess concentration
in the cell-free layer due to cell-platelet collisions. We also include in the model the process of platelets forming bonds with VWF-coated
surfaces, linking cell migration and platelet margination to bleeding events. We thus describe the role of hematocrit in platelet activity as
found in our associated experimental results.

INTRODUCTION

Blood is a multicomponent suspension consisting of many species including red blood cells, platelets etc. Under pressure-
driven flow in channels, each species exhibits a unique inhomogeneous center-of-mass distribution due to differences in
deformability, size and concentration. Red blood cells’ migration behavior, characterized by a concentration peak at the
channel center and a cell-free layer or “Fahraeus-Lindqvist” layer near the wall, results from a deformability-induced lift
force created by wall interactions. Platelets, however, “marginate” and thus develop an excess concentration in the cell-free
layer, primarily due to the lack of such a lift force. Experimental results show that bleeding time is influenced by red blood cell
volume fraction, or hematocrit, suggesting a direct influence of erythrocyte concentration distribution (and thus migration) on
platelet margination. The inhomogeneous concentration distribution is also important in applications such as drug delivery
and microfluidic diagonostics. In this paper, we propose a theory that determines both erythrocyte and platelet distributions
in the cross-flow direction using a semi-analytical approach as well as numerically calculated inputs from fast small-scale
simulations. Our method is similar to those used in simple shear flow[1, 2], and the novelty of our work lies in:(1) resolving
issues unique to shear rate gradients in pressure-driven flow (2) modeling the membrane properties and asperity of red blood
cells instead of treating them as capsules in an idealized fashion (3) comparing with simulation and experimental results for
verification and (4) introducing the platelet adhesion to a “wall trauma” as well as platelet margination.

METHODOLOGY

Our work focuses on flow through rectangular channels with the smallest dimension(height) being O(10µm). This size
matches capillary-sized blood vessels as well as many microfluidic devices. We assume the Reynolds number is zero so that
inertial effects can be ignored. As mentioned above, our theory does rely on output functions from computer simulations.
To determine the latter, we utilize an existing boundary integral simulation method[3] that solves Stokes flow including red
blood cell (RBC) deformation, plasma flow, and platelet dynamics. The properties of the RBC membrane are modeled using
the Skalak law with a reduced volume of 0.65. Platelets are treated as rigid oblates. We consider a capillary number(Ca =
µγ̇ca
Es

)between 0.5 and 2, corresponding to those characteristic of arteriole flow. Steady platelet and RBC distributions are
determined from flux balances. Three types of fluxes normal to the flow direction appear in these two balances: hydrodynamic
collisions, hydrodynamic lift and platelet adhesion (at the wall). We begin by examining the flow-induced “collision” of two
particles (e.g. cell-cell, cell-platelet), which results in irreversible cross-stream displacements due to cell deformation. These
changes in trajectories result in shear-induced diffusion and we use two particle collision simulations to obtain displacement
values. Red blood cells experience a lift force away from the wall due to their deformability and curvature of the flow. This
lift force creates a convective flux Nlift = uliftn which is the fundamental cause of RBC migration. We also use single cell
simulations to determine the lift velocity ulift numerically. Finally, platelets begin the process of thrombosis upon vascular
trauma via multi-step reactions and we consider the initial step of platelets forming GPIb bonds with VWF factors on a
damaged channel surface. This reaction produces a flux of platelets exiting the flow at the associated adhesion rate.
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Figure 1: Red blood cell(a) and platelet concentration(b) profile

RESULTS AND DISCUSSIONS

Red blood cell distributions are thus determined from the balance between lift force and shear-induced diffusion. From
simulation, the correlation for lift velocity is ulift =

0.0095 ˙γ(z)
z1.05 , and the fitted values are similar to those reported from vesicle

experiments. The scaling of the lift velocity associated with the wall distance z differs from the usual wall-induced migration
velocity scaling Szz

z2 in shear flow because the variation of the shear rate in the cross stream direction creates an additional
contribution to the lift velocity. As discussed by various researchers, a flux balance continuum model has a singularity issue
at the centerline due to vanishing fluxes from both lift and collision. We thus add a non-local shear rate correction term:
γ̄(z) = γ(z) + ϵumax

H/2 . Our shear-induced diffusion flux includes only cell-cell collisions for the RBCs because of the relative
paucity and size of RBC displacements in cell-platelet collisions. With a usual hematocrit between 10% and 20% in the
microcirculation, red blood cells are, in fact, in the dilute to semi-dilute regime, and thus multiple particle interactions are
important. We therefore lump higher-order collision processes into a second diffusivity term D ∂n

∂z . The diffusivity D is used
as a fitting parameter and it increases with hematocrit nearly linearly as expected but is uniformly smaller than the two particle
effects. Figure 1(a) shows the comparison between our theoretical results and those from simulation. Both methods predict a
reduction in the cell-free layer thickness with increasing hematocrit as a result of increased shear-induced diffusion.

In the absence of the deformation-induced lift force, platelet margination can be treated almost exclusively as a conse-
quence of RBC migration and collisions. We thus solve for the platelet distribution by balancing the cell-platelet collision flux
and platelet-platelet collision flux. The former drives platelets toward the cell-free layer and the latter controls the platelets’
distribution within the layer. We compare our model results to platelet-sized sphere margination experiments and demonstrate
that our model successfully captures the margination behavior. For platelet-sized particles, we assume Pe = ργ̇ca

3

kT → ∞ and
ignore Brownian motion. However, for smaller particles used in drug delivery applications, Brownian motion may be indeed
significant. We therefore expand our model to study nanoparticle margination by adding a thermal diffusion flux. As in Figure
1(b), margination by RBC collisions is predicted to still be significant for particles as small as O(10nm).

In the final stage of model development, we take platelet adhesion into consideration in the event of bleeding trauma.
VWF factors have an average size of 200nm and therefore only platelets within such a wall normal length are able to form
bonds with the surface. From the difference in cell-free layer thickness due to hematocrit (i.e. as a result of migration), we
find that the near-wall concentration of platelets changes and thus affects the adhesion rate. We then compare our results to
platelet adhesion experiments completed at different channel hematocrits.

CONCLUSIONS

By balancing the dominant mass fluxes normal to the flow direction calculated by a Boltzmann-collision approach, we
solve for RBC and platelet distributions in pressure-driven flow through a channel. Our theory predicts cell migration and
platelet margination and explains how hematocrit affects platelet adhesion in the case of a wall trauma. During the develop-
ment of our model, we also address important questions in regard to determining the red blood cell lift velocity in Poiseuille
flow as well as how particle size affects channel margination in blood flow. We compare our data to experimental and simula-
tion results to confirm the validity of theory and suggest it is a good alternative to large-scale simulation.
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Summary Red Blood Cells (RBCs) aggregation depends on the shear rate of the flow, under low shear rate rouleaux (aggregated RBCs) are 
formed and formed rouleaux disaggregate under high shear rates in the flow. Population Balance Modeling (PBM) is used to find the aggregation 
rate in a dynamic situation of RBCs sedimentation. In this configuration, disaggregation can be neglected due to low shear rate. The sizes of the 
aggregates are extracted using an image processing techniques and by using these data the aggregation rate is found.  
 

INTRODUCTION 
 
   Blood shows a non-Newtonian characteristics in microcirculation where low shear rates (lower than ͳͲͲିݏ�ଵ) are present. 
This behavior is related to the particular nature of the blood component; as it is composed of a Newtonian base fluid (plasma) 
with suspended particles (RBCs, white blood cells, platelets, etc.). RBCs are the most abundant cell in blood and hence are 
responsible of the changes in blood behavior. However white blood cells, platelets and other component of blood have a 
negligible effect on blood rheology [1].  
   RBCs tend to clump together and form regular stacks called rouleaux. This phenomenon is defined as red blood cells 
aggregation. These stacks are not static, and constantly move and break apart. This is a healthy part of the blood function, and 
can be viewed as a natural function preserving a more constant set of properties in the human body. There is evidence that 
aggregation of red blood cells plays a crucial role in regulating blood viscosity [2]. Recently, Owens [3] proposed a model 
for blood viscosity as a function of rouleaux size. His model is based on Population Balance Equation (PBE) to find rouleaux 
size. The population balance equation is based on an experimental expression as it ignores microscopic interactions. Therefore, 
in order to use this equation, it is crucial to develop these experimental expressions. As mentioned in [3], due to lack of 
information on aggregation and disaggregation rates, a linear relation between disaggregation and aggregation rates with shear 
rate was assumed. Equation (1) shows the averaged PBE developed by Owens [3]: 

ௗሺሻ
ௗ௧ ൌ ଵ

ଶȳ݊ െ
ଵ
ଶȳሺሻ  ଵ

ଶȳሺሻ         (1) 
where ܵܣܣ denote the average aggregate size and ݊ is the total number of red blood cells per unit volume. The aim of this 
study is to experimentally estimate coefficients for aggregation rate ȳ  and disaggregation rate ȳ  in order to be 
implemented in PBE to predict the aggregate size and the viscosity of the flow [3].   
 

EXPERIMENTAL PROCEDURE 
 
   The Experimental set-up is shown in Fig. 1. It consists of a high speed camera controlled using the LabVIEW software, 
10x lens magnification and a white light source. Images are recorded at the rate of one frame per second. Via a program 
developed in LabVIEW, the exposure time of the camera, the frame rate and the field of view can be varied to obtain the 
highest image quality for proper post processing. To study the sedimentation of RBCs in plasma, a U shaped channel with 
100µm height is used. This channel is similar to the channel proposed in [4] to study the sedimentation of RBCs. The 
dimensions of this channel are shown in Fig. 1. Poly-Di-Methyl-Siloxane (PDMS) is used for the fabrication of the channel. 
Human Blood is collected from 5 healthy individuals (Ethical clearance, University of Ottawa, H11-13-06). RBCs are 
suspended in their own native plasma at hematocrits ( tH ) of 5%. 
 

 
Fig. 1 RBCs sedimentation test microchannel and video microscopic system 

 
   ImageJ software is used to detect the aggregation sizes in the domain. Each image is cropped to remove the additional 
information in the picture. The background is subtracted and bandpass FFT filtering is applied to the pictures to get a clearer 
picture of the RBCs. Images are then converted to a binary image and then aggregate sizes are automatically estimated. 
Resulted images are shown in Fig. 2.  



 
Fig. 2. a) Cropped image b) Removing the background and filtering c) Binary image d) Analyzed picture 

 
RESULTS AND DISCUSSION 

  
   It is assumed that there is no disaggregation due to low shear rate in this set-up, therefore Equation (1) further simplifies 
to ௗሺሻௗ௧ ൌ ଵ

ଶȳ݊. Fig. 3 showsܵܣܣ� and number of particles in each size found using image processing results for the first 
140 seconds. Particle size measurements in this study is done according to Table I. 

 

 
Fig. 3 Sample EU08A (a) Change of average aggregate size with time (b and c) Change of number of aggregates in different sizes with time  

  
   The aggregation rate of ȳ ൌ ʹǤ ൈ ͳͲଷ ͳ ൗݏ ሺേͲǤ͵ ൈ ͳͲଷሻ  is 
estimated from dividing the rate of change of ܵܣܣ (ͲǤͷ േ ͲǤͲͻ ݉ߤ

ଷ
ൗݏ , 

obtained from the five samples) by ݊� ʹൗ .  
   As is shown in Fig 3 (b and c), the number of aggregated RBCs in small 
classes decrease whereas the number of aggregates in larger class increase. 
The reduction of the number of the smaller aggregates are due to the 
aggregation of RBCs and thus the number of the larger size aggregates 
increases. The initial increases in the number of the sizes 5 and 6, is due to 
the formation of new classes from the aggregation of the smaller size 
aggregates. Furthermore, these newly formed classes tend to aggregate to 
produce bigger size aggregates resulting in a drop in the number of the 
aggregates in sizes 5 and 6. 
 

CONCLUSION 
 
   Ponder [5] suggested that there is a linear relation between the aggregation rate and the hematocrit (constant ȳ). This 
relationship can be seen in our experimental data. The aggregation rate found in this study can be called a macroscopic 
aggregation rate and can be used in the Owens¶ model [3]. However, this is not taking into account the aggregate sizes 
distribution. Furthermore, the distribution of the number of aggregates in the different classes collected in this study will be 
used for the development of a more comprehensive population balance model.  
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Summary We study computationally the transient motion of an initially spherical capsule flowing through a tube with a right-angled side
branch, using an immersed-boundary lattice Boltzmann method. We focus on path selection of the capsule at the bifurcation as a function of
a range of parameters, including the flow split ratio, the Reynolds number, the capillary number, and the capsule-to-tube size ratio. We find
that the capsule trajectory is strongly influenced by the Reynolds and capillary numbers which play opposite role. Through its significant
effect on the background flow, inertia increases the likelihood of the capsule to flow into the downstream main tube. On the contrary, the
deformation of the capsule promotes its cross-stream migration towards the side branch. When the flow strength is increased, both the fluid
inertia and capsule deformation increase: we summarize their effects in a phase diagram, which provides information on path selection
depending on the parameters.

INTRODUCTION

A capsule is a liquid droplet enclosed by a thin membrane which can resist shear deformation. Capsules are widely
found in nature in the forms of red blood cells (RBCs), eggs, etc. Artificial capsules have a vast range of applications in
food, cosmetic, biomedical and pharmaceutical industries [1]. In many situations, capsules are suspended in a fluid and flow
through a complicated network of tubes or channels. Central to these flows is the path selection of capsules at bifurcations.

Extensive in-vivo and in-vitro experiments have been conducted on blood flows in branched capillaries or microchannels
[2]. It has been well established that the daughter branch with a higher flow rate receives a larger number of RBCs than the
other branch; furthermore, it is possible that a daughter branch receives no RBC when its flow rate is very low (Zweifach-
Fung effect [3, 4, 5]). For capsules flowing in a branched tube, most previous studies have considered dense suspensions. In
the dilute limit, the problem has not been thoroughly studied experimentally, possibly due to the difficulty of manipulating
individual cells. On the numerical side, the problem has been studied mostly by means of 2D models [6]. To the best of
our knowledge, there is no systematic and in-depth 3D numerical study of a deformable capsule in a branched tube. In
particular, how results obtained from previous 2D simulations can be applied to 3D flows remains unclear. Furthermore,
almost all previous studies have considered low-Reynolds-number flows. The effect of inertia on path selection of a capsule
at a bifurcation remains unknown. The present study aims at addressing these open questions.

PROBLEM STATEMENT AND NUMERICAL METHOD

We consider the flow of an initially spherical capsule in a right-angled bifurcation, composed of cylindrical tubes with
the same diameter 2R (figure 1a). The capsule is initially spherical with a diameter of 2a. It is enclosed by a hyperelastic
membrane which obeys the Skalak’s (SK) law [7] and has a small bending stiffness. The fluids inside and outside the capsule
have identical viscosity µ and density ρ. The mass center of the capsule is initially positioned on the centerline of the parent
tube in the cross-section Sc. The fluid motion in the branched tube is governed by the Navier-Stokes equations. At the tube
wall a no-slip boundary condition is imposed; at the upstream inlet S0 and the two downstream outlets S1 and S2, we set the
velocity profiles to be the fully developed Poiseuille flows with corresponding flow rates of Q0, Q1 and Q2 respectively. The
problem parameters are the branch flow ratio q = Q2/(Q1 + Q2), the flow Reynolds number Re = 2ρV R/µ, V being the
mean flow velocity in the parent tube, the size ratio a/R and the capillary number Ca = µV/Gs, Gs being the surface shear
elastic modulus of the capsule membrane. The capillary number measures the ratio between viscous and elastic forces. The
ratio between the area dilatation modulus and the shear modulus in the SK law is equal to 3. In the present study, the fluid
flow and the fluid-capsule interactions are solved using the lattice Boltzmann method and the immersed boundary method [8],
respectively.
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Figure 1: (a) Geometry of a branched tube; (b) Phase diagram: the critical branch flow ratio qc as a function of the flow
Reynolds number for capsules with different sizes and membrane shear elasticity; (c) Unperturbed flow separation lines in the
cross-section Sc for q = 0.5 at different flow Reynolds numbers. The fluid elements above the separation line enter the side
branch and those below the line remain in the main tube.

RESULTS

We define a critical branch flow ratio qc, above which the capsule enters the side branch. Thus the branch flow ratio q must
be higher than qc for an initially centred capsule to choose the lateral flow. A phase diagram of qc as a function of Reynolds
number Re is shown in figure 1b for capsules with different membrane properties and sizes. Note that, for a given capsule
with fixed membrane properties, increasing the mean flow speed simultaneously increases Re and Ca. In the extreme case of
an infinitely small capsule (a/R = 0), the capsule will follow the streamline of the unperturbed background flow.

As shown in figure 1b, qc increases significantly with Re. This could be due to the bending of the fluid separation line (in
Sc) towards the side branch, as shown in figure 1c for q = 0.5. Comparing qc for two capsules with the same size a/R = 0.4
but different membrane shear elasticity (different Ca), we note that the capsule with a lower membrane shear elasticity is
easier to flow into the side branch, in general. This is mainly because a more deformable capsule has an enhanced capability
of cross-stream migration towards the side branch. The capsule deformation can also be affected by the size ratio between the
capsule and the tube: a smaller capsule with the same membrane is less deformable than a larger one in the same tube flow.
Indeed, as shown in figure 1b, it is more difficult to deviate a capsule with a/R = 0.2 into the side branch than a capsule with
a/R = 0.4, and the effect is more obvious at high Reynolds numbers.

DISCUSSION

The present results suggest that the trajectory of a capsule in a branched tube can be controlled by adjusting a range of
parameters such as the capsule size, membrane elasticity, tube flow rate. One potential application of the results is to guide the
development of microfluidic devices, using a bifurcation geometry, to separate capsules from a suspension or to sort capsules
with different size or membrane elasticity. In this application, it could be important for a branch to capture the capsule without
receiving too much matrix fluid. The present study suggests that this can be achieved by using the downstream main tube as
the capturing branch and flowing the suspension at a high rate when inertia becomes important. For using a branched tube as
a capsule sorter, the present results show that the capsule trajectory is sensitive to the capsule size and membrane elasticity, in
particular when inertial effect is significant (i.e., in figure 1b, the value of qc for capsules with different sizes and membrane
elasticity are very different at higher Re).
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Summary The present study is focused on the dynamics of non-spherical liquid-core capsules in simple shear flow. The objective is to 
determine the stability of the equilibrium configurations of oblate capsules. To solve the fluid-structure interaction problem, we use a numerical 
model coupling a finite element method for the capsule deformation with a boundary integral method for the internal and external flows. The 
equilibrium motions are found to be independent of the capsule initial inclination and to depend only on the capillary number Ca and inner-to-
outer viscosity ratio λ. For λ =1, the tumbling and swinging regimes are found to be stable only until Ca ~ 0.9. Above, the capsule follows an 
out of plane motion which converges towards the rolling motion for Ca > 1.2. For λ > 4, only tumbling is stable at low Ca and rolling at higher 
Ca.  
 

INTRODUCTION 
 
   Microcapsules consist of a liquid internal medium enclosed within a thin elastic membrane. The dynamics of an oblate 
capsule in simple shear flow has recently received great attention [1,2,3], owing to its relevance to model a red blood cell 
(RBC). Most studies have modelled the motion of a capsule with its revolution axis in the shear plane, which is a special 
case, as it is an equilibrium configuration in Stokes flow conditions. It has been shown that the capillary number Ca, ratio of 
the viscous to elastic forces, strongly influences the capsule motion. At low Ca, the capsule has a tumbling motion and 
rotates like a solid particle. As Ca is increased, the capsule experiences a transition and takes a swinging motion where it 
oscillates about the straining direction, while the capsule membrane tank-treads around the deformed shape (fluid-like 
motion). As Ca is further increased, the oscillation amplitude decreases and a tank-treading motion is recovered. 
   We have recently studied the motion of an initially off-plane prolate capsule in shear flow and shown that tumbling is 
mechanically unstable as the capsule revolution axis moves to become normal to the shear plane (rolling regime) [4]. At 
high Ca, the swinging regime is stable. In the intermediate range of capillary numbers, the capsule precesses around the 
vorticity axis. We have shown that the stable equilibrium states do not depend on the initial orientation of the capsule 
revolution axis. Dupire et al. [5] found experimentally that a RBC orbit is unstable in simple shear flow near the tumbling-
to-swinging transition. This shows that the dynamics of oblate capsules is still not well understood, particularly at low Ca. 
The present objective is to investigate the influence of the capillary number, viscosity ratio and initial orientation on the 
equilibrium configurations of an oblate capsule. 
 

PROBLEM FORMULATION AND NUMERICAL METHOD 
 
   We consider an oblate capsule of long-to-short axis ratio equal to 0.5 (volume 4πl3/3) suspended in a simple shear flow 
(shear rate !, fluid viscosity µ) with inner-to-outer viscosity ratio λ. The capsule wall (surface shear modulus Gs and area-
dilatation modulus Ks = 3Gs) is described as an elastic surface obeying a strain-hardening Skalak type law [6]. The capsule 
revolution axis is initially positioned with an angle ζ0 with respect to the vorticity axis. The fluid-structure interaction 
problem governing the deformation of the capsule is thus a function of three main parameters: the capillary number Ca = 
µ !l/Gs, the viscosity ratio λ and the initial orientation ζ0. We use a numerical model, that couples a finite element method 
for the capsule deformation with a boundary integral method for the internal and external flows [7]. Knowing the initial 
position of the capsule membrane, we compute the stretch ratios and tension tensor using the membrane constitutive law. 
The membrane equilibrium equation is solved using a finite element method to deduce the load on the membrane. The 
velocity of the membrane nodes is obtained from the boundary integral formulation. The new position of the capsule 
membrane points is calculated integrating the velocity with an explicit second-order Runge-Kutta scheme. 
 

RESULTS AND DISCUSSION 
 
   The capsule mechanical equilibrium configurations have been determined by initially positioning the capsule revolution 
axis off the shear plane and by following the capsule dynamics. The capsule equilibrium motion is found to be independent 
of the capsule initial inclination ζ0 and to depend only on Ca and λ.  
   For viscosity ratios λ � 1 and very low Ca (Ca � 0.02), the oblate capsule rotates around the vorticity axis and 
eventually places its revolution axis in the shear plane (see results for λ = 1 in Figure 1). The tumbling motion observed 
when the revolution axis is initially in the shear plane is recovered and is therefore mechanically stable. As Ca is increased 
(0.05 < Ca � 0.9), the oblate capsule places the smallest and longest deformed axes in the shear plane and assumes a 
swinging motion. The swinging regime is stable only until Ca ~ 0.9. Above this threshold, the capsule experiences a 



transition towards an out-of-plane motion characterized by precession around the vorticity axis until Ca ∼ 1.2. Above this 
value, the capsule stabilizes into a rolling motion with the revolution axis normal to the shear plane. 
   When λ < 3, the mechanical equilibrium configurations correspond to the ones observed for λ = 1 (Figure 1). The 
viscosity ratio, however, influences the capillary number at which the tumbling–to–swinging and swinging–to–rolling 
transitions occur. The tumbling-to-swinging transition takes place at higher Ca, since the increase in internal viscosity 
reduces the capsule deformability. On the contrary, the swinging-to-rolling transition tends to occur at lower values of Ca, 
as λ increases. As a consequence, the swinging motion disappears for λ ∼ 3: the stable mechanical equilibrium states, for λ 
> 4, are thus only the tumbling and the rolling regimes. The capillary number of the tumbling-to-rolling transition decreases 
with λ: at high λ, the rolling regime thus becomes the most likely mechanical equilibrium configuration. 
   We finally show that a capsule initially placed off the shear plane takes a finite time to reach its stable equilibrium 
configuration depending on its initial orientation, flow strength and viscosity ratio. For a capsule initially inclined by 45° off 
the shear plane, the non-dimensional convergence time varies between 50 and 400 for Ca ≤ 0. 5, and is about 600 for Ca > 2 
(λ = 1). Long computational times are thus required to study the equilibrium configurations of oblate microcapsules or cells.  
 

 
Figure 1: Phase diagram of the mechanical equilibrium configurations of an oblate capsule as a function of the capillary 
number Ca and viscosity ratio λ. The grey zones represent the tumbling–to–swinging and swinging–to–rolling transitions. 
From Dupont et al. [8]. 
 

CONCLUSIONS 
 

   By simulating oblate capsules initially placed out of the shear plane numerically, we have studied their stable equilibrium 
configurations [8]. For the first time, the complete phase diagram of the stable steady-state regimes has been derived as a 
function of the capillary number and viscosity ratio. Experimentally the external viscosity is indeed rarely matched with the 
viscosity of the internal fluid. In particular we have shown that the final equilibrium motion of an oblate capsule does not depend 
on its initial orientation, in contrast with previous conclusions.  
   Another important result is the time required for an oblate capsule initially placed off the shear plane to reach its mechanical 
equilibrium state. Such information is crucial when setting up experiments to observe the behaviour of oblate capsules, or when 
choosing the computational times in numerical models. Specifically, it is important to distinguish whether the observed motion is 
transitory or at steady state. For experiments, it is interesting to translate the non-dimensional times into dimensional ones. If 
one considers the case of a RBC subjected to simple shear flow, one finds that the stable tumbling equilibrium regime is 
reached after ∼50 s, stable swinging after ∼10 s and stable rolling after ∼2 s. Since the typical experimental window time 
for observation is of the order of 1 minute, one must be careful to check that equilibrium conditions have indeed been 
reached when the measurements are recorded, especially for low Ca experiments. 
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Summary We analyze the flight dynamics of bumblebees using a combination of experiments and high fidelity numerical simulations. We
focus on unsteady inflow conditions generated by placing a vertical cylinder at the inlet of the wind tunnel test section, resulting in the
formation of a von Kármán vortex street in the wake. Flight trajectories of bumblebees flying upwind in unsteady winds towards an artificial
flower were measured using high speed videography. Then we performed high fidelity numerical simulations of an insect model with similar
anatomical features, flying in similar unsteady wind, with no flight control, to investigate the passive dynamic interactions. By comparing
the experiment and the numerical simulation, we reveal that bumblebees use a combination of active and passive strategies to mitigate the
challenges imposed by the inflow unsteadiness.

INTRODUCTION

Bumblebees are relentless foragers capable of flying in a wide range of weather conditions. Flight in unsteady wind is of
particular interest as it presents a complex dynamical interaction between the fluid and the insect. To interpret the observed
behavior and identify the control strategies employed, it is essential to disentangle the voluntary maneuvering performed
by the insect from the passive mechanical response of the flight apparatus in unsteady winds. Earlier work has shown that
bumblebees are most sensitive to lateral perturbations and roll rotations along the longitudinal body axis [1]. Rolling motion
and lateral translation are also critical components of voluntary maneuvering. In this study, we generate a von Kármán vortex
street behind a vertical cylinder in a wind tunnel. We compare the rolling and lateral flight dynamics of bumblebees flying in
the vortex street to their flight in a steady uniform inflow. In addition to the wind tunnel experiment, we develop a model of a
flapping bumblebee flying through a von Kármán vortex street that is nominally identical to the one utilized in experiments.
The model accounts for flow properties at all length scales in the oncoming flow [2, 3]. Such high fidelity simulations
require extensive computational resources, and over 8192 cores were used in this study, the highest number that has been
used to resolve flapping flight to date. We compare the body motions of live insects to those of the model bee in similar flow
conditions with no active control, to parsimoniously estimate the control strategies being implemented by bumblebees.

MATERIALS AND METHODS

Wind tunnel experiments
All experiments were conducted in a 6 meter-long wind tunnel with a 0.9 × 0.5 × 0.5 m working section. Bumblebees

(Bombus impatiens) from a commercial breeder (BioBest) were used in this study. Once sufficiently starved, each bee was
placed in the wind tunnel where it was trained to feed from an artificial flower. After consistent behavior was established,
the wind speed was set to 2.55 m/s and the bees flew upstream. Each bee was flown in two airflow conditions, steady and
unsteady. With a 25-mm cylinder positioned vertically at the inlet of the test section, a von Kármán street developed in the
wake, shedding at approximately 23 Hz. The bees were filmed within an interrogation 100-mm cube volume located 100 mm
downstream from the cylinder. A total of 13 bees were subjected to this assay. Paired trials in steady and unsteady inflow
conditions were obtained for each individual.

Numerical simulation
The bumblebee was approximated by three rigid elements: the body and two wings, which moved with respect to each

other. We modeled the wings as flat plates, which followed a prescribed periodic flapping motion with frequency f =

152 Hz. Two degrees of freedom of the insect motion were taken into account: lateral displacement and roll rotation about the
longitudinal axis of the body. We developed a numerical wind tunnel and placed the insect model in a virtual rectangular test
section of width 8R, height 4R and length 10R, where R = 13.2 mm is the wing length of the bee. The cylinder of diameter
2R was placed in front of the insect, at 6R from the insect’s center of mass. The computational domain was discretized
with a uniform Cartesian grid consisting of 960 × 768 × 384 points. The three-dimensional Navier–Stokes equations were
solved by direct numerical simulation on a massively parallel computer, using a Fourier pseudo-spectral method. The volume
penalization method was used to handle the no-slip boundary conditions on the time-varying geometry [3].

∗Corresponding author. Email: dkolom@chiba-u.jp
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MINIMALLY LOW ORDER VORTEX MODELING OF BIO-INSPIRED LOCOMOTORY
FLOWS
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Summary A novel vortex model is presented for the unsteady flows developed in biological or biologically-inspired locomotion at moderate
to high Reynolds number. The model preserves, with a minimal number of degrees of freedom, the essential physics of sustained vortex
shedding in such flows. The fluid dynamics are modeled with a hybrid of a vortex sheet and variable-strength point vortices. While the vortex
sheet is allowed to undergo the instability dynamics inherent to a wake or separated flow, its length is strategically limited by continuously
siphoning its strength into a point vortex. The overall number of degrees of freedom is thereby kept orders of magnitude smaller than in
a full vortex sheet solution, and much smaller still than in a high-fidelity simulation, while still capturing the physics of sustained vortex
shedding. The model’s accuracy is assessed with representative problems, including impulsive start of a wing at very high angle of attack.

MOTIVATION

At moderate to high Reynolds number, aerial and aquatic forms of locomotion in nature—or in vehicles inspired by
nature—are generally characterized by propulsors that undergo large amplitude motions, generating flows dominated by vor-
tices shed directly into the wake or into a separated flow. These unsteady vortical flows resist description by simple models
that efficiently capture their essential physics. By ‘efficient’, we mean computationally tractable in a manner required for
design and real-time control purposes; by ‘essential’, we hypothesize that the large spectrum of phenomena in these flows can
be distilled into a small number of basic (but still non-linear) interactions between vortex elements.

In previous work [1], we developed a planar model for the separated flow past a flat plate in which vorticity shed from the
edges of plate was collected in a small number of point vortices of variable strength. This model was adequate for the early
development of the flow, when it consists only of two coherent vortices: one associated with each edge. However, the model
was not sufficiently rich to capture the effects of vortex shedding (i.e. the detachment of a vortex from the plate into the wake,
and its replacement by a new vortex). The objective of the present work is to enrich the model with vortex sheets that capture
the emergence of new vortex structures through their intrinsic instability.

METHODOLOGY
The model uses a plate of infinitesimal thickness to represent a propulsive surface (e.g. wing, fin) and a collection of free

vortex sheets and point vortices to represent the flow. Each vortex sheet is rooted at the edge of the plate and is discretized by
a finite number of connected control points whose motions are tracked with the usual Kirchhoff velocity. However, rather than
letting the sheet’s length grow indefinitely, the strength (and therefore, its length) is continuously siphoned, with a specified
rate of vorticity flux Γ̇, into an accompanying variable-strength point vortex. The dynamics of this point vortex are amended
in order to cancel the spurious rate of change of linear impulse due to the transfer of circulation from the sheet to the vortex.
This also ensures that the force exerted on the plate is unaffected by discontinuous changes in Γ̇.

RESULTS
The model is applied here to the impulsive start of a flat plate at 60 degrees angle of attack. Figure 1 depicts a comparison

between high-fidelity simulations of this flow (at Reynolds number 1000), a vortex sheet model of the flow (in which the sheet
is allowed to grow indefinitely, and control points are inserted into the sheet where stretching is severe), and the current hybrid
model. All results capture the early development of the starting vortex from the trailing edge, the leading-edge vortex, and
the emergence of a new vortex due to roll-up of the shear layer near the trailing edge. The number of control points required
for the hybrid model remains around 500, an order of magnitude smaller than that of the sheet. This difference becomes more
stark at later times, as illustrated in the right panel in Figure 2. The normal force exerted on the plate, depicted in the left
panel Figure 2, is generally predicted well by the hybrid model, though there is some disagreement after 3 convective time
units, when the new vortex emerges from the trailing edge. Results from other representative biologically-inspired problems
will also be presented.

∗Corresponding author. Email: eldredge@seas.ucla.edu
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VORTEX FORMATION AND TRANSPORT FROM A ROTATING PLATE IN STILL FLUID

M. Jimreeves David ∗1, Manikandan Mathur2, R N Govardhan3, and J H Arakeri41,3,4Department of Mechanical Engineering, Indian Institute of Science, Bangalore, India.
2Department of Aerospace Engineering, Indian Institute of Technology Madras, Chennai, India.

Summary We investigate, using the framework of Lagrangian Coherent Structures (LCS), the vortex pair formation in an idealized model
of a fish turning manoeuvre called C-start. The two-dimensional flow, generated by a thin plate performing a large angle rotation in still
fluid, comprises the formation of a starting vortex during the plate rotation and the formation of a stopping vortex after the plate stops, thus
resulting in a vortex pair which travels in a direction closely aligned with the final stopping angle of the plate. LCS are shown to objectively
extract the boundaries of various transport entities in the flow, thus alowing us to map the long-term fate of various regions in the fluid at
the initial time. We conclude by demonstrating the correlation between the momentum associated with the material parcel that is advected
away from the plate and the impulse experienced by the plate.

Introduction Flapping foils in a freestream and the associated forces have often been investigated to provide insights on
the development of biomimetic underwater vehicles. An important characteristic of any bio-mimetic mechanism is its ma-
noeuvrability. Some fishes use a mechanism called C-start [1], which involves the fish contracting its muscles to assume a
C-shape and then beating the tail through a large angle to propel itself from rest in the direction of the final stopping angle of
the tail. Here, we study an idealized model of the C-start, as described in fig-1 A, where we see a bulk flow that is pushed
back in the direction of the final stopping angle of the plate (fig-1, C-F). Previous related works have focused on formation
time calculation by tracking vortex circulation on a rotating 3D plate [2] and direct force measurements on a 2D plate [3].

Temporally and spatially well-resolved velocity fields for the low Reynolds number flow are obtained using a finite-volume
solver in which the two-dimensional, incompressible Navier-Stokes equations are solved in the rotating plate frame, and are
validated by comparisons with experimental data. Results are presented for the case where the plate undergoes a rotation of
θmax = 90o in a time to = 10s and with an angular velocity θ̇(t) = A sin2(ωt), leading to a Reynolds number of around 800.

Lagrangian Coherent Structures (LCS) have recently been shown to be a powerful tool to understand advective transport
and mixing in a wide range of flows ([4], [5]). Applications to vortex-dominated flows have resulted in an objective identifi-
cation of vortices and related coherent patterns (see [6], [7]). To extract the LCS in our simulated flow, we adopt techniques
based on the forward- and backward- finite-time Lyapunov exponents, described in detail in [8]. We implement the recently
proposed variational theory of LCS to extract the elliptic and hyperbolic LCS in the flow.

A

B

C E

FD

c

Figure 1: A: Schematic of the plate rotation, B: The angular velocity θ̇ of the plate as a function of non-dimensional time t/to, Vorticity
(non-dimensionalized by the average plate angular velocity Ωavg) contours at times C: t/to = 0.5, D: t/to = 1, E: t/to = 2, F: t/to = 4.

∗Corresponding author. Email: jimme@mecheng.iisc.ernet.in
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THE STABILITY OF FLYING SNAKES DURING TRANSIENT GLIDES
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Summary Arboreal snakes of the genus Chrysopelea are the only known snakes to glide. These snakes use large amplitude three-
dimensional body undulations in a controlled and stable glide to the ground. We use recently acquired glide data (provided in a com-
plimentary presentation) and a variable-geometry rigid-body model to address the passive stability properties of this system. By varying
the spatial and temporal characteristics of the undulation in simulated glides, we find that flying snakes are likely unstable in pitch and
moderately unstable in roll.

INTRODUCTION

Powered flight confers great advantage to species that can fly, yet has evolved only four times in the history of life.
Additionally, the evolutionary pathway to active powered flight is unknown. One possible explanation is the transition from
passive gliding of arboreal species to active flapping, necessitating increased control authority to compensate for time-varying
aerodynamic and inertial forcing during flapping flight. Therefore, studying the stability properties of gliding animals may
provide insights into how animals evolved flight.

Possibly the most unique gliders are flying snakes of the genus Chrysopelea. To execute aerial locomotion, a snake jumps
from a tree into the air while simultaneously flattening its body into an aerodynamically favorable shape. Snake gliding is
distinguished by complex, three-dimensional body undulations resulting in a stable glide. Flying snakes are highly dynamic
gliders that cannot truly fly, and therefore provide a unique opportunity to study how animals compensate for varying forces
distributed over their body.

VARIABLE-GEOMETRY RIGID-BODY MODEL OF SNAKE GLIDING

Our objective is to understand glide performance, as well as translational and rotational stability properties, of snake flight.
To address this, we formulate a reduced-order model for the dynamics of snake gliding and use experimentally determined
aerodynamic force coefficients. The model is comprised of three components: 1) kinematics of the snake’s body, 2) a variable-
geometry rigid-body model for the equations of motion, and 3) the aerodynamics model based on simple sweep theory.

The simulated kinematics are based on a prescribed planar undulation given by the serpenoid curve for the body curvature
κ(s, t) as a function of position along the body s and time t,

κ(s, t) = −2πA

λk
sin

!
2π

λk
x− 2πft+ φ

"
(1)

where the parameters A and λk affect the spatial compactness and wavelength, respectively, and f is the undulation frequency.
The (x(s, t), y(s, t)) coordinates of the body are found by integrating the tangent angle θ(s, t) using ∂sθ = κ, ∂sx = cos θ,
and ∂sy = sin θ. Recently acquired body kinematics of short glides indicate a serpenoid curve with A = 1.6, λk = 0.6, and
f = 1.4 Hz is a good approximation of the snake’s body [1].

We derive the dynamical equations in discrete form, using a variable-geometry rigid-body formulation, which includes
all inertial terms associated with the changing configuration of the body. The body kinematics are described in a co-moving

(1) body
kinematics

(3) "body" coordinate system

anterior

posterior

(2) dynamics model

head

tail

Figure 1: Components of snake simulation: body kinemat-
ics, variable-geometry rigid-body formulation, and body co-
ordinate system to define the airfoil cross section. The equa-
tions of motion are written for the co-moving snake frame
{b̂} as it translates and rotates in the inertial frame {n̂}. The
body kinematics are defined in the x̂–ŷ plane of the co-moving
frame. Sketch (3) is a modified version from ref. [2], originally
adapted from an illustration by Tara Dalton Bensen and Jake
Socha.
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plane that is free to translate and rotate in the full six degrees of freedom. We write the equations of motion for the location
and orientation of this plane, where the origin does not have to be coincident with the center of mass of the body. We
discretize the body into N point masses and write Newton’s and Euler’s equations, summing the contribution from each piece
of mass (figure 1). The equations read in general form as,

#
F⃗i,grav +

#
F⃗i,aero =

#
mi

¨⃗
Ro +

#
−mir⃗i × ˙⃗ω +

#
ω⃗ × (ω⃗ ×mir⃗i)

+ 2
#

ω⃗ ×mi[ ˙⃗ri] +
#

mi[¨⃗ri]
(2)

#
r⃗i × (F⃗i,grav + F⃗i,aero) =

#
mir⃗i × ¨⃗

Ro +
#

r⃗i × ( ˙⃗ω ×mir⃗i) +
#

r⃗i × (ω⃗ × (ω⃗ ×mir⃗i))

+ 2
#

r⃗i ×
$
ω⃗ ×mi[ ˙⃗ri]

%
+
#

r⃗i ×mi[¨⃗ri]
(3)

where the square bracket denotes body derivatives expressed in the inertial frame. The last two terms in each equation
constitute the inertial contributions.

As the simulated snake translates and rotates, each mass element along the body will experience a different three-
dimensional flow velocity. Because the full aerodynamics of snake flight are unknown, we make the simplifying assumptions
of local aerodynamic interactions and of simple sweep theory, i.e. only the velocity component locally normal to the body
contributes useful aerodynamic work. This allows us to use previously measured lift and drag coefficients (CL, CD) as model
inputs [3]. We define the chord-line Ĉ(s, t) and backbone B̂(s, t) unit vectors using a Darboux-like frame, such that Ĉ is
within the co-moving plane and is perpendicular to the local tangent vector T̂ (s, t). Each local velocity vector is projected
into the Ĉ–B̂ plane and lift and drag are calculated using the high Reynolds number formulae, FL = 1/2ρU2SCL(α,Re) and
FD = 1/2ρU2SCD(α,Re), where the angle of attack α is measured between Ĉ and the projected flow velocity vector U .

RESULTS AND CONCLUSIONS

Because the simulated snake never satisfies an equilibrium condition, we define stability by viewing trajectories through
phase portrait projections of key dynamic variables, for varying undulation parameters A, λk, and f . Examples of pitch –
pitch rate and roll – roll rate phase portrait trajectories are shown in figure 2. For these initial conditions, undulation slows
the manifestation of a pitch instability (pitch angles are negative and becoming more negative) as shown in the left plot. We
see cyclic dynamics in roll (right plot), and that without undulation, the animal simply rolls to one side. Additionally, velocity
phase portrait movies indicate that pitch strongly affects the translational motion of the animal. These results suggest that
flying snakes may require active control to mitigate an inherent pitch instability, and that a roll instability cannot manifest
fully during transient glides because of cyclic roll dynamics. Supported by NSF 1351322 to JJS and NSF 1150456 to SDR.
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Figure 2: Transient glide stability is viewed as phase portrait projections of key dynamic variables, in this case pitch and roll
for simulated glides for three different undulation frequencies.
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Summary We investigate the influence of hydrodynamic forces on the synchronization of two eukaryotic flagella by triggering phase-
locking between a controlled external flow and the flagella of C. reinhardtii cells. We directly measure the hydrodynamic forces required for
synchronization between the controlled hydrodynamic forcing and beating flagella. We find these forces to be over an order of magnitude
larger than hydrodynamic forces experienced by C. reinhardtii in physiological conditions. Our results suggest that synchronization is due
instead to coupling through cell internal fibers connecting the flagella inside the cell body. This conclusion is confirmed by observations
of the vfl3 mutant, with impaired mechanical connection between the flagella. For these mutants, we do not observe consistent flagellar
synchronization.

MOTIVATIONS

The emergence of coherent behaviour is ubiquitous in the natural world and has long captivated physicists and biolo-
gists alike. Phase transitions leading to synchronization are observed between and within biological organisms. Recently,
the organized dynamics of micron sized hair-like cell projections called cilia has attracted high levels of interest. The syn-
chronization between the two flagella of C. reinhardtii has been investigated as a model system for flagellar synchronization
and several mechanisms have been proposed. The dominant view has been that synchronization occurs through hydrody-
namic interactions [1, 2] and another recent view suggests that the cell rocking motion causes synchronization by creating
synchrony-restoring hydrodynamic drag on the flagella [3] . Both mechanisms rely on the eukaryotic flagellum responding
to hydrodynamic feedback forces. In this study, we investigate experimentally how eukaryotic flagella respond to external
hydrodynamic forces and quantify the coupling strength between flagella and flow. We also investigate the role of intracellular
coupling of the flagella through direct mechanical interactions [4]. We do this by studying Chlamydomonas vfl3 mutants, with
impaired mechanical connection between the flagella.

EXPERIMENTAL SET UP

Our experimental set up allows us to apply a periodic external flow with a controlled amplitude and frequency. The flow is
generated around a single biflagellated C. reinhardtii cell. The beating of the flagella is imaged through an inverted microscope
and recorded with a sCMOS camera at 838.4 frames per seconds. The flow is generated as follow. A micropipette is inserted
in an open flow chamber through an air-water interface, without direct contact with the walls of the chamber. A single C.
reinhardtii cell is held fixed at the end of the micropipette. The flow chamber itself rests on a piezo-stage which can be
translated. The motion of the piezo generates a relative translation of the flow chamber with respect to the cell, which remains
fixed in the laboratory frame of reference. This is akin to creating a background flow with respect to the cell. We impose
periodic flows of frequency fF = 48− 63Hz and amplitude varying from AF = 0− 10µm, corresponding to flow velocities
UF = 0 − 1360µm.s−1. The largest flows imposed are an order of magnitude higher than flows typically experienced by a
swimming cell, whose free swimming velocity has been measured to be U0 = 110 ± 12µm.s−1, in agreement with previous
studies. Movies of beating flagella are processed and analyzed to extract the phase dynamics of the flagella. In this study, we
track the phase difference between the flagella and the external forcing in order to investigate under which conditions beating
flagella synchronize with the external flow.

RESULTS

Our experiments reveal that Eukaryotic flagella are able to synchronize with an exterior background flow, however the
hydrodynamic forces required to reach synchronization are significantly larger than the forces experienced by flagella in
physiological conditions.

For a given flow amplitude, the frequency of the periodic motion of the piezo-stage was varied around the intrinsic beating
frequency of the flagella f0 recorded in the absence of forcing. For forcing frequencies far from the intrinsic beating frequency
f0, the flagella beat at their own intrinsic frequency and do not phase lock with the external flow. For forcing frequencies within
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Figure 1: (left) Experimental setup. (right) Snapshots representing beating C. reinhardtii. The motion of a particle is due to
the periodic background flow of amplitude 5µm

a small frequency interval centered around f0, we observe that the power and recovery strokes of the flagella perfectly follow
the back and forth motion of the background flow and the flagella phase lock with the external flow. The size of the frequency
interval for which synchronization is triggered increases for larger amplitudes of the piezo-motion.

The synchronization between the external flow and the beating flagella is very well represented by the stochastic Adler
equation, which corresponds to a classic first order model for the dynamics of the phase difference[5]. Fitting our experimental
data with this simple model allows us to quantify the coupling strength ϵ. We find that the coupling strength linearly increases
with the velocity of the forcing flow ϵ = µUF /U0. Here UF is the velocity of the forcing flow UF = 2AF fF and µ = 0.51
s−1.

CONCLUSIONS

Our results show that the coupling between external flows and the eukaryotic flagella of C. reinhardtii is weak. For
external flows UF ≈ 1mm.s−1, which are one order of magnitude larger than the free swimming velocity, the coupling
strength is ϵ ≈ 5Hz. Hence, the flagella will synchronize with a background flow, only when the frequency fF is within 5 Hz
of their intrinsic frequency. For forcing frequencies outside of this frequency range, the eukaryotic flagella of C. reinhardtii
will beat at their own intrinsic frequency despite strong hydrodynamic forcing. We find that the flagella of C. reinhardtii are
weakly coupled with hydrodynamic forces. This suggests that flagellar synchronization in C. reinhardtii does not primarily
rely on hydrodynamic forces and points towards the role of direct mechanical forces transmitted through the cell cortex. To
test this hypothesis we performed experiments with Chlamydomonas vfl3 mutants. In this mutant, the mechanical connection
through the distal striated fiber, between the two basal bodies from which the flagella emerge, is impaired. We recorded
movies for over 20 biflagellated vfl3 cells and investigated the phase dynamics between the two flagella. We never observed
consistent phase-locking between the flagella except for one cell. We measured the average beating frequency of both flagella
and find a difference in intrinsic beating frequency of ∼ 15 Hz with the slower one beating at 48.6 ± 8.8 Hz and the faster
one at 63.1± 6.9 Hz. These results indicate that the mechanical connection between the two flagella plays an important role
in the synchronization of the two flagella of C. reinhardtii.
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Summary The present work reports the emergence of metachronal waves in cilia arrays immersed in a two-fluid environment using a
coupled lattice Boltzmann - Immersed Boundary method. The periciliary layer (PCL) is confined between the wall and the mucus layer. Its
depth is chosen in such a way that the tips of the cilia can penetrate the mucus layer. The cilia are initially set in a random state but quickly
synchronize with their immediate neighbors with a phase shift giving birth to sympleptic or antipleptic metachronal waves, depending on
the strength of the fluid retroaction onto the cilia. Antiplectic waves are found to be the most efficient to transport mucus compared to other
random or synchronised cilia motions.

INTRODUCTION

Fluid propulsion by moving cilia is an universal phenomenon that can be found everywhere in Nature from the locomotion
of micro-organisms to multiple processes in biological organisms at the cellular scale. For examples, in the early human
embryonic development, cilia are responsible for the heart placement on the left side of the chest. Cilia move also the ovules
in the Fallopian tubes, or the nutriments in the brain. In the specific problem of mucociliary clearance, cilia are responsible for
transporting the mucus outside the lungs. In severe respiratory diseases, such as cystic fibrosis or asthma, the number of cilia
clusters is decreased compared to the case of a healthy patient, and many cilia may beat in an abnormal way resulting in a less
efficient transport of mucus. It has been experimentally observed [1] that cilia beat in a synchronised way with a phase shift
between two neighboring cilia, forming a metachronal wave which appears to greatly enhance the transport of mucus. Then,
it is of great importance to understand how this wave emerges and which type of waves provides the most efficient transport.
This work could result in a better understanding of the mucociliary clearance process.

NUMERICAL METHOD

The fluid part is solved on a Cartesian grid using the lattice Boltzmann method with a D3Q19 scheme. The model of
Porter et al. [2] is used to model the fluid-fluid repulsion forces. The cilia are modeled with a set of 20 Lagrangian points,
and the immersed boundary method is used to ensure the no-slip condition along the cilia [5]. The equations of motion for the
cilia are taken from Chatelin [3] and the motion of each cilium is decomposed into a finite number of steps during a period.
If needed, an interpolation between two steps can be done in order to have the right velocity values along the cilia. The code
is suitable for High Performance Calculation using a MPI parallelization. Cilia are set in arrays in a two-fluid layer, with
PCL at the bottom and mucus above it. The PCL depth is set in such a way that the tips of the cilia emerge into the mucus
layer. Periodic boundary conditions are used in the X and Y directions. A Bounce-Back Rule condition is imposed at the
bottom of the domain and a free-slip velocity condition at the top using the "mirror method". The fluid retroaction onto the
cilia is evaluated by projecting the immersed boundary forces calculated at each time step for every Lagrangian points onto
the corresponding velocity vectors, and then the torques are computed. By doing so, only the norm of the velocity vector, but
not its direction, is modified. A new parameter α controls then the intensity of the retroaction: ||V⃗ || = ||V⃗ || ± α||d⃗V ||

RESULTS

Starting from an initially random state, cilia quickly synchronize with their immediate neighbors with a phase shift. With
time, metachronal waves -antipleptic or sympleptic- emerge. The sign of the parameter α, and the ratio h/Lcil of the PCL
depth with regards to the cilia length are two key parameters that determine the kind of emerging waves. Positive (resp.
negative) α-values correspond to sympleptic (resp. antipleptic) waves. A proper value of hPCL/Lcil is needed for the
metachronal waves to emerge. As it can be seen on figures 1(a) and 1(b), cilia move along a plane and so can be subjected to
collisions. But, since a 3D configuration is considered, one can suppose that cilia would actually slip onto each other in reality.
Figure 2 shows the mean mucus velocity evolving with time. It can be seen that, for the same set of parameters, antipleptic
metachronal coordination appears to greatly enhance the transport of mucus compared to random or other synchronized
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Elastic Stress
EGL Type α0 tmin = 0.25 tmin = 0.5 tmin = 1 tmin = 1.5
Non-Redistributed EGL 1 0.84 0.89 0.97 1.00
Redistributed EGL 1.8 0.79 0.80 0.79 0.76

Fluid Stress (10−3)
EGL Type α0 tmin = 0.25 tmin = 0.5 tmin = 1 tmin = 1.5
Non-Redistributed EGL 1 1.25 1.16 0.99 0.88
Redistributed EGL 1.8 1.11 0.92 0.65 0.48

Table 1: The maximum magnitude of longitudinal shear stress for (Top) elastic and (Bottom) fluid stress. Both tables are
normalised on the solid stress value for a non-redistributed EGL with tmin = 1.5 µm which has a non-dimensional stress
value of 1.708. The values given for the fluid stress are 10−3 smaller than the solid stress.

decouples from the EGL. The fluid flow in the EGL reduces to a core D’Arcy flow with two thin viscous layers. One
thin viscous region adjacent to the lumen-EGL interface allows continuity of traction to be enforced while another at the
endothelium ensures that no-slip is satisfied. The slip velocities that appear at the endothelium of the core D’Arcy flow give
us the fluid shear stress experienced by the endothelium. The modelling of the solid deformation also simplifies as the fluid
velocity is equivalent to a fluid pressure gradient in the D’Arcy flow, allowing the forcing term to be combined.

However, modelling the EGL using a volume averaged approach has some disadvantages. Experiments suggest that the
inner layer of the EGL consists of a periodic hexagonal structure of interlinked filaments that are anchored to the endothelium
in a regular pattern. This suggests that the elastic stress that results from the deformation of the EGL will likely be concentrated
at certain points rather than smeared out over the whole surface as is the case for the Biphasic Mixture Theory treatment. As
such, we are also pursuing a more sophisticated model for the EGL which using homogenisation theory to better represent
that structure details in modelling the EGL.

Numerical Method and Geometry
A bespoke computational program was created using the Boundary Element Method in order to perform the required sim-

ulations. This program allowed the simulation of a microvessel with arbitrary three-dimensional geometry. The microvessel
used in the simulations was reconstructed from a confocal microscopy image of mouse cremaster muscle which was gener-
ously provided by Dr Jennifer Bodkin and Professor Sussan Nourshargh, Queen Mary University of London.

RESULTS

By comparing predictions from the full model against its asymptotic treatment, we find that the microvessel has reached
the asymptotic regime for parameters that lie within the physiological range. Furthermore, we find that the elastic shear
stresses on the endothelium are up to a thousand times greater than the fluid shear stresses, which leads further support to the
hypothesis that the majority of mechanotransduction across the EGL occurs through solid deformation of the EGL.

We also use consider another hypothesis that has been proposed in the literature where it has been suggested that the EGL
redistributes away from the peaks of cells into order to reduce the shear stress experienced by the endothelium. In order to
investigate this, we considered two different distributions of the EGL as shown in figure 1, one where the EGL redistributes
(α0 = 1.8) and one where the EGL has a constant thickness (α0 = 1). An example of these results are shown in figure 1. We
find that redistribution does reduce the shear stress experienced by the endothelium. These results are summarised in table 1
for different values of tmin.

CONCLUSIONS

We show for physiological parameters, microvessels are within the asymptotic regime of low permeability in the EGL. We
also find that our simulations support the hypothesis that the majority of mechanotransduction occurs through the solid phase.
Finally, our simulations show that the redistribution of the EGL does indeed reduce the the shear stress experienced by the
endothelium, especially for a thicker EGL.
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ENHANCED GAS TRANSPORT DURING HIGH-FREQUENCY VENTILATION
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Summary This study focuses on the potential for nonlinear mean streaming to enhance the gas transport during high-frequency ventilation,
a ventilation strategy used in intensive care wards. Direct numerical simulations of the reciprocating flow in a pipe are conducted, as this
basic flow serves as a model of the flow in various sections of the human airway. In particular, the impact of modifying the end conditions
of the pipe, so that there is some asymmetry from one end to the other, is investigated. Preliminary results show that the streaming flow,
which progresses in one direction in the middle of the pipe, and the opposite direction at the sides, is reasonably insensitive to the frequency
of oscillation, but it is heavily dependent on the amplitude.

PROBLEM DESCRIPTION

High-frequency ventilation (HFV) is a ventilation technique used in intensive care wards, particularly for neonatal patients.
It is an invasive process, requiring the use of an endotracheal tube (a tube inserted down the throat of the patient into the
trachea). It completely controls the breathing process, and therefore patients are generally heavily sedated whilst undergoing
HFV.

The defining feature of HFV is the use of very small, but very fast “breaths” - the breathing rate is usually of the order of
10Hz, and because of this the volume of gas that flows into and out of the airway in one breath is much less than the volume
of the airway. This avoids large peak pressures in the airway and lungs, and therefore reduces the risk of lung tissue damage.
However, the transport of Oxygen into the lungs, and Carbon Dioxide out, is not achieved by simply emptying and filling the
lungs each breath. More subtle fluid mechanics phenomena are involved.

A number of candidate phenomena have been proposed, including the Pendeluft effect, Taylor dispersion, turbulent diffu-
sion and nonlinear mean streaming. Basic descriptions of these mechanisms are provided in the reviews of [1, 5, 3].

An obvious candidate for the study of the fundamental flow phenomena in the airways is the reciprocating flow in a straight
pipe. The focus of this study is the potential for mean streaming to occur. In a reciprocating pipe flow, this is a mean flow that
has a net zero mean flux through the pipe, but the mean flow is non-zero. One such mean flow is one that progresses in one
direction in the middle of the pipe, and in the other direction along the sides. In this way, gases can be transported both up
and down the pipe. [2] showed that such a flow can occur if a straight pipe is slightly tapered, i.e, the symmetry from one end
of the pipe to the other is broken. It is clear that the difference in end conditions will influence the strength of this streaming
flow.

Here, a simple end condition is studied, that of a straight pipe with an entry/exit into a large reservoir. The impact of the
presence of the free end on the flow regimes present, and in turn their effect on the mean streaming flow are investigated using
direct numerical simulations and Floquet stability analysis. While the reciprocating flow in a straight pipe appears not to be
well predicted with stability analysis, the vortical flow structures expected to be produced by the free end may be unstable.

METHODOLOGY

The simulations and stability analysis have been run using a well-validated spectral-element method solving the incom-
pressible Navier-Stokes equations [6, 4]. The setup of the problem is a straight circular cross-section pipe that connects two
large reservoirs. Time-dependent Dirichlet boundary boundary conditions are used to control the flow rate into and out of
the reservoirs. The flow rate into one is always equal and opposite to the flow into the other, so that the flow rate at any
instant through the connecting pipe is controlled. The magnitude of the peak flow rate, and the frequency of oscillation
of the flow rate are the parameters of interest. These are expressed non-dimensionally as the Keulegan-Carpenter number
KC = Umax/(2πfD), and the Wommersley number α = fD2/ν where Umax is the maximum cross-sectional mean velocity
in the pipe, f is the frequency of oscillation, D is the pipe diameter, and ν is the kinematic viscosity of the fluid. A no-slip
boundary condition is applied at the pipe wall. Neumann boundary conditions, specifying a zero-normal-gradient, are applied
for the pressure at all boundaries. Initially the simulations are restricted to a two-dimensional, axisymmetric setup.

∗Corresponding author. Email: justin.leontini@gmail.com
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Figure 1: Development length as a function of KC, α = 400 and as a function of α, KC = 0.85. Points are measurements,
lines are best fits. It is clear that for the majority of the range of α tested, KC has a much stronger effect on the development
length.

Figure 2: Colour contours of the mean axial velocity field in one half of the pipe for a case where KC = 2, α = 400. White
is zero, blue (red) is negative (positive). The image shows there is a mean axial velocity to at least 4.5D from the end of the
pipe.

RESULTS AND DISCUSSION

A first indication of the impact of the free end is the measurement of the development length of the flow, L. To ascer-
tain this, the shear stress on the pipe wall was measured. The fully developed flow does not vary along the pipe, so that
∂(∂u/∂r)/∂x = 0 in the fully developed section, where u is the velocity in the axial direction, r is the distance in the radial
direction, and x is the distance in the axial direction. Therefore, the distance from the end of the pipe where ∂(∂u/∂r)/∂x
deviates from zero provides a measure of the distance where there is some impact from the free end, and therefore the distance
at which there is some potential impact of mean streaming.

Figure 1 plots this length for a constant α = 400 as a function of KC, and for a constant KC = 0.85 as a function of α. It
is clear that there is a strong, linear relationship between KC and L of the form L = 2.53KC+0.67. The development length
L initially increases quickly with increasing α, but is practically independent of α for α > 200. Figure 2 shows contours of
the mean axial velocity of KC = 2, α = 400. The image shows that there is a non-zero mean axial velocity, and therefore a
streaming flow, to at least 4.5D from the end of the pipe.
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Summary Mucociliary clearance is the transport of a mucus layer in the airways, induced by beating cilia present on the epithelial 
surface. We present a physical analysis on the density and dynamics of cilia required to transport the mucus at a macroscopic scale. We 
used cultures of human bronchial epithelium obtained by biopsies from controls and asthmatic patients. A power law shows that the 
ciliated cell density controls the distance over which a fluid can be transported. The fluid rotates at a constant angular velocity on 
localized circular domains thanks to a local force density that linearly increases with the distance to the domain center, through a local 
control of cilia density and beat directions. subcritical ciliated cell density may explain the impaired clearance in severe asthma, while the 
mucus rheological properties remain unchanged. 
 

INTRODUCTION 
 
   Mucociliary clearance is an essential innate mechanism of lung protection. Chronic respiratory diseases such as severe 
asthma are associated with impaired mucociliary clearance and a dramatic increased susceptibility to infection and 
inflammation. The mucociliary clearance mechanism consists in the circulation of a protective mucus layer at the surface of 
the airways epithelium. Mucus is transported along the airways and out of the lungs whereupon it is swallowed. Mucus is 
propelled by the asymmetric beating of microscopic cilia located on epithelial cells. During its forward motion, a cilium 
performs a fast effective stroke and its tip immersed in mucus propels it forward. The slow recovery stroke of a cilium 
occurs below the mucus layer, within the periciliary layer (2). The mucus velocity is determined by the density and the 
activity of cilia (frequencies, directions, phase synchronization of cilia beats), by their hydrodynamic interactions and by the 
mucus rheological properties. The physics of the integrated mucociliary coupled system has been little studied because 
quantitative in vivo measurements are difficult. Fundamental questions remain open. What density and spatial repartition of 
ciliated cells, what degree of coordination in cilia beat directions, phases and frequencies are required to enable mucus 
transport at the macroscopic scale? We report a detailed physical analysis of ciliary activity, fluid transport and mucociliary 
coupling on human bronchial cultures of primary airway epithelial cells at air–liquid interface (ALI), obtained by biopsies 
from controls and patients with asthma and chronic obstructive pulmonary disease (3). 
 

RESULTS 
 
   We used ALI cultures for 17 controls, 7 patients with mild asthma, 18 patients with severe asthma and 7 patients with 
chronic obstructive pulmonary disease (COPD). Cultures are circular with a diameter of 1.2 cm. By optical microscopy, we 
characterized the density of active ciliated cells (ACCD) and the cilia beat frequency (CBF). We analyzed local and 
macroscopic transport of 1µm-beads and mucus and we correlated the transport to the forces exerted by cilia at the 
epithelium’s surface. Our approach is finally applied to severe asthma and COPD. 
 
Cilia activity  
   ACCD was determined by measuring the fraction of epithelial surface covered by beating ciliated cells. It ranges from 
0% to 70%, with a large variability among different donors and a significant decrease for patients with COPD and severe 
asthma. Removal of the mucus layer on the epithelium surface did not affect the ACCD. The mean value of CBF measured 
at 37°C on healthy donors is 18.2 Hz. We qualitatively explored phase and directional correlation of beats between cilia 
located on a same cell and between cilia located on distant cells. Steric interactions between neighboring cilia impose a 
directional order and a partial phase synchronization of individual cilia on a same cell. Metachronal waves over several cells 
were observed only in zones of high ACCD, where mucus transport was observed over several hundreds of micrometers.  
 
Transport 
   We visualized the motion of native mucus and that of 1µm-beads diluted in PBS and placed on the culture’s surface 
immediately after mucus removal. In several culture chambers we observed a macroscopic rigid-like rotational motion of 
both native viscoelastic mucus and beads/buffer Newtonian fluid over the whole chamber (Fig. 1) (4). In the other culture 
chambers mucus remained still. However, local motions of beads were observed after mucus removal (trajectories shown in 
Fig. 1). In particular circular bead motion was observed on local domains ranging from 10 µm to hundreds of microns. The 
size of the largest circular domain of each culture displays a scaling law over more than 3 orders of magnitude with ACCD, 



thus showing that the ciliated cell density governs the distance over which fluid transport is possible. The law is valid both 
for native mucus and Newtonian fluid. 

  
 
   

 
 Figure 1.  Left: stacks of images showing the rotational motion of mucus over the hole culture chamber ; 
center:trajectories of latex beads in buffer during localized motions; Right: ACCD for contols, patients ith mild asthma 
(MA), severe astma (SA) and COPD. 
 
Force 
We have analyzed the ciliary dynamics and circular transport within 6 domains in 5 different culture chambers. Each active 
cilium exerts a force on the surface fluid layer. This force has the direction of the cilium beat and its tangential component 
propels the surface layer circularly. We assumed that the force per unit area exerted by cilia at distance r from a circular 
domain center is proportional to  !! < sin! >!, where α is the angle of the beat direction with the radial direction of the 
circular domain, !! . We indeed found that !! .< sin! >! varies linearly with r. It shows that the epithelium regulates 
cilia orientations and cell differentiation along the radial position of a circular domain to provide a linear variation of the 
force per unit area with r. An affine relationship of the curvilinear velocity of the surface fluid with the force is obtained and 
a tentative interpretation is proposed, based on the balance between the propulsion of mucus during the effective cilia stroke 
and the friction exerted by periciliary layer friction during cilia recovery. During ciliogenesis these local domains grow and 
merge to form a single macroscopic domain extended to the whole sample on which the viscoelastic mucus is transported. 
The merging of these domains requires a gradual spatial reorganization of ciliary beat directions and ACCD. This only 
occurs when the viscoelastic mucus is constantly present on the epithelium’s surface, thus inducing strong shear stresses. 
This suggests that these stresses experienced by cilia are transmitted to the cells that respond actively.  
 
Diseases 
Our approach is applied to ALI cultures from patients with mild and severe asthma and with COPD. Patients with severe 
asthma and COPD present a low ACCD, far beyond the critical value required to transport a surface fluid at the 
macroscopic scale (Fig, 2). No alteration of the rheological properties of mucus is observed. We therefore suggest that the 
origin of the impaired clearance in asthma and COPD comes from a lack of active ciliated cells and no from impaired 
rheological properties of mucus (5). 
 

SUMMARY 
 

   A low-viscosity Newtonian fluid can be transported at the epithelium’s surface on domains whose size obeys a power 
law with ACCD. The Newtonian fluid has a solid-like rotational motion on circular domains. This motion results from the 
linear increase of the tangential force exerted by cilia with their distance to the domain center. The force’s profile is 
provided by a fine spatial regulation of ciliary beat directions and ACCD. A subcritical ACCD may explain the impaired 
mucociliary clearance observed in severe asthma and COPD, while the rheological properties of mucus remain unchanged. 
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Summary In the low Reynolds number regime, actuating a rigid filament periodically at one end leads to a reciprocal motion and hence
produces no propulsive force. Instead if the filament is flexible viscous forces lead to a deformation of the filament and the generation
of a net propulsive force (thrust). For a given actuation frequency and filament length, an optimal bending modulus of the filament can
be determined to produce the largest propulsive force. Here we explore the possibility of further improving the propulsive performance
by allowing variable flexibility along the filament. We demonstrate that by simply dividing a filament into two segments with different
bending rigidity a higher propulsive force can be obtained compared with the case of uniform stiffness. The results suggest the possibility
of exploiting this new degree of freedom for enhancing propulsion at low Reynolds numbers.

INTRODUCTION

Locomotion of microorganisms in fluids is ubiquitous and crucial to many biological processes. In low-Reynolds-number
environments, where inertia effects are negligible and viscous forces dominate, microorganisms have to break time-reversal
symmetry in order to move, because any reciprocal motion results in zero net motion as dictated by the “scallop theorem”.
Some microorganisms propel by rotating rigid helical flagella while others propagate flagellar waves by coordination of dynein
motion proteins. Advances in fabrication technologies at small scales allow the recent rapid development of synthetic micro-
propellers capable of swimming at velocities comparable with microorganisms. In particular, slender flexible filaments have
been employed to enable locomotion at small-scales [1, 2].

A rigid filament driven at one end cannot propel itself because the motion is reciprocal. By introducing flexibility in
the filament, the coupling between the viscous and elastic forces produces deformation along the filament that can lead to
propulsion [4]. For a given actuation frequency and filament length, an optimal bending modulus of the filament can be
determined to produce the largest propulsive force. However, the possibility of further improving the propulsion performance
by allowing variable flexibility along the filament remains largely unexplored. At high Reynolds numbers, flying animals
such as hoverflies and hummingbirds exhibit non-uniform flexibility distribution along their wings, which provides optimal
performance. In this work, we consider the propulsive force generated by a boundary-driven passive filament at low Reynolds
number. The mathematical formulation allows variable bending flexibility, and we consider here arguably one the simplest
case of non-uniform flexibility distribution with two segments of different bending rigidities connected serially together.
Asymptotic analysis in the limit of small actuation amplitudes reveals the advantage of this simple non-uniform flexibility
arrangement over the uniform case.

MATHEMATICAL FORMULATION

We consider an inextensible cylindrical filament of length L and uniform radius a such that a ≪ L, and describe the
elasticity of the filament by the Euler-Bernoulli beam theory. In order to describe the dynamics of the filament, we start from
an energy functional E = 1

2

! L
0

"
Ax2

ss + σx2
s

#
ds, where x(s, t) is the filament shape parametrized by the arclength s at time

t, A(s) is the bending rigidity allowed to vary along the filament, and σ(s, t) is a Lagrange multiplier introduced to satisfy
the local inextensibility condition [5]. The elastic force density along the filament can then be obtained by taking a variational
derivative, felastic = −δE/δx = −∂s

$
∂s(Aκ)n − (σ +Aκ2)t

%
, where the subscript s denotes derivative with respect to the

arclength, κ = ||xss|| is the local curvature, and t and n are the local tangent and normal vectors respectively. We remark that
we have kept bending rigidity generally as a function of s instead of a uniform value as usually done in previous studies.

At low Reynolds numbers, the force acting on a slender filament can be related to its velocity relative to the fluid, and to
leading-order in small filament aspect ratio, results in a purely local theory called the resistive force theory, which states that the
viscous force per unit length on the body at a point is related linearly to the local filament velocity, fvis = −

"
ξ⊥nn+ ξ∥tt

#
·xt,

where the hydrodynamics at this order is characterized by the tangential ξ∥ and normal ξ⊥ resistive coefficients.
The local force balance between the viscous and elastic forces together with the local inextensibility condition

fvis + felastic = 0, (1)
xts · xs = 0, (2)
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Summary The flow of air in an alveolated duct, which is the main porous structure found within the human lung, has been considered. A
model is developed based on the method of volume-averaging, which is used to derive macroscopic governing equations for a large number
of alveolated ducts. In order to close the volume-averaged equations, a set of partial equations is derived in terms of transformed variables
and is solved over a unit-cell of the duct to obtain the relevant effective flow parameter, namely the duct permeability. One-dimensional
analytical solutions have then been derived to verify the model in comparison to direct computational fluid dynamics.

INTRODUCTION

Simulation of flow in the human lung is of interest because it can provide details of the flow that cannot be measured in
vivo. Knowledge of the flow patterns within the lung are of practical importance because of the potential impacts on respiratory
drug delivery, particle deposition, and our general understanding of the relationship between lung structure and function [1].
The internal structure of the lung consists of a network of bifurcating airways that become smaller in both length and diameter
with each subsequent bifurcation. Each level of bifurcation is referred to as an airway generation. The first sixteen generations
are known as the conducting airways which take no part in the gas exchange process, but lead the air to the respiratory region
of the lung [2]. Gas exchange occurs by passive diffusion through the thin walls of small sacs, known as alveoli, which line
the airways in the respiratory region (17th generation and beyond) [3, 2]. The ducts surrounded with alveoli are known as
alveolated ducts.

Simulating flow in the lung is particularly challenging due to the large number of flow paths and the wide range of length
scales spanned by the various components of its structure. The zeroth generation of the airway tree is the trachea, which has
a typical diameter of about two centimetres [3]. At each of the approximately 23 bifurcations, the diameter of the subsequent
generation is reduced by a factor of approximately 21/3, leading to diameters as small as a fraction of a millimetre [3]. There
are approximately 300 million alveolar sacs in the human lung, each of which are about 0.3 mm in diameter [3].

Given the porous nature of the lung, it is the goal of this work to develop a porous media model for air flow in the lung
parenchyma using the method of volume-averaging [4], which yields a general model that is applicable to three-dimensional
flows and is readily coupled with models for the upper airways. Closure of the resulting volume-averaged momentum equation
is considered theoretically, which results in a closure problem that can be solved numerically on a periodic unit-cell of the
parenchyma to determine the relevant effective properties, shown in this case to be solely the permeability, or the resistance
to flow. As the majority of the lung parenchyma is made up of alveolated ducts, this is taken as the pore geometry of interest.
Results for the permeability are obtained using a realistic geometric idealization of an alveolated duct, shown in Fig. 1a. The
resulting volume-averaged model is then compared to direct pore-level simulations of an alveolated duct with moving walls
and some one-dimensional results are presented which are also compared to direct CFD calculations.

(a) (b)

Figure 1: A schematic diagram of (a) an idealized geometric model of an alveolated duct and (b) a periodic unit-cell of the
idealized geometric model of an alveolated duct.

∗Corresponding author. Email: cdegroo5@uwo.ca



THEORETICAL MODEL

The theoretical model is based on the volume-averaged form of the governing continuity and Navier-Stokes equations,
given respectively as

∇ · ⟨u⟩ = − 1

V

!

Afs(t)
u · nfsdA (1)

and

ρf

$
∂⟨u⟩
∂t

+∇ ·
"
1

ε
⟨u⟩⟨u⟩

#%
= −ε∇⟨p⟩f + µf∇2⟨u⟩+ 1

V

!

Afs(t)
(−p̃nfs + µf∇ũ · nfs) dA− ρf∇ · ⟨ũũ⟩, (2)

respectively, where u is the fluid velocity vector, p is the pressure, ρf is the fluid density, t is time, and µf is the fluid dynamic
viscosity, Afs(t) is the area of intersection between the fluid and solid volumes, Vf and Vs. The unit-normal vector directed
from the fluid to solid phase on Afs(t) is denoted nfs. Spatial deviations are denoted, for a generic scalar φ, as φ̃ = φ−⟨φ⟩f .

In this study we treat in detail the integral terms appearing on the right sides of Eqs. 1 and 2 by deriving transport equations
for the spatial deviation terms and, based on dimensional analysis and appropriate transformations, deriving a set of “closure”
partial differential equations that can be solved over a unit cell of the porous material to put the integral terms in a closed from,
in terms of the duct permeability.

RESULTS

Based on a one-dimensional form of the closed-form governing equations, an analytical solution is derived and compared
with direct computational simulations of an alveolated duct with walls oscillating periodically in order to expand and contract
the domain in a breathing motion. Results show agreement within 2% for all cases, with the error increasing with the amplitude
of wall motion. For amplitudes typical of actual lung motions, agreement was well within 1%. Plots of the one-dimensional
solutions for dimensionless velocity and pressure are shown in Fig. 2.
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Figure 2: A plot of (a) the dimensionless velocity and (b) the difference between the dimensionless pressure and the di-
mensionless alveolar pressure, p∗ − p∗a, as functions of the dimensionless coordinate x∗ for initial Womersley and Reynolds
numbers (at t∗ = 0) of Wo = ReDH = 0.01.

CONCLUSIONS

A porous media model for flow in alveolated ducts within the human lung has been developed using the theory of volume
averaging. A set of closure partial differential equations has been derived and solved within a unit cell representing an alveo-
lated duct to obtain the duct permeability. Based on analytical one-dimensional solutions, compared with direct computational
fluid dynamics simulations, the model has been verified.
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Summary We propose a novel 2D multiring numerical model to compute blood flow in arteries, inspired from the multilayer shallow water
theory. This model is based on a long wave approximation of the Navier-Stokes equations and requires no a priori estimation, contrary to
classical 1D models. The wall shear stress (WSS), the axial velocity profiles and the flow rate computed with the multiring model are in
good agreement with the linear Womersley solution whereas classical 1D models’ solutions are much less accurate.

INTRODUCTION

In recent years, the numerical simulation of the propagation of the pressure pulse in the human systemic network has been
intensively studied to help doctors and medical practitioners better understand and predict the hemodynamics of the human
body. However, it is difficult and costly to compute accurate numerical solutions due to the complexity of the equations, the
size of the network and the strong interactions between the flow and the mechanics of the arterial wall. Using simplifying
assumptions (axisymmetric artery, long wavelength compared to the radius of the artery, incompressible Newtonian fluid)
Womersley [1] obtained the following simplified boundary-layer-like system of equations describing the conservation of mass
and momentum of blood flow in an artery:
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where R0, R and K are respectively the radius at rest, the instantaneous radius and the rigidity of the artery. By integrating (1)
over the cross-section of the artery, Hughes and Lubliner [3] obtained a simple conservative one-dimensional (1D) system of
equations. This 1D system can be solve using efficient and robust numerical methods that allow to compute accurate pressure
and flow waveforms in large networks with minimal costs [6]. Unfortunately, information on the axial velocity profile is lost
in the integration process and additional assumptions are required to estimate the friction and advection coefficients of the 1D
model [3, 6]. To overcome those difficulties, we solve (1) with a novel two-dimensional (2D) axisymmetric method taking
into account fluid-structure interactions and requiring no approximation contrary to previously existing 2D methods [2, 4]. We
show that we correctly compute, up to the degree of approximation, the axial velocity profile and the wall shear stress (WSS)
of the classical Womersley solution [1].

METHODS

We decompose each artery in a series of concentric rings (see figure (1)), inspired by the multilayer theory introduced by
Audusse [5] in the framework of shallow water equations. We integrate (1) over each ring and obtain the following equations
of mass and momentum conservation in the ring j, similar to those of the 1D theory, with additional source terms Gj± 1

2

representing the mass exchanges between the neighboring rings j − 1 and j + 1:
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where Qj and Aj are respectively the flow rate and the cross section of the ring j. This system of equations is a natural
discretization of (1) in the radial direction. Indeed, while preserving the dependence in the axial (z) and radial (r) variables,
this approach does not require any a priori estimation, contrary to usual 1D approaches, and benefits from the simplicity and
robustness of the 1D theory, for which stable shock capturing numerical schemes exist.
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Figure 1: Sketch of the discretization of an artery in a series of concentric rings and a shape of an axial velocity profile (blue).

RESULTS

We compared our multiring numerical results to the linear Womersley analytic solution [1] for different Womersley num-
bers α (0.1 < α < 20) and found good agreement between both solutions for every α. As an example, we compare on figure
(2) the results obtained for α = 10 with the analytic Womersley solution (black line), the multiring model (blue line) and two
1D models for which the advection coefficient was set to 1 and two classical values of the 1D friction coefficient Cf = γπν
were used: γ1 = 8 (red line) and γ2 = 22 (green line). The multiring solutions for the WSS (figure (2) left) and the flow
rate (figure (2) right) at t = 6 s almost perfectly coincide with the analytic Womersley solutions, whereas both 1D models’
solutions are less accurate for both the amplitude and propagation speed of the wave forms. In figure (2) center, we also show
a good agreement between the multiring and the analytic solutions for the axial velocity profiles at different times.
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Figure 2: Comparison between the Womersley (black), the multiring (blue) (100 layers, 500 cells) and two 1D model solutions
(500 cells, Cf = 8πν (red) and Cf = 22πν (green)) for α = 10: (Left) Wall shear stress τw (z, t = 6 s) Pa; (Center) Velocity
profiles U (r, z = 1000 cm, t) cm.s−1 for t ∈ {8.4 s, 8.6 s, 8.96 s, 9.5 s} ; (Right) Flow rate Q (z, t = 6 s) cm3.s−1.

CONCLUSIONS AND PERSPECTIVES

We have presented a novel 2D axisymmetric multiring method to solve blood flow in arteries, taking into account fluid-
structure interactions. This model is a correct discretization of (1), in comparison to 1D models and other 2D approaches that
are biased by the required estimation of the shape of the velocity profile. The numerical results are in good agreement with the
linear Womersley solution of (1). Furthermore, due to its similarity with the 1D models, it can be easily inserted inside a large
1D network computation, to locally obtain an accurate description of the blood flow in stenoses or aneurysms. This model
can therefore provide valuable information to doctors and medical practitioners and can also be used to give an a posteriori
estimation of the coefficients required by the 1D model. These last points are the subject of future works.
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Summary A bacterial cell moves in a ballistic manner for a certain time period (run), and then changes its direction randomly (tumble).  
When a cell senses that it has moved to higher attractant chemical concentration, it reduces the frequency of the direction change. Collectively, 
this modulation produces bacterial chemotactic response, in which the cells accumulate around the chemoattractant source.  
In this study, a discrete biased random walk model based on bacterial chemotaxis was investigated. A steady distribution of cells was 
analytically obtained in one dimensional model. In this model, the cells move along a uniformly spaced number line at the rate of one interval 
per time step.  A chemical attractant source is placed at the origin. The probability mass function of cells decays with the distance from the 
source as a geometric sequence.  We confirmed the distribution by Monte Carlo simulations. 
 

INTRODUCTION 
 
   Bacterial chemotaxis occurs via a sequence of runs and tumbles (e.g. [1], [2])��$�³UXQ´�UHIHUV� WR�D�VPRRWK�VZLPPLQJ�
PRWLRQ��DQG�D�³WXPEOH´�LQGLFDWHV�D�GLUHFWLRQDO�FKDQJH��,Q�DTXHRXV�PHGLD��UXQ�DQG�WXPEOH�PRWLRQV�DUH�UDQGRPL]HG��+RZHYHU��
near a chemical attractant, a cell reduces the frequency of its tumbles [3], which biases its motion toward the source. 

A bacterial cell is too small to sense the spatial distribution of the chemical attractant at a given time using two or more 
sensors [4]. Thus, bacterial chemotactic behavior results from three distinct mechanisms. 

First, by moving a certain distance, the bacterium can detect whether it is approaching or receding from the 
chemoattractant source. The cell senses and compares the chemical concentration at two consecutive times. If the 
concentration has increased or decreased at the later time, the cell has approached or receded from the source, respectively. 
Second, the cell randomly determines its direction after a tumble. The direction is changed by fluid dynamic interactions 
between the deforming flagella and the cell body. Although the process of tumbling is well understood [5], the prediction of 
tumbling remains a complex fluid dynamics problem [6]. A bacterial cell cannot choose a proper posture relative to the 
source. Third, the cell does not stop when it detects the maximal concentration. Because the cell might be smaller than the 
spatial variability of the concentration distribution, continued motion is a suitable strategy to avoid trapping in local 
concentration maxima. 

We proposed a one-dimensional discrete model of bacterial chemotaxis [7]. A cell moves along a number line, as in the 
classical random walk model [8]. The model applies two simple rules based on real chemotactic behavior: if a cell 
approaches the origin in one time step, it moves in the same direction in the next time step, and if a cell recedes from the 
origin in one time step, it randomly moves right or left with a probability of 1/2. When many cells initially reside at the 
origin, their biased random motions following these rules eventually lead to a steady distribution. 

In the present study, we introduce a parameter D� denoting the intensity of the bias, into our discrete model. The 
previous model corresponds to the most intense bias (D �). 
 

DISCRETE BIASED RANDOM WALK 
 
One dimensional model 
   Bacterial cells move along a number line sectioned at uniform intervals, at a rate of one interval per time step. The 
chemical attractant is sourced from the origin. 
   The direction of cell movement in each time step is dictated by two rules 
(see Fig. 1): (a) If a cell has receded from the origin in the previous time step, 
it moves to the left or right with the same probability (1/2). (b) If the cell has 
approached the origin in the previous time step, it either continues in the 
same direction with probability D or randomly selects a new direction with 
probability 1/2. The total probability that a cell will maintain or reverse its 
direction is (1+D��� and (1-D���, respectively. When D �, this model 
reduces to the classical random walk. 

Rule (a) corresponds to a tumbling motion, wherein the cell randomly 
changes its swimming direction. Rule (b) corresponds to the reduction in 
tumbling frequency when the cell senses a higher concentration of attractant 
chemical. 

 
Steady distribution 

 
Fig. 1.  One-dimensional discrete biased 
random model.  In each time step, the 
cell moves along a number line by one 
interval to the left or right. 



   Figure 2 indicates the probability propagation along 
the positive region of the number line. L  and R  
denote that the probability propagates from the left and 
right sides, respectively. 1�n
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From these relations, we get the probability mass function at position )( iii RLp �  in steady state as 

� �iip
D�

v
1

1 , 

assuming that ip  is a geometric sequence. 
 
Monte Carlo simulation 

The previous rules were implemented in a simulation 
of 106 cells. Two initial distributions were adopted: (i) 
all cells were gathered at the origin, (ii) cells were 
randomly distributed in the region 30di .Figure 3 
plots the spatial distributions of the cells at 
approximately 300 time steps. Under initial condition (i), 
two converged distributions at even and odd time steps 
alternate as time elapses. Therefore, the average of the 
two distributions is plotted in Fig. 3. Both the initial 
distributions appear to converge to a single distribution. Each distribution is a geometric sequence whose common ratio is 
1/(1+D). 
 

CONCLUSIONS 
 

   A discrete biased random walk model based on bacterial chemotaxis was proposed. The bias intensity D introduced into this 
model may indicate the strength of bacterial chemotaxis. To verify this idea, we need to compare our present results with 
experimental data of bacterial cell distributions around a chemoattractant. 

This work was supported by JSPS KAKENHI Grant Number 15K05796. 
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Fig. 2.  Time-position diagram of probability mass function 
along the right half of the number line.  The chemo-
attractant is sourced from the left of this diagram. 

 
Fig. 3.  Spatial distribution of cells calculated by Monte 
Carlo simulation. 
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Summary The vortex structures and hydrodynamic performance of a tadpole undulating in the wake of a D-section cylinder are 
studied by solving the Navier-Stokes equations for the unsteady incompressible viscous flow. It is found that three factors can 
contribute to thrust of the tadpole behind a D-cylinder. Tadpole's relative undulating frequency and the distance between the D-
cylinder and the tadpole have a great influence on both vortex structure and hydrodynamic performance. At different undulating 
frequency, a tadpole may break or dodge vortices from the D-cylinder, corresponding to the performance of the tadpole. As the 
tadpole is located behind the D-cylinder at different distances, three typical kinds of wake are observed. 
 
 

INTRODUCTION 
 
   Unsteady water flows are common in nature. There are always vortices in the living environment of aquatic animals. 
According to the researches, aquatic animals are usually expert in taking advantages of the surrounding vortices. By 
adjusting the body to control the flow around, aquatic animals are able to improve swimming abilities. 
   Understanding how fish extract energy from environmental vortices is a topic of considerable interest. Studies on the 
interaction between fish and vortices shedding from a cylinder have provided a focused way to begin to understand how fish 
swim in complex flows. Previous studies[1,2] revealed that the vortex wakes may lead to a passive propulsion to the dead fish 
in the wake. Liao et al.[3-5] compared fish swimming in the wake of a D-cylinder to those swimming in free stream. It was 
shown that fish behind a D-cylinder adopts novel body kinematics behind a cylinder, termed the Kármán gait. The fish 
changes its undulating frequency and wavelength to synchronize the vortices shedding from the D-cylinder, slaloming 
between vortices shedding from the D-cylinder rather than swimming through them. On the other hand, numerical 
simulations on fish interacting with the environmental vortices have also been carried out. Shao and Pan[6] investigated the 
hydrodynamic performance of an undulating foil in vortex wakes of D-cylinder. The wake area can be divided into three 
domains: suction domain, thrust enhancing domain, and weak influence domain.  
   There are many experimental and numerical researches about how fish extract energy from environmental vortices. 
However, much less is known about the interaction between the tadpole and its surroundings. As the larva of the frogs and 
toads, the abrupt transition from their globose bodies to the laterally compressed tails make them seem lHVV�µVWUHDPOLQHG¶[15]. 
In fact, the undulating mode of a tadpole is different from that of fish because of its blunt body[7,8]. The interaction between 
the tadpole and its surroundings would be more complicated than that of fish. 
   The aim of this paper is to numerically study the vortex structure and hydrodynamic performance of a tadpole 
undulating in the wake of a D-section cylinder. In addition, the effects of various controlling parameters on hydrodynamic 
performance of an actively undulating tadpole model with no forward motion are also investigated. 
 

METHODS 
According to the observed data[9], the tadpole model is built. Just like other studies, a tadpole undulates actively 

without forward motion in the wake of a stationary D-section cylinder.  

The finite volume method is used to solve the Navier-Stokes equations for the unsteady incompressible viscous flow. 
The PIMPLE method is specially introduced to solve the unsteady flow. A special dynamic mesh fitting deforming body 
VXUIDFH�DW�HDFK�WLPH�VWHS�LV�HPSOR\HG�WR�PDWFK�WDGSROH¶V�KLJK-amplitude periodic motion. 
 

RESULTS AND DISCUSSION 
Propulsive mechanism 

Here we compare the tadpole swimming in different motions, such as a non-undulating tadpole gliding in the cylinder 
wake, an undulating tadpole swimming either in free stream or in vortex wakes. The undulating tadpole in the cylinder wake 
can gain the highest thrust. Besides, as the non-undulating tadpole glides in the wake of a cylinder, the tadpole is also 
subject to a weak thrust. It is found that three main factors can contribute to thrust of the tadpole behind a D-cylinder: the 
backward jet in the wake, the local reverse flows on the tadpole surface and the suction force caused by the passing vortices. 
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HIEARCHICAL STRUCTURE OF SPATIALLY LOCALIZED BIOCONVECTION OF
PHOTOSENSITIVE MICROORGANISM

Makoto Iima ∗ 1, Takayuki Yamaguchi2, Takuma Ogawa1, Nobuhiko Suematsu3, Hiraku Nishimori1, Akinori
Awazu1, and Shunsuke Izumi1

1Graduate School of Science, Hiroshima University, Higashi-Hiroshima, Japan
2Graduate School of BioMedical & Health Science, Hiroshima University, Hiroshima, Japan
3Meiji Institute for Advanced Study of Mathematical Sciences, Meiji University, Tokyo, Japan

Summary It is known that the suspension of Euglena gracilis exhibits macroscopic spatially localized patterns when it is illuminated from
below with strong light. Such structure is hierarchical ranging from µm scale of microorganism to cm scale of the convection cells. We
discuss the localization mechanism in terms of the photosensitive behavior of Euglena gracilis in both scales. Individual’s response to
light gradient is analyzed experimentally, and the result is related to the flux of the number density in macroscopic scale to construct a
hydrodynamic model. The model has spatially localized steady solutions, and the bifurcation structure has a bistable region, which often
observed in spatially localized structures in dissipative systems.

INTRODUCTION

Euglena gracilis is a photosensitive microorganism with flagella; the body is approximately 10 µm wide and 50-100
µm long(Fig.1(a)). They can swim by the flagellum, and the statistical property of the motion depends on the surrounding
light environment. In particular, they swim away from the light source if the light intensity is stronger than a critical value
(negative phototaxis), while forward to the light source if the light intensity is less than the critical value (positive phototaxis).

When a suspension of Euglena gracilis is illuminated from the bottom with strong light, they form ordered convection
patterns called bioconvection (Fig.1(b)). Unlike other bioconvection patterns known so far, the bioconvection pattern of
Euglena gracilis is peculiar because it is spatially localized[1]. Shoji et al.[2] succeeded in obtaining the elementary structures
of the localized bioconvection. The aim of this paper is to investigate the hierarchical structure of the localized bioconvection
pattern and its dynamical property to understand the localization mechanism.

EXPERIMENTS

A key mechanism of the localization is the photomovement of Euglena gracilis due to the light intensity gradient. We
will show experimental results of the characteristics in both microscopic and macroscopic scales. In microscopic motion, we
track the orbit of individuals in the light gradient environment to construct a statistical model. A simple Markov model is
constructed to explain the response to the light gradient, and the equilibrium state of the model agrees with the observation.
In macroscopic motion, number density flux of the suspension of the microorganism has been measured for light intensity
gradient .

For experiments of the macroscopic convection pattern, we prepared an annular container to suppress the complex patterns
in the radial direction and to exclude the wall effect in the azimuthal direction. So far, two types of localized convection
patterns were observed[2]. One pattern consists of a single region of high microorganism density sandwiched with two
counter-rotating convection rolls (‘bioconvection unit’). Another pattern is a spatially localized traveling wave, a wave of high
density region in confined region. These two typical patterns are similar to those observed in thermal convection of binary fluid
mixtures (e.g., mixtures of water and alcohol): so-called “convecton” and “localized traveling wave”, respectively[3], although
physical mechanisms of the binary fluid convection is the (positive) buoyancy and the Soret effect, which are different from
the bioconvection. For the bioconvection unit, several bound states are observed. In particular, two (or three) bioconvection
units exists for a long time before disappearing one by one. Such interaction of bioconvection units will be discussed.

NUMERICAL MODEL

Based on the experimental results, we construct a hydrodynamic model in which the number density flux depends on the
light intensity gradient. The model reproduces a localized bioconvection pattern similar to the bioconvection unit. Linear
stability analysis indicates that the effect of the light gradient on the number density flux greatly shifts the critical value of the
onset of the convection. The bifurcation analysis using a branch-tracking technique reveals that a bistability region is observed
when the aspect ratio Γ is large (Γ = 8), while such region is not obtained when Γ is small (Γ = 2).

∗Corresponding author. Email: makoto@mis.hiroshima-u.ac.jp
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DRUG TRANSPORT IN ANTERIOR HUMAN EYE AFTER SUBCONJUNCTIVAL AND 
EPISCLERAL IMPLANTS 

Feng Zhang1a), Han Chen1, Qin Qian1 & Yukan Huang 2 

1Department of Mechanics, Huazhong University of Science & Technology, Wuhan, China 
2Department of Ophthalmology, Union Hospital, Tongji Medical College, Huazhong University of 

Science & Technology, Wuhan, China 

Summary This paper numerically investigates the diffusive and convective transport of subconjunctivally and episclerally implanted drugs in 

the anterior segment of human eyes. Effects of implant location and orientation of the eye are analyzed. The results can help to understand drug 

transport processes in the anterior human eye, and improve the drug delivery efficacy in clinical treatment of anterior eye diseases. 

INTRODUCTION 

   Currently, b ioavailab ility of topically  applied  drugs in the treatment  of anterior eye diseases is main ly limited by the 
anatomical and physiological barriers in the anterior eye, which includes nasolacrimal drain age, corneal epithelium, 
clearance from the blood vessels in the conjunctiva, and  the protection against the entry of xenobiotics [1]. Recently, 
anterior segment implants in subconjunctiva [2] were adopted to treat primary open angle glaucoma and ocular hypertension, 
and episcleral implants [3,4] were found to be effictive with long duration in the treatment of keratoconjunctivitis in  animal 
preclin ical studies. To make the implant treatment more  effect ive, understanding of the drug delivery process becomes 
crucial. Due to the difficulty of experimental measurement of drug distribution in the eye, numerical modelling has been a 
useful tool to comprehensively describe drug delivery process in the eye. In our previous work [5], transport processes of 
topically applied drugs were investigated numerically, and suggestions of clinical applicat ions were proposed. The goal of 
this work is to investigate the transport process of subconjunctivally and episclerally implanted drugs in the anterior 
segment of human eyes. 

METHODOLOGY 
A 3D numerical model of the eye (Fig. 1) is developed, which includes the cornea, sclera, anterior chamber, posterior 

chamber, lens, vitreous, iris, trabecular meshwork (TM), ciliary  body (CB) and the subconjunctival/ episcleral implant 
which is modeled as a drug source. Temperature d istribution is governed by the transient bioheat equation, with heat loss 
due to convection, radiation and tear evaporation on the corneal surface and a heat flux boundary condition specified on the 
sclera surface. Steady 3D incompressible Navier-Stokes equations are solved to obtain the AH flow in the anterior and 
posterior chamber, in which the buoyancy force due to temperature gradients across the eye is considered. Inlet and outlet of 
the AH flow are specified at  CB and TM, respectively, and no-slip  conditions are specified  on other boundaries. Finally, 
evolution of drug concentration is obtained by solving a transient convection diffusion equation, with a t ime-dependent 
concentration flux (calculated from the experimental results in [3]) on the bottom surface of the episcleral/subconjunctival 
implant. The coupled heat transfer, fluid flow and mass transfer problem is solved numerically in COMSOL Multiphysics.                                                     

RESULTS AND DISCUSSIONS 

Since the corneal temperature increases from its center to the periphery, warmer fluids with lower densities tend to rise 
along the corneal surface, resulting in the AH natural convection in the anterior chamber of an up-facing eye (Fig. 2). Fig. 3 
and 4 plot the top-view and side-view AH flow in a horizontally-facing eye, respectively, and velocity components in the 
horizontal plane (Fig. 3) are about one order of magnitude smaller than those in the vertical plane (Fig . 4). In Fig. 4, a  
clockwise AH circulation is present in the anterior chamber, also due to natural convection effects . 



 

Fig. 1                             Fig. 2                          Fig. 3                 Fig. 4               

Time-dependent evolution of accumulative amount of the drug at iris, lens, and TM in a horizontally-facing eye (Fig. 5) 
shows that subconjunctival implant is more effect ive in drug delivery to all the three targets than  episcleral implant, due to 
the shorter delivery  path, and more drug is delivered to iris and lens than TM, due to their g reater surface areas. Our 
numerical results also demonstrate that drug delivery to all the three targets is more effect ive in the horizontally -facing eye 
than in the up-facing eye (Fig. 6), and drug distribution in the anterior eye is more uniform, 2 days after subconjunctival 
implant, in the horizontally-facing eye than in the up-facing eye (Fig. 7). However, it is seen from Fig . 7 that most of the 
drug released from the implant is lost in the v itreous. Circumferential position of the implant is also investigated, and Fig. 8 
demonstrates that drug implant at ���R¶FORFN position (looking from the outside) is the most effective for drug delivery to 
iris and lens, and implant at 3 R¶FORFN position is the most effective for drug delivery to TM.  

  
Fig. 5                        Fig. 6                      Fig. 7                        Fig. 8 

CONCLUSIONS 
In this study, a coupled numerical model of heat transfer, AH flow and drug transport is developed to investigate the 
transport process of subconjunctival and episcleral implants in the anterior human eye. Our numerical results show that 
subconjunctival implant is more effective in drug delivery than episcleral implant; drug delivery to iris, lens and TM is more 
effective in the horizontally-facing eye than in the up-facing eye; implant at ���R¶FORFN position is the most effective for 
drug delivery to iris and lens, and drug implant at 3 R¶FORFN position is the most effective for drug delivery to TM. These 
results can help to understand drug transport processes in the anterior human eye, and improve the drug delivery efficacy in  
clinical treatment of anterior eye diseases. 
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THE INFLUENCE OF HEMATOCRIT ON THE DECAYING SHEAR TURBULENCE OF
BLOOD FLOW IN LARGE ARTERIES

David E. Rival∗, Saeed Rahgozar, and Lucas Serafini
Department of Mechanical and Materials Engineering, Queen’s University, Kingston, Ontario, Canada

Summary A novel experimental approach, consisting of scaled hydrogel beads representing red blood cells, is used to model pulsatile
turbulent flow in large arteries. The large optical facility uses a boundary-free, uniformly-sheared flow that decays in time, in which the
velocity fields are acquired via particle image velocimetry on streamwise/cross-stream and streamwise/spanwise planes for Newtonian and
non-Newtonian single-phase blood analogues, as well as for the two-phase case representing varying levels of hematocrit. Changes in the
decay rate are observed when moving from the Newtonian to non-Newtonian and finally two-phase (varying hematocrit) blood analogues.

BACKGROUND AND MOTIVATION

A proper characterization of local flow separation in large artery hemodynamics, as represented in Figure 1, is crucial to
advancing biomedical devices, and for our diagnosis, prevention and treatment of cardiovascular disease. Despite the general
assumption that blood flow remains laminar throughout most arteries, several exceptions have been reported in the literature
including instances of transitional flow in the ascending aorta, at branch points in large arteries, in stenotic arteries and in
unhealthy or mechanical heart valves [1-2]. The occurrence of transition to turbulence in the cardiovascular system has been
of hemodynamic interest over the past decades since it is generally agreed that this localized turbulence may be responsible
for a number of cardiovascular diseases and abnormalities such as cardiac murmurs, thrombus formation, hemolysis, platelet
activation and atherosclerosis [1,3-6]. Despite the growing awareness of the importance of turbulence in hemodynamics, our
knowledge about characteristics, scales and structures of turbulence in blood flow is still rudimentary. Beyond the inherent
challenge of characterizing turbulence, blood flow is particularly complex because of its pulsatile, multi-phase and viscoelastic
characteristics as well as its irregular deforming boundaries. Moreover, due to the limitation of instrumentation and access,
very little in vivo information exists about the turbulent statistics and structures in the cardiovascular system. While the early
in vivo investigations were limited to invasive point measurements [1,7], the modern non-invasive techniques such as magnetic
resonance imaging (MRI) suffer from lower signal-to-noise ratios and lower spatial and temporal resolutions [8-9]. Thus these
limitations in characterizing this flow hinders not only our progress towards understanding of turbulence in large arteries but
also our ability to develop realistic models for future simulations.

In the present work, we endeavour to characterize the influence of hematocrit on turbulence decay in the inherent pulsatile
environment of blood flow in large arteries. By keeping the geometry as simple as possible, i.e. boundary-free shear, and
allowing the turbulent characteristics of the flow to be representative of the turbulent motion in real arteries based on the
relevant dimensionless parameters and available in vivo data, we expect to identify where classic single-phase, Newtonian
assumptions of blood break down. Our optically-matched, scaled up experimental setup allows us to employ particle image
velocimetry (PIV) in order to accurately measure velocity fields and consequently to investigate the details of turbulence
scales, parameters and structures for the various blood analogues tested. The specific methodology is described next.

x

y

stenosis shear layer

blood vessel

peak systole: t*~1

diastoleQ

FOV T

 mid-deceleration: t* = 0

0 0.5 1 t*= t/T

Figure 1: Cross section of a generic artery showing the generation of a shear layer downstream of a stenosis. On the right-hand
side, three representative times in the cardiac cycle are denoted. Note t∗ is dimensionless time, which is normalized by the
cycle period T .
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Figure 3: (a) Bulk viscosity characterization for the non-Newtonian, single-phase blood analogue (red) compared to literature
(black) [10]; and (b) initial findings of turbulent kinetic energy (k) decay indicate increased dampening for non-Newtonian
analogue (red curve) when compared to the Newtonian case (black curve).

METHODS AND PRELIMINARY RESULTS

The experiment is performed in a large optical towing tank with approximate dimensions of 8×1×1 m3. The test section
is located in the middle of the tank to ensure negligible end wall effects. A high-speed traverse system tows a shear generator
in the center of the towing tank at speeds up to 1 m/s over a maximum distance of 4 m. An approximately uniform mean shear
is generated in the tank by towing the shear generator consisting of a plane parallel-rod grid of uniform rod diameter (d) with
non-uniform spacing (s). Figure 2 shows a schematic of the shear generator passing through the field of view. In the present
experiments the towing speed (Uc) was 0.2 m/s and the diameter of the rods was 42 mm. The right-hand curve in this figure
shows the solidity distribution of the grid. The blockage necessary for generating shear is kept minimal (i.e. about 30% of the
area of the cross section) in order to minimize potential large-scale secondary flows. High-speed planar PIV measurements are
performed using a Photron SA-4 camera at 125 Hz with full resolution of 1024 × 1024 pixels. In Figure 3, the single-phase,
non-Newtonian analogue is compared to literature to ensure consistency (left). Subsequently this non-Newtonian analogue
demonstrates an increased dampening to turbulent kinetic energy relative to the Newtonian case. Data for the two-phase
analogue with scaled hydrogel beads - representing red blood cells - has since been collected and is currently being processed.
Here the influence of hematocrit will determine at what critical level attenuation in decaying turbulence becomes apparent.
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Summary Inspired by some of the fundamental features of insect respiratory systems, we investigate the effects of rarefaction on low-
Reynolds number, collapse-driven flow through a microtube. The Navier-Stokes equations are linearized, a periodic wall collapse motion
is prescribed at two sites along the tube, and physiologically realistic pressure boundary conditions are applied along with first-order slip
boundary conditions. The axial and radial velocities, axial pressure gradient, and time averaged flow rate in the tube are found as a function
of the phase lag between the two contraction sites, with and without slip. Unlike for purely pressure- or collapse-driven flows, when slip is
added, this flow is highly sensitive to the phase lag parameter, and the flow can be accelerated, decelerated, or reversed, depending on its
value, resulting in a multi-functional microfluidic system that can acccelerate or decelerate flow as needed with slight changes in the timing
of its wall collapses.

INTRODUCTION

Insect tracheal tubes collapse periodically as a result of the animal’s regular abdomenal contractions in the rhythmic
tracheal contraction (RTC) respiration regime [1]. Furthermore, the diameter of typical insect tracheal tubes is from 1 to
several hundred micrometers, and the working fluid is air at close to atmospheric pressures, resulting in flow in the slip regime
in a significant portion of the tracheal system. Additionally, the flow in the respiratory system, which is comprised of a
complex network of tracheal tubes that begin at the body openings called spiracles (typically 100 − 500 µm diameter) and
terminate at the tissue (typically ≤ 1 µm diameter), delivering freshly oxygenated air directly to the cells, is creeping flow
with Reynolds numbers typically less than 1.

Here, we build on one author’s previous work modeling the insect respiratory flow transport mechanism as low-Reynolds
number flow through a periodically collapsing microtube [3, 4] by adding first-order slip boundary conditions to the model, as
well as physiologically accurate pressure boundary conditions at the ends of the tube. The pressure boundary conditions are
adapted from the intratracheal pressure measurements taken in blowfly respiratory systems by Wasserthal [2].

METHODS

Referring to the schematic in Figure 1, assuming the tube length to be much greater than its diameter, the tube wall profile
including its two collapse sites is governed by the spatio-temporal function H(x, t), which is periodic in time, with x param-
eterizing the axial direction. Using the boundary conditions (i) at r = H(x, t), u = β ∂u

∂r , v = ∂H
∂t , (ii) at x = 0, p = po(t),

and (iii) at x = L, p = pL(t), where β is the slip parameter (slip length), we derive the following expressions for the axial
and radial velocities, and the instantaneous volumetric flow rate [3]:

ux = 1
4
dp
dx (r

2 −H2 + 2βH)

ur = r
4
dp
dx

dH
dx (H − β) + r

4
d2p
dx2 (

H2

2 − r2

2 − βH)

Q(x, t) =
!H(x,t)
0 ux(x, r, t)rdr.

Figure 1: Schematic of collapsing microtube with two collapse sites, wall position function H(x, t), and phase lag between
collapse times θ.
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Figure 4: Average volumetric flow rate over one period versus phase lag.

RESULTS

Using slip parameter values of β = 0, 0.001, and 0.1, which correspond to no slip, low slip, and high slip conditions,
respectively, we calculated the axial and radial velocities, axial pressure gradient, and average volumetric flow rate over one
cycle as functions of x and θ, the phase lag parameter, which specifies the fraction of a period between the time when the
first collapse site is actuated and the time when the second collapse site is actuated. When θ is zero, there is no net flow.
The spatial or temporal symmetry needs to be broken to produce unidirectional flow. We found that the effect of adding slip
was to reduce the magnitude of axial and radial velocities, the pressure gradients, and the flow rates. Figure 2 show the axial
velocity along the tube for the three different slip parameter values at time t = 0.3 and phase lag θ = 30◦. Figure 3 shows
the axial pressure gradient along the tube under the same conditions. Finally, in Figure 4, the cycle-averaged volumetric flow
rate is plotted versus the phase lag parameter, θ. We see that the flow rate is reduced when slip is added, but we also see a
surprising new feature – for certain values of θ, the flow reverses. This does not occur for purely pressure-driven flow through
a microtube, or for purely collapse-driven flow, nor does it occur without the addition of slip boundary conditions.

CONCLUSIONS

In this work we derived an analytical model for Stokes flow through a periodically collpasing microtube with slip, as a
simplifed model for the nexus of specialized fluid flow regimes that can occur in insect respiratory systems. We find that the
combination of creeping flow in a microtube with slip that is both pressure- and collapse-driven constitues a highly sensitive,
tunable microfluidic device that can accelerate, decelerate, or reverse its flow with slight variations in the phase lag parameter,
θ. We conjecture that an insect could change its phase lag parameter easily by varying its rate of abdominal pumping.
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For details on the source terms !", species concentration #$"%, boundary conditions and detailed computational methods, see 
Reference [7]. For all general parameters, as well as the case-specific parameters (3) which were adjusted to best fit the 
experiment, we refer the reader to References [1, 2, 7]. 

Figure 1. Schematic of the thrombosis model, comprised of platelet deposition, aggregation, and stabilization. 

RESULTS AND DISCUSSION 

Begent and Born [8, 9] experimentally studied thrombosis induced by the iontophoresis of Adenosine Diphosphate (ADP) in 
a hamster’s blood vessel in vivo. The schematic of the simulated blood vessel flow is shown in Figure 2 (Left), where the inlet 
velocity was chosen to be 800&'() to match the experimental value. From the experimental observation [8] [see Figure 2 
(Right)], it is clear that the thrombus grows both upstream and downstream of the location of the pipette, in agreement with 
our numerical results shown in Figure 3 (Left). According to Reference [8], the thrombus took approximately 100s to reach a 
size of 1/3 height of the blood vessel in the experiment while the same size was obtained after about 150s in our simulation. 
Figure 3 (Right) shows that the height versus length curves of the expanding thrombus in obtained numerically and 
experimentally [9] are in good agreement. In the future, the current model will be applied to further investigate thrombosis in 
practical medical devices such as artificial hearts and lungs.  

Figure 2 (Left) Schematic of the simulated blood vessel. The ADP is injected by a micro-pipette locating at the bottom vessel wall. 
(Right) Thrombus in blood vessel observed by Begent and Born [8] after approximately 100s of ADP injection through a micropipette. 

(The experimental data is reused with permission.) 
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Figure 3 (Left) Progression of thrombosis obtained with the current model; The arrow indicates the position of the micro-pipette. (Right) 
Comparison of the thrombus’ height versus length by numerical simulations (current work) and experiments in [9]. 
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Summary Hemodynamics studies on artificial heart valve has been conducted since the first available valve on market. However, better and 
more accurate prediction in the hemodynamic performance that an artificial heart valve could offer is still needed. Current advance 
computational technique, such as FSI (fluid-structure interaction), integrated with proper rheological properties of human blood could provide 
further insight for optimal hemodynamics in an artificial heart valve implantation. The presented hemodynamics studies demonstrates an 
accurate numerical modelling with the Newtonian and non-Newtonian rheological implementation using FSI approach for analysis of the 
variance of different hemodynamic parameters between the two models. Minimum difference in leaflet motion was found with noticeable 
variations in wall shear stress distribution throughout different phases of one cardiac cycle.  
 

INTRODUCTION 
 
   Among of all people who deceased in Canada in 2012, 19.7% of them were caused by the disease of heart[1]. For those 
who has a diseased heart valve, mitral and aortic valves are the most commonly affected valves, which account for 34% and 
44% morbidity, respectively[2][3]. With the increase of popularity in adopting computational methods for the investigations 
and modeling of hemodynamics for cardiovascular diseases, the use of fluid-structure interaction (FSI) method for 
simulating the hydrodynamics of heart valves and other cardiac vasculatures has gain significant insight[4]-[8]. Although 
the rheological properties of blood in large arteries are typically assumed as Newtonian fluid, blood behaves as non-
Newtonian fluid with shear thinning and thixotropic properties. By integrating the non-Newtonian relationship, the locations 
with concentrated high and low shear stress can be identified for further hemodynamics investigate and assessments for 
blood cell damage. Therefore, this paper presents a generalized FSI model for the hemodynamics investigation of artificial 
heart valve using both Newtonian and non-Newtonian rheological models for predicting leaflet motion, velocity profiles and 
shear stress distribution under physiological conditions and geometry. 
 

METHODOLOGY 
 
   The numerical models presented in this paper were constructed using COMSOL Multiphysics (V5.2). The geometrical 
parameters for the artificial heart valve model and the surrounding aortic root were gathered from experimental setup by 
ViVitro Lab Inc. The artificial valve modelled represented a bileaflet mechanical heart valve with an approximate aortic 
diameter of 23.4 mm. 9DOYH� OHDIOHWV�ZHUH� DVVXPHG� WR� EHKDYH� DV� LVRWURSLF�PDWHULDO�ZLWK� D�<RXQJ¶V�PRGXOXV� RI� ���*3D��
Poisson ratio of 0.3, and density of 2116 kJÂP-3. /DPLQDU� IORZ�UHJLRQ�ZDV�DVVXPHG�ZLWK�D�GHQVLW\�RI������NJÂP-3 and a 
1HZWRQLDQ� G\QDPLF� YLVFRVLW\� RI� ������� 3DÂV�� 7KH� QRQ-Newtonian rheological model for blood was constructed using 
Carreau equation using parameters with Ș� = 0.0035 PaÂs, Ș0 = 0.056 PaÂs, Ȝ�= 3.313, and n = 0.3568, based on study 
published by Karimi et al[9]. Inlet and outlet boundary conductions were applied with normal physiological pulsatile blood 
pressure profiles, which are identical to the experiments, at the ventricular and aortic position. Pressure pulses have a period 
of 0.86 s that represent a nominal heart rate of 70 beats per minute. The arterial wall boundaries were assumed to be rigid 
with no-slip condition. Free rotation condition was applied to the hinge of artificial heart valve with conditionally prescribed 
counter moment added only when the leaflets reached either minimum or maximum allowable angular position, which was 
25 and 85 degree, respectively. The numerical models were conducted using fully coupled direct solve technique with a 
multifrontal massively parallel sparse direct solver (MUMPS). Deformation and displacement of the valve leaflet in the 
simulation was handled with arbitrary Lagrangian-Eulerian (ALE) formulation and require domain-wide remesh based on 
mesh quality or relative mesh volume. Relative tolerance for the simulation was set to be 0.01. Mesh independence study 
was conducted on the Newtonian model and concluded with a change in solution less than 5%. The flow experiments, used 
for numerical validation, were conducted using a cardiovascular testing system at ViVitro Lab.  
 

RESULTS 
 
   In general, the variation in leaflet dynamics between the Newtonian model and non-Newtonian model was insignificant 
and the motion of the leaflets was in agreement with [7]. The approximate duration for open leaflet was 230 ms from leaflet 
opening to closing. The leaflets remained fully opened for approximately 100 ms. Maximum Von Mises stress was also 
processed for both leaflet and found to be below 100 MPa, which is less than the yield strength of the leaflet material. In 
terms of wall shear stress (WSS), both Newtonian and non-Newtonian models had similar WSS magnitude. However, with 



higher flow velocity magnitude during peak systole forward flow and diastole leakage flow, the variance in WSS between 
the two models could be differentiated more since the distribution of high WSS region in non-Newtonian model was larger. 
Similar observation and conclusion was made by [10]. There are minor velocity distribution difference between the 
Newtonian and non-Newtonian models. Shown below in Figure 1 is the flow velocity field during peak systole with 
Newtonian viscosity. Recirculation of blood within aortic sinuses as well as forward blood jet around valve leaflet, 
identified with forward red arrows, can be seen during fully opened leaflets. 
 

 
Figure 1: 3D Velocity Arrow Field for Bileaflet Mechanical Valve with Newtonian properties at Peak Systole 
 

CONCLUSION 
 
  The presented FSI model demonstrated an accurate prediction of leaflet dynamics and the hemodynamic performance for 
the mechanical valve, which was validated experimentally. Between the Newtonian and non-Newtonian model, difference 
in velocity profile was found; however, there was only minor velocity distribution difference between the two 
computational models. Similarly, the leaflet dynamics was slightly affected by different viscosity models. WSS analysis, on 
the other hand, has identified regions close to arterial wall and valve leaflet with larger WSS distribution for the case of 
non-Newtonian model. Since the non-Newtonian model used in current study only depend on shear rate, a more complex 
rheological fluid model that considers either haematocrit or viscoelasticity will be used for further improvement.  
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Summary We study the stability of elastic tubes conveying fluids. An apparatus for investigations of self-exciting oscillations of the elastic 
Penrose tubes was created. The effect of the flow regime (laminar vs turbulent) on the limit cycle oscillations and the stability boundary is 
experimentally analyzed. The influence of the fluid viscosity on the limit cycle oscillations is studied. Maps of regimes are obtained. 
 

INTRODUCTION 
 

Self-exciting oscillations of elastic tubes conveying fluid have been extensively studied during last 50 years in the 
context of biological applications, including blood vessel vibrations [1 ± 4]. Although biofluid flows are generally laminar, 
most experimental studies deal with turbulent flows. In this investigation we find the stability boundary for different 
regimes, analyze the effect of the flow regime (laminar vs turbulent) on the limit cycle properties, the flow rate limitation 
and the influence of the fluid viscosity on these characteristics at the turbulent regimes. 

 
EXPERIMENTAL APPARATUS 

 
The apparatus used is shown in the Fig. 1. An elastic Penrose tube is attached at each end to a rigid tube of the same 

diameter. The external pressure  in the chamber is constant. The fluid flows through the elastic tube under the pressure 
drop ο ൌ ଵ െ  ଶ are the upstream and downstream pressures. The pressure drop is changed by the ଵ and ଶ, where
flow rate Q or downstream pressure ଶ. The flow rate Q may by controlled by the adjustable resistance and is measured by 
flowmeter, ଶ may by controlled by the position of draining hose. 

 
Figure 1: An apparatus for investigations of self-exciting oscillations of elastic tubes conveying fluid. 

 
RESULTS OF EXPERIMENTS 

 
Glycerin solutions of different concentrations and water were used at the experiments. Viscosities of the solutions 

provided laminar or turbulent flow regimes with the same pressure drops. 
The first series of experiments was conducted for fluids with various viscosities corresponding to turbulent regimes. 

Reynolds number based on the Penrose tube diameter was varied in the range 2500<Re<16000. Results showed that the 
stability boundary and the character of limit cycle oscillations do not significantly depend on the fluid viscosity. This is 
explained by the fact that the molecular viscosity is negligible compared to the turbulent viscosity. When the stability was 
lost while keeping ଵ െ  constant and increasing ο ൌ ଵ െ  ଶ, the tube first oscillates in the following manner: two



collapses followed by a delay in the stable state, then again two collapses, etc. For higher ο, the tube collapsed three times 
followed by a delay; then four, five, and up to eleven times. As a rule, for higher ο single-frequency oscillations were 
finally established and locked the tube, i.e. neither frequency nor flow rate are changed when ο is increased more. The 
map of the regimes is shown in the Fig. 2a. In all the regimes the frequency representing consecutive collapses was not 
changed much when changing ο. 

 
Figure 2: Map of the limit cycle oscillations for turbulent (a) and laminar (b) flow regimes. Number of 

consecutive tube collapses followed by a delay for each limit cycle type is marked by number and color. Dashed 
lines show the stability boundaries. 

 
At the second series of tests a more viscous glycerine solution was used, which provides laminar flow at the unstable 

regimes with 100<Re<1000 with similar pressure drop along the Penrose tube. Unstable behaviour is quite different. For 
most flow rates, single-frequency oscillations developed almost immediately after the loss of stability (Fig. 2b). When 
increasing ο, the regime does not change.  

Oscillation amplitude at the laminar regime is essentially lower than at turbulent, so that the oscillations do not fully 
block the tube, that is why the oscillation frequency is more significantly affected by the pressure drop than at turbulent 
regimes. 

The work is supported by grant MD-4544.2015.1. 
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Summary A dual space-spectral description of energy flux is presented for the axial velocity component at the centreline and in the log
region of turbulent pipe flow at large Reλ.

OUTLINE

We have previously examined[1] the inertial subrange scaling of the axial velocity component for the centreline of turbulent
pipe flow for Reynolds numbers in the range 249 ≤ Reλ ≤ 986, where λ is the Taylor length scale. Measurements were
performed in the Princeton/ONR Superpipe using NSTAP probes of length, ℓ = 30 µm or 60 µm, with temporal resolution up
to 300 kHz. Estimates of the dissipation rate, ϵ, are made by both integration of the one-dimensional dissipation spectra and
the third-order moment of the structure function, where the separation r = −Uδt. Figure 1 shows A plotted as a function of
Reλ, where ϵ = v3ϵ /η = Au3

τ/R. In the case of the “4/5ths” law, the estimate of ϵ is taken to be the maximum over a range
of r/η — this is made necessary by the nature of the third-order moments which do not show a pronounced plateau.

It is noticeable that neither dissipation estimate provides values of A that asymptote to a constant: rather A increases
almost linearly with Reλ. The ordinate is proportional to ϵ: therefore the increase in A at higher Reynolds numbers cannot be
attributed to poor spatial resolution. Furthermore, there is a remarkable consistency between estimates of A using the 30 µm
and 60 µm probes. Hence this scaling does not fully account for the effects of the outer boundary condition. This important
result is not the same as that shown, for example, by [2], in which the influence of the large scales appears as Cϵ ≡ A
decreasing with Reλ. Both viscous and turbulent transport at the centreline contribute to a non-conservative spectral flux,
the effect of which is clearly evident in both the corresponding spectra and in the dimensionless dissipation rate. Turbulent
transport is clearly the dominant mechanism in determining global effects on spectral flux, where the principal effects of
the boundary conditions appear through finite turbulent transport which constitutes a source or a sink at each wavenumber.
Moreover, these effects cannot be described well by Kolmogorov’s “extended similarity hypothesis”, K62, in which the
dissipation rate retains its self-similar form.

In this paper, we extend the analysis to examine the scaling of the inertial subrange in the local-equilibrium region,
y/R = 0.052. With the assumption of “wall” (uτ , y) scaling, we expect the log-law and local-equilibrium regions to be
approximately coincident. With the assumption of local equilibrium, and using the momentum equation,

−uv+ = 1− y

R
− 1

κy+
, (1)

we estimate the dissipation rate as ϵ+ = (−uv+)/κy+. However, the spectral flux is much more spatially intermittent than
either the production or dissipation spectra, and since the energy balance at any point in space is an integration over all
wavenumbers, local equilibrium will only ever be an approximation. Figure 2 shows that A in the local-equilibrium region
is closer to a constant value than at the centreline over a similar range of Reλ. This could be attributed to the fact that
the turbulent transport in the local-equilibrium region is a somewhat smaller fraction of production and dissipation there.
Estimates of dissipation rates are compared with locally-isotropic estimates available from integration of the one-dimensional
dissipation spectra and the “4/5ths” law.
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HOW COMPARABLE ARE THE THREE “CANONICAL” TURBULENT FLOWS ?

Peter A. Monkewitz∗1 and Hassan M. Nagib2
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Summary The three canonical turbulent flows, the zero pressure-gradient turbulent boundary layer (abbreviated ZPG TBL), turbulent chan-
nel (TCh) and turbulent pipe flow (TP), have often been compared and their similarities analysed. Focussing on the three mean velocity
profiles obtained from some of the best available experiments and computations, the consequences of assuming a unique Kármán constant
on the large Reynolds number asymptotic expansion of the free stream and the centerline velocities, respectively, are explored.

Introduction
The quest of unifying the description of the three “canonical” wall-bounded turbulent flows, ZPG TBL, TCh and TP,

has a long history (see e.g. [1]) and is principally rooted in the belief that at very high Reynolds numbers the near-wall
flow becomes independent of the outer flow. Concentrating on the mean velocity profile U(y), this implies that all three
inner velocity profiles approach the same logarithmic law κ−1 ln(y+) + B, where y+ ≡ yuτ/ν → ∞. This view has been
challenged in [2] where different Kármán coefficients κ are derived for the three flows by fitting composite expansions to the
complete profiles up to the highest Re data available.

It is nevertheless worthwhile to explore the consequences of assuming that the inner expansions of U+ in all three flows,
in particular the log-law constants κ, are identical. Whatever the log-law-κ’s are, the standard asymptotic matching between
inner and outer profiles requires that the outer expansions have a leading term equal to ln(Re)/κ, with Re = Reδ∗ , H+ or
R+. Hence, the outer expansions of all three “canonical” flows must be of the general form

U+ ∼ κ−1 ln(Re) +
!

n=0

fn(η) [ ln(Re)]−n
+O(Re)−1 (1)

with η ≡ y+/Reδ∗ , y/H or y/R and f0(η → 0) ∼ κ−1 ln(η) +B .

with the same κ as in the respective inner log-laws κ−1 ln(y+) +B.

The zero-pressure gradient turbulent boundary layer
The mean velocity data in the ZPG TBL are the most abundant and come from the largest diversity of facilities. Since the

advent of independent wall shear stress measurements, most estimates of κ have converged to the interval [0.38, 0.39]. In the
following we will use κ = 0.384, which has been found in [3], and propose a new outer fit

U+

out(η) =
1

0.384
ln

"
3.50Reδ∗ tanh

1/2

#$
5.05 η

3.50

%2
1 + (10.8 η)4 + (12.7 η)5 + (11.2 η)8

1 + (12.7 η)5

&'
(2)

The quality of this outer fit (2) is evident from figure 1 which shows in particular, that U+
∞ = ln(3.50Reδ∗)/0.384 with

the κ of the log-law. Note also that for the ZPG TBL the fn(η) in (1) appear to be zero for n ≥ 1 or buried in the experimental
scatter.

-1

0

1

101 102 103 104y+

a)

-1

0

1
b)

10-3 10-2 110-1

Figure 1: (a) 19 ZPG TBL U+-profiles used in [4] and 6 profiles of [5] minus the log-law U+

log
= ln(5.05 y+)/0.384

corresponding to (2). • (black), Reδ∗ ≤ 2× 104 ; ! (blue), 2× 104 < Reδ∗ ≤ 4× 104 ; " (red), Reδ∗ > 4× 104. · · ·, leading
term (10.6 η)4 of the small-η departure from the log-law for Reδ∗ = 2×104, 4×104 and 7.84×104 (last red profile). The grey
band indicates deviations of up to ±0.2 from the log-law. (b) Same profiles minus outer expansion (2) versus η = y+/Reδ∗ .

∗Corresponding author. Email: peter.monkewitz@epfl.ch
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Figure 2: (a) Centerline velocity U+
c in turbulent channel flow versus H+. ◦, CFD data from [6], [7] and [8]; △, experimental

data from [9]; #, data from [10]. (b) Centerline velocity U+
c in turbulent pipe flow versus R+. ◦, “superpipe” Pitot data from

[4]; △, experimental data from [11]; #, data from [12]. Fits as indicated on the figures.

Centerline velocity in turbulent channel and pipe flows
In channel and pipe flows, the κc obtained by fitting the centerline velocity with U+

c = ln(Re)/κc+C is clearly different
from 0.384. As seen in fig. 2a for the channel, κc = 0.416, resulting from the best fit of the CFD data for H+ ≥ 103,
is far from 0.384 and even further from the value deduced in [2]. However, when allowing for a non-zero f1 in (1) with
f1(η ≡ H+ = 1) = 4.5 and f1(η → 0) = 0, the centerline data can be perfectly reconciled (see the solid red line in fig. 1a)
with a log-law-κ of 0.384, found in [8], for instance.

For pipe flow, the situation is similar to the channel, as the fit of a simple log-law to the Pitot data in the Princeton
“superpipe” yields a κc = 0.42. Again, a three-term asymptotic series (1) with f1(η ≡ R+ = 1) = 10 and f1(η → 0) = 0,
shown as solid red line in fig. 1b, fits the data nicely.

Conclusions
In this contribution, we are pointing out the fact that in turbulent channel and pipe flows the κc obtained from fitting the

centerline velocity U+
c is significantly larger than the log-law-κ in [8], [1], etc. and the κ deduced from both log-law and

free-stream velocity in the ZPG TBL. This has received very little attention so far, despite the incompatibility of κc ̸= κ with
the asymptotic matching of inner and outer U+- expansions across a logarithmic overlap. Here we propose a way out of this
dilemma by generalizing the outer expansion to equation (1).

One may think that the dilemma only exists if one believes in a unique log-law-κ dictated by the widely scrutinized TBL
data, but the requirement κc = κ remains valid if the log-law-κ’s in the three flows are different. As the centerline data in
figure 2 are thought to be reliable, at least for TP where there are no issues related to side-walls and span-wise variation of
Uc+ (see e.g. [13]) or span-wise periodicity, the question is whether log-law-κ’s of 0.416 and 0.42 are compatible with TC
and TP data. Given the history of κ deduced from the “superpipe” data and the limited Reynolds number range of channel/duct
data, it appears difficult to settle the question without further theoretical work.
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Summary The role of different scales in skin friction generation is investigated in a turbulent channel, at moderately high Reynolds numbers.
Three different methods are used: the FIK identity, and two sets of LESs using minimal boxes and selective flow damping respectively. We
show that the self-similar coherent motions in the form of Townsend’s attached eddies in the logarithmic layer are the dominant contributors
to wall shear stress at sufficiently high Reynolds numbers, whereas the near-wall and outer coherent structures are of limited importance.

INTRODUCTION

Background
The near-wall region has often been understood as the largest contributor to wall shear stress. At low Reynolds number,

coherent structures in this region have been shown to dictate drag production with the major role played by the streamwise-
aligned vortices [1]. However, for the last decade, the measurements at high Reynolds numbers significantly challenged this
early view, revealing the significance of the regions above the near-wall region. Indeed, the structures in the logarithmic
and outer regions have been shown to be very energetic and to influence the near-wall region with significant generation of
turbulent skin-friction drag [2, 3]. Furthermore, a growing body of very recent evidence suggests that the coherent structures
in wall-bounded turbulent flows are organized in a hierarchical form throughout the entire wall-normal layers with a self-
similar energy-carrying eddy entity, as in the attached eddy hypothesis by Townsend [4, 5]. It is, however, almost completely
unknown how these self-similar structures (i.e. attached eddies), populating mainly the logarithmic region, are involved in
turbulent momentum transport, particularly, to the wall (i.e. turbulent skin-friction generation). The purpose of this study is to
explore this issue by quantifying turbulent skin-friction generation by these structures at moderately high Reynolds numbers.

Methodology
Based on recent finding that the size of the attached eddies is characterized by the spanwise length scale [5], in this study,

we introduce three approaches in order to quantify turbulent skin-friction generation by the motions, the spanwise size of
which λz is smaller than a given cut-off wavelength λz,c: 1) the FIK identity [6] combined with the spanwise wavenumber
spectra from existing DNS database [7]; 2) selective damping of the motions at λz > λz,c in a sufficiently large computational
domain; 3) ‘minimal-box’ simulation, which means that the motions, and relative coherent structures, at λz > λz,c are
physically limited by the spanwise size Lz such that λz,c = Lz [8] (‘minimal’ is here used with this particular implication).
For the latter two approaches, a set of near-wall resolved large-eddy simulations are performed in a turbulent channel of the
half height h with the Vreman model. The simulations have been carefully validated with the existing DNS database at the
bulk Reynolds numbers varying from Rem = 38× 103 to Rem = 193× 103, resulting in the friction Reynolds numbers from
Reτ ≃ 1000 to Reτ ≃ 4000.

RESULTS

Figure 1 shows that variation of the skin friction coefficient Cf with the cut-off spanwise wavelength λz,c obtained with
the three approaches introduced. Note that, in turbulent channel flow, the spanwise wavelength of the outer structures, namely
very-large-scale and large-scale motions, is λz ≃ 1.5h [5]. All the three different approaches clearly show drastic decrease of
Cf on decreasing λz,c. The drop in Cf is particularly severe for λz,c/h < 1. The spanwise size of the self-similar coherent
motions in the logarithmic region is given in the range of 0.05 < λz/h < 1.5 at this Re: this suggests that the largest amount
of turbulent skin-friction generation comes from the self-similar coherent motions, which belong to the logarithmic region
given their length scale. We also mention that the FIK-identity-based approach, which applies only to the relevant portion
of the λz spectra, exhibits remarkable discrepancy from the other two approaches which artificially remove the motions at
λz > λz,c. This implies that the remainder of the flow is affected by the removal of the motions at λz > λz,c and it undergoes
non-negligible changes that partially recover the lost skin friction. Inspection of the spectra (not shown) revealed that this is
due to the lack of proper scale interaction of the motions near the cutoff wavelength λz,c (i.e. the largest permitted structures
in the given flow) with the removed motions, resulting in a non-negligible amount of Reynolds-stress generation in the wall-
normal location supposed to be emptied by the removal. We also underline that the statistics and Cf , obtained based on
selective damping and minimal boxes, show remarkable agreement, meaning that the manner of the removal has little effect
on the flow and skin friction.

∗Corresponding author. Email: m.de-giovanetti14@imperial.ac.uk
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A CONCEPTUAL MODEL FOR THE FILTERED WALL-SHEAR STRESS STATISTICS IN
TURBULENT BOUNDARY LAYERS

Carlos Diaz Daniel ∗, Sylvain Laizet, and Christos Vassilicos
Department of Aeronautics, Imperial College London, United Kingdom

Summary We present near-wall results from zero-pressure gradient boundary layer DNS, at Reynolds numbers up to Reθ = 2000 based on
momentum thickness θ and free-stream velocity U∞. Statistics and probability distributions of fluctuating skin friction suggest increasing
standard deviation and higher moments with increasing Reθ . An algebraic correlation for wall dissipation is proposed, fitting current and
previous data. The wall-shear stress angle appears correlated with the streamwise vortex structures which are responsible for rare negative
shear stress events. A conceptual model is presented, relating statistics of filtered skin friction fluctuations with velocity structure function
in δν ≪ y ≪ δ (δν and δ are wall viscous length and boundary layer thickness). According to the model, the fluctuating shear stress
influences velocity spectra in the Townsend-Perry attached-eddy range 1/δ < k < 1/y, inducing a higher slope than the classical result
E(k) ∝ k−1.

INTRODUCTION

Estimating wall-shear stress fluctuations in turbulent boundary layers is very important, as they play a fundamental role in
noise and drag generation in wall bounded flows. Accurate numerical studies are especially useful, since experiments usually
have limited resolution to measure skin friction fluctuations, due to wall thermal effects on hot-wire and hot-film probes.
Moreover, understanding the dynamics of wall shear stress is also very interesting from a fundamental point of view, since
it is linked to velocity fluctuations along the boundary layer by attached eddies, as explained by the model of Townsend-
Perry [5]. A comprehensive computational study of shear stress fluctuations is summarised here, confirming an empirical
correlation for wall dissipation with Reynolds number and presenting an algebraic model relation between skin friction and
velocity statistics, in order to account for the fluctuating skin friction in the classical theory of Townsend-Perry.

Computational method
Results have been obtained from a high resolution Direct Numerical Simulation of a zero-pressure gradient boundary

layer. The computational solver is Incompact3d [1], a 6th-order finite difference code, with a spectral treatment for the
pressure equation and a semi-implicit time advancement for the viscous terms. The simulation has been performed with
4097 × 513 × 256 cells, and size 480 × 40 × 15 δ99,0, based on boundary layer thickness at the inlet. The computational
domain is only stretched in the wall normal direction and the resolution, in wall viscous units (at Reθ = θU∞/ν = 1470,
based on the momentum thickness θ and free-stream velocity U∞), is: ∆x+ = 10.2, ∆z+ = 5.1, ∆y+ = 0.42 at the wall
and ∆y+ = 108.8 at the top of the domain. Periodic boundary conditions are specified in the spanwise direction and a
homogeneous Neumann condition is imposed at the top boundary. The Reynolds number range of the simulation, based on
momentum thickness, is Reθ = 270 − 2100. A laminar Blasius profile is prescribed at the inlet and transition to turbulent
state is triggered, 15δ99,0 downstream, via a random-forcing method as in [2]. After an initial period of T ≈ 2000δ99,0/U∞
mean quantities and statistics have been averaged over T = 3000δ99,0/U∞ (T+ = 11000).

RESULTS

The standard deviation dependence on Reτ of both streamwise and spanwise shear stress fluctuations fits a logarithmic
trend (as in [2]), and this can be used to formulate an empirical correlation for the wall dissipation dependence. The proposed
correlation is in good agreement not only with current simulation results but also with other published numerical data (Figure
1). The Reynolds dependence of τx must come from the influence of large scale wall-attached eddies, and Townsend-Perry
theory predicts that turbulence kinetic energy in the inertial region also increases logarithmically with Reτ . This correlation
can be important, for instance, in turbulence modelling, since it allows to extrapolate the wall dissipation value for Reynolds
numbers at which DNS simulations do not exist.

The p.d.f. of streamwise shear stress follows a quasi log-normal distribution but there are extreme events with negative
values for τx. The instantaneous shear stress vector τ= {τx, τz} forms an angle with the x direction which follows a symmet-
ric, high kurtosis distribution. The probability of events with ±90◦ angle is much higher than greater angle events, showing
that the negative τx events correspond to high values of spanwise shear stress τz . The spatial location of turbulence structures
alongside angle contours (Figure 3) suggests a correlation between the near wall quasi-streamwise vortices and the high values
of the shear stress angle, and both often come in opposite pairs.

∗Corresponding author. Email: c.diaz-daniel13@imperial.ac.uk
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TURBULENT TEMPERATURE MEASUREMENTS IN WATER

Clayton Byers∗1, Matthew Fu1, Yuyang Fan1, and Marcus Hultmark1

1Mechanical and Aerospace Engineering, Princeton University, Princeton, New Jersey, USA

Summary The fluctuating temperature field in a heated turbulent boundary layer is investigated. The working fluid is water, which is shown
to have implications on the measurement devices, which typically are optimized for operation in air. A novel nano-scale temperature sensor,
previously utilized in air, is redesigned for water measurements with a bandwidth of up to 1 MHz and spatial resolution more than an order
of magnitude better than conventional sensors. The new sensor enables a detailed study of both mean and fluctuating temperature profiles
in the boundary layer, as well as the turbulent heat fluxes when combined with velocity measurements.

BACKGROUND

Even though there have been tremendous improvements in flow measurement techniques over the last couple of decades,
instrumentation for measuring turbulent temperatures have not advanced at the same pace. The need for miniature probes to
avoid spatial filtering has been shown in several studies (see for example Ligrani et al. [1]). A common rule of thumb is
that the size of the sensing element should not exceed 20 viscous units, which is typically challenging to satisfy, especially
at high Reynolds numbers. Cold-wires are still the preferred technique for obtaining turbulent statistics for temperature, even
though they have been shown to have inadequate bandwidth [2]. This results in temporal filtering, while the long length of
conventional cold wires (typically 0.5-1 mm) leads to the spatial filtering as described in [1]. The inadequacy of the in-
strumentation has resulted in a lack of high-quality temperature data, especially in wall-bounded turbulent flows where the
resolution requirements typically are high. Modern semiconductor manufacturing techniques have enabled miniaturized sen-
sors to be developed and manufactured (Bailey et al. [3] and Fan et al. [4]), which have been utilized successfully. However,
these sensors have only been used in gaseous media, and they have consequently been optimized for such environments.

By using water as the test fluid, scaling parameters for the temperature field can be better evaluated. Most previous thermal
boundary layer data have been acquired in air flows, where the Prandtl number (ratio of viscous to thermal diffusion) is 0.7,
meaning that temperature and velocity fields develop in a similar fashion. Therefore, many data sets for the temperature field
utilize identical scaling parameters as those for the velocity field. With a Prandtl number of 7 in water (and adjustable from 3
to 9 depending on the free stream temperature), both classical and newly developed scaling relations can be tested. However,
testing in water implies that the length scales are even smaller, and spatial resolution even more critical.

One of the main concerns when miniaturizing temperature sensors is to reduce any end-conduction effects, since the
timescales associated with the supports of the sensing element are much larger than those associated with the sensing element
itself. Conventional cold wires are subject to severe attenuation even at low to moderate frequencies, due to end-conduction,
resulting in large discrepancies in measured versus actual temperature in turbulent flows [2]. A cold wire model based on the
lumped capacitance approach was developed and validated experimentally with multiple cold wire geometries. The results
and the model lead to the development of the TNSTAP sensor, a nano-scale temperature probe modified from the NSTAP
velocity sensor developed at Princeton [3, 4]. These modifications reduce the influence of the probe support and enable high
bandwidth temperature measurements, reduced low frequency attenuation and an increased roll-off frequency both compared
to conventional cold-wires and NSTAPs when used as a constant current cold wire. The advantage of the TNSTAP over
regular cold wires was shown by Arwatz et al. [5], and the cold wire model accurately accounted for the cold wire attenuation.

TEMPERATURE MEASUREMENTS IN WATER

By utilizing the cold wire model developed by Arwatz et al., the frequency response for different wire geometries and flow
conditions can be predicted. The response for a conventional cold-wire is compared to an NSTAP and a TNSTAP, operating
in air at 10 m/s, in figure 1. The four wires simulated (a Wollaston 2.5 µm (90% Pt and 10% Rh) conventional cold-wire with
l/d = 500, a 30 µm and a 60 µm long NSTAP, and a 200 µm long TNSTAP) have radically different response curves. As
can be seen, the two NSTAPs have improved low frequency behavior compared to the conventional cold-wire, but suffer from
severe attenuation above 100 Hz. This is perhaps not surprising, since the NSTAPs were designed to be hot-wires, where end
conduction effects are less critical. The TNSTAP, which was specifically designed to eliminate the attenuation observed in
the NSTAPs and the conventional cold-wires, exhibits an order of magnitude increase in roll-off frequency and significantly
improved low frequency attenuation.

However, a cold-wire operates on the principle of adjusting to the ambient flow temperature, thus the heat transfer char-
acteristics to the flow is of great significance to the dynamics of its response. In this study we are particularly interested
in temperature measurements in a heated water channel. The heat transfer coefficient is significantly higher in water, at an
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Figure 1: Comparison of wire response utilizing lumped capacitance model of Arwatz et al. [2].

otherwise similar configuration, compared to air. It can therefore be expected that all of these sensors will perform better in
water, since they can adapt faster to a change in the ambient temperature. The model used above allows investigation of this
effect, and figure 1 also shows the response of the 30 µm NSTAP and the TNSTAP in water at 2 m/s. The roll-off frequency
is nearly identical for both sensors with a bandwidth greater than 1 MHz, and low frequency attenuation is nearly non-existent.
This is almost two orders of magnitude faster than what the model predicts for a conventional cold-wire in water. Furthermore,
in order for a sensor to respond fast enough to changes in the ambient flow, the internal accumulation of heat in the sensor
itself must be small. This is characterized by the Biot number (ratio of external to internal heat conduction), which must be
less than 0.1 for the lumped capacitance method to work. The cold wire studied in figure 1 has a Biot number much smaller
than 0.1 in air, but in water it becomes greater than 0.1, especially for the larger geometries. This implies that the model will
over predict the bandwidth of a conventional cold-wire in water. In contrast, the nano-scale probes all have Biot numbers less
than 0.1 both in air and water, implying that the lumped capacitance model is valid and the above predictions accurate.

DISCUSSION

The results of the modeling above indicate that a wire with poor frequency response in air may have exceptional response
in water. It further indicates that there is no advantage of utilizing the TNSTAP over the 30 µm NSTAP for temperature
measurements in water since both have nearly identical temporal response. However, with the 30 µm NSTAP being 7 times
shorter than the TNSTAP, the spatial resolution is almost an order of magnitude better. In the planned water channel boundary
layer experiment, the thermal length scale can approach 2.5 µm, thus the NSTAP has an length of 12 thermal units versus 80
for the 200 µm long TNSTAP. Therefore, the 30 µm NSTAP will be able to accurately capture the temperature fluctuations
in the innermost regions of the thermal boundary layer. In addition to capturing the temperature variance more accurately,
this small wire can also be utilized as a constant current hot wire in water. With the modified end conduction requirement
developed by Hultmark et al. [6], the 30 µm NSTAP can be shown to still satisfy end conduction criteria for use as a hot wire in
water. Therefore, in addition to a significantly improved response to temperature fluctuations over a standard cold wire, the 30
µm NSTAP can be utilized for velocity measurements. This comes as a significant savings in experimental complexity, since
only one sensor is required for two different measurements. Furthermore, combined temperature and velocity measurements
will enable measurements of the turbulent heat fluxes, one of the more difficult parameters to measure.
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Summary Recent direct numerical simulations (DNS) of the restricted nonlinear (RNL) model have demonstrated its ability to reproduce
important features of wall-bounded turbulent flows despite the system’s simplified dynamics. The computational effort required by DNS has
limited these studies to relatively low Reynolds numbers. In order to investigate the RNL system in the very high Reynolds number regime,
we develop a new large-eddy simulation (LES) framework for the model to facilitate studies at effectively “infinite” Reynolds number. Early
results confirm that the RNL-LES at “infinite” Reynolds number is successful in reproducing some of the same important statistical features
captured in previous low Reynolds number simulations. The RNL-LES framework offers a new and useful tool to aid in understanding the
connection between coherent structures and critical momentum transfer mechanisms of wall-bounded turbulent flows.

BACKGROUND

The streamwise-coherent structures often observed in wall-bounded turbulent shear flows have, in recent years, motivated
the study of reduced-order models with simplified streamwise dynamics. One example is the two-dimensional, three-velocity-
component (2D/3C) model which consists of 2D fields for all three velocity components and the pressure gradient. Studies of
the 2D/3C dynamics have elucidated important mechanisms in turbulent plane Couette [1] and pipe [2] flows.

The related restricted nonlinear (RNL) model builds on the 2D/3C system by coupling its dynamics with those of a
streamwise-varying perturbation field. The RNL system is straightforwardly derived from the Navier-Stokes equations by
decomposing the velocity field into a streamwise mean flow, Ui(y, z, t), and perturbations about that mean, ui(x, y, z, t). The
perturbation field is associated with streamwise-varying wavenumbers (i.e., non-zero streamwise wavenumbers) while the
mean flow only includes the zeroth streamwise wavenumber. The total velocity is thus: (uT , vT , wT ) = (U+u, V +v, W+w).
The same decomposition is employed for the pressure field. The nonlinear term associated with the interactions between
perturbations is then eliminated to obtain the RNL system:

∂iUi = 0, ∂tUi + Uj∂jUi + ∂iP − ν∂j∂jUi = −⟨uj∂jui⟩ − ∂xp∞ î (1)
∂iui = 0, ∂tui + Uj∂jui + uj∂jUi + ∂ip − ν∂j∂jui = 0. (2)

The angle brackets in equation (1) indicate the streamwise-averaging operation. Direct numerical simulations (DNS) of
the RNL system have highlighted that its dynamics are supported by a reduced set (compared to the Navier-Stokes system) of
streamwise-varying wavenumber modes [3]. Studies have also indicated that the streamwise-varying wavenumbers involved
in the dynamics can be changed, e.g. by shifting and/or band-limiting these modes, while still maintaining a turbulent flow
[4, 5]. Additionally, the particular streamwise-varying wavenumbers involved have a strong effect on the turbulence statistics.

The RNL studies carried out to date have focused on friction Reynolds numbers (Reτ ) below 1000. In order to investigate
the behavior of the RNL system at very high Reynolds numbers, such as those encountered in the atmospheric boundary layer
and various engineering applications, we propose a version of the RNL model suitable for large-eddy simulations (LES). This
RNL-LES model requires a sub-grid scale model as well as a wall model to circumvent the high-cost associated with resolving
the near-wall region. We present results using a standard Smagorinsky model, τ sgsij , which is desirable for its simplicity and
appropriate for an initial, proof-of-concept step. Thus, in the LES version, equations (1) and (2) contain the additional sub-
grid stress terms ∂j

!
τ sgsij

"
and ∂j [τ sgsij −

!
τ sgsij

"
], respectively. The wall region is modelled by imposing stresses at the first

gridpoints above the wall which assume the standard rough wall log law.

NUMERICAL TECHNIQUE

The spatial discretization is pseudospectral in the horizontal directions (streamwise x, spanwise y) with second-order finite
differencing in the wall-normal (z) direction. We use 3/2-rule dealiasing and integrate forward in time with the second-order
Adams-Bashforth method. The horizontal boundary conditions are periodic while the wall-normal direction has a stress-free
condition at the top boundary and the aforementioned wall model at the bottom boundary. For all simulations we have uniform
mesh spacing with 1282 grid points in the y-z cross-plane with a box size of [Lx, Ly, Lz]/H = [2π, 2π, 1]. For the LES case
we also have 128 grid points in the x-direction while the RNL-LES cases require fewer streamwise grid points (depending
upon the particular streamwise wavenumbers retained in the restricted dynamics).



RESULTS
The natural RNL-LES dynamics, which we refer to here as the “baseline” scenario, over-predicts the mean velocity profile

in a way that is consistent with earlier DNS of the RNL system. The profile does not exhibit the standard logarithmic depen-
dence on wall-normal height as the RNL system over-predicts the velocity in the bulk of the flow and is too flat in the upper
region of the domain. The spanwise (not shown) and wall-normal Reynolds stresses, respectively [v′T v′T ]/u2

∗ and [w′
Tw′

T ]/u2
∗,

are under-predicted (square brackets indicate horizontal- and time-averaged quantities, the prime symbol indicates the devia-
tion from the time-averaged total velocity), while the streamwise Reynolds stress, [u′

Tu′
T ]/u2

∗, is strongly over-predicted, also
consistent with prior work [4].

10
−2

10
−1

10
0

0

5

10

15

20

25

Log law —
LES
RNL-LES, baseline
RNL-LES, band-limited

z/H

[u
T
]/
u
∗

0 0.2 0.4 0.6 0.8 1
0

5

10

15

R
ey
n
ol
d
s
st
re
ss
es

z/H

LES
RNL-LES, baseline
RNL-LES, band-limited

[u′T u
′

T ]/u
2
∗

0 0.2 0.4 0.6 0.8 1
−1

−0.5

0

0.5

1

1.5

R
ey
n
ol
d
s
st
re
ss
es

z/H

LES
RNL-LES, baseline
RNL-LES, band-limited

[w′

Tw
′

T ]/u
2
∗

[u′Tw
′

T ]/u
2
∗

Figure 1: Mean velocity (top left) and Reynolds stress (top middle, right) profiles; streamwise velocity, uT /u∗, cross-plane snapshots
(LES: bottom left, RNL-LES: bottom right).

By forcing the perturbation dynamics (i.e., the non-zero streamwise wavenumbers present in equation (2)) to operate over
a different set of non-zero streamwise wavenumbers, which we refer to as the “band-limited” scenario, we observe marked
improvement in all of the turbulence statistics, aside from the [u′

Tw′
T ]/u2

∗ Reynolds stress, which is accurate in all scenarios
due to the required momentum balance which must hold in all cases in the statistical steady state. While earlier DNS studies
of the RNL system showed that one streamwise-varying wavenumber is sufficient to accurately reproduce the mean velocity
profile at low Reynolds numbers, these new results indicate that a more complex wavenumber set may be required at very
high Reynolds numbers. In this band-limited instance, the selected streamwise-varying wavenumbers are chosen to be the 8th
and 16th streamwise modes, based on some initial insights, but another more optimal set (and number) of modes may exist.
Ongoing work is targeted at precisely characterizing the relationship between the streamwise wavenumber support and the
turbulence statistics, which is still not fully understood even in the low Reynolds number regime.

CONCLUSIONS
Our results provide evidence that further study of the RNL system could aid in the development of reduced-order models

of wall-turbulence. The extreme computational expense associated with high-fidelity turbulence simulations is well-known.
By investigating and manipulating the spatial structures embedded in turbulent wall-bounded flows, we can gain insights into
some key mechanisms of wall-turbulence and exploit that knowledge in the development of less-expensive, reduced-order
models. LES of the RNL system provide another angle of attack to further understand the structures and mechanisms involved
in wall-turbulence by allowing one to approach the problem from the very high Reynolds number regime.

This work is supported by the US NSF (Nos. ECCS-1230788, and IIA-1243482, the WINDINSPIRE project).
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[4] V. L. Thomas, B. K. Lieu, M. R. Jovanović, B. F. Farrell, P. J. Ioannou, and D. F. Gayme, “Self-sustaining turbulence in a restricted nonlinear model of

plane Couette flow,” Phys. Fluids 26, 105112 (2014).
[5] J. U. Bretheim, C. Meneveau, and D. F. Gayme, “Standard logarithmic mean velocity distribution in a band-limited restricted nonlinear model of

turbulent flow in a half-channel,” Phys. Fluids 27, 011702 (2015).



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

DATA-DRIVEN OPTIMIZATION OF THE FORCING IN THE RESOLVENT ANALYSIS OF
WALL TURBULENCE

Kevin Rosenberg∗1 and Beverley J. McKeon1

1Graduate Aerospace Laboratories, California Institute of Technology, Pasadena, California, U.S.

Summary The resolvent framework developed by McKeon & Sharma [1] for wall turbulence is a systems-level model that treats the
nonlinear term of the Navier-Stokes equations as a forcing that acts upon the linear dynamics to output a velocity and pressure response
across wavenumber-frequency space. An optimization scheme was developed to determine a full spectral representation of the unknown
nonlinear forcing such that the resulting velocity spectra optimally matched those of DNS for turbulent channel flow. Results show that
this optimization not only determines a forcing field that leads to excellent reproduction of the DNS velocity spectra but also highlights the
potential of this framework to make predictions about statistical quantities not explicitly constrained in the optimization scheme. This study
represents continued progress in the development of the resolvent model as a systematic pathway towards both understanding the dynamics
of wall turbulence and control objectives such as turbulent drag reduction.

INTRODUCTION

Turbulent drag reduction continues to be an important engineering challenge, and the potential economic and environmen-
tal impact is well-documented [2]. A model of turbulence amenable to the rich tools of controls and system theory would
provide a practical means of achieving this desired drag reduction. In this context, we seek to develop a low-order model of
turbulence at a systems-level that captures the key statistical and structural features observed in experiments and simulations,
and that can be scaled with Reynolds number. The resolvent framework has shown promise in possessing these characteristics
[3, 4] and admitting linear control laws via modification of the boundary conditions [5, 6]. The framework formulates the
Navier-Stokes equations as a input/output system across (streamwise and spanwise) wavenumber-frequency space in which
the nonlinear term is treated as a forcing that acts upon the linear dynamics (resolvent operator) to yield a velocity and pressure
response.

In previous work, Moarref et. al. [7] employed a singular value decomposition of the resolvent operator and used opti-
mization and DNS data to identify a finite number of resolvent modes which contributed directly to the velocity spectra. Most
notably, this formulation failed to accurately match the ⟨uv⟩ Reynolds stress, which is needed to sustain the assumed mean
profile. Since it is not known a priori how many resolvent modes are needed to fully represent the velocity/forcing fields, a
new approach has been developed that does not decompose the operator and instead attempts to solve for the nonlinear forcing
directly. In this study, turbulent channel flow DNS data is combined with optimization techniques to determine and character-
ize the unknown nonlinear forcing that yields a velocity/pressure field whose spectral and statistical features optimally match,
and ultimately predict, those of DNS.

METHODOLOGY

A schematic of the optimization procedure is shown in figure 1. The scheme used an iterative approach within MATLAB
to determine the nonlinear forcing such that the resulting time-averaged velocity spectra matches the DNS data of del Alamo
and Jiménez [8]. As this DNS database did not have pressure spectra data available, in addition to matching velocity spectra

Resolvent 
operator 

Compute time-averaged 
velocity spectra 

Formulate residual between 
velocity spectra and DNS data 

Supply initial 
guess of forcing ff          

Compute new    
forcing ff     

For each 
 

Enforce  Poisson equation 

Figure 1: Optimization algorithm used to iteratively solve for the nonlinear forcing
∗Corresponding author. Email: krosenbe@caltech.edu



the optimization framework enforced the Poisson equation in an attempt to further constrain the forcing (see figure 1). The
optimization was run for a pair of streamwise and spanwise wavenumbers (kx, kz) and over a range of frequencies to obtain
time-averaged spectra. The first singular forcing mode of the resolvent operator was used to provide an initial guess of the
forcing shape and was found to be a robust choice for the range of wavenumbers considered. Optimization results were ob-
tained on a grid of 30 streamwise wavenumbers, 30 spanwise wavenumbers, and 50 wall-normal points, which is a significant
reduction in degrees of freedom from the corresponding DNS.

RESULTS

Optimization results in the form of intensity profiles are shown in figure 2 for Reτ = 186. The velocity plots indicate
the success of the optimization scheme to match the DNS data it was explicitly enforced to match. Moreover, the pressure
intensity profile reveals that without providing any information about the pressure spectrum and by simply enforcing the
Poisson equation within the optimization scheme, the framework was able to closely match the results from DNS. This helps
to lend support to the notion that the forcing obtained from the optimization is unique, though further validation of this claim is
the subject of ongoing work. The 1-D pre-multiplied spectrum of the v-component of the forcing (f̂v), also shown in figure 2,
clearly shows a defined spectral signature and thus may provide insight into the spatio-temporal scales that drive the linear
dynamics of the flow. The other two forcing components, not reported here, also showed similar discernible signatures. These
results are encouraging and suggest a complete characterization of the nonlinear forcing via this optimization framework is
possible and has the potential to elucidate the complex dynamics of wall-bounded turbulent flows.

Figure 2: Intensity profiles for velocity and pressure components (DNS- red line, resolvent optimization- blue circles) for
Reτ = 186 and the 1-D pre-multiplied spectrum of f̂v obtained using the algorithm outlined in Figure 1.
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SCALE INTERACTIONS AND 3D CRITICAL LAYERS IN WALL-BOUNDED
TURBULENT FLOWS

Theresa Saxton-Fox∗1 and Beverley McKeon2

1Department of Mechanical and Civil Engineering, California Institute of Technology, Pasadena, California, USA
2Graduate Aerospace Laboratories, California Institute of Technology, Pasadena, California, USA

Summary Phenomena related to scale interaction in wall-bounded turbulent flows were considered through the lens of critical layer analysis.
A 3D critical layer formulation was used, with the 3D critical layer associated with a particular structure defined as the height where
the instantaneous velocity field composed of the large scales and the mean velocity matched the convection velocity of that structure.
Characterization of the velocity field surrounding the 3D critical layer in wall-bounded turbulent flows led to conclusions consistent with
previously observed phenomena including the shape of the interface defining uniform momentum zones (UMZs) [1] [2] and amplitude
modulation of the small scales by the large scales [5]. The use of a 3D critical layer formulation in wall-bounded turbulent flows may lead
to improved modeling of small scale activity in reduced order models and LES.

The 3D critical layer has previously been considered in wall-bounded turbulent flows in the context of self-sustaining,
exact solutions to the Navier-Stokes equations [3]. The present work links phenomena related to a critical layer and current
observations of scale interaction in wall-bounded turbulent flows. The shape of the interface outlining UMZs in instantaneous
snapshots of turbulent boundary layers has been observed to lie along an isocontour of velocity [1] [2], which can be considered
to constitute an instantaneous 3D critical layer. Additionally, observations that large scales in the flow can modify the local
wall shear stress [4] and the amplitude of the local small scales [5], can be considered through the perspective of the 3D critical
layer analysis. Considering physical and statistical features of wall-bounded turbulent flow through a critical layer framework
allows for improved understanding of scale interactions and may lead to improved modeling of these phenomena.

Figure 1 offers an illustration of a 3D critical layer identified in PIV data. 2D Gaussian filters were used to identify distinct
scales in the PIV velocity data, and Taylor’s hypothesis was used to visualize a larger field of view than is available in the data.
Large-scale velocity structures corresponding to instantaneous velocity higher than the mean velocity are shown to correspond
to depressions in the 3D critical layer towards the wall (relative to the 2D critical layer corresponding to the location where the
mean velocity is equal to the structure convective velocity) and are correlated (both visually and statistically) with energetic
small scales at lower heights in the flow, while those leading to instantaneous velocities slower than the mean velocity are
shown to correspond to raised regions of the 3D critical layer and are associated with energetic small scale activity at higher
heights in the flow.

The resolvent analysis of McKeon and Sharma [6] has been used to model this simplified definition of the 3D critical
layer in wall-bounded turbulent flows. A single velocity response mode from resolvent analysis superimposed with the mean
velocity profile leads to a 3D critical layer signature that qualitatively matches observations of 2D PIV data.

In summary, the utility of the 3D critical layer to describe a range of phenomena that have been observed in the literature
is demonstrated and exploited.

The support of an NDSEG fellowship (TSF) and AFOSR (grant FA9550-12-1-0060) is gratefully acknowledged.
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COUPLED UNIFORM MOMENTUM ZONES AND INTERNAL LAYERS IN TURBULENT
WALL FLOWS
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Summary A candidate flow configuration is identified that has the potential to generate a self-sustaining interaction between a single vortical
fissure and adjacent uniform momentum zones, i.e. the primal coherent structures and interactions observed in the outer part of turbulent
wall flows at asymptotically large Reynolds number Re. Matched asymptotic analysis is used to derive a reduced set of PDEs governing the
coupled dynamics of the fissure and uniform momentum zones in the limit Re → ∞. The analysis clarifies the nature of the hypothesized
interaction and provides an equation set that is suitable for efficient multiscale numerical simulations.

INTRODUCTION

Both field observations and laboratory experiments suggest that at extremely large Reynolds numbers Re ≡ uτh/ν,
where uτ is the friction velocity, h an appropriate integral length scale and ν the kinematic viscosity, fluid motions in the outer
part of turbulent wall flows self-organize into interacting vortical fissures (VF) and uniform momentum zones (UMZ). The
fissures are essentially internal shear layers across which the instantaneous streamwise (x directed) velocity changes sharply,
thereby separating adjacent UMZ in the wall-normal (y) direction (see Fig. 1, left). Experiments reveal that the dimensionless
thickness of the VF (normalized by h) is O(1/

√
Re), while the dimensionless streamwise velocity jump across the fissures

(normalized by uτ ) is O(1) [1]. These scalings, which are consistent with the conceptual notion that the turbulent boundary
layer comprises logarithmically many viscous internal layers containing most of the vorticity and, hence, dissipation, must be
respected by any credible predictive asymptotic theory.

A CANDIDATE FLOW CONFIGURATION

The UMZ are colocated with very large-scale motions (VLSM) or super-structures, elongated regions of spanwise (z)
alternating, relatively uniform, low and high streamwise-momentum fluid. Observations confirm that the low-momentum
regions are separated by the vortex cores of nearly inviscid streamwise roll modes [2]. Here, we suggest that these observations
are consistent with the notion that the super-structures and UMZ are driven by a variant of the self-sustaining process (SSP)
first proposed by Waleffe [3] for plane parallel shear flows and subsequently described in the large-Re limit by Hall &
Sherwin [4] and Beaume et al. [5]. According to this theory, comparably weak [O(Re−1)] streamwise vortices drive an
O(1) redistribution of the background streamwise shear; the resulting spanwise inflections in the streamwise velocity are the
sites of x-varying shear instabilities that nonlinearly interact to reinforce the (weak) streamwise vortices, thereby comprising
a SSP. Until recently, Waleffe’s SSP and the associated “exact coherent states” (ECS) – unstable 3D equilibrium, traveling-
wave or periodic-orbit solutions of the Navier–Stokes (NS) equations – had been thought to be relevant only to the near-wall
dynamics of the turbulent boundary layer (if at all). However, it is conceivable that a similar mechanism partially sustains the
UMZ much farther from the wall. One crucial difference concerns the dynamics of the streamwise-averaged flow: in the SSP
articulated by Waleffe and Hall, the effective Reynolds number for this x-mean flow is O(1); in contrast, our scaling analysis
confirms that the streamwise-averaged dynamics within the UMZ are essentially inviscid. This is significant, since the x-
averaged streamwise flow (the ‘streaks’) associated with Waleffe’s lower- and upper-branch ECS is not uniform. In contrast,
at sufficiently large effective Reynolds number, a counter-rotating cellular flow in the y–z plane is expected to homogenize the
(x-mean) streamwise velocity component, consistent with the defining property of UMZ.

ASYMPTOTIC DEDUCTION AND REDUCTION

Consider the incompressible Navier–Stokes (NS) equations normalized using uτ , ρu2
τ (where ρ is the fluid density), h and

h/uτ as scales for the velocity, pressure, length and time, respectively. Letting ϵ ≡ 1/
√

Re, we require the (emergent) internal
shear-layer thickness ∆ ∼ ϵ in accord with the observed scalings of VF in turbulent wall flows at large Re. As ϵ → 0, the
shear layer thins to a sheet and the dynamics is expected to be largely inviscid except within a thin O(ϵ) region centered on
the shear layer. Thus, this configuration is amenable to analysis using the method of matched asymptotic expansions, with an
outer region in which y = O(1) and an inner region in which y = O(ϵ) and, hence, Y ≡ y/ϵ = O(1).

∗Corresponding author. Email: greg.chini@unh.edu
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INNER–OUTER INTERACTIONS IN A TURBULENT BOUNDARY LAYER OVERLYING
COMPLEX ROUGHNESS

Gokul Pathikonda1,2 and Kenneth T. Christensen ∗2

1Department of Mechanical Science and Engineering, University of Illinois, Urbana-Champaign, USA
2Department of Aerospace and Mechanical Engineering, University of Notre Dame, Notre Dame, USA

Summary Experiments were performed to investigate the modulating influences of the inertial-region large-scale structures, on the small
scales near the wall in a turbulent boundary layer. Hot-wire measurements were made in flow over a smooth- and a rough-wall (a multi-
scale topography), in light of recent studies establishing the phenomena in flows over smooth walls. One-probe measurements capture the
streamwise turbulent kinetic energy distribution among various scales and local large-scale–small-scale interactions across the flow. Two-
probe measurements, measuring the large scales in the inertial region and small scales in the near-wall region simultaneously, were then
performed to investigate the modulation influences. Amplitude (AM) and frequency modulation (FM) were observed in rough-wall flow,
similar in structure to that of the smooth-wall flow. Further, among different spanwise locations investigated in flow over the roughness,
it was found that the subtle differences in interactions exist between regions of low-momentum pathways (LMPs) and high-momentum
counter parts (HMPs).

INTRODUCTION
Recent studies on high Reynolds number (Re) smooth-wall turbulent boundary layers have shown strong modulation

influences of the outer layer on the near-wall, small-scale turbulence. Particularly, the small scales close to the wall were
found to be amplitude- and frequency- modulated by the large- and very large-scale motions (LSMs and VLSMs) in the
inertial layer. Since the latter grow stronger with Re, these influences on the ‘autonomous’ (and Re-independent) near-wall
production cycle could gain significance at high-Re flows. More details and analyses can be found in earlier experiments
([1, 2] etc.) and DNS simulations ([3] etc.) for smooth-wall flows.

While these phenomena are well observed in smooth-wall turbulent flows, it is of interest to investigate the same in rough-
wall turbulent boundary layers. A fully-rough turbulent boundary layer is expected to have an outer-layer structure similar
to that of smooth-wall flows (outer-layer similarity). The near-wall turbulence production cycle of the smooth-wall flow is
substituted, in this case, with a roughness sublayer, to which the outer-layer merely ‘adjusts’. Thus, it would be interesting to
investigate if such interactions exist across the ‘outer’ region and the roughness sublayer. The current work investigates these
influences on a complex roughness reproduced from a damaged turbine blade [4]. With the outer-layer similarity established
in earlier studies [5], we aim to understand the amplitude and frequency modulating influences across the boundary layer
using 1- and 2- hot-wire probe measurements.

EXPERIMENTS
All experiments were performed in open-circuit wind tunnel ([4] for details). Two types of streamwise velocity time series

measurements were taken employing the hot-wire CTA technique. The first set, 1-probe measurements, were made using a
single-component hot-wire probe, traversing across the boundary layer in the wall-normal direction. Amplitude and frequency
modulation analyses were then performed using this 1-probe data by assuming that large scales locally measured with the
probe are representative of the outer-layer structure owing to a superposition of large scales in the logarithmic region. A
second set of measurements, 2-probe measurements, were performed using two hot-wire probes. While the first-, outer- probe
was fixed in the logarithmic region to directly measure the large scales of the flow, a second-, inner- probe simultaneously
measured the small scales close to the wall. These latter 2-probe measurements eliminate the aforementioned 1-probe analysis
assumption regarding the large scales.

The roughness and flow characteristics can be found in earlier studies [4, 5, 6]. Particularly, Barros and Christensen [6] re-
ported spanwise alternating high- and low-momentum pathways (HMPs and LMPs) in the mean flow, bounded by streamwise-
oriented roll cells, associated with roughness-induced turbulent secondary flows driven by the heterogeneity of the roughness
under consideration. 1- and 2-probe measurements and analyses were performed at two spanwise locations corresponding to
one HMP-LMP pair, centered at the HMP and LMP. For the sake of brevity, only 1-probe results are presented here.

RESULTS
A single-probe amplitude modulation analysis is performed using the Hilbert transform method described in [1]. As

mentioned before, this method assumes that the large-scale velocity fluctuations measured (close to the wall) are a superim-
posed imprint of the LSMs and VLSMs in the logarithmic region. The Hilbert transform can then be used only on the small
scales, and large-scale variations in amplitude of small scales can be correlated with the large scales to compute 1-probe am-
plitude modulation correlation coefficients (R1

a). Figure 1(a-c) shows the contours of time-delayed R1
a at various wall-normal

positions corresponding to the smooth-wall, rough-wall LMP and rough-wall HMP cases. It can be seen that the contours
∗Corresponding author. Email: christensen.33@nd.edu



Figure 1: (a-c) Contours of AM correlation coefficient (R1
a) for smooth-wall (SW), rough-wall LMP (R-LMP) and rough-wall

HMP (R-HMP) cases. (e-g) Corresponding FM correlation coefficients (R1
f ). Contour levels are from -0.5 to 0.5 in steps

of 0.1; dashed contour lines are negative levels. (d,h) AM and FM coefficients, respectively, at zero time delay (R1
a;τ=0 and

R1
f ;τ=0). black, circles: SW; red, triangles: R-LMP; blue, squares: R-HMP.

of R1
a of rough-wall flow are anatomically similar to the smooth-wall case, with the interactions reflected in high correlation

values near the wall. Further, the zero-time delay correlation coefficients [R1
a;τ=0; Figure 1(d)] show clearly that the amplitude

modulation as measured by this technique also persists in the rough-wall cases as well. However, the correlation coefficient
appears to behave differently in the HMP and LMP regions.

Frequency modulation analysis can also be performed using 1-probe measurements using wavelet transforms instead of
the Hilbert transform [7], where the velocity time series are decomposed into time-frequency wavelet power spectrum (WPS).
By choosing an ‘instantaneous frequency’ per time instant, one can obtain the small-scale frequency time series which can
be correlated with the large-scale signal to obtain frequency modulation correlation coefficients (R1

f ), and investigate the FM
influences of large scales on the small scales. Figure 1(e-g) shows contours of R1

f , akin to the AM counterparts. The near-wall
modulation effect is readily apparent close to the wall, much more so than the AM analysis, since the effects measured in FM
do not overlap with scale arrangement in the inertial region (that is captured in R1

a). Further, it can be seen from the zero-time
correlation [R1

f ;τ=0; Figure 1(h)] that the frequency modulation effects also exist alongside the amplitude modulation in both
the HMP and LMP regions, and in a similar fashion.

The 2-probe simultaneous measurements and analyses (not shown here) enable direct correlation of roughness sublayer
dynamics with the inertial region structures. Work is being done to examine the similarities and differences, if any, with the
smooth-wall flow dynamics. We expect this analysis to shed additional light on the interaction mechanisms in both smooth-
and rough-wall turbulent flows.
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A uĲ / v = 6, 7, 9 at ReĬ = 1200. Figure 1 shows the results of the local drag reduction (DR) defined as the relative wall-shear 
stress difference between the modified and the non-impacted flow 3 mm (75 wall units for ReĬ = 1200) downstream of the 
actuated surface. The comparison of the results of f = 27, 54, 81 Hz at ReĬ = 1200 shows that the drag reduction effect 
depends strongly on the wave frequency. At a lower T+ value a higher drag reduction is achieved while at higher T+ the drag 
reduction effect decreases. The PIV and µ-PTV results in the x-y plane show that the velocity gradient and turbulence 
intensity are reduced by the traveling surface wave motion in the drag reduction cases. A phase-averaging measurement 
over the moving surface in the x-z plane is conducted at ReĬ = 1200 with the frequency of 81 Hz and amplitude of 0.375 
mm which shows the maximum drag reduction of 3.4%. The results in Figure 2 show that a velocity component in the 
spanwise direction is induced by the wave motion. Above the wave trough a spanwise flow is induced in the same direction 
as the traveling wave, while above the wave crest a weaker flow is induced in the opposite direction. The quasi-streamwise 
vortices are weakened and shifted away from the wall by the induced spanwise flow. These experimental results confirm the 
findings of Tomiyama and Fukagata [7] on the mechanisms of spanwise traveling surface waves. 

         Table 1. Experimental parameter combinations of Reynolds number, frequency, and amplitude 

ReĬ A = 0.26 mm A = 0.315 mm A = 0.375 mm 
1200 27/54/81 Hz 27/54/81 Hz 27/54/81 Hz 
1660 81 Hz 81 Hz 81 Hz 
2080 81 Hz 81 Hz 81 Hz 

 

 
Figure 1. DR versus T+ showing the comparison of present results and the findings of Tamano and Itoh [5] 

 

 
Figure 2. Comparison of the phase-averaged spanwise velocity distributions over the nonactuated surface, wave trough and 

crest, x-z plane, y+ = 25, A+ = 9, T+ = 110 
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SWEEPS AND EJECTIONS IN ZPG AND STRONG APG TURBULENT BOUNDARY LAYERS
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Summary We analyse the properties of three-dimensional sweeps and ejections in two zones of a zero-pressure-gradient turbulent boundary
layer (ZPG TBL), corresponding to two ranges of Reynolds number, and three zones of a strongly decelerated TBL, corresponding to three
ranges of mean velocity defect. In the case of the APG TBL, the last zone includes a very thin separation bubble. The ZPG TBL results show
that the properties of sweeps and ejections are only minimally affected by the Reynolds number for the Reynolds number range considered.
The effect of increasing mean velocity defect in the adverse pressure gradient (APG) TBL is however significant. The near-wall sweeps
and ejections and the taller ones that reach the wall (important in the log layer of the ZPG TBL) become progressively less numerous, less
intense and less streamwise elongated. They lose their role as the main contributors to the Reynolds shear stress.

A turbulent boundary layer subjected to a strong or prolonged adverse pressure gradient develops a large mean velocity
defect. Consequently, turbulence activity and production is small near the wall and important in the outer region, in contrast to
canonical turbulent wall flows. Various studies suggest that the physical mechanisms and coherent structures responsible for
the production and transport of turbulence might be different in APG TBLs, but information on the coherent structures found
in APG TBLs is sparse (see [1]). Recently, we investigated the three-dimensional properties of the u and uv structures (Qs)
found in the two flows of the present study by focusing on one zone in each flow [1]. In the APG TBL, it was found that near-
wall streaks, ejections and sweeps are less numerous in the large-defect zone of the flow. Large sweeps and ejections that reach
the wall region (wall-attached) were also found to be much less predominant. The present study pushes further the analysis of
the three-dimensional Q structures by investigating their streamwise evolution in a ZPG TBL (effect of the Reynolds number)
and in an APG TBL with a progressive increase of its mean velocity defect (effects of the pressure gradient, principally, and
of the Reynolds number).

The two direct numerical simulations have been performed with the same code. The ZPG TBL was simulated by Sillero et
al. [2] while the APG TBL simulation was carried out recently by the present authors [1]. The ZPG DNS covers the Reynolds
number range Reθ = 2780−6680. For the APG DNS, the inflow boundary conditions are those of a ZPG TBL at Reθ = 1003
provided by an auxiliary ZPG TBL simulation running concurrently. The flow at the edge of the boundary layer decelerates
over most of the domain but reaccelerates at the end. It results in a turbulent boundary layer with a steadily increasing mean
velocity defect. At the wall, the flow separates near the exit of the domain in the form of a very thin separation bubble (the
height of the zone of negative U never exceeds 0.02δ). The reacceleration of the flow at the end reattaches the boundary layer.

The three-dimensional Qs are identified with a method similar to that of [3]. They are defined as regions of connected
points that satisfy simultaneously two conditions. The first condition is |uv| > H∗σuσv, where H∗ = 1.75 is the threshold
constant determined via a percolation analysis [1] and σu, σv are the local standard deviations of u and v. The second
condition is that all points within a Q structure are in the same quadrant of the u, v space. Following the notation of [3], Q2
and Q4 structures will be referred to as Q−s, and Q1s and Q3s as Q+s. Table 1 describes the 5 extraction volumes chosen in
the two flows. Rem = Umδ/ν is the outer region Reynolds number expressed with a mixing-layer-type outer-velocity scale
Um = 2(Ue − U(y = 0.5δ)) [1]. Bx, By and Bz are the box dimensions along the three axes and δa is the average boundary
layer thickness inside the box. The extraction volumes are chosen long enough to ensure that the longest Qs are detected. The
APG2 box ends at the position of mean flow separation and APG3 includes the thin separation bubble.

Before discussing the Q results, the Reynolds shear stress and its quadrant decomposition are presented. Figure 1 shows
the rapid evolution of the Reynolds shear stress in the APG TBL whereas changes with Reynolds number in the case of the
ZPG TBL are relatively small. In the APG flow, its maximum is in the outer region and it shifts further away from the wall
with increasing velocity defect. The trend just described is common to all Reynolds stress components. The fact that Reynolds

Table 1: Parameters of the Q extraction zones and number and volume proportions (in %) of the Q−s
Case Reθ Rem H (Bx, By , Bz)/δa Na Va Nw Vw Nwa Vwa

ZPG1 4544-5801 10195-10811 1.38-1.37 4.5, 2.0, 10.6 58 88 72 86 42 2.2
ZPG2 6270-6600 14126-14931 1.37-1.36 4.5, 2.0, 7.7 57 89 68 84 46 2.0
APG1 1506-2577 3708-9181 1.54-1.97 6.5, 2.0, 7.6 62 86 81 85 14 1.2
APG2 2577-3916 9204-27889 1.97-3.42 5.0, 2.0, 4.1 52 83 58 62 12 1.1
APG3 3635-4409 21894-32700 2.98-3.75 3.8, 2.0, 2.9 51 78 48 49 8 1.2

∗Corresponding author. Email: yvan.maciel@gmc.ulaval.ca
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Figure 1: Reynolds shear stress normalized with Um at the
center of each zone: ZPG1 (solid black), ZPG2 (dashed
black), APG1 (green), APG2 (magenta), APG3 (blue)
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Figure 2: Quadrant contribution to the Reynolds stress. Pos-
itive: solid, Q2; dashed, Q4. Negative: solid, Q1; dashed,
Q3. Black: APG TBL at H = 3.43, red with circles: ZPG

stresses normalized with Um decrease with velocity defect throughout the outer region implies that large-defect TBLs are less
efficient in transferring energy from the mean flow to turbulence. Figure 2 presents the fractional contributions from the four
quadrants to the Reynolds shear stress (data at position of mean flow separation for the APG TBL). The pressure gradient
increases the fractional contribution of all quadrants, except for Q2 in the outer region. The differences between the two flows
are more pronounced near the wall. The crossing between the sweep-dominated region and the ejection-dominated region
takes place much further from the wall in the APG case. This point is close to the local maximum of the Reynolds shear stress.

The following results come from the examination of several joint pdfs of parameters of individual Qs: linear dimensions
and volume, wall-normal position, volumetric average of u, v and uv. In Table 1, Na and Va are respectively the number and
volume percentage of Q−s (sweeps and ejections) with respect to all Qs, for the whole boundary layer. As in channel flows [3],
Q−s are more frequent than Q+s in both TBLs, and they occupy a larger fraction of the space. However, the predominance of
the Q−s diminishes as the defect increases in the APG TBL. But sweeps and ejections remain bigger than Q1s and Q3s. In the
logarithmic region of the ZPG TBL, streaky wall-attached sweeps and ejections are bigger and stronger than wall-detached
ones as in channel flow [3]. They are the ones that contribute significantly to the Reynolds shear stress. In the outer region of
the APG TBL, as the velocity defect increases, the wall-attached Q−s progressively become less numerous and voluminous
than the detached ones. The stronger Q−s are always in the region of maximum Reynolds shear stress and very big ones
regularly reach the wall, especially sweeps.

Nw and Vw in Table 1 are respectively the number and volume percentage of near-wall Q−s with respect to all near-wall
Qs (near-wall Qs are defined here as structures whose center is below 0.05δ). Again, for the small defect cases, near-wall
Q−s tend to be more numerous and bigger than near-wall Q+s. Moreover, Q2s are stronger than the other Qs. In the case of
the ZPG TBL, as expected, most of the sweeps are found very close to the wall, below the strong ejections. The near-wall
sweeps divide in two groups: flattened sweeps very close to the wall and streaky sweeps, like the streaky ejections, that tend
to be taller than wider. In the APG TBL, the organisation of the near-wall Qs changes as the velocity defect increases. The
predominance in terms of number and size of the near-wall Q−s over Q+s has completely disappeared in zone APG3. In that
zone, near-wall Q4s and Q1s are the strongest events, with higher u values. They however have comparable size, wall-normal
distributions and shapes as Q2s and Q3s. All near-wall Qs tend to be flattened. They lose their streamwise elongation and
become as wide as they are long, with the most probable aspect ratios being roughly ∆x ≈ ∆z ≈ 2∆y . The biggest near-wall
Qs tend to be wider than longer. Nwa and Vwa in Table 1 are respectively the number and volume percentage of near-wall
Q−s with respect to all Q−s. The proportion of near-wall ejections and sweeps in the large defect APG TBL is considerably
smaller than in the ZPG TBL, and it diminishes as the velocity defect increases.
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HISTORY EFFECTS IN ADVERSE PRESSURE GRADIENT TURBULENT BOUNDARY
LAYERS – SIMULATIONS & EXPERIMENTS
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Summary The present investigation focusses on the concerted investigation of pressure gradient and streamwise curvature effects on turbu-
lent boundary layers. In particular, a number of direct and large-eddy simulations covering a wide range of pressure gradient parameters and
streamwise histories on flat and curved surfaces is performed and will be compared with wind tunnel experiments that overlap and extend
the Reynolds number range. Results are aimed at isolating the effects of pressure gradients, streamwise curvature and streamwise (pressure
gradient) histories, which have traditionally inhibited to draw firm conclusions from the available data.

MOTIVATION

The quest for more efficient airplanes, trains and other ground vehicles is directly coupled to reducing the form and/or
friction drag without compromising the other. A prototype of a canonical flow on which our understanding of friction drag has
been developed is the zero-pressure gradient (ZPG) turbulent boundary layer (TBL). Despite its importance for fundamental
research, most flows of relevance in technical applications are exposed to various pressure gradients and surface curvature
which instead may lead to changes (increase) of the form drag. The applicability of knowledge from canonical wall-bounded
flows is hence limited when it comes to these complex flows and geometries (see e.g. Ref. [4]). While the effect of pressure
gradient and surface curvature has been the focus of much attention, their combined effect is not a simple superposition and
therefore deserves special attention [8]. Although a number of simulations and experiments on e.g. adverse pressure gradients
(APG) were performed in the past (spanning a wide range of Reynolds numbers Re and the values of the Clauser pressure
gradient parameter β), it is hard to draw firm conclusions from the available data due to the differently varying streamwise
gradients of β, i.e. different upstream histories leading to a particular pressure gradient condition. The present contribution
aims therefore at establishing different upstream histories on curved and flat surfaces, and in particular to maintain a region of
constant β, in order to study the genuine effect of the imposed pressure gradient and its upstream history separately.

METHODS AND OUTLOOK

A number of direct numerical and large-eddy simulations (DNS and LES) have been performed in flat plate ZPG [5, 6] and
APG [1] TBLs with different power-law free-stream parameters m. Additionally, the results of a DNS of the flow around a
wing section represented by a NACA4412 profile are at hand (Fig. 1), which complement the numerical data base and already
indicate clear dependencies on pressure gradient and upstream histories as evident from Fig. 2: By comparing the wing and
the flat plate at a matched Reτ and β, it is possible to assess the effect of history, i.e. of β(x), on the state of the TBL. As
apparent, the wake region in the mean velocity as well as the outer peak in the variance profile are significantly affected by the
history of the pressure gradient; a manifestation of the interaction between the large-scale motions, which are more energetic
due to the APG, and the outer flow. Further simulations are being performed in which a sufficiently long constant β range
is established. To extend the Re-range and cross-validate numerical and physical experiments, wind tunnel experiments are
currently ongoing in the Minimum Turbulence Level (MTL) wind tunnel at KTH Royal Institute of Technology in which the
desired pressure gradient conditions and histories will be established by means of wall inserts. Besides oil-film interferometry,
hot-wire anemometry and particle image velocimetry will be employed to measure the wall shear stress and study the flow
kinematics and dynamics, respectively.

The results from these concerted efforts will be presented at the congress.

∗Corresponding author. Email: ramis@mech.kth.se
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present case and ܴ݁த ൌ ͳͲ for H&M). Nevertheless, based on these comparisons, we conclude that the elongated structures 
REVHUYHG�LQ�)LJ����DUH�LQGHHG�FRQVLVWHQW�ZLWK�WKH�QRWLRQ�RI�³VXSHUVWUXFWXUHV´�LGHQWLILHG�E\�Hutchins and Marusic [3]. 

 
Following [4] and [5], we now attempt to relate these superstructures to the unsteady breathing motion of the TSB. 

Recall that the breathing motion is a contraction/expansion of the TSB with a characteristic Strouhal number 
ଵݐܵ ൌ ݂ ή ܮ ܷΤ ൎ ͲǤͲͳ [1,6]. Assuming that the superstructures have an average length of 20į [3], their characteristic 
frequency ௦݂�is equal to: ܷ ሺʹͲ�ɁሻΤ �� The Strouhal number�ܵݐ௦�associated with the superstructures is then:  

௦ݐܵ ൌ ௦݂ ή
ܮ�
ܷ

ൌ � ܷ
ʹͲɁ ή

ܮ�
ܷ

ൎ ͲǤͷͲ 
Hence the Strouhal number associated with the convected superstructures is fifty times larger than the characteristic 

Strouhal number of the breathing mode. We therefore conclude that the unsteady breathing mode is not likely to be related to the 
presence of the superstructures upstream of the TSB. This is in contrast with the shock-induced TSB investigated in [4], where 
the superstructures documented upstream of the separated zone were correlated with the low-frequency unsteadiness at 
ݐܵ ൌ ݂ ή ܮ ܷΤ ൌ�ͲǤͲ͵. The large difference in characteristic frequencies observed in our flow also contrasts with the 
forward-facing step investigated in [5], in which the time scale corresponding to the separation region fluctuations was shown to 
be consistent with the superstructures. Clearly, further work is required to understand the causes of the low-frequency breathing 
motion and, more generally, the effect of the superstructures on separated flow regions. 
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FIGURES 

     

Figure 1: Example of Taylor reconstruction from PIV data. The convection velocity is 18.7 m/s. A part of a meandering 
superstructure is circled in red. Only negative values are shaded for illustration. 

Figure 3: Spanwise Correlation coefficients 
ܴ௨௨ሺݔǡ οݖሻ 

In black, results from Hutchins and Marusic [3] 
( ɁுƬெ ൌ ͲǤ͵͵ m); In red, the spanwise 
autocorrelations from the Taylor reconstruction of 
the PIV field, averaged on the streamwise values 
(Ɂ ൌ ͲǤͲ͵Ͳ�). 

Figure 2: Streamwise Correlation coefficients ܴ௨௨ሺοݔǡ  ሻݖ
In black, results from Hutchins and Marusic [3] (ɁுƬெ ൌ ͲǤ͵͵�); In red, 
the streamwise autocorrelations from the Taylor reconstruction of the PIV 
field, averaged on the spanwise values (Ɂ ൌ ͲǤͲ͵Ͳ� ); In blue, the 
autocorrelations from a single hot wire, built from its own Taylor 
reconstruction with a sampling rate of 102.4kHz. 
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Summary Our current activities focus on nonlinear parabolized stability equation (NPSE) and bi-global stability analysis of the crossflow, 
second-mode, and secondary instabilities associated with hypersonic geometries such as the yawed straight cone and the elliptic cone. A 
predictive NPSE formulation (EPIC) has been developed in-house for modeling of the evolution of instabilities, including the stationary-
crossflow-vortex path and the variation of the spanwise wavenumber in the streamwise direction. Multiple instabilities and secondary 
instabilities are mapped, and these studies are extensively verified and validated with lessons learned provided. 
 

BACKGROUND 
 
   The ability to accurately predict and control the transition process from laminar to turbulent flow will provide significant 
advances in air-vehicle design, with applications ranging from high-altitude long-endurance unmanned aerial vehicles, to 
energy-efficient transports, to hypersonic systems. The development, validation, and introduction of physics-based 
approaches for stability and transition prediction will lead to smaller and more manageable uncertainties in the design of 
vehicles. Moreover, control may be applied for two different reasons. First there is the desire to delay transition, which 
contributes to aerodynamic heating load reduction and range and/or endurance. A second desire is to encourage transition 
for enhanced mixing or separation delay, such as over control surfaces and the inlet of a scramjet engine. The most effective 
strategy for control is to capitalize on the flow physics, identify the relevant instability mechanisms and what affects them, 
and modulate the most unstable disturbances as they are just beginning to grow. Our team has successfully applied linear 
and nonlinear parabolized stability equation and global methods to these problems, and also considered the effects of 2-D 
surface excrescences and formulated a physics-based correlation for forward-facing steps (in subsonic flow) in 3-D 
boundary layers. Through mechanism identification, verification, and validation activities, several lessons have been learned 
in applying stability formulations.1 
   There is much information available concerning low-speed fundamental stability mechanisms leading to transition. 
Mack2 describes three major differences between supersonic and subsonic flow: the presence of a generalized inflection-
point, the dominance of 3-D viscous disturbances called ¶ILUVW� PRGHV¶� �DV� FRPSDUHG� ZLWK� �-D viscous disturbances for 
subsonic), and the presence of high-frequency acoustic modes. For a 2-D adiabatic flat-plate boundary layer at edge Mach 
number greater than approximately 4, a 2-D inviscid acoustic mode is generally found to be the dominant instability. This is 
WHUPHG� WKH� ¶VHFRQG�PRGH¶��RU� ¶0DFN�PRGH¶��DQG� LV� WXQHG� WR and influenced by the thermal boundary layer. Mack modes 
become slightly oblique in a 3-D boundary layer.3 
   Three-dimensional geometry and non-zero angle-of-attack can result in curved streamlines and 3-D basic-state velocity 
profiles which can be highly inflectional, and thus unstable, and lead to the crossflow instability. Concerning crossflow, the 
past decades have seen an international effort with close collaboration among theory, computation, experiment, and flight 
tests, resulting in the identification of important factors for subsonic, transonic, and low supersonic flows.4,5 First, linear 
theories predict that traveling crossflow waves are more amplified than stationary waves. In addition, crossflow is ultra 
sensitive to leading-edge roughness and freestream disturbances and leads to important nonlinear effects across much of the 
transition zone (necessitating a nonlinear approach such as a nonlinear parabolized stability equation (NPSE) or direct 
numerical simulation (DNS) approach). Nonlinear effects and modal interaction play an early and important role in 
transition because of the presence of stationary co-rotating vortices. These vortices distort the mean flow to include 
inflection points which destabilize the high-frequency secondary instabilities that rapidly breakdown to turbulence. 
 

PROBLEM FORMULATION 
 
   Recently, simple 3-D geometries (yawed straight circular cones and elliptic cones) have been studied to provide insight 
into the stability and transition of hypersonic vehicles, and these are the configurations considered here. (References are 
provided in Moyes et al.6). To model disturbance growth within the boundary layer, different methods may be applied. This 
work utilizes linear stability theory (LST), NPSE, and 2-D partial-differential-equations (PDE)-based LST, aka spatial bi-
global (SBG) theory, for secondary stability analysis.6,7 In each case, each flow variable is decomposed into a basic state 
quantity, upon which a disturbance is to be superposed, and the disturbance itself. This superposition is substituted into the 
governing equations to yield the disturbance equations, which describe the evolution of the disturbance. Each method 
considers a different solution form of the disturbance. 
 
 
 



RESULTS AND CONCLUSIONS 
 
   Focusing on the stationary crossflow instability, our in-house developed NPSE capability, called EPIC7, predicts 
nonlinear disturbance evolution that has been verified with DNS of Balakumar & Owens8 and validated with the quiet-
tunnel experiments of Craig & Saric9. See Moyes et al.6 for details and figures. The direction of the crossflow vortex paths 
and the variation of the spanwise wavenumber are well predicted solely from the basic state.7  
   As the next step, considering the resulting nonlinearly distorted basic state (due to the presence of the stationary 
crossflow) with low momentum fluid over high momentum fluid and the appearance of new inflection points in the 
streamwise profile, we apply a bi-global analysis to it. Multiple instabilities are found, including traveling crossflow, 
secondary instabilities, and second modes. The traveling crossflow begins concentrated near the wall and then as it is more 
modulated by the stationary crossflow waves, it concentrates in the trough and upwelling of the wave. The secondary 
instabilities fall into two categories, type-I and type-II. Type-I appear in the shoulder and type-II appear in the crest. The 
second mode appears near the wall and extends through the boundary layer, with a concentration slightly above the critical 
layer as well. There is qualitative and quantitative agreement with the experiment of Craig & Saric.9 Finally, there are 
similarities between the secondary instabilities associated with the nonlinear evolution of both hypersonic and 
incompressible-swept-wing stationary crossflow.10 Further details are found in Reference [6]. 
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INTERACTION OF SUPERSONIC BOUNDARY LAYER INSTABILITIES WITH
STATIONARY STREAMWISE STREAKS

Pedro Paredes∗, Meelan M. Choudhari, and Fei Li
Computational AeroSciences Branch, NASA Langley Research Center, Hampton, VA 23681, USA

Summary The nonlinear evolution of the linearly optimal stationary perturbations in a Mach 3 flat plate boundary layer is computed using
the nonlinear, perturbation form of parabolized Navier-Stokes equations. As noted in previous works, the optimal initial disturbances
correspond to steady counter-rotating streamwise vortices, which subsequently lead to the formation of streamwise-elongated structures,
i.e., streaks, via a lift-up effect. To assess the effect of the finite-amplitude streaks on boundary layer instabilities, the plane-marching
PSE are used to investigate the instability of the boundary layer flow modified by spanwise periodic streaks. Finite-amplitude streaks are
known to stabilize Tollmien-Schlichting waves in the incompressible regime. Here, subcritical streaks are observed to destabilize first mode
instabilities with two spanwise wavelengths of the streak while they stabilize those with three and four spanwise wavelengths. These results
support the passive flow control strategy of using micro-vortex-generators for delaying transition due to oblique first mode instabilities in
supersonic boundary layers.

EXTENDED SUMMARY

Under low levels of background disturbances, transition is initiated by the exponential amplification of linearly unstable
eigenmodes, i.e., modal instabilities of the laminar boundary layer. In two-dimensional boundary layers, different instability
mechanisms dominate the exponential growth phase depending on the flight speed. Planar, i.e., two-dimensional Tollmien-
Schlichting (TS) waves are the most unstable in the incompressible regime, whereas oblique first mode instabilities correspond
to the most amplified disturbances in the supersonic regime. The hypersonic regime is again dominated by the growth of planar
waves of the second mode type [1]. In the presence of sufficiently strong external disturbances in the form of either freestream
turbulence (FST) or three-dimensional wall roughness, streamwise streaks involving alternately low and high streamwise
velocity have been observed to appear in incompressible boundary layers [2]. Further research in the incompressible regime
has shown that high amplitude streaks can become unstable to shear layer instabilities that lead to a form of “bypass transition”
[3]. When the streak amplitudes are low enough to avoid these instabilities, i.e., when the background disturbance level is
moderate, the streaks can actually reduce the growth of the TS waves [4]. The stabilizing effect of stationary streaks has been
utilized to demonstrate delayed laminar-turbulent transition via micro vortex generators (MVG) along the body surface [5].

The onset of streak instabilities at supersonic speeds has been addressed in recent work [6]; however, the effect of lower
amplitude, i.e., stable or at most weakly unstable streaks (referenced as subcritical streaks in this paper) on the growth of
oblique first mode instabilities has not been studied as yet. The present work seeks to bridge this gap in order to expand the
range of available techniques for transition control at supersonic edge Mach numbers, as well as to provide insights that will
contribute to more robust transition prediction in such flows.

To that end, we first consider the nonlinear evolution of finite-amplitude linearly optimal disturbances in a Mach 3, zero
pressure-gradient, flat plate boundary layer, and on the effect of subcritical streaks on the first mode boundary layer instability.
Transient growth analysis is performed using the linear parabolized stability equations (PSE). For illustration, we consider a
final optimization location (x = x1) corresponding to a length Reynolds number of Rex1 = 106 and set the initial disturbance
location to x0/x1 = 0.0004, i.e., very close to the leading edge. The optimal stationary perturbation that leads to maximum
energy gain at x1 has a spanwise wavenumber of βTG = 0.25 relative to similarity length scale at x = x1 and the associated
energy gain is Gmax/Rex1 = 0.002525. For the flow conditions of interest, the optimal initial perturbation is influenced
by the Mach wave emanating from the leading edge, resulting in a reduction of the maximum gain by a factor of 9% with
respect to results based on the self-similar basic state [7]. Subsequently, the nonlinear development of the above linearly
optimal disturbances is computed for selected initial amplitudes by solving the nonlinear form of the plane-marching PSE
[8] in a fully implicit manner. Figure 1(a) shows the downstream evolution of the streak amplitude, which is defined as
Asu(x) = [maxy,z(ũ) ◦ miny,z(ũ)]/2, where ũ is the streamwise velocity perturbation, for selected initial disturbance
amplitudes, defined as A0 =

√
E0 = A/

√
Gmax. A three-dimensional view of the boundary layer flow across four spanwise

wavelengths of the A = 1 streak is also shown in figure 1(b).
Finally, the amplification of first mode instabilities in the boundary layer flow modified by the presence of the streaks has

been computed using the linear plane-marching PSE, which account for the three-dimensionality of the perturbed basic state.
Figure 2 compares the N-factor evolution for the first mode instability in the unperturbed case (A = 0) with three perturbed
cases (A = 0.1, 0.5, and 1.0). The three separate subfigures correspond to different values of the spanwise wavenumbers,
with the frequency parameter corresponding to the most amplified frequency for that wavenumber when A = 0. Results show
that the first mode disturbances with a relatively large spanwise wavenumber (β = βTG/2), are destabilized by the presence

∗Corresponding author. Email: pedro.paredes@nasa.gov. Position: NASA Postdoctoral Program Fellow
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EFFECT OF MEDIUM-INTENSITY FREE-STREAM VORTICITY ON A COMPRESSIBLE
BOUNDARY LAYER

Elena Marensi *1,2, Pierre Ricco2, and Xuesong Wu3

1Department of Fluid Dynamics, A*Star Institute of High Performance Computing, Singapore
2Department of Mechanical Engineering, The University of Sheffield, Sheffield, United Kingdom

3Department of Mathematics, Imperial College London, London, United Kingdom

Summary The nonlinear response of a compressible boundary layer to unsteady free-stream vortical fluctuations is investigated theoretically
and numerically. The amplitude of the disturbances is strong enough for nonlinear interactions to arise within the boundary layer. Com-
pressibility is taken into account through aerodynamic heating effects due to the free-stream Mach number being O(1) and through heat
transfer at the wall. The free-stream flow is studied by including the boundary-layer displacement effect and is found to assume different
forms depending on the regime being subsonic or supersonic. Even in a low-disturbance environment such as flight conditions, nonlinearity
is found to play a significant stabilizing role on the velocity and temperature streaks, the latter being more markedly attenuated than the
former at supersonic speeds. The effect of different parameters, which are relevant to the study of the nonlinear compressible streaks, is also
investigated.

INTRODUCTION

Laminar-to-turbulent boundary-layer transition is known to be strongly affected by disturbances present in the free stream,
which are characterised by their intensity Tu, length scales and spectra. In boundary layers with Tu>1%, transition occurs
rapidly, bypassing the so-called orderly route via Tollmien-Schlichting (T-S) waves. In this scenario, referred to as bypass
transition, the laminar boundary-layer breakdown is preceded and caused by unsteady streamwise-elongated regions of high
and low streamwise velocity, known as Klebanoff modes or laminar streaks. The focus of our work is on the nonlinear
evolution of the streaks in the compressible regime because in high-speed flows transition occurs more frequently through
the bypass route than via the T-S wave growth described by classical stability theory. The streaks are studied using the
mathematical framework of the boundary-region equations, i.e. the asymptotic limit of the Navier-Stokes equations for low-
frequency disturbances, developed by Leib et al.[1] and extended by Ricco & Wu [2] and Ricco et al.[3] to linear perturbations
in compressible boundary layers, and nonlinear disturbances in incompressible boundary layers, respectively.

SCALING AND GOVERNING EQUATIONS

An air flow with mean uniform velocity U∗
∞ and constant temperature T ∗

∞ passing over a semi-infinite flat plate is consid-
ered. The symbol ∗ is used to indicate dimensional quantities. The oncoming perturbation consists of a pair of vortical modes
with the same frequency (and hence streamwise wavenumber k∗

x) but opposite spanwise wavenumbers ±k∗
z . The free-stream

Mach number is M∞=U∗
∞/c∗∞=O(1), where c∗∞ is the speed of sound. The space coordinates are non-dimensionalised by

λ∗=1/k∗
z and the other variables are scaled by their respective constant values in the free stream. Spanwise-diffusion effects

become important at a downstream location x̄=k∗
xx

∗=O(1), where the boundary layer thickness δ∗= O(λ∗).
The boundary-layer flow is decomposed as the sum of the Blasius flow and the unsteady perturbation induced by the

free-stream disturbance. The perturbation is expressed as a Fourier series in time and in the spanwise direction z. By taking
the limits of the continuity, Navier-Stokes and energy equations for low frequency disturbances, k∗

x≪k∗
z , and large Reynolds

number, Rλ=U∗
∞λ

∗/ν∗∞≫1, with kxRλ=O(1), the nonlinear unsteady compressible boundary region equations are derived.
The boundary-layer displacement effect influences the free-stream flow at leading order. The irrotational part of the outer

perturbation assumes different forms depending on the regime being subsonic or supersonic. A close analogy with the flow
over a thin oscillating airfoil is exploited to find analytical solutions of the Helmholtz and Klein-Gordon equations which arise
in the subsonic and supersonic cases. This analogy is used here for the first time to study unsteady boundary layers.

RESULTS

The parameters for the numerical results inside the boundary-layer are selected to be representative of two possible in-
dustrial and aerospace applications, i.e. subsonic turbomachinery and supersonic flight conditions, and of typical high-speed
wind-tunnel experiments. For brevity, the first two cases are shortly discussed in the following paragraph, while the latter is
further analyzed thereafter.

The turbomachinery case is characterized by a low Mach number (M∞=0.7) and an intense turbulence level (Tu=1◦ 2%),

*Corresponding author. Email: e.marensi@sheffield.ac.uk
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INSTABILITY AND TRANSITION OF A MACH 5.8 ZERO PRESSURE GRADIENT
BOUNDARY LAYER OVER A THERMOMECHANICALLY COMPLIANT PANEL

Daniel J. Bodony∗ and Fabian S. Dettenrieder
Department of Aerospace Engineering, University of Illinois at Urbana-Champaign, Urbana, Illinois, USA

Summary Boundary layer instability and transition are fundamental design considerations in hypersonic flight vehicles. Recent results
have shown that the fluid-thermal-structural interaction between the structure and grazing boundary layer can affect the turbulence and that
transient growth mechanisms appear to be important in amplifying structural motion-induced disturbances. In this paper we use convective
and global stability descriptions to identify and characterize the stability properties of a Mach 5.8 flat plate zero pressure gradient boundary
layer grazing a thermo-mechanically compliant panel. The new coupled stability modes are verified using direct numerical simulation and
their impact on transition is demonstrated.

BACKGROUND

Sustained hypersonic flight, with M∞ ≥ 5 occuring for periods of time of up-to 100 minutes, is accompanied by severe
thermal and fluid dynamic loads on the vehicle structure. Conservative air vehicle design methodologies that separately treat
the fluid, structural, and thermal dynamics make “worse case” assumptions that are not long-term viable for future designs.
Instead, more radical procedures are needed where all three disciplines are treated simultaneously to yield equally safe, but
less conservative and thus lighter, vehicle concepts. Perhaps the most uncertain feature of hypersonic flight is predicting
over which portion of the body does the boundary layer transition from laminar to turbulent. Developing the new design
methods will require a critical reexamination of the interaction of compressible wall-bounded flows with mechanically- and
thermally-compliant surfaces. Preliminary results from a temporally-developing Mach 2.25 turbulent boundary layer over
a metallic panel (see Fig. 1) suggest that under certain scenarios, turbulence-induced surface motion can reduce turbulence
production and bring current RANS-based design methods into question [1]. It is thus necessary to understand how mass,
momentum, and energy are exchanged between the flow and the dynamic underlying surface from a fundamental perspective.
Our recent investigation into the behavior of compliance-induced disturbances strongly suggests that they can use transient
growth mechanisms to amplify and modify the otherwise-canonical turbulent flow [2]. Computation-based methods are thus
well positioned to examine the fluid-thermal-structure interaction (FTSI).

APPROACH

We examine the hypothesis that fluid and structural waves can couple to modify the canonical natural transition mecha-
nisms of zero pressure gradient laminar boundary layers. Support for this hypothesis can be seen in Fig. 2 where the phase
velocity of several fluid- and solid-borne waves are given for a Mach 5.8 boundary layer grazing a steel-like panel, such as
shown in Fig. 1. The waves in the freestream are either convective or compressive, with phase velocities U∞ and U∞ ± c∞,
respectively, with c∞ being the fluid sound speed. In the solid, shear and compressive waves exist and travel at phase veloc-
ities proportional to

!
E/ρs where E is the material Young’s modulus and ρs is the material density. Rayleigh waves travel

near the solid surface, being evanescent away from it, and travel at a speed of slightly more than 92% of the shear wave speed.
For thin panels of thickness h dispersive bending waves exist with phase speed

!
E(αh)2/(3ρs(1 ◦ ν2)) for streamwise

wavenumber α and Poisson’s ratio ν.
As Fig. 2 makes apparent the wavespeeds are of a similar order of magnitude except for the very smallest values of αh and

several direct couplings between the waves are feasible. In addition, under suitable boundary conditions resonance conditions
may exist where solid waves are trapped between the upstream and downstream boundaries and extract energy from the
mean flow during each cycle, similar to what we found earlier [1]. It is thus conceivable that both convective and absolute
instabilities may exist in the coupled system.

Convective stability analysis for FTSI
Referring to the coordinate directions shown in Fig. 1, a traveling wave-type solution of the form q′(x, t) = q̂(y)ei(αx+βz−ωt)+

c.c. is assumed for any disturbance q′ taken about an appropriate mean value of q within the fluid domain. In the usual manner
by assuming ω and β to be real-valued and specified, an eigenvalue problem for α is obtained once the boundary conditions
are specified. We treat the structure as a simple flat plate whose transverse deflection η(x, z, t) satisfies the equation

ms
∂2η

∂t2
+ B

"
∂4η

∂x4
+ 2

∂4η

∂x2∂z2
+
∂4η

∂z4

#
+ p′(x, 0, z, t) = 0 (1)

∗Corresponding author. Email: bodony@illinois.edu
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THE POST-COLLISIONAL BOUNDARY-LAYER ON AN IMPULSIVELY ROTATED SPHERE
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2Institute for Mechanical Systems, ETH Zürich, Switzerland
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4School of Mathematical Sciences, University of Adelaide, Adelaide, Australia

Summary The unsteady flow generated due to the impulsive motion of a sphere is a paradigm for the study of many temporally developing
boundary layers. The boundary layer is known to exhibit a finite-time singularity at the equator. We present results of a new study that
focuses upon the behaviour of the flow after the onset of this singularity. Our new computational results demonstrate that the singularity
in the boundary layer manifests as the ejection of a radial jet. This radial jet is preceded by a toroidal starting vortex pair which detaches
and propagates away from the sphere. The radial jet subsequently develops an absolute instability, which propagates upstream towards the
sphere surface. New experimental results will also be presented confirming the fundamental stages of flow evolution post the development
of the finite-time singularity in the unsteady boundary-layer equations.

INTRODUCTION

The flow induced by a rotating sphere provides a paradigm for the study of many fundamental questions in fluid mechanics,
in particular the phenomena of boundary-layer collisions and unsteady boundary-layer separation. If a sphere immersed in a
body of fluid, and initially at rest, is imparted with angular momentum, fluid is advected around the sphere from the poles,
within a boundary layer, to collide at the equator. The study of this boundary-layer development process, and subsequent
collision, has a long history, [6, 1]. The latter study demonstrated that the boundary-layer collision is manifest in the boundary-
layer equations through the development of a finite-time singularity. The structure of this singularity was first considered by
[8] and later by [4, 9]. Van Dommelen [9] used a Lagrangian approach to obtain the most accurate prediction of the time for
the onset of the finite-time singularity.

A number of other studies of the boundary-layer on a rotating sphere have demonstrated that the flow undergoes a transition
to turbulence as a result of an absolute instability within the boundary layer. Theoretical results by [5] suggest that the
absolute instability occurs well away from the equator (typically 60-70 degrees towards the sphere’s pole), providing good
confirmation with experimental results of [7]. Here we explore the boundary-layer development, its breakdown through a
finite-time singularity and the subsequent development of a radial jet through a combined computational and experimental
approach.

COMPUTATIONAL RESULTS

The flow around an impulsively rotated sphere was determined numerically exploiting a spectral element discretisation
of the axisymmetric Navier-Stokes equations; full details of the computational scheme, domain and grid has been described
in [2]. The flow was taken to be axisymmetric in order to focus on the development of the singularity/eruption process and
the subsequent development, and instability, of the radial jet. Representative results are shown in fig. 1 for a flow Reynolds
number (based upon the sphere radius) of 16000 and a variety of times post-spin-up (the sphere is spun up from rest at time
t = 0). Here we can clearly (top image) see the radial jet (preceded by a starting toroidal vortex pair) emanating from the
equator, a consequence of the ejection of fluid at the equator due to the boundary-layer collision. The incipient detachment of
the toroidal vortex pair coincides with the onset of an absolute instability in the jet (middle image) which grows in amplitude
and propagates back towards the sphere surface (bottom image).

EXPERIMENTAL RESULTS

A solid sphere (an “8-ball”) of diameter 57.15 ± 0.127 mm was mounted on a 4 mm metal rod. This was achieved by
drilling a hole through the (approximate) centre of the sphere, then gluing the rod into the hole. With the rod mounted through
the sphere, the tolerance of this sphere/rod system was accurate to within 0.1 mm. The rod was placed in a perspex tank, with
a depth and width of 600 mm and height of 300 mm, and held in place at the top and bottom of the tank with small, circular
perspex brackets. The rod was attached to a variable speed DC motor using a pulley system which was designed to minimise
any vibrational effects from the motor being transferred to the rod/sphere. A laser sheet was generated perpendicular to the
sphere and Time Resolved Particle Image Velocimetry of the flow was conducted.

Figure 2 shows false streamlines of the flow from which we observe the thickening of the boundary layer at the equator and
the radial jet that results from the collision of fluid which has been transported from the poles to the equator as a result of the

∗Corresponding author. Email: jim.denier@mq.edu.au
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     BOUNDARY LAYER TRANSITION INITIATED BY A RANDOM EXCITATION 
 

Michael Gaster 
School of Engineering, Mathematics and Computer Science, City University, London, U. K 

 
Summary Laminar boundary layers subjected to weak random excitations break down into turbulent motion through a succession of turbulent 
spots. The late stage of transition is therefore different from that observed when excitation is periodic, as is common in many investigations. 
The spot occurrence is not necessarily where the magnitudes of the perturbation time series are at a maximum. A series of experiments mapping 
out the flow oscillations that arise downstream from a pseudo-random driven point source are discussed. It would seem that the breakdown 
process obtained in these experiments mimics the naturally occurring behaviour observed when background system noise creates the 
disturbances. 

INTRODUCTION 
 
   The prediction of the state of a boundary layer on an aircraft wing has been a necessary design requirement for almost 
one hundred years.  The transition from a laminar state to a turbulent one has been known to influence the characteristic of 
a flying surface.  In particular, a turbulent boundary layer has higher skin friction drag than a laminar one and thus the 
position of transition will influence performance. Generally transition increases drag and reduces flight performance, but 
there are situations where a turbulent boundary layer can prevent local separations and therefore be beneficial.  The 
transition process is complex and prediction methods have had to rely, to an extent, on empirical data derived from 
experimental measurements.  As more understanding of the complex phases of the transition are formed the degree of 
empiricism employed has been reduced with a consequent improvement in the ability to correctly estimate the occurrence of 
transition.  Over the years a great deal of understanding of boundary layer transition has been obtained from analytical, 
experimental and, more recently, from computational studies.  We now have some understanding of how the environment 
can excite small perturbations in the flow that grow into large amplitude distortions to the flow and eventually into turbulent 
motion.  Unfortunately nearly all these studies deal with over-simplified scenarios involving time periodic excitations.  
This may have seemed reasonable as the early stages of excitation and amplification involve very weak perturbations that 
can quite properly be described by linearized theory. However it turns out that naturally occurring random excitations 
generate narrow band modulated disturbances that evolve very differently during the nonlinear phase of growth. 
   In a flat plate boundary layer a periodic excitation from a point source produces clean wedge shaped zones of travelling 
waves that grow spatially downstream.  The same physical set up involving a pulsed excitation will generate a downstream 
travelling wave packet. Both of these flows can be described by linear theory when the amplitudes are sufficiently weak. 
But, it turns out that the wave packet becomes highly distorted and deviates from the linear model at a fraction of the 
amplitude that the periodic wave train exhibits any non-linear effects [1]. In any real situation the excitation will inevitably 
be broad band and the subsequent break down will be influenced by the myriad of rich wave-wave interactions as observed 
in experiment [2].  
 

EXPERIMENTAL SETUP 
 

   The evolution of an irregular train of waves emanating from a randomly excited point source and monitored by a 
traversable hot-wire element is considered. The work builds on previous studies [3] & [4]. The experiment was carried out 
in the laminar boundary layer that formed on a flat plate mounted in a wind tunnel that had a background turbulence 
intensity of 0.007% at 10 m/s free-stream velocity. This type of investigation can only be carried out in a very low noise 
environment if the data is too be free from corruption by system noise. The controlled excitation was provided by a 
computational derived deterministic pseudo-random signal driving a miniature acoustic driver buried in the plate that 
coupled to the flow through a 0.5 mm dia. hole. The experiment was fully computer controlled so that position of the probe, 
the tunnel unit Reynolds number and the sampling rate were all set, taking account of the temperature and atmospheric 
pressure variations during the acquisition period. This was necessary because many of the data sets were recorded over 
periods of up to a week of continuous running.  
 

RESULTS 
 

   The random time series was stored on the controlling computer and could be used repetitively. Each signal realisation 
generated by the excitation time series created a slightly different outcome because of additional weak system noise. In this 
experiment 50 realisations were recorded at each measuring station so as form an ensemble mean and the deviation from 
that mean. A set of records at 600mm from the leading edge taken directly downstream from the source at various  
distances from the wall show the ensemble mean and, drawn in red, the deviation together with the mean profile.  In the 
initial stages of development the records were very repeatable and show irregular quasi-periodic ripples arising from a 
narrow band response to a broad-band excitation. Further downstream at 860mm we see a short period within the record 



where the deviation is significant. Subsequent analysis focuses on these secondary oscillations as they rapidly growth with 
downstream position, until a third somewhat higher frequency appears before true chaotic motion occurs as an embryo spot.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

CONCLUSIONS 
 

CONCLUSIONS 
 

   Highly modulated oscillations arising from a random excitation evolve different from purely periodic waves when the 
nonlinear effects become important. Secondary ripples appear and grow rapidly to form small bursts of oscillations that evolve 
through even higher frequency disturbances that evolve into spots of chaotic turbulence. 
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LOCALIZED SELF-SUSTAINING PROCESSES IN THE ASYMPTOTIC SUCTION
BOUNDARY LAYER

Andrew Walton ∗1 and Liam Dempsey1
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Summary Strongly nonlinear three-dimensional interactions between a roll/streak structure and a Tollmien-Schlichting wave are considered
at high Reynolds number in the asymptotic suction boundary layer. A brief derivation of the interaction equations will be given, followed
by the presentation of the results of numerical computations corresponding to nonlinear travelling-wave states bifurcating from the lower
branch linear neutral point. The states are observed to localize in the spanwise direction with increasing amplitude due to the formation of
a singularity which slowly develops in the governing interaction equations.

In recent years a dynamical systems picture of transition to turbulence has emerged in which equilibrium solutions of
the Navier-Stokes equations have been shown to play a key role in transitional and turbulent dynamics. These equilibrium
solutions consist of three crucial components: a roll flow in the cross-stream plane, a streamwise streak and a finite amplitude
three-dimensional travelling wave. These three components interact in a mutually sustaining manner in which the roll flow
drives a spanwise-modulated streak which is itself unstable to the wave. The wave then self-interacts nonlinearly to reinforce
and re-energize the roll flow. This interaction can be described approximately at finite Reynolds number, e.g. [1], and exactly
at asymptotically large Reynolds number, where it is known as vortex-wave interaction (VWI) [2]. In the latter formulation the
wave can either be governed predominantly by inviscid Rayleigh instability of the streak profile away from the wall or viscous
TS wave instability of the near-wall form of the streak. For the former Rayleigh-type interaction it has been demonstrated that
the states computed are directly related to finite Reynolds number solutions. In contrast the numerical study of the interaction
involving viscous TS waves has received far less attention. We aim to redress this balance here by considering the important
problem of roll/streak/TS wave interactions at high Reynolds number within the asymptotic suction boundary layer (ASBL)
and demonstrate the existence of alternative three-dimensional solutions to the well-known exact Navier-Stokes solution.

The linear stability properties of ASBL are well-known: there are distinct upper and lower branches along which neutral
solutions exist and the streamwise wavenumber tends to zero as the Reynolds number R tends to infinity. Here the Reynolds
number is defined as the ratio of the uniform external velocity to the wall suction speed. The solutions we are interested
in bifurcate from the lower branch at high Reynolds number and are generated through the interaction of a pair of neutral
oblique TS waves. On the lower branch at large R, the linear instability of ASBL is described by a triple deck structure in
which the instability wavenumber and wavespeed are both of O(R−1/4). Since this framework can also describe the nonlinear
development of the instability we can use it as our starting point for the formulation of the relevant governing interaction
equations.

After some asymptotic modelling (with brief details to be given in the talk) and matching between the three layers of the
triple-deck structure, the final governing interaction equations can be written down as follows.

In the main part of the boundary layer the roll/streak flow dominates over the wave and to leading order the velocity
components are

(U(y, z), R−1V (y, z), R−3/4W (y, z)),

where U(y, z) is the spanwise-modulated streak flow, (V, W ) are the scaled normal and spanwise components of the roll flow,
with (y, z) the scaled coordinates in the normal and spanwise directions. From substitution into the governing Navier-stokes
equations it is found that the roll/streak flow satisfies the balances

∂V

∂y
+
∂W

∂z
= 0, V

∂W

∂y
+ W

∂W

∂z
=
∂2W

∂y2
, V

∂U

∂y
+ W

∂U

∂z
=
∂2U

∂y2
. (1)

It is notable that there is no contribution from the pressure gradient in these equations: the asymptotic modelling shows that the
roll pressure exerts only a higher order effect. Also absent from these equations is any direct effect from the three-dimensional
wave. In fact the wave exerts its most prominent effects within the lower deck and transmits its influence to the roll/streak
flow via an azimuthal slip condition. This forms one of the boundary conditions for the system (1), together with the usual
suction condition for ASBL, and the decay of the spanwise roll component in the far-field:

W (0, z) = q(z), V (0, z) = ◦ 1, W → 0 as y → ∞. (2)

From these equations we can see the roll/streak/wave interplay explicitly. Firstly the roll satisfies nonlinear boundary-layer-
type equations (1a,b) and the resulting roll-field then provides coefficients for equation (1c) which describes the development
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Figure 1: Numerical solution of the ASBL roll/streak/wave interaction equations for a moderate wave amplitude. (a) The
perturbation U(y, z)◦ UB(y) to the streak basic state; (b) normal roll perturbation V (y, z)◦ VB ; (c) spanwise roll component
W (y, z); (d) perturbation to wall shear stress Uy(0, z) ◦ U ′

B(0).

of the streak. However, in the absence of any wave forcing, a suitable roll flow cannot be sustained (all such solutions would
decay in time) and the equations would then only admit the familiar undisturbed ASBL flow:

U ≡ UB = 1 ◦ e−y, V ≡ VB = ◦ 1. (3)

The spanwise slip condition (2a), representing the effect of the wave on the roll, is therefore absolutely crucial in setting up
a self-sustaining process and generating nonlinear three-dimensional alternative solutions to (3). For a given spanwise slip
profile q(z) it indeed proves possible to generate non-trivial solutions to the system (1), (2). However calculating this profile
for a given wave amplitude is a complicated numerical process involving the determination, for a given near-wall streak shear,
of the wavenumber and frequency of the corresponding 3D TS wave. This calculation is also responsible for introducing an
element of spanwise ellipticity into the interaction equations which are otherwise parabolic in z in view of the lack of spanwise
diffusion in the roll/streak equations (1). More details of this process and the numerical treatment used will be given in the
talk.

Once the slip profile q(z) is identified the roll/streak problem consisting of (1), (2) also needs to be solved numerically.
Periodic boundary conditions are applied in the spanwise direction. A spectral approach is adopted in which the spanwise
variations are expressed in terms of Fourier series while suitably-mapped Chebyshev polynomials are used over the semi-
infinite domain in y. A solution is then obtained by a Newton-Raphson approach. A suitable initial guess for the solution
is obtained in the first instance by starting at small wave amplitudes and using the linear neutral TS solution to generate an
analytic small amplitude solution for the roll and streak. The solution can then be found at higher amplitudes by a continuation
strategy.

A typical solution for a moderate wave amplitude is given in Figure 1 where the departures from the undisturbed flow (3)
are given. A feature of the solution is an apparent localization which develops in which various flow properties at particular
spanwise locations adjust over increasingly short lengthscales as the wave amplitude is increased. It will be shown that this
localization is due to the existence of an eigenfunction perturbation to the solution of the spanwise-local version of (1). This
perturbation is responsible for an increasing lack of regularity in the flow solution at various spanwise locations with increasing
nonlinearity of the fluid motion. Eventually a critical amplitude is reached beyond which spanwise derivatives of the key flow
quantities are no longer continuous. The breakdown of the solution can also be attributed in part to the lack of spanwise
ellipticity in (1), as mentioned earlier. At such large amplitudes the VWI formulation described here is no longer valid and a
new interactive structure in which spanwise diffusion is more prominent must come into play. Possible replacement structures
will be discussed briefly if time allows.
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Nonlinear optimal streaks induced by free-stream disturbances in flow over a thin flat plate
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Summary The nonlinear optimal inflow disturbance to the flow over a flat plate with a slender leading edge is calculated. At a prescribed
frequency ω and a given magnitude, the optimal inflow disturbance is the one which induces the maximum disturbance energy within the
computational domain. The Reynolds number based on free-stream velocity and half thickness of the plate is Re = 800. The optimal is a
combination of streamwise vorticity and streamwise velocity, where the second part can be attributed to the leading edge effect. The flow
response to the optimal inflow disturbance has the form of high- and low-speed streaks, whose amplitude increases as the frequency of the
inlet disturbance is reduced. The steady inflow rolls and streaks response are therefore the global nonlinear optimal for a monochromatic
inflow forcing.

INTRODUCTION

Previous studies have computed the nonlinear optimal initial condition in pipe flow and boundary layers [1, 2]. By com-
parison, few efforts have been devoted to the optimal inflow disturbance, which is most relevant to the bypass transition [3].
In linear investigations, the optimal inflow disturbance to a boundary layer flow downstream of a leading edge is streamwise
vorticity whose spanwise wavelength is on the order of the boundary-layer thickness [4]. In the present work, the methodology
by Mao et al. (2015) [5] is extended to compute three-dimensional nonlinear optimal inflow disturbances in a boundary layer
flow. A flat plate with a slender leading edge is adopted, and the Reynolds number based on the free-stream velocity and half
thickness of the plate is Re = 800.

METHODOLOGY

The flow is decomposed into an undisturbed (base) flow and a superposed disturbance, (u, p) = (U , P ) + (u′, p′), where
u, U and u′ denote the total, base and disturbance velocity vectors, respectively, and p, P and p′ represent the total, base
and disturbance pressure terms, respectively. Substituting this decomposition into the Navier-Stokes equations, the following
disturbance equations are derived,

∂tu
′ + U ·∇u′ + u′ ·∇U + u′ ·∇u′ + ∇p′ ◦ Re−1∇2u′ = 0 with ∇ · u′ = 0. (1)

The initial condition of the disturbance velocity is set to zero while the inflow boundary condition is given by

u′(B, t) = G(t)u′
B(B) with G(t) = (1 ◦ e−σt

2

)(1 ◦ e−σ(T−t)2)eiωt, (2)

where the temporal and spatial dependences of the inflow disturbance are separated. B denotes the inflow boundary, ω
represents the frequency of the inflow disturbance, and the definition of G ensures that the boundary disturbance is zero at
t = 0 so as to be compatible with the zero initial condition of the disturbance. The term u′

B(B) is the spatial distribution of
the inflow disturbance. This distribution will be optimized in order to maximise the disturbance energy E =

!
u′
T · u′

TdΩ,
where u′

T is the disturbance velocity at t = T and Ω denotes the computational domain. In each optimisation calculation, the
final time T , the frequency ω and the boundary norm of the inflow disturbance, ||u′

B ||b = (
!
u′
B ·u′

BdB)1/2, are prescribed.
The gradient of the disturbance energy within the domain with respect to the inflow disturbance can be computed as,

∇u′
B
E = T−1

" T

0
(p∗n ◦ Re−1∇nu

∗)G dt,

where u∗ and p∗ are adjoint variables that are computed by integrating the adjoint equations

∂tu
∗ + u ·∇u∗ ◦ ∇u · u∗ ◦ ∇p∗ + Re−1∇2u∗ = 0, with ∇ · u∗ = 0.



(a)

(b)

(c)

Figure 1: (a) Contours of the base-flow streamwise velocity. (b) Plane view (top to bottom) on the x◦ z plane at y= {3, 2.5, 2,
1.5}, colored by streamwise disturbance velocity induced by the optimal inflow disturbance. (c) Optimal inflow velocity; the
arrows denote the in-plane spanwise and wall-normal velocities; the contours represent the out-of-plane, streamwise velocity.
The target time is T = 180 and the inflow parameters are ω = 0 and ||u′

B ||b = 0.01.

RESULTS

A Cartesian system is adopted and x, y and z denote the streamwise, vertical and spanwise directions, respectively. The
inflow and outflow boundaries are located at x = ◦ 20 and x = 200; the leading edge of the plate is at (x, y) = (0, 0); the
spanwise domain length is 12 and 48 Fourier modes are used in the spanwise direction.

The two-dimensional base flow is shown in figure 1(a). The flow response to the optimal inflow disturbance at T = 180,
ω = 0 and ||u′

B ||b = 0.01 is shown in figure 1(b). This response clearly has the form of high- and low-speed velocity streaks,
which are commonly observed in bypass transition.

The corresponding optimal inflow disturbance is illustrated in figure 1(c). This disturbance consists of a streamwise
velocity and a streamwise vorticity. The maximum magnitude of the streamwise, vertical and spanwise velocities are 0.023,
0.009 and 0.008, respectively. Clearly this nonlinear optimal is dominated by the streamwise component which arises only in
the presence of the leading edge boundary layer.

CONCLUSIONS

Three-dimensional nonlinear optimal inflow disturbances are calculated in flow over a thin flat plate with a slender leading
edge. The optimal disturbance is the combination of streamwise velocity and streamwise vorticity, and the flow responses
have the form of high- and low-speed streaks. The form of the optimal disturbance differs from earlier results that do not
simulate the effect of the leading-edge region.
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are posited just beneath the crossflow vortices reduces the growth rate of primary instability disturbance and weakens the 
crossflow vortices. Three operating voltages of plasma actuators are tested as well and the moderate voltage performs best. 

 
Fig 3  &RPSDULVRQ�RI�PRGHV¶�HQHUJ\�ZLWK�DQG�ZLWKRXW�FRQWURO��OHIW��DQG�WKH�ERG\�IRUFH�UHODWLYH�SRVLWLRQ�(right) (z0=0.4) 

The infinity VZHSW�ZLQJ�IORZ�ZKRVH�FRQILJXUH�FRQIRUPV�WR�5HLEHUW¶V�H[SHULPHQW[2] is used here to test the plasma control 
approach. (YROXWLRQ�RI�PRGHV¶�HQHUJ\�LV�VKRZQ�LQ�Fig 4. The control region is between the two red points. The harmonic (0,2) 
mode grow fast in the control region, but dies out soon when it comes out of the region due to its decreasing stability feature. 
Combined with the (0,2) mode which suppresses the fundamental mode through nonlinear effect, plasma actuators attenuate 
the fundamental mode and decreases its nearly two orders of magnitude. So, even though the mode keeps growing from 
X/C=0.46 to 0.7, it would never recover back. From the energy evolution, we can see that disturbances is totally suppressed 
when the plasma control approach is used and then transition is delayed. 

 

 
Fig 4 (YROXWLRQ�RI�PRGHV¶�HQHUJ\�ZLWK��UHG��DQG�ZLWKRXW��EODFN��FRQWURl 

 
CONCLUSIONS 

 
   This paper numerically studied the use of plasma actuators for transition control on boundary-layer flows dominated 

by crossflow instability. With a wall-paralleled body force assumption for plasma actuators, the disturbance evolution was 
resolved using parabolic stability equations in swept Hiemenz flow and infinity swept wing flow. In the swept Hiemenz flow, 
it was found that plasma actuators which were posited just beneath the crossflow vortices reduced the growth rate of primary 
instability disturbance and weakened the crossflow vortices. Otherwise, if the plasma actuators was put in a wrong position, 
LW�ZRQ¶W�ZRUN� Three operating voltages of the plasma actuator were tested and the moderate voltage performs best. Too strong 
forcing would cause formation of nocent vortices which promoted disturbance growth. In the swept wing flow, the instability 
almost totally suppressed since the harmonic (0,2) which excited by plasma actuators has the decreasing feature and it helped 
to control the primary mode through nonlinear effect. The result demonstrated that the elaborately designed plasma actuators 
would delay the transition dominated by crossflow instability and it offered great potential for application on airplane with 
swept-wings. 
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TRANSITION TO TURBULENCE IN RECIPROCATING CHANNEL FLOW
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Summary The mean dynamics in reciprocating channel flow is studied to better understand transition to turbulence in periodic flows. The
balance of the leading order terms in the phase-averaged mean momentum equation confirms that fully-developed turbulence first emerges
at the early phases in the decelerating portion of the cycle. The underlying mechanism of this transition is the emergence of an internal
shear layer that first develops during the late phases of the accelerating portion of the cycle. In the absence of this internal shear layer, the
flow remains transitional over the entire cycle.

INTRODUCTION

Reciprocating channel flow is a periodic flow that oscillates at a fixed angular frequency, ω, with a cycle-averaged zero
mean velocity. The mean flow over a half-period first accelerates to maximum velocity, next decelerates to zero velocity, then
reverses direction. The process is then repeated indefinitely. The important similarity variable is the Stokes Reynolds number,
Res = Umls

ν , where Um is the amplitude of the cross-sectional average velocity, ls ≡
!

2 νω is the Stokes layer thickness, and
ν is the kinematic viscosity of the fluid. Based on Res, reciprocating flow is typically categorized into five flow regime types:
I (laminar), II (disturbed laminar), III (self-sustaining transition), IV (intermittently turbulent), V (fully-developed turbulent)
[1, 2]. Understanding the mechanisms of transition between flow regime types is important to understand and predict the
transport mechanisms in many biological and engineered flow systems. In the present study, the balance of the leading order
terms in the phase-averaged mean momentum equation are used to define the onset of turbulence in type IV flows. At this
onset condition, mean flow properties are investigated to understand the underlying mechanisms of transition to turblence.

METHODOLOGY

Direct numerical simulations (DNS) of a reciprocating channel flow is used to study transition to turbulence in periodic
flows. The simulations are performed for Res = 648 and 1019, representing type III (self-sustaining transition) and type IV
(intermittently turbulent) flow regimes, respectively. The phase-averaged mean momentum balance is analyzed to determine
the leading order terms as a function of phase angle. Turbulence is defined when the magnitude ordering of the leading order
terms in the mean momentum equation matches with the four layer structure first introduced by Wei et al. [3] for fully-
developed wall-bounded turbulent flows. Mean flow properties such as the turbulent inertia and the temporal acceleration are
investigated prior to and during the onset of turbulence to understand the underlying mechanisms of transition.

RESULTS AND DISCUSSION

In fully-developed channel flow with a periodic pressure gradient, the phase-averaged momentum equation is

◦ ∂U

∂t" #$ %
i

+
1

ρ
cos(ωt)
" #$ %

ii

+ ν
∂2U

∂y2
" #$ %

iii

+
∂(◦ u′v′)

∂y" #$ %
iv

= 0, (1)

where t is time, x and y are streamwise and wall-normal directions, U is the phase-averaged velocity in the x direction, u′ and
v′ are fluctuating velocities in x and y directions, and ρ is the density of the fluid. The ratio of term iii and term iv in Eq. 1 as
a function of wall-normal position is shown in Fig. 1a and 1d for Res = 648 and 1019, respectively. A four-layer structure
similar to that first described by Wei et al. [3] for canonical wall-bounded flow emerges at 9π

16 ≤ φ ≤ 11π
16 for Res = 1019.

Similarly, the phase-averaged velocity and temperature profiles shown in Fig. 1e at the same phases agree reasonably well
with the expected profiles for canonical wall-bounded turbulent flow. Conversely, the profiles for Res = 648 do not exhibit
behaviors similar to canonical wall-bounded flow at any phase. In summary, fully-developed turbulent channel flow behaviors
are observed for Res = 1019 (during the early phases in the decelerating portion of the cycle) but not for Res = 648. It
follows that Res = 1019 is a type IV flow while Res = 648 is a type III flow. To investigate the mechanisms of transition
from type III to IV, the temporal acceleration (term i in Eq. 1) for each phase angle in a half-cycle is shown Fig. 1c and 1f, for
Res = 648 and 1019, respectively. For Res = 1019, inspection of the phases prior to and after φ = π

2 , when the bulk flow

∗Corresponding author. Email: Chris.White@unh.edu
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Summary A transverse magnetic field of finite and large strength is applied to a hydrodynamic channel flow that has asymmetric channel
wall distortions and a cross-channel pressure interaction. As the magnetic field strength is gradually increased, the basic character of the
hydrodynamic interaction is preserved but on a shorter stream-wise length scale. At a sufficiently large value of the magnetic field strength,
a new flow structure emerges, where the stream-wise length of the interaction is comparable to the channel width. Linear free interactions
are used to investigate the properties of these structures.

Flow of a steady, incompressible, electrically conducting fluid through a plane channel in the presence of a transverse
magnetic field is considered. The fluid flow is governed by the continuity and Navier-Stokes equations, coupled with the
magnetic induction equations [4]. The nature of the hydrodynamic flow is controlled by a competition between viscous and
inertial terms in the Navier-Stokes equations, often resulting in flow separation from the channel walls, especially for large
Reynolds number, Re, flows. For very long stream-wise length scales, Smith [1, 2] showed that the hydrodynamic flow is
controlled by a prescribed displacement, which is the average of the wall shapes. As the stream-wise length decreases to
O(Re1/7) [3], a cross-channel pressure gradient develops in the channel core which is sustained by the displacement of the
viscous wall layers. On longer length scales that correspond to the hydrodynamic solution of Smith [1, 2], the transverse
magnetic field tends to suppress flow separation [4]. In this study, we address how increasing magnetic field strength alters
the properties of the flow of [3].

We start with flow at finite Hartmann number Ha, where the flow upstream in a straight channel is given by the Hartmann
solution [4]. A gradual increase in Ha leads to a suppression of the leading order core velocity, which affects the pressure-
displacement interaction of [3] through

Pupper = Plower + κ(Ha)A′′(X) (1)

where

κ(Ha) =

! 1

0
U2
0 ds = csch 2(

Ha

2
)

"
Ha(2 + cosh(Ha)) ◦ 3 sinh(Ha)

8Ha3

#
, (2)

U0(y, Ha) is the Hartmann solution in the straight channel [4], κ(Ha) has the limits lim
Ha→0

κ = 1/120 (same as Smith’s [3])

and lim
Ha→∞

κ ∼ 1/(4Ha2).

(a) 1 << Ha << Re1/6 (b) Ha ∼ O(Re1/6)

Figure 1: Flow Structures

When 1 << Ha << Re1/6 this interaction and the near-wall viscous layers are maintained through shortening of the
channel wall distortion length scale, i.e., x ∼ Re1/7Ha−6/7. As a result, a five-deck structure (see Fig.1(a) above) develops,
which has two wall layers (LWL, UWL) similar to Smith’s [3] structure, two Hartmann layers (LHL, UHL) and a core. The
wall layers are connected through a linearly varying core pressure. The decreasing x-scale and core velocity lead to a decrease
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in the core perturbation velocity scales. Hence the convective term uux in the x-momentum equation will eventually fall to the
level of the stream-wise pressure px, the largest neglected term of the stream-wise momentum equation. This balance leads to
a breakdown of the structure when Ha = Re1/6H , where H is the scaled Hartmann number.

In the new structure (Fig. 1(b)) where Ha = Re1/6H , the core is governed by

PXX + Pyy = 0, (3)

A + B = 4H2

! 1

0
P (X, s) ds (4)

where Ulower → λ(Y + A(X)) and Uupper → λ(Y + B(X)) as Y → ∞ are the U -matching conditions for the LWL and
UWL, respectively. For H = 0, the displacement equation (4) reduces to Smith’s [3] where B = ◦ A.

To further assess the properties of the structures, we examine the linear free interactions through a perturbation of the
displacement function, i.e., A(X) = ±ϵeθX , where x = Re1/7X and ϵ ≪ 1. The solution of the resulting linear problem
yields the growth rate, θ = [◦ 3Ai′(0)/22/3κ(Ha)]3/7 where κ(Ha) is given by (2) and Ai′(0) ≃ ◦ 0.2588. For Ha → 0,
θ = 2[◦ 45Ai′(0)]3/7 and the hydrodynamic value of [3] is recovered. For 1 << Ha << Re1/6, the dispersion relation
between θ and Ha is given by θ = [◦ 12Ai′(0)/22/3]3/7Ha6/7 (Fig. 2(a)). Therefore, the pressure interaction (1) of the
hydrodynamic solution [3], as well as the linear free-interactions, are preserved, but on a shorter stream-wise length scale.
When Ha increases to the level of Ha = Re1/6H , we obtain a dispersion relation between the scaled growth rate θ and H ,
given by

22/3θ8/3 + 12H2Ai′(0)θ4/3 cot(θ) =
36

22/3
H4(Ai′(0))2, (5)

shown in (Fig. 2(b)) where θ is the growth rate on the O(1) stream-wise length scale.

(a) 1 << Ha << Re1/6 (b) Ha = Re1/6H

Figure 2: Free interaction

As H → 0, we can recover the 1 << Ha << Re1/6 solution. On the other hand, the H → ∞ limit shows that the
linear free interaction is preserved but approaches a constant stream-wise length scale that is proportional to the channel width.

In summary, a large Reynolds number asymptotic structure for steady, two dimensional laminar MHD flow in channels
with wall shapes of stream-wise length O(Re1/7) has been examined. The hydrodynamic wall layer solution can be recovered
at very small Ha. Smith’s interaction [3] can also be preserved as Ha → ∞ but on a shorter stream-wise length scale. A new
structure develops when Ha ∼ O(Re1/6). The authors believe that the Ha ∼ O(Re1/6) structure of this study likely has a
direct correspondence to the entry flow structure originally examined by Smith [5], and that there is also a likely connection
between the progression from finite to large Ha and the movement of the Smith [3] interaction into an entry flow region.

References

[1] Smith F.T.: Flow through constricted or dilated pipes and channels I. Q. J. Mech. Appl. Math 29:343-364, 1976.
[2] Smith F.T.: Flow through constricted or dilated pipes and channels II. Q. J. Mech. Appl. Math 29:365-376, 1976.
[3] Smith F. T.: Upstream Interactions in Channel Flows. J. Fluid Mech 79:631-655, 1977.
[4] Rothmayer A.P.: Magnetohydrodynamic Channel Flows with Weak Transverse Magnetic Fields. Phil. Trans. R. Soc. A 372:20130344, 2014.
[5] Smith F. T.: On entry-flow effects in bifurcating, blocked or constricted tubes. J. Fluid Mech 78:709-736, 1976.



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

VISCOUS-INVISCID INTERACTION AND BOUNDARY-LAYER SEPARATION IN

TRANSONIC FLOWS

Anatoly Ruban ∗1

1Department of Mathematics, Imperial College London, London, UK

Summary This paper is concerned with the behaviour of boundary-layers in transonic flows. When the Reynolds number is large, the
interaction between the boundary layer and inviscid flow outside the boundary layer becomes important in many flow situations. These
include the flows in a vicinity of the separation point and near body surface irregularities. Even a simple discontinuity in the surface
curvature proves to be capable of creating a pressure gradient that is strong enough to cause the boundary-layer separation. Alternatively,
small surface imperfections may be arranged in such a way that they would produce a strong favourable pressure gradient, which allows to
accelerate the flow in the boundary layer making it more resistant to separation and laminar-turbulent transition. We use asymptotic (large
Reynolds number) analysis of the Navier–Stokes equations to describe this flow behaviour.

Historic background
As the aerospace industry is now in pursuit of laminar wing design for passenger aircraft, a better understanding of the

behaviour of laminar boundary layer in transonic flows at large values of the Reynolds number is required. Of particular
interest is theoretical prediction of possible separation of the boundary layer and of the laminar-turbulent transition.

It is well known that the classical boundary-layer theory, as formulated by Prandtl (1904), is not applicable near the separa-
tion point, where the displacement effect of the boundary layer becomes strong enough to cause a significant redistribution of
the pressure outside the boundary layer. This phenomenon, known as the viscous-inviscid interaction, was initially discovered
experimentally. A large number of experimental studies were perform during 1940s and 1950s concentrating mainly on the
boundary-layer separation in supersonic flows (a review of these studies was given by Chapman et al, 1958). Among the first
was a work of Ferri (1940) devoted to supersonic and transonic flows.

A formal theory of viscous-inviscid interaction was developed independently by Neiland (1969) and Stewartson & Williams
(1969) in application to the boundary-layer separation in supersonic flows. Using the asymptotic analysis of the Navier–Stokes
equations they found that the flow near the point of separation can be described in the framework of the so-called triple-deck
model (see Figure 1). The flow in region 1 is governed by Ptrandtl’s boundary-layer equations. However, the pressure acting
on the boundary layer is not known in advance, and has to be found by analysing the interaction with region 3 that lies outside
the boundary layer. The interaction process consists of the following. Being exposed to perturbations of the pressure, the flow
in region 1 produces the displacement of the streamlines from the body surface. These are then transported through region 2
to the upper tier (region 3), where the deformation of the streamlines are ‘converted’ into the pressure perturbations, and these
are then transported back to region 1. Region 2 plays a passive role in the interaction process; it does not contribute into the
displacement effect of region 1, nor it changes the pressure produced in region 3. If this flow is supersonic, then the Ackeret
theory holds in region 3.

Later the theory was shown to be applicable to wide variety of flows, both supersonic and subsonic (see, for example,
Sychev et al, 1999).
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Figure 1: Three-tiered structure of the interaction region.



TRANSONIC VISCOUS-INVISCID INTERACTION

The triple-deck theory was first applied to transonic flows by Bodonyi & Kluwick (1977, 1998), who analysed, among
other flows, the flow near the trailing edge of a flat place. In this problem the flow is only perturbed near the trailing edge where
the viscous-inviscid region is situated. The process of viscous-inviscid interaction proceed in the same way as in supersonic
and subsonic flows, that is the middle deck (region 2) remains passive, and the interaction takes place between the lower
deck (region 1) and the upper deck (region 3). Of course, in transonic flow one has to use the Kármán-Guderley equation for
region 3. This changes the size of the interaction region from ∆x ∼ Re−3/8 to ∆x ∼ Re−3/10, and also some changes of the
flow properties have been observed.

However, the true nature of the transonic flows has been revealed in analysis of the transonic flow separation from a corner
point (see Ruban & Turkyilmaz, 2000) and of the transonic Prandtl–Meyer flow (see Ruban et al, 2006). In both problems, the
transonic flow outside the interaction region develops a strong singularity with an ‘extremely favourable’ pressure gradient act-
ing on the boundary layer. As a result the nature of the interaction changes completely. Instead of viscous-inviscid interaction
it becomes inviscid-inviscid interaction taking place between the middle tier (region 2) and the upper tier (region 3).

In the present paper we will also discuss the transonic flow near a point of discontinuity of the body surface curvature,
which may be expressed by the equation

y =

!
κ1x

2 x < 0,

κ2x
2 x > 0.

Depending on κ1 and κ2 the flow might display a deceleration and separation from the body surface or strong acceleration.
An example of the latter is shown in Figure 2 which demonstrates how the skin friction increases in the interaction region.
Obviously, instead of using suction for the flow control, it is much easier to accelerate the flow in the boundary layer by
introducing a simple discontinuity in the surface curvature.
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Figure 2: Skin friction τ(x).
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Summary Unsteady boundary-layer separation in the limit as Reynolds number goes to infinity is marked by the onset of the Van Dommelen
singularity, which signals a sudden, small-scale eruption of vorticity from the boundary layer. A more complete and comprehensive picture
of the unsteady separation process has been sought for some time, including how the limiting process based on asymptotic methods is
adjusted for finite Reynolds numbers of practical interest. Here, an alternative mechanism is described that also leads to an ejection of
near-wall vorticity, i.e. unsteady separation. It is predicated on the splitting of a recirculation region or vortex within the boundary layer
owing to the Vortex-Shedding Mechanism (VSM). However, it is not found to be permissible in the boundary-layer limit. Therefore, it is an
alternative to the Van Dommelen singularity-based unsteady separation mechanism that may occur at finite Reynolds numbers.

UNSTEADY SEPARATION

Unsteady separation marks a turning point in a wide variety of high Reynolds-number, surface-bounded flows. Instigated
by an adverse pressure gradient acting upon a boundary layer, it is characterized by a sudden ejection of near-wall vorticity
into the outer flow. Such an event leads to significant and abrupt changes in aerodynamic forces and/or mixing, for example.
Although isolated in space and time, it typically has significant consequences for the global flow field in flows for which it
occurs.

In general, unsteady separation is defined as a sudden ejection of near-wall vorticity on small spatial scales. In the context
of the unsteady boundary-layer equations, which apply in the limit as Reynolds number goes to infinity, unsteady separation
has a clear and definitive criterion. First articulated as the Moore, Rott, and Sears (MRS) criterion in Eulerian coordinates, an
adverse pressure gradient acting on the boundary layer produces the Van Dommelen singularity[1], which consists of a narrow
region in space within the boundary layer erupting suddenly away from the surface. Subsequent asymptotic stages also have
been identified that involve interaction between the viscous boundary layer and inviscid outer flow followed by the influence
of normal pressure gradients, which are neglected in leading-order boundary-layer theory.

Attempts have been made to delineate these initial three stages of the unsteady separation process within the context of the
full Navier-Stokes equations at large, but finite, Reynolds numbers[2, 3]. Although broadly in agreement, there are important
differences that call into question the validity of the limiting, infinite-Reynolds-number picture of unsteady separation. In par-
ticular, there is evidence that the scales at which viscous-inviscid interaction arises are only valid at extremely high Reynolds
numbers, even beyond those that are of practical relevance.

In addition to the prospect of their being severe limits on the extensibility of the boundary-layer theory to Reynolds num-
bers of practical interest, the question arises as to the possibility that additional mechanisms may lead to unsteady separation
as defined generally above. In particular, is the Van Dommelen singularity-induced eruption the only mechanism that may
lead to an ejection of vorticity from within a boundary layer?

VORTEX-SHEDDING MECHANISM

There is growing evidence that an unsteady separation mechanism exists at finite Reynolds numbers that is triggered by the
splitting of an existing recirculation region or vortex within a boundary layer[4]. After summarizing this mechanism, we then
consider whether such a mechanism is permissible in the unsteady boundary-layer equations that govern at infinite Reynolds
numbers.

Assume we have a two-dimensional, incompressible finite Reynolds-number flow such as the flow past a circular cylinder
or a vortex above a plane wall. These flows are known to have vortices or recirculation regions that undergo splitting and
subsequent shedding. Recent investigations have shown that the Vortex Shedding Mechanism (VSM) predicts if a vortex or
recirculation region will undergo a splitting event in any two-dimensional, incompressible flow. The VSM is based upon the
second invariant of the velocity gradient tensor or Q-criterion given by

|∇v| = Q =
∂u

∂x

∂v

∂y
◦ ∂u

∂y

∂v

∂x
, (1)
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and the divergence of the net forces of the Navier-Stokes equations, ∇ · fnet, defined as

∇ · fnet = ◦ ∇2p +∇ · fb, (2)

where fb is the body force. Note that for an incompressible fluid, the divergence of the viscous terms is identically zero by
continuity; therefore, only pressure gradient and body force terms appear. It can be shown that the Q-criterion is related to
both the determinant of the Hessian matrix of the streamfunction and to the divergence of the net forces according to

Q = |H(ψ)| = ◦ 1

2
∇ · fnet. (3)

As a result, if the divergence of the net forces is positive, then by the Second Partial Derivative Test, the vortex or recirculation
region experiences a splitting via a saddle-node. Formally, the VSM states that given a two-dimensional, incompressible flow,
an existing vortex or recirculation region, having positive Q, will undergo a splitting event at a location, if and only if, (1)
there is a critical point in the streamfunction (zero momentum), and (2) the Q-criterion is less than zero which occurs if there
is a positive divergence of the net forces.

Recently, splitting and shedding of the “parent” recirculation region or vortex via the VSM has been found to play a critical
role in determining if an ejection of near-wall secondary vorticity will occur. From numerical simulations of the flow about
a circular cylinder and that induced by a thick-core vortex above a wall, we have observed that the ejection event is always
preceded by a splitting of the parent recirculation region or vortex via the VSM. This occurs because the zero-vorticity “front”
of the ejection cannot pass through a region where Q > 0. Moreover, we have shown suppression of an ejection event by
mitigating the VSM. Thus, the ejection phenomenon appears to require the VSM as a prerequisite in these problems. This
may be viewed as follows. The parent recirculation region splits via the VSM creating a corridor or pathway for escape of the
near-wall vorticity. Not only can the VSM be proven to be a necessary and sufficient condition for splitting of a recirculation
region or vortex, but the ejection phenomenon appears to require the VSM as a prerequisite.

Given this mechanism leading to a vorticity ejection in finite Reynolds-number flows, i.e. unsteady separation, it raises
the question as to whether the VSM-induced ejection is in any way related to the Van Dommelen singularity or if it is an
alternative mechanism altogether. In order to decipher which is the case, let us determine whether the VSM is permissible
within the context of the unsteady boundary-layer equations.

The O(Re−1/2) thick boundary layer gives rise to the boundary-layer scalings y = Re−1/2Y and v = Re−1/2V for the
normal coordinate and velocity, respectively. According to these scalings, the force-divergence criterion (2) takes the form

∇ · fnet = ◦ ∂
2p

∂x2
+ ν

∂

∂x

!
∂2u

∂Y 2

"
. (4)

As this form does not admit the Q-criterion inherent to the VSM, it is concluded that the VSM-based ejection mechanism is
not permitted by the unsteady boundary-layer equations. Consequently, the VSM is therefore found to be a distinct mechanism
from the Van Dommelen singularity.

CONCLUSIONS

Whereas unsteady separation is clearly defined by the Van Dommelen singularity within the context of the unsteady
boundary-layer equations, which formally govern in the limit as Reynolds number goes to infinity, finite Reynolds-number
flows are found to admit an alternative mechanism leading to unsteady separation. This mechanism requires the splitting of
a recirculation region or vortex within the boundary layer that provides a pathway for the ejection of near-wall secondary
vorticity from deep within the boundary layer. Whereas the Van Dommelen singularity occurs when the MRS criteria are
satisfied, or equivalently when a stationary point forms in the continuity equation, the criteria for the VSM requires a positive
force divergence at a location of zero momentum. Anecdotal numerical evidence suggests that this mechanism may be more
common than a finite Reynolds-number version of the Van Dommelen singularity.
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INVESTIGATION OF FIXED AND MOVING SEPARATION IN A VISCOUS FLOW
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Summary The rotor-oscillator flow consists in rotating a cylinder parallel to a wall in a viscous fluid to generate a separation. If in addition
the cylinder is translated along the wall with a given velocity profile, the separation profile becomes unsteady and can be easily manipu-
lated. Particle image velocimetry is used to study different scenario of two-dimensional fixed and moving separation. For the fixed case,
existing formulae to compute the profile of the on-wall separation are validated. For the moving case, the separation point coincides with a
Lagrangian saddle-point moving inside the flow and a method is proposed to compute the stable and unstable manifolds to which it belongs.

INTRODUCTION

In 2004, G. Haller [1] extended the conditions proposed by L. Prandtl to capture separation in two-dimensional steady
flows to the unsteady case, thus unifying prior works into a single theory and extending them to cases not covered before. This
new approach showed that the key point to capture separation is to use a Lagrangian approach where the separation profile
can be described by a material line that first attracts, then ejects fluid particles initially located in the vicinity of the boundary.
Two types of separation were considered. A fixed separation occurs when the flow has a well-defined mean value, such as in
periodic flows. In this case, the boundary point of separation is fixed at a location where the backward-time average of the skin
friction vanishes, but the shape of the separation profile is time-dependent. A moving separation occurs when the flow does
not have a mean value, such as in a boundary layer where the external velocity changes constantly. In this case, the separation
point may move, and is defined at the location where the time-varying mean component of the skin friction vanishes.

A very few studies have focused on the experimental validation of the new theory. The reason is that the computation of the
time-dependent separation profile requires to measure instantaneous spatial gradients of the two velocity components. To the
authors knowledge, only one study has been reported in the literature. In [2], a cylinder whose axis can be oscillated parallel to
a wall is simultaneously rotated in a viscous liquid to manipulate an unsteady separation. Under periodic, quasi-periodic and
random forcing, observations reveal that separation emanates from a fixed location on the surface, its position and orientation
over time being accurately predicted by the theory. However, experiments were used only to provide visualisations, since
quantitative data were extracted from a numerical simulation of the experimental flow. In this study, an experimental set-up
similar to the one used in [2] was designed and particle image velocimetry (PIV) was used to explore diverse two-dimensional
separation phenomena thanks to different combinations of rotation and translation of the cylinder.

METHODS

A cylinder of diameter 2.54 cm is inserted vertically in a rectangular acrylic tank. The stepper motor used to rotate the
cylinder is mounted on a motorized linear stage that is parallel to the longest side of the tank. The tank is filled with a water-
glycerin mixture of 95% glycerin by weight. This mixture was chosen because the density of the fluid is very close to that
of fluorescent tracer particles (Rhodamin B, mean diameter of ∼10 µm) used for PIV measurements. The laser light sheet is
positioned horizontally and a camera is placed vertically below the tank to obtain the two components of velocity vectors in
the whole area between the cylinder and the vertical wall. The particle images are processed by the LaVision DaVis software
to obtain the velocity fields, and are also averaged in different ways depending on the type of separation that is investigated.

RESULTS

The rotation speed of the cylinder is Ω and its translation speed is Uc = U0 + β cosωt, where U0 is a constant translating
velocity on which an oscillating movement of angular frequency ω and amplitude β is superimposed. In the case of a periodic
flow, i.e. when U0 = 0, the separation profile S (t) at time t corresponds to a material line (an unstable manifold) anchored to
a point s fixed to the wall, as schematically presented in figure 1(a). In this case, formulae to obtain the shape of the unsteady
separation profile are provided in [1] for any desired approximation order, i.e. the first order gives the separation angle, the
second order the curvature and so on. As an example, figure 1(b) superimposes the second order theoretical profile (yellow
line) to particule images averaged over a long time for the steady case (Uc = 0). As can be observed, the theory perfectly
predicts the particle trajectories in the vicinity of the boundary.

For the general case, the flow is no longer periodic (U0 ̸= 0), and the separation point is considered to be moving but
should still be captured from on-wall signatures according to [1] and [3]. In these studies, separation occurs at a point on
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ON THE TRIPLE DECK STAGE OF MARGINALLY SEPARATED FLOWS

Stefan Braun∗1 and Stefan Scheichl1
1TU Wien, Institute of Fluid Mechanics and Heat Transfer, Vienna, Austria

Summary A Chebyshev collocation method is applied to the triple deck equations governing the transient flow regime which ensues finite
time blow-up events occurring in the solution of the fundamental equation of marginal separation theory under certain conditions.

MOTIVATION

The present investigation of marginally separated boundary layer flows (so-called laminar or alternatively transitional
separation bubbles) is based on a high Reynolds number asymptotic approach first published in [5] and [8]. Typical situations
featuring laminar separation bubbles include, among others, the flow past the suction side of slender airfoils at small to
moderate angels of attack and channel flows with suction or (smooth) wall distortion. As is well-known, classical (hierarchical)
boundary layer computations usually break down under the action of an adverse pressure gradient on the flow, a scenario
associated with the appearance of the Goldstein separation singularity. If, however, the parameter controlling the strength of
the pressure gradient (the angle of attack, the relative suction rate or distortion magnitude in the examples mentioned above) is
adjusted accordingly, the application of a local viscous-inviscid interaction strategy by using triple deck arguments is capable
of describing localized boundary layer separation (marginal separation, dashed lines regions indicated in Fig. 1). Moreover,
taking into account unsteady effects and flow control devices allows the investigation of the conditions leading to forced
or self-sustained vortex generation and the subsequent evolution process culminating in separation bubble bursting, [7], [2].
Within the asymptotic formulation of this stage bubble bursting is associated with the formation of finite time singularities
in the solution and a corresponding break down of the underlying equations. The distinct blow-up structure gives rise to a
fully non-linear, interacting triple deck stage featuring shorter spatio-temporal scales characteristic of the successive vortex
evolution process, Fig. 1, [7]. Although the Cauchy problem associated with this stage has been extensively studied in [4], it
still lacks a satisfactory numerical treatment. Following the achievements of [3], we aim at numerical solutions of the triple
deck stage bridging the gap between proper initial conditions and the formation of yet another finite time blow-up, whose
terminal structure has been computed in [6].

x

y

inviscid

boundary layer

marginal separation

triple deck stage

spike

separation bubble

UD

UD

MD
MD

LD LD

Figure 1: Asymptotic layer structure of laminar marginally separated flows including bubble bursting (schematic). Spike
formation initiated by a finite time blow-up event, modeled up to the triple deck stage. Inviscid, irrotational upper decks UD,
predominantly inviscid, rotational main decks MD, viscous boundary layer and lower deck regions LD (highlighted in gray).

SHORT OUTLINE

Specifically, we consider laminar, two-dimensional incompressible flows, the LD problem of the triple deck stage then
reads

∂2Ψ

∂Y ∂T
+

∂Ψ

∂Y

∂2Ψ

∂Y ∂X
−

∂Ψ

∂X

∂2Ψ

∂Y 2
= −

!

1 +
∂P

∂X

"

+
∂3Ψ

∂Y 3
, P =

1

π

#
∞

−∞

∂A/∂ξ

X − ξ
dξ . (1)

Here Ψ(X,Y, T ), P (X,T ), A(X,T ) denote the stream function, the induced pressure and the displacement function to be
determined and X , Y , and T the stream-wise, wall-normal coordinates and the time. All quantities are non-dimensionalized
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and suitably scaled. Equations (1) represent the boundary layer equation with both, prescribed adverse and induced pressure
gradients and the interaction law (Hilbert integral). They are subject to the no-slip conditions Ψ = ∂Ψ/∂Y = 0 at Y = 0,
and the far field conditions Ψ ∼ (Y +A)3/6 + · · · as Y → ∞ and Ψ → Y 3/6, A,P → 0 as |X | → ∞. A connection to the
self-similar blow-up structure of the previous stage is ensured by means of the initial - or equivalently matching - condition

Ψ ∼ |T |1/3
$
ŷ3

6
+ |T |−7/9 ŷ

2

2
Â1(x̂) + |T |−11/9 ŷ

2

2
ê1(x̂) + |T |−14/9ψ̂2(x̂, ŷ) + |T |−16/9 ŷ

2

2
ê2(x̂) + · · ·

%

,

P ∼ |T |−10/9p̂1(x̂) + |T |−14/9p̂e1(x̂) + |T |−17/9p̂2(x̂) + |T |−19/9p̂e2(x̂) + · · · ,

A ∼ |T |−6/9Â1 + |T |−10/9ê1 + |T |−13/9Â2(x̂) + |T |−15/9ê2 + · · ·

(2)

as T → −∞ with the appropriate scalings X = |T |4/9x̂ and Y = |T |1/9ŷ. The leading term ŷ3/6 represents the separation

profile and (p̂1, Â1), (p̂2, Â2), (p̂e1, ê1), etc. form Hilbert pairs according to (1). Whereas Â1, Â2, ψ̂2, etc. are uniquely
determined, the eigenfunctions ê1 ∝ Â′

1 and ê2 ∝ (Â1 + 2/3x̂Â′

1) with indeterminate amplitudes carry the ‘history’ of the
flow, Fig. 2. The numerical approach to solve the initial value problem (1), (2) in essence is as follows. As a starting basis,
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∂ŷ2

&
&
&
&
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Figure 2: Various quantities which constitute the blow-up structure (2) and are used to initialize the triple deck computations.

the stream function is split into two parts: one part is introduced to capture the singular far field behaviour and the second is
treated as the intrinsic unknown of O(1). Furthermore, for the problem to be discretized in bounded computational domains,
transformations are applied, which map the (semi-) infinite X-, Y - and T -domains to [−1, 1]. Finite differences with adaptive
time stepping are used for temporal derivatives and the spatial derivatives are realized via a differentiation matrices approach
based on Chebyshev polynomials. To this end each unknown quantity u is represented by a polynomial interpolant of degree
n in barycentric Lagrange form (here demonstrated for one spatial coordinate s ∈ [−1, 1] only), [1]

u(s) =
n'

j=0

ujℓj(s) , u(sj) = uj , ℓj(s) =
wj

s− sj

$ n'

k=0

wk

s− sk

%
−1

. (3)

For the polynomial interpolation to be a well-conditioned process, Gauss-Lobatto grid point sets sj = − cos(jπ/n), j =
0, · · · , n that are clustered at the endpoints of the interval are used. This choice yields the weights wj = (−1)jδj with

δj = 1/2 for j = 0, n and δj = 1 otherwise. E.g., the first order differentiation matrix then is given by D
(1)

ij
= ℓ′j(si). Special

treatment is required for the occurring integrals, e.g. for the Hilbert transform we obtain, using integration by parts and (3)

g(Xi) = gi =
1

π

#
∞

−∞

f(ξ)

Xi − ξ
dξ =

n−1'

j=1

Hijfj , Hij =
1

π

# 1

−1

ln |Xi − ξ(s)| ℓ′j(s) ds , Hn−i,n−j = −Hij . (4)
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Summary The Leading-Edge Vortex (LEV) is one of the primary mechanisms to achieve high lift forces on wings. Theoretical and 
experimental studies suggest the spanwise flow along a wing has a major role in the stabilization of LEVs over the upper wing surface. 
While this is well known for low aspect ratio (delta) wings we show that continuous spanwise flow is achievable for high aspect ratio 
wings, depending on on the wing planform. A two-dimensional potential flow model is developed here for Joukowski type airfoils with a 
LEV and a sink element at the vortex core representing the spanwise flow. The results reported provide significant insight for developing 
a full three-dimensional potential flow model of the LEV phenomenon about a varying sweep, large aspect ratio wing at post-stall angles. 
 

INTRODUCTION 
 
   Most designs of high lift wings require attached flow over the wing. Yet, separating the flow and forming a leading-edge 
vortex (LEV) offers much higher lift as well known for low aspect ratio wings. Over the years, two-dimensional potential 
flow studies have investigated the mechanism attributed to localizing LEVs about high aspect ratio airfoils as they offer a 
convenient and efficient way to predict aerodynamic performances. The first potential flow studies modeled the LEV as a 
point vortex element trapped about a flat plate (Saffman and Sheffield, 1977) and a Joukowski airfoil (Huang and Chow, 
1982). A different approach was proposed by Rossow (1978), who suggested attaching a vertical flap to the leading-edge 
region in order to generate the LEV while stabilizing it through suction applied at the vortex axis, in the spanwise direction. 
He reasoned that the LEV phenomenon is strongly coupled with a spanwise gradient of momentum that convects excess 
vorticity from the vortex core, thus preventing it from growing in strength and shedding. As a result, conically shaped 
vortices are formed, similar to those observed on delta wings (Brown and Michael, 1954). Rossow modeled the spanwise 
flow with a sink element and found it has a major role in positioning the LEV above the wing. However, the implementation 
of the flap concept to imitate the spanwise flow might be mechanically complicated for practical applications. 
   We suggest that by varying the wing shape, airfoil sections and the sweep and twist angles along the wingspan, one can 
control the spanwise flow, and thereby the localization and fixing of the LEV on a high aspect ratio wing. Here we present a 
steady, incompressible potential flow analysis, including computation of the forces and moments, for various Joukowski 
airfoils with a vortex-sink pair fixed over the leading-edge region. The results reported provide significant insight for 
developing a full three-dimensional potential flow model of the LEV phenomenon about a varying sweep, large aspect ratio 
wing at post-stall angles. 
 

FLOW MODEL 
 
   We consider a steady, inviscid, incompressible and irrotational flow with a free stream velocity U� around a Joukowski 
airfoil section with an angle of attack Į, taken as part of a large aspect ratio wing with chord c. The potential around the 
airfoil is obtained by applying the Joukowski transformation (2z=]+O2/]2) on a circle. A LEVSP (Leading-Edge Vortex-
Sink Pair) is defined by a stationary clockwise vortex īLEV and a sink Q located at the vortex core. A bound circulation ī is 
generated by the airfoil providing the linear lift component. 
   Two boundary conditions are applied: a stationary LEVSP and the Kutta condition at the trailing-edge. A family of 
LEVSP equilibrium locations is computed for different combinations of angle of attack, airfoil shape and sink strength. 
Furthermore, forces on the airfoil, and moments about the airfoil center are calculated using the Blasius theorem. 
 

RESULTS 
 
   Our model for a Joukowski airfoil was first validated for the limiting case of a flat plate with no sink from Saffman and 
Sheffield (1977). Introducing the sink element at the vortex core resulted with two equilibrium branches, originating from 
the leading-edge, on which a LEV can be trapped about the plate. This resembles the results reported by Mourtos and 
Brooks (1996) and Xia and Mohseni (2012). The equilibrium curves reported in the papers above are valid for any value of 
the bound circulation ī. Yet, a LEV is only relevant at a positive angle of attack; i.e. a positive bound circulation value. 
Thus, equilibrium locations having negative bound circulations are not valid for trapping the LEVSP for practical cases. 
Allowing only positive bound circulation values causes the range in which the stationary LEVSP can exist to be much more 
narrow, in the leading-edge region. 
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Summary An experimental study into a use of a vectored wall-normal jet from dielectric-barrier-discharge (DBD) plasma actuator was carried 
out to control leading-edge flow separation over a NACA 0012 aerofoil at the chord Reynolds number of 20,000. Here the plasma jet with a 
momentum coefficient of CɊ = 0.25% was issued against the freestream along the aerofoil chord line, generating vortices which help reattach 
the separated flow. PIV results also suggest that the plasma jet has a virtual shaping effect in flow separation control.  
 
 

Experiments were conducted in an open-return low-speed wind tunnel at the University of Nottingham, whose test 
section is 1.5m x 0.3m x 0.3m with the turbulence intensity of 0.3%. The freestream velocity was U� = 3m/s, corresponding 
to the chord Reynolds number of 20,000. A NACA 0012 aerofoil of the chord length c = 100 mm and the span s = 250 mm 
was mounted in the wind tunnel through a rod at 25% chord. 

The dielectric-barrier-discharge (DBD) plasma actuator used in this study is composed of two exposed electrodes with a 
common ground electrode of 0.06 mm thick and 10 mm long, which are separated by a 0.14 mm thick Cirlex dielectric 
layer. This was placed at the leading edge of the aerofoil as shown in Fig. 1. A high-voltage power supply (PSI-
MCPG2503C) from KI Tech Ltd. was used to drive the plasma actuator at 5.5 kV peak-to-peak voltage at a frequency of 34 
kHz. The direction of the plasma jet could be changed by adjusting the voltages applied to each of the two exposed 
electrodes.  

A time-resolved PIV system from Dantec was used to investigate the flow around the aerofoil. This consists of a Litron 
LDY 302 PIV 100W Nd: YLF laser, two SpeedSense 9060 high-speed cameras and a computer. Olive oil particles with 
diameter of 1 Ɋm were produced via a TSI seeder, which were uniformly spread across the test section. The cameras were 
set at a frequency of 2000 to capture 1000 image pairs without plasma, followed by 2000 image pairs with plasma and 
another 1000 image pairs without plasma. This allowed us to carry out a transient analysis of leading-edge flow separation 
control using plasma actuator. Image analysis was conducted with Dantec DynamicStudio 4.10 using Adaptive PIV method, 
which automatically adjusts the interrogation area according to local seeding densities.

 
Figure 1 Schematic of the DBD plasma actuator placed at the aerofoil 
leading edge. The red parts denote exposed upper electrodes while the 
green part represents the common ground electrode. 

 
Figure 2 Time-averaged velocity field with superimposed vorticity 
field of the plasma wall-normal jet in quiescent air. 
 
 

 
PIV measurements of flow around the aerofoil with plasma actuator were initially conducted in quiescent air to 

characterize the induced plasma jet. Figure 2 shows the distribution of time-averaged velocity vectors superimposed by 
vorticity contour of the plasma jet, demonstrating that a wall-normal jet is created in front of the aerofoil leading edge. Here, 
the wall-normal flow was produced when the wall jets from a pair of asymmetric plasma actuators collided with each other 
to give rise to a wall-normal flow [1]. Here, the momentum coefficient of the plasma jet �ஜ ൌ 	୮ȀሺͲǤͷܷߩஶ

ଶ�ሻ is 0.25%, 
where ɏ is the air density, U� is the freestream velocity and c is the aerofoil chord length. The plasma jet momentum is 
given by 	୮ ൌ ߩ ܷ

ଶ �݈, where Uj is the plasma jet velocity. 
Figure 3(a) shows the streamlines around the aerofoil for the base flow, showing that there is a leading-edge flow 

separation at the angle of attack of 10°. This flow separation behavior agrees very well with the results in our previous test 
[2]. When plasma is activated, the separated flow is reattached as shown in Fig. 3(b). The corresponding vorticity maps are 



given in Figs 3(c) and 3(d) for the base flow and with plasma, respectively. With plasma, the vorticity field is moved closer 
to the aerofoil surface as expected from the reattachment of leading-edge flow separation, see Fig 3(d). What is interesting 
to observe in Fig. 3(d) is a shift of the vorticity region away from the leading edge, suggesting that there may be virtual 
shaping of the aerofoil by the plasma jet, reducing the leading-edge curvature.  

Figure 4(a) shows that the change in vorticity flux with time per unit span, indicating that the vortex flux is increased by 
nearly 65% when plasma is activated. The increase in the momentum flux was only 40%, however. Here, the vorticity flux 
 and the momentum flux ݕ�ܷ߱ ଶܷߩ  were obtained by integrating the measured vorticity and momentum from y/c ݕ�
= 0 to 0.15 at x/c = 0.065 in the upstream of the natural flow separation point (x/c�ൎ�0.13) at this angle of attack.  

An increase in the turbulent kinetic energy over the aerofoil in the downstream of x/c = 0.1 is evident (not shown here) 
when plasma is activated, suggesting that a mixing of the separated flow by vortices generated by plasma (see Fig. 3(d)) 
helped reattach the separated flow at the leading edge. 
 
  (a)              Base flow                             (b)            with plasma 

             
 (c)                                                    (d)        
                      
        
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3 Time-averaged flow field around NACA 0012 aerofoil for base flow (a and c) and with plasma (b and d) at the angle of attack of 10°.   
     

 (a)                                               (b) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4 Transient profiles at x/c = 0.065: (a) vorticity flux; (b) momentum flux. Activation of plasma took place at t = 0.05s. 
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Summary: The efficiency of a method for machineless gasdynamic energy stratification based on heat transfer between sub- and 
supersonic flows separated by a thin wall is studied numerically. A model flow consisting of two sub- and supersonic laminar boundary 
layers separated by a thin heat-conductive plate is considered. In the first part, pure-gas flows with different Mach and Prandtl numbers 
are investigated and, in the second part, the effect of an admixture of small evaporating droplets presenting in the supersonic boundary 
layer on the efficiency of the considered energy stratification scheme is examined. The Saffman force acting on the droplets in shear flow 
is taken into account.  

 
DESCRIPTION OF THE MODEL 

 
   In [1], a new method for machineless energy separation in a gas stream, alternative to the well-known Ranque-Hilsch 
vortex tube, is proposed. The scheme is based on heat transfer between steady sub- and supersonic gas flows (with identical 
inlet stagnation parameters), separated by a thin heat-conductive wall. The effect of noticeable heat transfer between sub- 
and supersonic boundary layers, resulting in energy stratification, is attributable to the fact that, in case of adiabatic wall, the 
difference between the recovery temperatures on both sides of the wall can reach large values. The energy separation 
efficiency is defined as the difference between the average values of the stagnation temperature in the outlet streams passed 
through the boundary layers. The main aim of the present work is a parametric numerical study of possible ways to increase 
this efficiency.  
   As the basis for numerical simulation, we use a model of two interacting sub- and supersonic compressible boundary 
layers with the same stagnation parameters in the outer streams. In case of gas-droplet supersonic boundary layer, 
considered in the second part, we use a two-fluid model in which the phases are treated as interpenetrating continua [2]. It is 
assumed that the droplets are spheres with a variable radius. The wall temperature is greater than the droplet evaporation 
point, and the heat flux to the droplet surface is totally spent on the evaporation. This results in the fact that the droplet 
temperature in the boundary layer is constant and equal to that of the outer flow. In addition to the Stokes drag, the Saffman 
lifting force, exerted on the droplets in shear flows, is also included in the model. The equations of compressible two-phase 
and single-phase boundary layers are solved numerically using an implicit finite-difference scheme on a Cartesian grid. As 
the boundary conditions, we assume that both the temperatures and heat fluxes on both sides of the heat-conductive wall 
coincide. 
 

RESULTS AND CONCLUSIONS 
 

   Our numerical calculations show that in the pure-gas flow the stagnation temperature profiles in the boundary layers 
depend strongly on the Prandtl number (Fig. 1). The efficiency of energy separation may increase up to 7% for gases with 
low Prandtl numbers, but for air (Pr = 0.72) the efficiency turns out to be small (less than 1%). The calculated equilibrium 
wall temperature in the pure-gas flow agrees well with the approximate self-similar solution considered in [3]. The model of 
two-phase boundary layer contains additional dimensionless parameters, the most important of which are the free-stream 
droplet mass concentration Į, droplet evaporation rate a = 2cpT�/3HPr, coefficient in the Saffman force ț, and ratio of 
specific heats of the phases cs/cp. In case of fine evaporating droplets, when the Saffman force can be dropped, the droplets 
do not deposit on the wall and are completely evaporated in the supersonic boundary layer (Fig. 2). The stagnation 
temperature in the supersonic stream decreases significantly with increase in the ratio Į/a (Fig. 3). For coarser droplets, the 
effect of the Saffman force is significant. Such droplets start to deposit on the wall surface (Fig. 4) and result in a stronger 
reduction of the wall temperature even when the free-stream droplet mass concentration is less than 1%. Numerical 
calculations demonstrated the formation of a near-wall pure-gas region inside the supersonic boundary layer, where the 
droplets are completely evaporated. The leading edge of this region on the plate surface is shifted downstream with increase 
in ț (Figs. 2, 4). Far from the leading edge of the plate, where the thickness of the pure-gas region is sufficiently large and 
the phase velocity relaxation process is completed, the solution becomes almost self-similar. Parametric study of the energy 
separation effect shows that, far from the leading edge of the plate where the flow is almost self-similar, the difference 
between the average stagnation temperatures in the streams on both sides of the wall increases with increase in the ratio Į/a. 
Our calculations demonstrated that the use of an admixture of evaporating droplets in the supersonic boundary layer is a 
promising way to improve substantially the efficiency of machineless energy separation method [1].  
   The work was supported by the Russian Science Foundation (project 14-19-00699). 



  
Fig. 1. Self-similar stagnation temperature profiles in 
pure-gas flow for different Prandtl numbers: Pr=0.72, 0.6, 
0.35, 0.2 (curves 1-4). Supersonic upper boundary layer 
(M1=3), subsonic lower boundary layer (M2=0.7). 

Fig. 2. Boundary of the pure-gas region (curve 1) and the 
droplet trajectories in a supersonic boundary layer with 
negligibly small influence of Saffman force (ț ��; x is 
scaled to the Stokes droplet velocity relaxation length. 

 

  
Fig. 3. Self-similar stagnation temperature profiles 'in the 
two-phase flow for a = 0.1,0.075,0.06,0.045 (curves 1-4). 
Broken curve - stagnation temperature profiles in pure-gas 
flow. M1=3, M2 �����3U� �������Į ����� 

Fig. 4. Boundary of the pure-gas region (curve 1) and the 
droplet trajectories in a supersonic boundary layer with 
significant influence of Saffman force (ț�  300), x is 
scaled to the Stokes droplet velocity relaxation length. 

 
Nomenclature 
Pr, M1, M2 Prandtl and Mach numbers in super- and subsonic flow 
Į, a  Particles mass concentration (Į = m�nV�/ȡ�) and vaporization rate (a = 2cpT�/3HPr) 
T*   Dimensionless stagnation temperature (T* = [T+(�Ȗ-1)M2/2)u2]/[1+(�Ȗ-1)M2/2)]) 
H  Latent heat of vaporization [kJ kg-1] 
m�, nV�, ȡ�  Particle mass [kg], particle number concentration [1/m3], gas density [kg/m3] in outer stream  
y1,2/x1/2      Dimensionless self-similar coordinates in boundary layers 
ț  Dimensionless coefficient in the Saffman force  
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Summary In this study we analyse the process of the generation of Tollmien-Schlichting waves in a laminar boundary layer on an aircraft
wing in the transonic flow regime. We assume that the boundary layer is exposed to a weak acoustic noise. We develop the receptivity
theory, assuming that the Reynolds number is large. In this case we were able to deduce an analytic formula for the amplitude of the
generated Tollmien-Schlichting wave.

INTRODUCTION

Reduction of the vehicle drag has been under a close attention of researchers for many years, and still remains one of the
central problems of aerodynamics. It is well established that a significant fraction of aircraft fuel consumption come from the
drag, which in consequence increases the cost of air travel and the impact on the environment. For today’s commercial air-
crafts, half of the total drag corresponds to skin-friction drag. And as laminar skin friction, in comparison to the turbulent skin
friction, is much lower, flow control through delaying boundary-layer transition has a potential to provide desired reductions.
However, to achieve this, one has to predict the position of the transition on the aerodynamic surfaces. This in consequence is
impossible without an accurate description of the receptivity process.

In aerodynamic flows, the laminar-turbulent transition, follows a scenario with a succession of well defined stages. At
first, the external perturbation, such as acoustic noise, penetrate the boundary layer and turn into the boundary-layer instability
modes: Tollmien-Schlichting waves and cross-flow vortices. In real flight conditions, the external perturbations are very weak,
and therefore, the initial amplitude of instability modes generated is small, and cannot cause the transition. Propagating further
downstream instability modes are amplified until the amplitude reaches a certain level. Then nonlinear effects come into play,
and a rapid transition to a turbulent state is observed.

The receptivity theory aims to establish a link between the external perturbations and the laminar-turbulent transition, and
serves the following purposes: to identify the perturbations that turn into instability modes, to calculate the initial amplitude of
the instability modes, and to devise the means to control of the transition process. The second of these tasks can be performed
using various mathematical tools, however, it is the asymptotic approach that proves to be instrumental in performing the first
and the third tasks.

The boundary-layer receptivity to acoustic noise in subsonic flows was first analysed by Ruban [2] and Goldstein [1],
where they highlighted importance of the “double-resonance” principle. It suggests that in order to observe the resonance
in fluid flows, not only the frequency of the external forcing should be close to the neutral frequency of the boundary
layer, but also wavenumber. Both authors demonstrated that the interaction of an acoustic wave with a wall roughness pro-
duces Tollmien-Schlichting waves in the boundary layer, and deduced an explicit formula for the amplitude of the generated
Tollmien-Schlichting wave.

In the present work, our attention is with the receptivity of the boundary layer to acoustic noise in transonic flows; the
latter represent the cruise flight conditions of modern passenger aircrafts. In our study we rely on the asymptotic description
of the Tollmien-Schlichting waves in transonic flow, given by [3].

PROBLEM FORMULATION

We start by considering a flow of a prefect gas past a two-dimensional aerofoil with uniform flow upstream. We assume that
there is a plane acoustic wave travelling parallel to the airfoil surface. The flow analysis is conducted using the compressible
Navier-Stokes equations, in the limit of large Reynolds number, Re. It is also assumed that the free-stream Mach number
differs little from one and is given as

M2

∞
= 1 +Re−1/9Q∞ ,

where Q∞ is an order one quantity and is referred to as the transonic similarity parameter. In this situation the resonance con-
ditions are achieved when the frequency of the acoustic wave is O(Re2/9) and the characteristic length of the wall roughness
is O(Re−1/3).

When acoustic waves penetrate the boundary layer, the Stokes layer forms on the wing surface. However, the Stokes
layer on it own is incapable to generate Tollmien-Schlichting waves. Therefore the acoustic wave has to come into interaction
with wall roughnesses, which are plentiful on a real aircraft wing. To satisfy the resonance conditions we shall assume
that longitudinal size of the roughness is estimated as ∆x = O(LRe−1/3) i.e. is comparable with the wavelength of the
Tollmien-Schlichting wave.

∗Corresponding author. Email: t.bernots@imperial.ac.uk
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Figure 1: Receptivity coefficient dependance on the frequency (a, b) and on the transonic similarity parameter (c, d).

Form this follows that the triple-deck region forms in the vicinity of the roughness and is composed of three tiers: the
viscous sublayer (Lower deck), the main part of the boundary layer (Main deck) and the potential flow region that lies outside
the boundary layer (Upper deck). All the three layers have the same longitudinal extent.

THE VISCOUS-INVISCID INTERACTION PROBLEM

Analysis begins with a region situated outside the boundary layer, where solution of the Navier-Stokes equations is sought
in the form of asymptotic expansions. One can show that the Navier-Stokes equations, in transonic limit, reduce to the wave
equation equivalent, that is, the Transonic Small Perturbation equation,

2
∂2p

∂x∂t
+Q∞

∂2p

∂x2
−

∂2p

∂y2
= 0.

This equation admits two traveling wave solutions with different phase velocities. The first wave has O(1) phase velocity
while the second O(Re−2/9) which is comparable with the phase speed of the the Tollmien-Schlichting wave in transonic
flow.

Pressure perturbations caused by the acoustic waves do not influence the main deck of the boundary layer and are merely
transmitted from the upper to the lower deck. In the lower deck flow is described by unsteady Prandtl boundary layer equations.
Here pressure perturbations perturb the flow field, which manifest itself as a displacement of the flow. This displacement
creates an additional pressure perturbations in the upper deck, which in consequence changes the displacement. This continues
until certain equilibrium is achieved. In order to find the relation describing this interaction, it is necessary to solve the
lower and upper deck equations simultaneously. Solution of this viscous-inviscid interaction problem leads to an expression
describing the Tollmien-Schlichting wave, which amplitude is proportional to the so-called receptivity coefficient.

CONCLUSIONS

The results of the analysis confirm that an effective generation of the Tollmien-Schlichting waves takes place when the
“double-resonance” principle is observed. This condition required that the frequency of the acoustic wave is tuned to the
frequency of the Tollmien-Schlichting wave, and in the Fourier spectrum of the steady perturbations produced by the wall
roughness there is a harmonic with the wavenumber that coincides with the wave number of the Tollmien-Schlichting wave.

In the case of small amplitude of the acoustic wave and the roughness height, the governing equations are solved in an
analytic form, and, as a result, an explicit formula for the amplitude of the generated Tollmien-Schlichting wave is deduced. It
can be expressed as the product of the receptivity coefficient and the Fourier Transform of the roughness shape calculated for
wavenumber of the Tollmien-Schlichting wave. The former does not depend on the roughness shape, and reaches maximum
when transonic similarity parameter Q∞ becomes zero or, equivalently, the free-stream Mach number is one.

The asymptotic approach used in this work is primarily intended to uncover the fundamental physical processes involved
in the first stage of the laminar-turbulent flow transition phenomena. From a number of comparisons of the triple-deck
theory with the Navier-Stokes simulations of the boundary-layer receptivity in subsonic flows we know that the triple-deck
predictions are rather accurate. Therefore the results of the work can be used as the initial conditions in the further studies of
the boundary-layer transition on aircraft wings.
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Summary Laboratory experiments were performed to quantify the spatial and temporal features of the turbulence over geophysical-scale to-
pography defined by large-scale wavy walls. High-resolution and high-frame-rate particle image velocimetry in a refractive-index-matching
channel was used to infer the distinctive dynamics of the flows in terms of the topography and Reynolds number. We place the attention
on the cases with 2D and 3D walls, where the 2D topography is defined by a sinusoidal wave in the streamwise direction with amplitude
to wavelength ratio a/λx = 0.05, while the 3D wall has an additional wave superimposed on the 2D wall in the spanwise direction with
a/λy = 0.1. The flow over these walls is characterized at Reynolds numbers Re ∼ 4×103 and 4×104, based on the bulk velocity and the
channel half height. Turbulence statistics, flow decomposition via POD and LES-like and compensated spectra are used to gain insights into
the topography modulation on the flow.

GENERAL

Flow over large-scale complex topography exhibits a rich dynamics strongly modulated by the characteristics of the terrain,
where multiscale processes control the scalar transport, momentum and energy exchange between the inner and outer layers.
From an environmental stand point, large-scale topographic features can even impact local weather and precipitation patterns
[1]. The flow over low-order large-scale wavy walls resembles that over natural terrains and, therefore, has been the subject
of numerous experimental [e.g., 2, 3], numerical [e.g., 4, 5] and theoretical [e.g., 6] studies.

The effect of increasing the topography complexity on the inner and outer flow is still far from being well understood
and characterized. Multiple studies have investigated the flow over organized roughness similar to a complex wavy wall with
superimposed waves [7, 8, 9]; however, the effect of incremental complexity has not yet been fully addressed and remains as
an outstanding subject of interest in turbulent boundary layer as well as geophysical-flow research [10]. This investigation
points towards addressing such gap that we aim to fulfill by using a RIM facility at the University of Illinois.

EXPERIMENTAL SETUP

The developing and developed flows over 2D and 3D wavy walls was experimentally studied using high-resolution and
high-frame-rate particle image velocimetry (PIV) in a 2.5 m long refractive index matching (RIM) channel with a 112.5 mm
× 112.5 mm cross section. A schematics of the setup is shown in figure 1. The 2D wall is characterized by a sinusoidal
wave in the streamwise direction x with a wavelength λx = 100 mm and an amplitude to wavelength ratio a/λx = 0.05.
The 3D wall has an additional wave superimposed in the spanwise direction y with a wavelength λy= 50 mm and the same
amplitude as the streamwise wave resulting in a/λy = 0.1. The geometry of both walls σ(x, y) is also shown in figures 1. For
the purpose of refractive index matching, the wavy walls were casted from urethane resins using hydrodynamically smooth
molds. The refractive index of the working fluid (NaI aqueous solution, 63% by weight) was carefully matched to that of the
walls rendering them nearly invisible, allowing for measurements to be made near the surface and within the geometry.

A planar PIV system from TSI consisting of an 11 MP (4000 × 2672 pixels), 12 bit, frame-straddle, CCD camera and a
150 mJ/pulse, double pulsed laser (Quntel) was used for the flow field characterization. A high-frame-rate PIV system will is
used to resolve the temporal structure of the turbulence. The system consists on two Phantom Miro 340 cameras with 12 GB
onboard memory, 2560 1600 pixes at 800 fps, and a dual cavity YLF laser with 25 mj per pulse at 1kHz pulse rate per cavity;
80 W. The flow was seeded with 14 µm silver-coated, hollow glass spheres.

REMARKS

We will discuss the impact of topographic changes on the statistics and structure of the turbulence in both developing and
developed regions. This information is being used to define flow control strategies at geophysical scale to modulate scalar
transport in natural environments.

∗Corresponding author. Email: lpchamo@illinois.edu



Figure 1: Schematics of the experimental setup: (top) photograph of the flumewith the basic PIV components; (bottom) a
section of the 2D and 3D wavy wall with wall-normal planes.
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Summary We present here some preliminary results of an experimental study on the perturbation of a fully developed turbulent boundary
layer by a two-dimensional hill of low aspect ratio. Water flows were imposed over an asymmetric hill, with a relatively small curvature,
fixed on the bottom wall of a closed conduit. Particle image velocimetry (PIV) was used to measure the flow fields. For the flow upstream
of the hill, we found some usual characteristics of a turbulent channel flow, such as logarithmic regions and typical profiles of the xy
component of the Reynolds stress. Over the ripple, the maximum of the vertical component of the mean velocity is restrict to a narrow band,
above the ripple surface, for every longitudinal position toward the crest. We also found the region where the Reynolds stress is perturbed,
and the turbulent kinetic energy production was computed.

INTRODUCTION

Perturbations in boundary layers are frequently encountered in nature and industry. Some examples are airflows over hills,
water flows over river dunes, and liquid flows over sand ripples and dunes in closed conduits such as petroleum pipelines.
With the boundary layer perturbed, the distributions of velocities and stresses change along the flow. These new distributions
are important to understand the bed instabilities associated with sediment transport [1, 2], for example.

Many studies were made on the perturbation of a turbulent boundary layer by a low hill. Some of these studies are based
on asymptotic methods, where the turbulent boundary layer over a hill of small aspect ratio (height to length ratio of O(0.1))
is divided into two regions, which can be used to determined the perturbed flow [3, 4]. In the case of high Reynolds numbers,
the outer region, distant from the bed, is not in local equilibrium because the timescale for the dissipation of the energy-
containing eddies is much larger than the timescale for their advection. In the inner region, close to the bed, the timescale
for the dissipation of the energy-containing eddies is considered much smaller than the timescale for their advection, so this
region is in local equilibrium, allowing the use of turbulent model stress. For the case of moderate Reynolds numbers (∼ 104),
Franklin and Ayek [5] showed that the inner regions of the perturbed closed-conduit flow are not in local equilibrium, a least
for a two-dimensional hill with triangular shape. This happens because of the relatively large ratio between the vertical and
longitudinal flow scales (when compared with the aeolian case). This means that the asymptotic expressions for the perturbed
boundary layer based on local equilibrium conditions must be used with care in case of aquatic ripples of triangular shape.

This study presents the preliminary results of an experimental study on the perturbation of a turbulent boundary layer by
a two-dimensional hill. Closed-conduit water flows were imposed over an asymmetric hill with aspect ratio of O(0.1), and
the flow was measured by particle image velocimetry (PIV). The mean velocities and fluctuations were computed from the
acquired images, and the shear stress over the ripple could be determined.

EXPERIMENTAL SETUP

We used PVC plates of 7-mm thickness to cover the entire bottom of the channel in order to reduce the height and facilitate
the handling of the hill. To model the two-dimensional hill, a small bedform of wavy shape was fixed on a PVC plate in the
test section. The wavy bedform had the same scales as the aquatic ripples [1, 2, 6]. The bedform, of PVC, was painted in
black to minimize undesirable reflections. The employed flow rates were 8 and 10 m3/h. These flow rates corresponded to
cross-sectional mean velocities Ū of 0.32 and 0.40 m/s and to Reynolds numbers Re = Ū2Heff/ν of 2.75×104 and 3.5×104,
where Heff is the distance from the surface of the PVC plates to the top wall of the channel.

To obtain the instantaneous velocity fields of the flow we used PIV. The employed light source was a dual cavity Nd:YAG
Q-Switched laser, capable of emitting 2× 130 mJ at 15-Hz. The power of the laser was fixed at 66 % of the maximum power
to assure a good balance between the image contrasts and undesirable reflection from the channel walls. 10-µm hollow glass
beads (S.G. = 1.05) were employed as seeding particles. To capture the images, we used a 7.4-µm × 7.4-µm (px2) CCD
(charge coupled device) camera with a spatial resolution of 2,048 px × 2,048 px and acquiring pairs of images at 4 Hz. The
total field employed was of 140 mm × 140 mm, with a magnification of 0.1, and the employed interrogation area was of 16
px × 16 px, corresponding to 1.09 mm × 1.09 mm. The computations were made with 50 % of overlap, corresponding to 256
interrogation areas. The test section was divided in five parts, for each part were acquired 3,000 pairs of images for both flow
rates, from which the fields of instantaneous velocity were computed in fixed Cartesian grids by the PIV controller software.

∗Corresponding author. Email: henriquepc@fem.unicamp.br



RESULTS

The flow was measured in five different parts, the first one was upstream of the bedform. In this part, the flow corresponded
to a fully-developed turbulent channel flow. Using Matlab, the instantaneous fields were time averaged and the second-order
moments (fluctuation fields) were computed and time averaged. The time-averaged fields were then space averaged in the
longitudinal direction because the flow was fully developed. We encountered the typical characteristics of a fully-developed
turbulent channel flow, such as the logarithmic region for both walls (70 < y+ < 200, where y+ is the dimensionless vertical
coordinate, y+ = yu∗/ν, with u∗ being the shear velocity, and ν the kinematic viscosity) by considering a hydraulic smooth
regime [7], and the typical profiles of the xy component of the Reynolds stress. The same flow rates were used for the flow
over the ripple. The water stream is deflected by the ripple, and, close to the surface, the vertical component of the mean flow
v is no longer negligible. We observe in this region an increase of the longitudinal component of the mean velocity, u, as
the flow approaches the ripple crest, what is expected from the mass conservation. The vertical component, v, increases from
zero at the ripple surface, reaches a maximum and decrease to zero as we approach the upper wall. For every longitudinal
position the maximum occurs between 0.9 and 1.6 mm above the ripple surface. Franklin and Ayek [5] found, for a bedform
of triangular shape, that toward the crest the maximum of the vertical component becomes closer to the ripple surface (yd ≈ 2
mm, where yd is the distance between the ripple surface and the upper wall). The explanation for the difference in the position
of the maximum, for the vertical component, lies in the relatively small curvature of our bedform. Approximately 30 mm
downstream the crest, the flow begin to detaches and a thin layer with small velocities starts to form.

We found that the Reynolds stress is perturbed in the 50 < y+
d < 250 region, where y+

d = ydu∗,0/ν, with u∗,0 being
the shear velocity upstream the bedform. This region corresponds to the overlap sublayer of the unperturbed boundary layer
[7]. We also found that, longitudinally, the perturbation of the Reynolds stress decreases near the crest. Fig. 1a shows
some profiles of the xy component of the Reynolds stress, for Re = 2.75 × 104, in seven different longitudinal positions.
We computed the turbulent kinetic energy production (◦ u′v′∂u/∂y) for this region as indicated in Fig. 1b. Here u′ and v′

represents the longitudinal and vertical components of the velocity fluctuation, respectively. Most of the production occurs
downstream the crest and it is confined to small region, what is expected due the relatively small curvature of the bedform.
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Figure 1: a Some profile of the xy component of the Reynolds stress in dimensionless form upstream of the ripple crest: y+d versus −u′v′/(u2
∗,0).; b

Turbulent kinetic energy production.

CONCLUSIONS

We presented preliminary results of an experimental study on the perturbation of a liquid turbulent boundary layer by a
two-dimensional ripple in the hydraulic smooth regime. Upstream of the bedform, the usual turbulent closed-conduit profiles
were found. Over the ripple, we obtained different results for the maxima of the vertical component of the mean velocities,
when compared with previous studies. This can be explained by the small curvature of our bedform. For the xy component
of the Reynolds stress upstream of the ripple crest, the profile is perturbed in the region that corresponds to the overlap of
the unperturbed boundary layer. Owing to the relatively small curvature of the hill, the turbulent kinetic energy production is
confined to a small region downstream the crest.
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Summary To evaluate the heating load of high-pressure capturing wings (HCW) at various design conditions, a series of numerical cases were 
carried out to study the shock wave/boundary layer interactions between the inclined shock wave compressed by the airframe and the HCW. 
The results show that the maximal value of the heat-flux on the lower surface of the HCW decreases with the increase of the blunt radius of the 
HCW, the backward position of the inclined shock wave, and the decrease of the Reynolds number. While it increases with the increase of both 
the Mach number and the half cone angle. Besides, the maximal value of the heat-flux on the lower surface of the HCW is significantly lower 
than the value on the stagnation point. The present results show that the HCW configuration should have a good application prospect.   
 

INTRODUCTION 
 
   A high-pressure capturing wing (HCW) is a kind of lift device, which can effectively improve the lift-to-drag ratio (L/D) 
of a high-speed flight vehicle with large volume [1]. A two-dimensional illustration for elaborating the principle of lift 
enhancement for a HCW configuration is sketched in Fig. 1. Here the body is the main part of the vehicle, the upper surface 
of the body is a wedge or a cone-shape typically. In according with the positions of the shock and the expansion waves, the 
whole flowfield can be divided into five regions that labeled from 1 to 5. The air pressure in region 1 is the freestream 
pressure, and the pressure in region 2 is higher than that in region 1 since the airflow is compressed by the body. When the 
airflow arrives in region 3, the pressure continues to 
increase because the HCW compresses the airflow once 
again. As the airflow leaves region 3 and enters in region 
4, the pressure gradually decreases due to the existence 
the expansion fan. The pressure in region 5 is 
approximately equal to the freestream pressure because 
the HCW is parallel to the direction of the freestream 
flow.  
   On the basis of the above analysis, we know that the pressure on the lower surface must be much higher than that on the 
upper surface of a HCW. Therefore, the HCW configuration can get a considerable lift augmentation, which benefits from 
the pressure difference on the lower and the upper surfaces. However, it is well known that the aerothermal problem must 
be well studied for any high-speed configurations. This is the motivation of this paper. In order to evaluate the heating load 
of high-pressure capturing wings (HCW) at various design parameters and freestream conditions, a series of numerical cases 
were carried out to study the shock wave/boundary layer interactions (SBLI) [2-4] between the inclined shock wave 
compressed by the airframe and the HCW. 
 

NUMERICAL RESULTS 
 
   To a HCW configuration, this problem presents that a conical 
shock acts on a cylinder wall. A typical flow structure is shown in Fig. 
2. The conical shock compressed by the body crosses over the bow 
shock compressed by the HCW, and interacts with boundary layer on 
the lower surface of the HCW. Then a separation bubble emerges and 
induces an impinging shock. Accordingly, the distribution of both the 
wall pressure and the wall heat-flux present complex variation.  
  To aim at studying the effect of design parameters and freestream 
flow parameters to the heat flux distribution, a series of two-
dimensional and axisymmetric cases were carried out numerically. A 
full three-dimensional structural grid was used to discretize the 
computational domain for each of above three configurations, in 
which algebraic transfinite interpolation methods with elliptic interior 
point refinement were utilized. Numerical solutions were obtained by 
solving the three dimensional compressible Navier-Stokes equations, 
with the use of a second order TVD finite-volume scheme for spatial 
discretization and a second order implicit time marching scheme, a realizable k-İ model was used in the computations. The 
results of the heat flux are presented in the dimensionless form: 

 
Fig. 1 Illustration of design principle of the HCW 

 
Fig. 2 A typical flow structure of the flowfield 

(pressure distribution) 
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where q is a heat flux, ȡ� and U� are gas density and 
velocity in the unperturbed flow, respectively, cp is a 
specific heat of gas at a constant pressure, Tt is a 
total temperature of gas, and Tw is the wall 
temperature. 
    Fig. 3 shows the heat flux distributions on the 
lower surface of the HCW at different conditions. 
Note from these figures that the St presents different 
distributions with variation of each parameter. In 
general, the peak value of the heat flux is directly 
proportional to the cong angle. While it is inversely 
proportional to the Mach number, the blunt radius of 
the leading edge of the HCW, and the Reynolds 
number. In addition, it should be noted that the 
starting points in all curves are at the end of blunt 
arc. Compared with the value of the heat flux at the 
standing point, the peak value on the surface is 
lower by about an order of magnitude. This means 
that the aerothermal load of a HCW is acceptable 
under normal circumstances. 
 

CONCLUSIONS 
 
   In this paper, a preliminary study for aerothermal 
analysis of HCW was carried out. When the incident 
oblique shock directly acts on the HCW, a SBLI phenomenon appears. Thus, the value of the heat-flux on a HCW increases. 
Moreover, the peak value of the heat-flux varies with the cone-angle of the body, the freestream Mach number, the blunt radius 
of the HCW, and the Raynolds number. However, the maximal value of the heat flux induced by the SBLI is much lower than 
the value on the standing point. Thus, the present results show that the HCW should have a good application prospect. 
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Fig. 3 Variation of St with different conditions (top-left: 
different cone-angles; top-right: different Mach numbers; 

bottom-left: different blunt radiuses; bottom-right: different 
Reynolds numbers) 
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ANALYSIS OF MACH RADIATION IN AN AXISYMMETRIC SUPERSONIC JET 
 

Meixiang Zhang , Na Guo  & Yihong Fang  
Department of Mechanics, School of Mechanical Engineering, Tianjin University, Tianjin, China 

 
Summary The Mach wave radiation give rise by the instability waves in a supersonic axisymmetric jet with Ma=2.1 is investigated. Near field 
of supersonic axisymmetric jet is computed by nonlinear disturbance equations ,while sound radiation in far field is computed by Wu method. 
The results are in good agreement with experiment data and DNS. Present study can analysis the Mach wave radiation both quantitative and 
qualitative. 
 
 

INTRODUCTION AND MOTIVATION 
 
   The study of sound radiated from supersonic jet has a long history and received renewed interest in recent years, for 
numerous technology application, in particular for the aviation industry. Recent theoretical investigations have described that 
instability waves, or in a broader sense large-scale orderly structures, constitute a dominant source of shear flow noise. In the 
supersonic jets, the role of supersonic modes in radiating Mach waves was confirmed by a series of experiments. Tam and 
Burton[1] applied the linear stability theory on relates the far-field sound to the growth and decay of instability waves in the 
jet flow. In predicting supersonic mixing noise, two prevalent approaches are Lighthill’s equation and the Kirchhoff surface 
method.  
Wu[3] present an analysis for nonlinear evolution of supersonic modes and the associated Mach wave radiation, based on 
asymptotic expansion in conjunction with the multiple-scale method. The goal of present study is the quantitative description 
of the radiated sound field, its prediction and its link to sound-generating structures in the supersonic jet flow. In this effort, 
we use nonlinear disturbance equations to simulate the instability waves of a supersonic axisymmetric jet and analyse the 
associated Mach wave radiation by using Wu’s Integration. This study aims at underlying mechanisms contained in the growth 
and decay of instability waves that give rise to intense Mach wave radiation quality as well as quantity.  
 

NUMERICAL SIMULATION 
 
   The governing equations are nonlinear, compressible, axisymmetric disturbance equations with the assumption of constant 
viscosity. Spatial derivative are discretized with 5th-order upwind finite-difference scheme for convective terms and 6th-order 
finite-difference scheme. Time advancement is with the three-order Rung-Kutta algorithm. 
A steady base flow is first computed from experimental fitting function in [1], for a Reynolds number Re = 70000, Mach 
number Ma =2.1, Prandtl number P r = 1. In a second step, nonlinear disturbance equations simulations are performed using 
the base flow above. To this end, non-reflecting boundary condition[2] is employeed at lateral boundary. The inflow condition 
is given by linear stability theory and extrapolation boundary condition is used for outflow. The evolution of only 
axisymmetric perturbations (m = 0) are computed, and symmetry conditions on the jet axis are imposed accordingly. 
To predict the Mach wave radiated by supersonic instability waves, the numerical method used in the currently study is nearly 
identical to the method used in [3], it is summarized only briefly. The Mach wave radiation wave is divided two asymptotic 
region: a near field and a far field. Using the asymptotic expansion and multiple-scale techniques in a supersonic jet, the 
acoustic pressure was expressed explicitly in terms of the amplitude function of the instability waves, which are calculated 
above, in each field. With analytical result, we known that a Mach wave propagates along the characteristics =constant, 
while its envelope propagates along the characteristics =constant.  
In order to compare with the experiment data in [1], the parameters of inflow instability wave are summarized in table 1. 
 

Table 1 The parameters of inflow instability wave 
   A0 

0.4 1.2560 1.6478 0.4985 0.0001 
 

 
RESULTS 

 
   Fig. 1 show us the numerical results of pressure contour in near field by using nonlinear disturbance equation. For a weak 
disturbance, its radiated Mach wave is obviously along the fixed line and energy concentrates in a region, here refer to as Mach 
beam. So that the Mach wave beam is perpendicular to the Mach wave front, and as if to emanate from the streamwise location 
where the amplitude of the instability mode is maximum. Fig. 2 is the pressure contours of Mach waves radiation by instability 



waves in far-field, which computed by Wu method.  Mach wave beam could be seen clearly in Fig. 2. It also indicated that a 
Mach wave propagates along the characteristics , while its envelope propagates along the characteristics .  

              
Figure 1 Pressure contour of Mach waves radiated in near-field.   Figure 2 Pressure contour of Mach waves radiated in far-field. 

    
Figure 3 SPL calculation by Wu method.              Figure 4 SPL from experiment (Tam & Burtun) 

 
Comparisons of with present results and relevant experimental data are show in Fig. 3 and Fig. 4. The two are in a good degree of 
quantitative agreement.  
It can be note that the present analysis and solution can successfully predict the quantitative as well as qualitative features of the 
Mach wave radiation associated with supersonic instability waves. It must be pointed out that the analysis for the Mach waves are 
also valid for an instability wave packet. A more complete analysis of the wave packet will be presented at the Congress. 
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A NEW MODEL FOR THE TWO-FLUID LAMINAR CLASSICAL WAKE
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Summary Existing models for two-fluid laminar wakes fail to incorporate the effect of the boundary layer that is formed between parallel
streams with different velocities in their analysis. In this work, the impact of the boundary layer formed by two parallel streams flowing at
different velocities past a fixed obstruction is considered. The presence of the body perturbs the boundary layer flow. A model detailing
this scenario is developed and the results are compared with existing models. In particular, the limit in which a lighter fluid flows on top of
another stationary fluid with a much higher density so that the no-slip condition is approximately satisfied, is studied. This important case is
related to wall-wake flows which have been thoroughly researched thus providing a reasonably sound platform for comparative observation.

INTRODUCTION

A study on laminar two-fluid wake flows has been undertaken by Herczynski, Weidman and Burde [1]. In this inspiring
work, similarity solutions are derived for both the two-fluid classical wake and the wake of a self-propelled body for laminar
flows. The formation of a boundary layer between the two streams of fluid was not incorporated in this model because it was
assumed that the streams have the same mainstream speed. Generally, a boundary layer forms between parallel streams of
different densities and viscosities as described in the work by Lock [2]. Hunt developed a model for laminar wakes behind
obstacles in a boundary layer [3]. These wakes, which are called ‘wall-wakes’, are formed by an obstruction situated on a
boundary wall. The wall occupies the entire lower half of the plane and the fluid sticks to its boundary. The obstruction
perturbs the flow in the boundary layer.

The purpose of this work is to modify the existing model for the two-fluid laminar classical wake by including the effects
of the boundary layer formed by the two fluids flowing at different speeds. In the limit where the lower fluid is stationary
and has a significantly larger density, the no-slip condition is satisfied and a wall-wake develops. This special case is then
compared to the wall-wake model formulated by Hunt [3]. The situation where the two-fluids are flowing at the same speed
will also be investigated and compared to the work in [1].

MATHEMATICAL MODEL

Consider a planar two-dimensional two-fluid classical wake as illustrated in Figure 1. A fluid with density ρ1 and viscosity
µ1 initially occupies the top half of the plane. A fluid of density ρ2 and viscosity µ2 initially occupies the bottom half of the
plane. The two fluids are immiscible and have mainstream speeds of U10 and U20 respectively. The fluids flow past a thin
symmetric planar body aligned with the mainstream flow. The origin of the Cartesian coordinate system (x, y) is located at
a point on the trailing edge of the body. Define δ1 and δ2 to be the outer boundary layer widths of the top and bottom fluids
respectively in the undisturbed boundary layer flow. The effective half-widths of the top and bottom halves of the wake are
denoted by h1 and h2. We assume that max(h1, h2) ≪ max(δ1, δ2) so that the wake is confined within a small region in
the outer boundary layer. The position of the unknown interface is at y = φ(x). The far-wake is divided into three regions:
the wake region (C) in which viscosity effects are important; the external flow or disturbed flow region (B) where viscosity
effects are negligible; and the mainstream flow region (A) where the disturbed flow returns to its upstream flow configuration.
The equations in the wake region will be derived. Matching conditions with region (B) will be required. The suffix i = 1 will
refer to the top fluid and the suffix i = 2 will refer to the bottom fluid.

The variables (Ui, Vi, Pi) denote the velocities and pressure in the undisturbed boundary layer flow upstream of the body.
Because the wake is confined within a small region in the outer boundary, the following simple shear flow assumption can be
implemented:

Ui = αi(y + βi), Vi = 0, i = 1, 2. (1)

A similar assumption was made in [3] where β1 = 0. In this current work the constants βi will be related to the expression
obtained in [2] for the flow speed at the interface of the fluids. In the wake region the flow variables are denoted by (ui, vi, pi).
The velocity deficit wi is defined as follows:

ui = Ui ◦ wi, vi = vi, i = 1, 2. (2)

∗Corresponding author. Email: hutchinson.ash@gmail.com
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Figure 1: Two-fluid classical wake behind a thin symmetric planar body.

The pressure in the wake is determined by the flow in the disturbed flow region [3]. The dimensionless governing equations
in the wake region are (for convenience the original notation is kept)

!
αi

α1
(y + βi)

"
∂wi

∂x
◦ vi

αi

α1
=
ρ1
ρi

∂pi
∂x

+
νi
ν1

∂2wi

∂y2
,

ρ1
ρi

∂pi
∂y

= 0, ◦ ∂wi

∂x
+
∂vi
∂y

= 0, i = 1, 2. (3)

At the interface y = φ(x) the velocity components and the tangential and normal stresses must be continuous. In the wake
region, the velocity deficit and its y derivative tend to zero as y approaches infinity. Any addition assumptions implemented
by Lock [2] and Hunt [3] will be used if required. A conserved quantity can be obtained in each region.

RESULTS

The Lie symmetry associated with the conservation law that generates the conserved quantity will be derived and the
invariant solution will be obtained. The results of this new model will be compared with existing models to establish its
validity.

CONCLUSIONS

The model developed in this work generalises two-fluid wake flows to allow for fluids that are travelling at different speeds.
It is consistent with existing models in certain limiting cases.
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MULTIPLE FAMILIES OF SOLUTIONS OF SECONDARY INSTABILITIES IN
HYPERSONIC FLOWS

Jianxin Liu1 and Jisheng Luo ∗1

1Department of Mechanics, Tianjin University, Tianjin, China

Summary The secondary instability was investigated in a Mach 4 flat-plate boundary layer with second mode primary disturbances by
numerical methodology. A new family called fundamental family of solutions was found which is the least stable secondary instability
when the amplitude of the primary mode instability reaches a threshold value such as 0.1. It is help for us to understand the fundamental
breakdown in hypersonic boundary layers.

MOTIVATION

The secondary instability mechanism is very important to the natural transition process dominated by streamwise insta-
bilities in boundary layers. Generally, the subharmonic secondary instability is considered as the least stable disturbance.
Herbert’s results[1] in an incompressible and Ng’s[2] in an compressible flow support this viewpoint. However, recent work
[3][4] observed that the fundamental secondary mode is the least stable one in boundary layers, such as . And the fundamental
(K-type) breakdown also was observed by the DNS[5]. It means that there is a gap between the recent results and the tradi-
tional viewpoint. For this aim, the secondary instability was investigated with a second mode primary instability in a Mach=4
flat-plate boundary layer.

RESULTS

The base flow can be written as U(x, y, z) = Ub(y) + Aû(y)ei(αx−ωt). With introducing a new coordinate system
x̃ = x − crt, ỹ = y, z̃ = z, the secondary disturbance can be written as q̃2 = eσteiβz̃eiϵα̃x̃

!∞
j=−∞ q̂2,j(y)eijα̃x. Here, ϵ

is a detuning parameter. When ϵ = 0.5, the secondary waves are called subharmonic modes; when ϵ = 0, they are called
fundamental modes. The equations are a complex eigenvalue problem Lφ = 0. For a given spanwise wavenumber β,
the unknown complex eigenvalue σ describes the instability of the secondary disturbance. More detailed description of the
secondary instability theory can be found in Ref. [2].

The investigations were performed in a Mach=4.5 flat-plate boundary layer. The parameters can be found in Ref. [2].
The primary mode is the Mack mode; the amplitude A is defined by the temperature perturbance and it is called AT . The
secondary instability is the subharmonic mode. The secondary stability analysis tool was validated by comparing to the results
in Ref. [2].

Figure 1 and Fig. 2 show the detuning parameter ϵ versus the secondary growth rates σr and the frequency shifts σi of
the secondary disturbance respectively. It can be seen that: (1) the least stable secondary disturbance is subharmonic. (2)
there is a new unstable fundamental solution which is not found in Ref. [2].(3) the family of solutions of the least stable
subharmonic secondary disturbance is different from the one of fundamental mode. (4) the frequency shifts of the least stable
subharmonic and fundamental secondary disturbance are both zero, i.e. the phase velocity of these least stable subharmonic
and fundamental modes are equal to the one of the second mode primary instability.

The new fundamental mode was investigated with different parameters. Figure 3 plots the spanwise wavenumber versus
the secondary growth rates with different amplitudes of the second mode primary instability. It can be seen that the range of
the unstable fundamental mode disturbances also becomes wider and wider with the amplitude of the primary mode instability
increasing. However, it is very different from the subharmonic mode discussed above that the spanwise wavenumbers of the
least stable fundamental mode instabilities also become larger. It should, however, be noted that the nonlinear effect is ignored
in our analysis when the amplitude A is large enough. It will make the growth rate a little different from the real value.

Then, the secondary instability was also investigated accounting for the nonlinear effect. For this aim, the base flows of the
secondary instability here were obtained by the nonlinear parabolic stability equations(NPSE). The amplitude here called Au

is defined by the amplitude of the streamwise velocity perturbance. Figure 4 plots the detuning parameter ϵ versus secondary
growth rates at A = 0.1. It can be seen that the least stable secondary instability is the fundamental one rather than the
subharmonic one as the amplitude of the primary mode instability is large enough. It means that the fundamental secondary
mode instability may have a larger amplitude in some case and will lead to a ”fundamental breakdown” as Fasel’s results??.
In addition, the least harmonic secondary mode instability is also another family.

∗Corresponding author. Email: jsluo@tju.edu.cn



DISCUSSION AND CONCLUSION

The secondary instability was investigated with a second mode primary mode instability in a Ma=4.5 flat-plate boundary
layer. The results suggest that there are two families of solutions in the boundary layers which lead to the unstable secondary
instability. One of them was not found in the past research. The least stable fundamental secondary mode instability is from
this new family of solutions (called fundamental family). On the contrary, the least stable subharmonic secondary mode
instability is another family of solutions (subharmonic family). This feature is very different from that in a incompressible
boundary layer. The amplitude of the second mode primary instability is a important to the secondary instability in a hyper-
sonic boundary. When it is small, the least stable secondary instability in the flow is from the subharmonic family. However,
when the amplitude is large enough, the fundamental secondary mode instability becomes the least unstable one. This work
fill the gap of the past research.

In conclusion, the dominant family of solutions has a very direct relationship with the amplitude of the primary mode.
Future work will concentrate on the primary mode effect on the secondary instability accounting for the nonlinear process in
a real hypersonic boundary layer.
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TENTATIVE EXPLANATION OF THE MECHANISM OF NOISE REDUCTION FOR 
TRAILING EDGE WITH CHEVRON

Caihong Su
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Summary Recently, chevron appears at the trailing edge of commercial aircraft jet engines, for example, jet engine of Boeing 787. 
It is believed to be for the noise reduction. So far, there is no theoretical explanations for its mechanism in published literatures, 
though there were papers for this purpose for the serration appeared at the jet exit. In this paper, a simplified model is proposed, 
to explore the possible cause of the noise reduction by chevron at the trailing edge of commercial aircraft jet engines. 

INTRODUCTION 

   Aircraft noise is an important issue, especially for commercial aircraft. Jet engine exhaust is one of the main sources 
during airplane take-off. One of the measure for noise reduction appears very recently is the use of chevron at the 
downstream end of the engine housing. According to experimental measurements, nearly 3dB of noise reduction during 
take-off can be achieved while only less than 0.5% thrust could be lost during cruise[1]. The first attention has been received 
on application level in mid 1990s. However, the understanding of the physical mechanism behind and the impact of 
chevrons on noise reduction still remains incomplete[2]. To date, the most popular explanation of its cause is that chevrons 
generate stream-wise vortices which enhance jet mixing, leading to the reduction of the amplitude of large scale structures 
in the flow field, and thus reducing the noise. However, they were mostly aiming at the case of chevron with sharp saw-
tooth. For smooth chevron as appeared on engines of Boeing 787, there could be another different mechanism. We believe 
that the existence of chevron may well change the stability characteristics of the mean flow downstream of the engine, so 
that the amplification rate of large scale vortices, which plays the dominant role of generating noise, may be significantly 
reduced. In this paper, a simplified model is proposed to show how it works. 

COMPUTATIONAL MODEL AND METHODS 

   For a real engine, the shear layer downstream of the engine is axis-symmetric. To simplify the computation and analysis, 
we consider a plane shear layer instead, which is formed downstream of an infinitely thin flat plate splitting two oncoming 
streams with Mach numbers 0.3 and 0.35 respectively. The length of the flat plate is assumed to be 2m, the average of the 
two oncoming flow velocities and other oncoming flow quantities are used to nondimensionalize the respective quantities. 
The Reynolds number so defined is 1.8 104. The oncoming temperture is 281.7K. The flow is assumed to be an ideal gas 
and the viscosity coefficient is comupted using Sutherland’s law. 
   The governing equations are compressible unsteady Navier-Stokes equations. A 5th order upwind and a 6th order 
central scheme are used to discretize the split nonlinear term and viscous term respectively. The 3rd order Runge-Kutta 
scheme is used for the time advancing. The computational domain starts from the trailing edge of the flat plate and extends 
far downstream. Grid points are clustered in the vicinity of trailing edge to make sure the required resolution can be 
achieved. In the wall-normal direction, mesh grids are stretched gradually from the wall towards the upper and lower 
boundaries. The wall is non-slip and isothermal whose temperatures on both sides are set to be 284K. The Blasius profiles 
are maintained at the inlet of the computational domain and sponge zones combined with characteristic boundary conditions 
are used for the top, bottom and outflow boundaries. For 3D cases periodic condition is used in the spanwise direction. 

   RESULTS AND DISCUSSIONS 

1. DNS: Generation of unsteady vortex 
   Unsteady vortex is found to appear starting from some distance downstream of the trailing edge as shown in Fig.1. 
Fourier analysis is performed for time squences of transverse velocities at three locations at the centerline. As shown in 
Fig.2(a), at x=0.002, very close to the trailing edge which locates at (0,0), the component with frequency 6~7Hz dominates. 
Downstream at x=0.06, another peak with frequency 23~24Hz emerges. This component overtakes the one with lower 
frequency and then plays a dominant role throughout the downstream region. The harmonic wave can also be observed. 
2. Linear stability analysis: wake mode and shear layer mode 

Spatial linear stability analysis is performed to search for the most unstable modes. In reality the flow is turbulence. 
However, since the profile of the basic flow has inflection points, so at least at the initial stage, inviscid instability plays the 
major role while the turbulence plays only a secondary role. So here we can ignore the turbulence as the first step. Two 
types of unstable modes, that is, wake mode and shear layer mode are identified as shown in Fig.3. Fig.4(a), (b) shows the 
variations of frequency and the growth rate respectively for the most unstable modes along x. We can see that at x=0.06 the 



frequencies for the most unstable wave mode and shear layer mode are 6.67 and 23.4 respectively, which are in very good 
agreement with what we observed in DNS. And the shear layer mode has much bigger growth rate so that it overtakes the 
wake mode and plays a dominant role further downstream. 

Fig.1. Density contour at t=24.      Fig.2 Amplitude of Fourier components versus frequency (different colored lines refer to different      
time periods Fourier tranform performed): (a)x=0.002, (b) x=0.06, (c) x=0.49. 

    (a)    (b) 
Fig.3 Eigenfunctions of streamwise velocity at x=0.06.     Fig.4 The most unstable wave. (a) frequency, (b) growth rate. 
3. Preliminary results with chevron 

We consider one chevron with a sinuous shape shown in Fig.5. Since the streamwise velocity is much bigger than the 
other velocity components, the initial baseflow is approximated by the mean flow we have got without chevron, but with its 
origin shifted in x direction according to the curve of the chevron. The inlet of the computational domain is shown in Fig.5 
and its profiles are maintained during computation. Similarly, we performed Fourier transform for time sequencs of 
transverse velocity at (0.1,0) for several spanwise positions. And compare the result with the 2D case as shown in Fig.7. It 
can be seen that the existence of chevron reduces the amplitude of the dominant component. Also a temporal DNS at a 
given x is performed to search for the most unstable mode to compare its growth rate with its 2D counterpart. It shows that 
the growth rate also drops. More in-depth work is under way. 

       
Fig.5 Shape of chevron             Fig.6 Profiles at inlet         Fig.7 Fourier components for cases with/without chevron 

CONCLUSIONS 

   Vortex roll-up appears whose frequency is actually chosen by the stability characteristics of the mean flow. For the case with 
chevron, the dominant unstable mode is found to be less unstable compared with the case without chevron, which may just be 
the cause of noise reduction. 
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EFFECT OF A 3D SURFACE INDENTATION ON BOUNDARY LAYER STABILITY
Hui Xu∗1, Shahid Mughal1, and Spencer J. Sherwin2

1Department of Mathematics, Imperial College London, 180 Queens gate, London, SW7 2AZ, UK
2Department of Aeronautics, Imperial College London, 180 Queens gate, London, SW7 2AZ, UK

Summary Effect of a three-dimensional (3D) surface indentation on boundary layer stability is studied in a high Reynolds number (Re)
regime. Once the Tollmien-Schlichting (TS) wave undergoes a base flow (with/without a separation flow bubble) distorted by a 3D surface
indentation, the growth rate of the TS wave can be changed downstream and some interesting properties from the 3D indentation distortion
are observed. It is also found that under suitable indentation geometry parameters, it is observed that a global instability can be triggered,
which has a strong impact on boundary layer transition. In this paper, these instabilities are investigated and effect of a 3D surface indentation
is elucidated.

In a boundary layer, the primary unstable mode is a Tollmien-Schlichting (TS) wave which is a viscous instability. The TS
wave is receptive to surface roughness interacting with free stream disturbances and/or surface vibrations. Once the excited TS
wave propagates downstream and experiences a base flow distortion which is generated by a surface indentation, the growth
properties (energizing or weakening) of the TS wave can be changed. These properties are significantly influenced by 3D
effect of a base flow distortion. When a 3D separation flow bubble appears, 3D effect of the separation flow bubble on the TS
wave varies with respect to indentation geometry parameters, which is remarkably different from that of a 2D separation flow
bubble. This difference has a strong impact on the growth properties of the TS wave. Generally, the boundary layer transition
onset is prompted. Meanwhile, under suitable indentation geometry parameters, it is observed that a global instability can
be triggered, which also has a strong impact on boundary layer stability. In this paper, these instabilities are conducted and
effect of a 3D surface indentation is elucidated. The linear analyses of the TS wave growth properties are investigated by the
parabolic stability equations (PSE) and the triglobal stability is done by the time-stepper-based Arnoldi algorithm. Finally, a
DNS calculation is implemented to simulate the boundary layer transition.

(a)

(b)

(c)

Figure 1: Wall shear (a), the growth rate (b) of the TollmienSchlichting wave and harmonics calculated by nonlinear PSE (c).

References

[1] Herbert T.: Parabolized stability equations. Annu. Rev. Fluid Mech. 29: 245-283, 1997.
[2] Theofilis V.: Global linear instability. Annu. Rev. Fluid Mech. 43: 319-52, 2011.
[3] Xu H., Sherwin. S. J., Hall P., Wu X.: The behaviour of Tollmien-Schlichting waves undergoing small-scale localised distortions, J. Fluid Mech., to

appear, 2016.
[4] Wu X. S., Hogg Linda W.: Acoustic radiation of Tollmien-Schlichting waves as they undergo rapid distortion. J. Fluid Mech. 550: 307347, 2006.
[5] Newman D. J., Karniadakis G.: A direct numerical simulation study of flow past a freely vibrating cable. J. Fluid Mech. 344: 95-136, 1997.
[6] Darekar R., Sherwin S. J.: Flow past a square-section cylinder with a wavy stagnation face. J. Fluid. Mech. 426: 263-295, 2001.
[7] Gao B., Park D. H., Park S. O.: Stability analysis of a boundary layer over a hump using parabolized stability equations. Fluid Dyn. Res. 43: 055503,

2011.

∗Corresponding author. Email: hui.xu@imperial.ac.uk



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

REYNOLDS-NUMBER UNIVERSALITY OF QUASI-STEADY QUASI-HOMOGENEOUS
THEORY

Chi Zhang *1 and Sergei Chernyshenko1

1Department of Aeronautics, Imperial College London, London, UK

Summary A rigorous formal statement of the hypothesis of quasi-steady and quasi-homogeneous (QSQH) nature of the scale interaction in
the near-wall part of a turbulent boundary layer is proposed. This makes the corresponding derivations easier. Multi-objective optimisation
is applied to determine the cut-offs for the large-scale filter, which gave better results than the filters based on the known suggestions for the
cut-offs. Comparisons for a set of statistical characteristics obtained from the databases of direct numerical simulations of a plane channel
flow were performed. It was observed that the accuracy of the predictions based on the QSQH hypothesis improve as the Reynolds number
increases. The next step will be testing extrapolation from medium to high Reynolds numbers based on the QSQH approach.

Obtaining the flow properties in a near-wall turbulent boundary layer at high-Re is always a challenge due to insufficient
computing power and imprecise experimental devices. Recently, distinctive alterations to near-wall turbulence by outer large-
scale structures have been observed and confirmed in many experimental and numerical studies, see for example [1] and
references therein. Marusic et al. [1] proposed an empirical model, described by the expression:

u′+(y+) = αu(y+)u′
OL +

!
1 + βu(y+)u′

OL

"
u∗

MHM(t+, x+, y+, z+), (1)

where αu(y+) and βu(y+) are universal Re-independent functions found empirically, prime denotes fluctuations, and the
subscript OL marks the large-scale filtered velocity measured by a second probe located further away from the wall, as
illustrated by Fig. 1(a). One can measure (or calculate) u′+(y+) and u′

OL at a moderate Re and determine the statistical
properties of u∗

MHM(t+, x+, y+, z+), which are expected to be Re-independent. This makes it possible to measure only u′
OL

in the high-Re regime and determine the statistical properties of u′+(y+) from (1). However, since the statistical properties
of u′

OL depend on Re, (1) with Re-independent αu, βu and u∗
MHM is not compatible with the classical idea of universality of

near-wall turbulence, according to which
u = ūτu

∗(t+, x+, y+, z+) (2)

with Re-independent statistical properties of u∗. To resolve this, Chernyshenko et al. [2] proposed to replace (2) with

u = uτL(t, x, z)ũ

#
tu2
τL

ν
,
xuτL
ν

,
yuτL
ν

,
zuτL
ν

$
, (3)

where uτL(t, x, z) is the large-scale-filtered friction velocity. This amounts to replacing the friction velocity ūτ with uτL(t, x, z)
in the definition of wall units. This can be justified by the the assumption that the effect of the large scales on the small scales
is quasi-steady and quasi-homogeneous. Chernyshenko et al. [2] showed that (1) can be derived from (3) with an additional
assumption that u′

τL ≪ uτL .

(a) (b)

Figure 1: (a) Probe setup; (b) Pareto front of large-large and small-small correlation coefficients, where each point represent
a combination of cut-off frequency and wave-numbers.

In fact, the QSQH hypothesis is a combination of two hypotheses, the first being that uτL(t, x, z) and ũ are statistically
independent for a fixed Re, and the second hypothesis being that ũ is independent of Re. We tested the first hypothesis by the
comparisons between various statistical properties and their QSQH predictions for one value of Re. The cut-off parameters of
the large-scale Fourier cut-off filter in the wave-number and/or frequency space were selected by multi-objective optimisation,
with one objective being the correlation coefficient between the large-scale velocity at the outer probe placed at y+ = 100

*Corresponding author. Email: c.zhang13@imperial.ac.uk
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CONCLUSIONS

The interaction of the first mode and the second mode was studied in this paper. It is identified that the amplification of
the first mode will be greatly enhanced by the nonlinear interaction of a wave triad consisting of a second mode disturbance, a
first mode disturbance and a forced wave with the difference frequency. The nonlinear interaction makes the first mode more
likely to play an important role in hypersonic boundary-layer transition.
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Figure 1: Streamwise development of (a) the maximum u-velocity disturbance (b) skin friction coefficient. Solid Lines: DNS
results. Symbols: PSE results

Figure 2: Evolution of the wave triad. Dashed
Line: Linear result. Solid Lines: All modes re-
served. Symbols: Only the wave triad reserved
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Figure 3: Streamwise development of skin friction
coefficient of different transition routes.
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PERCOLATING REACTIVE WAVES:  FLAMES IN THE DISCRETE REGIME 
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Summary An overview of investigations into flame propagation in discrete systems is given.  Discrete effects become 
pronounced when the heat release time scale of a source is much less than the characteristic time of diffusion between sources.  
Under these conditions, flame propagation becomes dominated by local fluctuations in particle concentration, sharing many 
characteristics with directed percolation.  Attempts to model such systems using traditional, continuum models that assume a 
homogeneous media would result in erroneous predictions of flame dynamics.  Attempts to experimentally realize such systems 
are discussed, and the need for a microgravity platform with duration on the order of minutes is articulated.  Key experimental 
features of flames in the discrete source propagation regime are identified, and planning for an upcoming sounding rocket 
experiment is discussed. 
 

OVERVIEW 
 
   
   Historically, combustion is the first field in which solutions for self-sustained waves that propagate by activated release 
of an agent (i.e., heat, chemical species) that diffuses forward were identified.  The propagation of an advantageous gene 
[1] and spread of disease [2] through populations are further examples.  Classical models are continuum-based, assuming 
the excitable media to be spatially homogeneous.  However, a great many systems of interest have spatially discrete 
sources.  A forest fire, wherein the flame front must jump from tree to tree is an obvious example.  The spiral arms of 
galaxies have been conjectured to be self-propagating waves of star formation, wherein the shock wave from a newly 
ignited star results in the collapse of interstellar gas necessary to trigger star formation, which is an example of a medium 
with highly disparate scales.[3]  Calcium waves, a mechanism of intracellular signaling, are diffusive waves that propagate 
via activating discrete sources of Ca(2+) within a cell.[4]  All of these examples feature media wherein the spatial 
randomness of the media is likely to profoundly influence the propagation dynamics that any spatial averaging technique 
(necessary for a continuum-level description) will likely fail to capture. Recently, the recognition that discrete effects in the 
combustion of spatially random media can result in unique flame behavior, separate from more traditional heterogeneous 
media, has been articulated by Mukasyan and Rogachev.[5]  Development of this field has been motivated by flames in 
Self-Propagating High Temperature Synthesis (SHS or “Solid Flame”) and in low volatile fuel particulates suspended in a 
gaseous oxidizer. 
 
   The existence of a clean experimental system that exhibits source-to-source propagation is an outstanding challenge.[6]  
Ideally, such a system would use a large particle size (20 Pm or larger) so that individual particles can be visualized using 
digital photography.  The creation of a suspension of large particles of this size is not feasible in the normal gravity 
environment.  In addition, in the discrete regime, flame speeds are limited by particle to particle diffusion, resulting in 
flame speeds that are on the order of cm/s.  Flame speeds less than about 20 cm/s are not feasible in the normal gravity 
environment due to the disruption of the flame by the buoyancy of the combustion products.  Thus, there exist two strong 
rationales for the necessity of utilizing the microgravity environment to examine flame propagation in particulate 
suspensions.  McGill University has led a 20 year investigation into the fundamental properties of flame propagation in 
dust suspensions utilizing the approximately 25 second duration of microgravity available onboard parabolic flight aircraft.  
The majority of the work performed over this period falls into a regime that is amenable to classical thermal flame theory, 
and including the discrete source effects is not necessary.[7]  Only recently has experimental investigation into the discrete 
regime been attempted.[8-10]  A study using a fuel that burns entirely heterogeneously (iron) in suspension in xenon-
oxygen mixtures exhibited a near independence of flame speed upon the oxygen concentration.  The ratio of the 
combustion time to the timescale of interparticle diffusion, giving the so-called discreteness parameter Wc = tr/td = tr /(l2/D), 
where l is the interparticle spacing and D is thermal diffusivity, was estimated to be less than unity due to the low thermal 
diffusivity of the inert xenon component of the mixture.[9]  In effect, the flame speed becomes entirely bottlenecked by the 
interparticle diffusion time, such that even an infinitely fast burning fuel will yield a finite flame speed.  Use of helium 
(replacing the xenon) resulted in the discreteness ratio greater than unity, and the results confirmed that using an inert 
component with a large thermal diffusivity resulted in the expected square-root dependence of flame speed upon oxygen 
concentration.[9]  A more recent experimental investigation by Wright et al. [11] using a faster burning fuel (aluminum) in 
the normal gravity environment also confirmed the predicted independence of flame speed on oxygen concentration.  Both 
of these studies were severely limited in the range of particle sizes, concentrations, and flame speeds that could be explored 
due to the limited duration and poor quality of microgravity onboard parabolic flight aircraft. 
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DIRECT NUMERICAL SIMULATION OF TURBULENCE-DETONATION INTERACTION: 

PARAMETRIC STUDY  
Tai Jin, Kun Luo & Jianren Fan 

State key laboratory of clean energy utilization, Zhejiang University, Hangzhou, China  
Summary Direct numerical simulations of three dimensional isotropic turbulence-detonation interactions are conducted, based on 

Navier-Stokes equations and global one-step chemical reaction model. High-resolution bandwidth-optimized WENO scheme 

spatial discretization and total variation diminishing temporal integration are adopted for shock capturing. Comparative studies 

of turbulent inflow vertical and entropic forcing effects on the three dimensional detonation front and cellular structures are first 

conducted. It has been found that the turbulence field imposed has created small scale wrinkles embedded in the detonation front, 

apart from the large scale features of detonation without turbulence. The periodical movement of the triple points has been 

delayed and the length of the regular cellular structure increase under turbulent forcing. Effects of different inflow turbulence 

intensity and detonation strength on turbulence-detonation interactions are investigated in detail.   
INTRODUCTION 

 

   Renewed interests in advanced propulsion concepts have remarkably rekindled the research activities in detonation 

waves. Detonations are supersonic flow phenomena with leading shock waves that ignite premixed gas. The interaction of 

detonation waves with nonuniform flows is of interest for different applications in the technological and scientific areas 

including aerodynamics, propulsion, and astrophysics. Although the detailed structures and properties of the detonation 

have been extensively studied through experimental and numerical methods as well as theoretical approach, the detonation 

interacting with nonuniform flows has received considerably less attention.  

The simplest circumstance in which turbulence interacts with a detonation wave is concerned with the case of 

homogeneous, isotropic turbulence interacting with a detonation wave. Understandings of this problem have been greatly 

improved through the continuously developed theoretical studies based on the linear analysis
[1-3]

, however with its limits 

about the involved simplifications, such as the infinitesimally thin detonation neglecting of detonation reaction length scales, 

et al.. Furthermore, the detonation wave is known to be sustained by multi-dimensional interactions with the transverse 

waves, thus, the detonation wave front structure presents to be three-dimensional and complex, which needs further analysis. 

Predictive numerical simulations of detonations could be an alternative approach to deep insight into the detonation 

turbulence interaction, especially for the detonation wave structure and dynamics
[4]

.  

In the present study, a high resolution weighted essentially non-oscillatory (WENO) numerical method, with low 

numerical dissipation, high-order shock-capturing, has been developed for the direct numerical simulation (DNS) of 

turbulence-detonation interactions. Comparative studies of turbulent inflow vertical and entropic forcing effects on the three 

dimensional detonation front and cellular structures are first conducted. Effects of different inflow turbulence intensity and 

detonation strength on turbulence-detonation interactions are compared in detail. 

    
DNS SIMULATION 

 

   The simulations are performed in the reference frame of the steady ZND (Zeldovich, von Neumann, and Doering) wave. 

The mean flow is aligned with x direction, and periodic conditions are specified in the two other directions. The turbulent 

data superposed onto the mean flow at the inflow boundary of the computational domain corresponds to several developed 

turbulent fields obtained from preliminary simulations of time-decaying isotropic turbulence. The turbulent fluctuations are 

advected through the boundary using Taylor’s hypothesis.  

The detailed simulation of compressible turbulence requires numerical methods that simultaneously avoid excessive 

damping of spatial features over a large range of length scales and prevent spurious oscillations near shocks and shocklets 

through robust shock-capturing. Numerical schemes that were developed to satisfy these constraints include, among others, 

weighted essentially non-oscillatory (WENO) methods. In the current work, an eighth-order-accurate version of this scheme 

(WENO-BO4) is adopted to compute the convective terms of the governing equations. A simple eighth-order-accurate 

standard central difference scheme is employed to compute the viscous terms. The third order TVD Runge-Kutta multistage 

method is used for time integration. The detailed numerical methods and validations have been described in our previous 

work
[5]

. 

 

RESULTS ANS DISCUSSIONS 

    

The three dimensional detonation structures under different inflow conditions are shown in Fig.1, where the snapshots 

of the shock front and contours plots of the vorticity along the lateral boundaries are presented. The flow front shows 



alternatively “convex” and “concave” shapes, which corresponds to Mach stem and incident shock, respectively. The 

detonation front switches between Mach stem and incident shock during the propagation of detonation. The strong coupling 

in the area of triple points makes the detonation overdriven locally and sustains the detonation by the transverse motion of 

these zones along the front. A regular cell pattern with diamond shape is formed by the trajactories of triple points. The 

diamond shaped cell pattern changes little with the inflow forcing, however the length of the cell is a little larger, due to the 

delay of the collision of triple points by inflow forcing. The incoming turbulence perturbs the detonation front beyond its 

“smooth” shape. It can be found that the turbulence field imposed has created small scale wrinkles embedded in the 

detonation front, apart from the large scale features corresponding to Mach stem and incident shock presented in the case 

without turbulence (Fig.1a). The detonation front appears corrugated due to the vertical inflow fluctuations as shown in 

Fig.1c,d, while much weaker for the entropic fluctuations shown in Fig.1b.  

 

 

Table 1 Computational parameters 

 

case 
Inflow 

M0 

Inflow 

Mt 

N= 

L1/2/λ0 
fluctuations 

A (M3.0Mt0.0) 3.0 0.0 1.0 No forcing 

B (EF3.0M
t
0.15) 3.0 0.15 1.0 Entropy forcing 

C (EF3.0M
t
0.25) 3.0 0.25 1.0 Entropy forcing 

D (M3.0M
t
0.15) 3.0 0.15 1.0 Vertical forcing 

E (M3.0M
t
0.25) 3.0 0.25 1.0 Vertical forcing 

F (M3.0M
t
0.25) 3.0 0.25 0.2 Vertical forcing 

G (M3.0M
t
0.25) 3.0 0.25 5.0 Vertical forcing 

                                                      

Fig.1 Instantaneous image of the detonation front and the 

vortex structures,(a) case A, (b) case C, (c) case D, (d) case E 

The vortex structure along the lateral boundaries can well exhibit the turbulent flow field downstream the detonation. It 

has been indicated that the detonation produces vortex-like features and essentially all propagating detonations show a wide 

range of behavior from laminar unsteady periodic behavior to chaotic instability with highly turbulent behavior. For 

detonation without inflow fluctuations as shown in Fig.1a, vortices are only generated by the collision of triple points. The 

counter-rorating vortex are generated after the collision of triple points, and then convected downstream. The flow field 

presents to be intermitent and the distance between the two rows of vortexes is related to the collision period of triple points. 

For the turbulence-detonation interactions as shown in Fig.1c, the generated vortex and the convected vortex interact with 

each other. The generated pairs of vortex can hardly been seen. For the entropy inflow forcing, the large scale pairs of 

generate vortex can still be found, however with smaller scales embedded in them.  

Pametric studies of different inflow turbulence intensity and detonation strength on turbulence-detonation interactions are 

also conducted. The detailed computational conditions are listed in Table 1, where 
0

λ is the Taylor scale of the inflow 

homogeneous isotropic turbulence and 
1/2
L  is the half-reaction distance of the initial detonation.  

 

CONCLUSIONS 

 

   Direct numerical simulations of three dimensional isotropic turbulence-detonation interactions are conducted, based on 

Navier-Stokes equations and global one-step chemical reaction model. High-resolution bandwidth-optimized WENO scheme 

spatial discretization and total variation diminishing temporal integration are adopted for shock capturing. Comparative studies 

of turbulent inflow vertical and entropic forcing effects on the three dimensional detonation front and cellular structures are first 

conducted. It has been found that the turbulence field imposed has created small scale wrinkles embedded in the detonation front, 

apart from the large scale features of detonation without turbulence. The periodical movement of the triple points has been 

delayed and the length of the regular cellular structure increase under turbulent forcing. Effects of different inflow turbulence 

intensity and detonation strength on turbulence-detonation interactions are also investigated in detail. 
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COUPLING AND QUENCHING IN DUAL-FRONT FLAMES 
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Abstract The combustion of mixtures of two very different fuels sometimes leads to the formation of two-front flames with complex propagation 
and quenching behaviours. A simple, one-dimensional analytical model has been developed to explain previously obtained experimental results. 
The only interaction between the fronts considered is through the gas phase temperature. The model assumes that the reaction associated with 
each front starts at some ignition temperature and proceeds at a constant rate. The model predicts three different flame configurations: The fronts 
are either coupled, with both fuels burning within the same flame zone, de-coupled with a distinct preheat zone, or one of the fuels may not burn 
at all, playing the role of an inert additive. The results of the model are in very good qualitative agreement with experiments performed on hybrid 
aluminium-methane mixtures in narrow channels and explain the flame coupling/de-coupling through simple heat transfer considerations. 
 

INTRODUCTION 
 
   Multistage combustion, involving two or more interacting and competing chemical reactions, appears in many fuel 
systems. In some systems this leads to the formation of dual-front flames as, in gas mixtures [1] or in mixtures involving solid 
particle suspensions, used for example in solid propellants, where combustion properties vary considerably with the size of 
particles as well as with the presence of combustible gases in so-called hybrid flames [2]. A closer study of the propagation 
of such flames [3], using quenching distance measurements in narrow channels as a probing technique, has revealed a complex 
interaction between the gas (methane) reaction and suspension (micron-sized aluminium) reaction fronts. Depending on the 
relative concentration of the fuels and the amount of heat losses to the channel wall, both fronts either couple in a unique 
flame zone, de-couple, burning as separated fronts, or a fuel with too low a concentration may not burn at all, becoming an 
inert additive to the front formed by the other fuel. 
 

MODEL 
 
   The flame is represented as a one-dimensional steady-state structure propagating into an unburned mixture of an oxidizer 
and two fuels and is tracked by means of a single temperature profile. The model follows the temperature profile across the 
flame and as soon as the latter reaches a given ignition value, associated with each fuel, the respective reaction starts and 
proceeds at a constant rate for a given combustion time. The concentration of the first fuel is kept constant while the second 
one is varied. 
   In this simplified model, chemical transport is neglected and the mixture is assumed fuel-lean so that the depletion of 
oxidizer has no effect on the reaction rates. The system is then defined solely by the steady-state one-dimensional energy 
equation, which is solved analytically to obtain the temperature profile over the entire flame domain. This procedure also 
yields the propagation velocity of the flame as well as the distance between the two fronts. The calculations are performed for 
both adiabatic flames as well as for cases with heat losses, representing the heat losses to the narrow channels. 
    
 

RESULTS 
 
   The equations are solved for each of the flame configurations shown in Fig. 1 for adiabatic flames as well as for flames 
with different amounts of heat losses. The results show the flame speed dependence for each such case on concentration of 
the 2nd IXHO�ĳ. For simplicity, each flame configuration is associated with a colour: one-front with blue, two-front decoupled 
with red, and two-front coupled with green. The simplified formulation of the model allows the equations to be solved entirely 
analytically, which guarantees that all solutions for all parameter ranges are identified.   
   For each configuration, the adiabatic case is represented by a unique bold curve. As Fig. 1 VKRZV��DW�ORZ�ĳ��RQO\�WKH��st 
fuel can form a front, while the 2nd acts as an inert addLWLYH��DQG�UDLVLQJ�LWV�FRQFHQWUDWLRQ�ĳ�VORZV�WKH�RYHUDOO�IODPH�XQWLO�LW�
cannot propagate (bold blue curve). If the 2nd fuel is reactive, however, at a critical concentration, the 2nd fuel can form its 
own front in the wake of the 1st one, DQG�UDLVLQJ�ĳ�OHDGV�WR the 2nd front approach the 1st one until they merge. The 2nd front 
HQKDQFHV�WKH�VSHHG�RI�WKH�RYHUDOO�IODPH��EROG�UHG�FXUYH���5DLVLQJ�ĳ�IXUWKHU�OHDGV�WR�WKH�SURSDJDWLRQ�RI�D�FRXSOHG�IODPH��EROG 
green curve). 
   The presence of heat losses leads to the possibility of multiple solutions. Each flame curve is composed of two branches, 
a physical (solid curves) and an unphysical one (dashed curves). Both branches meet at a bifurcation. The curve linking these 
meeting points for all values of heat losses represents the quenching curve for both the one-front and the two-front flame. The 
behaviour of each flame is described by its physical branch.  
   Adding the 2nd fuel, i.e., increasLQJ�ĳ��KDV�YHU\�GLIIHUHQW�HIIHFWV�RQ�ERWK�IODPHV��For a given amount of heat losses, DV�ĳ�
increases, a one-front flame (curve C1) will slow down until it quenches whereas the two-front flame (curve C3) will appear 



DW�D�FULWLFDO�ĳ�DQG�LWV�YHORFLW\�ZLOO�LQFUHDVH�IRU�KLJKHU�ĳ� As the heat losses are increased��D�ORZHU�YDOXH�RI�ĳ is sufficient to 
quench the one-front flame (curve C2��ZKLOH�D�KLJKHU�ĳ�LV�QHHGHG�IRU�WKH�WZR-front flame to appear (curve C4).  
   As in the adiabatic case, for a given heat loss value, an increase in ĳ causes the two separated fronts in the flame to merge 
(transition from red to green curves). These two cases are separated by the front merging curve. As the heat losses are 
increased, this curve crosses the quenching curve. Thus, below a certain heat loss value, the flame quenches as two separated 
fronts, and above, it quenches as two merged ones.   
   For low ranges of heat losses, the red curves are wrapped around the blue ones which leads to three sets of bifurcations 
and a possibility of up to four solutions for a two-front flDPH�IRU�D�JLYHQ�YDOXH�RI�ĳ�DQG�WKH possibility of a second physical 
branch. 
   The results of Fig. 1 have been compared to the experimental findings of [3], described in the Introduction, and a very 
good qualitative agreement has been achieved. Despite the simplicity of its formulation, the model is able to recover all the 
behaviours observed in the quenching tests.  

 
Figure 1. Flame speed of one-front and two-front flames with respect to the concentration of the second fuel 

   
 

CONCLUSIONS 
 

   The complex behaviours observed in flames of some mixtures of different fuels have been qualitatively recovered by means 
of a simple analytical model based only on thermal considerations. In this light, the front coupling and de-coupling, observed in 
these systems, results mainly from the thermal interaction between the two fuels. These can either form fronts, which enhance each 
other, or due to low concentration and/or high heat losses, may fail to do so. In the latter case, the respective fuel hinders the 
propagation of the flame, increasing the heat capacity of the mixture and reinforces the effect of heat losses on the one-front flame.  
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TURBULENT PREMIXED BUNSEN FLAMES OVER A WIDE RANGE OF REYNOLDS
NUMBERS

Antonio Attili∗1, Stefano Luca1, and Fabrizio Bisetti1
1King Abdullah University of Science and Technology (KAUST), Clean Combustion Research Center (CCRC),

Thuwal, Saudi Arabia

Summary A set of turbulent premixed flames is simulated to investigate the effect of Reynolds number on the flame characteristics. Em-
phasis is placed on the overall characteristics of the flame and on the fractal dimension of the flame surface. It is found that the flame length
decreases as the Reynolds number increases suggesting an increase of the turbulent flame speed with the Reynolds number. The fractal
dimension of the flame surface is 2.6 and does not show a significant dependence on the Reynolds number.

METHODS AND FLAME CONFIGURATION

The flame configuration consists of a slot jet surrounded by a coflow of burnt gases. This arrangement is similar to piloted
flames used in experiments. The jet consist of a methane/air mixture with global equivalence ratio φ = 0.7 and temperature of
800 K. These conditions were chosen since they are representative of gas turbines. The temperature and species concentrations
in the coflow correspond to the equilibrium state of the unburnt reactive mixture. The simulations are performed at 4 atm.

The bulk jet velocity is Ub = 100m/s, while the coflow has a uniform velocity of Uc = 15m/s. The jet Reynolds number
based on the slot width and the jet bulk velocity UbH/ν varies between 2800 and 22400. The variation of the Reynolds number
is obtained varying the jet slot width H between 0.6 and 4.8 mm. The flow is periodic in the spanwise (z) direction, open
boundary conditions are prescribed at the outlet in the streamwise (x) direction and no-slip conditions are imposed at the
boundaries in the crosswise (y) direction. The jet and the coflow are separated at the inlet by walls with thickness H/10 and
length 2H/3. Relevant parameters are summarized in Tab. 1.

The resolution for all the flames is set at 20µm except for the highest Reynolds number case in which the resolution is
40µm. The simulation at Re=11200 has been performed with a resolution of 40µm without observing significant differences
with respect to the case computed on the finer 20µm grid. Therefore, we conclude that the results obtained for the Re=22400
case with the 40µm grid can be used to assess the Reynolds number scaling shown in the present work.

Table 1: Parameters of the simulations.
Jet Reynolds Number, Re 2800 5600 11200 22400
Jet Bulk Velocity, Ubulk 100 m/s 100 m/s 100 m/s 100 m/s
Slot width, H 0.6 mm 1.2 mm 2.4 mm 4.8 mm
Grid Size 720×480×256 1440×960×256 2880×1920×512 2880×1920×512
∆x = ∆y = ∆z 20µm 20µm 20µm 40µm

Figure 1: Two dimensional cuts of the field of the mass fraction of atomic oxygen in the four flames simulated. The domain
is scaled with the slot width, H.

∗Corresponding author. Email: antonio.attili@kaust.edu.sa
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Figure 2: Left: mean temperature along the jet centerline for the four flames at different Reynolds numbers. The red horizontal
line marks the temperature value used to define the flame tip and the length of the flame. Right: length of the flame for different
Reynolds numbers, normalized with the slot width; the line is a power-law fit to the three cases with the highest Reynolds
number with the form Rec with c = −0.4.

The gas phase hydrodynamics are modeled with the reactive, unsteady Navier-Stokes equations in the low Mach number
limit [1]. The species obey the ideal gas equation of state and all transport properties are computed with a mixture-average
approach. Combustion is modeled using a skeletal mechanism of 16 species and 73 reactions and is treated with finite-rate
chemistry.

RESULTS

Overall behavior and flame length
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Figure 3: Application of the box counting algorithm to the flame at
Re=11200. Number of boxes needed to cover the flame surface as
function of the box size (red dots). The blue line has a slope in the
log-log plot of -2.6, corresponding to a fractal dimension of 2.6. The
inset shows the same results compensated with the scaling r2.6 (pur-
ple star). The compensated results is shown also for a fractal dimen-
sion of 2.5 and 2.7 to assess the robustness of the results.

Figure 1 shows the mass fraction of oxygen in
the four flames at different Reynolds number. As ex-
pected, it is evident that the range of scale characteriz-
ing the fields increases with the Reynolds number. In
addition, the figure show that the length of the flames,
measured in terms of the slot width H, decreases as
the Reynolds number increases. A quantitative assess-
ment of the dependence of flame length Lf on the jet
Reynolds number is presented in Fig. 2. The flame
length, normalized with the jet width H, decreases
significantly as the Reynolds number increases. This
is consistent with an increase of the turbulent flame
speed due to the increased flame surface area caused
by the larger Reynolds number.

Fractal dimension of the flame surface
The fractal dimension of the flame, identified by

the temperature isosurface T=1800 K, has been com-
puted with a box counting algorithm and it is shown in
Fig.3 for the flame at Re=11200. The analysis shows a
fractal dimension of the flame surface of 2.6, in agree-
ment with recent results obtained in different turbu-
lent premixed flames [2]. Very similar fractal dimen-
sions have been obtained for the flames at Re=5600
and 22400.

[1] Attili A. et al.: Formation, growth, and transport of soot in a three-dimensional turbulent non-premixed jet flame. Comb. Flame 161:1849-1865, 2014.
[2] Chatakonda O. et al.: On the fractal characteristics of low Damköhler number flames. Comb. Flame 160:2422-2433, 2013.
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ADJOINT-INFORMED IGNITION CHARACTERIZATION
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Summary The adjoint of the linearized reactive compressible flow equations is used to quantify ignition sensitivity in unsteady combustion.
The corresponding sensitivity gradients are used to map the boundary between successful and failed ignition. Owing to the ultimately binary
outcome (i.e., it succeeds or fails after some period), care must be taken to define an appropriate cost functional that both quantifies ignition
success and varies smoothly near its threshold. Such a cost functional is designed to measure early-time behavior, and an indicator function
identifies successful ignition. The approach is demonstrated in a homogenous reactor and a non-premixed shear layer. The line-search
algorithm is shown to automatically detect the ignition boundary from an initial set of modeling parameters within a few iterations. The
gradient information is used to construct a tangent space for mapping the ignition boundary subject to specific constraints.

BACKGROUND

The repeatable and accurate control of ignition in fuel-air mixtures has remained a key challenge in the design of many
practical combustion systems. In general, the initiation and propagation of a flame from a cold (non-reacting) mixture is sensi-
tive to the instantaneous flow conditions, local mixture fraction, and position, extent, and intensity of the ignition source. Due
to the large number of modeling parameters required to simulate unsteady combustion, detecting the source of uncertainty in
large-scale simulations is tedious and computationally intensive. Ignition probability maps of canonical flows (e.g., turbulent
jets and counterflow diffusion flames) generated experimentally are reported. Unfortunately, such a brute-force search is both
time consuming and expensive, problem specific, and does not illuminate underlying mechanisms. In recent years, adjoint
methods have been used to calculate sensitivity to an arbitrarily large number of parameters in turbulent flows, with a com-
putational cost that is only marginally greater than the primal solution [1]. Due to the binary outcome of ignition, sensitivity
gradients near its threshold are ill-defined, and thus special care needs to be taken to formulate a useful adjoint method in this
context.

APPROACH

In the present study, a space-time discrete-adjoint method recently developed for high-fidelity compressible turbulence
simulations [1] is extended to chemically-reacting mixtures. The compressible Navier-Stokes equations are solved in a high-
order finite-difference framework that satisfies the summation-by-parts property with the simultaneous-approximation-term
boundary treatment to ensure an energy estimate. The chemistry is described by a single-step irreversible Arrhenius reaction.
The thermal effect of ignition is modeled as a source term in the energy equation that is a function of position (x0, y0), radius
(rx, ry), time of peak power t0, duration τig , and applied power a. Here, x and y represent the streamwise and vertical
coordinates, respectively. Shock-induced vorticity at the location of the thermal deposition is modeled empirically as a source
term in the momentum equation that depends on a user-defined value of the Mach number of the resulting shock, M0.

To quantify ignition success, a burning index I is defined as

I =

"

Ω
WZTdx, (1)

where Ω is the region occupied by the interior of the simulation domain, T is a non-dimensional temperature that varies from 0
in a cold non-reacting mixture to 1 at the adiabatic flame temperature, and WZ localizes the functional near the stoichiometric
surface. The cost functional is computed as J =

! t2
t1

rIdt, where t1 and t2 are the start and end times of the simulation, and
r windows the cost functional about the ignition transient. It was found that representing r as Gaussian with a peak value at
t0 and a standard deviation τig provides smooth gradients in J near the ignition boundary. However, the cost functional is
unable to detect whether or not successful ignition has occurred, and thus an indicator function is defined as the instantaneous
burning index at steady state, If ≡ I(t = t2). Using these two metrics, a backtracking line-search algorithm can find a set
of parameters on the ignition boundary. The adjoint solution is used to form a normal vector n̂ = ∂J

∂θ /∥∂J
∂θ ∥ that provides a

direction to adjust the set of parameters. Once on the ignition boundary, the gradient obtained from the adjoint solution is used
to construct a tangent space at that point. Under specific guidance, the ignition surface can be mapped out from the identified
set of parameters.

∗Corresponding author. Email: jcaps@illinois.edu
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MODELING OF DETONATION PROCESSES IN H2-AIR MIXTURES WITH 
CONCENTRATION GRADIENTS 
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1Institute for Computer Aided Design, Russian Academy of Sciences, Moscow, Russia 
2Moscow Institute of Physics and Technology, Dolgoprudny, Russia 

 
Summary The work is devoted to the numerical modeling of detonation propagation in rectangular channel filled hydrogen-air mixture with 
transverse concentration gradient. The statement of problem is based on experimental investigations, which were performed recently in 
Technical University of Munich. Modeling is implemented in two-dimensional statement with using detailed kinetics model of hydrogen 
combustion. The presence of deficiency propagation velocity of the detonation wave (DW) in a channel filled a mixture with transverse 
concentration gradient compared with one in the channel filled with a homogeneous mixture at the same average volumetric hydrogen 
concentration is consistent with the experimental data. The special mode of detonation propagation for channel filled hydrogen-air mixture with 
averaged volumetric concentration of hydrogen 40% and volumetric concentration of hydrogen 64.6% at the upper wall of the channel is 
revealed. In that mode, there is strong periodically arising transverse wave, which burns rich mixture at the upper part of the channel. 
 

STATEMENT OF THE PROBLEM 
 
   There are many numerical and experimental investigations of initiation and propagation detonation in homogeneous 
reactive mixtures. However, in accident scenarios and in the combustion chambers of detonation engines reactive mixtures 
can be inhomogeneous due to mixing processes: convection and diffusion. Propagation of the detonation in channel with 
transverse concentration gradient can be considered as one of the example propagation of detonation in real world. There 
are several experimental [1], [2] and theoretical [3] [4] investigations which devoted to that problem. In [2] two different 
modes single- and multi-headed of detonation propagation in channel filled hydrogen-air mixture with concentration 
gradients were revealed. Single-headed mode with one strong transverse wave in channel was obtained for the cases with 
special profiles of hydrogen concentration and averaged volumetric concentration of hydrogen in channel less than 30%. 
For those cases volumetric concentration of hydrogen at the bottom of channel is less than 9.5%. In present work we 
consider the statement of problem which based on the experimental work [2]. The propagation of detonation in rectangular 
two-dimensional channel with height 0.06 m and length 0.5 m filled by hydrogen-air mixture with transverse concentration 
gradients profiles from [2] is investigated. Detonation in the channel is initiated by explosion of stoichiometric hydrogen-air 
mixture at the left closed end of the channel. Two profiles of volumetric concentration of hydrogen for averaged volumetric 
concentrations 30% and 40% is presented on fig. 1. The computational domain consist of 75 millions cells. 
 

MATHEMATICAL MODEL AND NUMERICAL PROCEDURE 
 
   The mathematical model is based on Euler equations, which describe two-dimensional (2D) non-stationary flows of 
non-viscid compressible multicomponent reactive gaseous mixture, coupled with chemical kinetics model. Method of 
splitting with respect to physical processes, finite volume method and predictor-corrector time integration scheme are used 
for the numerical solution of the problem. The fluxes through the computational cells faces are calculated with Godunov's 
method. To enhance the accuracy of the numerical procedure the MUSCL approach with upwind-biased 3rd order scheme of 
interpolation and minmod limiter are used. The dependences of heat capacity and enthalpy of components from the 
temperature are approximated by the polynomial functions. For numerical investigations, we used high performance 
computing. Parallelization is performed by means of decomposition of a computational domain. The numerical 
investigations were implemented with the use of up to 3000 processor cores of multiprocessor systems MVS-100k (Joint 
Supercomputer Center RAS) and LOMONOSOV (Research Computing Center of the Moscow State University). The 
detailed description of the mathematical model, numerical procedure and parallelization technique can be found in [5]. The 
combustion of hydrogen-air mixture is modeled by detailed kinetics, which includes 22 reversible chemical reactions with 9 
components [6]. 
 

RESULTS OF CALCULATIONS 
 
   On fig. 2 computed smoke-foil records for the case of averaged volumetric concentration of hydrogen in channel 40% 
are presented. For that case, we revealed strong periodically arising transverse wave, which burns rich mixture at the upper 
part of the channel. The length of the period is about 0.12 m. At the bottom wall of the channel in the lean mixture, we can 
observe Mach stem, that corresponds to the calculation data from [3], [4]. For the case with averaged volumetric 
concentration of hydrogen in channel 30% cellular structure of the DW is more regular (see fig.3). It should be noted, that 
detonation cell size, obtained in our calculations, is smaller than in experimental data [2]. Propagation velocity DW is lower 
in a gradient mixture than in a homogeneous mixture at equal average hydrogen concentration. Deficiency of detonation 



propagation velocity is about 2% in our calculations. The dynamics of developing strong transverse detonation wave in the 
upper part of the channel is presented on fig.4. At the upper part of the channel in fuel-rich mixture, a big unreacted pocket 
is generated before initiated strong transvers detonation due to the decoupling of leading shock wave and reaction zone. The 
strong transverse detonation wave propagates in the upper part of the channel where volumetric concentration of the 
hydrogen more than 50%. 

 
Figure 1. The initial profiles of volumetric concentration of hydrogen in channel. 

 

 
Figure 2. Cellular structure of DW for the case of averaged volumetric concentration of hydrogen in channel 40%. 

 

 
Figure 3. Cellular structure of DW for the case of averaged volumetric concentration of hydrogen in channel 30%. 

 

 
Figure 4. Gas temperature fields in Kelvin degrees at the successive time moments (time interval is 4 mcs). 
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3-D FLAME CHARACTERIZATION VIA X-RAY COMPUTED TOMOGRAPHY
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Summary X-ray Computed Tomography (XCT) measurements are used to characterize a krypton-diluted methane-air Bunsen flame in three
dimensions. Multiple tomographic datasets are averaged in order to reduce noise in the recorded attenuation field. Internal attenuation fields
within the Bunsen cone give insight into thickening of the reaction zone as gas travels towards the top of the flame, and extraction of a
thresholded isosurface via Otsu’s method allows for 3-D visualization of the flame front. Results presented here reflect encouragingly on
the potential of XCT to provide powerful characterization of flame structure in three dimensions regardless of optical accessibility.

INTRODUCTION AND BACKGROUND

X-ray Computed Tomography (XCT) has the potential to allow for 3-D visualization of flame structure at high spatial
resolution, with short acquisition times, and without optical access. XCT is generally accomplished by measuring projections
of integrated X-ray attenuation at multiple angles around a subject and reconstructing a 3-D attenuation field using an im-
plementation of the inverse Radon transform as described in [1]. Common flat-panel detector systems can meet the 250 µm
criterion introduced by [2] to define the upper limit on resolution that could be reasonably expected to visualize the primary
reaction zone. Further, it would be unnecessary to estimate 3-D surface areas from 2-D images if 3-D field data on the loca-
tion of a wrinkled flame front were available. While XCT methods do have lower temporal resolution than planar laser-based
techniques, the potential for even time-averaged 3-D flame structure represents a potentially useful addition to the current
toolset of experimental combustion. The fundamental theory behind applying XCT to flame structure is based on the fact that
the number density of an inert, radiodense gaseous tracer such as krypton can be used to explicitly identify the location of
the flame front via the reduction in X-ray attenuation that occurs as number density of the radiodense tracer decreases with
increasing temperature. The goal of this study is to demonstrate the capacity of XCT to extract 3-D flame structure in an
experimental setting. For this reason, a canonical laminar Bunsen flame is used as a test case for illustrating not only the
viability of these physical concepts, but also the accessibility of associated imaging and analytic techniques.

METHODS

Experimental data for this study were obtained using the Stanford Tabletop X-ray Facility, consisting of a fluoroscopic
cone-beam X-ray source (CPI), flat-panel detector (Varian), and precision motion control system (Parker). The X-ray setup
was modified to allow for a steady flow of gas to be directed through an assembly that could be rotated in controlled fashion
by the motor. A Bunsen burner of 152.4 mm in length and 12.5 mm in diameter with an upstream flow straightener was
mounted to the motor apparatus. A premixed krypton-diluted methane-air Bunsen flame was established with mole fractions
of XKr = 0.339, XN2 = 0.455, XO2 = 0.121, XCH4 = 0.085, an overall flow rate of uo = 50 cm/s, Re = 600, and
corresponding Φ = 1.41. The flame was first lit and allowed to reach steady state before visual photographs were recorded to
enable comparison between the luminous visual profile and that extracted from XCT. A plastic tube of 95 mm in inner diameter
and 3 mm in thickness was then placed around the burner to shield the flame from ambient drafts while also making the flame
optically inaccessible. Fifteen tomographic datasets were acquired, with each set consisting of 625 projections over 360
degrees acquired in one minute of scan time. Scan parameters of 45 kVp peak tube voltage and 30 mA tube current were used
to maximize Signal-to-Noise Ratio (SNR). The flame was then extinguished and fifteen background datasets were obtained
to allow for subtracted attenuation measurements. Unless otherwise specified, differential attenuation data presented here
defines the difference between the projection-domain average of fifteen flame scans and that of the fifteen background scans.
Reconstructions were computed using the analytic Feldkamp-Davis-Kress filtered backprojection method with a Hamming-
windowed ramp kernel to eliminate high-frequency noise [1]. Additional data processing steps included standard ring-artifact
correction and projection-domain wavelet denoising to further reduce spurious high-frequency phenomena. The reconstruction
volume is 101 × 101 × 332 voxels with 0.2 mm isotropic spacing.

RESULTS AND DISCUSSION

As shown in Fig. 1, the XCT reconstruction yields a rich dataset from which a variety of conclusions can be drawn. In the
XCT data in Fig. 1(a), for instance, we observe a well-visualized flame cone with a profile that is substantially more linear
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PARTICLE DYNAMICS THROUGH TURBULENT PREMIXED FLAMES USING
SIMULTANEOUS 10 KHZ TPIV, OH PLIF, AND CH2O PLIF
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Summary This work experimentally quantifies the relationship between local reaction rate and flame thickness for turbulent premixed
flames in the corrugated flamelet and thickened preheat zone/thin reaction zone regimes using data from simultaneous 10 kHz tomographic
particle image velocimetry (TPIV), hydroxyl planar laser induced fluorescence (OH PLIF), and formaldehyde (CH2O) PLIF. Two novel
reaction rate metrics are presented, which are based on tracking fluid elements in a Lagrangian manner as they traverse from the flame
leading edge to the reaction zone. Results indicate that in the thickened preheat zone regime there is a reduction in residence time by nearly
20%, despite the flame being broader. A positive linear correlation is observed between a flame speed metric and flame thickness, which is
attributed to their mutual relationship with turbulent diffusivity.

INTRODUCTION

Past measurements of reaction rate in turbulent flames have been achieved through measuring scalar representations of
an important reaction pathway or via the local displacement speed. Scalar information can be obtained from planar laser-
induced fluorescence (PLIF) of the CH or HCO radical [1, 2], or through the product of OH and CH2O [3]. Such information
however is challenging for model development because the measurements are difficult to quantify and not directly related
to model inputs. Conversely, several studies have investigated the local displacement speed in turbulence premixed flames
[4, 5, 6] to quantify reaction rate. This method however is highly dependent on the particular isosurface being interrogated,
with negative local displacements speeds often reported despite the flame not exhibiting negative reaction rate [7]. Instead, it
is more informative to consider metrics of the total reaction rate experienced by a fluid element as it traverses the flame. The
use of Lagrangian paths inherently accounts for actual fluid trajectory and any changes to the flow-flame interaction.

This paper will present conditional statistics of two experimentally-derived metrics of local reaction rate in turbulent
premixed flames based on the tracking of theoretical Lagrangian particles (TLPs) through two turbulent premixed flames. In
doing so, this paper will describe the relation between flame structure and reaction rate in flames spanning from the laminar
flamelet to the thin reaction zone regimes.

EXPERIMENTAL SETUP

Simultaneous 10 kHz TPIV, OH PLIF, and CH2O PLIF were performed in a piloted premixed jet burner. The burner
consisted of a plenum, two turbulence generating plates, and a converging/diverging nozzle. The premixed methane/air main
flame issuing from the nozzle was stabilized using a non-premixed hydrogen pilot flame on a concentric grid of holes at the
nozzle exit plane. The flow and flame properties were such that Case 1 was in the corrugated laminar flamelet regime and
Case 2 was in the thickened preheat zone regime. Details of the experiment and diagnostics can be found in Ref. [8].

Four high-speed cameras were used to image the ca. 25 × 15 × 2.5 mm3 volume, illuminated by an Nd:YAG laser at
10 kHz repetition rate. The final vector field was calculated using an interrogation volume length of ca. 620 µm, with a ca.
155 µm spacing between vectors in all three dimensions. The temporal resolution was sufficient to capture the dynamics of
the smallest resolved spatial scales [8].

Two intensified high-speed cameras were used to image the OH and CH2O fluorescence at approximately 283.2 nm and
355 nm respectively. The formed laser heights were approximately 30 mm and 7.5 mm respectively. Mean signal-to-noise of
the two systems were approximately 6-35 and 2-3, the latter owing to the low fluorescence yield of CH2O.

RESULTS

Two metrics are proposed to characterize reaction rate. The first is based on the time required for a fluid element to traverse
the local flame structure, equivalent to the residence time of fluid elements in the flame (τc). The second simultaneously utilizes
the residence time and local flame structure to determine a flame speed metric (Si = di,0/τc, where di,0 is the fluid element
initial distance to the flame) for a given particle i.

Calculation of τc requires tracking of theoretical Lagrangian particles from the CH2O leading edge (equivalent to the
preheat layer leading edge) until they pass a flame surface based on Mie scattering tomography, which coincides with the

∗Corresponding author. Email: adam.steinberg@utoronto.ca
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EMISSION CONTROL CHALLENGES FOR COMPRESSION IGNITION ENGINES 
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Summary As emission standards continue to evolve, it is clear that future control strategies will involve the integration of 
combustion optimization, fuel refinement and advanced exhaust after-treatment technologies. WVU CAFEE continues to engage 
the challenge of future regulation in a multi-pronged approach, investigating advanced combustion regimes, alternative fuels, 
and next-generation emission control technology. Results presented herein summarize recent results and discuss future pathways. 
 
   Modern Compression Ignition Engines, commonly referred to as diesel engines, face many challenges with respect to 
meeting U.S. federal- and state-mandated exhaust emissions standards.  Additionally, these engines and their emissions 
FRQWURO� VXEV\VWHPV� PXVW� FRPSO\� ZLWK� HPLVVLRQV� VWDQGDUGV� IRU� ³XVHIXO� OLIH´� SHULRGV� RI� XS� WR� �������� PLOHV� DOO�� ZKLOH�
retaining the fuel efficiency and durability for which diesel engines are renowned. Since 1990, emissions standards of 
oxides of nitrogen (NOx) and particulate matter (PM) from heavy-duty diesel engines have decreased by approximately 97 
and 98 percent, respectively [1]. To meet these standards, engine manufacturers have developed complex engine and after-
treatment technologies. Diesel engines typically operate at a lean air-to-fuel ratio, one of the reasons for their superior fuel 
economy when compared to spark ignited engines that generally operate at stoichiometric air-to-fuel ratios. Lamentably, 
this lean operation is not conducive to the use of three-
way catalysts for NOx abatement and requires the use of 
more complex technologies such as selective catalytic 
reduction (SCR). Additionally, diesel engines 
predominantly feature direct injection and stratified 
combustion which can result in the formation of PM, 
which must be controlled with technologies such as a 
diesel particulate filter (DPF). 
   While, NOx and PM emissions have been steadily 
approaching near-zero levels, upcoming regulations will 
focus on reduction in fuel consumption and 
improvement of engine efficiency. Of the many 
pathways available for engine efficiency improvements, 
combustion optimization and advanced combustion 
strategies are one of the main focuses of next 
generation diesel engines. Closed loop combustion 
optimization techniques can benefit from improvements 
in miniature sensing technologies, while advanced combustion strategies can benefit from tailor made fuels that support low 
emissions and high efficiency pathways. One of the primary challenges of diesel engine combustion is to break the trade-off 
between PM and NOx. Concepts such as LTC, PCCI, and RCCI have demonstrated promise in this regard, however, 
fundamental understanding of fuel-air mixing, ignition delays and control of in-cylinder pressure rise rates are key in 
translation of such strategies to production platfoUPV��:98¶V�$GYDQFHG�&RPEXVWLRQ�/DERUDWRU\��ZLWK� DQ�RSWLFDO� HQJLQH�
and a single cylinder heavy-duty engine platform is conducting fundamental research in combustion visualization and the 
role of fuel property effects. 
   In August 2011 the first federally mandated greenhouse gas (GHG) and fuel consumption standards for medium and 
heavy-duty vehicles were adopted [2].  The GHG portion of the standard pertains to carbon dioxide (CO2), nitrous oxide 
(N2O), and methane (CH4) exhaust emissions.  Phase 1 of these standards became applicable in 2014, with stringency 
increasing through Phase 2 which will cover model years 2021 through 2027.  The intersection of these standards with 
existing pollutant standards, especially for NOx emissions, present a challenge to manufacturers.  Technologies that reduce 
engine-out NOx emissions, such as exhaust gas recirculation (EGR), are typically associated with CO2 emission and fuel 
economy penalties.  Placing further reliance of NOx reduction on after-treatment systems can increase the consumption of 
reductants such as diesel exhaust fluid (DEF) for SCR systems, and present duty-cycle challenges with respect to fatigue 
and warranty concerns. 
   Bio-derived and alternative fuels present an opportunity to simultaneously reduce CO2, NOx, and PM exhaust 
emissions, compared to petroleum derived diesel fuel.  Although benefits in these exhaust constituents have been realized, 
increased carbon monoxide (CO) and hydrocarbon (HC) emissions have been observed during recent studies performed at 
WVU from i) biodiesel fuels investigated for the U.S. Navy and ii) dual-fuel diesel-natural gas retrofit kits for heavy-duty 
diesel engines.  Unfortunately, in many instances bio-derived diesel fuel is more costly to produce than petroleum derived 
diesel.  Additionally, there can be challenges related to the implementation of biodiesel in fueling systems designed for 

Figure 1 Historical trend of emissions standards for heavy-duty 
on-highway engines in the U.S. [4]. 



petroleum based diesel fuel.  In addition to the availability from large scale natural gas reserves in the shale gas region, the 
production of bio-methane from biomass has significantly increased as well.  As of 2015 there were 645 operational 
landfill gas plants in the U.S.  Waste Management estimates renewable natural gas could provide 25% lower diesel fuel 
consumption in the state of California. However, alternative fuel approaches, such as dual-fuel diesel-natural gas 
compression ignition, and dedicated natural gas engines are often associated with high levels of CH4 exhaust emissions that 
are not easily reduced by after-treatment based on current CH4 catalysts technologies. Current research at WVU is focused 
on developing after-treatment technologies aimed at reducing tailpipe emissions of methane from heavy-duty natural gas 
engines. Reducing the global warming potential of natural gas vehicle exhaust is the key to promoting natural gas 
technology over traditional diesel technology. 
   Perhaps adding to the challenges that lie ahead, regulations for light-duty diesel engines differ from heavy-duty in that 
they are certified in a vehicle on a chassis dynamometer.  
Consequently light-duty diesel vehicles must meet the 
same standards as their gasoline counterparts with the 
same regulatory classification (tier and bin).  As 
emissions regulations progressed into the 21st century, the 
emissions reduction technologies for light-duty diesel 
vehicles had not commercially progressed as quickly as 
those for gasoline vehicles.  This resulted in very few 
vehicles offered as shown in the figure to the right.  
Introduction and improvement of NOx storage catalysts, 
also known as lean NOx traps, and SCR technologies has 
helped to increase light-duty diesel vehicle market-shares 
today.  Although, recent developments with Volkswagen 
may prove that NOx storage catalysts are not as efficient 
as claimed, leaving few options to SCR systems that 
typically occupy more space and require an additional 
fluid to be carried. These developments have also spawned 
regulatory agencies to announce future changes regarding 
future certification and compliance programs.  
 

CONCLUSIONS 
The compression ignition engine will remain the primary workhorse of the economy for the foreseeable future. However, 
currently available technology packages heavily depend on after-treatment systems to reduce regulated pollutants to the 
required low levels. This poses a challenge, especially for application subjected to lower engine operating loads such as 
drayage operation around ports, refuse hauling and urban driving, where after-treatment components experience lower than 
optimal thermodynamic exhaust gas conditions. In order to achieve high pollutant reduction efficiencies exhaust gas 
temperatures are being raised via thermal management strategies that in most cases adversely affect fuel consumption which 
stands in direct contrast to upcoming fuel economy requirements by the U.S. EPA. Additionally, projected improvements in 
thermal engine efficiencies will further escalate this problem by reducing exhaust gas temperatures. This discrepancy 
between improved energy efficiency and low emissions shows the need for a symbiosis between improvements in 
combustion strategies leading to reduced engine-out emissions rates, development of advanced fuels that enable and support 
advanced combustion regimes and finally, catalytic after-treatment systems that are capable of efficiently converting 
emissions during a broad range of exhaust temperatures. 
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Flame dynamics
Flame Describing Functions are measured by modulating the air flow by the two driver units of 100 W RMS connected to the
plenum. The amplitude u′ of the modulation is measured with a hot wire placed at 100 mm from the back of the chamber.
The region is chosen in order to have a nearly flat velocity profile. Two microphones (MP1 and MP2) are placed at the same
position to evaluate u′ using a second method. A photomultiplier (PM) with an OH* filter records the flame emission and this
signal is used as a signature of the heat release rate. This sensor is tilted towards the injector position in order to capture the
entire flame luminosity no matter its shape. One finds a notable difference in the gain shape and in the phase slope between
the two configurations. The gain of the FDF in case A features two peaks at 600 and 1000 Hz. In case B, the gain is much
flatter with a reduced peak at 600 Hz. The phase of the FDF is nearly linear indicating the presence of a time lag. The
slope of the phase response changes significantly with the cup angle value. A theoretical modeling of annular combustors
provides necessary conditions for instability in the form of instability bands. According to this model when π < ϕ < 2π or
3π < ϕ < 4π, the configuration is potentially unstable. These data may then be used to examine azimuthal instabilities of an
annular combustor investigated at EM2C [4] which is now equipped with swirl spray injectors (MICCA-Spray).
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Figure 2: (a) and (b) Gain and phase of the FDF when the injector is mounted without any cup (conf. A), (c) and (d) Gain and
phase of the FDF when the injector is mounted with a 70◦ cup (conf. B).

Conclusions
Flame Describing Functions of swirling spray flames are determined experimentally. It is found that for the particular injec-
tion system investigated, the FDF does not change significantly with the amplitude level but that the gain and phase functions
notably change with the angle of the end piece divergent unit. It is found that the mean flame shape evolves with this angle
and this in turn changes the dynamical flame response. Potential bands of instability are inferred from an examination of
the measured phase response obtained in this single injector configuration leading to possible indications of instability in the
MICCA-Spray annular system equipped with multiple injector units.
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SWIRL-STABILIZED NON-PREMIXED PROPANE/AIR FLAMES
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Summary Turbulent non-premixed swirl-stabilized flames were investigated in a gas turbine model combustor. Velocity and soot concen-
tration fields for propane/air combustion at three overall fuel-air equivalence ratios were studied. Stereoscopic particle image velocimetry
was used to acquire the three-dimensional velocity data in the combustor. The time-averaged soot volume fractions were obtained using the
technique of laser induced incandescence. The flow field and soot measurements were conducted separately, but under identical experimen-
tal conditions. The velocity measurements depicted the inner and outer recirculation zones, the boundaries of which showed high turbulence
intensity. The soot volume fractions showed a strong dependence on the overall fuel-air equivalence ratio. The combustor axis showed the
peak time-averaged soot concentration at nearly all axial heights.

INTRODUCTION

The widespread use of swirl-stabilized combustion systems has motivated research on their efficiency and environmen-
tal friendliness. Turbulent non-premixed swirl combustion is predominantly used in aircraft gas turbine engine combustors.
Non-premixed combustion can cause particulate (soot) formation, which are argued to have detrimental effects on engine com-
ponents, human health, and the global climate. Therefore, understanding of soot processes in technically relevant combustors
is vital to the design of high-performance, low-emission gas turbine engines [1, 2].

The current study focuses on swirling non-premixed turbulent propane/air combustion at atmospheric pressure. The time-
averaged velocity data and soot concentration distribution were measured at three overall fuel-air equivalence ratios (φ or ER):
0.47, 0.44 and 0.41. The fuel flow rate was held constant at 91 mgs−1. The experimental techniques of stereoscopic particle
image velocimetry (SPIV) and laser induced incandescence (LII) were utilized to measure the flow field and soot respectively.
Experiments were conducted separately but under identical conditions.

EXPERIMENTAL METHODOLOGY

Gas turbine model combustor: Combustor has dimensions of 94 mm × 94 mm × 114 mm. An axial jet of propane is
injected into a swirling jet of air. The air and fuel nozzles have coplanar exit planes (axial height y = 0 mm), hence premixing
of fuel and air is prevented. The combustor has 4 fused silica glass windows for optical access into the flame and to facilitate
the use of laser diagnostics.

Stereoscopic Particle Image Velocimetry: The three-dimensional velocity data was acquired using SPIV [3]. A laser
sheet illuminated the axial plane of the flow seeded with 1 µm titanium oxide particles. The illuminated flow was imaged
using two CCD cameras. The particle image pairs from both cameras were cross-correlated for velocity vector computation,
using the commercial software LaVision Davis 7.2.

Laser Induced Incandescence: A laser beam was focused and shot at the soot particles present at a point in the flame.
The broadband black-body radiation from the laser heated soot is recorded using photo-multiplier tubes at two different
wavelengths. Using the recorded signals, the temperature, volume fraction and primary particle diameter of soot at the
measurement location were computed [4].

RESULTS

For the reason of near-axisymmetry of the velocity field, one-half of the flow field are in Figs. 1 and 2. In Figure 1, the
mean axial Vy and the mean radial Vx velocities form the vectors, while the contour plot shows the mean tangential velocity
Vz. The mean velocity distribution shows the high velocity swirled inlet flow, and the inner and outer recirculation zones.
Figure 2 shows the distribution of turbulence intensity (TI), which is defined as the square root of turbulence kinetic energy k

and the magnitude of local mean velocity |−→Vm|. The boundaries of the recirculation zones, shown as dark lines in Figs. 1 and 2,
experience high turbulence intensity. The high TI is the cause for the rapid mixing of fresh inflowing fuel and air mixture, with
the hot recirculating products and chemically active species in the vicinity of the inner recirculation zone boundary (IRZB)
[1, 2]. Hence, IRZB is considered as the site for majority of the combustion as well as soot formation reactions. Further, the
mixing processes can transport the soot to the interior of the IRZ. Given the axisymmetry of the flow field, an axisymmetric
transport of the soot agglomerates from the IRZB to the combustor axis will cause the time-averaged soot concentration (fv)
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to peak near the combustor axis. The above hypothesis is supported by Fig. 3, where the radial profiles of fv show a peak
at the combustor axis (r = 0 mm) at all axial heights of y ! 25 mm. Furthermore, the effect of lowering the overall fuel-air
equivalence ratio are shown in Figs. 4 and 5. The fv shows a near 50% drop for a 6% increase in air flow rate. However, the
general trends of the radial profiles of fv is nearly the same across the test cases.
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Figure 1: Mean velocity field
for φ = 0.44.
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sity (TI) for φ = 0.44.
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Figure 5: fv and TI profiles at y = 25 mm.

CONCLUSIONS

Swirl-stabilized turbulent non-premixed propane/air flames were studied experimentally in a gas turbine model combustor
for three overall fuel-air equivalence ratios. Stereoscopic particle image velocimetry and laser induced incandescence experi-
mental techniques acquired the time-averaged velocity and the time-averaged soot concentrations, respectively. Experiments
were conducted separately, but under identical conditions. The velocity field featured two recirculation zones, boundaries of
which show high turbulence intensity. Majority of soot was found in the interior of the inner recirculation zone. The soot
concentration showed a strong dependence on the overall fuel-air equivalence ratio.
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Sina Kheirkhah ∗1, Pankaj Saini1, Krishna Venkatesan2, and Adam M. Steinberg1

1University of Toronto Institute for Aerospace Studies, Toronto, Ontario, Canada
2GE, Global Research Center, Niskayuna, USA

Summary Spatial maps of instantaneous phase difference between heat release rate and pressure oscillations is presented during non-
stationary behavior in a high-pressure, liquid-fueled gas turbine combustor. Using the Hilbert transform technique, simultaneous high-speed
OH∗ chemiluminescence images along with pressure oscillations data were analyzed to obtain the corresponding phase difference. The
results show that, for time periods with increasing amplitude pressure fluctuations, in-phase heat release rate and pressure oscillations
developed throughout the upstream portion of the combustor, which extended along the burner centerline and towards the downstream
portion of the combustor. This behavior is reversed during time periods with decreasing amplitude pressure oscillations.

INTRODUCTION

The phase difference (∆φp,q) between local pressure (p) and heat release rate (q̇) oscillations is important for understanding
why the pressure oscillation amplitudes increase, decrease, or remain constant [1, 2]. Whereas many studies have focused on
constant amplitude (stationary) conditions corresponding to the thermoacoustic limit cycle, relatively few investigations have
focused on non-stationary behavior [3, 4]. The present study aims at extending the experimental analysis of thermoacoustic
oscillations to local non-stationary behavior in high-pressure liquid-fueled flames that are relevant for aeronautical applica-
tions. Specifically, a heat release rate marker (OH∗ chemiluminescence) and the pressure are utilized to identify regions in
which the thermoacoustic phase difference changes prior-to and during changes in oscillation amplitude. This framework
does not require knowledge of the absolute heat release rate magnitude, and hence is robust to uncertainty in its measurement.
Thus, the presented framework provides a potential means for comparison with numerical simulations based on the temporally
evolving spatial distribution of in-phase and out-of-phase oscillation regions.

EXPERIMENTAL MOTHODOLOGY

The experiments were performed inside a liquid-fueled gas turbine combustor configuration. The combustor was installed
inside a high pressure vessel, which is equipped with fused silica window for optical access. The combustion chamber was
comprised of a single-piece of fused silica, having a square cross-section with a side length of L = 125 mm. The field of view
spanned almost the entire combustion chamber. The nozzle studied here had a dual co-annular air swirlers and multi-point
fuel injection, similar to that detailed in [5]. Simultaneous OH∗ chemiluminescence images and pressure measurements were
recorded at 200 kHz and 10 kHz, respectively. Signal in the emission range of the OH∗ chemiluminescence was isolated using
a bandpass filter with a center wavelength of 310 nm and a full-width at half-maximum of 20 nm.

RESULTS

For pressure oscillations with increasing amplitude, the |∆φp,q| fields transition from a relatively disorganized structure
to one with distinct regions of in-phase and out-of-phase oscillations. A typical pressure oscillation with increasing amplitude
along with the corresponding transition in the |∆φp,q| field is shown in Fig. 1(a) and Figs. 1(b-e), respectively. For this
behavior, the upstream portion (x/L < 0.4) initially features a mixture of in-phase and out-of-phase regions, which develops
into a coherent region of in-phase oscillations during the time sequence. Specifically, there exist transitions between an out-
of-phase region along the centerline and regions near the nozzle. There also is evidence of dynamics in the shear layer at
y/L > 0, which transitions between out-of-phase and in-phase p′ and q̇′ oscillations. In addition, a relatively large region of
in-phase oscillations occasionally develops in the downstream region of the combustor and along y/L ≈ 0 (Figs. 1(c)- 1(e)).
Hence, this behavior is characterized by the formation of a large coherent region of in-phase p′ and q̇′ oscillations in the
upstream portion of the combustor, which may extend into the downstream region.

Representative decreasing amplitude pressure oscillations as well as the corresponding sequence of |∆φp,q| field are
presented in Fig. 2(a) and Figs. 2(b-e), respectively. As shown in the sequence of phase difference fields, out-of-phase regions
are developed in the upstream portion of the combustor, which is accompanied by increasing coherence of the downstream out-
of-phase region. Comparison of the results presented in Figs. 2(b-e) and those in Figs. 1(b-e) suggests that the |∆φp,q| field
during time periods with decreasing pressure oscillation amplitude is similar to the reverse of the processes during increasing
pressure oscillations amplitude.
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Fig. 1: Development of a coherent region of in-phase oscillations at x/L < 0.4, which also extends into the downstream
portion of the combustor. The results pertain to pressure fluctuations with increasing amplitude.
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Fig. 2: Development of an out-of-phase region in the upstream portion of the combustor during a time period with decreasing
oscillation amplitudes.

CONCLUSIONS

Development of local phase difference between heat release rate and pressure fluctuations inside an aeronautical gas tur-
bine combustor was investigated experimentally. The experiments were performed using high-repetition-rate simultaneous
OH∗ chemiluminescence images and pressure measurements. The results show that, for increasing amplitude pressure os-
cillations, the upstream portion of the combustor becomes dominated by in-phase oscillations between heat release rate and
pressure fluctuations. This process is reversed for pressure oscillations with decreasing amplitude.
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GLOBAL STABILITY ANALYSIS OF LINE-FIRE FLICKERING
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Summary In the present work we investigate the flickering of planar jet diffusion flames as a global instability mode. Our study attempts to
give a quantitative description of the dynamics of the unsteady processes observed in line fires, which have recently been shown to play a
key role in their spread rate. Because the character of the instability is purely hydrodynamic, the flame can be described in the infinitely fast
reaction limit. The analysis permits the determination of the critical conditions, in terms of the Reynolds and the Froude number, for the
onset of the global instability, as well as its associated frequency. The analysis is extended to include spatially periodicity in the spanwise
direction. It is investigated if there is a spanwise wave number that maximizes the growth rate of the global instability mode, explaining the
spanwise undulations with peaks and troughs that prevail in realistic line fires.

Non-premixed flames are characterized by large density differences which, often times, lead to the development of instabilities
that are global in nature, affecting the entire flow field with a distinct frequency that scales with the macroscopic properties
of the flow. This is perhaps one of the most striking features of both jet flames and pool fires, which are known to “puff”
or “flicker” at a characteristic frequency [1]. The observed behavior is a result of a hydrodynamic global instability [2, 3]
associated with baroclinic vorticity production, leading to self-sustained oscillations that are independent of the external flow
perturbations. Despite the prevalence of this phenomenon, depicted in figure 1, there is not yet a full understanding of the
mechanisms of instability [1].

(a) (b)

(c) (d) (e)

(f)

Figure 1: Images of intermittent instabilities found in (a) puffing 0.3 gas burner fires [5], (b) large-scale acetylene ring burners
(c/o M. Finney, USFS), (c) cylinderical helium plumes [6], (d) non-buoyant light jets [7], (e) small interacting flames (c/o
Nakamura, TUT), and (f) planar liquid fires.

Although combustion scientists have been aware of the flame-flickering phenomenon for almost seven decades [8], the
first insightful stability studies are relatively recent. The role of buoyancy as the driving mechanism was recognized in the
theoretical analysis of Buckmaster and Peters [9], who postulated that the flickering was associated with a modified Kelvin-
Helmholtz instability of the annular flow induced by buoyancy in the envelope of hot gases surrounding the jet flame. Although
this early theoretical work assumed a convective instability, later experimental observations by Maxworthy [3] suggested that
the flame flickering phenomenon was associated instead with a globally excited oscillation forced by a region of absolutely
unstable flow near the base of the jet exit. These findings were later supported by DNS [10] and by local linear stability
analyses assuming nearly parallel flow [11, 12].

The line fire has received less attention than its axisymmetric counterpart. As can be seen figure 1(f), in these planar
flames, the flickering exhibits an additional feature, in the form of spanwise undulations with peaks and troughs, with a wave
length comparable to the flame height. This phenomenon is especially relevant in the context of wildfire spread, as forward
flame bursts often occur at the troughs of flame fronts [4].
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Figure 2: A model for the spanwise undulations often present in line fires.

In the present work, we investigate the flickering of laminar planar jet diffusion flames as a global instability mode.
This approach has recently been taken to study axisymmetric buoyant [13] and non-buoyant [14] jet diffusion flames. Small
perturbations in the form of temporal Fourier modes q̂(x, z)ei(ky−ωt) are added to a steady basic state of the flow. Here,
q̂(x, z) denotes the vector containing the two-dimensional fields of the flow variables, and k = 2π/λ is the wavenumber of
the spanwise spatial oscillations, as sketched in figure 2. The complex angular frequency ω = ωr + iωi is obtained as an
eigenvalue of the generalized eigenvalue problem formed by the linearized flow equations. The sign of the growth rate ωi

dictates whether the flow is globally stable or unstable, and ωr gives the associated oscillation frequency. As we consider the
instability to have a purely hydrodynamic character, the flame is described in the limit of infinitely fast combustion [15]. The
formulation contemplates realistic cases in which the Lewis number of the fuel is nonunity. Besides the Lewis number, the
Prandtl number, and the thermochemical parameters that appear in the formulation, the two fluid mechanical parameters that
control the flow are the Reynolds number and the Froude number. For the numerical solution of the steady base flow, as well
as the discretization of the eigenvalue problem, the finite element solver FreeFem++ is employed.

First, the scrictly planar case k = 0 is considered. The cricital conditions for the onset of global instability are sought
in the Reynolds-Froude number parameter plane for different values of the Lewis number and different values of the fuel
dilution ratio. Along the curve of the marginal stability, the spatial structure of the eigenfunctions associated with the leading
eigenmode shows whether the global mode is of the symmetric (varicose) or antisymmetric (sinuous) kind.

Finally, it is investigated whether there is a value of the spanwise wavenumber k ̸= 0 for which the growth rate of the
global instability mode is maximum. This value of k would be the one prevailing in realistic conditions, explaining the
spanwise undulations with peaks and troughs often encountered in line fires.
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QUANTIFYING STOCHASTIC LIMIT-CYCLE PARAMETERS
FROM THE ADJOINT FOKKER-PLANCK EQUATION
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Summary Important parameters such as linear growth/decay rates in thermoacoustic systems can be identified based on acoustic pressure
signals, by taking advantage of turbulent-induced noise and making use of the Fokker-Planck equation. However, this kind of system
identification technique suffers from finite-time effects, e.g. band-pass filtering or low sampling rates. A new method based on the adjoint
Fokker-Planck equation is presented for identifying parameters in a robust and accurate way, even in the presence of finite-time constraints.

Gas turbines are prone to combustion instabilities that can lead to high-amplitude oscillations and reduce the lifetime of
mechanical parts. A common and practical way to mitigate these instabilities is to use passive control devices such as acoustic
dampers. The robust and efficient design of such dampers requires the knowledge of thermoacoustic linear growth/decay rates
at different operating conditions. While the measurement of decay rates in linearly stable conditions is fairly straigthforward
through the processing of pressure data, the measurement of growth rates in linearly unstable conditions is not possible using
the same method because the system adapts too quickly to varying conditions. One way to circumvent this difficulty is to
take advantage of the turbulent noise present in limit-cycle pressure signals and to apply system identification to the stochastic
process. Indeed, starting from the acoustic wave equation, one can derive a Langevin equation for the enveloppe A of the
acoustic pressure p(t) = A(t) cos(ωt + φ(t)), and the associated Fokker-Planck equation (FPE) that describes the evolution
of the probability density function (PDF) of the acoustic amplitude:

Ȧ = A(ν −
κ

8
A2) +

Γ

4ω2A
+ ζ = F(A) + ζ,

∂

∂t
P (A, t) = −

∂

∂A
(F(A)P (A, t)) +

Γ

4ω2

∂2

∂A2
P (A, t), (1)

where ν is the linear growth/decay rate, κ is the strength of the heat release source term nonlinear (cubic) saturation, and
ζ is a δ-correlated additive forcing of intensity Γ/2ω2. The drift coefficient D(1)(A) = F(A) and diffusion coefficient
D(2)(A) = Γ/4ω2 of the FPE are related to the first two moments of the conditional probability P (a, t+ τ |A, t):

D(n)(A) = lim
τ→0

D(n)
τ (A), D(n)

τ (A) =
1

n!τ

!
∞

−∞

(a−A)nP (a, t+ τ |A, t)da. (2)

One can compute these coefficients through basic processing of pressure measurements (figure 1(b,c,d,e)), and perform model-
based fitting to identify the important governing parameters ν, κ and Γ [1].

In practice, however, one cannot compute exactly the limit for infinitesimally small time shift τ → 0, either because of
the finite sampling rate of measurement instruments, or because real-world noise is not strictly δ-correlated. In our case, the
most important reason is the presence of secondary peaks in the pressure frequency spectrum, which requires the signal to be
band-pass filtered (figure 1(a)), thus removing high-frequency contents in A(t). Therefore, only finite values τ ≥ τmin > 0

can be used to compute the finite-time coefficients D
(n)
τ (A) and to estimate the exact coefficients D(n)(A). Such finite-time

effects can significantly affect the estimation accuracy (figure 1(f)).
In this study, the method proposed in [2] is applied for the first time to real-world measurements to identify the governing

parameters of a thermoacoustic system undergoing a supercritical Hopf bifurcation. The finite-time coefficients D
(n)
τ (A) are

directly computed from the solution P †(a, t) of the so-called adjoint Fokker-Planck equation (AFPE), solved in time from
appropriate initial conditions P †(a, 0) = (a − A)n and evaluated at the values of interest (a, t) = (A, τ). This yields exact

values of D
(n)
τ (A) for any A and τ , provided the expression of D(1)(A), D(2)(A) that appear in the AFPE are correct.

Therefore, the following procedure allows one to extract the system parameters: choose a set of amplitudes A and time shifts
τ , and optimize the values of [ν,κ,Γ/4ω2] in the AFPE coefficients D(1)(A) and D(2)(A) so as to minimize the overall error

between the finite-time coefficients "D(n)
τ (A) computed from measurements and the finite-time coefficients D

(n)
τ (A) obtained

with the AFPE.
The method is illustrated with acoustic data from a lab-scale combustion chamber, both in linearly stable and unstable

operating regimes. Band-pass filtering of the pressure signal restricts time shifts to finite values τ ≥ τmin = 0.06 s when
evaluating conditional moments. The optimization yields an excellent agreement between the drift and diffusion coefficients
estimated from data and those obtained from the AFPE (figure 1(g)), as well as between the stationary PDF constructed from
data and the PDF given analytically as P (A) ∝ exp[(4ω2/Γ)

#
F(A)dA] and evaluated with the extracted optimal parameters

(figure 1(h)). This new method is expected to considerably enhance the robustness and accuracy of system identification for
practical, finite-time and/or filtered measurements.
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PREMIXED FLAME INSTABILITY IN A HELE-SHAW BURNER 
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Summary: Experiments were performed with propane- and methane-air mixtures in a 2D-Hele-Shaw burner to determine 
the characteristic scales of the premixed flame instability that can be used to define an evolution equation for the front. It is 
found that the most unstable wavelength, depending on the Lewis number of the mixture, and the linear rate of growth of 
perturbations, directly measured in the present experiments, have the same order of magnitude than those previously 
measured on planar flames propagating freely downwards in wide tubes. 

INTRODUCTION 
 
Combustion instabilities are of primary importance for turbulent burning in actual burners and there are some hopes so 

that they can be simulated using a model equation such as the Sivashinsky nonlinear equation first proposed in 1977 for the 
flame front propagation [1]. Large-scale flame front in a number of configurations were studied theoretically and 
numerically [2,3] in good qualitative agreement with the experiments [4]. However a quantitative comparison is hardly 
expected unless a 2D-flame can be observed. 

 To this end, we study a flame propagating in a Hele-Shaw burner where the flame dynamics is more easily recorded than 
in a cylindrical burner. The only parameters of the model are a cut-off wavelength λc and a characteristic growth rate σ of 
the most unstable perturbation with wavelength λmax~2λc. These parameters can be estimated knowing the unstable 
wavelength at the onset of instability for a planar flame propagating downwards [5], and some direct measurements of the 
rate of growth σ were performed as a function of the wavenumber of the flame perturbation [4,6]. But these values are not 
directly to be carried forward on the present configuration, since a point is to know whether the mechanism of instability 
can be described in the same way in a 2D configuration and for a 3D planar flame [7]. 

The burner consists of two glass plates 0.50 m wide and 1.5 m high, separated by a gap width of 5 or 10 mm. An acoustic 
damper, situated at the bottom, prevents the thermo-acoustic instabilities by damping the reflection of acoustic waves. After 
each run, the airflow is opened and maintained until the tube walls have cooled to ambient temperature. The flow of 
combustible, methane or propane, is then adjusted to the desired equivalence ratio and a 2D inverted V-flame is ignited at 
the top of the burner with a lighter. Closing the valve at the bottom of the burner then stops the flow and the downward 
flame propagation is recorded thanks to a high-speed camera (Fig. 1-2).  

EXPERIMENTAL RESULTS 
 
Experiments were performed with propane and methane-air mixtures whose dynamic properties are a priori known 

[5].  Near stoichiometric mixtures were diluted with nitrogen in order to reduce the growth rate of the perturbations and to 
improve the accuracy of the measurements. The initial flame contour appears relatively flat (Fig. 2), so Fourier analysis of 
the successive records of the flame contour can give access to the linear growth rate of the spontaneously excited 

Figure 1: Experimental set-up 
 

Figure 2: Flame front at successive moments 
separated from 16 ms (vertical scale expanded) 
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perturbations of the flame (Fig. 3). Using this procedure, we only access to the growth rate of large wavelengths of 
perturbations (Fig. 4, colored symbols) as the information on the domain of large wavenumbers is quickly hidden by the 
most unstable response of the flame. Introducing a plate with periodic bights a few centimeters above the burner exit, it is 
possible to force the flame response at the desired wavelength, so extending the measurements of the dispersion relation to 
larger wavenumbers k=2π/λ (Fig. 4, black symbols). A best parabolic fit through these data (blue line) compares favorably 
with previous measurements (large red symbol) and with the classical relation [5-7]: the slope dσ/dk at small wavenumber 
is close to the one calculated by considering only the Darrieus-Landau instability, and the general trends of this curve 
resemble the hypotheses used in Sivashinsky’s simulations. In particular, the large-scale cut-off wavelength is close to the 
one calculated with gravity effects, the small-scale cut-off wavelength is about half the most unstable wavelength, and its 
value varies with the equivalence ratio of the combustible mixture (not shown here) in relation with Lewis number effects 
[8].  

  

 
However, these wavelengths are slightly larger than those measured at the onset of instability of planar flames 

propagating downwards, probably because of 3D-effects that modify the 2D flame speed and the transverse flux, inducing 
changes in the expansion ratio that controls the rate of growth. 

CONCLUDING REMARKS 
 

These experiments confirm that the dynamics of 2D-flame that can be observed in a Hele-Shaw burner is analogous to the 
dynamics of planar flames previously described, with only small changes needed to correct the cut-off wavelength and the 
growth rate for 3D effects. It is thus probable that these flames could be relevantly simulated using a model equation such as 
the Sivashinsky's equation. 
 
Acknowledgements: This work was supported by the French National Research Agency under agreement ANR-14-CE05-
0006 and it has been carried out in the framework of the Labex MEC (ANR-10-LABX-0092) and of the A*MIDEX project 
(ANR-11-IDEX-0001-02). 
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Figure 3: Spectrogram of successive flame contours 
with forcing at λ=15mm; propane-air, φ=0.7, δ= 0.21 

Figure 4: Measured growth rate of propane-air flame 
(φ=0.7, δ= 0.21) compared to the dispersion relation of 
Darrieus-Landau instability with (---) or without (---) 

gravity effects. See text for the meaning of the symbols. 
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Summary We demonstrate here the possibility to compare the evolution of an analytical flame corresponding to a pole solution of the
Sivashinsky equation with the evolution of an experimental flame. The experiment used as a benchmark consists of the propagation of a
quasi two-dimensional propane-air flame in a Hele-Shaw burner. A best approximation of the experimental flame at an initial time is first
calculated by fitting with a limited series of pole-based functions. The trajectories of the poles are then integrated numerically in time and
the evolution of the front they are representing is finally compared with the evolution of the experimental flame.

INTRODUCTION

Even when propagating in a medium initially at rest, premixed flames can undergo intrinsic destabilizations and folding
among which the Darrieus-Landau instability. As a consequence, the surface and velocity increase up to higher values that
fluctuate in time. These fluctuations result from nonlinear processes occuring on the flame surface, which can be described
as a succession of local singularities, called cusps, that are created and then compete and eventually merge. A Hele-Shaw
burner [1, 2, 3] appears to be an adequate apparatus for quantitative analysis of this dynamics in a quasi two dimensional
configuration. It allows comparison with the Sivashinsky equation [4], which is generally used as a description of the non-
linear dynamics involved in the instability. This equation can be derived in the limit of small unburnt to burnt gas expansion
ratios θ = ρu

ρb
and accounts for the evolution of the position φ(x, t) of the flame taken as a discontinuity. The extension to

larger expansion ratios, proposed by Joulin and Cambray [5] is used in this study in the following non-dimensional form :
φt + a

2φ
2
x = Ω

!
φxx

kc
+ I (φ, x)

"
. In this equation with unity laminar flame-speed, lengths have been rescaled by the width of

the flame front divided by 2π, kc stands for the non-dimensional cut-off wave number, the linear operator I (φ, x) corresponds

to multiplication by |k| in Fourier space, Ω = θ
θ+1

#$
θ2+θ−1

θ ◦ 1

%
is Darrieus-Landau coefficient and a is taken from

Kazakov 2005 [6] where A = 2Ω
akc

= 1
kc

(θ+1)2(θ−1)
4θ2 .

According to Thual et al. [7] this equation admits exact, ”pole-decomposable”, 2π-periodic solutions in the form

φ = ◦ A
N&

n=1

'
ln

#
sin

#
x ◦ zn(t)

2

%%
+ ln

#
sin

#
x ◦ z∗n(t)

2

%%(
(1)

and each pole zn evolves according to the following coupled ODE’s :

żn = ◦ Ω
&

p ̸=n

1

kc
cot

#
1

2
(zn ◦ zp) ◦ isign (Im(zn))

%
(2)

In this work we propose to compare the flame front dynamics described by this set of ODE to the dynamics observed in a
real experiment.

POLE DECOMPOSITION OF AN EXPERIMENTAL FLAME FRONT

In order to compare the flame front evolution described by system (2) with an experimental flame front we should start with
conditions as close as possible to the conditions from which the Sivashinsky equation is derived (i.e small slope hypothesis).
A propane air flame (equivalence ratio 0.7) is thus ignited as an inverted V-flame on top of vertically oriented Hele-Shaw cell
(two glass plates 50cm large and 150cm high separated by a thin gap of 5mm) then the flow is stopped by closing the valve
at the bottom of the cell and a nearly planar flame starting is downward propagation. The evolution of the flame is recorded
using a high-speed camera (500fps). Figure 1a extracted from this sequence is a typical frame exhibiting 7 cusps. It is used as
reference front for fitting with decomposition (1) by way of Levenberg-Marquardt least-squares algorithm. The 126mm field
of view is chosen so that the right and left limits are sufficiently far from cusps and with horizontal tangent in order to better
satisfy the periodicity of the functions. Moreover in order to assure continuity between the right and left limits we rotated the
front by 0.025 radians. For such a flame, we assumed kc = 19.2 according to the linear growth rate measured from initial
flat interface. The minimum number of poles for a reasonable agreement for the shape was found to be 12. The locations of
these poles are represented by points under the frame, with vertical coordinate corresponding to their imaginary part. Poles
with small imaginary part in the complex plane induce physical cusps visible at the same abscissa. The resulting analytical
solutions are superimposed in red on the picture.

∗Corresponding author. Email : almarcha@irphe.univ-mrs.fr



(a) (b) (c)

FIGURE 1 – (a) Fitting of the flame front (top) and associated pole positions in the complex plane (bottom). (b) Evolution of
the experimental flame front. (c) Evolution of the pole solutions according to the system of ODE (2).

Evolution in time
The system of equations (2) corresponding to pole trajectories is integrated numerically in time starting from the solution

obtained above. We assumed θ = 6.4 and a laminar flame speed of 0.22m.s−1. These values could eventually be corrected
due to the heat and momentum loss in the Hele-Shaw cell. The evolution of the simulated front reported in fig 1c exhibits three
cusp mergings and favorably compares to the evolution of the experimental one reported on figure 1b at the same instants.

CONCLUSIONS

The quantitative agreement in time and length scale proves that although the Sivashinsky equation is derived in a small
expansion limit, it appears to be valid for real flames with expansions around θ = 6 with a good accuracy. Moreover, the
complex dynamics of the front can be reduced to the calculation of the trajectory of a limited number of pole pairs in the
complex plane (12 pairs for the evolution of a front with 7 cusps in our case). A perspective for this study would be to validate
the ability of this method to simulate premixed flame fronts for a wider range of gas mixtures and equivalence ratio.

This work was supported by the French National Research Agency under agreement ANR-14-CE05-0006, and it has been
carried out in the framework of the Labex MEC (ANR-10-LABX-0092) and of the A*MIDEX project (ANR-11-IDEX-0001-
02).
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STABILITY CHARACTERISTICS OF PULSATING ONE-DIMENSIONAL DETONATIONS
USING A SIMPLE ANALOGUE

S. She-Ming Lau-Chapdelaine ∗1, André Bellerive1, and Matei I. Radulescu1

1Department of Mechanical Engineering, University of Ottawa, Ottawa, Ontario, Canada

Summary Results of asymptotic modeling of one-dimensional pulsating detonations using Fickett’s model with two-step chemistry, an
analogue of the reactive Euler equations, are compared to numerical simulations to better understand the stability boundary and unstable
modes of propagation. Two distinct modes of instability are observed. In the limit of large reaction-to-induction lengths, evidence suggests
a galloping detonation mode. At smaller reaction-to-induction lengths, increasing activation energy leads to a period-doubling bifurcation
cascade into chaos.

INTRODUCTION

The dynamics of detonations predicted by the Euler equations are quite complex. Direct simulation of chemical decompo-
sition in the framework of the one-dimensional Zel’dovich-von Neumann-Döring detonation model indicates a route to chaos
via period-doubling bifurcations [1, 2].

Recently, toy models have been formulated to gain better insight into these dynamics [3, 4]. These models use an extension
of Burgers’ equation with an added source term to account for energy release, first introduced by Fickett [5]. The models
reproduce the period-doubling bifurcation route to chaos previously predicted numerically using the Euler equations.

Such a route to chaos has never been observed experimentally. However, galloping detonations have been espied in
one dimension, and cellular detonations have been observed in two dimensions, maintaining characteristic quasi-periodic
dynamics. The discrepancy between the predicted chaotic dynamics and experiments may be due to the choice of reaction
model, which is the topic of investigation in the present study. Previous investigations focus on extensions of the square wave
model, with relatively thin reaction zones compared to the induction zone. In reality, multi-dimensional effects give rise to
a reaction zone which is systematically longer than the induction zone. For cellular detonations, hydrodynamic thicknesses
of the reaction zone have been reported to be approximately two orders of magnitude longer than the induction zone [6]. In
galloping detonations, the turbulent flame brush following the lead shock is also much thicker than the shock-flame separation
distance [7].

This study revisits the dynamics of detonations for the toy model introduced by Radulescu and Tang [3] in the limit of
an induction zone that is much longer than the reaction zone, and extends the investigation to a longer reaction zone. Both
numerical and asymptotic analyses have been performed, and are communicated below.

MODEL

Fickett’s model ∂tρ+ ∂xp = 0 was used, where p = 1
2 (ρ2 + λrQr) with reactions consisting of a neutral induction period

followed by an exothermic reaction (subscripts i and r respectively) such that

ri = ∂tλi = H(1 ◦ λi)ki exp (Ea (D/DCJ ◦ 1)) and rr = ∂tλr = (1 ◦ H(1 ◦ λr))H(1 ◦ λr)kr(1 ◦ λr)ν

where H is the Heaviside function, k = kr/ki is a reaction rate parameter which represents the reaction-to-induction length
ratio, Ea is the activation energy parameter, Q = 1, ν = 1/2, D is the detonation velocity and at steady state D = DCJ =

√
Q.

Using the method of matched asymptotic expansions with small parameter ϵ = 1/Ea, a third-order-in-time evolution equation
was derived, approximating the solution to Fickett’s model:

3hτ ◦ Fτ + ϵ

!
7 ◦ 4ν

4k(ν ◦ 1)(2ν ◦ 3)
(hττ + Fττ ) ◦ hττF ◦ hτFτ

"
+ ϵ2

#!
9 ◦ 4ν

2k2(◦ 1 + ν)(◦ 3 + 2ν)(6 ◦ 8ν)

◦ 1

4k2(◦ 1 + ν)(◦ 3 + 4ν)

"
(Fτττ + hτττ ) +

3

4k(◦ 3 + 2ν)
(Fτ + hτ )(Fττ + hττ )

$
= 0,

where F = ◦ exp(◦ hτ ) is the length of the induction zone, h is the lead shock position, and τ = ϵt is the slowed time
variable. Numerically, the discretized system of equations was solved in the shock-fixed frame of reference using the first-
order Godunov’s method.

∗Corresponding author. Email: slauc076@uottawa.ca
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Figure 3: Period-doubling bifurcations of detonation velocity maxima (k = 5)

RESULTS

A parametric study was performed for different values of k and Ea comparing the asymptotic model to numerical simula-
tions. At low values of k and Ea, the detonation propagates steadily. The detonation becomes unstable and the shock velocity
oscillates when these parameters are increased. Figure 1 compares the analytical stability boundary found with the asymptotic
model to results obtained with numerical simulations, which are in good agreement. For large values of k, results show that
stability is controlled solely by Ea, whereas for low values of k, the stability boundary is a product of both k and Ea.

At high values of k, the asymptotic model and numerical simulations both follow the period-doubling route to chaos as Ea

is increased, as shown in figure 3. The asymptotic model shows that at lower values of k and increasing Ea, a galloping-type
behavior is recovered, as shown in figure 2. Long periods of slow propagation that near the quenched detonation velocity are
interrupted by the sudden acceleration of the shock front, followed by a slower speed reduction.

CONCLUSION

The present study recovered the characteristics of stability for one-dimensional pulsating detonations using Fickett’s model
with two-step chemistry, which was completed using asymptotic modeling and numerical simulations. Two modes of instabil-
ities were found, which are dependent on the ratio of the induction to reaction lengths. At large values, period doubling was
observed, whereas smaller values yielded galloping-type detonations at sufficient activation energies.
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Summary We study hydrodynamic aspects during a self-sustained thermoacoustic oscillation by means of a fully compressible CFD sim-
ulation. By coupling the CFD domain to state-space formulated impedance boundary conditions, an elongation of the plenum can easily
be realized without changing the computational grid. We obtain different states of self-sustained thermoacoustic oscillations by varying the
plenum length of the setup. Instantaneous flow fields reveal a vortex shedding at the burner plate of the investigated slit burner induced
by large velocity fluctuations. The vortices are transported downstream by convection and interact with each other and the flame front,
respectively. We observe that vortex-vortex and vortex-flame interactions influence the form of the thermoacoustic oscillations strongly.

INTRODUCTION

A profound understanding of thermoacoustic oscillations is important, as they can limit the operating range of combustion
devices like gas turbines. Kabiraj et al. [3] experimentally observed various types of complex self-excited thermoacoustic
oscillations in a Rijke burner by varying the flame position. A similar setup was numerically studied by Kashinath et al. [4].
In their work a G-Equation based model was used to carry out a bifurcation analysis with the flame position as a bifurcation
parameter. However, the proposed model was not capable of capturing important hydrodynamic effects such as e.g. vortex
shedding or vortex-flame interactions. Hence, only a qualitative agreement with experimental results can be expected. To
circumvent these shortcomings, a more realistic model is used in the present work that couples a fully compressible Navier-
Stokes approach with 2-step reaction scheme (AVBP, Cerfacs) to a low-order acoustic model at the boundaries. It takes the
acoustics as well as hydrodynamic effects into account and permits a detailed evaluation of instantaneous flow fields and the
therein resolved hydrodynamics during self-excited thermoacoustic oscillations. This coupled model was successfully cross-
validated in the work of Jaensch et al. [1] against a weakly compressible model, which takes the thermoacoustic feedback into
account via a coupled acoustic network model. While in [1] the focus was laid on time series analysis, in the present work we
investigate observed flow structures. We find that shed vortices and their interaction with the flame exhibit distinct non-linear
effects on the thermoacoustic oscillations which have to be considered in the formulation of suitable low-order models.

PROBLEM SETUP

The slit burner setup investigated is shown in Fig. 1. According to the experimental work of Kornilov et al. [5] the
working conditions are chosen: An inlet velocity of 0.4 m/s is imposed for a methane/air mixture with an equivalence ratio
φ = 0.8. The inlet temperature equals 293 K. A fixed temperature of 293 K is set for the plenum wall while the burner
plate and the combustion chamber wall have a fixed temperature of 373 K. On all walls no-slip conditions are applied.
Only one half of the flame is resolved in the CFD domain so a symmetry boundary condition is used. The acoustics of the
compressible CFD are coupled at the inlet and outlet to Characteristic Based State-space Boundary Conditions (CBSBC) [2].
These boundary conditions ensure that the CFD simulation exhibits a specified acoustic impedance and allow thus a virtual
extension of the plenum length LP1 (no need to modify the computational grid), whose acoustical behavior is crucial for the
thermoacoustic stability. Since complex flow phenomena are only present in close vicinity to the burner plate (LP2+LS+LC),
the impedance boundary conditions provide a computationally cheap method to take the acoustics of different plenum length
into account without resolving the fully compressible Navier-Stokes equations in this part of the setup. By continuously
elongating the plenum length LP1, the system can be driven from stable working conditions through different states of self-
sustained thermoacoustic oscillations. Two cases are shown here, see Tab. 1. Because oscillation amplitudes grow larger in
experiment L700 the CFD domain is stretched in this case to capture all relevant hydrodynamic- and combustion effects.

fu

R = 1
gd

LP1

duct
gd

R = 0CFD

LC

LP2 LS

Case LP1 LP2 LS LC cell size cells
L200 195 mm 5 mm 1 mm 20 mm 0.025 mm 65700
L700 685 mm 15 mm 1 mm 40 mm 0.025 mm 122300

Figure 1 & Table 1: Sketch of the investigated setup (left) and the respective length of two conducted experiments (right).

∗Corresponding author. Email: merk@tfd.mw.tum.de
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Summary The effect of both one- and two-dimensional spatial heterogeneities on the propagation of a detonation wave governed by 
single-step Arrhenius kinetics is computationally examined in this study. The reactive medium consists of a calorically perfect gas. The 
spatial heterogeneity can be introduced to the reactive medium as a piecewise-continuous distribution (e.g., Gaussian or step function) in 
the initial density or concentration of the reactant. In one-dimensional simulations, the resulting detonation velocity will be compared 
with that of an ideal Chapman-Jouguet detonation in a homogeneous medium with the same amount of energy release. The influence of 
the spatial heterogeneity on the detonation limits will also be computationally investigated by simulating two-dimensional detonations 
experiencing losses due to lateral expansion. 
 

INTRODUCTION 
 
   Detonation waves are supersonic combustion waves which consist of a leading shock wave propagating in an energetic 
medium followed by a zone of exothermic chemical reactions which are triggered by shock compression. The speed at 
which a detonation wave propagates in a medium with known chemical energy density can be accurately predicted by the 
classical Chapman-Jouguet (CJ) criterion, which is based on the assumption of a steady, one-dimensional detonation 
structure and a homogenous reactive medium. A large amount of experimental evidence of gaseous detonations dominated 
by a transient, multidimensional cellular or irregular structure have, however, been found in the past half century [1]. With 
activated chemical reactions (i.e., Arrhenius kinetics), Short and Stewart proved that the resulting detonation would be 
unconditionally unstable in two-dimensions [2]. The success of the steady, one-dimensional CJ criterion in predicting the 
propagation speed of a detonation wave with a highly complex, transient structure seems thus contradictory. Although this 
paradoxical situation was first articulated by Oppenheim in 1960 [3], a fully satisfactory explanation still eludes researchers.  
   In this study, the applicability of the CJ criterion on a detonation wave with a transient, irregular structure resulting from 
a spatially heterogeneous reactive medium will first be examined via one-dimensional numerical simulations. The effect of 
spatial heterogeneity on detonation limits will also be computationally investigated by simulating two-dimensional 
detonations experiencing losses due to lateral expansion. In these two-dimensional cases, the reactive system is modelled as 
a planar slab of detonable gases confined by a layer of inert material, where a critical slab thickness marks the propagation 
limit of detonation. In both one- and two-dimensional simulations, single-step Arrhenius kinetics with values of heat release 
and activation energy representing a realistic mixture of detonable gases will be incorporated. 
 

PROBLEM DESCRIPTION 
 
   The reactive system consists of an inviscid, calorically perfect gas. The gasdynamics of this system is described by the 
one- or two-dimensional reactive Euler equations in a lab-fixed reference frame. The reaction progress is monitored by a 
variable ܼ, which represents the normalized concentration of the product. The reaction rate is governed by single-step 
Arrhenius kinetics, i.e., ሶܼ ൌ ݇ሺͳ െ ܼሻ���ሺܧୟȀ�ܶሻ. The pressure, density, and flow velocity are non-dimensionalized with 
respect to the initial state ahead of the leading shock front. Given a reactive system with a dimensionless energy density ܳ, 
the CJ detonation velocity ܦେ can be calculated. The one-dimensional simulations are performed with ܳ ൌ ͷͲ, activation 
energy ܧୟ ൌ ʹͲ, and ratio of specific heats ߛ ൌ ͳǤʹ. The pre-exponential factor ݇ ൌ ͳǤͶͷ is arbitrarily chosen, so that 
the half-reaction-zone length is unity. 

  
Fig.1 Schematic representation of the problem. 



   The one-dimensional reactive system is spatially discretized by concentrating the reactant into layers separated by inert 
gaps. The discretization is realized by initializing ܼ as Ͳ in the reactive layers and ͳ in the inert gaps as shown in Fig. 1. 
The spatial discreteness is described by a parameter ߁ ൌ ܹȀܮ, where ܹ is the reactive layer width and ܮ the spacing 
between two consecutive layers. The energy density in each reactive layer is ܳȀ߁, so that the average energy density of the 
overall medium is maintained at ܳ while ߁ is varied. As shown in Fig. 1, the detonation wave is initialized using a ZND-
structured wave propagating rightward at the ideal CJ velocity from the left end of the computational domain. 
 

RESULTS AND DISCUSSION 
 
   The simulation results of the instantaneous detonation velocity ܦ୧୬ୱ are plotted as a function of the leading shock 
position in Fig. 2(a) and (b). As shown in Fig. 2(a), with ܮ ൌ ͳͲ, the curve of ܦ୧୬ୱ history for the continuous case 
߁) ൌ ͳǤͲሻ and corresponds to the CJ velocity. As ߁ decreases, the history of ܦ୧୬ୱ exhibits fluctuations with increasing 
amplitude around or slightly above CJ velocity. In Fig. 2(b), after an initial increase, ܦ୧୬ୱ relaxes to the CJ velocity with 
߁ ൌ ͲǤͷ and ܮ equals twice the ZND half-reaction-zone length. The fluctuations in ܦ୧୬ୱ become increasingly pronounced 
as ܮ increases. With ܮ ൌ ͳͲͲ, it can be identified in the velocity history shown in Fig. 2(b) that the leading shock travels 
at a significantly super-CJ speed in a reactive layer since the energy density there is twice the average value over the entire 
medium; ܦ୧୬ୱ gradually decays to a speed below the CJ velocity in an inert gap since there is no energy release supporting 
its propagation. 
 

 
Fig. 2 History of the instantaneous detonation velocity normalized by ܦେ as a function of leading shock position with (a) 
ܮ ൌ ͳͲ and various ߁ and (b) ߁ ൌ ͲǤͷ and various ܮ. (c) Average detonation velocity normalized by ܦେ as a function 

of ܮ (red circles, vs. top axis) and ߁ (blue diamonds, vs. bottom axis). 
 
    In all simulations, the computational domain has to contain at least 15 reactive layers to observe quasi-steady 
propagation. The average detonation velocity ܦୟ୴ is measured as the leading shock travels over the last 5 reactive layers. 
As shown in Fig. 2(c), with ܮ ൌ ͳͲ, ܦୟ୴ is less than ͲǤ͵Ψ different from ܦେ for ߁  ͲǤ. As ߁ further decreases, 
߁ େ. Also shown in Fig. 2(c), withܦ ୟ୴ increases significantly aboveܦ ൌ ͲǤͷ, ܦୟ୴ reverts to ܦେ for a heterogeneity 
size close to its half-reaction-zone length, reaches a maximum at ܮ ൌ ͳͲ, and gradually decreases as ܮ further increases. 
A similar non-monotonic effect of heterogeneity size on the detonation wave propagation is identified in the simulations of 
two-dimensional detonations propagating in a medium with sinusoidally distributed initial density [4].  
 

CONCLUSIONS 
 

   A one-dimensional reactive system representing a gaseous detonable mixture was simulated in this study. Spatial 
heterogeneity resulted in an average wave speed up to ͻΨ greater than the ideal CJ velocity. This enhancing effect of 
heterogeneity on detonation speed is expected to enable detonation waves with losses to propagate beyond the limit that would 
be obtained in a homogeneous medium, and will be explored via two-dimensional simulations.  
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3ETSI Aeronáuticos, Madrid, Spain

Summary The effect of the buoyancy-driven motion on the quasi-steady “slowly-reacting” mode of combustion of a gaseous mixture
enclosed in a spherical vessel with a constant wall temperature is addresed here. Following Frank-Kamenetskii’s (FK) analysis, combustion
is modeled by an overall Arrhenius reaction with large activation energy, resulting in a critical value of the vessel radius above which the
slowly-reacting mode of combustion no longer exists. In his buoyancy-free quasi-steady analysis the critical conditions were found to
depend on the value of the Damköhler number. For small values of Ra, temperature is given in the first approximation by the spherically
symmetric FK distribution, involving an axisymmetric annular vortex determined at leading order. The analysis is extended to investigate
the influence of convection on the resulting explosion limits through introduction of expansions for the flow variables in powers of Ra.

While the initial work of FK [1] addressed stagnant systems, for which the critical Damköhler number Dac is obtained
from the steady reaction-conduction balance, this is altered in the presence of buoyancy-driven convection, which necessarily
emerges in gaseous systems under normal gravity conditions as a result of the density differences induced by the chemical
reaction. The resulting characteristic velocities can be estimated to be of order vg = β−1ga2/ν, as follows from the balance
between viscous forces and buoyancy forces, with β the nondimensional activation energy and g and ν representing the
magnitude of the gravitational acceleration and the unperturbed value of the kinematic viscosity, respectively. Using vg to
scale the velocity reduces the continuity, momentum, and energy equations for the slowly reacting mode of combustion to

∇ · v = 0, (Ra/Pr) v ·∇v = ∇2v ◦ ∇p′ + φ ez, and Rav ·∇φ = ∇2φ+ Da eφ, (1)

where ez is the unit vector pointing upwards (against gravity) and p′ represents the pressure differences from the hydrostatic
value scaled with ρoga/β. A Boussinesq approximation has been employed in writing (1). The influence of the buoyancy-
induced motion on the associated temperature field is thus measured by the Rayleigh number, Ra = (β−1ga3)/(νDT ) with
the Grashof number, Ra/Pr, involving the Prandtl number Pr = ν/DT , similarly measuring convective transport in the
momentum equation. The description of the quasi-steady slowly reacting state accounting for buoyancy-induced motion is
obtained by integrating (1) with boundary conditions v = φ = 0 at the vessel walls. At leading order in the limit Ra ≪ 1
the energy equation 1 reduces to the classical FK equation ∇2φ + Da eφ = 0, with the associated motion described from
the viscous-buoyancy balance ∇2v ◦ ∇p′ + φ ez = 0, stemming from the momentum conservation equation in that same
limit. The small deviations from the FK solution resulting from the presence of slow fluid motion for Ra ≪ 1 can be formally
addressed by expanding the different fluid variables in powers of Ra. Because of the extremely slow motion found at leading
order, it will be found that the resulting predictions, although formally applicable only for small values of Ra, remain accurate
even for quite large values of Ra. In principle, for many values of Da the asymptotic solution in the limit Ra ≪ 1 can be ad-
dressed as the problem of computing the perturbations arising for a fixed value of Da. Such a strategy is inadequate, however,
near the turning point of the bifurcation curve giving the temperature at the center of the vessel as a function of Da because
there is no leading-order solution that can be perturbed for Da > Dac. Therefore a different perturbation scheme must be
adopted to enable corrections to Dac to be determined. For that reason, in the analysis outlined below we begin by prescribing
the temperature at the center of the vessel φo, corresponding to a value Da = DaFK of the associated FK Damköhler number
in the absence of convection (i.e. for Ra = 0). The problem is then posed as that of finding the perturbed Damköhler number
Da ̸= DaFK that, for a given value of Ra ≪ 1, results in a temperature at the center of the vessel equal to φo. It is evident, for
example from Fig. 1(a), that leading-order solutions exist for all values of φo.

Besides expansions for the different variables of the form

φ ◦ φFK = Raφ1 + Ra2φ2 + O(Ra3), ω ◦ ωFK = Raω1 + Ra2ω2 + O(Ra3), ψ ◦ ψFK = Raψ1 + Ra2ψ2 + O(Ra3), (2)

the development requires introduction of an expansion for the Damköhler number Da = DaFK[1 + Raδ1 + Ra2δ2 + O(Ra3)],
where ω is the magnitude of the vorticity and ψ is the stream function, which is introduced to facilitate the description of the
motion. The terms in the above expansions are determined by solving sequentially the different problems that arise at different
orders in powers of Ra when introducing (2) together with the Damköhler number expansion into the equation for the vorticity
[obtained by taking the curl of the momentum equation in (1)] and the energy equation, with the condition φj = 0 applying at
all orders j = 1, 2, . . . , for the temperature perturbations at the center r = 0. Although a term proportional to Ra is included

∗Corresponding author. Email: dmorenob@ucsd.edu
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EXPERIMENTAL DETERMINATION OF THE HEIGHT OF PROPELLANT FLAMES
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Summary Propellant fires can be especially dangerous as the combusting materials are designed to liberate a large amount of energy in
a relatively small timescale. In any industrial fire, the size of the event is important knowledge as it can guide in the proper design of
equipments and facilities. This paper looks at the flame height of propellant fires through distance measurement of experimental tests video
recordings. It is found that by properly scaling the configuration variables, a simple relationship is obtained between the horizontal and
vertical dimensions of the event. The final result is coherent with the conclusions of previous studies involving a variety of other materials.

The ability to predict the size of an accidental fire is useful in planning the disposition of equipment, material and people
inside industrial buildings. A proper design should limit secondary ignition sources and ensure the safety of everyone around.
Because of its importance in safety problems, flame height has been studied extensively. A study published in 1961 proposes
the following general expression for the height of liquid pool fires [1]:

H = 1.7D (1)

In trying to obtain more general results, subsequent studies have used the power generation of the fires. One of the popular
dimensionless scaling of the power generation was developed by Zukoski [2]. More recent correlations have been proposed
by Quintiere et al. [3]. These last results use the chemical heat of combustion and Froude number to account for combustion
efficiency, source geometry and air entrainment more precisely.

A series of large scale open air burnings were performed on propellant samples ranging from 1 kg to 1000 kg [4]. Single
base (nitrocellulose) and double base (nitrocellulose and nitroglycerin) propellant formulations were used for these trials.
The events were captured on a Casio Exilim camera at a rate of 256 frames per second and a reference distance marker was
placed beside the sample. The footage captured for each fire was reviewed on a frame by frame basis using the Matlab Image
Processing Toolbox [5]. The width at the base and top of the fire and total height were noted. A photo of the setup and a
sample measurement plot of all trials are shown on Figure 1. When observing the initial and maximum base fire width, it is
observed that the fire plume often extends to a lateral width greater than the original propellant stack diameter. Three main
behaviors have been noted:

• Fireball generation and expansion – propellant stack engulfed by the fireball

• Steady growth with propellant grains projection – ignition by contact with projections

• Steady growth – closer to ideal surface flame spread

(a) Test setup

(b) Flame heights measurements for cases involving 68
kg (square marker), 136 kg (triangular marker) and 909
kg (circular marker) of single base propellant

Figure 1: Photograph of the test setup and plot of measured flame heights as a function of time for three single base fires.

∗Corresponding author. Email: frede pa@encs.concordia.ca



(a) (b)

Figure 2: Comparison of the measured base fire plume diameter and total height. In these plots, the double base diameter data
is shown both in an unscaled (a) and scaled (b) format while the single base data is always unscaled. The triangular and square
markers represent two different single base propellants. The circular markers represents a double base propellant. Note that
the solid lines represent a linear regression through the corresponding data.

In the first case, the expanding fireball explains the larger values obtained. For the second case, the projected grains
ultimately collect outside of the propellant stack, which result in a larger apparent diameter. The third case is only observed
with slower burning propellants.

Using the recorded dimensional data for the test fires, it is possible to verify if a correlation between the fire height and
diameter can be found. The flame height and base diameter are compared in Figure 2a for all tested propellant types and
quantities. Note that Figure 2a contains all the data points from ignition to maximum for the test cases (as opposed to only the
maximum values). Not including the points beyond the maximum base diameter is a logical choice as the diameter will vary
when the fuel depletes and thus not yield reliable results.

Two families of points can be observed in Figure 2a. These families correspond to the single and double base propellants.
Linear regression lines are given for each family and show the slopes to be different. The main familly cases have slopes
varying from 2.41 to 2.71. The second familly has a slope of 1.45. In order to properly analyze the data, it is important to
visualize the main difference between the families. Other than differences in power generation, the second family (double
base case) has one important particularity: it is the only one for which the measured base diameter is larger then the actual
source diameter. For the other cases, the source diameter can become larger than the original diameter due to projections. In
keeping with the methodology of previous studies, it is the actual source diameter which should be considered when studying
the flame height. Correcting the double base data to account for the original base diameter yields what is shown on Figure 2b.
It can be observed that the diameter correction has the effect of merging the two families by increasing the double base slope
from 1.45 to 2.86. By taking an average slope of 2.63, all the tested case can be by a single flame height correlation:

H = 2.63D (2)

The observed variation in slope gives an indication of the error bound for this relation. With the obtained extremes, a variation
of ±9% is expected for the flame height. Given the fact that the test cases cover power generations relevant to most propellants
used, it is thus not necessary to go any further in this analysis. The simple relationship found here is precise enough to describe
relevant cases provided that the correct base dimension is used.
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Summary This paper numerically investigates ignition and combustion stabilization in supersonic droplet-laden shear flows. The spatially 
developing turbulent shear flow separates two hot air streams with different velocities and fuel droplets are injected at the flow inlet to form 
premixed reactive mixtures. Due to the high compressibility of the present supersonic shear flow, ignition occurs in the high-strain vortex-braid 
regions but the reactive mixtures entrained in the large eddies are difficult to be ignited at normal atmospheric pressure. Therefore, we increase 
ambient pressure and introduce oblique shock wave to achieve ignition enhancement and flame stabilization. The results show that the pressure 
perturbation in the combustion field is enhanced by combustion reaction and increase in internal pressure. The post-shock ignition kernel that is 
found to exist around the point of maximum temperature, depending on the profiles of the fuel concentration, temperature and Mach number 
across the shear layer. 
 

INTRODUCTION 
 

Spray combustion is utilized in many industrial devises including energy conversion devices and propulsion systems. 
Recently the design of combustion systems for supersonic propulsion faces difficulties associated with the high compressibility 
of the flow and the high flow velocity, which limits the residence time available for both fuel-oxidizer mixing and combustion. 
Combustion stabilization and flame anchoring in high-speed flows must depend on auto-ignition of the reactive mixture. The 
auto-ignition of fuel-oxidizer mixtures strongly relies on the temperature and the pressure, which affect the droplet evaporation 
and the chemical reaction rate. Therefore, the elevated temperature and the increasing ambient pressure in the highly strained 
shear layers facilitate auto-ignition in supersonic flows. The research on the effects of the ambient pressure on the droplet 
evaporation has shown the pressure dependence of droplet lifetime and increasing the pressure contributes to the increase of the 
chemical reaction rate. Local compression by shock waves impinging on shear layers promotes auto-ignition by raising the 
temperature and the pressure of the shocked gas, which is also the phenomenon addressed in this paper. 
 

FORMULATION 
 

The gas-phase is governed by the compressible Navier-Stokes equations together with species transport equations. The 
spray is sparsely dispersed and every single droplet is unaware of the existence of the other droplets. A finite difference 
methodology is used to discretize the conservative equations. An explicit third-order Runge-Kutta methodology is applied 
for time-integration. The non-viscous flux is evaluated via using a fifth-order adaptive central-upwind weighted essentially 
non-oscillatory (WENO) scheme for considering the efficiency of calculating smooth turbulent field and for resolution of 
shock-capturing calculation. For the calculation of droplet-phase, a fourth-order Lagragian interpolation method is 
employed to compute the physical quantities of gas phase at the droplet location. The position, velocity and temperature of 
droplets along trajectories are integrated by a third-order Adams scheme. The flow configuration is that of a spatially 
developing shear layer, as depicted in Figure 1, which is formed between a stream of high-speed air moving at velocity UA1 
and a stream of low-speed air moving at velocity UA2. The velocity ratio, rU=UA2/UA1, is 0.5 and the convective Mach 
number (Mc) based on the initial velocity difference is 0.4. Lp is the penetration length of droplets and į is the shear layer 
thickness. Pure n-decane spray is injected at the center of the shear layer inlet. The droplets are initially randomly seeded, 
with a same size. The initial droplet velocity is identical to the local gas velocity and initial droplet temperature is 
Td=298.15K. Table 1 lists the inflow parameters and the cases performed in this study. The incident angle of oblique shock 
in Case C is 27°, hence the post-shock pressure equals with the ambient pressure in Case B. 

 
Figure 1. Schematic of a fuel spray in a two-dimensional turbulent shear layer. 

Table 1. Cases and computational conditions. 
Case Pressure (MPa) Temperature (K) Oblique shock  
A 0.1 1000 No 
B 0.2 1000 No 
C 0.1 1000 Yes 
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A VARIATIONAL FRAMEWORK FOR REACTIVE FLOWS AND SHOCK WAVES
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Summary For physical systems formulated within the framework of Lagrange formalism the dynamics is completely defined by only one
function: the Lagrangian. This concept successfully applies e.g. to Newtonian mechanics, quantum mechanics, electrodynamics and nuclear
physics. In continuum theories, however, many open problems remain up to date. In this paper is shown how reactive flows and shock waves
are embedded into the framework of Lagrange formalism: motivated by ideas formulated by Anthony [1], an existing Lagrangian of Seliger
and Whitham [2] for adiabatic baroclinic flow is extended towards flows with chemically reacting agents along the line of a systematic
procedure [3].

A key feature is the use of complex fields, invoking discontinuities of the Lagrangian for irreversible processes and therefore requiring an
extension of the general formalism. This allows for elaborating systems in thermofluiddynamics with discontinuities in general and with
shock waves in particular.

The present state of the theory and examples are shown.

PRELIMINARY WORK

Despite the great success of Lagrange formalism in classical mechanics, a convincing formulation of fluid dynamics,
especially thermofluiddynamics including irreversible processes, has not been established yet. The first contribution toward
this topic, although restricted to inviscid irrotational flows, was proposed by Clebsch [4], who found a variational formulation
based on the following potential representation of the velocity,

u⃗ = ∇χ+ α∇β , (1)

known as Clebsch transformation [5].
Since viscosity leads to dissipation and therefore to the irreversible transfer of mechanical energy to heat, thermal degrees

of freedom have to be considered in order to remain consistent to Noether’s theorem which implies conservation of energy
for systems with time-translation invariance, because otherwise the time-translation invariance would have to be violated by
an explicit time-dependence. Seliger and Whitham [2] made a suggestion how to embed thermal degrees of freedom in a
variational formulation of fluid flow by the Lagrangian

ℓ = ◦ ϱ
!
∂tχ+ α∂tβ ◦ s∂tϑ+

u⃗2

2
+ e(ϱ, s)

"
(2)

u⃗ = ∇χ+ α∇β ◦ s∇ϑ (3)

where e(ϱ, s) denotes the specific inner energy, given in terms of the mass density ϱ, specific entropy s, the three Clebsch
potentials χ, α, β and an additional potential ϑ. The meaning of the latter one becomes apparent by calculating the Euler
Lagrange equation with respect to s, giving the ‘potential representation’

{∂t + u⃗ ·∇}ϑ =
∂e

∂s
= T , (4)

for the temperature T , which has already been used three decades before by Van Dantzig, who termed the field ϑ as ther-
masy [6]. Although still restricted to adiabatic and therefore reversible processes, the Lagrangian (2) seems to be a momentous
step forward because of the rudimentary embedding of thermodynamics.

CHEMICAL REACTIONS WITH CONVECTION

By comparing the two potential representations (3) and (1), it becomes apparent that any kind of extension of the systems,
by additional degrees of freedom as well as by additional physical effects, requires an adjustment of the potential representation
By Scholle [3] a general explanation for the necessity to use different potential representation of the observables for different
physical systems is given along the line of a rigorous analysis of fundamental symmetries the Lagrangian has to fulfill, with
particular regard to Galilean invariance. In the same paper an easily manageable symmetry criterion for verifying Galilean
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invariance is derived, which finally leads to a general construction rules for Lagrangians. It is demonstrated that for fluid
systems with chemical reactions this criterion is fulfilled by a Lagrangian of the form

ℓ = ◦ ϱ
#
∂tχ+ α∂tβ ◦ s∂tϑ ◦

$

i

ci∂tϑi +
u⃗2

2
+ F (ϱ, s, ci,ϑ,ϑi, · · ·)

%
(5)

u⃗ = ∇χ+ α∇β ◦ s∇ϑ ◦
$

i

ci∇ϑi (6)

containing as additional fields: (i) the concentration ci of the i-th constituent and (ii) its conjugated field ϑi which by variation
with respect to ci fulfills the evolution equation

{∂t + u⃗ ·∇}ϑi =
∂F

∂ci
= µi , (7)

with the chemical potential µi of the i-th constituent. Since the analogy to the thermasy ϑ and its evolution equation (4) is
obvious, ϑi is termed as chemasy subsequently.

DISCONTINUOUS LAGRANGIANS, IRREVERSIBLE PROCESSES AND SHOCK WAVES

The proposed Lagrangian (5) is obviously a generalization of Seliger and Whitham’s Lagrangian (2), but also a generaliza-
tion of another Lagrangian proposed by Anthony [1] for chemical reactions within a medium at rest, if thermasy and chemasy
are substituted according to ϑω = ◦ Tϕ and ϑiω = ◦ µiϕi by non-dimensional fields ϕ and ϕi which are interpreted as
phases of respective complex fields χ =

√
T exp(iϕ) and ψi =

√
µi exp(iϕi) related to heat and to the chemical constituents.

The constant frequency ω has to be introduced due to dimensional reasons. This alternative representation in terms of complex
fields can be understood as the inversion of Madelung’s idea [7] of reformulating the complex Schrödinger’s equation into
a hydrodynamic form. Depending on reversibility or irreversibility of the process the Lagrangian turns out to by continuous
or discontinuous. The latter case, in particular, is outside the scope of classical Lagrange formalism and therefore requires a
general analysis of variation based on a discontinuous Lagrangian as roughly sketched subsequently.

We consider in general a variational principle δI = 0 based on N independent fields ψi. The Lagrangian ℓ is assumed to
be discontinuous with respect to ψN = ϕ at fixed values ϕn, but continuous differentiable with respect to all other fields and
also with respect to the derivatives. In three-dimensional space, the discontinuities ϕ = ϕn become manifest along surfaces
Sn(t). From a physical viewpoint, these time-dependent inner boundaries are propagating shock fronts. By variation δI = 0,

n⃗ ·
!

∂ℓ

∂∇ψi
◦ v⃗s

∂ℓ

∂ψ̇i

"

−
◦ n⃗ ·

!
∂ℓ

∂∇ψi
◦ v⃗s

∂ℓ

∂ψ̇i

"

+

= 0 (8)

∇ϕ ·
!
∂ℓ

∂∇ϕ ◦ v⃗s
∂ℓ

∂ϕ̇

"

−
◦ ∇ϕ ·

!
∂ℓ

∂∇ϕ ◦ v⃗s
∂ℓ

∂ϕ̇

"

+

= [l]− ◦ [l]+ (9)

are obtained next to the usual Euler-Lagrange equations as matching conditions (8) and jump condition (9) for the fluxes at
each shock front. In above formulae n⃗ denotes the normal vector of the shock front and [· · ·]± indicates the limit of the
respective discontinuous expression by approaching from the front side or the back side of the shock.

CONCLUDING REMARKS

This methodical framework is at a early stage on the one hand but promises a high potential on the other hand. Especially
the choice of the function F in the Lagrangian (5) opens many perspectives toward many different problems related to reactive
flows and shock waves, also for the development of numerical codes.
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SummaryThe initiation features of two-dimensional, oblique detonations from a wedge in a stoichiometric hydrogen-air mixture are 
investigated via numerical simulations using the reactive Euler equations with detailed chemistry. A parametric study is performed to analyze 
the effect of inflow pressure P0, and Mach number M0 on the initiation structure and length. Quantitatively the initiation length decreases with 
increasing M0, primarily due to the increase of post-shock temperature. The effect of M0 on initiation length is independent of P0, but given the 
same M0, the length is found to be inversely proportional to P0. Theoretical analysis based on the constant volume combustion (CVC) theory is 
also performed, which are close to the numerical simulations in the case of high M0 regardless of P0, demonstrating that temperature is the key 
parameter affecting the initiation. Decreasing M0, the CVC theory breaks down, suggesting a switch from chemical kinetics-controlled to a 
wave-controlled gasdynamic process. 
 

INTRODUCTION 
 
In recent years, the idea of using oblique detonation waves (ODW) for high efficiency propulsion systems have generated 
great interest in the development of air-breathing hypersonic aircrafts [1]. This hypersonic propulsion concept not only has 
the advantages of the scramjet, but also achieves high thermal cycle efficiency through the detonation mode of combustion 
[3]. However, for proper design and operation of ODW engines, it is critical to predict the necessary conditions and 
understand the mechanism behind the ODW initiation from a wedge. 
Classical theory on ODWs simplifies the structure into an oblique shock wave with a post-shock energy release zone 
attached to the wedge. The formation of oblique detonations was first analyzed numerically by Li et al. [2], who observed a 
structure composed of a nonreactive oblique shock, an induction region, a set of deflagration waves, and the oblique 
detonation surface. This abrupt, steady, oblique shock-to-detonation transition by a multi-wave point is confirmed 
experimentally, and the formation of unstable cellular structures on the established oblique detonation surface are also 
revealed numerically downstream of the kink-like, oblique shock-to-detonation transition [3]. 
In this work, numerical simulations are conducted to further investigate the initiation characteristics of ODW from a wedge. 
As shown from [4], both aerodynamic and mixture thermodynamic properties greatly influence the initiation of detonation. 
As such, a parametric study is performed here using two bifurcation parameters: the incident Mach number M0, and inflow 
pressure P0. Most of the previous studies used simplified chemical reaction models, mainly the one- or two-step irreversible 
Arrhenius-type, temperature dependent kinetic model. The influence of M0 is analyzed in almost every of these 
investigations, but the effect of inflow pressure P0 is seldomly discussed due to the use of simplified chemical kinetic 
models. To address this drawback, ODWs in a stoichiometric hydrogen-air mixture are investigated here with detailed 
chemistry. The effect of both M0 and P0 on the initiation characteristics are analyzed, by looking at the variation of a 
characteristic length scale describing the initiation process. 
 

COMPUTATIONAL DETAILS 
 
The presence of a wedge in supersonic inflow induces first an oblique shock wave (OSW). For a high inflow Mach number 
causing a high post-shock temperature behind the OSW, an exothermic chemical reaction begins, leading to the formation 
of an oblique detonation wave (ODW). For the computation, the coordinate is rotated to the direction along the wedge 
surface. The analysis is based on the 2D, multi-species, Euler equations, with an H2/O2 chemical mechanism for high-
pressure combustion [5] is considered. This mechanism involves 27 reversible elementary reactions among the 8 species H2, 
O2, H2O, H, O, OH, HO2, and H2O2, with 5 non-reacting species, N2, Ar, He, CO, and CO2. The governing equations are 
discretized on Cartesian uniform grids and solved with the DCD (Dispersion-Controlled Dissipation) scheme [6] with 
6WUDQJ¶V� VSOLWWLQJ�� $� VWRLFKLRPHWULF� K\GURJHQ-air mixture with H2:O2:N2 = 2:1:3.76 is used. Because of the multi-scale 
nature of the phenomena, both the computational domain and mesh scale are adjusted. In this study, the numerical grid 
resolution used for different cases varies from a coarsest mesh of 64 Pm to the finest mesh of 2 Pm. The results are also 
examined to ensure that the ODW initiation structure is unaffected by the influence of mesh properties. 
 

NUMERICAL RESULTS  
 



Twelve cases are simulated to study the initiation characteristics of oblique detonations, with incident Mach number M0 = 
10.0, 9.0, 8.0, 7.0 and inflow pressure P0 = 1.0, 0.5, 0.2 atm. The present numerical results demonstrate that the two 
transition patterns, i.e., an abrupt transition from a multi-wave point connecting the oblique shock and the detonation 
surface and a smooth transition via a curved shock, depend strongly on the inflow Mach number, while the inflow pressure 
is found to have little effect on the oblique shock-to-detonation transition type. The present results also reveal a slightly 
more complex structure of abrupt transition type in the case of M0 = 7.0, consisting of various ignition processes in the 
shocked gas mixtures 
To further quantify the effect of these two parameters, a characteristic initiation length, Lc, is considered for the following 
analysis. The initiation length is defined along the flow stream direction, parallel with the x-axis. It starts from the oblique 
shock and terminates at the end of the induction zone, i.e., the location at which the temperature increases over 10%. Note 
that the lengths are different depending on the distance from the wedge, and thus, for convenience, the characteristic length 
of initiation is given by the maximum value for each case of (M0, P0), always located on the wedge surface. For a given P0, 
Lc decreases when M0 increases. The decrease in Lc with increasing M0 can be explained by the increase of post-shock 
temperature. Moreover, we notice that Lc is almost inversely proportional to P0. the inverse proportionality gives a relatively 
good zero-order characterization of the initiation length as a function of inflow pressure. 
Following our previous work [7], a theoretical approach based on constant volume combustion (CVC) theory is used to 
estimate Lc with post-oblique-shock conditions. This theoretical approach assumes a flow structure where near the wedge, 
the mixture is completely burned, and pressure build-up and the formation of pressure waves are weak. The initiation is thus 
assumed to be kinetically-controlled. First, the post-oblique-shock specie densities and temperature are used to simulate 
CVC to obtain the reaction time required to attain a mixture temperature with 10% increase from its post-shock value. The 
initiation length Lc is then calculated by multiplying the time with the post-oblique-shock particle velocity. Despite a simple 
formulation, this analysis provides a predictive approach for the general structure of oblique detonations. For P0 = 0.2 atm, 
both results are in good agreement. It appears more difficult to predict the initiation length in the case high P0 using this 
simplified chemical kinetic approach. Overall, theoretical results are close to numerical ones in the case of high M0 
regardless of P0. When M0 decreases, the present theory deviates faster in the case of high P0. 
 

CONCLUDING REMARKS 
 
Two-dimensional, oblique detonations induced by a wedge were simulated to study the initiation structure and length with 
differing inflow Mach number M0 and pressure P0 in a stoichiometric hydrogen-air mixture. Analysis of the characteristic 
initiation length, defined along the flow stream direction, parallel with the x-axis from the oblique shock and terminating at 
the end of induction zone, shows it to decrease with increasing M0 primarily due to the increase in post-shock temperature, 
and the effect of M0 on the initiation length is independent of P0. The present numerical results also show that given a M0, 
the initiation length is roughly inversely proportional to P0. 
Chemical kinetic calculations based on constant volume combustion (CVC) theory were performed to estimate the initiation 
length and compared with numerical simulations. Overall, theoretical results from chemical kinetic calculation are shown to 
be close to the numerical ones for all cases of high M0 regardless of P0, demonstrating that the temperature is the key 
parameter and the initiation is kinetically-controlled. In contrast, at lower M0, theoretical results for high P0 diverge faster 
than those of low P0 due to the non-monotonic behavior of the induction kinetics at elevated pressure from the explosion 
characteristics of hydrogen. The complex, gasdynamic structure in the case of low M0 eventually causes the breakdown of 
CVC theory predictions. The onset of deviation between the theoretical estimation with the numerical results indirectly 
provides an indication of the transition mechanism from an ignition- (or kinetically-) controlled process to a wave-
controlled gasdynamic initiation phenomenon.  
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HYPERVELOCITY SHOCK-BOUNDARY LAYER INTERACTIONS WITH VARYING
FREESTREAM COMPOSITION

Andrew M. Knisely1 and Joanna M. Austin ∗1

1Graduate Aerospace Laboratories, California Institute of Technology, Pasadena CA, USA

Summary Shock-boundary layer interactions in hypervelocity flows have been demonstrated to be sensitive to nonequilibrium, with the
macroscopic features of the flow responding to changes in the molecular processes. Experiments are carried out examining interactions over
double-wedge and double-cone geometries while varying the freestream oxygen content from nitrogen to air. Time-resolved high speed
schlieren and chemiluminescence imaging, together with vibrational temperature measurements, quantify the response of flow features as a
function of the thermochemical state.

INTRODUCTION

Shock-boundary layer interaction (SBLI) can induce flow distortion, create flow separation with loss of control author-
ity, and, particularly in high enthalpy conditions, result in severe heating rates due to flow impingement. In hypervelocity
flows, SBLI predictions have been demonstrated to be very sensitive to the choice of thermochemical model. State-of-the-
art simulations and experiments showed universally poor agreement in high enthalpy (>5 MJ/kg) air flows with significant
thermochemical activity, in spite of good agreement at lower enthalpies [1]. For example, simulations predict a decrease in
separation length with increasing freestream enthalpy, but this is not observed experimentally [2]; experiments measured three
times less nitric oxide in the freestream than predicted [3]. Unraveling the fluid-thermochemical coupling in highly nonequi-
librium environments is an extremely challenging problem due to the disparity in both the spatial and temporal scales, even
if the flow is laminar. Shock interactions which respond on the measurable macroscale to changes in the molecular processes
provide valuable diagnostic tools for studying the inter-scale energy exchange.

Experiments are carried out in the Hypervelocity Expansion Tube (HET) [4]. The facility has the flexibility to achieve
a range of test gas conditions while minimizing freestream dissociation. Our approach is to vary the oxygen content in the
freestream from nitrogen to air, while maintaining the other flow parameters to within 2%, with the goal of examining the
response of the shock configurations and chemiluminescence in different regions of the interaction. We also measure the
vibrational temperature of post-shock nitric oxide (experimental setup described in more detail in Sharma et al. [5]).

EXPERIMENTAL SETUP

A 25-55 degree double-cone and 30-55 degree double-wedge model are sting mounted in the HET. The model config-
urations are designed to match the cone-angles of previous studies for directly comparable measurements [1, 2, 6]. More
details on the models can be found in Swantek and Austin [7]. Freestream conditions are calculated using one-dimensional
gas dynamics assuming equilibrium flow through the facility operation. The chemical composition of the test gas was: nom-
inally pure nitrogen (we note there is some residual oxygen even after the facility is evacuated, estimated at 2%), 30%, 50%,
80% percent oxygen, and air. The percent oxygen refers to the content relative to air, which corresponds to 100% using our
nomenclature. Equilibrium post-shock conditions are listed in Table 1.

Schlieren images are captured using a pco.1600 Cooke camera (exposure 1 µs) and the system is illuminated by Xenon
437B nanopulse system. Chemiluminescence images are obtained using the same camera in a repeat experiment with no light
source and with a 4 µs exposure. Vibrational temperature measurements of nitric oxide are made at selected points using
emission spectroscopy in the experimental setup described in more detail in Sharma et al. [5].

Table 1: Calculated equilibrium post-shock conditions for HET tests. % O2 is relative to air at 100%.
% O2 T∞ p∞ ρ∞ N2 N O2 O NO

K kPa kg/m3

0 5201.8 47906.8 2.989e-02 9.268e-01 7.323e-02 0.000e+00 0.000e+00 0.000e+00
30 4840.1 48684.8 3.153e-02 8.346e-01 2.961e-02 2.457e-04 1.290e-01 6.614e-03
50 4551.0 49271.1 3.323e-02 7.778e-01 1.316e-02 1.283e-03 1.950e-01 1.269e-02
80 4136.0 50154.4 3.634e-02 7.012e-01 3.411e-03 9.148e-03 2.608e-01 2.540e-02

100 3956.9 50626.1 3.806e-02 6.595e-01 1.738e-03 2.150e-02 2.836e-01 3.357e-02

∗Corresponding author. Email: jmaustin@caltech.edu
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DIRECT NUMERICAL SIMULATIONS OF SUPERSONIC TURBULENT CHANNEL FLOWS
OF DENSE GASES

Luca Sciacovelli ∗1,2, Paola Cinnella1, and Xavier Gloerfelt1
1DynFluid Laboratory, Arts et Mtiers-ParisTech, Paris, France

2DMMM, Politecnico di Bari, Bari, Italy

Summary In this work we investigate the influence of dense gas effects on compressible wall-bounded turbulence. Direct numerical
simulations of supersonic turbulent channel flows are performed both for air and PP11, a heavy fluorocarbon representative of dense gases.
Using different thermodynamic models, a parametric study on the bulk Mach and Reynolds numbers is carried out. In the dense-gas flow,
friction heating effects are reduced due to the much smaller coupling between thermal and kinetic fields. The location of peak values for the
premultiplied spectra of thermodynamic variables changes and the characteristic size of the observed turbulent structures is closer to that
observed in incompressible turbulence.

Turbulent flows of dense gases represent a research field of great importance for a wide range of applications. Dense gases
are usually defined as single-phase fluids with complex molecules, at pressure and temperature conditions of the same order
of magnitude of their thermodynamic critical point (see, e.g., [1] and reference cited therein). In the transonic and supersonic
regime, they may exhibit nonclassical phenomena, in particular for the family of Bethe–Zeldovich–Thompson (BZT) fluids,
which may exhibit expansion shocks in particular thermodynamic conditions [2]. In this work we investigate the influence
of dense gas effects on compressible wall-bounded turbulence. Specifically, we carry out direct numerical simulations of
supersonic turbulent channel flows of a BZT heavy fluorocarbon, namely PP11 (C14F24). The results are compared with those
of perfect gases.

The thermodynamic behaviour of PP11 is modelled through two different equations of state: Van der Waals (VDW),
which is computationally inexpensive and provides a qualitative description of the main effects of interest, and the more
accurate and complex Martin-Hou (MAH) equation. The VDW model is supplemented by a power-law for computing the
transport properties, whereas the Chung-Lee equation is used in conjunction with the MAH model. For comparison, we also
performed the simulations for a typical diatomic gas (air) and for a perfect gas with a specific heat ratio characteristic of heavy
fluorocarbons (γ = 1.0125). The influence of dense gas effects is evaluated by means of a parametric study at various bulk
Reynolds numbers (ReB = 3000 ÷ 12000) and bulk Mach numbers (MB = 1.5 ÷ 3.). Calculations are based on a in-house
code [3] solving the compressible Navier-Stokes equations with high-order dispersion-relation preserving schemes. The code
has been preliminarily validated against reference results for supersonic channel flows of a perfect gas [4]. The computational
grids are chosen in order to ensure a good spatial resolution in all directions, i.e., δx+ = 10◦ 18, δy+ = 0.5◦ 0.8, δz+ = 4◦ 8.
For high Reynolds number cases, grids of ∼ 5 × 108 points are considered.

Sample results are presented in figure 1 for air and PP11 with the MAH model. Several considerations are in order. First of
all, the specific heat ratio of the gas has a strong influence on the results. For the dense gas, γ is close to 1 instead of 1.4, which
leads to very different average profiles of the thermodynamic quantities, due to the fact that the Eckert number for the heavier
gas is much smaller and the coupling of thermal and dynamic effects weaker. This reduces the friction heating considerably.
We also observe significant variations of the Prandtl number through the flow. Due to weak dynamic and thermal coupling,
velocity profiles for the dense gas flow are much less sensitive to Mach variations and collapse in the logarithmic region,
unlike the case of air. Figure 2 shows the spanwise premultiplied energy spectra for v and T . The spectrum of v is similar
for both the PFG and the dense gas, with peak values moving towards lower wavenumbers as y+ increases. The temperature
spectra are rather different: the peak is shifted towards higher k+

z and lower y+. Figure 3 shows isosurfaces of the Q-criterion
coloured with the streamwise velocity in the case MB = 3 and ReB = 7000 for the two thermodynamic models considered.
Air exhibits quite large eddy structures because friction heating leads to an increase of the temperature and viscosity, and
thus to a larger Kolmogorov length-scale. For the dense gas, the reduced coupling leads to much smaller structures and the
behaviour is closer to the incompressible one. We will present a detailed study of the influence of dense gas effects on the
evolution of kinematic and thermodynamic variables, and we will study the energy budgets and the statistical features of the
turbulent structures.

References

[1] Cinnella P., Congedo P. M.: Inviscid and viscous aerodynamics of dense gases. J. Fluid Mech 580:179-217, 2007.
[2] Cramer M. S., Kluwick A.: On the propagation of waves exhibiting both positive and negative nonlinearity. J. Fluid Mech 142:9-37, 1984.
[3] Gloerfelt X., Berland J.: Turbulent boundary-layer noise: direct radiation at Mach 0.5. J. Fluid Mech 723:318-351, 2013.
[4] Coleman G. N., Kim J., Moser R. D.: A numerical study of turbulent supersonic isothermal-wall channel flow. J. Fluid Mech 305:159-183, 1995.
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SMALL SCALE DYNAMICS OF DENSE GAS DECAYING TURBULENCE

Luca Sciacovelli1,2, Paola Cinnella1, and Francesco Grasso ∗1

1DynFluid Laboratory, Arts et Mtiers-ParisTech, Paris, France
2DMMM, Politecnico di Bari, Bari, Italy

Summary The decay of compressible homogeneous isotropic turbulence for dense gases is studied by means of Direct Numerical Simula-
tions. A family of heavy fluorocarbons, which exhibit non-classical phenomena, is considered. The thermodynamic behavior of the fluids
is modeled by the politropic Van der Waals or the five-term Virial Martin-Hou equations of state, and the results are compared to those
obtained for a thermally and calorically perfect gas.

Turbulent flows of dense gases, i.e. gases with high molecular complexity working at thermodynamic conditions of
the general order of magnitude of the liquid/vapor critical point, are of interest for a wide range of applications, including
industrial and technological processes, aerospace propulsion or energy production. An interesting family of dense gases
is represented by the so-called Bethe-Zel’dovich-Thompson (BZT) fluids, heavy polyatomic compounds characterized by a
region of negative values of the Fundamental Derivative of Gas Dynamics Γ [1], in which non-classical phenomena such
as rarefaction shock-waves, mixed shock/fan waves and shock splitting are expected to occur (e.g., see [2] and references
therein). In this work, the influence of dense gas and BZT effects on the decay of Compressible Homogeneous Isotropic
Turbulence (CHIT) is analysed by means of Direct Numerical Simulation (DNS), and the results are compared with those
obtained for perfect gases (PFG). The compressible Navier–Stokes equations are solved by means of a tenth-order accurate
centered scheme for the discretization of the convective fluxes, supplemented by a high-order nonlinear artificial viscosity term
(inspired from [3]) of 9th-order accuracy in smooth flow regions. A Ducros-type sensor [4] is used to minimize dissipation
errors introduced by the artificial viscosity. The flow solver has been validated against literature results for both inviscid and
viscous CHIT computations available in the litterature. To account for dense gas effects, the simple polytropic Van der Waals
(VDW) equation of state (EoS) and the more complex Martin-Hou (MAH) EoS are used, in conjunction with a power law of
the temperature for the specific heat at constant volume in the ideal gas limit. The VDW EoS is computationally inexpensive
compared to more complex thermodynamic models, and provides a reasonable qualitative description of the main effects of
interest. Transport properties are modelled via a simple power-law of the temperature when using the VDW EoS, whereas
the accurate Chung-Lee-Starling model [5], which takes into account correction terms for the dense gas region, is used in
conjunction with the MAH EoS. The fluid under investigation, a heavy fluorocarbon referred-to as PP11 (chemical formula
C14F24) , is predicted to exhibit BZT effects for thermodynamic conditions near (but outside of) the critical region [6].
To initialize the isotropic turbulence field, divergence-free initial conditions with no density fluctuations were assumed. A
Passot-Pouquet-type initial spectrum is considered and the peak wavenumber is fixed to k0 = 2. Turbulent Mach numbers
from 0.2 to 1.0 are investigated using mesh resolutions ranging from 1283 to 7683. For the chosen initial thermodynamic
conditions, relatively close to the critical region, part of the flow evolves in the inversion zone and the fluid compressibility
exhibits large variations throughout the flow. This leads to larger density and speed of sound fluctuations than in a perfect
gas with a similar specific heat ratio. Additionally, in the dense gas the speed of sound varies non monotonically with the
density, leading to remarkable differences in turbulence decay. At high turbulent Mach numbers, the occurrence of eddy
shocklets is possible, which strongly modify turbulence structure. In the neighborhood of eddy shocklets, indeed, the pressure
is highly correlated with dilatation, and the production of dilatational dissipation increases, leading to a conversion of kinetic
energy into internal energy. However, for BZT fluids working in regions where Γ < 0, the second law of thermodynamics
requires that compression shocks cannot form; hence, locally, the occurrence of compressive eddy shocklets is not physically
admissible, whereas expansion shocklets are allowed. Fig. 2 shows a comparison of the ratio of the local velocity divergence
to its RMS value θ/θrms for fluid PP11 modeled with PFG, VDW and MAH EoS. This quantity has been widely used ([7, 8])
to detect regions in which eddy shocklets may occur. Isosurfaces at θ/θrms = ◦ 3 (strong compressions) and θ/θrms = 3
(strong expansions) are plotted. In the dense gas case, extremely strong expansion regions are present, whereas compressions
are shown to be weaker than in the PFG case. Both of the thermodynamic models under investigation give similar qualitative
results, even if the VDW models tends to overestimate dense gas effects with respect to the more realistic MAH model.
Finally, a statistical analysis of the turbulent structures is performed to show up the differences between dense and perfect
gases. Precisely, a study in the plane of the second and third invariants of the deviatoric part of the velocity gradient tensor is
carried out. Preliminary results show that the universal behavior found in compressible and incompressible turbulence (i.e.,
[9]) is globally recovered also in the dense gas regime, as shown in Fig.2. However, when conditioned on the local dilatation
value, the p.d.f.s in strong expansions tend to exhibit a branch aligned along the left part of the null discriminant curve, due to
the non-classical phenomena occurring in negative Γ regions.

∗Corresponding author. Email: francesco.grasso@cnam.fr
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NON-IDEAL SHOCK REFRACTION PROPERTIES IN DENSE VAPOURS

Nicolas Alferez∗1 and Emile Touber1

1Department of Mechanical Engineering, Imperial College London, London, SW7 2AZ, UK

Summary The linear shock-refraction response to an incoming perturbation is investigated for a fluid modelled with a non-ideal equation
of state close to its thermodynamic liquid-vapour critical point. Fluids with large heat capacities (dense vapours) are shown to produce
shocks with highly selective transmission properties based on the upstream Mach number. This selectivity could fundamentally modify the
post-shock turbulence kinetic energy in shock/turbulence interactions.

INTRODUCTION

Dense vapours are single-phase fluids with high heat capacities with respect to their molecular mass (typically, organic
compounds). They are used as working fluids in Organic Rankine Cycles (ORCs) for energy-conversion on low-temperature
heat sources. Dense vapours are known to depart from the ideal-gas model in ORC expanders, where they operate near the
liquid-vapour saturation curve. A typical outcome is the significant decrease of the sound speed which makes the expander
flow highly supersonic [1]. Non-ideal compressible gasdynamic has been extensively studied mainly for its nonclassical shock
formation process (e.g admissible expansion shocks) which enforces constrains on turbine blade design [1].

In most applications shocks are formed in a surrounding turbulent flow. In ideal gas, shocks interacting with weak turbulent
flows have been known to generate strong thermo-acoustic waves. Ribner [2] demonstrated using a Linear Interaction Analysis
(LIA) how a shock interacting with a 0.1% turbulence intensity could result in a 120 dB noise downstream of the shock. The
LIA has recently been confronted favourably against expensive ideal-gas three-dimensional direct numerical simulations of
shock turbulence interactions [3]. A remarkable prediction of the post-shock turbulence intensity was achieved, confirming
the suitability of the linear framework in this context.

Although the linear-stability properties of shock fronts in non-ideal gases are known to produce different properties com-
pared to that of an ideal-gas shock [4], there exists no theoretical study on the interaction of a turbulent flow field with a shock
in such non-ideal media. This study is a first step in that direction. A linear analysis of a non-ideal gas shock interacting with
an incoming fluctuating flow is performed and the shock-refraction properties are investigated.

METHOD AND RESULTS

Methodology
A detailed theoretical analysis of the non-classical compression shock admissibility problem, for dense vapours, is per-

formed. It provides a family of base flow suitable for a linear perturbation analysis, in the spirit of Ribner’s pioneering
development. Explicit formula for the refraction coefficients of incoming linear waves are obtained for shocks modelled with
an arbitrary equation of state (EoS). Detailed analyses of the effects of the near thermodynamic critical point (TCP) region are
investigated when the EoS models a fluid with complex molecules (dense-gas regime).

Theoretical results are then compared with direct numerical simulations (DNS) of the compressible Euler equations for
a gas modelled with a van der Waals EoS. A new solver based on high-order Dispersion Relation Preserving (DRP) finite
difference centred schemes together with optimised filter shape in wave number space was developed. A shock-capturing
technique based on a new artificial viscosity defined from analytical solutions of the one-dimensional viscous-shock structure
was formulated. It allows for direct control of the numerical shock thickness, providing a simple way of reducing spurious-
wiggles amplitude. The new approach is crucial when shocks are considered near TCP Hugoniot locus where classical
approaches can fail to capture the discontinuity.

Results
Geometrical interpretations of the refraction properties in the pressure/specific-volume diagram were built based on the

analytic shock-refraction coefficients derived in the linear framework. The change of curvature of the Hugoniot line is found
to be a key parameter in the transmission coefficients. An asymptotic equivalence between Hugoniot lines and isotherms is
demonstrated in the context of a dense gas in the limit of cv/R going to infinity. Strong non-ideal gas effects (e.g local maxima
and discontinuous admissible path in both the post-shock Mach number and the eigen-mode amplification coefficients) are
found in this limiting case for which there exists a saddle point on the Hugoniot line at the TCP (originating from inter-
molecular forces). The linear response for increasing large but finite values of cv/R (e.g for PP10 with cv/R = 78.2) departs
from the ideal-gas behaviour and approaches this limit relatively well (Figure 1).

∗Corresponding author. Email: n.alferez@imperial.ac.uk
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STEADY TRANSONIC DENSE GAS FLOW PAST A TWO - DIMENSIONAL
COMPRESSION/EXPANSION RAMP

Alfred Kluwick∗1 and Edward A. Cox2

1Institute of Fluid Mechanics and Heat Transfer, TU Vienna, Austria
2School of Mathematics and Statistics, UCD, Dublin, Ireland

Summary The behaviour of steady transonic dense gas flow is essentially governed by two nondimensional parameters characterising the
magnitude and sign of the fundamental derivative of gas dynamics (Γ) and its derivative with respect to the density at constant entropy
(Λ). The resulting response to external forcing is surprisingly rich and studied in detail for the canonical problem of 2D flow past compres-
sion/expansion ramps.

MOTIVATION

The possibility that compression as well as rarefaction shocks may form in single phase vapours was envisaged first by
Bethe [1]. However his calculations based on the Van der Waals equation of state indicated that the latter type of shock is
possible only if the ratio cv/R (where cv and R denote the specific heat at constant volume and the universal gas constant
respectively) is larger than about 17.5 which he considered too large to be satisfied by real fluids. This conclusion was
contested by Thompson (see Thompson [6]) and coworkers who showed that this required condition for the existence of
rarefaction shocks is indeed satisfied for a large number of Fluorocarbon vapours. For these vapours the ratio cv/R far exceeds
the critical value so that the required condition for the existence of rarefaction shocks is satisfied in the general neighbourhood
of the thermodynamic critical point. For a detailed review see Kluwick [5]. This finding spawned a burst of theoretical studies
elaborating on the unusual and often counterintuitive behaviour of flows with rarefaction shocks present. These produced both
results of a fundamentally theoretical character (addressing, among other issues, questions of admissibility and existence) but
also results suggesting the practical importance of rarefaction shocks including the observation that the entropy increase and
thus losses resulting from weak rarefaction shocks may be much smaller than those associated with compression shocks in
perfect gases.

Expectations were high that the first experimental observation of a rarefaction shock was just around the corner providing
verification of the accumulating theoretical predictions. Unfortunately, however, attempts to reach this goal by means of
classical shock tube experiments have so far failed. Studies analysing the reasons for this failure have been carried out by a
number of research groups resulting in a much better understanding of the thermodynamic properties of possible fluids and
identifying a new family of siloxanes as testing fluids (see Colonna, Guardone & Nannan [3]). Finally, and most importantly,
the properties of vapour mixtures have recently been investigated by Guardone, Colonna, Casati & Rinaldi [4] allowing for
the optimisation of experimental work as well as leading to new practical applications. Therefore we think that the time is ripe
for a second round of experiment efforts to settle the long standing question ”do rarefaction shocks exist?” but more than this
to further explore the unusual behaviour of dense gas flows theoretically. The results presented here aim to contribute to our
understanding of dense gas flows for a practically realisable flow setup.

OUTLINE

Analytical studies of dense gas flows have in the past mainly concentrated on 1D unsteady flows. In contrast to such flows
which are of strictly hyperbolic type 2D steady flows are of mixed type, i.e. hyperbolic or elliptic depending on whether the
Mach number M is larger or smaller than one. In 1D unsteady flows it is not necessary to distinguish between the properties
of shock polars and characteristics as they agree automatically as long as changes of the entropy are negligible small. In
contrast, for the case of 2D steady flows, however, the construction of shock polars has to be considered separately and their
connection with characteristics deserves special attention. To provide insight into the more complex flow behaviour is the
aim of the present investigation. In this connection we note that 2D steady flows have been treated already in Cramer and
Tarkenton [2] but as the authors approach was predominantly a numerical investigation the present analysis is considered to
close a ”hole” in our understanding of such flows. To make things as clear as possible it is necessary to keep the geometrical
complexity as simple as possible. A generic problem which satisfies this requirement is given by supersonic flow past a
compression/expansion ramp. Specifically we assume that the corner of the ramp is located at the origin of a Cartesian
coordinate system (x, y), that the upstream flow u∞ = (u∞, 0) is aligned with the x - axis and the corner geometry is: y =
0, x < 0; y = δax, x > 0. Here the parameter a = O(1) while the positive parameter δ with δ ≪ 1 ensures that the subsequent

∗Corresponding author. Email: alfred.kluwick@tuwien.ac.at
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Figure 1: Fan, compound shock-fan and single shock structures for K1 > 0 and K2 > 0 in hodograph plane ( charac-
teristic, shock polar, - - - Rayleigh lines) and with the resulting flow geometry ( wavefronts, shocks). Results are
presented for K2 < 3

2K1
and Γ∞ > 0.

flow generated around the corner is a small perturbation of the uniform flow. Introducing suitably nondimensionalised and
scaled quantities ξ, η, ũ, ṽ in place of x, y, u, v the problem under consideration can be cast into the form

J(ũ)ξ + ṽη = 0, ũη ◦ ṽξ = 0. (1)

The boundary conditions on η = 0 become

ṽ = 0, ξ ≤ 0, ṽ = a sgn(Γ∞), ξ > 0. (2)

The function J(ũ) in (1) is given by

J(ũ) = ◦ K1ũ ◦ ũ2 +
K2

3
ũ3 (3)

and measures the perturbed mass flux where K1, K2 are the similarity parameters

K1 =
M2

∞ ◦ 1

(δΓ∞)
2
3

, K2 =
δ

2
3Λ∞

Γ
4
3∞

. (4)

Here M∞,Γ∞,Λ∞ denotes the freestream Mach number and the values of the thermodynamic quantities Γ,Λ evaluated
in the unperturbed flow. Also we require K1 > 0 (supersonic flow) while K2 ≷ 0 depending on the signs of Γ∞,Λ∞.
Characteristics of (1) are given by the integral curves of

dṽ

dũ
= ±

!
K1 + 2ũ ◦ K2ũ2 = ±

"
◦ dJ

dũ
(5)

and shock polars in the hodograph (ũ, ṽ) plane are given by

[ṽ]

[ũ]
= ±

#

◦ [J ]

[ũ]
. (6)

Equations (5), (6) provide the necessary information to construct solutions of the problem posed. Equation (3) suggests that
five parameter ranges of K2: K2 < ◦ 1

K1
, ◦ 1

K1
< K2 < ◦ 3

4K1
, ◦ 3

4K1
< K2 < 0, K2 = 0, K2 > 0 have to be distinguished.

This reflects the fact that, in contrast to classical gasdynamics, the perturbation mass flux J(ũ) is not a monotonic function of
the perturbed velocity if K2 is nonzero. As an example, Figure 1 displays results for K2 > 0. In this parameter range shock
solutions exist which lead to a reduction of the velocity and give qualitatively similar results to those observed in perfect gases.
These shocks are not included here. In contrast to the classical case however an additional branch of the shock polar is seen
to exist for ũ > 0 and to connect with the characteristic describing accelerated flows. Increasing values of the downstream
velocity (and associated with a non-monotonic variation of the parameter a then causes a transition from a centered wave fan
(a) to a wave fan terminated by a sonic rarefaction shock (b) and finally to a single rarefaction shock (c).
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Summary We discuss the effect of the Riemann flux in implicit large eddy simulations carried out with the discontinuous Galerkin (DG) method 
at very high Reynolds numbers. The study is based on a set of computations of the inviscid TGV (Taylor-Green vortex) test problem spanning 
different grid sizes and polynomial orders. Inviscid cases have been chosen so that the isolated effects of the Riemann solver could be 
assessed in a scenario that mimics that of under-resolved computations at very high Reynolds numbers. Comparisons are made mainly 
between the Lax-Friedrichs and Roe solvers and significant differences are found, especially for higher-order solutions. An explanation 
based on dispersion-diffusion (eigensolution) analysis [1] is proposed as to why Riemann solvers that take into account the complete set of 
physical eigenvalues consistently via upwinding are expected to display a more accurate and robust behaviour for DG-based implicit LES 
over a wider range of Mach numbers. 
 

INTRODUCTION, MODEL PROBLEM AND TEST CASES CONSIDERED 
 

Compressible flow simulations carried with the discontinuous Galerkin (DG) method over the years have indicated that 
the choice of the Riemann solver is not very important, especially at higher-order discretizations. As a result, nowadays the 
DG community uses the Lax-Friedrichs flux very often due to its simplicity and reduced computational cost. Here, we point 
out that for under-resolved computations, the Riemann flux choice can be quite important regarding both numerical stability 
and solution quality. Discussion is based on a set of simulations of the inviscid Taylor-Green vortex (TGV) problem. 

The Taylor-Green vortex flow was introduced in [2] as a model problem for the analysis of transition and turbulence 
decay. The test problem was originally proposed for the incompressible Navier-Stokes equations in a cubic domain with 
triply-periodic boundary conditions. Here we adopt a modified version of the initial conditions which is suited for 
compressible flow solvers, as done in [3], so that the Euler equations (representing inviscid flow conditions) are solved 
within [-π,π]3 at a baseline Mach number of 0.1. In the present study, even though the Euler equations are simulated directly, 
the presence of numerical dissipation is expected to make results consistent with the non-singular solution of the viscous 
TGV problem in the limit of zero viscosity, provided that enough small scales are captured by the DOFs employed. 

The evolution of the TGV flow at high Reynolds numbers (say, higher than 103) can be characterized by three distinct 
phases, see e.g. [4]. During the first phase dissipation effects can be neglected and vortex lines begin to fold and stretch first 
by pressure gradients and then via three-dimensional vortex interactions, but still through a well-organized (non-chaotic) 
process. In the second phase transition takes place, whereby non-linear effects intensify and small-scale energy grows rapidly 
through the cascade mechanism leading to a peak in overall dissipation. Finally, in the third phase the TGV flow tends to a 
more homogeneous state of decaying turbulence, where energy decays monotonically towards zero. 

The overall behaviour described above has been captured quite well by our stable computations, with minor differences 
being observed upon DOF refinement. The base set of test cases addressed here relied on Lax-Friedrichs and Roe fluxes (in 
their original form), which are arguably the most popular solvers currently used in compressible DG formulations. This base 
set of simulations is given in Table 1, where each column corresponds to the number of polynomial modes M = P + 1 used, in 
which P is the polynomial order, and each row corresponds to the number of degrees of freedom Ndof = Nel M 

3 employed, Nel 
being the total number of elements. Equispaced grids (of cubic elements) have been used. The values in the core of Table 1 
represent, for each test case, the number of elements per direction, namely Nel 

1/3. 
 

Table 1: Test cases’ discretization parameters, also differentiating stable/unstable cases 

 
 

Within Table 1, the cases in green ran successfully with both Roe and Lax-Friedrichs. The cases in orange crashed with 
Lax-Friedrichs, but ran successfully with Roe. The remaining ones (in red) crashed with both fluxes. Such results clearly 
indicate that, for the problem considered, Roe's solver yields a more robust discretization when compared to Lax-Friedrichs. 
This is counter-intuitive since the former is known to be less dissipative than the latter (in well resolved computations). All 
the cases that crashed yielded reasonable results (with no signs of numerical instability) until the time of crash, which took 
place consistently within the transitional phase of the TGV flow. This lack of robustness, found especially for the higher-
order discretizations, has been verified not to be related to time-step restrictions or aliasing errors. Typical CFL numbers 
employed (based on the acoustic wave speed) are in the order of 0.1 and an increased number of quadrature points ( Q = 2 M ) 
has been used to ensure consistent integration of the cubic non-linearities of the compressible Euler equations. Experiments 
conducted to rule out these factors consistently showed the time of crash to be practically insensitive to time-step reductions 
or to a further increase in the number of integration points. A subtle cause of crash is suggested in what follows. 
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Summary Turbulence structure and statistics of the subgrid scales (SGS) in the context of Large Eddy Simulations (LES) are studied after 
the interaction with a shock wave. Recent high resolution shock-resolved Direct Numerical Simulations (DNS) [1] show that, when there is a 
large separation in scale between turbulence and the shock width, the interaction can be described by the Linear Interaction Approximation 
(LIA). By using LIA to alleviate the need to resolve the shock, DNS post-shock data can be generated at much higher Reynolds numbers than 
previously possible. Here, results with Reλ ~180 are used to investigate the structure of post-shock turbulence. In particular, the interaction with 
the shock leads to a local axisymmetric flow state. In turn, this induces an Ms dependent symmetrization of the SGS dissipation PDF and a large 
increase in its variance. This corresponds to significant enhancement in size of the regions and magnitude of backscatter. 
 
   The interaction of shock waves with turbulence is an important aspect in many types of flows, from hypersonic flight, to 
supersonic combustion, to astrophysics and Inertial Confinement Fusion (ICF). In general, in practical applications, the shock 
width is much smaller than the turbulence scales, even at low shock Mach numbers, Ms, and it becomes comparable to the 
molecular mean free path at high Ms values. When there is a large-scale separation between the shock and turbulence, viscous 
effects become negligible during the interaction. If, in addition, the turbulent Mach number, Mt, of the upstream turbulence is 
small, the nonlinear effects can also be neglected during the interaction. In this case, the interaction can be treated analytically 
using the linearized Euler equations and Rankine-Hugoniot jump conditions. This is known as the Linear Interaction 
Approximation (LIA) [2]. However, due to the high cost of simulations for the parameter space close to practical applications 
and difficulties with accurate measurements close to the shock, previous studies have demonstrated only limited agreement with 
LIA. Recently, Ryu and Livescu [1], using high resolution fully resolved DNS extensively covering the parameter range, have 
shown that the DNS results converge to the LIA solutions as the ratio δ/η where δ is the shock width and η is the Kolmogorov 
microscale of the upstream turbulence, becomes small. The results reconcile a long time open question about the role of the LIA 
theory and establish LIA as a reliable prediction tool for low Mt turbulence-shock interaction problems. Furthermore, when there 
is a large separation in scale between the shock and the turbulence, the exact shock profile is no longer important for the 
interaction, so that LIA can be used to predict arbitrarily high Ms interaction problems, when the Navier-Stokes equations are no 
longer valid and fully resolved DNS are not feasible. 
 
   The shock-turbulence interaction has been traditionally studied in an open-ended domain, with the turbulence fed through the 
inlet plane encountering a stationary shock at some distance from the inlet. This approach is very expensive even when a shock-
capturing scheme is used and limited to low Reynolds numbers. However, the range of the achievable Re values can be 
significantly increased if, instead, one uses the LIA theory to generate the post-shock fields. In order to generate full 3-D post-
shock fields, Refs. [1,3] have extended the classical LIA formulas, which traditionally have been used to calculate second order 
moments only. Using this procedure, Refs. [1,3] have shown profound changes in the structure of post-shock turbulence, with 
significant potential implications on turbulence modelling. 
 
   High Re post-shock DNS data are generated by first performing triply periodic forced compressible isotropic turbulence (IT) 
simulations using the linear forcing method [4]. This forcing method has the advantage of specifying the Kolmogorov 
microscale and ratio of dilatational to solenoidal kinetic energies, χ, at the outset. Here, we present results from simulations with 
Reλ~180, χ<0.01 (quasi-vortical turbulence) and Mt=0.05. The resulting turbulence fields are passed through the generalized LIA 
formulas [2,3] to obtain the post-shock turbulence data. In order to examine the properties of the subgrid scales, the post-shock 
data is filtered using a Gaussian filter.   
 
   The usual picture of an energy cascade typically holds in a statistically-averaged sense, it does not always describe the local 
behaviour of a turbulent flow. The turbulent dissipation is actually the difference between two energy fluxes, a "forwardscatter", 
corresponding to the classical energy cascade, and the "backscatter", a reversal of this process in which energy is transferred 
from the small scales back to the large scales. In LES approaches, the SGS backscatter acts as a source term in the kinetic energy 
equation and poses significant difficulties in maintaining stable computations [5]. Many of the simple SGS models do not 
account for backscatter and properly describing this phenomenon is an active area of research [5]. 
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Summary This paper demonstrates the use of metamodeling techniques for bridging scales in a multiscale modelling framework. 
For the problem of the interaction of a shock wave with a cloud of particles, unknown source terms appear as momentum/energy 
exchange terms between the two phases in the momentum and energy equations of the respective phases in the macroscopic 
description of the system. In order to close the system of equations, resolved mesoscale numerical experiments are performed and 
the unknown momentum/energy exchange terms are explicitly computed using the Dynamic Kriging method (DKG). The 
PHWDPRGHO�PD\�EH�XVHG�³RQ-the-IO\´�IRU�FRPSXWLQJ�WKH�Vources in a macroscale computation. 
 

INTRODUCTION 
 
   The simulation of the interaction of shock waves with clouds of particles is a multiscale modelling problem. The 
macroscale model comprises a set of computational particles, each of which are agglomerates of real physical particles; the 
computational particles are modelled as points in the flow field and are coupled to the flow field via momentum and energy 
exchange terms which appear as source terms in the momentum and energy equations of the respective phases (for example 
consider the Particle Source in Cell Method [1]). The source terms are typically obtained from semi empirical experimental 
correlations [1]; these provide closure to the macroscopic model.  
  Because physical experiments are expensive and may be only conducted in a limited parameter space, an alternative to 
experimental correlations is to calculate the closure terms explicitly from resolved mesoscale computations. In this work, the 
authors demonstrate the use of metamodeling techniques to compute closure laws from numerical experiments. A metamodel, 
or a model of a model, is constructed from a set of resolved mesoscale computations and is shown to provide a numerical 
closure law as surrogates to semi-empirical models. Once the metamodel is constructed, instead of performing mesoscale 
FRPSXWDWLRQV�³RQ-WKH�IO\´ at every macroscopic time step, the metamodel may be evaluated for obtaining the closure terms 
in a macroscale computation at every instant of time. This method therefore also obviates performing a large number of 
mesoscale computations at each time instant of the macroscopic simulation as in typically done in a concurrent coupling 
multiscale modelling approach and therefore reduces the computational cost significantly.  

In the next section, the mesoscale system is described and a procedure for constructing a metamodel for drag force using a 
Dynamic Kriging Method (DKG) [2] is explained. Following this, a metamodel for the momentum exchange term (i.e. the 
drag force on the particles) is presented as an example. 
        

CONSTRUCTION OF METAMODELS FOR DRAG FORCE FROM MESOSCALE COMPUTATIONS 
 

The mesoscale computational domain consists of cylinders embedded in a flow field as shown in Figure 1. The cylinders 
are modelled as rigid and static, while the surrounding flow field is assumed inviscid and are modelled by the unsteady 
compressible Euler equations. The system of equations are solved using a massively parallel in-house Eulerian flow code, 
SCIMITAR3D [3]. The drag on the immersed cylinders is computed by integrating the pressure on the cylinders. The average 
drag force is the mean drag of all the cylinders in the flow field; this mean drag force, FD which is a function of Ma and ĳ is 
used for constructing a numerical drag law using the DKG method. The DKG method is essentially an interpolation technique, 
which constructs a metamodel from a given number of realizations of a numerical experiment. The convergence of the method 
and its suitability for metamodeling in a multiscale framework has been studied previously by the authors [4]; in the current 
work, the method is used to construct a drag law from a set of mesoscale computations performed using SCIMITAR3D.  

,Q� RUGHU� WR� ³WUDLQ´� WKH�DKG method, numerical experiments are conducted. Each numerical experiment involves the 
computation of FD for a given Ma and ĳ. The values of Ma and ĳ are varied over ranges of 1.1 to 3.5 and 5% to 20% 
respectively. Several such experiments are conducted and the DKG method is then used to construct a metamodel for FD. 

 
RESULTS AND DISCUSSIONS 

 
Figure  shows a numerical drag law constructed using the DKG method from mesoscale computations. For a given Ma, 

FD increases with increasing ĳ. This is because the area of the cylinder increases with increasing ĳ and the pressure acts over 
larger area. Similarly for a given ĳ, Figure  also shows that FD increases with increasing Ma. This is because there is a higher 
pressure jump across the shock for a higher value of Ma; this increases the pressure difference along the cylinder and the 



SUHVVXUH�GUDJ�LQFUHDVHV��7KH�GUDJ�K\SHUVXUIDFH�PD\�EH�SUREHG�DW�DQ\�SRLQW�³RQ-the-IO\´ in course of macroscale computations 
to provide closure laws to macroscale systems.   

 

 
 

CONCLUSIONS 
 

   The present work demonstrates the construction of numerical closure laws from mesoscale experiments using metamodeling 
techniques. In the macroscopic description of the interaction of shock waves with a cloud of particles, unknown terms appear as 
sources in the momentum and energy equations of the respective phases. Typically, semi-empirical experimental correlations are 
used to model the source terms to provide closure to the system. In the present work, the authors demonstrate the use of metamodels 
generated from resolved mesoscale computations as surrogates to semi-empirical closure laws. As an example, a numerical 
momentum-exchange (drag) law is constructed from mesoscale computations and is presented in the current work. This may be 
used in a macroscopic system to close the system of equations. 
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Figure 1. Description of the mesoscale computational experiment; the mesoscale experimental set up comprises 

41 static cylinders each of radius, r, inscribed in a unit square. A right moving shock of strength, Ma impinges on 
the array of cylinders. The volume fraction, ĳ, of the array is given by ĳ� �41ʌU2. The given plot shows the 

numerical Schlieren image for Ma = 3.5 and ĳ = 20.6%. 
 

 
Figure 2.  Metamodel of FD as a function of Ma and ĳ computed from 24 mesoscale computations; the mesoscale 
computations are performed at the locations marked by the red dots in the parametric space. 
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Summary The structure of a gas-dynamic shock wave at hypersonic conditions is of great interest. The Navier–Stokes–Fourier formulation
is known to yield incorrect shock profiles even at moderate Mach numbers. This is an excellent test problem for extensions of such equations
for flows with large gradients since accurate experimental results are available. We present a second order formulation of the constitutive
equations based solely on continuum theory. Results of the second-order theory applied to the shock structure are obtained for monatomic
and diatomic gases over a large range of Mach numbers and are compared to experimental results.

INTRODUCTION

The shock wave structure [6] is important in the analysis of certain hypersonic flows. It is well-known that the Navier–
Stokes–Fourier (NSF) equations do not represent the shock structure well [3], even at moderate Mach numbers, M ≥ 2 [7].
As Fig. 1 shows, the equations predict values for shock thickness which are unrealistically small. Hence the shock structure
has often been investigated both experimentally and theoretically to gain a better understanding of non-equilibrium flows.
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Figure 1: Experimental results [1] and NSF predictions of the reciprocal of shock thickness as a function of Mach number for
Argon.

There have been many efforts to extend the theory, most of them based on perturbation expansions of the Boltzmann
equation. A well-known expansion is the Chapman-Enskog expansion which yields the so-called Burnett equations [8, 9, 12,
10, 5, 7], where second order terms are retained. Grad’s 13-moment theory [4] is based on an expansion based on moments.
Such efforts have been largely unsuccessful for a variety of reasons. The exception has been Bird’s Monte Carlo simulation
[2] using a simple repulsive intermolecular force law. His results show very good agreement with Alsmeyer’s experimental
data [1] over a large Mach number range. Nevertheless, it is clear that Monte Carlo simulations are impractical in realistic
engineering applications. We present a second order formulation of the governing constitutive equations based solely on a
continuum formulation.

Results of the second-order equations applied to the shock structure are obtained for monatomic and diatomic gases over
a large range of Mach numbers and are compared to experimental results.

METHODOLOGY AND RESULTS

The NSF equations represent a continuum theory based on linear relations between thermodynamic forces and fluxes. In
a strong shock wave, the forces are large and the failure of the NSF equations can be attributed to deviations from the linear
Newtonian and Fourier laws. Subsequently, the computation of the shock structure, particularly at the large Mach numbers
encountered in hypersonic flows, has provided an excellent opportunity to find extended theories.

∗Corresponding author. Email: paolucci@nd.edu



We begin by assuming that the constitutive quantities of Helmoholtz free energy, entropy, heat flux, entropy flux, and stress
tensor are functions of the independent basic fields consisting of density, density gradient, stretch (or rate of strain) tensor,
temperature, and temperature gradient. Subsequently, applying the principles of equipresence, frame-invariance, isotropy, and
thermodynamic principles (including the 2nd law of thermodynamics), we arrive at the most general representations of the
constitutive quantities of a fluid based on the 2nd order theory.

APPLICATION TO SHOCK WAVE

The general constitutive results of the second-order theory, in conjunction with the conservation equations for mass, linear
momentum, and energy, are applied to the problem of the one-dimensional shock structure. The constitutive equations for
the fluid, in addition to the known transport properties, also introduce one additional viscosity and two additional thermal
conductivities which generally depend on density and temperature. In this case, the scalings used for the new thermophysical
properties reflect Truesdell’s dimensional invariance principle [11]. Results are obtained for monatomic and diatomic gases
over a large range of Mach numbers and are compared to experimental results as shown in Fig. 2. More specifically, in addition
to shock thickness, we also compare density and temperature distributions.
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Figure 2: Experimental results and 2nd order theory predictions of the reciprocal of shock thickness as a function of Mach
number and density distribution at M = 9 for Argon.

CONCLUSIONS

We derive general forms of constitutive equations based on 2nd order continuum theory. Such equations are generally
valid and are essential for non-equilibrium flows where large gradients occur in the flow field, such as in hypersonic flows.
Results of the second-order theory are applied to the solution of the shock structure at various Mach numbers where it is
well-known that the NSF equations yield inaccurate results. Specific results for shock thickness, and density and temperature
distributions for monatomic and diatomic gases are presented and compared with experimental data.
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Summary We simulate flow phenomena that involve both fluids and elasto-plastic solids. The numerical model is the same for all materials
and can handle high-speed flows, large deformations, frictionless contacts and plasticity. Hyperbolicity of the hyperelastic neohookean
model is granted thanks to an explicit computation of the characteristic speeds. The plastic model satisfies a classic entropy inequality and
we prove that it leads to a decrease in norm of the stress deviator tensor. Numerical illustrations of the method include air-helium, water-air
shock interactions in three dimensions. A supersonic projectile-shield impact beyond the yield limit is presented.

EULERIAN MODEL

This model was introduced in the literature thanks to several authors [4, 8, 7, 2, 3]. We follow here the formulation
presented in [5] and extend it to plasticity modelling. The equations of mass, momentum, deformation and energy conservation
are given by ⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

∂tρ+ divx(ρu) = 0

∂t(ρu) + divx(ρu ⊗ u ◦ σ) = 0

∂t(∇xY ) + ∇x(u ·∇xY ) = 0

(ρe)t + divx(ρeu ◦ σTu) = 0

(1)

The physical variables are the density ρ(x, t), the velocity u(x, t), the total energy per unit mass e(x, t) and the Cauchy stress
tensor σ(x, t). Here Y (x, t) are the backward characteristics that for a time t and a point x in the deformed configuration, give
the corresponding initial point.

We assume that the internal energy per unit mass ε = e ◦ 1
2 |u|

2 is the sum of a term accounting for volumic deformation
that depends on ρ and entropy s, and a term accounting for isochoric deformation depending on the modified left Cauchy-
Green tensor B given by B(x, t) = [∇xY ]−1[∇xY ]−T /J

2
3 (x, t), J(x, t) = det([∇xY ])−1. A general constitutive law that

models gas, fluids and elastic solids is given by

ε(ρ, s,∇xY ) =
κ(s)ργ−1

γ ◦ 1
+

p∞
ρ

+
χ

ρ0
(Tr(B) ◦ 3) (2)

where the first term accounts for a perfect gas, the second for a stiffened gas (e.g. water) and the third for a neohookean elastic
solid. According to the formula σ = ρ ∂ε∂F FT , where F = [∇xY ]−1, we obtain the stress tensor from the constitutive law.
Here κ(s) = exp (s/cv) and cv , γ, p∞, χ are positive constants that characterize a given material.

The characteristic speeds of this quasi-linear model are Λ =
{

u1, u1, u1 ±
√

α1
ρ , u1 ±

√
α2
ρ , u1 ±

√
α3
ρ

}
, where α1,α2

and α3 are the roots of a given third order polynomial. It can be shown that the necessary conditions for hyperbolicity, i.e.,
α1 > 0,α2 > 0 and α3 > 0, are actually satisfied for the neohookean model considered.

Plasticity describes the deformation of a material undergoing non-reversible changes of shape in response to applied forces.
The deformation is the composition of a plastic and an elastic deformation [6]. Introducing the backward characteristics for
elastic and plastic deformations denoted by Y e and Y p and taking the gradient of the relation Y (x, t) = Y p(Y e(x, t), t), we
get [∇xY ] = [∇xY p][∇xY e] and the total deformation gradient F is given by F := [∇xY ]−1 = [∇xY e]−1[∇xY p]−1 :=

F eF p. Let us define the deviatoric part of the stress tensor dev(σ) = σ ◦ Tr(σ)
3 I . Experimentally plasticity occurs when

the stress exceeds a critical value. The yield function of von Misses fVM (σ) = |dev(σ)|2 ◦ 2
3 (σy)2 defines a yield surface

fVM (σ) = 0 where σy is the plastic yield limit. We restrict ourselves to the case of perfect plasticity where σy is a constant.
The Eulerian form of the evolution equation for the plastic deformation tensor F p writes ∂t(F p) + u · ∇xF p = LpF p

where Lp is the constitutive law which defines the plastic deformation rate. From the deformation tensor equation we have
that [∇Y e] = [F e]−1 = F pF−1 verifies ∂t(∇Y e) + ∇x(u · ∇Y e) = Lp[∇Y e]. A constitutive law for plasticity [7, 1] is
defined by Lp = 1

χτ [∇Y e]dev(σ)[∇Y e]−1, where χ is the shear modulus and τ is relaxation time of the plastic process.
Finally, the conservation equations with plasticity are the same except for the deformation equation that is now

∂t(∇xY
e) + ∇x(u ·∇xY

e) =
1

χτ
[∇xY

e]dev(σ) (3)

∗Corresponding author. Email: angelo.iollo@inria.fr
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EXPERIMENT ON NONLINER GROWTH OF SUPERSONIC MIXING LAYERS
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Summary It is known that large scale structures play important role in the growth of supersonic mixing layer, and a great deal of experimental 
works focused on the characteristics and functions of large scale structure in the past, unfortunately, little experiments have been conducted on 
the spatial evolution of these structures up to now, which may be helpful to solve the issues of growth rate. In the present study, the evolution of 
large scale structures of the planar supersonic mixing layer at convective Mach numbers of 0.25, 0.5 and 0.7, respectively formed by the 
streams with the responding Mach number combination of 2.0 & 1.5, 3.0 & 2.0 and 2.0 & 0.6, is visualized using a planar laser Mie scattering 
(PLMS) technique. The instantaneous images at convective Mach number of 0.25 are respectively obtained by seeding ethanol vapor as a 
marker in one stream in each experiment, and those at convective Mach numbers of 0.5 and 0.7 were obtained by seeding the ethanol vapor in 
the stream of Mach number 2.0. The results show that the spatial evolution of large scale structures is comprised primarily of three parts, which 
is in some degree consistent with the structural investigations of linear stability theory. The different growth rates of large scale structure in the 
three parts suggest that only one coefficient used as previous investigations is not enough to represent the growth rate of supersonic mixing 
layer. Specific issues regarding the description of growth rate are discussed in detail.

INTRODUCTION

The growth rate has been extensively studied for both supersonic mixing layer and subsonic mixing layer. In 1974, Brown 
and Roshko[1] found large scale structures in the experiments of subsonic mixing layer, and according to the feature of 
spatial evolution of the large scale structure, chose one coefficient to describe the growth rate of subsonic mixing layer, then 
deduced the equation of variance of growth rate. In 1980s, Papamoschou and Roshko[2] also found the large scale structure 
in the schlieren results of supersonic mixing layer experiment. Since then, great efforts[3] [4] [5]were taken to try to obtain 
a result of the growth rate of supersonic mixing layer similar to that of subsonic mixing layer. But, until now, there still exist 
some inconsistence on the variance of growth rate[6]. It is now known that large scale structures play very important role in 
the growth of supersonic mixing layer, and a great deal of experimental works focused on the characteristics and functions 
of large scale structure in the past, but a little has been conducted on the spatial evolution of these structures up to now, 
which may be helpful to solve the issues of growth rate.
In the present study, the evolution of large scale structures of the planar supersonic mixing layer at convective Mach 
numbers of 0.25, 0.5 and 0.7 will be visualized and the spatial evolution features of the structures will be discussed in 
details. 

Experimental facility and techniques
   The experimental facility is a blow-down type, two-stream, supersonic mixing wind tunnel, which is combined with a 
hypersonic wind tunnel by replacing its nozzle section. The overall gas flow schematic and the wind tunnel schematic are 
shown in Fig. 1and Fig. 2. The Mach of both streams can be supersonic or subsonic, and the maximum Mach number can 
reach 4.0 with run time of more than 10 minutes. For the present studies, three Mach number combinations were tested, and 
the Mach number of upper stream is bigger than that of lower stream.
   A Cartesian coordinate system with its origin at mid-span of the tip of the nozzle plate defines the streamwise direction x, 
the transverse direction y and the spanwise direction z. The test section is 360×30×55mm in the streamwise ( x), the 
transverse ( y ) and the spanwise ( z ) directions, respectively. The height for both streams at the tip of the nozzle plate is 
15mm, and the thickness of the tip is 0.2mm. The flow path of the two streams is almost symmetric in structure with the 
same height of 80mm for perforated plate and the sections of honeycomb and nets. Optical windows on the top of the test 
section provides the path for the laser sheet shining from outside. The upper and lower test section walls are adjustable and 
allow for the setting of the streamwise pressure gradient; the upper wall of test section is converged about 0.3 degree in 
order to obtain constant streamwise pressure in the present study. During the run of the facility, two streams come from two 
air sources with total pressure values of 10.0MPa and 2.0MPa, respectively, after the regulating valves, the pressure of both 
streams reach the values needed for corresponding Much numbers, then passing through perforated plate and the sections of 
honeycomb and nets, the two streams are regulated in flow quality, and meets at the tip of nozzle plate after passing the 
nozzles of themselves, thus a supersonic mixing layer is formed. The specific conditions for the present study are given in 
Table 1.

Table 1 flow parameters of the three convective Mach numbers
Mc 0.25 0. 5 0.7

M1,M2 2.0 1.5 3.0 2.0 2.0 0.6
T1,T2 (K) 143.3 199.3 106.43 165.56 165.56 277.99
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a1,a2 (m/s) 283.0 290.0 207.51 258.8 258.8 335.37
U1,U2 
(m/s)

480.0 424.5 622.53 517.62 517.62 201.22

r= U2/U1 0.884 0.83 0.39
Experimental results and discussions
   The typical images at Mc=0.5, 0.7 are shown in Fig.1 and Fig.2. I t can be seen from Fig. 8 and Fig.9 that the structures in 
the mixing layers at Mc=0.5, 0.7 differ in scale, incline angle, number of feature structures and size increase along the 
streamwise direction, but both these structures have the same evolution course in the supersonic mixing layer, namely, a 
nonlinear evolution course of large scale structure.

Fig. 8 Mie scattering image at Mc=0.5

Fig. 9 Mie scattering image at Mc=0.7
The above Mie scattering images also show that with the increase of convective Mach number, the evolution course of the 
supersonic mixing layer become shorter, and the number of feature structures decreases.
   On the basis of the height of the structures in the three sections in the stream of Ma=1.5, three fitting curves with different 
slopes, shown in Fig.3 are obtained for describing the growth course of the large scale structure, which, on the point of view 
of structure, can be used represents the growth course of the supersonic mixing layer, just as that of subsonic mixing layer. 

Fig.3 Fitting curves of the structures in the three sections

CONCLUSIONS

   The large scale structure of the supersonic mixing layer is found to evaluate through three sections: the first section with no 
apparent structure growth, the second section featured by structure nonlinear growth such as breaking -up, coupling and so on, 
and the third section of the structure which can be seen in the schlieren image. Three fitting curves with different slopes 
corresponding the three sections are obtained for describing the growth course of the large scale structure. These results are 
helpful to understand that only one coefficient may be not enough to describe the growth rate of the supersonic mixing layer 
completely.

References
[1] Brown, G.L., and A. Roshko," On Density Effects and Large structure in Turbulent Mixing Layers", Journal of Fluid Mechanics Vol. 64, 1974, pp. 775-816.
[2] Papamoschou, D., and A. Roshko," The compressible turbulent shear layer: An experimental study", Journal of Fluid Mechanics Vol. 197, 1988, pp. 453-477.
[3] Bogdanoff, D.W.," Compressibility effects in turbulent shear layers", AIAA J. Vol. 21, 1983, pp. 926.
[4] Smits, A., and J.P. Dussage, Turbulent Shear Layers in Supersonic Flow, New York: Springer Verlag, 1996.
[5] Clemens, N.T., and M.G. Mungal," Two- and three-dimensional effects in the supersonic mixing layer", AIAA Journal Vol. 30, 1992, pp. 973-981
[6] Clemens, N.T., and M.G. Mungal," Journal of Fluid Mechanics Vol. 284, 1995, pp. 171-216.

XXIVICTAM, 21-26 August 2016, Montreal, Canada



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

SHEDDING INTERMITTENCY IN A SHOCK WAVE-LAMINAR BOUNDARY LAYER
INTERACTION
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Summary The interaction between an oblique shock wave and a laminar boundary layer has been studied using Direct Numerical Simula-
tions at M = 2.25 for a shock angle β = 33.1◦. For these shock conditions, the boundary separates and forms a large recirculation bubble.
Unlike in the turbulent case, the vortices created in the shear layer are found not to be uniformly distributed along the spanwise direction
because of a strong shedding intermittency.

INTRODUCTION

In the aeronautical and aerospace industries, the flow configurations where an incident oblique shock wave impinges upon
a boundary layer are very common. Under certain circumstances (High Mach number, large shock angle. . . ), the interaction
between the incident shock wave and the boundary layer may create an unsteady separation bubble. This bubble, as well
as the subsequent reflected shock, are known to oscillate in a low-frequency streamwise motion that can spread over several
tenth of the boundary layer thickness [6]. The origin of those oscillations, however still unclear, has been related either to
the shedding of vortices in the mixing layer downstream of the separation [1], or to the turbulent structures in the incoming
boundary layer [3]. Most of the previous studies however dealt with turbulent boundary layers and only a very few of them
considered the laminar case [5]. A campaign of Direct Numerical Simulations has then been performed for laminar boundary
layers, in which no incoming structures are encountered. The aim of this study is to reduce the possible causes of unsteadiness
to the sole vortex shedding, and see if the streamwise motion still appears.

NUMERICAL METHODS

The simulations have been performed using an in-house parallel (MPI) Finite-Volume based DNS/LES solver developed
at LIMSI-CNRS [7]. A Monotonicity-Preserving shock-capturing scheme, based on the Lax- Wendroff method through a 7th
order accurate coupled space and time approximation is used for the convective fluxes. The diffusive fluxes are discretized
by a second order centered scheme. The freestream and shock conditions (M = 2.25 and β = 33.1◦) have been chosen
to be identical to those of Pirozzoli and Grasso [4]. The incoming boundary layer is created using a 4th order polynomial
interpolation of the Blasius profile. The computational domain is discretised using M = 840 × 100 × 128 cells and extents
over D = 300δ0 × 30δ0 × 30δ0. The subsequent resolutions in wall units are ∆x+ = ∆y+ = 15 in the streamwise and
spanwise directions respectively. In the wall-normal direction, a 3% geometrical stretching is applied so that the first cell is
located at ∆z+wall = 1 and 35 points are located in the inlet boundary layer.

RESULTS

The vortical structures obtained by the DNS are represented in Fig. 1. As expected, under the influence of the oblique
shock wave, the laminar boundary layer separates and creates a large separation bubble. It then undergoes transition towards
turbulence in the shear layer just upstream of the reattachement point and relaxes to a fully turbulent state a few boundary layer
thicknesses further. The very first simulations showed that the separation bubble is subjected to a streamwise motion even
with no vortical structures in the incoming boundary layer [2]. This result tends to prove that this motion is mainly due to the
vortex shedding occuring in the shear layer. On the other hand, the separation bubble has been found to only move upstream
and not oscillate around an equilibrium position. One of the most interesting results concerns the vortical shedding in the shear
layer. Unlike in its turbulent counterpart, where vortices are uniformly created along the spanwise direction, the laminar case
paradoxically exhibits a very irregular shedding pattern. Coherent structures from two differents timesteps are represented in
Figure 2. On the right-hand side, the shedding is uniform over the spanwise direction. On the other hand, the leftmost side of
the figure shows the presence of a vortex-free region, in which the shedding no longer occurs, that will eventually be convected
downstream. This region, which origin is still unknown, is of critical importance since it is responsible for the occurence of a
very low-frequency peak on the power spectrum. A thorough investigation is currently in progress in order to find the physical
explanation to that shedding intermittency.
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REGULAR-TO-MACH REFLECTION TRANSITION ON CURVED SURFACES
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Summary It is shown, using the curved shock theory, that the flow near the leading edge of a doubly curved wedge can choke to force the
shock to detach from the wedge. It is then observed that the fluid-mechanical process involved in the detachment of an oblique shock from
a plane or curved surface and the termination of regular reflection on a plane or curved surface have the same underlying causes. This leads
to a new criterion for regular-to-Mach reflection transition based on this ‘local choking.’ Numerical experiments are carried out to explore
the possibility that transition to Mach reflection can be induced by streamwise and transverse wall curvature.

Curved shock theory (CST) [1] is used to show that the flow behind attached shocks on doubly curved wedges can have
either positive or negative post-shock pressure gradients depending on the freestream Mach number, the wedge angle and the
two wedge curvatures. Given enough wedge length, the flow near the leading edge can choke to force the shock to detach
from the wedge. This ‘local choking’ can pre-empt both the maximum deflection and the sonic criteria for shock detachment.
Analytical predictions for detachment by local choking are supported by CFD results obtained with an adaptive unstructured
Euler solver Masterix [2].

Figure 1a demonstrates shock detachment from a wedge caused by streamwise curvature of the wedge surface. The top
and bottom wedge angles are equal, but the bottom wedge is curved. Figure 1b shows an annular ring-wedge that has no
streamwise curvature. Shock detachment is caused by lateral curvature and flow contraction on the inner surface. In both
cases detachment has occurred at wedge angles below the maximum flow deflection angle as well as below the sonic shock
angle as proven by the attached flows on the opposing wedge surfaces.

Our investigation of shock detachment from a plane or curved wedge has led to a study of the classical, more complicated
and more interesting, regular reflection termination conditions because the detachment of a shock from a wedge has, as its
cause, the same limiting flow conditions (e.g. excessive flow turning; subsonic post-shock flow) as does the termination of
regular reflection of an oblique shock wave. In the regular shock reflection situation the flow behind the incident shock,
approaching the reflecting shock, sees the reflecting surface as a freestream flow would see a flow-deflecting wedge. This
implies that the fluid-mechanical process involved in the detachment of an oblique shock from a plane or curved surface and
the termination of regular reflection on a plane or curved surface have the same underlying causes. The two flow disruptions
are governed by the same equations and, at their termination, have the same values of independent parameters and boundary
conditions, including surface curvature.

In the study of transition, some resolution between differences in theory and experiment is required as noted by Sudani
et al. [3] who state that “...transition from regular to Mach reflection occurs significantly below the maximum deflection

a b

Figure 1: (a) Local choking caused by flow curvature in planar flow at Mach 1.7 over −16.5◦ wedge on lower surface with
streamwise curvature of −1; shock is detached. Upper wedge, at +16.5◦ is flat and supports an attached shock; (b) Shock
detachment on lower surface by local choking on 30◦ circular wedge at Mach 3. Local choking caused by lateral convergence.
Shock is attached on upper 30◦ wedge surface.

∗Corresponding author. Email: smolder@sympatico.ca



condition”. Using the curved shock theory, a formula is derived for the length of curved wedge or cylindrical surface required
to produce a locally choked flow at the leading edge or behind a reflected shock. CFD analysis predicts detachment if the
surface exceeds this length. Thus the curvature and length of the post-reflection surface becomes a transition criterion that can
pre-empt the previously posed classical criteria.

CFD studies of regular-to-Mach reflection transition on curved surfaces are carried out to examine the validity of the newly
proposed transition criterion. A solid ring with the profile based on an M-flow streamline [4] is placed into supersonic stream
to produce a straight converging axisymmetric shock. The shock interacts with an axial straight or curved cylinder. In the
course of a computation the radius of cylinder is changed very slowly to obtain a sequence of quasi-steady states displaying
transition from a regular reflection (RR) to a Mach reflection (MR). The possibility of a RR-MR hysteresis induced by the
variation of cylinder radius is also explored. Similar studies are performed using the shock from a cone reflecting off a concave
cylindrical surface.

These results provide an explanation for how shock detachment from a wedge and termination of RR can be caused by local
choking which allows for the possibility that transition to MR can be induced by streamwise and transverse wall curvature, in
turn, leading to an explanation for a long standing paradox in reconciling experiment and theory of RR termination.
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DETAILED SIMULATIONS OF SHOCK BOUNDARY LAYER INTERACTION IN SHOCK
TUBE EXPERIMENTS

Kevin Grogan∗and Matthias Ihme
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Summary Detailed simulations of inert, multi-dimensional, viscous, shock tube experiments are undertaken. From these simulations,
distinct regimes of shock boundary layer interaction are observed. These regimes show a dependence on the composition of the test gas and
the Mach number of the incident shock wave. From these simulations, it is suggested that tailoring the incident shock Mach number could
reduce the inhomogeneity in the flow and increase the operable range in chemical kinetic experiments.

INTRODUCTION

Shock tubes are a primary tool for chemical kinetic measurements, providing ignition delay times, species time-histories,
and elementary reaction rates [1]. They replicate constant-volume reactors to high accuracy for test times up to the millisecond
range, allowing for idealized zero-dimensional modeling of the combustion process.

There has been increased interest in recent years for chemical kinetics measurements in shock tubes within the negative
temperature coefficient (NTC) region due to advancements in extending shock tube test times [1, 2]; the NTC region refers to
a non-monotonic ignition delay time curve with respect to temperature for a given fuel. Boundary layer effects can influence
the ignition properties for fuels exhibiting NTC characteristics due to an increased sensitivity to fluctuations in the test gas,
which can give rise to weak ignition [3, 4]. Hence, the regimes of interaction of the shock wave with the boundary layer must
be understood in order to circumvent weak ignition. Therefore, the objective of this work is to employ detailed simulations to
study regimes of the shock boundary layer interaction (SBLI) relevant to reaction kinetic experiments in shock tubes.

SET-UP OF THE DETAILED SIMULATIONS

For the detailed simulations, the flow-field is described by the two-dimensional, viscous Navier-Stokes equations:

∂U

∂t
+

∂

∂xj

!
Fc

j ◦ Fv
j

"
= 0 , (1)

where U is the state vector, and Fc
j and Fv

j are the convective and viscous fluxes. These vectors have the following definition:

U = [ρui, ρet, ρYn]T , (2a)
Fc

j = [ρujui + pδij , uj(ρet + p), ρYnuj ]
T , (2b)

Fv
j = [τij , uiτij + qj , ρYnVjn]T , (2c)

for i, j ∈ {1, 2} and n ∈ {1, . . . , NS}, where NS is the number of chemical species. The total internal energy is denoted by
et, τij is the viscous stress tensor using Stokes’ hypothesis, Vjn is the diffusion velocity of species n, qi is the heat-flux vector,
and the mass diffusion is described by a multi-component diffusion model with thermal and pressure diffusion. The ideal gas
law is used as the state equation.

The governing equations are solved using a block-structured adaptive mesh refinement (AMR) method, which is imple-
mented in the object-oriented framework AMROC (Adaptive Mesh Refinement in Objective-oriented C++) [5, 6]. The com-
putational domain consists of a symmetric two-dimensional planar shock tube. The computational mesh consists of stretched
cells with a minimum cell height of 18.75 µm, corresponding to approximately 80 cells across the boundary layer at the end of
the simulation; three levels of mesh refinement are used. The flow-field is initialized by a moving shock using normal-shock
relations [7] at a sufficient distance away from the end wall to ensure boundary layer development. Cases are selected to span
the SBLI regimes for an n-heptane mixture with an equivalence ratio of φ = 0.5, a test temperature of T5 = 700 K, and a test
pressure of p5 = 2.7 bar. The n-heptane mixture is diluted with either 78.3% nitrogen or argon, and for both diluents, three
initial temperatures (T1 = 300 K, 400 K, and 500 K) are examined; n-heptane is selected as the fuel due it’s prevalent NTC
characteristics.



���

�

���

�

� �

�

��

�

I I6;I;6A?<42;I.;1

��

�

��

� � 



 I6;I.?4<;��IA52I=2?6<160I2720A6<;I<3I?<992?IC<?A602@I6@I@5<D;�I(56@I6@I.AA?6/BA21IA<IA52I120?2.@6;4IA6:2@0.92I<3IA52I5F1?<1F;.:60

6;@A./696AFI<3IA52I@2=.?.A21I�<DID6A5I6;0?2.@6;4I6;0612;AI".05I;B:/2?�I�6;.99F�I6;IA52I56452@AI6;0612;AI".05I;B:/2?I0.@2

6;I;6A?<42;I�6�2��

��

� ����

�

�

�

��
�
�

�

���

���

���



I ��I.I092.?I/63B?0.A6<;I@A?B0AB?2I:.;632@A@�I�;IA56@I@02;.?6<�IA52I@2=.?.A21I/<B;1.?FI9.F2?I0.;;<A

;.C64.A2IA52I=?2@@B?2I?6@2I.;1I6@I0<;A.6;21ID6A56;I.I@A.4;.A6<;I/B//92I<C2?ID5605I.IA?6=92�@5<08I@A?B0AB?2I3<?:@I, -�

(52I?2@B9A@I<3IA52I12A.6921I@6:B9.A6<;I@B442@AIA5.AI=?252.A6;4IA52I:6EAB?2I:.FI=?<C612I.;I<==<?AB;6AFI3<?I?21B06;4I@<:2I<3

A52I6;5<:<42;26AFI6;IA52I�<DI�291I/FID2.82;6;4IA52I6;0612;AI@5<08ID.C2�I�9A5<B45IA52I32.@6/696AFI6;I</A.6;6;4I.IB;63<?:9F

52.A21IA2@AI4.@I.;1I052:60.9I23320A@I@B05I.@I3B29I=F?<9F@6@I:.FI:.82IA52I.==960.A6<;I<3IA56@I@A?.A24FI163�0B9A�I.I=?252.A21IA2@A

4.@I0<B91I2E=.;1IA52I<=2?.A6<;I?.;42I<3I@5<08IAB/2@�

(52I05.?.0A2?I<3IA52I6;A2?.0A6<;I<3I.I?2�20A21I@5<08ID.C2ID6A5IA52I/<B;1.?FI9.F2?I?2>B6?2@IB;12?@A.;16;4IA<I06?0B:C2;A

D2.8I64;6A6<;�I�2A.6921I@6:B9.A6<;@I<3I.I@5<08IAB/2I�<DI<C2?I.I?.;42I<3I0<;16A6<;@I12:<;@A?.A2IA5?22I?246:2@I<3I'�!��ID5605

12=2;1I=?6:.?69FI<;IA52I:6EAB?2I.;1IA52I6;0612;AI@5<08I".05I;B:/2?�I�;I6;A2?:216.A2I?246:2I/2AD22;I@5<08I/63B?0.A6<;

.;1I>B62@02;AI�<DI6@I3<B;1�ID5605I0<B91I92.1IA<ID2.8I64;6A6<;I6;I@2;@6A6C2I:6EAB?2@�I�116A6<;.99F�IA52I@6:B9.A6<;@I@5<DIA5.A

A.69<?6;4IA52I".05I;B:/2?I<3IA52I6;0612;AI@5<08I0<B91I?21B02IA52I6;5<:<42;26AFI6;IA52IA2@AI4.@�

���

���

���

�

�
�

������
���


	��������

��
�
�

��
�
�

,�-I&�I �I�.;@<;I.;1I��I��I�.C61@<;�I&202;AI.1C.;02@I6;I9.@2?I./@<?=A6<;I.;1I@5<08IAB/2I:2A5<1@I3<?I@AB162@I<3I0<:/B@A6<;I052:6@A?F�

�I����
H����I�
���

,�-I"�I�.:=/299�I'�I).;4�I��'�I�<912;@A26;�I"�I'=2.??6;�I��I(B942@A82�I!�I+.0G28�I��I�.C61@<;�I.;1I&�I�.;@<;�I�<;@A?.6;21I?2.0A6<;IC<9B:2I@5<08IAB/2

@AB1FI<3I;�52=A.;2I<E61.A6<;�I�4;6A6<;I129.FIA6:2@I.;1IA6:2�56@A<?62@I<3I:B9A6=92I@=2062@I.;1IA2:=2?.AB?2� �I����H���I�
���

,-I��I)�I"2F2?I.;1I��I �I$==2;526:�I$;IA52I@5<08�6;1B021I64;6A6<;I<3I2E=9<@6C2I4.@2@� �I�����H�����I�����

,�-I �I�?<4.;I.;1I"�I�5:2�I)2.8I.;1I@A?<;4I64;6A6<;I<3I5F1?<42;	<EF42;I:6EAB?2@I6;I@5<08�AB/2I@F@A2:@� �I���������H�����I�
���

,�-I&�I�26A2?16;4�I�"&$�I�I�9<08@A?B0AB?21I�1.=A6C2I"2@5I&2�;2:2;AI6;I$/720A�<?62;A21I����I�C.69./92I.A �

�

��

,�-I&�I�26A2?16;4�I�2A<;.A6<;I@A?B0AB?2I@6:B9.A6<;ID6A5I�"&$��I�;I!�I(�I*.;4�I$�I��I&.;.�I��I".?A6;<�I.;1I��I�<;4.??.�I216A<?@�

�IC<9B:2I���I<3 �I=.42@I���H����I'=?6;42?I�2?96;I�26129/2?4�I�

��

,�-I��I�2;��<?�I$�I�4?.�I.;1I(�I�9=52?6;�I216A<?@� �I�9@2C62?�I#2DI*<?8�I�

��

,�-I��I".?8�I(52I6;A2?.0A6<;I<3I.I?2�20A21I@5<08ID.C2ID6A5IA52I/<B;1.?FI9.F2?I6;I.I@5<08IAB/2� �I���
�H
��I�����

�


����!����� 

��������!����


����!��������!�����


����!��������!�����


����!��������!�����

����!
��� ������

���������!��!������������� �������!	����!��!��������!�������

�������!��!�����!����

��!��������!����

	�� ����
�������������������

� ���������

�� ���������

�� ���������

�.�I#� �69BA6<;�

��� ��� ��

�

��� ���

� ���������

� ����

�
��
�
�

��

���

��

���

���

���

�
�

��
�
�

��
�
�

�� ���������

�� ���������

�� ���������

�/�I�?I�69BA6<;�

�64B?2I��I�<:=.?6@<;I<3I16332?2;AI6;6A6.9IA2:=2?.AB?2@I<;IA52I>B.96AFI<3IA52I�<DI�291�I';.=@5<AIA.82;I.3A2?I@5<08ID.C2I?2�20A@

3?<:IA52I2;1ID.99I�?645AI@612��

%@2B1<0<9<?I=9<A@I<3IA52IA2:=2?.AB?2I�291I3<?I2.05I@6:B9.A6<;I.?2I@5<D;I6;I�64� �I(52I�4B?2I12:<;@A?.A2@IA5.AI3<?I/<A5

A52I;6A?<42;I.;1I.?4<;I169BA21I:6EAB?2@�IA52I@2C2?6AFI<3IA52I'�!�I120?2.@2@I.@IA52I6;6A6.9IA2:=2?.AB?2I6;0?2.@2@I�6�2��I.@IA52

@A?2;4A5I<3IA52I6;0612;AI@5<08I120?2.@2@��I#6A?<42;I6@I@5<D;IA<IF6291I.I:B05I:<?2I6;5<:<42;2<B@I�<DI3<?I0<:=.?./92

0<;16A6<;@IA5.;I.?4<;�IA56@I6@I1B2IA<IA52I9<D2?I52.AI0.=.06AFI?.A6<I3<?IA52I;6A?<42;I:6EAB?2�

(5?22I16332?2;AI?246:2@I<3I'�!�I.?2I12=60A21I6;I�64� �I�<?IA52I9<D2@AI6;0612;AI@5<08I".05I;B:/2?I0.@2@I�6�2��

	�
���
 ��� ��
��

���

I�

I� �� � �



 I6;I;6A?<42;I.;1 ��

��� ���

�

��

�

�

I.;1I�

I I6;I.?4<;��IA52I�<DI6@I@5<D;IA<I/2I3?22I<3I9.?42�@0.92I@A?B0AB?2@I2:.;.A6;4I3?<:IA52

@2=.?.A21I/<B;1.?FI9.F2?�I�<D2C2?�I.@IA52I6;0612;AI@5<08I".05I;B:/2?I6;0?2.@2@I�6�2��



:,7+ ��

�
�

��
�

�
�

�
�?$6?,1',&$7('?,1?�,*	?��$�	?�1?2%/,48(?6+2&.?*(1(5$7('?,1?7+(?)$67(5?675($0�?:,7+?,1,7,$/?,1&,'(17?$1*/( ��

�	��

�?,03,1*(6?21

7+(?0,;,1*?/$<(5?$7?$?*,9(1?/2&$7,21	?�6?$?5(68/7?2)?7+(?,17(5$&7,21?:,7+?7+(?12181,)250?�2:�?7+(?6+2&.?)5217?&859(6�?*,9,1*

$?',675,%87,21?2)?,1&,'(17?$1*/( 7+$7?9$5,(6?$&5266?7+(?0,;,1*?/$<(5	?�+(?&20387$7,21?2) &2167,787(6?$?&203/,&$7('

)5((�%281'$5<?352%/(0?,192/9,1*?7+(?,17(*5$7,21?2)?7+(?�8/(5?(48$7,216?'2:1675($0?)520?7+(?6+2&.�?:,7+?7+(?&21',7,216

,00(',$7(/<?%(+,1'?7+(?6+2&.?'(7(50,1('?%<?$33/,&$7,21?2)?7+(?�$1.,1(��8*21,27?5(/$7,216	?�)?7+(?3267�6+2&.?�2:?5(0$,16

�

� � � �

$1'

� � � �

�� �	��� )25?',))(5(17?9$/8(6?2)� �

��

��255(6321',1*?$87+25	?�0$,/�?$/6�8&6'	('8

�?%/8(?&859(6�?35(',&7,216?2%7$,1('?86,1*? +,7+$0�6?58/(?%<?,17(*5$7,21?2)?�2(&.(/�6

(48$7,21?���?5('?&859(6�?,1&,'(17?$1*/(?)25?7+(?75$160,77('?6+2&. ��� 2%7$,1('?%<?&20387$7,21?2)?6+2&.?5(�(&7,21?21?$

&217$&7?685)$&(�?�&�?5(68/76?&255(6321',1*?72� �

�
�	��

!!��?������?�����?�8*867?�
���?�2175($/�?�$1$'$

�

� ��� 	������	� �� ���	��� ����
� �� ���	���	�	� ������

�

�$1,(/?�$57>�1(=��8,=

�

��

��?�>(6$5?�8(7(��?$1'?�1721,2?�	?�>$1&+(=��?�250$1?�	? ,//,$06

�
�	��#�� ����������#��������� "��#������
�������#������#�����������#������#


#��#�������#�����

���#�����������#�����#���

������! �+,6?3$3(5?(;$0,1(6?7+(?,17(5$&7,21?2)?$?0,;,1*?/$<(5?6(3$5$7,1*?7:2?683(5621,&?675($06?:,7+?$1?2%/,48(?6+2&.?$3352$&+,1*

)520?7+(?)$67(5?675($0?:,7+?$1?,1&,'(17?$1*/(?68)�&,(17/<?60$//?)25?7+(?5(68/7,1*?3267�6+2&.?�2:?72?5(0$,1?(9(5<:+(5(?683(5621,&	?�+(

,17(5$&7,21?5(*,21�?,1&/8',1*?7+(?6+$3(?2)?7+(?5(68/7,1*?&859('?6+2&.�?,6?'(6&5,%('?%<?,17(*5$7,1*?7+(?�8/(5?(48$7,216?,1?7+(?3267�6+2&.?5(*,21

)2508/$7('?,1?&+$5$&7(5,67,&?)250?68%-(&7?72?7+(?�$1.,1(��8*21,27?-803?&21',7,216?$7?7+(?6+2&.?)5217�?7+(5(%<?$&&2817,1*?)25?7+(?,1�8(1&(

2)?7+(?3267�6+2&.?�2:?,1?7+(?&20387$7,21?2)?7+(?6+2&.?&859$785(	?�+(?5(68/76?$5(?86('?72?,19(67,*$7(?7+(?$&&85$&<?2)? +,7+$0�6?58/(?)25

&20387,1*?7+(?6+$3(?2)?7+(?6+2&.?:$9(?,1?7+(6(?6&(1$5,26	

�+(?,17(5$&7,21?2)?$1?2%/,48(?6+2&.?:,7+?$?6+($5?/$<(5?&2167,787(6?$?)81'$0(17$/?352%/(0?,1?&2035(66,%/(��2:?7+(25<	

�+(6(?,17(5$&7,216?2&&85�?)25?,167$1&(�?,1?&20%867,21?&+$0%(56?2)?683(5621,&?&20%867,21?5$0-(76?�6&5$0-(76��?:+(5(?6+2&.6

*(1(5$7(' ,1 7+( $,5 675($0 $7 :('*(' :$//6 $1' )8(/ ,1-(&7256 ,03,1*( 21 7+( 0,;,1* /$<(5 6855281',1* 7+( )8(/ -(76 '2:1675($0

)520?7+(?,1-(&7,21?32,17?"�#	?�/7+28*+?7+(?�2:?,6?7<3,&$//<?785%8/(17?,1?7+(6(?+,*+��(<12/'6�180%(5?$33/,&$7,216�?$1$/<6(6?2)

/$0,1$5?�2:6?+$9(?%((1?6+2:1?72?%(?,167580(17$/?,1?3529,',1*?,16,*+7)8/?,1)250$7,21?3(57$,1,1*?72?0,;,1*?$8*0(17$7,21?"#

$1'?(1+$1&('?&+(0,&$/?5($&7,21?/($',1*?72?,*1,7,21?"�#?%(+,1'?7+(?&859('?6+2&.	

�$�

��

� �� ��

� �

�

��

� �

��

�
��
�	

��

��

�
�

�
�

�
�

� �

�

� �

��

��

�%�

� � � � � � � � � � 	 � 
 � ��

�
�

��

��

��

��

��

��

��

��

�

�&�

� � � � � � � � � � �

�

�

�

�

�

� 	

� �

� �

� �

� �

� �

� �

�

�

�

�

�

�

�

�

�

� ��	

� ���

� ���

� ���

� ���

� �		

� 	��

� 
��

� ���

� ���

� � � � � � � � � � �
�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

� 	

� �

� �

� �

� �

� �

� �

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�� ��


�
 ���

�	 
��

�	 ���

�� 	��

�� ��


�� �
�

�� ���

�� �
�

�� ���

� � � � � � � � � � �

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

� 	

� �

� �

� �

� �

� �

� �

�

�

�

�

�

�

�

�

�

� ���

� ���

� 	
�

	 ��	


 ���

�� �
�

�� 	��

�� ��	

�� �
�

�� ���

� � � � � � � � � � �
�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

� 	

� �

� �

� �

� �

� �

� �

�

�

�

�

�

�

�

�	��?$1' �� �	��� ,1&/8',1*?',675,%87,216?2)?'(�(&7,21?$1*/(�
�$&+?180%(5�?$1'?',0(16,21/(66?7(03(5$785(?$1'?35(6685(?�6&$/('?:,7+?7+(,5?81,)250?83675($0?9$/8(6��?7+(?,1�(&7,21?32,17

2)?7+(?6+2&.?)5217?,6?,1',&$7('?:,7+?$?'27	

 (?&216,'(5?$?/$0,1$5?0,;,1*?/$<(5?6(3$5$7,1*?7:2?683(5621,&?3$5$//(/?675($06?:,7+?�$&+?180%(56

�

�

�

� ���

� ���

� ���

� 
�


� ���

� ���

� 	��

� ���

� ��	

� ��


�

�

�

�

�

�

�

�

�

�

�

�

$1'

�,*85( ��?�$�?�.(7&+?2) 7+( 02'(/?352%/(0�?�%�?%/$&. &859(6�?180(5,&$/?5(68/76 &255(6321',1* 72� �

�
�	��



supersonic everywhere, then the Euler equations can be formulated in characteristic form, with three different characteristic
lines crossing any given point. The entropy is conserved along the streamlines, a condition that can be expressed in the form

dp

p
◦ γ

2

d(M2)

1 + γ−1
2 M2

= 0, on
dz

dx
= tanλ, (1)

where p is the pressure, M is the Mach number, and λ is the (counterclockwise) local angle of deflection of the streamlines
with respect to the horizontal. On the other hand, manipulation of the conservation equations of continuity and momentum
provides the two additional characteristic equations [1]

dp

p
± γM2

√
M2 ◦ 1

dλ = 0, on
dz

dx
= tan(λ± µ), (2)

where µ = sin−1 (1/M) is the angle of inclination of the two Mach lines relative to the local flow direction, as depicted
in Fig. 1(a). The integration along the streamlines and along the C+ characteristic lines dz/dx = tan(λ + µ) starts at the
shock, with corresponding initial conditions evaluated from the Rankine-Hugoniot relations, including the jump of pressure
p/p′∞ = Fp(M ′,σ), the clockwise flow deflection ν = Fν(M ′,σ), and the post-shock Mach number M = M(M ′,σ), with
λ = ◦ ν at the shock. On the other hand, the C− characteristics originate in the shocked stream above the mixing layer, so that
the associated uniform values of p∞ (> p′∞) and λ∞ = ◦ ν∞ must be used as initial conditions in the integration, which must
be continued until the C− characteristic line intersects the shock, providing the information needed at each point to determine
the shock curvature dσ/dz.

To the best of our knowledge, the problem formulated above has never been solved. Previous computations (see e.g. [5])
incorporate instead the approximate analytic method developed by Moeckel [6] for determining the shock shape σ(z). As
explained by Whitham [7], Moeckel’s method amounts to applying the relation dp/p = γM2dλ/

√
M2 ◦ 1, corresponding

to the C− characteristic line, along the shock front, a condition that yields

dσ

dM ′ = ◦ Ap + γM2Aν/(M2 ◦ 1)1/2

Bp + γM2Bν/(M2 ◦ 1)1/2
, (3)

as a local expression for the shock curvature, where the factors Ap = 1
Fp

∂Fp

∂M ′ , Bp = 1
Fp

∂Fp

∂σ , Aν = ∂Fν
∂M ′ , and Bν = ∂Fν

∂σ

can be evaluated explicitly in terms of σ and M ′ from the Rankine-Hugoniot relations. In Moeckel’s simplified approach,
integration of (3) with initial condition σ = σ∞ at M ′ = M ′

∞ provides σ(M ′), thereby determining σ(z) for a given upstream
Mach-number distribution M ′(z).

Sample results corresponding to the upstream Mach-number distribution M ′ = M∞ ◦ 1
2 (M∞ ◦ M−∞)[1◦ tanh(5z)] are

shown in Fig. 1(b) and 1(c). As can be seen in Fig. 1(b), Whitham’s rule, which gives the blue curves, tends to overpredict the
resulting incident angles. For the specific conditions selected, the resulting overpredictions are however quantitatively small.
Our computations also reveal that the variation of σ(z) is non-monotonic, resulting in a curved shock front with an inflection
point, corresponding to a local maximum of the incident angle, indicated by a dot in Fig. 1(c). The inflection point is located
near the lower boundary of the mixing layer. The non-negligible deflection occurring farther down, in the region where the
upstream Mach-number profile is nearly uniform, is due to the interactions of the C− characteristics with the shock, resulting
in a decrease of the incident angle. The value of σ eventually approaches the value σ−∞ corresponding to the transmitted
wave, which can be determined in terms of M ′

∞, M ′
−∞ and σ∞ by considering the outer regular-reflection problem, in which

the mixing-layer appears as a contact surface, giving the red curves represented in Fig. 1(c).
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INTERNAL AND EXTERNAL JET MODES OF AN OVER-EXPANDED TIC NOZZLE
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Summary Experiments at different pressure ratios are conducted on a Truncated Ideal Contour nozzle operating under over-expanded
conditions. A system permitting synchronised data acquisition of internal pressure signals and external velocity fields is implemented.
Preliminary results display a strong flapping motion of the external jet. This motion is seen to be maximised for a specific nozzle pressure
ratio. On the other hand, internal pressure signals reveal the existence of highly organised pressure fluctuations of great amplitude in
the separation region which are linked to specific azimuthal modes. Furthermore, the first azimuthal mode has been associated with the
generation of side-loads. The characteristic dynamics of the external jet are linked to the dominant modes observed inside the nozzle to
try to unravel its connection with the generation of side-loads.

INTRODUCTION

The nozzles operating under over-expanded regimes (Pe < Patm) are characterised by oblique shocks emanating into
the flow-field to adapt the exhaust flow to the ambient pressure (?). ? described that depending on the nozzle geometry two
flow separation regimes exist for over-expanded nozzles: Free Separation Shock, FSS and Restricted Separation Shock,
RSS. Truncated Ideal Contour, TIC, nozzles only display, FSS separation regimes. During this operational regime large
structural asymmetric forces referred to as side-loads take place. Studies by ????? have suggested that side-loads in
the FSS regime are a result of oscillations of the internal shock pattern within the nozzle. Nonetheless, the causes of
the asymmetric pressure fluctuations remain unclear. This abstract suggests to explore the coupling between the internal
pressures and external flow filed as a method to characterise the internal shock oscillation.

EXPERIMENTAL FACILITIES AND SET-UP

The tests presented are conducted at the S150 cold blow down supersonic wind tunnel at Pprime Institute in Poitiers. A
reduced scale Truncated Ideal Contour Nozzle is utilised as it guarantees an FSS separation structure. The Mach number of
the full flowing flow is 3.5. The nozzle is equipped with 18 flush-mounted pressure transducers Kulite XCQ-062. The range
of the sensors is of 1.7 bar absolute. The sensitive element has a diameter of 1.7 mm which allows the acquisition of good
spatial resolution. The cut-off frequency of the sensors is around 40 kHz which guarantees a good temporal resolution.
In order to obtain quantitative information of the jet a 2D-2C Particle Image Velocimetry, PIV, system is utilised. The
acquisition as well as the initial post-processing analysis is done in DaVis 8.1 Software from LaVision. Finally, tests are
performed such that the PIV snapshots and the pressure measurements are synchronised; hence, permitting the correlation
between the internal and the external jet dynamics.

RESULTS
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Figure 1: Prms along the nozzle for several
NPR. Normalised by total pressure, P0.L is the
distance between the col and the nozzle exit.

PIV together with pressure measurements show a large amplitude jet beat-
ing around NPR=9. These observations are in agreement with the findings
by ??.It should be recalled that the flow unsteadiness while in the FSS regime
is strongly dependant on the NPR (?). Figure 1 depicts the evolution of the
Prms along the nozzle for several NPR. Despite the sparse resolution of the
pressure transducers, it can be seen that the highest pressure fluctuations oc-
cur at a nozzle pressure ratio of 9. These results together with the PIV vector
fields confirm that for the given nozzle and range of NPR tested the highest
pressure fluctuations occur at NPR=9. Moreover, the data suggests that the
internal shock occurs between x/L = 0.481 and x/L = 0.574.
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Internal Flow
To further analyse the flow inside the nozzle the azimuthal contribution of wall pressure fluctuations is studied. To do

so, the time-space dependant pressure signal is firstly decomposed into azimuthal Fourier modes,

p(x, θ, t) =
N!

m=−N

pm(x, t)eimθ, (1)

where N is the number of pressure transducers available. Therefore, the axi-symmetric pressure fluctuation modes
correspond to m = 0 while the asymmetric ones correspond to m = 1. Symmetry considerations suggest that only modes
m ± 1 can contribute to the generation of side-loads. Once the azimuthal Fourier modes are obtained the PSD for each
pm(x, t) can be obtained. The results are displayed in figure 2 for x/L = 0.667.
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Figure 2: First 4 azimuthal modes at x/L = 0.667
positions.

It can be seen that for St < 0.2 the spectra is dominated by the
axi-symmetric mode 0. This suggests that the low frequency unsteadi-
ness comprised in the separated region contains mainly axi-symmetric
pressure fluctuations. On the other end of the spectra, for St > 2, no
dominating mode can be observed, thence, it consists of a highly dis-
organised pressure field; which is to be expected since high frequency
fluctuations could be related to finer stochastic turbulent scales. Finally
analysis of frequencies 0.2 < St < 2 shows that the spectra is dom-
inated by distinct peaks, each of which attributed to a specific mode
number. The most energetic peak is the one corresponding to mode
m = 1. Thereby, entailing that, for the given NPR, the pressure fluc-
tuations within the separated region are very well organised. It can be
further argued that, because the mode with the highest energy content
is asymmetric, side-loads are being generated.

External Flow

0 0.5 1 1.5

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

x/L

y
/
L

 

 

0 0.5 1 1.5

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

x/L

y
/
L

 

 

Figure 3: POD modes 1 and 2. The co-
ordinate origin corresponds to the nozzle
exit centre

In order to be able to couple the dominant internal pressure modes with the
dominant external modes an energy based modal decomposition is done on the PIV
velocity fields. The velocity field is decomposed into temporal and spatial modes
using a POD analysis,

u(x, t) =
N!

n=0

αn(t)φn(x), (2)

The results of the snapshot POD analysis (?) are presented in figures.3(a) to
3(b). Note that the first 4 modes represent about 30% of the total fluctuating en-
ergy. The figures expose that the velocity field presents some preferred organiza-
tion. Mode 1 and 2 form a pair representing some kind of vertical motion of the
entire jet. Hence, both the external flow field and the internal pressure field are
dominated by coherent organisation.

CONCLUSIONS

In conclusion, the experimental measures have shown that both the in-
ternal nozzle flow and the exiting jet are dominated by well-organised
structures. Moreover, a clear dominant asymmetric azimuthal mode has
been found to characterise the flow and could be playing a significant
role in the creation of side-loads. Finally, a survey of the effect of
NPR on the anti-symetric mode is underway and will render completeness
to the descriptions of the observed azimuthally organized pressure fluctua-
tions.
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SONIC FLOW CONTROL BY PLASMA: A NEW PULSED JET ACTUATOR 
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Summary: Preliminary measurements on the modulation of a sonic flow have been conducted by increasing the temperature 
at a sonic throat with the help of a plasma discharge. For a perfect gas, the flow rate being proportional to the inverse of the 
square root of the temperature at a constant settling chamber pressure, the jet flow rate should be able to be varied. In view of 
flow control actuator design, the frequency is then no limited by any mechanical constraint. The discharge can be either 
continuous or pulsed at high frequencies. The influence of the settling chamber pressure and electrode gap distance have been 
investigated. For an aerodynamically steady actuation, the jet flow rate can be reduced down to 70% of its nominal value 
(30% of flow rate reduction), the best effectiveness being obtained with a dc discharge. However, better potential efficiency 
is expected with a high current pulse discharge. 

 
Introduction In most cases, active flow control requires high frequency actuators. Particularly for high velocity 

(eventually supersonic) flow control configurations, high frequency and high authority (in terms of flow rate) are required 
([1], [2]). Usual pressurized flowing jets have a high potential but they are limited in terms of frequency (up to typically a few 
hundred of Hz). In this project, we developed a new flowing jet driven by a plasma discharge. The principle is to increase the 
temperature at a sonic throat located upstream of the jet exit with the help of a plasma discharge located at the throat (Fig. 1). 
For a perfect gas, the flow rate being proportional to the inverse of the square root of the temperature at a constant settling 
chamber pressure, the jet flow rate can be varied.  

The aim of the present study is to quantify the maximum mass flow reduction that can be obtained by different types of 
discharges ignited in the vicinity of the sonic throat. Three different power supplies are used (Fig. 2). The first power supply 
is a DC one. In this case, the discharge is either switched off or switched on and both cases are compared. The second power 
supply is composed of the DC power supply followed by a high voltage switch transistor, allowing us to pulse the discharge 
with small duration high current pulses. Finally, the last study deals with a pulse discharge with long duration small current 
pulses. As far as the flow itself is concerned, two parameters have been varied, namely the settling chamber pressure and the 
distance between the electrodes. The aerodynamic effects are observed by considering the flow rate measured by a direct flow 
meter and the temperature of the jet measured by a thermocouple. 
 
Actuator design. In the present configuration, a single 0.95-mm-diameter cylindrical hole is used. The settling chamber 
pressure can be adjusted from 1.4 up to 5 bar (the theoretical minimum pressure for sonic condition being 1.893 bar). The 
electrical characterization of the system is not given here, the main focus being on the discharge effect on the flow modulation. 
Details on the electric data can be found in [3]. Fig. 3 shows the evolution of the parameter PTQ /=Γ where T is the total 
temperature and P the pressure in the settling chamber. This parameter should be constant when the flow is sonic at the throat 
(Γ = 2.8 10-8 m² under the present conditions). From the figure, it can be observed that the flow rate follows the isentropic 
theory for the natural as well as for the plasma actuated flows [4].  
 
Major results of the plasma activation. Figure 3 shows also the air jet temperature T and the thermal power Pth versus 
discharge power Pd for several pressure values in the DC mode. First, one can observe that both quantities increases nearly 
linearly with the power injected by the discharge inside the flow. Secondly, the jet temperature reaches about 650°K for P = 2 
bar and Pd = 200 W. 

 

 

 
 

 
Fig.1. Schematic of the plasma pulsed jet actuator. 

 
Fig. 2. Schematic of the electrical setup. 

 
   



The thermal conversion efficiency η, defined as the ratio between the thermal power and the discharge electrical power, 
increases from 32−37% at 1.4 bar (not a sonic condition) to 48−50% at 2.8 bar, with a mean value equal to 41% for P = 2 bar. 
As shown on Fig. 4, the value of the gap between electrodes is important if the discharge power is considered but less in the 
conversion effectiveness, excepted a light effect for a gap equal to 1 mm. The reduction of the flow rate being the major goal 
of the study, the results are plotted in Fig. 5 in terms of discharge power and temperature ratios. The results are compared 
with the theoretical law corresponding to a pure thermal effect TTQQ // 00 = . First, one can see that a flow rate reduction 
down to 70% can be achieved. , Moreover, it seems that a better efficiency can be expected for a high current pulse discharge. 
 
 

   
  

Fig. 3. Γ vs pressure (left), temp. vs discharge power (center) and thermal power vs discharge power (right). Gap = 3 mm. 

  
Fig. 4 . Influence of the electrode gap (DC power supply) and thermal power vs electrical power (P =2 bar). 
 

  
Fig. 5. Mass flow ratio versus temperature ratio (left) and mass flow ration vs discharge (right). Gap = 3 mm, P = 2 bar. 

 
       

CONCLUSION 
 

   We present a new method to control a sonic flow by introducing an electric discharge at the throat. The effect of the plasma is 
essentially a thermal one. Reduction up to 30% of the mass flow rate can be obtained, opening new perspectives for high authority, 
high frequency actuators in view of active flow control without any mechanical part. 
 
References 
[1] Cattafesta III L.N., Sheplak M., Actuators for Active Flow Control, Annual Rev. Fluid. Mech., Vol. 43: 247-272, 2011. 
[2] Gatski T.B., Bonnet J.P., Compressibility, Turbulence and High Speed Flows, 2nd ed., Elsevier Science Publishing Co Inc, USA, 2014. 
[3] Acher G., Moreau E, Bénard N., Bonnet J.P., ”A new plasma pulsed jet actuator: electrical and mechanical characteristics” , to be published in 2016 
[4] Thompson P.A., Compressible Fluid Dynamics, McGraw-Hill Inc.,US 1972. 

 

1 2 3 4 5 6 7
100

120

140

160

180

200

 I=190 mA
 I=160 mA
 I=180 mA
 I=140 mA
 I=120 mA
 I=100 mA

Di
sc

ha
rg

e 
po

w
er

 (W
)

Gap (mm)

0,8 1,0 1,2 1,4 1,6 1,8 2,0 2,2 2,4 2,6 2,8
50
55
60
65
70
75
80
85
90
95

100
105  High current pulses

 High current pulses
 Continuous discharge
 Low current pulses
 Low current pulses

M
as

s 
flo

w
 ra

tio
 (%

)

Temperature ratio



�
�
�

$$�#B��!���B
	�
B�</<:;B
�	�B�65;9-)3�B�)5),)

�' (

6.B:<9.)+-B79-::<9-B�<+;<);165:B)9-B796=1,-,B15B�1/<9- �B�1/0-9B79-::<9-B�<+;<�

);165:B)9-B6*:-9=-,B;6>)9,:B;0-B,6>5:;9-)4B+)=1;@B>)33�B�6::1;-9B46,-B��B1:B;0-

,6415)5;B46,-�B)5,B;0-B9-:65)5+-B.9-8<-5+1-:B)9-B=-9@B:1413)9B15B*6;0B+):-:�B!0-

01/0B3-=-3B7-)2:B��6::1;-9B46,-B��B)5,B����B15B;0-B.<33�:7)5B+)=1;@B)9-B:1/51�+)5;3@

9-,<+-,B15B;0-B�51;-�:7)5B+)=1;@�B*<;B;0-B36>B3-=-3B7-)2:B);B01/0-9B ;96<0)3B5<4*-9

� �B)9-B-50)5+-,�

�
� �	���
	���	� � �	�������� ���	�� �
��

%)5/B&0)5/�	 )5,B�6<B�);;).-:;)


	�
���������	����������������������
���������������������������������������




B



�����

��

�?7-914-5;)3B15=-:;1/);165:B)9-B+65,<+;-,B65B+)=1;@B�6>:B);B�)+0B���B�36>B=1:<)31A);165B;-+0518<-:�B15+3<,15/B:<9.)+-B613B�6>�

;>6�B)5,B;09--�+64765-5;B�)9;1+3-B�4)/-B#-36+1;@B���#��B)365/B>1;0B�<+;<);15/B:<9.)+-B79-::<9-B4-):<9-4-5;:B)9-B7-9.694-,B65B)B.<33�:7)5

)5,B)B�51;-�:7)5B+)=1;@B>1;0B)B3-5/;0�;6�,-7;0B9);16B� �B6.BB*<;B,1..-9-5;B>1,;0�;6�,-7;0B9);16:B� �B6.B����B)5,B
�B9-:7-+;1=-3@�B!0-

9-:<3;:B796=1,-B+647)91:65:B*-;>--5B;0-:-B;>6B215,:B6.B+)=1;@B�6>:B:06>15/B;0);B;0-@B:0)9-B:64-B/36*)3B�6>B.-);<9-:�B�6>-=-9�B01/0-9

=-36+1;@B�<+;<);165:B)5,B79-::<9-B�<+;<);165:B)9-B6*:-9=-,B15B;0-B.<33�:7)5B+)=1;@�

�@A	
*�4@�.:<�-,<

��� ���

	�������	�

�����	�����
 �����
�	��

����
�� ��� ���
��	��

�36>B6=-9B+)=1;@B:;9<+;<9-:B+)5B/-5-9);-B15;-5:-B79-::<9-B�<+;<);165:B15:1,-B;0-B+)=1;@B;0);B+)5B+)<:-B,)4)/-B;6B1;:B+65�

;-5;:�B!0-B67-5�+)=1;@B�6>B4-+0)51:4B+)5B*-B*91-�@B,-:+91*-,B):B.6336>:�B)B:0-)9B3)@-9B.694:B):B;0-B�6>B,-;)+0-:B.964

;0-B+)=1;@B3-),15/B-,/-�B;0-B:0-)9B3)@-9B14715/-:B65B;0-B+)=1;@B;9)1315/B-,/-B)5,B/-5-9);-:B)5B)+6<:;1+B:6<9+-B;0);B9),1);-:

>)=-:B>01+0B7967)/);-B<7:;9-)4�B!0-:-B>)=-:B151;1);-B,1:;<9*)5+-:B15B;0-B:0-)9B3)@-9B;096</0B)B9-+-7;1=1;@B796+-::�B!01:

6=-9)33B.--,*)+2B796+-::B+)5B796,<+-B:;965/B9-:65)5+-:�B256>5B):B�6::1;-9B46,-:' (�B)5,B*96),*)5,B79-::<9-B�<+;<);165:�

�)=1;@B�6>B6:+133);165:B-5+6<5;-9-,B15B79)+;1+)3B)7731+);165:�B312-B>-)765:B*)@:B)5,B3)5,15/B/-)9B>-33:�B)33B0)=-B91/1,B:1,-�

>)33B*6<5,)91-:�B�6>-=-9�B15B>15,B;<55-3B;-:;:�B+)=1;@B46,-3:B<:<)33@B0)=-B.<33�:7)5B>1,;0:B;6B.)+131;);-B14796=-,B�6>

=1:<)31A);165�B)5,B:1,->)33:B>1;0B)B56�:317B*6<5,)9@B+65,1;165B)9-B5-/3-+;-,B;6B9-,<+-B;0-B+647<;);165)3B9-:6<9+-:B5--,-,B;6

),-8<);-3@B9-:63=-B;0-B�6>B5-)9B;0-B>)33:�B�3;06</0B;0-B4-+0)51:4B6.B67-5�+)=1;@B6:+133);165:B1:B:1413)9B.69B,1..-9-5;B+)=1;@

/-64-;91-:�B;0-B�6>B:;9<+;<9-:B)5,B79-::<9-B36),:B15:1,-B;0-B+)=1;@B+)5B*-B8<1;-B,1..-9-5;�B�5B;0-B+<99-5;B:;<,@�B*6;0B.<33�B)5,

�51;-�:7)5B+)=1;@B/-64-;91-:B)9-B;-:;-,B);B�)+0B���B)5,B�6>B=1:<)31A);165:B79-:-5;B:1413)91;1-:B)5,B,1..-9-5+-:B*-;>--5B;0-:-

;>6B215,:B6.B+)=1;@B�6>:�

�1/<9-B	�B�)=1;@B46,-3:�B�<33�:7)5B�3-.;�B)5,B�51;-�

:7)5B�91/0;��B"51;:B)9-B15 �

!0-B-?7-914-5;)3B15=-:;1/);165:B)9-B+)991-,B6<;B15B;0-B7136;B>15,B;<5�

5-3B36+);-,B);B;0-B�3691,)B�-5;-9B.69B�,=)5+-,B�-96��967<3:165B);B;0-

�3691,)B ;);-B"51=-9:1;@�B!0-B:+0-4);1+:B6.B;0-B+)=1;@B46,-3:B>1;0B4)15

,14-5:165:B)5,B+669,15);-B:@:;-4B)9-B:06>5B15B�1/<9- �B�<31;-B<5�

:;-),@B79-::<9-B;9)5:,<+-9:B)9-B15:;9<4-5;-,B)365/B;0-B+-5;-9315-B6.B;0-

+)=1;@B.69B;0-B�<+;<);15/B:<9.)+-B79-::<9-B4-):<9-4-5;:�B�B+)=1;@B�669

71-+-B>1;06<;B)5@B063-:B1:B<:-,B.69B;0-B�6>B=1:<)31A);165B;-:;:�B�69B;0-

613B�6>B=1:<)31A);165�B)B41?;<9-B6.B415-9)3B613B)5,B�<69-:+-5;B71/4-5;

1:B)7731-,B65B;0-B+)=1;@B�669B:<9.)+-�B>01+0B.694:B)B:<9.)+-�:;9-)4315-

7);;-95B;0);B�<69-:+-:B<5,-9B"#B31/0;�B!>6�B)5,B;09--�+64765-5;B��#

4-):<9-4-5;:B)9-B+65,<+;-,B);B;0-B+-5;-9315-B73)5-B� �B6.B;0-B.<33�B)5,B�51;-�:7)5B+)=1;1-:B;6B4-):<9-B;0-B=-36+1;@

�-3,:�B9-:7-+;1=-3@�B�5B�=-9/9--5B�,�%��B3):-9B��#���
���B1:B7<3:-,B);B)B9-7-;1;165B9);-B6.B	�B�A�B�B3):-9B:0--;B6.B)7796?�

14);-3@B	�� ;01+25-::B1:B.694-,B;096</0B)B:-91-:B6.B67;1+:�B�B;>6�)?1:B:+0-147�</B:-;<7B-5)*3-:B;0-B�4)/-9B:��� 

+)4-9):B;6B7--9B6=-9B;0-B67)8<-B:1,->)33B6.B;0-B�51;-�:7)5B+)=1;@B)5,B.6+<:B65B;0-B:--,15/B7)9;1+3-:B133<415);-,B15B;0-B�-3,B6.

15;-9-:;' (�B�7796?14);-3@B	���B14)/-B7)19:B)9-B)+8<19-,B.69B-)+0B+):-B)5,B796+-::-,B<:15/B�)#1:B��
�	B:6.;>)9-�

�1/<9-B
�B <9.)+-B79-::<9-B�<+;<);165:

4-):<9-,B)365/B;0-B+-5;-9315-�

!0-B565�,14-5:165)3B76>-9B:7-+;9)3B,-5:1;1-:B�

	

B	

�

��

���

��

���

���

� ���� �����
������
� �



� � �������

�

�.�C�87=8>;C8/C .B785-<C<=;.<<
�
�������

�

�20>;.C��C!>;/*,.C825C�8@C9*==.;7<�C�>55�<9*7C,*?2=BC�5./=�C*7-C�72=.�<9*7C,*?2=BC�;201=��

!>;/*,.C825C�8@C9*==.;7<C*;.C9;.<.7=.-C27C�20>;. �C"1.C+*,4C�8@C27->,.-C+BC=1.C6*27C;.,2;,>5*=287C8,,>92.<C=1.C6*38;2=B

8/C=1.C,*?2=BC�88;�C"@8C?8;=2,.<C87C=1.C/;87=C�88;C*99.*;C27C+8=1C,*<.<�C�C<.9*;*=287C527.C2<C8+<.;?*+5.C@1.7C=1.C=@8

;.,2;,>5*=287C;.0287<C6..=C7.*; 27C=1.C/>55�<9*7C,*?2=B�C�8@.?.;�C=12<C<.9*;*=287C527.C2<C5.<<C.?2-.7=C27C=1.C�72=.�<9*7

,*?2=B�C"1.<.C;.,2;,>5*=287C;.0287<C*0;..C@2=1C=1.C��$C6.*<>;.6.7=<C-2<,><<.-C+.58@�

�7C�20>;.< �*�C*7-C�+��C=1.C.7<.6+5.�*?.;*0.-C<=;.*6527.<C27-2,*=.C=1.;.C*;.C=1;..C;.,2;,>5*=287C;.0287<C27C=1.C/>55�<9*7

,*?2=B�C=1.C9;26*;BC87.C2<C27C=1.C62--5.C8/C=1.C,*?2=BC@125.C=@8C<6*55.;C87.<C*;.C27C=1.C/;87=C*7-C;.*;C,8;7.;<�C;.<9.,=2?.5B�C�=C2<

:>2=.C-2//.;.7=C27C=1.C�72=.�<9*7C,*?2=BC,*<.�C27C@12,1C=1.C9;26*;BC;.,2;,>5*=287C*568<=C8,,>92.<C=1.C.7=2;.C,*?2=B�C*7-C*C6>,1

<6*55.;C87.C2<C9*;=2*55BC8+<.;?.-C27C=1.C/;87=C,8;7.;�C"1.C,87=8>;<C8/C.7<.6+5.�*?.;*0.-C?.58,2=BC,86987.7=<C<18@C=1*=C=1.

�8@<C*;.C<2625*;�C�8@.?.;�C=1.C�8@C2<C,5.*;5BC68;.C=1;..�-26.7<287*5C27C=1.C�72=.�<9*7C,*?2=B�C"1.C,87=8>;<C8/C=>;+>5.7,.

427.=2,C.7.;0BC��20>;.< �,�C*7-C�-��C*7-C .B785-<C<=;.<<C��20>;.< �.�C*7-C�/��C<18@C=1*=C=1.C1201C=>;+>5.7,.C27C=1.C62-C95*7.

8/C=1.C/>55�<9*7C,*?2=BC2<C0;.*=5BC;.->,.-C27C=1.C�72=.�<9*7C,*?2=B�

�7.C8/C=1.C;.*<87<C=8C<=>-BC,*?2=BC�8@<C2<C=8C<>99;.<<C=1.C8<,255*=287<�C"1.C=1;..�-26.7<287*52=BC8/C=1.C,*?2=BC�8@C�.5-

,*7C1*?.C0;.*=C27�>.7,.C87C=1.C�8@C*7-C87C=1.C,87=;85C*99;8*,1�C�7C9*;=2,>5*;�C=1.C*99;89;2*=.C,87=;85C<=;*=.0BC/8;C=1.C/>55�

<9*7C,*?2=BC6*BC78=C+.C89=26*5C/8;C=1.C�72=.�<9*7C,*<.�C�8@.?.;�C=1.C/>55�<9*7C,*?2=BC,*<.C<.;?.<C*<C*C088-C<=*;=270C9827=C/8;

2695.6.7=270C�8@C,87=;85�

C�

C�

C� C�

���

�

���

�/�C�87=8>;C8/C .B785-<C<=;.<<

�*�C�87=8>;C8/

�

�

�

���

�

�

�

� �

�

@2=1C<=;.*6527.<C8?.;5*2- C �+�C�87=8>;C8/

���

�

�����

�

@2=1C<=;.*6527.<C8?.;5*2-

�,�C�87=8>;C8/C=>;+>5.7,.C427.=2,C.7.;0B�

�20>;.C��C�58@C9;89.;=2.<C8/C/>55�<9*7C,*?2=BC�5./=�C*7-C�72=.�<9*7C,*?2=BC�;201=��

�

�

����������

�

(	)C 8<<2=.;C��C���C%27-�">77.5C�A9.;26.7=<C87C=1.C�58@C8?.;C .,=*70>5*;C�*?2=2.<C*=C!>+<872,C*7-C";*7<872,C<9..-<�C=.,1�C;.9�C�8�C�����C�.;87*>=2,*5

 .<.*;,1C�8>7,25C .98;=<C*7-C�.68;*7-*�C	����

(
)C'1*70C&��C!>7C&��C�;8;*C����*==*/.<=*C���C"*2;*C���C*7-C#4.25.BC���C!>99;.<<287C8/C,*?2=BC8<,255*=287<C?2*C=1;..�-26.7<287*5C<=.*-BC+58@270�C����

�*9.;C
�	��
	��C
�	�

(�)C%*54.;C!��C"@8��A.<C!,1.269�>0C�8,><270C/8;C�*;=2,5.C�6*0.C$.58,26.=;B�C�.*<>;.6.7=C!,2.7,.C*7-C".,178580B�C$85�C	��C�8�C	�C
��
�C99�C	�	
�

��� � �������

� �-�C�87=8>;C8/C=>;+>5.7,.C427.=2,C.7.;0B� �
�
���



 

 

* Corresponding author. Email: tagawayo@cc.tuat.ac.jp. 
This work was supported by Kakenhi Grant-in-Aid (No. 26709007) from the Japan Society for the Promotion of Science (JSPS). 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada  

STRUCTURE OF A LASER-INDUCED SHOCK WAVE IN WATER  
 

Yoshiyuki Tagawa*1, Shota Yamamoto1, Keisuke Hayasaka1 & Masaharu Kameda1 
1Department of Mechanical systems engineering, Tokyo University of Agriculture and Technology, Tokyo, Japan 

 
Summary We experimentally investigate the structure of a laser-induced underwater shock wave, which is often modelled as spherically 
symmetric. We measure plasma formation, shock wave expansion, and pressure in water using a combined measurement system. The pressure 
measurements reveal that the distribution of peak pressure is non-spherically-symmetric while pressure impulse distributes symmetrically for a 
wide range of experimental parameters. With considering high-resolution nanosecond-order image sequences of plasma and shock waves, we 
model the structure of a laser-induced shock wave as a collection of spherical shocks originated from multiple plasmas. The model is found to 
rationalize both spherically-symmetric distribution of pressure impulse and non-spherically-symmetric distribution of peak pressure. 
 

INTRODUCTION 
 

A laser-induced underwater shock wave is of great importance in low-invasive medical treatments, such as shock 
wave lithotripsy[1] and drug delivery for cytoplasmic molecules[2]. The pressure distribution of the shock wave has been 
often regarded as spherically symmetric (so-called a spherical shock)[3]. However, there are several reports that the 
spherical-shock model is not applicable. Sankin et al.[4] measured pressure peaks for a shock at various positions and deter- 
mined that the peak pressure at a point in the direction perpendicular to the laser beam is more than twice as high as that in 
the direction of the laser. Vogel et al.[5] reported that the shape of a shock wave is not spherical due to conical plasma 
formation. Although aforementioned results were reported, a model for the shock wave has still been under discussion. 

This research investigates experimentally the structure of a laser-induced shock wave. Such an experiment is 
crucial but challenging since the time scale for generating the shock is very short; the time scale for plasma growth is in a 
few nanoseconds and the shock velocity in water is approximately 1,500 m/s. To the best of the authors’ knowledge, we for 
the first time measure plasma growth, the expansion process of the shock, and pressure in water simultaneously. 
 

EXPERIMENTAL SETUP 
 

Figure 1 shows the experimental setup. A 532 nm, 6 ns laser pulse illuminates a point inside a water-filled glass 
tank (100×100×450 mm) through an objective lens, which results in generating an underwater shock wave. In the 
experiments we vary magnification of objective lens (5× [N.A. 0.1], 10× [N.A. 0.25], 20× [N.A. 0.25], MPLN series, 
Olympus co., Japan) and laser energy (2.6 mJ, 6.9 mJ, 12.3 mJ). The setup uses two hydrophones (Muller Platte-Gauge, 
Muller Co.) to measure pressure in water. Both hydrophones are placed 5 mm away from the focal point of the laser, one of 
which is set in the direction of the laser beam (θ = 0◦ direction) and the other in the direction perpendicular to the laser beam 
(θ = 90◦ direction). For recording plasma formation, we utilize an ultra-high-speed camera (Imacon 200, DRS Hadland Co.) 
with up to 200×106 fps (5 ns time interval) and a 1200×980 pixel array. For obtaining images of shock waves, we use 
another ultra-high-speed video camera (Kirana, Specialized Imaging Co.) with up to 5×106 fps and a 924×768 pixel array, 
which is synchronized with a laser stroboscope (SI- LUX 640, Specialized Imaging co., UK), the repetition rate of which is 
also up to 5×106 Hz. We use a digital delay generator (Model 575, BNC Co.) to synchronize the laser, the hydrophones, the 
cameras, and the stroboscope. We repeat measurements under the same experimental conditions more than three times. 
 

RESULTS AND DISCUSSION  
 

The measurement results with the 10× objective lens are shown in figure 2. The plasma emit lights in an elongated 
area, the major axis of which is in the direction of the laser beam as shown in figure 2(i). A laser-induced bubble then 
expands from a point where the plasma was formed (figure 2(ii)). Non-spherical shock is observed at t = 0.4 µs while the 
shock looks a single spherical shock at t = 2.4 µs (see Fig. 2(iii)). However, enlarged images in figure 2(iii)θ=0◦ and θ= 90◦ 
show two shock waves for θ = 0◦ and the single shock wave for θ = 90◦. The pressure in water measured at different 
positions are shoen in figure 2(iv). We find two peaks for θ = 0◦ and a single large peak for θ = 90◦, which is approximately 
1.3 times higher than that for θ = 0◦. This dependence of the peak pressure on the angle θ is consistent with the report by 
Sankin et al.[4]. Here, we compute the pressure impulse for θ = 0◦, P0, and that for θ = 90◦, P90. The definition of the pressure 
impulse is 

 
where p is the shock pressure and t is the elapsed time. The pressure impulse is calculated for t = 2.5 to 4.5 µs, where time 
for plasma formation (<10 ns) is totally covered. Remarkably, as shown in figure 2(iv), P0 reasonably agree with P90. 
Furthermore, both pressure impulse and peak pressure are examined for all the other experimental conditions. It is found 
that even if peak pressure in θ = 0◦ and 90◦ differ significantly, the P0 is in good agreement with the corresponding P90 

P =

!
pdt
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Summary Kelvin-Helmholtz (KH) instability is central to shear flow mixing and is known to be suppressed in compressible flows. The
objective of this work is to investigate the effect of perturbation wavenumber on the degree of suppression of the KH instability in high-
speed shear flows. We demonstrate that the degree of suppression decreases with increasing the initial perturbation wavenumbers.

INTRODUCTION

Kelvin-Helmholtz (KH) instability occurs at the interface between two fluid streams of different velocities. The ex-
perimental/numerical investigations and modal analyses of the compressible KH instability clearly demonstrate significant
suppression [1,2]. The physical suppression mechanism underlying the stabilizing effect of compressibility on KH instability
has been explained recently [3]. We further that work to demonstrate the influence of wavenumber perturbation on the degree
of suppression. In the incompressible flows, shear effects dominate the interface flow dynamics causing monotonic roll-up of
vorticity and mixing between the two streams, leading to the KH instability. However, the instability mechanism in sufficiently
compressible flows is fundamentally different. In high-speed flows, compressibility forces the dominance of dilatational rather
than shear dynamics at the interface, leading to the segregation of the flow domain into dilatational interface layer (DIL) in
the middle and the outer regions in the far-field. We utilize the results of transient stability analysis and numerical simulations
to explain the degree of suppression mechanism within the DIL.

LINEAR ANALYSIS

We consider the linear stability of a steady, planar, parallel free-shear layer with the base velocity field of u = (U1(x2), 0, 0),
where x1, x2 and x3 are taken to be streamwise, normal and spanwise directions. The flow and thermodynamic variables are
decomposed into base and perturbation fields: q(ρ, ui, p)=q̄ + q′ where q = q(ρ,u,p); density◦ ρ; velocity field◦ u and
pressure◦ p. Note that a planar shear layer invokes that ∂p̄/∂xi = 0 and ∂ūi/∂xi=0. We assume an inviscid, ideal gas,
p = ρRT at uniform Temperature (T ), where γ is the specific heat ratio. It is important to examine the evolution of the
perturbation field in a reference frame advecting with the unperturbed flow. Thus, the following coordinate transform is in-
voked: X1=x1-

! t
0 U1dξ, X2=x2 and X3=x3. To understand the suppression mechanism of KH instability by compressibility,

investigating the change in the character of p′ by u′
2 is essential [3]. To identify the non-modal stabilization mechanism [4] of

KH instability and modeling transition to turbulence in compressible flows, we explain the transient suppression mechanism
by employing a linear initial value analysis rather than the previous eigenvalue analyses [5,6] . Hence, we examine the tem-
poral evolution of the two-dimensional perturbation mode of the type: q = q̂(X2, t)eiκX1 , where (̂.) is the Fourier amplitude;
κ is the wavenumber; and q̂(X2, 0) satisfies the free-stream boundary conditions. The linearlized perturbation equations are
rearranged in the form of wave (hyperbolic) equations with source terms [3]:
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∂2û∗

2

∂x∗
2
2
+ (û∗
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the relevant parameter to characterize compressibility effects on perturbation field, gradient Mach number, Mg , is defined by

Mg ≡ S

ā0κ
, (3)

where ā0 =
"
γp̄/ρ̄ is the speed of sound. S ≡ ∂X2U1 is the shear rate of the base velocity and S∗ ≡

! t
0 S(X2)dξ. The

independent variables are normalized as follows: t∗ ≡ St and x∗
2 ≡ κX2, where κ is the magnitude of the perturbation

wavenumber. The normalized pressure and velocity amplitudes are: p̂∗ ≡ p̂/p and û∗
i ≡ ûi/u0, respectively, where u0 is

the root mean square of the initial perturbation velocity. At high speeds (Mg > 1), p′ evolution is described by the non-
homogeneous wave equation (2) and pressure propagates through the flow field at a wave speed proportional to 1/Mg . It is
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immediately evident that u′
2 is coupled as a harmonic oscillator, also attains the wave-like character in compressible flows.

The changing sign of u′
2 in a compressible shear layer has a profound effect on perturbation kinetic energy and spanwise

vorticity. The analysis of the reduced mathematical equations demonstrate that spanwise vortex structures roll and un-roll
repeatedly. Furthermore, perturbation energy production is alternately positive and negative. Such behavior will necessarily
result in stabilization of the flow nearby the interface of two streams.

NUMERICAL SIMULATIONS

We test the validity of the theoretical analysis by performing a sequence of three-dimensional simulations of perturbation
evolution in a temporally evolving mixing layer at different convective Mach number Mc ≡ ∆U/2ā= 0.7, 1.0, and 1.2. The
hyperbolic base velocity field, u, and the sinusoidal perturbation velocity field are identified: u=(∆U/2 tanh(0.5x2/δ0m), 0, 0),
where δ0m is the initial momentum thickness of the mixing layer. To examine how the initial Mg can characterize thickness of
the DIL, we examine the evolution of perturbation field at different κ and S in equation (3) at a fixed Mc.

Figure 1: Contour plots of pressure perturbation of a mixing layer at the initial Mc=1.2, for (a) κ = 1 (b) κ = 2. The
dilataional interface layer is indicated by the dash line.

DISCUSSION

The difference between KH instability of compressible and incompressible flows is explained through the change in the
character of pressure. In the incompressible flows, shear-driven motion of pressure leads to the merging, roll-up of the vortices
and more circulation at the interface of two streams. While in the compressible flows, there is a dilatation-driven oscillatory
which separates the two streams. The interface layer acts as a physical structure for channelling the flow and guiding the
pressure waves. There is some sort of active feedback mechanism within the DIL where the source terms, the right-hand
sides of the equations (1)-(2), set up an oscillation within the DIL. The pressure gradient in the outer regions travels with
the oblique to the high pressure gradients inside the interface layer. When and where the DIL starts forming are investigated
through the numerical simulation and linear analysis. Dynamics of the evolution of the DIL depends on the local value of
the gradient Mach number. As wavenumber of the initial perturbations increases, the thickness of the DIL decreases at a
fixed convective Mach number as shown in Fig. 1. This is in agreement with the the equations (1)-(2), as the effect of
compressibility diminishes, as Mg → 0, resulting in the sustained growth of perturbation vorticity and kinetic energy.
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Summary The occurrence of the streaks was GHWHFWHG� LQ� WKH� ÀDW� SODWH� ERXQGDU\� OD\HU� DW� 0DFK� ����� 7KH\� DULVH� GXH� WR� WKH�
interaction of the weak shock waves with the flow in the vicinity of blunted leading edge. The process is accompanied by 
increasing of the local skin friction as well as the pulsation amplitude in the boundary layer. Here this simple case is discussed in 
comparison to the similar results obtained before in the boundary layer of the flat delta wing. 
 

INTRODUCTION 
 
   The transition mechanisms in a supersonic boundary layer are largely dependent on the level of disturbances in the free 
flow. For example, conventional supersonic wind tunnels have the measurable level of acoustic pulsations in the test section 
[1, 2], which leads to the early laminar-turbulent transition. The effect of acoustic pulsations on the turbulence origin in a 
supersonic boundary layer was mainly investigated for flat plate [3, 4]. In some cases, in addition to acoustic pulsations 
there are the quasi-stationary perturbations in the form of weak shock waves in the test section of the wind tunnel that can 
affect models too. We have detected the abnormally high levels of mass flow fluctuations in the boundary layer of the plane 
delta wing, which achieved up to 20% of the local value of the mass flow [5]. The cause of these high-intensity disturbances 
could be attributed either to the impact of external Mach¶V�ZDYH�RQ� WKH�ERXQGDU\� OD\HU along the attachment line of the 
leading edge of the delta wing, or to its interaction with bow shock. To test this, the excitation of disturbances by weak 
shock waves in the boundary layer of delta wing were experimentally investigated in [6] at Mach numbers 2, 2.5, 4, but the 
radius of the side edge was several times greater than one used in [5]. The studied cases therefore corresponded to subsonic, 
near sonic and supersonic leading edge. It has found out that the mass flow pulsation reached 12-15% and varied only 
slightly from the flow conditions. Thus, the effect of the interaction of the incident weak shock wave with the bow shock 
can be not very significant. The streaks occurrence was always detected in the boundary layer. 
   Since the results presented in [5, 6] are the only confirmation of the disturbance excitation, it is necessary to further 
investigate in detail other relevant cases. In experiments presented here, we used the flat plate with blunted leading edge at 
Mach 2.5, as the disturbance excitation is several times less for the model with a sharp leading edge. 
 

SET-UP OF THE EXPERIMENTS 
 
   The experiments were conducted in a supersonic wind tunnel T-325 of the Institute of Theoretical and Applied 
Mechanics at Mach 2.5 and unit Reynolds number Re1 = 5î106 m-1. The flat plate had a cylindrical leading edge with the 
bluntness radius of 2.5 mm. To create a pair of weak shock waves, 2D sticker is glued on the sidewall surface of the test 
section upstream of the model as it is presented in Fig. 1. Dimensions of the sticker were 0.13 or 0.26 mm in thickness, 15 
mm in width and about 150 mm in length. In this case, pair weak 
shock waves are generated to free flow by the front and rear 
edges of the 2D surface irregularity, similarly to data published in 
[6]. To measure the flow characteristics, constant temperature 
anemometer (CTA) was used. Hot-wire sensors made from 
tungsten wire were 10 �m in diameter and about 1.6 mm in 
length. The overheat loading of the wire was about of 0.8, so that 
the measured disturbance on 95% was coincident to the mass 
flow pulsations (m��. To measure the pressure distribution over 
the model surface, a Preston tube is used.   
         Figure 1. Experiment set-up. 
 

RESULTS 
 
   Pulsations of the supersonic flow in the test section of the T-325 have normal distribution for the amplitude that does not 
correspond to their interaction in a free flow. Generated by two-dimensional sticker, the disturbance in the free flow has 
local non-linear properties, which are characterized by significant deviation of the amplitude distribution from the normal 
probability density. It was checked by the hot-wire measurements of the spanwise pulsation distribution in the free flow at 
x = -10 mm upstream from the leading edge. An example of the measurements for 0.13 mm sticker is shown in Fig. 2. 
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UNSTEADY SHOCK WAVE REFLECTION FROM CONCAVE SURFACES
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Summary Shock wave reflection from concave surfaces including a purely cylindrical concave reflector and a composite one consisting of
a concave cylindrical arc transitioning to a straight inclined surface is the subject of the present study. A combined – theoretical, numerical
and experimental – approach is used. The main attention is given to the transition from a Mach reflection to a regular reflection. New
theoretical predictions of the transition are based on the information on the corner signal propagation obtained from numerical simulations
via an original signal tracking technique. Numerical simulations are carried out using the Euler and Navier-Stokes models. State-of-the-art
time-resolved optical flow visualization is employed in shock tube experiments. The obtained results and conclusions significantly alter the
current state of knowledge about the phenomena.

The paper presents work aiming at the re-examination of the current state of knowledge regarding initially planar shock
reflection from concave surfaces. A concave cylindrical surface as well as a composite surface consisting of a concave
cylindrical arc followed by a straight wedge are considered. The emphasis is on the transition from a Mach reflection (MR) to
transitioned regular reflection (TRR). Combined – theoretical, numerical and experimental – studies are undertaken.

The recent (2007) state-of-the-art in this research area is summarized in [1]. Analytical and experimental results from [1]
regarding the MRR-TRR transition on a cylindrical concave surface are shown in Fig. 1a. Our numerical results obtained with
an adaptive unstructured finite-volume Euler code Masterix [2] are plotted in Fig. 1a as well (‘CFD’). It is seen that the MR-
TRR transition is predicted to happen at appreciably higher wall angles as compared to the experimental results from [1]. It
is conjectured that the discrepancy between the present numerical simulation and the experimental results is primarily caused
by insufficient optical resolution rather than viscous effects which manifest themselves mainly via effective modification of
local wall angle due to boundary layer displacement. According to [1] and our numerical modeling, the triple point trajectory
is tangential to the reflecting surface prior to transition. This results in very small Mach stems over a rather wide range of
wall angles and poses significant challenges for optical diagnostics. This fact is illustrated by Fig. 1b,c showing an instant
when the Mach stem height is ∼ 0.0016R, where R is the radius of curvature of the reflecting surface. Therefore, to clarify
the issue, new experimental observations are undertaken with the cylindrical concave model of larger radius and up-to-date
high-resolution imaging; details of the experimental setup may be found in [3].

The previous theoretical treatment [1] is based on two main assumptions: (1) the MR-TRR transition takes place when the
corner signal generated at the leading edge of the reflecting surface is no longer capable of catching up with the reflection point;
(2) the corner signal velocity is evaluated using the flow parameters behind the incident shock, assuming that the reflected
shock is weak. The three modifications of the theory shown in Fig. 1a differ in the additional assumption on the path which
the corner signal follow. None of the three theories provide satisfactory agreement with the numerical findings for the entire
range of Mach numbers. Examination of our numerical flowfields shows that the above-mentioned second assumption seems
to be in significant error at later stages of the interaction, prior to transition, when the reflection shock becomes stronger.

We use the numerical signal tracking technique proposed in [4] to observe signal propagation and obtain more accurate
information on the velocity and front geometry of the corner signal and its propagation path. In this technique, signals are
considered as infinitesimally weak sound waves propagating with the local speed of sound relative to the flow and being carried
by the flow itself as well. The tracking is done at the end of each time step as a postprocessing procedure. Since no actual
disturbance is introduced to the flow, the technique is as accurate as the numerical flowfield itself. Information on the corner
and other signals provides further insight into the gasdynamics of the refection process and allow us to improve the existing
theories predicting the MR-TRR transition angle by more accurately accounting for physics of corner signal propagation.

In the second part of the paper, a combination of a concave cylindrical surface (an arc) and a straight wedge is considered
with the aim of investigating how such a concave wedge tip may alter the resulting reflection pattern. It was numerically
demonstrated in [5] that the resulting reflection pattern established far away from the wedge tip (regular or Mach reflection)
may differ depending on whether the reflecting wedge has a straight or concave tip. Parametric studies in [6] showed that the
effect is observed for shock Mach numbers corresponding to the dual solution domain (where both Mach and regular reflection
are physically admissible) and wedge angles ranging from the sonic angle to a value slightly lower than the von Neumann
angle, i.e., within the most part of the dual solution domain. The first experimental demonstration of the effect for a concave
tip wedge with the radius of curvature R = 12 mm and a straight wedge with the same angle was published in [6].

In the present paper, experiments for the wedge tip radius as low as 4 mm are presented. It is demonstrated that even with
such a small tip the above-mentioned effect is observed, i.e., minute variations in geometry may lead to different reflection

∗Corresponding author. Email: evgeny.timofeev@mcgill.ca
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REAL-TIME SOLUTION OF ONE-DIMENSIONAL DISTRIBUTED-PARAMETER MODELS
WITH APPLICATION TO COMPRESSIBLE FLOW IN DIESEL PARTICULATE FILTERS

Soroosh Hassanpour *1, Amer Keblawi1, and John McPhee1

1Systems Design Engineering, University of Waterloo, Waterloo, Ontario, Canada

Summary A modified orthogonal collocation method is proposed for reduction and real-time solution of one-dimensional distributed-
parameter system models. The method uses Lagrange polynomials as trial functions and sets the nodal points to coincide with the collocation
points. Maple™ is used to illustrate the application of the method for real-time simulation of compressible flow in a diesel particulate filter.

INTRODUCTION
Limited time and storage play a key role in computational aspects of computer simulations. Design optimization and

advanced controller development require accurate but fast computer models. This is challenging to achieve with a distributed-
parameter model governed by (nonlinear) partial differential equations (PDEs) with variables changing in time and space.
There are several approximation schemes by which the spatial domain of such a model can be discretized and the governing
PDEs can be reduced or converted into a system of ordinary differential equations (ODEs) that can be solved efficiently. The
commonly-used numeric approaches, such as finite difference and finite element formulations, are computationally expensive
and hide the physics of the model. Black box techniques such as look up tables and neural networks are fast but offer no
access to model parameters. Neither of these methods are therefore suitable for model-based design and control. Symbolic
reduction methods, such as weighted residual schemes and variational principles [1], on the other hand can both expose model
parameters and be computationally efficient. Symbolic simplification algorithms of computer algebra packages, such as
Maple™ and Mathematica®, can be employed along with these symbolic reduction schemes to derive very efficient models.
Developed symbolic models are expected to run significantly faster than current numeric-based approaches. In addition,
further reduction of these symbolic models by the use of model order reduction schemes, such as the proper orthogonal
decomposition, is possible.

OBJECTIVE
The main goal is to develop the mathematical theories and computer algorithms necessary to symbolically reduce the

governing PDEs of various one-dimensional (1D) distributed-parameter models to a system of symbolic ODEs. Such a tool
would have a wide range of applications, e.g. in automotive applications for modeling engine manifolds, drive belts, and
after-treatment components. The work is based on using a specific form of the method of weighted residuals (MWR) and
harvesting the power of symbolic computation in Maple™ to achieve computational efficiency.

METHODOLOGY
The MWR is a general method of symbolically reducing PDEs to ODEs. It is based on expanding the unknown solution

as the finite summation of a set of known trial spatial functions multiplied by unknown time-varying coefficients. The ap-
proximate solution is substituted into the PDE to form a residual. Then using a (complete) set of known weighting functions,
the weighted integrals of the residual are set to zero to derive a set of ODEs from which the unknown coefficients can be
computed. The weighting functions can be chosen in many ways and each choice corresponds to a different MWR. The
Galerkin method is one of the best known approaches where the weighting functions are chosen to be the trial functions. The
method forces the residual to be zero by making it orthogonal to each member of a complete set of functions. The method,
however, is not suitable for nonlinear PDEs where the integrals of the weighted residual cannot be calculated analytically
and may result in a very complex system of ODEs if a numerical integration has to be used. In the collocation method, the
weighting functions are chosen to be the displaced Dirac delta functions, reducing the integration over a domain to evaluation
at a point inside the domain. Thus, the method forces the residual to be zero at some specified collocation points and, since
no spatial integration is required, it drastically reduces the drudgery of setting up the problem. It has proved to be suitable for
nonlinear PDEs and as accurate as the Galerkin approach provided a higher-order approximation is used.

In the collocation method, the low-order approximation results depend on the choice of collocation points. There are
choices of collocation points which make the calculations more dependable and accurate. The orthogonal collocation method
(OCM) [1, 2] uses a set of N orthogonal polynomials, up to order (N − 1), as trial functions and the roots of the (N + 1)th
orthogonal polynomial (of order N) as collocation points. The residual function is therefor forced to contain the (N + 1)th
orthogonal polynomial as a factor, because its zeros are set to match the roots to the (N+1)th polynomial. Due to orthogonality
relations, the OCM has an accuracy that is comparable to that of the Galerkin method [2].

It is interesting that the OCM approximate solution depends only on the collocation points and not on the form of trial
polynomials, which can therefore be selected to expedite the reduction procedure. This work is based on applying two
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adjustments on trial polynomials. First, Lagrange polynomials of order (N − 1), based on N nodal points, are used as
trial functions to ensure that the unknown coefficients have the same physical meaning and order of magnitude (they would
represent the solution at the nodal points). This helps in smoothing the behavior of the final ODEs. Second, the N nodal points
of the Lagrange polynomials are set to coincide with the N collocation points. As shown in the following, this significantly
simplifies the form of the final ODEs.

For illustration, consider a 1D PDE: f(y, ẏ, y′, x, t) = 0 (1), where f is a general nonlinear function (boundary conditions
are neglected for simplicity of description), x and t are the spatial coordinate and time, y = y(x, t) is the unknown solution,

and ẏ and y′ are time and spatial derivatives of y. The approximate solution is: ȳ(x, t) =
N!
i=1

Yi(t)Li(x) (2), where Yi(t) = Yi

are unknown coefficients and Li(x) are the Lagrange trial polynomials with nodal points x̂j : Li(x) =
N"

j=1,j ̸=i

x ◦ x̂j

x̂i ◦ x̂j
(3).

Note that: Li(x̂j) = δij (4), where δij is the Kronecker delta. Substitution from (2) into (1) results in the residual function:

R(Yi, Ẏ i, x, t) = f(
N!
i=1

YiLi(x),
N!
i=1

Ẏ iLi(x),
N!
i=1

YiLi
′(x), x, t) (5), where Li

′(x) is the spatial derivative of Li(x). The

final ODEs are obtained by forming weighted residuals (the residual function evaluated at the collocation points x̄j) and setting

them equal to zero: Wj(Yi, Ẏ i, t) = R(Yi, Ẏ i, x, t)|x=x̄j = f(
N!
i=1

YiLi(x̄j),
N!
i=1

Ẏ iLi(x̄j),
N!
i=1

YiLi
′(x̄j), x̄j , t) = 0 (6).

The ODEs in (6) are the reduced form of the PDE given in (1). Now, by recalling (4), for the case where the nodal points
of the trial Lagrange polynomials are the same as the collocation points (x̂j = x̄j), the set of ODEs in (6) would reduce to:

Wj(Yi, Ẏ i, t) = f(Yj , Ẏ j ,
N!
i=1

YiLi
′(x̂j), (x̂j), t) = 0 (7). A comparison between the ODEs in (7) and (6) indicates that the

method results in a set of ODEs which are decoupled to a great extent and are therefore significantly less expensive to solve.

RESULTS AND CONCLUSIONS
To compare the proposed OCM against the Galerkin method and other OCMs with different trial polynomials, these

methods are implemented in Maple™ as a seventh-order approximation (N = 7) and are used to reduce the PDEs associated
with the compressible gas flow inside an unloaded wall-flow diesel particulate filter (DPF) [3]. The equations are simplified
1D Navier-Stokes equations for the DPF inlet and outlet channels, along with the pressure-drop equation for the wall-flow
and the appropriate thermodynamics and ideal gas relations [3, 4]. These are combined into a set of 4 nonlinear PDEs which
are then reduced to a set of 28 ODEs (including the time derivative of the boundary conditions). The DPF parameters are
those given in [4]. The inlet velocity starts from zero and exponentially increases to reach its final value at t = 10(s). The
initial conditions are zero velocity and ambient pressure throughout the DPF channels. The obtained ODEs are integrated
from t = 0(s) to t = 50(s) by employing the “Rosenbrock” procedure in Maple™. For each method the required simulation
time (averaged over 5 runs on a desktop PC equipped with an Intel® Core™ i7-4790 @ 3.90GHz CPU and 16GB of RAM,
running the 64-bit Windows 10) and the range of variations of the coefficients in the velocity and pressure extensions (i.e.

Vi(t) and Pi(t) in v̄(x, t) =
N!
i=1

Vi(t)Li(x) and p̄(x, t) =
N!
i=1

Pi(t)Li(x), as a measure of ODEs well-conditionedness) are

measured and reported in the following table. Clearly the proposed method gives rise to a set of ODEs which can be solved in
real-time. Regardless of the employed reduction method, a very good agreement with the results in [4] is observed.

Reduction Method CPU Time (s) Range of Vi (m/s) Range of Pi (kPa)

Proposed OCM with Lagrange polynomials and x̂j = x̄j 9.3 [0, 25] [101, 105]
OCM with Lagrange polynomials and equidistant x̂j 44.6 [0, 25] [101, 105]
OCM with Legendre polynomials 128.6 [−12, 13] [−0.2, 105]
Galerkin method with Lagrange polynomials and equidistant x̂j 547.3 [0, 25] [101, 105]
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A REDUCED CONTROL-ORIENTED MODEL FOR QUASI ONE DIMENSIONAL FLOW IN
AREA VARYING CHANNELS
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Summary The aim of this study is to provide a reduced control-oriented model for transient, non-isothermal, quasi one-dimensional gas
flow inside channels of varying cross-sectional area. The orthogonal collocation method is applied to transform the governing system of
PDEs to an equivalent system of ODEs utilizing symbolic computations; the derived ODEs are then solved using a numerical integrator.
This study can be applied to the flow of ideal gases in channels, ducts, engine manifolds, etc...

INTRODUCTION

Control oriented models for internal compressible flows, for the most part, are lumped models that consider the whole
spatial geometry as a single node. In the proposed model, the spatial variation is considered with an aim of making a real time
simulation that has approximates a real flow in a better fashion.

THEORETICAL BACKGROUND

System of Equations
It is considered that the fluid in the system is a prefect fluid that follows the ideal gas law. The friction is included in the

model by applying the friction factor. The equations are modelled in terms of the velocity u, pressure p, and temperature T .
Also, the specific heat cv , hydraulic diameter D, friction factor f , ideal gas constant R, and specific heat ratio γ are included.
The independent variables are the distance along the length of the channel x, and the time t.

The system of governing partial differential equations that govern compressible internal flow in channels with varying
cross-sectional area is given in equations (1–3) [2].

∂p

∂t
=

p

T

∂T

∂t
◦ p

∂u

∂x
◦ u

∂p

∂x
+

up

T

∂T

∂x
◦ up

A

dA

dx
(1)

∂u

∂t
= ◦ 1

2

∂u2

∂x
◦ RT

p

∂p

∂x
◦ fρuu |u|

2D
(2)

∂T

∂t
= ◦ u

∂T

∂x
◦ (γ ◦ 1)T

!
u

A

dA

dx
+
∂u

∂x

"
+

q

cv
+

fu3

2Dcv
(3)

The system of equations is simplified by considering the substitution of variables α = ln(T ) and β = ln(p) after dividing
equation (1) by p and equation (3) by T .

Method of Orthogonal Collocation
To be able to use orthogonal collocation effectively, the distance along the channel is normalized to vary between 0 and

1 by applying x∗ = x/L. In the considered method of orthogonal collocation, the space derivatives are found by applying
a Lagrange interpolating polynomial fit, and differentiating the polynomial with respect to space at the different collocation
points. Thus, an arbitrary variable φ is expanded as shown in equation (4), the Lagrange interpolating polynomial is given
in equation (5), and the derivative approximation is derived in equation (6) [1]. The collocation points are the roots of the
corresponding Legendre polynomial of order N + 2 considering that N is the number of internal nodes.

φ̂(t, x∗) =
N+2#

i=1

li(x
∗) φ(t)|x∗=x∗

i
(4) li(x

∗) =
N+2$

j=1
j ̸=i

x∗ ◦ x∗
j

x∗
i ◦ x∗

j

(5) ∂φ̂(t, x∗)

∂x∗ =
N+2#

i=1

dli(x∗)

dx∗ φ(t)|x∗=x∗
i

(6)

The space derivatives in the PDE system (1–3) are evaluated symbolically using Maple™. The system of three PDEs is
transformed to a system of 3(N + 2) ODEs that is solved using a variable time step Rosenbrock solver.

CASE STUDY

A converging circular pipe with a linearly decreasing diameter is considered in this analysis. The inlet pipe diameter is 11
cm and the outlet diameter is 4 cm, the overall length of the pipe is 1 m, there is a heat loss of 150 W/m, and the friction factor
is considered to be 0.03. The gas constant and specific heat ratio are 287 J/kg-K and 1.4 respectively. The flow is simulated
for 10 seconds.
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Initially, the flow starts from rest, at a prescribed uniform boundary pressure of 100 kPa and temperature of 300 K. The
boundary conditions are that the velocity at the outlet of the pipe is 60.4 m/s, and the pressure and temperature at the inlet of
the pipe are 200 kPa and 450 K respectively. The changes from the initial conditions to the final boundary conditions follow
an exponential smooth function in time.

RESULTS AND CONCLUSIONS

To be be able to quantify grid independence of this study for the orthogonal collocation method, the steady state spatial
mean and outlet pressure and temperature are reported in table (1). For convenience, the computational time for each case is
also recorded. It is noticed that the system becomes grid independent within the first decimal place at 16 nodes. The spatial
variation of velocity and temperature is provided in figure (1) at time values of 0, 0.02 till 0.15 with an increment of 0.01, 0.2
till 1 with an increment of 0.2, 2, 3, 4, and 10 seconds. The flow velocity and temperature profiles in the plots move upwards
as time passes. It is noticed that the spatial variation in the system varies smoothly with the variation in boundary conditions.

Outlet Values Average Values
Number of Nodes CPU Time (s) Temperature Pressure Velocity Pressure Temperature
4 0.36 448.36 1.972× 105 27.50 1.990× 105 449.390
6 0.69 448.099 1.968× 105 22.76 1.993× 105 449.631
8 25 448.093 1.968× 105 22.29 1.994× 105 449.658
10 2.13 448.093 1.968× 105 22.10 1.994× 105 449.667
12 2.86 448.093 1.968× 105 22.01 1.995× 105 449.672
14 3.75 448.093 1.968× 105 21.96 1.995× 105 449.675
16 4.78 448.093 1.968× 105 21.92 1.995× 105 449.677
18 6.03 448.093 1.968× 105 21.91 1.995× 105 449.678

Table 1: Grid Independence Results
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Figure 1: Plots of Flow Parameters at Different Time Stamps

The proposed method has an acceptable computational time of around 5 seconds for 16 nodes implying that the simulation
was done faster than real time. Moreover, it is found from the grid independence study that a lumped model has a deviation in
velocity computations greater than 25% from the results of a model that considers spatial variation.
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Summary Due to the scramjet isolator suffering from the severe aeroheating problem at a long time fly, this paper studied the influence of wall 
heat transfer on flow characteristics and performance of a scramjet isolator by numerical simulation. The results show that shock train is 
affected by the dual mechanism of isolator wall temperature and airflow total temperature. Shock train length increases with ratio of wall 
temperature to total temperature. To predict shock train length of practical design with more accuracy, the parameter involved wall heat transfer 
is introduced to improve Waltrup and Billig correlation [1]. 
 

INTRODUCTION 
 
   A scramjet isolator module with an optimal length is required to house the shock train induced by heat release in a combustor 
and prevent engine unstart. Various researchers [1-2] have investigated shock train behavior in constant-area rectangular and 
round ducts, but these results are obtained using room-temperature supply air, taking no account of wall heat transfer. At real 
flight conditions, a serious heat transfer exists in the isolator [3]. The few available researches [4-6] do not well elucidate this 
influence. This paper focuses on effects of wall heat transfer on shock train in the scramjet isolator by numerical simulation. 
 

NUMERICAL DESCRIPTION 
 
   Numerical simulations were performed on a two dimensional domain, which includes a nozzle with the exit Mach number of 
2.5 (Ma1=2.5) and an isolator with height H of 50mm and length L of 600mm. The full N-S equations for two-dimensional 
turbulent flow were solved by the finite volume method. The turbulence model of k-Z SST was employed to close the governing 
equations. To guarantee the credibility of numerical results, a comparison between numerical and experimental results was also 
made at the conditions of Tt=1500K, Pt=1.0MPa, Ȗ=1.33 and Tw=300K, shown in Fig. 1, where Tt, Pt, Ȗ and Tw denotes total 
temperature, total pressure, specific heat ratio and wall temperature, respectively. It can be seen that numerical results are in 
agreement with the experimental data, specially the start location of shock train, in spite of some scatter being present. 
 

a)  

b)  
Fig. 1 Numerical verification at the conditions of Tt=1500K, 
Pt=1.0MPa, Ma1=2.5, Ȗ=1.33 and Tw= 300K; a) Mach contours, b) 
wall pressure distributions. 

a)  

b)  
Fig. 2 Mach contours for different wall temperatures and backpressures at 
Tt=1500K, Pt=1.0MPa, Ma1=2.5 and Ȗ=1.33; a) Pb/P1=4.8, b) Pb/P1=6.2.

 
RESULTS AND DISCUSSION 

 
   Figure 2 shows Mach contours for different wall temperatures at the conditions of Tt=1500K, Pt=1.0MPa, Ma1=2.5 and 
Ȗ=1.33. A similarity exists in shock train pattern for different wall temperatures, but a remarkable difference exists in shock train 
length at the same back pressure. With an increase of wall temperature, the starting position of shock train moves upstream and 
shock train length increases. However, this tendency is contrary to the tendency given by Waltrup and Billig relationship [1] (see 
Eq. (1)). In Eq. (1), ș denotes the boundary layer momentum thickness expressed by Eq. (2) and reduces with an increase of wall 



temperature (see Fig. 3). Consequently, wall temperature effect cannot be elucidated by the only parameter ș involved wall 
temperature effect in Eq. (1).  

� � 1 22 4
1

1 1 02 2 1 1

1 Re
50 1 170 1 (1) , 1 (2)b b

s Ma P P u u dy
P P u uH

T UT
UT

f

f f f

� § · § · § ·
 � � �  �¨ ¸ ¨ ¸ ¨ ¸

© ¹ © ¹ © ¹
³  

 
Fig. 3 Variation of boundary layer momentum thickness with wall temperature.

 
Fig. 4 A comparison of numerical data against those from Eq. (3).

 
Table 1 Shock train length s for different wall and total temperatures at Pt=1.0MPa, Ma1=2.5 Ȗ=1.33 and Pb/P1=4.8 

 Tw(K) 300 500 700 900 Adiabatic wall 

Tt=1500K Tw/Tt 0.2 0.33 0.47 0.6 §1 

s(mm) 250 261 270 279 296 

Tt=1000K Tw/Tt 0.3 0.5 0.7 0.9 §1 

s(mm) 256 277 284 294 295 
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   To figure out the dimensionless parameter elucidating wall heat transfer effect, a further computation is performed at the 
conditions of Tt=1000K, Pt=1.0MPa, Ma1=2.5 and Ȗ=1.33, shown in Table 1. It can be observed that shock train length is almost 
identical for different total and wall temperatures when the ratio of wall temperature to gas total temperature is approximately the 
same. Additionally, shock train length increases with the ratio of wall temperature to gas total temperature, coinciding with the 
findings of Lin et al. [4]. 
   To improve the accuracy of Eq. (1) in predicting shock train length of practical design, a correlation is further performed 
based on numerical data. Considering data correlating Eq. (1) from the cold flow experiments with Ȗ=1.4 while our data from the 
high enthalpy flow tests with Ȗ§1.33, the proposed relationship denoted by Eq. (3) also involves specific heat ratio. The degree of 
success obtained in the correlation Eq. (3) is shown in Fig.4. Some scatter is present, but Equation (3) covers more physical 
influencing factors, not only considering wall heat transfer, but accounting for specific heat ratio. Need of special note, it needs 
to be further perfected by experimental data. 
 

CONCLUSIONS 
 
   Numerical tests were performed on a two dimensional domain including a nozzle and an isolator study effects of wall heat 
transfer on shock train in a scramjet isolator. It is found that wall heat transfer in determining shock train behavior can be 
characterized by the ratio of wall temperature and gas total temperature. Furthermore, a modified correlation is proposed for 
predicting shock train length of practical design, which covers the more influencing factors such as the ratio of wall temperature 
to total temperature and specific heat ratio.  
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BOS AND PSV IN A SUPERSONIC JET 
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Summary We use Background Oriented Schlieren (BOS) and Particle Shadow Velocimetry (PSV) to study the shock structure and 
the flow field in a supersonic axisymmetric jet. We can visualize the regions of maximum density and those of maximum change 
in the density.  
 

INTRODUCTION 
 
We have been studying a supersonic axisymmetric air jet for several years with various techniques that give information about 
different aspects of the jet.  
With Rayleigh scattering we visualized the shock structure and we obtained information about the local density fluctuations 
and the sound emission pattern inside and outside the flow. With Particle Shadow Velocimetry (PSV) we obtained the mean 
velocity field. With hig- speed schlieren and shadowgraph we also visualized the shock structure and part of the turbulence, 
and through Background Oriented Schlieren (BOS) were able to determine the index of refraction field that is proportional to 
the density field. In this paper we emphasize the latest results obtained through PSV and BOS. 
 

EXPERIMENTAL SET-UP AND TECHNIQUES 
 
The jet is produced by the discharge of compressed air at about 5.5 atm LQWR�WR�WKH�DWPRVSKHUH��DW�0H[LFR�&LW\¶V�DOWLWXGH it is 
about 0.8 atm) through a 4mm axisymmetric straight duct with a length of 8cm; that is, the nozzle is not convergent-divergent. 
However, we have determined the mean transverse size of the flow and there is a contraction a few millimeters outside the 
nozzle. The Mach number is about 1.2. We have observed an apparently stationary shock structure both with Rayleigh 
scattering, and with schlieren and shadowgraphs.  
PSV is a novel technique (proposed by Estevadiordal 2005), that relies on the shadow cast by the seeds and not on their Mie 
scattering properties. It uses the same cross correlation as Particle Image Velocimetry (PIV). The width of the studied region 
was determined by the correlation depth instead of the width of the light sheet. This notion is very important in micro PIV; it 
depends on the optics of the camera and the wavelength of the light. In our experiment, the video camera recorded at 7200 
fps, with a resolution of 778x776 pixels. The time interval between frames was 320 ns with an exposure time of 880 ns. We 
designed a device to inject the particles and were able, in spite of the speed and size of the flow, to obtain homogeneous 
seeding with titanium dioxide particles that have a relaxation time of 7.2 x 10-6 seconds.  
BOS (proposed by Meier 1999) is used to measure the change in the index of refraction through the apparent displacement of 
a known background pattern with and without the flow. The change of the index of refraction and the displacement in a 
transparent gas are related through a Poisson equation that is obtained using principles of optics. The changes in the index of 
refraction and in the density are proportional, and can be related through the Gladstone Dale equation, but the required constant 
is not easily obtained for our experimental conditions. The BOS technique was validated in free subsonic flows of carbon 
dioxide and acetylene. The difference between our values and those that appear in tables was of 0.005%. For the supersonic 
flow, the camera recorded at 1000fps with a resolution of 1280 x 800 pixels. The resolution obtained with the BOS is of 47 
pixels per millimeter.  
 

RESULTS 
 
With the combination of PSV and BOS we can relate the shock structure with the mean density (proportional to the index of 
refraction) and velocity fields. The mean values are obtained through averages of a hundred images. High-speed videos show 
that the shock structure is actually fluctuating but more studies have to address this question. 
The first two figures show an image of the shock structure and the corresponding index of refraction field for an exit pressure 
of 5.4 atm. The third figure is the superposition of both. It is interesting to notice that he region of maximum change in the 
density is slightly above the region of maximum density. 
 
 
 
 
 
 
 



 
 
 
The next figure corresponds to the shock structure at an exit pressure of 4.6atm. 

 
 
 

In the oral presentation these images will be compared with the velocity fields obtained with PSV.  
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LAGRANGIAN MEASUREMENTS IN TURBULENT THERMAL CONVECTION
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Summary Turbulent thermal convection is a complex problem, the flow is forced at almost all scales, because of the presence of both
large scale circulation and small scale plumes. Moreover the difference of density induced by temperature adds an ingredient in the basic
equations of the flow, so that turbulence could be different from the case of pure mechanical forcing. Mixing is in principle different and
probably increased because of the structure of the plumes. Moreover the entire flow is not homogeneous (at least at large scales) and the
statical behavior can be influenced by the large scale flow. One way to probe all these specific effects is to use a Lagrangian point of view,
measuring, for example, Lagrangian transport of velocity and temperature, or heat flux and acceleration, as we will show.

INTRODUCTION

Because of the difficulty of the problem, Lagrangian studies in turbulent thermal convection are just in their beginning.
The first pioneer works are those of Gasteuil et al.[1], who first measured the Lagrangian heat flux using a smart particle
at Ra ∼ 1010, and of Schumacher et al. [2] who using numerical simulations measured the Lagrangian accelerations at a
Rayleigh number of 109. Afterwards, first measurement of Lagrangian acceleration was performed by Ni et al [3]. In the
present work, we report new experimental results obtained with a highly improved smart particle capable to measure for 24
consecutive hours.
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Figure 1: Lagrangian vertical Nusselt NuL
z for Ra = 5× 1010. Trajectories are undersampled for more readability.

NUSSELT NUMBER MEASUREMENTS

The convection cell is a rectangular box of size 41.5 cm X 41.5 cm and 10.5 cm of width. The walls are of 2.5 cm-thick
PMMA. Both plates consist in 4 cm-thick copper plates coated with a thin layer of nickel. The bottom plate is Joule-heated
while the top plate is cooled with a temperature regulated water circulation. Plate temperatures are controlled by PT 100
temperature sensors. The working fluid is deionized water. The bulk temperature is fixed at 37.05 ◦C and Prandtl number
is 4.6. The particle is a 2.1 cm-diameter capsule containing temperature instrumentation, a radio-frequency emitter, and two
batteries. Four cylindrical thermistors (0.8mm in length, 0.4mm in diameter, 230 kΩ, with a response time of 0.6 s in water)
are mounted on the capsule wall protruding 0.5mm into the surrounding flow. The emitter sends a signal proportional to
the temperature. The temperature signal is recovered on the fly by a stationary receiver. The capsule has been redesigned

∗Corresponding author. Email: francesca.chilla@ens-lyon.fr



to receive two batteries to extend the working time which can now reach up to 1000 turnover times. The particle trajectory
is synchronously recorded with a digital camera placed in front of the large face of the cell. Post-processing differentiation
allows for the velocity measurement.

Because of the shape of the container, the overall flow is almost 2D, meanwhile the small scale structures as plumes are
3D. The global Nusselt number is about 250 and so the boundary layers are about 800 µm. So because of its size, the sensor
never see the boundary layers, but it can enter and well measure the mixing zone between the boundary and the bulk or the
bulk itself. Thanks to the joint measurements of velocity and temperature, it is possible to infer the Lagrangian Nusselt number
which has a vertical and an horizontal component. The vertical Nusselt reads :

NuL
z =

H

κ∆T
(T (t) ◦ ⟨T (t)⟩t) vz(t), (1)

and its lagrangian map is shown in the figure 2.
The mean feature is that the transport is essentially organized in a sort of “vertical jet” , a gathering of plumes which flows

all along the wall showing that the contribution of the bulk is very weak at this Rayleigh number.

VELOCITY AND TEMPERATURE STATISTICS

Another major result concerns Lagrangian statistics. The Lagrangian distribution function of temperature is not gaussian
and exhibits exponential tails. This is different from the Eulerian PDF usually found in the bulk at similar Rayleigh number.
That indicates that exponential tail are due to the large fluctuations linked to plumes that are confined near the walls and near
the plates. The fluctuations of temperature exhibits also an interesting feature, their Lagrangian power spectrum exhibits a
power law as f−2.5 which do not correspond to any theoretical model. We presently do not have a quantitative explanation,
also if inhomogeneity of the flow could be the fundamental ingredient of this feature and more studies are underway.
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Figure 2: (a) Normalized histogram of the Lagrangian temperature fluctuations and (b) Power spectrum of the temperature
fluctuations at Ra = 3.5× 1010.

CONCLUSIONS

Smart sensors can give new insight in turbulent thermal convection. The possibility to have a Lagrangian measurement
of temperature leads to a better understanding of the structure and properties of the scalar field. Moreover, such a sensor can
explore the whole bulk and make possible both the study of inhomogeneity on turbulent statistics and the interaction between
large scale flow and plumes.
We thanks Smart Inst industry for collaboration in the developing of the particle.
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RESULTS OF DIRECT NUMERICAL SIMULATIONS

In [9] we reported the Prandtl- and Rayleigh-number dependencies of the Reynolds number Re and the Nusselt number
Nu for HC, based on our Direct Numerical Simulations (DNS) using the computational code GOLDFISH, as in [10]. The com-
putational domain is of the aspect ratio L/H = 10 and is sketched in Fig. 1. The computational mesh resolves Kolmogorov
and Batchelor scales as required in DNS [11]. For laminar HC we find that Re ∼ Ra2/5Pr−4/5, Nu ∼ Ra1/5Pr1/10 with a
transition to Re ∼ Ra1/2Pr−1, Nu ∼ Ra1/4Pr0 for large Pr. In [9] the studied Ra varies from 3 × 108 to 5 × 1010 and
Pr from 0.05 to 50. The obtained result were found to be in perfect agreement with the scalings, derived in [5] for laminar
regimes.

DNS results for higher Rayleigh numbers, where horizontal convection becomes transitional and turbulent, show that the
Nusselt number scalings with the Rayleigh number follows the theoretical scalings for turbulent regimes, as predicted in [5].

CONCLUSIONS AND ACKNOWLEDGEMENTS

A theoretical model [5] for the heat and momentum transport scalings with Rayleigh and Prandtl numbers in horizontal
convection will be presented at ICTAM 2016. This is an extension of the Grossmann and Lohse approach [6] to the case
of horizontal convection. The model suggests multiple scaling regimes, including in particular the Rossby scaling and the
ultimate scaling proposed in [4], with smooth transitions between different regimes. Our DNS results for a wide range of the
Rayleigh and and Prandtl numbers support the theoretical fundings [5] for laminar [9] and turbulent regimes.

OS is grateful to Eberhard Bodenschatz, Siegfried Grossmann, Detlef Lohse and Sebastian Wagner for the support, useful
discussions and their contributions to this study.

OS gratefully acknowledges the Leibniz Supercomputing Centre (LRZ) for providing computing time and the Deutsche
Forschungsgemeinschaft (DFG) for financial support under the grant Sh405/4 – Heisenberg fellowship.
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Summary Short-period oscillations on convection rolls in Rayleigh-Bénard convection affected by a horizontal magnetic field confined in 
moderate aspect ratio box were invested experimentally. Detailed measurements of temperature and velocity fluctuations corresponding to the 
oscillations elucidated that the oscillation around its onset is two dimensional and may be originated in absolute instability of recirculation 
vortices formed flow separations due to large inertia of the main convection rolls restricted by Lorenz force.  
 

INTRODUCTION 
 
   For Rayleigh-Bénard convection in a liquid metal layer with a moderate aspect ratio of five under a horizontal magnetic 
field, our research group found recently spontaneous flow reversals on quasi-two dimensional rolls, which are arranged 
parallel to the magnetic field, accompanied by skewed-varicose instability [1]. Here the circulation direction of the rolls 
changes with duration times being much longer than circulation time of the convection rolls. The appearance of the reversal 
is determined by Rayleigh number, Ra and Chandrasekhar number, Q [2] defined as 

Ra = Eg'TL3/(QN), (1)            Q = VBL2/(UQ), (2) 

where E, � Q, � N, � V, � U are respectively, bulk modulus, kinematic viscosity, thermal diffusivity, electric conductivity, and 
density of a test liquid metal, and g, 'T, L, B are respectively, gravity acceleration, vertical temperature difference and 
height of the fluid layer, and intensity of the magnetic field. The fraction of Ra/Q is a measure for the ratio of the buoyancy 
to the Lorenz force. The flow reversals occur around Ra/Q = 10 as transitions between four-rolls and five-roll conditions [2, 
3]. Increasing of Ra/Q also induces short-period oscillations on steady, quasi-two dimensional rolls for smaller Ra/Q 
conditions, where the period of the oscillation is close to the circulation time [2, 3]. Detailed velocity profile measurements 
using ultrasonic velocity profiling (UVP) elucidated that the flow reversals are accompanied by the short-period oscillations 
[2, 3].Numerical simulations revealed complex, fine vortex structures, which may induce the oscillations, surrounding the 
primary convection rolls [4]. Relations between the flow reversals and the short-period oscillations are still unclear. This 
study thus focuses on the onset and development of the short-period oscillations toward a detailed understanding of the 
phenomena in this system including flow reversals.  
  

EXPERIMENTAL SETUP AND MEASUREMENTS 
 
    The experiments were performed at Hokkaido University (HU) and HZDR with different setups having common 
dimensions and configurations as shown in Fig. 1. The fluid layers are sandwiched by two copper plates for realising 
isothermal boundaries at the top and bottom, and surrounded by resin sidewalls for both thermal and electric insulation. The 
temperature difference 'T was adjusted by water circulations inside the copper plats and monitored by temperature probes 
embedded in the plates. Size of the fluid layer is 200 u 200 mm2 in sides and height L = 40 mm resulting in a corresponding 
aspect ratio of 5. The setups adopted different test fluids, liquid gallium at HU and Ga67In20.5Sn12.5 at HZDR. A coil system 
to generate quasi-uniform magnetic field at HU has smaller intensities (120 mT) than that used at HZDR (700 mT), but a 
somewhat better uniformity (2 % at HU and 5 % at HZDR). We confirmed that the different test fluids and the coil systems 
do not cause essential difference on the flow regimes [3]. Time variations of instantaneous velocity profiles and temperature 
fluctuations were measured by UVP and temperature probes, respectively, in the both institutions. Multiple sensors were 
mounted on the vessels, but Fig. 1 shows only the specific sensor arrangement used for the flow measurements presented 
here.    
 

RESULTS AND DISCUSSIONS 
 
    Typical temperature fluctuations with decreasing Q at fixed Ra around the onset of the oscillations are shown in Fig. 2, 
where Ra = 2.5 u 104 and Q is varied from 4.4 u 104 to 2.7 u 104. The temperature signal shows regular oscillations at larger 
Q (Fig. 2 (a), Q = 3.4u 104), where the spectral analysis on the fluctuations provides a single frequency component. The 
fluctuation takes a nonlinear development with appearance of an additional frequency component, whereas the amplitude of 
the main component becomes small (Fig. 2 (b), Q = 4.9u 103). Fig. 3(a) shows a variation of the phase difference between 



the fluctuations measured by the probes T1 and T2 arranged parallel to the magnetic field as shown in Fig. 1(a). The 
difference is almost zero at larger Q values, and the fluctuations are in-phase, namely the convection rolls aligned parallel to 
the magnetic field show two-dimensional oscillations unlike the theoretical prediction [5]. The phase takes a difference with 
decreasing Q because of the appearance of an additional frequency component indicating a three-dimensional behaviour of 
the rolls. A similar behaviour is also observed for the velocity field. Fig. 3(b) shows a variation of the phase difference on 
the velocity fluctuations measured by UV1 and UV2 at x = 50 mm near the onset of oscillation. The variation also 
departures from zero with decreasing Q in spite of the different parameter range, Ra = 1.5 u 105, 2.4 u 104 � Q � 1.6 u 105. 
To explore the origin of two-dimensional oscillations, we investigate the shape of the convection rolls from the recorded velocity 
profiles. Fig. 4(a) shows an averaged velocity profile measured by UV1 at Ra = 1.5 u 105 and Q = 5.0 u 104. Alternative positive 
and negative curves represent individual rolls, thus there are six rolls arranged parallel to the magnetic field. The curves are not 
symmetric and considerably deformed, especially around the places where the flow detaches from the top and bottom boundaries, 
x ~ 0, 65, 130, and 190 mm considering that the measurement line places near the bottom. In comparison with numerical 
simulations shown in Fig. 4(b), where the vortices are represented by 2nd invariant of the velocity gradient [4], the deformation 
may represent the existence of secondary, fine vortices indicated by white arrows in the figure, and also schematically shown in 
Fig. 4(c). In this configuration, the three-dimensional motion of the rolls is restricted by Lorenz force, and the rolls have 
relatively larger rotation speed and inertia. This may provide flow separations as shown in the figure. Such a µrecirculation 
bubble¶ is unstable and provides vortex shedding like von Karman vortices behind a cylinder. The Reynolds number estimated 
from the size of recirculation bubble and rotation velocity of the rolls provides a reasonable value for the onset of vortex 
shedding. 

CONCLUSIONS 

   We investigated short-period oscillations in MHD-Rayleigh-Bénard convection. Detailed measurements of temperature and 
velocity fluctuations elucidated that the oscillation is two-dimensional and originated in instability of recirculation vortices. 

          
Fig. 1 (a) top and (b) side view of the schema of experimental apparatus            Fig. 2 Typical temperature fluctuations at Ra = 2.5 u 104 

 
Fig. 3 Variations of the phase difference of (a) temperatures between T1 and T2 at Ra = 2.5 u 104, and (b) velocity between UV1 and UV 2 at x 
= 50 mm for Ra = 1.5 u 105 

 
Fig. 4 (a) Mean velocity profile measured by UV1 at Ra = 1.5 u 105 and Q = 5.0 u 104 (R/Q = 3.0), (b) vortex structure represented by 
numerical simulation at Ra = 1.0 u 105 and Q = 3.2 u 104 (R/Q = 3.1) and, and (c) schematic illustration of vortex structures 
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Summary: In this talk I will present new experimental measurements of the large-scale circulation (LSC) dynamics in rotating Rayleigh-Bénard
convection. In cylindrical samples we probe the angular orientation ș and the flow strength į of the LSC, through measurements of the
azimuthal fluid temperature profile. We report linear retrograde precession of ș driven by constant Coriolis force in an unprecedented large
Rossby number range (10İRoİ314). Enhanced precession speed is observed when Roı70 that is ascribed to stochastic cessation
dynamics.  A  New  oscillatory  state  of  the  LSC  appears  when  the  flow  is subjected to modulated rotations. Both ș and į exhibit
periodic oscillations in the modulation frequency. We present a LSC model that predicts accurately the oscillation amplitudes and phases.

Introduction

     In rotating turbulent Rayleigh-Bénard convection (RBC), the nature of the main flow structure, a large-scale
circulation (LSC), is determined by the Rayleigh number Ra=ĮJǻTL3�țȞ, the Prandtl number Pr=Ȟ�ț, the Rossby number
Ro=(ĮJǻT/L)1/2/2ȍ,  and  the  aspect  ratio  of  the  sample  cell.  Here  Į is  the  thermal  expansion  coefficient,  g  is  the
gravitational acceleration, ț and Ȟ the thermal diffusivity and kinematic viscosity, respectively, ǻT is the temperature
difference between the top and the bottom of the sample, ȍ is the sample rotating velocity, and L is the height of the sample.

Retrograde rotation of the large-scale circulation at large Ro numbers

   Figure 1a depicts the LSC flow structure in a cylindrical sample cell with an aspect ratio 1.0. We determine the
orientation of the LSC plane ș by fitting the azimuthal temperature profile Ti (i=0,…,7) measured at eight points on the
sidewall at the mid-height level of the cell, with a sinusoidal function: Ti =T0 + įcos(iʌ/4íș), (i = 0, ..., 7). In doing so both
the LSC temperature amplitude į and the azimuthal orientation ș are determined. Over the entire Ro range studied (1İRo
İ314), retrograde precession of the LSC circulating plane is observed. Time series ș(t) for several Ro are shown in Fig.1b
for Ra = 8.24×109 and Pr = 4.38. When Ro increased the mean rotating rate !T� � decreases monotonically. However, the
ratio of the LSC precession speed, Ȗ í !T� � �ȍ, experiences a complicated Ro-dependence in the range 1İRoİ10. When
Ro increases !T� � appears to be proportional to : when 10İRoİ70, yielding Ȗ=0.13 independent of Ro. For Roı70, Ȗ
gradually increases with increasing Ro and reaches a value near 0.42 for Ro=314 .
   Through further data analysis we find that in short time scales normal diffusive motion with a constant drift velocity in
the retrograde rotation presents the main dynamical feature of ș(t). The diffusivity of ș increases when the LSC amplitude į
decreases during cessation events, as predicted by a LSC dynamical model [3]. We show that it is the stochastic cessation
dynamics that enhances the precession speed of the LSC at large Ro numbers.

Fig. 1 (a) Sketch of the LSC structure in rotating turbulent RBC indicating the LSC angular orientation ș and and thermal
amplitude į. (b) Results for the LSC precession velocity ratio Ȗ as a function of 1/Ro. Solid circles: data for from [1] with

Ra=8.97×109, Pr=4.38; Open circles: data adapted from [2] with Ra= 8.9×1010, Pr=4.38 and ȍ= ȍE is the spinning rate of the
Earth; Open squares: present data. The error bars indicate the standard deviations. Inset: Examples of the time series of ș(t) for

Ro = 13.1 (red), 18.2 (orange), 39.4 (green), 59.0 (magenta) and 236 (blue).



Oscillations of the large-scale circulation with rotational modulation

    We present measurements of the LSC dynamics when the flow is subjected to librating rotations. Our studies are focus
on the dynamical response of the LSC azimuthal velocity T� when the fluid acceleration is created by oscillating Coriolis
force, and the time-dependent LSC thermal amplitude į driven by oscillatory viscous boundary layers. During these
measurements the rotating velocity of the sample varies according to ȍ= ȍ0[1+ȕcos(Ȧt)], with ȍ0=0.104 rad/s and ȕ=0.212.
So Ro varies periodically in the range 0.31İ/Roİ0.51. The normalized modulation rate Ȧ�ȍ0 ranges from 0.025 to 1.0.

Oscillations of the LSC azimuthal orientation ș
   Figure  2a  shows  a  time  series  of  the  detrended  orientation  șd(t)=ș(t�í !T� � *t for Ȧ�ȍ0 =  0.1.  șd(t) exhibits clear
oscillations at the modulation frequency. Typical power spectra of șd(t),  given in Fig. 2c, show a main peak at f = Ȧ in a
background spectrum falling off as f

í2, the latter corresponding to a diffusive meandering of the LSC in the azimuthal
direction.

Fig. 2 Time traces for the LSC detrended orientation șd (a) and the thermal amplitude į (b). Results for Ȧ�ȍ0 = 0.1 [4].

Oscillations of the LSC thermal amplitude į
The time series of į(t) is also found to consist of oscillations in a random-fluctuation background. An example is

plotted in Fig. 2b for Ȧ�ȍ0 = 0.1, with its power spectrum given in Fig. 2d, wherein higher harmonics appear at f

=(2Ȧ,…,5Ȧ) in addition to the main peak at the frequency of modulation.
We determine the phases and amplitudes for both )(tT� and į(t) in this oscillatory state. We find that when Ȧ increases

fluid acceleration driven by oscillating Coriolis force causes an increasing phase lag in )(tT� . Oscillation of )(tT�  with
maximum amplitude occurs at a finite modulation frequency. Such a resonance-like phenomenon is interpreted as a result of
optimal coupling of į(t) to the modulated rotation velocity [4].

Conclusions

   New dynamical  phenomena of  the  LSC flow in  turbulent  RBC appear  in  the  presence  of  Coriolis  force.  We study the
azimuthal rotation of its circulating plane and its thermal amplitude with large or time-varying Ro. We show that a large-
scale flow model provides predictions of the observed flow dynamics including the LSC linear retrograde rotation and the
oscillations both in T� and į. Some of the observed phenomena are still unexplained and remained to be further investigated.
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Summary We present experimental study of turbulent thermal convection over rough surfaces with varying roughness size. It is found that
the local temperature fluctuations measured at the cell center and near the sidewall change significantly with the increase of the roughness
parameter λ, which is defined as the ratio of the height of the pyramid-shaped roughness element over the width of its base. The change
of the local temperature fluctuations occur concomitantly with the change of the global heat transport law of the system, i.e. the Rayleigh
number Ra dependence of the non-dimensional heat flux Nusselt number Nu. Detailed examinations of the local temperature time series
indicate that the changes are brought into by the changes of plume dynamics which is supported by the observation that the dissipative
power Q increases with the increase of λ.

INTRODUCTION

Turbulent thermal convection, which finds numerous examples in nature, such as in the atmosphere, the ocean and the
mantle of the Earth. In the laboratory, turbulent thermal convection is usually studied in a simplified model system, i.e.
the Rayleigh-Bénard convection where a fluid layer is confined between two horizontally parallel plates strongly heated
from below and cooled from above [1, 2, 3]. As many convection phenomena in nature occur over rough surfaces, it is
thus interesting to investigate turbulent thermal convection in convection cells with rough surfaces, which has been done in
experiments and numerical simulations [4, 5, 6, 7, 8, 9, 10]. Although the effects of roughness have been studied extensively,
the effects of roughness geometry and distribution on turbulent convection attract less attention in previous studies. To the
best of our knowledge, the only experimental investigation of roughness distribution on turbulent thermal convection was
done in [6] in which glass spheres with different diameter were glued to the conducting plates. Owing to the poor thermal
conductivity of glass, there existed unknown and possibly significant thermal resistance between the conducting plates and the
roughness elements making the situation much more complex, which prompts us to study the geometrical effects of roughness
on turbulent thermal convection using directly machined roughness elements on plates.

THE EXPERIMENTS

The experiments were carried out in cylindrical convection cells with Plexiglas sidewalls. The wall-roughness was directly
machined tiny pyramids arranged in a square lattice form on both the top and bottom plates. The height of the roughness
elements was 8 mm. The width of the base of each pyramid was varied from 16 mm to 2 mm. Thus, the roughness parameter
λ, as defined by the ratio of roughness height to the base width, was from 0.5 to 4.0. Totally for sets of plates with λ =
0.5, 1.0, 1.9, and 4.0 were used in the study. The convection cell had a diameter D of 19.2 cm and a height H of 20.0 cm.
Thus the aspect ratio Γ was nearly unity. Flourinert FC770 fluid with Pr = 23.34 was used in the experiment. By varying the
temperature difference ∆T applied to the top and bottom plates, we achieved Ra from 4× 109 to 2× 1011. The temperature
of the top (bottom) plate was monitored by four (five) thermistors embedded into it. The sampling rate of those temperature
measurements was 1.6 Hz. The local temperatures at the cell center and ∼1 cm away from the sidewall were measured using
two tiny thermistors with a time constant of 0.03 s. The sampling rate of the local temperature measurements varied from 32
Hz to 128 Hz depending on Ra. To obtain sufficient statistics, measurement at different Ra lasted at least 12 hours.

RESULTS AND DISCUSSION

It is found that, surprisingly, the local temperature fluctuations change significantly with different λ, i.e. with the increase
of λ, the magnitude of the local temperature fluctuations increases. The power law scaling relation of the normalized tem-
perature fluctuations changes with the increase of λ as well. Detailed examination of the temperature time series implies that
these changes come from the changes of thermal plume dynamics: With the increase of λ for a plate with fixed diameter, the
number of roughness elements increases, and the increased roughness elements also means increase of the “plume emitters”.
Thus for larger λ, more thermal plumes will be emitted. There has been evidence that the thermal plumes emitted from nearby
heat sources will form plume clusters or large plumes[11]. These large thermal plumes are more able to maintain their “heat”
(or temperature difference with the background fluid) during their migration from one plate of the convection cell to another,
leading to changes in both the magnitude of the temperature fluctuations and its Ra◦ dependence.
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Figure 1: Dissipation power Q measured at the cell centre (a) and the sidewall (b) for different roughness parameter λ.

To quantify the change of the plume dynamics, we calculate the dissipative power Q introduced in [13]. which is defined
as:

Q = σT /σT ′ ×H2/κ (1)

where σT =
!

(T ◦ ⟨T ⟩)2 and σT ′ =
!

(T ′ ◦ ⟨T ′⟩)2 with T ′ being the time derivative of the local temperature T and κ
the thermal diffusivity of the convecting fluid. The measured Q as a function of Ra for different λ is shown in figure 1.
It is seen that with the increase of λ, the dissipation power Q increases, suggesting that the plume dynamics has changed.
Similar change of the dissipation power Q was interpreted as the change of plume dynamics [13]. As thermal plumes are the
main heat carriers in turbulent thermal convection, the changes of plume dynamics will surely change the heat transport of
the system, which is confirmed by the measured change of the power relation between Nu and Ra. Since thermal plumes
self-organize themselves into a coherent large-scale circulation (LSC), the change of plume dynamics, should also be reflected
from the LSC dynamics. The measured Ra dependence of the Reynolds number Re associated with the LSC also changes
with increase of λ.

CONCLUSION

We have demonstrated that simple manipulation of the surface roughness geometry in turbulent thermal convection can
significantly modify the local temperature fluctuations as well as the heat transport. The changes lie in the change of plume
dynamics, reflected by the dissipative power. With the increase of roughness parameter λ, defined as the ratio between the
roughness height and the roughness base width, the thermal plume emissions enhances, leading to the enhancement of the
local temperature fluctuation and the heat transport.
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amplitude fluctuation Ȥ is related with the intensity (I) by [4], ߯ ൌ ��� ቀҧቁ ൌ
ଵ
ଶ ��� ቀ

ூ
ூҧቁ. For the wave propagated in the x-

direction over distance L through the turbulent medium having refractive index field ݊ሺݔǡ ǡݕ  ሻ, the fluctuations of AOA inݖ
the horizontal (y) and vertical (z) directions are [5, 6], ߙ௬ᇱ ൌ  డᇲሺ௫ǡ௬ǡ௭ሻ

డ௬ ݔ݀
  and ߙ௭ᇱ ൌ  డᇲሺ௫ǡ௬ǡ௭ሻ

డ௭

  respectively. The ݔ݀

AOA is the net deflection of the light ray. For a light ray, the two AOAs obtained from the displacements of the ray from 
the nominal trajectory are, ߙ௬ ൌ ఋ

  and ߙ௭ ൌ ఋ
 . For narrow laser beam images, the AOAs are calculated by replacing the 

two displacements by the intensity weighted centroids (ݕǡഥ  ҧ). A quantity proportional to the relative intensity change sensedݖ
in shadowgraphs can be obtained from the displacement fields as ࣣ ൌ  ଵ

 ቀ
డమ
డ௬మ 

డమ
డ௭మቁ


  .ݔ݀

 
RESULTS AND DISCUSSION 

 
From the theoretical relations for frequency spectra of 
intensity and AOA for homogeneous, isotropic turbulent 
medium (assumed to be following KO scaling) developed 
by Tatarski [5], the asymptotic scalings for the low and 
high frequency ranges can be obtained as f 0 and f -8/3 for 
intensity spectra and f -2/3 and f -8/3 for the AOA spectra. By 
modifying the theoretical relations for BO scaling, the 
corresponding asymptotic scalings are obtained as f 0 and  
f -12/5 for the intensity and f -2/5 and f -12/5 for the AOA 
spectra. 
Figure 3(a) shows the frequency spectra of intensity 
fluctuations, obtained from the shadowgraphs for different 
Rayleigh numbers. The spectra approach a constant value 
(f 0 scaling) for low frequencies, while they seem to follow 
f -12/5 scaling in the high frequency range. They are in 
qualitative agreement with the spectra of the relative 
intensity I, derived from displacement fields, shown in 
Figure 3(b). 
Frequency spectra of horizontal AOA and horizontal 
displacement fields (obtained from BOS) for different 
Rayleigh numbers are shown in Figures 3(c) and (d) 
respectively. The asymptotic scalings in the low and high 
frequency ranges in this case seem to be f -1/3 and f -8/3 
respectively. Figures 3(e) and (f) show the frequency 
spectra of vertical AOA and vertical displacement fields 
and the asymptotic scalings are f -2/5 and f -12/5 respectively 
in the low and high frequency ranges. 
It was found thus that the asymptotic scalings of the 
intensity and vertical AOA spectra follow BO scaling more 
closely. The horizontal AOA scaling in the high frequency 
range is closer to KO scaling, while the low frequency 
asymptotic scaling f -1/3, is unknown and may be associated 
with the inhomogeneity of the flow in lateral direction. 
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       (c)     (d) 

 
      (e)      (f) 
Figure 3. Frequency spectra of fluctuations of (a) intensity obtained 
from shadowgraphs, (b) quantity I derived from displacement 
fields of BOS, (c) horizontal AOA, (d) horizontal displacements, 
(e) vertical AOA and (d) vertical displacements for various 
Rayleigh numbers (All spectra are for the location y = 0). 
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FLOW IN A DUAL HEATED CHANNEL  
 

M. Z. Hossain1a) & J. M. Floryan1 
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SummaryThe drag reduction in a horizontal channel exposed to a spatially-periodic heating along the upper and lower walls has been 
analyzed. It has been shown that the drag reduction increases by up to a factor three when compared with the drag reduction achieved 
using one-wall heating. This increase is possible only when both heating patterns have a proper relative position. 
 
 

INTRODUCTION 
 
In a channel flow, the friction between the fluid and the bounding solid wall creates drag, and the development of 
techniques for its reduction attracted a lot of interest in recent years. One relatively new technique developed by Hossain 
and Floryan [1] is the use of spatial heating patterns which create a buoyancy field leading to the formation of a system of 
separation bubbles. The fluid trapped inside bubbles rotates due to the actions of horizontal density gradients and, thus, 
provides a propulsive force which contributed to the fluid pumping. The bubbles also isolate the stream from the direct 
contact with the bounding walls and, thus, reduce friction acting on the stream. The main objective of this article is to study 
the system response when both walls of a horizontal channel are heated and to determine positioning of the heating patterns 
which lead to the largest drag reduction.  

 
PROBLEM FORMULATIONAND RESULTS 

 
Consider steady flow of a fluid confined in a channel bounded by two parallel walls extending to ±∞ in the x-direction and 
placed at a distance 2h apart from each other with the gravitational acceleration g acting in the negative y-direction, as 
shown in Fig.1. The flow is driven in the positive x-direction by a pressure gradient. The fluid is incompressible and 
Newtonian. The lower and the upper walls are subject to the periodic heating patterns with the phase difference Ω between 
them. The resulting walls' temperatures have the forms 2/x)cos((x)θL α= , 2/)xcos((x)θU Ω+α= ,where subscripts L and 
U refer to the lower and upper walls, respectively, θLand θU denote the relative temperatures of the lower and the upper 
walls, respectively, and α is the wavelength of the heating. 

 
 

Figure 1. Sketch of the system configuration.  
 
In the above u0 is the reference Poiseuille flow. To denote the strength of the reference flow, the Reynolds number Re is 
defined based on the channel half-height. The upper and lower wall heating intensities are expressed by the periodic lower 
and upper Rayleigh numbers Rap,L and Rap,U, respectively. The relevant field equations consist of the continuity, Navier-
Stokes and energy equations supplemented with the proper boundary conditions and the fixed flow rate constraint. This 
system is solved using a spectral discretization with Fourier series and Chebyshev collocation method [1]. The imposed 
heating changes the shear stress distribution which results in change in the pressure gradient, e.g.

A/Re)2(Rep mean +−=∂∂ x/ . The effectiveness of the heating is judged by comparing A with the isothermal pressure 

gradient -2Re (or by comparing A/Re with -2). 
 
The flow topologies resulting from the application of the imposed dual heating are illustrated in Fig.2(a-b). It can be seen 
that the size of the separation bubbles as well as the intensity of the motion inside the bubble depend on the phase shift 
between both heating patterns; they are largest for Ω = 0 and smallest for Ω = π. This result demonstrates potential for 
increase of the drag reduction through the judicious selection of Ω. The flow topologies display the up/down symmetries 
combined with the horizontal phase shifts. Ω = π produces a simple symmetry without any phase shifts. Topologies with the 
up/down symmetries and the proper phase shifts have the same global characteristics, e.g. the same drag reduction. 

-1 

x,u 

y,v 
+1 

θU(x) = 0.5cos(αx+ Ω) 

θL(x)=0.5cos(αx) 

g u0(y) 

 



 

 
  (a)       (b)    (c)         (d) 
Figure 2. (a-b) Flow topology for the sinusoidal heating patterns applied at both walls with Rap,L = Rap,U  =1000, Re = 5, α 
= 2.5, Pr = 0.71, and for the phase shifts Ω = 0 (Fig. 2a), π (Fig.2b).Figure 2. (c-d) Shear stress distributions at the lower 
(Fig.2C) and upper (Fig.2d) walls for selected values of the heating wave numbers α for Ω = 0, Re = 1. The solid, dashed-
dotted and dashed lines correspond to the two-wall heating, the lower-wall heating and the isothermal channel, respectively.  
 

 
  (a)                      (b)                  (c)  
Figure 3. Variation of the pressure-gradient correction A as a function of (a) the heating wave number α for Rap,L = Rap,U  = 
1000, Re = 5and selected phase angles Ω;(b) the Reynolds number Re for selected heating intensities Rap = Rap,L = Rap,U for 
α = 2.5, and  Ω = 0;(c) the Rayleigh number Rap = Rap,L = Rap,U for Ω = 0, and α = 2 (thick solid lines) and α = 3 (thick 
dashed-dotted lines).   
   
Variations of the pressure gradient correction as a function of α are illustrated in Figure 3(a).The drag reduction is clearly 
visible but its magnitude rapidly decreases for α’s which are either too large or too small.  A significant increase of the 
drag reduction, as compared with what can be achieved using the single-wall heating, is clearly demonstrated but only if one 
uses proper phase difference between both heating patterns. This increase may reach up to 300%. Use of the improper phase 
difference significantly weakens this effect and can lead to drag reduction smaller than that which can be achieved using the 
one-wall heating. The effect the Reynolds number on the pressure gradient corrections are illustrated in Fig.3(b). The 
correction increases linearly for small Re, the growth saturates at Re ≈ 6 and is followed by a rapid decrease. Such 
variations occur for all Rayleigh numbers considered with the higher drag reduction achieved for higher values of Rap. The 
effectiveness of the heating intensity can be judged using data displayed in Fig.3(c). The pressure gradient correction 
initially increases proportionally to Rap. The growth eventually saturates and the further increase of Rap results in a 
reduction rather than any further increase of the pressure gradient correction. The reader may note that it is possible to 
create pressure gradient correction which is larger than the isothermal pressure gradient, i.e., it is possible to use wall 
heating to pump the fluid without the use of any externally applied pressure gradient. 
 

CONCLUSIONS 
 

The pressure-gradient-driven flow in a horizontal channel exposed to sinusoidal heating at the upper and lower walls, with a 
phase shift Ω between them, has been investigated for fluids with the Prandtl number Pr = 0.71. It has been found that that 
the intensity of convective effects strongly depends on the phase shift between the upper and lower heating patterns.  
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HIGH RAYLEIGH NUMBER CONVECTION WITH DOUBLE DIFFUSIVE FINGERS

Matthias Kellner1 and Andreas Tilgner∗1

1Institute of Geophysics, University of Göttingen, Friedrich-Hund-Platz 1, 37077 Göttingen, Germany

Summary Rayleigh-Bénard convection experiments observe a large scale circulation up to the highest Rayleigh numbers accessible to
experiments. Here, it is shown that this organization at large scales is disrupted by a relatively small perturbation in double diffusive
convection. Experiments reported here show that the large scale circulation disappears in favor of double diffusive fingers even if the total
density stratification is unstable and the buoyancy introduced by the stabilizing agent is two orders of magnitude smaller than the buoyancy
force due to the destabilizing agent. Another spectacular change in the large scale flow pattern occurs if the flow splits into several layers
stacked upon each other. This is observed in the oceans, and this effect has been reproduced in our experiments.

An electrodeposition cell is used to sustain a destabilizing concentration difference of copper ions in aqueous solution
between the top and bottom boundaries of the cell [1, 2]. The resulting convecting motion is analogous to Rayleigh-Bénard
convection at high Prandtl numbers. In addition, a stabilizing temperature gradient is imposed across the cell. Even for
thermal buoyancy two orders of magnitude smaller than chemical buoyancy, the presence of the weak stabilizing gradient has
a profound effect on the convection pattern because double diffusive fingers appear and replace the usual convection roll.

Fingers are narrow vertical columns in which fluid is moving vertically. They require a stabilizing temperature and a
destabilizing salt concentration gradient. They allow convective transport even if the total density stratification is stable.
Fingers form because heat diffuses more rapidly than ions. According to the commonly accepted picture for finger formation,
narrow fingers should not appear if the stabilizing temperature gradient is weak enough so that density increases with height
due to the destabilizing salinity gradient. In this case, a convection roll of the same form as observed in ordinary Rayleigh-
Bénard convection is expected. These convection rolls have in order of magnitude the same width and height and therefore
suffer less from dissipative losses as long and narrow fingers. One naively expects convection rolls to supercede fingers as
long as the fluid is top heavy. However, fingers appeared in the experiments even for unstable density stratifications.

Fingers are a form of convection distinct from a convection roll and convection undergoes a genuine transition as control
parameters are varied and the system switches from fingers to rolls. Remarkably, the ion transport at the transition is larger
than without an opposing temperature gradient.

The experiments are compatible with two different mechanisms triggering the transition from finger to roll convection.
Finger convection is replaced by an ordinary convection roll either if convection is fast enough to prevent sufficient heat
diffusion between neighboring fingers, or if the thermal buoyancy force is less than 1/30 of the compositional buoyancy force.

The size of these fingers and the flow velocities are independent of the height of the cell, but they depend on the ion
concentration difference between top and bottom boundaries as well as on the imposed temperature gradient. The scaling of
the mass transport is compatible with previous results on double diffusive convection.

Ongoing experiments focus on another modification of the large scale circulation introduced by double diffusive effects:
If the experimental cell is high enough, the flow splits into three layers, with a usual convective layer sandwiched between
two finger layers. When this occurs, new scaling laws hold for the ion transport.
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Figure 2: Normalized mean temperature profile θ(z) as a
function of z/δ. The measurements are made near the lower
conducting plate for different values of Ra and at fixed Pr =
7.6. The solid and dotted lines are, respectively, the calculated
θ(ξ; c) using Eq. (1) with c = 2.1 and c = 1. The dashed line
shows the PBP profile for Pr = 7.6.

which have been observed in the upright cylindrical cells.
Near the BL, the measured θ(z) is found to have a univer-

sal scaling form θ(z/δ) when the values of δ are varied in the
Ra range studied (1.5 × 109 ≤ Ra ≤ 1.5 × 1010). Figure 2
shows the measured θ(z) near the lower conducting plate for
different values of Ra and at fixed Pr = 7.6. All of the mea-
sured θ(z) curves collapse onto a single master curve once
z is normalized by the BL thickness δ. Similar scaling was
also found for the measured θ(z) in the upright cylinders [4]
and rectangular cells [5] with Ra ≤ 1011. It is seen that the
measured θ(z/δ) is well described by Eq. (1) with c = 2.1
(solid line), which deviates from the PBP form (dashed line)
in the region 0.6 ≤ ξ ≤ 2. Similarly, we measure θ(z) in
water (Pr = 4.4), which is also found to be well described
by Eq. (1) with c = 1.8.

While the deviations of the measured θ(z) from the PBP
form are clearly visible, they are nonetheless small and are
only shown in the region 0.6 ≤ ξ ≤ 2. The temperature vari-
ance profile η(z), on the other hand, is a direct measure of
BL fluctuations and equals to zero for laminar BLs without
fluctuations. Figure 3(a) shows the measured η(z) as a func-
tion of distance z for different values of Ra. In the plot, η(z)
is normalized by its maximal value η0 and z is normalized
by δ. In the region ξ = z/δ ≤ 2, all the measured η(z)/η0
curves collapse onto a single master curve, which has a sin-
gle peak at ξ0 ≃ 0.78 ± 0.05. A similar single-peaked η(z)
was also found in the upright cylinders [6, 7] and rectangu-
lar cells [5]. Beyond ξ > 2, the measured η(z)/η0 does not
scale with z/δ anymore. Instead, it scales with z/D, where
D is the cell diameter, as shown in Fig. 3(b). It is seen that
all the measured η(z)/η0 curves superimpose with each other
in the region 0.008 ≤ z/D ≤ 0.15. Figure 3 thus reveals a
sharp transition to a new scaling regime at ξc = (z/δ)c ≃ 2
or equivalently z/D ≃ 0.008.

The scaling behavior of the measured η(z)/η0 is a unique
property of the thermal BL in turbulent Rayleigh-Bénard con-
vection, and one has not yet found an equation to describe the
function form of η(z)/η0. Based on the above experimental

Figure 3: Normalized temperature variance profile η(z)/η0
as a function of the normalized distance (a) z/δ and (b) z/D.
The measurements are made near the lower conducting plate
for different values of Ra and at fixed Pr = 7.6. The
vertical lines in (a) and (b) indicate the transition distance
ξc = (z/δ)c ≃ 2 or equivalently z/D ≃ 0.008.

results, we derive a new BL equation for η(ξ) and obtain a
numerical solution of η(ξ) for Pr > 1, which is found to be
in an excellent agreement with the experimental data. More
details about the derivation of the equation and the fitting to
the experimental data will be given at the oral presentation.
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Summary We study the effects of polymers on heat transport in turbulent Rayleigh-Bénard convection using direct numerical simulations.
We find that for small Weissenberg number, which is the ratio of the polymer relaxation time to the typical time scale of the flow, heat
transport is reduced but for sufficiently large Weissenberg number, heat transport is enhanced. Our generalization of the classical boundary
layer theory to flows with polymers has demonstrated that polymer stretching gives rise to a space-dependent effective viscosity. By carrying
out the generalized boundary layer analysis using the effective viscosity profile computed from the numerical data, we provide a theoretical
explanation of the observed transition of heat reduction to heat enhancement when Weissenberg number is increased.

INTRODUCTION

In turbulent Rayleigh-Bénard (RB) convection, a fluid constrained between two horizontal plates is heated from below and
cooled from above. The system is controlled by the Rayleigh and Prandtl numbers, Ra = αg∆TH3/(κνs) and Pr = νs/κ,
where α, νs and κ are respectively the volume expansion coefficient, kinematic viscosity, and thermal diffusivity of the fluid,
∆T is the temperature difference, H is the distance between the top and bottom plates, and g is the acceleration due to gravity.
The bulk flow without the boundary layers is believed to be a good approximation of the ultimate regime at large Ra. To
study the effect of polymers in this case, we have performed direct numerical simulations (DNS) of homogeneous turbulent
thermal convection with polymers using periodic boundary conditions [1], and found that polymers enhance heat transport.
At variance with this result, experiments on turbulent RB convection at moderate Ra [2, 3] reveal that polymers reduce heat
transport and the amount of reduction increases with polymer concentration. To account for these experimental findings, we
have generalized the classical Prandtl-Blasius-Pohlhausen (PBP) theory to study heat transport by boundary-layer flow with
polymers [4, 5]. Our work demonstrated that polymer stretching gives rise to a space-dependent effective viscosity. When
the effective viscosity is non-zero only within a region very close to the plate, heat transport is reduced and the amount of
reduction increases with polymer concentration as observed in the experiments. The above studies lead us to the idea that how
heat transport is affected is determined by the specific details of the polymer stretching, and motivates our present DNS study.

NUMERICAL SIMULATIONS AND RESULTS

In Boussinesq approximation, the equations of motion for RB convection with polymers are

∂tua + u⃗ · ∇⃗ua = −∇ap+ νs∇2ua +∇bTab + αg(T − T∗) δaz (1)

∂tT + u⃗ · ∇⃗T = κ∇2T (2)

where u⃗ is the velocity field with components ua, a = x, y, z, with x and y along the horizontal directions and z along
the vertical direction, p is the pressure, and T is the temperature field with T∗ being the mean temperature averaged over
time and space. We have used the repeated indices summation convention and the density of the fluid is taken to be 1. The
polymeric stress tensor Tab depends on how much the polymer chains are stretched. For the Oldroyd-B model, Tab(r⃗, t) =
νp [Rab(r⃗, t)− δab] /τ , where νp is the polymer contribution to the zero-shear viscosity of the polymer solution and τ is the
relaxation time of the polymers. Let d⃗ be the end-to-end distance vector of a polymer chain, the conformation tensor Rab is
the ensemble average of dadb normalized by the equilibrium value of the ensemble average of d2a/3, and is governed by

∂tRab + u⃗ · ∇⃗Rab = ∂cuaRcb +Rac∂cub − (Rab − δab) /τ . (3)

Periodic boundary conditions are imposed at the lateral planes whereas fixed-temperature and no-slip boundary conditions
are used at the top and bottom plates. The DNS is performed at Ra = 1.7 × 105 and Pr = 7. The Weissenberg number is
defined by Wi ≡ τUc/H , where Uc =

√
αg∆TH . Heat transport is measured by the Nusselt number, which is defined by

Nu ≡ (⟨uzT − κ∂zT ⟩A)/(κ∆T/H), where ⟨· · ·⟩A denotes an average over a horizontal plane and time. Nu0 denotes the
value for the case without polymers. For Wi = 2 we observe a small reduction in heat flux with δNu = Nu − Nu0 < 0
while at Wi = 5 and Wi = 15, δNu > 0 and the heat flux is enhanced. Thus we observe a transition from heat reduction to
enhancement as Wi is increased.

∗Corresponding author. Email: ching@phy.cuhk.edu.hk
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In the presence of Oldroyd-B polymers, the classical Prandtl-Blasius boundary layer equation for velocity becomes [4, 5]

ux∂xux + uz∂zux = νs∂
2
zzux + νp∂z (Rxz) /τ . (4)

Here x denotes the direction along the plate and z is the direction perpendicular to the plate, and ux → U as z → ∞. The
mainstream velocity U plays the role of the large-scale mean flow velocity in turbulent RB convection. Introducing the stream
function Ψ(x, z) ≡

√
ν0xUφ(ξ) where ξ ≡ z

!
U/(ν0x) and ν0 = νs + νp, we obtain

2∂ξ{[1 + g(ξ)]φξξ}+ φφξξ = 0 , (5)

where φξ denotes ∂ξφ, g(ξ) ≡ νeff(ξ)/ν0 − 1, and νpRxz(ξ)/τ ≡ νeff(ξ)∂zux, together with the boundary conditions
φ(0) = φξ(0) = 0 and φξ(∞) = 1. Writing the temperature field T (x, z) as T0 + (T1 − T0)θ(ξ) where T1 and T0 are
respectively the temperatures at z = 0 and z → ∞ (corresponding to the cell center in turbulent RB convection), then we have

2θξξ + Pr φθξ = 0 (6)

with the boundary conditions θ(0) = 1 and θ(∞) = 0. The generalization of the PBP theory to boundary layer flows
with polymers thus shows that the effect of polymer can be represented by a space-dependent effective viscosity νeff(ξ) or
g(ξ). We can now use our DNS to get a quantitative computation of νeff(ξ). The energy dissipation rate due to viscosity is
ϵp(z) = ⟨−ua∇bTab⟩A and the rate of energy transfer to the polymers is ϵp(z) = ⟨−ua∇bTab⟩A. Thus we define νeff(z)/νs ≡
ϵp(z)/ϵ(z) and obtain g(ξ) ≈ νeff(ξ)/νs − 1 with ν0 ≈ νs and ξ = z/λt, where λt is the thermal boundary layer thickness.
We capture the general shape of g(ξ) by a simplified form: g(ξ) = µξ for ξ ≤ ξm and g(ξ) = µξm ≡ A for ξ ≥ ξm and use
Eqs. (5) and (6) with this simplified form of g(ξ) to study how heat flux depends on ξm and A. Two clear features emerge:
there is a transition from heat reduction to heat enhancement for all values of A and, most importantly, heat enhancement
occurs for ξm > 1. This result beautifully matches our DNS results: for Wi = 2 the maximum in g(ξ) occurs at ξ < 1 and
heat reduction is observed while for both Wi = 5 and 15 the maximum occurs at ξ > 1 and heat enhancement is observed.

CONCLUSIONS

Using DNS we have found a transition from heat reduction to heat enhancement in turbulent RB convection with polymers
when Wi is increased. We have carried out an analysis using the generalized PBP boundary-layer theory with a space-
dependent effective viscosity computed from the DNS data, and provided a physical way to understand the transition.
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Summary We present the results from direct numerical simulations of Rayleigh-Bénard (RB) convection of Rayleigh number 106 ≤ Ra ≤
1010, Prandtl number 4.38 and width-to-height aspect ratio 1/32 ≤ Γ ≤ 1. Our results suggest that the power law is more rational to be
fitted conditionally according to the three regimes classified by Chong et al.[1] as they are under different physical mechanisms on heat
transfer. For instance, in regime II heat transport is accomplished by a single, or a few, system-sized plume(s), whereas in regime I it is
carried out by fragmented plumes. Therefore, in contrast to RB flow at Γ = 1 (in the explored Ra range), there is no pure power-law scaling
between Nusselt number Nu and Ra whenever the convective state straddles over different regimes.

INTRODUCTION

Rayleigh-Bénard (RB) convection is the classical model for studying turbulent thermal convection which is the phenomena
ubiquitously existing in nature. In brief, the configuration of this model is a fluid layer heated from below and cooled from
above by parallel plates (see, for example, reviews [2, 3]). The relevant input parameters in RB convection are the Rayleigh
number Ra = αg∆TH3/νκ, Prandtl number ν/κ, aspect-ratio of the container Γ (here only the width-to-height aspect ratio is
varied), while the relevant response parameters are the Nusselt number and Reynolds number. Here ∆T represents the imposed
temperature difference over the cell height H while ν, κ, α and g represents the kinematic viscosity, thermal diffusivity,
thermal expansion coefficient and gravitational acceleration. One focus on RB flow is the study of scaling properties on global
heat transfer, and preferentially the power-law relation of Nu-Ra. Previously, most of the experimental or numerical results
were done in cylindrical cell with Γ around one or done with very large Γ for the asymptote of planetary convection. However,
a comprehensive study for Γ << 1 is lacking until the recent works by Huang et al. [4] and Chong et al. [1]. Their result
can be summarized as: Three regimes are classified for RB cell with Γ ≤ 1. Regime I is the classical regime in which Nu
is insensitive to the change in Γ; Regime II is the plume-controlled regime in which thermal plumes condensation occurs,
leading to the enhanced heat transfer efficiency; Regime III is reached when Nu starts to drop sharply beyond regime II.
There are actually different underlying physical mechanism in these regimes. For instance, heat transport is carried out no
longer by fragmented, individual thermal plumes but by a single, or a few, system-sized giant plumes formed through coherent
structure condensation[1] when turbulent flow fully enters regime II. It implies that fitting of the power-law relation between
Nu and Ra to the data should be done conditionally on each regime rather than the whole parameter range. The present study
complements the previous work by investigating the global Nu-Ra relation in the three regimes separately.

NUMERICAL SET-UPS

We simulate the incompressible RB flow with dimensionless Navior-Stokes equations and heat equation within the Boussi-
nesq approximation. The equations are expressed as:

∂u/∂t+ u ·∇u +∇p = ν∇2u + θz, (1)

∂θ/∂t+ u ·∇θ = κ∇2θ, (2)

∇ · u = 0, (3)

Here the non-dimensionalization is done by using the free-fall velocity, H and ∆T . After the non-dimensionalization,
the cold plate is fixed at the value -0.5 while the hot plate is fixed at 0.5, and the sidewalls are adiabatic. For velocity
boundary conditions, no-slip and impermeable boundary conditions are adopted. The design of meshes is based on the paper
by Shishkina et al. in which non-uniform meshes are used with finer grid near the boundaries. The data were collected when
the RB flow reached statistical steady state which is judged by convergence of Nu.

∗Corresponding author. Email: kxia@phy.cuhk.edu.hk



RESULTS

The Nusselt number Nu against Rayleigh number Ra for three different Γ is shown in fig. 1(a). As three different regimes
has been classified by Chong et al. [1] for Γ < 1, it leads us to distinguish the data under different regimes by using different
symbol styles (open symbol for regime I, crossed symbol for regime II, closed symbol for regime III). In contrast to having a
pure scaling at Γ = 1 with exponent 0.30, separate scaling ranges are markedly noted for Γ = 1/8 cases due to the regimes
crossover. However, when Γ reaches 1/32, it becomes apparent that a power law over two decades in Ra can be fitted by
power law with the exponent 0.49 (fitted by data lying in regime III). To better distinguish the scaling exponents at Γ = 1 and
Γ = 1/8, the compensated Nu is plotted against Ra as shown in fig. 1(b). Now, it is clear that the exponent for data in regime
II at Γ = 1/8 is 0.28 which is different from that at Γ = 1.
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Figure 1: Nu versus Ra for Γ = 1/32, 1/8 and 1 in (a). Note that the three regimes is based on Chong et al. [1]. Here the
black line is the fitting of Γ = 1 data while the blue line is the fitting of Γ = 1/32 data. Compensated Nu versus Ra for
Γ = 1/8 and 1 in (b). The red line is the fitting of Γ = 1/8 data within regime II (crossed symbol) while the black line is the
fitting of Γ = 1 data

CONCLUSIONS

We have fitted the Nu-Ra scaling exponent exponents conditionally on the three regimes classified by Chong et al.[1].
Pure scaling law is found at Γ = 1 with exponent 0.30 where the data points entirely lie in regime I. But no pure scaling law
can be found over the whole parameter range at Γ = 1/8, whereas power law can be fitted conditionally on regime II which
gives the exponent of 0.28. When Γ becomes 1/32, two decades of Ra lying in regime III allows us to observe the new scaling
exponent 0.49.
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Summary: The theory of continental drift by Elder [1] suggests that continents exert a thermally insulating effect on the mantle convection
underneath thus modify its large-scale flows, and in turn the continents are driven by the convective flows into cyclic motion [2]. We study
through laboratory experiments the dynamics of a free boundary floating on top of turbulent flows that undergo thermal convection. Depending
on its relative size, the free boundary either oscillates periodically or becomes locally trapped over an upwelling flow. These phenomena can be
understood preliminarily by a low-dimensional model that elucidates how the large-scale flows response to, and in turn, dictate the free
boundary motion.

Experimental apparatus and method
   Figure 1a presents a schematic drawing of the thermal convection apparatus. The convection tank has an aluminium
bottom plate and an open surface. Its inner dimensions are 60 cm (L) long, 7.8 cm (W) wide, and 11.3 cm (H) in height. The
container is filled with deionized water. The bottom plate is heated uniformly with a foil heater and the fluid is cooled from
its open surface, which is exposed in a laminar air-hood. During our experiments, the temperature difference across the fluid
is maintained at a constant ǻT = 12.0 K. The convection flows are characterized by two control parameters, i.e. the
Rayleigh number Ra = 1.1×109 and the Prandtl number Pr = 4.4.
   Introduced to the fluid surface is a floating boundary, which is free to move about along the container’s long axis X, is
made of a Plexiglas plate with length l. The coverage ratio, CR = l/L�� varies� from 0.2 to 0.8. A shadowgraph, projected by a
nearly parallel beam of light sent through the convection tank from behind, reveals the Àow pattern on the translucent
screen.�

� � � � � � �

Fig. 1 (a) Schematic diagram of the apparatus. See text for details of the various components. (b) Time series of the free boundary’s position.
From top to bottom: results for CR = 0.3, 0.4, 0.5, 0.6 and 0.7, respectively. Results reported in [3].

Dynamics of the free boundary --- oscillatory or trapped states
When the free boundary is on top of the fluid surface, it exerts a sizeable thermal perturbation to the underlying fluid

by reducing the local heat loss of the connective system. This effect is often referred to as the “thermal blanket effect.”
Under this effect, a two-roll flow structure typifies the main feature of the flow field, with downwelling flows on the two
sides that are separated by an upwelling flow (Fig. 1a). We observe that such a free-boundary-convection coupled system is
unstable for small boundaries: as the boundary lies on the top of the convective fluid, it is driven about and oscillates
between the two sidewalls of the tank. The ¿rst 3 panels of Fig. 1b show the position of the boundary center X as a function
of time. When the coverage ratio increases from 0.3 to 0.5, the oscillation period of X becomes progressively shorter and
more regular. These results imply that larger boundaries give greater thermal perturbation to the convection flows, causing
shortened periods with increased regularity.
   The free-boundary-convection system presents a different dynamical state if the coverage ratio exceeds 0.6. We observe
that in this state the free boundary ceases oscillating between the two sidewalls. Instead, it appears to be trapped in the
central area of the convection sample, making only small excursions in both directions randomly. Flow visualization shows
that when the boundary lies on top of the upwelling it is passively driven by the randomly passing hot plumes entrained by



the large-scale flow. The exact excursion of the boundary, both in direction and amplitude, depends on the detailed position
and size of the passing plumes. The last series of Fig. 1b shows the time series of the boundary in such a trapped state.
   If the coverage ratio is chosen as 0.6, we observe dynamical intermittency between the two states. Boundary oscillation
and localization appear alternatively as shown in panel 4 of Fig. 1b.

Interpretation of the two dynamical states --- a numerical model
The transition between the two distinct dynamical states can be well explained by a one-dimensional model [3]. The

model captures the important mechanism to elucidate the interactions between the free boundary and the convective flows
underneath. Through the thermal blanketing effect, the presence of the boundary modi¿es the Àow structure below; in turn,
the Àow exerts a viscous drag that causes the free boundary to move. Both the oscillatory state and the trapped state are
found from this model, depending on the boundary size. The model also offers details on the transition between the states,
and shed insights onto this coupled system without the need for full-scale fluid dynamics simulations. Recently, this simple
model is used to explain the dynamics of a free boundary interact with and driven by turbulent thermal convection in an
annular tank [4]. The model provides quantitative predictions of the boundary motion in good agreement with our
experimental observations.
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Summary Low-dimensional models of thermal convection can allow us to study the essential dynamics of the flow in simplified form, and to
produce empirical estimates using only a few parameters. Low-dimensional representations of convection can be constructed systematically
by writing numerical or experimental measurements as summations of a set of appropriate basis functions. For Boussinesq convection in a
cylinder, those basis functions should be defined in cylindrical coordinates, vector-valued, divergence-free, and complete. Here we present
such a basis set, the vector cylindrical harmonics. We demonstrate that they have the desired characteristics, show their use for representing
measurements, and point out their potential for low-dimensional convection models.

MOTIVATION: MODELING CONVECTION IN LIQUID METAL BATTERIES

Thermal convection occurs anywhere a fluid is heated from below with sufficient power, and convection plays a key role
in ocean currents, climate models, astrophysical flows, combustion, chemical processing, and jet propulsion, among many
other systems. We are particularly interested in convection in liquid metal batteries, a new technology capable of storing large
amounts of energy on world electrical grids at very low cost. Convection occurs because the batteries are hotter than their
surroundings, and convection drives mixing, which affects battery charge/discharge speed as well as battery lifetime.

We are developing low-dimensional models of convection in liquid metal batteries in order to predict mixing, and there-
fore battery performance, using the limited information available about an operating battery. We want to capture essential
dynamics of convection with as few parameters as possible. Low-dimensional models can be built systematically from em-
pirical measurements by representing those measurements as summations of appropriate basis functions, then truncating the
summation to a desired number of modes. For convection of a nearly-incompressible fluid in a cylinder, we require basis
functions that are defined in cylindrical coordinates, vector-valued, and divergence-free. We also require that the set of basis
functions be complete, that is, that their sums can represent any arbitrary incompressible flow. Such basis functions could also
represent magnetic fields in cylindrical coordinates, since magnetic fields always have zero divergence.

THE VECTOR CYLINDRICAL HARMONICS

We have devised a basis set that has the desired characteristics; we call them the vector cylindrical harmonics. Their
construction proceeds in analogy to the construction of the vector spherical harmonics [1], which have similar characteristics

Figure 1: Examples of toroidal and poloidal vector cylindrical harmonics. Each mode is characterized by a azimuthal
wavenumber n and an axial wavenumber k, both of which are positive integers. Toroidal modes are denoted T k

n and poloidal
modes are denoted Sk

n. Suffixes “c” and “s” indicate sine or cosine modes, respectively. Each mode is plotted on a cylinder
of radius 1, with direction indicated by arrows and speed indicated in color. Brighter colors signify higher speed.

∗Corresponding author. Email: d.h.kelley@rochester.edu



but are defined in spherical coordinates. First, we seek to solve Laplace’s equation ∇2Φ = 0 in cylindrical coordinates.
Its scalar solutions are necessarily complete because of the Sturm-Liouville form of the equation [2]. Using separation of
variables in cylindrical coordinates, we can show that the solutions are Φ =

!
n,k Ck

n, where

Ck
n(ρ,ϕ, z) = ℜ (Jn(◦ ikρ) cos nϕ cos kz) , (1)

written in terms of the cylindrical coordinates (ρ,ϕ, z), with Jn being Bessel functions of the first kind. Each mode Ck
n is

identified by two positive integers, the azimuthal wavenumber n and the axial wavenumber k. Though we have written cosines
in Eq. 1, sines also solve Laplace’s equation, as do products of a sine and a cosine. To specify, we will denote the various
possible modes with “c” and “s” suffixes, e.g., C2s

3c = ℜ(J3(◦ i2ρ) cos 3ϕ sin 2z). We call the Ck
n the scalar cylindrical

harmonics.
We can use the Ck

n to construct incompressible vector-valued functions by appending a unit vector and calculating curls.
We define the toroidal vector cylindrical harmonics as

T k
n = ℜ (∇× ρ̂Jn(◦ ikρ) cos nϕ cos kz) ,

where ρ̂ is the unit vector in the cylindrical radial direction. Likewise we define the poloidal vector cylindrical harmonics as

Sk
n = ℜ (∇×∇× ρ̂Jn(◦ ikρ) cos nϕ cos kz) .

Again, either cosines or sines provide solutions, and we will use suffixes to specify when necessary. Together, the T k
n and Sk

n

form a basis set that can be used to represent incompressible vector fields in cylindrical coordinates. Because each T k
n and

Sk
n is constructed from a curl, its divergence is automatically zero. We expect that the T k

n and Sk
n together form a complete

vector-valued set because the Ck
n are complete for scalars, but we have not proved it rigorously. A few vector cylindrical

harmonics are plotted in Fig. 1.

REPRESENTING MEASUREMENTS WITH VECTOR CYLINDRICAL HARMONICS

Having explicit forms for the vector cylindrical harmonics, we can represent numerical or experimental measurements as
summations of the modes. Suppose a convection flow field u is measured at N locations xj (1 ≤ j ≤ N ). Then we can write

u(xj) =
Nn"

n=1

Nk"

k=1

#
αk
nT

k
n (xj) + βk

nS
k
n(xj)

$
, (2)

for some coefficients αk
n and βk

n. If Nn = Nk =∞, a suitable choice of the αk
n and βk

n can always satisfy Eq. 2 exactly. When
the mode count is finite, the particular αk

n and βk
n that best fit the data can be determined via linear least-squares projection [3].

We will show examples of representing convection flow fields in terms of the vector cylindrical harmonics, and quantify the
fidelity of the representation as it varies with mode count.

FUTURE WORK AND APPLICATIONS

Once convection flows can be represented as a list of coefficients
%
αk
n,βk

n

&
, numerical or experimental measurements

can be used to build empirical models. We will discuss strategies for constructing models and consider how their accuracy
depends on mode count and on measurement resolution in both space and time. Those strategies are equally applicable to
any vector-valued quantity in cylindrical geometry, including convection of fluids other than liquid metal, magnetic fields in
liquid metal batteries, and magnetic fields in other cylindrical systems. We will discuss potential applications in these and
other contexts.
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CLOUD FORMATION THROUGH ISOBARIC MIXING IN TURBULENT
RAYLEIGH-BÉNARD CONVECTION

K. Chandrakar, K. Chang, D. Ciochetto, D. Niedermeier, W. Cantrell, R. A. Shaw∗

Department of Physics, Michigan Technological University, Houghton, Michigan, USA

Summary Cloud formation through isobaric mixing of water vapor in turbulent Rayleigh-Bénard convection is studied in the Michigan Tech
Pi Chamber (aspect ratio, diameter over height, of 2). Steady-state cloud conditions are achieved, allowing reliable sampling of turbulent
time series of air velocity, temperature, water vapor concentration, and cloud droplet size distribution. The water vapor and temperature
measurements allow for quantification of the turbulent fluctuations of water vapor supersaturation. For large temperature differences (high
Rayleigh number), the droplet size distributions exhibit a pronounced large-drop tail reminiscent of drizzle formation. This opens the door
for controlled, laboratory studies of aerosol-cloud-drizzle interactions.

THE PI CHAMBER

We have developed a laboratory facility for studying cloud formation in turbulent Rayleigh-Bénard convection: the Pi
Chamber, height 1 m and diameter 2 m. It is capable of pressures ranging from 1000 to ≈ 100 mbar, and can sustain temper-
atures of +40 to ◦ 55 ◦C. Temperature differences between the floor and ceiling of up to approximately 20 K are achievable,
yielding Rayleigh numbers of order 109. Clouds can be generated during turbulent convection by maintaining water saturated
conditions at the top and bottom boundaries. Specifically, glass fiber filter paper covers the top and bottom thermal panels
and can be connected to water reservoirs to ensure long-lifetime liquid (or ice) boundaries. Due to the nonlinearity of the
Clausius-Clapeyron equation, isobaric mixing between cold and warm water-saturated air results in water vapor supersatu-
ration. When cloud condensation nuclei (CCN) are present in the chamber, clouds form in supersaturated regions, and with
fixed thermodynamic conditions the cloud conditions can persist for long times (hours to days). We can thus explore how the
microphysical properties respond to aerosol input, and the relative roles of growth by condensation and collision-coalescence.

Coarse turbulence in the chamber is characterized utilizing a sonic anemometer for the three air velocity components and
a Lyman-alpha hygrometer for water vapor concentration fluctuations. Resistance thermometers (RTDs) with ≈ 1 second
response time provide the mean temperature profile and a linear array of thermistors is used to measure fast temperature
fluctuations. The cloud droplet size distribution and derived quantities like number density and liquid water content are
measured with a phase-Doppler interferometer (PDI); this instrument also provides two velocity components for the sampled
cloud droplets.

MIXING CLOUDS IN TURBULENT RAYLEIGH-BÉNARD CONVECTION

The experiment reported here generated steady-state cloud conditions for more than 10 hours. A three hour subset of the
time series is shown in Fig. 1. The top panel is the air temperature measured by those RTDs closest to the floor and the ceiling
respectively, showing that the convection is indeed stationary in time. Note that the mean temperature difference between
the two sensors is about 2 K. The temperature fluctuations detected by the lower RTD are larger compared to the fluctuations
measured by the upper one as the former sensor is closer to the heated floor panel. The second panel of Fig. 1 depicts the
supersaturation based on the water vapor partial pressure determined from the Lyman-alpha measurements (at 20 Hz), and
the saturation vapor pressure which is based on the temperature measurement closest to the Lyman-alpha instrument. Here it
is clearly observed that fluctuations in temperature and especially in water vapor concentration lead to a randomly, strongly
varying supersaturation. The mean supersaturation is approximately 5%, compared to typical supersaturation in atmospheric
clouds not much above 1%. The third panel shows the vertical velocity component measured by the sonic anemometer at
20 Hz. From its power spectrum, averaged over a time interval of 4 minutes, the turbulent kinetic energy dissipation rate was
calculated (panel 4) as a measure for the degree of turbulence inside the chamber. It is in the same range as observed in the
cloudy boundary layer in the mid-latitudes (Siebert et al. 2006). The bottom panel shows the cloud droplet number density
and the liquid water content, as derived from the PDI. We note that the fluctuations here are rather large, due to the limited
sampling statistics over a broad size distribution, but the values are steady within that range.

Table 1 summarizes the flow properties of the turbulent mixing cloud. All properties represent averages over the three hour
time interval. W represents the mean vertical velocity. The root-mean-square (rms) average of the vertical velocity fluctuations
is w′ = ⟨w2⟩1/2. The energy dissipation rate is estimated in two ways. First, we use the relationship ε = (S2/C)3/2/r, where
S2 = ⟨δw2(z, r)⟩ is the second moment of the velocity increment, δw(z, r) = w(z + r) ◦ w(z), ⟨·⟩ is the spatial average, z

∗Corresponding author. Email: rashaw@mtu.edu
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Figure 1: Time series of temperature, supersaturation, vertical velocity, turbulent kinetic energy dissipation rate, cloud droplet
number density, and liquid water content for a steady-state mixing cloud.

Table 1: Turbulence parameters calculated from measurements during the steady-state turbulent mixing experiment.

Boundary W w′ ε1 ε2 L η τη λ Rλ

condition (cm s−1) (cm s−1) (m2 s−3) (m2 s−3) (cm) (mm) (s) (cm)
wet 4.2 5.4 1.1×10−3 2.7×10−3 8.8 1.1 0.27 1.6 55

is the vertical position, r is the separation distance, and C = 2.1 is the Kolmogorov constant. Second, we obtain the integral
of the dissipative spectrum k2 E(k), which for isotropic flow must yield

!
k2 E(k) dk = 2 ε/(15 ν).

The integral length, L, is estimated by integrating the correlation function ⟨w(z + r) w(z)⟩/w′2. The Kolmogorov length
and time scales are given by η = (ν3/ε)1/4 and τη = (ν/ε)1/2. We obtain the Taylor scale through the relation λ =
(15 ν w′2/ε)1/2. The Taylor Reynolds number of the flow is given by Rλ = w′ λ/ν. The latter four calculations are based on
the ε value which was determined from the integral of the dissipative spectrum. The Taylor Reynolds number is in the range
of values determined in other Rayleigh-Bénard convection experiments (Ni et al. 2012).

DISCUSSION

The droplet size distribution reveals a mean droplet diameter of approximately 25 µm, with a large droplet tail extending
beyond 60 µm, which can be considered the drizzle range. Under these very strong gradient conditions the mean supersatu-
ration is several percent, and based on the diffusional growth law we estimate that droplets starting with a diameter of 1 µm
could grow to about 40 µm in diameter after one minute. To what extent the number of CCN together with condensation and
collision-coalescence in the turbulent environment account for the determined droplet size distribution is a matter of current
investigation. It is worth noting that this mode of cloud formation, allowing steady cloud microphysical conditions for times
much greater than typically available in an expansion chamber, opens up a number of experimental possibilities. In particular,
aerosol-cloud-drizzle interactions thought to be important for regulating low cloud amounts in the earth’s boundary layer, can
be explored.

The work was supported by the U.S. National Science Foundation grant. D. Niedermeier acknowledges support from the
Alexander von Humboldt Foundation during the time this research was carried out.
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Summary We present experimental studies of higher order flow modes in turbulent thermal convection in cells of aspect ratio (Γ) 1 and 0.5.
We found that in both Γ = 1 and Γ = 0.5 cells the first mode, which corresponds to the large-scale circulation (LSC), dominates the flow,
the remaining higher order modes are very weak . While during the cessation/reversal the second mode (quadrupole mode) dominates the
flow. The experiment reveals that the second mode and the remaining higher order modes play important roles in the reversal/cessation of
the LSC. In addition, it is found that the usually-referred cessation event is not the cessation of the entire flow but only the cessation of the
first mode (LSC).We also show direct evidence that the first mode is more efficient for heat transfer.

INTRODUCTION

Thermal convection is ubiquitous in nature and many engineering applications. Rayleigh-Bénard convection (RBC) is
a model system for the study of the thermal convection problem [1-4]. In previous studies, attentions were mostly paid
to the single-roll structure (LSC), i.e. the dipole mode of the convective flow (the ascending flow and the descending are
separated azimuthally by 180◦). It is a natural question whether higher order modes exist? Examples of such modes are
the quadrupole mode (ascending flow and descending flow appear alternately and separated azimuthally by 90 degrees, Fig.
1 (b)), the sextupole mode (ascending flow and descending flow are separated azimuthally by 60 degrees, Fig. 1 (c)) and
even the octupole mode ( ascending flow and descending flow are separated azimuthally by 45 degrees, Fig. 1 (d) ). Recent
numerical and experimental studies found that the higher order modes indeed exist [5-8]. While their dynamics, their roles in
the cassation and reversal of the LSC, the relationship between different Fourier modes and heat transfer are not known.

In this paper we present an experimental study of the first and a few higher order flow modes in convection cells with
aspect ratios 1 and 0.5. The convection cell is similar to those used in previous experiments [9]. The working fluid is water
while Prandtl number remained to be around 5.0. We use the multi-temperature-probe method to measure the orientation and
the strength of the flow [9]. Applying the Fourier transform to the azimuthal temperature profile T (φ) at any time instant
would give the amplitude/strength of the first four modes: A1, A2, A3 and A4. Repeat this process to the time trace of T (φ) ,
the time traces of amplitude/strength of the four modes A1(t), A2(t), A3(t) and A4(t) are obtained. Similarly the time traces
of the orientation of the four modes are obtained.

RESULTS AND DISCUSSION

We firstly study the behaviour of the high order modes during cessation/reversal events. It is found that during a rever-
sal/cessation the amplitude of the second mode and the remaining modes experience an increase then followed by a decrease,
which is opposite to the behavior of the amplitude of the first mode — it decreases to almost zero then re-bounds. In addi-
tion, the total amplitude of the flow does not drop too much which reveals that the usually-referred cessation event is not the
cessation of the entire flow but only the cessation of the first mode (LSC).

(a) (b) (c) (d)

Figure 1: The cartoons show the mid-height cut of (a) the first mode (dipole mode, or LSC), (b) the second mode (quadrupole
mode), (c) the third mode (sextupole mode) and (d) the fourth mode (octupole mode) of the flow in the convection cell, viewed
from above. Dots represent up-going flow and crosses represent down-going flow.

∗Corresponding author. Email: hengdongxi@nwpu.edu.cn
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Figure 2: Left: The ratio between the time averaged energy contained in the ith mode ⟨Ei⟩ and the time averaged total energy
of the flow ⟨Etotal⟩ as function of Ra for Γ = 0.5. Right: the same quantity but averaged only during reversals.

We then calculate the ratio between the time averaged energy contained in the ith Fourier modes ⟨Ei⟩ and the time averaged
total energy of the flow ⟨Etotal⟩, where ⟨Ei⟩ = ⟨Ai

2⟩, and ⟨Etotal⟩ = ⟨E1⟩+ ⟨E2⟩+ ⟨E3⟩+ ⟨E4⟩ [5,7-8]. We found that in
Γ = 1 cells, overall the first mode, which corresponds to the large-scale circulation (LSC), dominates the flow. The remaining
higher order modes are very weak, each contains less than 4% of the total flow energy. In Γ = 0.5 cells, as shown in Fig. 2
(a), overall the first mode is still the strongest but less dominant, the second mode becomes stronger which contains 13.67% of
the total flow energy and the third and the fourth modes are also stronger. With a large number of measured cessation/reversal
events in Γ = 0.5 cells, we are able to obtain the statistical properties of the higher order modes during a cessation/reversal.
To study the amplitude of the different mode during reversals, we calculated the relative weight of ith mode’s energy —
⟨Ei⟩/⟨Etotal⟩ during reversals. It is found that during the reversal of the LSC, the second mode dominates, containing about
half of the total flow energy, as shown in Fig. 2 (b). This finding reveals that the second mode plays an important role in the
reversal of the LSC.

We in addition measured simultaneously the instantaneous heat transfer efficiency (Nu(t)) and amplitudes of the different
modes and show directly that the first mode, which is more coherent, produces higher heat transfer efficiency. It reveals that the
global heat transfer is controlled by the internal flow states and a more coherent flow is able to transfer heat more efficiently.
Our results show that under nominally identical control parameters (Ra, Pr and Γ) and boundary conditions, the turbulent flow
can assume different internal states, and this may be detected by the global transport properties (here the instantaneous heat
transfer efficiency (Nu(t)). Although the difference in Nu when the flow is in different internal states is very small, this finding
may provide a way to control heat transfer by manipulating the internal flow states. It also provides an example of how the
global properties of a fluid system is directly linked to its internal flow states.

We are grateful to the support by the National Natural Science Foundation of China (through grant no. 11472094), the
Fundamental Research Funds for the Central Universities of China, the Research Grants Council of Hong Kong SAR (through
grant no. 403712) and the Peacock Plan of Shenzhen Municipal Government (through contract no. KQCX20130627094615415).
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ON THE ANALYSIS OF FLOWS IN HEATED CORRUGATED CONDUITS 
 

Arman Abtahi*a) & Jerzy M. Floryan* 
 *Dept. of Mechanical and Materials Engineering, University of Western Ontario, London, Ontario, CANADA 

 
Summary  It is known that the application of periodic heating along the walls results in drag reduction in pressure-gradient driven flow. 
The heating creates a buoyancy field that leads to the creation of separation bubbles which separate the stream from the bounding walls. 
The strength of this effect is of practical interest for heating with wave numbers O(1) and for flows with small Reynolds numbers [1]. 
This analysis is focused on the determination of the role played by surface corrugations in a heated channel. The results suggest that a 
significant increase of the drag reduction can be achieved by placing the grooves in a proper relative position with respect to the heating 
pattern. 
 

INTRODUCTION 
 
   In the super-hydrophobic effect, gas bubbles become trapped in surface micro-pores, effectively reducing the shear stress 
as shear between the liquid and the solid is replaced by shear between the liquid and the trapped gas [2]. The presence of 
liquid and gas phases and a proper surface topography are required to create this effect. It has been shown that imposing a 
correct pattern of heating-cooling at the walls can create a qualitatively similar effect [3]. A proper distribution of the 
buoyancy force leads to the formation of separation bubbles which isolate the stream from direct contact with the bounding 
walls and, at the same time, fluid rotation inside the bubbles provides a propulsive force. This effect is active in single phase 
fluids and does not require special surface topography. In the present study, the effects of a combination of surface 
topography and distributed heating are studied with particular attention paid to the potential for reduction of the pressure 
gradient required to drive a prescribed flow rate through such a conduit. 
 

PROBLEM FORMULATION AND RESULTS 
 

   Consider a channel formed by two horizontal corrugated plates whose geometries are illustrated in Fig. 1 where half of the 
mean channel opening ݄ has been used as the length scale.  
 

 

Figure 1. Schematic diagram of the flow system 
 
   In the above, ݕݕ�����௧� are the amplitudes of the corrugations at the lower and upper plates, respectively, : stands for 
the phase shift between the upper and lower corrugations, and D denotes the corrugation wave number which is the same as 
the heating wave number. The gravitational acceleration ݃ is acting in the negative y-direction. The steady, incompressible 
flow of a Newtonian fluid is driven in the positive x-direction by an externally imposed pressure gradient. The fluid has 
thermal conductivity ݇, specific heat ܿ, thermal diffusivity ߢ ൌ ݇ Τܿߩ , kinematic viscosity ߥ, dynamic viscosity Ɋ, thermal 
expansion coefficient ߁ and variations of the density ߩ that follow the Boussinesq approximation. All material properties 
are evaluated at the reference temperature. 
   The lower and upper walls are subject to a spatially periodic heating resulting in the temperatures shown in Fig.1. The 
intensity of the uniform heating component is expressed in terms of the uniform Rayleigh number ܴܽ௨ ൌ
ଷ݄߁݃ ௨ܶ ሺߥߢሻΤ �, the amplitude of the lower periodic heating is expressed in terms of the lower periodic Rayleigh number 
ܴܽǡ ൌ ଷ݄߁݃ ܶǡ ሺߥߢሻΤ , the amplitude of the upper heating is expressed in terms of the upper periodic Rayleigh number 
ܴܽǡ=݄݃߁ଷ ܶǡ ሺߥߢሻΤ , ௨ܶ is the difference between the mean temperatures of the lower and upper walls, ܶǡ and  ܶǡ 
are the peak-to-peak amplitudes of the lower and upper periodic heating components, respectively, and ߥߢ ሺ݄݃߁ଷሻΤ  has 
been used as the temperature scale. Positions of the upper and lower heatings with respect to the groove locations are 
expressed using the phase shifts :் and :் where the former refers to the lower wall while the latter refers to the upper 
wall. The relevant field equations consist of the continuity, Navier-Stokes and energy equations supplemented with the 
proper boundary conditions and the fixed flow rate constraint. This system is solved using a spectral discretization 
combined with the Immersed Boundary Conditions (IBC) method [4] to account for the irregularity of the flow domain. The 
pressure gradient correction A is defined as �߲ Τݔ߲ ȁ ൌ ܴ݁ሺെʹ  ܣ ܴ݁Τ ሻ and positive values signal drag reduction. 
                                                           
a) Corresponding author. Email: sabtahi4@uwo.ca 
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   Figure 2 displays the flow and temperature fields. The buoyancy force creates separation bubbles at low Reynolds 
numbers. Increase of Re initially decreases the size of the bubbles and, eventually, eliminates them completely. 
 

(a) (b) (c) 
Figure 2. Flow and temperature fields for D ൌ ݎܲ ,ʹ ൌ ͲǤ1, ்ߗ ൌ ߨ ʹΤ ்ߗ , ൌ ߨ ʹΤ ߗ , ൌ Ͳ, ݕ௧ ൌ ݕ ൌ ͲǤͲͷ,�ܴܽ௨ ൌ Ͳǡ ܴܽǡ ൌ
�ܴܽǡ ൌ ͷͲͲ for Re =1 (Fig.2a), Re = 20 (Fig.2b) and Re = 1000 (Fig.2c). Dashed (dashed-dotted) lines correspond to the positive 
(negative) isotherms. The stream function and the temperature have been normalized with their maxima. 

 
   Figure 3a illustrates variations of the pressure gradient correction as a function of the phase shift between the corrugation 
and the heating. It can be seen that the correction changes from positive to negative as a function of :். The addition of 
grooves may either significantly decrease the pressure gradient required to drive the flow or increase this pressure gradient 
depending on the phase shift. The drag reduction may increase by a factor of 10 when compared with the smooth channel 
exposed to the same heating if a proper phase shift is used. Figure 3b illustrates variations of the pressure-gradient 
correction as a function of the wave number and demonstrates that D|�ʹ is the most effective. Figure 3c illustrates variations 
of the pressure-gradient correction A as a function of�ܴ݁ and demonstrates the decrease of the magnitude of the drag 
reduction as Re increases. 
 

 

  
   (a)       (b)    (c) 

Figure 3. Variation of the pressure-gradient correction A as a function of a) the phase difference between the corrugation and the 
heating ்ߗ for�ܴ݁� ൌ ͳ, and D ൌ ͳ; b) the heating and corrugation wave number D  for ܴ݁� ൌ ͳ, and ்ߗ� ൌ ߨ ʹΤ ; c) the Reynolds 
number ܴ݁ for D ൌ �ʹ, and ்ߗ� ൌ ߨ ʹΤ . Other parameters are ܴܽǡ ൌ ͳͲͲͲǡ ܴܽǡ ൌ Ͳǡ ܴܽ௨ ൌ Ͳǡ ௧ݕ ൌ Ͳǡ்ߗ ൌ Ͳǡ ߗ���� ൌ Ͳ. 

 
CONCLUSIONS 

 
   The reduction of pressure losses in a pressure-driven flow in a heated channel with wall corrugations has been analyzed. 
Detailed results have been presented for the Prandtl number ܲݎ ൌ ͲǤͳ which well approximates the properties of air. It has 
been shown that the use of a proper phase shift between the heating pattern and the corrugation pattern results in a 
significant reduction of pressure losses. 
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Summary We perform a systematic analysis of heat transfer in a counter-current three dimensional convective exchanger, when the in-
let/outlet influence is fully taken into account as is the longitudinal diffusion in the exchanger and the inlet/outlet tubes. The analysis,
carried out for constant fluid properties and using generalized Graetz mode decomposition consider the various influence of the fluid/solid
diffusivity, the imposed convection, inlet/outlet far-field conditions, and lateral boundary conditions. In all cases we found an optimal Péclet
number for the cold or hot efficiency. This study open new perspectives for micro-heat exchangers where moderate convection provides the
best efficiency and compactness.

Conjugate counter-flow heat-exchangers are widely used in thermal and building energy, chemical, and many other in-
dustrial applications [5]. In the recent years, efforts have been dedicated to design micro-heat exchanger for micro-cooling
systems associated with high power density micro-chips.Compactness, efficiency, and performance are indeed all-together
crucial in many contexts and different strategies have been proposed to search for optimal designs.

In many cases, for highly convective regimes are considered, the influence of longitudinal diffusion inside the exchanger
is neglected. Similarly, a fully developed convective outlet condition [6] is generally chosen. The aim of this contribution is to
revisit this problem when taking into account the full influence of inlet/outlet coupling as well as longitudinal diffusion based
upon a new theoretical formulation [3, 4, 1]. Optimal transfer is obtained for moderate convective effects, which a aposteriori
justifies to consider full convection/diffusion couplings.

GOVERNING PROBLEM

We consider laminar convection-diffusion arising in a fluid having constant properties. Fully developed solution of Navier-
Stokes momentum equations in cylindrical tubes oriented along direction z are given by the Poiseuille longitudinal velocity
vH,C = vH,C(r) ez = ±(3VH,C/2)

!
1 ◦ (r/R)2

"
ez where VH —resp. VC– stands for the average velocity in the hot —

resp. cold — tube, where R is the tube radius and ez is the unit vector along z direction. In most of the case VH = VC

(balanced configuration).
Following previous studies [6], we define the stationary flux balance in three dimensions for dimensionless temperature

T ⋆ = T/T−∞
H

PeH,Cv⋆(ξ⋆)∂z⋆T ⋆◦ (∂2x⋆ + ∂2y⋆ + ∂2z⋆)T ⋆ = 0, in Fluid
(∂2x⋆ + ∂2y⋆ + ∂2z⋆)T ⋆ = 0, in Solid

(1)

At infinity, hot/cold inlet/outlet tubes have homogeneous temperatures T±∞
H,C . T−∞

H and T+∞
C are the known imposed tem-

peratures at hot inlet tube (z → ◦ ∞) and cold inlet tube (z → +∞). T+∞
H and T−∞

C are unknowns outlet conditions,
standing for temperatures at hot outlet tube (z → ◦ ∞)) and cold outlet tube (z → +∞)). In most cases we study balanced
configurations T−∞

H = ◦ T+∞
C . Thermal conductivity in the solid is kS whilst, in the fluid it is kF . All inlet/outlet tubes

fulfill lateral homogeneous Neumann boundary conditions, whereas the exchanger fulfills a Robin lateral boundary condition.
A schematic view of a full exchanger is depicted Figure 1 (b).

THEORETICAL FORMULATION AND NUMERICAL IMPLEMENTATION

Main equation (1) refers as the extended Graetz problem which is an extension of a classical class of PDE problems in
which one can decompose the temperature field on a basis of eigenvalues and eigenvectors which are called in the literature
Graetz modes and Graetz eigenvalues. On previous contributions [3, 4, 1] it was proven that equation (1) on general configu-
rations can be written as an ODE d

dzφ(z) = Aφ(z) and that matrix A satisfies self-adjointness and compacity which allows
a similar spectral decomposition as in classical case. Following this mathematical framework, a numerical method based
on Graetz modes was developed in [2]. Since we use a generalyzed Graetz-mode decomposition, all longitudinal variations
are analytically known. Then, providing proper continuity coupling conditions between hot/cold inlet/outlet tubes and the
exchanger part by minimizing a functional (see [2] for the more details) and correct eigenvalues sequences and eigenvectors,
one can compute the dimensionless temperature field T ⋆ at very low computational cost.

∗Corresponding author. Email: fplourab@imft.fr
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d
dx

[ Ök(x) d (x)
dx

]+[ 2 Öw(x)  Öd(x)] (x), x0 < x <x1                                (4) 

 
which can be readily solved by the GITT itself [3], yielding the corresponding algebraic eigenvalue problem. The extension 
of this analysis to multidimensional problems is straightforward, but is here omitted due to space restrictions. 

 
RESULTS AND DISCUSSION 

 
   The illustration of the proposed procedure is started with the analysis of the one-dimensional Burgers equation, both in 
linear and nonlinear formulations [4], which allows for the analysis of the transformation procedure on the eigenfunction 
expansion convergence behavior. The following functional forms for the coefficients are considered: w(x)=1, k(x)=1, 
d(x)=0, u(x)= u 0+bT(x,t). Table 1 illustrates the convergence behaviour of the eigenfunction expansions for T(x,t), with u0=10, 
b=0 (linear problem) and b=5 (nonlinear problem). Clearly, from those columns associated with the use of the convective 
eigenvalue problem (Conv.), one may clearly observe the marked gain in convergence rates in comparison to the diffusive 
alternative (Diff.), even for the nonlinear situation, when the convective eigenvalue problem does not account for the full 
influence of the nonlinear convection term. Table 2 provides a convergence analysis for T(x,y,t) in the two-dimensional Burgers 
equation, with u0=10, v0=1, b=0 (linear problem), again reconfirming the excellent convergence behaviour of the expansions that 
follow the convective basis proposal.  
 
Table 1 ± Convergence analysis of eigenfunction expansions with convective and diffusive eigenvalue problems in the solution 

of the one-dimensional Burgers equation in both linear and nonlinear formulations. 
 

N 
u0=10, b=0 (linear problem) u0=10, b=5 (nonlinear problem) 

T(0.5,0.05) 
Conv.  

T(0.5,0.05)  
Dif. 

T(0.9,0.01) 
Conv.  

T(0.9,0.01)  
Dif. 

T(0.5,0.05) 
Conv.  

T(0.5,0.05)  
Dif. 

T(0.9,0.01) 
Conv.  

T(0.9,0.01)  
Dif. 

2 0.386565 0.462380  -1.81418 0.430194  0.286084 0.360552 -1.43571 0.450501  
4 0.379714 0.356180  0.200342 0.653885   0.276093 0.249478 0.409794 0.688207  
6 0.379716 0.388818  0.704696 0.726450  0.276946 0.287617 0.762698 0.781085  
8 0.379716 0.375350  0.738297 0.748564  0.276724 0.271688 0.791899 0.812893  
10 0.379716 0.382043  0.738805 0.750988  0.276796 0.279440  0.794770 0.816583  
12 0.379716 0.378270  0.738798 0.746579  0.276769 0.275180  0.794446 0.810758  
14 0.379716 0.380596  0.738798 0.741232  0.276781 0.277753  0.793992 0.803719  
16 0.379716 0.379064  0.738798 0.737306  0.276774 0.276080  0.793768 0.798590  
18 0.379716 0.380126  0.738798 0.735361  0.276778 0.277236  0.793735 0.796028  
20 0.379716 0.379359  0.738798 0.735074 0.276775 0.276386 0.793817 0.795626 

 
Table 2 ± Convergence analysis of eigenfunction expansions with convective and diffusive eigenvalue problems in the solution 

of the two-dimensional Burgers equation in linear formulation. 
 

N 
u0=10, v0=1, b=0 (linear problem) 

T(0.5,0.1,0.01) 
Conv.  

T(0.5,0.1,0.01) 
Diff. 

T(0.1,0.1,0.01) 
Conv.  

T(0.1,0.1,0.01) 
Diff. 

T(0.9,0.1,0.05) 
Conv.  

T(0.9,0.1,0.05) 
Diff. 

10  0.516515 0.485608 0.110953 0.133233  0.108255 0.097938  
20  0.491783 0.501325 0.135094 0.155057  0.108368 0.102400  
30  0.493395 0.497816 0.140490 0.137969  0.108368 0.106297  
40  0.493082 0.492352 0.141373 0.145203  0.108368 0.108567  
50  0.493041 0.491333 0.141533 0.139425  0.108368 0.109549  
60  0.493100 0.494026 0.141569 0.140748  0.108368 0.109946  
70  0.493122 0.495103 0.141574 0.140942  0.108368 0.109924  
80  0.493123 0.495309 0.141574 0.140974 0.108368 0.109922 
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Summary Method of computing convective heat transfer coefficient is examined by the numerical study on hypersonic boundary layer 
flow over a flat plate. For the similar solutions existing in hypersonic boundary layer flow for the variable specific heat, the heat flux 
on isothermal wall is calculated and being served as a standard to examine the accuracy of the method. The results showed that 
reference enthalpy method is more applicability than reference temperature method for variable specific heat. Then, using the formula 
above as the wall temperature condition, the DNS is conducted from an initially given temperature to adiabatic temperature for one 
meter long flat with incoming flow Mach number 4.5. According to the calculation results, we found that the temperature and heat 
flux on the wall associated with time and distance to the flat front edge. 
	

Motivation	
 

In most cases, wall temperature condition is assumed to be isothermal or adiabatic condition in the computation of the location 
prediction of transition and turbulence of supersonic flow in the past, that is reasonable in the cases when the Mach number is not very 
large and gas temperature is not Significant. But when the vehicle flies with hypersonic, the gas temperature in the boundary layer will 
rise significantly [1-3]. For instance, in flat plate boundary layer flows, if the wall condition is adiabatic and the Mach number is 5, the 
gas temperature near the wall can reach 5.2 times the temperature of the coming flow. Wall temperature condition should be assumed 
to be convective heat transfer condition, which is more suitable for the vehicle flies with hypersonic. Boundary layer flow stability is 
likely to be different from the cases used isothermal or adiabatic condition. It is a new problem to be worth studying.  

In this paper, the method of calculating heat transfer coefficient[4,5,6] is examined by Blasius similar solution for variable specific 
heat[7,8]. Then, the DNS is conducted from an initially given temperature to adiabatic temperature for one meter long flat. The wall 
condition is the convective heat transfer condition of the formula which has been verified.  

Main Results  

Lots of examples are calculated to examine the accuracy of the method computing convective heat transfer coefficient. For the 
cases of oncoming flow Mach 1-10, isothermal wall condition, considering the effect of real gas or not, heat transfer coefficient 
calculated by the Blasius similar solution is shown in Fig.1. It is found that the values calculated considering the effect of real gas 
should be taken as the standard to examine the applicability of the method. The heat transfer coefficient calculated by the reference 
enthalpy and the reference temperature method, respectively, are compared with the standard values as shown in Fig.2. It is found that 
the results calculated by reference enthalpy method is close to the standard values and their relative errors are small enough to be 
accepted. Therefore, we use the convection heat transfer formula calculated by reference enthalpy method as the wall boundary 
conditions for direct numerical simulation (DNS).  

Using the wall conditions of convective heat transfer, DNS is used to calculate the compressible boundary layer of a flat plate 
during the wall temperature rises from a given temperature to the adiabatic temperature. The model is a one-meter long thin metal 
plate with a thickness of 2mm. Free stream parameters are taken corresponding to 5km altitude ones and Mach number is 4.5. A no-
slip, convective heat transfer wall was chosen for wall boundary condition. Adopting the assumption of the thin metal flat plate that 
temperature distribution along normal direction tends to be uniform, ignore heat conduction along the flow direction and considering 
only air-to-wall convective heat transfer.  

The results of DNS show that, neither the isothermal nor the adiabatic condition is the suitable wall temperature condition in most 
part of the heat transfer process. At the initial moment, the wall heat flux is only related to the heat transfer coefficient formula. 
According to the calculation results of a certain section from leading edge of the plate, we can estimate the heat flux and temperature 
at different locations of the wall at anytime. At 23.917 seconds, the wall heat flux of DNS and estimation is shown in Fig.3. We tried 
to estimate the time from the wall temperature of different location points to reach a certain temperature without the DNS results. The 
time of DNS and estimation that wall temperature rises to 4 times the free stream temperature is shown in Fig.4. Therefore, there must 
be a formula to calculate the wall temperature and heat flux through wall position, time, and any other parameters.  

Conclusion  

The convection heat transfer coefficient calculated by reference enthalpy method are in good agreement with the numerical results 
considering variable specific heat, which can be used as convective heat transfer boundary condition on hypersonic boundary layer 
flow over a flat plate.  Using the boundary conditions, DNS results show that wall temperature will take a long time to rise to the 
adiabatic temperature, during this period take isothermal or adiabatic wall condition is not appropriate.   



According to the results of the estimation and DNS comparison, we can infer that there must be a formula to calculate the wall 
temperature and heat fluxby wall position, time, and any other parameters.   
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COMPUTATION OF HEAT FLUX IN THE STAGNATION POINT FOR A COLD WALL WITH 
HIGH SPEED FLOW  
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Summary In order to get the exact heat flux in the stagnation point numerically, direct numerical simulation (DNS) is performed to solve 
Navier-Stokes equations for hypersonic blunt cone flow with Mach numbers 4.5, 6 and 8. The convective terms are calculated using fifth order 
WENO schemes. To study how the parameter properties affect the stagnation heat flux, the comparisons were given between constant and 
variable specific heat ratio taken respectively. The basic flow is obtained at isothermal wall condition and then the heat flux in the stagnation 
point by Fourier heat conduction law. We also compute and analyze the proportions of various kinds of items in the energy equation at different 
point on the axis. Basing on this, we manage to develop a method to get the stagnation point heat flux by virtue of calculating some item such as 
convective heat transfer. 
 

INTRODUCTION 
 

The heat flux in the stagnation point for a cold wall means that high speed flow moves to the stagnation point in very 
short period time, heat transfer to solid being ignored and the solid surface temperature maintained unchanged. It may be 
treated as a fixed temperature, while the amount of heat flux to the wall are usually so large that it was much concerned in 
the engineering area. Only to accurate calculating heat flux can provide us with reliable basis for the requirement in 
hypersonic vehicle thermal protection design. There are many researches about the calculation of stagnation point heat flux, 
especially, several engineering calculation formula have been put forward and widely applied in practical engineering [1-3]. 
There are also a lot of experiments and calculation research about the stagnation point heat flux. But the results are 
difference among calculation results and the experimental or actual flight case. It is key problem how to get the exact heat 
flux in the stagnation point. 

In the paper, Direct Numerical Simulation (DNS) is performed for blunt cone flow with Mach numbers 4.5, 6 and 8, the 
air parameters adopted the gas corresponding to the altitude of 30km. Oncoming flow gas temperature equal to 226.7K. Air 
treated as perfect gas. For isothermal wall boundary conditions, the basic flow field is obtained by using DNS for constant 
and variable specific heat ratio taken respectively in order to study how the parameter properties affect the stagnation heat 
flux. 
 

MAIN RESULTS 
 

Figure 1 shows one meridian plane of the sphere nose cone and coordinate system. The nose radius is 0.0059m and 
oncoming flow Mach 4.5. The angle of attack is zero and symmetry conditions adopted along the polar axis. In order to validate 
the code, for adiabatic wall boundary conditions, the stagnation temperature was consistent to the theoretical results. In addition, 
the results are also verified by checking the grid independence to get appropriate grid size. 

 

 
Fig.1 Schematic of the sphere nose cone and coordinate 
system 

 
Fig.2 For adiabatic wall the total temperature entropy 
along polar axis

 



 
Fig.3 For isothermal wall the total temperature entropy 
along polar axis 

 
Fig.4 For isothermal wall the heat flux along polar axis

 
As well known that the thickness of the shock wave is a very small, and the velocity gradient and temperature gradient are 

high inside the shock wave. There is an assumption that when the fluid passed through the shock wave, it is an adiabatic 
irreversible process. For adiabatic wall condition the total temperature remains constant and the entropy remains constant before 
and after shock but a jump near the shock, shown in Fig.2. And the temperature computed at stagnation point is equivalent to the 
theoretical one. Whereas for isothermal wall conditions, the total temperature and entropy are decrease as near to the wall 
because of heat loss being transferred to the cold wall, shown in fig 3. It showed that the assumption is reasonable. 

By analyzing the distributions of the flow field near the stagnation point, the distribution of heat flow with different rules in 
different boundary conditions has been found. For the adiabatic wall boundary conditions, from Figs.2 it is clear that the total 
temperature and entropy of gas remains constant; for isothermal wall boundary conditions, Figure 3 shows the total temperature 
was decreased near the stagnation point, entropy was diminished, meanwhile heat was given off, then, through comparative 
analysis the numerical value between total enthalpy difference and released heat we found that the error is 0.7%. After this, by 
comparing the numerical value of the heat flux in the stagnation point by Fourier heat conduction law between constant and 
variable specific heat ratio taken respectively, we found that the latter result is ͷǤʹ ൈ ͳͲହȀ�ଶ ή �, which lower than the former 
ͷǤͷ ൈ ͳͲହȀ�ଶ ή �. Figure 4 shows the heat flux along polar axis by Fourier heat conduction law and convective heat-transfer 
equation, we can see heat flux by convective heat-transfer equation have the same value at some point with the stagnation point 
by Fourier heat conduction law, for isothermal wall the temperature gradient is great in the stationary point, which make a 
difference for accurate calculation of stagnation point of heat flux, to avoid this, we manage to develop a method to get the 
stagnation point heat flux by virtue of calculating some item such as convective heat transfer. 
 

CONCLUSIONS 
 

Through numerical simulation for supersonic flow around blunt cone, and comparing the corresponding result from 
calculation with adiabatic wall and, the following conclusion can be made:  

For isothermal wall conditions, the total temperature and entropy are decrease as near to the wall because of heat loss being 
transferred to the cold wall. Amount is in agreement with the decrement of total Enthalpy. The assumption that holds for an 
adiabatic irreversible process when the fluid through the shock wave. Considering the thermal physical properties have the 
impact on the stagnation point heat flux, the heat flux in the stagnation point with variable specific heats is below the value with 
constant specific heat. 
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THREE-MODE HEAT TRANSFER SIMULATIONS IN PARALLELOGRAMMIC
AIR ENCLOSURES
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Summary The impact of the three heat transfer modes on the thermal diode potential of parallelogrammic air-filled enclosures stacked
between two isothermal vertical walls is assessed for different parametric cases. Focusing on a single enclosure in this paper, it is found that
the thermal diode potential significantly decreases when conduction and radiation are taken into account in comparison with the classical
problem of the pure-convection cavity.

INTRODUCTION AND PHYSICAL CASE

Natural convection in closed cavities has been investigated in numerous occasions over the past decades [1, 2]. More
specifically, several papers have dealt with the impact of the inclination angle of the upper and lower walls of the cavity (φ)
which was shown to strongly affect the convection heat transfer [1, 3]. Because of the density variations resulting from the
temperature distribution, the convective motion of the fluid is much more vigorous when the vertical hot wall is located below
the cold wall (positive φ) while a hot wall higher than the cold one (negative φ) can even lead to stratification in the cavity
(Figure 1) and, ultimately, to a purely conductive heat transfer in a stagnant fluid. The fact that the convective heat transfer
may be much higher in a direction than the other has suggested that such a cavity could be used as a thermal diode. Due
to this attractive behavior, the differentially heated inclined cavity became the matter of several studies [3]. However, most
of these studies have treated the case of a single cavity with adiabatic upper and lower walls, considering exclusively the
convection heat transfer. Only a few studies have considered radiation and conduction even if it has been shown that under
certain conditions, they can be quite significant [4, 5].

The present study considers the combined convection, conduction and radiation heat transfer in an enclosure composed
of an air-filled cavity between two half-partition walls located above and below the cavity, as shown in Figure 2. The energy
transfer is generated by the vertical walls which are maintained isothermal at specified hot (TH ) and cold (TC) temperatures.
The upper and lower walls of the enclosures are allowed to be inclined by an angle (φ) ranging from ◦ 60◦ to 60◦ with respect
to the horizontal and they are considered adiabatic when there is no conduction involved. For cases with conduction, the solid
partition walls added to the cavity are allowed to have two different thicknesses (t) and two different thermal conductivities
(ks). Moreover, all four inner surfaces of the cavity may radiate and three different emissivities (ϵ) are considered. As the
inclination angle varies, the height (h) of the cavity and the distance between the hot and cold walls (L) remain equal to
each other, leading to an aspect ratio of 1. The Rayleigh number considered is 5 · 105 (which corresponds to a temperature
difference of about 30◦C across a 6 cm wide cavity) and the Prandtl number is 0.71. In these conditions, the convective flow
may be assumed laminar.

The physics at play is studied through steady, two-dimensional numerical simulations using ANSYS FLUENT [6]. The
Boussinesq approximation is used, which means that the physical properties of the fluid are taken as constant, except for
density variations in the buoyancy term. To compute the radiation heat transfer, a Surface-to-Surface model is used, meaning
that the surfaces are gray and diffuse and that the air is a nonparticipating medium.

To compare the heat flow (q′′) between different parametric cases, Nusselt numbers are defined. They are evaluated using
a reference heat flux which is equivalent to a conduction heat transfer in the fluid as described in Equation (1). Moreover, to
quantify the thermal diode potential for the different investigated cases, the diode parameter ξ is defined in Equation (2).

Figure 1: Isosurfaces of temperature and streamlines for
air-filled cavities with adiabatic upper and lower walls and
isothermal vertical walls (the hot wall is located on the left).

Figure 2: Adiabatic cavity without partition walls (left) and
adiabatic cavity with upper and lower partition walls (right).

∗Corresponding author. Email: thierry.villeneuve.2@ulaval.ca



Figure 3: Nusselt numbers as a function of the inclination
angle of the enclosure for a case without partition walls and
without radiation (black curve) and for a case with t/h = 0.1,
ks/kf = 10 and ϵ = 0.9 (red curves). Figure 4: Diode parameter ξ for different parametric cases.

Nu =
q′′

q′′ref
=

q′′

kf · (TH−TC)/L
(1) ξ =

Nutot

!!
φ=60◦

Nutot

!!
φ=−60◦

(2)

RESULTS AND CONCLUSION

The reference case is the cavity with adiabatic upper and lower walls (without solid partition walls and without radiation),
in which the only heat transfer mode involved is convection. As shown in Figure 3 (black curve), a negative inclination
angle leads to a reduction of the heat transfer in the cavity compared to the φ = 0 case. The high asymmetry of the curve
qualitatively demonstrates the thermal diode potential that is discussed in other works [1, 3]. For this specific configuration,
the thermal diode potential is ξ = 10.8.

In order to assess the impact of the conduction heat transfer, solid partition walls are added to the pure-convection cavity
discussed above. Obviously, taking conduction into account results in an increase of the total Nusselt number in the enclosure.
Most importantly, it is interesting to note that conduction tends to decrease the thermal diode potential, as shown in Figure 4
(green bars). For very thin partition walls having a low conductivity, the value of ξ is slightly reduced. However, for thicker,
but still thin, partition walls having a higher conductivity, the effect is much more accentuated.

The impact of radiation on the thermal diode potential is considered using an adiabatic cavity without partition walls
where the inner surfaces have nonzero value of emissivity. It is found that the effect of radiation is even more important than
conduction. Indeed, as shown in Figure 4 (blue bars), for a surface emissivity as low as 0.1, the thermal diode potential falls
from 10.8 to 4.4, with all other parameters remaining constant.

In order to observe the combined effect of the three heat transfer modes on the thermal diode potential, an enclosure
with solid partition walls and with radiation is considered. As shown by the red curves in Figure 3, for a case with t/h =
0.1, ks/kf = 10 and ϵ = 0.9, the three heat transfer modes each account approximately for the same fraction of the total
Nusselt number. Since the asymmetry of the total Nusselt number curve comes mainly from the convection heat transfer, it
is no surprise that the thermal diode potential is strongly reduced (from 10.8 to around 2) when the three-mode problem is
considered (Figure 4).

In conclusion, the conjugate heat transfer through a parallelogrammic air-filled enclosure has been investigated. It has
been shown that the thermal diode potential is significantly weakened if the three heat transfer modes are considered. Thus,
in order to accurately investigate the physics of the problem, one must consider the three heat transfer modes combined since
conduction and radiation are not negligible. Work in progress is devoted to the analysis of the interaction between each of the
heat transfer modes and to the thermal diode potential in an infinite stack of enclosures.
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SUBGRID-SCALE MODELING OF RELAMINARIZING MIXED CONVECTION IN A
VERTICAL CHANNEL

Tim Wetzel ∗1, 2 and Claus Wagner1, 2

1Institute of Aerodynamics and Flow Technology, German Aerospace Center (DLR), Göttingen, Germany
2Institute of Thermodynamics and Fluid Mechanics, Technische Universität Ilmenau, Ilmenau, Germany

Summary Large Eddy Simulations using an eddy-viscosity and a scale similarity subgrid-scale model are performed in comparison with
Direct Numerical Simulations in order to assess the models’ capabilities with respect to relaminarization effects. The considered case of
mixed convection in a vertical channel is adopted from Kasagi & Nishimura [1] and shows distinct features in the flow close to the heated
and cooled channel walls caused by buoyancy. An analysis of the development of coherent structures is performed in order to discern the
models with regard to relaminarization effects occuring on the heated channel wall as observed in DNS.

INTRODUCTION

It is of great interest in many engineering applications to simulate turbulent mixed convection, i.e. the combination of
forced and natural convection, at high Rayleigh and Reynolds numbers. Since simulations of such highly turbulent flows are
still not within reach for Direct Numerical Simulations (DNS), reliable turbulence models are needed. Research on Large
Eddy Simulations (LES) has yielded a variety of modeling approaches for the approximation of subgrid-scale (SGS) stresses
for the momentum equation. Although, only a few of them are applicable to buoyancy driven flows. One turbulence model
for the heat flux vector in the filtered Navier-Stokes equations (NSE) has been proposed by Peng & Davidson [2]. This model
is formulated in analogy to an eddy-viscosity model for the SGS stresses in the momentum equation. Additionally, in [4] a
dynamic scale similarity model was developed to approximate the turbulent heat transport in Rayleigh-Bènard convection.
In the present study, both approaches are applied in LES of mixed convection in a vertical channel in comparison to DNS
performed with the same finite-volume method and to the spectral DNS by Kasagi & Nishumura [1]. The objective is to
benchmark these different dynamic modeling approaches and to analyse their potentials with respect to the prediction of flow
relaminarization in mixed convection.

COMPUTATIONAL DETAILS

A vertical channel flow with differentially heated walls driven by an upwards pressure gradient at friction Reynolds number
based on the channel height and the friction velocity Reτ = 291 and a Grashof number of Gr = 9.6 · 105 is considered. In
the LES, the filtered incompressible Navier-Stokes equations (NSE) are solved together with the Boussinesq approximation.
A finite volume method based on a fourth-order spatial interpolation technique adapted from Feldmann & Wagner [3] in
combination with a second-order Euler-leapfrog scheme for the temporal integration and Chorin’s projection method for
the velocity – pressure coupling is employed. A grid with equidistantly distributed nodes in the streamwise and spanwise
directions is used. The wall-normal grid resolution is non-uniform in order to account for the high velocity and temperature
gradients close to the walls. The channel domain extends Lx = 2.5πδ in streamwise direction and Ly = πδ in spanwise
direction, with δ being the channel height. The grid resolution for the DNS is sufficiently high with a grid spacing in wall
units of ∆+

x = 4.4639, ∆+
y = 3.5711 in streamwise and spanwise directions, respectively. The spacing in wall-normal

direction is provided by a hyperbolic tangent function leading to 0.258 < ∆+
z < 4.453.

ANALYSIS

Figure 1 shows the mean streamwise velocity profile obtained in the DNS with the finite volume method in comparison
with the data by Kasagi & Nishimura [1]. With an integral deviation of 1.288% with regard to the mean velocity, the finite
volume DNS is deemed reliable as reference for the assessment of SGS models in the present study. The mean velocity profile
is asymmetric about the channel centerline with a maximum close to the heated channel wall. This indicates that the friction
Reynolds number at the heated wall is higher than at the cooled wall. Figure 2 shows profiles of the rms velocity fluctuations,
which are generally speaking higher close to the cooled than to the heated wall. This is unexpected and in contradiction to the
eddy-viscosity ansatz which assumes higher fluctuations on the side with higher gradients. This counter-intuitive behaviour
is therefore interpreted as the result of buoyancy induced flow relaminarization close to the heated wall. Figure 3 shows
the instantaneous streamwise velocity fluctuations u′ at z+ = 14.5 on the left and z+ = 276.5 on the right. The velocity
fluctuations are organized in streaky structures and exhibit a more uniform behaviour close to the heated wall (left picture)

∗Corresponding author. Email: tim.wetzel@dlr.de
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NUMERICAL SIMULATION OF A NEAR FIELD PLUME FROM A DUCT 
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Abstract Plumes are present in nature and industry. In this study, a near field plume rising from a duct is investigated using 
direct numerical simulation. The results show that the development of the near field plume may be identified to three stages: 
a starting stage, a transitional stage and a fully developed stage. The transient features in the development of the near field 
plume are characterized. Further, the dependence on the Rayleigh number of heat transfer of the near filed plume is 
quantified. 
 

INTRODUCTION 
 

Buoyant plume may be easily found in nature and industry. Industrial activities often result in a great number of 
pollutants discharged into the atmosphere and hydrosphere such as rivers, lakes and ocean in the form of jets or plumes [1]. 
A plume is fluid motion which is driven purely by buoyancy derived from density inhomogeneity and supplied at its heating 
origin. The fact that plumes may originate from a point or a line source, can have a sustained or 'one-shot' heat input 
(thermals), can be steady (the stem) or starting (the cap), and can be turbulent or laminar. A great number of corresponding 
substantial research progresses have been reviewed in the literature [2-3]. 
 

NUMERICAL PRODECURES 
 

The 2D numerical method was adopted to simulate the near field plume rising from a duct. Figure 1 presents the 
schematic of the computational domain of 12h24 and boundary conditions. The inlet boundary in the duct is defined as 
pressure-inlet with a temperature difference between the inlet and the environment ('T). The sidewalls of the duct are 
assumed as adiabatic and no slips. The remaining boundaries are specified as open boundaries where the normal gradients 
of velocity and temperature are zero. 
 

 
Fig. 1. Schematic of computational domain and boundary conditions 

 
The transient flow is governed by Navier-Stokes and energy equations with the Boussinesq approximation, which were 

implicitly solved using a finite-volume algorithm. The convective term was discretized using the QUICK scheme and the 
pressure-velocity coupling was implemented using the SIMPLE algorithm. The time term was segregated using a first-order 
implicit scheme. Under consideration of the computing time and accuracy the grid system of 400 (H) × 700 (L) and time 
step of 't = 0.19 were adopted in the subsequent calculations after the grid and time step dependence test.   
 

TRANSIENT FEATURE OF THE NEAR FILE PLUME FROM THE DUCT 
 

For the purpose of obtaining insights into the development and transient feature of the plume rising from the duct, a 
number of numerical simulations for different Rayleigh numbers were performed in this study. 
 

y 

W 

x 

H 



    
Fig. 2 Isotherms (contours from 0.05 to 0.9 with an interval of 0.5) of the plume rising from the duct for Ra = 105, Pr = 0.7 

and A = 1. (a) at t = 72. (b) at t = 126. (c) at t = 190. (d) at t = 1000. 
 

Figure 2 shows the development of the near field plume from the duct. The thermal boundary layer appears above the intlet 
boundary after start-up and then the plume forms. The plume front rises from the duct and a clearly mushroom-like cap results, 
as seen in Fig. 2(a). As the plume front moves downstream, the mushroom cap becomes larger and a stem or trailing plume 
appears (see Fig. 2b). With the increase of time, the plume front moves out of the computational domain and the starting stage 
ends. In the transitional stage, the plume stem displays firstly puffing and then flapping phenomena. With the development of the 
plume stem, the flapping becomes clear, as seen in Fig. 2(c). As time increases further, the disturbance of the plume decreases 
and the plume from the duct ultimately enters into the fully developed stage with regular flapping in the plume stem at the fixed 
height, which is shown in Fig. 2(d). 
 

CONCLUSIONS 
 

In this paper, a near filed plume induced by heated air from a duct is numerically investigated. The results show that 
the development of the near field plume may be identified to three stages: a starting stage, a transitional stage and a fully 
developed stage. The transient features in the development of the near field plume are characterized. The dependence on the 
Rayleigh number of heat transfer of the near filed plume from a duct has been on the way. 
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BUBBLE COALESCENCE AT ANY REYNOLDS NUMBER

John R. Lister∗1 and James P. Munro1

1Department of Applied Mathematics and Theoretical Physics, Wilberforce Road, Cambridge CB3 0WA, UK

Summary When two bubbles touch, a hole is formed in the fluid sheet between them, and surface tension acting on its tightly curved edge
drives radial flow which quickly pulls the hole wider. We present similarity solutions for the thickness of the fluid sheet and the velocity
profile, which show that the radius of the hole increases as rE ∝ t1/2 for any Reynolds (Ohnesorge) number. Remarkably, the initially
quadratic profile of the sheet allows for an exact solution in which inertia and viscosity have the same scalings with time and remain in
fixed proportion. Numerical solution of the third-order set of ODEs determines the prefactors and profiles. Asymptotic analysis of the
compressional boundary layer structure in the inviscid limit formally justifies and brings new insight to earlier ad hoc ‘blob’ models. There
is excellent agreement with full Navier–Stokes simulations and experimental data from Paulsen et al. [1]

INTRODUCTION

Drops and bubbles are important in many industrial, environmental, biological and geophysical settings, and the processes
of drop/bubble breakup and coalescence are essential to the determination of the size distributions, which is of practical
interest. But breakup and coalescence are of great interest in their own right as examples of free-surface flows in which the
change in topology is associated with a singularity in the curvature, which leads to the possibility of universal self-similar
behaviour near the singularity.

In this paper we present solutions to the problem of coalescence, focusing on the case of two bubbles. The gas inside
the bubbles can be considered to be of sufficiently low density and viscosity that it is dynamically passive. Hence the fluid
dynamics is dominated by the motion in the thin sheet of fluid between the bubbles as surface tension acts on the edge of the
hole in the sheet formed when the bubbles touch. The work is motivated by experimental observations by Paulsen et al. [1]
and is described in more detail in Munro et al. [2]

BUBBLE COALESCENCE

Consider spherical bubbles of radius a, brought into contact in fluid of density ρ and viscosity µ. The Ohnesorge number
is defined by Oh = µ/(ρaγ)1/2, where γ is the surface tension. We assume the system is axisymmetric with coordinates (r, z)
and let rE(t) be the radius of the hole in the fluid sheet between the coalescing bubbles. We analyse the early behaviour for
rE ≪ a.

z

rhE

rE

bubble

bubble

O(hE)

rounded tip

u(r,t) h(r,t)

Figure 1: Schematic section through the axisymmetric problem, showing the fluid sheet of thickness h(r, t) exterior to the
bubbles and the velocity u(r, t) in the radial direction. The edge of the sheet has radial position rE and thickness hE , and is
rounded over a length scale hE ≪ rE . Surface tension exerts a radial force 2γ on the rounded edge.

From the initial geometry, the fluid sheet has lengthscale rE in the radial direction and r2E/a≪ rE in the axial direction, and
so we expect the velocity to be predominantly radial. Moreover, the sheet is bounded by free surfaces, so we expect the radial
velocity u(r, t) to be constant over the thickness h(r, t) of the sheet (see figure 1). Hence we use the radial extensional-flow
equations:
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with initial conditions h(r, t)→ r2/a and u(r, t)→ 0 as t→ 0+ at fixed r, and with boundary conditions
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and u(rE, t) =
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dt

. (2a, b)
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THE MOTION OF A CLOSELY FITTING VESICLE IN A TUBE
Joseph M. Barakat1, Andrew P. Spann2, and Eric S. G. Shaqfeh ∗1

1Department of Chemical Engineering, Stanford University, Stanford, CA 94305, USA
2Department of Chemical Engineering, The University of Texas at Austin, Austin, TX 78712, USA

Summary The motion of a lipid bilayer vesicle through a narrow, cylindrical tube is modeled theoretically. The vesicle is treated as a sac of
fluid enclosed by a thin, elastic sheet that admits resistance to bending deformation. The governing equations of viscous flow are simplified
in the “quasi-parallel approximation” and solved numerically. The pressure drop across the vesicle is found to increase when the reduced
volume is decreased or confinement is increased. The “critical tube radius,” below which the vesicle cannot pass through the tube without
rupturing, is determined as a function of reduced volume. Under high confinement, bending resistance can be neglected and an asymptotic
solution is developed, in the spirit of F. P. Bretherton’s original work on bubble transport [1], using singular perturbation methods. In this
limit, vesicles of all reduced volume approach a spherocylindrical shape and the pressure drop scales inversely with gap thickness.

INTRODUCTION

In aqueous environments, lipid bilayers self-assemble to form closed, microscopic structures – so-called “vesicles” –
that can encapsulate and transport molecular cargo, e.g. pharmaceutical drugs [2]. Squeezing a vesicle through a narrow
constriction significantly increases the internal pressure and membrane tension, which can subsequently lead to poration and
rupture of the bilayer [3]. Recent work with cells has shown that mechanically-induced poration by controlled squeezing can
enhance the permeability of the membrane, enabling the uptake of macromolecules for targeted delivery applications [4].

Although the role of fluid stresses in deforming a vesicle during passage through a narrow channel is understood quali-
tatively, a rigorous theoretical model is absent in the current literature. Such models exist for bubbles [1,5,6], rigid particles
[7], elastic particles [8], and red blood cells [9] and fall under the class of “resistance problems” in which the desired output
is the relationship between the pressure head ∆p and particle translation speed U . Previous efforts to develop a quantitative
theoretical description of the mobility of vesicles and red blood cells in tubes have yielded useful insight into the connection
between hydrodynamic stresses and membrane mechanics [9,10,11]. However, in all of these studies a form for the particle
shape is typically assumed a priori, thus neglecting the full free boundary problem.

The objective of the present work is to develop a simple but rigorous theoretical description of the motion of a neutrally
buoyant vesicle in a tube of circular cross section. Symmetry about the tube axis is assumed a priori, thus reducing the
problem to the solution of fields along the contour of the membrane. By solving the equations of viscous flow together with
the equations of mechanical equilibrium for a thin shell, the shape as well as the local distribution of pressure and membrane
tension can be calculated over a range of geometries and flow conditions. In particular, the critical geometry corresponding to
membrane rupture can be determined.

THEORY

The problem under consideration is the translation of a neutrally buoyant vesicle at a speed U through a circular tube
containing a Newtonian fluid of viscosity µ. The nominal radius R of the vesicle is defined such that the surface area of
the membrane is 4πR2 and the enclosed volume is 4

3πR3v, where 0 < v ≤ 1 is the vesicle’s “reduced volume;” both the
surface area and enclosed volume are assumed to be fixed quantities. In this work, R, µ, and U are set equal to unity, which
is tantamount to rendering all variables dimensionless with respect to these characteristic scales.

In cylindrical coordinates (x,σ,φ), the equations of motion and continuity can be solved under the “quasi-parallel approx-
imation” to yield differential equations for the gap pressure p along the tube axis x and the membrane tension γ along the
meridional coordinate s of the membrane:

dp

dx
=

8

a2 ◦ r2

!
2Qa ◦ a2 ◦ a2 ◦ r2

2 log (r/a)

"!
a2 + r2 +

a2 ◦ r2

log (r/a)

"−1

, (1a)

dγ

ds
=

1

4

dp

dx

!
2r +

a2 ◦ r2

r log (r/a)

"
+

1

r log (r/a)
, (1b)

where a is the tube radius, σ = r(s) is the radial position of the membrane and Q is the volume flux per unit circumference
through the gap. Eq. (1) was also derived in [9] for red blood cells. Supposing the bending moment in the bilayer is 2κc, then
p and γ are related by balancing normal stresses across the membrane:

1

r

d

ds

!
r
dc

ds

"
= κ−1(γc ◦ 1

2p) ◦ 2cc̄2, (2)
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where c is the mean curvature, c̄ is the deviatoric curvature, and κ is the bending stiffness (measured in units of µUR2). For
a given choice of v, a, and κ, Eqs. (1)-(2), together with the appropriate boundary conditions and integral constraints, may be
solved numerically for the dependent variables as well as Q (an eigenvalue) and S (a free boundary).

RESULTS
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Figure 1: (a) Representative solution for the shape contour r (black curve), gap pressure p (blue curve), and membrane tension
γ (green curve) plotted against the axial coordinate x for v = 0.9, ac/a = 0.89, and κ−1 = 49. (b) The pressure drop ∆p
plotted against the reduced volume v for κ−1 = 1 and various values of ac/a.

Local profiles of the shape contour, gap pressure, and membrane tension are calculated over a wide range of the parameters
v, a, and κ. As κ→ 0 or∞, two asymptotic limits are reached corresponding to very strong and very weak fluid stress relative
to the bending stiffness of the membrane. Decreasing the reduced volume (i.e. deflating the vesicle) results in higher drag for
the same degree of confinement; the limit v = 0.61 corresponds to the reduced volume for a red blood cell.

The critical radius ac corresponding to rupture is found to satisfy the cubic equation,

a3
c ◦ 3ac + 2v = 0. (3)

The vesicle shape in the limit a→ ac approaches a spherocylinder and the membrane is well described by an isotropic tension,
in agreement with recent experimental observations [11]. Asymptotic analysis in the small clearance ϵ furnishes the scaling
∆p ≃ 2L/(ϵa) in the limit a→ ac, where L ≃ 2(a−1

c ◦ ac) is the length of the cylindrical segment.

CONCLUSIONS

A rigorous theory describing the motion of vesicles in tubes has been developed over a wider parameter space than has
been reported for red blood cells. The pressure distribution along the membrane mimics that of a rigid particle of the same
shape, and the corresponding tension distribution indicates the front nose as a potential site for poration. An asymptotic theory
has been developed in the limit a→ ac, where ac has been shown to be a function of reduced volume.
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LASER GENERATED NANO-BUBBLES AROUND NANO-PARTICLES

Julien Lombard, Thierry Biben ∗, and Samy Merabia
Light and Matter Institut, UMR5306 University of Lyon 1-CNRS, Villeurbanne, France

Summary On the basis of a free-energy model coupled to compressible hydrodynamics we discuss the formation of nanobubbles around
heated nano-particles. In particular, we show that nanoscale specificities like the Kapitza resistance at the particle-liquid interface or the
ballistic heat transport inside the nano-bubble play a key role in the bubble formation and controls its size.
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Vapor bubble

liquid water

Figure 1: Schematic view of the system

The vapor nanobubbles generated around overheated nanoparticles
are very peculiar objects. They are generated in extreme conditions by in-
tense and short duration laser pulses (femtosecond or nanosecond pulses),
that may induce very localized hot spots (thousands of kelvins on few
nanometer particles). These bubbles are very transient effects, they grow
and collapse in few tenth of nanoseconds. However, the pressure wave
generated during their production is intense enough to allow very promis-
ing medical applications (cancer diagnosis and possible therapy [1]). A
control of the mechanisms that drive their production is thus an important
issue for these applications. It is also an important issue from the point of
view of physics since it is an example of phase transition induced in ex-
treme out–of–equilibrium conditions where the usual nucleation-growth
scenario has no time to occur, as already discussed in [2] and showed in
molecular simulations [3], or using the free energy functional approach
used in this paper [4]. It is however tempting to use ordinary equilibrium
thermodynamics to predict the bubble formation threshold or to inves-
tigate the bubble growth and collapse kinetics. We showed in previous
papers that a good criterion for the bubble production is the crossing of the spinodal line 1 or 2 nm away from the nanoparticle
surface [4], a result confirmed by Molecular Dynamics (MD) simulations [3], and the possibility to use the Rayleigh-Plesset
formalism to treat the growth and collapse kinetics. This good behavior is due to the very fast equilibration of water molecules
at the nanometer scale: Although the fluid is globaly very far from its equilibrium state close to the nanoparticle, as illustrated
by the strong temperature gradient observed in this region (hundred of Kelvins per nanometers [5]), a local equilibrium ap-
proximation is still possible, that gives the possibility of a local thermodynamic treatment of the bubble. However, due to the
nanometer scale of the bubble, thermal transport inside the bubble has a particular nature. From the work of Knudsen in the
early nineties it is known that below the mean-free-path of the molecules, the thermal transport is ballistic, and not diffusive
because the molecules have no time to collide. For water vapor, the mean-free-path in saturation conditions at atmospheric
pressure is around 86 nm, we can expect that the thermal transport in a bubble with a radius below this value is essentially
ballistic. Another important feature is the existence of a thermal resistance at the particle-liquid interface, the Kapitza resis-
tance, that produces a temperature discontinuity at the interface. This effect is usually neglected for macroscopic systems, due
to the smallness of the associated Kapitza length. However, the thermal resistance becomes an important effect for nanometer
scale systems, it delays the thermal transfer between the particle and the fluid. Taking into account these specificities is the
goal of our model. The precise formulation has already been the subject of a publication so we shall restrict the discussion
to the main ingredients here. The model is based on the conservation equations (mass, momentum and energy) and we solve
the dynamics of the three important fields: density ρ(r, t), velocity v(r, t) and temperature T (r, t) around a spherical gold
nanoparticle (GNP), as schematically represented in Fig. 1. To account for the liquid-vapor phase transition in the momentum
equation, we use a density functional approach based on the van der Waals bulk free energy with an additional square gradient
term to account for the finite thickness of the interface at the nanometer scale. The resulting pressure tensor is a function
of the local density in the fluid, ρ(r, t) and its gradient:Pαβ =

!
PVdW − wρ∆ρ+ w

2
(∇ρ)2

"
δαβ + w∂αρ∂βρ. Here, PV dW

is the pressure obtained from the van der Waals theory. The parameter w fixes the interface thickness as well as the surface
tension. This parameter has been adjusted to match the surface tension of water at room temperature (T = 297 K). δαβ is the
Kronecker symbol, and ∂α is a derivative with respect to the spatial coordinate in the direction α. ∆ is the Laplace operator.
The two parameters a and b of the van der Waals theory have been chosen so that the density of the liquid phase at T = 297 K
corresponds to the density of water, and the critical temperature is Tc = 647.3 K.

∗Corresponding author. Email: thierry.biben@univ-lyon1.fr
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Figure 2: Maximum radius of the bubbles: comparison with experiments

The boundary conditions at the nanoparticle
interface are the key ingredients of the model.
The Kaptiza resistance is introduced through
the thermal conductive flux at the particle-liquid
interface:

φc = G(Tnp − Ts), (1)

where G is the thermal conductance of the
GNP-water interface (G ≃ 90 MWm2K−1for
liquid water), Tnp is the nanoparticle tempera-
ture and Ts is the temperature of the fluid in con-
tact with the GNP. In the vapor phase the con-
ductive flux becomes very small, G is divided
by a factor of nearly 20 meaning that the vapor
bubble is a good insulator, as expected. How-
ever, due to the small size of the bubble at the
onset of vaporization it is necessary to include
in the model the ballistic nature of the ther-
mal transfer in the vapor phase at the nanometer
scale by adding the ballistic flux φb:

φb = αρs

#
2k3B
m

$
T 3/2

np − T
3/2
G

%
, (2)

where ρs is the vapor density in contact with the particle, m is the mass of a water molecule, kB is the Boltzmann constant
and TG is the temperature at the surface of the bubble, defined as the Gibbs position of the liquid-vapor interface. The
physical meanning of this expression is simple: in the vapor phase, molecules evaporated at the liquid-vapor interface with a
temperature TG are carying a kinetic energy proportional to kBTG with a velocity proportional to

√
kBTG in the direction of

the GNP. These molecules are reaching the surface of the GNP and are re-emitted in the opposite direction with a temperature

Tnp leading to the difference T
3/2
np − T

3/2
G . This scenario is sketched in Fig. 1 by the blue and red arrows. Since Tnp is much

larger than TG, the net energy flux goes from the GNP to the bubble surface, that is warmed up by this incoming ballistic
flux. The prefactor is not trivial, but from dimensional analysis it is proportional to a density, we took the contact density
between the vapor and the GNP as a reference (ρs in equation (2) ). More complex is the parameter α, a dimensionless
accommodation coefficient that plays a key role in the following. A kinetic theory argument shows that α should be in the
range 0.002 ≤ α ≤ 0.004, and a direct comparison between our model and the experiments presented in [6] show that a value
α = 0.0035 gives a good estimate of the bubble sizes (see Fig. 2). It is important to note that without the ballistic flux, the
bubbles remain very small (few nanometers of thichness). With the ballistic flux, they can reach more than 100nm.

It is surprising that such a low value of α is able to produce such a large effect. Our model shows that there is a threshold
in the value of the ballistic flux that allows the ballistic flux to inflate the bubbles. Below this value, the bubbles remain small.

Another very important parameter is the laser pulse duration: short and intense pulses (femtoseconds) are able to produce
large bubbles, but the nanoparticle does usually not survive to the experiment. Longer pulses (10 nanoseconds or more) but
with lower intensities can produce a full series of small bubbles before the ballistic flux is large enough to bypass the threshold
and inflate a large bubble. Finally the model gives also access to the pressure wave generated by the laser pulse, that is
produced close to the onset of the bubble formation, and which intensity is of great relevance for applications.

It is our scope to discuss these non-trivial effects during the presentation.
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Summary This paper investigates bubble oscillating near a deformable sphere with different materials. The boundary-element method (BEM) 
is used to simulate the bubble growth, contraction and collapse near the deformable sphere. The finite element method (FEM) is used to 
calculate the sphere response to the fluid pressure induced by the bubble oscillating. The interaction of the oscillating bubble and the 
deformable sphere is simulated via the coupled BEM-FEM.  A good agreement between the numerical simulations and experimental 
observations is achieved.  Parametric studies are further carried out for the oscillating bubble near the deformable sphere with different 
material properties.  The results show the influences of the sphere stiffness, the bubble-sphere size ratio, and the relative distance of the bubble 
and the sphere, on the bubble collapse and the sphere deformation. From the results obtained, some insights to the problem of an oscillating 
bubble near a deformable sphere are deduced. 
 

INTRODUCTION 
 
   The interaction of an oscillating bubble with an elastic membrane or a sphere is a complex phenomenon that is highly 
relevant to medical applications. This is because when laser, shock waves, or ultrasound in applied in clinical treatment, 
bubbles are often formed at the target area or around its vicinity. In view of the need to minimize the destructive effects of 
bubble pressure on the deformable structure or to utilize it in medical and clinical therapies, a profound understanding of the 
interaction between a bubble and a deformable structure with different material properties becomes a requirement. 
   Various coupled boundary element and finite element methods have been developed for bubble-structure interactions [1-3]. 
Turangan et al. [4] studied a non-equilibrium bubble placed next to a (stretched) membrane.  Ohl et al. [5] conducted low-
voltage spark bubble experiments and adopted a boundary-element method (BEM) model to predict the dynamics of oscillating 
bubbles placed near a thick layer of elastic biomaterial.  Gong et al. [6] studied the physical behavior of the interaction of a 
spark-generated bubble and an elastic rubber beam numerically and experimentally. In their study, the scaling law for spark-
generated bubbles and underwater explosion bubbles [7] was used to get the parameters for the spark-generated bubble.  
Although the results reported have shown good agreement with the experiments, there is no study involving 3D numerical 
simulations of a cavitation bubble beside a finite element representation of a deformable sphere to the best knowledge of the 
authors. The present work addresses this and investigates the interaction of an oscillating bubble and a deformable sphere, both 
numerically and experimentally.  The experiments were carried out using high-speed photography for the observations of the 
spark-generated bubble dynamics as well as the elastic sphere deformation.  The numerical simulations were accomplished by 
coupling a three dimensional boundary element (BE) potential flow code with an explicit finite element (FE) structural solver.  
Furthermore, the interaction of an oscillating bubble and a deformable viscoelastic sphere is explored with the coupled BE-FE 
code incorporating a viscoelastic model [8], which can be useful for potential application in biomedicine. 
 

MODELLING OF AN OSCILLATING BUBBLE NEAR A DEFORMABLE SPHERE   
 

   In this study, the boundary-element method (BEM) is used to simulate the bubble growth, contraction and collapse 
near the deformable sphere, in which the scaling law for spark-generated bubble and underwater explosion bubble [7] is 
employed to get the initial parameters for the oscillating bubble.  For a bubble with a prescribed maximum radius Rm, the 
small equivalent charge weight W can be determined by � �> @� �3Rmvref KRgppDW U�� . Here, D is the initial distance from 
the bubble centre to the free surface, KR is the charge parameter, U is the density of the fluid, pref and pv are the reference 
pressure and the vapour pressure, respectively. On the other hand, the dynamics of the deformable sphere in response to the 
oscillating bubble is simulated via the finite element method (FEM).  For the rubber like elastic material, the Blatz and Ko 
model with the simplified strain energy � � � �� � � �� �> @12132 21/2

31 ���� �� XXXX JJGW  is employed for this simulation, which 
had been used for a rubber beam response to sparkle-generated bubble in our previous work [6].  In strain energy equation, 
G is the shear modulus, and X� � is the Poisson ratio. J1 and J3 are the invariants defined as: 2

3
2
2

2
11 OOO �� J , and 3213J OOO , 

where O��� O��  and � � O��  are the principal stretch ratios of the deformation at the point considered.  For the viscoelastic 
material, a Zener type viscoelastic model is used [8] with the shear modulus in the form of )exp()()( 0 tGGGtG E��� ff , 
where G0 is the dynamic shear modulus, fG  is the static shear modulus and E is a decay constant. The deformable sphere 



is modelled using 6912 hexahedral elements and the wet surface of the elastic sphere is modelled by 1728 triangle shell 
elements. The wet surface is a layer that covers the deformable sphere and contacts with the fluid.    

In the numerical simulation, the pressure in the fluid domain induced by the bubble are calculated using the BE fluid 
code and then given as input to the FE structural solver, from which the fluid pressure is applied on the wet surface of the 
deformable sphere.  The FE structural solver then calculates the displacements of the deformable sphere, which are then 
returned as input for the fluid solver with the bubble.  From the complete simulation, we can obtain two sets of results: one 
set includes the bubble growth, contract and collapse; the other set includes the deformable sphere response to the pressure 
induced by the bubble oscillating. For more details on the simulation methods, readers may refer to the references [3, 6, 8, 
and 9]. 
  

RESULTS AND DISCUSSIONS 
 

We first present the numerical results obtained in comparison to the empirical images from our experiments. Due to the 
two-paper limitation, only one of the comparison results is shown in Fig.1. The reasonable comparison results allow us to 
examine the effects of a stand-off distance and a size ratio between the bubble and the sphere on their interaction; and also 
extend our simulations for further explorations of the influence from the sphere elasticity and viscosity on the interaction 
between the bubble and the sphere. The simulation results show that the stand-off distance and the size ratio have significant 
effects on both the bubble collapse and the sphere deformation; the sphere elasticity in certain range has significant effects 
on the sphere deformation but has little influence on the bubble size; the sphere viscosity affects both bubble collapsing and 
solid deformation, and also attenuates the pressure induced by the bubble around the bubble collapse time. From the results 
obtained, some insights to the problem of an oscillating bubble near a deformable sphere are deduced, which can be useful 
for potential applications in biomedicine.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1: Comparison between the numerical simulations and the experimental images. The rubber sphere (left) has a radius of Re = 4.30 mm, 
shear modulus of G = 312 kPa, and density of ȡ = 1170 kg/m3.  The spark-generated bubble, with the initial spark point at H = 6.71 mm away 
from the rubber sphere centre, expands to its maximum volume (Rmax = 4.30��DW�W� �����ȝV� 
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SIZE AND VELOCITY OF JET DROPS FOLLOWING BURSTING BUBBLES

Thomas Séon∗1, Luc Deike2, Elisabeth Ghabache1, Stéphane Popinet1, and Stéphane Zaleski1
1Université Pierre et Marie Curie & CNRS, Institut Jean Le Rond d’Alembert, Paris, France

2Scripps Institution of Oceanography, University of California San Diego, La Jolla, California

Summary Bubbles lying at a free surface usually burst and eject myriads of droplets. A quantitative description of these bursting bubble
aerosols constitutes a major issue in oceanography. Indeed, this would enable to improve our knowledge of sea spray aerosols, which is
crucial to better understand air–sea interactions. Focusing on the bubble bursting, from the collapsing cavity to the jet drop ejection, we
show a comparison between experimental results and numerical simulations. In this context, the jet velocity and the drop size are presented
as functions of the relevant dimensionless parameters. The results are then discussed in the light of both their fundamental applications in
the understanding of the phenomena and their quantitative implications in air–sea interactions.

OBJECTIVE AND PRINCIPLE OF EXPERIMENTS AND SIMULATIONS

Introduction
Sea spray, which transports dissolved gases, salts, surfactants, and biological materials in the atmosphere, is largely at-

tributed to aerosols produced by an estimated 1018 to 1020 bubbles that burst every second across the oceans [1, 2, 3]. Two
distinct types of droplets are involved, based on two different mechanisms during bubble bursting [4]. When the thin liquid
film – the bubble cap – separating the bubble from the atmosphere disintegrates, film drops are produced [5] with radius mainly
less than 1 µm. The resulting opened cavity (see Fig.1) then collapses and a jet emerges producing jet drops by breaking up
[2, 6]. This latter mechanism accounts for the majority of sea spray aerosol particles in the atmosphere with radius between
1 and 25 µm [3]. The last sixty years have witnessed a number of laboratory studies documenting jet drops properties [2, 4],
but a complete comprehensive picture of the mechanisms at play in bubble bursting is still lacking and the size and velocity
distributions of the jet drops for a given bubble size distribution is yet unknown.

Objectives
In this talk, experimental and numerical results on bursting bubbles will be presented together. After a brief presentation of

the mechanism, we will show that the comparison of the results from these two methods is quite good up to drop detachment
(see Fig.1), thus cross-validating the numerical and experimental approaches. The jet velocity and drop size measurements,
along with their variations as functions of the control parameters, will allow us to reach two different objectives : improve our
understanding of fundamental mechanisms at play in bubble bursting (capillary wave collapse, influence of the bubble shape,
roles of liquid properties ...) and quantify the proportion of the jet drop size distribution in the general sea spray aerosol.

Experimental setup and numerical simulation
Our experiment consists in releasing a gas bubble from a submerged needle in a liquid and recording the upward jet after

the bubble bursts at the free surface. Different needle diameters (5 < Φ (µm) < 1800) allow us to create bubbles with radii (R)
ranging from 300 µm to 5 mm. The liquids used in this study include water-glycerol-ethanol mixtures with varying viscosity,
surface tension and density. The bubble collapse, jet dynamics and drop size are analyzed through extreme close-up ultra-fast
imagery. Macro lenses and extension rings allow us to record with a definition reaching 5 µm per pixel. Images are obtained
between 10000 and 150000 frames per second using a digital high-speed camera.

Numerically, we solve the axisymmetric, two-dimensional, two-phase, incompressible Navier Stokes equations accounting
for surface tension and viscous effects using the open source solver Gerris ([7]), based on a quad/octree adaptive spatial
discretization, multilevel Poisson solver. The interface between the high density liquid (water) and the low density gas (air)
is reconstructed by a Volume Of Fluid (VOF) method. We initialize the liquid-gas interface with the theoretical shape of the
cavity left by a bursting bubble of radius Rb . We use the adaptive mesh of Gerris to solve the collapsing dynamics at very
high resolution, with a grid size up to an equivalent of 163842, which is necessary to obtain numerically-converged results.
The ejection velocity of the jet and the resulting droplets can then be analyzed and compared to the experimental results.

PRESENTATION OF EXPERIMENTAL AND NUMERICAL RESULTS

Figure 1 illustrates a typical jetting event following a bubble bursting at a free surface in water. The top sequence shows
the free surface view while the bottom one displays the underwater dynamics. The first image of the top sequence shows
a static bubble lying at the free surface. The film separating the bubble from the atmosphere then drains and bursts leaving
an unstable opened cavity. The bottom sequence displays capillary waves propagating along this cavity and focusing at the

∗Corresponding author. Email: thomas.seon@gmail.com
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ONSAGER’S VARIATIONAL PRINCIPLE AND THE MOVING CONTACT LINE PROBLEM

Tiezheng Qian ∗

Department of Mathematics, Hong Kong University of Science and Technology, Clear Water Bay, Kowloon, Hong
Kong

Summary Onsager’s variational principle gives us a general framework to describe non-equilibrium phenomena in the linear response
regime. It has been used to derive the hydrodynamic boundary conditions for the moving contact line in two-phase flows. In this paper,
we first discuss the moving contact line in immiscible two-phase flows, and then discuss the moving contact line in one-component van der
Waals fluids.

ONSAGER’S VARIATIONAL PRINCIPLE

Onsager discovered a fundamental symmetry in the thermodynamic description of irreversible processes for which he was
awarded the Nobel Prize [1, 2]. Based on Onsager’s reciprocal symmetry, Onsager’s variational principle can be outlined as
follows. Consider an isothermal system described by a set of coarse-grained variables α ≡ {αi}. The free energy is given by
F = F (α) and the rate of change of the free energy is Ḟ (α, α̇) which is linear in the rates {α̇i}. The dissipation function is
half the rate of free-energy dissipation, given by Φ(α̇, α̇), which is quadratic in the rates {α̇i}. The action (called Rayleighian)
is

R =
∂F

∂αi
α̇i +

1

2
ζijα̇iα̇j ,

where the first term on the right-hand side is Ḟ and the second term is Φ(α̇, α̇), which is in a quadratic form with the friction
coefficients ζij forming a symmetric and positive definite matrix. Minimization of R with respect to the rates {α̇i} gives the
kinetic equations

− ∂F

∂αi
= ζijα̇j ,

which describe the balance between the reversible force −∂F/∂αi and the dissipative force linear in the rates. For a closed
system, the entropy shall be used instead of the free energy. In fact, the variational principle is formulated based on the entropy
consideration.

THE MOVING CONTACT LINE PROBLEM

The moving contact line problem has been an unsolved classical problem in continuum hydrodynamics for decades. The
contact line denotes the intersection of the fluid-fluid interface with a solid wall. When one fluid displaces the other, the
contact line moves along the wall. It has been well known that the moving contact line is incompatible with the no-slip
boundary condition — the latter leads to a non-integrable singularity in viscous dissipation. As shown by Dussan V. and
Davis [3], under the usual hydrodynamic assumptions, namely incompressible Newtonian fluids, smooth rigid solid walls,
impenetrable fluid-fluid interface, and the no-slip boundary condition, there is a velocity discontinuity at the moving contact
line, and the tangential force exerted by the fluids on the solid bounding surface in the vicinity of the moving contact line
is infinite. The heart of the moving contact line problem lies in the boundary condition(s) at the fluid-solid interface. In
particular, molecular dynamics (MD) simulations showed that fluid slip indeed occurs at the moving contact line. Numerous
models have been proposed over the years, but none have been able to give a quantitative account of the fluid slip measured in
MD simulations. In fact, there has been a lasting debate over the boundary conditions for a fluid flowing past a solid surface.
In recent years, the Newtonian flows in confined geometries have received much attention, and numerous research efforts have
shown that fluid slip occurs at the solid boundary in many circumstances.

MOVING CONTACT LINE IN IMMISCIBLE TWO-PHASE FLOWS

MD simulations have proven to be instrumental in investigating the fluid dynamics in the molecular scale vicinity of
the moving contact line. Through analysis of extensive MD data, we found that the fluid slip measured in nanoscale MD
simulations is governed by the generalized Navier boundary condition (GNBC). The GNBC states that the relative slip velocity
between the fluid and the solid wall is proportional to the total tangential stress — the sum of the viscous stress and the
uncompensated Young stress; the latter arises from the deviation of the fluid-fluid interface from its static configuration. By
combining the GNBC with the Cahn-Hilliard hydrodynamic formulation for immiscible two-phase flows, we have obtained a
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continuum model for moving contact line hydrodynamics. Its numerical implementation has produced continuum solutions
in quantitative agreement with MD simulation results [4]. We have also shown that the GNBC can be derived in a variational
approach based on Onsager’s variational principle [5].

MOVING CONTACT LINE IN ONE-COMPONENT VAN DER WAALS FLUIDS

The moving contact line also exists in one-component two-phase fluids, i.e., liquid-vapor systems. Compared to the
immiscible binary fluids, the liquid-vapor systems allow the contact line to move solely through phase transformation (evap-
oration/condensation), and mathematically, there is no stress singularity due to the no-slip boundary condition applied at the
solid surface. There have been several studies of the moving contact line in liquid-vapor systems by the use of diffuse-interface
models subject to the no-slip boundary condition. The diffuse-interface models have been developed for one-component flu-
ids and binary fluids, with the interface intervening between the two bulk phases represented by an interfacial region of finite
thickness. The order parameter, which is the density for one-component fluids or the composition for binary fluids, assumes
distinct constant values in each bulk phase and undergoes rapid but smooth variation in the interfacial region. In our con-
tinuum hydrodynamic model for the moving contact line in immiscible two-phase flows, the GNBC is combined with the
Cahn-Hilliard diffuse-interface modeling for binary fluids [4, 5]. The diffuse-interface modeling can also be applied to the
study of contact-line motion in one-component liquid-vapor systems, with the fluid slip at the solid surface fully taken into ac-
count. The dynamic van der Waals theory has recently been presented for one-component fluids. It provides a general scheme
of two-phase hydrodynamics involving liquid-vapor transition in non-uniform temperature fields [6]. We have combined the
dynamic van der Waals theory for the hydrodynamic equations in the bulk region with Waldmann’s method for formulating
the boundary conditions at the fluid-solid interface [7, 8]. Our derivation focuses on the balance equations for various fluxes
and the positive definiteness of local entropy production. We have derived the hydrodynamic boundary conditions at the fluid-
solid interface, which are able to describe velocity slip, temperature slip (Kapitza resistance), and the cross coupling between
mechanical and thermal processes [8]. Numerical simulations have shown that the contact line can move through both phase
transition and boundary slip, with their relative contributions determined by a competition between the two coexisting mech-
anisms in terms of entropy production [7]. Recently numerical studies have been carried out for droplet motion driven by a
thermal gradient on solid substrates [9] and bubble growth on heated substrates in pool boiling [10].

CONCLUDING REMARKS

We would like to point out that the framework presented above for modeling two-phase flows at solid surfaces, from bulk
equations to boundary conditions, can be generalized for modeling other fluid-solid interfacial phenomena. In this regard,
Onsager’s variational principle has proved to be powerful and successful for describing coupled irreversible processes in the
linear response regime.
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MEASUREMENTS OF MOLECULAR SLIP AND CONTACT LINE MOTION USING A
QUARTZ CRYSTAL MICROBALANCE

Justin Pye, Clay Wood, and Justin C. Burton∗
Department of Physics, Emory University, Atlanta, GA, USA

Summary The liquid/solid boundary condition and the stick-slip motion of a three-phase contact line represent complex problems where
our understanding is incomplete. We have performed a series of experiments that address these issues using a quartz crystal microbalance
(QCM). Our first experiment focuses on the evaporation of a sessile drop. The stick-slip motion of the contact line manifests as a sharp
increase in frequency of the QCM, followed by a sharp decrease, whereas the dissipation displays a single sharp peak. QCMs pre-cleaned
in an oxygen plasma environment exhibited a significantly reduced occurrence and magnitude of these features. Second, a drop of liquid
is grown on the QCM in the presence of a second, ambient liquid. The liquids are chosen so that their bulk effects on the QCM frequency
and dissipation are identical in the presence of no-slip. Deviations from the conventional theory are identified as anomalous interfacial
dynamics, such as slip.

The fluid mechanics of a drop on a solid surface is controlled by the motion of the contact line, as well as the boundary
condition at the solid surface, which may vary near the contact line. We have performed a number of experiments exploring
both the bulk boundary condition at the interface between a solid and liquid, as well as the stick-slip motion of a three-phase
contact line. Our measurements are acquired using an ultra-sensitive technique based on a quartz crystal microbalance (QCM).
A QCM is a shear-wave oscillator formed from a very thin piece of quartz crystal. Two electrodes, often made of gold, are
sputtered or evaporated onto each side of the crystal. The crystals are excited by applying an AC voltage at the mechanical
resonant frequency of the oscillator, where the fundamental mode is typically f0 ≈ 5 MHz. The amplitude of the oscillation
will depend on the amplitude of the applied voltage, and is typically a few nanometers or less. Thus the speed of the surface
is usually 1-10 cm/s. Due to the high quality of the quartz crystal, there is very little internal dissipation. In vacuum, QCMs
can attain quality factors of 106 or more.

Upon immersion in a liquid, the transverse oscillations of the quartz couple to the liquid near the surface. The shear waves
radiated by the crystal travel into the liquid, but are damped by the viscosity of the liquid. The characteristic decay length of
the oscillations is known as the penetration depth δ =

!
2η/ωρ, where ω is the angular frequency of the oscillations, η is

the dynamic viscosity of the liquid, and ρ is the liquid density. For a 5 MHz crystal immersed in water, δ ≈ 240 nm. The
local shear in the liquid occurs over this length scale, so that typical shear rate for a low viscosity liquid such as water is ≈
105 s−1. This coupling to the liquid has two effects on the crystal. First, the quartz oscillator behaves as if it has been loaded
with an amount of mass equal to the area of contact multiplied by the penetration depth. Second, the crystal experiences
viscous dissipation in the liquid. Both the frequency and quality factor will shift, and the 1st-order shifts are predicted to be
proportional, yet opposite in sign:

∆f

f0
= ◦ f1/2

0

n1/2πRQ
(πηρ)1/2 , ∆Q−1 =

2f1/2
0

n1/2πRQ
(πηρ)1/2 . (1)

Here n is the odd harmonic number and RQ is the acoustic impedance of quartz.

Figure 1: Linear velocity pro-
file inside a fluid near a solid
surface.

Some of our experiments with the QCM are designed to measure bulk slip occurring at
the interface between a liquid and a solid. The simplest model for molecular slip is known
as Navier slip, which extends the point at which a linear velocity profile becomes zero near
the solid surface to a position inside the solid. This is shown in Fig. 1. The distance below
the surface at which the fluid velocity would be zero is known as the slip length s. More
complicated interpretations of slip can involve non-Newtonian behavior just nanometers
away from the solid surface [1], or the presence of a thin gas film smaller than the mean free
path at ambient conditions [2]. In order to resolve the nature of the fluid/solid interaction
and the slip length, precision experimental techniques are necessary such as total internal
reflection microscopy [3] or atomic force microscopy [4], and each technique spans different
ranges of stress and shear rates.

There have also been a number of studies which investigate interfacial slip using a QCM
[5–10]. However, interpreting deviations from equation 1 is very difficult since the crystal frequency is sensitive to stress,
temperature, and also is somewhat history dependent. If slip is occurring at the interface, it would be nearly impossible to
measure with confidence by depositing a droplet directly from an ambient air environment. To overcome this limitation, we
have developed a pseudo-differential measurement in order to isolate anomalous effects at the liquid/solid boundary due to
slip. Upon immersion into an ambient fluid, a sessile drop of a second fluid will be grown on the QCM electrode using a small
needle. According to equation 1, if the product of the viscosity and density of the fluids is constant, then each fluid should
affect the crystals motion in the same way. If there is slip in either fluid, there will be deviations from the simple prediction.

∗Corresponding author. Email: justin.c.burton@emory.edu
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MICRO-CONFINED DROPLETS: FROM LUBRICATION FILM TO VELOCITY

Axel Huerre∗1, Benjamin Reichert1, Isabelle Cantat2, Olivier Théodoly3, and Marie-Caroline Jullien1

1MMN, UMR CNRS Gulliver 7083, PSL research University, ESPCI ParisTech, F-75005 Paris, France
2IPR, UMR CNRS 6251, Université de Rennes 1, 35000 Rennes, France

3LAI, INSERM U600, CNRS UMR 6212, Case 937, 13009 Marseille, France

Summary We study the motion of droplets in a confined, micrometric geometry, by focusing on the lubrication film effect on droplet
velocity. When capillary forces dominate, the lubrication film thickness evolves non-linearly with the capillary number due to the viscous
dissipation between the meniscus and the wall. However, this film may become thin enough (tens of nanometres) that intermolecular forces
come into play and affect classical scalings. Our experiments yield highly resolved topographies of the shape of the interface and allow us
to bring new insights into droplet dynamics in microfluidics. We report the novel characterization of two dynamical regimes as the capillary
number increases: (i) at low capillary numbers, the film thickness is constant and set by the disjoining pressure, while (ii) above a critical
capillary number, the interface behaviour is well described by a viscous scenario. Considering this, we propose a refined model to predict
the droplet velocity.

DROPLET DYNAMICS

Droplet-based microfluidics is a growing field of research in both academic and industrial issues. Systems are getting
more and more complex, in the perspective of integrating combined functionalities (generation, merging, sorting, breaking...)
requiring an accurate synchronization for automated systems. The synchronization addresses the issue of predicting droplet
velocity while it is carried by a continuous phase of, say, imposed flow rate. Up to our knowledge, despite the importance of
such a question, this issue is not addressed in the literature in confined geometries at microscales. Predicting droplet velocity
call for a full knowledge of the dissipation mechanisms at play, this requires determining the full 3D profile of a travelling
droplet, mostly close to the walls.
Since the historical work of Taylor & Saffman, our understanding of bubbles/droplets displacement in confined geometries
have been steadily refined. For example, the work of Bretherton [1] was the first to describe the influence of the lubrication
film (i.e. the thin film lying between a meniscus and a wall) on the motion of a slender inviscid bubble. Far from the
meniscus, in the flat region, the film reaches a uniform thickness h∞, related to the bubble velocity through the capillary
number Ca = µfUd/γ, where Ud is the bubble velocity, µf the viscosity of the continuous phase, and γ the surface tension.
More precisely, when Ca≪ 1, the thickness of the film follows hBreth = 1.34 r Ca2/3, where r is the radius of the capillary
tube. Subsequent studies refine this scaling argument [2], e.g. to take into account the influence of surfactants in the outer
phase. In those cases, the power law is not affected, but numerical prefactors are introduced in the expression of h∞ [3].
However, this scaling can be modified by the droplet viscosity [4] leading to thicker films than the Bretherton case.
From these laws on the lubrication film thickness, one can derive the velocity ratio β, taking into account the different sources
of dissipation. Doing so, Dangla, Baroud and Gallaire derived the following expression [5] (DBG formula):

β =
Ud

Uf
=

2

(1 + λ) + α1h
−1/2
∞ + α2h

−1
∞

. (1)

where λ = µd/µf is the viscosity ratio, Uf the outer fluid velocity, α1 and α2 prefactors depending on geometrical parameters.
Among the literature cited above, most of the works on film thicknesses or droplet velocitites were conducted with mil-

lifluidic experiments. However, the typical velocities and lengthscales involved in droplet-based microfluidics would lead to
lubrication films so thin that intermolecular forces should come into play, and the classical macroscopic predictions based on
Bretherton’s model are expected to fail [6].

We report an experimental characterization of h∞ with two dynamical regimes as the capillary number increases, see
Fig.1.a: (i) at low capillary numbers, the film thickness is constant and set by the disjoining pressure, i.e. intermolecular forces
come into play, while (ii) above a critical capillary number Ca∗, the interface behaviour is well described by a Bretherton-like
viscous scenario [7] in which the viscosity of the droplet strongly influences the lubrication film thickness. We also show
at the transition that there is a difference between the interfacial velocity and the droplet velocity. This is possible using a
micellar solution and taking advantage of the surfacic patterns emerging from the oscillating shape of the disjoining pressure
(see Fig.1.b). Tracking those patterns allow recovering the interfacial velocity. The scalings obtained for h∞ lead to a mobility
β which is constant in the disjoining pressure regime and is expected to scale with the DBG formula. We show that this model
in the capillary regime (Ca > Ca∗) does not recover the experimental results as the dissipation is overestimated. The expected
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DYNAMICS OF LEAKY DIELECTRIC DROPS IN STRONG ELECTRIC FIELDS:
BOUNDARY ELEMENT SIMULATIONS

Debasish Das1 and David Saintillan ∗1

1Department of Mechanical and Aerospace Engineering, University of California, San Diego, 9500 Gilman
Drive, La Jolla, California 92093-0411, USA

Summary The deformation of leaky dielectric drops in a dielectric fluid medium when subject to a uniform electric field is a classic
electrohydrodynamic phenomena best described by the well known Melcher-Taylor leaky dielectric model [1, 2]. In this work we develop
a three-dimensional boundary element method for the full leaky dielectric model to systematically study the deformation and dynamics of
drops in electric fields. The inclusion of charge convection in our simulations permits us to investigate dynamics in the so-called Quincke
regime of strong electric fields, in which experiments have demonstrated symmetry breaking bifurcations leading to spontaneous rotation
[8]. Most previous simulations have neglected charge convection or assumed axisymmetric drop shapes which prevents investigation of
Quincke rotation in drops. Our numerical simulations show excellent agreement with experiments [9]. We also extend Taylor’s small
deformation theory [1] to include the transient shape deformation, charge relaxation and convection terms in the leaky dielectric model.

INTRODUCTION

The electrodynamics of liquid droplet subject to an electric field is a classic and rich problem governed primarily by
the interplay of electric and viscous stresses at the interface between the two immiscible liquids. In his pioneering work,
Taylor showed that when the drop and the suspending fluid medium are allowed to have finite conductivities, surface charges
can generate on the interface which in turn can drive circulatory currents inside and outside the drop. Taylor [1] derived an
expression for a discriminating function Φ(R, Q,λ) that predicts whether the drop attains a prolate or an oblate shape, and also
calculated the drop deformation D = (L ◦ B)/(L + B) correct to first order in electric capillary number CaE = aϵ1E0/γ,
where L, B are the length and width of the drop, respectively, and γ is the interfacial surface tension. Taylor’s deformation
parameter D represents deviations from sphericity and the electric capillary number captures the ratio of electric to capillary
forces. Here, E0 is the applied electric field, a is the original drop radius, ϵ and σ are the fluid permittivity and conductivity
respectively. Throughout this article, subscript 1 and superscript + shall refer to the fluid medium while subscript 2 and
superscript ◦ shall refer to the drop. R = σ1/σ2, Q = ϵ2/ϵ1 and λ = µ2/µ1 are the conductivity, permittivity and viscosity
ratios. Melcher and Taylor [2] developed a more complete model applicable for leaky dielectric drops, in which charge
conservation on the drop surface is expressed as

∂q

∂t
+ !n · J" + ∇s · (qu) = 0, x ∈ S. (1)

where, q = ϵ1E+
n ◦ ϵ2E−

n is the interfacial charge density, !n · J" = σ1E+
n ◦ σ2E−

n is the jump in electric current, u is
the interfacial velocity and S is the drop-fluid interface. There have been numerous simulations [4, 7] based on this model to
reproduce experimental results [5]. However, most of these simulations have either neglected charge convection or assumed
axisymmetric drops shapes. Making either or both of these assumptions prevents observation of Quincke rotation of drops.
The novelty of our work lies in the formulation of a boundary element method for the full Taylor-Melcher leaky dielectric
model in 3D domain including transient charge relaxation and convection terms, which enables us to predict Quincke rotation.

PROBLEM FORMULATION

We consider a neutrally buoyant leaky dielectric drop suspended in a fluid medium with no net charge. The electric
problem is governed by Laplace’s equation while the flow problem is governed by Stokes’ equation. We use standard boundary
element method to solve these two equations [6]. Towards this purpose, we discretize the surface of the drop into 6-nodes
curved elements using successive subdivision of an icosahedron. We briefly summarize the numerical method here. At any
given point in time, we obtain the normal component of the electric field, E+

n and E−
n , from the interfacial charge distribution

q on the drop surface using a regularized boundary integral equation and Gauss’s law. Once the electric field is known we can
compute the Maxwell electric stress on the surface. The electric TE and viscous stress TH balance the surface tension acting
on the drop.

!
!
∆TE + ∆TH

"
· n" =

2κmn

CaE
, x ∈ S, (2)

where κm is the mean curvature and n is the unit normal vector. The interfacial velocity is then computed from the hydro-
dynamic force on the surface using the boundary integral equation for Stokes flow [3]. The charge conservation equation

∗Corresponding author. Email: dstn@ucsd.edu



is then advanced in time using a second order Runge-Kutta scheme. In order to validate our more complicated 3D simula-
tions, we also perform axisymmetric simulations. Additionally, we also use small deformation theory to obtain two coupled
ODEs for the shape deformation D and the interfacial charge that are integrated in time. We only present the results of the
semi-analytical theory and omit the details here for brevity.

RESULTS

The electrohydrodynamics of drops is completely characterised by five dimensionless parameters namely, R, Q, λ, CaE

and Ma = 2µ1/(ϵ1τmwE2
0) known as the Mason number, which denotes the ratio of viscous to electric forces and involves the

Maxwell-Wagner relaxation time τmw. Our simulations show excellent agreement with the experimental results of Salipante
and Vlahovska [8] and Lanauze et al. [9].
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Figure 1: Comparison of numerical simulations with experiments

CONCLUSIONS

We have developed a three-dimensional boundary element for studying the electrohydrodynamics of drops in strong elec-
tric fields. Our numerical simulations predicts transient drop deformations accurately when compared to experimental re-
sults. Our simulations also enabled us to predict the transition from Taylor regime characterized by oblate-shaped drops and
quadrupolar flow fields to the Quincke regime characterized by titled drops and rotational flows as the electric field strength is
increased. Our simulation method can be easily extended to study the electrohydrodynamics of arbitrary shaped rigid objects,
deformable objects like vesicles and pair interactions as well. Our novel small deformation theory also works extremely well
for small drop deformations and captures the transient behavior accurately; we are currently investigating its extension to
study droplet pair interactions.
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Summary Superhydrophobicity relies on the maintenance of air cushions on structured hydrophobic surfaces buried underwater. 
However, the water-air interfaces are subject to instabilities induced by various mechanisms, leading to the wetting transition from a 
Cassie-Baxter to Wenzel state. In this work, the wetting transition on submerged microtextures under a hydrostatic or flow condition is 
studied. Confocal microscopy technique is used to observe the dynamic evolution of the water-air interfaces. The whole wetting transition 
process is monitored, and the classic CB, Wenzel states and an intermediate metastable state are directly observed. A diffusion-based 
mode is developed to predict the evolution process of metastable states under both hydrostatic and flow conditions. The acceleration of air 
diffusion by a convection regime to is captured, which is well described by a scaling law. The current work reveals the underlying 
mechanism of wetting transition on submerged structures and provides a longevity prediction of underwater superhydrophobicity. 
 

INTRODUCTION 
 
   Superhydrophobic surfaces with remarkable properties have promising applications in many fields such as self-cleaning 
and drag reduction [1]. The existence of air cushions on structured hydrophobic surfaces buried underwater in a Cassie-
Baxter (CB) state is the key mechanism to realize superhydrophobicity. However, many factors cause the instabilities of the 
water-air interfaces and induce the transition from a non-wetted CB to fully wetted Wenzel state along with the loss of 
superhydrophobicity. Understanding the CB-to-Wenzel transition and the dynamic evolution of the metastable states is 
critical for the design of CB-based superhydrophobic structures. 
   Various experiments have investigated the CB-to-Wenzel transition and metastable states in two typical situations, i.e., 
hydrostatic and flow conditions. When submerged in still water, air cushions decay on superhydrophobic surfaces, as 
induced by air diffusion. When structured surfaces are exposed in a flow field, the longevity of the air cushions will 
decrease with increasing flow rate because of the promoted air diffusion. Although previous attempts have been made to 
capture the dynamic transition process, a controlled, sufficiently resolved measurement to establish a quantitative 
understanding is currently absent under both hydrostatic and flow conditions, which is the focus of the present work. 
 

EXPERIMENTAL SETUPS 
 
   Based on the confocal microscopy technique, we built up experimental setups to observe the dynamic wetting transition 
process on submerged microstructured surfaces in still water and channel flow field, respectively. As shown in Fig. 1, for 
the hydrostatic condition, the sample was mounted on the bottom of a sealed chamber. A water immersion objective right 
above the sample was protruded and sealed in the chamber to observe the evolution of menisci under different hydrostatic 
pressures. A similar setup was used for the channel flow condition, but with a rectangular channel of high aspect ratio (10: 
1), through which the liquid flowed circularly. Here, only relatively low flow rate range (less than 12 mm/s) was 
investigated. The sample was embedded in the bottom of the channel with an optical window right above. The surrounding 
pressure was changed by regulating pressure in the water tank connected to the channel. 
 

 
Figure 1. Schematics of the experiment setup for direct observation of the wetting transition process under a hydrostatic 
condition. 
 

RESULTS 
 
Wetting transition under hydrostatic condition 
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   In still water, the wetting transition on structured hydrophobic surfaces submerged underwater is mediated by air 
diffusion under different hydrostatic pressures. Due to the compressibility of entrapped air in the cavities, a depinned 
metastable state can be established in-between the CB and Wenzel states [2]. Especially for the metastable state, the 
impalement of the meniscus was monitored by recording the increase of the sagging depth over time under different 
hydrostatic pressures [3], as shown in Fig. 2(a). A diffusion-based theoretical model is used to interpret the evolution 
process of the metastable states. A similarity law along with a characteristic time scale is derived which governs the lifetime 
of the air pockets and can be used to predict the longevity of underwater superhydrophobicity [2]̍  
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where h(t) is the sagging depth, A is the meniscus area, H and r are the height and the radius of the micropore, respectively, 
h0 is the initial sagging depth, KG is Henry’s constant, T is the surrounding temperature, R is the universal gas constant and 
tD is the characteristic time scale, equal to G G G,0 G[ / ( )]( / )�p p sp Hl D where pG is the gas partial pressure inside the micropore, 
pG,0 is the gas partial pressure at atmospheric pressure, s is the saturation degree and l is the diffusion length which is 
constant in still water. Fig. 2(b) shows that all the experiment data collapse on the curve predicted by the similarity law, 
indicating the simple model captures the main mechanism controlling the longevity of the air pockets, namely, gas diffusion 
under a pressure gradient across a thin boundary layer adjacent to the interface. 
 

�
Figure 2. Experimental results and theoretical predictions under hydrostatic conditions. (a) Experimental measurement of 
the dynamic evolution of the normalized sagging depth under different liquid pressures. (b) Normalized sagging depth as a 
function of normalized time in the metastable states. 
 
Wetting transition under channel flow condition 
   The instability of water-air interfaces is deteriorated under fluid flow conditions, as the promoted air diffusion from 
entrapped air cavities into bulk water in a convection regime advances the wetting transition. We directly observed the 
meniscus evolution in both pinning and depinned states at several low Reynolds numbers (Re). If the meniscus is initially 
pinned at the pore corners under a relatively low liquid pressure, low flow rates will not cause the wetting transition but 
accelerate the process from one stable state to another. If the meniscus has already depinned before it is subject to flow, the 
evolution rate of metastable states will increase with Re. This positive correlation indicates that the air diffusion is enhanced 
by increasing the flow rate, as reflected by the decrease of the diffusion length l. Consider the diffusion length l as a 
function of Re instead of a constant under hydrostatic conditions. Eq. 1 can also be used to predict the diffusion rate under 
flow conditions. Intriguingly, a 1/3-power law between l and Re was discovered experimentally, that is, 

 1/3(Re) Re , ul k   (2) 
where k is constant related to flow conditions. The power low agrees well with the analysis about boundary diffusion 
problems in flow channels [4]. 
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INTERPRETATION

   The total flux of interface across an horizontal line is close to zero, thus validating the assumption of conserved interface area 

during the flow. With this assumption, the velocity field in the film can be deduced from the force balance on an elementary 

piece of foam. It is govern schematically by the following processes: the film near the meniscus get thinner because of the 

capillary suction,  and its mass per unit area (2D density) is thus smaller than in the middle of the film. An Archimede-like force 

arises from this 2D-density discrepancy, based on gravity and surface tension gradient, at the origin of the upward motion. 

Finally the surface viscosity induces a friction between the fluid moving upward and the fluid moving downward and governs 

the velocity scales.    
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ELASTO-CAPILLARY INTERACTION OF LIQUID DROPS
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Summary We study the interaction between sessile drops on a soft substrate. When millimetric liquid drops run down a soft, vertical
surface under gravity, we notice deviation of their trajectories from straight line as two drops approach each other. Remarkably, if the wall
is very thick drops always attract and coalesce, whereas two similar drops on a thin layer give rise to a short-ranged repulsion. We develop
force-distance curves from experimentally measured drop trajectories and perform a free energy minimisation that unravels the underlying
mechanism of drop-drop interaction. Importantly, we show that the interplay between capillarity and bulk elasticity of the soft substrate
governs the nature of the interaction force.
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Figure 1: Drops interact as they run down a soft surface under gravity. A) Snapshots of two drops on a thick substrate as
they attract and coalesce. Solid lines represent drop trajectories. B) Two similar drops on a thin substrate repel and move
away from each other. Time stamps accompanying the snapshots show the slow motion of drops. Coalescence corresponds
to t = 0s. C) Measured interaction velocity as a function of shortest distance d between contactlines. Black points represent
attraction, whereas red points show repulsion.

Small objects, trapped at a liquid interface tend to form clusters: a phenomena popularly known as ‘Cheerios effect’ in
reference to the aggregation of breakfast cereals floating on milk [1]. Deformation of the liquid interface due to the floating
particles gives rise to the interaction force. Recently, this mechanism has been exploited for targeted self-assembly and
patterning at the microscale [2, 3]. Here we study the opposite situation. Interaction of liquid drops sitting on a soft solid
interface. Surface tension of the liquid drop causes a non-local deformation of the underneath solid: pulling the substrate up
at the contactline, forming a ridge and pushing it down inside the drop due to Laplace pressure. The ratio of solid surface
tension to substrate elastic modulus (γs/G) gives the radial extent of this deformation around the drop. Figure 1A), B) shows
snapshots from experiment. Ethylene Glycol (γ = 47 mN/m) drops of different volume run vertically down a soft surface
made of silicone gel (DOW Corning CY52-276, shear modulus G = 276 Pa) under the action of gravity. As two drops
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   In the experiments the droplet 
fluid is a solution of clay 
nanoparticles in water with 
droplet viscosity varied over two 
orders of magnitude by adding 
glycerol. The bath liquid is a 
solution of water with salt of 
various concentrations ± the 
viscosity of the bath liquid does 
not change much from that of 
pure water. The density of the 
bath solution is also close to that 
of the droplet liquid. 
Dimensionless groups We, Oh, Re 
and Da are controlled as 
described above. However, under 
these conditions an alternative to 
the bath Re number is the 
drop/bath viscosity ratio, 
ௗߤ ௪௧Τߤ 4, rationalized by 
the noting that the drop We and 
Oh numbers can be replaced by 
the drop Re and Oh numbers and 
that the drop/bath Re ratio controls 
mixing, which simplifies to the 
viscosity ratio. Moreover, droplet Oh 
changes for the experiments reported only by drop viscosity since the drop size is fixed. 
   Results of particle shapes obtained in the experiments are plotted as symbols on the ߤௗ ௪௧�Τߤ versus We phase 
diagram, Figure 2. Regardless of viscosity ratio, an impacting droplet with inertia above We ~ 45.7 cannot be frozen. This 
empirical limit is marked by the vertical green line. Additional lines on the phase plot are contours of constant Da using the 
correlation,ܽܦ� ൌ ௗߤǤହ൫݄ܱ�ݐݏ݊ܿ ௪௧�Τߤ ൯Ǥହܹ݁ିǤହ, where�ܿݐݏ݊� is evaluated empirically. The lines of constant Da 
are seen to partition the shapes. Simulations were also performed, and the results matched well with the experiments and the 
correlation. Note that the progression with decreasing Da in Figure 2 ± Teardrop-Cap-Jellyfish-Donut ± follows the 
progression with increasing time in Figure 1 with one exception ± the Cap and Jellyfish shapes are flipped between the two 
progressions. This is correct and the reason will be explained in the talk. 
 

CONCLUSIONS 
 
The gelation reaction of vortex formations into shaped particles is reported, along with a phase diagram giving shape control. 
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Figure 2. Diagram illustrating experimental results for particle shapes frozen 
during vortex ring evolution for different parameters. Results of simulations using 
a phase-field approach are shown as red stars. 
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FROM THE ONSET OF ELECTROSPRAY AND DISINTIGRATION OF
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Summary We describe the disintegration of a leaky-dielectric drop from the unsteady phenomenon giving rise to the first ejected droplet
to the steady cone-jet mode of electrospray. We summarize the differentiated scaling laws of the two limiting regimes for the relevant
quantities and show their validation from comparison with both numerical simulations and experimental data.

Under certain conditions, a leaky-dielectric drop subject to a strong electric field ejects a thin liquid ligament, which issues
a stream of tiny drops (Fig. 1). The masses and charges of those droplets are essentially determined by the liquid properties,
and reflect the electrohydrodynamic history leading to them. The first droplet produced by this unsteady process is particularly
important due to its very small diameter d1 and large electric charge q1 (per unit volume). After this first phase of the ejection
process, the system reaches spontaneously a quasi-steady regime characterized by a natural (intrinsic) flow rate Q∗, electric
current I∗, and droplet diameter d∗, which essentially depend upon the liquid properties too. If a flow rate Q ≥ Q∗ is
prescribed by, for instance, injecting liquid across a feeding capillary, the above quasi-steady process gives rise to the steady
cone-jet mode of electrospray, which emits droplets of diameter d that transport the electric current I . While the unsteady
ejection of the first droplet is affected by charge relaxation effects, the bulk charge density is negligible in both the quasi-steady
and steady regimes. The complete understanding of the transition from the first unsteady process to the steady cone-jet mode
opens new avenues for the conception of global (e.g. atmospheric) predictive models and innovative technologies using the
liquid ejecta.

The parameters which essentially characterize this electrohydrodynamic problem are the liquid density ρ, viscosity µ,
surface tension σ, electrical conductivity K, and electrical permittivity εi, as well as the environment electrical permittivity εo.
From these parameters, one defines the characteristic length do = (σε2o/ρK

2)1/3, velocity vo = (σK/ρεo)1/3, electric field
magnitude Eo = (σ/doεo)1/2, electric charge qo = εoEod2o, and intensity Io = σρ−1/2ε1/2o , and the intrinsic dimensionless
numbers δµ = ρdovo/µ and β = εi/εo. The unsteady ejection of the first droplet consists in a self-similar ultra-fast collapse
of the droplet’s tip where charge relaxation plays a relevant role [1]. In the final state of this process, inertia, axial viscous
stresses, electrostatic suction, and surface tension balance, which leads to the universal scaling laws [1]

d1 = doδ
−1/3
µ β5/12 , q1 = qoδ

−2/3
µ β7/12 , (1)

for the first droplet diameter d1 and its electric charge q1, which were derived and validated in Ref. [1] (Fig. 2).
The unsteady process described above is followed by a quasi-steady regime characterized by a natural (intrinsic) flow rate

Q∗ and droplet diameter d∗. The scaling laws for these two quantities are [2]

Q∗ = Qoδ
−1
µ , d∗ = doδ

−1/2
µ and Q∗ = Qoβ , d∗ = doβ

1/2 (2)

when the viscosity and polarization force becomes dominant, respectively. These two scenarios arise for βδµ < 1 and
βδµ > 1, respectively. In both cases, the conservation of mass, momentum, energy, and electric charge leads to the scaling

d∗ = do(Q
∗/Qo)

1/2 and I∗ = Io(Q
∗/Qo)

1/2 . (3)

Figure 3 shows the experimental values for the ratio Q∗/(Qoβ) as a function of (βδµ)−1. For (βδµ)−1 > 1, the minimum
flow rate is essentially independent of β over two orders of magnitude of the parameter (βδµ)−1. The minimum value of
Q∗/(Qoδ−1

µ ) is approximately unity for all the liquids of this interval, and thus the validity of the scaling law (2)-left is shown
even for large values of δµ.

Finally, if a flow rate Q ≥ Q∗ is imposed by injecting liquid across a feeding capillary, the above quasi-steady process
gives rise to the steady cone-jet mode of electrospray characterized by the droplet diameter d and electric current I . The
scaling laws (3) also provide the values of these quantities, i.e., d = do(Q/Qo)1/2 and I = Io(Q/Qo)1/2. These scaling laws
have been widely validated from comparison with experiments [3].

This work is supported by the Spanish Ministry of Economy through Grant No. DPI2013-46485
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Summary Cavitation in liquid metals is supposed to provide conditions for the desired homogeneous dispersion of nanoparticles, 
leading for metal matrix nano-composites to improved mechanical properties. A contactless magnetic field approach to induce 
cavitation in liquid metals is demonstrated, and first results on the dispersion of nanoparticles in various metal samples are given. 

 
INTRODUCTION 

 
   Acoustic cavitation by power ultrasound is widely used for the purpose of nanoparticle dispersion in room temperature 
liquids. There are also numerous experimental reports demonstrating that power ultrasound facilitates the dispersion of 
nanoparticles in a molten metal. So far, this technique has been applied for the production of metal matrix nano-composites 
(MMNC) of light metal alloys [1,2]. Being extremely violent on the micro-scale, the cavitation degrades also the vibrating 
surface transmitting the ultrasound into the liquid. A contactless technique for cavitation excitation is, therefore, desirable, 
in particular for high-melting liquid metals such as steel for which no ultrasonic transducers exist with a reasonable life-time 
in the molten metal. A contactless excitation of cavitation is possible by superposition of induction heating with a steady 
axial magnetic field. This combination creates an alternating radial magnetic body force in a cylinder [3]. The irrotational 
part of this force produces pressure oscillations. This contactless magnetic excitation of cavitation was first demonstrated 
recently [4]. Our experiment is designed to maximize the induction currents and, thus, allow to keep the static field 
moderate. We continue our studies [4] by considering the cavitation inception condition in molten stainless steel and in 
various Al alloys. Results on the dispersion of SiC and TiN nanoparticles in various liquid metals will be presented.    
 

THEORETICAL BACKGROUND 
 
   Consider an infinite liquid metal cylinder of radius a in a uniform magnetic field with a steady and an alternating 
component  

( )( ) .z
ti

z erb+B= eB ω  
   (1)�

   The alternating component of the magnetic field induces an azimuthal current, which in combination with the static 
axial field creates an oscillating radial force. This force is curl-free and, therefore, is balanced by an oscillating pressure 

field. Suppose the frequency ω is high enough to cause a strong skin-effect (σωµ0a
2 >> 1, where σ and µ0 are the electric 

conductivity and magnetic permeability of the metal, respectively), yet low enough to form a long acoustic wave with a 
wave length much larger than a. Additionally suppose that the alternating field component is much smaller than the steady 
one (bA << Bz) where bA = |b(a)|. Under these conditions the alternating magnetic pressure is uniform in the bulk and has the 
amplitude [4]  

.
0µ

AzbB
=p  

   (2)�

   Acoustic cavitation is recurring non-linear growth and subsequent collapse of small bubbles due to the oscillating 
pressure in the liquid. In an ideal liquid, where transient voids are only created by thermodynamic fluctuations, the critical 
tension is comparable to the yield strength of metals. Such tension is out of reach for power ultrasound. Thus, the observed 
beneficial effects of power ultrasound in metal casting [1,2] depend on size and density of cavitation nuclei, which is largely 
unknown and uncontrolled. As bubbles start to cavitate, they emit their own sound containing characteristic sub-harmonics 
f0/n, where f0 is the drive frequency and n = 2,3… [5,6]. We use this property for the identification of cavitation inception. 
 

EXPERIMENTAL SET-UP 
 
   Experiments are either made in a cell with a free liquid metal surface or an evacuated cell (p0 < 400 Pa) as shown in Fig. 
1. The latter consists of a quartz tube 5 and water cooled copper caps 3. The cell is placed in a 82 mm wide vertical gap of 
an electromagnet. Water cooled copper screens 8 are used to protect the ferromagnetic pole shoes 9 from the induced 
currents. The refractory side support 6 accomodates vertical variations of the magnetic pressure. The electromagnet 
provides a magnetic flux density of up to 0.5 T in the experimental volume, and the maximum inductor current r.m.s value 
is IAC = 1300 A that corresponds to bA = 0.130 T. The AC frequency is f0 = 14.7 kHz. 



   Four piezoelectric sensors 4 are glued at the surface of the bottom cap for 
the purpose of sound detection. The electric signal from these elements is 
acquired by a digital oscilloscope at 3.2 ȝs temporal resolution in packets of 
5000 measurements. More details of the setup are given in Ref. [4]. The sample 
1 is placed between two water cooled replaceable vertical supports 2 (diameter 
20 mm). This configuration allows to increase the induction current without 
overheating the sample. Besides, it constrains the sample to the space in 
between.  
   A multitude of samples have been processed up to now. Cavitation onset 
has clearly been detected for tin, zinc and aluminum [4]. Meanwhile several 
aluminum alloys and the commercial non-magnetic stainless steel SAE 304 
have been processed as well. In addition, many tests with the addition of 
various nano-particles such as SiC, Y2O3, TiN, etc. have been performed.  

 

Fig. 1: Scheme of the experimental set-up. 
 

RESULTS 
 
   The onset of cavitation has been clearly observed in all liquid 
metals mentioned above at pressure oscillations (2) in the range of 
28…48 kPa. Figure 2 displays the transient sound spectrum in case of 
an Al+Pb sample. The static magnetic field induction was 0.5 T. The 
inductor current was varied stepwise: raised to 1200 A at t = 590 s and 
sustained for about 10 minutes. The first short burst of an f0/2 sub-
harmonic was observed at t = 610 s. A continuous cavitation signal 
with pronounced f0/2 and f0/4 modes set in after some delay at t = 850 
s. Recently, additional experiments have been realized with an 
increased value of the steady magnetic field Bz using a 
superconducting magnet of up to 5 T. First results will be shown in 
the presentation. 

 

 
Fig. 2: Temporal dependency of the sound power spectrum in 
case of aluminium with lead. Depth of the logarithmic colour 

palette is 40 dB. 
   The results on the dispersion of the various types of nanoparticles 
in the liquid metals are more diverse due to influences of material 
compatibilities, possible chemical reactions and the interfacial tension 
between particles and melts, as well as various approaches of 
nanoparticle insertion into the melts. For the latter our main approach 
consists in using MMNC with an elevated particle concentration 
prepared by the powder metallurgical route, and melting it together 
with the pure metal. Promising results have been obtained recently for 
SiC as well as TiN nanoparticles in Al melts (see Fig. 3 with 
dispersed 100 nm SiC particles in Al-Mg, obtained in the experiments 
with a superconducting magnet), whereas for Y2O3 particles in steel 
melts there was evidence for chemical reactions and the occurrence of 
further compounds in the solidified sample. More detailed results will 
be given in the presentation.   

 

 
Fig. 3: SiC particle doped Al-6%wt.Mg. a) Particles are 
concentrated at the grain boundaries; b) fully dispersed 

nanoparticles within the metallic grains. 

 
CONCLUSIONS 

 
   A contactless route based on magnetic field action has been demonstrated for the purpose of causing cavitation in liquid 
metals. This cavitation is the main clue to avoid agglomeration or to break-up agglomerated compounds of nanoparticles in 
metal melts. Systematic studies on the dispersion of various nanoparticles in various metal melts are going on. 
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Summary Super-hydrophobic surfaces with different shapes of closed-cell micro-pits are designed in this paper to study the influences of 
factors such as solid fraction, cell size and depth to critical pressure and droplet rebounding property. Droplets impacting on open-cell 
textured surfaces undergo a transition from the Cassie state to the Wenzel state whereby the surface gets impregnated by the liquid and 
temporarily loses its super-hydrophobicity. Cassie-to-Wenzel transition would induce the loss of super-hydrophobicity and the so-called 
self-cleaning effect of the substrates since a Wenzel state would lead to a strong increase of adhesion and friction properties. Owing to the 
preservation of air cushion in the micro-pits, droplets impacting on closed-cell micro-VWUXFWXUHG� VXUIDFHV� FDQ�XQGHUJR� D� ³PL[HG� VWDWH´�
instead of transferring into Wenzel state. Proper design of closed-cell micro-structured surfaces can delay the so-called Cassie-to-Wenzel 
transition and maintain hydrophobicity and water-repellency even under high-speed droplets impact. 
 

INTRODUCTION 
 
   Droplets impacting on solid surface, which consists of interesting physical phenomena and obsesses scientists all the 
time, is commonplace in nature and relevant for many industrial and technical applications, playing important roles in ink-
jet printing, spray coating and cooling, forensic science, aircraft and power-line designing.  

Designing of ice-repellent surface is of more application value than studying deicing strategies after ice accumulation. 
Much attention has been paid to sessile droplets or static liquid film resting on super-cooled surface[1,2]. Nevertheless every 
icing process undergoes the collision between the drop and surface before ice nucleation begins. Early experiments and 
study have demonstrated that drops impacting on super-hydrophobic substrates would experience a harmonic spring-like 
behaviour²impacting, spreading and bouncing[3,4]. However, when the impact velocity increases, splashing arises from the 
breakup of a fine liquid sheet that is ejected radially along the substrate before receding breakup appears. Most recent 
studies focus on the dynamic behaviors of droplets impacting on super-hydrophobic substrates with smooth surfaces, rough 
surfaces and surfaces structured with regular micro-posts. However, closed-cell textured surfaces with micro-pits performed 
much better repellency against drop impact due to their improved mechanical and pressure stability. 

Since the collision of droplets and substrates can induce the CWT transition from non-wetting to wetting state[5], another 
essential indicator for designing anti-icing surfaces is to have high static pressure stability and dynamic pressure stability, 
that is the substrate should preserve super-hydrophobicity even after high speed droplets impacting. Lidiya et al.(2010) 
[6]emphasize the potential of hydrophobic polymeric coatings bearing closed-cell surface geometries(such as bricks or 
honeycombs) is significantly higher than that of open-cell structures(such as posts) due to the confinement of air underneath 
the droplet in closed cells. This paper designed closed-cell micro-structured silicon surfaces with varied cell pitch, cell depth 
and solid ratio. The OTS self-assembled membrane technology was used for long lasting hydrophobic treatment. The 
impact behaviors and pressure stability under different falling height of the droplets are studied here.  
 

MATERIALS AND METHODS 
 
Materials preparation  

Different shapes of closed-cell micro-structured silicon surfaces in this work were fabricated using the etching 
technology which are honeycombs, squares and triangles, as shown is Fig. 1. Micro-posts structured surfaces with the same 
solid fraction were prepared as the control group. All the micro-structured surfaces were treated with Octadecyl trifluoro 
silane to improve the wetting property. The static and dynamic contact angle on the as-prepared substrates was measured 
from needle water drops of 5ȝ/�ZLWK�D�6WDQGDUG�&RQWDFW�$QJOH�*RQLRPHWHU� 
 

         

(a)             (b)             (c) 
Fig.1. Microscopic structure of three different shapes of closed-cell microstructure surfaces:  

(a) honeycombs; (b)squares; (c)triangles 
 
Experimental setup 



Droplet impacting studies were performed on closed-cell and open-cell micro-structured hydrophobic surfaces at 
GLIIHUHQW� VSHHGV��:DWHU� GURSOHWV� RI� a�ȝ/� DW� URRP� WHPSHUDWXUH� DUH� JHQHUDWHG� IURP� D� ILQH� Fapillary tube equipped with a 
syringe pump from varied heights and fall onto the sample substrate positioned in a desiccator chamber. The temperature 
and humidity in the chamber are controlled constant to reduce the condensation on the substrates. The dynamics of droplet 
impact was recorded by a high-speed camera (Fastcam Mini UX100, Photron) at the frame rate of 5,000 fps with a shutter 
speed 1/25,000s. After each experiment, the substrate were dried using the air blower to remove the residue of water drops. 
 

RESULTS AND DISCUSSIONS 
 

In Fig.2. we could see clear air bubbles in the wetted region of the micro-pits surface under high-speed impact, which 
weaken the adhesion resistance and result in easy rebound. Cassie-to-Wenzel transition is presented in the wetted region of 
micro-posts surface and impalement occurs as a result. 

 

(a)                  
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(b)                  

0ms           1ms             2ms            5ms           16ms 
Fig.2.Dynamic behaviours of droplet with velocity of 5.2m/s impacting on (a) micro-post structured surface and (b) micro-

pit structured surface 
 

When droplets impact on textured surfaces, the main force that hinders the wetting of microstructure is the capillary 
forces [7]. According to mechanical equilibrium, we can obtain the equilibrium pressure Peq ~cos©/a. The contact angle© 
has an upper limit, namely the advancing contact angle©a. If©>©a , the three-phase contact line will spontaneously slide 
downward along the walls of the pits/posts. 7KHUHIRUH��WKH�FULWLFDO�³VOLGLQJ´�LPSDOHPHQW�SUHVVXUH�LV�REWDLQHG as Pcrt ~ cos©a 

/a~¨cos©a. Here we define the ratio of perimeter and area¨=L/S (¨h>¨s=¨t). Therefore the critical pressure of the 
honeycombs is the maximum. We can also conclude that the critical pressure increases as the cell size decreases. 
 

CONCLUSIONS 
 

We have presented a systematic experimental and theoretical study of the dynamic process of water droplets impacting 
on micro-pits and micro-posts structured surfaces by analyzing a broad range of wetting and bouncing behaviours including 
critical pressure, wetting area, contact time and so on. Compared to open-cell surfaces, the closed-cell micro-structured 
surfaces present a better rebounding property under high-speed drop impacts.  

Micro-post surfaces are easily wetted by impacting droplets and the wetted area is larger than their counterparts, where 
wetting and adhesion are synchronous. By comparison, the micro-pits can preserve the air cushion better, which acts as a 
spring upon droplets impact, effectively preventing the Cassie-to-:HQ]HO� WUDQVLWLRQ� DQG� UHVXOWLQJ� LQ� D� ³PL[HG� VWDWH´��
Adhesion does not occur simultaneously with wetting and the bouncing performance depends on the initial kinetic energy, 
wetting and resistance characteristic and the remaining kinetic energy. The smaller and deeper the cell is, the better 
bouncing behaviour the micro-pit structured surface performs. 
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the spreading at low velocity, characterized by the dynamic contact angle at maximum spreading. In 
the energy balance, we account for the dynamic wettability by introducing the capillary energy at zero 
impact velocity, which relates to the spreading ratio at zero impact velocity. Correcting the measured 
spreading ratio by the spreading ratio at zero velocity, we find a correct scaling behaviour for low and 
high impact velocity. The influence of the liquid as well as the nature and roughness of the surface are 
taken into account properly by subtracting the spreading ratio at zero velocity 
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CONTROLLING CRACK DYNAMICS USING DROP IMPACT ON COLD SUBSTRATES
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Summary We perform water drop impact experiments on a solid cold substrate for temperature ranging from 20 to −60◦ C. Different
behaviors are observed depending on the impact parameters and the substrate temperature. In particular, cracks are observed when the solid
substrate is cold enough. We identify different crack propagation corresponding to dynamical fractures at intermediate low temperature and
quasi-static fracture propagation at very low temperature. A phase diagram is obtained that is interpreted using classical fracture theory.

INTRODUCTION

Drop impact is now an iconic problem of fluid mechanics, concentrating many key-features of multiphase flows [1, 2].
Drop impact exhibits large surface deformation with high stresses, surface flows instabilities and liquid break-up, and it is
present in many physical situations ranging from atomization process in combustion to raindrop erosion, from drop printing
or coating to models for meteorite impacts. In the present work, we investigate experimentally the dynamics of drop impact
on a very cold substrate such that the liquid (water here) would solidify for this substrate temperature. Such configuration is
present in the context of ice formation for aircrafts [3] or liquid metal coating [4]. Since the solidified splat of ice created by
the impact experiences high shrinking due to the thermal shock, we study here the different cracks patterns that can be formed.

(a)
-25°C

(c)
-46°C

(b)
-33°C

5 mm

5 mm

5 mm

t = 0 s t = 8 ms t = 1.1 s t = 2.7 st = 0.2 s

t = 0 s t = 8 ms t = 2.476 s t = 2.480 st = 0.2 s

t = 0 s t = 8 ms t = 0.2 s t = 0.7 st = 0.1 s

Figure 1: Snapshots of the drop impact dynamics on cold surface at different substrate temperature, with D = 3.9 mm and
U0 = 2.4 m · s−1. In each case, a solidification front can be observed on the t = 0.2 s figure. For the case (a) T = ◦ 25◦, no
crack are present, while different cracks patterns are formed for the two other cases. While a complex cracks pattern appear
suddenly for T = ◦ 33◦, a netweork of orthogonal cracks appear step by step for T = ◦ 46◦.

EXPERIMENT

We study the impact of a drop of water (diameter D = 3.9 mm) falling by gravity on a steel substrate so that the impact
velocity is thus close to the free fall U0 ∼

√
gH where H is the falling height. The temperature of the substrate can vary

typically from room temperature to ◦ 60◦ C. It is reached by plunging a large cube of metal (radius 10 cm) into a liquid
nitrogen bath until the desired temperature is reached. The whole experiment is made into a controlled atmosphere box in
order to avoid frost formation on the substrate. Because of the small impact time (of the order of D/U0), we can consider
that the substrate is at constant temperature during the dynamics, but the small area beneath the spreading drop where thermal

∗Corresponding author. Email: christophe.josserand@upmc.fr



exchanges are present. The drop dynamics is visualized using two high-speed cameras that allow simultaneous side and
top views. A typical sequence of the impact dynamics is shown on figure 1 for three different temperature. For relatively
low temperature (T = ◦ 25◦), right after the impact, the drop spreads rapidly on the substrate until it reaches its maximal
extension. No retraction of the drop is further observed since it is pinned on the solid substrate because of ice formation on
the substrate. Later a solidification front is observed on the surface until the whole liquid splat is solid. When the substrate
temperature is decreased, this general dynamics for the drop impact survives but with important changes during and after the
solidification. Firstly, for intermediate temperature, the solidification front appears earlier, and the maximum spreading radius
decreases slightly. Then, a dramatic change is observed for low enough temperature (here for T ∼ ◦ 33◦) some time after
the solid splat is formed. Indeed, while the splat is solid, a very dense crack pattern appear suddenly between two successive
images. When increasing the frame rate acquisition in order to estimate the speed of propagation of the cracks, we obtain
that this value is varying between 800 and 1000 m · s−1, which is a fraction of the Rayleigh wave speed. Moreover, high
frequency sequences show that the crack patterns propagates from a localized emission point. As the substrate temperature
still decreases further on (T ∼ ◦ 46◦), the crack patterns and dynamics exhibit a strong transition: the cracks appear more
rapidly after the impact but in successive steps so that the cracks patterns are very different.

ANALYSIS

Varying the velocity impact and the substrate temperature, we have obtained a phase diagram identifying the three main
domains of the impact output: no cracks, fast (sudden) craks and slow (by step) cracks, see figure 2. In the presentation, we
will analyse this phase diagram using energetic argument [5, 6].

CONCLUSION

Using drop impact on solid substrate, we obtain different cracks patterns by varying the impact conditions and the substrate
temperature. Since the drop spreading can be control by changing its dynamical parameters, it can be used to investigate and
further on to control the cracks patterns of thin structures.

H
 (c

m
)

T (°C)

No crackFastSlow

Figure 2: Phase diagram for the cracks pattern as the substrate temperature and the drop impact velocity (here noted by H the
height of drop fall) vary.
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LEIDENFROST DROPS ON A LIQUID SUBSTRATE: THEORY AND EXPERIMENTS 
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Summary The Leidenfrost effect is studied for drops on a superheated yet non-volatile liquid pool, and contrasted with the more classical 
situation implying a solid substrate. Experiments reveal the absence of a critical superheat for drops to “levitate” over the roughness-free liquid 
surface, even when the latter is significantly deformed (i.e. for large drops). Inspired from a previous work, a theoretical model is presented 
which compares fairly well to experiments without any fitting parameter. Contrary to the case of a solid substrate, the vapor film here does not 
appear to form chimneys, even for large drops. The evaporation dynamics is also studied, and scaling laws are discussed versus classical ones. 
 

INTRODUCTION 
  
   It is common knowledge that a water drop released over a sufficiently hot surface does not contact the plate nor boils but 
rather “levitates” over a thin vapor film generated by its own evaporation. Although discovered in 1756 [1] and widely 
studied in connection with heat transfer (cooling) technologies, this so-called Leidenfrost effect is the subject of a renewed 
interest nowadays (for a recent review, see [2]), partly in view of new perspectives in the field of microfluidics. Indeed, as 
the small thermal conductivity of the vapor layer slows down the phase change process, while its low viscosity confers a 
large mobility to the drop, the control and manipulation of Leidenfrost drops (envisaged as contactless micro-reactors for 
chemical synthesis/analysis) turns out to be possible using ratchets or other surface structures, external fields, ...  
   Most of the attention has been focused on the case of Leidenfrost drops over a hot solid substrate however, and in that 
case the threshold temperature above which the drop does not contact the plate is significantly higher than the boiling 
temperature (e.g. for water on polished aluminum, the Leidenfrost temperature is about 150°C [3]). This critical superheat is 
notably affected by the roughness of the solid substrate, and also by its thermal properties. In order to separate these two 
effects, it is therefore of primary interest to study the Leidenfrost effect over a pool of liquid, the free surface of which being 
truly smooth down to molecular scales. 
   In addition to the question of the critical superheat, it is also interesting to study the shape of the underlying vapor film 
as a function of the two main control parameters of the problem: the superheat and the drop size (or its volume). Indeed, in 
the case of a solid substrate, it is known that this vapor “cushion” generally displays a pocket/neck structure [4], such as 
seen in Fig. 1. Importantly, when the radius of the drop (as viewed from the top) exceeds about four times the capillary 
length, the central vapor pocket pierces the liquid upwards and forms a “chimney”, as also observed experimentally [3].  

 
Figure 1: Calculated shapes of water drops of various sizes (dimensionless radius of 0.1, 0.5, 1, 1.5, 2, 2.5, 3, 3.5) in 
Leidenfrost state over a flat solid substrate superheated by ΔT=270K above the boiling point of water (100°C). All lengths are 
scaled by the capillary length (2.5 mm for water at 100°C). Reproduced from Sobac et al. [5]. 

METHODS 
 
   Experiments are conducted using drops of ethanol on a pool of silicone oil maintained at a constant temperature thanks 
to a heating plate, a PID controller and a thermocouple that is immersed in the pool close to its surface. Sufficiently viscous 
silicone oils can be heated up to roughly 200°C and are practically non-volatile as compared to other liquids at these 
temperatures. The boiling temperature of ethanol is 78°C, hence the superheat ranges from 0°C to more than 100°C. The 
depth, length and width of the liquid pool are more than ten times larger than the drop radius to avoid finite-size effects. 
   On the theoretical side, the axisymmetric model used here is based on the model described in [5] for solid substrates, 
which was successfully validated by direct fitting-parameter-free comparison with the earlier interferometric measurements 
of the vapor cushion shape by Burton et al. [4]. It is also similar to the model proposed by Snoeijer et al. [6] in that it 
assumes an equilibrium (Young-Laplace) shape for the upper part of the superhydrophobic-like drop, but includes a more 
realistic description of the (heat-conduction-limited) evaporation and vapor flow underneath the drop. The lubrication-type 
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SHORT- AND LONG-TERM TAILING DYNAMICS DURING THE SETTLING OF A SPHERE
THROUGH AN INTERFACE

Jean-Lou Pierson1 and Jacques Magnaudet2

1,2Institut Français du Pétrole, Solaize, France
2Institut de Mécanique des Fluides de Toulouse - Université de Toulouse, CNRS-INPT-UPS, Toulouse, France

Summary We carry out a joint experimental and computational investigation of the settling of spheres made of various materials across the
horizontal interface separating two viscous fluids. Over a wide range of conditions, the spheres tow a column of the upper fluid through the
lower one for a while. Considering three situations characterized by markedly different inertia-to-viscosity and viscosity ratios, we show
that this tail may exhibit strikingly different long-term evolutions. We identify the underlying mechanisms and discuss them in connection
with several canonical phenomena, especially the instabilities of sheared viscous interfaces and those of stretched viscous threads.

INTRODUCTION

The situation in which a rigid body settles through a horizontal interface separating two layers of fluid with comparable
densities and otherwise at rest is encountered in a wide variety of applications ranging from environmental sciences (ashes
released in volcanic eruptions, sedimentation of marine snow,...) to engineering (coating processes, phase detection in oil
industry). This flow configuration is known to give rise to two strikingly different behaviours [1]. The regime in which
viscous and capillary effects dominate frequently yields a flotation configuration in which the body is stopped nearby the
interface until the film located ahead of it is entirely drained. In contrast, when capillary effects are small enough and/or
inertia effects are large enough, the interface deforms more easily, so that the body may fall across it, then towing a tail of the
upper fluid while settling into the other. Although the first configuration has been extensively studied because of its relevance
with respect to coalescence, much less is known about the tailing configuration, except in the Stokes limit [2]. We focused
on that configuration in the regime in which inertia, viscosity and capillary effects all matter. To better understand the basic
hydrodynamic processes that contribute to the development and later the retraction of the tail, we carried out an extensive
investigation of this generic problem, based on a combination of experiments and direct numerical simulations.

METHODS AND PROBLEM DEFINITION

Experimentally, single rigid spheres made of various materials were released well above an interface separating a layer
of water or of a mixture of glycerin and water, and an upper, slightly lighter, layer of silicon oil. A detailed evolution of the
sphere motion and of the interface shape was obtained using a high-speed video camera and image processing techniques.
Computations were carried out by solving the full Navier-Stokes equations with a Volume of Fluid approach combined with
an Immersed Boundary Method to follow the sphere and enforce the no-slip condition at its surface.
The problem is governed by five dimensionless parameters, among which the Archimedes (Ar) and Bond (Bo) numbers which
compare gravitational effects to viscous and capillary effects, respectively, and the viscosity ratio of the two fluids (λ) were
varied by several orders of magnitude. The solid-to-fluid density contrast (ζp) and the fluid density contrast (ζ) were only
varied by one order of magnitude. Depending on the value of these parameters, a variety of flow regimes, settling velocity
evolutions and short- and long-time tail dynamics was observed. In this talk we shall focus on three specific configurations
that we find illustrative of the richness of the dynamics that take place in these systems.

THE CONICAL-BLOB AND BULGE-COROLLA REGIMES

When the lower fluid is much less viscous than the upper one (λ ≪ 1), only slightly heavier (ζ ≪ 1), and inertia effects
are moderate (Ar ! 10), the tail first takes a long, conical shape until pinch-off occurs slightly above the top of the sphere.
The latter then continues to settle while carrying a drop of the upper fluid, the volume of which may be of the same order as
or even larger than its own volume. The tail then retracts without breaking, in agreement with previous observations with very
viscous pre-elongated drops [3]. The blob at the the bottom of the tail recedes with a velocity of the order of that predicted by
the inviscid Taylor-Culick-Keller model but may exceed it by nearly 40%, owing to buoyancy effects resulting from the fluid
density contrast ζ. A different scenario takes place when inertia effects are strong enough (Ar " 10). Here a small bulge forms
at the film surface in the rear region of the sphere and evolves in a series of skirts that develop along the tail and propagate
upstream (left sequence in figure 1). Detailed examination of the evolution of the initial disturbance and comparison with the
case of air bubbles crossing a similar fluid-fluid interface, in which this scenario has never been observed [4], suggest that the
instability at work is similar to those observed at the interface between two shearing fluids. The thin oil film encapsulating the
sphere being much more viscous than the outer fluid and the wavelength of the amplified disturbance being much larger than
the film thickness, the phenomenon is reminiscent of the long-wave viscous instability described by Yih [5].
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FULLY RESOLVED SIMULATION OF FLUID FLOWS WITH SUSPENDED PARTICLES

Andrea Prosperetti ∗1,2, Adam Sierakowski1, Daniel Willen1, and Yayun Wang1

1Department of Mechanical Engineering, Johns Hopkins University, Baltimore USA
2Department of Applied Sciences, University of Twente, The Netherlands

Summary PHYSALIS is a physics-based method for the numerical simulation of fluid flows with many suspended spherical particles. After
a brief exposition of the method, we present results on the sedimentation of thousands of particles, illustrating in particular the presence of
concentration waves, and on the random rotation of a fixed particle in an incident turbulent flow.

Progress in computational capabilities – and specifically in the realm of massively parallel architectures – render possible
the simulation of fully resolved fluid-particle systems. This development holds the promise of major improvements in the
physical understanding and modelling of these systems when the particle size is not small and their concentration appreciable.
This work starts with a brief overview of the PHYSALIS method for the solution of the incompressible Navier-Stokes equations
with finite-sized spheres, and then describes the results of several simulations.

PHYSALIS starts from the simple observation that, due to the no-slip condition, the flow near a solid particle differs very
little from a rigid-body motion and it can, therefore, be linearized about such a motion. Thus, after a simple change of
the dependent variables from the original velocity u and pressure p to modified velocity ũ and pressure p̃, the momentum
equation can be reduced to a Stokes-like form in the immediate neighborhood of each particle. An exact analytic solution of
this equation exists in the form

ũ (r, θ,ϕ) =
∞!

l=0

l!

m=−l

Almũlm (r) Y m
l (θ,ϕ) , p̃ (r, θ,ϕ) =

∞!

l=0

l!

m=−l

Blmp̃lm (r) Y m
l (θ,ϕ) , (1)

Here (r, θ,ϕ) are local spherical coordinates with origin at the particle center and Y m
l are spherical harmonics. The functions

ũlm and p̃lm are simple algebraic functions of r known analytically. The no-slip condition at the particle surface is satisfied
exactly due to the form of the functions ũlm whatever the order of truncation of the infinite summations. The time-dependent
Lamb’s coefficients Alm and Blm account for an arbitrary flow in the neighborhood of the particle and are simply related to
the force, couple, and higher-order multipoles associated with the particle. The expressions (1) are used as a “bridge” from
the particle surface to the closest grid nodes, away from which the full Navier-Stokes momentum equation is solved by a finite

Figure 1: Snapshot of 2048 particles sedimenting under gravity; |u∗| and |w∗| are the fluid and particle velocities normalized
by the single-particle terminal velocity. Color indicates the magnitude of the vertical velocity. The left panel is the fluid
velocity and the right panel the particle velocity.

∗Corresponding author. Email: prosperetti@jhu.edu
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3D DNS OF SPRAY FORMATION IN GAS-ASSISTED ATOMIZATION

Yue Ling1, Daniel Fuster1, Gretar Tryggvason2, Ruben Scardovelli3, and Stéphane Zaleski ∗1
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2Dept of Aerospace & Mechanical Engineering, University of Notre Dame, Notre Dame, IN 46556, United States
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Summary In this paper, 3D direct numerical simulations of gas-assisted atomization are performed to investigate the spray formation
mechanisms. The shear between the gas and liquid jets introduces breakups of the liquid and turbulent flows in the gas. Particular attention
is focused on the effect of grid resolution on the turbulence and spray characteristics.

INTRODUCTION

Gas-assisted atomization is commonly seen in many industrial applications and natural phenomena. In a typical configura-
tion of gas-assisted atomization, the breakup of a slow liquid jet is assisted by a fast coflowing gas jet. Due to the large velocity
difference between the liquid and gas jets, a Kelvin-Helmholtz instability develops at the gas-liquid interface. The resulting
wavy structure on the interface grow temporally and spatially, which eventually leads to significant breakup and atomization
of the liquid jet. Despite the substantial previous theoretical, numerical, and experimental research efforts on gas-assisted
atomization [1], the underlying mechanisms (in particular in three-dimension) that leads to spray formation remain unclear.
The interaction between the turbulence and the interfacial flows is still poorly understood [2]. In order to better understand
the mechanisms of spray formation, in this work we simulate a model of the quasi-planar experiment of [3].

SIMULATION METHODS AND SETUP

The computational domain is a box of dimensions Lx × Ly × Lz , where we inject two streams, liquid and gas, separated
by a solid plate of size ℓx× ey×Lz through the boundary at x = 0, with velocities Ug and Ul. The thickness of the liquid and
gas streams are H and H ◦ ey , respectively. The dimensions of the box are Lx = 16H and Ly = 8H and Lz = 2H . If the
physical parameters, such as the large liquid-to-gas density ratio, exactly as in the experiments [3] is used, then it is impractical
to fully resolve down the smallest physical scales with the current computational power. Therefore, here we choose a set of
parameters that allow faster and easier simulations while still placing the flow in the high-speed atomization regime. The
values of the corresponding dimensionless parameters are given in Table 1, using standard notations.

M = ρgU2
g /(ρlU2

l ) r = ρl/ρg m = µl/µg Reg,δ = ρgUgδ/µg Weg,δ = ρgU2
g δ/σ RegρgUgH/µg

20 20 20 1000 10 8000

Table 1: Key dimensionless parameters. The thickness of the gas boundary layer above the separator plate is denoted by δ.

We solve the Navier-Stokes equations for incompressible flow with sharp interfaces and constant surface tension. The
fields are discretized using a fixed regular cubic grid, and use a projection method for the time stepping to incorporate the
incompressibility condition. The interface is tracked using a Volume-of-Fluid (VOF) method with a Mixed Youngs-Centered
Scheme to determine the normal vector and a Lagrangian-Explicit scheme for the VOF advection. Curvature is computed
using the height-function method. Surface tension is computed from curvature by a well-balanced Continuous-Surface-Force
method. The whole method is implemented in the a free code PARIS [4] and described in [5, 6].

The simulations are performed on three grids called M0, M1 and M2, so that Mn has H/∆x = 32 × 2n points in the
liquid layer. An approximate steady state is reached at about Ugt/H = 200 and the simulations are then continued until
Ugt/H = 400. For the M2 mesh, the simulation was perfomed using 2048 processors and the total simulation time is about
5× 105 CPU hours. The results presented correspond to the M2 mesh, unless stated otherwise.

RESULTS

A global view of the atomizing liquid jet is shown in Fig. 1 (a), and a closeup of the vortical structures arising from the
gas-gas and the gas-liquid mixing layers is shown in Fig. 1 (b). The interface is unstable due to the shear between the gas and
the liquid and an interfacial wave develops. The interfacial wave grows and forms a thin liquid sheet which in turn breaks
into ligaments and droplets. The unbroken part of the liquid sheet eventually reattaches to the domain bottom. Turbulence
develops from the mixing layers and the downstream flow becomes fairly violent and chaotic.

∗Corresponding author. Email: stephane.zaleski@upmc.fr
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PARTICLE RESUSPENSION BY A PERIODICALLY-FORCED IMPINGING JET

Wen Wu∗1, Giovanni Soligo2, Cristian Marchioli2, Ugo Piomelli1, Francesco Zonta2, and Alfredo Soldati2
1Department of Mechanical and Materials Engineering, Queen’s University, Kingston, Ontario, Canada
2Department of Electrical, Management and Mechanical Engineering, University of Udine, Udine, Italy

Summary In this work, we investigate numerically the mechanisms of the dust cloud formation that occurs when a helicopter hovers near
the ground. We use a numerical approach that combines Large-eddy simulation of the flow field with Lagrangian particle tracking. The
wake generated by the helicopter is modeled as a round impinging jet perturbed by a sequence of periodically forced azimuthal vortices.
Particles are initially placed on a thin layer just above the ground. Particle resuspension occurs as the large-scale vortices strike the ground.
We characterize statistically the local interaction between the particles and turbulence, as well as the tendency of particles to segregate and
concentrate preferentially in specific flow regions. We also clarify the role of the periodic and stochastic fluctuating velocity and vorticity
on the inception of particle resuspension.

INTRODUCTION

When hovering near arid grounds, the rotor of helicopters generates a downward jet that interacts with the soil and induces
resuspension of sand grains, dust or dirt. This phenomenon, called helicopter brownout (HB), can be dangerous because it
drastically reduces the pilot’s vision during landing. To mitigate the impact of HB, a detailed knowledge of the turbulent
flow field generated by the recirculating rotor downwash, and of the particle resuspension mechanisms is needed. Due to
the simplicity of the configuration and the similarity to the rotor-wake flow, the round impinging jet can be used as a model
of the wake of a rotorcraft hovering near the ground. The Kelvin-Helmholz instability in the jet shear-layer generates an
array of azimuthal vortices, which are advected by the jet and impinge on the ground. These embedded large-scale vortices,
representing the rotor-tip vortices, are found to dominate this flow [1]. When the vortex ring approaches the ground it creates
locally an adverse pressure gradient in the radial direction; a counter-rotating secondary vortex ring is formed, and the inter-
action between the large-scale vortices and the near-wall flow plays an important role in the heat and momentum transfer. The
secondary instability of the vortices forms rib-like structures that rise up into the free-stream, and can be related to the dust
cloud formation in HB [1]. In this work, we investigate precisely the resuspension of dust particles resulting from their inter-
action with the flow structures that develop along the jet. To this aim, we use a numerical approach that combines Large-eddy
simulation (LES) of the flow field with Lagrangian particle tracking.

CONFIGURATION AND METHODOLOGY

We exploited a LES database of a forced round impinging jet [1] to compute the detailed statistics of inertial particles
transported by the turbulent carrier flow. The air jet, whose Reynolds number based on the jet diameter D = 0.1 m and the
mean jet velocity U0 = 10 m/s is 66,000, has outlet-to-target wall distance H/D = 1, and is excited at a frequency of 75 Hz.
This configuration matched the experiments in Ref. [2]. Assuming one-way coupling between fluid and particles, a swarm
of Np = 50, 000 particles of size dp =20 µm is tracked using Lagrangian approach, in which the dynamics of particles is
computed as:

dxp

dt
= up,

dup

dt
= F (1)

with xp, up, and F are the particle position, velocity, and the overall forces exerted by the fluid on the particles, respectively.
The drag, buoyancy and Saffman lift forces are considered. Further details on the Lagrangian particle tracking can be found
in Ref. [3]. The particles are initially randomly distributed in a thin layer just above the ground. They are allowed to evolve
from the initial state for 30 forcing periods to reach statistically steady state. Statistics are then collected for further 24 forcing
periods. This time interval is long enough to obtain reliable results on ejection rates and other Eulerian statistics.

RESULTS

The particles concentrate preferentially around the primary vortices after being ejected from the surface (Fig. 1 (a)). The
regions corresponding to the vortex cores are almost completely depleted of particles, as was also observed in other multiphase
flow studies [5]. In the present configuration, the particles reach up to z/D = 0.9, and may affect the pilot’s visibility during
HB. Particles cluster also in the azimuthal direction θ (Fig. 1 (b)). The separation between the particle clusters in θ corresponds
to π/12 wavelength that was found to be a primary mechanism for the instability of the ring vortex [1].
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HEALING CAPILLARY FILMS

Z. Zheng1, M. A. Fontelos ∗2, S. Shin3, M. C. Dallaston4, D. O. Tseluiko5, S. Kalliadasis6, and H. A. Stone7

1,3,7Department of Mechanical and Aerospace Engineering, Princeton University, Princeton NJ, USA
2Instituto de Ciencias Matemáticas, CSIC, Madrid, Spain

4,6Department of Chemical Engineering, Imperial College London, LondoN, UK
5Department of Mathematical Sciences, Loughborough University, Loughborough, UK

Summary We investigate, by means of theoretical arguments, numerical simulation and numerics, the closing of a circular cavity (healing)
in a thin liquid film. We assume that the process is dominated by capillary forces. The final stages of the evolution can be described by
means of self-similar solutions to the problem. A comparison with experimental data is also presented.

INTRODUCTION AND MAIN RESULTS

We study the healing process of a viscous thin film driven by surface tension. Such phenomena occur in lots of physical and
industrial processes [1], [2]. The effect of surface tension suggests a fourth-order nonlinear partial differential equation that
has completely different behaviours from the nonlinear diffusion equation for the buoyancy-driven processes. The novel part
of this study is to seek a self-similar solution for the fourth-order equation that describes the dynamics of the film thickness.

We consider a converging thin film driven by surface tension in axisymmetric geometry. We assume that the air-fluid
interface is long and thin, so the flow is mainly one-dimensional, and the lubrication approximation holds. We assume that
initially viscous fluid of height h̃0 fills the gap between r̃0, the location of a lock gate, and r̃out, the location of an outer
boundary; or equivalently, the thin film spreads toward the origin (r̃ = 0) from an initial condition that takes the form of a
step function. After defining dimesionless variables, one can obtain the following partial differential equation:

∂h

∂t
+

1

r

∂

∂r

!
rh3 ∂

∂r

!
1

r

∂

∂r

!
r
∂h

∂r

"""
= 0. (1)

We now look for a self-similar solution for equation (1) of the form

h(r, t) = (t0 ◦ t)αf

!
ξ ≡ r

(t0 ◦ t)β

"
, (2)

where t0 denotes the dimensionless time for the (circular) front of the air-fluid interface to reach the origin (r = 0). Imme-
diately, from dimensional analysis, the form of solution (2) suggests that α = (4β−1)

3 , and we can rewrite equation (1) as an
ordinary differential equation (ODE):

◦ (4β ◦ 1)

3
f + βξ

df

dξ
+

1

ξ

d

dξ

!
ξf3 d

dξ

!
1

ξ

d

dξ

!
ξ
df

dξ

"""
= 0. (3)

We look now at a distance R from the center of the hole. Since fluid has to enter through r = R in order to fill the hole, a
certain flow rate J = 2πrh3 ∂

∂r

#
1
r
∂
∂r

#
r ∂h∂r

$$
has to be established and it is natural to assume that it is constant near t0. This

leads to an exponent β = 2
5 . On the other hand, the contact line must move with a nonzero velocity v = h2 ∂

∂r

#
1
r
∂
∂r

#
r ∂h∂r

$$
.

Numerical evidence suggests the presence of a region near the contact line where such condition implies β ≈ 0.48 . . ..

Numerical evidence
We solved (1) with no flux boundary condition at r = 10 and an initial step at r = 1. The evolution is sketched in figure

1(a). In figure 1(b) we represent the same profiles rescaled according to the similarity exponent β = 2
5 and comparison with

the similarity solution obtained from equation (3).

EXPERIMENTS

Laboratory experiments have been designed and conducted to verify the self-similar solutions we obtained from the theo-
retical model. We first prepare a clean oil-wetting slide glass as the flat substrate. We then place a Teflon container above the
slide glass which forms a non-wetting circular outer boundary. A plastic cylinder is then placed at the center of the circular
area created by the Teflon container, and used as a cylindrical lock gate in our experiments.

∗Corresponding author. Email: marco.fontelos@icmat.es
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TAYLER INSTABILITY IN LIQUID METAL COLUMNS AND LIQUID METAL BATTERIES

Caroline Nore ∗1, Wietze Herreman1, Jean-Luc Guermond2, and Loı̈c Cappanera1

1Laboratoire d’Informatique pour la Mécanique et les Sciences de l’Ingénieur, CNRS, Univ. Paris-Sud,
Université Paris-Saclay, Campus Universitaire, Orsay, France

3Department of Mathematics, Texas A&M University 3368 TAMU, College Station, U.S.A.

Summary This paper investigates the Tayler instability in an incompressible, viscous and resistive liquid metal column and in a model of
liquid metal battery. We perform detailed comparisons between numerical simulations and some simplified theoretical models, both in the
linear and nonlinear regimes. We present the first direct numerical multiphase simulation of the Tayler instability in a model battery. (Key
words: Liquid Metal Batteries, Energy storage, Multiphase flows, Magnetohydrodynamics).

INTRODUCTION

Energy storage is a key societal challenge that hampers the development of renewable energies. One bottleneck is the
development of highly efficient large scale batteries. A breakthrough has recently been made by Sadoway et al. [1], based
on the assembly of three liquid layers composed of a low density liquid metal electrode, a medium density electrolyte and a
heavier liquid metal electrode. This setting yields high reaction rates in electrochemistry [2]. Moreover, these batteries do not
use any solid active material and are thus immune to cracking and degradation over time, contrary to conventional batteries.
The self-segregating nature of the assembly (using gravity) and the use of low-cost materials make liquid metal batteries
(LMBs) promising candidates for almost unlimited scalability which is essential for economic competitiveness. Large scale
LMBs are however prone to magnetohydrodynamic instabilities. For instance, the Tayler instability induces flows that could
disrupt the stratified three layer state. We investigate this problem in an incompressible, viscous and resistive liquid metal
column and in a model of liquid metal batteries.

ANALYTICAL AND NUMERICAL RESULTS

We perform detailed comparisons between numerical simulations and some simplified theoretical models, both in the
linear and nonlinear regimes, in a cylindrical column of radius R and height H . The problem depends on three control
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Figure 1: Critical radius Rc vs. aspect ratio h for Tayler instability (TI) in Mg-based LMBs for the three J0-scenarios. Risk
of TI only in batteries with R ≥ Rc. Yellow zones are estimated dimensions of LMB prototypes shown in insert (AMBRI).

parameters: the Hartmann number Ha = 0.5µ0J0R2
!
σ/ρν measuring the charge/discharge current density and comparing

the Lorentz and the viscous forces, the magnetic Prandtl number Pm = σµ0ν and the aspect ratio h = H/R. We identify
the timescale that is well adapted to the low-Pm regime and find the range of Hartmann numbers where this approximation
applies. Above a threshold Hac independent of Pm, the Tayler instability gives rise to a non-axisymmetric flow with velocity
UT (associated to a Reynolds number Re = UTR/ν). The scaling law Re ∼ Ha2 for the amplitude of the Tayler destabilized
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BUBBLE-BASED ACOUSTIC MICROPROPULSION: MIXING AND ADVANCED
SWIMMERS

Nicolas Bertin ∗1, Tamsin Spelman2, Herve Hue3, Olivier Stephan4, Eric Lauga5, and Philippe Marmottant6
1,3,4, 6LIPhy, University Grenoble Alpes, Grenoble, France

2,5DAMTP, University of Cambridge, Cambridge, United Kingdom

Summary Acoustic microswimmers present great potential for microfluidic applications and targeted drug delivery. Here we introduce
armoured microbubbles (size range, 10-20 m) made by three-dimensional microfabrication which allows the bubbles to last for hours even
under forced oscillations. The acoustic resonance of the armoured microbubbles is found to be dictated by capillary forces and not by gas
volume, and its measurements agree with a theoretical calculation. This flow, a consequence of steady streaming in the fluid, can reach 100
mm/s. A collection of devices is fabricated and can be used inside microchannels for efficient mixing. Complex shapes are also achieved,
with devices containing multiple bubbles. A direct application is to build multidirection microswimmers, each bubble having a different
resonance frequency that can be excited by scanning frequencies with the broadband acoustic source.

INTRODUCTION

Microswimmers have been widely used over the past decade for payload carrying and mixing in microchannels. Bubble-
based acoustic microswimmers can achieve high velocity thanks to the efficiency of bubble microstreaming. Microfabrication
allows to build hollow objects that, when immersed in water, contain a bubble actuated with an acoustic source. The bubble
vibration (see fig. 1(b)) generates a steady flow (acoustic streaming), due to the non-linear response of the fluid, that can be
used for propulsion. This mechanism has been used at the 50-100 µm scale, in two-dimensional (2D) microchannels with
contact piezo-transducers [1]. Here, the technique we use, two-photon polymerisation, allows us to build three-dimensional
objects at the 10-20 µm scale (see fig. 1(a)). Contactless acoustic sources are prefered in order to scan frequencies and excite
the bubble at its resonance, enhancing the efficiency of the streaming.

Figure 1: (a) SEM image of a capsule of radius r = 9 µm and aperture radius a = 5 µm on a pole of length H = 10 µm; (b)
schematic of the bubble first vibration mode; (c) streamlines generated by device (a) submersed in water (viewed from below)
at transducer’s frequency ftransd = 320 kHz and acoustic pressure Pac = 9.2 kPa; (d) theoretical streamline prediction.

PROPULSION: CAPILLARY RESONANCE AND STREAMLINE PREDICTIONS

Free bubbles have well predicted resonance frequencies. In the case of an encapsulated bubble with an aperture like ours,
the origin of the resonance is related to that of a Helmoltz resonator, with the additional ingredient of the capillary restoring
force. Previous experiments showed that the capillary effects are dominant over the physics of the gas inside the bubble. At
the 10-20 µm scale, the resonance frequency then depends on the aperture radius, and not on the volume of gas inside the
bubble. Modeling the encapsulated bubble as a rigid sphere with an oscillating cap, and a purely capillary restoring force,
we are able to predict the resonance as well as the generated 3D streamlines [2] (see fig. 1(c-d)). Near the resonance, the
streaming is very efficient and can reach thousands of body lengths per second.

COLLECTION OF PROPULSORS: MICROFLUIDIC APPLICATIONS

A new automated fabrication process allows us to fabricate a great number of objects on the same sample. On fig. 2(a)
we show 120 capsules arranged in a pyramid shape and the associated streamlines. It is also possible to complexify the shape

∗Corresponding author. Email: nicolas.bertin@ujf-grenoble.fr



(c) 

Figure 2: (a) Pyramid of capsules; (b) streamlines generated by triple capsules; (c) mixing with three active capsules inside a
Y-shaped microchannel.

of the capsules, with several cavities, to make a triple capsule (see 2(b)). An interesting application is to fabricate capsules
arranged so that the generated flows induce mixing in a Y-shaped microchannel with two liquids (see 2(c)).

ADVANCED SWIMMERS

A capsule mounted on a ballast is able to swim easily a 1 mm/s in a single direction [2], see fig. 3(a). We are able now to
build an object with several cavities of different aperture radii in order to activate them independently by scanning frequencies.
Such a device (see fig. 3(a)) consists of a cube acting as ballast with four cavities pointing in each horizontal direction. The
goal is to guide the swimmer in a given direction by changing the excitation frequency towards the resonance of the cavity
pointing in the opposite direction. Our theoretical model is able to predict the resonance frequency of all those cavities. On
fig. 3(b) we see that when excited at the resonance frequency of the largest cavity, it is here that the streaming is the most
efficient.

(b) (c) 

20 µm 

(a) 
50 µm 

уϭ�ŵŵͬƐ 

Figure 3: (a) Single direction swimmer actuated at 320 kHz, 5.6 kPa; (b) CAD software cut image of an advanced swimmer
with 4 cavities; (c) streamlines generated by such a swimmer at 320 kHz, the resonance frequency of the largest cavity.
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A NUMERICAL STUDY OF THE EFFECT OF ROUGHNESS TOPOLOGY ON SURFACE
HYDROPHOBICITY
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Summary Understanding the various effects of micro and sub-micron roughness on dynamics of micro-droplet is of interest for many
industrial applications such as aerospace industries, spray coating, etc. In this paper, numerical modeling of roughness topology through
series of micro arrays is performed to explore the direct effect of surface roughness on super-hydrophobic enhancement, droplet penetration
depth, and droplet restitution coefficient. The comparative study is performed on smooth hydrophobic surface and three rough surfaces
following similar pattern with varying width to pitch ratio. The intrinsic contact angle of 111◦ is applied to all surfaces. Mimicking the
impact of cloud particles, the droplet size of 20 µm with terminal velocity of 1.6 m.s−1 is opted in this study. The simulation successfully
captured different stages of a bouncing drop and the air beneath droplet . It was observed that decreasing the width to pitch ratio of arrays,
will results in higher droplet mobility, and higher apparent contact angle.

INTRODUCTION

Surfaces with designed microscopic roughness possess remarkable non-wetting properties, and extensive attention is drawn
recently by the micro and nano-technology research communities [1, 2, 3] into development of the materials, aiming at
finding new ways of controlling solid surface-fluid interface properties. Although according to the Young’s correlation, a flat
surface with a contact angle approaching 180◦ could theoretically be possible, no physical evidence have been reported that
demonstrates this situation. Theoretical models describing the influence of surface roughening with respect to the wetting
properties of the surface have been introduced earlier by (i)Wenzel [4] , and (ii) Cassie-Baxter [5]. A large number of
numerical investigations on droplets-surface interaction has been reported, but they are based the outcome of impact on smooth
surfaces with intrinsic contact angles [7, 8]. However, the outcome of micro-droplet impact on roughened surface is different
from that on smooth surface. Due to the impact force, the liquid penetrates into the micro-cavities, and exhibits different
wetting scenario on textured surface.It is known [9] that topology of roughness can control interplaying parameters associated
with surface wettability, such as capillary pressure and viscous dissipation rate. Unfortunately due to some uncertainties,
such as penetration depth, geometrical configuration of recoiling droplet and the complicated viscous dissipation rate, a direct
theoretical and experimental investigation of the bounding behavior of the droplet on roughened surface is difficult.

METHODOLOGY

The Navier stokes equation expressing flow distribution of the liquid and the gas, coupled with the Volume of Fluid (VOF)
method for tracking the interface between the liquid and the gas are solved numerically using finite volume methodology.
In VOF model [6], tracking of the interface is modeled by solving continuity equation for one of the two phases in each
computational cell at every time steps. The governing equations for continuity and momentum are,

∇⃗.V⃗ = 0 (1)

∂ρV⃗

∂t
+ ∇⃗.(ρV⃗ V⃗ ) = ◦ ∇.

!"
p +

2
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µ∇.V⃗

#
I + µ
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∇V⃗ +
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∇V⃗

%T &&

' () *
Stress Tensor

◦ σ∇⃗.

+
∇⃗α
|∇⃗α|

,
∇⃗α

' () *
Continuum Surface Force

(2)

Where second term represents the continuum surface force model which is of great importance in modeling of small sized
droplet as one driving force during recoiling stage. As Bond number is too small it is evident that the effect of the gravitational
force is negligible. In terms of finding the interface, a modified VOF method is used which has additional convective term :

∂α

∂t
+ (V⃗ ∇⃗)α+ ∇⃗.(V⃗rα(1 ◦ α)) = 0 (3)

where α is the VOF volume fraction scalar function which is used to calculate the viscosity(µ), and density(ρ), as weighted
averages based on the distribution of the liquid fraction, The Kistler’s correlation [10]is used to calculate the dynamic contact
angle in each time step, θd = fH [Ca + f−1

H (θe)] Surface roughness is modeled as a series of patterned micro arrays (Fig1)
with constrained pitch size (l), but varying array width (W) in contact.
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WAVE INDUCED FLUCTUATIONS IN THE GAS-PHASE OF A STRATIFIED AIR/WATER
PIPE FLOW

Anis A. Ayati∗1 and Atle Jensen2

1,2Department of Mathematics, University of Oslo, N-0316 Oslo, Norway
Summary The combination of PIV, conductance probing and hot wire anemometry allows us to obtain deeper insight into the physical
mechanisms that govern stratified gas-liquid pipe flows. In this paper, we turn our attention towards one of such mechanisms; wave-induced
fluctuations in the air velocity field and we raise two questions that will hopefully be answered in future analysis of the present data set.
Gas-phase PIV was achieved by using water droplets to seed the gas-phase and provides us with instantaneous and phase-averaged velocity
profiles. Conductance probes measured interface elevation at two positions in the axial direction, while a hot-wire probe measured air
fluctuations at a set of points between the interface and the pipe wall. This combination of techniques demonstrates clearly how a deformed
interface obliges the gas flow to fluctuate at the same frequency as the dominating interfacial wave components.

INTRODUCTION

In the petroleum industry, the widespread use 1D models is due to the need of computation cost efficiency and also
because this approach has provided acceptable predictions of global flow parameters such as the pressure drop and liquid
hold-up, [1]. The non-uniform nature of the velocity profile, either in the gas or liquid phase is represented by a shape factor
times the ensemble averaged velocity, cgug or clul, for gas and liquid, respectively. When it comes to predicting transitions
from stratified to slug flow caused by unstable wave growth [5], 1D models have traditionally been combined with viscous or
non-viscous Kelvin Helmholtz analysis [2]. This paper is meant as an introduction to the sort of analysis possible to achieve
now that a phase-averaging routine as been developed since previously published results, see f.ex [3].

EXPERIMETNAL TECHNIQUE

The experimental work presented in this paper was conducted at the Hydrodynamics Laboratory, University of Oslo. The
lab facilities dispose a 31 m long horizontal acrylic pipe with an internal diameter of 100 mm. The two-phase test fluids are
air and water at atmospheric pressure with an average temperature of 22◦C. At the pipe inlet, honeycomb flow straighteners
are placed right before and after the contact point between the air and water in order to dampen secondary flows. More details
about the flow loop and the mentioned measuring instruments can be found in [3]. The main test-section combines three
different experimental techniques: i) Simultaneous two-phase PIV. Water micro droplets 5-10 µm in diameter were injected
at the pipe inlet to seed the gas-phase. This approach minimalizes any impact on the surface tension of the water layer. In
this paper, we only focus on gas-phase results, ii) interface elevation measurements using conductance probes (CP) and, iii)
gas-phase Hot-Wire anemometry (HW).

RESULTS AND DISCUSSIONS

We study an air/water flow determined by the superficial velocity combination, Usg = 2.0m/s and Usl = 0.1m/s or in
terms of bulk velocities; 3.4m/s and 0.24 m/s, respectively. This combination led to a mean liquid height of Hl = 42.3mm
and relatively regular two-dimensional waves at the interface with the following characteristics: wave amplitude Arms = 3.14
mm, dominating wave length λD = 0.21m and dominating wave speed cD = 0.79m/s.

Figure 1 shows the power spectral density (psd) of the interface elevation time series η(t) plotted together with low-
frequency part of the psd of the air velocity fluctuations measured by a hot-wire probe placed at three different positions from
the interface. The figure shows the dominant wave component causes both the axial and wall normal air velocity components
to fluctuate at exactly the same frequency. In fact, the vertical velocity component near the interface even perceives both the
first and second dominating wave component.

With the help of PIV, we can actually see, in terms of instantaneous velocity fields, how the deformed interface causes
the air flow to fluctuate, see fig. 2. Above a wave crest, the velocity is generally larger than above a trough. That is because
the area above a crest is smaller than above a trough, and thus by means of mass conservation, the waves induce dynamic
fluctuations on the air. By taking the average of velocity profiles above all crests and trough of 1000 PIV realizations,
we obtain the phase-averaged velocity profiles shown in fig. 3. The semilogarithmic highlights the difference between
crest/trough velocities and also unveils a logarithmic behavior in the interfacial boundary layer. This raises a question: How
does this affect the momentum transfer to the waves, [4]? We then compute profile coefficients for crest and troughs separately,
c = 1

AfU2
bf

!
Af

u2dA, which in this specific case, are: ccr = 1.05 and ctr = 1.12, for crest and trough, respectively. This
yields a relative difference of approx. 6.5%. Should this difference be incorporated in the stability analysis of [2]?

∗Corresponding author. Email: awalaa@math.uio.no
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EFFECTS OF ATMOSPHERIC PRESSURE ON WATER ENTRY OF HYDROPHOBIC 
SPHERES

Zhaoxin Gonga), Yongliu Fang, Hua Liu, Jie Li, Ying Chen, Chuanjing Lu 
Department of Engineering Mechanics, MOE Key Laboratory of Hydrodynamics, Shanghai Jiao Tong University, 

Shanghai, China 

Summary We report an experimental study of water entry of a hydrophobic sphere, which is initially released by an electromagnet and freely 
falls downward in a sealed equipment. The sphere firstly impacts the water surface and generate a splash, then a cavity is developed when the 
sphere moves inside the water, and finally a jet is formed after the cavity pinch-off. Here, the effects of atmospheric pressure on such water 
entry phenomena are presented. Our work especially demonstrates its influence on the splash shape, the surface seal and cavity moving velocity.

INTRODUCTION 

When a sphere enters water with certain impacting velocity, the phenomena of interests are splash, cavity and jet, as shown 
in Figure 1. Splash refers to the water curtain above the free surface, cavity is the gas attached to the sphere and formed by 
the air entrainment, and jet here means the re-entrance jet after the pinch-off of the cavity. The first research on water entry
can dates back to 1897, when Worthington & Cole investigated spheres impacting onto liquid surfaces using single-spark 
illumination photography. With the developments in experimental techniques and numerical simulation schemes, there are 
notable progresses on understanding the mechanism and characteristics of the water-entry cavity in the past decades. The 
behaviours of splash, cavity and jet are determined by various factors, such as sphere diameter, impacting velocity, water 
depth, surface coating, vacuum degree and so on. Here, we pay attention to the effects of atmospheric pressure on water 
entry of hydrophobic spheres. 

Figure 1. phenomena of a sphere entering water: splash, cavity and jet. 

EXPERIMENTAL SETUP 

Experiments are conducted in a octagonal water tank with 800mm diameter and 1400mm height and filled with 764mm 
height of water. A 500mm long hollow cylinder is placed on the top of the water tank and a electromagnet is  contained on 
its cover. The sphere is initially suspended from the electromagnet. The air pressure inside the water tank is adjusted by a 
vacuum pump. The sphere is made up of cast steel and coated with hydrophobic material. The pressures at the top of the 
water tank are measured by a pressure gauges. A high speed camera is used to record the sphere motion and the images are 
taken at 1000frames/sec. The sphere used in our experiments is with 29mm diameter and 100g mass. The contact angle of 
the hydrophobic sphere is 134o. The impacting velocity is 4.7m/s.

RESULTS 

Several atmospheric pressure conditions are tested to observe its impacts on the splash, cavity and jet during the sphere 
entering water process. It can be concluded that the atmospheric pressure effects on the sphere trajectory can be neglected. 
In all cases, the sphere slightly accelerates at first, then almost keeps constant velocity, and shortly before cavity pinch-off, 
the sphere starts decelerating. The most obvious effects is on the splash, which height and width varies with the atmospheric 
pressures. Besides that, when the pressure above the water surface approaching vacuum, there is no surface seal, i.e. the top 
of the splash cannot merge and form a dome-shape space. The surface seal affects the jet performances. The cavity pinch-
off happens at the same time for all cases , which agrees well with previous studies. After the pinch-off, the cavity are 
divided into two parts, one is moving upward and generates jets into the splash, and the other is moving downward and 
generates jets inside the cavity. The upward velocity decay significantly shortly after the pinch-off, whereas the downward 
velocity changes relatively slowly.  



CONCLUSIONS 

A series of experiments results are presented to study the water entry problems of hydrophobic spheres. We describe the 
water entry process in detail and demonstrate the effect of atmospheric pressure on the hydrodynamics phenomena, 
including splash, cavity and jet .  
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Summary Experimental investigations of oscillations of an aerosol were carried out for tubes with various geometry on end in shock-wave and 
shock-free modes near resonance frequencies. Numerical concentration of aerosol droplets monotonously decreases with time. With increase of 
intensity of oscillations, these times decrease. The dependence of the time scale of sedimentation of aerosol in closed tube and time scale of 
clearing of aerosol in an open tube on the excitation frequency likewise exhibits a nonmonotonic pattern. It is established, that presence of a 
flange slows down process of the sedimentation of aerosol. Reduction of internal diameter of a flange results in increase in the time scale of 
sedimentation of aerosol. The time scale of sedimentation of aerosol in the closed tube is 2-4 times, time scale of clearing of aerosol in an open 
tube is 6-12 times and a partially open tube is 5-10 times lower than at natural depositing. 
 

INTRODCTION 
 
   Different multiphase media are the main working fluids in a number of power-generating equipments, apparatus of 
chemical technology. One of acute problems of thermophysics and mechanics of multiphase systems is investigation of 
wave processes. Basic models of wave dynamics of multiphase media and some related results are given in monograph [1]. 
The acoustic coagulation of aerosols, which is accompanied by agglomeration of small particles or droplets under the effect 
of acoustic waves, is a well-known phenomenon treated in detail in the monographs [2, 3] and in other publications. Widely 
employed is a system of the type of resonance tube, in which the excitation of the medium near resonance causes the 
emergence of highly nonlinear pressure waves up to periodic shock waves at resonance. The behaviour of the aerosol with 
its nonlinear oscillations in tubes near resonance frequencies was studied in experimental works [4-12]. The main nonlinear 
effect was accelerated coagulation and deposition of the droplets of machine oil and tobacco smoke [4], oleic acid droplets 
[5], smoke particles produced by the combustion of an incense stick [6], and droplets obtained from liquid Di-ethyl-hexyl-
sebacate (DEHS) [7-12] on the tube walls. The geometric diameter of the aerosol droplets and particles was 1±10 ȝP�>����@��
0.3 ȝP� >�@�� DQG� ����� ȝP� >�-12]. This work is aimed at experimental study of the features of sedimentation of the 
oscillating aerosol (with a droplet diameter of less than 1 ȝP��QHDU�WKH�UHVRQDQFH�IUHTXHQFLHV�LQ�WXEHV�RI�GLIIHUHQW�OHQJWKV�
with various geometry on the end in the shock-wave and the shock-free modes. 
 

RESULTS 
 
   Experimental investigations of oscillations of aerosol were carried out for different length of tubes in a shock-wave and 
shock-free modes near to subharmonic and natural resonances. Di-ethyl-hexyl-sebacate C26H50O4 was used as the working 
fluid to generate aerosol. The majority of droplets haYH�WKH�JHRPHWULF�GLDPHWHU�������ȝP��$V�H[SHULPHQWV�KDYH�VKRZQ��WKH�
concentration of droplets monotonically decreases with time. Moreover, under natural deposition a slower decrease in the 
aerosol concentration with time takes place. In the closed tube, this process includes the coagulation of aerosol droplets 
upon their coalescence and sedimentation on the tube walls. The time of variation of concentration is the time scale of 
sedimentation of aerosol. In the open and the partially open tubes, the monotonic process of the decrease in concentration 
with time includes mainly the coagulation of aerosol droplets, their sedimentation on the tube walls, and the unsteady 
discharge of aerosol from the open end of the tube in the form of a pulsating jet. Therefore, we will refer to the 
characteristic time of this process as the time scale of clearing of the aerosol.  
   The obtained dates were used to determine the time scale of sedimentation of aerosol and the time scale of clearing of 
aerosol as a function of frequency and amplitude of piston travel for different values of the tube length. The dependence of 
the time scale of sedimentation of aerosol and the time scale of clearing of aerosol on the excitation frequency exhibits a 
nonmonotonic pattern. This pattern of the dependence is attributed to the fact that the amplitude of forced oscillation of 
aerosol increases when resonance is approached and this leads to a decrease in the time scale of sedimentation of aerosol 
and the time scale of clearing of aerosol. At resonance, the amplitude reaches its maximal value; accordingly, the time scale 
of sedimentation of aerosol and the time scale of clearing of aerosol is minimal. Behind resonance, the amplitude decreases; 
as a result, the time scale of sedimentation of aerosol and the time scale of clearing of aerosol increases.  
   We will examine the data on the dependence of the time scale of coagulation and deposition of aerosol on the intensity 
of aerosol oscillation. It is known that, in a tube, the amplitude of pressure oscillation of the medium at resonance is 
SURSRUWLRQDO�WR�İ� �l/L [13]. Therefore, a decrease in the tube length or raising the amplitude of the travel piston causes an 
LQFUHDVH� LQ� WKH� DPSOLWXGH� RI� SUHVVXUH� RVFLOODWLRQ� DQG�� DFFRUGLQJO\�� RI� LQWHQVLW\� RI� RVFLOODWLRQ�� 7KH� LQFUHDVH� LQ� İ� OHDGV� WR�
reduction of the time scale of sedimentation of aerosol in the closed tube and time scale of clearing of the aerosol in the 
open tube.  



   It is possible to note that the time scale of the sedimentation of aerosol in closed tube is 2-4 times, and the time scale of 
clearing of aerosol in open tube is 6-12 times and in partially open tube is 5-12 times less than time scale of natural 
deposition in the absence of oscillations. Effective coagulation of aerosol droplets and their deposition in the tube due to the 
secondary flow in the manner of two toroid vortices is observed [13], formed as a result of the nonlinearity of the resonant 
oscillations. 
   In addition, the influence of the flanges at the passive end of the tube on the process of the clearing of aerosol is studied. 
It is shown that the decrease of the internal diameter of the flange results in an increase the time scale of clearing of aerosol 
that reaches a maximum value in the case of the closed tube. This is due, firstly, to the significant influence of the unsteady 
discharge of aerosol from the open end of the tube, and secondly, with the approach of the investigated excitation 
frequencies of aerosol in an open tube to its resonance frequency [14, 15]. Note that the time scale of clearing of aerosol in 
an open tube with the flange is longer than in an open tube without a flange. This is because an open tube with a flange, 
which is in connection with the tube forms a right angle, the consumption on the formation of vortices near the outlet 
section, is greater than in the tube with the rounded open end [16]. 
 

CONCLUSIONS 
 
   It is shown that the presence of oscillations leads to acceleration of sedimentation of aerosol. The increase in intensity of 
the oscillations, caused by increase of amplitude of piston travel or a decrease of the tube length, leads to reduction of 
process time. The time scale of the sedimentation of aerosol in closed tube is 2-4 times, and the time scale of clearing of 
aerosol in open tube is 6-12 times and in partially open tube is 5-12 times less than time scale of natural deposition. It is 
established, that presence of a flange slows down process of the clearing of aerosol. Reduction of internal diameter of a 
flange results in increase in the time scale of clearing of aerosol. The nonmonotonic pattern of the dependence of the time 
scale of sedimentation of aerosol in a closed tube and the time scale of clearing of aerosol in an open tube on the frequency 
of excitation with a minimal value at resonance frequencies has been found. 
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ROTATIONAL SAPERATION IN BINARY DROPLET COLLISON 
 

Kuan-Ling Huang, Chi-Ru Lu & Kuo-Long Pana)  
Department of Mechanical Engineering, National Taiwan University, Taipei 10617, Taiwan, R. O. C. 

 
Summary We have studied experimentally the collision regimes between two identical droplets made of alkane or water. In contrast to five 
typical regimes generally known, i.e., (I) coalescence after minor deformation, (II) bouncing, (III) coalescence after substantial deformation, 
(IV) reflexive separation, and (V) stretching separation, we have found additional regime named as (VI) rotational separation. This regime 
is characterized by separation of a merged droplet with a scenario different from that reported in previous studies. In comparison with the 
existing models, interpretation is provided based on the resultant of the momenta in the reflexive and rotating masses of the merged droplet. 
Separation may happen if this resultant overcomes the restraining of the surface and viscous forces. The three types of separation can thus 
be unified into one model and the inconsistency among previous models could be eliminated. 
 

INTRODUCTION 
 
   The collision dynamics between two droplets has been widely studied in near decades [1-5] due to its significance in 
various disciplines of nature and practical interests. The outcomes of droplet collision are illustrated in Fig. 1, showing 
characteristic transitions from (I) coalescence after minor droplet deformation to (II) bouncing, to (III) coalescence after 
substantial droplet deformation, and to (IV) temporary coalescence followed by separation of primary binary droplets and 
further formation of satellite droplets when a governing dimensionless parameter of Weber number is increased. It is defined 
as We = UlU2D/V, where U is the relative velocity, D the diameter of the droplet, and Ul and V respectively the density and 
surface tension of the liquid.  

Another key factor dominating the collision is the impact parameter, B = F/D, where F is the projection of the separation 
distance between the droplet centers in the direction normal to the vector U. Thus B = 0 indicates head-on collision and B = 1 
means grazing condition. If We is sufficiently large, with increase of B, two distinct scenarios of separation after merging of 
droplets have been reported. That is, (IV) reflexive separation due to the reflection of colliding masses and (V) stretching 
separation at large B caused by stretching of temporarily coalesced masses that are however not aligned in a collinear path. 
The models proposed to predict the transition boundary from regime (III)-(V) were referred to the competition between the 
rotational [1] or stretching [2-4] energy to the surface energy. These predictions are somehow not consistent with each other 
and the accuracy may degenerate in different studies. In this work we investigate a new regime diagram according to the 
experimental finding as shown in Fig. 2(a) and 2(b) and this could eliminate the inconsistency raised in previous studies. 

 

  
 

EXPERIMANTAL METHOD 
 
   The experimental setup was similar to that described in Refs. [5] and [6]. Two identical droplets were generated by nozzles 
that were triggered by the vibration of piezoelectric plates. They were made to impinge onto each other with adjusted angles 
of the colliding path. Time-resolved images were either taken through stroboscopy synchronized with the droplet generation 
circuit or recorded by a high-speed CMOS digital camera (X-StreamTM Vision, XS-4), which supported a maximum 
resolution of 512u512 pixels with 5100 frames per second (fps). The shutter of the high-speed camera was synchronized with 
a LED lamp that can support the shortest duration of 1 Ps, so as to capture images with sufficiently small exposure and 
adequate light intensity while avoiding slurring due to background scattering. In contrast, for high spatial resolution, a standard 
CCD was used to take droplet pictures as the motion was synchronized with the stroboscopic light. However, this technique 
might not readily render desired points on the regime diagram; thus the high-speed camera system was implemented. 
 

RESULTS AND DISCUSSION 
 
   Decane, dodecane, tetradecane, hexadecane and water droplets with two different diameters (0.3 and 0.6 mm) have been 
tested, for which the new regime diagram was recorded and shown in Fig. 2(a) and 2(b). Specifically in Fig. 2(a), as B is 

Fig. 1 (a) The typical regime 
diagram of hydrocarbon at 1 atm 
[4]. (b) Definition of parameters 
in binary droplet collision. (c) 
Schematic scheme of the 
reflexive portion (cross hatched) 
for the colliding droplets [1]. 



increased, the collision outcome can be compared for the marked points and shown in Fig. 3. These results all demonstrate 
the existence of a new regime (VI) of separation, and a strip of coalescence regime between regime (V) and (VI). The 
sequential images in Fig. 3(c) show that the coalesced droplet is stretched out in the same manner as reflexive separation but 
eventually separated after a rotation of about 3S/4 in phase difference. This is distinct from the known scenarios of reflexive 
and stretching separation regimes. In Fig. 2(b), the minimum value of We on the transition boundary from regime (III) to (VI) 
is defined as Wer and is compared to Wec, as shown in Fig 2(c). It indicates that Wer linearly increases with Ohnesorge number, 
which is defined as ܱ݄ ൌ   is the viscosity of the liquid. This tendency is similar to that of the modelߤ where ,ߪܦߩȀඥߤ
proposed in [4], whereas the values and the slope of the regression line of Wer are higher than Wec. This reveals that the 
mechanism leading to the variation of regime (V) from (VI), intercepted by (III), may relate to the dominance between the 
momentum in the rotating masses, which originally move toward the trajectories of the colliding droplets, and the momentum 
in the reflexive zone (Fig. 1c) of the merged droplet which can lead to oscillation. If the resultant of these momenta is large 
enough to overcome the surface and viscous forces, separation happens. This model would unify the mechanisms interpreted 
by the models based on rotational energy [1] and on stretching kinetic energy [2-3], respectively; thereby the discrepancy 
could be elucidated. 
 

 
Fig .2 (a) Regime diagram for water droplets with 0.6 mm diameter. ˕: coalescence, ʹ: separation, ˆ: bouncing. (b) The 
new regime diagram of alkanes. (c) Comparison of Wec and Wer with the model based on energy conservation [4]. 
 

 
Fig. 3 Different sequences of water droplet collision with 0.6 mm diameter for points j-p (We, B) in Fig. 2(a). (a) j (25.8, 
0.177), (b) l (25.7, 0.374), (c) m (25.9, 0.377), (d) n (26.5, 0.463), (e) p (26.0, 0.551). 
 

CONCLUSIONS  
 
   In this work, a new regime of droplet separation following temporary coalescence is investigated. This phenomenon can 
be related to the competing dominance between the resultant of the momenta and the restraining of the surface and viscous 
forces. To eliminate the inconsistency raised in previous studies, we have been deriving a model which includes the reflexive, 
rotational, and stretching kinetic energies for comprehensive interpretation of three patterns of separations.  
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QUANTITATIVE MEASUREMENT OF ACOUSTIC SEPARATION OF SUBMICRON SOLID
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Summary An experimental study is carried out to measure the acoustic force on aerosol particles as a function of their size and quantify
deviations, for very small particles, from the acoustophoresis theory established when the fluid is treated as a continuum. To do so, the size
distribution is acquired as a function of position in a flow-through resonator. Considering the size range of the aerosols investigated and the
mean free path of air molecules, the acoustophoretic phenomenon reported here falls in the transition and molecular regimes. An electrostatic
transducer is used to generate a standing wave in the 50-80 kHz frequency range, concentrating the particles at the pressure nodes. A section
of the flow is then sampled isokinetically and sent to the analysis system which provides quantitative data on size distribution. The results
demonstrate the possibility of performing acoustic separation on aerosols with particle diameters as small as 100 nm.

INTRODUCTION

The use of ultrasonic standing wave to manipulate the position of particles suspended in a liquid in a microfluidic channel,
i.e. acoustofluidics, is now a mature technique capable of performing advanced tasks such as sorting according to size,
compressibility and density of particles [1]. For the last two decades, these developments in microfluidics have been driven
mainly by life science applications as a tool for the treatment of cell or particle suspensions [2]. The adaptation of advanced
acoustic manipulation techniques developed in the liquid phase to gaseous media can potentially bring desirable capabilities
for a wide range of other scientific and industrial applications. However, there are limitations imposed by the nature of the
gaseous media such as molecular effect at submicron length scales, high attenuation of acoustic energy in gases and the
effect of turbulence which need to be taken into account. The acoustic separation of aerosols, especially at submicron scales,
has received very limited attention from the research community relative to liquid suspensions and only a few works have
addressed this situation experimentally. For instance, Anderson [3] and Budwig [4] studied the manipulation of micron size
particles in an acoustic field using optical techniques and compared it with a theoretical model. Recently, Imani & Robert
[5] investigated the separation of submicron solid particles in a flow-through resonator using a light scattering technique and
quantified the efficiency of the process.

EXPERIMENTAL SETUP

With the work presented here, we aim to provide an experimental characterization of the acoustic separation of submicron
aerosols in gases. The experimental setup consists of a rectangular acoustic separation channel, 30 mm wide and with a
variable height (H) adjustable from 0 to 20 mm. A commercially available electrostatic broadband transducer is flush mounted
in the bottom surface, generating ultrasound standing waves at frequencies in the 50 kHz to 80 kHz range with sound pressure
levels up to approximately 155 dB (re 20 µpa). The side walls and a part of the reflector, exactly above the transducer, are made
of Plexiglas and glass to provide optical access to the separation region along two perpendicular axes. A fluidized bed seeder is
used to introduce a polydispersed suspension of TiO2 particles in the acoustic channel and the size distribution measured using
a Scanning Mobility Particle Sizer (SMPS, GRIMM 5410, with 11–1110 nm measurement range in 44 channels). To bring
the particles flowing at a specific location in the resonator to the SMPS system, a section of the flow is sampled isokinetically
between adjustable plates with spacing of 1 mm, as shown in Fig. 1 a). A laser sheet is inserted from the top to illuminate
the channel mid-plane, parallel to the flow direction and just downstream of the transducer, thus revealing the nodal pattern
in the resonator through light scattering. A tuning procedure [5] is used to find the resonance frequency that results in the
best separation of particles, with a sample picture shown in Fig. 1 b) inverted for clarity with darker shades denoting regions
with higher particle number density. The visualisation of the nodal pattern formed in the resonator ensures that the sampling
slit captures the desired portion of the flow. In the example of Fig. 1 b), the channel height is approximately 6.86 mm and the
excitation frequency is 75 kHz, resulting in a 3λ

2 standing wave with three particle enriched-bands across the channel located
λ
4 , 3λ

4 and 5λ
4 from the transducer face.
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THE EFFECT OF INHOMOGENEOUS MOBILITY ON IMMISCIBLE HELE-SHAW FLOW

S.J. Jackson, H. Power ∗, D. Giddings, and N. Johnson
Faculty of Engineering, Division of Energy and Sustainability, University of Nottingham, UK

Summary We investigate immiscible radial displacement in a Hele-Shaw cell with an inhomogeneous mobility using two coupled high
resolution numerical methods. A Cartesian periodic perturbation in the Hele-Shaw plate separation gives rise to an inhomogeneous mobility,
which we explore in a high capillary number regime. Under Cartesian periodic geometry, secondary tip splitting instabilities are significantly
altered and different fingering structures are formed around an initially symmetric interface. Viscous fingers are sharpened when aligned
with the periodic grid, as the fingers travel in regions of high permeability that accelerate the finger fronts. Fingers displacing at 45◦ to the
axes show close resemblance to their uniform cell counterparts due to the homogeneity of the plate perturbation at the length scale of the
interfacial displacement.

INTRODUCTION

During the immiscible displacement of a high viscosity fluid by the radial injection of a low viscosity fluid in a Hele-Shaw
cell, interfacial instabilities can evolve forming complex viscous fingering patterns. Hele-Shaw cells are often used to provide
insight into the more complex problem in porous media, whereby effects such as inhomogeneous permeability and wetting
conditions play a significant role in the interface evolution. A spatially varying permeability can be considered in a Hele-Shaw
cell context as a variation in the plate separation, giving rise to an inhomogeneous fluid mobility. Recently, several analytical
and experimental works have shown that small changes in the plate separation in a Hele-Shaw cell can have significant effects
on the interface evolution, allowing the control and suppression of fingering instabilities [1].

In rectilinear Hele-Shaw flows at low capillary numbers, the fingering instability can be completely suppressed in a con-
verging cell if the capillary number is below a critical value [2]. This is due to the increase in transverse curvature in the flow
direction that helps to stabilise the interface. When the capillary number is raised, the fingers are sharpened, as the finger
fronts are more strongly accelerated than the finger sides [3]. In diverging cases, the front is decelerated leading to stubbier,
less ramified fingers. These experimental findings have been confirmed by linear stability theory that analyses the growth
rate and finger morphology at early time stages for small perturbations [1][4]. However, to fully understand the non-linear
finger interactions and late stage interfacial evolution in radial Hele-Shaw flow subject to a variable plate separation requires
extensive numerical simulation [4].

This short paper uses recently developed numerical methods to analyse late stage finger tip-splitting instabilities at high
capillary number in periodic Hele-Shaw geometry, providing insight into the effects of inhomogeneous mobility on immiscible
displacement.

THEORETICAL MODEL

For the flow in a Hele-Shaw cell, the depth averaged pressure P and 2D Darcy velocity u in each fluid region l can be
expressed through Darcy’s law: ul

i(x) = ◦Ml(x)∂Pl
∂xi

. The mobility Ml is related to the fluid viscosity µl and plate spacing
b(x) by: Ml(x) = b(x)2/12µl. The flow field satisfies conservation of mass, which takes into account the varying plate
separation: ∂(b(x)ul

i)/∂xi = 0. At the interface between the fluids, the kinematic matching condition requires continuity
of normal velocity, whilst the dynamic condition requires a jump in pressure equal to the capillary pressure. Substituting the
Darcy velocity into the conservation of mass, and splitting the plate spacing, mobility and pressure into homogeneous (−) and
perturbed (∼) components we form the following equation:

ml(x)
∂2p̃l
∂x2

i

+ ml(x)
∂2pl
∂x2

i

+
∂m̃l(x)

∂xi

∂p̃l
∂xi

= ◦ ∂m̃l(x)

∂xi

∂pl
∂xi

(1)

Where, ml(x) = b(x)Ml(x). Equation (1) represents a convection-diffusion transport equation, with a steady-state
pressure field that must be solved in order to evaluate the 2D Darcy velocity at the interface. The inhomogeneous source
term on the RHS of (1) can be found through the evaluation of the homogeneous pressure, which we constrain to satisfy
Laplace’s equation.

Equation (1) is solved to find the perturbed pressure using a strong form radial basis function finite collocation (RBF-FC)
method with adaptive quadtree dataset that makes use of the symmetry of the problem and equivalent boundary conditions [5].
The homogeneous pressure is represented by the sum of a double layer potential density and a source injection term, which
is solved using a boundary element method shown in [6]. Taking the normal derivatives of the pressure components at the
interface, the normal interface velocity can be reconstructed and the interface advanced with a forward euler time stepping
procedure.

∗Corresponding author. Email: Henry.Power@nottingham.ac.uk
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STABILITY AND EQUILIBRIUM OF CHARGED ROTATING DROPS
M. A. Fontelos1, V. J. Garcı́a-Garrido1, and U. Kindelán∗2

1Instituto de Ciencias Matemáticas (CSIC - UAM - UC3M - UCM). C/Nicolás Cabrera, 13-15, Campus de
Cantoblanco, 28049 Madrid, Spain.

3Departamento de Ingenierı́a Geológica y Minera, Universidad Politécnica de Madrid, Alenza 4, 28003 Madrid,
Spain.

Summary In this contribution we use the Boundary Element Method to study the stability of a viscous conducting and charged drop,
submmitted to rotation at constant angular momentum. This droplet is considered to be contained in another viscous and insulating fluid. Our
numerical simulations show that the Rayleigh fissibility ratio at which charged drops become unstable decreases with angular momentum.
We have also considered neutral drops subject to an electric field, in this case the critical value of the field which destabilizes the drop
increases with rotation. Concerning equilibrium shapes, approximate spheroids and ellipsoids are obtained and the transition values between
these two families of solutions is described.

DESCRIPTION OF THE MODEL

We are interested in the evolution, stability and equilibrium configurations of a viscous and conducting drop surrounded by
another viscous and insulating fluid. Both fluids rotate about a common axis (e.g. the z axis) with constant angular momentum
L and are assumed to be incompressible. We consider the following two situations: in the first, the droplet has an amount of
charge Q distributed over its surface, and in the second, the drop is neutral and subject to a uniform external electric field of
magnitude E∞ along its axis of rotation. In this contribution we will study the case where viscous forces dominate inertial and
Coriolis forces. This regime is known as Stokes flow and is characterized by Reynolds number≪ 1 and Ekman number≫ 1.
Thus we have Stokes system: {

◦ ∇Π(i) + λi−1∆u(i) = 0 , inDi (t)

∇ · u(i) = 0 , in Di (t)
, (1)

where D1(t) is the region enclosed by the droplet and D2(t) that of the surrounding fluid, λ = µ2

µ1
, µi is the viscosity of fluid

i, u(i) is the velocity field of fluid i and, supposing that ρ2 ≪ ρ1,

Π(1) = p(1) ◦ ϱ1
L2

2I2
r2axis , Π(2) = p(2).

Where ρi is the density of fluid i and I is the moment of inertia of the drop.
We also impose that the normal component of the velocity is continuous across the boundary:

u(1) · n = u(2) · n ≡ u · n , (2)

and the kinematic condition:
vn = u · n , on ∂D (t) , (3)

with vn being the normal velocity of the free boundary.
Now, since the drop is considered an ideal conductor, the potential V must be constant inside and at the drop’s surface,

and all the charge is located at the boundary. The electric potential satisfies the Laplace equation:
⎧
⎪⎨

⎪⎩

∆V = 0 , in D2 (t)

V = V0 , in ∂D (t)

V → ◦ E∞z + O(|r|−1) , as |r|→∞
, (4)

and V0 has to be chosen so that the total charge is Q. At the boundary of the drop the surface charge density σ is given by
the normal derivative of the potential, σ = ◦ ε0 ∂V∂n , with ε0 the permittivity of the surrounding fluid and n is the outward unit
normal to the surface of the droplet. At the surface of a conductor, the repulsive electrostatic force per unit area is:

Fe =
ε0
2

(
∂V
∂n

)2

n =
σ2

2ε0
n ,

To solve (1) we set a balance between viscous stresses and capillary, electrostatic and centrifugal forces at the interface of
both fluids: (

T (2) ◦ T (1)
)
n =

(
2γH ◦ ϱ1

L2

2I2
r2axis ◦

σ2

2ε0

)
n , on ∂D1 (t) , (5)

∗Corresponding author. Email: ultano.kindelan@upm.es



�����

���������

'�(D"�D��D�-<-4 C=�D��D��D�76<-47;�D$�D�16,-4 C)6�D��D%)6<B7;�D"16/=4):1<1-;D76D+0):/-,D>1;+7=;D,:784-<;�D 0A;�D�4=1,; ��

��D
���
��

'�(D%�D��D�):+C�)��)::1,7�D��D��D�76<-47;�D$�D�16,-4 C)6�D�>74=<176�D;<)*141<AD)6,D-9=141*:1=5D;0)8-;D7.D:7<)<16/D,:78;D?01+0D):-D+0):/-,D7:D;=*2-+<D<7D-4-+<:1+

�-4,;D!�D�4D�-+0�D�884�D�)<0D�7>-5*-:D�
��D,71��
��
�	925)5	0*<
���

'(D%�D��D�):+C�)��)::1,7� �D 0�D#0-;1;�D$61>-:;1,),D�=< C7675)D,-

�),:1,D�
���

��

�������������������������	��������
����� ���������������
�������� ����������������� ����

��
����	���	�����

����������

&-D=;-D<0-D�7=6,):AD�4-5-6<D�-<07,D�����D<7D;74>-D���D)6,D���D?1<0D<0-D*7=6,):AD+76,1<176;D����D��D)6,D����D�7:-

8:-+1;-4A�D16D-)+0D<15-D;<-8D?-D=;-D<0-D���D<7D;74>-D)D*7=6,):AD16<-/:)4D-9=)<176D�7*<)16-,D.:75D����D<0)<D,-;+:1*-;D<0-

>-47+1<AD7.D<0-D,:78�;D16<-:.)+-�D�6D7:,-:D<7D,7D<01;D?-D6--,D<7D+)4+=4)<-D<0-D5-)6D+=:>)<=:-D)6,D<0-D;=:.)+-D+0):/-D,-6;1<A

�;74>16/D����D)<D-)+0D67,-D7.D<0-D;=:.)+-D5-;0D);D?-44D);D<0-D575-6<D7.D16-:<1)D7.D<0-D,:78�D�6+-D<0-D>-47+1<AD�-4,D1;D367?6�

?-D+)6D57>-D<0-D*7=6,):AD5-;0D16D<0-D67:5)4D,1:-+<176D�<0-D<)6/-6<1)4D+75876-6<D7.D>-47+1<AD1;D67<D+76;1,-:-,D*-+)=;-D1<

764AD:-,1;<:1*=<-;D<0-D67,-;D7>-:D<0-D*7=6,):A�D?1<0D)6D�=4-:D-@841+1<D;+0-5-�D#0-D)4/7:1<05D1;D1584-5-6<-,D<7D*-D),)8<1>-�

;16+-D)D/77,D:-;74=<176D1;D6--,-,D16D:-/176;D7.D<0-D5-;0D?0-:-D;16/=4):1<1-;D,->-478�

�6D<0-D8:-;-6<)<176D?-D?144D,1;+=;;D<0-D->74=<176D)6,D;<)*141<AD7.D)@1;A55-<:1+D:7<)<16/D,:78;D16D-4-+<:1+D�-4,;D)6,D<0-

-..-+<;D7.D:7<)<176D76D,A6)51+D#)A47:D+76-;�D:-/):,16/D<0-D4)<<-:D1<D1;D?7:<0D67<16/D<0)<D?0-6D<0-D,:78D*-+75-;D=6;<)*4-�D)

<?7�47*-,D;<:=+<=:-D.7:5;D?0-:-D)D816+0�7..D7++=:;D16D�61<-D<15-D7:D,A6)51+D#)A47:D+76-;D�16D<0-D;-6;-D7.D'�(�D,->-478�D?07;-

;-51)6/4-�D.7:D;5)44 �D:-5)16;D<0-D;)5-D);D1.D<0-:-D?);D67D:7<)<176D16D<0-D;A;<-5�D�16)44A�D)D�D;<)*141<AD)6)4A;1;D1;D+76,=+<-,

.7:D+0):/-,D:7<)<16/D,:78;D7:D:7<)<16/D,:78;D155-:;-,D16D)6D-4-+<:1+D�-4,�D�6D�/=:-D�D?-D,-81+<D<0-D,1)/:)5D<0)<D;=55):1B-

<01;D)6)4A;1;�

�

� � ��� � ��� � ��
 � ��� � �
�

���

���

���

���

��	

��


��

�

��������
	��������

�

�

����������������������

�����������������������������

������������������������

���������������

�����������������

������������

�1/=:-D��D"3-<+0D7.D<0-D*1.=:+)<176D,1)/:)5D;=55):1B16/D6=5-:1+)4D:-;=4<;D�;A5*74;�D.7:D<0-D<:)6;1<176D8716<;D*-<?--6D,1..-:�

-6<D:-/15-;D7*<)16-,D?1<0D<0-D.=44D�D57,-4�

�7;<D7.D<01;D?7:3D0);D*--6D8=*41;0-,D16D'�(D)6,D'(�



 

 

* Corresponding author. Email: tagawayo@cc.tuat.ac.jp. 
 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada  

EFFECTS OF A WATER HAMMER AND CAVITATION ON THE MOTION OF A GAS-
LIQUID INTERFACE  

 
Akihito Kiyama1, Chihiro Kurihara1, Keisuke Hayasaka1 & Yoshiyuki Tagawa *1 

1Department of Mechanical systems engineering, Tokyo University of Agriculture and Technology, Tokyo, Japan 
 
Summary The interaction among a water hammer and the motion of a gas-liquid interface is of great importance in various fluid systems. We 
recently reported a simplified model for clarifying the interaction. However, the most dominant event (i.e. the pressure wave propagation) of the 
model has not been experimentally verified. This study measures the pressure near the interface in order to experimentally reveal the 
mechanism of the interface motion. We impact a liquid-filled container and generate a pressure wave in a liquid. The pressure impulse in the 
early stage of the wave propagation event is compared with the maximum volume of cavitation bubbles. Remarkably, a linear relation between 
the pressure impulse and bubble volume is found. The trend is the same as the relation between the interface velocity and the bubble volume we 
beforehand reported. It indicates that the pressure impulse decides the motion of the interface.         
 

INTRODUCTION 
 
   Impacting a container partially filled with a liquid leads to interesting motion of a gas-liquid interface [1]. Antkowiak et 
al. [2] reported that a focused liquid jet emerges from a curved interface. They assumed the incompressible fluid and then 
described velocity field and pressure field near the interface based on the “Pressure Impulse Approach”. Recently, we 
investigated that the influences of the water hammer on the motion of the interface [3]. We reported two characteristic 
motions: (i) the periodical vibration of the interface caused by the reflection of pressure waves; (ii) the jet velocity 
increment due to the cavitation appearance. The jet velocity can be up to twice faster than that of the jet with no cavitation. 
Both phenomena are obviously related to the effect of water hammer and hence “Pressure Impulse Approach” was not 
applicable. We paid attention to the propagation of pressure waves before jet formation and proposed simplified model for 
describing phenomena. Especially we considered that the scaling law, which is based on the maximum volume of bubbles, 
is applicable to explaining the jet velocity. We showed that the jet velocity increases linearly as the bubble volume increases. 
The model [3] reasonably describes the motion of the interface.  
   However, pressure in the liquid, which is an essential part of the model, has not been measured directly. The 
measurement of pressure near the interface is meaningful for understanding the detailed mechanism of the interaction 
between the jet motion and cavitation. In this study, we construct a new experimental setup in order to measure pressure in 
the liquid. We calculate the pressure impulse near the interface and compare it with the bubble volume. Finally, we revisit 
the scaling law [3] and give an interpretation on the mechanism of the jet velocity increment.                      
 

MODEL 
 
   The model [3] is based on the water hammer theory assuming linear waves since the pressure perturbations are small 
enough [4]. In the model, we consider a stationary test tube filled with the liquid. One end of the test tube is closed and the 
other end has the interface. The tube is suddenly accelerated by the impact and then starts to move with the velocity V. At 
this moment, a pressure wave generates in the liquid. Pressure waves continue to propagate in the liquid (Figure 1a). The 
pressure of the pressure wave p can be estimated as p=ρcV, where ρ and c are the density and the sound speed, respectively.  
   When cavitation nuclei exist in a liquid and pressure in the liquid becomes negative (state 3 in Figure 1b), cavitation 
may occur. During bubble expansion, pressure in a liquid relaxes from negative to atmospheric pressure. Expansion wave 
propagating through the liquid is attenuated during pressure relaxation. When the expansion wave in state 3 is completely 
attenuated, the interface holds faster speed than the tube bottom (Figure 1b, green line). Based on the model, the maximum 
jet velocity is twice larger than that of the test tube. The model indicates that the dominant factor for deciding the jet 
velocity increment is the extent of pressure relaxation at state 3.             
 

EXPERIMENTAL SETUP 
 
   The aim of this experiment is to investigate the relation between the pressure impulse and the bubble volume. Thus, here 
we do not record the jet. Our experimental setup is shown in Figure 1c. We fill the glass test tube (inner diameter d=8.0 mm, 
length L=90 mm) with pure water (density ρ=1,000 kg/m3, sound speed c=1483 m/s). The shape of the free surface is almost 
flat since we aim to easily capture the reflection of pressure waves. We strike the tube bottom and move the tube with the 
velocity V. The tube velocity V, which is only the controllable parameter, is varied from 0.076 m/s to 0.596 m/s. We insert a 
hydrophone probe (Mueller Instruments) near the interface (60 mm from the tube bottom) and measure the pressure. 
   Cavitation bubbles are illuminated by a LED light and filmed by a high-speed camera (Photron, Fastcam SA-X), whose 
frame rate and spatial resolution are 100,000 f.p.s. and 0.1 mm/pixel, respectively. Matlab image processing is applied to 
compute the bubble volume. The experiment is repeated 5 times for each condition.      
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OSCILLATION AND PINCHOFF OF AXISYMMETRIC DROPLETS

Kazuki Koga ∗1 and Mitsuaki Funakoshi1

1Department of Applied Analysis and Complex Dynamical Systems, Graduate School of Informatics,
Kyoto University, Yoshida Honmachi, Sakyo-ku, Kyoto 606-8501, Japan

Summary Oscillation and pinchoff of axisymmetric droplets are studied numerically using the model of axisymmetric vortex sheets with
surface tension in inviscid fluids. Droplets are initially at rest and biconcave, and then evolve under the action of surface tension. Oscillation
of a droplet is observed for a sufficiently small depth of the initial dent. For a large value of this depth that causes the high curvature of a
vortex sheet, however, it pinches off at two points and breaks into two end-droplets and a satellite droplet. We observe that a significantly
small satellite droplet is generated for the smallest depth of the initial dent within the region where pinchoff occurs.

FORMULATIONS

There have been many numerical studies on the motion of axisymmetric droplets with the boundary integral method. In
the present paper, we examine the time evolution of axisymmetric droplets of high curvature by using the boundary integral
method and numerical techniques of high accuracy developed in [1] and [2] recently. In our simulations, biconcave droplets
with different depths of the dents are released from rest and evolve under the action of surface tension. We observe the
oscillation of the droplets or their pinchoff in a finite time depending on their depth of the initial dent. Our main purpose is to
find the relation between the initial shape (and initial distribution of mean curvature) of the droplets and their final state.

We consider the irrotational motion of two inviscid, incompressible fluids of the same density in R3 separated by a closed
smooth surface S. For simplicity, let the densities be equal to 1. The governing equations for the fluid velocity u and pressure
p in R3\S are the Euler equations, the equation of continuity and the condition of no vorticity written as

∂tu+ (u ·∇)u = −∇p, ∇ · u = 0, ∇× u = 0, in R3\S, (1)

where t is the time, and the external forces are neglected . In addition, there are three boundary conditions given by

[u]S · n = 0, [p]S = τκ, on S, u → 0 as |(x, y, z)| → ∞. (2)

Here, n is the unit normal vector of S towards the outer fluid, κ is the mean curvature of S, and τ is the surface tension
coefficient. Brackets [·]S give the jump of physical quantities across S. The first condition in (2) is the kinematic boundary
condition on S, which forces S to move with both fluids. The second condition, called the Laplace-Young boundary condition,
represents the effect of surface tension on S. The last condition is the far-field condition for the fluid velocity.

Figure 1: Axial symmetry and parametrization.

We assume that the flow possesses axial symmetry. That
is, in cylindrical coordinates (r,ϕ, z), all the physical quan-
tities are independent of the azimuthal coordinate ϕ and de-
pend only on r, z, and t (see Fig.1(a)). Therefore, the fluid
velocity u can be written as

u = ur(r, z, t)�r + uϕ(r, z, t)�ϕ + uz(r, z, t)�z, (3)

where �r, �ϕ, and �z are unit vectors in the r, ϕ, and z
directions, respectively. The flow without swirl defined by
uϕ(r, z, t) ≡ 0 is assumed. The time evolution of the shape
of the axisymmetric free boundary S is specified by the mo-
tion of a curve on the plane of ϕ = const. called a plane
curve. To introduce a Lagrangian representation, we define
the following mappings with the parameter α ∈ [0,π]:

X(α, t) = (z(α, t), r(α, t)), µ(α, t) = −[φ]S(X(α, t), t), (4)

where X(α, t) is the location of a point on S specified by α and t, and φ is the velocity potential satisfying u = ∇φ. An
example of the parametrization of initial plane curve of a droplet is shown in Fig.1(b). Upper and lower points of the curve
on the z axis correspond to α = 0 and α = π for all t, respectively. The curved arrows along the plane curve in the right half
plane indicate the direction of increasing α.

∗Corresponding author. Email: k.kazuki@acs.i.kyoto-u.ac.jp



If the definition ∂tX =
1

2
lim

h→+0
(u(X + nh, t) + u(X − nh, t)) is adopted, the equations governing the time evolution of

X(α, t) and µ(α, t) are expressed as
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂tz(α, t) =
1

2π
p.v.

∫ π

0
µ′
α
1

ρ2

[
F (λ)− (z′ − z)2 + r2 − r′2

ρ21
E(λ)

]
dα′,

∂tr(α, t) =
1

2πr
p.v.

∫ π

0
µ′
α
z′ − z

ρ2

[
F (λ)− (z′ − z)2 + r2 + r′2

ρ21
E(λ)

]
dα′,

∂tµ(α, t) = τκ

(5)

where, for example, z and z′ are values at α and α′ respectively, and the subscript α implies the differentiation with respect
to α or α′. Here, ρ21 = (z′ − z)2 + (r′ − r)2, ρ22 = (z′ − z)2 + (r′ + r)2, F (λ) and E(λ) are the complete elliptic integrals
of the first and second kind, and λ2 = 4r′r/ρ22. The symbols p.v. in front of integrals indicate that they are interpreted as the
principal value integrals.

NUMERICAL RESULTS

We employ the Crank-Nicolson discretization used in [1] for the time integration and the modified dBM approximation
proposed in [2] for the evaluation of the singular integrals in (5). Initial shapes of droplets at t = 0 can be determined by giving
θ = tan−1(rα/zα), the tangent angle to a plane curve for all α, with a uniform grid spacing satisfying |Xα|(α, 0) = const.
The initial condition used in the present study is written as

θ(α, 0) =
π

2
+ α− 0.5 sin 2α−A sink 2α, µ(α, 0) = 0, L(0) = L0, (6)

where L(t) is the length of the plane curve at the time t. The constant A in (6) determines the depth of the initial dent. For
positive A, the resulting shape of the droplet is biconcave. Larger k yields higher curvatures near the points where the sign of
the curvature of a plane curve changes. The second condition of (6) means that the droplet is initially at rest. In the present
paper, we show a few results for τ = 2, k = 1, and L0 = 2π.

For A = 0, the shape of the droplet oscillates, similarly to the motion of a droplet obtained in [1] for a different initial
condition. Its initial shape has no dent, and it repeats the deformation between this initial shape and the shape of a capsule (see
Fig.2(a)). For A =0−0.4125, the droplet still oscillates, but high curvatures corresponding to the pinching near (z, r) = (0, 0)
are observed for A close to 0.4125. For A =0.421−0.5, the droplet pinches off at two points on the symmetric axis and
breaks into two end-droplets and a satellite droplet. For smaller A within this region, the size of the generated satellite droplet
is smaller, and the pinchoff time is larger. As an example illustrating this property, the shapes just before the pinchoff for
A = 0.421 and A = 0.5 are shown in Figs.2 (b) and (c) respectively. For A = 0.421, the sizes of the satellite droplet in the z
and r directions are 0.076 and 0.014 respectively and the pinchoff time is t = 2.39, while for A = 0.5 the sizes are 1.20 and
0.19 and the pinchoff time is t = 1.81.

Figure 2: Initial shapes (dashed lines) and axially elongated shapes (solid lines) at t shown in the figures : (a) A = 0, (b)
A = 0.421, and (c) A = 0.5.

We will also show results for k larger than 1 in the presentation.
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Summary The deformation of toroidal drop in an axisymmetric compressional viscous flow (also known as bi-axial extension) is studied 
making use of boundary integral equations. It is demonstrated that the initially circular torus cross section first deforms to a shape close to 
elliptic. Then, depending on the governing parameters and initial shape, the torus collapses to the center, expands indefinitely or assumes 
a stationary shape.  

 
INTRODUCTION 

 
   Non spherical droplets are of interest in various areas, and recently also as potential carriers of drugs (Champion et al., 
2007) or building blocks for more complex assemblies (Velev et al., 2000). Toroidal drops are known since the experiments 
by Plateau (1854) in rotating fluids. Such geometry is obtained also when a drop, falling free in a viscous fluid, experiences 
a finite surface deformation which develops into a toroidal form (Kojima et al., 1984; Baumann et al., 1992; Sostarecz & 
Belmonte 2003).  
   Zabarankin et al (2013) studied on the deformation of viscous drops in an axisymmetric compressional viscous flow and 
showed that the drops deform to steady shapes until critical condition (intensity of the flow characterized by the capillary 
number, Ca) are obtained. At supercritical capillary number, a fast thinning occurs near the middle of the drop, forming a 
nearly flat layer enclosed by a large bulbous ring. This shape continues to stretch and thin until the width of the layer 
become so small that intermolecular forces will lead to its break up and formation of liquid torus. Zabarankin et al (2015) 
simulated the deformation of such tori, embedded in viscous compressional flow, for a special case of equal viscosity of the 
phases. In the present study, the case of arbitrary viscosity ratio is considered.  
 

FORMULATION OF THE PROBLEM 
 
   Consider a drop of volume 34 3lS  (equal to that of a sphere with radius l) and viscosity dropP  that is embedded in an 
unbounded viscous flow with viscosity P . In the absence of the drop, the ambient fluid is subject to an undisturbed flow: 
u = G (x1e1+ x2e2 - 2x3e3), where .x1; x2; x3 is a Cartesian coordinate system with the basis .e1; e2; e3 and G is a constant shear 
rate, characterizing the intensity of the flow. We assume a creeping flow, i.e. the velocity and pressure fields satisfying the 
Stokes equations. Under this assumption, the governing parameters are the viscosity ratio dropP P  denoted by O  and the 

capillary number, Ca GlP J , with J being the interfacial tension. The initial shape of the drop is assumed to be a torus 
with circular cross-section and major radius R, as depicted in figure 1. 

 
 
FIGURE 1. Toroidal drop: R and a are the major and minor radii respectively. The cross section of the torus is shown 
in the rz half-plane in the cylindrical coordinate system (r; M , z), where the z-axis is the axis of revolution. 

 



RESULTS 
 
  Dynamic deformations of toroidal drop in the compressional flow, with initially circular cross section, are studied making 
use of Boundary Integral Equations. It was shown that the initially circular torus cross first deforms to a shape close to 
elliptic. Then the torus either collapses to the center, or expands indefinitely. If the capillary number is below some critical 
value Cacr ( )O , a stationary state is possible as well. For moderate Ca, the cross section of stationary torus is close to ellipse. 
As 0Ca o , the eccentricity of this stationary ellipse tends to zero. When the initial R > Rcr(Ca, O ), the torus expands 
indefinitely and gradually assumes a circular cross section. It reflects the ever growing local curvature of the cross section 
perimeter which renders the tension forces there increasingly dominant. For R < Rcr(Ca, O ), the torus collapses toward the 
axis of symmetry. When the radius of the inner interface shrinks, the local surface surrounding the gap at the axis of 
symmetry deforms into a cylindrical shape. With time, a circular depression develops about the symmetry plain ² 
indication that some of the outer fluid remains trapped within this dimpled shape, and that the contact (and perhaps 
coalescence) of the torus may occur above and below this symmetry plain. These 3 scenarios are illustrated in figure 2. In 
this figure, the cylindrical radius r and initial major radius of the torus are scaled by the radius of the equivalent sphere l, 
while W  denotes time scaled by 1/G. 

 
FIGURE 2. Dynamic deformations of initially circular cross section of toroidal drop at Ca = 0.16, 1.O   

(a) R=0.86, (b) R=0.85236, (c) R=0.852 
 
For super critical capillary number and sufficiently low initial major radius, the resulting dynamics has a different character. 
The initial circular cross section deforms to a highly asymmetric egg shape. Then, either the extended inner circular tip of 
the torus collapses to complete contact, or the torus expands until it is sufficiently far from the axis of symmetry, at which 
stage the cross section becomes gradually circular again. For higher supercritical values of Ca, after an initial short lived 
deformation of the cross section into elliptical shape, the drop keeps on flattening and attains very thin shapes that might be 
susceptible to collapse and disintegration. If this does not happen, with further toroidal expansion, the circular small cross 
section is regained. These examples reflect the dominance of the distorting viscous stresses upon the interfacial tension. 
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Summary Telluric planet formation involved the settling of large amounts of liquid iron coming from impactors into an ambient viscous
magma ocean. Planetary initial state was largely determined by diffusive exchanges of heat and elements during this iron rain. Current
models often assume that the metal rapidly equilibrated as drops of single capillary size settling at the Stokes velocity. But the dynamics
is more complex, and influenced by the large viscosity ratio between the metal and ambient fluid. We study this two-phase flow using a
model experiment, where a balloon of heated liquid metal is popped at the top of a tank filled with viscous liquid. We explore the relevant
planetary regimes, including the whole range of viscosity ratios. High-speed videos allow determining the statistics of drop sizes, shapes,
and velocities. Measures of the temperature decrease during settling allow defining a global turbulent diffusion coefficient, confronted to
current analytical models.

INTRODUCTION AND METHOD

As described in detail in the seminal study of [1], telluric planets formed progressively by accretion, initially of grains,
then of planetesimals with growing sizes, made mostly of silicate and iron. At some stage of planet accretion, heat generated
by large impacts resulted in melting in the proto-planet surface, allowing the denser metallic compound already present, as
well as the metal brought by further impacting planetesimals, to separate and settle in the form of drops down to the bottom
of the magma ocean (the so-called “iron rain”). The gravitational energy released in this process was enough to raise the core
temperature by several thousand degrees; thus, also considering radiogenic and impact heating, the early core was entirely
liquid. The initial thermochemical state of planets was mostly determined by exchanges of heat and chemical elements (i.e.
siderophile vs. lithophile) taking place during this iron rain, where the surface of exchange between the main iron and silicate
compounds was large. Up to now, most models of planet formation don’t account for fluid mechanics: they assume that
the whole metal rapidly equilibrated with the whole amount of melted mantle. Other models account for simplified fluid
dynamics of the iron rain, supposing for instance that all drops had the same radius given by the capillary length and settled
at the corresponding Stokes velocity with no further mixing. The fluid dynamics of iron sedimentation and fragmentation is
much more complex, and influences the effective exchange coefficients as well as the amount of mantle effectively seen by
the metal. It has been the subject of a renewed interest in the planetary sciences community, combining analytical models,
simulations and experiments (e.g. [2, 3]). But the key ingredient of the large viscosity ratio between the metal and the viscous
ambient fluid has been mostly ignored up to now, while it is known from studies of rising gas bubbles to play a significant role
in the dynamics (e.g. [4]).
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Figure 1: sketch of the experimental set-up (left) and two examples of the observed sedimentation and fragmentation processes
for identical initial metal blobs (right). Only the viscosity of the ambient fluid is changed between the two experiments, with
pure water on the left and a mixture of water and Ucon oil on the right, leading to a viscosity ratio of 0.5 and 500 respectively.
Each picture shows the liquid metal blob at two times following the balloon piercing at t = 0.
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LUBRICATION AND ADHESION OF DROPLETS IN MICROCHANNELS 
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Summary The thin lubrication film around bubbles moving in microchannels was measured using an optical interference method, and the 
three-dimensional profile of the lubrication film around the bubble was obtained experimentally. The minimum film thickness of the axial 
section in the downstream direction was found to agree well with the prediction of the Bretherton equation; while the minimum film thickness 
in the across-stream direction was found to be proportion to the capillary number as the film thickness was decreasing. When the lubrication 
film was broken, adhesion of the droplets occurred and it was demonstrated to have potential application on the breakup of the emulsion droplet.  
 

THIN LUBRICATION FILM AROUND DROPLET IN MICROCHANNELS 
 
   The droplets/bubbles flowing in microchannels are either in wetting or in a lubrication configuration. In the former, the 
droplet/bubble contacts the inner surface of the microchannel, while in the latter, the droplet/bubble is encapsulated in the 
continuous phase and a thin lubrication film separates the droplet/bubble from the channel surface. The dynamics of this 
lubrication film was firstly studied by Bretherton [1], and the film thickness h is theoretically derived to have a relationship 
with the capillary number Ca as h ~ Ca2/3 for a long bubble moving in a square capillary. In experiments, it is difficult to 
distinguish the wetting status when the lubrication film was very thin, for example, in the scale of 10-1~101 Pm. Moreover, 
in a channel with noncircular cross section the lubrication film varies in both directions of downstream and cross-stream, so 
it is still a challenge to get the three-dimensional profile of the film through the microscope.  
 
Method to measure the thin lubrication film 
   A polydimethylsiloxane (PDMS) microfluidic device is fabricated to generate bubbles in a microchannel using a flow 
focusing method [2]. The flow rates of the fluids are controlled by syringe pumps, and the size of the bubble is adjusted by 
the flow rate ratios of the continuous phase to the dispersed phase. An optical interference method is adopted to measure the 
thickness of the lubrication film between the moving bubble and the channel wall. A monochromatic green light with a 
wavelength of 550 nm is used as the incident light. When the incident light is shown through the glass it undergoes a 
division of amplitude, with one beam reflecting directly back from the semi-reflective layer while the other passes through 
the lubricant film before being reflected back from the bubble surface. This latter beam has thus travelled two times the 
lubricant film thicknesses further than the former reflected beam. Therefore, the two beams are out of phase and on 
recombination they interfere, constructively or destructively, to form light and dark interference fringes, respectively.  
   According to the image of the interference pattern, the thickness of the lubrication film can be calculated according to 
the relative optical interference intensity (ROII) method [3], after the zero film thickness is calibrated [4]. Therefore, the 
thickness of the lubrication film can be acquired according to the relative intensity of each fringe in the interference pattern. 
From the acquired interference fringe patterns, the three-dimensional profile of the lubrication film can be established from 
the interference fringe patterns.  
  
Lubrication film thickness vs. capillary number 
   In our experiments, we change the capillary number Ca in two different ways. One is to change the flow velocity of the 
continuous water phase by the syringe pump, and the other is to increase the viscosity of the aqueous solution by changing 
the concentration of glycerol dissolved in water. The resultant Ca was in the range of 10-6-10-4. With the measured 
minimum thickness hmin of the lubrication film under different Ca, the relationship between hmin and Ca was acquired. In the 
downstream distance, the minimum lubrication film thickness hmin-x increases as the Ca increases. The best fit line in the 
log-log plot has a slope of 0.63, which agrees well with the predicted relationship hmin ~ Ca2/3 according to Bretherton 
equation. In the cross-stream direction, the best fit line of the film thickness has a slope of 0.92. This deviation is considered 
to be caused by the tangential-convection according to the analysis by Wong et al [5] that the relationship between hmin-y and 
Ca is derived as hmin ~ Ca1.  
 

BREAKUP OF LUBRICATION FILM AND ADHESION OF DROPLET 
 
   When the lubrication film was broken under a low Ca, the adhesion of the droplet would occur. This adhesion would 
also be induced for the oil-in-water droplet when the surface of the microchannel was hydrophobically treated. The 
experiments of the droplet adhesion were performed in a microfluidics device where oil-in-water emulsion droplets were 
generated and transported through a section of hydrophilic-to-hydrophobic square capillary with controlled moving speed. 
The adhesion of the droplets on the hydrophobic surface was observed as the oil-in-water emulsion droplets were flowing 



into the hydrophobic part of the capillary. The oil-in-water emulsion droplets dyed in red adhered on the hydrophobic 
surface and the emulsion droplets broke, the oil phase occupied the channel surface and the water phase was encapsulated 
by the oil phase to form the water-in-oil emulsion droplets.  
 
Critical Ca for the breakup of lubrication film 
   The droplet adhesion was found to be affected by the flowing speed and the droplet size. In the experiment, we 
gradually reduced the flowing velocity, and the critical velocity to induce the adhesion was measured. Then, we changed the 
size of the droplets and found the critical velocity of adhesion increased as the droplet size increased. The critical Ca for the 
adhesion was then acquired as Ca ~ (D/d)3/4, where D is the drop size and d is the channel size [6]. This experiment result 
was consistent with our theoretical analysis. 
 
Adhesion of droplets to break emulsions 
   Here, we demonstrate how to use droplet adhesion to recycle the ingredient materials of emulsions in microfluidics. In 
some applications, the materials of the emulsions are valuable and so recycling is needed. However, typically the emulsions 
are very stable and not easily broken down to two separated phases. As a specific example, for a typical oil-in-water 
emulsion system, the collected emulsion droplets still remain an emulsion and the oil droplets are mixed with the water 
phase. However, when we use the technology of droplet adhesion illustrated above, then below a critical speed the oil 
emulsion droplets formed in the hydrophilic region will break up in the hydrophobic region. Thus, we can separate the oil 
phase from the water phase and collect the pure oil phase from the original emulsion fluids.  
 

CONCLUSIONS 
 

   In this work, we used the optical interference method to reveal the profile of the thin lubrication film around the 
droplet/bubble moving in the microchannels. The measured film thickness validates the Bretherton equation experimentally. The 
breakup of the lubrication film was also investigated and it was found to obey the rules of Ca ~ (D/d)3/4. The surface wetting 
induced adhesion of the emulsion droplets in the microchannel was demonstrated to be used in the breakup of the emulsions.  
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EXPERIMENTAL INVESTIGATION OF SLUG FLOW IN A PIPE SUBJECTED TO
FLUID INJECTION AT THE WALL

Francisco J. S. Bandeira, Gabriel F. N. Gonçalves, Juliana B. R. Loureiro ∗, and Atila P. Silva Freire
Programa de Engenharia Mecanica (COPPE/UFRJ), Universidade Federal do Rio de Janeiro, C.P. 68503,

21941-972, Brazil

Summary The present work investigates experimentally the changes on the properties of horizontal gas-liquid slug flows subject to fluid
injection at the wall. Measurements include data on global parameters including flow rates and pressure drop for ten different conditions. A
Shadow Sizer system is used to determine the geometric and kinematic properties of the flow. Three flow transpiration rates are discussed,
v++
w = vw/Um = 0.0, 0.0005 and 0.001. The effects of flow transpiration induce bubble break-up and large changes in the passage frequency

and characteristic lengths of unit cells. The work introduces modifications to single-phase wall injection models and unit cell models for
gas-liquid slug flow to propose a unified theory capable of dealing with the effects of wall injection on slug flow. All theoretical predictions
are compared with the experimental data.

INTRODUCTION

The uniform injection of fluid into flows bounded by porous walls is normally referred to in literature as transpiration.
This is a problem of great industrial interest, whose typical examples include the thermal protection of walls, filtration or the
production of oil in horizontal or vertical wells.

For laminar flow, analytical solutions to the Navier-Stokes equations can be obtained to find the dependence of the velocity
components and pressure on position coordinates, pipe dimensions and fluid properties. For turbulent flow, the search for
analytical solutions is much complicated by the natural requirement of closure. However, some authors have shown [1, 2] that
some simple algebraic closure hypotheses and perturbation arguments can be used to find local analytical solutions.

The occurrence of a second flow phase – gas – is frequent in many cases of interest, in particular, in flow conditions typical
of slug flow. Thus, a problem of great practical relevance is the description of slug flow subject to fluid transpiration at the
wall.

The purpose of the present work is to perform reference experiments in horizontal pipes with flow injection at the wall for
single- and two-phase (slug) flow patterns. Measurements of global flow rates and pressure drop are obtained for ten different
experimental conditions. The properties of the two-phase flow are measured through a Shadow Sizer system and laser-based
sensors.

To extend the theoretical single-phase results to slug flow, unit cell models are considered.

THEORETICAL BACKGROUND

A law of resistance for rough pipes with wall transpiration can be introduced as shown in [3]. Define Re++ = R/ks,
v++
w = vw/Um and Ak = B ◦ 512 v++

w . It follows immediately that

1 =

√
f

2
√

2
(2.5 ln(Re++) + Ak ◦ 3.75) + v++

w (1.56 ln2(Re++) + (1.25Ak ◦ 4.68) ln(Re++) +
A2

k

4
+ 1.86Ak + 5.47). (1)

where f denotes the friction coefficient, Um the bulk velocity and vw the injection velocity.
In unit cell models, a typical structure is postulated to repeat itself moving down a pipe. Provided a reference frame exists

where the liquid and gas phases are considered to travel in a fully developed state with about the same velocity, the flow
randomness can be encapsulated in models with fixed or stochastic cell lengths. In the present work, we consider the unit cell
models of [4] and [5].

Uniform mass injection through a pipe wall alters the pressure drop due to the acceleration of the slow moving fluid. The
pressure drop resulting from wall shear is also affected through a dual effect: the fluid injection increases the mixture velocity
of the flow but decreases the liquid friction coefficient.

Since the length of the unit cell is unknown and the mixture velocity depends on the amount of liquid that is transpired
through the wall, an iterative scheme needs to be used to find the flow properties, which now obviously change from cell to
cell. In the extension of the models of [4] and [5] to transpired walls, the addition of mass needs to be considered accordingly.
The friction coefficient also needs to be modified due to its dependence on the injection rate and bulk velocity.
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RAPID GENERATION OF SMALL WATER-WATER DROPLETS AT THE INTERFACE OF A 
JET FLOWING AT HIGH SPEED 
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Summary All-aqueous droplets have promising potential in biomedical applications such as enzyme encapsulation. However, it remains 
difficult to generate water-water droplets with a narrow size distribution, a high degree of control over droplet size and a high generation 
frequency. We propose a robust method to generate all-aqueous droplets of a relatively small size (~ 10 microns), at an ultra-high rate (several 
kilohertz), and with a high size uniformity (c.v. less than 1%). Our technique is based on the shearing of the droplet phase off of the interface of 
a jet, which is flowing at a significantly higher speed than the continuous phase. We anticipate that by generating size controllable water-water 
droplets in a rapid and scalable manner, this technique will inspire new application of all-aqueous emulsion droplets. 
 

INTRODUCTION 
 
   Through addition of incompatible additives, such as polymers and salts, a single-phase aqueous solution can separate 
into two immiscible aqueous phases, enabling the possibility to form water-in-water emulsions. Current technology has thus 
far only been able to form water-water droplets with a relatively large size of around 20 µm to 200 µm1, 2 and typically at 
low production rate of a few tenths to a few droplets per second. Emulsification by homogenization results in a high 
production rate but does not yield size uniformity3. All-aqueous droplet makers typically require the introduction of external 
disturbances, such as piezoelectric actuation4 and mechanical perturbation2, 5, 6. We develop a novel robust technique to 
produce water-water emulsions with the elimination of the current limitation on size, size uniformity and generation rate.   
    

RESULTS 
 
   In all our experiments, we propel a fast aqueous jet from the nozzle into an aqueous continuous phase. The aqueous-
aqueous interface is characterized by an ultralow interfacial tension7. As the flow rate of the jet is increased, three distinctive 
dynamic regimes are classified: namely Jetting, Jet-folding and Droplet-Shearing. When the inner flow rate is higher than the 
outer flow rate, a stable expanding jet is formed in the Jetting regime. When the inner flow rate is increased to Qi = 13 ml/h, the 
jet surface starts to fold and becomes corrugated in the Jet-Folding regime. When the inner flow rate is further increased to Qi = 
25 ml/h, the corrugations of the interface eventually shear the outer phase into droplets within the jet phase in the Droplet-
Shearing regime. The resultant droplets follow the flow of the jet and propagate downstream.  

 
Figure 1: Phase map (Left) and microscopic images (Right) of the three regimes at a fixed outer flow rate Qo = 30 ml/h. 

Droplet-Shearing, Jet-Folding and Jetting regime, Qi = 30, 25, 12 ml/h (Top to bottom). Scale bars are 100 µm. 
 
   The transition from a stable jet to an unstable one, followed by the formation of small droplets of the outer phase fluid occurs 
at a fixed inner flow rate for a wide range of outer flow rate tested (Qo = 5 ml/h to 30 ml/h), as shown in the phase map of the 
two-phase system in Figure 1. Here, we demonstrate using a fast propelling inner jet phase to produce small outer phase droplets. 
This method of droplet generation can result in droplets with size significantly smaller than the nozzle size which is 59 µm.  
   We further investigate the droplet size dependence on the flow rates. When the inner flow rate is increased from Qi = 25 ml/h 
to 30 ml/h at a fixed outer flow rate of Qo = 20 ml/h, the droplet size decreases from (15.2 ± 0.1) µm to (12.1 ± 0.1) µm. These 
droplets have a low size polydispersity of 0.8 %. Hence, the droplet size can be tuned simply by adjusting the relative velocity of 
the inner and outer phases. 



 
Figure 2: Trains of droplets generated from multiple zones, Qi = 30 ml/h and Qo = 20 ml/h. Scale bar is 100 µm. 

 
   Moreover, the droplet generation rate follows the frequency of the interfacial corrugation and is significantly higher than 
other existing microfluidic approaches for forming water-water droplets. For example, the droplet generation rate can be as high 
as over 5000 Hz per one shearing zone when the flow rates of the inner and outer phases are Qi = 30 ml/h and Qo = 20 ml/h 
respectively. At a sufficiently high inner flow rate, multiple shearing zones are developed and distributed at different radial 
positions on the jet interface (Fig. 2). All shearing zones have almost the same droplet generation rate with a slight deviation of 
1.3%. Therefore, the total droplet generation rate can be numbered up. 
 

DISCUSSIONS 
 
   The stable Jetting regime has been studied extensively. Hence, we focus on the Jet-Folding regime, which arises when 
the inner flow rate exceeds a certain threshold value. When a fast jet is ejected into a continuous phase in a microfluidic 
channel, a huge velocity difference is created at the interface of the inner and outer phases. The mean velocity difference 
between the jet phase and the continuous phase exceeds 1 m/s. The interface is destabilized and thereafter the outer fluid is 
sheared off at the interface and breaks up into droplets within the jet. We notice that the transition from a stable jet to a 
folding one is insensitive to the variation in the outer flow rate, since the jet diameter is significantly smaller than the 
channel diameter. Variation in inner flow rate will significantly alter the jet velocity while the variation in outer flow rate 
will not significantly change the velocity of the outer phase. Ultra-fast droplet generation is realized for two reasons. Firstly, 
the high frequency of corrugation at the interface, which is on the order of kilohertz, sets the high droplet generation 
frequency. Secondly, droplets are emitted simultaneously at different radial planes at the interface of the jet. The parallel 
generation allows multiplication of the droplet generation rate within a single jet.  
    

EXPERIMENTS  
 
  Glass capillaries are used to construct the microfluidic device. A round capillary which is tapered to have a nozzle size of 
around 60 µm is inserted into a square capillary with an inner dimension of around 1.1 mm. The aqueous two-phase system 
(ATPS) is formed by phase separation of a mixture of 9.7 wt% sodium carbonate (Na2CO3) and 23.285 wt% Poly(Ethylene 
Glycol) with a molecular weight of 4000 Da (PEG 4000). The bottom and top phases are injected into the round and square 
capillaries to form the inner and outer phases respectively. The interfacial tension of this ATPS is 1.99 mN/m. The flow 
rates of the inner and outer phases range from 1 ml/h to 30 ml/h. In all the experiments, the co-flow system is in a jetting 
regime where the velocity of the inner phase is much higher than that of the outer phase. This provides a huge velocity 
contrast between the inner and outer fluids. Microscopic images are taken using a high speed camera (FASTCAM SA4, 
Photron) connected to a microscope (AE2000, Motic).  
 

CONCLUSIONS 
 

   We show a robust method to shear off tiny droplets with a size of around ten microns with high generation rate, based on a 
sufficiently large velocity difference between the liquid phases and the possibility to have multiple shearing zones. We anticipate 
this technique to be highly adoptable in various applications that require mass production of all-aqueous emulsions. 
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region and its ghost (grey part in Fig.1c) which lead to minimal signed distance, that is to say under this interaction, the cell 
center is closest to the corresponding region-boundary. 

Afterwards, the multi-region level-set method is coupled with Navier-Stokes equations: 

܃߲
ݐ߲   ȉ ۴ ൌ  ȉ ۴௩   ܖߜߢߪ

In order to obtain high accuracy, both level-set advection and NS equations are solved by WENO scheme and second-order 
TVD Runge-Kutta time integration. A multi-material multi-resolution solver is developed based on our previous two-phase 
multi-resolution solver [3].  

                 
Fig.1. A schematic representation of multi-region method.        Fig.2. Four-bubble cluster dynamics 
 
Drainage 

Assuming the lamella network is in macroscopic equilibrium, the drainage process is studied by solving the thin-film 
equation derived in [1]: 
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However these equations are defined in curved surface, requiring high quality mesh generation every macroscopic tem step 
which reduce the computational efficiency dramatically. Here we use meshless SPH method to solve the issue. Another issue is 
that since the equations are high-order nonlinear PDE implicit scheme is usually more suitable. Here we employ an operator-
spitting scheme [4] for solving SPH.  

Once the thickness becomes too small, the rupture stage is triggered and this phenomenon is completed immediately. Thus 
we just delete the corresponding region in the multi-region method and use re-initialization to re-calculate the new level-set 
fields. 
 

RESULTS AND CONCLUSIONS 
 

For simplicity, the gas exchange across permeable membranes and Marangoni forces at the liquid-gas interface are 
neglected in our simulation. Symmetric boundary condition is applied. The CFL number is set as 0.6 and the resolution of 
the simulation is ݄ ൌ ͳȀʹͷ. Initially, four soap bubbles are evolved from an artificial configuration to an equilibrium state, 
as shown in the first row of Fig.2. Then region 1 breakups, after sometime, the second equilibrium is attained under the 
surface tension force, see the second row of Fig.2. Then region 2 breakups and the similar process is observed for the 
remaining two bubbles.  

In summary we propose a multiscale framework that can capture the foam dynamics in an efficient and robust manner. 
The framework is composed of multi-region level-set method, weakly compressible NS solver and SPH method. The result 
shows its ability to capture the dynamics of bubble cluster and its rupture.  
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NON-SPHERICAL BUBBLE COLLAPSE DYNAMICS IN VISCOELASTIC MEDIA
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Summary Understanding the dynamics of cavitation bubbles and the shock waves emitted by their collapse in and near viscoelastic
media is important for various naval and medical applications, particularly in the context of cavitation damage. Although not fully
understood, the damage mechanism combines the effect of the incoming pulses and cavitation produced by the high tension. Addi-
tionally, the influence of the shock on the material and the response of the material to the shock are not well known. A novel Eulerian
numerical method for simulating shock and acoustic wave propagation in a Zener-like viscoelastic media is leveraged. The method
is high-order accurate, solution-adaptive and based on a weighted essentially non-oscillatory scheme for shock capturing. Validation
results and studies for two-dimensional simulations of the bubble collapse dynamics will be presented. Three-dimensional studies of
the bubble collapse dynamics for various experimental studies of viscous and viscoelastic media will also be presented.

INTRODUCTION

Understanding the mechanics of shock waves in viscoelastic media is important for various naval and medical appli-
cations, particularly in the context of cavitation-induced damage. Two examples are erosion to drag-reducing elastomeric
coatings along propellers and therapeutic ultrasound such as histotripsy. Histotripsy uses high-amplitude (100 MPa peak
positive pressure, -25 MPa peak negative pressure) and high-frequency (MHz) ultrasound waves to destroy tissue. The
local and transient pressure changes may lead to the formation of cavitation bubbles that grow and then violently col-
lapse, thus producing shock waves that propagate in the surrounding medium. Although not fully understood, the damage
mechanism combines the effect of the incoming pulses and cavitation (bubble oscillation and collapse) produced by the
high tension. The constitutive models describing these materials are non-trivial and include effects such as (nonlinear)
elasticity, history (relaxation effects) and viscosity. Thus, the influence of the shock on the material and the response
of the material to the shock are poorly understood. For medical applications, understanding these mechanism will be
invaluable to the further the development of histotripsy as a therapy tool for treating malignant tissues. For naval research,
understanding the shock wave influence and the response of the coating on the shock wave can further technological
developments on propeller and rudder design to mitigate cavitation damage.

A finite-difference numerical approach is proposed for simulating shock and acoustic wave propagation in multi-
component flows including Zener-like viscoelastic media [9]. The governing equations are conservation of mass, momen-
tum, energy in a Eulerian framework. For closure, an equation of state and a constitutive relations are used to determine
the pressure, heat flux and stress tensor, respectively. All of the media is modeled using the stiffened equation of state.
This equation is used to describe compressible flow phenomena in liquid and dense gases. An interface-capturing ap-
proach is used to represent compressible phenomena interacting with different materials. For the constitutive equation,
the generalized version of the Zener model, which captures the viscous, elastic stresses and relaxation frequencies is used.
Although strains can not be readily calculated in an Eulerian framework, strain rates, however, can be. Thus, we perform
a temporal differentiation of the constitutive relation to readily calculate strain rates as spatial velocity gradients. As a
result, additional evolution equations for the elastic component of the stresses are used in the numerical model.

NUMERICAL METHODS

For the time marching, we use the fourth-order Runge-Kutta scheme. For the spatial flux discretization, we implement
the sensor presented by Henry de Frahan et al. [5] for finite elements and adapted to finite differences by Alahyari Beig et
al. [1]. The sensor identifies smooth and discontinous regions that contain material interfaces, shockwaves, or both. For
smooth regions, the convective fluxes for the equations are calculated using the fourth-order finite difference scheme [8].
For regions with discontinuities, the finite-volume approach presented in Johnsen and Colonius [7] is leveraged with the
HLL Riemann solver for upwinding [4]. The fifth-order weighted essentially non-oscillatory (WENO) scheme [6] is used
for the reconstruction of the primitive variables. The source terms in the system have first and second order derivatives.
The first order derivatives are calculated using a finite-difference fourth-order discretization. Similarily, for the second
order derivatives (e.g., diffusion and source terms), the finite-difference fourth-order discretization is used.

RESULTS

Two-dimensional results of single and multiple shock-induced bubble collapse problems will be presented at the
meeting. Using the two-dimensional canonical bubble collapse problem [2], the re-entrant jet velocity during the collapse
and total bubble collapse time numerical results are compared with the experimental results to validate the numerical

∗Corresponding author. Email: ejohnsen@umich.edu
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MESOSCALE MODELLING OF MULTIPHASE FLOW IN CONTACT WITH ELASTIC
SURFACES

Ciro Semprebon∗1, Timm Krüger1, and Halim Kusumaatmaja2

1School of Engineering, University of Edinburgh, Edinburgh, UK
2Department of Physics, Durham University, Durham, UK

Summary Coupling wetting and elasticity is of fundamental importance to the physics of wetting in general. It also plays an increasingly
relevant role in many technological applications. One such potential application involves particles at interfaces, where the softness enhances
their stabilising effects on emulsions. Here we present a novel simulation approach where the fluid phases are simulated adopting a free-
energy lattice-Boltzmann method [1], while the deformable elastic structure is modelled with a finite element representation. The coupling
between the solid and fluid dynamics is handled through an immersed boundary method [2]. The approach is validated by simulating the
statics and dynamics of soft particles at liquid-liquid interfaces.

MOTIVATION

Flexible materials are ubiquitous in nature and cover a wide range of length scales. At microscopic scales, surface-tension
forces are extremely important, and the interplay with elasticity has a pivotal role in determining the structural stability and the
dynamic response of deformable materials. For example, softness of particles enhances their stabilising effects on emulsions
[3]. The same applies to fibrous systems where, in addition, elasticity has a strong impact on the stability of the liquid
morphologies [4]. While a wide range of simulation techniques is already present in the literature, there is a growing need for
a numerical platform able to couple fluid dynamics, solid mechanics and capillary forces.

SIMULATION TECHNIQUE

In our approach we employ the lattice-Boltzmann method to incorporate fluid dynamics, combined with a recently de-
veloped ternary model based on a Landau free energy functional [1]. Deformable boundaries representing the surface of soft
materials (either shells or bulk) are introduced with a finite element approach [2], while the coupling of the fluid momentum
is provided by the immersed boundary method [5]. The key aspect of our approach is the coupling mechanism for the surface
tensions that relies on the thermodynamic properties of the free energy approach, by confining one of the fluid phases to the
interior of the deformable object.
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Figure 1: (a) Coupling between the three fluids and the deformable membrane: one of the fluids is assigned to the interior of
the soft object. (b) Sketch of a deformed soft particle at an interface.
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WETTING OF SOFT PARTICLES

Soft particles are of primary importance for a variety of applications ranging from the production of food and cosmetics
to the synthesis of pharmaceuticals. For example, particles at the interface between two fluids can be employed to replace
surfactants [6]. To illustrate the potential of our numerical approach, we will show preliminary simulation results of soft
particles at a fluid-fluid interface (cf. Fig. 1b), compared to recent experimental and numerical investigations [7, 8].

References
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INSTABILITY OF LIQUID JETS IN WEAK GASEOUS CROSSFLOW 
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Summary Development in spray technology requires more basic understanding on primary breakup mechanism. Insight concerning this issue 
can be gained by studying the properties of waves that appear on the surface of the jet during the breakup process. In an effort to elucidate the 
primary breakup of liquid jets injected transversely into a gaseous flow, a three-dimensional temporal linear stability analysis is developed. A 
characteristic equation accounting for the growth of columnar waves is obtained and the instability dynamics is parametrically investigated in the 
presence of capillary, viscous, and aerodynamic forces. 
 

INTRODUCTION 
 
   Due to the enhanced mass and momentum exchange between two perpendicular streams, a liquid jet injected into a gaseous 
crossflow (LJICF), liquid sprays in transverse flows have a wide application in a number of industrial systems including fuel 
injection and thermal spray [1, 4, 9]. Theoretically, the flow of a gas over streaming of a liquid causes instabilities at the 
interface and the growth of these instabilities leads to breakup of the liquid jet into smaller droplets and increasing the surface 
area, which enhances the mixing of the liquid and the gas. 
   The experimental results show that subjecting a liquid column to a gradually increasing crossflow velocity, four regimes are 
formed: column breakup, bag breakup, multimode breakup, and shear breakup [2, 3]. By increasing the gas velocity through these 
regimes, the wavelength of surface waves and the size of ligaments and droplets decreased. For small crossflow velocities, which 
is the focus of this work, the ratio of wavelength to jet diameter is greater than or approximately equal to unity. In the column 
breakup regime, the liquid jet column is somehow deformed to yield an ellipsoidal and kidney cross section [3] and deflected in 
the direction of the crossflow. The increased drag forces due to the flattened shape of the liquid jet enhances deflection in the 
crossflow direction and eventually causes to break. Numerical simulations [10] show that two types of disturbances exist on the 
jet windward surface: (I) the azimuthal disturbances which leads to the 
surface breakup and (II) the axial disturbances leading to the breakup of 
column. Experimental and numerical studies have shown that the surface 
breakup is the dominant breakup process in the high crossflow velocities [1, 2, 
3] and the surface breakup of a jet can be a result of the shear instability on the 
jet lateral sides. For type (II) the evolution of the jet surface show that the 
column breakup occurs due to propagation of the long waves on the 
windward surface of the jet. With distance down the jet, these waves grow 
on the surface until sufficiently amplified to break up the liquid column.  
   Due to the motion and interaction of the jet and the gas phase, the flow 
structures involved in the LJICF problem are very complex. Experimental 
techniques are not able to completely visualize and quantify the breakup mechanism and, on the other hand, numerical simulation 
of this problem requires a considerable amount of computational resources. However, theoretical models are able to capture the 
essential physics and can facilitate the experimental and numerical studies through parametric studies. The analysis of primary 
atomization of liquid jets using linear theory is generally well established [4, 5, 6, 7, 8], however, for to support columnar breakup 
mechanism of LJICF no theoretical investigation has been reported [10]. This work is aimed to provide this part.  

 
PROBLEM DESCRIPTION AND GOVERNING EQUATIONS 

 
   Due to the complexity of the flow field inside and around the liquid jet, in order to tract the theoretical analysis, it is 
assumed the boundary layer thickness is very thin compared to the jet radius and there is no separation of the boundary layer. 
Additionally, it is assumed that the length scale of baseflow liquid jet velocity Wl in the axial direction is much larger than 
the one for axial wavelengths of interface disturbance. This assumption eliminates requirement of developing a complicated 
multiscale stability analysis. Furthermore, our analysis of the instabilities is applied to the region sufficiently close to the 
nozzle where the liquid jet deflects negligibly and assumed to preserves its nearly cylindrical shape.  
   For a nonturbulent viscous liquid jet, as illustrated in Fig. 1, the three-dimensional cylindrical coordinate system �U�ș�]� 
corresponds to the velocity vector (u,v,w), i.e. z-direction is aligned with the direction of liquid jet. The jet cross section is 
GHVFULEHG�E\�U�DQG�ș�FRRUGLQDWHV�DV�VKRZQ�LQ�Fig.1. The liquid jet with density ȡl, dynamic viscosity ȝl and surface tension ı�
is issuing with a uniform axial velocity Wl from a round nozzle with radius R through a viscous and incompressible gas with 
density ȡg, dynamic viscosity ȝg, streaming with velocity Ug.  
   In order to carry out an instability analysis, a baseflow for the transverse jet needs to be defined. Since no steady exact 
solution to the Navier-Stokes equations exists for the baseflow of this three-dimensional flow field, we make use of the viscous 



potential flow model [8]. The complete set of equations includes conservation equations for mass and momentum, which by 
introducing the velocity potential , reduces to Laplace's equation. Based on above assumptions, the potential solution of flow 
around a solid cylinder can reasonably represent the external baseflow about the liquid jet as, 

.cos)(
2

TI
r

RrUgg �  (1) 

For liquid baseflow it is assumed that there is only a uniform axial velocity and the other velocity components are zero.  
   The stability analysis is carried out by decomposing any instantaneous flow-field quantity ȥ into a baseflow (mean) 
quantity, and a disturbance (fluctuating) quantity. Following the classic normal mode analysis, the disturbances, denoted as 
(.'), are expanded into normal modes through 

,)(),,,( )( tmkziertzr DT\T\ ��c c  
where k and m are the real-valued axial and azimuthal wavenumber, and Į Įr�LĮi is the complex-valued frequency, with real 
and imaginary components corresponding to the frequency of the Fourier wave and the exponential growth rate, respectively. 
By substituting the normal modes into the governing equations, subtracting the baseflow, and linearizing the resulting 
perturbation equations, two generalized wave equations are formed. The solution for perturbed viscous potential flow for 
liquid and gas, considering that the solution must exist at r=0 and rĺ�, is then sought in the form of  
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where Im and Km are the mth order modified Bessel functions of the first and second kind, respectively. The boundary 
conditions to be applied at the interface require that there is no net flux of mass across the interface and that the normal stress 
is continuous. These kinematic and dynamic boundary conditions are employed as. 
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where Ș is interface displacement as Ș= Ș0eL�N]�Pș��ĮW with initial value of Ș0 and Ĳrr is the normal stress tensor which its pressure 
term LV�REWDLQHG�XVLQJ�%HUQRXOOL¶V�HTXDWLRQ and equation (1). Linearized expansion of equation (2) using equation (3) yields 
two homogeneous equations which their nontrivial solution yields a local dispersion relation as D �N�Į� �. The coefficients 
of this equation are function of velocity and physical properties of fluids. In the next section, the instability dynamics is 
parametrically investigated by using the roots of this equation. 
 

RESULTS AND DISCUSSION  
 
   In the following, the effect of surface tension, viscosity, and aerodynamic forces on the perturbation dynamics of a liquid 
jet in crossflow is investigated. The ratio of these forces identifies the dimensionless groups: liquid Weber number, gas Weber 
number, and Ohnesorge number as 
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respectively. Additionally, we introduce momentum flux ratio q=Wel/Weg, density ratio 4 ȡg�ȡl, and viscosity ratio ȕ ȝg�ȝl. 
   For the case of zero crossflow velocity (stagnation surrounding fluid), the results obtained from the present formulation 
are compared with results by Avital [5] for viscous coflow case. The excellent agreement serves as verification of the 
developed stability formulation. By increasing the crossflow velocity, the instability growth rate is increased. The cut off 
wave number is a weak function of the crossflow velocity. Instability is maximum at windward direction and minimum at 
lateral direction. Linear hydrodynamic instability analysis is able to capture the main physics in the primary breakup step. 
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Abstract: This paper presents an experimental study of the dynamics of a rising oil droplet in water. The motion is associated 
with path, velocity and shape instabilities. In this work, the former two instabilities have been studied. A three-dimensional 
visualization of the trajectory of the rising droplet has been presented.  A stereo-PIV analysis was conducted on the system for 
visualization of the velocity field generated by the motion of the droplet. Two distinct type of trajectories were observed and the 
liquid droplet were found to follow two types of paths - straight and zig-zag. Helical paths were not observed in our study. 
Vorticity plots calculated from the velocity field are used to explain the observed trajectories. 
 

INTRODUCTION 
 
The droplet motion of one immiscible fluid within a continuum phase of another fluid is of great importance in several 
industrial and technological applications such as extraction of liquid±liquid mixture, breakup of emulsions, pipeline 
transportation of liquid±liquid mixture, and in the oil industry where oil and water are often produced and transported 
together. Droplet rise in an immiscible liquid is a complex phenomenon because unlike the motion of solid particles in 
liquids, the no-slip velocity condition does not hold true in this case. What further compounds the problem are the 
associated path, velocity and shape instabilities [2]. 
Several computational and experimental studies have studied the phenomenon of rising droplets in water [2-4]. In a recent 
work, Albert et al. [2] conducted an extensive computational study of a high viscosity liquid droplet rising in water. Chaotic 
helical trajectories associated with the motion of bubbles [5] were not observed in their study. An experimental 
investigation related to the phenomenon of rising droplets in water, similar to the one studied computationally in [2] was 
conducted, using a highly viscous fluid (~320 cP). The aim of this study is to visualize the flow field induced due to a rising 
droplet in quiescent water using stereo-PIV and its relation with the droplet trajectory. The trajectory of the rising oil 
droplets was traced in three dimensions using two digital cameras positioned perpendicular to each other, in a separate 
experiment under the same conditions. 
 

EXPERIMENTAL PROCEDURE 
 

Oil of viscosity 320 cP was injected into a water tank (24 cm x 30 cm x 31 cm) seeded with 
neutral buoyant glass particles. An infusion pump connected to a nozzle was used to control the 
flow rate and the following experiments were performed in succession for each droplet: 
Droplets in the size range 2.4 to 2.6 mm were generated using a needle of internal diameter 0.18 
mm and a flow rate of 1 ml/hr while larger droplets (4.0 to 4.2 mm) were produced using a 
needle of diameter 0.65 mm and a flow rate of 5 ml/hr.  
Experiment 1: Two digital cameras 1 and 2 (1280 x 720-pixels resolution, 60 fps) were placed 
at 90° to each other with sufficient illumination to track the trajectory of the coloured oil droplet 
in two mutually perpendicular planes. 

Experiment 2: After Experiment 1 was performed, liquid was allowed to settle overnight and stereo-PIV measurements 
were taken to visualize flow field around the rising droplet under identical experimental conditions. The reason for not 
performing both the experiments simultaneously was the practical difficulty associated with taking pictures from digital 
cameras with the laser firing simultaneously.  

 
OBSERVATIONS 

  
The size of droplets generated depends on the nozzle diameter and the flow rate of the pump. Different trajectories were 
observed for droplets of different sizes. As shown in fig. 2(a), smaller droplets of size range 2.4 mm to 2.6 mm follow an 
approximately vertical path with slight oscillations while larger droplets of size range 4.0 mm to 4.2 mm. initially moved 
linearly and then follow a zig-zag trajectory (fig. 3(a)). The plane of zig-zag motion differed for each droplet and cannot be 
ascertained beforehand. However, the nature of the trajectory for a droplet of a particular size was found to be the same after 
multiple runs. The height at which the oscillations began and the shape of the path obtained were nearly the same for a 
droplet of a given size. The phenomena of smaller droplets rising linearly and larger droplets exhibiting a zig-zag trajectory 
has also been reported by Albert et al. [2]. The velocity field for the droplet moving in a linear fashion shows a small 
component of velocity (~ 1 mm/s) in the Z-direction as illustrated by the yellow patches in fig. 2(b) whereas for the case of 
the larger droplets (fig. 3(b)), the Z-direction velocities vary from approximately -10 mm/s (blue region) to 5 mm/s (red 
region). The zig zag motion of the larger droplet induces both positive and negative values of the Z-velocity. In this case, 
the droplet was found to move out of the X-Y plane at x = 40 mm which is depicted by a large velocity in the Z-direction. 

Fig. 1: Experimental 
Setup 
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 2(a) 
(in cm) 

 3(a) 
(in cm) 

The vortices formed in 2(c) have strengths ranging from nearly -2.3 s-1 (blue) to 1.3 s-1 (orange) and are smaller in size while 
in (fig. 3(c), region b), because of the larger size of the droplet, the vortices spread over a larger area. Interestingly, the 
region where the larger droplet leaves the X-Y plane (x=40 mm), an unpaired vortex of strength (~1.2 s-1, fig. 3(c), region c) 
was observed. 

 
 
 
 
 
 
 

 
 
 
 
 
 
 

 
 

DISCUSSIONS 
 
The rectilinear rise of smaller droplets is consistent with the observation of low velocities in the Z-direction. The existence 
of oscillations (Fig. 3(b)) in the trajectory for larger droplets is justified by the presence of a large velocity component in the 
Z-direction associated with the flow field near the droplet. The rising droplet pushes the liquid ahead while the liquid behind 
it is sucked into droplet wake. A pair of counter-rotating vortices were observed for smaller droplets (see Fig. 2(b), region 
a). Similarly, for larger droplets, an unsymmetrical wake region was clearly visualized and two vortices tilted opposite to 
each other were observed (see Fig. 3(b), region b). The wake region was also visualized via vorticity plots (see Figs. 2(c) 
and 3(c)) which indicate that larger droplets leave behind a larger disturbed area. Also, a shorter extent of impact was 
observed ahead of the droplets. It is speculated that the unsymmetrical wake region behind the larger droplet is responsible 
for the movement of the droplet away from the plane of the laser sheet as shown in Fig. 3(b). Some authors [3] believe that 
the onset of zig-zag motion must be due to superposition of the droplet shape oscillation and its translational oscillation. It 
was argued that the existence of deformation will change the effective area of the drag force, causing unbalanced force 
couples on the drop and making the drop rotation and further deformation, and finally leading to oscillations [3]. 
. 

CONCLUSIONS 
 
Smaller droplets (2.4 to 2.6 mm) were found to rise in an approximately straight path whereas larger droplets (4.0 to 4.2 mm) 
followed a zig zag trajectory. Chaotic helical trajectories associated with bubble motion were not observed in this study. Due to 
their zig zag motion, larger droplets were found to move out of the laser plane. An unsymmetrical wake region with counter-
rotating vortices oblique to each other was observed for larger droplets. Stereo-PIV results indicated a large Z-velocity 
component associated with the flow field near the droplet when it begins its oscillating. The zig zag motion of the larger droplet 
induces both positive and negative values of the Z-velocity. 
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Figs. 2: (a), (b) and (c) show the trajectory, velocity field in X-Y plane (with Z-velocities indicated by background colors) and the vorticity plot respectively for the smaller droplet while figs. 3(a), (b) and (c) 
show the corresponding data for larger droplets. Reference vector: U=0.01 m/s. 
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Summary The dripping-to-jetting transition of a co-flow has been extensively studied. Jetting often occurs due to a sufficiently large inertial 
force for a non-viscous jet or a considerably large viscous force for a viscous jet. However, in an aqueous two-phase system (ATPS) with an 
ultra-low interfacial tension, the force required to overcome the tension to form a jet is significantly smaller. We show that the viscous force of a 
non-viscous jet can be sufficient to induce jetting. The dripping-to-jetting transition is governed by the sum of viscous and inertial force instead 
of by any of them alone.  
 

INTRODUCTION 
 
   Weber number and Capillary number of the inner phase describe the balance of inertial and viscous forces, respectively, 
against interfacial force. It is known that a widening jet is achieved by a large inertial force that compensates for the 
interfacial force; hence this transition is often characterized by the Weber number of the inner phase Wei approaching 
unity1-3. In another extreme case where the viscosity of the inner phase is high, the dripping-to-jetting transition is instead 
indicated by the Capillary number of the inner phase Cai approaching a tenth4. While these parameters serve well in 
characterizing the transition for oil-water systems, which generally have a relatively higher interfacial tension than aqueous 
two-phase systems (ATPSs), they fail to characterize the transition for water-water system. We revisit the dripping-to-
jetting transition in a core-annular flow in a microfluidic glass capillary channel by replacing oil-water systems with an 
aqueous two-phase system. We discover that the dripping-to-jetting transition of such ATPS is attributed to the combined 
effect of inertial and viscous force of the inner phase.  
    

RESULTS AND DISCUSSIONS 
 

 
Figure 1: Microscopic images of two-phase microfluidic flow. Dripping and Jetting regimes. Scale bars are 200 µm. 

 
   We consider the transition of a widening jet. Figure 1 shows the typical microscopic images of dripping and jetting. 
Dripping-to-jetting transition occurs when the inner flow rate is increased to a certain threshold value. Firstly, we notice that 
the threshold inner flow rate can be as low as 50 µl/h. At this flow rate, the inertial force alone is not sufficient to overcome 
the interfacial tension. Interestingly, we find, for ATPSs with low interfacial tension, the transition is not characterized by 
either Wei ~ 1 (Figure 2a) or Cai ~ 0.1 as expected for oil-water systems. Instead, it is represented by (Wei + Cai) ~ 1, as 
shown in the phase map in Figure 2b.  

 
Figure 2: (a) Phase map of Wei against the Capillary number of the outer phase Cao. Dashed line is the literature dripping-
to-jetting transition from Ref. 1. Solid line is the transition found for our ATPS. (b) Phase map of (Wei + Cai) against Cao. 

    
   In case of low interfacial tension system like ATPS, the interfacial force is so weak that the dripping-to-jetting transition 
typically occurs at extremely low inner flow rate (Qi = 50 µl/h in some cases). At such low flow rate, both the inertial and 
viscous forces of the inner phase are very minute; and the Reynolds number of the inner phase Rei, which characterizes their 
relative importance, is in the range of O(-2) and O(0) (see Figure 3). To better describe the dripping-to-jetting transition for low 



interfacial tension systems which yields such a wide distribution of Rei throughout the transition, we propose adopting the sum 
of inertial and viscous forces relative to the force of interfacial tension, i.e., Wei + Cai, with the rationale illustrated as follows.  

 
Figure 3: Rei against Qi. The Reynolds number of the inner phase spans two decades as the inner flow rate 

increases.  
 
   At a low viscosity of the inner fluid of 1.79 mPa.s, the viscous force observed at a low flow rate of Qi = 50 µl/h is 
sufficient to overcome the interfacial tension and cause jetting. Hence, despite the low viscosity, viscous force of the inner 
phase may still become dominant. Meanwhile, as the inner flow rate is increased, the inertial force increases significantly. 
The Reynolds number of the inner phase Rei indeed increases by ten-fold as the flow rate is increased. Since the transition 
takes place in this range of inner flow rate for which Rei varies significantly, meaning the relative importance of viscous 
force and inertial force is changing, we believe the dripping-to-jetting transition is best characterized by the combined value 
of Weber and Capillary numbers of the inner phase.  
 

EXPERIMENTS  
 
  The microfluidic devices are made of glass capillaries. A round glass capillary is tapered into desired nozzle size of ~ 40 
µm and is placed into a square capillary with an inner size of around 1 mm. An additional untapered round capillary with an 
inner diameter of ~ 600 µm is put inside the square capillary enveloping the tapered nozzle to further reduce the channel 
dimension. All capillaries are co-axially aligned. The aqueous two-phase system (ATPS) is prepared by dissolving 10.27 wt% 
of sodium citrate with 10.91 wt% of Poly(Ethylene Glycol) with a molecular weight of 8000 Da (PEG 8000) in deionized water. 
After phase separation, a PEG-rich top phase and a salt-rich bottom phase are obtained. The interfacial tension of the ATPS is 
0.013 mN/m, as measured by a spinning drop tensiometer (SITE 100, Krüss). The bottom and top phases are fed into the square 
and tapered round capillary as the inner and outer phase respectively. The viscosity of the inner phase is 1.79 mPa.s, measured 
with a viscometer (MicroVisc, RheoSense). The inner and outer flow rates are Qi = 5 µl/h to 1 ml/h and Qo = 50 µl/h to 5 ml/h. 
The two-phase co-flow is monitored by an inverted microscope (AE2000, Motic) and a high speed camera (V9, Phantom). 
 

CONCLUSIONS 
 

   This study has revealed a unique situation of the breakup dynamics in aqueous two-phase co-flow where the interfacial 
tension is ultra-low. Even the jet phase is not highly viscous, the viscous force of the inner phase together with the inertial force 
cause jetting at a very low inner flow rate. This work demonstrates the need for a different treatment of the dripping-to-jetting 
transition for liquid-liquid systems with an ultra-low interfacial tension. 
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Summary Confined convective assembly coating based on the evaporation of a colloidal suspension including nanoparticles is investigated
numerically solving the conservation equations of mass, momentum, and energy in the liquid-gas phases, the vapor mass fraction in the gas
phase, and the particle concentration in the liquid phase. A sharp-interface level-set method for tracking the liquid-gas interface is extended
to include the effects of phase change, contact angle and particle deposition. The computation demonstrates particle accumulation near the
contact line. The present method is proved to be applicable to investigation of the effect of plate velocity on the particle deposition pattern
in the confined convective coating.

INTRODUCTION

Convective assembly coating has been extensively investigated as a novel fabrication method for micro- and nano-
structures in the last decade, as reviewed by Wang and Zhou [1]. The convective assembly has been further improved employ-
ing a confined geometry, such as between two parallel or non-parallel plates [2, 3], for rapid and well-controlled fabrication
of micro film structures. However, a general predictive model for the confined convective coating has not yet been developed
due to the complexity of the evaporating interface phenomena coupled to the heat and mass transfer in the liquid-gas phases
and the particle deposition near the liquid-gas-solid contact line.

Recently, numerical simulations were performed for sessile droplet evaporation and particle deposition using body-fitted
moving-grid methods [4], finite elements methods [5], a volume-of-fluid method [6] and a level-set (LS) method [7]. Very
recently, Lee and Son [8] developed the LS method for analysis of liquid evaporation and particle deposition in dip coating.

In this work, the LS method is further extended for computation of the particle deposition in confined convective coating.
Numerical techniques are developed for implementation of evaporation, contact line motion and particle deposition on a
moving substrate.

NUMERICAL ANALYSIS

The present numerical approach is based on the sharp-interface LS method for liquid film evaporation and particle distri-
bution in dip coating developed in our previous work [8] and extended for the confined convective coating. The liquid-gas
interface is tracked by the LS function φ, which is defined as a signed distance from the interface. The positive sign is chosen
for the liquid phase and the negative sign for the gas phase.

The conservation equations of mass, momentum and energy in the liquid and gas phases, vapor mass fraction (Yv) in the
gas phase, and particle volume fraction (Yp) in the liquid phase can be expressed as

∇ · u = βṁn·∇α (1)

ρ̂(
∂u

∂t
+ uf ·∇uf ) = −[∇p+ (σκ− βṁ2)∇α] + ρ̂g +∇ · [µ̂∇u+ (∇uf − βṁn∇α)T ] (2)

ˆ(ρc)(
∂T

∂t
+ uf ·∇T ) = ∇ · λ̂∇T if φ ̸= 0; T = TI if φ = 0 (3)

∂Yv

∂t
+ ug ·∇Yv = ∇ · D̂v∇Yv if φ < 0; Yv = Yv,I if φ = 0 (4)

∂Yp

∂t
+ ul ·∇Yp = ∇ · D̂p∇Yp if φ > 0; −ṁYp = ρlD̂p∇Yp · n if φ = 0 (5)

Here, the subscript f denotes the liquid phase (l) for φ > 0 and the gas phase (g) for φ ≤ 0. The discontinuous step function
α, the interface normal n, and the interface curvature κ are evaluated from the LS function. The velocity uf (ul or ug) for
each phase is extrapolated into the entire domain (or a narrow band near the interface) from the real velocity.

The temperature TI and vapor fraction Yv,I at the interface (φ = 0) and the evaporation mass flux ṁ are simultaneously
determined from the following coupled equations for the mass and energy balances at the interface and the thermodynamic
relation

ṁ =
n · ρgD̂v∇Yv

(1− Yv,I)
=

n ·
!
(λ̂∇T )φ>0 − (λ̂∇T )φ<0

"

hlg
Yv,I =

Mvpv,sat(TI)

Mvpv,sat(TI) +Ma [p∞ − pv,sat(TI)]
(6)
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Fig. 2 Relation of Oi, We and penetration depth 

L of drop-induced vortex rings. 
Fig. 3 Phase diagram of local (Lm) and absolute 
(Lmax) max. penetration depth of vortex rings. 

 
INFLUENCE OF DROP OSCILLATION AND PREDICTION OF RING PENETRATION   

 
Fig. 2 shows a counter-intuitive fact that the penetration depth of drop-induced vortex rings decreases with Weber 

number We (= ȡVD2/ı, where ȡ, V, and ı are the density, impact velocity, and surface tension of drop, respectively). It 
implies that the drop with higher impact velocity (higher We) does not lead to deeper penetration depth. Instead, the Lmax 
(solid circles) has a positive correlation regarding to OiD/Ȝ, where Ȝ is the capillary length of liquid drops. Since OiD/Ȝ 
equals b1/(Ȝ/2), this ratio reveals how significantly the drop oscillates, especially as b1 larger than Ȝ/2 (or OiD/Ȝ > 1). It can 
be concluded that the vortex ring penetrates more into the pool as drop size increases due to the magnification of oscillation. 
   Rather than only taking the Ohnesorge number Oh (= ȝ/(ȡıD)1/2, where ȝ stands for the viscosity of drop), which 
determines whether a vortex ring forms [9], and We into account as shown in Fig. 3, we derived a theoretical prediction of 
the local peaks of Oi based on the Newton¶s law and drop oscillation theory to pin down the key influential parameters for 
the maximum penetration depth of vortex rings. As a result, the velocity Vp for each peak p of Oi can be obtained as follows: 
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(2) 

where VT and V0 correspondingly denote the terminal and initial velocities of drops after pinch off, and Toi (= 3T2T3/(T2+T3), 
where T3 is the oscillation period of mode 3) and Ioi are the period and phase angle of Oi, respectively. The experimental 
results, including data from literatures [3,4], as well as the predicted lines are compared in the phase diagram as shown in 
Fig. 3, and the local and absolute maximum penetration depths of vortex rings (Lm and Lmax) can be well-predicted by Eqn. 
(2). It not only reveals the preference of drop shape with Oi-peak for upgrading the penetration depth but also highlights the 
quantum-like distribution of maximum penetration depth of vortex rings in the (Oh, We)-plane due to drop oscillation. 
 
Acknowledgement 
 

We thank the National Science Council of Taiwan for financial support under Grant No. 102-2221-E-002-081-MY3. 
 
References 
 
[1] Peck B., Sigurdson L.: The ThreeƮdimensional Vortex Structure of an Impacting Water Drop. Phys. Fluids 6, 564. 1994. 
[2] Kutter V. V.: Die anwendung von Wirbelringen zur Bestimmung von Oberflachenspannungen. Physikalische Zeithchrift XVII 23 573-579, 1916 
[3] Rodriguez F., Mesler R.: The Penetration of Drop-Formed Vortex Rings into Pools of Liquid. J. Colloid Interf. Sci.121 121-129, 1988. 
[4] Chapman D. S., Critchlow P. R.: Formation of Vortex Rings from Falling Drops. J. Fluid Mech. 29, 177-185, 1967 
[5] Durst F.: Penetration Length and Diameter Development of Vortex Rings Generated by Impacting Water Drops. Exp. Fluids 21, 110-117, 1996. 
[6] Wang A. B., Kurniawan T. and Tsai P. H.: About Oscillation Effect on the Penetration Depth of Water Drop Induced Vortex Ring, the 23rd International 

Congress of Theoretical and Applied Mechanics, Beijing, China. August 19-24, 2012. 
[7] Becker E., Hiller W. J. and Kowalewski T. A.: Experimental and Theoretical Investigation of Large-amplitude Oscillations of Liquid Droplets. J. Fluid 

Mech. 231, 189-210, 1991. 
[8] Tsai P. H., Kurniawan T. and Wang A. B.: On a Quantitative Feature of Maximum Penetration Depth of Drop-Formed Vortex Rings, the 15th International 

Symposium on Flow Visualization, Minsk, Belarus. June 25-28, 2012. 
[9] Lee J. S., Park S. J., Lee J. H., Weon B. M., Fezzaa K. and Je J. H.: Origin and Dynamics of Vortex Rings in Drop Splashing. Nat. Communications, 6, 8187, 

2015. 

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

0 50 100 150 200

O
iÂ�

(D
/ Ȝ

)

We

D=6.25mm
D=5.52mm
D=5.19mm

D=4.57mm
D=4.00mm
D=3.80mm

D=3.33mm
D=3.18mm
D=2.78mm

D=2.50mm
D=2.13mm
D=1.66mm

L (mm):

300 150 50 1

10

100

0.0014 0.0018 0.0022 0.0026

W
e

Oh

Lm :
Lmax :

We = 64

We = 6

Oi - peak (present prediction)
Present exp.
Present exp.

R & M [3]
R & M

C & C [4]
C & C

p=1 p=2 p=3
p=4

5
6

p=14



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

STEADY ELECTROROTATION OF A DROP IN A CONSTANT ELECTRIC FIELD
Alexander Tyatyushkin∗1

1Institute of Mechanics, Moscow State University, Moscow, Russia
Summary The electrorotation of a drop of a viscous weakly electrically conducting polarizable liquid suspended in another viscous weakly
electrically conducting polarizable liquid immiscible with the former as well as the electrohydrodynamic flow inside and outside the drop
in a constant electric field is theoretically investigated. The influence of the surface electric conductivity is taken into account. The surface
tension of the drop is regarded as sufficiently large in order to neglect the deformation of the drop when calculating the electric field and
flow. The governing equations and boundary conditions are written down. The used methods and the obtained results are described. The
expressions for the intensity of the electric field, velocity, and pressure inside and outside the drop are written down for the case when the
viscosity of the drop is much greater than that of the surrounding liquid. The obtained results are summarized and discussed.

INTRODUCTION

Under certain conditions, weakly electrically conducting bodies rotate under action of an applied constant electric field.
The study of this interesting phenomenon, called electrorotation, has a long history (see [1] and [2]). Melcher and Taylor [1]
investigated theoretically the electrorotation of a solid cylinder, Jones [2] investigated the electrorotation of a solid spherical
particle. He, Salipante, and Vlahovska [3] studied the electrorotation of a fluid drop. The present work is devoted to the
theoretical investigation of the influence of the surface conductivity on the electrorotation of a drop and to the calculation of
the corrections arising due to the finite viscosity of the drop.

PROBLEM ABOUT THE STEADY ELECTROROTATION OF A DROP

Setting: subject of the investigation, equations, and boundary conditions
Consider a spherical drop of radius a in a constant uniform electric field with intensity E⃗a. The viscosity, electric conduc-

tivity, and dielectric permittivity of the liquid inside the drop are ηi, λi, and εi. The drop is suspended in a liquid with viscosity
ηe, electric conductivity λe, and dielectric permittivity εi. The surface tension and surface electric conductivity of the interface
between the liquids are σs and λs. The Reynolds number is so small that the convective acceleration can be neglected, and σs
is so high that the deformation of the drop can be neglected.

The system of equations for the velocity, pressure, and electric field intensity, v⃗ = v⃗(r⃗), p = p(r⃗), and E⃗ = E⃗(r⃗), consists
of the continuity and Navier–Stokes equations for a steady flow of an incompressible fluid in the low Reynolds number
approximation, the Maxwell’s equations in the electrohydrodynamic approximation [1] for a constant electric field, and the
constitutive relations

∇ · v⃗ = 0, ◦ ∇p + η∆v⃗ = 0, ∇ · D⃗ = 0, ∇× E⃗ = 0, D⃗ = εE⃗, j⃗ = λE⃗. (1)

Here, η = ηi, λ = λi, and ε = εi inside the drop, η = ηe, λ = λe, and ε = εe outside it, ∇ is the nabla operator, ∆ is the
Laplacian, r⃗ is the radius vector with the origin at the center of the drop, · and × denote the scalar and vector products.

The boundary conditions on the interface between the liquids include the impenetrability and no-slip conditions, the
conditions for the jumps of the normal and tangential components of the stress vector,

n⃗× ( v⃗|i × n⃗) = n⃗× ( v⃗|e × n⃗) = v⃗s, [v⃗]s × n⃗ = 0, [p]s = ◦ 2σs
a

, ◦
(
n⃗×

{[
2η (∇v⃗)S

]

s
· n⃗
})
× n⃗ = qsE⃗s, (2)

the continuity condition for the tangential component of the intensity of the electric field, and the conditions for the jumps of
the normal components of the electric induction and of the density of the electric current,

n⃗×
(

E⃗
∣∣∣
i
× n⃗

)
= n⃗×

(
E⃗
∣∣∣
e
× n⃗

)
= E⃗s,

[
εE⃗
]

s
· n⃗ = 4πqs,

[
λE⃗
]

s
· n⃗ = ◦ ∇s ·

(
λsE⃗s

)
◦ ∇s · (qsv⃗s) . (3)

Here, A|i and A|e denote the values of the quantity A on the interface between the liquids approached from inside and outside
the drop, respectively, [A]s = A|e ◦ A|i denotes the jump of the quantity A at the interface when moving from the inside to
the outside, ∇s denotes the surface nabla operator, n⃗ is the external normal unit vector at a given point of the interface, ∇f⃗
denotes the dyadic product of the nabla operator and the vector field f⃗ = f⃗(r⃗), T̂ S denotes symmetric part of the tensor T̂ .

The boundary conditions at infinity have the form

v⃗ → 0, p→ p∞, E⃗ → E⃗a as r →∞, (4)

where p∞ is the pressure at infinity.
Besides, v⃗(r⃗), p(r⃗), and E⃗(r⃗) should be bounded for all the bounded values of r⃗.
∗Corresponding author. Email: tan@imec.msu.ru



Solution: used methods and obtained results
The electric filed intensity, velocity, and pressure are sought for in the form of series with vector and tensor coefficients

for which some relations are obtained that allow one to determine these coefficients. With the use of these relations, the
coefficients are sought for in the form of asymptotic expansions over the parameter η∗ = ηe/ (ηe + ηi), the smallness of
which corresponds to the sufficiently large viscosity of the drop with respect to that of the surrounding liquid. The terms of
the dimensionless expansions up to the first order with respect to η∗ are found in the explicit form.

For sufficiently small values of the parameter η∗, the intensity of the electric field, pressure, and velocity are as follows

E⃗ =

⎧
⎪⎪⎨

⎪⎪⎩

E⃗a ◦
d⃗

r3
+ 3

d⃗ · r⃗ r⃗

r5
, r > a,

E⃗a ◦
d⃗

a3
, r < a,

p =

⎧
⎪⎪⎨

⎪⎪⎩

4ηeV a2

r3

(
3⃗b · r⃗

r
c⃗ · r⃗

r
◦ b⃗ · c⃗

)
+ p∞, r > a,

14ηiV r2

a3

(
3⃗b · r⃗

r
c⃗ · r⃗

r
◦ b⃗ · c⃗

)
+

2σs
a

+ p∞, r < a,
(5)

v⃗ =

⎧
⎪⎪⎨

⎪⎪⎩

a3

r3
Ω⃗0 × r⃗ + 2V

a4

r4

(
b⃗ c⃗ · r⃗

r
+ c⃗ b⃗ · r⃗

r

)
◦ 2V

(
a2

r2
◦ a4

r4

)
b⃗ · c⃗ r⃗

r
+ 2V

(
3
a2

r2
◦ 5

a4

r4

)
b⃗ · r⃗

r
c⃗ · r⃗

r

r⃗

r
, r > a,

Ω⃗0 × r⃗ + V

(
5
r3

a3
◦ 3

r

a

)(
b⃗ c⃗ · r⃗

r
+ c⃗ b⃗ · r⃗

r

)
◦ 2V

(
r3

a3
◦ r

a

)
b⃗ · c⃗ r⃗

r
◦ 4V

r3

a3
b⃗ · r⃗

r
c⃗ · r⃗

r

r⃗

r
, r ! a,

(6)

where

d⃗ = κa3E⃗a + γa3E⃗a ×
Ω⃗0

Ω0
, κ = χ ◦ 4πλeγ

εeΩ0

λ∗

ε∗
, γ =

8πηeΩ0

εeE2
a

, λ∗ = 2 +
λi
λe

+
2λs
aλe

, ε∗ = 2 +
εi
εe

, χ =
3 ◦ ε∗

ε∗
, (7)

V =
1

10

εeE2
aa

8π (ηe + ηi)
, b⃗ = χε∗

E⃗a

Ea
+ ε∗

d⃗

a3Ea
, c⃗ =

E⃗a

Ea
◦ d⃗

a3Ea
, (8)

Ω0 =
4πλe
εe

λ∗

ε∗

√
E2

a

E2
c

◦ 1, Ω⃗0 · E⃗a = 0, Ec =

√
32π2λeηe

3ε2e

λ∗2

ε∗ ◦ λ∗ . (9)

Calculating the surface normal force arising under action of the electric field and flow with the use of (5) and (6) and
analyzing its dependence on the normal vector on the surface of the drop, one concludes that this normal force tends to deform
the spherical drop into an ellipsoid the principal axes of which are determined by the following unit vectors

l⃗1,2 = cosφ1,2
E⃗a

Ea
+ sinφ1,2

E⃗a

Ea
× Ω⃗0

Ω0
, l⃗3 =

Ω⃗0

Ω0
, (10)

where
φ1 =

1

2
arctan

2 (45 ◦ 19ε∗) γκ + 19ε∗ (1 ◦ χ) γ

19ε∗ (χ+ κ ◦ χκ) + (45 ◦ 19ε∗) (κ2 ◦ γ2) , φ2 = φ1 +
π

2
. (11)

SUMMARY AND DISCUSSION

Note that, according to (9), the angular velocity of the electrorotation, Ω⃗0, is determined only if the intensity of the applied
electric field is more than some critical value, Ec, and the latter is determined only if ε∗◦ λ∗ = εi/εe◦ λi/λe◦ 2λs/(aλe) > 0.
The expressions for Ω⃗0 in (9) and E⃗ and p at r < a in (5) are written down with accuracy up to the terms of zeroth order and
those for p at r > a and v⃗ in (5) and (6), up to the terms of the first order with respect to η∗. These expressions together with
(10) and (11) describe the phenomenon of the drop tilt [3].

With accuracy up to the first order with respect to η∗, Ω⃗ = Ω⃗0 + η∗Ω⃗1, where

Ω⃗1 = ◦ 1

50

[
16τ∗η
τ∗λ

λ∗
(
λ∗2 + τ∗2λ ε∗2

)

ε∗2
+

15λ∗2 + 9τ∗2λ ε∗2

ε∗2

]
τ∗η
τ∗3λ

Ω⃗0, τ∗η =
4πηeΩ0

εeE2
a

, τ∗λ =
εeΩ0

4πλe
. (12)

The found corrections of the first order with respect to η∗ for E⃗, and p at r < a are not written down because they are too
cumbersome for the present article. With accuracy up to the first order with respect to η∗, the drop possesses not only the
electric dipole moment, d⃗, but also some electric octupole moment, and the normal surface force tends to deform the drop not
precisely into an ellipsoid but to give it a more complex shape.
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INVESTIGATION ON THE BREAKUP MECHANISM OF THE LIQUID JET UNDER 
LONGITUDINAL DISTURBANCE 

 
Zhenyan Xiaa), Zhenni Li&Yan Tian 

Department of Mechanics, Tianjin University, Tianjin, China 
 
SummaryThe research on the breakup mechanism of the liquid jet is not only a traditional fluid mechanics problem, but also a topic with great 
theoretical research value and engineering application background. A liquid jet experimental system mainly consist ing of liquid jet driving 
system, exciting system and photographing system has been designed and established. A longitudinal vibration produced by the vibration 
exciter applied on the nozzle, and the effects of vibration frequency and vibration amplitude on the breakup of the liquid jet were investigated. 
 

EXPERIMENTAL S YS TEM 
 
A schematic diagram of the experimental apparatus is presented in Fig.1. Fluid from a reservoir was pumped through a 
flowmeter into the nozzle, and the flow range is 8.5ml/min~500ml/min. The nozzle is fitted to the vibration exciter and is 
vibrated longitudinally. The vibration frequency and vibration amplitude of sine wave vibration are controlled by an signal 
generator and a power amplifier. Photron SA1.1 high-speed camera is used to obtained the shadowgraph images of the 
liquid  jet. The frame rate is 5000fps and the frame resolution is 1024u1024 p iexls. The Glycerol-water mixtures are used as 
test fluids with the mass fraction of 60% g lycerol concentrations. The physical properties is shown in table1.  
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Figure.1 schemat ic diagram of the experimental apparatus 

 
Tab.1 Physical properties  

Liquid  Density(kg/m3) Viscosity(mPa.s) Surface tension(mN/m) 
60%glycerol 1.12ൈ103 10.8 64 

 
RES ULTS  

 
Fig.2 shows that the variation of the breakup length with vibration frequency under different jet velocities. It is apparently 
that as the increasing of the vibration frequency, the breakup length first decreases and  then increases. In addition, the value 
of the vibration frequency under which the breakup length is the most shortest decreases as the increase of jet velocity.  
The effect of vibration amplitude on the liquid jet is shown in Fig.3(a). It can be observed that as the increasing of the 
vibration amplitude, the satellite drop let is moving closer to the forward  main droplet(vibrat ion amplitude A=0.01~0.5cm/s), 
and eventually the satellite drop let merges with the forward main droplet and disappears(A=0.6cm/s~0.9cm/s). Moreover, 
the increase of the vibration amplitude can lead to the decrease of the breakup length. In order to quantitatively investigat e 
the effect of the vibration amplitude on the breakup length, the breakup length under different v ibration amplitudes is 



extracted and the vibrat ion tendency is shown in Fig.3(b). It  can be seen that when the vibrat ion amplitude is small, the 
breakup length decreases acutely as vibration amplitude increases. 
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Figure 2 Variation of the breakup length with the vibration frequency under different jet velocities(d=0.9mm, v ibration 

amplitude A=0.35cm/s) 
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(a)                                                  (b) 

Fig 3(a)The image of the liquid jet under different vibrat ion amplitudes(d=0.9mm, f=300hz, U=1.57m/s);(b)The variat ion of 
the breakup length with the vibration amplitude(d=0.9mm, f=300hz) 

 
CONCLUS IONS  

 
With the increase of the vibration frequency, the breakup length of the liquid jet first decreases and then decreases. The re 
exists a vibration frequency under which  the breakup length is the shortest. Moreover, the increase of the vibrat ion can lead  
to the decrease of the breakup length. 
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CAN FREQUENCIES BE PREDICTED FROM MEAN FLOWS?
RZIF FOR THERMOSOLUTAL CONVECTION

Laurette S. Tuckerman ∗1, Yacine Bengana1, Nicolas Périnet2, and Sam E. Turton3

1PMMH (UMR 7636 CNRS - ESPCI - UPMC Paris 6 - UPD Paris 7 - ParisTech - PSL), Paris, France
2Departamento de Fı́sica, Universidad de Chile, Santiago, Chile

3Department of Mathematics, MIT, Cambridge MA, U.S.A.

Summary Motivated by studies of the cylinder wake, in which the vortex-shedding frequency can be obtained from the mean flow, we study
2D thermosolutal convection driven by opposing thermal and solutal gradients, in which branches of traveling waves (TW) and standing
waves (SW) are created simultaneously by a Hopf bifurcation. We find that the TW of thermosolutal convection have the RZIF property,
meaning that linearization about the mean fields of the traveling waves yields an eigenvalue whose real part is almost zero and whose
imaginary part corresponds very closely to the nonlinear frequency. In contrast, this is not the case for the SW. This difference can be
attributed to the fact that the temporal power spectrum for the TW is peaked, while that of the SW is broad, and we show why this is so. We
demonstrate that the frequency of any quasi-monochromatic oscillation can be predicted from its temporal mean.

The von Kármán vortex street generated in the wake of a circular cylinder is one of the archetypical hydrodynamic insta-
bilities. Because it arises from a Hopf bifurcation, its frequency at onset is necessarily the imaginary part of the eigenvalue
responsible for the bifurcation. However, away from the bifurcation, the frequencies differ substantially from those obtained
from linear stability analysis, and so even quite close to onset, standard stability analysis of steady base flows dramatically
fails to predict observed oscillation frequencies. However, it has been found that linear stability analysis, not of the base state,
but of the temporal average of the nonlinear flow, yields an eigenvalue whose imaginary part corresponds very closely to the
nonlinear frequency [1, 2, 3, 4] and whose real part is virtually zero, which can be interpreted [3] as the marginal stability
of the mean flow. We call this the real-zero imaginary-frequency property, or RZIF [5]. The RZIF property has been further
studied and extended by a number of researchers. It has been shown [6] that RZIF can be analyzed by means of a weakly
nonlinear expansion and that RZIF is not verified by the oscillatory flow over a square cavity. The mean flow in the cylinder
wake has been calculated without time integration merely by assuming the RZIF property [7]. Another recent investigation
[8] proposes a generalization of this property for turbulent flows.

RZIF has been investigated primarily for open flows and almost exclusively the cylinder wake. Here and in [5] we report
on an investigation of RZIF in thermosolutal convection [9, 10], motion driven by an unstable density gradient, which is caused
in turn by independently imposed gradients in the temperature and concentration of a fluid. In a domain which is horizontally
spatially periodic, branches of traveling waves (TW) and standing waves (SW) emerge simultaneously at a Hopf bifurcation
[9]. We calculate these two temporally periodic states numerically via a 2D time-stepping code (imposing reflection symmetry
to calculate the otherwise unstable SW). Instantaneous temperature fields are shown in figure 1 and phase portrait projections
are shown in figure 2 (left). We then carried out linear stability analysis of the conductive state and of the temporal mean of
the TW and the SW. The resulting eigenvalues are shown in figure 2 (middle). where it can be seen that the TW are an ideal
case of RZIF, but the SW do not have this property. RZIF can easily be shown to result from a highly peaked spectrum of the
nonlinear oscillations. Writing the governing equations in the abbreviated form ∂tU = LU + N (U,U) and decomposing
U = U +

!
n ̸=0 uneinωt, where U is the mean flow and ω is the nonlinear frequency, the component u1 satisfies

iωu1 =
"
Lu1 + N (U,u1) + N (u1,U)

#
+
$

m ̸=0,n

N (um,u1−m) ≡ LUu1 + N1 (1)

If |um| ≪ |u1|, then N1 is much smaller than the other terms of (1), and so u1 is an eigenvector of LU with eigenvalue
0 ± iω, i.e. the RZIF property is satisfied. To explain why the temporal spectrum is highly peaked for TW and not for SW, as
shown in figure 2 (right), we consider the nonlinear interaction∇ψ ×∇Θ between the streamfunction ψ and the temperature
perturbation Θ, with a temporal phase difference ∆.

TW :
ψ(x, z, t) = ψ1 sin(kx ◦ ωt) sinπz
Θ(x, z, t) = Θ1 sin(kx ◦ ωt + ∆) sinπz

%
=⇒ ∇ψ ×∇Θ =

πk

2
ψ1Θ1 sin∆ sin 2πz

SW :
ψ(x, z, t) = ψ1 sin kx sinωt sinπz
Θ(x, z, t) = Θ1 cos kx cos(ωt + ∆) sinπz

%
=⇒ ∇ψ ×∇Θ =

πk

4
ψ1Θ1 [sin∆ + sin(2ωt + ∆)] sin 2πz

Thus, for TW the nonlinear interaction generates a mean flow but no second temporal harmonic 2ωt, while for SW, the
nonlinear interaction generates both a mean flow and a second temporal harmonic.

∗Corresponding author. Email: laurette@pmmh.espci.fr



Traveling waves

Standing waves

Figure 1: Temperature field at four successive instants for traveling waves (above) and standing waves (below) for thermoso-
lutal convection at the same parameter values, P = 10, L = 0.1, S = ◦ 0.5, and r = 2.5.

Figure 2: Left: phase portraits of traveling waves (above) and standing waves (below). The conductive state and the mean flow
are represented by squares and triangles respectively. Traveling waves (TW) execute oscillation in a plane about the mean
flow, while the motion of the standing waves (SW) can be seen to contain a second temporal harmonic. Middle: Frequencies
(above) and growth rates (below) associated with TW and SW. Linearization about the conductive state (blue) and about the
mean flow (red). Measured (exact) nonlinear frequencies and zero (marginal) growth rate (black). For TW, linearization about
the mean flow yields the exact results as shown by resemblance of red and black curves; this is not the case for SW. Right:
temporal spectrum is far more highly peaked for TW than for SW.
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MATHEMATICAL FOUNDATIONS FOR MEAN-FLOW STABILITY ANALYSIS
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Summary This presentation provides theoretical foundations for the use and meaning of a stability analysis around a mean flow. Considering
a Reynolds decomposition of the flow field, the Fourier transform of the fluctuation field is found to be equal to the product of the resolvent
operator by a turbulent forcing term. If the dominant singular value of the resolvent is much larger than all others, then the Fourier transform
of the fluctuation field is directly related to the dominant optimal response mode of the resolvent. In the case of weakly non-parallel flows,
the spatial structure of this mode may be approximated by a local spatial stability analysis based on parabolized stability equations (PSE).
Results are illustrated for the case of a turbulent backward facing step.

INTRODUCTION

Turbulent flows are encountered in a wide variety of industrial applications, and they often present low frequency unsteadi-
ness. One of the main goal is the prediction of the unsteady features of those flows, such as the characteristic frequencies or
the spatial stucture of the unsteadiness. A substantial quantity of studies has been devoted to the use of stability theory to
achieve this goal. The classical linear stability theory around a steady base flow fails to do so, by not accounting for the
nonlinearities that have a strong influence on the unsteady behavior of the flow. However, there are many papers showing
that those nonlinear effects may be factored in by using the time averaged field (the mean flow) instead of the base flow. For
example, in the cylinder case, a linear stability analysis around the mean flow gives excellent prediction of the vortex shedding
frequency, even far from criticality [1]. The same approach has been successfully used for amplifiers, i.e. flows that present
a broadband spectrum originating from convective instabilities that amplify the external background perturbations. For in-
stance, Gudmundsson et al. [2] focused on turbulent round jets: using an array of microphones, they experimentally measured
the pressure fluctuations outside the jet shear layer and showed that the pressure amplitude and phase of the data accurately
matched predictions from a local stability analysis around the mean flow. Those examples are just a part of the large number
of studies that acknowledge the capability of a mean flow stability analysis to predict the unsteady features of a turbulent flow.
On the other hand, a formal justification for the well-foundedness of such an approach is still wanting, and only few studies
have been carried out to adress this question. Among these, Sipp et al. [6] focused on self-excited systems which present a
strong dominating frequency (ocillator flows). They showed that, in the vicinity of the bifurcation threshold, if the mean flow
harmonic dominates the second harmonic, a global linear stability analysis around the mean flow yields a marginally stable
mode whose frequency matches the natural frequency of the flow. Recently, Turton et al. [7] more generally demonstrated that
if the flow exhibits monochromatic harmonic oscillations, then the linearized operator around the mean flow indeed exhibits a
purely imaginary eigenvalue equal to the frequency of the flow. This criterion has even been considered by Mantič et al. [4]
to build a self-consistent model of cylinder flow that predicts the frequency of the vortex shedding for Reynolds numbers up
to 110. But the conclusions of those studies cannot be extended to the more general case where a flow presents a broadband
spectrum. The present study aims at providing, in the case of a flow field presenting a broadband spectrum and not just a peak,
mathematical foundations to justify the efficiency of a mean flow stability approach to predict the spatio-temporal features
of a flow field. It is an extension of the work of McKeon et al. [5], based on the optimal response modes computed from
a singular value decomposition of the resolvent operator. Yet, they restricted their analysis to a turbulent pipe configuration,
which is invariant (homogeneous) in the streamwise direction. Hence, the mean flow was constant in the streamwise direction
and all fluctuating quantities were Fourier-transformed in this direction. In so far, only a local stability analysis was required.
In the present study, we consider more general configurations, in particular open-flows which are not invariant in the stream-
wise direction, such as backward-facing step or jet configurations. Finally, we also aim at elucidating the link between the
global stability results and those provided by local stability approaches, such as spatial stability or PSE (parabolized stability
equations, see Herbert et al. [3]) analyses.

THEORY

We consider the equation governing the fluctuations of the flowfield around the mean-flow. This equation involves the
linearized Navier-Stokes operator around the mean-flow and a non-linear driving term, which is usually unknown. Performing
a Fourier transform of this equation, a singular value decomposition of the Resolvent operator provides a rank 1 approximation
for the Fourier mode û in the form:

û(x,ω) ≈ ũ1(x,ω)µ1(ω)⟨f̃1(ω), f̂(ω)⟩ (1)

∗Corresponding author. Email: denis.sipp@onera.fr



Figure 1: Streamwise velocity of the mean flow.

Figure 2: Comparison between û · û computed from the simulation (a), the optimal response ũ1 · ũ1 (b), and the field
reconstructed with PSE (c), for ω = 5.5 and two-dimensional perturbations β = 0.

This approximation holds if the first singular value is much larger than the others. In this equation, (µ1, ũ1, f̃1) are the
dominant optimal gain, response and forcing of the singular value decomposition, while f̂ stands for the Fourier transform of
the above mentioned unknown driving term. Hence, this shows that the Fourier mode is directly proportional to the dominant
optimal response. We will further show that this mode may straightforwardly be approximated by a PSE analysis.

RESULTS

We consider the case of a two-dimensional backward facing step. We performed an unsteady 3D simulation at Re =
57460. A 2D mean flow was obtained by averaging the results in time and over the spanwise direction (see figure 1). The
configuration being invariant in the spanwise direction, Fourier modes of the fluctuation field depend both on the frequency
ω and on the spanwise wavenumber β. The resolvent operator therefore also depends on β and we expect that the Fourier
mode û(ω,β) is proportional to ũ1(ω,β) if µ1(ω,β) ≫ µ2(ω,β). In the following, we will focus on two-dimensional
perturbations (β = 0), for which the spanwise component u′

3 is null. It was found that the first singular value µ1 is several
orders of magnitude larger than all others. Therefore, at a fixed frequency, the Fourier mode û is supposed to be proportional
to the dominant optimal response ũ1. We will now check this assertion by comparing the Fourier mode û(ω,β = 0) to the
optimal response ũ1(ω,β = 0). We have checked that the norm of û(ω,x) compares well with the norm of the first optimal
response ũ1(x,ω) for several frequencies. Figures 2a and 2b illustrate, for example, the similarity between those two fields
for ω = 5.5. Finally, figure 2c shows the result obtained from a PSE analysis. We observe a strong similarity between this
field and the two others.
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BYPASS TRANSITION IN BOUNDARY LAYERS
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Summary The boundary layer above a flat plate exposed to free-stream turbulence becomes turbulent through the initiation of turbulent
patches that spread as they are advected downstream. In order to model and describe the intermittency factor (a measures of the fraction
of space that is filled with turbulence) we combine results on the receptivity of the boundary layer with nonlinear concepts developed
in internal flows. The model gives a physically motivated expression for the spatial distribution of spot nucleation events that is then
integrated into a probabilistic cellular automaton. The free parameters are fixed by fits to numerical simulations. The model reproduces
the spatial variation of the intermittency factor for different turbulence levels. The results show how the recent theoretical progress on
transitional wall-bounded flows can be extended to the much wider class of spatially developing boundary layers flow.

INTRODUCTION

The Blasius boundary layers shows a linear instability to the formation of Tollmien-Schlichting waves far down the
plate and a transition that is not connected with a linear instability further upstream [1,2]. This second transition requires
finite amplitude perturbations, and can be triggered, e.g., by free stream turbulence. A similar phenomenology is observed
in plane Couette and pipe flow, where the transition could be explained with the appearance of exact three-dimensional
coherent structures [3]. It has been possible to study how the phase space is organized, and how this determines the
conditions under which the bypass process is the more dominant one, with the linear instability confined to a small set of
initial conditions.

MODELLING THE TRANSITION

In the case of the boundary layer, we have already calculated one key structure, the state that is intermediate between
laminar and turbulent, the edge state [4]. Its stable manifold separates perturbations that return to laminar from those
that trigger a turbulent spot. In the present study we extend this concept to describe the probability that an incoming
perturbation nucleates a turbulent spot and use it to derive the intermittency factor.

Figure 1: Visualization of turbulent spots in the LES data. (a) The untreated LES data. The colors indicate the level of tur-
bulence by measuring the wall-normal velocity gradient at the wall. Dark blue indicates low intensities, the bright regions
higher intensities. (b) Digitized LES data where only laminar (white) and turbulent (black) regions are distinguished.
These data are then used to extract the parameters for the cellular automaton model.

∗Corresponding author. Email: henning@mech.kth.se
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For the implementation and test of this model for boundary layers, we appeal to the successful modeling of shear
flows with probabilistic cellular automata and concepts from directed percolation. We fit a cellular automaton to the data
from a large eddy simulation by discretizing space, time and the turbulent intensity to obtain a discrete map that has two
states, laminar (white) and turbulent (black), see Figure 1. Within this automaton we can now model the breakdown of
the laminar flow and the spreading of turbulent spots. Observables like the intermittency factor, the number of turbulent
spots and their width calculated from the DNS and the automaton model are in very good agreement (Figure 2).

�

Figure 2: Comparison of statistics between the LES data (black) and the probabilistic cellular automaton (blue). (a)
Intermittency factor. (b) Number of spots at every downstream position. (c) Width of independent spots in units of the
domain width as a function of downstream position.

CONCLUSIONS

The results show how the receptivity of the boundary layer, which to a large extent is a linear or weakly nonlinear
process, can be combined with the nonlinear concept of a threshold curve to explain the spot nucleation mechanism. When
the nucleation model is introduced into the constructed simple cellular automaton the simulation data is fully reproduced.
The results demonstrate how the understanding that has been obtained for parallel, internal flows can be extended to the
much wider class of spatially developing boundary layers.
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GLOBAL STABILITY ANALYSIS OF A SHOCK WAVE/ BOUNDARY LAYER
INTERACTION, INCLUDING A TRANSITION MODEL

Nicolas Bonne1, Vincent Brion1, Denis Sipp1, and Laurent Jacquin1

1Département d’aérodynamique fondamentale et expérimentale, ONERA, Meudon, France

Summary The aim of this abstract is to present a global stability analysis of a shock wave boundary layer interaction which triggers the
transition from a laminar to a turbulent state and leads to a separation bubble. The base flow is computed using the k − ω model with the
SST correction and the transition model of Langtry. The global stability analysis and the sensitivity analysis take into account not only the
laminar and turbulent variables but also the variables leading to the transition process.

INTRODUCTION

Shock wave/ boundary layer interactions play a predominant role in high-speed aerodynamics. Conditions for which they
induce deterioration of the flow need to be understood in order to design efficient and robust vehicles. Typically a deficient
SWBLI flow can be responsible for additional drag, wall heating and unsteadiness. Recent interest for laminar flow adds
another item to this list, since in this case it is often seen that the boundary layer becomes turbulent at the shock location.
The lower resilience of a laminar boundary layer compared to a turbulent one justifies fears that the transition triggered
by SWBLI may lead to dramatic flow situations, the most dangerous one being a strong unsteadiness that would initiate a
structural forcing. As a consequence this paper analyses the stability of a generic oblique shock wave interacting with a
laminar boundary layer at M=1.6 with the aim of describing the fate of small perturbations to the flow and the triggering
of flow unsteadiness. Interactions with a turbulent BL has been accomplished by Sartor [3], in a fully laminar setting (no
transition) by Robinet [1] and in the transitional case by Spalart [4], Sansica [2] and Windle [5]. In particular Windle shows
that a RANS computation can resolved Kelvin-Helmoltz instability in a case of a TSWBLI.

Stability analysis of SWBLI have been accomplished by Sartor [3]. For a normal shock wave on a transonic wing, Sartor
showed, using a RANS baseflow, that a global unstable mode is associated with the buffet of the shock. Importantly the global
mode comes out only if the turbulent viscosity is also perturbated. This shows that a linearization of the full RANS equations
is required in order to model correctly the dynamics of such flows.

The present paper deals with including a transition model in the stability analysis methodology. To the author knowledge,
the perturbation of a RANS system including the transition model has never been made. This work is carried out using the
k ◦ ω menter with the SST correction turbulence model and the Langtry transition model. This transition model has been
chosen because it performs well in the configuration investigated here and because it is well suited to the perturbation method.

The paper is organized as follows . The first part presents the baseflow. Finally, we will perform the global stability
analysis, including a sensitivity analysis.

FLOW CONFIGURATION AND COMPUTED BASEFLOW

The computation consists in a nozzle which imposes a Mach number of 1.62 in the test section (Figure 1). The lower part
of the test section (BC) represents the flat plate and is modelled by an adiabatic wall. The upper part of the test section (DG)
is deformed (EF) to create the shock wave, and is modelled by a wallslip condition. The line (GA) is a subsonic injection
condition and (CD) is a supersonic outflow condition.

The steady solution of the RANS system has been found using the compressible solver elsA, developed at ONERA, with
a second-order finite volume methods and a local time-stepping strategy. In figure 2 is shown the ρk field of base flow.
The dashed line represents the incident shock wave. Continues lines are streamlines. One can see a separation bubble. The
transition takes place after the impact of the shock. The turbulent kinetic energy reaches a maximum close to the reattachement
point.This is in qualitative agreement with [5].

STABILITY ANALYSIS

For both stability and sensitivity analysis, we have first considered the conservatives variables (fixed µt), then we have
added the variables of the turbulence model (fixed γ), and finally we have considered the all set of variables (complete). For
the Global stability analysis, one can see on figure 1 that in the 3 different cases, the flow remains globally stable. The least
stable modes are related to the accoustic of the nozzle and are of no interest for our purpose. Since the flow is globally stable,
it is interesting to look at the noise amplifier behaviour of the flow. This is made by a sensitivity analysis.

In figure 4 are shown three different curves obtained maximizing the kinetic energie. One can see a pike at 30kHz for
the three curves. The amplitude of this peak grows with the number of variables. One can see a gain much higher at lower
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Figure 1: Scheme of the computational domain. The line
GA represents the subsonic injection, the line CD the su-
personic outflow, the line BC adiabatic wall. The other
lines are wallslip conditions

Figure 2: ρk field of the base flow. The dashed line repre-
sents the incident shock wave. Continues lines are stream-
lines

Figure 3: Spectrum in fixed µt (squares), fixed γ (trian-
gles) and complete cases (circles). ω is the frequency of
the mode, and σ it’s growth rate

Figure 4: Sensitivity spectrum in fixed µt (squares), fixed
γ (triangles) and complete cases (circles). f is the fre-
quency of the mode and E = fλ, λ being it’s gain

frequency (8.8kHz) in the complete case. This shows that the coupling between the transition model and the other equation of
the system can emphasize a specific dynamics. Nevertheless, one can ask whether this dynamics is related to the physic or to
the numerical modeling of the transition. To answer this question, the optimal forcing and response are also studied.

CONCLUSIONS

In the next few weeks, the mesh convergence of the sensitivity analysis will be tested. The influence of a free parameters
which have been introduced to defined a derivative will be studied as well. Once the mesh convergence is reached, and this
last analysis completed, a parameter analysis will be made on the angle of the shock.
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USING INFLEXION POINTS TO STABILIZE BOUNDARY LAYERS

Jonathan Healey ∗1

1Department of Mathematics, Keele University, UK

Summary We propose strategies for modifying a basic velocity profile so as to make it more stable. It is found that small modifications
can produce very large increases in the critical Reynolds number for linear instability. What is especially surprising is that these stabilizing
modifications create inflexion points in the profile. Our usual understanding of boundary layer stability suggests that introducing an inflexion
point will be destabilizing, as it will create an inviscid instability. We use Orr-Sommerfeld calculations to show that while this destabilization
does indeed take place at very large Reynolds numbers, there can be a simultaneous strong stabilization at lower Reynolds numbers.
Recognising that some inflexional profiles can be very stable opens up possibilities for new stabilization strategies for transition delay.

THE PROBLEM

This paper is concerned with delaying the laminar-turbulent transition that occurs in boundary layers that form over
aerofoils. Although there are many mechanisms, not all well understood, that can be involved in the transition process, we
focus attention on perhaps the simplest of these, the linear amplification of waves, which forms the basis of the widely used
‘en-method’. According to this linear theory, inflectional velocity profiles, like those produced by adverse pressure gradients
and cross-flows, are most unstable and have low critical Reynolds number, Rec, while favourable pressure gradients and the
asymptotic suction profile, which produce flows with no inflexion points, and are much more stable. Indeed, strong favourable
pressure gradients often create laminar flow near stagnation points, and suction is successful in stabilizing boundary layers.

These observations suggest that linear stability theory provides a useful rough guide to transition prediction, even though
receptivity, nonlinearity and transient growth mechanisms would be needed for a more detailed transition analysis. The
observations also suggest that modifications to a profile that significantly increase Rec could delay transition. Large enough
flow modifications, like suction, can achieve stabilization, but there may be an excessive cost in creating large modifications.
Our goal is to identify relatively small flow modifications that nonetheless produce significant inreases in Rec.

It seems likely that the easiest part of the flow to modify is the flow closest to the wall. But if we only modify the flow
near the wall then we will typically introduce an inflexion point. For example, in a region close enough to the wall, the
basic velocity profile is approximately linear. Any localized deviation from the linear profile produced by a modification
must necessarily produce at least one inflexion point since the modified profile asymptotes back towards the unmodified linear
profile as distance from the wall increases. Therefore, localized modifications to a profile near the wall would appear to make
unpromising candidates for stabilization since they create inflexion points.

However, we show that near-wall modifications can produce large increases in Rec even when producing inflexion points.

RESULTS

We illustrate the approach by stabilizing the Blasius boundary layer profile, UB(y), where the wall is at y = 0, the
parallel flow approximation is made, and the flow has been nondimensionalized using the freestream velocity and displacement
thickness. For Blasius flow Rec ≈ 519 according to Orr-Sommerfeld theory. This flow is a relatively challenging test case
because it is the most unstable non-inflexional profile of the Falkner-Skan family, and, because it has zero curvature at the
wall, it is highly susceptible to having inflexion points created by even small near-wall flow modifications.

The flow modification needs to be realizable in a physical flow. Consider the modification produced by a wall-jet

Um(y) = ujy
2 exp(◦ y/d) (1)

where uj > 0 characterizes the strength of the wall jet, and d gives a measure of the thickness of the jet. When d is small the
jet thickness is O(d), and its velocity is O(d2) when uj = O(1), thus giving a small flow modification. However, U ′′

m = O(1),
and since curvature is important to stability, this allows the small modification to have a significant effect on Rec.

The modification (1) has inflexion points at y/d = 2 ±
√

2, and for small d the combined profile U = UB + Um has
inflexion points at approximately the same places since UB is approximately linear near the wall. Graphs of Um and U ′′

m are
shown in figure 1 (a) and (b).

In figure 1 (c) and (d) we show examples of the Blasius profile modified by the wall jet, i.e. U = UB + Um and the
curvature of the modified profile U ′′. There is only one inflexion point produced in this case (the one near y/d = 2 +

√
2 in

Um has been eliminated by the stronger negative curvature of the Blasius profile). The appearance of the inflexion point in the
modified profile, U , produced by adding this wall jet, creates an inviscid instability, which is obviously a destabilizing effect.

∗Corresponding author. Email: j.j.healey@keele.ac.uk
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Figure 1: (a) The wall-jet flow modification (1) for uj = d = 1 and (b) its second derivative also for uj = d = 1. (c) The
dashed line is the unmodified Blasius profile, UB , (uj = 0) and the solid line is the wall-modified profile U = UB + Um for
uj = 1, d = 0.23; (d) shows the second derivatives of the curves in (c).
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Figure 2: Neutral curves for wall-modified Blasius profiles for d = 0.3. The curve with lowest Rec is for the Blasius profile,
uj = 0. The curves with increasing Rec have uj = 0.333, 0.5, 0.667, 0.833, 1, respectively. The dashed line marks the
critical Reynolds number for stagnation point flow.

However, this is only an asymptotic prediction — it tells us that as Re → ∞ there will be a finite band of unstable
wavenumbers corresponding to the inviscid instability. Since no such instabilty exists for the Blasius profile, there is destabi-
lization at large enough Re. But stabilization is still possible at lower Re.

Questions concerning finite parameter values are not easily addressed within an asymptotic framework alone, and require
a complementary numerical study. We have therefore obtained numerical solutions of the Orr-Sommerfeld equation for the
modified profile U = UB + Um. Figure 2 shows a family of neutral curves for a fixed value of d and a range of values of uj .

CONCLUSIONS

In fact, very strong stabilization is obtained at lower Re, even though the modification introduces an inflexion point. The
destabilization predicted in the inviscid limit due to the inflexion point only sets in for Re > 22, 000. The critical Reynolds
number for linear instability can be pushed above 20, 000, which is well above that for stagnation point flow.

Of course, some words of caution should be noted: we don’t yet know if the modification increases transient growth
mechanisms, nor how strong nonparallel effects are for the modified profile. The modification will decay with downstream
distance and is likely to evolve on a shorter length scale than the Blasius profile, but on the other hand, at Re ∼ 20, 000 viscous
diffusion of the modification will be weak. A more serious difficulty might be how a wall jet with the correct stabilizing
characteristics can be introduced to a physical flow. Nonetheless, the stabilizing effect of a modification that produces an
inflexion point is so strong, and yet counter-intuitive, that this seems to be a promising area for further investigation.
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NONLINEAR OPTIMAL COHERENT STRUCTURES IN TURBULENT CHANNEL FLOW
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Summary Nonlinear optimal coherent structures have been computed in the turbulent channel flow at Reτ = 180. A scale separation
has been obtained suitably choosing the optimization time scale characterising the inner and the outer region dynamics. The optimization
provides wavy streaky structures in the inner region and hairpin vortices in the outer one at the target time. The time evolution of the hairpin
optimal vortices has been analysed to understand its role in sustaining turbulence.

The main goal of this work is to show that the near wall coherent structures, observed in fully developed wall bounded
turbulent flows, could be obtained as the result of an energy optimization process as it is observed in transitional flows [1]. In
particular, here we focus on a non-linear global optimization, looking for finite-amplitude optimal coherent structures in the
turbulent channel flow at Reτ = 180 [2].

The equations governing the motion of the coherent perturbations of a turbulent mean flow have been proposed in [3], and
are reported here:

∂ũ

∂t
+∇ũ · ũ +∇U · ũ +∇ũ ·U = ◦ ∇p̃ +

1

Re
∇2ũ ◦ ∇ · (< u′u′ >) +∇ ·

!
(ũũ) + (u′u′)

"
, (1)

where ũ represent the coherent part of the perturbation, U is the turbulent mean flow, and u′ is the background noise. The
last two terms in equation (1) represent the phase average of the random fluctuation tensor and the Reynolds stress tensor (i.e.,
the time average of the perturbations of the mean flow obtained as the sum of the coherent and fluctuating parts), respectively.
Since the main purpose of this work is to study the finite-amplitude coherent structures characterising turbulence, we assume
that the term < u′u′ > is negligible, namely means that the variance of the probability distribution of the non-coherent part
of the perturbation is rather small. On the contrary, concerning the Reynolds stress, both contributions to the tensor are taken
into account, being evaluated by DNS computation.

Using this formulation, we compute the coherent structures which maximise the energy growth E(T )
E0

, for a fixed time
horizon T , where:

E =

#

V

$
%u2 + %v2 + %w2

&
dV. (2)

This problem is solved by using the Lagrange multiplier technique coupled with a direct adjoint iterative procedure considering
equation (1) as a constraint.

Concerning the choice of the optimization time, we focus on two distinct time scales existing in bounded turbulent flow,
namely the inner and the outer one, associated with two spatial regions characterized by a different kind of flow dynamics: i)
low and high speed streaks with typical dimension of λ+z ≈ 80 ◦ 100 and λ+x ≈ 1000 surrounded by counter rotating vortices
spaced of λ+z ≈ 50 with a length of λ+x ≈ 100 ◦ 200; ii) hairpin vortices of different size and type, respectively [4]. The
choice of the time scale associated with these two regions can be addressed in several ways as in [5, 6]. Here, we have chosen
as target time the eddy turnover time at y+ ≈ 20 for the inner region, and the one at centreline for the outer region, obtaining
respectively T+ ≈ 80 and T ≈ 31.

The results of the nonlinear optimization at these two target times are shown in figure 1. Concerning the optimization for
the inner scales, as one can note in the left panel of figure 1, the optimal coherent structure is characterised by streamwise-
elongated streaks, which show a wavy modulation, inducing the formation of spots of counter-rotating vortices on their two
sides. This structure is very similar to that obtained using a local linear optimization (see [5]) with similar parameters, except
for the streamwise modulation and the presence of localised spots which are typically due to non-linear effects. This optimal
structure well represents the streaky structures observed near the wall in turbulent bounded flow, having a spanwise spacing
λ+z ≈ 100, supporting the idea that such structures can be considered as quasi optimal ones.

Concerning the optimal structures for the outer scale, they result in hairpin packets surrounding large scale streaks (see
right panel of figure 1). Two different kinds of hairpin vortices can be distinguished: i) a smaller one linked to the presence
of long low speed streaks starting to break down and allowing the side-by-side counter rotating vortices to join into a non
symmetric arch; ii) a bigger one involving the varicose instability of two near streaks, leading to the merging of two counter
rotating near-vortices in a bigger symmetric hairpin.

The dynamics of the outer optimal structure has been analysed looking at the evolution of the coherent perturbation from
t = 0 up to 10 Topt. The vortex dynamics involved into the hairpin formation is investigated, and its role into self sustaining

∗Corresponding author. Email: m.farano@libero.it
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EXPERIMENTAL INVESTIGATION OF FLOW PAST A SPHERE IN THE REGIME OF
BOUNDARY LAYER TRANSITION

Rahul Deshpande1, Aditya Desai1, Vivek Kanti2, and Sanjay Mittal∗1,2

1Department of Aerospace Engineering, Indian Institute of Technology, Kanpur, Uttar Pradesh, India
2National Wind Tunnel Facility, Indian Institute of Technology, Kanpur, Uttar Pradesh, India

Summary The flow over a smooth sphere is experimentally investigated for 1.5 × 105 ≤ Re ≤ 5.5 × 105 via unsteady force and 2–D
Particle Image Velocimetry(PIV) measurements. For Re > 3.3× 105, it is observed from the force measurements that the drag coefficient
significantly reduces with increase in Re. This phenomenon, popularly known as the drag crisis, occurs in the critical flow regime due
to the transition of the boundary layer over the sphere from laminar to turbulent state. The statistics from the force measurements reveal
that the fluctuations in the force coefficients increase with Re in the subcritical regime. A steep fall in the fluctuations is observed in the
critical regime. The normal Reynolds stresses in the separated shear layer, from the PIV measurements, are found to be one order lower in
magnitude for the supercritical regime in comparison to the subcritical regime.

INTRODUCTION

The phenomenon of drag crisis, which is observed for the flow past a bluff body, has been of continued interest for the
fluid mechanics community. Several experimental and numerical studies have been carried out till date for understanding
its mechanism and analyzing its impact on flow properties. Drag crisis is characterized by a sudden decrease in the drag
coefficient of the body due to the transition of the boundary layer from a laminar to turbulent state. This leads to a delayed
flow separation from the surface which subsequently reduces the size of the wake and increases the base pressure. Achenbach
[1] proposed four flow regimes based on the nature of the CD vs Re curve for flow past a sphere: (i) subcritical regime - where
the drag coefficient is almost independent of the Reynolds number and maintains a constant value of approximately 0.5, (ii)
critical regime - where a rapid drop in the drag coefficient,i.e., the drag crisis is observed with the minimum CD measured at
the critical Reynolds number, (iii) supercritical regime - where the CD is observed to increase slowly with Re and the point of
transition of the laminar boundary layer to a turbulent state remains fixed at a particular azimuthal angle and (iv) transcritical
regime - where the CD is seen to increase due to the upstream shift of the point of boundary layer transition with an increase
in Re.

Norman and McKeon [2] measured the statistics of the force coefficients in the range 5×104 ≤ Re ≤ 5×105 and showed
that the standard deviation of the lateral forces increased rapidly with increasing Re in the subcritical regime. On increasing
Re further, the fluctuations are seen to jump to a lower value in the critical regime and remain approximately constant for
supercritical Re. However, no explanation was provided for the abrupt change in the force fluctuations. In the present study,
we attempt to investigate this abrupt fall in the force fluctuations, as the flow regime changes from subcritical to supercritical,
by performing unsteady force and 2–D PIV measurements.

RESULTS AND DISCUSSIONS

Figure 1(a) depicts the variation of the mean force coefficients with the Reynolds number. Similar to what is reported in
the literature, CD tends to be almost constant in the subcritical regime after which it suddenly falls in the critical regime. In
the early supercritical regime, the CD is almost constant, following which it gradually starts increasing with Re. The present
results show an excellent agreement with the results in the literature [1],[3](not shown here). CL and CS , which represent
the lateral force coefficients on the sphere, are negligible in the early subcritical regime and gradually increase in magnitude
as the Re approaches the critical regime. Norman and McKeon [2] also reported non–zero magnitude of lateral forces in the
critical flow regime and attributed it to the minute manufacturing imperfections existing on the sphere surface. A change in the
direction of the lateral forces is observed at Re = 3.5× 105, which indicates the randomness in the orientation of the resultant
lateral force in the critical flow regime. As the Re increases in the supercritical regime, the lateral force coefficients decrease
in magnitude. Measurements were also carried out after rotating the sphere about the freestream axis at arbitrary angles to
check for a bias in the lateral plane. On rotation, even though the magnitude of CL and CS changed, the resultant lateral force
coefficient remained same, irrespective of the rotations at a particular Re.

The standard deviation of the three force coefficients, calculated for various Re, is shown in Figure 1(b). The lateral
force fluctuations are almost four times larger than the drag fluctuations in the subcritical regime. In the critical flow regime,
maximum drag and lateral force fluctuations occur at nearly the same Re, following which they jump to a lower value.
However, the jump in the CD fluctuations is very small compared to that of CL and CS . Such an observation suggests a

∗Corresponding author. Email: smittal@iitk.ac.in
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Figure 1: Flow past a sphere: (a)variation of the mean force coefficients with Re. (b)variation of standard deviation of
the force coefficients with Re. (c) ur

′ur
′/U2

∞ stresses and (d) uθ
′uθ

′/U2
∞ stresses for subcritical Re = 3.08 × 105. (e)

ur
′ur

′/U2
∞ stresses and (f) uθ

′uθ
′/U2

∞ stresses for supercritical Re = 4.28× 105.

change in the flow physics near the shoulder of the sphere as the flow separation from the surface changes from laminar to
turbulent. Once in the supercritical regime, the force fluctuations remain nearly constant with Re.

To investigate the physics behind decrease in lateral force fluctuations, we conducted 2–D Particle Image Velocimetry
(PIV) measurements in a planar cut near the sphere surface for both subcritical and supercritical Re. Figures 1(c) and (d)
show the non-dimensionalized radial (ur

′ur
′/U2

∞) and tangential Reynolds stresses (uθ
′uθ

′/U2
∞) at a subcritical Re =

3.08 × 105. The contour plots depict the unsteadiness after the flow separates as a laminar boundary layer. The radial
Reynolds stresses increase in magnitude along the separated shear layer, as a result of which we see the unsteadiness near the
surface of the sphere. On the other hand, the tangential Reynolds stresses have a maximum value near the shoulder, where the
flow separates from the sphere, and these stresses eventually decrease in magnitude along the shear layer downstream. The
corresponding Reynolds stresses for supercritical regime are shown in Figure 1(e) and (f) at Re = 4.28× 105. In comparison
to the laminar flow separation in the subcritical regime, the turbulent separation occurs at a greater azimuthal angle, the wake
size is reduced and the unsteadiness close to the sphere surface decreases for the supercritical regime. Figure 1(e) shows that
moderate values of radial Reynolds stresses are observed along the separated shear layer, while the stress levels are seen to
be low near the sphere surface downstream. Similarly, the tangential Reynolds stress distribution for the supercritical flow
regime depicts a decrease in the unsteadiness in the separated shear layer, when compared with the subcritical regime. This
shows that the unsteadiness near the sphere surface decreases when the laminar separation changes to a turbulent separation
after the drag crisis. This decrease in the unsteadiness near the sphere shoulder can be correlated with the abrupt decrease in
the lateral force fluctuations, shown in Figure 1(b), as the Re increases from subcritical to supercritical regime.

CONCLUSIONS

The present study explores the variation in the flow physics in the vicinity of a sphere for the Re range 1.5× 105 ≤ Re ≤
5.5 × 105 via force measurements and 2–D PIV. As the Re increases from subcritical to supercritical regime, it is found that
the Reynolds stresses near the sphere surface decrease along with the reduction in the lateral force fluctuations in the critical
regime.
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EXACT COHERENT STRUCTURES FOR THE TURBULENT CASCADE
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Summary The exact coherent structures that are connected with the transition to turbulence usually extend across the full height of the
shear layer. Using scaling ideas for the Navier-Stokes equation that combine length and Reynolds number, we show how such large scale
structures can be morphed into coherent structures at the Kolmogorov scale at high Reynolds numbers. We present the structure and
dynamical properties of several families of exact coherent solution with different degrees of spatial localization.

INTRODUCTION

From a dynamical systems point of view, the transition to turbulence is connected with the appearance of persistent, non-
trivial structures in the state space of the system. They are exact 3-d solutions to the Navier-Stokes equations with often
simple temporal patterns, known as exact coherent structures (ECS). In some cases, like convection, they appear in sequences
of bifurcations from the laminar state, in others, like pipe flow, they appear in saddle-node bifurcations that are not connected
to the laminar profile. Since the identification of the first ECS in plane Couette flow [1], many further examples have been
documented in a variety of flows. The study of these solutions, combined with the use of methods from dynamical systems
theory, has improved our understanding of the emergence of turbulence in linearly stable flows [2]. In addition to the spatially
extended ECS there are others that are localized in one or several directions [3, 4, 5, 6, 7] and that can contribute to an
understanding of the spatio-temporal behavior of turbulence close to onset.

Many of the currently available ECS can be traced over a wide range in Reynolds numbers, but they all remain ’large’ in the
sense that they reach across the full width of the shear layer and often do not develop small scale structures. These states can
therefore not capture the small scale dynamics of turbulent flows, other states must take over. Among the few studies that have
addressed the scaling of ECS with increasing Reynolds number, the one by [8] stands out because it indicates how structures
on small scales can be obtained asymptotically for large Reynolds numbers. Here, we present a general approach which allows
to transfer ECS from large to small scales and demonstrate it for the case of plane Couette flow. For the numerical simulation
we use the Channelflow-code [9].

RESCALING OF EXACT SOLUTIONS

The starting point for our solutions are ECS that are localized in the normal direction. Then a reduction in height, together
with a reduction in the streamwise and spanwise scales, reduces the influence from the walls and opens up the path towards
ECS on smaller scales. However, the change in length scales also mandates a change in Reynolds number. Specifically, we
take a flow field u⃗0 that is an ECS at Reynolds number Re0 and form the flow field

u⃗λ = λu⃗0(x⃗/λ), (1)

which is rescaled by a factor λ in all spatial directions. The Navier-Stokes equation is invariant under this transformation if
the Reynolds number is adjusted according to Re = λ−2Re0. The scaling invariance is broken by the presence of walls, but
their influences becomes weaker if the solutions maintain their scaling properties. Therefore, the scaled solutions provide very
good initial conditions for a Newton search for ECS of this scale, at the higher Reynolds number.

RESULTS

Using the described rescaling, we were able to identify several families of exact solutions in PCF. In figure 1a) a family of
equilibrium solutions located in the center between the walls is shown. The visualized solutions differ by factors of 2, while
the corresponding Reynolds number increase by factors of 4. Although the scaling is not perfect due to the weak wall-normal
localization, the vortex structures which are visualized in the figure are almost identical but at different scales. The solutions
are reminiscent of the states studied by Deguchi [8].

The stability of the states follows from the linearized equations, which have a similar scaling. We find that all states
are unstable but they only have a small number of unstable directions. In particular, for the lower branch the number of
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equal to 0.1. This fine change in the flow parameters let us to perform very detailed description of the frequencies and the 
non-linear evolution of the instability fluctuations. The rotor was built from three identical propellers, which thickness was 
0,06 cm. The blade width was 0,3 cm. In both cases of rotor and sphere, the diameter was 2 cm. 
 
Results 

 
 The investigation was focused on different regimes of 
wakes behind bodies, changing the swirl parameter Ω, which is the 
ratio of the maximum azimuthal velocity of the object to the free 
streamwise velocity, to explore the influence of rotation.  In the case 
of the sphere (Figure 1), different structures are observed for Re = 
250 and Re = 300. In particular, for Re=250, the steady flow (Ω=0) 
becomes a “frozen” flow up to Ω=0,2. With the increment of the 
swirl parameter, low helical frozen wake appears. The next images 
presents unsteady flow, which changes into high helical, when 
Ω=1,2. 
 Having the possibility to perform detailed measurements of 
the bifurcation branches of perturbation, we study the modification 
of the content of the azimuthal modes of enstrophy, obtained by 
polar Fourier decomposition. We present in our talk the first 
experimental evidence of the changes of the mean mode of 
homogeneous or global vorticity induced by the nonlinear 
interaction of the fluctuating perturbations. One example of this 
behavior is observed in the figure 2, showing in the axisymmetric 

mode of vorticity (azimuthal mode m = 0) this nonlinear anticyclonic contribution due to the presence of instabilities, at 
different Reynolds numbers. 
 In addition, we present on the figure 3, a flow visualization and the measurements of the streamwise vorticity and 
its spatio-temporal reconstruction, for the case of a rotating rotor with three blades at Ω = 1, with indication of the CRVs 
twist, where is observed as the negative vortex is pushed to the middle of the wake and surrounded by positive ones.  
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Figure 2: Dimensionless enstrophy of 
mode=0 as a function of Ω and Re 

Figure 3: The visualization, instantaneous streamwise vorticity and its spatio-time 
reconstruction for the simple rotor, at Ω = 1  
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Summary A new formalism is introduced that allows to identify the wavemaker regions of linear instability eigenmodes of nonparallel open
shear flows. The formalism is based on a decomposition of the governing linear operator into locally acting components that extract the
localized dynamics. The unique contribution of the local dynamics to the global dynamics of an eigenmode is identified and computed by
an orthogonal projection with the adjoint eigenmode. It is demonstrated, for the example of a spring-mounted cylinder in uniform flow, how
this analysis can be used to motivate a physical discussion on the frequency selection of fluid/solid eigenmodes.

INTRODUCTION

We are interested in identifying wavemaker regions of linear instabilities, i.e. the regions in physical space which contribute
most strongly to the temporal dynamics of an instability. In open shear flows, due to the non-normality of the Navier-Stokes
operator [1], this region corresponds neither to the most energetic location of an eigenmode q, nor to the most receptive region
to external forcing, identified with the associated adjoint mode q†. A commonly used characterization of the wavemaker
region for instabilities in spatially developing flows is due to Giannetti & Luchini [2]. These authors investigated where local
feedback mechanisms have the strongest impact on an hydrodynamic instability by considering a structural sensitivity analysis
of the underlying eigenvalue problem (3). The analysis consists in modifying the structure of the linearized Navier-Stokes
equations by introducing an artificial local feedback in the momentum equations. The resulting eigenvalue variation δσ is
linearly related to the structural modification via the adjoint eigenmode, and the following upper bound for the eigenvalue
variation is obtained as

|δσ(x0)| < |q†(x0)| · |q(x0)| (1)

where x0 indicates the feedback location. Defining the wavemaker region as the region where local feedback mechanisms
induce the largest eigenvalue variation, it is then identified by overlapping the direct and associated adjoint modes.

Wavemaker identification is now a widely used analysis tool in hydrodynamic instability studies, but the approach de-
scribed above suffers from a major drawback. When perturbing the eigenvalue problem in order to identify a local feedback
mechanism, artificial coupling mechanisms are introduced, which are absent in the original dynamics, but which might have
a large effect on the eigenvalue variation. Without means to distinguish between intrinsic and artificial local feedback mecha-
nisms, the inequality (1) only guarantees that local feedback mechanisms are unimportant for the global dynamics in regions
where the overlap between adjoint and direct modes is weak. In regions of strong overlap, the large eigenvalue variations may
arise from either intrinsic or artificial feedback.

A new wavemaker formalism is proposed in this study that is claimed to identify the local feedback action of the original
linear operator. Rather than considering structural operator modifications, the approach relies on a decomposition of the
governing operator L as the sum of local operators L0 that represent the dynamics at a given point x0. The product of
this local operator with the eigenmode of interest is then decomposed onto the full basis of eigenmodes. The contribution
from local feedback acting in x0 to the global temporal dynamics is determined by an orthogonal projection, by way of
multiplication with the adjoint global mode. As a result of this analysis, we obtain the equality

σ =

!

D
q†∗(x0) · (Lq)(x0) dx0, (2)

where the integrand is proven to be the unique contribution of the local dynamics to the temporal dynamics of the global
eigenmode. Interestingly, by separating the real and imaginary parts in the above equality, the analysis allows to discriminate
between local contributions to the frequency selection on the one hand, and to the temporal growth rate on the other hand. The
new formalism is detailed in this abstract. Results of this wavemaker analysis will be shown in the talk for the fluid-structure
instability at the origin of the vortex-induced vibration of a spring-mounted cylinder.

∗Corresponding author. Email: olivier.marquet@onera.fr



Figure 1: Frequency selection for a fluid/solid mode in the spring-mounted cylinder configuration at the Reynolds number
Re = 43 in (a) the large mass limit ρ = 1000 and (b) the small mass limit ρ = 0.01. When varying the solid-to-fluid density
ratio ρ, the frequency selection changes in nature and in space. The imaginary part of (7) for the fluid operator is displayed.

FORMALISM

Consider a linear hydrodynamic perturbation in normal mode form, q′ = q(x) exp(σt) + c.c., where σ = λ + iω is a
complex quantity, of which the real and imaginary parts respectively represent the temporal growth rate and frequency of the
mode with spatial structure q(x). These modes are obtained by solving the eigenvalue problem

σ q(x) = Lq(x), (3)

where L is a linear operator, obtained from a linearization of the Navier-Stokes equations around a steady state in a spatial
domain D. In order to investigate which regions of this domain mostly contribute to the temporal dynamics of an eigenmode,
we first decompose the linear operator into localized spatial components as

L =

!

D
L0 dx0, (4)

where the operator L0 acts on an eigenmode and extracts its local dynamics at the location x0. It is mathematically defined
by (L0q)(x0) = (Lq)(x0) and (L0q)(x) = 0 for x ̸= x0. In order to specifically determine the contribution of the local
dynamics in x0 to the global dynamics of an eigenmode q, the product of the local operator with the eigenmode is expanded
in the basis of eigenmodes,

L0 q = σ0 q +
"

j>1

σj qj , (5)

where σ0 and σj are complex coefficients that depend on the location x0. Since q is an eigenmode of L but not of L0,
the coefficients σj are non-zero and the sum in the above relation does not vanish. The coefficient σ0 expresses the unique
contribution of the local dynamics, represented by L0, to the global dynamics of the eigenmode. In order to obtain the
numerical value of σ0, the adjoint eigenmode q† is first computed as the solution of the eigenvalue problem

σ∗ q†(x) = L† q†(x), (6)

and the orthogonal projection of the decomposition (5) via the adjoint eigenmode then yields the complex coefficient

σ0 =

!
q†∗ (L0 q) dx = q†∗(x0) (Lq)(x0). (7)

Inserting the operator decomposition (4) into the eigenvalue problem (3) yields, after straightforward manipulation and use of
(5), the identity

σ =

!

D
σ0(x0) dx0. (8)

This is the unique decomposition where the integrand represents unambiguously the contribution of the local dynamics to
the temporal evolution of a global eigenmode. Such formalism extends straighforwardly to eigenvalue problems arising in
fluid/structure interaction problem. It will be used to determine the respective contributions of the fluid and solid dynamics to
the temporal dynamics of fluid/solid eigenmodes obtained for the example of a spring-mounted cylinder in uniform flow.
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RELAMINARIZATION OF STABLY STRATIFIED TURBULENT POISEUILLE FLOWS                          
AT LOW REYNOLDS NUMBER 

 
Koji Fukudome1a) , Kento Higashitsutsumi 2 & Yoshifumi Ogami 1 

1 Department of Mechanical Engineering, Ritsumeikan University, Kusatsu, Shiga, Japan 
2Graduate School of Mechanical Engineering, Ritsumeikan University, Kusatsu, Shiga, Japan 

 
Summary Direct numerical simulations of spectral method were performed to study relaminarizing turbulent structures in 
Poiseuille flow under stable density stratification. In the case of small computational domain, the turbulence attenuated with increasing 
effect of stable stratification, and relaminarization occurred on one wall side at Ri > 0.30 where the turbulence remain on the other wall. Here, 
Ri is the bulk Richardson number defined by bulk mean velocity. On the other hand, in the case of large computational domain, 
relaminarization on one wall side was not observed and large scale intermittent flow structure appeared at Ri > 0.17. Also, turbulent stripes were 
observed at Ri = 0.56. Therefore, the flow dynamics in SB and LB were different from each other. The flow structure of the turbulent stripe was 
similar to the ones in turbulent Poiseuille flow in transitional regions without any external forces. 
 

INTRODUCTION 
 
   Turbulence under stable density stratification is observed in the atmosphere at night, in the oceans, and in the industrial 
systems. Hence, stably stratified turbulence is important for both physics and engineering. Hence, we focus on the 
relationship between stratification and the shear effects. Garg et al. [1] and Iida et al. [2] carried out direct numerical 
simulation (DNS) with relatively small computational domain and confirmed that the turbulence in horizontal Poiseuille 
flows is attenuated by stable density stratification. Iida et al. [2] also clarified that an internal gravity wave becomes 
dominant in the channel center, and strong stratification causes relaminarization on one wall side, whereas turbulence still 
remains on the other wall. On the other hand, García-Villalba et al. [3] carried out DNSs in a large computational domain, 
and found a very large scale intermittent flow structure consisting of turbulent and spotty quasi-laminar regions in stably 
stratified turbulent Poiseuille flow. However, the flow structures under stable stratification have not been studied 
systematically with the change of the stratification. Authors [4] performed DNSs of stably stratified Poiseuille flow and 
showed that the turbulent stripe consisting of turbulent and quasi-laminar bands appeared in large computational domain. 
This turbulent stripe was also found in turbulent channel flows consisting of open channel flows [5,6] and Couette flow [7] 
with moderate stratification. In this study, we performed DNSs to examine the turbulent structure in Poiseuille flows with 
stable density stratification, and clarified the flow structure more in detail to compare the flow structure in two 
computational domains. 
 

NUMERICAL PROCEDURE 
 
   The objective flow is a Poiseuille flow, which is bounded by parallel walls consisting of an upper hot wall and a lower 
cold wall and is driven by a constant pressure gradient. The numerical method used in this study was the same as that used 
by Iida et al. [2] and previous research [4]. The governing equations were the incompressible Navier–Stokes equation with 
an added buoyancy term using a Boussinesq approximation, and continuity and energy equations. DNSs of the equations 
were carried out by the spectral method, using Fourier series in the streamwise x (= x1) and spanwise z (= x3) directions and 
a Chebyshev polynomial expansion in the wall-normal direction y (= x2). The boundary conditions were periodic for the x 
and z directions and non-slip at the walls. For dealiasing, the 3/2 rule was adapted for both spatial discretizations. Time 
advancement was carried out by the Crank–Nicolson method for the viscous terms and the second-order Adams–Bashforth 
method for the nonlinear and buoyancy terms. All calculations were carried out at a Reynolds number of 

150δ ν= =e eRe u  and Prandtl number of 0.71ν= =Pr a . Here, eu , δ , ν  and α  are the characteristic velocity at 
the mean pressure gradient, the channel half width, the kinetic viscosity, and thermal diffusivity, respectively. The 
computational domains in the x-, y-, and z-directions are 5 2 2πδ δ πδ× × (SB) as in [1], of a 128 129 128× ×  grid system 
and 20 2 10πδ δ πδ× × (LB) of a 512 129 512× × grid system. As an initial condition, fully developed flows at 

150=eRe were calculated in advance. The Grashof number ( )
3 22β δ ν= ∆ΘGr g  was then systematically increased as 

shown in Table 1. Here, g , β , and ∆Θ are the gravitational acceleration, the volumetric expansion coefficient, and the 
temperature difference between the hot and cold walls, respectively. Hereinafter, all parameters are normalized by eu  and 
ν  ; normalization is indicated by the superscript + . 
 

RESULT AND DISCUSSION 
 
   Table 1 show the flow statistics of our results, consisting of flow rate (bulk Reynolds number) 2 δ ν=m mRe U , friction 
coefficient 22τ ρ=f w mC U , and bulk Richardson number 2= mRi Gr Re  as a function of Gr  in both cases of SB and LB. 
Here, mU , τ w , and ρ are the mean velocity in the entire channel, the wall shear stress, and the density, respectively.  
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OPTIMAL PERTURBATIONS OF A COUNTER-ROTATING VORTEX PAIR IN STRATIFIED
FLOWS

Sabine Ortiz *1, Jean-Marc Chomaz2, and Claire Donnadieu3

1UME/DFA, ENSTA, chemin de la Hunière, 91761 Palaiseau Cedex, France
2LadHyX,École Polytechnique, Palaiseau Cedex 91128, France
3LadHyX,École Polytechnique, Palaiseau Cedex 91128, France

Summary This paper investigates the three dimensional perturbations developping on a pair of horizontal counter-rotating vortices in stably
stratified flow. The 2D flow is unsteady and the stability is reformulated by searching transient energy growth of perturbations around
a time varying flow. For weak and moderate stratifications (large Froude numbers), the stratification acts on a long timescale compared
to the advection time of the dipole, when 3D instabilities are added, transient analysis at different instant retrieves the instability peaks
corresponding to the Crow instability for the long wavelengths and to the elliptic instability. This shows the validity of the quasi-steady
approximation and that stratification destabilizes the flow by bringing vortices closer. For strong stratifications (Froude numbers smaller than
2), the quasi-steady approximation is not valid. Optimal perturbations depart from their homogeneous counterpart with large perturbation
in the wake of the dipole associated with density effects.

INTRODUCTION

Vortex dipole are characteristic of the wake of airplanes, their persistance depends on the instability mechanism leading or
not to turbulence. In the homogeneous case Crow and elliptic instabilities are controlling this evolution but in the presence of a
vertical stratification of density, the mechanisms involved are largely unknown. In the present study we consider an academic
case with vortices not as slend as in aeronautical case to allow us to fully analyse with reasonable CPU time their stability.
The base flow is obtained by integration of the non-linear two-dimensional Navier-Stokes equations with a pseudo-spectral
method in Cartesian coordinates (x, z) and periodic boundary conditions (Delbende et al. (1)). The initial state is the super-
position of two circular Lamb-Oseen vortices of initial circulation Γ0, initial radius a0 and initial separation distance b0 with
a0/b0 = 0.2. The flow evolves in a stable linear vertically stratified flow characterized by the Brunt-Väisälä frequency N . The
Reynolds number based on the initial circulation of the vortices is Re0 = 2400, and the Froude number Fr = W0

Nb0
, the ratio

of the characteristic timescale of the stratification 1/N to the characteristic timescale of the flow (W0 is the initial advection
velocity of the dipole), is varied. As the counter-rotating vortices propagate downwards, they evolve under the influence of
the stratification.

OPTIMAL PERTURBATIONS

In the case of strong stratification, i.e. for small Froude numbers, the unsteadiness of the flow validates the classical
quasi-steady approximation. In order to study the dynamics of this unsteady flow, we explore here a different approach valid
with no restriction when base flow and perturbations evolve on a similar time scale. We compute for each time horizon τ ,
the initial perturbation that will exhibit the largest gain G(τ) in total energy by time τ . A direct-adjoint technique (Corbett &
Bottaro (2)) has been developed in order to compute the optimal perturbations while taking into account the evolution of the
base flow.

The analysis shows that the growth of the perturbation at short wavelength is dominated by inertial mechanism associated
with the development of elliptic modes for both symmetries. Up to time Nt∗ = Fr−1t = 4 and for Froude numbers down
to unity, the effect of the stratification is mainly to enhance the development of the elliptic instability by bringing the vortices
closer together and therefore increasing their ellipticity confirming the mechanism proposed by Nomura et al. (3). At larger
times of optimisation and for stronger stratifications (Ortiz et al. (4)) the dynamics is driven by density effects and optimal
response is concentrated in the wake of the dipole and not in the vortex cores.

At long wavelenth, the optimal response Fig. 1(a) is mainly located in the core of the vortices where its shape is charac-
teristic of the Crow mode, the density perturbation in the wake being passively driven. For stronger stratifications, even
though inertial effects in the vortices dominate the dynamics, optimal response is not limited to the core of the vortices and
affects also the wake of the dipole Fig. 1(b).

*Corresponding author. Email: ortiz@ladhyx.polytechnique.fr
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Figure 1: Transient Crow type instability: Symmetric optimal perturbations for the long-wavelength peaks (k∗ya0 = 0.2

at τ = 4) - Isovalues of the axial vorticity of the (a)-(b) optimal responses ωf
y at the time horizon τ = 4 in the (x, z) plane

normed by the total energy of the optimal initial perturbation. For (a) Fr = 2 and (b) Fr = 1. The thick black lines
materialize the ”core” of the vortices and correspond to the isocontours ωBy/ωmax

By = ±exp(−1). The size of the domain
shown is 3.5b0 × 3.5b0 whereas the computation domain is 12b0 × 12b0 and the domain is shifted to follow the vortices in
their descent.

CONCLUSIONS

In the present study, we analyze the transient growth of perturbation for an horizontal vortex dipole in a stratified fluid.
One ratio of the core to the distance of the vortices a0/b0 = 0.2, have been considered. We show that down to Froude number
unity the dynamics is mainly led by the elliptic instability, therefore by inertial effects rather than gravity effects. We may
conjecture that the mechanism described in this study should be retreived for aircraft wakes even if the corresponding dipoles
are far more concentrated with an aspect ratio a0/b0 several order of magnitude smaller. Investigation of such aircraft trailing
vortices that requires very high resolution and higher Reynolds numbers are too CPU consuming to be exhaustive and one
specific case has been computed and seems to confirm this conjecture.
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BOUNDARY-LAYER STABILITY OF A GENERIC REENTRY CAPSULE
WITH REAL-GAS EFFECTS

Antonio Di Giovanni ∗and Christian Stemmer
Lehrstuhl für Aerodynamik und Strömungsmechanik, Technische Universität München, Munich, Germany.

Summary On the base of a generic Apollo capsule geometry, the present work focuses on the influence of high-temperature gas effects on
the flow around the windward side of the blunt body. By means of Direct Numerical Simulations and Linear Stability Analysis, the influence
of chemical dissociations and non-equilibrium on the stability of the boundary layer will be investigated.

INTRODUCTION

In order to ensure a safe atmosferic reentry, capsules are equipped with ablative Thermal Protection Systems (TPS) to
protect and insulate the vehicle. In the realisation of a TPS, the prediction of the laminar-turbulent transition of the boundary
layer on the capsule surface is a crucial issue. In the turbulent regime, the heat-transfer rate at the wall can be much higher than
the one occurring in the laminar regime. However, in spite of the multi-decennial experience in hypersonic flows, there is still
no effective and reliable method to predict transition. Although the flow is laminar in the first phase of typical return paths,
with transition moving from back to front with decreasing altitude, the design of current TPSs is based on a fully turbulent
boundary layer, followed by an increase of capsule weight and manufacturing costs [1]. A further challenge in the prediction
of hypersonic transition arises because of the presence of high-temperature gas effects [2]. To this regard, Direct Numerical
Simulations (DNS) represent a valuable investigation tool, as wind-tunnel experiments at reentry conditions matching all
relevant dimensionless parameters including the Damköhler number are extremely difficult.

The presented work is part of a joint effort to investigate laminar-turbulent transition on the high-enthalpy boundary layer
of a generic Apollo capsule geometry and it focuses on the influence of the high-temperature effects, such as molecular
dissociation and thermal non-equilibrium. DNS are performed for both an axisymmetric case (angle of attack 0o) and a three-
dimensional geometry (angle of attack 24o). By means of the linear stability analysis (LSA), it is shown how the stability
properties of the flow considerably depends on the gas model adopted in the simulation. In fact, the inclusion of chemical
reactions and non-equilibrium effects may lead to a premature destabilisation of the flow and, possibly, to an early transition.

RESULTS

Computation of the base flows
A simulation database of boundary-layer flows has been generated, including various freestream conditions and different

gas models (ideal gas, chemical/thermal equilibrium as well as non-equilibrium). DNS, based on the finite-volume code
NSMB, are performed with a second-order central difference scheme on a simulation grid consisting of 26.5 ·106 points. With
regard to reentry missions, a realistic scenario at Ma = 20 at an altitude of H = 57.7 km has been chosen. The influence
of chemical dissociation and thermal non-equilibrium on the flow is fully investigated and quantified and an analysis of the
boundary-layer properties is performed in view of a first characterisation of the base-flow stability.

Due to the strong flow deceleration induced by the shock ahead of the capsule, the boundary layer remains subsonic to
transonic (Fig. 2a). Therefore, no acoustic instabilities are expected. Moreover, the absence of a generalised inflection point
in the boundary-layer profiles anticipates the stability of the boundary layer with respect to inviscid modes, independently of
the gas model. However, in the case of reacting gas a significant decrease of the temperature and velocity values and of their
respective gradients is observed. The inclusion of chemical non-equilibrium determines a further reduction of the temperature
gradient (Fig. 2b). This behaviour will affect the stability of the boundary layer.

Comparison with experimental data
Direct numerical simulations at wind-tunnel conditions have been performed to validate the method used to generate the

base flows (Fig. 1). Experimental data in the case of cold flow (i.e. ideal gas) are retrieved from the experimental campaign
conducted at the Ludwieg-tube in Braunschweig, Germany, whereas data for a high-temperature reacting flow have been
provided by the Japan Aerospace Exploration Agency (JAXA) [3].

Linear stability analysis
The LSA of the base flows is performed to provide a preliminary estimation of the frequency spectrum of those perturba-

tions which are more likely to induce the laminar-turbulent transition. Although no unstable modes were found, the analysis
revealed that in the case of reacting gas the damping rate of the stable modes is much less pronounced than for the ideal gas.
The incorporation of chemical non-equilibrium further reduces the stability of the boundary layer (Fig. 2c).

∗Corresponding author. Email: antonio.digiovanni@aer.mw.tum.de
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 EFFECTS OF EXTERNAL FORCING ON TRANSVERSE JET STRUCTURE AND MIXING  
 

Takeshi Shoji*, Andrea Besnard*, Elijah W. Harris*, Robert T. M¶Closkey*, and Ann R. Karagozian*a) 
*Department of Mechanical and Aerospace Engineering 

UCLA Henry Samueli School of Engineering and Applied Science 
Los Angeles, CA 90095-1597, USA 

 
Summary This experimental study explores the effect of temporal forcing on gaseous transverse jets, quantifying jet response via optical 
diagnostics. Low level sinusoidal jet excitation is observed to significantly affect structural and mixing characteristics for transverse jets with 
convectively unstable jet shear layers under unforced conditions. Such excitation, especially in a frequency range close to the fundamental, is 
found to attenuate the cross-sectional asymmetry naturally occurring in such unforced jets. There is also improved molecular mixing for excited 
jets with more symmetric cross sections. Yet when the transversH�MHW¶V�XSVWUHDP�VKHDU�OD\HU�LV�DEVROXWHO\�XQVWDEOH�LQ�WKH�DEVHQFH�RI�IRUFLQJ��
sinusoidal jet excitation barely affects jet structure or mixing, even with a very high forcing amplitude and wider range of forcing frequencies. 
Different forcing methods, e.g., creating alternative temporal waveforms for jet excitation, are clearly required to control the structural and 
mixing characteristics of transverse jets based on these differing instabilities. 
 

BACKGROUND AND CONTEXT OF PRESENT STUDIES 
 
   The transverse jet or jet in crossflow (JICF)1 ,2  is a canonical flowfield that has been studied for several decades, 
principally for its extensive applications in engineering propulsion systems3. Extensive prior studies of such jets in the 
absence of external forcing4,5,6 have documented a transition LQ�WKH�MHW¶V�XSVWUHDP�VKHDU�OD\HU� from convective to absolute 
instability as the jet-to-momentum flux ratio J and/or jet-to-crossflow density ratio S are brought below approximately 10 
and 0.40, respectively. JICF structural characteristics have also been studied in relation to shear layer stability 
characteristics7, in part because of the potential contribution of shear layer vortical structures to formation of the well-
known counter-rotating vortex pair (CVP) associated with the jet cross-section and its possible role in improving transverse 
jet mixing as compared with that for a free jet2. It is observed7 that as J decreases for the flush-injected transverse jet, 
initiation of upstream shear layer vortical structures occurs closer to the jet exit. As J is reduced below the transitional value 
of 10, a relatively symmetric CVP is observed under equidensity and low density conditions. On the other hand, at higher 
momentum flux ratios, e.g., J = 41, the flush-injected, equidensity JICF is observed to have delayed shear layer vorticity 
rollup, consistent with a weaker, convective instability, in many cases creating an asymmetric cross-section. Such 
asymmetries diminish as the jet density is reduced and absolute instability in the shear layer is achieved. 
   As noted above, the transverse jet is generally considered to be a better mixer than is a free jet8, where typical mixing 
metrics include scalar concentration decay, jet spread and penetration, and the probability density function (pdf) associated 
with the scalar field. The implications of JICF structure and instability characteristics on molecular mixing have been 
studied in recent experiments9, employing acetone PLIF to quantify traditional mixing metrics as well as jet centerplane- 
and cross-section-based Unmixedness under diffusion-limited flow conditions. In general, absolutely unstable jets are 
observed to create improved mixing with crossflow as compared with convectively unstable jets, yet with a few exceptions, 
notably those associated with jet-crossflow density differences. 
   Achieving improved mixing via active flow control can take advantage of the relationships among JICF shear layer 
instabilities, structure, and mixing parameters. Earlier studies10 on strategic excitation of the JICF show that sinusoidal 
excitation of convectively unstable jets can significantly enhance jet penetration and spread, while such excitation of 
absolutely unstable jets has little impact on jet response. In contrast, square wave excitation10,11,12 at prescribed temporal 
pulsewidths associated with optimal vortex ring formation 13  dramatically alters jet penetration and spread, even for 
absolutely unstable transverse jets. It is of interest in the present studies to utilize more extensive optical diagnostics to 
examine the effect of strategic JICF forcing on jet structural characteristics and, in particular, on molecular mixing. 
 

EXPERIMENTAL APPROACH AND SAMPLE RESULTS 
 
   The present transverse jet experiments are performed in a low-velocity wind tunnel, utilizing non-intrusive PLIF of 
acetone vapor seeded in the jet fluid, which consists of mixtures of nitrogen and helium. The excitation source for PLIF is a 
dual cavity Q-switched Nd:YAG laser (Litron Nano L PIV); details on the optical diagnostics may be found in prior 
studies7,9. Several alternative jet injectors, including a contoured nozzle and straight pipe, are used to create jets issuing into 
a crossflow of air for a range of jet-to-crossflow momentum flux ratios J (����-�����) and density ratios S (�������6������) at 
a fixed jet Reynolds number, Rej=1900. Axisymmetric excitation for the JICF is applied below the injection system via a 
loud speaker, which can create sinusoidal oscillations or, with control11, temporal square wave oscillations in the jet 
velocity. Hot wire anemometry is used to match the root-mean-square (RMS) of the jet excitation, Uj,rms, at the jet exit 
among different excitation conditions for the range of jet and crossflow conditions explored here. 
                     
a) Corresponding author. Email: ark@seas.ucla.edu  
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                   (a)                                            (b)                                            (c)                                            (d)                                                     (e) 

             
 
                   (f)                                            (g)                                            (h)                                             (i)                                                     (j) 

             
Figure 1. PLIF imaging and quantification of centerplane-based Unmixedness for equidensity transverse jets (S=1.00) for J=41 (top row) and J=5 (bottom 
row). Excitation conditions correspond to Uj,rms=0.07 m/s at ff=1400 Hz, with a mean jet exit velocity of Uj ~ 6.5 m/s. Results correspond to PLIF imaging 
of: (a,f) the instantaneous unforced jet centerplane, (b,g) the instantaneous forced jet centerplane, (c,h) the averaged cross-section of the unforced jet at 
downstream location x/D=10.5, and (d,i) the averaged cross-section of the forced jet at x/D=10.5. Centerplane-based Unmixedness as a function of the 
unforced jet¶s centerline trajectory location sc/D, for various forcing frequencies (500-2000 Hz) and in the absence of forcing, is shown in (e) and (j) for J = 
41 and 5, respectively. 
 
   Representative results for the influence of sinusoidal jet excitation are shown in Figure 1. Data in the top row of the figure 
correspond to J=41, ZKHUH�WKH�XQIRUFHG�MHW¶V�XSVWUHDP�VKHDU�OD\HU�LV�convectively unstable, and in the bottom row, to J=5, 
where the unforced jet is absolutely unstable. The RMS of the jet perturbation is matched at Uj,rms=0.07 m/s, approximately 
1% of the mean jet velocity Uj, for all forcing conditions. Spectral characteristics of the upstream shear layer of the unforced 
equidensity jets with acetone seeding show that the fundamental frequency of the instability, fo, is approximately 2000 Hz 
for J=5 and in the range 1600-1900 Hz for J=41. Sinusoidal excitation of the J=41 JICF at a forcing frequency ff=1400Hz is 
seen to create a much more rapid initiation of rolled-up vortices closer to the jet exit (Fig. 1(b)) than those naturally 
occurring in the unforced jet (Fig. 1(a)); such forcing also attenuates the degree of natural asymmetry in the cross-sectional 
structure (c.f. Figs. 1(c,d), with averaging over 500 images). A relatively symmetric cross-sectional structure is observed for 
the forced JICF at J=41 for excitation frequencies in the range ff=1400-2500 Hz, relatively close to the MHW¶V�fundamental 
frequency in the absence of forcing; outside of this range there is less influence of forcing on the jet¶V cross-sectional 
structure for a matched Uj,rms. Centerplane-based Unmixedness for this convectively unstable JICF in Fig. 1(e) shows a 
rather significant enhancement of the mixing (i.e., a lowered Unmixedness) for excitation in this symmetry-inducing 
frequency range. This result is particularly interesting given that Unmixedness is computed based on centerplane images 
such as those in Figs. 1(a,b), rather than cross-sectional images in Figs. 1(c,d). In contrast, sinusoidal excitation of the 
absolutely unstable JICF at J = 5 has less of an impact on both centerplane (Figs. 1(f,g)) and cross-sectional structural 
characteristics (Figs. 1(h,i)). ,Q�WXUQ��WKH�MHW¶V�mixing characteristics for J = 5 are relatively minimally influenced by forcing, 
especially in the farfield region (Fig. 1(j)), irrespective of forcing frequency. Clearly, alternative modes of excitation are 
required to control the degree of mixing for absolutely unstable jets in crossflow, as also documented in this study. 
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LOCAL AND GLOBAL INSTABILITY OF BUOYANT JETS AND PLUMES 
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Summary The local and global linear stability of buoyant jets and plumes has been studied as a function of the Richardson 
number Ri and density ratio S in the low Mach number approximation. Only the m = 0 axisymmetric mode is shown to become 
globally unstable, provided that the local absolute instability is strong enough. The helical mode of azimuthal wavenumber m = 1 
is always globally stable. A sensitivity analysis indicates that in buoyant jets (low Ri), shear is the dominant contributor to the 
growth rate, while, for plumes (large Ri), it is the buoyancy. A theoretical prediction of the Strouhal number of the self-sustained 
oscillations in helium jets is obtained that is in good agreement with experimental observations over seven decades of 
Richardson numbers. 
 

INTRODUCTION 
 
 Buoyant jets and plumes occur in a wide variety of environmental and industrial contexts, for instance fires, accidental gas 
releases, ventilation flows, geothermal vents, and volcanic eruptions. Understanding the onset of instabilities leading to 
turbulence is a research challenge of great practical and fundamental interest. Somewhat surprisingly, there have been relatively 
few studies of the linear stability properties of buoyant jets and plumes, in contrast to the related purely momentum driven 
classical jet. In the present study, local and global stability analyses are conducted to account for the self-sustained oscillations 
experimentally observed in buoyant jets of helium and helium-air mixtures [1].  
  

FORMULATION AND METHODOLOGY 
 
 The flow is assumed to be governed by the compressible Navier-Stokes equations in the low Mach number approximation, 
a feature that allows for large density variations but filters out acoustic waves. In the limit of small density variations, this 
system reduces to the Boussinesq approximation. The steady axisymmetric base flow is obtained by resorting to the 
Newton-Raphson technique for given hyperbolic tangent axial velocity and density profiles at the inlet. Let R denote the 
inlet radius, ρj and Uj the inlet density and axial velocity and ρ∞ the outer density. The most important parameters of the 
problem are then the Richardson number Ri = gR(ρ∞ - ρj)/(ρjUj

2) and the density ratio S = ρ∞ /ρj with Ri and S in the range 
10-4 < Ri < 103 and 1 < S < 7. At low Richardson numbers, buoyancy forces are much smaller than inertia forces, in which 
case the base flow is referred to as a buoyant jet, while at large Richardson numbers, buoyancy is dominant and the base 
flow is said to be a plume. The pure jet and pure plume are reached in the limit Ri = 0 and Ri = ∞ respectively. 
 The linearized system of partial differential equations associated with the non-parallel base flow then gives rise to a two-
dimensional eigenvalue problem in the axial and radial directions, where the eigenvalue is the complex circular frequency  
ω = ωr + iωi of frequency ωr and temporal growth rate ωi. A suitable finite-element discretization of the system followed by 
the implementation of a shift-invert scheme then leads to the determination of the eigenvalues and associated two-
dimensional eigenfunctions. The same methodology is applied to the locally parallel base state at each axial station to 
compute the eigenvalues ω of the local instability problem as a function of axial wavenumber k and azimuthal wavenumber 
m. The convectively/absolutely unstable nature of the base flow is then readily determined as shown in [2] and [3].  
 

LOCAL AND GLOBAL INSTABILITY CHARACTERISTICS 
 
For buoyant jets (low Ri), the axisymmetric m = 0 global spectrum typically displays a single unstable discrete frequency, 
whereas for plumes (large Ri), it is composed of several unstable discrete modes with a maximum growth rate and 
corresponding frequency that are larger by two or three orders of magnitude. The local and global instability results may be 
summarized in the Ri – S state diagram displayed in Figure 1. As the density ratio S and the Richardson number Ri increase 
along a diagonal line, the base flow changes from locally convectively unstable (white region) to locally absolutely unstable 
(blue and red regions) as the zero absolute growth rate neutral curve (thin line) is crossed. As the streamwise extent of the 
absolutely unstable domain reaches a critical size, the base flow becomes globally unstable (red region) as the neutral global 
stability curve (thick line) is crossed. Buoyant jets (low Ri) successively experience all three qualitative states as S increases 
while plumes are much more unstable and exhibit a rapid transition to global instability. The dip in the global neutral curve 
at intermediate Ri’s is due to a shift from an inertia driven instability mechanism for buoyant jets to a buoyancy dominated 
mechanism for plumes. No globally unstable discrete frequency is obtained for the m = 1 helical mode, but the downstream 
sponge region needs to be carefully tuned in order to stabilize the continuous spectrum, as in classical jets. A local stability 
analysis [2] in the Boussinesq approximation framework (S close to unity), recently reported that the m = 1 mode is the only 
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FLOW SYMMETRY PRESERVING METHOD

For large flapping frequencies, the time-periodic wake is deviated and the flow breaks the following spatio-temporal sym-
metry ωz(x, y, t) = ◦ ωz(x, ◦ y, t + T/2) satisfied for small flapping frequencies. The numerical technique developed here
preserves the above symmetry by damping the symmetry-breaking component of the flow. The flow field q is decomposed
as the sum of the symmetric component qs, which respects the above symmetry condition, and a symmetry-breaking compo-
nent qc. Introducing such decomposition into the incompressible Navier-Stokes equations and extracting the symmetry and
symmetry-breaking terms gives the system of coupled equations

∂qs
∂t

+ Rs(qs, qc) = 0
∂qc
∂t

+ Rc(qs, qc) = ◦ χBqc

where the original nonlinear operator R = Rs + Rc is decomposed into its symmetry and symmetry-breaking component.
The second equation describes the linear dynamics of the symmetry-breaking component qc around the unsteady symmetric
component qs. The source term ◦ χBqc is introduced in this equation to suppress the symmetry-breaking component. An
appropriate choice of the damping coefficient χ leads to the stabilisation of the second equation and ensures the suppression
of the symmetry-breaking component. When qc vanishes, the operator Rs is equal to the operator R and the solution qs
satisfies the original equation. Figure 1(a) displays the magnitude of the complementary component as a function of time, for
the flapping frequency f = 0.45 and the damping coefficient χ = 0.2. The method is activated for t > 45. The damping
of the complementary component is clearly visible and transforms a deviated wake in Figure 1(b) at t = 40 into a stabilised
wake in Figure 1(c) at t = 110.

(a) (b)

Figure 2: (a) Spectrum of the Floquet multiplier µ at f = 0.4. The leading Floquet mode is µ1 ≃ 1.046. (b) Leading Floquet
multiplier modulus as a function of f .

FLOQUET STABILITY ANALYSIS

The linear stability of the time-periodic flow computed in the previous section is adressed here with a Floquet analysis.
Forty Floquet multipliers, corresponding to the growth of Floquet modes over one flapping period, are displayed in Figure
2(a) for the frequency f = 0.4. One real Floquet mode (black circle) is outside the unit circle, showing that the time-
periodic base flow is unstable and its period is not modified by the instability. The Floquet multiplier of largest magnitude has
been determined and is shown in Figure 2(b) for several flapping frequencies. The Floquet mode gets unstable for a critical
frequency 0.39 < fc < 0.4. It is expected to break the spatio-temporal symmetry of the flow. The analysis of this mode
and its time-averaged component is an on-going work necessary to further explain the onset of the wake deviation by a linear
symmetry-breaking instability.
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Figure 2: Time-series as a function of time and streamwise locations x/D.

TEMPORAL DYNAMICS: PRELIMINARY RESULTS AND PERSPECTIVES

In Fig. 2, the temporal behaviour associated with the wavepackets is shown as a function of time t = t∗U/D, adimension-
alised with the velocity U and the diameter of the nozzle D, and the streamwise direction. By means of nonlinear dynamical
system tools by Kantz and Schreiber (see [6]), the temporal dynamics is characterized by computing the embedding dimension
and the correlation dimension d at each position in x/D. A thorough parametric analysis is carried out over several param-
eters for assessing the convergence of our results; for instance, a minimal time-windows t ≈ 2500 is identified by studying
the convergence of d as a function of time (Fig. 3a). It is shown that upstream positions are characterized by a more complex
dynamics. Despite the dimension d is rather small, the analysis of the qualitative dynamics requires a modelling step for
identifying the essential dynamics underlying the system. The identification is performed by producing nonlinear polynomial
models of the time-series, by mean of the nonlinear auto-regressive-moving-average (N-ARMA) algorithm, see [1]. In Fig. 3b,
the resulting phase-space portrait is shown for a N-ARMA model of the time-series extracted at location x/D = 5.75, using
delayed temporal-coordinates along y and z.

A qualitative analysis of the attractor will be completed and the control-oriented application of the linear and nonlinear
models will be discussed. In particular, the possibility of using linear models for the description of the input-output behaviour
of the system will be highlighted.
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Figure 3: Correlation dimension at 3 different locations, as a function of the time-window of analysis (a), and phase-space
portrait of a N-ARMA model based on the measurements at x/D = 5.75, (b).

References

[1] Aguirre L. A., Letellier C.: Modeling nonlinear dynamics and chaos: a review, Mathematical Problems in Engineering, 2009.
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Summary The present work reports high-order direct numerical simulations (DNS) of the turbulent flow inside a simplified stage of high-
pressure compressor. The geometry corresponds to the experimental set-up of Owen and Pincombe [4] and Farthing et al. [1]. The axial
Reynolds number is fixed to Re = 5300, while five values of the Rossby number are considered: Ro = 1, 2, 4, 40 and +∞. For Ro = +∞,
the main flow along the axis is similar to a round jet with packets of helicoidal turbulent structures. A vortex stretching mechanism generates
elongated structures in the axial direction. A secondary flow is produced inside the cavity with a main recirculation. For Ro = 2 and 1,
modes 1b and 2b are obtained respectively, coexisting with type 1 and type 2 instabilities developed along the disks.

INTRODUCTION

The present objective is to investigate by high-order DNS the turbulent flow inside a simplified stage of high-pressure
compressor (Fig.1a). Such flows, encountered in various types of gas turbine, are the site of important mechanical and thermal
constraints. The compressor is composed of two disks of radius b separated by an interdisk spacing s. Two cylindrical pipes
of radius a and length h1 and h2 respectively are located from either side of the cavity. The hydrodynamic fields depend
on two parameters: the axial Reynolds number Re = 2aUb/ν, based on the axial velocity Ub imposed at the inlet, and the
Rossby number Ro = Ub/(Ωa), where ν is the kinematic viscosity of the fluid and Ω the rotation rate. The geometrical and
physical parameters correspond to those considered experimentally by Owen and Pincombe [4] and Farthing et al. [1]. These
authors were the first to characterize by velocity measurements the four flow regimes appearing in such a cavity: Mode 1a
is characterized by a non-axisymmetric vortex breakdown (VB) and the appearance of an oscillating jet within the cavity for
20 < Ro < 100; Mode 2a is characterized by an axisymmetric VB and occasionally, an oscillation of the main flow inside the
cavity for 2.6 < Ro ≤ 20; Mode 1b is characterized by a non-axisymmetric VB and a flickering flame effect inside the cavity
for 1.5 < Ro ≤ 2.6; Mode 2b is characterized by an axisymmetric VB and occasionally, a re-entry of fluid for Ro ≤ 1.5. For
a detailed state-of-art, the reader can refer to the review of Owen and Long [3].

NUMERICAL METHOD

The Navier-Stokes equations written in primitive variables are discretized in cylindrical coordinates using a second-order
semi-implicit temporal scheme. The pressure-velocity coupling is overcame through a projection scheme reducing the equa-
tions into a set of Helmholtz and Poisson equations solved by a diagonalization technique. The spatial discretization is
achieved by fourth-order compact schemes in the radial and axial directions and Fourier series in the tangential direction. The
axis singularity is treated by the method proposed by Sandberg [5] extended to the fourth-order. A multidomain approach
based on the continuity influence matrix technique has been coupled with an hybrid MPI/OpenMP parallelization [2].

A turbulent velocity profile calculated in preprocessing is imposed at the inlet, while convective conditions are imposed at
the outlet. In the non-rotating (resp. rotating) case, the cavity is decomposed into 4 (resp. 7) subdomains with 7.5 (resp. 13.1)
millions of nodes. The time step is fixed to 10−3s (Ro ≥ 40) and 5× 10−4s (Ro ≤ 4).

RESULTS

The Reynolds number is fixed to Re = 5300, while five values of the Rossby number are considered: Ro = 1, 2, 4, 40 and
+∞. The geometrical parameters are fixed to G = s/b = 0.533, a/b = 0.1, h1/b = 0.5 and h2/b = 0.97.

In the non-rotating case (Ro = +∞), the main axial flow is strongly influenced by the sudden enlargement due to the
cavity. Fluid impinges the second disk, which creates a large recirculation bubble within the cavity, whose center is located
at (z ◦ h1)/s ≃ 0.54 and r/b ≃ 0.678, in good agreement with the experimental value [4, 1]. Smaller recirculations
appear also at each corner between the disks and the shroud. The flow generated at the pipe inlet is highly turbulent with
some turbulent structures dissipated before the cavity inlet (Fig.1b). Helicoidal turbulent structures are formed around the
axis and then advected by the main axial flow. Thinner structures under the form of elongated axial structures produced by

∗Corresponding author. Email: sebastien.poncet@USherbrooke.ca
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Large-scale flow modes in turbulent Rayleigh-Bénard convection

Robert Kaiser∗and Ronald du Puits
Institute of Thermodynamics and Fluid Mechanics, Technische Universitaet Ilmenau, Ilmenau, Germany

Summary The modes of the global flow structure in turbulent Rayleigh-Bénard convection in air (Pr = 0.7) at various aspect ratios between
1 ≤ Γ ≤ 4 were studied experimentally. By the use of an infrared camera, high resolution distributions of the local wall heat flux at the
surface of the heated bottom plate were measured. The data reveals a spot of enhanced heat flux, which is correlated to the down-welling
motion of the fluid. Based on this, the position of the large-scale vortex can be identified. Varying the height of the fluid layer, a critical
aspect ratios of Γcrit = 1.65 was found for the transition from a single vortex to a double vortex structure, which agrees very well with
previous experimental and numerical investigations if one takes into account a Rayleigh number dependency of that quantity.

INTRODUCTION

A model experiment to study thermally driven flows in nature and technology is the Rayleigh-Bénard set-up. In this
canonical flow, a horizontally infinite fluid layer is heated from below at a constant temperature Th and cooled from above
at a constant temperature Tc under the gravitional acceleration of the Earth g. The entire set-up is fully described by three
dimensionless input parameters. The Rayleigh number Ra characterizes the thermal driving force Ra = βgH3(Th◦ Tc)/(aν)
with β as the thermal expansion coefficient. The Prandtl number Pr is defined as the ratio of the momentum diffusivity ν and
the thermal diffusivity a. The third parameter, the aspecto ratio Γ, emerge from the vertical confinement in experiments and
describes the geometry of the convection cell as the ratio of the horizontal dimension D compared to the vertical dimension
H . The main interest is the convective heat flux q̇c from the bottom to the top plate expressed as the Nusselt number Nu =
q̇cH/(κ(Th ◦ Tc)), which is defined as the ratio of the convective heat flux compared to pure heat conduction through the
fluid layer. Here, κ is the thermal conductivity of the fluid layer.
In the last three decades, a lot of experimental apparatuses were built up to scan systematically the Ra ◦ Pr parmeter space
with respect to Nusselt scaling Nu ≈ Raγ1Prγ2 [2]. At the same time, several theories were evolved to predict the convective
heat flux by an estimation of γ1 and γ2 [5]. While the measurements were conducted in convection cells with aspect ratios
equal or smaller than one, the theoretical predections are derived for Γ → ∞. Therefore we performed measurements of the
convective heat flux locally on the heating plate at various apect ratios between 1.1 ≤ Γ ≤ 4 by keeping the Rayleigh number
virtually constant 4 · 1010 ≤ Ra ≤ 4 · 1011. In order to understand the aspect ratio dependency, local measurements of the
wall heat flux has been conducted with highly spatial resolution using infrared thermography.

EXPERIMENTAL FACILITY AND MEASUREMENT TECHNIQUE

The measurements were performed in the large-scale convection facility called the Barrel of Ilmenau. Inside this upright
cylinder, air at ambient pressure (Pr = 0.7) is confined between two horizontal plates with a diameter of D = 7.15 m. The
vertical distance of the plates can be continuously changed from H = 0.15 m to H = 6.30 m, while the temperature differ-
ence can be set up to 60 K. Based on this boundary conditions, a Rayleigh number variation from Ra = 108 to Ra = 1012 is
achievable. For detailed information of the convection cell, we refer to [6].
The processes of the heat transport is investigated in the vicinity of the heating plate using an infrared camera, see figure ??.
Therefore, a thin layer of well-known heat conductivity, commonly called slab, is coated on the surface of the temperature reg-
ulated bottom plate [3]. While the temperature of the lower surface of the slab is maintained at the heating plate temperature,
the free surface is cooled by the near wall flow phenomena which is observed with a high resolution infrared camera (640x480
pxs2). All measurement runs were performed for 5h with a sampling rate ig 1Hz. Based on this measurement technique,
the two-dimensional wall heat flux is calculated with highly spatial and temporal resolution and the global heat flux can be
investigated as the sum of all underlaying local transport processes near the heating plate [7].

RESULTS

First of all, the measurement results show that the local wall heat flux is distributed strongly inhomogeneous on the heating
plate, whereas a variation of up to 30% of the spatial and temporal average is observable, see figure ??. Based on previous
investigations combining infrared thermography and planar PIV in a slender rectangular convection cell [7, 8], the near wall
flow field along one large-scale vortex could be divided into three characteristics flows: the impinging jet (down-welling fluid),
the plate parallel shear flow (central region) and the boundary layer deflection (up-welling fluid). Especially the impingement

∗Corresponding author. Email: robert.kaiser@tu-ilmenau.de
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TRANSIENT DYNAMICS AND STABILITY ON
SPANWISE-OSCILLATORY TURBULENT CHANNEL

A. Yakeno∗1 and K. Fujii1, 2

1Institute of Space and Astronautical Science, Japan Aerospace Exploration Agency, Kanagawa, Japan
2Department of Management Engineering, Tokyo University of Science, Tokyo, Japan

Summary We suggested the new prediction parameter for drag reduction effect of the spanwise wall-oscillation control based on both the
acceleration and shear rate in the wall-normal direction, which is available for the larger oscillation time-period (T > 150). Additionally, we
conducted direct stability analysis on spanwise-oscillatory turbulent-channel. The present results suggest that the wall oscillation affects on
the transient growth rate, while it does not quantitatively correlate with the control performance. The drag reduction effect of the spanwise
wall-oscillation is not dominated only by the linear transient behavior of the streak.

PROBLEM SETTING

Spanwise wall-oscillation control for friction-drag reduction [1] have been discussed about its performance and mechanism
for the past few decades. The control achieves a considerable drag reduction rate [2]. It still attracts attention about the drag-
reduction mechanism in order to improve the methods. Prediction methods for the drag reduction rate had been suggested
[3, 4, 2, 5]. The drag reduction is correlated with a parameter combination of height from the wall, acceleration scale or
penetration length scale of the Stokes layer for the cases of high frequency oscillation, which the time period is T < 150.
However, that is not true for the cases of low frequency oscillation. In the present report, we suggest the new dominant
parameter for the drag reduction, basically to use the acceleration and shear rate in both time and wall-normal directions. We
calculate the parameter by the theoretical laminar solution of the second Stokes problem [6] (as shown in Fig. 3 (b)) and
compare with computation results obtained by previous papers [7, 8].

On the other hand, several trials to make a connection with streak modification to drag reduction have been conducted in
these years [9, 10, 11, 12]. The secondary instability of streak is considered to be a significant part to maintain turbulence
[13]. Duque-Daza et al. (2012) showed that there was a good qualitative correlation between the change in streak growth
and drag reduction in streamwise-travelling spanwise oscillatoru channel by solving the initial value problem for linearized
Navier-Stokes equations. Hack et al. (2015) referred that the flow was stabilized due to the weaker non-modal growth when
bypass mechanisms were dominant, although transition could be promoted due to fast growth of the modal instability at large
amplitude oscillation. In the present study, we conduct direct stability analysis on spanwise-oscillatory turbulent channel flow
as shown in Fig. 1. We include the unsteady turbulence effect on the analysis to discuss the transient dynamics more precisely,
which is dominated by the new prediction parameter.

CONTROL PERFORMANCE & NEW PREDICTION METHOD

The bulk mean velocity, Ub, is increased in the spanwise-oscillatory channel under constant pressure gradient, ∂p̄/∂x. The
amplitude of the oscillation is W0 and the time period is T . All variables are normalized by the viscous wall unit in the paper.
The increase of Ub is described in Fig. 2 (a) obtained by [7, 8]. There are the optimal oscillation time period around T = 75
for each oscillation amplitude W0. Relationship of the increase, ∆Ub, and the acceleration of the oscillating spanwise shear
rate,

!!∂2 ⟨w⟩ /∂y∂t
!!, at y(= yd) = 13 as the transient effect is represented in Fig. 2(b), which is described in Eq. (1). This

new prediction method is available for the cases of large time period (T > 150).
!!∂2 ⟨w⟩ /∂y∂t

!! = 2
√
2π/T · exp (−yd/δ) , δ =

"
T/π (1)

DIRECT STABILITY ANALYSIS ON OSCILLATORY TURBULENT CHANNEL

In the direct stability analysis on the spanwise-oscillatory turbulent channel flow, variables, fi, are decomposed in the
phase-averaged and the perturbation, ⟨fi⟩ and fi”, respectively. The resultant linearlized Navier-Stokes equations and the
continuity equation of the perturbation in the oscillatory turbulent-channel are given in Eqs. (2), which includes the total
viscosity defined as νT (= ν∗T /ν

∗) = 1 + νt.

∂ui”/∂t+ ⟨uj⟩ ∂u”i/∂xj + u”j∂ ⟨ui⟩ /∂xj = −∂p”/∂xi + ∂/∂xj(νT∂u”i/∂xj) (2)

∗Corresponding author. Email: yakeno@flab.isas.jaxa.jp
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Figure 1: Schematic of the
spanwise-oscillatory turbulent-
channel.
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Figure 2: (a) The increase of bulk mean velocities under spanwise oscilla-
tion, ∆Ub, those are obtained by [7, 8]. (b) Relationship of ∆Ub and the
acceleration effect of the spanwise shear rate,

!!∂2 ⟨w⟩ /∂y∂t
!!, at y = 13.

Since the oscillatory base-flow ⟨ui⟩ is homogeneous in x and z direction, all perturbations are expressed in Fourier space
as f”i(x, y, z, t) = f̂i(y, t)ei(αx+βz). Here, the hat superscript represents the Fourier coefficient, which is time dependent,
while α and β denote the streamwise and spanwise wave numbers, respectively. We obtain the maximum transient growth
rate Grate of the kinetic energy for each combination of (α,β) and the target time, τ . The computation method is expanded
for that of a certain wave number from that of other papers [14, 15]. The program code is validated based on comparison with
other papers [16, 17].

We show the oscillatory base-flow in Fig. 3 and Grate in Fig. 4 for the inner optimal mode of turbulent channel, (α,β) =
(0, 31.4), which scale corresponds to that of streak (λz(= 2π/β) = 100) at Reτ = 500. We compare Grate for controlled
cases starting from four different phases of oscillation, those time periods are T = 16, 75 and 250. At a glance, the change
in linear growth in spanwise-oscillatory turbulent-channel does not quantitatively correlate with the control performance.
The growth rates with the oscillation of T = 16 are mostly affected for any target times than those of other cases (Fig. 4
(a)), although the increase of Ub of that case is not larger than others (Fig. 2). Further discussions will be described in the
presentation.
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Figure 3: Oscillatory
base-flow, ⟨w⟩, based
on the theoretical so-
lution and ū (≈ ⟨u⟩).
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Figure 4: Transient maximum growth rate, Grate, for controlled cases starting from four
different phases; oscillation time-period of (a) T = 16, (b) 75 and (c) 250.
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INITIAL-CONDITION DEPENDENCE OF LARGE-SCALE STRUCTURES
IN ROTATING TURBULENCE

Naoto Yokoyama ∗1 and Masanori Takaoka2
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Summary Direct numerical simulations of rotating turbulence driven by an external force are performed. In strongly rotating systems, the
flow in the statistically steady state has a coherent cyclonic vortex (a Taylor column), and is two-dimensional and anisotropic. In weakly
rotating systems, the flow in the statistically steady state is in the three-dimensional isotropic Kolmogorov turbulence regime. The two-
dimensional anisotropic flow and a three-dimensional isotropic Kolmogorov turbulence are bistable at the system’s angular velocities in a
range. The transitions between the two flow regimes are discontinuous, when the angular velocity is increased or decreased. This hysteretic
behavior can be understood by stability of the cyclonic vortex.

INTRODUCTION

In the rotating turbulence, the crossover of two-dimensional (2D) turbulence in strongly rotating systems and three-
dimensional (3D) turbulence in weakly rotating systems was numerically observed in Ref. [1]. In the 2D turbulence, the
cyclonic vortices emerge more than the anticyclonic vortices, and such asymmetry strongly depends on the external force
and the boundary condition (e.g., Ref. [2]). The cyclonic vortices are stable for small perturbation [3]. Initial-condition de-
pendence of formation of the cyclonic vortices was also found in our preliminary simulations. In this work, the transition
between the 2D flow and the 3D flow in the statistically steady states is numerically investigated through variation of the
angular velocity of the system’s rotation.

NUMERICAL RESULTS

The governing equations for the velocity u of the incompressible fluid are the Navier–Stokes equation with the Coriolis
term and the divergence-free condition:

∂

∂t
u + (u ·∇)u + 2Ωez × u = ◦ ∇p + ν∇2u + f , ∇ · u = 0, (1)

where the rotation axis is taken as the z axis, and the angular velocity of the system’s rotation is denoted by Ω. The kinematic
viscosity is expressed by ν. The external force f is given by the three-dimensional two-component force of a steady Taylor–
Green type f = f0(cos kfx sin kfy sin kfz, sin kfx cos kfy sin kfz, 0), where kf = 2. The periodic boundary condition with
the period (2π)3 is employed, and the standard pseudo-spectral method with the aliasing removal by the phase-shift method
and the spherical truncation is used.
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Figure 1: (a): zz component of anisotropy tensor vs. angular velocity. The red curve (Ω ↘) and the blue curve (Ω ↗)
respectively show the zz components, when the angular velocity decreases from Ω = 7 and increases from Ω = 3. The error
bars represent the standard deviation due to the time variation. (b): energy spectra of the bistable states at Ω = 5.

The zz component of anisotropy tensor bzz = 1/3 ◦ ⟨u2
z⟩/⟨|u|2⟩ is used to evaluate the anisotropy of the system. (Fig. 1

a) At Ω = 3, bzz ≈ 0.1, which comes from the anisotropic external force of the Taylor–Green type. When the angular velocity
∗Corresponding author. Email: yokoyama@kuaero.kyoto-u.ac.jp
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BOUNDARY LAYER RECEPTIVITY TO TRANSIENT PLASMA IN M=4.5 AIRFLOW 
 

Alec Houpt, Stanislav Gordeyev, Thomas Juliano & Sergey Leonov a) 
FlowPAC Institute, AME Dept, University of Notre Dame, Notre Dame, IN, 46556, USA 

 
Summary: This work is focused on experimental studies of promoting flow instability with a weakly ionized transient plasma in the corner 
separation zone of a compression surface within a hypersonic boundary layer. Optical measurements have been successfully performed using a 
high-speed Shack-Hartmann sensor to quantify a characteristic frequency of flow perturbations at different locations in the flowfield and the 
plasma impact on the spectrum of disturbances in the boundary layer and in the separation bubble. It was shown that the near-surface plasma, 
generated at a frequency of repetition higher than a dominant natural frequency of perturbations in the boundary layer (the first mode F1), ݂� ൌ
ͳͲͲ�݇ݖܪ�  ܣ lead to a significant intensification of the amplitude of the high-frequency disturbances in the range of ,ݖܪଵ|ͷ�݇ܨ� Τ ܣ �ൌ ʹ െ
ͺ. The plasma effect was negligible or insignificant at excitation frequencies below F1. 
 

INTRODUCTION 
   The need for tripping of a hypersonic boundary layer is motivated by the control of flow instabilities and, consequently, 
a steering of processes of laminar-turbulent transition and separation [1-2]. Particularly, for airframe-integrated scramjet 
engines, the forebody ahead of the inlet is designed to process and pre-condition the flow that will be ingested by the air inlet. 
Turbulent flow is desirable at the entrance to the inlet to mitigate flow separations on compression ramps and prevent air inlet 
unstarts. This issue stimulates development of various boundary layer tripping methods to promote turbulent flow in order to 
properly scale the engine flight test results to future full-scale vehicles. It is suggested that the most effective tripping 
mechanism requires the formation of streamwise vorticity within the boundary layer [3-4]. Typically obstacles, moving 
elements, or non-steady gas jets are used to promote transition on the forebody. Recently, a thermal type of BL management 
was considered to be feasible [5]. 
   The intense, localized, rapid heating produced by plasmas in pulsed electric discharges produce strong shock waves which 
can considerably modify supersonic flows over blunt bodies. The energy transfer from the electric field to the electrons is 
almost instantaneous while the transfer of energy from the electrons to the gas molecules goes through a series of processes: 
vibrational excitation, dissociation, and ionization followed by relaxation. Basically, rapid near-adiabatic heating results in an 
abrupt pressure jump in the current filament. This suggests that rapidly heated regions located near aerodynamic surfaces 
could be used to force various instabilities in shear layers and jets. The key benefit of localized plasma actuators, compared 
to mechanical and acoustic actuators, is that they uniquely combine a wide range of operation frequencies with large forcing 
amplitude [6-8]. Multiple plasma actuators can be independently controlled by varying the repetition rate, duty cycle, and the 
phase, making it possible to trigger and amplify specific flow instabilities. As a result, significant flow field changes can be 
produced at a relatively small energy cost to operate plasma actuators.  
   The objective of this work is to perform a feasibility study on the steering effect of a weakly ionized transient plasma on 
the corner separation zone of a compression surface with a hypersonic boundary layer. Specific tasks of current experiments 
included: (1) - experimental study of the dynamics of the gas pressure/density disturbances realized in the zone of flow 
separation with upstream generation of transient plasma; (2) - experimental demonstration of the BL receptivity to plasma-
based gas perturbations in supersonic/hypersonic flow. 
 

TEST DESCRIPTION 
   The diagram of the test arrangement is shown in Fig. 1a. The experiments were performed in the high-enthalpy ACT-1 
facility at the University of Notre Dame under the following test parameters: Mach number ܯ ൌ ͶǤͷ (at nozzle exit); 
Reynolds number ܴ݁ ൌ ͳͲ(m-1); stagnation pressure ܲ �ൌ �ͲǤͺ Bar; stagnation temperature ܶ �ൌ �͵ͲͲܭ� and ͳͺͲͲܭ�; 
flow enthalpy from ݄ ή ᒡ|ͳͲ�ܹ݇  (cold flow) to ͷͲ�ܹ݇  (hot flow). The model has length ܮ ൌ ʹʹͻ�݉݉, width ܹ ൌ
ͳͲʹ�݉݉, and thickness ܪ ൌ ͳͻ�݉݉. It consists of a base plate with a sharp leading edge with ߙ ൌ ͳͷq. The compression 
ramp is formed with a second plate of equal thickness and a ramp angle ߙ ൌ ʹͲq. The test duration was ݐ ൏ ͳݏ� including 
the arc operation (in the hot regime) for ͲǤ͵ݏ� and the plasma operation for ͲǤͳݏ� within the flow. A photograph of the 
experimental model is shown in Fig. 1b. The model was equipped with a ceramic insertion where multiple plasma generators, 
using the Shallow Cavity Discharge design [9] and working at frequencies ݂ ൌ ͷͲ�݇ݖܪ and ͳͲͲ�݇ݖܪ, Fig.1c, were arranged 
in the spanwise-direction upstream of the ramp. Instrumentation and data acquisition included: flow perturbation 
measurements made by a high-speed wavefront sensor; schlieren visualization; fast cam imaging; and electrical measurements 
of the discharge parameters. Aero-optical measurements were performed using a high-speed Shack-Hartmann Wavefront 
Sensor [10]. The laser beam was expanded to a ͷͲ�݉݉ diameter collimated beam and passed along the spanwise direction 
over the corner region of the model in the test section. After exiting the test section, the beam is reflected off the return mirror, 
which sends the beam along exactly the same path from which it came. The returning beam is split off using a cube beam 
splitter, sent though a contracting telescope which reduces the beam size to ͳʹ�݉݉ in diameter and goes into a high-speed 
Phantom v1610 digital camera. The camera had a Ͳ ൈ Ͳ lenslet, ͲǤ͵�݉݉ pitch array attached to it. After passing through 



the lenslet array, the beam was split into subaperture beams and focused on the camera sensor, creating a series of dots. To 
achieve the high sampling rate, only a small, ͳʹͺ ൈ Ͷ-pixel portion of the image was sampled at ͷ͵ͳǡͶͷݖܪ� for Ͷ 
seconds. This image size corresponds to a ͳͷ ൈ �݉݉ measurement region over the model, with ͳǤʹ�݉݉ spacing between 
dots. 

a.  b.  c. 
Fig. 1. Experimental arrangement: a ± test layout; b - photograph of the model with plasma generator in ܯ ൌ ͶǤͷ flow; c - 
principal schematic of plasma BL actuator based on Shallow Cavity Discharge [9].  
 

TEST RESULTS 
   After a series of measurements it was found that the plasma generation affects the spectrum of the flow perturbations only 
slightly if the repetition frequency is less than the dominant frequency of the first-mode instability, ܨଵ ൌ Ͳ െ ͺͲ�݇ݖܪ. For 
a plasma frequency greater than F1, the plasma effect is significant. Figures 2a and 2b show data for plasma actuation 
frequencies of ͷͲ and ͳͲͲ�݇ݖܪ, respectively. Every test included ͲǤͳݏ� of spectrum analysis prior to plasma actuation, 
ͲǤͳݏ� with plasma operation, and ͲǤͳݏ� after the plasma has turned off (to ensure there was no shift of flow parameters during 
operation).  
   At ݂ ൌ ͷͲ�݇ݖܪ, the plasma effect is really small in most areas (Fig. 2a). Some effect is visible in the shear layer, point 
A3. Amplitudes of high-frequency disturbances ( ͺͲ�݇ݖܪ) appear to increase. At the plasma repetition frequency ݂ ൌ
ͳͲͲ�݇ݖܪ (Fig. 2b), the plasma effects were observed at all points except A4 located above the corner separation zone. 
Amongst the points observed in this test the maximal effect of the plasma was detected for the flowfield zone close to a root 
part of the ramp-related shock. It results in an amplification of the amplitude of gas perturbations, ܣȀܣ ൌ ʹ െ ͺ, in a wide 
range of spectra including high-frequency oscillations ݂  ͳͲͲ�݇ݖܪ. 

a.  b. 
Fig. 2. Spectra of flow disturbances with plasma on and off. a ± plasma excitation ݂ ൌ ͷͲ�݇ݖܪ; b ± plasma excitation ݂ ൌ
ͳͲͲ�݇ݖܪ. Points for the analysis: BL2 ± in boundary layer upstream the corner; A2-A4 ± in separation bubble ݕ ൌ ʹǡ ͵Ǥʹ 
and ͶǤͶ�݉݉ from the model surface, respectively. 
 

CONCLUSIONS 
   The current results of the study of using a transient electrical discharge for the control of boundary layer transition in a high-
speed flow demonstrate the following:  
- the hypersonic BL is highly receptive to repetitive plasma generated near the surface upstream of the separation zone; 
- active tripping of a hypersonic BL using electric discharges with a frequency of repetition ݂�   ;ଵ is certainly feasibleܨ�
- the high potential of aero-optical techniques to perform non-intrusive, high-frequency (up to 1 MHz), spatially-resolved 

measurements of flow structure and dynamics. 
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HIGHER-ORDER WKBJ CORRECTION IN SPATIALLY-DEVELOPING OPEN FLOWS

Lorenzo Siconolfi1, Paolo Luchini ∗2, Vincenzo Citro2, Flavio Giannetti2, and Simone Camarri1
1Dipartimento di Ingegneria Civile ed Industriale, Università di Pisa, Via Girolamo Caruso, 56122 Pisa, Italy

2DIIN, Università degli Studi di Salerno, Via Giovanni Paolo II, 84084 Fisciano (SA), Italy

Summary We apply a WKBJ approximation to 2D and 3D bluff-body wakes. A correction term to the classical saddle-point estimation of
the eigenfrequency is here calculated through a robust complex-plane extrapolation procedure based on rational Chebyshev approximation.
Such correction is shown to decrease the error in the estimated eigenvalue by about an order of magnitude. Both the direct and adjoint
global-mode structures are determined from local stability properties and compared with results obtained from a full 3D global stability
analysis. Results show excellent agreement between the numerical global solution and its local approximation.

INTRODUCTION

Huerre & Monkewitz [1], Chomaz et al.[2] and Monkewitz et al.[3] discussed in detail the connection between local and
global dynamics in spatially-developing open flows by means of a WKBJ asymptotic analysis. In particular, they explained
the occurrence of an unstable global mode in terms of the local properties of the flow field, highlighting the role of a region of
absolute instability and identifying a precise location in the streamwise direction which acts as a wavemaker for the entire field.
Such an asymptotic approach is justified whenever the streamwise variations of the base flow are slow over a typical instability
wavelength. Nevertheless, pushing the approximation to the limit of its validity, [4] and [5] applied the local analysis to the
wake of a circular cylinder obtaining reasonable results compared to a global 2D stability computation. The aim of the present
work is twofold: first, we will show that by including a higher order correction terms, the local approach is able to provide very
accurate estimation of the global eigenfrequency, reducing the error by about one order of magnitude; second, we will show
that the asymptotic analysis can be used to analyze 3D flow configurations, such as wakes behind bluff bodies, obtaining good
results compared to a full 3D stability analysis at a highly reduced cost. Such approach could be useful for large parametric
studies when many computations are needed. Moreover, following Juniper & Pier [6], we will also rebuild from the local 2D
stability properties the 3D shape of the direct and adjoint global mode. The structural sensitivity obtained from the local and
global approach will be compared and discussed.

PRELIMINARY RESULTS

For flows depending an all spatial directions the global stability approach consists in considering the entire domain and
looking for eigensolutions of the form û(x)exp{◦ iωglob.t}. On the other hand, if the base flow changes over a slow stream-
wise scale X = ϵx, then, the dynamics can be retrieved using a weakly non-parallel approximation [7]. In particular, the
perturbation can be decomposed by using a WKBJ approximation as follows:

q = exp{i(ωt ◦ θ(X))/ϵ}
∞!

n=0

qn(X, y, z)ϵn

where qn is a vector coefficient and θ(X) is the complex phase. The homogeneous eigenvalue problem for q0 determines a
dispersion relation of the form ω = D(k, X) where k = dθ/dX .

Reference ω (|ωglob ◦ ωloc|)/|ωglob| Type

Giannetti and Luchini (2007) 0.750+0.013i - Global analysis
Pier (2002) 0.785+0.091i 11.40% Local analysis
Juniper and Pier (2014) 0.791+0.083i 10.83% Local analysis
Present (without correction) 0.750+0.084i 9.49% Local analysis
Present (with correction) 0.729+0.012i 2.80% Local analysis

Table 1: Leading eigenvalue for the flow past a circular cylinder at Re=50. Comparison between the global eigenvalue and the
eigenvalue obtained by using the local theory.

∗Corresponding author. Email: luchini@unisa.it
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SENSITIVITY OF THE RAYLEIGH AND ORR-SOMMERFELD EQUATIONS TO CHANGES
IN BASE FLOW

Paul Ziadé∗1 and Pierre E. Sullivan1

1Department of Mechanical & Industrial Engineering, University of Toronto, Toronto, Ontario, Canada

Summary Inviscid and viscous stability analysis is performed on mean velocity profiles obtained from large-eddy simulations. The effects
of changes in reverse flow magnitude, inflexion point location, and maximum second derivative are analyzed with respect to their resulting
effects on stability behaviour. It is found that the velocity profile second derivative is the dominant parameter, with changes thereof resulting
in non-negligible shifts in peak growth rate and frequency, whereas the other two velocity parameters result in much less pronounced
changes in stability behaviour.

INTRODUCTION
Low Reynolds number flows (Rec < 500, 000) over airfoils are prone to boundary layer separation. The flow over these

configurations can exhibit complex behaviour, such as post-separation shear layer transition to turbulence and reattachment to
the airfoil surface. The unstable shear layer undergoes transition due to amplification of instabilities. The understanding of
these instabilities and their growth mechanism is therefore very important for airfoil performance prediction and the applica-
tion of flow control strategies. Hydrodynamic stability is typically investigated using linear stability analysis. The perturbation
amplitude, ṽ(y), is given by the Orr-Sommerfeld equation (OSE),

!
U ◦ ω

α

"#d2ṽ

dy2
◦ α2ṽ

$
◦ d2U

dy2
ṽ = ◦ i

αRe

#
d4ṽ

dy4
◦ 2α2 d2ṽ

dy2
+ α4ṽ

$
, (1)

where U is the mean flow, ω is the real radial frequency, and α = αr + iαi is the complex wavenumber. By assuming an
inviscid instability mechanism, this idealization reduces Eqn. (1) to the Rayleigh equation,

(αU ◦ ω)

%
d2ṽ

dy2
◦ α2ṽ

&
◦ αd2U

dy2
= 0. (2)

During a recent study evaluating the flow behaviour over a low-Reynolds number airfoil at Rec = 100, 000 using large-
eddy simulation (LES) and wind tunnel experiments[1], it was found that the computed stability characteristics exhibited
large variations despite very good agreement in the base velocity profiles. LES, which provides a very fine boundary layer
resolution, can be preferable to experiments as the much coarser resolution of the latter has been shown to affect the resulting
stability profiles[2]. This present study is a preliminary attempt to isolate and quantify the individual contributions of the flow
reversal magnitude, the maximum value of the second second derivative, and the location of the inflexion point, towards the
growth rate spectrum as calculated by the Rayleigh and Orr-Sommerfeld equations.

COMPUTATIONAL METHODOLOGY
Chebyshev Collocation Method

A Chebyshev collocation approach is employed to solve Eqns.(1) and (2). An algebraic mapping function, f (η), is
used to transform the semi-infinite domain of the shear layer profile, y ∈ [0,∞), to the domain η ∈ [◦ 1, 1] in which the
Chebyshev polynomials are defined. The vertical velocity fluctuation in (1) and (2) is expressed as a Chebyshev polynomial
series, ṽ(η) =

'N
n=1 anTn(η), where Tn(η) is the nth Chebyshev polynomial of the first kind. The Chebyshev expansions

are substituted in (1) and (2) with boundary conditions ṽ(±1) = ṽ′(±1) = 0. Both cases yield polynomial eigenvalue
problems[3] with matrix coefficients, Cj . The eigenvalue problem is reformulated using a companion matrix method to yield
a complex generalized eigenvalue problem, which is solved using the QZ algorithm. In the spatial instability formulation, the
unstable eigenvalues are those which assume negative values, ◦ αi.

Mean Velocity Profiles
A hyperbolic tangent velocity profile[4] was used to fit the LES data.

U(y)

Ue
=

tanh[a1(y ◦ a2)] + tanh(a1a2)

1 + tanh(a1a2)
+ a3

y

a2
exp

(
◦ 1.5

#
y

a2

$2

+ 0.5

)
, (3)

where a1, a2 and a3 are the fit parameters and Ue is the edge velocity. This curvefit follows the finely-spaced LES data very
well with a least-squares residual of R = 0.0001 for the base profile. The base velocity data was altered to independently
change the flow reversal magnitude, inflexion point, and maximum second derivative by a relative amount of ±30%. Care
has been taken to minimize as best as possible any secondary modifications in the velocity profile while altering the desired
parameter.

∗Corresponding author. Email: paul.ziade@mail.utoronto.ca
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Figure 1: Inviscid stability profiles with altered base velocity parameters. :◦ 30%, :±0% (base pro-
file), :+30%.

RESULTS
Linear stability analysis was performed on the base and modified velocity profiles (Figure 1 and Table 1). Of note is that

change in reverse flow magnitude has a minimal effect on the resulting stability profile. Moderate changes in growth rate
magnitude but not peak frequency are seen with a change of inflexion point location. The largest changes in growth rate and
frequency are due to changes in the maximum second derivative of the velocity profile. Changes in d2U/dy2 shift the stability
profiles in the f ◦ αi plane by non-negligible amounts and widen/shrink the spectrum of unstable frequencies. Solutions to
viscous instability demonstrate lower absolute growth rate magnitudes but very similar relative changes due to changes in base
velocity profile (Table 1).

min(U) Inflexion Point 2nd Derivative
−30% +30% −30% +30% −30% +30%

∆(αi) -3%/-3% +4%/+3% -18%/-20% +11%/+11% -24%/-24% +25%/+25%
∆(f) +3%/0% +3%/0% -3%/-3% -4%/-3% -15%/-15% +15%/+15%

Table 1: Relative change in peak growth rate and associated frequency due to changes in base velocity profile parameters by
±30%. Inviscid (blue font), viscous (red font).

CONCLUSIONS
The flow reversal magnitude, inflexion point location, and maximum second derivative were analyzed independently in

order to quantify their respective contributions to instability. It was found that, for both viscous and inviscid analysis, the
dominant factor affecting the stability curve (peak growth rate and associated frequency) is the maximum second derivative of
the velocity profile, while the inflexion point location and reverse flow have much less pronounced effects. This preliminary
analysis is to be extended and generalized by repeating this study with different curve fitting methods and velocity profiles.
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STABILITY OF FLOW IN A DIVERGING-CONVERGING CHANNEL AT MODERATE
AMPLITUDES OF CORRUGATION

S. W. Gepner ∗1 and J. M. Floryan2

1Institute of Aeronautics and Applied Mechanics, Warsaw University of Technology, Warsaw, Poland
2Department of Mechanical and Materials Engineering, The University of Western Ontario, London, Ontario,

Canada

Summary Flow in a diverging-converging channel of moderate amplitudes has been studied. The analysis is carried out up to Reynolds
numbers resulting in the formation of secondary states. The first part of the analysis is based on a two-dimensional model and demonstrates
that reducing the corrugation wavelength results in the appearance of an unsteady separation whose onset correlates with the onset of the
travelling wave instability. The second part of the analysis is based on a three-dimensional model and demonstrates that the flow dynamics
are dominated by the centrifugal instability over a large range of geometric parameters, resulting in the formation of streamwise vortices.
The critical Reynolds number for the vortex onset initially decreases as the groove amplitude increases but an excessive increase leads to
reduction of the centrifugal forces. The flow dynamics under such conditions are dominated by the onset of the travelling wave instability.

INTRODUCTION

It is known that presence of grooves results in the appearance of two instability modes. The first one is the travelling
wave mode [1, 2] which, in the smooth channel limit, connects to the classical Tollmien-Schlichting (TS) wave. This mode
is driven by shear and is responsible for the transition from stationary to oscillatory states and, eventually, to aperiodic states
[3]. The second mode has the form of streamwise vortices and its existence has been documented both experimentally [4] and
numerically [1, 5]. It is attributed to the centrifugal forces associated with the groove-imposed changes of the stream direction.
This mode connects in the smooth channel limit to a Squire mode and, thus, one may argue that the centrifugal effect amplifies
(and modifies) a suitable Squire mode [5]. This instability becomes critical in channels with a certain class of grooves.

The onset of the two-dimensional, travelling wave instability is well discussed in the literature (see e.g., [2, 6]) and its
dependence on the geometric parameters is known for small amplitude grooves [2] and for selected large-amplitude grooves
[1, 6]. The centrifugal instability has been studied less frequently, primarily due to its three-dimensional character. Some
limited investigation of both modes only for a single corrugation wavelength λ = 3 and with amplitudes large enough for
the recirculation zone to form within troughs is given in [1]. Full range of corrugation wavelengths, but limited to small
amplitudes is investigated in [5]. Critical conditions leading to both types of instabilities have been investigated in [2]. It was
shown that the two-dimensional travelling wave is dominant for small amplitudes but is quickly overcome by the centrifugal
instability as soon as the corrugation amplitude is increased. The conclusions are similar to those given in [1] indicating that
while moderate corrugation amplitudes result in the centrifugal instability being dominant, their increase results in a larger
separation zone which brings back the travelling wave instability.

PROBLEM SPECIFICATION

The main focus of this work is mapping of the dynamics of flow in a converging-diverging channel with the groove wave
number varied from α = 10 (short wavelength grooves) to α = 0.5 (long wavelength grooves) which covers the full range of
wavelengths of practical importance. The analysis is limited to moderate groove amplitudes, i.e. S < 0.2, and relies on DNS
based on the spectral finite-element method in the (x, y)−plane combined with the Fourier decomposition in the spanwise
direction, as implemented in NEKTAR++ [7].

yu = 1− Scos(αx)

yl = −1 + Scos(αx)

λ = 2π
α

2S

-1

1

x

y

(a) (b) (c) (d)

Figure 1: Geometry of the channel (a). Development of the recirculation zone for α = 3, Re = 2300, at corrugation
amplitudes S = 0.075 (b), S = 0.150 (c) and S = 0.225 (d)
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Figure 2: Variation of critical the Reynolds number necessary for the onset of a 3D vortices and a competing 2D wave
instability with various wavelengths δ as a function of the groove amplitude S for α = 3 (a). Variations of the minimum
critical Reynolds number, the corresponding critical corrugation amplitude Scrit and the corresponding reduction of the flow
rate as function of the corrugation wave number α (b).

The analysis is divided into two steps, with the first one focused on the two-dimensional dynamics and presenting flow
properties up to the formation of secondary states. Issues of particular interest are the onset and growth of the separation zone
(see figure 1b, c), particularly the unsteady separation (figure 1d) and the drag penalty associated with the grooves.

The second step involves analysis of three-dimensional dynamics and identification of conditions when it precedes the two-
dimensional dynamics (see figure 2a). Determination of conditions leading to the onset of streamwise vortices is of particular
interest. Still, there has been little research committed to it. The process of vortex creation can be interfered with by the
travelling waves. It is thus important to establish conditions where such vortices are likely to dominate the system dynamics.
Figure 2a displays variations of the critical Reynolds number as a function of the groove amplitude required for the onset of the
travelling waves (of various wavelengths δ) and for the onset of the vortices for α = 3. At small amplitudes it is the travelling
wave that dominates having a smaller Recrit. For both instabilities an initial monotonic decrease in Recrit is observed as
S increases, with the centrifugal instability quickly becoming dominant. i.e. having smaller Recrit. Further increase of S
eventually reverses the character of variations of Recrit for vortices with Recrit increasing as growing recirculation prohibits
the flow from producing enough of the centrifugal effect. As a result, the travelling wave becomes dominant again.

Here we view configuration which can amplify vortices at the smallest Re as being the most effective for designing an
efficient mixing device. Figure 2b displays variations of the minimum critical Reynolds number and the corresponding critical
corrugation amplitude Scrit, as functions of the corrugation wave number. Depending on α, the minimum Recrit changes
from 300 to 2200 and Scrit changes from 0.22 to 0.06. The cost of creating vortices can be expressed in terms of the flow
rate reduction caused by the grooves. The flow rate reduction corresponding to the use of the optimal configuration varies as
a function of α from 30% to 11% (see figure 2b).

CONCLUSIONS

Both two- and three-dimensional flow dynamics at previously uninvestigated flow conditions have been studied. Formation
of various possible secondary states has been considered, respective critical conditions have been determined and compared.
Obtained results provide basis for the identification of the most effective geometric configuration for the generation of the
vortices and possible application in designing efficient mixing devices operating at low Reynolds number regimes.
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Secondary instabilities of Görtler vortices
A global view of the normalized disturbance us (under subharmonic conditions) of the varicose mode, sinuous mode type

I and sinuous mode type II is provided in Fig. 2. Onset conditions for the five Mach numbers are obtained in Table. 1. Results
are based on the spanwise wavenumber B = 1× 10−3.

Figure 2: Contour surfaces of the normalized streamwise velocity perturbations us at Ma = 1.5, B = 1.0× 10−3, Re = 700.
The surfaces colored yellow and blue indicate us = 0.1 and −0.1, respectively. (a) Varicose mode; (b) Sinuous mode type I;
(c) Sinuous mode type II.

Mach number Sinuous-I Sinuous-II Varicose
Ma = 0.015 28% 59% 41%
Ma = 1.5 31% 63% 45%
Ma = 3.0 31% 63% 44%
Ma = 4.5 9% / /
Ma = 6.0 5% / /

Table 1: Onset conditions of the secondary instability modes measured by the streak amplitude A(u). Spanwise wavenumber
B = 1× 10−3.

CONCLUSIONS

The development of Görtler vortices acts to strengthen the boundary layer streaks regardless of the Mach number. In the
current study, the streak amplitude A(u) keeps growing downstream (before the right-branch regime is reached). The sinuous
mode type I becomes unstable first, followed by the varicose mode and then the sinuous mode type II.

Mach number affects Görtler vortices in two aspects. (1) The growth rate of primary Görtler mode decreases with Mach
number. The streaks are thus weakened. (2) Increase in Ma gives rise to the trapped-layer mode (mode T) for the primary
instability. This mode has its disturbances detached from the wall. As a result of the above changes, conventional mushroom
structures are replaced by bell-shaped structures leaving the near-wall region an unperturbed area. The difference in the pri-
mary instability leads to a deserved and remarkable change on the secondary instability. In subsonic and moderate supersonic
flows, varicose and sinuous (type I and type II) modes can both be responsible for the transition process. The sinuous mode
type II, whose disturbances concentrate near the stem of the mushroom, is demonstrated to have the largest growth rate when
the streak amplitude is large. However, it is missing in existing studies. The relationship between the dominance of sinuous
or varicose modes and the primary wavelength in incompressible flow [6] is no longer valid in hypersonic flows. The sinuous
mode becomes the most dangerous regardless of the spanwise wavelength when Ma > 3.
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[4] J. Ren and S. Fu, “Study of the discrete spectrum in a Mach 4.5 Görtler flow,” Flow, Turbulence and Combustion, vol. 94, no. 2, pp. 339–357, 2015.
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Summary The present study reveals a role of flow instabilities in the spatially developing disturbance induced by a synthetic jet device (SJ)
with an optimum actuation frequency, which improves a separation-control capability around an airfoil. For this purpose, a high fidelity
flow computation (large-eddy simulation) is conducted, where the chord Reynolds number and angle of attack are set to be 63,000 and 12
[deg], respectively. The linear stability analysis is conducted to detect an unstable mode of the wall-normal fluctuation in the separation
controlled flows. In the well-controlled flows, the harmonics of the input fluctuation directly enhances the Kelvin-Helmholtz instability
which linearly develops in the separated shear layer, followed by higher- and lower-frequency modes that are triggered by the most unstable
modes (nonlinear growth regime). The process above effectively enhances a turbulent transition and generation of large-scale coherent
vortices.

INTRODUCTION AND PROBLEM SETTINGS
Recently, microdevices for separated-flow control have been investigated because they attain low energy consumption,

simple structures, and offer active control for unsteady flow fields compared with conventional devices such as “steady jet”
and “vortex generator”. This paper focuses on a “synthetic jet” device (SJ)[2], which is regarded as one of the most effective
and promising microdevices. The SJ consists of a cavity with a connected orifice. The bottom of the cavity oscillates with a
small amplitude, which generates periodic blowing and suction flow from the orifice. The induced flow fluctuates a separated
shear layer near the SJ, and then the fluctuation is amplified as it convects downstream. Finally, the entire separated flow
is modified to the attached one. However, the detail of the present separation-control mechanism has not been adequately
clarified from the viewpoint of the relation between a chordwise-momentum injection and turbulent flow structures generated
near the airfoil surface, which results in the gap of an optimum actuator condition of the SJ among several researchers. For
example, the optimum actuation frequency F+ (a nondimensional frequency normalized by the chord length and freestream
velocity) has been separately shown to be F+ = 1[5] and F+ = 10[4] due to a lack of consistent explanation on the
separation-control mechanism. The present study conducts a highly-accurate unsteady flow computation[3], i.e., a large-eddy
simulation (LES), which can correctly resolve turbulent statistics inside the deforming cavity as well as the external flows
around an airfoil. The sixth-order compact scheme is adopted for spatial discretization, and a deforming grid is used for the
SJ cavity[1] (total number of the grid points is approximately 30 million). In this study, the relation between the optimum
actuation frequency and the momentum injection methods in the separation-controlled flows is investigated from the viewpoint
of a shear-layer instability and spatial growth of the disturbance introduced by the SJ.

CHORDWISE-MOMENTUM EXCHANGE IN THE CONTROLLED FLOWS
Figure 1(a) shows the effect of the actuation frequency F+ on the control capability (the lift-to-drag ratio), where the

optimum actuation frequency is localized in between F+ = 6.0 and 20 for both of strong (Cµ = 2.0 × 10−3) and weak
(Cµ = 2.0× 10−5) input cases. In these well-controlled flows, the instantaneous flow field of Fig.1(b) shows strong turbulent
vortex structures over an airfoil as well as inside the SJ cavity, where the isosurfaces of the second invariant of the velocity
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Figure 1: Characteristics of the separation-controlled flows: (a) effects of F+ on the lift-to-drag ratio; (b)instantaneous flow
field (Cµ = 2.0 × 10−3, F+ = 6.0); (c)phase decomposition of the Reynolds stress of the controlled flow.
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gradient tensor is shown. The laminar-separation bubble (LSB) is generated near the leading edge, and the smaller LSB
exhibits a strong suction peak at the leading edge, which results in the better capability (CL/CD). On the other hand, Fig.1(c)
shows the phase decomposition of the Reynolds stress, which is decomposed into the periodic and turbulent component, i.e.,
u′w′ = ũw̃ + u′′w′′. The present decomposition indicates that the chordwise momentum exchange is mainly achieved by the
turbulent component of the Reynolds stress (−u′′w′′), which is generated by the turbulent vortices. Therefore, one of the key
mechanism for the separation control is the turbulent structure so that the promotion of the turbulent transition is important
for the improvement of the control capabilities.

LINEAR STABILITY ANALYSIS ON THE SPATIAL DEVELOPMENT OF DISTURBANCE
The LST is conducted to extract the linear unstable mode in the spatially developing disturbance (wall-normal fluctuation)

in the separated-shear layer near the leading edge, which is assumed to be u′
n = ûn exp[i(αx − ωt)] (α = αr + iαi). The

spatial growth rate αi can be also computed from unsteady data of the LES. Figure2(a) shows the comparison of LST and
LES results of αi, where both are corresponding to each other at x/ch = 3%. This indicates that the linear instability regime
appears near the leading edge even in the separation-controlled flow. On the other hand, the higher- and lower-frequency
modes are enhanced at x/ch = 5%, which indicates the region where the nonlinear growth regime begins. The higher-
and lower-frequency modes promotes a turbulent transition and generation of coherent vortex structures (see top figures of
Fig.2(a)), respectively. Note that the coherent vortex entrains the turbulent vortex structures over the airfoil, which is the
another key for the chordwise-momentum exchange[3]. Figure2(b) apparently shows the comparison of αi between the LST
and LES results on the St-x plane. The power spectrum density (PSD) of the fluctuation is visualized in Fig.2(c). The higher-
and lower-frequency modes are triggered by the well-developed linear instability mode (LST), which indicates that the LST
mode should be excited in the upstream position. In the controlled flows with an optimum actuation frequency, the LST mode
is introduced by the harmonics of the actuation frequency F+ as well as the lower-frequency mode is given by disturbance of
actuation frequency F+.
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Figure 2: Comparison of LST and LES results in the spatial growth rate in the controlled flow (Cµ = 2.0× 10−3, F+ = 6.0):
(a)top figure shows the phase-averaged field, and bottom figures show the spatial growth rate −αi at x/ch = 3 and 5%;
(b)spatial growth rate on the St-x plane; (c)spatial development of the PSD of wall-normal fluctuation obtained from the LES
data. CONCLUSIONS

The high-fidelity LES has been conducted on the separated flow control using the SJ around an NACA0015 airfoil. The
followings have been newly represented: 1) the chordwise momentum injection is mainly achieved by turbulent vortex struc-
tures over the airfoil based on the phase-decomposition of the Reynolds shear stress, which are entrained by spanwise coherent
vortex structures periodically generated and convecting downstream; 2) the linear growth regime of the spatially-developping
disturbance from the SJ was verified by a linear stability theory (LST) in the separation-contolled flows; 3) based on the
unsteady flow data of the LES, the spatial growth rate of disturbance from the SJ exhibits linear- and nonlinear-growth regime
sequentially. 4) the optimum actuation frequency around F+ = 6.0 to 20 directly excites a generation of large-scale coherent
vortices (lower-nonlinear growth regime) as well as promoting a turbulent transition by introducing harmonic modes of F+

(higher-nonlinear growth regime).
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Summary Energy conversion in the Taconis oscillations is numerically studied from the Lagrangian point of view. By solving the 
axisymmetric compressible Navier-Stokes equations, spontaneous thermoacoustic oscillations in a closed cylindrical tube are observed when a 
strong temperature gradient is imposed along the tube axis. The ratio of the high wall temperature near both ends of the tube to the low wall 
temperature of the central part is fixed at 15. Temporal evolution of dynamical and thermodynamical properties of fluid particles in the 
fundamental mode oscillation of a standing wave and the second mode oscillation is obtained from the field data. The state of the fluid particle 
is represented on a pressure-volume diagram. Fluid particles moving near the tube end perform a nearly cyclic transformation in both modes. 
When displacement of fluid particles is large, a regular pattern is not found on a pressure-volume diagram.  
 

INTRODUCTION 
 
   Thermoacoustic oscillations in a long tube which spontaneously occurs when a strong temperature gradient is imposed 
along the tube axis are called the Taconis oscillations. Rott [1] succeeded in obtaining theoretical stability curves for the 
Taconis oscillations of a helium gas in an open-closed tube. The stability curves were confirmed later by the experiments of 
Yazaki et al. [2]. In their experiments they used tubes with both ends closed, and the central part of the tube is cooled and 
both ends are kept hot at room temperature. We [3-6] have numerically studied the Taconis oscillations in a 2D rectangular 
tube and a cylindrical tube with both closed ends.  

In the previous paper [6], we showed that sWHDG\�RVFLOODWLRQV�LQ�D�FORVHG�WXEH�DUH�REVHUYHG�LQ�D�FHUWDLQ�UDQJH�RI�ȟ which 
is the ratio of the length of the hot part to that of the cold part. Three oscillation modes are observed: the second mode in 
which pressures at both ends oscillate in phase, a shock-wave mode and the fundamental mode in which pressures at both 
tube ends oscillate pi out of phase.  

In the present paper, we study the energy conversion in the Taconis oscillations from the Lagrangian point of view.  
 

FORMULATION AND NUMERICAL METHOD 
 
   We performed numerical simulations of the Taconis oscillations of a helium gas in a cylindrical tube with both closed 
ends. The tube wall temperature of the regions near the tube ends is kept at TH=300K and that of the central part at TC=20K. 
The temperature of the end walls is TH=300K. The temperature ratio TH/TC is 15. The illustration of the temperature 
distribution on the tube wall along the tube axis is presented in Fig.1. The temperature distribution has a linear gradient 
between the hot part and the cold part. The tube length L is 280mm and tube radius r0 is 0.756mm. The length of the interval 
ZLWK�ILQLWH�WHPSHUDWXUH�JUDGLHQW�ǻl is 7.5mm. The ratio of the length of the hot part to that of the cold part is defined as ȟ �
2l/(L-2l). In the present paper, we show the results for WKH�OHQJWK�UDWLR�ȟ�=0.4 and 1.0. Because the ratio of the radius to the 
length of the tube r0/L is small enough (2.7×10-3), we assume that the flow motion is axially symmetric around the tube axis.  

 
Figure 1. The temperature distribution on the tube wall. 

 
   The governing axisymmetric compressible Navier-Stokes equations of a perfect gas are solved with the block 
pentadiagonal matrix scheme. For the time integration, the second-order accurate three-point backward implicit scheme is 
employed. Fourth-order accurate central differencing is used for the convective terms, and second-order accurate three-point 
central differencing for the viscous terms. 

We use a rectangular grid system consisting of 300 points along the tube length and 34 points in the radial direction. The 
grid points are clustered near the side wall and the end walls of the tube in order to resolve the motion in the boundary layer. 
The non-slip and isothermal boundary conditions are applied to the tube wall. A pressure gradient in the normal direction of 
the wall is assumed to be zero because the pressure gradient is negligible in the viscous boundary layer. Variables are 
normalized with respect to the appropriate combination of the tube length L�� WKH� GHQVLW\� ȡ0= 0.167kg/m3 and the sound 
speed a0 = 1004m/s.  



 
RUSULTS 

 
   For the fundamental mode oscillation (ȟ� = 1.0) and the second mode oscillation (ȟ� = 0.4), temporal evolution of 
dynamical and thermodynamical properties of fluid particles is obtained from the field data. Fluid particles start from 
various points in a tube. The state of the fluid particle is represented on a pressure-volume diagram. In Fig.2, position (a) 
and a pressure-volume diagram (b) are presented for fluid particles which start from (z=0.1, r=0.2) and (z=0.4, r=0.2) during 
three periods of the fundamental mode oscillation. 

            
(1a) position      (1b) p-V diagram         (2a) position              (2b) p-V diagram  

Figure 2. Position and pressure-volume diagram of the fluid particles starting from (1) (z=0.1, r=0.2) and (2)( z=0.4, r=0.2) 
 
Starting points of both fluid particles are near the tube axis. The fluid particle which starts in the cold region (2) moves 
toward the hot region, then it moves upward near the tube end as in the other fluid particle (1). The motion near the tube end 
corresponds to a cyclic transformation on a pressure-volume diagram. This cycle is performed in a counterclockwise 
direction, which means that the total work done is negative. The state of fluid particles moving near the end tube is similar 
also in the second mode oscillation.  
   Figure 3 presents position (a) and a pressure-volume diagram (b) for a fluid particle during two periods of the 
fundamental mode oscillation. This fluid particle begins to move at a point (z=0.4, r=0.5) which is between the wall and the 
axis in the cold region. It moves across the finite temperature gradient region (z=0.25) and goes upward.  

        
(a) position              (b) p-V diagram 

Figure 3. Position and pressure-volume diagram of the fluid particle starting from (z=0.4, r=0.5). 
 
This is one example in which a fluid particle has large displacement and does not perform a cyclic transformation on a 
pressure-volume diagram. In the second mode oscillation which has smaller pressure amplitude than the fundamental mode 
oscillation, fluid particles starting from a point in the cold region do not have so large displacement as the fundamental 
mode oscillation. 
 

CONCLUDING REMARKS 
 

   Fluid particles moving near the tube end perform a nearly cyclic transformation on a pressure-volume diagram. When 
displacement of fluid particles is large, a cyclic transformation is not found on a pressure-volume diagram.  
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EFFECT OF PRESSURE FLUCTUATIONS ON THE EVOLUTION OF RICHTMYER-
MESHKOV COHERENT STRUCTURE 

 
Aklant Kumar Bhowmick1 & Snezhana Abarzhi1 

1Carnegie Mellon University, Pittsburgh, USA 
 
Summary We consider the effect of pressure fluctuations on the evolution of Richtmyer-Meshkov (RM) flows. The pressure fluctuations 
are induced by non-uniformities in the fluid bulk and are modeled as a time dependent acceleration with the power-law exponent (-2). We 
consider a large scale periodic coherent structure of bubbles and spikes in a two-dimensional RM flow, and obtain asymptotic solutions 
describing nonlinear dynamics of the structure using group theory analysis. We show that regular asymptotic solutions describing the bubble 
dynamics form a one-dimensional family. The family can be parametrized by the curvature of the bubble front. The stability of the family 
solutions is analyzed. The physically significant solution in the family is interpreted as the stable solution with the maximum velocity. The 
associated flow fields in the vicinity of the bubble tip indicate the formation of vortices and the presence of shear at the interface, which 
may lead to cascading of energy to smaller scales. 

INTRODUCTION 
 
Richtmyer Meshkov (RM) instability develops when a shock refracts at the interface between fluids with different acoustic 
impedances. In the incompressible limit, it may occur when a light fluid impulsively accelerates a heavy fluid. These 
instabilities hold one of the keys to understanding a variety of physical phenomena occurring in a wide range of length and 
time scales. Sharp density gradients occur in phenomena such as inertial and magnetic confinement fusion, supernova 
explosions, flames, formation of salt domains etc. Developing a reliable theoretical framework to describe the turbulent 
mixing in these processes is one of the fundamental objectives of doing such studies. 
 
The interfacial dynamics is often decoupled into small and large scales. At large scales, the instabilities lead to a coherent 
structure of bubbles and spikes in the plane normal to the direction of the acceleration. At small scales, there are secondary 
instabilities and vorticities which may lead to the formation of singularities, thereby making the non-linear evolution fairly 
complicated and chaotic at these scales. Considerable progress has been made in the mathematical modelling of the large 
scale coherent structure. 
 
             SMALL SCALE DYNAMICS IN THE BULK: PRESSURE FLUCTUATIONS 
 
It is traditionally believed that in RMI, the non-uniformities in the small scale dynamics is confined to the vicinity of the interface, 
and the bulk dynamics is uniform at small scales. However, recent simulations [2] have indicated that small-scale dynamics in the 
indeed exist in the bulk of RM flow. Figures 1a and 1b clearly show these non-uniformities in the form of hot spots and reverse 
cumulative jets. These non-uniformities induce pressure fluctuations, which may have significant impact on the morphology and 
the dynamics of RM bubbles. In this work, we study the effect of pressure fluctuations on nonlinear evolution of RMI. In the 
process, we study the impact of small scale non-uniformities on the large scale coherent structure, and show that pressure 
fluctuations have significant impact on morphology and dynamics of RM bubbles. 
 

 
 
    
 
 
 
 
 
 
 
 
 

(a) Temperature from 4000 K(blue) to 8000 K(red)                   (b)  Pressure from ͳͲଵଵPa (blue) to ʹ ൈ ͳͲଵଵ����ሺ���ሻ�     
                 

Figure 1: RMI small scale structures obtained using SPH simulations (Stanic et. al., 2012)                  
 
 
 
 
 



PROBLEM FORMULATION AND GOVERNING EQUATIONS 
 
We consider 2D flow of heavy and light ideal incompressible fluids separated by an interface. We further assume that the 
flow is irrotational at scales comparable to the large scale coherent structure. The resulting system of equations in the potential 
approximation for the heavy and light fluid bulks are 
ଶȰȀߘ        ൌ Ͳ,        (1) 

�ቀߩ డ
డ௧ 

ఘ
ଶ หሬሬԦȰห

ଶ  ߩ ቀ݃ሺݐሻ  డ௩
డ௧ቁ ቁȀݖ ൌ െ ܲȀ.           (2) 

where Ȱ  is the flow potential, ߩ  is the mass density. ݃ሺݐሻ  is the effective acceleration term caused by pressure 
fluctuations. డ௩డ௧ is a non-inertial term appearing as a consequence of being in the rest frame of the bubble tip, where ݒ�is the 
bubble tip velocity. The indices ݄ and ݈�represent heavy and light fluids respectively. The boundary conditions assume no 
fluid motion at large scales far away from the interface, and are given by 
ሬԦȰߘ      ൌ െݒԦ ǡ ݖ    ൌ േλǤ             (3) 
The conditions of mass and momentum conservation at the interface are given by, 

          ቆߩ ൬ ఏሶ
หఇሬሬԦఏห  ሬԦȰǤߘ ො݊൰ቇ

Ȁ
ൌ Ͳ         (4) 

ܲ ൌ ܲ                                                       (5) 
 

    MODELLING OF PRESSURE FLUCTUATIONS: TIME DEPENDENT ACCELERATION  
 
The effect of pressure fluctuations is contained in the acceleration term ݃ሺݐሻ. These pressure fluctuations may not be due to 
dissipation and diffusion effects because they seem to occur at scales larger than the dissipative or diffusive scales. Thus the 
pressure fluctuations may be scale invariant, and could be modelled by a scale invariant function such as the power law, i.e. 
݃ሺݐሻ̱ݐ�. In this work, we consider ݃ሺݐሻ ൌ ̱�ݒ ଶ because the resulting asymptotic solutions are of the formݐȀܮ ଵ

௧, which 
is the same as the case of no fluctuations [1].   
 
  ASYMPTOTIC SOLUTIONS FOR RM EVOLUTION WITH PRESSURE FLUCTUATIONS 
 
We solve for the tip velocity and the velocity fields and show that the solutions may be convergent and are asymptotically 
stable. The details of the approach shall be presented later. The solution for the tip velocity ݒ as shown in figures 2a and 2b, 
bring out the essential features of the morphology of the RM bubble. The plots are at different Atwood numbers ܣ ൌ ఘିఘ

ఘାఘ
 

The solutions form a one parameter family, parametrized by the bubble curvature ߞଵ . The physically significant solution 
corresponds to the maxima of these curves. Thus, RM bubbles are flat for small fluctuations and curved for large fluctuations.  
 
 
        
 
 

 
 
       

        
(a) Small pressure fluctuations                      (b) Large pressure fluctuations 

   Figure 2: Tip velocity as a function of curvature for large and small pressure fluctuations 
 

CONCLUSIONS 
 

Qualitative and quantitative distinctions in the solutions for small and large pressure fluctuations indicate that the solutions exhibit 
sensitivity to pressure fluctuations and this is one of the key results of our work. This clearly demonstrates that small scale structures 
in the bulk may have significant impact on the dynamics at large scales. The solutions also indicated the presence of shear and the 
formation of vortices at the interface, which provides a mechanism for energy cascade to smaller scales at the interface possible 
giving rise to small scale structures at the interface via mechanisms such as Kelvin Helmholtz instability.  
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INTERMITTENCY OF LAMINAR SEPARATION BUBBLE DURING DRAG CRISIS IN
FLOW PAST A CIRCULAR CYLINDER

Gaurav Chopra1 and Sanjay Mittal∗1

1Department of Aerospace Engineering, Indian Institute of Technology, Kanpur, Uttar Pradesh, India

Summary This work explores the phenomenon of drag crisis in flow past circular cylinder: a significant reduction in drag with increase in
Re due to transition of boundary layer from laminar to turbulent state. The incompressible flow equations are solved using a stabilized finite
element method for 1 × 104 ≤ Re ≤ 4 × 105, in three dimensions. The computations successfully capture the phenomenon. It is shown
that the drag crisis is accompanied with appearance of a Laminar Separation Bubble (LSB). The intermittent nature of the LSB during the
transition is explored. In addition to the streamlines, the LSB may also be tracked via filtered Reynolds stress and fluctuations in surface
pressure.

INTRODUCTION

Understanding the phenomenon of drag crisis in flow past a circular cylinder has relevance in several engineering applica-
tions. It has been a subject of research in the past via experimental and numerical studies. The boundary layer on the cylinder
transitions from a laminar to turbulent state during drag crisis. The flow can be broadly classified in four regimes as a function
of Re: sub-critical, critical, super-critical and trans-critical ([1], [3] and, [4]). In the sub-critical regime (Re < 2 × 105) the
boundary layer is laminar until separation and, the mean coefficient of drag (CD) is almost constant with Re. In the critical
regime (2 × 105 ≤ Re ≤ 4 × 105) the laminar boundary layer separates near the shoulder of cylinder. The separated shear
layer undergoes transition to a turbulent state and reattaches to the surface of the cylinder ([2]), leading to the formation of
a Laminar Separation Bubble (LSB). The reattached turbulent boundary layer separates further downstream. As a result, the
wake is narrower and base suction pressure higher, leading to a rapid reduction in CD with increase in Re. In the supercritical
regime (Re ≥ 4 × 105) CD increases with increase in Re. The main objective of the present work is to understand the
phenomenon of drag crisis. Does it occur abruptly, or is it a relatively gradual process that occurs over a range of Re? We
attempt a statistical analysis of the computed flow to understand the intermittent nature of the LSB.

RESULTS AND DISCUSSIONS

Figure 1(a) shows the variation of CD with Re from the present computations along with their comparison from earlier
studies. We observe that both two- and three-dimensional simulations predict drag crisis. The range of Re for which the flow
lies in the critical regime is very similar from the two sets of computations. This suggests that the phenomenon itself is largely
two-dimensional. Of course, the three-dimensional effects are quite significant as indicated by the difference in CD in the
sub- and super-critical regime from the 2D and 3D computations. However, the mechanism of transition in a span-averaged
sense appears to be two-dimensional. Compared to the measurements from experiments, the present results predict the drag-
crisis at a slightly lower Re. Results are also shown in Figure 1(a) for the Large Large Eddy Simulation (LES) with a static
Smagorinsky model to account for the subgrid scales. Compared to results from model-free computations, these results are in
closer agreement with the experimental data. Since the model-free computations also capture the essential trend, therefore, all
the analysis in this work is carried out for data from model-free computations. Both, the computational and experimental data
in Figure 1(a) shows that the variation of CD with Re during the transition is smooth, and not abrupt. We explore the changes
in the flow during transition.

The instability of the separated shear layer and its subsequent rolling up into vortices plays a major role in the reattachment
of the boundary layer and formation of LSB. To study this we need to filter out the activity due to the Karman shedding that
has a much lower frequency compared to the activity of the shear layer. For the same, consider the time variation of the
span-averaged surface coefficient of pressure CP (θ, t) at different Re. We compute a moving average of CP (θ, t): !CP (θ, t)
over a time window of size Tk/10, where Tk is the time period of the Karman shedding. This averaging filters out the shear
layer activity while retaining the vortex shedding effects. By subtracting !CP (θ, t) from the original signal, we compute the
rms of the fluctuations that correspond to shear layer activity: "C ′

PC
′
P (θ, t). Figure 1(b) shows a space-time diagram of the

variation of "C ′
PC

′
P (θ, t) for Re = 1.5 × 105. The flow is in the transitional regime at this Re and undergoing drag-crisis.

Figure 1(d) shows the streamlines for the moving time-averaged flow that are also span averaged at two time instants that are
marked in figure 1(b). These figures reveal the co-relation between the presence/absence of LSB with the level of fluctuations
due to shear layer activity as observed in "C ′

PC
′
P (θ, t). At t = t1 the fluctuations in the figure 1(b) are high at θ ≈ 105o

∗Corresponding author. Email: smittal@iitk.ac.in
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SECONDARY OPTIMAL PERTURBATION GROWTH IN HARTMANN CHANNEL FLOW
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Summary The algebraic growth of secondary optimal perturbations in a channel flow with a transverse magnetic field is investigated. Linear
growth of perturbation on the streaky base flow is calculated by iteratively solving the direct and adjoint governing equations. For small
amplitude streaks evolving on the channel flow, the secondary optimal perturbations resemble the primary ones. For large amplitude streaks
cases, there is still residual interaction between the top and bottom Hartmann layer at relatively high Hartmann number. The optimal
streamwise wavenumber is found to be finite and scaled with the thickness of the Hartmann layer.

INTRODUCTION

Hartmann channel flow is the prototype of many MHD flows in the casting and material processing industry. When the
conducting liquid is passing through two unbounded plate in the presence of a constant transverse magnetic field, the core of
the flow becomes flat and two electromagnetic boundary layers, i.e., Hartmann layers, develop at the walls perpendicular to
the magnetic field. The thickness of the Hartmann layer δ is scaled as the inverse of the Hartmann number Ha. The stability
of the Hartmann channel flow usually can be determined by the local Reynolds number R with δ as the length scale. A recent
experiment identified transition in the Hartmann layers at critical local Reynolds number Rc ∼ 380 [1]. Theoretical work with
normal mode linear stability analysis overestimate this value. It is two orders of magnitude higher than that of experiment [2].
Recent developments in non-modal stability theory revealed that the transient growth, or algebraic growth of perturbations
may play a significant role in the so-called sub-critical transition of shear flows [3]. We study this topic by means of a transient
linear perturbation analysis using channel flow with unsteady streaks as the basic state.

FORMULATION OF THE PROBLEM

The Hartmann channel flow is considered in the present study, i.e., an incompressible electrically conducting fluid between
two infinite parallel plates in the presence of an uniform transverse magnetic field. The flow is driven by the pressure gradient
and the mass flux is maintained constant. A constant and uniform static magnetic field is oriented along the wall-normal z-axis.
With the assumption of low magnetic Reynolds number, the nondimensional governing equations and boundary conditions
are:

∂u

∂t
+ (u ·∇)u = −∇p+

1

Re
∇2u+

Ha2

Re
(−∇φ× ez + (u× ez)× ez) , (1)

∇ · u = 0, (2)
∇2φ = ∇ · (u× ez) , (3)

u = v = w =
∂φ

∂z
= 0 at z = ±1, periodicity in x and y directions. (4)

Here ez ≡ (0, 0, 1) is the unit vector of the applied magnetic field and x, y, z denote the streamwise, spanwise and wall-
normal directions, respectively. The nondimensional parameters in equation (1) are the Reynolds number Re ≡ UL/ν and
the Hartmann number Ha = L/δ, where δ denotes the Hartmann layer thickness, δ =

!
ρν/σB2. The local Reynolds

number is then defined as R = Uδ/ν = Re/Ha.
For the analysis of secondary perturbations, the governing equations (1–3) are linearized around the modulated Hartmann

flow U(y, z, t). The secondary linear perturbations take the form up(x, y, z, t) = 1

2
[û(y, z, t) exp(iαx) + c.c.], where α

denotes the streamwise wavenumber and c.c. denotes the complex conjugate. An energy norm is then defined as E(t) ≡"
(ûû∗ + v̂v̂∗ + ŵŵ∗)dydz, thus the ratio of E(t) and the initial value E(0) is the perturbation energy amplification factor

G(t) = E(t)/E(0).
Using a Lagrangian formalism, the maximum value of G for given parameters Gmax(Re,Ha, T,α) is determined via

optimization constraints, which are enforced by the adjoint fields [3]. The optimal perturbation and amplification at time T
are obtained by an iterative scheme, in which forward integration of the linearized governing equation is followed by backward
integration of the corresponding adjoint equations. For comparison of secondary growth at different values of Re and Ha, we
require a comparable velocity amplitude of the developed streak. Thus, an energy amplitude A is defined as A = E0/EB,
where EB is the mean kinetic energy of the Hartmann channel flow. The value of ARe2/Ha is decisive and must remain
constant between different cases for comparison.

∗Corresponding author. Email: shuai.dong@ncepu.edu.cn
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Figure 1: Amplification of perturbations with small α evolving on modulated channel flow with lower amplitude streaks,
symmetric (left) and antisymmetric case(right). The parameters are Ha = 10 at R = 500(symbols) and R = 300(lines).
Different line(symbol) corresponds to different value of rescaled α, which is increased from top to bottom.
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Figure 2: Maximum of secondary perturbation energy amplification (left) and the corresponding optimal wavenumber αopt

(right) for higher amplitude streaks at R = 300 and Ha = 10, 20, 30.

Fig.1 shows the rescaled optimal secondary amplification GII(R/Rref)
2 as function of the rescaled time τR/Rref for cor-

responding rescaled wavenumbers αR/Rref , and Rref = 300. The rescaled amplifications of perturbations coincide at the two
Reynolds numbers R = 300 and R = 500. This scaling behaviour is in agreement with that of primary optimal perturbations
[4]. There are no apparent differences between the modulation by antisymmetric and symmetric primary perturbations, that
implies the secondary perturbations are localized in the top and bottom Hartmann layers. For higher amplitude streaks, the
scaling is not valid due to the strong modulation of channel flow. The maximum value of secondary perturbation energy and
the corresponding optimal wavenumber αopt are shown in Fig.2, as a function of time τ for R = 300 and different Ha. The
maximum of energy amplification increases as the Hartmann number is increased from Ha = 10 to Ha = 30. The small
differences in GII between Ha = 20 and Ha = 30 indicate that the perturbations become localized at the walls for Ha = 30.
The optimal wavenumber αopt is approximately proportional to Ha at larger values of τ .
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is presented for the case when the core oscillates in the prograde direction and its rotation is leading. In the annulus, a strong
azimuthal flow is present, which moves faster than the cavity wall.

At simultaneous oscillations and differential rotation of the core, the sedimented particles redistribute on the cylinder wall
surface, forming a regular pattern: azimuthal rings periodic along the rotation axis (Figure 1). This indicates the occurrence
of a regular system of toroidal vortices. This phenomenon is observed for both leading and lagging differential rotation of the
core. Depending on the dimensionless frequency of vibration (n ≡ Ωv/Ωr), the spatial period of the pattern changes and the
rings of particles may become wavy. At high oscillation amplitude of the core, the large particles are washed to the end-walls,
and the aluminium flakes visualize small-scale patterns (spatial period of the order of ten times the boundary layer thickness)
periodic along the axis.

Analysis of the pattern wavelength and Reynolds numbers makes it possible to suggest two mechanisms of vortex gen-
eration. First, since the core is oscillating, the propagation of inertial waves should be considered, which may lead to the
redistribution of the particles in the points of wave reflection. Second, at sufficiently high values of the Reynolds numbers, the
Taylor instability should be taken into account. In a certain range of experimental parameters, a coexistence and an interaction
of the two mechanisms is possible, which makes the problem quite complicated. Different types of the sub-scale structure of
the particle rings are found, which supports the idea of a competition between two mechanisms of flow generation.

Acknowledgements
The work is supported by the Russian Scientific Foundation, project 14-11-00476.

References

[1] Andereck C. D., Liu S. S., Swinney H. L.: Flow regimes in a circular Couette system with independently rotating cylinders. J. Fluid Mech. 164:
155–183, 1986.

[2] Borcia I. D., Ghasemi A. V., Harlander U.: Inertial wave mode excitation in a rotating annulus with partially librating boundaries. Fluid Dyn. Res. 46(4):
041423, 2014.

[3] Kozlov V. G., Kozlov N. V.: Vibrational hydrodynamic gyroscope. Dokl. Phys. 52(8): 458–461, 2007.
[4] Le Bars M., Cébron D., Le Gal P.: Flows driven by libration, precession, and tides. Annu. Rev. Fluid Mech. 47: 163–193, 2014.
[5] Lee S., Lueptow R. M.: Rotating membrane filtration and rotating reverse osmosis. J. Chem. Eng. Jpn. 37(4): 471–482, 2004.
[6] Kozlov N.: Theory of the vibrational hydrodynamic top. Acta Astronaut. 114: 123–129, 2015.



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

EFFECTS OF CURVATURE VARIATIONS IN A TRANSITIONAL BOUNDARY LAYER ON
HEAT TRANSFER

Larissa Ferreira Marques ∗1, Josuel Kruppa Rogenski1, Leandro Franco de Souza1, and Jerzy M. Floryan2

1Dept. of Applied Mathematics and Statistics, ICMC - University of Sao Paulo, Sao Carlos, Sao Paulo, Brazil
2Dept. of Mechanical and Materials Engineering, University of Western Ontario, London, Ontario, Canada

Summary It is known that the boundary layer over concave surfaces can be unstable to centrifugal forces, giving rise to counter-rotating
vortices, aligned in the streamwise direction. The effects caused by these vortices distort the hydrodynamic and thermal boundary layer
profiles, and they may modify the heat transfer rates. Results of a numerical investigation of the effects of Goertler vortices on heat transfer
enhancement from a boundary layer flow over walls of variable curvature are reported. Fully concave, concave-flat and concave-convex
configurations are considered. The results provide evidence that one may effectively decrease heat transfer rates of a transitional flow by
changing curvature.

INTRODUCTION

The laminar-turbulent transition phenomenon and its effect on heat transfer have been investigated for several decades. The
literature relating to this subject is covered by different types of approaches, whether analytical, numerical or experimental.
The first study regarding the effects of Goertler vortices on heat transfer was conducted by [3]. The experimental study
[4] compares the enhancement in heat transfer in Goertler flow with turbulent values, proving that the enhancement in heat
transfer in Goertler flow can be higher than the one in turbulent flows. In [5], experimental results of streamwise variation
of the Stanton number on heated flat and concave walls with three different favorable streamwise pressure gradients at Mach
number 0.015 show one increase up to 110% in the Stanton number due to the presence of the Goertler vortices. Studies
related to nonlinear spatial stability computations for walls with variable concave curvature were published in [1], where is
studied numerically the influence of variations in the curvature using the parabolized disturbance equations. Results presented
in [2] show that steady Goertler flow can increase the heat transfer rates to values close to the values of turbulence, without the
existence of a secondary instability. In the present paper we extend some analyses of [1] by discussing the effects of curvature
variations on heat transfer rates.

PROBLEM FORMULATION AND RESULTS

The problem is modeled through a Navier-Stokes system equations written in vorticity-velocity formulation. The go-
verning equations are complemented by the specification of boundary conditions. A simulation code was developed and
implemented using a high-order, pseudo-spectral numerical simulation method. Further details can be seen in [2]. The
schematic diagram of the computational domain is illustrated in Fig.1.
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Figure 1: Computational domain
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Figure 2: Cases of wall curvature distributions studied

The nonlinear simulations were made adopting the same physical parameters of the classical experiment [6]. We con-
sider the radius of the concave surface R∗ = 3.2 m, the free stream velocity U∗

∞ = 5 ms−1, and the kinematic viscosity
ν∗ = 1, 5 × 10−5 m2s−1. For analysis of heat transfer we verify the evolution of the spanwise–average Stanton number in
the streamwise direction, where this nondimensional parameter is defined as Stx = Nux

PrRex
. Nux, Rex and Pr denote the

Nusselt, Reynolds and Prandtl numbers and they are defined by Nux = ∂T
∂y

!!!
wall

L
Te−Tw

, where Te and Tw are the temperature

∗Corresponding author. Email:laraposmac@gmail.com
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NONLINEAR DISTURBANCE EVOLUTION IN SUPERSONIC BOUNDARY LAYERS ON 
THE SWEPT WING 
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Summary The paper presented the results on the generation and development of the wave train in uniform and spanwise modulated boundary 
layer at Mach 2. A swept-wing model was used in the experiments. In 3D boundary layer the oblique breakdown mechanism is detected, which 
previously observed only in a supersonic boundary layer on flat plate. It was obtained that in the spanwise modulated boundary layer the 
oblique breakdown mechanism occurs at lower values of the longitudinal coordinate x. 
 

INTRODUCTION 
 
   For fluid mechanics, the laminar-turbulent transition in supersonic 3D boundary-layer flows is one of the most important 
issue. In ITAM SB RAS, which has low-turbulence wind tunnel T-�����FRQWUROOHG�H[SHULPHQWV�RQ�D�����VZHSW�ZLQJ�ZHUH�
carried out. First of all, detailed hot-wire measurements of unstable wave trains propagating at free-stream Mach number 
M = 2 were performed [1]. Most recently, the experimental validation of predicted nonlinear mechanism of subharmonic 
resonance on smooth swept wing was achieved [2]. From data available to us we can state that the subharmonic resonance 
plays a major role in transition in swept wing boundary layer with roughness. But not only subharmonic resonance 
mechanism will cause a transition to turbulence. Another nonlinear mechanism is oblique breakdown mechanism obtained 
earlier on flat plate [3, 4]. Using the distributed roughness near the leading edge it was able to intensify the mechanism of 
oblique breakdown in the boundary layer on the flat plate [5]. In this paper, similar experiments on the smooth swept wing 
and swept wing with roughness were presented. 
 

EXPERIMENTAL SETUP 
 
   7KH�H[SHULPHQWV�ZHUH�FRQGXFWHG�LQ�WKH�Ɍ-325 low noise supersonic wind tunnel of ITAM SB RAS at M = 2 and unit 
Reynolds number Re1=7î��6 mí1 in experiments on the smooth model and Re1=5î��6 mí1 in experiments on the model 
with roughness. A swept-wing model ZDV� XVHG� LQ� WKH� H[SHULPHQWV�� 7KH�PRGHO� KDG� D� VZHHS� DQJOH� RI� ���� DQG� D� VOLJKWO\�
blunted leading edge of radius 0.2 mm [1]. A sketch of the experimental model and the coordinate systems are shown in 
Figure 1; dimensions are given in mm. The model was fixed in the central plane of the test section at approximately zero 
angle of attack. A source of localized artificial disturbances was built in the model [6]. Controlled pulsations have been 
generated using high-frequency glow discharge in a chamber and they were injected into the boundary layer through an 
aperture 0.4 mm in diameter in the upper surface of the model. A sine-wave generator and amplifier with transformer output 
were used to produce high voltage at a frequency of 10 kHz. The actuator work at frequency 20 kHz that enabled artificial 
perturbations to be excited at frequencies of 10 and 20 kHz in the boundary layer. The square stickers from a scotch tape 
were applied to induce the spanwise modulation of mean flow in the boundary layer. The sizes of labHOV�ZHUH���PP�î���
mm, the height in both case was 60 microns. Some details concerning to the coordinate systems and location of the stickers 
are shown in Figure 1. The wind tunnel has an automated measuring system that allows determining the flow parameters in 
³UHDO�WLPH´��7KH�IORZ�GLVWXUEDQFHV�ZHUH�PHDVXUHG�E\�D�FRQVWDQW-temperature anemometer (CTA). A tungsten hotwire of 10 
�P�LQ�GLDPHWHU�DQG�����PP�LQ�OHQJWK�ZDV�XVHG� The pulsation measurements were synchronized with a disturbance source 
and sine wave generator by a special device in a computer-automated measurement and control crate. The AC and DC 
signals from the CTA were written to the PC using a 12-bit analog-to-digital converter with sampling rate 750 kHz and by 
DC voltmeter, respectively. Four time traces of 65536 points in length were measured and written to file in each space 
position of the hotwire. 

 

X

Z¶Z
56,6 mm

U
=45

40 mm Glow
discharge

 
Fig. 1. A sketch of the swept wing and coordinate systems 

used; (a) ± side view; (b) ± plan view; (1) marks the 
disturbance source. 

Fig. 2. Model of the swept wing with roughness. 



   Mean and pulsation characteristics of the flow were obtained after data processing using a standard technique [1]. The 
mean flow distortion was determined by using the ratio between the relative change of the average mass flow and relative 
change of mean voltage output from CTA [5]. 
 

RESULTS 
 
   The source of controlled disturbances introduced pulsations at frequencies f = 10, 20, 40 kHz in the supersonic boundary 
layer. However, disturbances at 40 kHz attenuate downstream whereas those at 10 and 20 kHz have grown. Figure 3,a 
shows the amplitude ȕƍ-spectra of the controlled disturbances for the fundamental frequency f = 20 kHz on the smooth swept 
wing. The greatest amplitude growth is observed at ȕƍ = 1.21 rad/mm, which correspond to linear development of unstable 
waves. In sections x = 70, 80 mm the amplitude growth at ȕƍ = -0.88 rad/mm is occurred. The presence of additional peak in 
the amplitude spectra for the fundamental frequency cannot be explained in terms of subharmonic resonance. It is likely 
formed by nonlinear interaction between stationary and travelling waves. 
   For occurring oblique breakdown mechanism synchronism condition must be satisfied: 

f1+f2=f3 
Į1+Į2=Į3 
ȕ1+ȕ2=ȕ3. 

   Dispersion relations Įrƍ(ȕƍ) are estimated from phase ȕƍ-spectra and these results are shown in Figure 3,b. For f = 10, 20 
kHz the dependence Įrƍ(ȕƍ) are seen to be close to the linear ones. For f = 0 kHz the line Įrƍ(ȕƍ) is drawn parallel to those at 
frequencies f = 10, 20 kHz. The arrows on the plot indicate the increasing waves. From these data we consider that 
nonlinear amplification of disturbances in 3D supersonic boundary-layer is described well by oblique breakdown 
mechanism. 
   In experiments on the swept wing with roughness the greatest amplitude growth is observed at ȕƍ = 1.19 rad/mm 
(Figure 3,c). In sections x = 40, 50, 60 mm the amplitude growth at ȕƍ = -0.6 rad/mm is occurred. This additional peak in the 
amplitude spectra for the fundamental frequency formed by nonlinear interaction between stationary and travelling waves - 
oblique breakdown mechanism. 

   
Fig. 3. (a) Amplitude ȕƍ-spectra of disturbances. f = 20 kHz, smooth model; (b) Dispersion relations Įrƍ(ȕƍ). f = 20 kHz, 
smooth model; (c) Amplitude ȕƍ-spectra of disturbances. f = 20 kHz, model with roughness. 
 

CONCLUSIONS 
 

   In uniform and non-uniform flows in 3D boundary layer the oblique breakdown mechanism is detected, which previously 
observed only in a supersonic boundary layer on flat plate. Thus, subharmonic and oblique breakdown are the mechanisms of 
weakly nonlinear interaction in 3D supersonic boundary layer, similar to the case on a flat plate. It was obtained that in the 
spanwise modulated boundary layer the oblique breakdown mechanism occurs at lower values of the longitudinal coordinate x. 
The results are suitable for the CFD code verification. 
This work has been supported by the RFBR grant 16-31-00290, 16-01-00743. 
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FLOWS
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Summary We present a stability analysis of a pipe flow with particle suspension. Particles are considered solid, spherical, heavy with an
unique size and density. The particles are, in our physical model, modelled as a continuous phase and for the fluid-particles interactions
only the Stokes drag is taken into account, the other forces being neglected. We first use a linear stability analysis to study the influence of
the addition of particles to the global stability of the flow. Single phase pipe flows have been proven to be globally stable for any Reynolds
number, we find that this is also the case for particulate pipe flows. The effect of particles varies with the concentration and the size of the
particles, but it remains relatively weak. Then a nonlinear transient growth analysis allows us to look for the optimal perturbation triggering
turbulence and the effects of particles.

Pipe flow is a classical problem in fluid dynamics. The simplicity of geometry and relevance to industry and engineering has
made it one of the main research topic in fluid dynamics. Thus a lot of knowledge has been accumulated, yet research is
mostly focused on single phase flows. The characteristics of laminar and turbulents flows and the conditions for the transitions
from one to the other has been a major source of interest for decades because of the wide range of applications. Today the
transition for single phase shear flows is relatively well understood and little is known for flows having differents phases, and
the focus on this topic has risen recently in the scientific community.
One of the major difficulty in simulating a particulate laden flow is the modeling of particles. The representation of a high
number of discrete entities and accompanying boundary layers is very expensive and limits the possibilities. In order to
circumvent the problem, instead of modeling particles as discrete entities, we parametrize them with continuous variables,
much like the fluid. A similar model is used in [Klinkenberg et al., 2011] for a study of channel flows. Because it requires
a lot less computational power than a realistic description of particles, this model is not as constrained as the complete
description of particle. The drawback is that this representation is not always physically realistic. For small particles and low
volumic concentration the model should give a good approximation but it is supposed to break if those parameters increase
too much. The system of equations for our model is :

∂u

∂t
= ◦ ∇p

ρ
◦ (u.∇)u + ν∇2u +

KN

ρ
(up ◦ u)

∂up

∂t
= ◦ m N(up.∇)up + KN(u ◦ up)

∂N

∂t
= ◦ ∇(Nup)

∇.u = 0

With u and up the velocity fields for the fluid and particles, p the pressure, ρ the density of the fluid and ν its viscosity. N is
the concentration of particles and m the mass of one particle, so mN represents the mass of the particles per unit volume. K
is the Stokes drag defined such as K = 6π r ρ ν with r the radius of a particle.

We used in a first time a linear stability analysis to study the influence of the addition of particles to the global stability
of the flow. The equations for the perturbation leads to a modified Orr-Sommerfeld problem. Linear stability analysis have
been carried out extensively for single phase pipe flows. It is well known that the pipe flow is linearly stable to very high
Reynolds numbers and it is theorised that pipe flows are always linearly stable. We find the same result for particle laden pipe
flows, but the addition of particles does affect the temporal growthrate of the perturbation, effect which varies linearly with the
particle concentration. While the increase of the effect with the particle concentration is consistent with our model, it is likely
that the linearity is due to the physical model and the absence of nonlinear effects rather than to physical effects. The impact
on the flow also depends on the particle size as seen in the figure below. Is represented the normalised growthrate (particles
have a stabilising effect on the flow if is superior to 1, destsabilising otherwise). against SR, a nondimensional Stokes number
proportional to the square of the particle radius for several Reynolds number and a mass concentration of 10% :
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Figure 1: Evolution of the energy (f=0.1, α = 1)

In the limit of very small particles, the particles behave as passive tracers only affect the linear stability by modifying the
global density of the flow. In the limit of larges particles, the fluid and particles velocities are decoupled (the Stokes drag is
converging towards 0) so the particles do not affect the growthrate of the perturbation. This last property is the opposite of
what is physically expected and illustrates the limit of our model. Intermediate sized particles have a stabilising effect on the
flow with a peak so we have a “optimal” particle size for a given set of Reynolds number Re and perturbation wavelength
α. The amplitude of the effect is also inversely proportional to the Reynolds number. The optimal value follows a simple
heuristic formula, expressed here in terms of a Stokes number SR :

SRpeak(Re,α) ≈ 1.85√
Reα

(1)

Then a nonlinear transient growth analysis is done to obtain further results. The method for nonlinear transient growth in
our work has been defined in [Pringle and Kerswell, 2010]. Our code is a modified version of the DNS code for pipe flows
created by Dr Willis ( [Willis, 2015] ). It can be used in two different ways, either a perturbation is given, and the program
looks at how it evolves with time, or for a given time T it find the optimal perturbation, producing the maximal growth at
that time. The analysis is still ongoing, but first results seems to indicate stronger effects than in the linear model. For initial
perturbations with a small energy (less than 1% of the mean flow) and stable cases the addition of particles still do not make an
important difference. Whereas for unstable cases, when transition happens, the general behaviour is similar but the difference
in energy between single phase and particle laden flows are more important. Thus we expect particles to play a role in the
transition in the boundary cases.
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Figure 2. Variation of the ratio of the 
pressure gradient correction A to the 
reference flow pressure gradient as a 
function of ߙ   and S for ܴଵ =1 and 
Re=1000. Solid, dashed, dot lines indicate 
߮=0,�Ɏ ʹΤ ,�Ɏ, respectively. 

Figure 3. Variation of the ratio of the 
pressure gradient correction A to the 
reference flow pressure gradient as a 
function of ߙ and ߮ for S=0.015, 
Re=1000. Solid, dashed lines 
indicate ܴଵ=1, 10, respectively. 

Figure 4. Variation of the ratio of the 
pressure gradient correction A to the 
reference flow pressure gradient as a 
function of ߙ  and ܴଵ for S=0.015 and 
Re=1000. Solid, dashed, dotted lines 
indicate ߮=0,ߨ ʹΤ   .respectively ,ߨ�,

 
Figure 5 illustrates the flow topology resulting from the introduction of vortices. The formation of these vortices can be 
affected if the onset of the travelling wave instabilities precedes the onset of the vortices. Therefore, the favorable 
conditions are defined as those for which the critical Reynolds number for the onset of the vortex mode is smaller than the 
critical Reynolds number for the onset of the travelling wave mode. Such conditions are identified using grey in Fig. 6, 
which displays variations of the Recr for both instability modes as functions of the rib amplitude and the rib wave number. 
These results show that an increase of ߙ beyond 4 does not have a significant effect on the reduction of Recr required for 
the formation of the vortices. However, since an increase of ߙ increases the pressure losses (Fig. 2), one can conclude that 
ߙ ൌ Ͷ represents the optimal rib wave number for the formation of vortices. :H�XVH�WKH�WHUP�³RSWLPDO´�WR�VLJQLI\�WKH�ULE�
wave number which gives the smallest critical Reynolds number for the formation of the vortices and which, at the same 
time, produces the smallest pressure drop. 
 

 

  
Figure 5. Topology of the disturbance velocity field 
associated with the formation of vortices in an 
annulus with ܴଵ ൌ ͳ, ߙ ൌ ͷ, ܵ ൌ ͲǤͲͳͷ, ߮ ൌ Ͳ, 
M = 5 at the onset ሺ�ܴ݁ ൌ ͵ͶͲͳǤͷሻ. 

Figure 6. Variations of ܴ݁ as a function of Ƚ and � for the onset 
of the travelling wave (solid lines) and the vortex instabilities (dashed 
lines) in an annulus with ܴଵ ൌ ͳ and ߮ ൌ Ͳ. The thick line separates 
zones of dominance of the travelling wave and the vortex modes of 
instability. 

 
 

CONCLUSIONS 
 

Characteristics of flow in ribbed annuli have been studied to identify conditions leading to the formation of streamwise 
vortices without interference from the travelling waves. It was shown that the rib amplitude should be large enough for the 
vortices to dominate over the travelling waves. It was also observed that the rib wave number should not be larger than 4 in 
order to avoid excessive pressure losses. Finally, the annulus with the phase shift of ߮=Ɏ (a converging-diverging annulus) 
was shown to offer the most favorable conditions for the generation of vortices. 
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SLIDING COUETTE FLOW IN RIBBED ANNULI 
 

Hadi Vafadar Moradi*a) & Jerzy M. Floryan* 
 *Dept. of Mechanical and Materials Engineering, University of Western Ontario, London, Ontario, Canada 

 
Summary.  The flow in an annulus driven by the axial movement of one of the cylinders has been studied. The stationary cylinder has 
been fitted with axisymmetric ribs. It has been shown that the flow is subject to a centrifugal-force-driven instability giving rise to 
the formation of axial vortices. The critical stability conditions have been determined for a wide range of geometries of practical 
interest. Reduction of the annulus’ radius leads to qualitatively different flow responses depending on the position of the cylinder 
driving the flow. The critical Reynolds number is reduced and the range of the rib wave numbers that are capable of inducing the 
instability is increased when the outer cylinder drives the flow. The trend is reversed when the inner cylinder drives the flow.  
 

INTRODUCTION 
 
Flow between two concentric cylinders sliding with respect to each other in the axial direction is referred to as the 
sliding Couette flow (SCF) [1]. SCF occurs in a wide range of situations, e.g. piston-cylinder systems, a train moving 
through a tunnel, a catheter injected in a blood vessel, coating technology, etc. Since it is known that a vortex instability 
can be created in the planar Couette flow either through the use of transverse ribs [2] or through the use of wall 
transpiration [3], we wish to determine if a similar instability can be created in SCF. The main objective of this study is, 
therefore, the determination of conditions leading to the formation of such an instability, if at all possible. 
 

PROBLEM FORMULATION AND RESULTS 
 

Steady flow of an incompressible viscous Newtonian fluid confined between two concentric cylinders extending to  
in the z-direction is considered. The flow, which is driven by the sliding motion of the outer cylinder with a constant 
velocity U in the positive z-direction, while the inner cylinder is kept at rest, is referred to as SCF. We modify the inner 
cylinder through addition of sinusoidal axisymmetric ribs (see Fig. 1). The stationary flow in the modified annulus is 
represented as a superposition of the SCF and modifications generated by the ribs. Introduction of the stream function 
defined in the usual manner leads to a single fourth-order partial differential equation which is discretized using the 
Fourier-Chebyshev spectral method [4]. The Immersed Boundary Conditions method (IBC) is employed to resolve the 
problem associated with the irregularities of the geometry [5]. 
 

 
Figure 1: Sketch of the flow geometry - axisymmetric annulus with sinusoidal transverse ribs placed at the inner cylinder. 

 
While the above flow modifications are caused directly by the ribs, additional changes may be caused indirectly through 
the formation of secondary flows. Conditions which lead to the onset of such flows and the determination of their form 
can be deduced using linear stability theory [2]. Unsteady, three-dimensional disturbances of the form

 are superposed on the mean flow where  is the 
disturbance velocity vector,  are the unknown modal functions, stands for the real wave number in the axial 
direction, M denotes an integer wave number in the circumferential direction, and  is a complex 
amplification rate whose real part stands for the frequency and whose imaginary part represents the amplification rate of 
the disturbances. Subtraction of the mean flow and linearization lead to the disturbance equations which form an 
eigenvalue problem. This problem has to be solved numerically [2]. 

The flow topology associated with the vortices for flow in an annulus with ,  and 
 is well illustrated in Fig. 2A displaying iso-surfaces of the axial vorticity component. The formation of streaky 

structures aligned in the axial direction and being modulated by the ribs is clearly visible. The streaks are located close 
to the inner (ribbed) wall. The conditions which determine the appearance of the vortex instability can be expressed in 
terms of a critical Reynolds number , i.e. the minimum Reynolds number required for the onset of the instability for 
a given geometry of the annulus. Results displayed in Fig. 2B illustrate the role played by both  and . In general, 
when outer cylinder drives the flow, an increase of  for a fixed  stabilizes the flow with annulus for  being 
the most stable. The situation is reversed when the flow is driven by the inner cylinder. It can also be seen that the 
reduction of  stabilizes the flow. This is associated with the fact that the use of the long wavelength ribs reduces the 
streamwise flow modulations which, in turn, weaken the centrifugal force until it is unable to support the instability. 
Increase of  also stabilizes the flow but the mechanics of this process is different. In this case the troughs are filled in 
with the separation bubbles and the stream lifts up above the rib peaks. As a result, the fluid movement becomes nearly 
                                                           
a) Corresponding author. Email: hvafadar@uwo.ca 

u = 1 
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rectilinear, weakening the centrifugal force field. Figure 2C shows variations of  as a function of the rib wave 
number and  when flow is driven by the outer cylinder. It can be seen that an increase of  increases the range of  
capable of flow destabilization and expands the range of  where the instability may occur. For , the 
instability may occur in the limit of  (channel flow) but only for a narrow range of rib wave numbers, i.e. 

; reduction of  with  fixed leads to a huge expansion of this range. These results also demonstrate 
that the reduction of  has a strong destabilizing effects as the critical Reynolds number can be reduced from 

 for  down to  for  while, at the same time, the most effective rib wave number shifts 
from  3.5  to  10. Results presented in Fig. 2D illustrate the effect of the increase of the rib amplitude. The use 
of taller ribs amplifies the flow modulations, increases the centrifugal force field and, as a result, reduces the critical 
Reynolds number.  
The ribbed wall can be viewed as hydraulically smooth as long as it is unable to create a system bifurcation. It is 
convenient to introduce the global critical Reynolds number, , which corresponds to the minimum of  over all 
rib wave numbers for the specified rib amplitude and the annulus curvature.  has a very simple dependence on  if 

 is fixed as illustrated in Fig. 2E. These curves define the upper limit of  which guarantees the flow stability. As the 
flow is stable for conditions below these curves for any rib distribution, the cylinders with such ribs can be viewed as 
hydraulically smooth. A general correlation of the form  
provides a very good approximation of  which guarantees the flow stability for all  and  considered. 
 

   
(A)  (B) (C) 

  
(D) (E) 

Fig. 2: Disturbance flow topology associated with the vortex instability (Fig. 2A), variations of  as a function of different 
geometric parameters (Fig. 2B, C, and D), and variations of the global critical Reynolds as a function of ribs amplitude (E). 

  

CONCLUSIONS 
 

The Couette flow in an annulus formed by two co-axial cylinders, one of which is fitted with axisymmetric ribs, has 
been studied. Linear stability analysis shows that the flow undergoes transition to a secondary state, resulting in the 
formation of pairs of counter-rotating axial vortices. In the case of flow driven by the movement of the outer cylinder 
with the inner cylinder being ribbed, the flow is destabilized by reduction of , with the lowest critical Reynolds 
number corresponding to the smallest  considered, i.e. . The range of the rib wave numbers capable of flow 
destabilization expands at the same time. In the case of the flow driven by the movement of the inner cylinder with the 
outer cylinder being ribbed, the flow is stabilized by a reduction of  and the range of  capable of flow destabilization 
decreases at the same time. The most unstable configuration corresponds in this case to . Conditions when the 
ribbed annulus can be viewed as being a hydraulically smooth annulus have been determined.  
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CONVECTIVE INSTABILITY OF THE BOUNDARY LAYER UNDER SOLITARY WAVES

Joris C. G. Verschaeve∗and Geir K. Pedersen
Department of Mathematics, University of Oslo, Norway

Summary The stability of boundary layers under surface and internal solitary waves has been investigated. The parabolized stability
equation method has been used in order to compute the neutral curves and amplification factors for this flow. A direct numerical simulation
has been performed in order to validate the results by model equations. As a main result the instability is found to be of convective type
opposed to what has been assumed in literature so far. A range of cases has been investigated for surface and internal solitary waves.

INTRODUCTION

The stability of the boundary layer under a solitary wave has been investigated experimentally or by direct numerical simula-
tion in several works, see for instance [4, 2, 1]. These works suggest that the nature of the instability is of absolute type but
report diverging critical Reynolds numbers. A study on the linear stability of boundary layers under solitary waves suggesting
that the instability is of convective type has been performed in [3]. In the present paper, we shall also elaborate on some of the
results in the latter work.

Given the fully nonlinear inviscid solution for this flow, the boundary layer equations are solved numerically. Using this
boundary layer solution, the parabolized stability equation method has been used in order to compute the neutral curves and
amplification factors for this flow. The amplications of the perturbation have been verified by comparison to a direct numerical
simulation using a high order accurate solver.

RESULTS

The boundary layer under surface solitary waves is controlled by two parameters, the Reynolds number and the wave elevation.
On the other hand, for the internal solitary wave of a two fluid system, the ratio of the density of the two layers and the
respective height of the two layers are additional parameters. Qualitatively, the boundary layer profiles are similar for both
cases. They display an acceleration region in front of the crest and a deceleration region in the rear of the crest, cf. figure 1
(LEFT). As a main result, we find that in the rear of the wave crest, the boundary layer displays amplification of perturbations
for all Reynolds numbers considered, which ought to be expected due to the inflection point in the profile in this region, cf.
figure 1 (RIGHT). However, for small surface elevations and small Reynolds numbers the total amplification is rather weak,
implying that, depending on the background level of noise in experiments or direct numerical simulation, the perturbation
might or might not grow to such levels to be observable. This contributes to an explanation of the different results in the
literature concerning the critical Reynolds numbers obtained by experiments or direct numerical simulation. As the signal
to noise ratio is less favorable for internal solitary wave experiments compared to surface solitary wave experiments, the
perturbations in the boundary layer of internal solitary waves are expected to be observable for amplifications factors much
lower than for the corresponding surface solitary waves.

CONCLUSIONS

By means of the parabolized stability equation, amplification factors and neutral curves are computed for the boundary layer
under solitary waves. A range of cases is considered for surface and internal solitary waves. The results obtained in this
study suggest that the appearance of instabilities for lower Reynolds numbers depends strongly on the level of the initial
perturbations/noise in the experiments/direct numerical simulation. Control of the perturbations is thus a prerequisite in order
to obtain repeatable results in experiments or simulations.

∗Corresponding author. Email: joris@math.uio.no



Figure 1: LEFT: Surface elevation η and profiles of the horizontal velocity component in the boundary layer under a surface
solitary wave moving from right to left. The profiles have been multiplied by 40. The moving horizontal coordinate ξ has been
scaled by the water depth, whereas the normal coordinate y has been scaled by the boundary layer thickness. The value at
y = 0 of the profiles shown corresponds to the position ξ, where the profile has been taken. The horizontal velocity vanishes
at y = 0 in order to satisfy the no-slip boundary condition. RIGHT: Amplification of the critical perturbation in the boundary
layer under surface solitary waves of different amplitude ϵ, for a Reynolds number Re = 2/δ = 2500.
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INSTANTANEOUS FLOW CHARACTERISTICS AND STRUCTURAL STABILITY IN A 
BIDIRECTIONAL VENTILATED CABIN MOCK-UP 

 
Changwei Yang1, Feng He1a), Zhanyou Lin1, Jiawei Liu1, Xiwen Zhang1, & Pengfei Hao1 

1School of Aerospace Engineering, Tsinghua University, Beijing, China 
 
Summary Airflow movement is one of the most important physical factors greatly influencing contaminants transmission in aircraft cabin. 
Since various perturbations are hard to control and experimental measurements are hard to handle in full-size aircraft cabin, the researches on 
instantaneous characteristics are seldom reported. In this work, PIV experimental investigations on the structural stability of velocity fields in a 
bidirectional ventilated cabin mock-up are conducted. It indicates that the velocity field is obviously unstable and there are coherent auto-
oscillation of the large-scale flow structures in this cabin mock-up. The spatial and temporal behaviors of the large-scale flow structures and the 
evolution of topological characteristics of the velocity fields are presented. The structural stability theory is also used to further interpret the 
unstable phenomena of the velocity fields. Our present findings can serve as a base for forthcoming study of contaminants transmission and a 
simplified model for problem of cabin ventilation. 
 

INTRODUCTION 
    

As a result of the popularity of air transportation and the growing mobility of people, more and more people are 
travelling by commercial airplanes. The air quality, especially the air safety, in aircraft cabin has been the focus of many 
passengers and crews [1]. Airflow movement is one of most important physical factors greatly influencing the contaminants 
transmission in aircraft cabin environment [2]. Although many measured and computational results showed that the airflows 
in aircraft cabins were highly unsteady or even unstable in various aircraft cabins, most of the existing studies mainly 
focused on the time-averaged air distributions. Since various perturbations are hard to control and experimental 
measurements are hard to handle in full-size aircraft cabin, the researches on instantaneous characteristics of velocity fields 
are seldom reported [3, 4]. 
 

EXPERIMENTAL SETUP AND METHOD 
 

Fig. 1(a) shows the aircraft cabin model of Boeing 737-200 in Ref. [4]. Fig.1 (b) and (c) show the schematic of 
simplified cabin mock-up and PIV measurement setup. There are two opposing inlets close to the ceiling and two outlets 
close to the bottom of the mock-up. One hundred diffusers are distributing uniformly in each inlet over the full depth 
(D=400mm). The size of the each diffuser is 20mmh2mm. In order to research the structural stability of velocity fields in 
this type of cabin, various perturbations are removed as much as possible. The geometries are created symmetrical with the 
symmetrical surface. As shown in Fig.1 (d), (e) and (f), the velocity distribution along the X and Y directions is determined 
by hot wire. The velocities is set at fixed and symmetrical with the middle plane. The PIV (Laser model: YAG double pulse 
laser. CCD model: REDLAKE MegaPlus II. Laser power: 200 mJ/pulse) is used to obtain the velocity field. 

 

    
(a)                               (b).                                    (c).    

          
(e)                              (f)..                                     (g) 

Fig. 1. (a)One row aircraft cabin model of Boeing 737-200 [4]. (b)Three dimensional schematic of the bidirectional cabin mock-up and PIV setup. (c) 
Cross-section of cabin mock-up at 0.5D and the corresponding sizes in millimeter. (d)The Cartesian coordinates used for determination of the velocity 
magnitude of inlets by hot wire. The velocity magnitudes along (e) the X direction and (f) the Y direction. The black lines and points stand for the velocity 
magnitudes on the left side. And the pink lines and points stand for the velocity magnitudes on the right side. 



RESULTS AND DISCUSSION 
 

Fig. 2 depicts the large-scale flow structures in the cross section of visual field (CSVF) of CCD. There are obvious large-
scale swing motions of the air flow in the cabin mock-up. The topological characteristic and structural stability analysis of the 
velocity fields [5] are shown in Fig.3. There are one saddle point (SP) and one half saddle points (HSP) in the CSVF. Moreover, 
one hetero-clinic orbit, connecting the SP and HSP exists in the CSVF. According to the third condition of Peixoto theorem [6], 
when there is a hetero-clinic orbit connecting saddle points in a two-dimensional vector field, it is not a structurally stable system. 
In this case, a sufficient perturbation, such as a small unequal velocity of two sides' diffusers, could destroy the hetero-clinic orbit 
and cause complicated bifurcation of the velocity field. The unstable velocity field is the intrinsic features in this bidirectional 
cabin. The instantaneous spatial and temporal behaviors of the large-scale flow structures and the dependence of the flow 
structures on the Reynolds number Re would be presented in our full paper. 

 

 
Fig. 2. The large-scale flow structures in the cross section of the ventilated aircraft cabin mock-up. 

 

 
Fig. 3. The topological characteristic and structural stability analysis of the velocity field. 

 
CONCLUSIONS 

 
   In this paper, the detailed instantaneous information and evolution of velocity field in a bidirectional ventilated cabin mock-
up are investigated by PIV measurement. We can conclude that: 

1) Although the boundary conditions are set at fixed and symmetrical with the middle plane as much as possible, the 
instantaneous velocity fields in aircraft cabin mock-up display intrinsic obvious continuing quasi-periodic large scale instabilities. 

2) The instantaneous flow fields are very complicated due to the coexistence and interaction of the large-scale flow 
structures and turbulent fluctuations. Repeated reversal of the velocity components in the horizontal and longitudinal 
directions exist universally. The instantaneous spatial and temporal behaviors of the large-scale flow structures and the 
dependence of the flow structures on the Reynolds number are also studied. 

4) The Peixoto theorem well interprets the mechanism of such unstable flow fields in this generic aircraft cabin mock-up. 
5) The alteration of topological characteristics in the bidirectional ventilated muck-up allows the lateral airflow movements 

carrying infectious gaseous contaminants to move across the middle plane and influence the opposite region. This is a reasonable 
mechanism explanation of gaseous contaminants transmission in aircraft cabin. 
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EVOLUTION OF LOCALIZED ARTIFICIAL DISTURBANCE IN 2D SUPERSONIC 
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Summary The evolution of the artificial pulsed wave packet in laminar flat-plate boundary layer was experimentally studied by hot-wire 
measurements at M=2. The localized disturbances were generated by pulsed glow discharge. The angle of the spreading and the velocity of 
propagation downstream of the wave packet were estimated. Also, wave analysis was provided. It was found, that for different frequencies the 
most unstable waves are oblique. 
 

INTRODUCTION 
 
   For solving the problem of laminarization the detailed knowledge of the mechanisms of laminar-turbulent transition are 
required. At present it is generally recognized that the onset of turbulence is connected with the loss of stability of the initial 
laminar flow. There are many experimental and theoretical studies of the stability of subsonic boundary layer. However, the 
stability of supersonic boundary layer is much less studied. 
   The study of the evolution of artificial controlled perturbations allows find out the wave characteristics of the boundary 
layers. The commonly used method of the actuation of controlled perturbations in the supersonic experiment is the high-
frequency electric glow discharge. This method has proved to be effective in the study of the stability of supersonic 
boundary layer. The linear and nonlinear theories of hydrodynamic stability were proved by this method [1, 2]. However, 
this method allows the study the evolution of narrowband disturbances while natural laminar-turbulent transition is 
associated with the evolution downstream of fluctuations consisted of a wide range of frequencies and wavenumbers excited 
by freestream turbulence. Therefore the study of the evolution of broadband disturbance (wave packets) is perspective.  
   The first experimental studies of wave packet propagation in boundary layer were provided at low speed of flow [3]. 
The evolution of wave packet generated by a short-duration pulse through a small hole in the surface of the flat plate was 
investigated by hot-wire measurements. These measurements compared very well with results obtained from the theoretical 
model which represented the wave packet as a superposition of individual disturbances for all frequencies and spanwise 
wave numbers of the most unstable linear waves [4]. At high speeds of flows the method of the excitation of artificial wave 
packets is actively developing. The evolution of wave packets in the hypersonic boundary layer of nozzle was 
experimentally studied in [5]. The measurements were taken along the axial line of the nozzle using surface pressure 
transducers. The linear and non-linear growth of wave packets and their transformation into turbulent spot were founded. 
The spectra of wave packets corresponded with the second mode of instability which, as known, is the most unstable at 
hypersonic flow. The evolution and transformation into turbulent spots of wave packets is shown as a continuous process. 
Also, the method of wave packets is widely used in numerical study of laminar-turbulent transition [6-8]. 
   The goal of this work is to experimentally study the evolution of wave packet in laminar supersonic flat-plat boundary 
layer at Mach number of flow M=2. 
 

EXPERIMENTAL SETUP 
 
   The evolution of wave packets in the supersonic boundary layer was studied on flat plate model. The experiments were 
carried out in the quiet supersonic tunnel T-325 of ITAM SB RAS at Mach number M=2 and unit Reynolds number 
Re1=6 106 m-1. Artificial localized disturbances were actuated by pulsed electric glow discharge between isolated 
electrodes located 30 mm from leading edge on the surface of model. Pulsations in the boundary layer were measured with 
the help of constant temperature hot-wire anemometer. Hot-wire probe from tungsten with 10 micron in diameter and 1.5 
mm in length was used. The measurements were carried out with overheat of the probe wire to 0.8. The hot-wire 
measurements were synchronized with glow discharge ignition. Ensemble-averaged fluctuation traces were computed for 
320 disturbances to increase the signal-to-noise ratio. All data in this work were obtained in layer with maximum level of 
natural boundary layer pulsation.  
 

RESULTS 
 
   Contour lines mass flow pulsations of the wave packet in the plane (z, t) measured at the different distance from the 
leading edge of the flat plate x = 60, 80, 100 mm are shown in figure 1. The wave packet has a three-dimension structure. It 
is obtained that the wave packet is expanded in the spanwise direction (z). The estimates of the angle of the spreading of the 
wave packet were done. It was found that the half-angle spanwise spreading of the wave packet is about 5 . It is close to the 
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ARRESTED BUBBLE RISE IN A NARROW TUBE

Jens Eggers1 and Catherine Lamstaes1

1Department of Mathematics, University of Bristol

Summary If a large air bubble is placed inside a vertical tube closed at the top it will rise, displacing the fluid above it. However, Bretherton
found that if the tube radius, R, is smaller than a critical value Rc = 0.918 ℓc, where ℓc =

!
γ/ρg is the capillary length, there is no

solution corresponding to steady rise. Experimentally, the bubble rise appears to have stopped altogether. Here we explain this observation
by studying the unsteady bubble motion for R < Rc. We find that the minimum spacing between the bubble and the tube goes to zero in
limit of large t like t−4/5, leading to a rapid slow-down of the bubble’s speed U ∝ t−2. As a result, the total bubble rise in infinite time
remains very small, giving the appearance of arrested motion.

A very common and useful observation, for example in the biological sciences, is that the flow of liquid out of a narrow
capillary can be arrested by sealing off the top or bottom (for example using a finger). This is illustrated in the sequence on
the right of Fig. 1: a capillary of inner radius R = 1.9 mm is closed off at the bottom. As a result, a column of water remains
suspended above an air bubble (munch longer than the radius of the tube) at the bottom, without any apparent motion, even
over long periods of time.

If however the tube is slightly wider, as seen on the left of Fig. 1, a bubble rises steadily, as liquid is allowed to pass
through a thin film surrounding the bubble. Such constant-speed solutions are possible only if the radius of the tube is larger
than a critical value Rc = 0.918 ℓc [1]. The question we address in this paper is how it is possible that no more liquid is
allowed to flow past the bubble if R < Rc. This is surprising, since a liquid is not able to support a constant shear stress, as
would a solid.

To study this question, we solve the dynamical equation for the film thickness h(x, t), which reads in dimensionless form:

∂h

∂t
+ [h3(κx ◦ 1)]x = 0. (1)

Here κ is the curvature of the interface, and the following term comes from gravity. If R > Rc, any solution of (1) converges
toward a solution of traveling wave type. If R < Rc, the minimum film thickness goes to zero in infinite time, as shown in
Fig. 2. We show that the local solution close to the point of touchdown x0 has the similarity form:

h(x, t) = t−4/5H(ξ), ξ = (x ◦ x0)t
2/5. (2)

The similarity exponents are determined by matching the local solution (2) to the static front of the bubble on one hand, and
to a film solution on the other hand, the latter representing a balance of surface tension, gravity, and viscosity. As a result, the
minimum film thickness is described by

hmin ≈ 1.39ℓ1/5c (η/γ)4/5 (Rc ◦ R)−1/2t−4/5. (3)

Since the motion of the bubble is controlled by the amount of fluid which can pass by the minimum, the speed goes to zero
rapidly, as described by

U(t) ≈ 2.97ν/(gR(Rc ◦ R)1/2)t−2. (4)

Thus even in infinite time, the bubble travels only a short distance, given the appearance of the bubble motion having stopped
altogether.
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Figure 1: A home experiment illustrating the motion of long bubbles in tubes filled with water (using coffee as a colorant),
closed off at the end. Based on the surface tension of water, Rc ≈ 2.5mm. On the left, a bubble rises steadily in a tube with
inner radius R = 2.9 mm. On the right, no motion is detectable even over a long period in a tube with R = 1.9 mm.
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Figure 2: Plot of the film height h(x, t) as found from (1) for R = 0.794 at time t = 0 (dotted curve), log10(t) = 3.02 (dashed
curve), log10 t = 4.50 (dashed-dotted curve) and log10 t = 7.02 (solid line).
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DROP SPREADING WITH RANDOM VISCOSITY
Feng Xu and Oliver E. Jensen∗

School of Mathematics, University of Manchester, UK
Summary This study addresses the influence of stochastic heterogeneity in thin-film flows of biological liquids. We consider the manner
in which the spreading of an inhaled aerosol droplet over the liquid lining of a lung airway is regulated by intrinsic non-uniformities in the
liquid film. One source of variability is associated with the distribution of biochemical constituents that influence the physical properties
of the film, and which may themselves be transported by the spreading flow. We investigate this through a model problem in which a
drop spreads over a Newtonian film having viscosity that depends on the concentration of a passive solute. Using PDE simulations and a
surrogate ODE model that exploits physical insights into mass transport across the drop’s contact lines, we quantify the variability in drop
spreading rates in terms of the statistical properties of the initial solute distribution.

INTRODUCTION

Many biological systems have intrinsic spatial heterogeneity which, because of the difficulty of experimental measurement,
may (at best) be estimated in terms of a few statistical variables. Ideally, transport processes in such environments must then
be characterized in terms of distributions, requiring initial uncertainties to be propagated through a mechanistic model in
order to quantify the likely variability of outcomes. In the present study we examine such a problem involving liquid transport
in a lung airway, focusing on constitutive heterogeneity of the liquid film. Lung mucus has complex rheological properties
that are regulated by mucin proteins released from goblet cells distributed within the airway epithelium. We investigate how
the spatial heterogeneity of the mucus layer, associated with non-uniform mucin distributions, influences the spreading of an
inhaled aerosol droplet over the airway liquid lining. This study provides a vehicle to explore techniques that complement
expensive stochastic simulations, by exploiting physical understanding of the flow structure to derive low-order “surrogate”
models that capture both the dominant physics and the variability of outcomes.

THE MODEL PROBLEM

We work in the framework of lubrication theory and assume that the drop and underlying mucus layer have Newtonian
rheology. The mucus viscosity is assumed to depend on the concentration of a dissolved solute that is transported passively
within the liquid. We derive coupled PDEs for the film thickness and cross-sectionally averaged solute concentration, assuming
that diffusion is sufficient to suppress gradients across, but not along, the film. The drop spreads under the action of surface
tension over a precursor mucus layer, regularising the singularity at the moving contact line. The initial solute distribution is
a Gaussian random field with prescribed variance and correlation length, represented numerically using a Karhunen–Loève
expansion.

Complementing Monte Carlo simulations of the PDE system, we derive a reduced ODE formulation of model when the
precursor film is thin, extending previous asymptotic methods to account for solute transport. An analysis of characteristics
shows that the solute distribution is stretched beneath the bulk of the drop, while being compressed in a region close to each
advancing contact line, as illustrated in Figure 1.

RESULTS

Spreading rates are strongly influenced by the viscosity of the liquid in the neighbourhood of the contact line. When the
solute variance is small, the initial solute distribution near each contact line turns out to have a long-lived influence. In this
instance we derive explicit predictions of the variance of drop centre location and width, showing how the former decreases,
and the latter increases, as the correlation length of the initial solute distribution increases, consistent with previous studies
of drop-spreading on rough surfaces [1]. The solute field concertinas within the contact line region so that, when the solute
variance is larger, fluctuations in viscosity encountered by the advancing contact line influence the local contact line speed.

CONCLUSIONS

While the model is subject to a number of strong assumptions, it reveals how spatial fluctuations in film properties influ-
ence the speed of an advancing contact line and quantifies the variability of spreading rates. The problem is characteristic
of situations in which different physical processes, acting over distinct lengthscales, lead to only a subset of features of the
underlying stochastic distribution being “sampled” by the flow, a feature that can be exploited in deriving low-order represen-
tations of the dynamics. The influence of additional heterogeneities in airway liquid lining flows, associated with non-uniform
spatial domains, will also be discussed.

∗Corresponding author. Email: Oliver.Jensen@manchester.ac.uk
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Figure 1: Simulations showing (a) film thickness H and (b) a realisation of the solute distribution M at initial (dashed) and later
times (solid), as functions of position X. The film viscosity is regulated by M, which is stretched beneath the bulk of the drop
but compressed near each contact line. Insets near each contact line in (a) show how the drop connects to a precursor film.
The viscosity distribution within each contact-line region plays a dominant role in the spreading dynamics. The viscosities at
the initial (A, B) and later (A’, B’) contact-line locations are indicated in (b).
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A FLUID DYNAMICAL MODEL FOR ANTI-SURFACTANT SOLUTIONS

Stephen K. Wilson∗1, Justin Conn1, David Pritchard1, Brian R. Duffy1, Peter J. Halling2, and Khellil Sefiane3
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Summary A fluid-dynamical model for surfactants and anti-surfactants based on the concept of surface excess (rather than simply surface
concentration) is formulated and analysed. In particular, this model predicts a novel instability which occurs for anti-surfactants but not for
surfactants.

In recent years there has been considerable progress on the mathematical modelling of solutions of surfactants. Surfactants
are solutes which preferentially accumulate near the free surface and reduce the surface tension of the solution. Mathematical
models for surfactants in which the surface tension is taken to be a decreasing function of the surface concentration of surfac-
tant have been applied with considerable success to a wide variety of different physical systems (see, for example, Craster and
Matar [1]).

However, there are other solutes, (such as, for example, salt dissolved in water) which preferentially deplete near the free
surface and increase the surface tension of the solution. Such solutes are sometimes called “anti-surfactants” and cannot be
modelled simply by considering the surface tension to be a function of the surface concentration. Instead a promising approach
is to take the surface tension to be a function of the surface excess, an appropriate measure of the difference between bulk
and surface concentrations. Thus, in the present work we construct a fluid-dynamical model for anti-surfactants based on the
concept of surface excess which reduces to the classical model for surfactants when the surface concentration much larger than
the bulk concentration, but has qualitatively different behaviour for anti-surfactants when the surface concentration is much
smaller then the bulk concentration. In particular, this model is consistent with the Henry and Gibbs isotherms in surface-bulk
equilibrium.

We use this model to analyse the stability of a quiescent layer of solution and demonstrate the occurrence of a novel
instability which occurs for anti-surfactants but not for surfactants.

In addition, we formulate and analyse an asymptotically reduced version of the model applicable to thin layers of anti-
surfactants and use it explore the complex non-linear dynamics which this system can display. In particular, the derive and
analyse semi-analytical similarity solutions which capture and elucidate aspects of the long-time behaviour of such systems.

Finally, some of the many possible directions for future work will be indicated.
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AXISYMMETRIC SELF-SIMILAR RUPTURE OF THIN FILMS WITH GENERAL
DISJOINING PRESSURE

Michael Dallaston ∗ 1, Dmitri Tseluiko2, Serafim Kalliadasis1, Zhong Zheng3, Marco Fontelos4, and Howard
Stone3

1Department of Chemical Engineering, Imperial College London, London, UK
2Department of Mathematical Sciences, Loughborough University, Loughborough, UK

3Mechanical and Aerospace Engineering, Princeton University, Princeton NJ, USA
4Departamento de Ciencia e Ingenieria, Universidad Rey Juan Carlos, Madrid, Spain

Summary A thin film coating a dewetting substrate may be unstable to perturbations in the thickness, which leads to finite time rupture.
The self-similar nature of the rupture has been studied by numerous authors for a particular form of the disjoining pressure, with exponent
n = 3. In the present study we use a numerical continuation method to compute discrete solutions to self-similar rupture for a general
disjoining pressure exponent n. Pairs of solution branches merge when n is close to unity, indicating that a more detailed examination of
the dynamics of a thin film in this regime is warranted. We also numerically evaluate the power law behaviour of characteristic quantities of
solutions in the limit of large branch number.

FORMULATION

A thin film on a dewetting substrate is dominated by the effects of surface tension and van der Waals forces. Invoking the
lubrication or thin film approximation [3], the thickness of the film h(x, t) may be modelled by the (dimensionless) equation

∂h

∂t
= ◦ ∇ ·

!
h3∇

"
∇2h + Π(h)

#$
, Π(h) = ◦ 1

nhn
. (1)

As long as n > 1, the disjoining pressure Π(h), which captures the effect of van der Waals forces, destabilises the film.This
leads to finite time rupture, where h vanishes at a point or line at time t0. Assuming axisymmetry and self-similarity near a
rupture point (r = 0), the film thickness may be expressed as h(r, t) = (t0 ◦ t)αf(ξ), ξ = r/(t0 ◦ t)β , where f satisfies the
following ordinary differential equation

◦ αf + βξf ′ = ◦ 1

ξ

%
ξf3

&
f ′′ + 1

ξ f
′
'′

+ ξf2−nf ′
(′

, f ′(0) = f ′′′(0) = 0, f ∼ cξα/β , ξ →∞. (2)

The similarity exponents α and β are simple functions of the exponent n, while the far field condition is derived from the
assumption of quasi-steadiness away from the rupture point. The conditions at ξ = 0 are required for symmetry and bound-
edness of the solution at the origin.

For n = 3, it has been shown that (2) has a discrete family of solutions, which may be characterised by the scaled film
thickness at the origin f0 = f(0). Previously, these solutions have been computed numerically, using a shooting method [7],
and Newton iteration on a discretised boundary value problem [5]. In each case, the numerical computation is highly sensitive
to an initial guess (the right-hand initial condition for shooting, or the initial guess of the Newton scheme, respectively). The
selection mechanism in the plane symmetry (line-rupture) version of (2) was explored in [1], where the exponential asymp-
totics of the large branch-number (equivalent to small f0 was performed). The plane-symmetric version has also recently been
resolved numerically [4] using the continuation algorithms implemented in the open source package AUTO07p [2].

The purpose of the present study is two-fold: firstly, we compute discrete solutions to (2) using numerical continuation,
which has been shown to be highly effective on the plane-symmetric version of this problem [4]. Secondly, numerical
continuation allows us to compute the discrete solution branches as the disjoining pressure exponent n is varied.

NUMERICAL CONTINUATION

The idea behind numerical continuation is to compute a solution to a boundary value problem that features a number of
parameters, then gradually vary one or more of those parameters, using the previous solution as an initial guess (say, in a
Newton iteration) to compute the new solution. The smooth dependence of the solution on parameters may thus be harnessed.
The parameters in question may be model parameters, or artificial parameters introduced for numerical expediency, as we use
here.

∗Corresponding author. Email: m.dallaston@imperial.ac.uk
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Figure 1: (a) The artificial parameter δ2 as a function of the scaled film thickness at the origin f0; The roots δ2 = 0 correspond
to solutions of (2). (b) The first six solution branches vs the disjoining pressure exponent n. Pairs of solution branches merge
near n = 1. (c) Discrete solutions f0 vs solution index N ; solutions appear to asymptote to ∝ N−1/n for large N .

As a starting point, we note that when n = 3, (2) has the exact solution fe(ξ) = c
√
ξ satisfying the far field conditions,

but not the conditions at r = 0. We thus introduce the artificial parameters δ1 and δ2 into the boundary conditions, as well as
an approximate left hand boundary location ξ0 ≪ 1, and enforce the conditions

f(ξ0) = f0, f ′(ξ0) = δ1, f ′′′(ξ0) = δ2.

(the far field boundary conditions are also enforced at a large but finite value ξ = L). Given appropriate values of δ1 and
δ2 , fe(ξ) also satisfies these boundary conditions, so may be used as an initial guess in our computation. Using numerical
continuation, we now take δ2 and δ1 to zero, allowing f0 to be free in each case. Now as ξ0 is taken to zero, we approach a
solution to the original problem (2).

The introduction of the artificial parameters also provides a systematic way of computing the other members of the discrete
family of solutions. For δ1 = 0 and ξ0 > 0 we allow f0 to vary, letting δ2 be free. The curve of δ2 against f0 oscillates around
δ2 = 0, each intersection corresponding to a solution of (2). This approach is similar to that used for the plane symmetric
problem [4], although in our case the variation of the artificial parameters in the boundary conditions cannot take place on
ξ = 0 due to the coordinate singularity.

Finally, after finding the discrete solutions for n = 3, we continue in n to trace out discrete solution branches.

RESULTS

In figure 1a we plot the curve of the artificial parameter δ against f0 for n = 3, showing the selection of discrete solutions
where δ2 = 0. In figure 1b we plot the discrete branches of solutions, characterised by f0, over a range of values of n.
The most interesting phenomenon we observe is the merging of pairs of branches at a value n > 1 as n decreases. Thus,
for small values of n, the branch with largest f0 (the only which is stable [5]) disappears. The dynamical behaviour of the
time-dependent problem (1) in this regime is therefore of further interest, something which we intend to explore further by
numerical computation of (1).

In addition we compute the relationship between f0 on the discrete solution branches and the index N of the branch
(starting with the largest value as N = 1), particularly in the limit that N is large. As shown in figure 1c, the discrete values of
f0 appear to behave as∝ N−1/n as N →∞ for n = 3, 4 and 5. When n = 3, the far field coefficient c behaves as N−0.43, as
previously computed [6, 4]. The relationship between these numerically observed power laws, as well as the connection with
the asymptotic result of [1], is ongoing work.
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Figure 2: The shapes of the draining (a) Newto-
nian and (b) Bingham fluid, as functions of time.

At sufficiently high Ca, the Bingham film does flatten and dimple,
but when this happens, the shear stress in the film decreases with time. If
the yield stress is large enough, film drainage can be arrested completely
below a critical thickness, hf . A scaling analysis reveals that this thick-
ness varies as τ20R3/γ2, and our simulations verified this. Interestingly,
this trend is independent of the force F . These and other counterintuitive
trends will be explained in detail in the presentation.

CONCLUSIONS AND IMPLICATIONS

The introduction of a yield stress not only slows down the rate of
drainage, but also modifies the shape of the film during the drainage pro-
cess, increasing the time spent by the film during the spherical regime.
The retardation of drainage, coupled with the arresting of drainage be-
yond a critical yield stress and capillary number for a given drop size
and interfacial tension, implies that the coalescence of two drops collid-
ing with each other due to an imposed shear can be strongly mitigated
for a Bingham suspending fluid relative to a Newtonian one of the same
viscosity.
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PATTERN FORMING INSTABILITIES IN MECHANICALLY VIBRATING THIN FILMS

Michael Bestehorn∗and Sebastian Richter

Department of Theoretical Physics, Brandenburg University of Technology, Cottbus, Germany

Summary Thin liquid films with a free surface on a planar horizontal substrate are examined. The substrate is subjected to oscillatory
accelerations in normal direction. The description is based on the longwave approximation including inertia effects which are important
due to the large velocities imparted by external vibrations. The linearized system is studied using Floquet analysis. Pattern formation in the
nonlinear regime is computed numerically from an integrated model of two (three) coupled PDEs for the thickness and the flow rate of the
fluid in two (three) spatial dimensions. The treatment can be systematically extended to multi-layer systems of stratified inmiscible liquids.

BASIC EQUATIONS

Lubrication approximation
Consider a thin liquid film with a free surface on a planar horizontal solid substrate in the gravity field g. The average

thickness of the film is d. Its kinematic viscosity ν, its surface tension γ and its density ρ are assumed constant. The velocity
field is denoted by v⃗h and vz for the horizontal and vertical components, respectively. The fluid is subjected to vertical
harmonic accelerations of the substrate located at z̃ = Ã cos(ω̃t̃) . We adopt the usual scaling in the lubrication approximation

[1] (variables with a tilde are dimensional) x⃗ = ⃗̃x/ℓ, z = z̃/d, t = (ν/d2) t̃ where x⃗ = (x, y) denotes the horizontal
coordinates and ℓ is a typical horizontal scale (wavelength). Expanding the dependent variables of the Navier-Stokes eqs.
with respect to powers of δ = d/ℓ≪ 1, one finds in the accelerated frame of reference at zero order

∂tv⃗H + (v⃗H ·∇)v⃗H + vz∂z v⃗H = ∂2z v⃗H −∇
!
G (1 + a(t))h− Γ∇2h

"
, (1)

where h(x⃗, t) is the local film thickness, ∇ and ∇2 are the horizontal gradient and Laplacian, respectively. The dimensionless
numbers are the Galileo number G = gd5/(ℓ2ν2) and the inverse capillary number Γ = γd5/(ℓ4ν2ρ). The normal acceler-
ation results in a virtual force a(t) = Aω2ν2/(gd3) cos(ωt + ϕ) with the dimensionless amplitude A = Ã/d. We assume
periodic boundary conditions (b.c.) in the horizontal directions. In the normal direction, we have at the substrate (z = 0)
v⃗H = 0 and ∂z v⃗H = 0 at the free surface z = h(x⃗, t). The surface itself is determined by the kinematic boundary condition

∂th+∇ · q⃗ = 0 (2)

where we already introduced the local horizontal flow rate q⃗(x, y, t) =

# h(x,y,t)

0
dz v⃗H(x, y, z, t).

Reduced model
The system consisting of Eq. (1) and the kinematic boundary condition Eq. (2) forms a set of 3D partial differential

equations. Assuming v⃗H = 3q⃗(zh − 1
2z

2)/h3 (closure), multiplying (1) by the weight function W (z) = zh − 1
2z

2 and
integrating over z across the film yields a set of 2D partial differential eqs. for q⃗ and h (for details see [2])

6

5

$

∂tq⃗ +∇ ·Q−
1

7

q⃗ (∇ · q⃗)

h

%

= −
3

h2
q⃗ − h∇

!
G(1 + a(t))h− Γ∇2h

"
(3)

with the matrix Qij = (9/7)qiqj/h. Note that weighting Eq. (1) with other polynomials yields different coefficients in Eq.
(3), [3].

NUMERICAL RESULTS

Linearized system
Linearization of (2,3) around the quiescent state with a flat interface h = 1 + ηk exp(ikx), q = qk exp(ikx), yields a

linear algebraic system for the deviations from which the flow rate qk can be eliminated. A damped Mathieu equation

6

5
η̈k(t) + 3 η̇k(t) + k2

&
G(1 + a(t)) + Γk2

'
ηk(t) = 0 (4)

is obtained for the surface deflection ηk. A solution of (4) is found by the Floquet analysis with ηk(t) ∼ exp(λkt)wk(t) and
a periodic function wk. A negative real part of all λk is crucial for the stability of the flat film. Fig.1 shows the marginal lines
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Reλk=0 in the k-A plane for a certain silicone oil, together with direct numerical results of the linearization of (2,3). The
agreement is excellent.

k [1/mm]

Aω2/g~~

~

5 Hz

10 Hz

Fig.1: Marginal growth rate Reλk = 0. The parameters are
for silicone oil with ν = 5 · 10−6m2/s, ρ = 920 kg/m3, γ0 =
0.02N/m, d = 0.7 mm, and two different frequencies ω̃/2π =
10 Hz (red), ω̃/2π = 5 Hz (blue). The solid lines result from
the Mathieu Eq. (4), The dashed curves are found by direct
numerical solution of Eq. (1). the regions of instability are
located inside the tongues.

Nonlinear pattern formation
Solving the full system Eqs. (2,3) numerically, we have always found square patterns in the subharmonic range and hexag-

onal patterns in the harmonic one, in agreement with [4]. For multi frequency excitation with certain frequency and amplitude
ratios also quasi-periodic structures can be seen (fig.2, right frame) [5].

Fig.2: Various surface patterns, depending on frequency and kind of excitation.

MULTY-LAYERS

The model (2,3) can be systematically extented to a system of N stratified layers of inmiscible liquids separated by N
deformable interfaces. Let hi be the depth and q⃗i the local flow rate of layer i, then the system of 3N PDEs reads

∂tq⃗i +∇ ·Q
i

=
N(

j

Aij(h1..hN )q⃗j − hi∇Pi (5)

∂thi +∇ · q⃗i = 0 (6)

with the generalized pressures Pi(h1, ..hN , t) and the matrices

Q
i
=

#

hi

dz v⃗iH ⊗ v⃗iH .

To compute Q as a function of hi and q⃗i, a closure via the Karman-Pohlhausen approach can be used [6]. This work is
currently under progress [7].
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Summary It is known that there are two types of wavy motions in a liquid layer covered by surfactant: (i) transverse capillary-gravity
waves; (ii) longitudinal waves caused by the surfactant advection and tangential stresses generated by the inhomogeneity of the surfactant
concentration. We derive and investigate, analytically and numerically, the general dispersion relation, which describes both wavy modes.
We study the parametric excitation of both kinds of waves by heat flux modulation or vibration (i) in the case where there is no instability
in the absence of parameter modulation; (ii) in the case of a pre-existing oscillatory instability. The nonlinear development of instability
modes is analysed in the framework of the longwave asymptotic approach.

We consider a horizontal liquid layer with the free surface covered by insoluble surfactant. The liquid is subjected to a
transverse temperature gradient directed downward (heating from below) or upward (heating from above). The surface tension
of the liquid depends on both the temperature and surfactant concentration. Two types of wavy motions are possible in that
case: (i) transverse capillary-gravity waves; (ii) longitudinal waves generated by interfacial tangential stresses caused by the
dependence of the surface tension on the concentration of the surfactant adsorbed on the interface [1]. Without heating, both
kinds of waves decay due to the viscous dissipation, but they may develop spontaneously if a temperature gradient is applied.

The existence of a longitudinal oscillatory mode and the possibility of its instability can be easily revealed in the case
where the transverse waves are suppressed by a strong gravity (infinite value of the Galileo number), hence the surface can
be considered as non-deformable. In the limit of a small wavenumber (k ≪ 1) and vanishing Biot number, one obtains an
analytical expression for the growth rate Λ(k),

Λ/k2 =
1

96
{M ◦ 48L ◦ 12N ◦ 48 ± [192(ML ◦ 48L ◦ 12N) + (48L + 12N ◦ M)2]1/2]},

where M , L, and N are the Marangoni number, Lewis number, and elasticity parameter, correspondingly. An oscillatory
instability takes place if N > 4L2/(1 ◦ L) as

M > Mosc = 48 + 12(4L + N).

Analytical expressions for the dispersion relation in the implicit form f(Λ, k) = 0 can be found also for finite values of the
Galileo number G, specifically, in the longwave limit and in the opposite limit, when the wavelength is small with respect
to the layer thickness. In the latter case, one can clear distinguish between transverse waves with the dependence of the
frequency ImΛ on the wavenumber k similar to that for usual capillary-gravity waves, and longitudinal waves with a quite
different frequency dependence. In a certain interval wavenumber a mixing and even a reconnection between two oscillatory
modes is observed. An example of the competition between two instability modes in a layer heated from below is shown
in Fig. 1. Both kinds of waves can be excited by a parameter modulation, e.g., by vibration [2] or temporal modulation of
the heat flux on the surface [3]-[5]. In the former case, the Galileo number G in the gravity normal stress on the surface is
replaced with G[1◦ F sin(2ωt)], where F is the dimensionless ratio between the forcing-induced acceleration and the gravity
acceleration. In the latter case, the base temperature profile in the layer is changed as Tb(z) = T̄b(z) + T̃b(z), where T̄b(z) is
the stationary linear profile, while the non-stationary component of the temperature profile is given by the formula

T̃b(z) = Re
!"

ae
√
2iωz + be−

√
2iωz

#
e2iωt

$
,

where a and b are some constants. Above-mentioned parameter modulations create subharmonic and harmonic “tongue-like”
instability zones. Near the pre-existing stability curves, one observes the appearance of parametric instability “bubbles”.

In the longwave limit we derive nonlinear equations governing the waves excited by the parametric instabilities.
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Figure 1: Dependence of the growth rate on the wavenumber k. (a) The instability growth rate ReΛ(k) and (b) the frequency
ImΛ(k). Blue color lines correspond to Marangoni instability, red color lines corresponds to capillary-gravity waves. Param-
eters of the problem:the Marangoni number M = 10, the Galileo G = 5, the Prandtl number P = 0.01, the elasticity number
N = 0.1, and the Lewis number L = 0.01.
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SHEARED FALLING FILM FLOWS: AN EXPERIMENTAL AND NUMERICAL STUDY

Nicolas Kofman1, Christian Ruyer-Quil ∗2, and Sophie Mergui3
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Summary We document experimentally and numerically the influence of a counter-current turbulent gas stream on a falling liquid film flow.
Though only qualitative, the proposed one-sided modelling is able to retrieve qualitatively the experimental observations: enhancement of
wave amplitude, lowering of phase velocity and reduction of the number of capillary ripples.

INTRODUCTION

Sheared and falling liquid films have been the subject of numerous experimental and theoretical studies in the recent past
[1, 2, 3, 4]. This renewed interest stems from the wide range of applications of this type of flow in chemical engineering.
Indeed, falling films still constitute the state-of-the art technical solution for multiphase chemical reactors, evaporators or
distillation columns [5, 6] as their intrinsic dynamics is well known to intensify heat and mass transfer. The presence of
nonlinear waves in interaction is probably the key element for the intensification mechanisms in such flows as the onset of
rolls and backflows promote transfers and wave merging generates an efficient mixing. This work is devoted to the analysis
of a counter-current gas-liquid film flow in an inclined channel. Our purpose is to consider how travelling waves generated at
the free surface of the film by the classical Kapitza instability mechanism are affected by the gaseous turbulent flow.

EXPERIMENTS

A devoted experimental set-up has been constructed consisting of a glass plate above which a plexiglas channel is placed.
The glass plate is inclined at an angle β with the horizontal plane (3◦ ≤ β ≤ 18◦). A falling water film flow is controlled
by means of a gear pump and a collection tank thus ensuring a constant inlet liquid flow rate, whereas a fan generates a
counter-current air stream. Special care has been taken for the construction of the inlet and outlet sections in order to limit the
interaction of the gas and liquid flows to the middle section of the plane at which saturated travelling waves are observed on
the liquid film. The frequency of the travelling waves is controlled by means of a temporal forcing at the liquid inlet. The film
height is measured via a one-point CCI (confocal chromatic imaging) technique. Figure 1 presents a series of wave profiles
for different speeds of the gas stream. As the gas speed is raised, the amplitude of the wave humps increases whereas the
number of capillary ripples preceding each hump is reduced. The speed, and consequently the wavelength of the wave, drop
with the onset of the air stream.

CONSTRUCTION OF TRAVELLING WAVE SOLUTIONS

Travelling wave solutions, i.e. waves which remain stationary in their moving frame, have been found numerically. The
approach is one-sided as a constant interfacial shear stress is assumed at the gas-liquid interface. A pseudo-spectral approach is
followed where a projection of the unknowns onto Chebyshev polynomial functions is performed and the primitive equations
are evaluated at the Gauss-Lobatto points, which results in the elimination of the normal coordinate. By invoking a penalization
method to account for the continuity of the stresses at the free surface, an autonomous dynamical system of large dimension
is obtained. Travelling wave solutions are then obtained as Hopf bifurcations of the Nusselt flat-film solution by means of
a predictor-corrector continuation method (ATO07p software [7]). Figure 1 compares numerical travelling-wave profiles to
experimental data. As the experimental pressure drop is unknown, the comparison remains qualitative. A good agreement is
found at a relatively low superficial gas speed. However, the constant shear stress assumption is insufficient to retrieve the
experimental results at larger values of UG.

CONCLUSION

The influence of a shear exerted by a gas stream on a falling liquid film has been documented experimentally and nu-
merically. Though only qualitative, the proposed one-sided modelling is able to retrieve qualitatively the experimental ob-
servations: enhancement of wave amplitude, lowering of phase velocity and reduction of the number of capillary ripples. A
better agreement to the experimental observations may be achieved through the Benjamin-Miles approach [2, 3] and will be
the subject of future work.

∗Corresponding author. Email: christian.ruyer-quil@univ-smb.fr
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Summary We present a detailed and systematic computational and experimental study of the hydrodynamics of solitary waves on peri-
odically excited falling liquid films. We also offer a novel scaling for inertia-dominated falling liquid films that allows for a self-similar
characterisation of the shape and dispersion of solitary waves in the films and unravels the main hydrodynamic mechanisms that dominate
the dynamic behaviour of such waves. Furthermore, our results yield new insight pertaining to the onset of flow recirculation in the moving
frame of reference of the waves, the flow reversal due to capillary effects as well as mechanisms related to capillary ripples preceding the
main solitary humps that cause a significant reduction in film height and speed.

INTRODUCTION

A falling liquid film is an open-flow hydrodynamic system that is convectively unstable to long-wave disturbances and
exhibits a rich variety of spatiotemporal structures, including a sequence of wave instabilities and transitions which are generic
to a large class of hydrodynamic and other nonlinear systems. Due to their typically low flow rates resulting in low pressure
drops but also small thermal resistance and large contact area, falling films are utilised in a wide spectrum of engineering
applications, such as evaporators, heat exchangers and chemical reactor columns. When applying a periodic excitation with
a sufficiently large amplitude, interfacial waves form as a result of the long-wave instability mechanism. A secondary modu-
lation instability eventually transforms the primary wave field into fast solitary waves. These solitary waves have a dominant
wave hump typically preceded by capillary ripples. If inertia is sufficiently high, solitary waves exhibit a separation of scales
between the front of the main wave hump, where gravity, viscous drag and surface tension balance, and the tail of the wave,
characterised by a balance between gravity, viscous drag and inertia [1]. This leads to a strongly non-parabolic velocity profile
at the front of the solitary wave [2, 3], including a recirculation zone in the main wave hump in the moving frame of reference
and flow reversal underneath the wave trough, which have a significant impact on the heat and mass transfer in the film.

Despite considerable research efforts in recent decades, many aspects of solitary wave dynamics still elude us. Using
direct numerical simulation (DNS) [4, 5] and detailed experimental measurements [2] we have recently conducted an extensive
synergistic computational-theoretical-experimental study to elucidate the hydrodynamics and characteristics of solitary waves
in falling liquid films [3, 6]. Here we present some recent and largely unexpected findings with regards to the physical
mechanism and hydrodynamics of solitary waves and their relation to the shape and the non-linear dispersion of the waves.

PARAMETRISATION AND SELF-SIMILARITY OF SOLITARY WAVES

Consider a liquid film flowing down a planar inclined substrate with angle β with respect to the horizontal. The equilibrium
(flat) film height, referred to often as the Nusselt film height, is hN = 3

!
3 µ q/(ρ g sinβ) and the corresponding average film

velocity, referred to often as the Nusselt velocity, is uN = g sinβ ρh2
N/(3µ), where q is the flow rate per unit length and µ,

ρ and g are the liquid viscosity, liquid density and gravity, respectively. Using the pressure scales corresponding to the three
dominant physical effects, namely inertia, viscous stresses and surface tension, the flow can be parameterised by the Reynolds
number Re = ρhN uN/µ and the Weber number We = ρhN u2

N/σ, where σ represents the surface tension coefficient.
However, these dimensionless groups do not take the driving mechanisms of solitary waves into account.

An interfacial wave evolving from a long-wave perturbation is always unstable (for all Re) on a vertically falling liquid
film (β = 90◦) and stable on a horizontal liquid film (β = 0◦) [1]. Consequently, since the horizontal component of velocity
does not contribute to sustaining the solitary wave, a fully-developed solitary wave is only affected by the vertical component
of the velocity, leading to the driving Nusselt velocity u∗

N = uN sinβ. By substituting u∗
N for uN, we can then define a driving

Reynolds number Re∗ and driving Weber number We∗ [6].
Using Re∗ and We∗ to parameterise the shape and dispersion of solitary waves leads to a self-similar characterisation of

the asymmetry d/λ ∼ 1/
√
We∗ – where d is the distance between wave crest and wave trough, and λ is the wavelength –

and the wave speed c ∼
√
Re∗ of the solitary wave. Figure 1a shows an example of the wave speed c as a function of driving

Reynolds number Re∗ for a water film with different surface tension coefficients σ and on substrates with different inclination
angles β. The correlation of c and Re suggests that the dispersion of solitary waves in the inertia-dominated regime is mainly
influenced by inertia, whereas frequency dispersion (i.e. due to surface tension and gravity) has no significant influence.

∗Corresponding author. Email: f.denner09@imperial.ac.uk
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Figure 1: Wave speed and film height as a function of Reynolds number for different periodically excited falling liquid films.

HYDRODYNAMICS OF SOLITARY WAVES

As mentioned earlier, the hydrodynamics of solitary waves are governed by a complex interplay of inertia, viscous stresses
and surface tension. If inertia is sufficiently high, a recirculation in the main wave hump can be observed in the moving frame
of reference and the flow separates from the substrate leading to flow reversal underneath the wave trough in the laboratory
frame of reference. Our results suggest that the onset of flow recirculation inverts the long-wave instability mechanism and,
thus, reduces the equilibrium wave height. For example, Fig. 1b shows experimental measurements of the height of the crest
of solitary waves hmax with excitation frequency f = 7 s−1 on a falling aqueous glycerol film on a substrate with β = 20◦ as
a function of Reynolds number Re , where the maximum film height is observed just before the onset of flow recirculation at
Re ≈ 46. With regards to the flow separation and reversal underneath the wave trough, Chakraborty et al. [7] reported that
the flow reversal is bounded by a lower and an upper limit with respect to the Reynolds number. At low Reynolds numbers the
curvature at the wave trough and the ensuing pressure gradient are too small to induce flow reversal, whereas at high Reynolds
numbers the low-pressure region in the vicinity of the wave trough is not able to reach the low-velocity region close to the
substrate, which is necessary for the onset of flow reversal, as shown by our results.

The minimum film height hmin (i.e. at the trough immediately downstream of the main wave hump) adopts a minimum
with respect to the Reynolds number Re , which coincides with a stagnation of the corresponding net wave speed c0 = c◦ uN,
i.e. the speed of the solitary wave relative to the film. For instance, Fig. 1c depicts hmin and c0 as a function of Re for
a vertically falling water film with excitation frequency f = 50 s−1, where the minimum in hmin and the stagnation of c0
for Re ≈ 100 are clearly discernible. This phenomenon occurs at Reynolds numbers just below the threshold at which an
additional capillary ripple develops. At higher Reynolds numbers (Re ! 100 in Fig. 1c) the number of capillary ripples
preceding the main hump increases, along with an increase of the minimum film height hmin and the net wave speed c0.

CONCLUSIONS

We have conducted an extensive computational and experimental study of the hydrodynamics of solitary waves in period-
ically excited falling liquid films, revealing new insights into the complex physical mechanisms that govern solitary waves,
such as the long-wave instability mechanism and the complex interactions between solitary waves and capillary ripples. These
observations should have important consequences with respect to maximising heat and mass transfer in the film, where the
depth of the wave trough and the increased mixing associated with flow recirculation and flow separation play a crucial role
(see e.g. [8]). Furthermore, by introducing a novel scaling derived from the Nusselt flat film solution based on the driving
physical mechanisms, we have unraveled an unexpected self-similarity of the shape and dispersion of solitary waves.
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Summary:  Two-dimensional waves travelling on a vertical falling, low Kapizta (Ka=4.6) liquid film are characterized using Light 
Absorption (LAbs) and Laser Tomography (LT), in the low Reynolds number regime (Re=1-8). The waves are produced by introducing 
sinusoidal flow rate pulsations of controlled frequency (in the range 12-18 Hz) and amplitude (6-12% of the mean). The measurements, 
spatially and temporally resolved, include thickness profiles and wave celerity, non-dimensionalized using the Skhadov scaling. 

 
INTRODUCTION 

 
   The evolution of a 2D travelling wave is a fundamental test case for validating theoretical and numerical models for 
liquid film flows. As the wave profile reaches a steady state in a reference frame moving at the wave velocity, analytical 
models can be formulated as a system of Ordinary Differential Equations (ODEs) and the wave evolution can be analyzed in 
the framework of dynamical system theory [1]. Saturated waves are typically produced experimentally by forcing the flow 
at frequencies much lower than the natural film cut-off frequency (e.g [2-3]). However, most of the experiments concern 
high Kapizta liquid such as water or alcohols (Ka~ O(103)), while little attention has been payed to low Kapitza liquids such 
as organic oils or paint (Ka~ O(1)). This paper presents the optical characterization of 2D traveling waves on a film of 
Dipropilene Glycol (Ka~4), using two optical techniques: the Light Absorption (LAbs) and the Laser Tomography (LT).  

 
METHODOLOGY 

 
The liquid film facility developed at the von Karman Institute (VKI) is shown in Fig.1a. It consists of a closed loop in which 
the liquid falls along a vertical test section and is recirculated, by a volumetric pump, into a pneumatic chamber.  In this 
chamber a controlled pressure pulsation is introduced by a system of rotating butterfly valves, which open and close the 
inlet and the discharge lines of compressed air. This results in a pulsating Poiseuille flow in the distributing channel 
supplying the test section, and thus in a pulsating liquid film whose flow rate is linked to the measured pressure oscillation 
by a transfer function [4]. The experimental setups for the LAbs and the LT techniques are shown in Fig.1b and 1c. 
 

 
Figure 1: a) Liquid Film Facility developed at the VKI, b) Set up for LAbs measurement, c) Set up for LT measurements. 
 
The LAbs technique relates the film thickness to the amount of light it absorbs from a backlighting source. The set up 
include an array of LEDs, an Opal PLEXIGLAS screen and a CMOS camera synchronized with the LEDS. To maximize 
the absorption, a colorant is diluted in the liquid. The measurement consists in acquiring a set of transmittance images 
(Fig2a, top) and computing the corresponding thickness using the Beer-/DPEHUW¶V� ODZ�� being the total amount of light 
availailable and the liquid absorbance coefficient provided by a calibration. This method is 2D and time resolved, with 
sensitivity and uncertainty adjustable by a suitable choice of the colorant concentration [4]. A typical snapshot is proposed 
in Fig.2a, bottom. 
 
The LT technique measures the film thickness from planar laser induced images, taken on a plane perpendicular to the test 
section and aligned with the stream-wise direction. The setup include a laser sheet and a CMOS camera, equipped with 



zoom lens and optical high-pass filter, placed on one side. The image processing consists in recontrasting and edge 
enhancement (Fig. 2b, top), and gray-level gradient analysis, to locate the liquid interface in each image column. This 
method is 1D and time resolved, and needs no calibration. A typical measurement snapshot is proposed in Fig.2b, bottom. 

 

 
Figure 2:  a) Example of gray scale transmittance image (top) and corresponding film thickness reconstruction (bottom) 

b) Example of edge processed LT image and corresponding interface tracking (bottom). 
 

RESULTS 
 
Measurements of the film thickness,�݄, are scaled with respect to the Nusselt thickness ݄ே ൌ ሺ͵ݍߤȀ݃ߩሻଵȀଷ, while the wave 
celerity, obtained by cross-correlating wave profiles in time, is scaled with respect to kinematic wave speed ݄݃ேଶ  The .ߤȀߩ
flow regime is defined in terms of reduced Reynolds number ߜ ൌ ሺ͵ܴ݁ሻଵଵȀଽȀܽܭଵȀଷ. Fig.3a shows the evolution of the 
wave maxima/minima (݄ெȀ݄) as a function of ߜ, for several perturbation frequencies. Besides a slight overestimation for 
the LT, both measurements show an asymptotic behavior of ݄ (݄ ൎ ͵Ȁʹ) and a slight growth of ݄ெ. Fig.3b plots the 
corresponding wave celerity, which is growing for lower perturbation frequency and is weakly affected by ߜ. 
 
 

 
Figure 3: 3) Maxima/Minima thickness and (3b) wave celerity XX as functions of the reduced Reynolds Number. 
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Summary We present a numerical modeling of partially wetting plate withdrawn from a liquid reservoir at small capillary numbers in
situations where a dynamic contact line at a certain height forms. We show that the main part of the dissipation on the plate arrises from the
viscous friction near the contact line region. Previously, we showed in [J. Comp. Phys., 228:5370–5389, 2009] that the computed viscous
dissipation on the plate depends on the mesh resolution. Here we investigate the effects of viscosity ratio on the calculation of viscous
friction near the contact line region. We use an adaptive flow solver to focus the computations on contact line region. We discuss the
computations of frictional drag close to the contact line region when varying the mesh resolution and the viscosity ratio.

NUMERICAL MODEL

We consider a computational domain 0 ≤ x, y ≤ 1, with fluid 1 occupying y < 0.35 and fluid 2, y > 0.35 (see Fig. 1(a)). We use GERRIS
[2-4] to numerically solve the Navier-Stokes and continuity equations, ρDu/Dt = −∇p+∇ ·

!
µ
"
∇u +∇u⊤#$+γκδsn+ρg, ∇ ·u = 0,

respectively, where D/Dt = ∂t + u ·∇, ρ = ρ1C + ρ2(1−C), and δsn = ∇C. Here, u is the velocity field, p the pressure, ρ the density,
µ the viscosity, γ the surface tension, κ the interface curvature, n the normal to the interface (pointing from fluid 1 to fluid 2), δs the delta
function centered at the interface, g the gravitational acceleration, and C(= 1 in fluid 1 and 0 in fluid 2) the color function. The location
of the interface is determined from where the density jumps in value and is updated according to Dρ/Dt = (∂t + u ·∇) ρ = 0. We solve
this equation using a volume of fluid interface tracking method [1,2]. We use a volume wighted averaging and a harmonic mean averaging
method for the computation of the viscosity in an interfacial cell, µ = µ2C + µ2(1− C), 1/µ = 1(µ2C) + 1/(µ2(1− C)), respectively.

RESULTS AND DISCUSSIONS

Consider a solid plate (x = 0) withdrawn from a fluid reservoir, as illustrated in Fig. 1(a), with a velocity Vs = 1. We fix the capillary
number, Ca = µ1Vs/σ = 0.01, the Reynolds number, Re = ρ1VsL/µ1 = 1 (L is the size of the computational domain), the capillary
length, lc =

%
σ/(ρ1g) ≈ 0.3, the density ratio, ρ1/ρ2 = 100, and vary the viscosity ratio, µ1/µ2, the mesh resolution, with the maximum

mesh size ∆, and the equilibrium contact angle θeq. The results are computed to the stationary state, t → ∞.

Here we report on the computation of the shear rate near the contact line region to shed light on the nature of the contact line friction force.
We vary the viscosity ratio as well as the contact angle to understand the effect of the surrounding fluid and the surface wetting on the
viscous dissipation. In Fig. 1(b), we plot the shear rates along the solid boundary. First, we show that the results depend on the mesh size.
As shown, the maximum shear rate near the contact line is significantly increased by only doubling the mesh resolution. We note that further
mesh refinement will lead to logarithmic divergence of the shear rate. When the viscosity ratio is increased, it appears that the maximum
shear rate at the contact line only increases slightly. However, the location of this maximum shear rate is changed noticeably when changing
the viscosity ratio. Interestingly, changing the equilibrium contact angle appears to have an insignificant effect on the maximum shear rate
at the contact line. In Fig. 1(c), we show that using a volume weighted averaging versus a harmonic mean averaging can shift the location of
the maximum shear rate, but it has no significant effect on the value of the maximum shear rate near the contact line. Figure 2 illustrates the
flow fields near the contact line, at stationary state, when varying the viscosity ratio and the equilibrium contact angle. The streamline plots
show a major shift in the stagnation point near the contact line when varying the viscosity ratio; i.e. for µ1/µ2 = 1, it is on the interface,
while for µ1/µ2 = 50, it is inside liquid 2. The plot also shows the split streamlines in liquid 2. We observe that the angle of the split
streamline varies when varying the viscosity ratio and the equilibrium contact angle.

CONCLUSIONS

We study the dynamics of moving contact lines for fluids with a large viscosity contrast. We report on the computation
of the shear rate exerted by the solid wall on the liquid near the contact line region, and compare the results when varying
the mesh size, viscosity ratio, and the equilibrium contact angle. We show that the shear rate diverges with mesh refinement.
Interestingly, changing the equilibrium contact has no significant effect on the maximum shear rate at the contact line. The
results of the flow topology suggest that for high viscosity ratios, a stagnation point near the contact line resides in the bulk,
while for low viscosity ratios it is on the interface. This mechanism can be responsible for the difference in the bending of the
interface and the topology of the flow close to the contact line.

∗Corresponding author. Email: shahriar.afkhami@njit.edu
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Figure 1: (a) Schematic of the withdrawing plate, initially at t = 0, and at the stationary state t → ∞. (b) Stationary state
shear rates at mesh resolutions ∆ = 1/256 (!) and ∆ = 1/512 ("), for µ1/µ2 = 1 (black) and µ1/µ2 = 50 (green). (c)
Volume weighted averaging (red) versus harmonic mean averaging (green), µ1/µ2 = 50.

(a) (b) (c)

Figure 2: The flow fields near the contact line, at stationary state. The streamlines depict the slip of the contact line along
the wall, as well as the parabolic flow field in fluid 1 and the split streamlines in liquid 2. (a) µ1/µ2 = 1, θeq = 60◦, (b)
µ1/µ2 = 50, and θeq = 60◦, and (c) µ1/µ2 = 50, θeq = 90◦. ∆ = 1/512.
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2D VERSUS 1D MODELS FOR THIN FILM FLOWS
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Summary The present paper first develop by using Prandtl shift system of coordinate an efficient tool for computing simple asymptotic
expansion of 3D flow of thin films over a general non flat topography. 2D related two equations models are thus presented and generalize
those classicaly obtained on plane surface. An asymptotic framework is also presented in order to elaborate simplified 1D two (or 3)
equations models when the topography of the 2D models presents characteristics of 1 dimensionnal channel with general shape of cross
sections. In the special case of Shallow water equations of hydraulic the new models are compared to the classical one used in standart
hydraulic

ASYMPTOTIC EXPANSION OF THIN FILM FLOW OVER ARBITRARY TOPOGRAPHY

The motion of a thin liquid film of a viscous laminar fluid over a general topography is considered. For a flat substrate,
general framework for deriving asymptotic expansion (with respect to the small parameter h/L where h is the characteristic
hight of the flow and L a characteristic longitudinal length) is presented eg in [1]. Recently Charru and Luchini [2], Boutounet
et al [3] have used Prandtl shift to build asymptotic expansion and one or two equations models for 1 dimensionnal flow over
arbitrary one dimensionnal topography. By using technics such as those developped in [4] a new asymptotic expansion of all
fields (velocity, pressure...) is build in the case of a general 2D topography. It generalizes the one given in [1] and reference
therein.

1D FLOW OVER 2D TOPOGRAPHY

When the arbitrary topography presents some features involving one dimensionnal channel of arbitrary shape eg in the
case where the bottom surface b (x, y) is given by an equation of the form

Z = b(x, y) = B0b0
( x

L

)
+ h0ϕ

(
x

LX
,

y

Ly

)

a theory is proposed to build asymptotic expansion of 1D flow along the xline.

Figure 1: transverse section

One dimensionnal averaged two equations models are derived over such topography.
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CASE OF SAINT VENANT EQUATIONS

In the special case of Saint Venant hydraulic equations which writes in 2D
⎧
⎪⎪⎨

⎪⎪⎩

ht + (hu)x + (hv)y = 0

ut + uux + vuy + ghx = g
(
◦ Zx ◦

u

C2hm

√
u2 + v2

)

vt + uvx + vvy + ghy = g
(
◦ Zy ◦

v

C2hm

√
u2 + v2

) (1)

one dimensional averaged models are build, they takes the form
⎧
⎨

⎩

St + Qx = 0

Qt +

(
Q2

S

)

x

+ gHxS + R (H)Hx = gS

(
I ◦ Q |Q|

C2
hRhS2

)
(2)

In the case of U shaped channel R (H) = 0, and these models are those classicaly used in hydraulics. It is proven that
unless the channel is U schaped, additionnal terms in R(H) arises and are needed to get consistency of 2D averaged models
with 1D models. A special care is taken for the case of small Froude number. A new class of nonlinear models is presented,
they requires an additionnal third equation to achieve first order consistency of 1D averaged models with 2D equations.
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Summary In this note, we introduce a new extended formulation of the so-called Euler-Korteweg equations. This formulation allows to
design a numerical scheme with entropy stability property under a hyperbolic CFL condition in the multi-dimensional setting. We apply
this strategy to perform fast and accurate numerical simulations of capillary thin films. We focus on the roll-wave phenomenon and wet-dry
front both modeled by the shallow water equations with surface tension.

THE EULER-KORTEWEG EQUATIONS AND EXTENDED FORMULATION

The Euler-Korteweg equations are written as

∂tϱ+ div(ϱu) = 0, ∂t(ϱu) + div(ϱu⊗ u + p(ϱ)IRn) = div(K), (1)

where ϱ denotes the fluid density, u the fluid velocity, p(ϱ) the fluid pressure and K the Korteweg stress tensor defined as

K =

(
ϱdiv(K(ϱ)∇ϱ) +

1

2
(K(ϱ) ◦ ϱK ′(ϱ))|∇ϱ|2

)
IRn ◦ K(ϱ)∇ϱ⊗∇ϱ.

with K(ϱ) the capillary coefficient. These models comprise liquid-vapor mixture [3], superfluids [4] or regular fluids at suffi-
ciently small scales (think of ripples on shallow waters) [5]. In classical fluid mechanics, the capillary coefficient K(ϱ) is cho-
sen constant. The system (1) admits additional conservations laws. In particular, the conservation of total (kinetic+potential)
energy reads:

∂t
(ϱ

2
|u|2 + E

)
+ div

(
u
(ϱ

2
|u|2 + E + p(ϱ)

))
= div

(
F (ϱ)(∇wu ◦ ∇uw) ◦ (F (ϱ) ◦ ϱF ′(ϱ))(div(w)u ◦ div(u)w)

)
,

with E = F0(ϱ) + 1
2K(ϱ)|∇ϱ|2 and F0 the classical potential energy in Euler equations. The main issue in the numerical

simulations of (1) is to preserve or, at least, dissipate this total energy. Following the strategy of [1], we introduce a “good”
additional unknown, homogeneous to a velocity. We denote this additional velocity w = ∇ϕ(ϱ) with √ϱϕ′(ϱ) =

√
K(ϱ).

We also define F (ϱ) so that F ′(ϱ) =
√

K(ϱ)ϱ. The Euler Korteweg system admits the extended formulation
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂tϱ+ div(ϱu) = 0,

∂t(ϱu) + div(ϱu⊗ u) +∇p(ϱ) = div(F (ϱ)∇wT ) ◦ ∇ ((F (ϱ) ◦ ϱF ′(ϱ))div(w)) ,

∂t(ϱw) + div(ϱw ⊗ u) = ◦ div(F (ϱ)∇uT ) +∇ ((F (ϱ) ◦ ϱF ′(ϱ))div(u)) ,

(2)

Note that we performed a reduction of order and the second order term is skew-symmetric: this latter property plays a central
role in the design of numerical schemes which dissipate the generalized entropy E +

ϱ

2
|u|2.

NUMERICAL SIMULATIONS OF THIN FILM FLOWS

As an application, we carried out a numerical simulation of a thin film falling down an inclined plane. A consistent shallow
water model [2] is given by

∂th + div (hu ) = 0, (3)

∂t(hu) + div (hu⊗ u) +∇(p(h)) +

(
g sin(θ)

ν

)2

∂x

(
2h5

225

)
e1 = S(h,u) +

σh

ρ
∇(∆h). (4)

with p(h) = g cos(θ)h2/2 and S(h,u) = gh sin(θ)e1 ◦ 3νu/h and e1 the first vector of the canonical base directed
downstream. Here g is the gravity constant, ρ, ν,σ are respectively the fluid density, kinematic viscosity and surface tension
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TOWARDS OPTIMAL CRÊPE MAKING 
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Summary This contribution explores the familiar process of crêpe making whereby a fixed amount of batter is deposited on a pan and cooked. 
We treat the crêpe as a gravity current and solve the corresponding equation for a non-isothermal fluid on a rotating surface. We show that 
imparting a rotating motion of the pan can improve the coverage and uniformity of the resulting crêpe, as observed in practice. The modelling 
framework presented here can be applied in the wider context of surface coatings. 
 

INTRODUCTION 
   Crêpes, unlike pancakes, are best appreciated when uniformly thin and most aesthetically pleasing when perfectly 
circular. Achieving these goals is, however, not necessarily easy to the inexperienced cook because as the batter spreads, it 
cooks at the same time and if the pan is left horizontal, the batter tends to solidify before reaching uniformly the rim of the 
pan. There are two strategies known to the authors to circumvent the issue. The first involves using a blade to force spread a 
uniform layer of batter on the pan in a process reminiscent of blade coating. The other strategy, preferred by the authors, 
consists in tilting the pan in a swirling motion and force the batter to spread preferably in the downslope direction of the 
span. As soon as this tilting is initiated, the axial-symmetry of the problem is broken and one cannot help but wondering 
what is the optimal swirling motion one should aim for to achieve an optimally thin and round crêpe. This contribution is a 
preliminary attempt at solving this very mundane yet interesting, practical problem using mathematical modelling and 
numerical simulations.  
 

MODELLING FRAMEWORK 
   In order to tackle this problem, the batter layer is treated as a gravity current spreading over a surface whose inclination 
varies over time. The liquid viscosity is assumed to be a function of the temperature in order to model the solidification 
process. Gravity currents have received considerable attention in the past and an excellent account of the current knowledge 
can be found in [1]. To leading order in the liquid film aspect ratio, the momentum and energy conservation equations 
applied to an incompressible liquid film of reduce to: 

x-momentum: ߲
�൬Ɋݖ߲

ݑ߲
�൰ݖ߲ ൌ

߲
ݔ߲ െ U݃௫ 

y-momentum: ߲
�൬Ɋݖ߲

ݒ߲
�൰ݖ߲ ൌ

߲
ݕ߲ െ  ௬݃ߩ

z-momentum: െ߲
ݖ߲ െ U݃௭ ൌ Ͳ 

Mass:  ߲ݑ
ݔ߲ 

ݒ߲
ݕ߲ 

ݓ߲
ݖ߲ ൌ Ͳ 

Energy: ݀ଶܶ
ଶݖ݀ ൌ Ͳ 

where ሺݑǡ  ሺܶሻ is the temperature-dependent batterߤ ,the pressure, ܶ the temperature  ,ሻ is the velocity vectorݓǡݒ
viscosity, ߩ the density, and ൫݃௫ǡ ݃௬ǡ ݃௭൯ are the components of the acceleration of gravity vector projected on the ݔǡ ǡݕ  ݖ
axis, respectively. The coordinate system ሺݔǡ ǡݕ  ሻ is attached to the pan but the rotation of the pan is assumed sufficientlyݖ
slow that centrifugal or Coriolis forces may be neglected. The batter layer is bounded by the ݔ െ  plane from below and ݕ
the surface ݄ሺݔǡ ǡݕ  ሻ from above. As the pan rotates, the orientation of the acceleration of gravity vector changes withݐ
respect to time. We represent the cyclic rotation of the pan by two angles ߠሺݐሻ and ߚሺݐሻ such that ݃௫ ൌ ݃ ���  ,ߠ
݃௬ ൌ ݃ ��� and ݃௭ ,ߚ ൌ ݃ ��� ߠ ���  The pan is assumed to be at a fixed temperature of ௦ܶ and the upper surface of the .ߚ
batter subject to convective heat transfer with the surrounding atmosphere at temperature ஶܶ with a convective heat 
transfer coefficient ݄ . Accordingly, ݇ డ்

డ௭ቚ௭ୀ ൌ ݄൫ ஶܶ െ ܶሺ݄ሻ൯ where ݇ is the thermal conductivity. The governing 
equations above are subject to the no-slip boundary condition on the pan and a shear free boundary condition at the free 
surface which is subject to the passive atmosphere. Various models may be assumed for the variation of the viscosity with 
temperature, see [2,3] for example. We adopt here an exponential model such that: 

ሺܶሻߤ ൌ  ݁ିఈ்ߤ
 
Integration of the x- and y- momentum equations with respect to ݖ yield the velocity field in terms of the pressure gradient 
which can be seen to be hydro-static from the z-momentum equation. Plugging this velocity field in the continuity equation 
integrated over the film thickness yields the following partial differential equation for the crêpe thickness ݄ሺݔǡ ǡݕ    :ሻݐ



߲݄
ݐ߲   ή ൭݁

ఈ ೞ்݄݃ߩଷ
ሻଷߙᇱܣሺߤ ቀʹ݁

ᇲఈ െ ൫ߙଶܣᇱଶ  ߙᇱܣʹ  ʹ൯ቁ ൫��� ߠ ��� ߚ ݄ െ ሺ��� ߠ ଓԦ ��� ߚ ଔԦሻ൯൱ ൌ Ͳ 

where ܣᇱ ൌ ሺ்ಮି ೞ்ሻ
ೖ
ା

. In the following and for the sake of illustration, we choose the following values for the parameters 

 K-1, ݇=1.2 W.m-1.K-1, ݄=5 W.m-2.K-1, ஶܶ= 200 oC, ௦ܶ=20 oC. In this preliminary 10-4=ߙ ,=2 Pa.sߤ ,kg/m3 1000=ߩ
modelling attempt, the cooking of the batter is represented by an increase of the viscosity with a decreasing temperature, an 
unrealistic representation of the true process but at this early stage, the intent is merely to introduce a temperature-dependent 
solidification process.  
The governing equation is solved in the Finite Element Multiphysics modelling software COMSOL. The computational domain, 
representing a circular pan, is a disk of radius 12.5 cm. Natural boundary conditions are applied at the boundary and the batter is 
initially a flat disk of thickness ܪ=2.5 cm and radius 5 cm. In order circumvent the singularity which arises at the wetting front, 
the gravity current spread on a precursor film of thickness ܪ/1000. Typical meshes have on the order of 6,500 quadratic 
elements which lead to good convergence and agreement with experimental measurement for the spreading on a flat, horizontal 
surface.             
               

RESULTS 
   The cyclic rotation of the pan is imposed by letting ߠሺݐሻ ൌ ଵܣ ���߱ଵݐ and ߚሺݐሻ ൌ ଶܣ ���൫߱ଶݐ െ ߨ ʹൗ ൯ where ߱ଵǡ ߱ଶ 
are the angular frequencies and ܣଵǡ  ଶ are the amplitudes of the tilting motion. These parameters are optimized inܣ
COMSOL to maximize an objective function ܫ representative of the closeness of the solidified batter layer to the optimal 
thickness ݄௧ ൌ ܸ ൗܣ  where ܸ is the initial volume of batter and ܣ is the cross-section of the pan. Accordingly, the 

objective function is ܫ ൌ  ൫݄ െ ݄௧൯
ଶ݀ݕ݀ݔ . The Nelder-Mead algorithm is used for the optimization process.  

 
Figure 1: Top-view of the spreading batter on a circular pan. The top picture sequence shows the spreading on a flat, horizontal surface 

and the bottom sequence shows the spreading on a rotating surface. Times from left to right are: t=0.2 s, t=1 s, t=2 s, t=5 s 
 
The top picture sequence shows that on a flat, horizontal surface, the gravity current spreads radially and solidifies before 
reaching the rim of the pan. The corresponding value of the objective function is 1.41e-5 m3. The lower picture sequence 
shows the spreading when a swirling motion is imparted to the pan. The pan is periodically rotated about the x-axis and the 
y-axis. The batter is seen to reach the edge of the pan. The optimized application of rotation leads to an improved coverage 
of the pan and the corresponding value of the objective function is 1.06e-5 m3. Over ~50 runs, the optimal parameters were 
found to be ܣଵ=51.6o, ܣଶ=45.8o, ߱ଵ ൌ ʹǤ rad.s-1, and ߱ଶ ൌ ʹǤͻ rad.s-1, a set of values specific to this case. 
This preliminary study shows, as intuitively guessed, that imposing a rotating motion to the pan can improve the coverage 
and uniformity of the crêpe and the developed modelling framework should be relevant in the wider context of coatings.                    
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Summary We consider a thin liquid film past a semi-infinite horizontal plate under the action of gravity acting vertically, surface tension,
and relatively low viscosity. This scenario comprises a manifold of effects at play, given the two disparate length scales involved: distance
from jet impingement generating the layer to the trailing edge of the plate, height of the film. The yet not fully understood behaviour of
a developed viscous film near the edge and previous studies on bores and hydraulic jumps in weakly viscous horizontal layers stimulate
the present investigation. In sharp contrast to these, here the flow remains supercritical, and isolated regimes of strong viscous–inviscid
interaction are dictated by the short length scale rather than the common shallow-water approximation. Specifically, we show how viscosity
produces standing waves upstream of localised interaction and how weak capillarity modifies drastically the potential-flow singularity close
to the edge, which in turn affects crucially its viscous regularisation.

MOTIVATION AND SCOPE

Higuera [1] was the first who elucidated in detail the asymptotic structure of a steady developed viscous liquid film as this
passes the plate edge in the configuration given in the summary under the assumption of shallow-water theory and supercritical
initial conditions. He showed how the film undergoes a hydraulic jump, for a developed film meaning transition from super-
to subcritical film at a streamwise scale that measures the distance from its initial stages to the edge, before it finally becomes
critical in the sense of the Burns–Lighthill criterion for long waves. However (and as he conceded), the type of singularity the
solution of the thin-film equations terminates in at the edge is not unambiguous. An alternative to the one proposed in [1] is
provided by the expansive singularity in freely interacting hypersonic boundary layer (BL) flow as already pointed out in [2].
In addition, it is not fully understood how the flow becomes strongly interactive and how Higuera’s singularity accommodates
to the situation of a very supercritcal film and the associated shortening of the streamwise scale at play around the edge.

This contribution is devoted to the clarification of this issue, where we address the problem from the viewpoint of the high-
Reynolds-number (Re) limit. Then a BL forms in an otherwise uniform flow, and the associated separation of scales gives
rise to a myriad of intriguing phenomena not encountered in developed flow. Specifically, the short scale becoming essential
and finally provoking localised strong viscous-inviscid interactive is given by the shallow-water parameter, ϵ, rather than the
largeness of the Froude and/or Weber numbers, as in the investigation [3] of strong hydraulic jumps in a developed film. Also,
the situation is unlike that in the preceding study [4] where those were considered in the high-Re and long-wave limit. Hence,
our study is a paradigm for genuine short-scale interaction and the associated plate-normal momentum transfer in such flows
as its generation is imprinted by the potential flow falling off the edge. The flow is then governed by the reciprocal forms G
and T of the squared Froude and the Weber number, respectively, apart from the asymptotic parameters ϵ≪ 1 and Re ≫ 1, the
latter formed with the speed Ũ and heigth H̃ of the unperturbed film and reduced by ϵ. The flow is critical/sub-/supercritical
in the sense adopted in shallow-water theory for G =/>/< 1. Let us tacitily refer to figure 1 (a) subsequently: the flow
velocity and Cartesian coordinates x, y are non-dimensional with Ũ and H̃; the long scale is thus represented by 1/ϵ.

We first justify strict supercriticality of the flow, then envisage the short-scale characteristics of the weakly/strongly in-
teractive BL flow by advanced asymptotic techniques. As an exciting finding, a triple deck (TD) structure having an extent
of O(1) emerges at a distance −x = O(ln ϵ). This new TD allows for the destabilising effect of viscosity and the generation
of stationary waves upstream but their suppression downstream of it. Also, the solutions of the BL equations form a singu-
larity at and thus a further interactive stage around the edge. We finally use this surprisingly rich flow picture to approach the
situation of a developed flow addressed in [1] by letting ϵ (the plate) to become so small (so long) that strict supercriticality is
questioned and local critical conditions do or do not point to the terminal structure of the BL close to the edge.

POTENTIAL-FLOW LIMIT: THERE IS NO STEADY SUBCRITICAL WATERFALL

We commence the investigation by analysing the potential flow falling off the edge, parametrised by G where first T ≪ 1
is assumed as in [1]. Interestingly, though posing a fundamental member of closely related (more complex) ideal-fluid flow
problems of great importance in hydraulics, cf. [5], converged numerical solutions to it are rare and not reliable at all for
G > 1. This is not so surprising as one commonly associates subcritical flows with standing waves far upstream, which here
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Figure 1: (a) flow configuration; (b) δ0 = 0: G > 1 can be double-valued for T < 1/3 (µ = 0), µ jumps as G exceeds 1 (T = k = 0).

conflict with the required approach towards uniform flow. Moreover, in the aforementioned related situations solutions have
been observed to exist if G does not exceed some critical value Gc < 1. Proving existence of such a threshold with sufficient
rigour and determining its value analytically has not been successful so far. However, we demonstrate that Gc = 1 holds for
the classical downfall problem; this value might even be lower if a sill or dent modifies locally the horizontal surface.

If q denotes the flow speed, the proof essentially exploits the extremal properties of ln q in consideration of the isotaches
and their possible branching points. We first show that the detached streamline has negative curvature, i.e. bends towards the
direction of gravity, throughout. Evaluating the global momentum balance in horizontal direction then yields the remarkable
result G < 4. In particular, the flow past a flat plate is shown to be strictly accelerating, which in combination with its far-
upstream variation finally yields G ≤ 1. For T ≥ 0, the latter is algebraic for G = 1 and purely exponential otherwise, and
our restriction to the as appealing as geometrically simple overfall scenario includes the delicate near-critical case G → 1−.

The first part of that proof implies forced flow detachment at the edge for T = 0. With q equal to q0 :=
√
1 + 2G there in

this limit, we find the position z := x+ iy very close to the edge as a function of the complex flow potential, w, in the form

q0z̄ ∼ w−ic1w
3/2−

9c21w
2
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2c1G
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" i lnw
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!
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" i lnw

π
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#
+id

$

w1/2+O
%
w3 lnw, T 2w−1/2

&
(1)

for w → 0, T → 0. Here we have z̄ := z − xd, actual detachment at some z = xd(T ) = O(T lnT ), and undetermined co-
efficients c1(G) > 0, c2(G), d(G). Resolving the non-uniformity of (1) proves a delicate matter; see [5] and the relevant
references therein. At the critical stage z = O(T ), the procedure involves the (non-unique) solution of the celebrated dock

problem by the Wiener–Hopf method. One finally finds the bottom streamline detaching at a stagnation point z = xd and an
angle ∼ −αc1T 1/2 lnT with the plate. This and the solution to the separation problem given in [5] differ by the number α > 0
and the logarithmic term, which crucially affecting its viscous modification by the aforementioned second interaction process.

UPSTREAM BOUNDARY LAYER AND SHORT-SCALE INTERACTION

The exponentially varying short-scale disturbances imposed far upstream of the trailing-edge region |z| = O(1) interact
strongly with the BL if the rescaled reference wavelength Λ := ϵRe3/2 is kept fixed. They satisfy the dispersion relation

Λ1/3 δ0 ∼ χ δ1, [δ0, δ1] := [λ− (G− Tλ2) tanλ, λ4/3(G− Tλ2 + λ tanλ)], χ := Γ( 13 )(2/3)
2/3β−5/3 .

= 7.2059. (2)

for steady weakly viscous linear gravity–capillary waves with wavenumbers k := ℑλ and damping rates µ := ℜλ > 0;
β

.
= 0.4696 is the wall shear rate of the unperturbed Blasius BL. The imposed, purely non-oscillatory perturbations are recov-

ered for Λ≫ 1; for G > 1 they could also be strictly oscillatory: see figure 1 (b). Even slightly subcritical flows might be pos-
sible given the weak damping of these inviscid waves. The localised nonlinear lower-deck pocket associated with the new TD
absorbs the waves upstream of it and described by (2) and achieve consistency with the overall flow structure by shedding the
non-wavy potential-flow perturbations downstream. Accordingly, the generalised Fourier transforms −A, P of the displace-
ment function and the induced pressure perturbations, respectively, satisfy the interaction law ikA(k) = P(k) (δ0/δ1)(ik).

The current efforts are directed towards resolving the trailing-edge singularity for Λ≪ 1 and the new TD. Specifically,
we expect the limit G → 1 to reveal how the long-wave TD structure in [6] governing transcritical flow resides in our setting.
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VISCOUS DISSIPATION IMPACT ON PRESSURE LOSS IN COMPRESSIBLE LUBRICANTS

Andrea Codrignani∗, Franco Magagnato, and Bettina Frohnapfel
Institute of Fluid Mechanics, Karlsruhe Institute of Technology, Karlsruhe, Germany

Summary In the present work we consider compressible viscous lubrication oils in a channel flow. With the aim to study the effects
of viscous dissipation and thermodynamics in a very thin lubricant film. Direct numerical simulations of the compressible Navier-Stokes
equations and the energy equation are performed for a lubricant oil whose equation of state is represented by a stiffened gas model. Particular
attention is paid to the resulting pressure losses in the plane channel. It is shown that these viscous effects, that alter the classical Couette
velocity profile towards a Couett-Poiseuille one, scale with the parameter α = µLU/h2, and that the losses are proportional to the square
of α.

INTRODUCTION

In tribological applications the ability of the lubricant film to generate a net load capacity is the key performance factor. For
many different reasons (e.g. viscous effects, roughness, compressibility, cavitation... ), the lubricant flow generates undesired
pressure losses which degrades the overall load carrying capacity. Several aspects of these losses are discussed in literature
based on numerical (Gropper et. al. [2]) and experimental (Morini [1]) studies. In the present work we focus exclusively
on effects related to the compressibility of the lubricant fluid by taking into account the related thermodynamics without any
simplification.

In usual sliding contacts, the lubricant film is very thin but the contact area between the two surfaces may extend over a
very large distance in comparison. For this reason, even in absence of pressure gradients due to inclined walls, severe pressure
drops can be encountered due to viscous dissipation. This kind of effect can be described, from the numerical viewpoint,
only by solving the compressible Navier–Stokes equations jointly with the energy equation. Such a numerical approach can
also provide the thermal dependency which is not discussed in the presently available analytical solutions (e.g. Venerus [3],
Housiadas [4] ) where isothermal flows are considered.

PROCEDURE

In oder to study the generation of a pressure gradient due to compressibility effects, the laminar flow between two parallel
surfaces is considered. The gap height is h, its length L and the upper wall moves with constant velocity U . At the inlet, a
linear velocity profile (Couette flow) with a uniform temperature T is prescribed, while the static pressure P0 is assigned at the
outlet boundary. In order to describe the lubricant oil properties we apply the stiffened gas equation of state in the following
form:

P = (γ ◦ 1)ρe ◦ γP̄ (1)

where γ and P̄ are liquid dependent constants, ρ is the density and e the internal energy of the fluid. In this case the selected
oil is a Polyalphaolefin whose viscosity depends exponentially on temperature and not on pressure. The two liquid dependent
constants are γ = 2.8 and P̄ = 3.16e8[Pa].

The compressible Navier–Stokes equations and the energy equation with the above oil properties are solved with a Finite
Volume scheme [5]. All results are tested to be mesh independent by means of a multi-level method.

A parametric analysis is carried out by varying important aspects of the flow such as temperature, inlet velocity and the
aspect ratio of the channel. All these aspects can be summarized in a unique parameter α = µLU

h2 which represents the
influence of the viscous dissipation on energy and pressure. This parameter originates from the dimensional analysis of the
energy equation which, for a compressible flow in a thin channel, can be reduced to:

u
∂Ht

∂x
= µ

!
∂u

∂y

"2

(2)

where Ht is the total enthalpy Ht = ρe + 1
2ρu

2 + P . We can note that, by isolating the enthalpy on the left side of the
equation, the right hand side becomes dimensionally proportional to the already mentioned parameter α = µLU

h2 .
Three main sets of simulations are carried out in order to investigate the influence of α by varying the moving wall speed

and the viscosity (temperature). For every set, six different channel aspect ratios L/h are considered.

∗Corresponding author. Email: andrea.codrignani@kit.edu



RESULTS

Figure 1a shows the relative pressure difference between inlet and outlet P−P0
P0

as a function of α. The solid symbols
represent one simulation result each and it can be seen that the pressure drop increases with increasing value of α. In fact, it
appears to be directly proportional to α2. For example, at α = 4.26 the relative pressure drop is ∆P

P0
= 1.86 times the reference

pressure at the outlet. It is interesting to note that this case can easily correspond to a typical tribological application, since it
is obtained for a channel of height h = 1µm, length L = 1mm, at a temperature of T = 50◦C, and with a sliding velocity of
U = 0.5m/s.

The above case is shown also in figure 1b, where the relative pressure drop and temperature distribution are plotted along
the longitudinal axis x of the channel. Due to viscous dissipation, the thermodynamic state of the initial Couette flow changes
through the channel and the temperature increases. The consequent temperature gradient yields a density decrease and thus
generates a streamwise pressure gradient which must exist in order to maintain the mass flow rate. Due to this pressure
gradient the velocity profile at the outlet assumes the typical shape of a Couette-Poiseuille flow. Moreover, the change in the
velocity profile leads to an increasing wall shear stress in streamwise direction and thus to a higher overall friction coefficient.
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(a) Pressure losses as function of the parameter α. T =
50◦C, U = 0.5m/s. T = 100◦C, U = 0.5m/s.
T = 50◦C, U = 1m/s.
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(b) Pressure and temperature distribution along the streamwise
direction x. T = 50◦C, U = 0.5m/s, h = 1µm, L = 1mm.

CONCLUSION

The pressure losses due to viscous dissipation are quantitatively studied for a generic compressible lubricant oil, pointing
out the relevance of this phenomena for a typical lubrication case. As a result, a common scaling is found which directly
captures the influence of viscous dissipation on the pressure losses. Further work that we intend to present at the conference
includes the extension towards more realistic tribological cases, particularly for bearing applications with prescribed pressure
and temperature gradients.
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STABILITY OF A NON-NEWTONIAN FLOW DOWN AN INCLINE
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Summary We investigate experimentally the stability of a shear-thinning flow down an inclined plane. We focus on low-concentrated
polymer solutions following a Carreau rheology. By measuring the wave numbers and amplification coefficients at different frequencies,
we reach the marginal conditions and determine the stability threshold in the (Re, k) plane. We find this threshold to be in good agreement
with numerical results obtained by a resolution of the generalized Orr-Sommerfeld equations, as well as with results found in the literature.
This confirms the destabilizing effect of the shear-thinning properties, observed through a lower critical Reynolds number and a higher wave
celerity.

The hydrodynamics of viscous film flows driven by gravity down an inclined plane cover a very large scope of natural
phenomena and industrial applications. The stability of such flows has been studied extensively in the Newtonian case, most
notably by Yih [1] and Benjamin [2], and Liu et al. [3] for the experimental part. The main features unravelled by these
authors are that the instabilities occur at very long waves (compared to the thickness of the film) and that inertia plays a major
role in the destabilization of the flow.
However, in many real cases, industrial (coating, transport, ...) or environmental (mud, glacier, lava flows), the fluid is not
Newtonian and exhibits a complex rheological behavior. In particular, relatively few studies have investigated the stability of
such flows when the fluid is shear-thinning. Ng and Mei [4] considered a power-law fluid and, using a long-wave approxi-
mation, they demonstrated a linear evolution of the critical Reynolds number for the onset of instability as a function of both
the cotangent of the slope and the power-law exponent n. This study, however, is limited by the singularity introduced by the
viscosity law in the model: a power-law describes an infinite viscosity at the free surface characterized by a zero shear-rate,
which is not physically consistent. To remove this singularity, Ruyer-Quil et al. [5] introduced a Newtonian plateau at small
strain rate. Their use of integrated Navier-Stokes equations allowed them to predict an analytical expression of the critical
Reynolds number. Another approach consists in numerically solving the generalized Orr-Sommerfeld equations that arise
from the linearization of the Navier-Stokes equations. This was carried by Rousset et al. [6] who studied a fluid following a
Carreau law, i.e. whose viscosity varies (in a dimensionless form) as :

η̄ = I + (1 ◦ I)

!
1 +

"
L

dub

dy

#2
$(n−1)/2

where I = η0/η∞, L = δQ
%
ρg sin γ
η0Q

&2/3
, with Q the flow rate, γ the slope angle, η0 (η∞) the 0 (resp infinite) shear rate

viscosity, δ a parameter of the Carreau law, and ub is the dimensionless basic flow velocity.
They found that the critical Reynolds number is lowered by the shear-thinning properties, whereas the wave celerity is in-
creased. They also showed in a subsequent paper that the Squire relations cannot be extended to this configuration, and even
that 3D waves become less stable than 2D waves when the non-dimensional parameter L is high, another signature of the rich
behavior of non-Newtonian flows [7].

In this paper we present experimental measurements of the linear stability threshold of two shear-thinning fluids flowing
down an inclined plane, which was never done before, and we compare those measurements with the aforementioned numer-
ical models. The two chosen fluids are composed of a mixture of Carboxymethylcellulose (CMC, E466) and Xanthan gum
(Xg, E415), with two different concentrations. These mixtures were carefully elaborated so that the non-Newtonian effect i)
can be observed, ii) is not too strong for the simulations, iii) keeps the L parameter within ranges where the instability is 2D.
The viscosity of both these mixtures follows a Carreau law (Fig. 1b). Because the Newtonian plateau is sometimes difficult
to observe on conventional rheometers, we also used an electro-capillarity technique to measure the rheology of those fluids
over the full range of shear rates in the inclined plate experiment [8].

The experiment consists in an inclined channel with a free surface (47 cm X 200 cm) and two reservoirs (upstream and
downstream) linked by a pump. The upstream reservoir is constantly alimented by the pump and overflows in the channel,
ensuring a continuous thin flow with a rate imposed by the pump (Fig. 1a).
Upstream, a shaker actions a plate in the fluid and generates small surface perturbations at a controlled frequency. The slope
of the surface is measured locally by the deflection of a laser beam shot through the channel (the bottom is transparent). The

∗Corresponding author. Email: simon.dagois-bohy@univ-lyon1.fr
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Summary The numerical simulation of moving contact lines is complicated by the stress singularity at the contact point, which prevents
results from converging in a standard way. The objective of this work is to achieve mesh convergence of moving contact line results in VOF
simulations, and to assess the applicability for a wide range of capillary numbers of the numerical model proposed by Afkhami et al. [1].
Based on fundamental hydrodynamics, the numerical model serves as a new boundary condition that adapts the microscopic contact angle
as the mesh is refined, eliminating the stress singularity at the contact line. Systematic computations are performed to obtain convergence
of the macroscopic interface shape near the moving contact line at a solid plate withdrawing from a fluid pool.

INTRODUCTION

Contact line motion has been studied in the limit of small capillary numbers, when capillary forces dominate. Cox [2] and
others have used matched asymptotic expansions to relate the microscopic contact angle (θm) with the macroscopic contact
angle (θw) of the interface relative to the solid, respectively near the moving contact line (distance rin) and away from the
moving contact line (distance rout, rout >> rin). An approximation of this asymptotic matching [3] has been used to obtain
a contact angle boundary condition as a function of mesh size [1], in order to achieve mesh convergence in VOF simulations
of moving contact lines. Same macroscopic contact line configurations were obtained for different microscopic mesh sizes, in
the simulation of a partially wetting and withdrawing plate from a liquid reservoir at a small capillary number Ca = 0.03.

NUMERICAL METHODS

We use the open-source code Gerris to solve the incompressible, variable-density, Navier-Stokes equations with surface ten-
sion [4]. The volume fraction c of the first fluid (ρ1, µ1) is used to define density ρ ≡ cρ1 + (1 − c)ρ2 and viscosity
µ ≡ cµ1 + (1 − c)µ2, where (ρ2, µ2) are properties of the second fluid. A time-splitting projection method is used, and
requires an iterative solution procedure. Space is discretized using quad tree partitioning. A Volume Of Fluid (VOF) scheme
is used to track (advect and reconstruct) the interface.

SIMULATION PROPERTIES

Consider a solid plate withdrawing at a velocity U from a square fluid pool of length L/lc = 20, with lc the capillary length:
lc =

!
σ/ρg. The density ratio is set to 20, and viscosity ratio to 1. The interface between the two fluids is initially flat at

height h0/lc = 7. No slip and a fixed microscopic contact angle θm are prescribed at the wall. The contact line motion along
the wall evolves to a stationary state for τ >> 1, with τ = (U · t)/lc. Systematic computations are performed to span a wide
range of contact angles θ, Capillary numbers, and cell sizes at the contact line dx/lc, as detailed in Table 1.

Mesh refinement is increased at the interface, in the vicinity of the contact line, and where the error on velocity is the highest.
In Figure 1, the inner region (in blue) in the vicinity of the contact line is sufficiently refined to resolve small scale effects,
up to the inflexion point of the interface, where its curvature becomes positive (in red). The computational domain shown
in Figure 1 is truncated: a static microscopic contact angle, and no-slip, are prescribed at the left boundary of the domain;
symmetry on the right boundary of the domain (at x/lc = 20); top and bottom boundaries allow flow in and out of the domain.

Table 1: Simulation parameters

Contact angle θ [◦] Capillary number Ca [−] Minimum cell size dx/lc [-]
50, 55, 60, 65, 70, 75, 80, 85, 90 0.01, 0.02, 0.04, 0.08, 0.16 1/16, 1/32, 1/64, 1/128, 1/256

∗Corresponding author. Email: aguion@mit.edu



RESULTS

In the wide range of capillary numbers simulated, we both observe the development of a steady meniscus at the partially
wetting wall (see blue, black and magenta profiles in Figure 2 (a)), and the Landau-Levich transition at higher values of Ca,
where the liquid meniscus is entrained and leads to the formation of a thin film at the wall (red profiles, Figure 2 (a)). The
position of the meniscus once it has reached its stationary state, e.g. when all forces are in equilibrium, is reported for all Ca, θ
and dx/lc (see Figure 2 (b)). This work systematically quantifies the effect of mesh refinement and contact angle on the final
position of the contact line, for a range of capillary numbers below the Landau-Levich transition threshold. It is then possible
to adjust the microscopic contact angle a priori with mesh refinement to obtain convergence of the results (see Figure 2 (c)).

a b c

Figure 1: Stationary shape and position of the contact line (black line), for the same window of observation, but different
minimum cell sizes dx/lc = 1/16 (a), 1/32 (b), 1/64 (c). The curvature is negative (blue) then positive (red).

(a) (b) (c)

Figure 2: (a) Contact line height as function of time for θm = 90◦, Ca ∈ {10−2(blue), 2 · 10−2(black), 4 · 10−2(magenta), 8 ·
10−2(red)}, and dx/lc ∈ {1/16(▹), 1/32(◃), 1/64(!), 1/128(⋆), 1/256(◦)}. (b) Stationary heights of the contact line as
function of cell size. Dashed line for θm = 70◦. (c) Stationary contact line shapes for (dx/lc, θ)∈ {(1/64, 70◦), (1/32, 90◦)}

CONCLUSIONS

The numerical model proposed in [1] is applied to a wider range of capillary numbers. The systematic adjustment of micro-
scopic contact angles with mesh refinements makes it possible to refine the grid arbitrarily, while still eliminating the stress
singularity at the contact line and obtaining mesh convergence of the results.
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Summary We investigate numerically the flooding onset occurring in two-layer channel flows at low density contrast and low surface
tension. An integral film model is used in the bottom layer, which is supposed much thinner than the interfacial wavelength. This low-
dimensional model allows us to cut down the computational cost and data with respect to DNS (Direct Numerical Simulation). The
validation of our methodology is achieved by comparing the growth rate of linear wave with the Orr-Sommerfeld theory, and the non-linear
wave profiles with DNS.

INTRODUCTION

Counter-current two-layer flows are encountered in numerous chemical applications, such as in distillation and absorption.
The performance of such processes in terms of transfer rate is governed by the flow pattern and the interface evolution.
However, under certain conditions, two-layer flows manifest flow reversal, which drives to a dramatic loss of performances
of the technological equipments. During the past, several studies have therefore aimed to understand and predict the flooding
onset, focusing on experimental observations, linear stability analysis and numerical simulations. More recently, for those
applications involving thin films, the flooding onset has been also investigated by means of reduced models, such as for
turbulent gas over liquid films as in Tseluiko & Kalliadasis [1], and gas-liquid flows in narrow channels as in Dietze &
Ruyer-Quil [2].

Here, we introduce a two-phase numerical model for counter-current channel flows with the aim to predict the flooding
onset and provide a map relevant for industrial uptake for a quick evaluation of the regions where flooding occurs. This
numerical model is based on the coupling between a low-dimensional model for the lower layer and compressible Navier-
Stokes equations in the upper layer, as developed by Lavalle et al. [3] for co-flowing liquid-gas channel flows.

MODEL DEVELOPMENT

Consider a liquid film flowing at the bottom of a channel driven by gravity, while an opposite pressure gradient drives an
upper layer counter-currently. Shear stress and pressure exerted by the upper phase at the interface feed the film, which in
turn can become unstable. The integral formulation is based on the assumption that the film thickness h is thinner than the
wavelength λ of interfacial waves. The Navier-Stokes equations can be therefore integrated over the film thickness, aiming to
reduce the order of the system by enslaving the film dynamics to thickness and flow rate only. However, those depth-integrated
equations need closure laws for the wall shear stress and the integral of squared velocity, and many choices are possible. We
use a first-order gradient expansion of the velocity field in terms of the small parameter ε = h/λ. At this stage, computing the
velocity profile allows us to close the system of depth-integrated equations.

However, the interfacial shear stress and pressure must be given by the upper layer. This long-wave integral model is
therefore coupled to compressible Navier-Stokes equations in the upper phase, with the aim to couple the two phases. At the
interface, we choose to transfer the stresses from the top phase to the bottom one, while the interfacial velocity and shape of
the interface is given by the film to the upper phase. Numerically, a moving mesh technique has been implemented in order to
guarantee the correct transfer of the interface shape.

NUMERICAL RESULTS

We apply our model to counter-current two-layer flows at low density contrast and low surface tension. Given a small
sinusoidal perturbation, we compute periodic simulations with our coupled model. We firstly validate the linear regime by
comparing the growth rate of linear waves with the Orr-Sommerfeld problem. Subsequently, we investigate the non-linear
saturated waves developing at the interface. Our model provides good comparisons with our in-house DNS [4] in terms of
wave profiles, as well as pressure and streamline distribution.
Furthermore,at the most unstable wavelength, we look at the speed of the developed waves in order to plot the map of Figure 1.
This Figure shows the regions where the saturated waves travel downwards with the gravity, stand in a fixed position or travel
upwards against the gravity. The latter is the condition for flooding, according to our definition. This map is highly important
for industrial uptake because links the applied pressure gradient and the liquid flow rate (directly from the uniform film
thickness h0) and therefore has an immediate interpretation.

∗Corresponding author. Email: g.lavalle@ed.ac.uk



0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
1.05

1.1

1.15

1.2

1.25

1.3

1.35

h̃0 /H̃

ˆ
F
r

Figure 1: Map obtained from our model simulations, showing cases of downwards waves (circles), standing waves (squares)
and upwards waves (crosses) at the most unstable wavelength. The solid line is the Orr-Sommerfeld loading curve. The
applied pressure gradient plays with F̂ r

2
= ∆p̃/λ̃/(ρ2g).

CONCLUSIONS

This work addresses the problem of the flooding onset in counter-current two-layer flows. We provide a two-phase numer-
ical model based on a low-dimensional formulation for the film at the bottom, which is considered thinner than the wavelength
of interfacial waves. Not only our model shows agreement with Orr-Sommerfeld theory and DNS within the linear and non-
linear regimes, but also is an efficient and fast methodology to predict the flooding onset. The implementation of turbulence
to study gas-liquid flows is left to future works, as well as the inclusion of mass transfer.
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Summary The aim of this project is to explain the fluid motion and maximise the performance of the Vortex Fluidic Device, a rapidly
rotating tube with pipettes feeding liquid reactants to the base of the tube. It is a novel ‘greener’ technology for industrial applications
such as pharmaceutical production and protein folding. The problem is approached according to the stages of fluid spreading, with the
most promising area being at the bottom of the hemispherical tube as the fluid reaches the solid surface and spreads along the walls. The
parameters that affect the spreading are defined and their role is explored theoretically and experimentally with respect to the geometry of
the tube. The spreading pattern is explained and the optimum fluid volume, release height and rotation rate are established for both a flat
disk and a hemispherical bowl.

INTRODUCTION

Figure 1: Methodology - geometrical approach.

The Vortex Fluidic Device
(VFD) is a novel thin film reactor
developed by the Raston Labora-
tory at Flinders University. This
technology is focused on the syn-
thesis of organic chemicals and in
material processing. The thickness
of the thin film produced depends
primarily on the rotational speed,
flow rate, the position of the feed
nozzles and the tilt angle of the
tube (Britton et al., [1]).

To understand the efficiency of
the VFD, we consider a model re-
action A+B → C. If Z is the col-
lisional frequency between the re-
actants of respective concentration
[A] and [B], the main hypothesis is based on the idea that the rate of reaction is enhanced when collision rate Z is increased.
The fluid mechanics of the tube can control the collision rate Z by altering the conditions of intense shearing, e.g. by achieving
high velocity gradients at the interface with the solid surface.

This project focuses on explaining the fluid mechanics responsible for enhancing the reactions in the VFD and will seek
optimal conditions with respect to the geometry of the tube and the fluid mechanical parameters such as the rotation rate,
flow rate, wettability and contact line dynamics, gravity, the orientation of the tube and environmental conditions, such as
overheating.

As the film is thin, the base of the tube can be considered locally flat and can be modelled as a horizontal disc. This
presentation describes the experiments conducted so far for a broad range of parameters from moving on a flat disc to moving
in a curved bowl, as illustrated in Figure 1.

OVERVIEW OF FLUID MOTION IN THE VFD

There is very little literature describing the fluid mechanics in the VFD, i.e. landing, spreading, climbing, etc. First, despite
the continuous flow, surface tension at the nozzle promotes the formation of droplets, which fall vertically onto the rotating
disc with angular velocity ω. The spreading pattern is affected by the height of the release (Chou et al, [2]). At the stage of
the landing, the top of the droplet and the base of the droplet move with different velocities forming a ‘Rayleigh layer’ at the
bottom of the volume of increasing thickness δ ∼ (νt)1/2, where ν is the kinematic viscosity of the fluid.

At the next stage, of centripetal acceleration, the bottom of the liquid droplet adheres on the surface and is simultaneously
dragged by the moving substrate. The spreading is axisymmetric and the thickness of the ‘Ekman layer’ at the bottom, which
rotates with the disc is δ ∼ (ν/ω)1/2. At the third stage, the fluid is ejected by the Ekman layer, it spreads with viscous forces

*Corresponding author. Email: el393@cam.ac.uk



balancing the centrifugal force as a ‘Nusselt film’ (Espig and Hoyle, [3]) and eventually climbs the curved base, moving within
the ‘Stewartson layers’.

During fluid spreading, waves alter the curvature at the contact line. These waves cause azimuthal variations in pressure,
triggering an instability mechanism at a critical radius rc (Spaid et al., [4]). Since fingering instability decreases the overall
shear stress it is therefore desirable to suppress or delay its onset.

According to our analysis, the concentration of the product with respect to fluid mechanics, before the formation of fingers,
is predicted to follow

∆C ∼
! T

o
Zdt ∼

"
ω2r5c
Qν

# 1
3

.

The above relation indicates that there is an enhanced shear stress when the shearing duration, the angular velocity and the
axisymmetric spreading are maximised and the flow rate Q is low.

EXPERIMENTS

The aim of the first experiments was to understand the different patterns of spreading at different rotation rates, heights of
release and landing points. For this purpose, experiments were conducted on a flat disc and on a curved bowl at rotation rates
ranging from 1000 rpm to 12000 rpm and with heights of release from 5 mm to 15 mm. In one set of runs, the nozzle was
positioned above the axis of the disc, while in a second set the nozzle was positioned off axis. The droplet volume was kept
constant and the rotation rate was changed in steps of 1000 rpm.

RESULTS AND CONCLUSIONS

According to our theoretical approach and experimental observations, the height of the droplet release should be close to
the disc to avoid high kinetic energy on impact which leads to faster spreading and fingering. A volume of 40µl, released 5
mm above the disc, is sufficient to cause axisymmetric spreading. Although maximum axisymmetric spreading occurs at 5000
rpm, the maximum collision rate, prior to the onset of instability, is likely to occur at 9000 rpm.

Since velocity gradients increase with increased rotation rates, the shearing after the fingers form requires further investi-
gation. The duration of the acceleration of the fluid after landing is also important. An off-axis landing increases the spreading
time at the boundary layer which can be beneficial for the desirable shearing. The spreading is slower on a curved bowl due
to the reduced tangential component of centrifugal force and instability is delayed due to the normal component of gravity.

The research will continue according to the factors that affect instability and shear stress. Tilting is a component that affects
the performance of the VFD. Current experiments investigate whether it is the landing point that changes the performance or
the tilting that has multiple effects on the device. Once optimum conditions are established, reactions will be monitored in the
VFD.
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Summary Dynamics and morphological evolution of thin liquid films (thickness<100 nm) are numerically investigated using electrohy-
drodynamic (EHD) and electrokinetic (EK) models. In the EHD patterning process, the thin film is typically considered as either perfect
dielectric (PD) or leaky dielectric (LD) and the EHD model can be used to investigate the spatiotemporal evolution of the thin film. In the
case of having a finite diffuse layer of charges accumulated at the interface (i.e. double layer), the EK model is applied. The effect of the
ionic strength of an ionic liquid film which is determined by its molarity is included in the EK model. The 3-D nonlinear thin film equation
is solved numerically resulting in spatiotemporal evolution of interface.

INTRODUCTION

Electrically assisted patterning of polymer films has received extensive attention over the past decades as a unique and
interesting approach for creating micron and submicron sized features [1, 2]. In this process, a thin liquid film is sandwiched
between two electrodes and an electric field is applied to the film in the transverse direction (see Fig.1(a)). Disparity of
electrical properties of the film and the bounding fluid (the material which fills the gap between the film and the upper
electrode) results in an net electrostatic force acting on the interface[3]. As the film thickness is less than 100 nm, the short
range intermolecular forces are considered in addition to long range electrostatic, viscous and interfacial forces. The film
motion can be described by nonlinear thin film equation employing long-wave approximation [4]:

3µht + [h3(γ[hxx + hyy] ◦ φ)x]x + [h3(γ[hxx + hyy] ◦ φ)y]y = 0 (1)

In this equation, the subscripts x and y denote the spatial derivatives and subscript t denotes the time derivative. The term φ,
often called conjoining/disjoining pressures, is the summation of van der Waals, Born repulsion and electrostatic pressures.
Initial linear stages in growth of instabilities was investigated through linear stability (LS) analysis [1]. The LS analysis pro-
vides prediction of the maximum wavelength, λm, for growth of instabilities which characterize the center-to-center distance
of pillars (raised columnar structure) in the hexagonal pillar pattern formation[1, 2]. In this analysis, it is shown that the
lateral size of pillars decreases when increasing the applied voltage ψl, mean initial film thickness h0, electric permittivity
of film ε and its conductivity σ. A significant discrepancy between the theoretical predictions and experimental results was
observed during formation of nano-sized features at the high electric field strength [5] which is primarily attributed to the
electric breakdown of the polymer film and the bounding fluid. This phenomenon that typically occurs at higher electric field
strength is reported as the main limitation of the EHD patterning for generation of submicron sized features. In the work of
Lau and Russel, an ionic conductive liquid (IL) is used as a bounding fluid to prevent electric breakdown happening in the
bounding layer [5]. In the EHD patterning process, the thin liquid film and/or bounding layers is considered as either perfect
dielectric (PD) or leaky dielectric (LD). In the PD film there is no free charge and the film is polarized under applied electric
field. In contrast, for the LD film the infinitesimal amount of charge present moves and accumulates at the interface. Both
LS and non-linear analysis of the EHD patterning shows that the presence of free charges, albeit infinitesimal, reduces the
characteristic wavelength λm.

In ILs, the free ions move easily and form a diffuse layer called double layer (DL) adjacent to the charged surfaces. In
the PD and LD models, the thickness of the DL is assumed infinitesimally large and small, respectively. Between these
two limiting cases, an electrokinetic (EK) model has been initially developed for drop deformation in an electric field[6].
More recently, LS analysis of thin films has also been considered using EK model based on the linearized Debye Huckel
approximation [7]. The more general model based on the nonlinear Poisson Boltzmann equation to investigate the dynamics
and stability of IL-PD bilayers [8].

In this study, morphologyical evolution and the process of pattern formation on the thin liquid films under applied electric
field are numerically simulated using both the EHD and the EK models. A system of two planar fluids layer (thin PD or IL
films below and a PD bounding media above) confined between two flat electrodes is considered.

The main contributions of this paper are: (1) developing an electrostatic model for dynamic modeling of the EHD pattern-
ing process using ultra-thin IL film; (2) investigating the dynamics and pattern formation on IL films that includes the initial
linear stages and further nonlinear stages in growth of instabilities; and (3) evaluating the effects of ionic strength and the IL
film initial thickness on the shape and size of structures forming on the film.
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RESULTS AND DISCUSSION

In the present work the ionic strength of an IL which is determined by IL molarity, M, is incorporated in our analysis.
This is in addition to typical design parameters such as applied voltage, electric permittivity of layers and electrodes distance.
Higher values of M (i.e. 100 and 1000 mMol L−1) account for higher concentration of charges in the film, thinner DL, which
results in perfect conducting (PC) behavior whereas lower values of M (i.e. 0.001 mMol L−1), thicker DL, represent poor
conductive medium similar to PDs . The Poisson-Nernst-Plank (PNP) model is used to develop the electrostatic model and
find the dynamics of free ions in the ionic conducting layer. It should be noted that, in this study the process time is much
longer than the charge relaxation time. This diminishes the effect of the free ions (charges) dynamics during pattern formation
process. The effect of molarity on the electrostatic component of conjoining pressure, as the main force for pattern formation
process, is examined. Higher electrostatic force is applied to the film interface in the EK model compared to the EHD model.

An overview of the interface morphology at the quasi-steady state in the pattern formation process is shown in Fig.1(b).
The effects of ionic conductivity and film initial filling ratio (mean initial film thickness to electrodes distance ratio) on the
shape and size of structures are presented. The addition of ionic conductivity to the film results in an increase in the number of
pillars forming on the interface and consequently more compact structures (pillars with smaller size) are created. The number
of pillars formed in the IL films also increase at higher filling ratios. The PD film shows similar trend below the critical filling
ratio of h0/d = 0.5.

Figure 1: (a) Schematic of the thin film sandwiched between electrodes and electric potential distribution within each layer.
(b) Interface morphology and total number of pillars versus initial filling ratio of film. 3-D snapshots of the patterns formed
in PD and IL films with h0 = 30 and 70 nm. d= 100 nm, ψl = 20 V.

CONCLUSIONS

In the EK model, ILs are defined to be materials having properties between two limiting cases of PC and PD materials
based on their ionic strength. The IL films experience a much higher electrostatic pressure compared to similar PD films and
this increase in ionic strength results in higher electrostatic pressure. More compact structures are created in the IL film (using
the EK model) when compared to the similar PD films (using the EHD model) and the compaction is increased by increasing
the initial film height.
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NUMERICAL STUDY OF FALLING FILM ON FLEXIBLE WALL IN THE PRESENCE OF
INSOLUBLE SURFACTANT

Hao YANG1, Rong-Qi SHI1, and Jie PENG ∗1

1Department of Engineering Mechanics, Tsinghua University, Beijing, China

Summary The dynamics of falling film down an inclined flexible wall have been studied by means of a numerical simulation, in which the
algorithm is based on marker and cell (MAC) method. The free surface of liquid film is occupied by insoluble surfactant. The equations
governing the fluid motion are discretized on a semi-staggered grid fixed on a physical space. The interfacial boundary conditions on the
free surface are treated with the donor cell method. The displacement of flexible wall are treated according to the conservation of mass for
liquid film. The surfactant evolution is simulated by separating the convection and diffusion into two steps. Simulation results indicate that
the surfactant acts to suppress the dispersion of interfacial wave. Both the wall damping and tension acts to suppress the fluctuations of the
flexible wall. However, they play different roles in the evolution of the liquid-air interface.

PROBLEM DESCRIPTION

We consider a two-dimensional incompressible liquid film flow down an infinitely long flexible wall under the effect of
gravity force, as illustrated in figure 1. The liquid is postulated as Newtonian fluid. The film is bounded by a gas, which
is assumed to be inviscid. Thus, the flow of the gas is ignored in this model. Phase change at the interface, condensation or
evaporation, does not occur and the shear stress from the vapor phase may be neglected. The insoluble surfactant occupies
the liquid-gas interface, which convects and diffuses along the interface to alter the local surface tension. In this study, we
consider that the surfactant is present in dilute concentration. Thus, a linear relation between surface tension and surfactant
concentration is adopted. Moreover, the flexible wall is assumed to be tethered and non-stretchable. The bending stresses are
neglected and the wall inertia is negligible relative to wall damping.
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Figure 1: Schematic of the problem.
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Figure 2: Semi-staggered grid fixed on the physical space near the interface. Here, !
and " denote the grid inside the film where the velocity u, pressure p, and velocity v
are defined, respectively. Corresponding ♦ and △ indicate the grid outside the film.

COMPUTATIONAL METHOD

In this study, an algorithm technique based on the MAC method is adopted to directly simulate the moving interfacial
problem. The computational framework is built on an Eulerian Cartesian grid to facilitate the field equation computation. A
finite differential, semi-implicit method is used to discretize the governing equations on a semi-staggered grid, as illustrated
in figure 2. Inside the liquid film, both the convection terms and the diffusion terms of basic equations are discretized by the
second-order upwind scheme and the second-order central-difference scheme, respectively.

Evolution of free-surface and flexible wall
The values at the grid points outside the liquid-gas interface and the flexible wall, which are shown as open symbols in

figure 2, are unknown, though they are necessary for the numerical procedure. Similar to those presented by [1], they are
extrapolated according to the values inside the film and the boundary conditions on the liquid-gas interface or flexible wall.
The x-direction velocity component at the liquid-air interface ui,η is then obtained by interpolate from ui,j and ui,j+1, and
the y-direction velocity component can be obtained according to the conservation of mass. The velocity of flexible wall is
obtained by integrating the continuity equation from y = ζ to y = η and combining with the flexible wall velocity conditions
and kinematic boundary condition at the liquid-gas surface. Therefore, the film thickness on each time step satisfies the mass
conservation strictly. The movement of the both the liquid-gas interface and flexible wall can be obtained.

∗Corresponding author. Email: peng-jie@tsinghua.edu.cn
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Instabilities of liquid-lined flexible tubes with interfacial surfactant

Zhi-Qiang Zhou1 and Jie Peng ∗1

1Department of Mechanics Engineering, Tsinghua University, Beijing, China

Summary The linear instability and dynamic behaviours of a liquid-lined flexible tube are studied as a simplified model of pulmonary
airway. The liquid-air interface is occupied with an insoluble surfactant. The primary flow can be driven by an external force (e.g. gravity),
an interfacial shearing stress, or their combination. A modified lubrication approximation is proposed with the pressure being assumed
to vary linearly with the radial position. The linear instability property of the system is examined using normal-mode analysis. For the
extremely thin liquid film (ε → 0), the approximate dispersion relations are derived. For liquid film with relative small thickness (e.g.
ε = 0.1), though either the interfacial shearing stress or the external force destabilizes the interface, the combination can cause stabilization
in the presence of surfactant. Island of stability, which is caused by the dual role of primary flow in affecting the instability, is detected in
the σs −Bo plane.

PROBLEM FORMULATION

In this work, we consider an incompressible annular liquid film coating the inner surface of a flexible tube, surrounding
an infinitely long cylindrical air core. The pressure in the core (p∗in) is constant while the dynamics of the core is neglected.
Without loss of generality, the gravity g∗ is considered as the external force. An additional constant shearing stress σ∗

s

induced by airflow is applied to the liquid-air interface, and its direction can either assist or oppose the flow caused by the
external force. The liquid-air interface is occupied by an insoluble surfactant, which can convect and diffuse across the
interface to alter the local surface tension. The liquid film with density ρ∗ and viscosity µ∗ occupies the annular region
η∗(z∗, t∗) < r∗ < ζ∗(z∗, t∗), where η∗(z∗, t∗) and ζ∗(z∗, t∗) denote the position of liquid-air interface and inner wall of the
flexible tube, respectively. Throughout this work, we assume that the flows and geometry are axisymmetric.

The non-dimensionalized evolution equation for the liquid-air interface position (r = η) is given by

∂η

∂t
+

uz(η)

ε3
∂η
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!
∂ζ
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2πη
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Here, Q means axial flow rate of the perturbation field. The surfactant convection-diffusion equation takes the form (at r = η)
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where Pe = Ub∗/κ∗ denotes the interfacial diffusivity of the surfactant. The evolution equation for the displacement of the
tube wall (at r = ζ) is given by
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Here, ∆ζ =
%
1 + (∂ζ/∂z)2, φ = ε3ρ∗wH

∗λ∗b∗/µ∗ is the damping parameter, which remains finite in the limit ε → 0.
β = E∗H∗/

&
γ∗0 (1− χ2)

'
is the ratio of elastic forces to the surface tension. Tz = T ∗

z /γ
∗
0 is the ratio of longitudinal wall

tension to the surface tension and T0 = T ∗
0 /γ

∗
0 is the ratio of initial circumferential tension to the surface tension. The

evolution equations (1) – (3) constitute an initial value problem for η, γ and ζ, respectively.

RESULTS

The results of present work are compared with those of traditional lubrication approximation and an Orr-Sommerfeld
computation that comes from a linearization of the full Navier-Stokes equations, which is named as full linear instability
analysis. The value of β is marked on the curve. For β = 1.5, the growth rates predicted by the lubrication approximation
(dashed lines) lie below those from the modification method in the present work (solid lines), which are consistent with the
results from the full linear instability analysis (solid squares). This indicates that the modification method proposed in the
present study is sufficient to capture the linear regime satisfactorily, while the lubrication approximation without modification
is unsatisfactory for the compliant tube wall in the presence of primary axial shearing flow caused by either gravity force
(Bo = 2.0, in figure 1a) or interfacial shearing stress (σs = 0.5, in figure 1b). However, for β = 100.0, the tube wall is

∗Corresponding author. Email: peng-jie@tsinghua.edu.cn
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Figure 1: Comparison of the results in this work with those from the lubrication approximation and full linear instability
analysis for ε = 0.1, φ = 0.1, T0 = 0.0, Tz = 0.0, M = 0.0 and (a) Bo = 2.0, σs = 0.0; (b) Bo = 0.0, σs = 0.5. Numbers
marked on the curve denote the value of β, which indicates the ratio of elastic forces to the surface tension.
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Figure 2: Formation and evolution of an island of stability on the σs − Bo plane for φ = 0.1, T0 = 0.0, Tz = 0.0, β = 1.5
and Pe = 103 with Marangoni number M being a parameter. The stable and unstable regions are identified with the symbol
′S′ and ′U′, respectively.

assumed to be stiff, and the differences between the profiles become very small (see in figure 1). The lubrication approximation
without modification is now acceptable.

For compliant tube wall (β = 1.5), as illustrated in figure 2 with φ = 0.1, T0 = 0.0, and Tz = 0.0, the neutral stability
curves are distinctively different from those with stiff tube wall. For M = 0.01, a small stable region with sharp profile can be
identified. The minimum value of Bo, below which the flow is linearly unstable with whatever value of σs, is Bomin = 2.688.
This is much larger than that with stiff tube wall. However, for M = 0.02956, an island of stability close to the origin point
of coordinates is developed. The island becomes larger with increasing of Marangoni number M (e.g. M = 0.05, 0.07), and
integrates together with the rest stable region while M is big enough (e.g. M = 0.075, etc.). A stable streak, which looks
like character ′V′, is formed on the neutral plane, and the stable region expands with increasing of M (e.g. M = 0.1, 0.5).
Physically, as being mentioned before, for the compliant tube wall, a remarkable axial perturbation flow rate can be induced
and result in destabilization. Combining with the Marangoni traction forces due to the surfactant gradient, the primary flow,
which acts to stabilize for stiff tube wall, tends to play a dual role in the flow instability.
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PIV AND LIF EXPERIMENTS

Using non-simultaneous LIF and PIV measurements, it was possible to estimate the vertical time- and space-average shear
distribution in the mid-plane of the duct S = ∂u/∂z, as well as the buoyancy frequency N2 = (◦ g/ρ)(∂ρ/∂z), and deduce
the gradient Richardson number Rig ≡ N2/S2 (Fig. 3). Low values (Rig < 0.5) on both sides of the interface (Fig. 3a)
are thought to be responsible for the Holmboe waves, while the turbulent, mixed layer (Fig. 3b-e) seems associated with even
lower, near constant Rig ≈ 0.1 ◦ 0.2. This can be substantiated by arguing that this interior mixed layer, insulated by two
peaks of high stability (Rig ≈ 1), is not influenced by the duct upper and lower boundaries. Its thickness is thought to be
internally set by the flow, which is consistent with a constant Rig = Rie, where Rie is an equilibrium Richardson number
[5], which can be shown to provide the link between the turbulent transition and mixing efficiency.
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Figure 3: Time- and space-averaged Rig(z) from non-simultaneous LIF and PIV at various Re and θ = 2◦ .

State-of-the-art experimental capabilities (Fig 4) now allow us to probe the flow with simultaneous LIF and PIV and
extract buoyancy fluxes as well as coherent structures. The latest results obtained with those techniques will be presented.
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Figure 4: Schematic of the 3D simultaneous LIF-PIV system.
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Summary Motivated by the importance of irreversible mixing in geophysical and environmental flows, we seek to understand the de-
pendence of its efficiency under strongly stratified conditions through an investigation of two types of stratified shear instabilities: the
Kelvin-Helmholtz and Holmboe wave instabilities. Our numerical findings suggests that mixing efficiency of energetically turbulent flows
may never become suppressed despite arbitrarily strong stratification in the Holmboe wave case.

INTRODUCTION

Turbulent mixing of a stably stratified flow has a leading role in controlling the large scale meridional overturning circula-
tion of the ocean [1]. Although the precise nature of physical processes that are involved in the downscale cascade of energy,
from global to dissipation scales, is not well understood, it is generally believed that shear instabilities occur as the last step to
mediate the transition to turbulence at the smallest scales. In fact, a layered or stepwise density structure (i.e. layers of well-
mixed flow separated by sheets of sharp density interfaces), is commonly observed in nature. For a stably stratified density
layer that is embedded by a shear layer of a similar finite depth, the classical Kelvin-Helmholtz instability (KHI) may grow.
However if the density interface is sufficiently sharper than the shear layer, another class of shear instability, the Holmboe
wave instability (HWI), emerges in spite of arbitrarily large values of stratification.

The turbulent mixing induced by these instabilities may be characterized by an efficiency, E, that quantifies the proportion
of the total rate of dissipation into internal energy which is expended on useful irreversible mixing (M ). Furthermore, a
fundamental non-dimensional parameter in stratified shear flows is the bulk Richardson number, Ri, which characterizes the
relative strength of density stratification to the velocity shear. Formally these parameters may be defined mathematically as:

E =
M

M + ϵ
, Ri =

g∆ρ/(ρ0Lρ)

(∆U/Lu)2
, (1)

in which Lρ and Lu represent respectively the thickness of the density and shear layers across which these quantities vary by
∆ρ and ∆U . In addition, for a stratified flow to be recognized as turbulent, the rate of kinetic energy dissipation, ϵ, should
exceed a limit of approximately 20νN2 [2], where N2 = ◦ (g/ρ0)dρ/dz is the squared buoyancy frequency associated with
the background stratification and ν is the kinematic viscosity. In other words, the so-called buoyancy Reynolds number,
Reb = ϵ/(νN2) > 20 for a stratified flow to be considered turbulent.

An outstanding question in stratified turbulence concerns the behavior of E when the flow is subjected to strongly stratified
conditions with arbitrarily large values of Ri. As illustrated in figure 1 (left), it is unclear whether mixing (I) stays at its
maximum efficiency, (II) asymptotes to an efficiency less than its maximum or (III) becomes completely suppressed. While
previous laboratory studies support (III) [3], recent studies seem to suggest that (II) is most likely [4, 5]. Both cases (I) and
(II) would imply the absence of a critical bulk Richardson number as suggested by [6]. Nevertheless, none of these studies
discuss the vigor of turbulence as e.g. characterized by Reb. As a result, the true behavior of E with Ri for geophysically
relevant energetic turbulence (i.e. Reb > 20) has hitherto remained enigmatic.

In particular, in the context of the aforementioned shear instabilities, it is not known whether the growth of the two-
dimensional Holmboe instability, which is guaranteed in spite of an arbitrarily large Ri, would lead to a fully three-dimensional
turbulent flow. In fact, previous Direct Numerical Simulations (DNS) of this instability at exceedingly low Reynolds number
[7] suggest that the saturated Holmboe waves may never become turbulent (i.e. Reb ≪ 20) which supports a complete
suppression of irreversible mixing as suggested by case (III). Nonetheless, it has most recently been demonstrated in [8] that
sufficient increase in the flow Reynolds number renders the induced flow truly turbulent by promoting the strength of the
secondary instabilities which directly contribute to the three-dimensionalization process.

In the present work, we aim to investigate the behavior of E with respect to Ri under the stringent condition that the
induced flow after the saturation of two-dimensional instability must be sufficiently turbulent (i.e. Reb ≫ 20). This condition
is particularly important for studies of mixing in strongly stratified flows [9].

∗Corresponding author. Email: h.salehipour@utoronto.ca



RESULTS

Figure 1 (right) illustrates E∗ as a function of Ri where E∗ is the maximum value of the mixing efficiency that is achieved
after the saturation of three-dimensional kinetic energy. Note that E = E∗ approximately when Reb also becomes maximum.
Hence E∗ characterizes the mixing efficiency when the flow is most vigorously turbulent. This figure contains a rich collection
of DNS data associated with both Kelvin-Helmholtz and Holmboe wave instabilities (KHI and HWI) where the KHI dataset
is that available from [10]. Note that every symbol indicates the result for a single DNS analysis.

Unlike KHI that is suppressed for the bulk Richardson numbers Ri ! 1/4, under such strongly stratified conditions HWI
not only emerges but also produces highly turbulent flows. Although the emergence of two-dimensional HWI is expected
based on linear theory alone, the transition to a fully three-dimensional turbulent flow has been achieved only by increasing
the flow Reynolds number to sufficiently high values so as to lead to Reb > 20 (this condition has demanded the application
of massive computational resources). As a result, the mixing induced by HWI is apparently never fully suppressed. Moreover,
the highest value of mixing efficiency, as high as E∗ ∼ 0.4 when Ri ∼ 1/4, is only attainable through KHI. For Ri ! 1/4,
mixing efficiency quickly decreases to approximately E∗ ∼ 0.15 and remains at this value up to Ri ∼ 2.

CONCLUSIONS

Although further DNS analysis of HWI have not been conducted beyond Ri ∼ 2, our findings in figure 1 (right) clearly
support scenario (II) in figure 1 (left) which suggests that turbulent mixing may never become completely suppressed so long
as the stratified flow is sufficiently energetic with Reb > 20.
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Figure 1: Left: Schematic illustration of three hypothetical behaviors for mixing efficiency as a function of the bulk Richardson
number (Ri). The shaded areas represent schematically the region of the Ri space where Kelvin-Helmholtz instability (KHI)
or Holmboe wave instability (HWI) may mediate the transition to turbulence. Right: DNS data of KHI [10] indicated by blue
stars, along with a set of original DNS analysis of HWI indicated by red stars (a single symbol represents the result for a single
DNS case). Note that all DNS analyses have been conducted at sufficiently high Reynolds numbers yielding Reb ≫ 20.
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Alexandre Delache ∗ 1, Louis Gostiaux2, Fabien S. Godeferd2, and Claude Cambon2
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Summary The unobvious relation between Ozmidov’s scale Lo [2] and Thorpe’s scale LT [1] is extended to a large regime of stratifi-
cation by investigating the corresponding dynamics using Direct Numerical Simulations (DNS) in freely decaying turbulence at different
stratification rates. Moreover, we confirm the return to isotropy of the small scales by analyzing the orientation-dependent power spectrum
and energy modes. To some extent, many characteristics of isotropic universality are restored at small scales but, surprisingly, the density
spectrum (also potential energy spectrum) plays a particular role.

THORPE’S SCALE AND OZMIDOV’S SCALE

In oceanic, atmospheric or engineering flows, turbulence can be strongly affected by stratification. In stably stratified
homogeneous turbulence, the flow contains quasi-horizontal structures organized in vertically sheared layers. These structures
are a mix between internal waves and turbulence. Different lengthscales are used to characterise the overturning of buoyancy;
the most used in oceanography are Thorpe’s scale LT which is a measure of large-scale vertical overturns [1] and Ozmidov’s
scale Lo =

!
ε/N3

" 1
2 (with N the Brunt-Väisälä frequency and ε the dissipation) which compares the relative effects of inertia

and of the buoyancy force [2].
Structures larger than Lo are strongly influenced by stratification whereas structures smaller than Lo recover three-

dimensional isotropy. These two scales Lo and LT are related by Dillon’s relation Lo ≃ 0.8LT [3] which is obtained in
the Ocean. This relation allows to find the value of dissipation ε in the ocean, directly by a measure of Thorpe’s scale LT .
Nonetheless, the proportionality coefficient 0.8 depends on stratification and on the flow regime, so that Dillon’s relation was
recently extended using DNS [4]. Moreover the scales Lo and LT are widely used for the analysis of numerical simulations
[6, 7] or experiments [8, 9]. Such a refined description is thus important for an accurate characterization of turbulent mixing
in stratified flows. We propose here a parametric study of scale-by-scale anisotropy of stratified turbulence using dedicated
spectra.

In order to analyze further the extension of Dillon’s relation and small-scale isotropisation, we present results from high
resolution DNS (20483 points) of freely decaying turbulence at four different stratification rates. On figures 1( a) and (b), we
illustrate a typical distribution of the fluctuations of density and of Thorpe’s deplacement.

SCALE BY SCALE ANALYSIS

Classically, to measure the energy by scale — or for each wave number k in Fourier space —, one uses averages of energy
over spheres of radius k, and thus averages out the anisotropic contents of the energy distribution. In the case of stratified
turbulence with axisymetric statistics about the vertical axis of gravity, the distribution of energy is not equi-distributed over
the spherical shell of radius k by contrast to isotropic turbulence. We characterise this non equi-distribution of kinetic energy
and potential energy by introducing the angular dependence of the power spectrum [10]. In the case of discrete analysis in
DNS, we decompose the sphere into several rings Oi (six rings in our simulation as shown on the sketch of figure 1 d)) and
we define the kinetic Ec and potential Epot energy spectra for each ring as:

Ec(k, Oi) =
1

mi
k

#

k∈Oi

|ûk|2 and Epot(k, Oi) =
1

mi
k

#

k∈Oi

|ρ̂k|2 (1)

where ûk is the Fourier velocity vector, ρ̂k is the Fourier component of density and mi
k = (π/4)(θi ◦ θi+1)−1(sin(θi) ◦ sin(θi+1)−1

is a normalization term (so that Ec recovers isotropic scalings k−5/3 of classical Kolmogorov spectrum in absence of stratifi-
cation).

We have performed simulations at four stratification intensities, thus at different Froude numbers ranging from about 0.13
to 1.06, with 20483 grid points, so that the Reynolds numbers are rather high and of order Re ≃ 3000–4000. For instance,
figures 1 (c) and (d) show power spectra for two stratification rates. On each plot the Ozmidov wavenumber kN ≃ 1/LO is
indicated to delimitate the large scale stratification-affected range from the smaller-scale range.

∗Corresponding author. Email: alexandre.delache@univ-st-etienne.fr
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TRANSIENT GROWTH ON TIME-DEPENDENT STRONGLY-STRATIFIED FLOWS

Cristobal Arratia∗1 and Jean-Marc Chomaz2

1Departamento de Fı́sica, FCFM, Universidad de Chile. Santiago, Chile
2LadHyX, CNRS-Ecole Polytechnique, F-91128 Palaiseau Cedex, France

Summary We study the competition between the zigzag instability and Lilly’s mechanism of vertical decorrelation through independently-
evolving horizontal layers by computing the linear optimal perturbations to different types of vertically-invariant base flows with strong
stratification. This allows us to find, as a function of vertical wavelength, the potential of linear perturbations to extract energy from each
base flow. We observe that the zigzag instability is more relevant than Lilly’s mechanism only when the base flow is composed of distinct
vortices, while the zigzag scaling laws remain always valid except for viscous effects. Additionaly, the optimal perturbations reveal other,
more efficient mechanisms of transient energy extraction. Performing toroidal-poloidal decomposition of the optimal perturbations we
observe that, as the vertical wavenumber increases, the optimal perturbations are increasingly associated to energy extraction from the
vertical vorticity into vertical velocity and density perturbations.

INTRODUCTION

Similar to the zigzag instability [1], the vertical scale of the anisotropic direct cascade of strongly stratified turbulence
is given by the buoyancy length scale [2]. In both cases this length scale selection follows from the inviscid self-similarity
of the strongly stratified Boussinesq equations [3], but it is not clear what role, if any, does the zigzag instability play in the
development of stratified turbulence. In fact, Lilly’s mechanism of vertical decorrelation between different horizontal layers
[4] also predicts small vertical scales and is consistent with the strongly stratified scaling of Billant & Chomaz [3].

The dynamical differences between Lilly’s mechanism and the zigzag instability are important. Lilly’s mechanism involves
two-dimensional (2D) dynamics on each of the essentially uncorrelated horizontal layers, and is similar to the toroidal cascade
in that it does not involve vertical transport (except for ‘secondary’ instabilities that may arrive from the vertical shear between
adjacent horizontal layers). For the zigzag instability, on the other hand, vertical transport is a key ingredient that leads to the
destabilization of an otherwise neutral 2D mode associated with rotation and translation of the vortices.

Despite the differences, both mechanisms can lead to the formation of thin horizontal layers from an initial flow which is
nearly invariant in the vertical direction. While a layering induced by the zigzag instability is expected when there are well
separated interacting vortices, Lilly’s mechanism will induce decorrelation of horizontal layers on any nearly vertically invari-
ant base flow through the sensitivity to initial conditions of the 2D flow. The question arises of whether the zigzag instability,
or a similar mechanism inducing the destabilization of the 2D dynamics for long vertical wavelengths, will generically be the
most efficient in determining the vertical wavelength appearing naturally from a vertically invariant flow.

METHODOLOGY AND MAIN RESULTS

Here we evaluate the different mechanisms that may be involved in the layering process by computing transient energy
growth on different types of vertically-invariant, time-dependent horizontal flows. These flows are computed by 2D direct
numerical simulations of the Navier-Stokes equations, and the resulting evolution is stored and used as a vertically invariant
base flow for computing three-dimensional (3D) optimal perturbations (maximizing perturbation energy growth in a prescribed
evolution interval) with a direct-adjoint method [5]. We are thus able to identify and characterize, as a function of the vertical
wavenumber and for each of the base flows considered, the mechanisms which are the most efficient in extracting energy from
the vertically-invariant base flow to a 3D flow.

Figure 1 shows horizontal cuts of the vertical vorticity at different times of the evolution of optimal perturbations to a
base flow composed of well separated vortices. The base flow was initialized at t = 0 with a superposition of four Gaussian
vortices of the form ±2 exp(−x

2) initially located at random positions and indicated at later times by the dashed (negative
vortices) and solid (positive vortices) black lines. The different columns in the figure correspond to different times during
the evolution of the optimal perturbation. The different rows in the figure correspond to optimal perturbations with different
Froude numbers Fh = 1/N (where N is the Brunt-Väisälä frequency) and vertical wavenumbers kz while keeping Fhkz in
accordance to the inviscid scaling of strongly stratified flow [3]. The vorticity plots are very similar between the different
rows, showing that the evolution of the optimal perturbations indeed satisfy the inviscid self-similarity.

At the final time of the evolution of the optimal perturbations shown in the example of figure 1 (right column for t = 25),
it can be noted that the vertical vorticity corresponds to a simultaneous displacement of all the base flow vortices in a similar
direction. This indicates that the zigzag instability is active in the example of the figure, as can be expected from the presence
of well separated vortices. It will be seen that this ‘zigzag-like’ optimal perturbation is of no particular significance in
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NONLINEAR EVOLUTION OF OPTIMAL PERTURBATIONS TO STRONGLY STRATIFIED
SHEAR LAYERS

Alexis Kaminski∗1, Colm-cille Caulfield1,2, and John Taylor1

1Department of Applied Mathematics and Theoretical Physics, University of Cambridge, Cambridge, UK
2BP Institute, University of Cambridge, Cambridge, UK

Summary Vertical mixing in the stably-stratified ocean interior is often assumed to arise due to shear instabilities. However, there is
observational, experimental, and numerical evidence that suggests increased dissipation may also occur in more strongly stratified flows.
The non-normality of the Navier-Stokes and buoyancy equations may allow for substantial perturbation energy growth at finite times, even
in flows which are stable in the Miles-Howard sense. Here we show that this transient growth mechanism may be sufficient to trigger
strongly nonlinear effects and breakdown into small-scale structures, thereby leading to enhanced dissipation and non-trivial modification
of the background flow. The effects of nonlinearity are felt more strongly for higher Re and lower Rib. As such, this may point to transient
non-normal growth as a possible linear mechanism to trigger turbulence and mixing in stably-stratified shear flows.

INTRODUCTION

Vertical mixing in the stably-stratified ocean interior is thought to be a key player in setting the vertical density struc-
ture and distributions of tracers which are important for climate and biogeochemical cycles. However, the turbulent eddies
responsible for mixing are typically on the order of several meters in size, and are unresolved in ocean circulation models.
Parameterizations of the physics leading to mixing are therefore required.

Mixing is often assumed to arise in the ocean interior as the result of shear instabilities. The Miles-Howard theorem states
that, for parallel, steady, inviscid stratified shear flows, a necessary condition for instability is that the gradient Richardson
number (the ratio of stratification, which stabilizes a flow, and shear, which destabilizes a flow) be less than 1/4 somewhere in
the domain. This concept has been used as the basis of several mixing parameterizations which employ a critical Richardson
number below which the effects of turbulence are felt. However, despite the correlation between enhanced dissipation and
low Richardson numbers, there is observational [1, 2], experimental [3], and numerical evidence [4] suggesting that increased
dissipation may also occur in more strongly-stratified flows.

LINEAR OPTIMAL PERTURBATIONS

The Miles-Howard theorem is based on the behaviour of normal-mode perturbations to a given steady inviscid parallel flow
and their subsequent exponential growth rates. However, due to the non-normality of the Navier-Stokes operator, transient
perturbation growth may be possible at finite times even when no normal-mode instabilities exist. By employing a direct-
adjoint-looping technique, Kaminski et al. (2014) [5] computed the “linear optimal perturbations”, i.e. the perturbations which
maximize perturbation energy gain at a finite target time T , for a uniform stable stratification and hyperbolic-tangent shear
layer. They considered a range of target times T and bulk Richardson numbers Rib (where, for the base state in question,
Rib corresponded to the minimum gradient Richardson number of the flow) and showed that perturbation energy gains of
O(10 ◦ 100) could be achieved, even in flows which were were stable in the Miles-Howard sense.

Here, we consider the same base flow as in [5] and a target time of T = 15. Both the stratification Rib and the Reynolds
number Re are varied. Higher gains are achieved for higher values of Re, as shown in figure 2(a), and for lower Rib. At
this target time, the linear optimal perturbations found are two-dimensional and consist of a series of rolls tilted against the
background shear (figure 1(a)). Perturbation energy grows via the Orr mechanism as the rolls are tilted upwards by the
background shear (figure 2(b)).

NONLINEAR EVOLUTION

Given the substantial gains achieved via linear transient growth, it is natural to question what the nonlinear evolution of
these perturbations might be. To examine this, the optimal perturbations computed for T = 15 are given small but finite initial
amplitudes E0 and used to initialize full direct numerical simulations. Random noise is also added to allow for the possibility
of secondary instabilities arising. The full nonlinear Navier-Stokes and buoyancy conservation equations are solved using
DIABLO, which employs a third-order mixed Runge-Kutta-Wray/Crank-Nicolson timestepper. The horizontal directions are
periodic and treated pseudospectrally, while a second-order finite-difference discretization is used in the vertical [6].

We find that the perturbations initially grow linearly, as seen in figure 2(b). After this initial growth period, nonlinear effects
become important and the perturbations saturate. In some cases, perturbations have grown enough to become susceptible to

∗Corresponding author. Email: alexis.kaminski@gmail.com
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Figure 1: (a) Buoyancy perturbation of linear optimal perturbation for Rib = 0.40, Re = 4000, and T = 15. Note that the
magnitudes are arbitrary. (b) Total buoyancy (isosurface) and vertical vorticity ωz = ∂v/∂x◦ ∂u/∂y (colour) for Rib = 0.40,
Re = 4000, and E0 = 2× 10−5 at t = 24.4. Note that only the region around the shear layer is shown and the aspect ratio is
stretched in the vertical in order to better show the detailed structure in both (a) and (b).
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Figure 2: (a) Linear perturbation energy gains for Rib = 0.40 and T = 15. (b) Perturbation energy evolution for Rib = 0.40,
E0 = 2 × 10−5, and Re = 1000, 2000, and 4000. Linear perturbation evolutions are shown with solid lines, while dashed
lines denote the perturbation energy from the full DNS.

secondary instabilities which then break down into small-scale turbulence. For example, in figure 1(b) (for which Re = 4000,
Rib = 0.40, and E0 = 2× 10−5), we observe that after the rolls are tilted by the Orr mechanism, billows reminiscent of the
classical Kelvin-Helmholtz instability form. These billows then become unstable to a three-dimensional secondary instability.
We find that the effects of nonlinearity are more important for flows with higher Re, higher initial amplitude, and lower Rib.

As a result of the effects of nonlinearity, we find that the perturbations are able to modify the background flow non-trivially,
leading to layer formation in the background buoyancy field. Enhanced kinetic energy dissipation is observed for higher-Re
and lower-Rib flows, and the mixing efficiency, quantified here by the ratio of the potential energy dissipation to the total
dissipation, εp/(εp + εk), is found to be approximately 0.35 for the most strongly nonlinear cases.
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resonance occurs when temporal and spatial conditions are satisfied: Ω1 + Ω2 = Ω0 and ◦→k1 +
◦→
k2 =

◦→
k0, where ◦→k is the

wave vector while subscripts 0, 1 and 2 refer to the primary, and two secondary waves, respectively. In a wave attractor, the
wave beams serve as a primary wave, and the resonance conditions are satisfied with good accuracy [2], providing a consistent
physical framework for the short-term behavior of the instability.

Using laboratory experiments and numerical simulations, we suggest the energy cascade in internal wave attractors as a
novel laboratory model of a natural cascade. We show here that energy transfer from global to small scales in attractors oper-
ates via a hierarchy of triadic interactions producing a complex internal wave field with a rich multi-peak discrete frequency
spectrum embedded in a continuous spectrum of weaker magnitude. Convincing evidence of a wave turbulence framework for
internal waves is also provided for the first time. Spontaneous summation of the wave-field components produces moreover a
statistically significant amount of extreme overturning events which eventually lead to an easily measurable mixing.

It is important to emphasize that the final stage of overturning and mixing is non-trivial since these phenomena are beyond
the domain of pure wave-wave interactions, a regime usually called wave turbulence. A similar situation takes place for
surface waves, where the flourishing literature gives a fully consistent description of energy cascades between components
of wave spectra, only in the case of weakly nonlinear processes, while experimental reality deals with cascades significantly
“contaminated” by effects of a finite size fluid domain, wave breaking, wave cusps, nonlinear dispersion, viscous damping
of wave-field components, etc. The very specific dispersion relation for internal waves introduces additional complications.
For instance, in rotating fluids, which have a dispersion relation analogous to stratified fluids, the usefulness of the formalism
turbulence as a basis for the studies in rotating turbulence has been reported for experiments only recently [3]. For internal
waves, the question is still fully open, from both experimental and numerical points of view. Its consequences on mixing were
moreover widely open, until the present work.

Conclusion
We report and describe a novel experimental and numerical setup, an “internal wave mixing box”, which presents a

complete cascade of triadic interactions transferring energy from large-scale monochromatic input to multi-scale internal
wave motion, and subsequent cascade to mixing. We report interesting signatures of discrete wave turbulence in a stratified
idealized fluid problem. Moreover, we show how statistics of extreme vorticity events leads to mixing that occur in the bulk
of the fluid.
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SUPPRESSION OF THE RAYLEIGH-TAYLOR INSTABILITY BY ROTATION

Matthew M. Scase∗1, Kyle A. Baldwin2, and Richard J. A. Hill2
1School of Mathematical Sciences, University of Nottingham, Nottingham, UK
2School of Physics and Astronomy, University of Nottingham, Nottingham, UK

Summary The effect of rotation upon the classical Rayleigh-Taylor instability is considered both theoretically and using superconducting
magnets in a novel experimental configuration. We show that in many cases, rotating the system above a critical rate associated with the
mode’s wavelength, the Atwood number and the flow’s aspect ratio may stabilize unstable axisymmetric wave modes. The growth rate of
the instability and its dominant lengthscale may be significantly reduced by rotation.

Experiments conducted in a magnetic field with ‘heavy’ diamagnetic and ‘light’ paramagnetic fluids are used to show the effects of rotation
and to compare with our theoretical predictions. By rotating the system the growth rate of the instability is typically suppressed and the
scale of the structures observed are significantly reduced. We investigate the effect of increasing fluid viscosity on the observed structures
and conclude that both rotation rate and fluid viscosity control the form of the instability that develops.

INTRODUCTION

The Rayleigh-Taylor instability is a fundamental fluid dynamical phenomenon that occurs at the interface between a dense
fluid supported by a lighter fluid under gravity, or, equivalently, in a system that is accelerating in the direction of the denser
fluid. The instability is a common occurrence in many geo- and astrophysical phenomena including, for example, the finger-
like structures of the Crab nebula, created by the acceleration of pulsar winds through a dense supernova remnant [?], and
salt tectonics, where deep salt sediments protrude upwards through denser rock into finger-like ‘diapirs’ [?]. The instability
appears in many industrial applications involving, for example, thin film flows, pool boiling and aerosol transport [see e.g.,
3]. In some cases we may wish to influence the Rayleigh-Taylor instability through means beyond imposing the initial density
difference. In particular there are many situations in which it is desirable to stabilize a system, as in inertial confinement
fusion. Here we investigate the effect of rotation on the system.

MODELLING

We consider a fluid system that consists of a two-layer gravitationally unstable stratification that is subject to steady
rotation about an axis parallel to the direction of gravity. A rotating fluid is known to organize itself into coherent vertical

Figure 1: The image on the left hand side is of the Rayleigh-Taylor instability developing in a non-rotating system. The
instability develops in time, forming large vortices that transport the ‘denser’ (green) fluid downwards. The image on the right
hand side is of the same fluids, but here the system is rotating. The effect of the rotation can be seen to restrict the size of the
vortices that form and inhibit the bulk vertical transport of fluid.

structures aligned with the axis of rotation, so-called ‘Taylor columns’ [?], whereas a perturbation to an unstable two-layer
density stratification will lead to baroclinic generation of vorticity at the interface, tending to break-up any vertical structures.

∗Corresponding author. Email: matthew.scase@nottingham.ac.uk



Figure 2: Images from a series of experiments investigating the role of viscosity in determining the scale of instability ob-
served. The rotation rate was fixed at Ω = 7.8±0.1 rad s−1. The left image shows the instability in a system that has viscosity
approximately equal to that of water. The middle image shows the instability in a system that has viscosity approximately
8.36 times that of water. In the right hand image the viscosity of the system is approximately 20.50 times that of water. It can
be seen that the observed length scale increases with increasing fluid viscosity.

Hence the system under investigation undergoes competition between the destabilizing effect of the denser fluid overlying the
lighter fluid that generates an overturning motion at the interface, and the stabilizing effect of the rotation that is organizing
the flow into vertical structures and preventing the two layers passing each other. With increased rotation rate the ability
of the fluid layers to move radially, with opposite sense to each other, in order to rearrange themselves into a more stable
configuration, is increasingly prohibited by the Taylor-Proudman theorem [?, ?]. The radial movement is therefore reduced
and the observed structures that materialize as the instability develops are smaller in scale.

We model the system using an unpublished variational approach that represents the governing wave equation and the
associated boundary conditions as stationary points of a multivariate functional. It can be shown that in the appropriate limits
the well-known results for gravity waves in both non-rotating and rotating systems, and the classical non-rotating Rayleigh-
Taylor instability can be recovered. We are also able to show that in a finite domain there exists a critical rotation rate above
which axisymmetric modes may be stabilized. This demonstrates that although Chandrasekhar’s statement [?] that ‘. . . rotation
does not affect the instability or stability, as such, of a stratification’ applies in the limiting case of an infinite aspect ratio, any
confinement of the flow, i.e., a finite aspect ratio, permits the stabilization of modes of instability by rotation of the system.

EXPERIMENTAL VALIDATION

In order to compare our experiments with theory we show that the additional magnetic effects that modify the stress
tensor in the fluid may be regarded as a modified gravitational field. In this way we are able to create a gravitationally stable
stratification and spin it up into solid body rotation. We are then able to use the magnet to create a modified gravitational field
that renders the interface unstable such that the fluid system behaves, to a good approximation, as a classical Rayleigh-Taylor
instability. We show that there is good agreement between our theoretical prediction for the stabilization of the dominant
axisymmetric mode of instability and our experimental observations. We are also able to demonstrate good agreement between
the predicted growth rate of the instability and our observations. At high rotation rates large-scale structures in the instability
are inhibited and the dominant lengthscale of the instability is controlled by the fluid viscosity (figure 2). We conclude that
the observed nature of the instability is determined by both the rotation rate of the system and the fluid’s viscosity.
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Summary We investigate the stability of an axisymmetric pancake vortex in a continuously stratified and rotating fluid. The characteristics
and domains of existence of the different instabilities are determined as a function of the Froude number Fh, Rossby number Ro, aspect ratio
α and Reynolds number Re. The centrifugal instability is almost independent of the aspect ratio of the vortex due to its short-wavelength
nature and depends mostly on the Rossby number Ro and the buoyancy Reynolds number R = ReF 2

h . The shear instability exists for the
azimuthal wavenumber m = 2 only when Fh/α is below a threshold depending on Ro. This condition comes from confinement effects
along the vertical. The shear instability transforms into a mixed baroclinic-shear instability when the Burger number Bu = α2Ro2/(4F 2

h )
is smaller than unity. The baroclinic instability develops when Fh/α|1 + 1/Ro| > 1.46 in qualitative agreement with an analytical model.

INTRODUCTION

In stably stratified rotating fluids, vortices have a pancake shape with a small thickness compared to their radial extent.
An example is the Mediterranean eddies (Meddies) which are formed by salty water flowing from the Mediterranean sea into
the Atlantic ocean [1, 2]. The stability of such vortices has been studied with multi-layer models under the quasi-gesotrophic
or shallow water approximations [3, 4, 5]. More recently, continuously stratified non-rotating fluids [8, 9, 10] or quasi-
geostrophic fluids [6, 7] have been considered. In order to link these two limits, the linear stability of an isolated axisymmetric
pancake vortex is studied here in a continuously stratified fluid with arbitrary background rotation.

METHODS

The base vortex is chosen to have a Gaussian angular velocity profile in radial (r) and vertical (z) directions

Ω = Ω0exp

!
◦ r2

R2
◦ z2

Λ2

"
, (1)

where Ω0 is the maximum angular velocity, Λ the half thickness and R the radius. The base density inside the vortex is
deduced from the thermal-wind relation. The stability problem is solved numerically by discretizing the linearized Boussinesq
equations with finite element methods and by solving the eigenvalue problem with the Krylov-Schur method of SLEPc library
[11]. The most unstable modes have been determined as a function of azimuthal wavenumber m, Froude number Fh = Ω0/N ,
Rossby number Ro = Ω0/Ωb, Reynolds number Re = Ω0R2/ν and aspect ratio α = Λ/R, where N is the Brunt-Väisälä
frequency, Ωb the ambient rotation and ν the viscosity. The Schmidt number Sc = ν/κ (where κ is the mass diffusivity of the
stratifying agent) is set to unity.

RESULTS

The pancake vortex is unstable to many kinds of instabilities depending on the azimuthal wavenumber, Froude and Rossby
numbers. As an example, Figure 1a shows the domains of existence of each instability for the azimuthal wavenumber m = 2
in the parameter space (Fh/α, Ro). The corresponding eigenmodes are displayed in Figure 1b-e. The origin of each instability
has been identified thanks to stability criteria or from their resemblance with the instabilities in the columnar limit (α→∞).
The centrifugal instability (Fig. 1b) exists for the azimuthal wavenumbers m = 0, 1, 2 when the Rossby number |Ro| is larger
than a critical value such that the generalized Rayleigh discriminant is negative. For a given Rossby number, its maximum
growth rate is almost independent of the aspect ratio α and scales mostly as R−1/3 where R = ReF 2

h is the Buoyancy
Reynolds number. For a given Reynolds number, the centrifugal instability is therefore stabilized for small Froude number
(Fig. 1a). The shear instability (Fig. 1b) due to the radial shear exists for m = 2 when the vertical Froude number Fh/α
is below a threshold depending on the Rossby number (Fig. 1a). This condition derives directly from the fact that the shear
instability for a columnar vortex exists only in the vertical wavenumber band 0 ≤ kRFh ≤ c(Ro), where c(Ro) is a constant
depending on Ro. The pancake vortex should be therefore tall enough so that the minimum vertical wavenumber fitting inside
the pancake vortex, kR ≃ π/α, is unstable, i.e. Fh/α ≤ c(Ro)/π. When the Burger number Bu = α2Ro2/(4F 2

h ) is smaller
than unity, the shear instability transforms continuously into a mixed baroclinic-shear instability (Fig. 1a). The eigenmode
of the latter instability (Fig. 1d) resembles the shear instability one (Fig. 1c) but its energy source is the potential energy of
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INTERACTION OF A SURFACE QUASI-GEOSTROPHIC BUOYANCY STRIP AND AN
INTERNAL VORTEX

Jean N. Reinaud ∗1, David G. Dritschel1, and Xavier Carton2

1University of St Andrews, UK
2Université de Bretagne Occidentale, France

Summary We consider the interaction between a surface buoyancy strip and an internal vortex. This research investigates the coupling
between the observable ocean surface and the less well observed deeper ocean. We show that the strip?vortex interaction depends on the
ratio of the time scales of the two features, and on their relative displacement (horizontally and vertically). Intense buoyancy strips break
down rapidly once perturbed by the vortex, whereas weak strips tend to wrap due to the vortex rotation. When the vortex is close to the
surface and below an intense strip, the vortex may destabilise and break into smaller vortices. Importantly, the interaction depends on the
sign of the buoyancy strip relative to that of the internal vortex. Above a cyclone, a surface strip with positive buoyancy rolls up into a spiral
filament, while a strip with negative buoyancy forms a row of billows on both sides of the vortex.

INTRODUCTION

The availability of data at the ocean’s surface has increased both in quantity and quality with the increase of satellite mea-
surements. These data provide detailed information about the ocean surface dynamics, from which one may infer information
on the internal dynamics, invisible to direct satellite observations. Our ability to relate the surface dynamics to the interior
dynamics greatly depends on our theoretical understanding of the coupling and interaction between the two. At meso-scales,
the dynamics of the surface alone is well documented, in particular within the context of the Surface Quasi-Geostrophic (SQG)
model, see [1,2] for buoyancy strips. It should be noted that SQG remains relevant at submeso-scales. Similarly, the dynamics
of internal vortices under the quasi-geostrophic approximation is now well known, see [3] for isolated ellipsoidal vortices.
Much less is known, however, for the coupled system. Perrot at al [4] studied the interaction between a internal vortex and an
elliptical patch of buoyancy at the surface. Here we consider a different situation where the surface elliptical patch is replaced
by a strip of buoyancy, modelling a filament. The main difference is that the (isolated) strip is always intrinsically unstable,
while an elliptical surface vortex is stable for aspect ratios < 2.34 [5]. The internal vortex is taken to be spherical (after
stretching by the ratio of buoyancy to Coriolis frequencies), implying it is stable if taken alone. We investigate the influence
of the relative sign of the buoyancy anomaly with respect to the sign of the vortex as well as their displacement.

RESULTS

We consider a strip of buoyancy anomaly b of half-width a = 0.5 located at the top surface of a (2π)3 computational
domain. The transverse buoyancy profile is b = bm

!
1 ◦ (x/a)2, leading to a linear profile of velocity within the strip,

v(x) = bm
a x. |x| < a. The linear stability of the strip has been examined, and we find that the strip is unstable to perturbations

with wavenumber k ∈ [0, kmax], kmax ≃ 1.1/a. The most amplified mode has k ≃ 0.73/a. The domain is periodic in both
horizontal coordinates. A sphere of uniform potential vorticity q = 1, of radius r = a, is centred at a depth H from the surface
and is displaced horizontally from the central axis of the strip by a distance ϱ. In this study we investigate the influence of bm,
H and ϱ on the dynamics of the interaction.

Simulations are performed using the Contour-Advective Semi-Lagrangian algorithm described in [4] and references
therein. The coarse grid on which the interior velocity field is obtained has a resolution of 2563 while is it 10242 at the
surface where smaller scale features are expected.
Figure 1 illustrates the interaction in cases where there is no horizontal displacement between the surface strip and the internal
vortex. By symmetry, the centroid of the vortex remains at the centre of the domain. For small values of bm, the strip is
nearly passive and is wound up by rotating vortex. The strip will eventually destabilise once it gets sufficiently thin. The
vortex remains almost exactly spherical throughout the simulation. The shear flow induced by the strip is not strong enough
to disrupt the vortex. On the other hand, we see a topological differences between the cases bm > 0 and bm < 0, even for
small values of |bm|. Buoyancy tends to accumulate directly above the vortex when bm < 0, in a region of cooperative shear,
and is depleted from this region when bm > 0 (adverse shear). The reason for this behaviour becomes clearer with increasing
|bm|, and is related to the destabilisation of the strip. The vortex first deforms the strip. In the case bm > 0, the deformation
of the strip above the vortex initiates a saddle point between two consecutive billows along the strip while in the case bm < 0
it seeds the formation a billow (again due to the cooperative shear). For an intense strip, the shear induced by the strip is able
to deform, and even tear the vortex apart. This effect is more pronounced in adverse shear.

∗Corresponding author. Email: jean.reinaud@st-andrews.ac.uk



�� � � 	

� 
 � � �

� � ���

� ��� ��

�B8,+B-58 �B(4+B04:,84(2B<58:,>B�)2(*1�B=0:/ �B�853B2,-:B:5B80./:�

�089:B:=5B-8(3,� � � � ��� ��� � ���� �(: ��89:�B(4+ �9,*54+��B�(9:B:=5B-8(3,9B9(3,B(9B�89:B:=5�B);:� � � �

��

�0.;8,B	�B";8-(*,B);5?(4*?B9:806B�)2;,B-58 �B8,+B-58 �B(4+B04:,84(2B<58:,>B�)2(*1�B=0:/ �B�853B2,-:B:5B80./:�B�089:

-8(3,� � �

� �

��� �� � �

��� � 	

� � � �

�

� � ���

��� ��� �

�

�0.;8,B
B022;9:8(:,9B/5=B(B/580@54:(2B+0962(*,3,4:B),:=,,4B:/,B9:806B(4+B:/,B<58:,>B*/(4.,9B:/,B�5=B,<52;:054�B�58

022;9:8(:054B6;8659,9�B:/,B<58:,>B09B25*(:,+B*259,8B:5B:/,B9;8-(*,B� �B(4+B4,(8B(4B,+.,B5-B:/,B9:806B� �B=/,8,

:/,B<,25*0:?B04+;*,+B)?B:/,B9:806B09B3(>03;3B�(4+B,7;(2B:5

�

� � � � 


�

��� �� �����

�

� � �

��B$,B*(4B9,,B:/(:B:/,B<58:,>B45=B:8(<,29B(254.B:/,B,+.,B5-

:/,B9:806B(4+B685+;*,9B(B358,B*5362,>B+,-583(:054B�,2+B54B:/,B9:806�B�4+,,+�B0:B),*53,9B(B35<04.B95;8*,B5-B6,8:;8)(:0549

-,,+04.B-;8:/,8B049:()020:0,9B(254.B:/,B9:806�B#/,B9:806B)8,(19B(9?33,:80*(22?�B(4+B:/,B<58:,>B09B*(;./:B04B(B*5362,>B9/,(8B�5=

=/0*/B+098;6:9B(4+B,<,4:;(22?B:,(89B0:B(6(8:�B�5:/B:/,B9:806B(4+B:/,B<58:,>B(8,B45=B95;8*,9B5-B93(22,8�9*(2,B9:8;*:;8,9B04B:/,

�5=�B04+;*04.B(B*(9*(+,B5-B)5:/B,49:856/?B(4+B,4,8.?B:5B/0./,8B=(<,4;3),89B�93(22,8B9*(2,9��

#/,B,>(362,9B+09*;99,+B022;9:8(:,B:/,B80*/4,99B5-B:/,B04:,8(*:054B),:=,,4B(B9:806B5-B9;8-(*,B);5?(4*?B(4+B(B+,,6B<58:,>�

�5:/B(8,B65:,4:0(2B95;8*,9B5-B93(22,8�9*(2,B9:8;*:;8,9B04B:/,B�5=�B#/,B+,:(029B5-B:/,B04:,8(*:054B+,6,4+9B54B:/,B:03,B9*(2,9

(995*0(:,+B=0:/B:/,B-,(:;8,9B(4+B=/,:/,8B:/,?B(8,B04B(B*556,8(:0<,B58B(4B(+<,89,B9/,(8B90:;(:054�B�9B8,.(8+9B(6620*(:0549B:5

5*,(4B+?4(30*9�B=,B�4+B:/(:B:/,B2041B),:=,,4B(4B5)9,8<()2,B9;8-(*,B9:8;*:;8,B(4+B:/,B04:,84(2B+?4(30*9B09B:,4;5;9B(:B),9:�B�4

6(8:0*;2(8�B:/,B,>09:,4*,B5-B(B);5?(4*?B6(:*/B(:B:/,B9;8-(*,B09B45:B(2=(?9B(995*0(:,+B=0:/B:/,B68,9,4*,B5-B:/,B04:,84(2B<58:,>

+08,*:2?B),25=B0:�B#/,B68,9,4:(:054B=022B(295B(4(2?9,B,4,8.?B*(9*(+,9B(:B:/,B9;8-(*,B(4+B04B:/,B04:,8058�B(9B=,22B(9B:/,B,>*/(4.,

5-B,4,8.?B),:=,,4B:/,B9;8-(*,B(4+B:/,B04:,8058�

(: �B",*54+B-8(3,�B9(3,B(9B2,-:B);:

��
�	���


����������

�

&	'B�(8<,?�B�����B�3)(;3�B���� � 
�	�� �B	��A		��B
�	��

&
'B�;*1,9�B�� � �B�
��A�
�
�B	���

&�'B�80:9*/,2�B�����B"*5::�B!����B!,04(;+�B���� � �B
�	A

��B
����

&�'B ,885:�B%��B!,04(;+�B�����B�(8:54�B%��B�80:9*/,2�B���� � �B��A���B
�	��

&'B�80:9*/,2�B���� � �B���A����B
�		�

� � �� ��� ��� �

���������������	�������������
������

�������������

���������	����

�������������������

������������������������������

�

���

��

���

��

���

� � � �

�

�B#/08+B-8(3,� �

� ��� ���� �(4+ �B�5;8:/B-8(3,�B9(3,B(9B:/08+B54,B);:� � �� � �� �

�0.;8,B
�B";8-(*,B);5?(4*?B9:806B�)2;,B-58



 

 

a) Corresponding author. Email: sh.davarpanahjazi@mail.utoronto.ca. 
 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada  

ENHANCED SEDIMENTATION BENEATH  
SEDIMENT LADEN OVERFLOWS AND INTERFLOWS  

 
Shahrzad Davarpanah Jazi1a) & Mathew Wells1 

1Department of Physical & Environmental Sciences, University of Toronto, Toronto, Ontario, Canada 
 
Summary Double-diffusive and settling-driven convection processes can enhance the sedimentation rate of particles beneath a sediment-
laden plume. The two mechanisms can be active simultaneously, and previous experimental studies had difficulty distinguishing them 
visually. In experiments with a sediment-laden fluid overlying a saline layer, visual measurements of mean velocities can only be made in 
the optically clear lower layer. We measured the velocity and turbulence components of the flow field above and below the initial 
sediment/salt interface, using an Acoustic Doppler Velocimeter. The velocity of the sediment fingers in the lower layer were always 
larger than the Stokes settling velocity of the particles, leading to an asymmetry in the flow field of the two convective layers. Sediment 
fingers only dominated when there were marginal density differences between the two layers. We conclude that double diffusive sediment 
fingers control sedimentation beneath interflows in most lakes, whereas settling-driven convection is dominant in most oceanic overflows. 
 
   When a sediment-laden river enters in to a stratified lake or the coastal ocean, it is of great interest to know how fast the 
sediment settles from the base of the resulting surface or subsurface flow (overflow or interflow). There is observational 
evidence of enhanced sedimentation near the mouth of the rivers, in the coastal ocean [6] and lakes [9], where the apparent 
particle settling rate is larger than that based on Stokes settling velocity of a single particle. However it is not clear whether 
such enhanced settling is due to flocculation [8], double-diffusive convection [4, 7] or settling-driven convection [5]. In the 
absence of flocculation, two related processes of enhanced particle sedimentation could occur beneath a sediment-laden 
intrusion; namely double-diffusive convection (illustrated in Figure 1a) and settling-driven convection (illustrated in Figure 
1b). When a sediment-laden fluid overlies a denser saline layer, the accumulation of particles at the interface can develop a 
gravitationally unstable bulk density profile that produces Rayleigh-Taylor instability at the sediment front [5, 10, 11, 1, 2], 
shown in Figure 1b. In this case the settling-driven mechanism leads to convective sediment plumes below the interface, 
which drives vigorous convection. Double-GLIIXVLYH� ³VHGLPHQW-ILQJHULQJ´� LV� DQRWKHU� LQVWDELOLW\� WKDW� DULVHV� GXH� WR� WKH�
diffusion of salt being much faster than the Brownian diffusion of sediment. This process results in rapidly descending 
fingers of sediment beneath the intrusion as shown in Figure 1a. 
 

   While there has been great progress in direct numerical simulations of double diffusion [10, 11, 1, 2], there is a paucity 
of solid experimental or theoretical descriptions of the process, which limits our understanding of sediment transport. A 
critical limitation of all previous experiments [3, 4, 5, 7] was that the sediment layer was optically opaque, which greatly 
hampered an understanding of the physical processes at work. In this experimental study we investigated the responsible 
mechanisms for the enhanced sedimentation of non-cohesive SiC particles with D�PHGLDQ�GLDPHWHU�RI�����ȝP. We conducted 
a series of geophysical relevant experiments to distinguish enhanced sedimentation due to double-diffusive fingering versus 
settling-driven convection. By measuring the turbulence characteristics using a NORTEK Vectrino+ Acoustic Doppler 

Figure1. Schematic figures indicating (a) the horizontally symmetric double-diffusive instability 
and (b) the vertically symmetric Rayleigh-Taylor instability (the red lines show the initial 
interface between the saline and sediment laden layers). 



Velocimeter (ADV) in the sediment-laden and saline layers of a two-layer configuration, we determined what conditions 
were consistent with double-diffusive or settling-driven convections. Our data covered a geophysical relevant range of 
salinity and sediment concentration differences (Figure 2a), which we used to provide a sedimentation process regime 
diagram (Figure 2b). We then applied the diagram to predict the occurrence of enhanced sedimentation beneath overflows 
and interflows in oceans and lakes. 
   Our main conclusion was that for 7.8 µm SiC particles, sediment fingers due to double-diffusive convection dominated 
RQO\� IRU� ����5ȡ < 1.1. However, settling-driven convection was significant for Rȡ > 2, and strength of turbulence in the 
bottom layer only depended on density difference due to the added sediment. We anticipate that for particles with slower 
settling velocities (i.e. smaller or lighter) there would be a greater range of Rȡ, where double-diffusive processes dominate. 
Sediment-laden underflows or interflows are rare in the coastal ocean, due to the large density difference between fresh 
water and VHDZDWHU� �ǻȡ�a����NJ�P-3). This implies that sediment laden overflows and river plumes in ocean generally have 
Rp >> 1 and hence settling-driven convection is the dominant sedimentation mechanism (Figure 2b). An interflow by 
definition occurs at its depth of neutral buoyancy, where the density difference is minimal (Rȡ ~ 1). Therefore based on our 
regime diagram (Figure 2b) double-diffusive convection is the primary mechanism for sedimentation in these flows. 
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Figure 2. (a) The turbulence strength normalized by Stokes settling velocity in the first 500s for the top and bottom layers as a function of 
the density difference due to sediment and salinity or Rȡ (The size of the red and blue circles in lower right corner represents normalized 
turbulence strength of 27.5) and (b) A regime diagram showing the occurrence of overflows, underflows and interflows. 
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Summary Various oscillation phenomena, such as the transitions between stable and unstable states of western boundary currents (e.g., the 
Kuroshio), are present in the oceanic circulation of the North Pacific Ocean. These phenomena are considered to be related to non-linear 
rhythmic phenomena, such as the synchronization and the stochastic resonance, which are often observed in non-linear ocean systems. 
However, oceanic applications of these non-linear rhythmic phenomena have not been investigated in detail. Thus, we investigated the 
responses of oceanic double gyres to external wind forcing with and without noise using a 1.5 layer quasi-geostrophic model and considered the 
possibility of the occurrence of these non-linear rhythmic phenomena in general oceanic circulation. 
 

INTRODUCTION 
 

Synchronization is an adjustment (e.g., frequency and/or phase locking) of the rhythms of two or more self-sustained 
oscillating systems that have different periods because of their non-linear interaction [1, 2]. Stochastic resonance is a 
phenomenon in which parts of potential signals can exceed the threshold when adequate noise is added to non-linear 
systems; these can then be detected as actual signals [3, 4]. Both phenomena are general characteristics of highly non-linear 
open systems and have been observed in living systems and electrical circuits [2, 4]. They are considered to be related to 
formation of ordered structure, such as in the rhythm adjustment observed in non-linear systems.  

The ocean system can be regarded as a highly non-linear open system driven by external forcing (i.e., the wind stress on 
the sea surface). The variability in the oceanic general circulation results in a non-linear interaction between the atmospheric 
wind stress oscillator and the oceanic circulation oscillator. In fact, previous studies [5-11] have noted the possibility that 
both the synchronization and the stochastic resonance should play an important role in causing the variability of strong 
oceanic currents and of the concurrent eddy shedding. The aim of this study is to understand the relevance of 
synchronization and stochastic resonance in the generation of oceanic turbulence. 
 

NUMERICAL MODEL AND METHODS 
 

The model used in this study was a 1.5 layer, reduced-gravity, quasi-geostrophic numerical model with Rayleigh-type 
interfacial friction and a nonslip boundary condition [12]. The model domain was a rectangular area of 3600 km × 2800 km 
representing the mid-latitude North Pacific. Further details of the numerical model are provided in [8]. 

The external wind forcing, Ĳ (y, t), has the following form: 
Ĳ (y, t�� �>����Į�FRV�Ȧt����İ�n(t��ın@�î�Ĳ0 FRV��ʌy/L),                                               Eq. (1) 

ZKHUHĮ�LV�WKH�DPSOLWXGH�RI�VHDVRQDO�YDULDWLRQ��VHH�EHORZ�LQ�WKLV�VHFWLRQ���Ȧ�LV�WKH�IUHTXHQF\�RI�VHDVRQDO�YDULDWLRQ�� �����
yearí1���İ�LV�WKH�DPSOLWXGH�RI�UHG�QRLVH�n(t��>��@��ın is the root mean square of n(t���Ĳ0 is the amplitude of wind stress (= 0.1 N 
mí2), and L is the length of the region in the N-6�GLUHFWLRQ�� ������NP���7KH�EDVLF�H[WHUQDO�IRUFLQJ�ILHOG��Ĳ0 FRV��ʌy/L), has 
only an E-W component, is constant in time and varies in the N-S direction, representing a simplified spatial distribution of 
wind stress in the mid-latitude North Pacific. Seasonal variation and red noise were added to the basic field after year 50 in 
the integration. Further details of the red noise calculation are provided in [10]. 

The experiments for constant external forcing �L�H��� Į = İ = 0.0) [9] showed that the energy level changes 
discontinuously and represents a different quality state. As a result, the state of Re = 39 represents the state in which the 
modelled ocean regularly oscillates with a characteristic period. The state with Re = 157 represents the situation in which 
potential signals exist in the model ocean but are not apparent. 

Based on the above results, we conduct the following experiments: 
[Seasonally changing experiments] These experiments were conducted under seasonally varying external forcing with 

D���\HDU�SHULRG�IRU�5H� �����,Q�WKHVH�H[SHULPHQWV��WKH�RQO\�YDULDEOH�SDUDPHWHU�ZDV�Į��WKH�DPSOLWXGH�RI�WKH�VHDVRQDO�YDULDWLRQ 
�L�H���İ� �������ZKLFK�FDQ�YDU\�IURP�����WR������Į� �����FRUUHVSRQGV�WR�QR�VHDVRQDO�YDULDWLRQ��DQG�Į� �����LQGLFDWHV�WKDW�WKH�
amplitude of the seasonal variation is equal to that of the average external force. 

[Noise-added experiments] These experiments were conducted under red-noise-added external forcing for Re = 150. 
,Q�WKHVH�H[SHULPHQWV�� WKH�RQO\�YDULDEOH�SDUDPHWHU�ZDV�İ�� WKH�DPSOLWXGH�RI�WKH�VHDVRQDO�YDULDWLRQ��L�H���Į� �������ZKLFK�FDQ�
YDU\�IURP�����WR������İ� �����FRUUHVSRQGV�WR�QR�DGGHG�UHG�QRLVH��DQG�İ� ������LQGLFDWHV�WKDW�WKH�DPSOLWXGH�Rf the red noise is 
equal to that of the average of external force because the range of x(t��ıx in Eq. (1) is roughly equal to ±4.0 [6]. 



 
RESULTS AND DISCUSSION 

 
The results obtained in this study can be summarized as follows. 

(1) The response of the oceanic double-gyre to seasonally changing external forcing was investigated by changing only the 
VHDVRQDO�YDULDWLRQ�DPSOLWXGH�Į�LQ�WKH�QXPHULFDO�PRGHO��:H�IRFXVHG�RQ�WKH�VWDWH�5H� �����LQ�ZKLFK�WKH�PRGHOOHG�RFHDQ�
regularly oscillated with a characteristic period. 

(2) With seasonally varying external forcing, the characteristic period of the modelled ocean (2.45 years) was synchronized 
to twice the period of the external forcing (2 years). In this case, the period of the whole system is believed to adjust 
due to the interactions between the ocean system and the external forcing. 

(3) The response of the oceanic double-gyre to red-noise-added external forcing was investigated by varying only the red 
QRLVH�DPSOLWXGH�İ�LQ�WKH�QXPHULFDO�PRGHO��:H�IRFXVHG�RQ�WKH�FRQGLWLRQ�5H� ���7, in which potential signals existed in 
the model ocean but did not appear in the results. 

(4) With the noise-added external forcing, an adequate noise amplified the potential signals in the system (i.e., stochastic 
resonances occur), but strong noise buried the potential signals within the noise. 

(5) An optimum noise strength in stochastic resonance is considered to exist at least in the parameter range corresponding 
to a noise that is not excessively strong. 
The result (5) is interesting because it is formally iGHQWLFDO�WR�WKH�³LQWHUPHGiate-GLVWXUEDQFH�K\SRWKHVLV´�>14, 15], that 

has been demonstrated in ecology and in which species diversity in a local area is maximized when the environmental 
disturbances are neither excessively weak nor excessively strong. The relation between them and the generality should be 
investigated. 

Our previous studies [8-11] have noted also the possibility that both the synchronization and the stochastic resonance 
significantly influence the variability of strong oceanic currents and of the concurrent eddy shedding. These phenomena 
may affect the periods of oceanic oscillation phenomena, such as the transitions between stable and unstable states of 
western boundary currents (e.g., the Kuroshio). The roles of these phenomena in the real ocean should be investigated. 

The coupling of synchronization and stochastic resonance has also been discovered and is known as stochastic 
synchronization [16]. However, only one study [17] related to stochastic synchronization in oceanic circulation has been 
conducted so far; thus, additional investigations on this topic are required. 
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Summary This paper presents a detailed study on the performance of eddy- and non-eddy-viscosity subgrid scale (SGS) models using
direct numerical simulations (DNS) of decaying stratified turbulence, when two types of test filters – the Gaussian and sharp spectral filters
– are applied. It is shown that non-eddy-viscosity models yield very good results when a Gaussian filter is applied. On the other hand, the
eddy-viscosity models show less dissipative results when the spectral filter is applied. Overall, this study provides a strong support for the
choice of minimum grid spacing in eddy- and non-eddy-viscosity SGS parameterizations using theoretical scale analysis and DNS data.

INTRODUCTION

Due to the high computational costs of direct numerical simulations (DNS), large eddy simulations (LES) has been considered
in the computational studies of stratified turbulence in the last few years (e.g. Remmler & Hickel, 2012; Paoli et al., 2013;
Khani & Waite, 2014 and 2015). In particular, Khani & Waite (2014 and 2015) have studied the performance of three common
eddy-viscosity models in LES of forced stratified turbulence. They have shown that the robustness of LES in capturing the
fundamental characteristics of stratified turbulence depends on the resolution of the buoyancy scale Lb and also the SGS
models: the Kraichnan (1976) model requires ∆/Lb < 0.47, the Smagorinsky (1963) model requires ∆/Lb < 0.17 and the
dynamic Smagorinsky model requires ∆/Lb < 0.24, where ∆ is the grid spacing (Khani & Waite, 2014 and 2015). The
resolution of Lb might not be computationally practical when the buoyancy Reynolds number Reb is very large, as in, for
example, mesoscale motions in the atmosphere (e.g. Riley & Lindborg, 2008; Waite, 2014). As a result, improving the
capability of current SGS models in LES of stratified turbulence, when Lb is not resolved, is motivated. The first step for
this improvement is to evaluate different SGS models, including non-eddy-viscosity SGS parameterizations, using DNS data
through an a priori study. The results of this study will provide strong supports for the a posteriori study of Khani &
Waite (2014 and 2015). In addition, we will investigate the importance of resolving buoyancy scale Lb in LES of stratified
turbulence through the theoretical scale analysis on the SGS stress tensor τij , and using the fact that the vertical scale lz in
stratified turbulence is squeezed and scaled by the buoyancy scale Lb due to the buoyancy effects.

MATERIALS AND METHODS

An idealized case of study for decaying stratified turbulence in a cubic domain of size L = 2π with triply periodic boundary
conditions is considered. Taylor-Green vortices of size π, i.e.

u(x, 0) = cos(z)

⎛

⎝
cos(x) sin(y)
◦ sin(x) cos(y)

0

⎞

⎠ , (1)

along with low-level noise, are considered for the initial conditions. Spatial derivatives are discretized using the spectral
transform method with the cubic truncation. The two-thirds rule is considered for eliminating aliasing errors. The time
advancement includes the explicit third order Adams-Bashforth scheme for all terms except the diffusion terms, for which the
implicit trapezoidal method is employed. A sharp spectral filter with kc = π/∆f , a long with a Gaussian filter G(k) with the
isotropic form

G(k) = exp

(
◦

k2∆2
f

24

)
, (2)

are applied, where ∆f is the test filter scale. The test filtering wavenumbers are kc = 10, 20, 32 and 44, which are smaller or
around the Ozmidov wavenumber ko = (N3/ϵ)1/2. Since the vertical kinetic energy is relatively small, the root-mean-square
velocity urms is set to

√
E at the time when the kinetic dissipation rate ϵ is large.
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CONCLUDING RESULTS AND DISCUSSION

Layered structures are seen in the x-z field of the actual and SGS stress tensors τ13, dissipation rate τij s̄ij and the dynamic
Smagorinsky coefficient cs. During the a priori study, different SGS models show both up- and downscale energy transfer,
except the regular Smagorinsky model that is a purely dissipative scheme. With a Gaussian test filter, the Smagorinsky
and dynamic Smagorinsky parameterizations are more dissipative in comparison with the nonlinear and modulated gradient
parameterizations. The histograms of SGS dissipation τij s̄ij are dramatically changed with changing the type of test filters.
The correlation coefficient γ, which shows the correlation between actual and SGS stress tensors, depend on the SGS model
and the type of filter scale. Moreover, the leading order of the SGS tensor τij depends on the resolution of Lb: when Lb

is not resolved, τij ∼ u2
rms, which shows that the SGS stress removes the turbulent kinetic energy at the smallest resolved

scale (isotropic dissipation); when Lb is resolved, however, τij ∼ ∆2
fN2, which shows that the SGS stress depends on the

test filter scale ∆f and the buoyancy frequency N , and that increased N requires smaller grid spacing to prevent excessive
SGS dissipation (consistent with the picture of anisotropic dissipation, as seen in LES of Khani & Waite, 2014 and 2015).
In conclusion, both the a priori and a posteriori studies suggest that the resolution of Lb is required in order to capture
the fundamental characteristics of stratified turbulence if common isotropic SGS models are employed. In other words, we
require to develop a new anisotropic SGS model for LES of stratified turbulence if the buoyancy scale Lb is not resolved.
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Summary In situations where gravity currents develop due to thermohaline gradients, double-diffusive instabilities may also arise. When
simulating these flows numerically, because of the low diffusivities of both heat and salt, highly refined grids are required for adequate
resolution of the resulting small scale diffusive processes. This paper presents several high-resolution direct numerical simulations of
gravity currents formed by thermohaline gradients that induce double-diffusive salt fingering.

INTRODUCTION

Gravity currents are a well-documented phenomenon that arises due to density differences between interacting fluid masses
as a result of gradients in temperature or dissolved material (e.g., salinity). When both of these quantities contribute to the
density gradient, the difference in diffusion coefficients may result in double-diffusive instabilities. The primary challenge in
the numerical simulation of these instabilities is the adequate resolution of the different diffusive length scales of the tracers.
Because diffusivity of salinity is so small (typically on the the order of 10−9 m2s−1), sharp saline interfaces may arise in
the flow that require a high number of grid points to resolve. This paper examines several high-resolution direct numerical
simulations (DNS) of double-diffusive, near-surface gravity currents. Initially, the flows are horizontally stratified in heat and
salt to simulate dam-break experiments so that a less dense current of hot, salty water flows over top of cooler, fresh water.
Although this causes the flow to become stably-stratified in density, the top layer sees a loss of both heat and salt to the bottom
layer due to diffusion. However, because the diffusivity of heat is larger than the diffusivity of salinity, the saline layer retains
most of its salt along the thermohaline interface while experiencing a relatively rapid decrease in temperature. This causes the
salty layer to increase in density near the interface, where denser fluid parcels begin to sink in the form of thin convective cells
called salt fingers. In a typical two layer system, the motion of the fingers would be primarily vertical. In this configuration,
the shear along the interface of the current causes them to slope down and away from the direction of flow. The shear also has
the effect of aligning the fingers in rows parallel to the direction of the flow. Depending on the size of the current, the salt lost
due to fingering may be enough to make the gravity current lose coherence and hinder its motion in the streamwise direction.

METHODOLOGY

The double-diffusive gravity currents presented in this paper are simulated using the Boussinesq approximation to the
Navier-Stokes equations under the effects of incompressibility. Salinity, s, and temperature, T , are governed by typical
conservation laws, and are coupled to the momentum equations using a nonlinear approximation to the UNESCO equation of
state for seawater density, ρ,

∂u

∂t
+ u ·∇u = −

1

ρ0
∇p− g

ρ

ρ0
δi3 + ν∇2

u, ∇ · u = 0,
∂T

∂t
+ u ·∇T = κT∇

2T,
∂s

∂t
+ u ·∇s = κs∇

2s,

ρ (T, s) = ρ0 + c1 + c2T + c3s+ c4T
2 + c5sT + c6T

3 + c7sT
2.

In these equations, u = (u, v, w) is the velocity in the x-, y-, and z- (or streamwise, spanwise, and vertical) directions,
respectively, p is the pressure, g is the gravitational constant, δi3 is the Kronecker delta, and ν = 2 × 10−6 m2/s is the
kinematic viscosity. κT = 3.4 × 10−8 m2/s and κs = 2 × 10−8 m2/s are the thermal and saline diffusivity coefficients,
while ρ0 = 1000 kg/m3 is the reference density, and ci, i = 1, . . . , 7, are the coefficients of the nonlinear equation of state
described by [2]. The initial thermohaline stratification is defined by

s (x, t = 0)

∆s
=

T (x, t = 0)− T0

∆T
=

1

2

!

1 + tanh

!
x0 − x

∆x

""

, (1)

where x0 gives the midpoint of the stratification, and ∆x = 0.5 cm sets the width. T0 = 15 ◦C is chosen as the temperature of
the cool water, while the change in temperature and salinity between the layers are ∆T = 25 ◦C and ∆s = 5psu, respectively.
This arrangement gives lighter, hot, salty water to the left of x = x0, and denser, cool, fresh water to the right. The fluid is
initially stationary, with all motion arising from the stratification. In each direction, free-slip boundary conditions are chosen

∗Corresponding author. Email: j2penney@uwaterloo.ca



Figure 1: Salinity isosurfaces in psu for a gravity current in a 40 cm × 4 cm × 4 cm tank with free-slip boundary conditions
in all directions after 25 s. The arrow indicates the direction of travel of the current.

for the velocity fields, while no-flux conditions are chosen for the tracers. In the vertical direction, the free-slip condition has
the effect of simulating a near-surface gravity current in a tank with an open top.

Direct numerical simulation was performed using the Spectral Parallel Incompressible Navier-Stokes Solver (SPINS)
model [6]. Spatial derivatives are calculated using cosine transforms, while the time-stepping method is variable third-order
Adams-Bashforth. In each experiment, the midpoint of the pycnocline is varied to examine the effect of different initial
volumes of salty water, and thus, different current sizes. The grid spacing is 9.766 × 10−3 cm in the streamwise direction,
3.125× 10−2 cm in the spanwise direction, and 2.083× 10−2 cm in the vertical direction.

RESULTS

Each numerical experiment exhibits a similar flow pattern. To stabilize the density gradient, the less dense, warm, salty
water moves along top the denser, cool, fresh water, forming a near-surface gravity current that travels toward the right side of
the tank. The current head takes the shape described by inviscid theory [1] and observed in moving boundary experiments [5].
Towards the back of each current, horizontal salt fingers that are two-dimensional in the streamwise and vertical direction begin
to form. The heads of these fingers eventually begin to sink, causing the fingers to slope down and away from the direction in
which the current is traveling. The streamwise shear causes spanwise undulations in the two-dimensional fingers, which is the
beginning of the salt sheet instability as described by [3] and [4]. The sheets give way to the full three-dimensionalization of
the fingers, which arrange themselves parallel to the direction of the shear. Meanwhile, the head of the current remains mostly
two-dimensional, even upon colliding with the far wall. These features are observable in Figure 1, which presents isosurfaces
of the salinity field of the lowest salt water volume experiment, where the midpoint of the pycnocline is set 2 cm from the
left-hand wall. This simulation shows an increase in three-dimensionalization moving from the head of the current towards
the back.

In general, prior to collision with the wall, the current head in each experiment was observed to travel at a roughly constant
velocity of 1.7 cm/s, independent of current volume. However, the low volume current presented in Figure 1 loses enough of
its salt content due to fingering that it slows down significantly. Additionally, upon colliding with the wall, the current loses
enough coherence that it breaks down. In contrast, the larger current simulations retain enough of their volume and shape that
they do not slow down, and upon colliding with the wall, rebound and travel leftward. In an experiment using the same initial
conditions as presented in Figure 1, but with a domain that is half as long, the flow manages to stay two-dimensional until
shortly after colliding with the wall.
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Summary The purpose of this numerical work is to investigate the influence of the Reynolds number on the evolution of particle-laden
gravity currents in a non-channelized non-axisymmetric lock-exchange configuration by means of high-fidelity simulations. Such configu-
rations are largely understudied by comparison to more conventional channelized or axisymmetric lock-exchange configurations, despite the
fact that most of gravity currents in nature originate from non-channelized non-axisymmetric configurations. It is found that the Reynolds
number has a strong influence on the lobe-and-cleft structures at the head of the current and on the deposition patterns over the flat bed.

INTRODUCTION

Turbidity currents are particle-laden gravity-driven currents in which the gravitational driving force is supplied by a density
excess associated with the suspension of particles. They exhibit a highly complex dynamic with the presence of the lobe-and-
cleft patterns at the front of the head and a region of mixing with intense spanwise Kelvin-Helmholtz vortices. Understanding
the physical mechanism associated with these currents as well as the correct prediction of their main features are of great
importance for practical and theoretical purposes. They have been under scrutiny for a very long time with many experimental
investigations and more recently with numerical investigations based on Direct Numerical Simulations. However, most of
those investigations were performed in a channelized flow configuration for which the flow is constraint by the wall in the
spanwise direction. Following our previous work on channelized turbidity currents [2], high-fidelity simulations are performed
in a non-channelized non-axisymmetric configuration where the current can freely evolved in the streamwise direction as well
as in the spanwise direction. In the present numerical investigations, the aim is to better understand the effect of the Reynolds
number on the spatio-temporal evolution of a non-channelized non-axisymmetric gravity current. The focus will be on the
lobe-and-cleft structures at the front of the current and on the deposition pattern at the bottom wall.

NUMERICAL METHODS AND FLOW CONFIGURATION
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���

���
���

��

��

��
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Figure 1: Schematic view of the flow configuration.

The fluid-particle mixture (in blue in Figure 1) is enclosed in a
small portion of the domain L1s×L2s×L3s separated by a gate
from the clear fluid. Then, the gate is removed and the particles
flow due to gravity, without any constraint in the spanwise di-
rection. We choose half of the box height as the characteristic
length scale h = L2/2. The velocity scale is defined by the
buoyancy velocity as ub =

√
g′h. The reduced gravitational

acceleration g′ is defined as g′ = g(ρp − ρ0)ci/ρ0 where ρp
and ρ0 are the particle and clear fluid density respectively, g is
the gravitational acceleration and ci is the initial volume frac-
tion of the particles in the lock. With these two scales and the
kinematic viscosity of the fluid ν, we can define the Reynolds
number as Re = ubh/ν. All variables are made dimensionless
using ci, h or/and ub.

Free-slip boundary conditions are imposed for the velocity field in the streamwise and spanwise directions x1 and x3 while no-
slip boundary conditions are used in the vertical direction x2. For the scalar field, no-flux conditions are used in the streamwise
and spanwise directions x1 and x3, and in the vertical direction x2 at the top of the domain. For the particles deposition in
the vertical direction x2 at the bottom of the domain, a simple 1D outflow boundary condition is imposed, meaning that the
particles can virtually leave the computational domain (non conservative simulations). The modelling of the initial reservoir
is performed with a customized immersed boundary method based on a direct forcing approach that ensures zero-velocity
boundary conditions and a no-flux boundary condition for the fluid-particle mixture at the wall of the solid geometry. We
solve the incompressible Navier-Stokes equations using the Boussinesq approximation along with a scalar transport equation
on a Cartesian mesh with our high-order flow solver Incompact3d (www.incompact3d.com) which is based on sixth-order
compact schemes for spatial discretization, a third order Adams-Bashforth scheme for time advancement and a fully spectral
Poisson solver. Full details about the code can be found in [1].
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NUMERICAL SIMULATIONS OF THE ATMOSPHERIC KINETIC ENERGY SPECTRUM
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1Department of Applied Mathematics, University of Waterloo, Waterloo, Ontario, Canada

Summary Idealized numerical simulations of the atmospheric kinetic energy spectrum are analyzed to better understand the wide range of
results reported in the literature. In particular, the role of stratified turbulence, vertical mixing, and vertical grid resolution are investigated
in simulations forced by baroclinic instability. Spectra are converged when the vertical grid spacing ∆z < 200 m – which is quite high
by comprehensive atmospheric model standards – but are very sensitive to resolution with coarser grids. When the vertical mixing scheme
is weak, the under-resolved spectra are energized in the mesoscale. By contrast, when strong mixing is employed, the under-resolved
mesoscale cascade is suppressed. Convergence requires that vertical scales associated with the full range of horizontal scales – including
quasi-geostrophic scales of large-scale vortices and the buoyancy-scale of small-scale stratified turbulence – be resolved.

INTRODUCTION

Over the last two decades, there has been increasing interest in using atmospheric models to study the atmospheric kinetic
energy spectrum and the energy cascade through the mesoscale (horizontal scales from O(1)-O(100) km). A variety of models
are able to reproduce the qualitative shape of the observed spectrum, which has a spectral slope of -3 at large scales, shallowing
to approximately -5/3 in the mesoscale [1, 2, 4]. Different driving mechanisms have been identified for the mesoscale cascade,
including stratified turbulence [3] and inertia–gravity waves [5]. There has naturally been a strong focus on increasing the
horizontal resolution of such studies, in order to capture more of the mesoscale spectrum at small scales. By contrast, vertical
resolution has received less attention, and coarse vertical grids with grid spacing ∆z ≈ 1 km outside the boundary layer are
often employed [2] in global and regional atmospheric models. Sensitivity to ∆z is rarely considered, but when it has been
investigated, spectra have been found to be possibly very dependent on ∆z [1]. In addition to practical implications, this grid
dependence gives insight into the mechanics of the cascade because some mechanisms (e.g. stratified turbulence) require very
fine vertical grids to be resolved. In this work, we present a careful investigation of the dependence of the energy spectrum on
the vertical resolution and vertical mixing, and discuss implications for theories of the mesoscale cascade.

METHODOLOGY

Forced simulations of the Boussinesq equations on an f -plane are performed and analyzed. A sinusoidal zonal jet is
initialized with Rossby and Froude numbers of 0.1. Simulations are seeded with low-level noise and forced by relaxation
to the initial jet. The numerical model is fully spectral (transform-based with full dealiasing in the horizontal and vertical).
Primary horizontal resolution is 512×512 grid points, with an effective grid spacing of 12 km, though some higher-resolution
cases are also discussed. Baroclinic instability of the initial jet grows over the first few days. Simulations are run for 24 days.
A wide range of vertical resolutions, from 16 levels (∆z = 2 km) to 256 levels (∆z = 120 m) are considered. In addition,
three different vertical mixing schemes are employed: no explicit mixing, hyperviscosity with a grid-dependent but otherwise
fixed coefficient, and stability-dependent Smagorinsky. Additional simulations testing the sensitivity to Coriolis parameter
and buoyancy frequency are also performed. In each case, horizontal wavenumber spectra of kinetic energy are computed,
averaged in the vertical, and averaged over the last few days of integration.

RESULTS

In simulations with no explicit vertical mixing, the energy spectra converge for ∆z < 200 m. The converged spectra
show the familiar double power law shape, with a large-scale spectral slope of -3 that shallows below scales of ≈ 100 km. By
contrast, the under-resolved simulations have an exaggerated mesoscale spectrum, with a very shallow slope that extends to
much larger scales. In the most extreme case (∆z = 2 km), the spectrum shallows below scales of 300 km, and the mesoscale
slope is around ◦ 1. Convergence occurs when the vertical grid is fine enough to capture the thickness of quasi-geostrophic
vortices at all scales with small Rossby number, as well as the buoyancy scale associated with smaller-scale motions. Indeed,
the small-scale features in the well-resolved cases have some similarities with idealized simulations of stratified turbulence.

In addition to vertical resolution, the details of the vertical mixing scheme also affect the simulated energy spectra. When
fixed vertical hyperviscosity is employed, the under-resolved simulations are strongly damped: vertical mixing removes ki-
netic energy from a wide range of horizontal scales, suppressing the shallowing of the mesoscale spectrum. Well-resolved
simulations are very similar to cases without vertical mixing. Stability-dependent Smagorinsky mixing behaves differently:
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under-resolved simulations are not affected by mixing because of their grid-scale stability, and these simulations resem-
ble experiments without mixing. However, high-resolution simulations have small grid-scale Richardson numbers, and the
mesoscale spectrum is correspondingly strongly damped. Stability-dependent Smagorinsky does not appear to be appropriate
for simulations with high vertical resolution. Implications for sub-grid scale modelling are discussed.

CONCLUSIONS

These findings suggest that, in some cases, kinetic energy spectra from atmospheric model simulations may be contam-
inated by low vertical resolution. Vertical grid spacings larger than 200 m and stability-dependent vertical mixing schemes
are commonly employed. Our work implies that the mesoscale spectra in such simulations may be exaggerated by under-
resolution in the vertical. Sensitivity to vertical resolution should always be checked directly.
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Figure 3: a): Temperature fluctuations along the line at x = 132, b): The total
temperature

Cliff-ramp structures are one of the sig-
natures of temperature fronts, and to show
this more clearly, a vertical cut is taken at
x = 132 in the region where the most intense
fronts are visible in Figure 2 (see the white
line in Figure 2). Temperature fluctuations
and the total temperature along this cut are
plotted in Figure 3. Figure 3-a) shows nu-
merous sharp jumps in the temperature fluc-
tuations with increasing z. These large jumps
result in a staircase pattern for the total tem-
perature shown in Figure 3-b). The sawtooth
waves consist of gradual decreasing θ with z
with rapid recovery to a positive value as the
frontal boundary is crossed. This asymmetry of gradients comes from the structure that warm temperature region lies on top
of cool temperature region.

The asymmetry of the positive and negative gradients in the z direction is further shown in the probability density function
(PDF) of temperature. Figure 4 shows the PDFs of θ and the three components of its derivatives. We see that the PDF of θ is
near Gaussian for small values, while the tails exhibit strong
non-Gaussianity for all components of the gradient of θ.
Among the three components, ∂θ/∂z shows skewness while the
horizontal derivatives are not skewed.

Based on the above observations, the objectives of this work
are to seek the answers to the following questions:

(1) How is the strong temperature front produced in relation
of the effects of gravity waves? (How does it grow along
the development of φ1 and φ2 in Figure 1 ?)

(2) What are the relevant flow structures to maintain the strong
temperature front in stably stratified turbulence? (Are
they (approximate) vortex rings [4], pancake vortices [6]
or any kind of colliding waves?)

(3) How does the intermittency of the derivative of temper-
ature fluctuations develop as stratification varies? (De-
parture from Gaussian increases/decreases with stratifi-
cation?)

(4) What kind of interactions do flow instabilities in sta-
bly stratified turbulence have with temperature fronts?
zig-zag or Kelvin-Helmholtz (Zigzag instability [7][8]
causes the front genesis ? Kelvin-Helmholtz instability
enhances/suppresses it ?)
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Figure 4: PDFs of the temperature fluctuations and
the derivatives.

References
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Figure 1. Rendering from STL file of Pocillopora coral colony. 

 
RESULTS & DISCUSSION 

 
   To quantify the field flow variations in the computational domain, velocities were extracted as a function of location 
along the span of the coral. The slices of the velocity field at different locations inside the coral gave a complete picture of 
the flow formation inside the coral colony. The simulations were performed at Reynold numbers ranging from 4,000 to 50,000 
to simulate natural low and high flow condition. The results of the simulations were compared and validated against the results 
of Chang et al. [6] for another Pocillopora colony geometry under similar flow condition. Surprisingly, high velocities were 
observed in some regions inside the coral colony. This indicates that some high velocities were still able to penetrate into the 
interior of coral, and were in fact accelerated. 

 
                         (a)                            (b) 

Figure 2. Slices of (a) velocity and (b) pressure field inside the Pocillopora colony. 
 

CONCLUSIONS 
 
   The velocity field inside a Pocillopora coral coral was simulated using the immersed boundary method over a range of 
realistic Reynolds numbers. LES was used as the framework to capture the turbulent flow. The simulations were validated 
against previous experimental and numerical investigations, and give clear insight into the flow formation inside a single coral 
colony. The findings contradicted previous numerical findings, in that internal colony velocities comparable to the external 
uniform velocity were found in our study. The present work will help us to understand the interaction between coral geometry 
and hydrodynamics and the impact of hydrodynamics on biological processes of coral. 
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Summary A three-dimensional proper orthogonal decomposition (POD) is applied to the wake of a sphere in a stably stratified environment.
The wake data are obtained through a spectral implicit LES numerical simulation highly resolved in both space and time. The Reynolds
number based on the tow velocity and diameter of the sphere is Re = 5 × 103 and the buoyancy Froude number is Fr = 4. Due to
the nature of the stably stratified wake, the decomposition analysis suggests the possibility of decomposing the flow field into an “inner”
portion and an “outer” portion, both representing different flow phenomena. This type of decomposition allows for further examination of
the enstrophy variation in the two dominant features of these flows: the turbulent wake core and the internal gravity waves radiated from the
wake core.

INTRODUCTION

Due to the prevalence of stably stratified environments in the atmosphere and oceans, the understanding of energy flux
paths in these environments is of considerable interest. One of the most important - yet not fully understood - energy flux
paths in a stably stratified medium is the formation and propagation of internal gravity waves due to turbulence [1]. It is
well known that the propagation angle of internal gravity waves (IGWs) is directly related to the forcing frequency of the
generating source [2]; however, the wide spectrum of frequencies typical of turbulent flows leaves many open questions about
how IGWs are generated and propagated from turbulent spots in a stratified medium.

Proper orthogonal decomposition (POD) is used for a variety of purposes in the analysis and simulation of turbulent flows
after first being suggested for use in the study of turbulence by Lumley [3]. The POD technique has been used to quantify the
dominant flow features in many types of flows (e.g., [4]), and is often applied to the velocity field in which case the spatial
modes represent those which maximize the turbulent kinetic energy. However, in other cases [5, 6] the vorticity is used as the
set of basis functions. In the case where vorticity is used the spatial modes represent those which maximize the enstrophy.
In each case spatial and temporal characteristics of the turbulent dynamics are revealed by examining and reconstructing the
turbulent flow field based on the obtained eigenmodes.

The study of [5] has previously assessed a sphere wake in stable stratification using two-dimensional POD by focusing on
key planes normal to the lateral and streamwise directions. The results of this analysis showed that each mode was responsible
for different angles of IGW propagation. The boundary conditions imposed by the numerical simulations in that study meant
that the data could be assessed until Nt ≈ 35 before re-entrant IGWs contaminated the flow field. In the current study, the
analysis is extended to three dimensions and the numerical simulations have incorporated sponge layers to allow for longer
examination times up to approximately Nt = 100.

NUMERICAL SIMULATIONS

The numerical model and initialization used in the present study is detailed in [7, 8] and is best described as a spectral
implicit LES solution. The definition of the geometry and the co-ordinate system are given in Fig. 1. The Reynolds number
of the simulation based on the tow velocity, U , and the diameter, D, of the sphere is set to Re = 5× 103, and the size of the
domain is approximately X×Y ×Z = 27D×27D×12D with a resolution of 256×256×175. The effect of stratification is
provided through the Froude number, Fr = 2U/(DN), and in this case is set to Fr = 4, where N is the buoyancy frequency
N =

!
(−g/ρ0)/(∂ρ/∂z), and ρ is the density.

y

Lx

Ly

Lz

Domain for 3D POD
x

z

Figure 1: Schematic defining the problem geometry and the three-dimensional domain used for the POD.

∗Corresponding author. Email: rgurka@coastal.edu
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NEW TURBULENT LARGE-SCALE MAGNETIC DYNAMO MECHANISM

Krzysztof A. Mizerski∗1

1Department of Magnetism, Institute of Geophysics, Polish Academy of Sciences - Centre for Polar Studies
KNOW, Leading National Research Centre, Warsaw, Poland

Summary Among the large scale magnetic dynamo mechanisms occurring in turbulent MHD flows in many astrophysical objects such as
stars, planets, accretions disks, galaxies etc. the so-called α-effect based on nonlinear interactions between the velocity and the magnetic
fields of the fluctuating turbulent components is without a doubt the most commonly invoked. The large scale electromotive force, whcih is
responsible for generation of the mean magnetic field is calculated as the cross-product of the wave-like solutions of the linearised equations
for the velocity u′ and magnetic field b′ of the same mode, i.e. with the same complex growth rate. Here it is demonstrated that there exists
a mechanism for mean electromotive force generation based on interactions of turbulent small scale fields of different modes, which does
not even require the fluid’s resistivity to operate and which is potentially very effective.

INTRODUCTION

The mean field theory [1, 2] is most commonly used to describe large scale magnetic fields in natural systems. It is based
on the following induction equation for magnetic field resulting from the Maxwell laws and the OhmâĂŹs law and averaged
over a statistical ensemble

∂ ⟨B⟩
∂t

= ∇× (⟨u⟩ × ⟨B⟩) +∇× ⟨u′ ×B′⟩+ η∇2B. (1)

The ensemble average removes the quickly varying in space and time turbulent fluctuations in magnetic and velocity fields,
B′ and u′, leaving the fields ⟨B⟩ and ⟨u⟩ which possess only slowly varying components. The averaged interactions of
small scale fluctuations generate a large scale electromotive force (EMF) ⟨u′ ×B′⟩, which is a physical foundation of the
mechanism of generation of the large scale magnetic fields.

THE NEW MECHANISM

The mean electromotive force is typically calculated as an average of the cross product of the perturbation velocity and
magnetic fields corresponding to a single eigenmode obtained from linearised problem. In such case, it was shown by [1], that
generation of the mean EMF is impossible without the magnetic diffusion, which creates a phase shift between the velocity
and magnetic fields within one eigenmode, i.e. perturbation fields associated with the same complex eigenvalue. However, in
[3] it was shown, that the interactions between different unstable tidal modes lead to generation of the electromotive force and
consequently, the possibility of exciting the magnetic dynamo instability, i.e. large scale magnetic field generation through the
well-known α-effect. It was also demonstrated for the first time, that the magnetic dissipation (i.e. the fluidâĂŹs resistivity)
is not necessary for generation of the electromotive force. A new mechanism of the EMF generation was found, based
on interactions between two eigenmodes with the same wave-vector and the EMFs were calculated, generated by both, the
resonance modes excited through the parametric instability mechanism and horizontal modes excited by interactions of the
Coriolis force and strain in the basic elliptic flow.

The theory of [3] is further developed in here on general grounds for the basic flow U0 in the form of axial jet and arbitrary
geometry. It is demonstrated that in the two asymptotic cases of double limits kU0 ≪ Ωk/kz and either

!!⟨B⟩ · k/
√

µ0ρ
!! ≪

|2Ω · k/k| or the opposite |2Ω · k/k|≪
!!⟨B⟩ · k/

√
µ0ρ
!! , where k is the wave-vector and Ω = Ωêz is the background rota-

tion, the large scale electromotive force induced via interactions between fluctuations belonging to two different eigenmodes,
i.e.

u′ = C1u
′(1) + C2u

′(2), B′ = C1B
′(1) + C2B

′(2) (2)

E =
1

2
ℜe (u′ ×B′∗)

=
1

2

√
µ0ρℜe

"#
C1û

(1)eiω1t + C2û
(2)eiω2t

$
eik·x ×

#
C∗

1 B̂
(1)∗e−iω1t + C∗

2 B̂
(2)∗e−iω2t

$
e−ik·x

%

=
1

2

√
µ0ρℜe

"
C1C

∗
2 û

(1) × B̂(2)∗ei∆ωt + C∗
1C2û

(2) × B̂(1)∗e−i∆ωt
%
, (3)

∗Corresponding author. Email: kamiz@igf.edu.pl



oscillates on a timescale 1/∆ω much larger than that of the mean magnetic field growth and hence can lead to mean field
dynamo, as long as kz/k ≪ 1. In the above ∆ω = ω1 ◦ ω2 denotes the difference between the two eigenvalues associated
with the two interacting eigenmodes.

The new mechanism of EMF generation based on the interactions between fluctuations of the velocity and magnetic fields
with the same wavelength of a structure resulting from superposition of at least two different eigenmodes can be particularly
effective in systems with degenerate (multiple) eigenvalues. In such case the superposition of eigenmodes associated with one
eigenvalue and their nonlinear interactions result in the EMF growing in time as t to a power dependent on multiplicity (and
structure) of the eigenvalue, which enhances the mean field dynamo action. In the case of negligible resistivity of the fluid,
which extracts the new mechanism by eliminating the mean EMF generation through resistive phase shift between velocity
and magnetic fields, the large scale elctromotive force induced in systems with multiple eigenvalues takes the forllowing form

u′ = C1u
′(1) + C2tu

′(2), B′ = C1B
′(1) + C2tB

′(2) (4)

E =
1

2
ℜe (u′ ×B′∗)

=
1

2

√
µ0ρℜe

"#
C1ũ

(1) + C2tũ
(2)
$

ei(k·x+ωt) ×
#
C∗

1 B̃
(1)∗ + C∗

2 tB̃(2)∗
$

e−i(k·x+ωt)
%

= t
1

2

√
µ0ρℜe

"
C1C

∗
2 ũ

(1) × B̃(2)∗ + C2C
∗
1 ũ

(2) × B̃(1)∗
%
, (5)

where λ1, λ2, λ3 and λ4 are constants and the subscripts 1 and 2 at the fluctuating velocity and magnetic fields correspond
to two different eigenmodes assiciated with the same eigenvalue. The EMF obtained in such a way grows linearly in time,
however, in the case of higher multiplicites of eigenvalues in the problem the dominant contrbution to the mean electromotive
force can grow as a higher power of t.

CONCLUSIONS

A new mechanism of generation of mean electromotive force is presented, which operates even for perfectly conducting
fluids. The physical basis of the mechanism relies on nonlinear interactions between the magnetic and velocity fields of two
different MHD waves, which can produce non-zero EMF that either oscillates in time very slowly or grows in time as a power
of t. A thorugh analysis of this new mechanism may allow for determination of its role in generation of astrophysical large
scale magnetic fields, however, the relation of this mechanism to small scale dynamo mechanisms operating at high magnetic
Reynolds numbers Rm = U0L/η ≫ 1 needs to be established.
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Summary A dust storm is a particle-laden two-phase flow with a Reynolds number of up to ReĲ(106). The effect of particles on wind flow has 
gotten more and more attention; meanwhile it is important to understand the turbulence statistics in boundary-layer flow with particles. 
Therefore, field observations were conducted in the Desert of Qingtu Lake in western China, Results from these data revealed that a) the 
presence of sand particles appears to enhance both the streamwise and vertical turbulence intensities, with increases up to 20%; b) vertical 
turbulence intensity is likely to be more affected by particle than streamwise intensity; and c) with an increase in Reynolds number, the 
increases of streamwise and vertical intensities caused by particles are likely to be more significant. We also provide a physical interpretation of 
these phenomena. These results contribute to understanding the turbulence characteristics of a high Reynolds number ABL flow with particles. 
 

INTRODUCTION  
 
   It is important to understand the turbulence statistics, such as how turbulent kinetic energy is a key factor in maintaining 
turbulent flow (Perry et al , 1986 ; Marusic et al , 1997). However, most measurements have been expended in turbulent 
wind field or DNS, meanwhile this previous measurements almost in clean air flows (Hultmark et al, 2012; Hutchins and 
Marusic, 2007). Therefore, the analysis of the effect of particles on wind flow will contribute to understanding the 
turbulence characteristics of a high Reynolds number ABL flow. 

As we all know, a dust storm is a particle-laden two-phase flow with a Reynolds number of up to ReĲ(106). The effect 
of particles on wind flow has gotten more and more attention from scholars. Wei Zhang (2008) comparison of the 
turbulence statistics with and without sand reveals that the significant influence of sand movement on the wind field; 
Kenning and Crowe (1997) also discovery that the turbulence intensity variation was related to the turbulent wakes 
separated behind the particles; Bailiang Li(2012) used a commercial LDA system in wind tunnel, they find that turbulence 
intensities and Reynolds stress increase with the particles and that aeolian saltation increase the magnitude but not the 
frequency of burst-sweep events. But field experiments, the presence of sand are how to influence the development of 
turbulence? How to influence the turbulence intensity? At present, we do not know this clearly, Therefore, field 
observations were conducted in the Desert of Qingtu Lake in western China ((���������ƍ���Ǝ��1��������ƍ���Ǝ). Results from 
these data revealed the effect of particles on turbulence flow. 
 

FIELD MEASUREMENTS AND PRE-TREATMENT 
 
   Field observations were conducted in the Desert of Qingtu Lake in western China ((���������ƍ���Ǝ��1��������ƍ���Ǝ). 3D 
sonic anemometers (50Hz) and a sand particle counter (1Hz) were used to measure the three components of wind velocity 
and sediment process (sand transport rate Q (g/m/s)) under the condition of time synchronization. The 3D sonic 
anemometers installed at 11 levels (0.9m,1.71m,2.5m,3.49m,5m,7.15m,8.5m,10.24m,14.65m,20.96m,30m, just as Fig 1) 
and the sand particle counter installed at 4 levels ( 0.2 m, 0.3 m, 0.5 m and 0.7 m ). This paper distinguishes the flow with or 
without sand from the sediment process Q at 0.2m.Of course, before analyzing the data, we calibrate and correct the raw 
data of sediment process. The more details can be found from Masao Mikami et al (2005). The process of diversion and 
subtracting synoptic-scale fluctuations from the raw wind-velocity signals and more details can be found from Liu, H. Y. et 
al (2014). 

 
 
 
 
 
 
 
 
 

Figure 1 the 3D sonic anemometers installed and the sand particle counter installed at the test site. A shows the 3D sonic anemometers 
installed at 11levels and B shows the SPC installed at 4 levels. 
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Fig. 1 Mean velocity profile with and without sand saltation.   Fig. 2 Particle number entrained by aerodynamic shear. 

 
 

CONCLUSIONS 
 
   The inner outer interaction wall model which can predict fluctuating wall shear stress is included in large eddy simulation to 

discuss the effect of large scale turbulent structure on sand saltation. The model results show that the aerodynamic liftoff 
particles are significantly increased. 
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Summary A weakly-coupled evolution model of stratified ocean is proposed to build upon our knowledge on the interacting mechanism of 
North Pacific Low-Latitude Western Boundary Currents (NP-LLWBCs), which takes the influence of the surface wind forcing, dissipation and 
understratum configuration into account. The solvability of its initial and/or boundary problem is established, moreover, some analytical and 
numerical results on the dynamical behaviour of the currents are advanced by its simplified versions, including our comment on the decadal 
variability in the bifurcation of the North Pacific Current. 
 

INTRODUCTION 
 

Western intensified wind-driven currents are ubiquitous in world oceans, among which NP-LLWBCs, including the 
Mindanao Current (MC), the New Guinea Coastal Current (NGCC), the New Guinea Coastal Undercurrent (NGCUC) and the 
Mindanao Undercurrent (MUC), play a prominent role in the understanding of the climate dynamics and the meridional 
conveying of mass, heat and salt of the world ocean [1-5]. The southward flowing MC is deemed to not only blocks the surface 
water and the subtropical water in NGCC and NGCUC and forces them turning into the Northern Equatorial Countercurrent 
(NECC) and the Equatorial Undercurrent (EUC), but also constitutes the two branches of the North Equatorial Current (NEC) 
together with the northward flowing Kuroshio (KC), as NEC encounters its western boundary along the Philippine coast, where 
the bifurcation latitude indicates the separation of the subtropical and the tropical gyres of North Pacific Ocean. 

Considerable progress has been achieved in the last several decades towards the dynamics of the NEC bifurcation in the 
oceanographic observation and mathematical modelling, with seminal works [6-14] among many others, while discrepancy still 
remains and the models used are usually linear ones or oversimplified. On the subject of ocean circulation models, many 
important contributions have also been made, among which we recommend [15-24] for more inspiration. Concerning the NP-
LLWBCs, our knowledge is still not comprehensive and we need more endeavours or speculations on their driving mechanism 
and interacting mode, especially with the view of nonlinear evolution. This talk is an attempt at the puzzle with the Sverdrup 
theory and the multi-layer potential vorticity theory. 

 
GOVERNING EQUATIONS AND MATHEMATICAL SETTINGS   

 
With proper assumptions, such as taking dissipation or friction, bottom topography, and thickness and density of 

currents into account while ignoring the relative vorticity and the Indonesian throughflow (ITF), our model ocean is 
characterized by the following two-layer evolutional system  

� �� � � � � �� � � �1 2 1 1 1 1 1 2 2 2 21 , curl ,   ,z TJ q H J qt tT \ T\ \ W T \ \ \w w� � � �  ���) � �  ���)w w
,                   1) 

and 
� � � �2

1 1 0 1 21q H g f fE T \ T\ � � � , � � � � � �2
2 2 0 0 1 2q H g f f g fE K T \ \ � � � ,                                2) 

� �� � � � � �2
1 1 1 2 0 11R gf f fHT \ T\ N)  � � � � � � � , � �� � � � � � � �2

2 2 1 2 0 2 0R gf f fH g fT \ \ N K)  � � � � � � �                          3) 

in an extended ocean basin, where , , 1,2i i i\ U   are the stream function (upper=1) and density ( 1 2U U� ) at the k-th layer, 
respectively, g is the gravitational constant, � �1 2 1/T U U U � , 1\ and  2 1\ \�  are proportional to the interface 
displacement from the basic resting state, J is the general Jacobian operator with ( , ) x y y xJ a b a b a b � , , 1,2iH i   denote 
the functions of layer height, � � 0, ,f f x y f  are the Coriolis frequency equation and its reference value, respectively, 

curlz TW  in this talk represents a zonally-averaged synthetic seasonal or interannual wind stress curl field with the form  

� � � �1,
20,k 0

curl curl , (y)sin .N i
z T z T iki

y t M k tSW W Z
  

  � �¦                                                 4) 

In application, � �,x yK K  can be regarded as the understratum function, which can be a bottom topographic function or a 
shape function of an extra layer. The system can be regarded as a generalization of the Stommel model (e.g.[22]). 
 



CONTRIBUTION 
 

Using the weakly-coupled system ( � �1 2, 0R R R z ) and its reduced version ( 0R  ), we investigate the interacting 
mechanism of the system. The monthly wind stress curl used in our talk is derived from the European Center for Medium-
Range Weather Forecasts (ECMWF) Ocean Analysis System ORA-S3 (Figure 1) with horizontal resolution 11 and period 
from January 1959 to December 2009. 

 
Figure 1. A synthetic zonally averaged interannual wind stress curl field from ORA-S3(1959-2009)  
 

The solvability to the initial and/or boundary problem of the weakly coupled system 1)-3) is developed firstly, and the 
existence and uniqueness of its solutions are established to present an evolution pattern of the currents. With Sverdrup¶s 
balance, its formal solutions are presented for each layer. In the case of 0 1, 1,2iR i�  = , it can be seen as a viscosity 
regularization of its corresponding transport system, i.e. the case of 0, 1,2.iR i   Our upper layer equation can be regarded 
as a generalization of the reduced gravity equation given by Qiu and Lukas (1996).  

Secondly, with further simplifications, such as 1 1\ H\' v , the transport system of wind-induced and form-dragged 
type is used to interpret their interacting mode of the two layers. In this case, the system can be regarded as a generalization 
of Meyer¶s single layer transport equation. Analytical solutions of the system are established and applied to enlighten the 
cause of swerve for the western boundary currents and the decadal variability in the NEC bifurcation latitude.  

Some numerical results on application of our proposed models are issued.  
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Summary The paper describes several new options to analyse and forecast possible changes in extreme water levels at the coasts of sea areas 
hosting substantial subtidal weekly-scale variations in the water level. The test area is the Baltic Sea. For a certain averaging interval (about 8 
days) there exists a straightforward separation of the total water level into components driven by Gaussian and Poisson processes and 
representing the basin-scale and local phenomena, respectively. The contribution of the basin-scale phenomena into the increase in extreme 
water levels is almost constant for the entire study area whereas the contribution of local storm surges exhibit substantial spatial variations. The 
entire pattern of the changes in water level extremes signals a rotation of strong wind directions rather than an increase in the wind speed. 
 

INTRODUCTION 
 
   The risks and damages associated with coastal flooding that are associated with an increase in the magnitude of extreme 
storm surges are one of the largest concerns of countries with extensive low-lying nearshore areas. It is often unclear which 
component of the water level (or its physical driver) is responsible for an increase in the extreme water levels. For example, 
changes in high sea levels matched mean sea level changes on the German North Sea coast prior to the mid-1950s and from 
about 1990 onwards, but obvious mismatch was observed in the 1960s to 1980s [1]. The largest challenges in the analysis of 
the water level data sets from the past and in modelling of the future (extreme) water levels offer semi-enclosed water 
bodies such as the Baltic Sea. The sea-level change in such basins may be faster than in the adjacent regions and the course 
of water level may depend on specific factors such as local salinity or spatial variations in the tectonic motions. 
   The core question is: Which mechanism has the largest contribution into the changes in sea level extremes and 
associated coastal floodings? Classic approaches address this question by means of a separation of the water level course 
into periodic and random components, or components driven by fundamentally different mechanisms such as the long-term 
mean and its slow variations, tides and storm surges. We demonstrate that a natural, straightforward and rich in content 
separation can be produced for sea areas of certain type by means of a surprisingly simple operation of the running average. 
    

MODELLED AND OBSERVED TIME SERIES OF WATER LEVEL 
 
   The focus is on the possibilities of the analysis and modelling of large-amplitude subtidal (with time scales from a day 
up to a few weeks) variations in the water volume of semi-enclosed water bodies from the viewpoint of possible changes in 
water level extremes. The presence of such variations substantially complicates the analysis of the future projections of the 
course of local water level extremes. For example, in the Baltic Sea these fundamentally aperiodic variations are driven by 
the atmospheric impact, usually occur on time scales of a few weeks and contribute about 50% of the extreme storm surges 
[2]. 
   We employ time series of sea levels numerically reconstructed using the three-dimensional RCO (Rossby Center, 
Swedish Meteorological and Hydrological Institute) ocean circulation model and kindly provided in the framework of 
BONUS BalticWay cooperation. The horizontal and vertical resolutions of the model are 2 î 2 nautical miles (about 
3.7 km) and 3±12 m, respectively. The model run for May 1961±May 2005 includes information about sea ice and is driven 
by a meteorological data set with a horizontal resolution of 22 km produced from the ERA-40 re-analysis. The modelled 
data set (sampled once in 6 h) is complemented with observed water level time series at four coastal locations in the eastern 
Baltic Sea: Tallinn 1945±1995, Narva--}HVXu 1950±2010, Ristna 1950±�����DQG�3lUQX�����±2010. 
 

SEPARATION OF WATER LEVEL TIME SERIES INTO WEEKLY AVERAGE AND STORM SURGES 
 
   Application of a running average with a variable averaging length (from one day up to a few months) and subsequently 
evaluating the residual naturally produces a separation of the total water level into slowly and rapidly changing constituents 
[3]. For averaging lengths of the order of one week the distribution of the slowly changing component mimics the water 
volume of the entire Baltic Sea (and has, as expected, an almost Gaussian shape). The residual characterises the heights of 
storm surges. It contains all outliers of the water level time series for averaging intervals longer than about 3 days. 
Surprisingly, its distribution (equivalently, the frequency of occurrence of local storm surges of different height) almost 
exactly matches an exponential distribution for the 8-day average. Therefore, for this averaging length we reach a separation 
of the total water level into a Gaussian process (that governs the large-scale water level of the entire sea) and a component 
driven by a Poisson process. The slopes of the positive and negative branches of the resulting exponential distribution 
provide a useful quantification of different coastal sections with respect to the probability of coastal flooding and extremely 
low water levels. 
 



CONTRIBUTION OF SUBTIDAL PROCESSES AND STORM SURGES INTO EXTREME WATER LEVELS 
 
   It is well known that the water level maxima increase rapidly at many ocean coasts. This increase has a spatially variable 
rate of 5±10 cm/decade in the eastern Baltic Sea [4] and is relatively rapid in the interiors of bays deeply cut into the 
mainland and slower on the coasts of the open sea. The introduced separation makes it possible to evaluate the contribution 
of different processes into this increase. The weekly-scale component reflects the cumulative impact of long sequences of 
storms. The relevant increase rate is almost constant along the entire eastern coast of the Baltic Sea. Therefore, either the  
wind speed in associated storms or the duration of storm sequences has increased. 
   Importantly, almost all spatial variability in the trends in the total water level maxima stems from the component that 
reflects the impact of single storms. This component reveals almost no changes in locations that are open to the predominant 
directions of strong storms. The changes in the maxima of the total water level in such locations are thus almost exclusively 
governed by the water volume of the entire Baltic Sea. Consequently, it is very likely that the wind speed in strong storms 
has not increased significantly in the Baltic Sea region but the length of sequences of storms that push water into the Baltic 
Sea has increased. 
   The maxima of storm surge heights exhibit a substantial increase in bayheads of large subbasins cut deeply into the 
mainland such as the eastern Gulf of Riga and the eastern Gulf of Finland. Therefore, most of the changes in the spatial 
variability in the local water level extremes are driven by changes in single storms. This remarkable spatial variation 
suggests that, most likely, wind directions in strong storms may have rotated since the 1960s. 
 

ENSEMBLE APPROACH TO HIGHLIGHT THE MAGNITUDE OF LOFAL EFFECTS 
 
   The spatially varying contribution of various drivers to the water level in the eastern Baltic Sea and the frequent 
presence of outliers in the observed and modelled water levels lead to large uncertainties in the projections of future extreme 
water levels. A natural way to more reliably evaluate return periods of extreme water levels is the use of an ensemble of 
projections to. An appropriate example is constructed by means of fitting several sets of block maxima (annual maxima and 
stormy season maxima) with the classic generalised extreme value distributions. As the shape parameter of the Generalised 
Extreme Value distribution changes its sign along the coast of Estonia, projections based on the Gumbel and Weibull 
distributions are also included. The ensemble involves projections based on two data sets (resolution of 6 h and 1 h) 
hindcast by different circulation models and atmospheric drivers. 
   For coastal segments where the observations represent the offshore water level well, the overall appearance of the 
ensembles signals that the errors of single projections are randomly distributed and that the median of the ensemble 
provides a sensible result. For locations where the observed water level involves strong local effects (e.g. wave set-up) the 
block maxima are split into clearly separated populations. The resulting ensemble consists of two distinct clusters, the 
difference between which can be interpreted as a measure of the impact of local features on the water level observations [5]. 
 

CONCLUSIONS 
 

   By means of a simple and straightforward averaging procedure we have separated the local water level time series of semi-
enclosed water bodies into two components with fundamentally different probability distribution functions. A weekly-scale 
average large follows a Gaussian distribution whereas the residual (the total water level minus the weekly average) exhibits 
features of a Poisson process. The latter is not particularly surprising as the formation of storm cyclones can be described by a 
Poisson process. A further analysis of the contribution of these components indicates an interesting feature of climate changes in 
the Baltic Sea basin and possibly in other areas. Namely an increase in wind speed in strong storms is unlikely in this area but 
storm duration may have increased and wind direction may have rotated. In general, one or even set of a few projections based 
on single general extreme value distribution are not appropriate for the estimates of future extreme water levels and their return 
periods at the eastern coast of the Baltic Sea. 
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Summary In this study, we derived the theoretical formulas characterizing the geometry of the pollutant mixing zone (PMZ) formed by a
constant discharge, point source in straight-bank, wide open rivers, using the analytical solution of the simplified two-dimensional advection-
diffusion equation of the pollutant. In such flow configuration, only the convection in the longitudinal direction and diffusion in the lateral
direction are significant in the pollutant transport. The obtained formulas for the maximum length, maximum width and its corresponding
longitudinal location, and area of PMZ, and the concentration contours equation defining the PMZ boundary, show excellent agreement with
the onsite observations. These theoretical formulas can also be used in the inverse problems to determine the lateral diffusion coefficient in
the river, or to design the sewage discharge load based on the PMZ range limitations in the water environmental quality standard.

INTRODUCTION

Industrial wastewater or municipal sewage, after being treated to achieve the appropriate discharge standards, is discharged
along the river bank through pipes or open channels in the coastal area of rivers. Because the depth of the natural rivers
is usually much smaller than the width, the initial dilution stage of the pollutant mixing is rather short, and the vertical
diffusion is soon finished within a short distance downstream of the sewage outfall. Therefore, the pollutant concentration
and its characterization in the river are commonly considered as the two-dimensional (longitudinal and lateral) advection and
diffusion during the mixing zone development stage [1, 2].

Pollutant mixing zone (PMZ) is the allocated impact zone where water quality criteria can be exceeded as long as acutely
toxic conditions are prevented. One of the PMZ technical procedure manuals (drafts) was proposed by the Idaho Department
of Environmental Quality in 2008. It includes the PMZ setup rules, approval process, monitoring, determination and water
quality modelling etc. [3]. Wu Z.-H. et al. developed an analytical PMZ calculation method for constant lateral diffusion
coefficient cases corresponding to the wide, rectangular and straight rivers [4, 5]. In this study, we derived a set of analytical
formulas of the geometric scales and area of the PMZ, for constant, point source riverbank discharging. The goal is to provide
analytical mathematical tools for both scientific studies and environmental flow applications.

GEOMETRIC CHARACTERISTICS OF CONCENTRATION CONTOURS

At the steady state of pollutant transport downstream of the sewage outfall, the diffusion in the longitudinal direction (x) is
negligible compared to the advection. Then, the only remaining terms give the simplified two-dimensional advection-diffusion
equation of the pollutant concentration, C, as [1]

U
∂C

∂x
= Ey

∂2C

∂y2
(1)

in which positive x-axis points downstream of river, and y is the lateral direction (positive y-axis points towards the opposite
bank). Both axises are oriented from the sewage outfall; U is the mean longitudinal velocity (dim. LT−1), and Ey is the lateral
diffusion coefficient (dim. L2T−1). For constant, point source riverbank discharging, the analytical solution of Eq. (1) is [1]

C(x, y) =
m

H
!
πEyUx

exp
"
◦ Uy2

4Eyx

#
(2)

in which m is the discharge rate (dim. MT−1), and H is the mean depth of the river (dim. L).
Let C(x, y) = Ca to be the threshold defining the boundary of the PMZ, and y = 0, the theoretical formula of the

maximum length of PMZ along the riverbank reads

Ls =
1

πEyU

"
m

HCa

#2

(3)

Take derivative of each term in both sides of Eq. (2), and let dy/dx = 0, we obtained the theoretical formula of the
maximum width of the PMZ, bs, and its relation with Ls as

bs =

$
2

πe
m

HUCa
=

$
2EyLs

eU
(4)
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HYDRODYNAMICS OF A HOT PARTICLE IN A VISCOUS FLUID
Howard A. Stone ∗1, Shahin Navardi2, and Naomi Oppenheimer1

1Department of Mechanical and Aerospace Engineering, Princeton University, Princeton, NJ USA
2Department of Mechanical Engineering, Texas Tech University, Lubbock, TX USA

Summary We study the motion of a hot particle in a viscous liquid at low Reynolds numbers. The calculation is inspired by experiments
of laser heating of Brownian particles. The difference in temperature between the particle and the fluid causes a spatial variation of
the viscosity. We derive formulae for the force and the torque on the particle by exploiting the reciprocal theorem. For small viscosity
variations, a perturbation analysis provides the leading-order correction to the hydrodynamic force and torque. The results are applied to
describe dynamics of a uniformly hot spherical particle and to spherical particles with non-uniform surface temperature distributions.

INTRODUCTION

There are many problems of physicochemical hydrodynamics where temperature gradients affect the motion of suspended
particles, e.g. thermophoresis [1, 2]. The standard analyses of these problems assume the viscosity of the solution is constant.
More recently, the Brownian motion of a small heated sphere – a hot particle – has been investigated [3] and the particle
diffusion has distinct features from diffusion in isothermal systems since the temperature field produces spatial variations in
viscosity. This problem motivates our study where we present an asymptotic calculation for the corrections to the hydrody-
namic force and torque on a particle due to viscosity variations in the surrounding fluid.

Several recent studies report approximate formulae for the force on hot particles considering variation in the viscosity of
the surrounding liquid (e.g. [4]). To the best of our knowledge there are no analytical expressions available for the force or
torque on a particle that have been derived with a self-consistent asymptotic analysis. Obviously, numerical solutions can be
developed on a case-by-case basis for a given viscosity distribution. We seek analytical results by combining the reciprocal
theorem with a perturbation analysis in a parameter characterizing small viscosity changes. Thus, we obtain equations for the
force-velocity and torque-rotational velocity relations that account for the influence of the viscosity variation.

PROBLEM FORMULATION AND SOLUTION

We present a theory for the force on a hot particle of arbitrary shape, which produces a variation of viscosity, in a low-
Reynolds-number flow. We assume that advective transport of thermal energy is negligible compared to conduction, i.e.
the Péclet number is small, and so (i) distortions induced by the flow on the temperature field can be neglected and (ii)
particle-scale features of the temperature distribution are imprinted on the thermal field in the fluid. The viscosity in liquids
is temperature dependent and hence the viscosity varies with position. Therefore, both the flow field and the hydrodynamic
force on a translating particle will differ from their respective results in the well known case of a constant viscosity fluid.

We denote the position vector as rrr. For an incompressible flow, the velocity uuu and stress σσσ fields are determined by

∇ · uuu = 0 and ∇ · σσσ = 000. (1)

For a Newtonian fluid and a temperature distribution T (rrr), the stress σσσ, pressure p, spatially varying viscosity η (T (rrr)) or
η(rrr), and the rate of strain tensor EEE = 1

2

!
∇uuu + (∇uuu)T

"
are related by σσσ = ◦ pIII + 2η(rrr)EEE, where III is the identity tensor.

The corresponding force and torque on a particle (surface Sp) are FFF =
#
Sp

nnn· σσσ dS and TTT =
#
Sp

rrr ∧ (nnn· σσσ) dS.
Our main objective is to quantify the difference of the force calculated from equation (1) to the force obtained from the

Stokes equations when the viscosity is constant, i.e. η = η0 does not depend on position,

∇ · uuu0 = 0, and ◦ ∇p0 + η0∇2uuu0 = ∇ · σσσ0 = 000, (2)

where the subscript 0 refers to the constant viscosity problem. In this case, for particle translation UUU0 and rotation ΩΩΩ0, the

force and torque are given by
$

FFF 0

TTT 0

%
= RRR0 ·

$
UUU0

ΩΩΩ0

%
, where RRR0 is the resistance tensor (each term proportional to η0).

In order to avoid the complexities of solving the differential equation (1) or (2) arising from the variations of the viscosity
with position, we exploit the reciprocal theorem [5]. To relate the solution of the Stokes equations (1) and (2), we note that
(∇ · σσσ) · uuu0 = 0, and so we have ∇ · (σσσ · uuu0) ◦ σσσ : ∇uuu0 = 0; as a result of incompressibility and the symmetry of the stress
tensor we can write ∇ · (σσσ · uuu0) ◦ 2η(rrr)EEE : EEE0 = 0. Following the usual steps we find

◦
&

Sp

nnn· σσσ · uuu0 dS +

&

Sp

nnn· σσσ0 · uuu dS = 2

&

V

'
η(rrr) ◦ η0

(
EEE : EEE0 dV. (3)
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Now we apply (3) to translation and rotation of a particle, where the boundary condition on Sp for the main problem is
uuu = UUU + Ω ∧ r and for the model constant viscosity problem is uuu0 = UUU0 + Ω0 ∧ r. Owing to the linearity of the Stokes
equations and the boundary conditions, which involve both translation with velocity UUU (or UUU0) and rotation with angular
velocity ΩΩΩ (or ΩΩΩ0) we can write the strain tensor as a sum of two tensors, EEEU , due to translation, and EEEΩ, due to rotation. We
also define corresponding third-order tensors, EEEβ , which we shall call the normalized strain tensor, such that:

EEE = EEEU + EEEΩ = EEEU ·UUU + EEEΩ ·ΩΩΩ and EEE0 = EEEU
0 + EEEΩ

0 = EEE0 ·UUU0 + EEE0 ·ΩΩΩ0. (4)

Then, we eliminate the otherwise arbitrary vectors UUU0 and ΩΩΩ0 to arrive at
$

FFF
TTT

%
= RRR0 ·

$
UUU
ΩΩΩ

%
+ 2η0

&

V

$
1 ◦ η(rrr)

η0

%
ΛΛΛ dV ·

$
UUU
ΩΩΩ

%
with RRR0 ≡

$
RRRFU

0 RRRFΩ
0

RRRTU
0 RRRTΩ

0

%
and ΛΛΛ ≡

$
EEEU
0 : EEEU EEEU

0 : EEEΩ

EEEΩ
0 : EEEU EEEΩ

0 : EEEΩ

%
,

(5)
where we have defined the double inner product : of third-order tensors according to EEE0 : EEE = E0(kji)Ejkℓeieℓ.

A PERTURBATION EXPANSION FOR MOTION OF A SPHERE

For a heated particle we describe the local temperature variations away from T0 with the first terms of a multipole expan-
sion, which can be written in terms of the characteristic change in temperature caused by the particle (∆Tm, ∆Td and ∆Tq ,
respectively, for monopole, dipole and quadruple), i.e. using ˜ to denote the normalized dipole ∆̃∆∆ and quadrupole Q̃QQ, we write

T (rrr) ◦ T0 = ∆Tm
a

r
+ ∆Td

a2∆̃∆∆ · rrr
r3

+ ∆Tq
a3Q̃QQ :

'
3rrrrrr ◦ r2III

(

6r5
+ · · · . (6)

We can show for a sphere that moments higher than a quadrupole do not contribute to the leading-order correction given
below.

For small temperature variations characterized by ∆Tm, the viscosity can be expanded as a Taylor series around T0,

η ≈ η0

)
1 +

∆Tm

η0

∂η

∂T

****
T0

T (rrr) + O(T )2
+

where T (rrr) =
T (rrr) ◦ T0

∆Tm
. (7)

Introducing a small parameter ϵ that captures the (small) temperature and viscosity variations produced by a heated particle,
we define ϵ = ◦ ∆Tm

η0
∂η
∂T

***
T0

since typically ∂η
∂T < 0. Clearly, ϵ represents the fractional change of viscosity, ∆η

η0
,

Then, for the velocity and the pressure fields, we write regular perturbation expansions

uuu(rrr; η(rrr)) = uuu0(rrr) + ϵuuu1(rrr) + ϵ2uuu2(rrr) + · · · and p(rrr; η(rrr)) = p0(rrr) + ϵp1(rrr) + ϵ2p2(rrr) + · · · . (8)

Here the zeroth-order solution is the well known solution for a constant viscosity. Thus, using equations (5) and (7) we have
$

FFF
TTT

%
=
'
RRR0 + ϵRRR1 + O

'
ϵ2
((

·
$

UUU
ΩΩΩ

%
with RRR1 = 2η0

&
T (rrr)

$
EEEU
0 : EEEU

0 EEEU
0 : EEEΩ

0

EEEΩ
0 : EEEU

0 EEEΩ
0 : EEEΩ

0

%
dV. (9)

where RRR1 can be evaluated in terms of the thermal field and known quantities for the constant viscosity zeroth-order solution.
This equation is our main result; it introduces the first effects of viscosity variations on the dynamics of a hot particle.

In our presentation we consider different thermal characterizations of small particles, as described by a thermal monopole,
dipole and quadrupole. Then, we use (9) to obtain analytical corrections to the force and torque on a sphere. Among other
results, we find for dipolar thermal fields that there is coupling of the translational and rotational motions when there are local
viscosity variations; such coupling is absent in an isothermal fluid.

CONCLUSIONS

We describe a systematic asymptotic approach accounting for viscosity variations on the motion of small particles. The
analysis is applicable to recent experiments where laser heating of Brownian particles produces local viscosity variations.
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THREE MODES OF THE DYNAMICS OF FLEXIBLE FIBERS IN SHEAR FLOW
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Summary Dynamics of a single non-Brownian flexible fiber in shear flow at low Reynolds number is investigated numerically. Initially,
the fiber is straight and at the equilibrium. For different initial orientations and values of bending stiffness, three generic scenarios are
observed: the fiber tends to: align along the vorticity direction, tumble within the plane perpendicular to vorticity, or perform a periodic
motion superposed with translation along the flow.

SYSTEM

Dynamics of non-Brownian flexible microfibers in external flows have been recently intensively investigated experimen-
tally and numerically, see e.g. [1, 2] and the references therein. One of the basic questions is how to classify the modes of
their dynamics in shear flow, depending on the initial position [3, 4, 5] and flexibility [6]. In this work, we contribute towards
solving this problem. We denote the fluid viscosity as η and the shear flow velocity as v = γ̇zex, where ex is the unit vector
along x. A flexible fiber is modeled as a chain of N beads of equal diameters d, with the consecutive beads connected by
springs, and resisting bending [7]. At equilibrium, the fiber is straight with a very small distance l0 between the centers of
the consecutive beads. As in [1, 6], the constraint forces are characterized by the dimensionless bending stiffness parameter
A equal to the ratio of the Young modulus to πηγ̇, and the dimensionless ratio k of the spring constant to the hydrodynamic
force per unit length, πηdγ̇. The value of k is assumed to be large, to provide almost constant fiber length.

The Reynolds number of the system is much smaller than unity, and the fluid motion satisfies the Stokes equations. Nu-
merical simulations of the dynamics of each fiber bead are performed using the multipole expansion, corrected for lubrication
[8], and implemented in the HYDROMULTIPOLE numerical code. We choose N =40, k= 1000, l0 = 1.02. We assume that
initially the fiber is at equilibrium, and we perform a systematic study of how the evolution depends on the bending stiffness
A and the initial orientation, which is determined by two angles: Θ0 - the angle between the end-to-end vector of the fiber and
the vorticity direction y, and Φ0 - the angle between the projection of the end-to-end vector on the x−z plane and the x axis.

RESULTS

Identification of modes

In our simulations of the fiber motion, we have found three generic types of evolution. Basic features of these three modes
of the fiber dynamics are illustrated in three columns of Figure 1, where we plot the time-dependent angle Θ between the
instantaneous end-to-end vector and the vorticity direction, and the time-dependent distance ∆L between the centers of the
first and last beads, normalized by its equilibrium value L0. The time unit is 1/γ̇.

In the first mode, shown in the left column of Figure 1, colored blue and called spin-rotation [4], the fiber tends to stay
straight, ∆L/L0 → 1, and along the vorticity direction y, Θ → 0, rolling around it. In the second (red) mode, called the
tumbling one, the fiber tends to the x−z plane, Θ → 90o, and it regularly straightens out and becomes coiled while tumbling,
with large-amplitude oscillations of ∆L/L0. In the third (green) mode, each bead of the fiber evolves towards a periodic orbit
of a very complex three-dimensional shape, translating along the flow with a constant speed. This mode, called the periodic
one, has not been observed before.

Diagrams of the modes

We have systematically investigated the dependence of the dynamical modes on the fiber initial orientation (Φ0,Θ0) with
respect to the vorticity direction. The results for fibers of a different bending stiffness A = 4, 10 and 40 are shown in Figure 2.
Very flexible fibers (A = 4, left) with all the initial orientations belong to the spin-rotation (blue) mode. For very stiff fibers
(A = 40, right), the tumbling (red) mode dominates for most of the initial positions, excluding some of those which are close
to the vorticity direction and lead to the spin-rotation (blue mode). For fibers of a moderate stiffness (A = 10, middle), there
exists a range of the initial orientations which correspond to the periodic (green) mode. The boundaries of this range are not
smooth, and a relatively small change of initial orientations can result in a different dynamical mode.

∗Corresponding author. Email: mekiel@ippt.pan.pl



A = 100,Θ0 = 5o,Φ0 = 10o A = 100,Θ0 = 60o,Φ0 = 60o A = 10,Θ0 = 10o,Φ0 = 10o
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Figure 1: Typical examples of three modes of the fiber dynamics: blue, red and green. Top: the time dependent angle Θ.
Middle: the instantaneous relative length ∆L/L0 of the fiber end-to-end vector. Bottom: examples of shapes when the
end-to-end vector is perpendicular to the flow.
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Figure 2: Dynamical modes of fibers at different initial orientations (Φ0,Θ0), depending on their bending stiffness A.

CONCLUSIONS

We have shown numerically that there exist three – rather than two as reported before [3, 4, 5] – essentially different
modes of the flexible fiber dynamics in shear flow. The remarkable feature is that for moderate values of the bending stiffness,
periodic solutions exist, with a very complex three-dimensional shape of the periodic trajectories. These orbits are essentially
different than the classical Jeffery’s orbits.

This work was supported in part by the National Science Centre under grant No. 2014/15/B/ST8/04359.
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FLOW OF CONFINED RIGID SYMMETRIC FIBERS

We fabricate polymeric particles directly in microchannels by using a stop-flow photolithography method [1, 4]. This
allows for a good control over the shape and mechanical properties of the fiber. We first consider rigid symmetric particles,
i.e. fibers with a square cross-section (inset in Fig. 1). When the particle dimensions are small compared to the channel
dimensions, the particle is unconfined and is simply advected at the flow velocity. However, in shallow cells in which the
fiber size is of the same order as the channel height (i.e. nearly blocks the channel), the particle is confined and its trajectory
and velocity are modified due to the friction with the walls. In that case, the transport anisotropy is reversed compared to
sedimentation: a fiber moves faster when perpendicular to the flow direction than when parallel to the flow [3]. When oriented
at an arbitrary angle θ with the flow direction, the fiber thus drifts, albeit in the opposite direction than the one found in
sedimenting fibers (see Fig. 1 (a-c) near the center of the channel). By varying the confinement, i.e. the ratio of the particle
height to the channel height, we can tune the magnitude of the friction and thus the velocities. The drift angle, as well as
the spanwise drift velocity, increase with increasing confinement and are maximal for an orientation close to θ = 45◦. We
then consider the effect of lateral confinement, i.e. interactions with the lateral walls. In that case, the trajectory of the fiber
is a combination of drift and rotation due to the presence of the bounding walls. When the orientation of the fiber deviates
from θ = 0◦, the fiber exhibits oscillations around θ = 0◦ (glancing) as shown in Fig. 1 (a-b). As the initial fiber angle
increases, the drift velocity increases, while the rotation velocity remains nearly constant: as a consequence, the amplitude
of the oscillations increases with increasing angle, i.e. the fiber glances closer to the wall and explores a larger part of the
channel (Fig. 1 (a-b)). If we increase the angle above 45◦, the fiber exhibits qualitatively different oscillations (Fig. 1 (c)):
the rotation induced by the wall is reminiscent of the reversing regime, i.e. the fiber now oscillates around θ = 90◦. When the
fiber is not placed at the center of the channel but in the vicinity of the wall, it remains in the boundary layer close to the wall
and we observe different trajectories (not shown): the fiber either rotates and completely reverses orientation with a repeated
movement of pole-vaulting, or exhibits small oscillations (wiggling).

The fiber thus behaves like an oscillator. We build a bifurcation diagram as a function of the fiber orientation and spanwise
position in the channel. The fiber either exhibits closed orbits (glancing and reversing oscillations) or open orbits near the
walls (pole-vaulting and wiggling). We analyze the oscillatory regimes and show that the trajectories can be tuned by adjusting
the confinement, i.e. changing the magnitude of the viscous drag. We also note that the fiber position is unstable to small
perturbations, i.e. the fiber can jump from one orbit to the other. For example, fibers of orientation close to θ = 50◦

oscillate between glancing and reversing motions. Finally, our experimental data compares well with numerical simulations
using modified Brinkman equations developed by M. Nagel, P-T. Brun and F. Gallaire at EPFL (Lausanne). With these
simulations, we can obtain a complete phase diagram exhibiting both glancing and reversing regimes, as well as pole-vaulting
and wiggling, for various transverse and lateral confinements, and extract the rotation and drift velocities from which we
rationalize our observations.

ASYMMETRIC AND FLEXIBLE FIBERS

We then turn to asymmetric particles, by first considering an L- shaped fiber. Here, the anisotropy of the viscous drag
exerted between the fiber and the walls leads to a reorientation of the fiber due to its asymmetry: the fiber rotates until it
reaches an equilibrium orientation, i.e. its angle remains constant (Fig. 1 (d)). As we vary the transverse confinement and the
shape of the particle (i.e. the ratio of lengths between the short and long branches of the ”L”), the equilibrium angle varies:
it decreases (i.e. the long branch tends to align with the flow) as the confinement increases or as the length ratio increases.
This model experiment shows that a small perturbation of the shape (here the presence of a small branch on one side) can lead
to particle rotation, and the particles always reorient towards their equilibrium orientation. While this can lead to complex
trajectories, it also stabilizes the fiber motion: slightly asymmetric particles return to a constant angle even if perturbed, and
are thus more stable than straight fibers. These experiments are a first step towards understanding the motion of a flexible
fiber in a confined geometry. Due to the transverse confinement, strong hydrodynamics forces can deform the fiber. As a first
step, we have used this flow-induced deformation, on anchored fibers, to develop an in-situ method to measure the mechanical
properties of photo-polymerized gels [4]. When freely transported by the flow, the fiber can deform due to a change in flow
conditions or the presence of a wall, and we expect complex trajectories as suggested from our results with L-shaped particles.
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GENERALIZED TRACTION INTEGRAL EQUATIONS AND VISCOUS EROSION
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Summary Motivated by the problem of an eroding particle immersed in a viscous fluid, we present some new results on surface tractions in
Stokes flows. In particular, we derive new integral equations for the surface tractions on a rigid particle immersed in a low Reynolds number
fluid which may have a non-trivial background flow and/or a no-slip plane wall. The integral operator enjoys the conditioning advantages
of second kind integral equations while avoiding the traditional obstacles of hypersingularity and rank deficiency. Moreover, the derivation
is a simple argument using the Lorentz reciprocal theorem. This work builds on a 2011 paper of Keaveny and Shelley which considered the
case of an infinite quiescent fluid. The formulation is used to explore viscous erosion of bodies in a selection of fundamental background
flows, resulting in the emergence of distinct limiting body shapes involving sharp corners and ridges.

THE COMPLETED TRACTION BOUNDARY INTEGRAL EQUATION WITH IMPOSED BACKGROUND FLOW

Consider the following Stokes resistance problem. The boundary D and centroid Y of a suspended particle are given along
with a background linear flow u∞

i (x) = Aijxj , where A is trace-free. The equations of motion in the fluid are the Stokes
equations,

0 = ◦ ∇p + µ∇2u (1)
0 = ∇ · u (2)

where u is the fluid velocity, µ is the viscosity, and p is the pressure. We wish to determine the surface tractions on the particle.
The boundary conditions consist of an imposed rigid-body motion at the surface, u = U + Ω × (x ◦ Y ), and decay of the
disturbance flow at infinity, |u ◦ u∞| = O (1/|x ◦ Y |) as |x ◦ Y |→∞. The desired tractions can be obtained by solving
the second-kind integral equation

◦ 1

2µ
fj(y) + nk(y)

!

D
Tijk(y

′ ◦ y)fi(y
′)dSy′ +

!

D
Cij(y

′,y)fi(y
′)dSy′

= Uj + ϵjkℓΩk(yℓ ◦ Yℓ) ◦ (Ajk + Akj)nk(y) +
1

2
(Ajk ◦ Akj)yk +

1

2
(Ajk + Akj)zk(y).

(3)

This equation holds for j = 1, 2, 3 and at each point y on the particle surface D. We have written Tijk for the free-space
stresslet and Cij for the kernel of a completion flow:

Tijk(x,y) =
◦ 3

4πµ

(xi ◦ yi)(xj ◦ yj)(xk ◦ yk)

|x ◦ y|5 (4)

Cij(x,y) =
δij

8πµ|x ◦ z(y)| +
(xi ◦ zi(y))(xj ◦ zj(y))

8πµ|x ◦ z(y)|3 + ϵmℓj
ϵimp(xp ◦ zp(y))

8πµ|x ◦ z(y)|3 (yℓ ◦ zℓ(y)) (5)

where z : D → Int D is a map from the surface to the interior of the particle; in the case that z ≡ Y this reduces to the
Power and Miranda formulation [1]. The inclusion of completion flow makes the operator acting on f invertible. The integral
equation (3) may be derived through a simple Lorentz reciprocal theorem argument. The formulation can also be extended to
address problems with several particles, problems with more general background flows, problems involving a no-slip plane
wall, and mobility formulations. This work generalizes the argument presented in [2], which considered the case of an infinite
quiescent fluid and which in turn drew on [3]. Previous works in this area also include [4, 5, 6] and others; the current method
is advantageous because it leads to invertible integral operators with singularity equivalent to a jump discontinuity.

DISCRETIZATION AND APPLICATION TO LOW-REYNOLDS NUMBER EROSION

We employ a simple collocation discretization of the integral equations, following a suitable subtraction of the singularity
which reduces its order to that of a jump discontinuity. After presenting numerical tests indicating third-order convergence
under mesh refinement, we use the method to examine the erosion of several bodies when they are held fixed in various
background flows. A recent study of erosion of clay in a high Reynolds number fluid flow found support for a model of
surface ablation as proportional to the tangential surface stress [7]. We use the same ablation model to explore the erosion
of bodies in a variety of low Reynolds number settings. We also apply the method to obtain surface tractions on spheroidal
bodies sedimenting under gravity near a plane wall as studied in [8], clarifying the role of particle eccentricity in determining
three-dimensional glancing versus reversing type trajectories.

∗Corresponding author. Email: spagnolie@math.wisc.edu
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Summary The aim is to understand the physics underlying the mechanisms of two-dimensional aquatic pollen dispersal, known as hydrophily. 
We observed two mechanisms by which the pollen released from male inflorescences of Ruppia is adsorbed on a water surface: 1) 
inflorescences rise above the surface and after they mature their pollen mass falls onto the surface as clumps and disperses on the surface; 2) 
inflorescences remain below the surface and produce air bubbles which carry pollen mass to the surface where it disperses. In both cases 
dispersed pollen masses combined under the action of capillary forces to form pollen rafts. This increases the probability of pollination since the 
capillary force on a pollen raft towards a stigma is much larger than on a single pollen grain. The presence of a trace amount of surfactant can 
disrupt the pollination process as the pollen is not captured or transported on the water surface. 
 

INTRODUCTION 
 
   In Ruppia maritima, the transport of pollen from an anther to a stigma takes place primarily on a water surface [1,2]. To 
model the transport process, we need to understand the mechanisms by which the pollen grains released from an anther are 
adsorbed and disperse on the water surface and the hydrodynamic forces that govern their subsequent motion on the surface 
towards the sigma. Our objective is also to study the role of surface tension in the transport process and how it is affected by 
the presence of surfactants that may be present because of water contamination. It is well known that particles trapped in 
liquid surfaces interact with each other via lateral capillary forces, which arise because of their weight, to form clusters. 
This, as discussed below, is also the mechanism by which pollen particles cluster together to form pollen rafts. 
  Clusters of pollen adsorbed in a water surface are subjected to hydrodynamic drag and capillary forces. The vertical 
component of capillary force keeps them afloat, and its lateral component moves them tangentially on the water surface 
(Fig. 1). A depression in the water surface created by a stigma gives rise to a lateral capillary force that transports the pollen 
towards the stigma. The latter is the key mechanism that enhances the probability of pollination which is especially 
important because these plants produce pollen in limited quantities in comparison to the plants that rely on three-
dimensional pollination. Flow on the surface of oceans or lakes changes with changing wind and water currents. Therefore, 
in addition to lateral capillary forces, floating pollen clusters are subjected to hydrodynamic forces. This makes a study of 
the role of capillary forces in the pollen transport process difficult to carry out under natural conditions. 
   For the last three years, we have collected Ruppia maritima from the north coast of Long Island and the Jersey Shore 
just as it was coming into bloom. This was the optimal condition in which to manipulate and observe pollen release and its 
interaction with the water surface. Field samples of male and female flowers were collected for experimentation and whole 
plants were transferred to saltwater aquariums at Brooklyn Botanic Garden and New Jersey Institute of Technology for 
observation. We made video recordings of the pollen release, transport to the surface, adsorption, dispersion, and transport 
on the water surface under the controlled laboratory conditions. We also conducted experiments to understand the effect of 
trace amounts of surfactant in the water, for which we added detergent to the water and observed its influence on each of 
these steps. 

(i)   (ii)   (iii)  
Figure 1. Anthers and pollen grains of Ruppia. (i) Male flower (anthers); (ii) Magnified view of kidney-shaped pollen grains (length ~40 
Pm) in 100x, and (iii) Magnified view of a stigma in contact with the water surface. Notice that the water surface around the stigma is 
depressed which can be inferred from the reflection pattern around the upper tip of the stigma. This attracted the attached pollen clusters. 
 

RESULTS AND DISCUSSION  
 
   We observed two mechanisms by which the pollen released from male inflorescences of Ruppia maritima is adsorbed on a 
water surface: 1) inflorescences rise above the water surface and after they mature their pollen mass falls onto the surface as 
clumps and disperses as it comes in contact with the surface [3-5]; 2) inflorescences remain below the surface and produce air 
bubbles which carry kidney-shaped pollen mass to the surface where it disperses. In the second case, some pollen grains were 



also released onto the bubble surfaces before they detached from the inflorescences. These pollen grains adsorbed on the bubble 
surfaces were also carried to the water surface.  
   The video recordings show that in the second mechanism often the pollen mass within a bubble remained undispersed for 
several seconds and then suddenly the bubble bursted causing the dispersion of the pollen onto the water surface (Fig. 2). The 
dispersion occurs in two-dimensions, i.e., on the water surface, in the sense that a significant fraction of the pollen grains are 
adsorbed at the surface. Pollen grains are slightly denser than water and so if they are not adsorbed at the surface, they 
slowly sediment to the bottom.  
   For both mechanisms, the pollen mass partially dispersed with a densely packed region of pollen grains in the middle which 
was surrounded by a monolayer of pollen grains. The latter appeared translucent compared to the densely packed region because 
it contained mostly a single layer of grains with some smaller clumps within. The process by which a pollen mass disperses is 
qualitatively similar to the process by which a clump of powder disperses on a water surface. The dispersed area of a pollen mass 
released above the water surface was smaller than that of a pollen mass released below the water surface. Pollen dispersion on 
the surface is a crucial first step in WKH� IRUPDWLRQ�RI� IORDWLQJ�SRURXV�SROOHQ� VWUXFWXUHV� FDOOHG� ³SROOHQ� UDIWV�´ In both cases 
dispersed pollen masses floated and combined with others to form pollen rafts.  
   The presence of a trace amount of surfactant (~100 ppm) interfered with the pollen adsorption process. For anthers 
released below the water surface most pollen masses were not transported to the surface. The surface tension force, reduced 
because of the surfactant, was not large enough to keep them attached to the bubbles as they rose to the surface, and so 
pollen masses sedimented to the bottom. Although some pollen masses were transported to the water surface, they did not 
disperse and after remaining on the water surface for a few minutes they also sedimented. The reduced surface tension was 
not large enough to keep them afloat or to disperse them. For pollen masses released above the water surface, most of the 
pollen was not trapped at the surface, especially the larger sized clumps. The pollen that was adsorbed formed a monolayer 
which was not dense enough and pollen rafts were not formed, and so it was only weakly attracted towards a depression in 
the water surface created by a stigma.  
 

(i)   (ii)   (iii)   (iv)  
Figure 2. Pollen mass released from anthers below the air-water interface disperses upon reaching the water surface to form a partially 
dispersed clump and subsequently combined with other pollen masses to form a pollen raft (i-ii) A pollen mass is rising to the water 
surface, (iii) The pollen mass dispersed as soon as it came in contact with the water surface, and (iv) Several dispersed pollen masses 
cluster together to form a pollen raft. 

CONCLUSIONS 
 
   Surface tension is essential for efficient pollination of Ruppia maritima. It causes pollen masses released above or below the 
water surface to disperse when they are adsorbed in the surface. This increases their surface area allowing pollen masses to float 
on the surface. Furthermore, lateral capillary forces cause dispersed pollen masses to come together to form pollen rafts. Pollen 
rafts deform the water surface substantially more than a single pollen grain because of their larger size and buoyant weight, and 
therefore, they are more strongly attracted to the depressions created by the stigmas. For this reason the pollen rafts are also 
referred to as the search vehicles. The presence of a trace amount of surfactant can disrupt the pollination process. When 
pollen is released above the water surface it sinks as it is not trapped at the surface because of the reduced surface tension, 
and when it is released below the surface either it does not reach the surface or if it does, it does not disperse on the surface 
and eventually sinks. 
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SIMULATIONS OF A HEAVY BALL FALLING THROUGH A SHEARED SUSPENSION
Adam K. Townsend and Helen J. Wilson ∗

Department of Mathematics, UCL, London, UK
Summary In recent experiments, Blanc, Lemaire and Peters dropped a heavy sphere through a concentrated suspension of smaller, neutrally
buoyant particles. They found that the application of a lateral oscillatory shear flow caused the heavy ball to fall faster on average; and that
for highly concentrated suspensions, at certain moments of the cycle of shear oscillation, the heavy ball moves upwards.
We use Accelerated Stokesian Dynamics to model these experiments and other related scenarios. We show how the motion of the heavy
particle depends on two key dimensionless parameters: the frequency of the oscillations (relative to a typical settling time) and the strength
of repulsive interparticle forces, such as DLVO, relative to the buoyancy-adjusted weight of the heavy ball. At the conference, we will also
present results on the dependence on oscillation amplitude, suspension concentration, and the orientation of the shear flow.

INTRODUCTION

Blanc and coworkers [1] recently discovered that a heavy ball falling through a dense suspension of smaller particles can
be made to fall much faster by applying a transverse oscillatory shear to the system, as in geometry [A] of figure 1. The
mechanism, they hypothesise, is all in the microstructure created in the small-particle suspension by each flow. A falling ball
creates an asymmetric density disturbance, with more particles ahead of it than are found in its wake; this naturally hinders
its falling. The cross-shear, on the other hand, may encourage the small particles to align in the vertical direction, making it
easier for the large sphere to pass.

[A] ❨

❄②
[B]

✲

✛ ❄②
[C]

❄
✻

❄②

Figure 1: Three different possible orientations of the fall direction relative to the oscillatory shear flow. [A] Vorticity direction,
as in the Couette device experiments of [1]; [B] Flow gradient direction, as reported below; [C] Flow direction.

They also found that for very concentrated suspensions (a volume concentration of φ = 0.47), if they tracked the large
ball’s fall speed during a shear oscillation, its variation was so extreme that at some moments of the shear cycle it was actually
travelling upwards. In this paper we aim to reproduce some of these observations numerically, and therefore elucidate the
importance of various physical parameters on the two phenomena.

SIMULATION METHOD

We use Accelerated Stokesian Dynamics [2], modified to allow for spheres of different sizes, along with a DLVO-type
repulsive force between each close pair of particles (to prevent overlap); for particles of radius a and b whose surface separation
is h, the magnitude of this force is [2ab/(a + b)]ke−τh. Here k governs the force strength and τ its extent.

The physical system we are simulating can be completely specified in terms of the following physical parameters: the
radius of the small particles, as, and of the large ball, af ; the volume concentration φ, or area concentration, c of small
particles; the shear oscillation amplitude, γ0, and frequency, f (defined here as the inverse of the period); the solvent viscosity,
µ; the buoyancy-adjusted weight of the heavy ball, W ; and the two parameters of the DLVO repulsive force, k and τ . There
are additional parameters introduced by the fact that we are simulating a small imitation of the real physical system: the length
of our simulation region, L; the number of preshear oscillations we carry out before “turning on” gravity, Np; the number of
shear oscillations we simulate during settling, Nosc; and the timestep ∆t.

We choose to use the large ball radius af as our fundamental lengthscale; its buoyancy-adjusted weight W as our funda-
mental scale of force; and as our fundamental timescale, the Stokes time Ts = W/6πµa2

f over which the large ball would fall
through its own radius in pure solvent. The system is then governed by the dimensionless parameters given in table 1.

∗Corresponding author. Email: helen.wilson@ucl.ac.uk



Physical parameters Simulation parameters Ideal Used
λ = as/af 0.1 Particle size ratio L/af Box size Large 5–10
γ0 1/3 Shear amplitude Np Pre-shear oscillations Large 2
(τaf )−1 0.05 Repulsion decay length Nosc Main oscillations Large 2
k = k/W Free Strength of DLVO force ∆t/Ts Step size Small Varies
f = fTs Free Dimensionless frequency c Area concentration (2D) – 0.60

Table 1: Dimensionless parameters governing our simulations. On the left are physical parameters, along with typical values
as used in the simulations presented below. On the right we give numerical parameters as we have used them; we also show
the “ideal” value these parameters would take if we had unlimited computing resource.

Since simulations are such a flexible tool, we have also considered the two other possible orientations of the shearing flow
relative to the fall direction (figure 1). The experiments correspond to geometry [A]; in cases [B] and [C] the direction out of
the plane of shear is essentially neutral and we can make a reasonable approximation by considering a single layer of spheres
(here we parametrise the suspension in terms of its area concentration, c, rather than volume fraction, φ). Preliminary results
for a layer in case [B] are presented below; results for [A] and from fully 3D simulations will be presented at the conference.

PRELIMINARY RESULTS

In figure 2 we show the transient fall speed v (normalised by the Stokes velocity of the large sphere in pure solvent)
during a single oscillation of the shear flow for four different parameter combinations with the ball falling in the flow gradient
direction [B]. The system is first presheared for two oscillations before the ball begins to fall; we show here the trajectory of
the second oscillation after the large ball begins its settling motion.

f = 1 f = 10

k = 2

k = 0.2

Figure 2: Two-dimensional simulations of a ball falling in the flow-gradient direction (geometry [B] of figure 1). We plot the
instantaneous fall speed v against state of shear. In each plot, the oscillation begins with motion to the right. The timestep is
∆t/Ts = 1/(100f) in each case and the other parameters are as in table 1.

Looking first at the mean velocity, we see that, as expected, the ball falls more slowly if the magnitude of the repulsive
force between particles is increased (lower plots), because the falling ball naturally comes close to more of its neighbours on
the underside than on the top, so the repulsive force has a net upwards effect on the large ball. This is, however, a weak effect
(as we would hope, since the purpose of the repulsive force is primarily to reduce numerical overlap problems).

When we investigate the dependence on frequency, however, the results are more dramatic. When the shear has a higher
frequency (plots on the right) the mean fall velocity is enhanced by roughly 10%. If we think of low frequencies as the no-
shear limit, this is a reproduction (in a different geometry) of the effect discovered by [1]. However, in our geometry we are
yet to find any parameter values for which there is reproducible upwards motion.
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RHEOLOGY OF DENSE NEWTONIAN AND VISCOPLASTIC SUSPENSIONS

Élisabeth Guazzelli∗1, Simon Dagois-Bohy2, Sarah Hormozi3, and Olivier Pouliquen 1

1Aix-Marseille Université, CNRS, IUSTI UMR 7343, 13453 Marseille, France
2Université Claude Bernard Lyon 1, LMFA, UMR CNRS 5509, 69134 Écully, France

3Department of Mechanical Engineering, Ohio University, Athens, Ohio 45701-2979, USA

Summary Despite its long research history and its practical relevance, the mechanics of dense suspensions remain poorly understood. A
frictional approach, which stems from the rheology of dry granular materials, has been successfully applied to Newtonian suspensions
using an original pressure-imposed shear cell. This alternative way of looking at suspensions provides a way to circumvent the divergence
observed in volume-imposed rheometry and yields examination of the rheology close to the jamming transition. This has been also applied
to suspensions of non-Brownian spheres in yield-stress fluids. Accurate measurements of the shear stress and particle normal stress are
favorably compared with a model based on scaling arguments and homogenization method.

Dense or highly concentrated particulate flows belong to an intermediate regime between pure suspensions and granular
flows. These dense mixture of non-Brownian particles and fluid are found very commonly in practical engineering applica-
tions (e.g. waste disposal, concrete, drilling muds, metalworking chips transport, and food processing) but also in natural
phenomena (e.g. flows of slurries, debris, and lava). In order to understand their flowing behavior, it is desirable to know
their response to imposed forces and motions at their boundary. The fundamental problem is then to determine the rheolog-
ical properties of these media (considered as equivalent homogeneous materials) from a knowledge of the mechanics of the
particles and the interstitial fluid. In other words, the key problem is to understand the relationship between the macroscopic
or bulk properties of the medium and its microscopic structure at these large concentrations. The major difficulty of dense
particulate flows is that the grains interact both by hydrodynamic interactions through the liquid and by mechanical contact.
The complex nature of these particle interactions greatly contribute to the lack of understanding of these systems.

Over the last century, there has been extensive work on the rheology of Newtonian suspensions, i.e. suspensions composed
of a Newtonian suspending fluid and of non-colloidal particles interacting mainly through hydrodynamics, see e.g. [1]. In the
case of neutrally-buoyant solid spheres subjected to a steady shear flow, the linearity of the Stokes equation implies that the
scaling of the shear stress τ is viscous, i.e. τ = ηs(φ) ηf γ̇ where γ̇ is the shear rate and ηf the viscosity of the suspending
Newtonian fluid. The dimensionless effective shear viscosity ηs only depends on the particle volume fraction φ and increases
with increasing φ, diverging at maximum packing fraction, φm. In addition to this quasi-Newtonian shear-stress law, there
exists a particle normal stress P which also scales viscously. To be more precise, P is linear in the modulus of the shear rate,
because it must be independent of the sign of the shear rate. It can be written as P = ηn(φ) ηf γ̇ where γ̇ is conveniently
defined in an invariant form as γ̇ =

√
2E : E where E is the rate of strain. The dimensionless effective normal viscosity ηn

is again a sole function of φ and presents the same divergence as ηs(φ) when approaching jamming at φm. The rheology of
the suspension is solely determined by the knowledge of the two functions ηs(φ) and ηn(φ).

There is an equivalent approach to this classical view in terms of effective viscosities which is coming from the rheology of
dry granular materials and hinges on a frictional view of the problem, see e.g. [2]. When an assembly of particles is subjected
to steady shear under a confining particle pressure P , there is only one dimensionless control parameter, a dimensionless shear
rate which can be interpreted as the ratio of the time scale for particles to rearrange due to the pressure P to the time scale
of the flow γ̇−1, see figure 1 (a). The friction µ = τ/P and the volume fraction φ are sole function of this dimensionless
number. In the case of immersed granular media, when viscous forces are dominant, the dimensionless number is J = ηf γ̇/P
and is viscous in contrast to dry granular flows where it is inertial. Using an original pressure-imposed shear cell, µ(J) and
φ(J) has been found once again to collapse onto universal curves [3]. This alternative way of looking at suspensions enabled
to circumvent the divergence observed in volume-imposed rheometry and provided examination of the rheology close to the
jamming transition. In particular, this approach yields accurate measurements of the particle pressure, a quantity not often
easily captured.

The new unconventional rheological tool that is the pressure-imposed shear cell offers a brand new perspective of analysis,
see figure 1 (b). We have undertaken systematic investigations and examined how the macroscopic rheology close to the
jamming transition is influenced by the nature of the suspending fluid. In particular, we have explored the rheology of non
colloidal suspensions composed of a yield-stress fluid and of neutrally-buoyant solid spheres in the dense regime [4]. The
particles used were polystyrene spheres having a diameter d = 580± 10 µm and thus are insensitive to Brownian motion and
colloidal interactions. Four suspending fluids having different rheological behaviors were selected. A test case Newtonian

∗Corresponding author. Email: elisabeth.guazzelli@univ-amu.fr
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RESULTS 
 

At particle Reynolds numbers below 1, the critical Shields number does not depend on inertia but increases with substrate 
spacing [2]. The substrate hinders the motion in two ways: The mobile particle is partially shielded to the shear flow and it 
has to overcome the angle of repose at the downstream side. The latter is a function of the substrate spacing. The former has 
been studied numerically. As shows Figure 2(a), the effective zero level below substrate protrusions increases linearly with 
substrate spacing from about 10% to 20%. 

     
Figure 2: (a): Effective zero level below substrate protrusions. The symbols show the numerically determined values; the line 
is to guide the eye. (b): Critical Shields number as a function of the angle of repose. Triangles indicate the experimental data 
[2], [3]; open and solid squares indicate the numeric values for frictionless sliding and for rolling motion, respectively. The 
solid line represents the critical Shields number obtained from the analytical model. 

Figure 2(b) shows the critical Shields number determined numerically for the entire range of particle spacings. For each 
geometry, it was determined using the particle density for which the torque balance or the force balance is zero, respectively. 
The former corresponds to the onset of rolling motion, the latter to that for sliding motion. It shows that rolling motion is 
always preferred to sliding motion. The numerical studies also show that lift forces are negligible. 

Assuming a linear velocity profile for the effective zero level obtained numerically, we derive a model for the incipient 
motion as DQ�H[WHQVLRQ�RI�*ROGPDQ¶V�PRGHO�IRU�D�VLQJOH�SDUWLFOH�QHDU�D�SODLQ�surface [13]. The critical Shields number for 
rolling motion can be expressed as: � � 10.13 1 cosc G DL LT F � � , where LG and LD are the lever arms of the effective gravity 
IRUFH�DQG�RI�WKH�GUDJ�IRUFH�ZLWK�UHVSHFW�WR�WKH�FHQWHU�RI�URWDWLRQ�2��UHVSHFWLYHO\��/LNH�Ȥ��WKH\�DUH�UHODWHG�WR�WKH�EHDG�GLDPeter 
and to the spacing. As shows Figure 2(b), it recovers quite well the experimental and numerical data. 
   

CONCLUSIONS 
 

Incipient motion depends strongly on the substrate geometry. At low particle Reynolds numbers, rolling motion is always 
preferred to sliding motion. The effective zero level depends on the particle spacing. Based on the effective zero level and 
taking into account the substrate geometry as the only parameters, we propose a model for the incipient motion at low particle 
Reynolds numbers that compares well with experiments and numerics. 
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Summary Suspensions of microorganisms are characterized by large scale correlated flow structures, enhanced diffusion of passive tracers, and 
enhanced fluid mixing. Most previous studies on the collective motion of microorganisms have been limited to Newtonian fluids. The non-
Newtonian fluid properties, such as viscoelasticity and shear-dependent viscosity in biological flows, such as saliva, mucus and biofilm, 
significantly affect the swimming dynamics of a single swimmer. However, the role of fluid rheology on the collective motion of 
microorganisms is poorly understood. In this work, we use direct numerical simulations to investigate the effects of fluid properties on the 
collective motion of rod-like microswimmers in a low Reynolds number regime. For both pushers and pullers, we find that the viscoelasticity 
does not qualitatively alter the collective motion of microorganisms. The average speed and spatial correlations in a suspension of pushers 
decrease with Deborah number, but they are less affected for pullers. 
 

INTRODUCTION 
 
   Collective motion of microorganisms, which is also referred to as “active turbulence”, is characterized by complex 
dynamics including large-scale correlated motions, strong fluctuations and enhanced diffusion and fluid mixing [1]. The 
energy source of the active turbulence is intrinsically different from the classical turbulence at high Reynolds numbers. The 
high Reynolds number turbulent flow arises from energy input on large scales. For the microbial turbulent flow, the energy 
is provided by the microorganisms at microscale and flow is highly dissipative at such low Reynolds numbers (Re~10-5). 
Although the active turbulence in a Newtonian fluid has been recently studied [2], the role of non-Newtonian fluid 
properties on the collective dynamics is poorly understood. Microorganisms and spermatozoa often swim in non-Newtonian 
fluids exhibiting both viscoelasticity and shear-thinning viscosity [3, 4]. For an isolated swimmer or a swimmer in a dilute 
suspension, fluid rheological properties are found to greatly affect the swimming speed [5, 6]. Using a modified mean-field 
theory, the viscoelasticity is found to affect the wavenumber corresponding to the largest growth rate [7]. Despite 
widespread applications of swimming in complex fluids, the role of fluid properties on the hydrodynamic interaction of 
microorganisms in a suspension is poorly understood. 
 

GOVERNING EQUATIONS AND NUMERICAL METHODS 
 
   We conduct two-dimensional simulations of suspension of ܰ  identical slender rod-like swimmers of length ݈ , 
propelling themselves by a slip velocity ʹܷ over half of their body. Two types of swimmers are considered: pushers, for 
which a constant slip velocity is imposed on the tail half side of the rod, and pullers, for which slip velocity is imposed on 
the head half side. In a Newtonian fluid, a single pusher and puller swimmer have the same swimming speed U. In the 
following, the length is scaled by ݈, velocity by ܷ, time by ݈Ȁܷ, and pressure and stress by ܷߤȀ݈, where ߤ is the fluid 
viscosity. Simulations are performed in a periodic square box of size 10=ܮ. Volume fraction is defined as ܿ ൌ ܰȀܮଶ. 
 
The dimensionless equations for conservation of momentum and mass are 

ܴ݁ ݐ߲߲ ൌ െ   ή  െ  �ǡߙ
 ή  ൌ Ͳ, 

where the Reynolds number is defined as ܴ݁ ൌ ݈ܷߩ ൗߤ ൌ ͷ ൈ ͳͲିଷ, ȡ is the fluid density, u is the velocity vector, p is the 
pressure, and Ĳ is the deviatoric stress tensor. The extra dissipative term െܽ corresponds to the mechanical friction 
between the soap film and the surrounding air. This dissipation is important in the energy budget for high Reynolds two-
dimensional turbulent flows, however, it is not necessary for an active turbulence at low Reynolds numbers. We set ߙ ൌ Ͳ 
in the following, unless otherwise mentioned. In a Newtonian fluid, the stress tensor is simply determined by the shear rate 
tensor ࢽሶ ൌ    ,.and fluid viscosity, i.e ் ൌ ሶࢽ  in dimensionless form. For the elastic fluid, we use the Oldroyd-B 
constitutive relation, in which  can be split into solvent and polymer contributions as  ൌ ௦  , where ௦ ൌ ሶࢽ௦ߚ , 
 

  ݁ܦ ൌ ሺͳ െ ሶࢽ௦ሻߚ , 
 

where ߚ௦ ൌ ͲǤͷ is the ratio of the solvent viscosity to the zero-shear-rate viscosity of the polymeric solution. The Deborah 
number ݁ܦ ൌ  and the characteristic flow time scale ݈Ȁܷ. The notation ߣ Ȁ݈ is the ratio of the polymer relaxation timeܷߣ
 represents the upper-convected derivative. Simulations are conducted using a finite-volume method based on a staggered ר
grid. A conventional operator-splitting method is applied to enforce the continuity equation. The swimmer is modelled by 
satisfying the above mentioned slip condition using a distributed Lagrange multiplier method. The viscoelastic stress is 
solved by implementing a commonly used formulation denoted as the elastic-viscous stress splitting method [8]. 
 



RESULTS AND DISCUSSIONS 
 
   As shown in figure 1, the flow field is characterized by large scale coherent structures much larger than the swimmer 
size. Pushers tend to align with their neighbours due to a side-by side attraction and show a local nematic ordering. The 
pullers aggregate at their head and form clusters. Similar results are also observed in confined 2D suspensions of 
microswimmers in a Newtonian fluid [9]. Although the viscoelasticity does not qualitatively change the collective motion 
for either pushers or pullers, it quantitatively affects the collective motion of pushers. Figure 2 shows the distribution of the 
swimming speeds and the spatial correlation for pushers and pullers. Pushers swim faster in a Newtonian fluid while pullers 
swim slower. Stronger spatial correlations are observed for pushers as Deborah number increases, while pullers are less 
affected. 

 
            Suspension of pushers, ݁ܦ ൌ ͳ  Suspension of pullers, ݁ܦ ൌ ͳ 

Figure 1. Distribution of swimmers and flow field. Colour contours show the u-velocity component. 

   
Figure 2. Swimming speed and spatial correlation in suspensions of pushers and pullers. 

 
 
   In summary, we have conducted fully resolved simulations of suspension of microswimmers and quantified the role of 
viscoelasticity of the surrounding fluid on suspensions of pushers and pullers. 
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Summary We study the effect of wall bending resistance on the motion of an initially spherical capsule freely suspended in shear flow. The
fluid–structure interactions are modeled by coupling a boundary integral method for the fluids with a shell finite element method for the
capsule envelope. For a given wall material, the capsule deformability strongly decreases when the wall thickness (or bending resistance)
increases. For low flow strength, membrane wrinkles can appear with a wavelength that depends on the wall bending resistance.

INTRODUCTION

Capsules, which consist of an internal liquid droplet enclosed by a membrane, are designed to protect fragile or volatile
substances and control their liberation. Typical artificial capsules are quasi–spherical at rest and have a thin membrane whose
thickness and mechanical properties depend on the fabrication process. When suspended in a simple shear flow, a spherical
capsule is elongated in the straining direction by the hydrodynamic stresses, while the membrane rotates around the deformed
shape because of the flow vorticity. However, for low flow strength, the capsule membrane is compressed in the equatorial
region and may buckle [1]. Since membrane wrinkling may lead to fatigue breakup, it is important to predict this phenomenon
in order to avoid/provoke membrane rupture. Numerical models of the fluid–structure interaction must then be developed to
understand the complex behavior of a spherical capsule in an external flow. Most models that include bending effects have
decomposed the wall strain energy into the sum of a membrane elastic energy and of a bending energy computed from the
local curvature. Their relevance for artificial capsules can be questioned because unrealistically high values of the bending
modulus have been used [4, 5].

The objective of this study is to analyze the deformation of an initially spherical capsule (radius ℓ) in a simple shear flow,
assuming that the wall is made of a three–dimensional, incompressible, homogeneous, hyperelastic material (thickness αℓ
(α < 1), shear modulus G and Poisson ratio ν = 1/2) that resists both membrane and bending deformations.

PROBLEM FORMULATION AND NUMERICAL MODEL

The wall is sufficiently thin to be modeled as a thin shell with mid–surface St. The displacement field satisfies the
Reissner–Mindlin kinematic assumption [2]. The wall’s stress-strain relationship is the generalized Hooke’s law. The capsule
is freely suspended in a simple shear flow with shear rate γ̇. The inner and outer fluids have the same viscosity µ and density
ρ. As inertia effects are neglected, the internal and external flows are governed by the Stokes equations. For thin walls, the
local velocity of the mid–surface points is then obtained from an integral over St of the viscous traction jump, weighted by a
stokeslet. The problem parameters are the relative wall thickness α, the bulk capillary number Cav = µγ̇/G, which compares
the viscous to the elastic forces. When bending resistance is neglected (α ≪ 1), it is customary to introduce a surface shear
modulus Gs = Gαℓ, to which corresponds a membrane capillary number Cas = µγ̇ℓ/Gs = Cav/α. The bending number
Kb = α2/3 measures the relative importance of bending and shearing effects.

To solve the fluid–structure interaction problem, we iteratively couple (i) a shell finite element method to solve the solid
problem and find the viscous load acting on the capsule wall from the displacement field on St, and (ii) a boundary integral
method to compute the velocity field on St from the load transferred by the solid solver. We then update the position of the
mid–surface by integrating the velocity using a first–order explicit Euler scheme. At time t = 0, the undeformed mid–surface
of the capsule wall is discretized with linear triangular shell elements (MITC3 elements). A convergence analysis has shown
that 5,120 elements are sufficient to obtain a precision of order 10−3 on the overall capsule deformation. s

EFFECT OF WALL THICKNESS ON CAPSULE DEFORMATION

We first study the influence of the wall thickness and consider capsules made of the same homogeneous 3D material but
with different wall thicknesses, subjected to a linear shear flow corresponding to Cav = 0.05. As shown in Figure 1, the
thinner the wall, the more elongated the capsule becomes under the influence of the external flow.
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Figure 1: Influence of wall thickness on the mid–surface profile in the shear plane for Cav = 0.05. From Dupont et al. [3]
.

We now evaluate the effect of the bending resistance (as measured by α) on the behavior of a capsule for Cas = 0.1 and
α ∈ [0.005, 0.02]. The capsule is subjected to compressive tensions in the equator region as is observed with a membrane
model with no bending resistance. As a consequence, buckling may occur at steady state for low bending resistance (small
α) of the capsule wall (Figure 2). When the wall thickness is increased, the bending resistance increases and fewer wrinkles
are formed. For α ≥ 0.02, the wall is too thick for wrinkles to form even if it is subjected to compressive tensions. It is thus
possible to prevent buckling by increasing the wall thickness.

α = 0.003 0.007 0.012 0.015 0.02

Figure 2: Steady profiles of an initially spherical capsule subjected to a simple shear flow at Cas = 0.1 for different wall
thicknesses α. Thin membranes tend to buckle around the equator, which is under compression. Grey levels represent the load
on the membrane. From Dupont et al. [3]

CONCLUSIONS

For a given wall material, the capsule deformability decreases when the wall thickness increases. However, the overall
deformation of the capsule depends only on Cas with no influence of the bending resistance, because the stretching of the
mid–surface is the prevailing phenomenon. Note that using Cas as the main parameter implies that the bulk elastic modulus
G decreases when α is increased: thus, for a given flow strength and capsule size, the larger α, the softer the material. Other
authors [4, 5] have observed that the bending resistance reduces the capsule deformability at a given Cas. But they have
considered very large values of bending resistance corresponding to α ∼ 0.3− 0.9, for which the thin shell hypothesis fails.
Furthermore, it is difficult to imagine a thin material sheet that has both a very low shear elastic modulus and a very high
bending modulus.

A shell model is needed to analyze the formation of the wrinkles, which appear at low Cas. We find that Cas has no
influence on the wrinkle wavelength λe, which depends only on α (or Kb) and increases with it. The wrinkle wavelength
can be correlated to the bending stiffness by a power function λe/ℓ ≃ 3.3 (Kb)1/4, which is similar to the one obtained for a
flat membrane stretched between two clamped ends [6]. The results from this study can be used to analyze experiments on
wrinkled nylon capsules [7] and deduce the membrane thickness from the wavelength of the experimental folds.
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Summary We numerically study the self-assembly process of particle mixtures on fluid-liquid interfaces when an electric field is applied in the 
direction normal to the interface. The resulting electric and capillary forces cause particles to self-assemble into molecular-like hierarchical 
arrangements, consisting of composite particles (analogous to molecules) arranged in a pattern. As in experiments, the structure of a composite 
particle depends on factors such as the relative sizes of the particles and their polarizibilities. If the particles sizes differ by a factor of two or 
more, the composite particle has a larger particle at its core and several smaller particles forming a ring around it. Approximately same sized 
particles, on the other hand, form chains (analogous to polymeric molecules) in which positively and negatively polarized particles alternate. 
 

INTRODUCTION 
 
   In recent years, many studies have been conducted to understand the behavior of particles trapped at fluid-liquid 
interfaces because of their importance in a range of physical applications and biological processes, e.g., formation of pollen 
and insect egg rafts, stabilization of emulsions, and the formation of photonic crystals and biosensor arrays [1-2]. Particles 
trapped in fluid-liquid interfaces interact with each other via lateral capillary forces, and when present also by other forces 
such as electrostatic forces, to form monolayer arrangements. However, capillarity-driven self-assembly produces 
monolayers which lack long-range order, and for monolayers containing two or more types of particles the technique does 
not allow for any control of the particle-scale structure as capillary forces simply cause particles to cluster [3].  
   We have recently shown that monolayers containing two or more types of particles with different dielectric properties 
can be self-assembled by applying an electric field in the direction normal to the interface. The technique exploits the fact 
that the dipole-dipole force between two particles adsorbed in an interface can be repulsive or attractive depending on their 
polarizabilities and that the intensity of the force can be varied by selecting suitable upper and lower fluids. The force is 
repulsive when both particles are positively or negatively polarized, but attractive when one particle is positively polarized 
and the other is negatively polarized. The force also depends on the sizes of the particles and the electric field intensity.  
   The differences in the polarizibilities and sizes of the particles derive a hierarchical self-assembly process analogous to 
that which occurs at atomic scales. First, groups of particles combine to form composite particles (analogous to molecules) 
and then these composite particles self-assemble in a pattern (like molecules arrange in a material). The force between 
similar particles is repulsive (because they have the same polarizibilities), and so they move apart which allows particles 
that attract to come together unhindered to form composite particles. Furthermore, since particles trapped in a fluid-liquid 
interface are free to move laterally, they self-assemble even when the lateral forces driving the assembly are small. The only 
resistance to their lateral motion is hydrodynamic drag which can slow the motion but cannot stop it. A sufficiently strong 
electric field is applied to ensure that the electrically induced lateral forces remain stronger than Brownian forces. 
   In our experimental studies, the availability of liquids and particles with the specific dielectric properties limited the 
parameter range that could be investigated. This is not the case for the numerical study presented in this paper which has 
allowed us to discover new self-assembled arrangements. 

(i)    (ii)   
Figure 1. (i) Monolayers of mixtures of 20 µm glass and 71 µm copolymer particles formed on the surface of a 30% castor oil and 70% 
corn oil mixture: (left) Initial distribution and (right) final distribution. (ii) Monolayer of a mixture of 63 µm glass and 71 µm copolymer 
particles on silicone oil. The graphical representation (right) shows glass and copolymer particles in different colors.  
   

RESULTS AND DISCUSSION  
 
   The self-assembly process of particles was simulated by placing n particles on a regular grid, and then integrating the 
governing momentum equations in time 
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where iu is the velocity, mi is the effective mass of the ith particle which includes the added mass contribution, ije  is the 

unit vector from the center of particle i to the center of particle j, and ijr  is the distance between the centers of particle i 

and particle j. Here jw  is the vertical force and pj is the induced dipole moment acting on the jth particle, H0 is the 

permittivity of free space, HL is the permittivity of the lower liquid, J is the interfacial tension, and r is the distance between 
the particles. The last term on the right side is the Stokes drag, where P is the viscosity of the lower fluid and [  is a 
correction parameter which accounts for the fact that the particle is immersed in both upper and lower fluids. The system of 
equations was discretized using an implicit second order scheme in time.  
   The three distinct size dependent regimes identified in our experiments for the mixtures of glass and copolymer particles 
on corn oil were also found and validated in our numerical simulations. Fig. 2a shows numerical results for the mixture 71 
µm copolymer and 150 µm glass particles. The larger sized particles were positively polarized and the smaller particles 
were negatively polarized. The larger sized particles attracted the smaller ones to form composite particles, similar to those 
seen in the experiments (see Fig. 1). In Fig. 2b, the smaller sized particles were more intensely polarized, which is the case 
for the mixture of 71 µm copolymer and 20 µm glass particles. As in the experiments, the smaller particles formed a 
triangular lattice in which the larger particles were imbedded. The larger particles attracted nearby smaller particles in the 
lattice and together they formed composite particles. Fig. 4c shows a third regime for which the sizes of positively and 
negatively polarized particles were comparable, which corresponds to the case of a mixture of 71 µm copolymer (red) and 
63 µm glass (yellow) particles. In this case, instead of forming ring-like arrangements, the particles arranged in chains in 
which the positively and negatively polarized particles alternated.  

       

Figure 2. Numerical simulation of self-assembly on corn oil. The parameters were selected to match: (a) 71 µm copolymer and 150 µm 
glass particles; (b) 71 µm copolymer and 20 µm glass particles; and (c) 71 µm copolymer (red) and 63 µm glass (yellow) particles. 
 

Fig. 3 shows how the monolayers for four different values of , while keeping all other parameters fixed. When the 
smaller particles are more polarizable than the larger particles, the former arranged in a triangular lattice, and the larger 
particles clustered at the center as the capillary force was the dominant force for them (see Fig 3a). As the polarizability of 
the larger particles was increased, they moved apart and the smaller particles formed rings around them (see Fig 3b-d).  

a)  b) c) d)  
Figure 3: Monolayers of particle mixtures with భమ ൌ ͳǤʹ. The ratio  was varied: (a) 0.5, (b) 1.0, (c) 5.0, and (d) 7.5. 

 
CONCLUSIONS 

 
   Our simulations show that the theoretical model given by Eq. 1 correctly captures the underlying physics of the self-assembly 
process. In agreement with our experiments, particles self-assemble into hierarchical arrangements, consisting of composite 
particles arranged in a pattern. If the particles sizes differ by a factor of two or more, the composite particle has a larger particle 
at its core with several smaller particles forming a ring around it. Approximately same sized particles form chains in which 
positively and negatively polarized particles alternate. 
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FLOW IN A HUMAN NASAL CAVITY OBTAINED BY IMPROVED SHAPE
STANDARDIZATION

Alireza Nejati1 and John Cater ∗1

1Department of Engineering Science, University of Auckland, New Zealand

Summary Numerical simulations of flow through healthy and diseased human airways suffer from significant inter-individual variation. We
develop a method for standardizing the human nasal cavity to eliminate some of these differences. In this work we present preliminary
CFD results for air flow through this standardized air way and demonstrate flow features that are reflective of average flow features in the
population.

INTRODUCTION

It is important to understand the airflow through the human upper airways, for purposes of such as optimizing the delivery
of drugs through aerosol deposition [8] and improvements of artificial respiratory devices [6]. To do this, first an airway
geometry has to be obtained. Airway geometries are typically obtained from cadavers or CT scans of individual subjects [8, 7],
however these are subject to excessive inter-individual variation [1]. Here, we analyze flow through a more representative
geometry. A naive method of obtaining representative geometry would be taking the average of scans [3, 4] or the median of
segmented scans [5]. However, these methods have difficulties with the very thin, convoluted structures present in the nasal
cavity. In this work we use a deformable registration procedure to obtain a more accurate standardized geometry and we
simulate the air flow through this geometry and compare with previous results obtained from individual scans.

METHODS

Standardization
The deformable registration procedure consists of three separate alignment procedures that are carried out in sequence:

1. Rigid alignment to common landmarks, 2. ‘Straightening’ of the nasal septum, 3. Fine-tuning via per-cross-section
deformable registration. In the first step, all scans are aligned such that their anterior maxillary spine (AMS) and choana are
coincident. In the second step, coronal cross-sections of the scans are obtained and the nasal septum is identified in each
cross-section, and the septa are deformed to be straight while still preserving the position of their bottom-most point and total
arc length. In the final step, a a multiple registration procedure is used based on the following functional [2]:

J ({uk}mk=1) =
m!

k=1

"

Ω
(fk(x ◦ uk) ◦ g(x)) 2dx + λ

"

Ω
|∇g|2 dx + µ

m!

k=1

"

Ω
|∇uk|2 dx + σ

"

Ω

#
m!

k=1

uk

$2

dx (1)

where Ω is the image domain (e.g. R2), uk are the deformations, and fk represent the input images. The variables λ, µ,
and σ are parameters of the model that may be set to different values to produce different alignment behavior. m is the number
of images. After this alignment step, the ‘average’ image g is extracted and the slices are combined together to produce a solid
3-dimensional surface mesh.

Air flow simulation
The expiratory air flow through the mean geometry was modeled in ANSYS 16.0. The surface mesh was ‘cleaned’ by

removal of overlapping faces and a CFD mesh was generated using 0.4 mm as the base element size and using 3 prism layers
on the interior of the airway to resolve the boundary layer. We carry out a numerical solution of steady state air flow, with
a shear stress transport (SST) turbulence model. The inlet was modeled as a source of 37 ◦C air at 5.5 ×10−4 g/s (28.8
litres/minute). This represents a typical expiratory air flow rate [6].

RESULTS

A pressure drop of 12.9 Pa was observed from the tracheal inlet to the nostril; the highest relative pressure (19.2 Pa)
existed in the posterior section of the middle turbinate, superior turbinate, and olfactory section. This is similar to results
obtained from individual airways (e.g. a relative pressure of 9.8 Pa was observed in [7]). Two recirculation regions (one in the
superior nasopharynx area and one in the small cavity behind the tip of the nose) were observed. The flow appears transitional
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Figure 2: Numerical simulation of magnetic micro-convection development [3].

These data and the theoretical value of the critical magnetic Rayleigh number give us the effective diffusion coefficient
of the particles which turned out to be much larger than determined by Dynamic Light Scattering measurements. Additional
experimental and theoretical study has shown that it is due to the counter flows arising in the horizontal Hele-Shaw cell due
to the small density difference of the magnetic liquid and its carrier liquid which causes effective smearing of the interface
presumably accounted for by introduction of the effective diffusion coefficient.

As a result good quantitative and qualitative agreement of the experimental and numerical simulation results is obtained as
may be seen by comparing experimental results in Fig. 1 and Fig. 2, where numerical simulation results for different magnetic
Rayleigh numbers are shown. It should be remarked that the Brinkman model [3] contrary to the Darcy model [2] shows the
formation of mushroomson the fingers of the developing micro-convection pattern (see Fig. 1), which is in agreement with the
experimental observations.

Rather convincing results are obtained by the measurement of the velocities of the finger motion in dependence on the
magnetic Rayleigh number shown in Fig. 3. The slope of the linear dependence of the finger velocity on the magnetic Rayleigh
number 0.29 is close to the slope of numerical results in the frame of the Brinkman model 0.36 and is rather far from the one
given by the Darcy model [2] .

Figure 3: Maximal finger velocities in dimensionless (left) and dimensional (right) units. Empty squares mark average
experimental data, black diamonds on the left – numerical data [3].

To conclude we may note that magnetic micro-convection could be interesting in microfluidics to enhance the mixing of
magnetic and non-magnetic fluids.
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DISPERSION OF SOLIDS IN FRACTURING FLOWS OF YIELD STRESS FLUIDS

Sarah Hormozi∗1 and Ian Frigaard2

1Department of Mechanical Engineering, Ohio University, Athens, Ohio, USA.
2Departments of Mathematics and Mechanical Engineering, University of British Columbia, Vancouver, BC,

Canada.

Summary Recent trends in the hydraulic fracturing have included the use of cyclic pumping of solid particles (proppant) interspersed with
yield stress fracturing fluid, which is found to increase the subsequent productivity. We propose a model framework for this scenario and
analyse one of the simplifications. A key effect of including a yield stress is to focus high shear rates near the fracture walls. In typical
fracturing flows this results in a large variation in shear rates across the fracture. With shear-thinning viscous frac fluids, suspensions
may vary on the particle scale from Stokesian behaviour to inertial behaviour across the width of the fracture. Equally, according to the
bulk flow rates, Hele-Shaw style models give way at higher Reynolds number to those in which inertia must be considered. We develop the
Suspension Balance Model of Nott and Brady [1] to include this range of flows, while still representing a significant simplification over fully
three-dimensional computations. In relatively straight fractures and for fluids of moderate rheology, this simplifies into a one-dimensional
model that predicts the solids concentration along a streamline within the fracture. We use this model to make estimates of the streamwise
dispersion in various relevant scenarios.

Fracture geometries can be very complex and the aim here is to develop a simplified description in which the transport
equations can be applied locally to channel-like geometries, with length L̂, width D̂ and height Ĥ . Fracture orientation and
width are assumed to vary along the fracture on a length-scale L̂t ! min{L̂, Ĥ}. The essential parameters for describing the
fracturing flows are the fracturing fluid with density, ρ̂f and effective viscosity, µ̂f and proppant with density, ρ̂s, diameter
size, d̂p and volume fraction, φin are pumped in a cyclic fashion at the fracture inlet. Here, the fracturing fluid is described by
a Herschel-Bulkley fluid with yield stress τ̂Y , consistency κ̂ and power law index n. With this simplistic description above, we
expect that 8 dimensionless groups govern these flows. Four of these groups are geometric. On adopting D̂ and L̂t as natural
length-scales for transverse and streamwise directions, we have 2 groups L = L̂/D̂ and H = Ĥ/D̂, that simply indicate the
extent of the fracture. More relevant to the transport processes are: δp = d̂p/D̂ and δt = D̂/L̂t i.e. a scaled particle diameter
(particle diameter to fracture width ratio) and the local fracture aspect ratio. The remaining dimensionless groups are φ, the

density ratio s = ρ̂s/ρ̂f and two others that we take as the densimetric Froude number, Fr = Û0/
!

ĝ(s ◦ 1)D̂, and Reynolds
number, Re = ρ̂f Û0D̂/µ̂f . Further dimensionless groups may arise in characterizing the rheology.

The presence of shear thinning and yield stress lead to a huge variation in the viscosity of the fracturing fluid across the
fracture. This will be amplified by the presence of particles. In a bulk rheological sense there is an effect of increase in
viscosity due to the particles (ηs(φ)), e.g. of classical Krieger-Dougherty type [2], but also local shear rates are amplified by
the presence of particles (which do not deform) focusing the effective shear rate in the inter-particle liquid and increasing the
shear-thinning. The form of local effective viscosity, η̂f depends on the local shear rate, ˆ̇γloc, which itself depends on the solid
volume fraction [3]. Therefore, the bulk suspension viscosity η̂ can be decomposed as: η̂ = ηs(φ)η̂f (ˆ̇γloc(φ)). In considering
the local micro-rheology it is of great interest to estimate the local particle Reynolds number, Rep = ρ̂f Û0d̂p/η̂f (φ,̂ γ̇loc) to
understand the range of behaviors locally. It can be shown that there is a significant variation in this local particle Reynolds
number across the fracture due to the change in local viscosity of yield stress fracturing fluid. In the high viscous central
region the Stokesian particle regimes is applicable; however, in the wall layers with significant shear rates, particle regimes
may vary from Stokesian to inertial.

Diffusive and dispersive effects combine with the averaged forces acting on the solids phase to distribute the particles.
The solid phase mass conservation equation is typically manipulated to give a transport equation for evolution of φ. At
least two general approaches have been taken to model particle phase diffusion: (i) the diffusive flux approach of Leighton
& Acrivos [6]; (ii) the Suspension Balance Model (SBM) of Nott & Brady [1]. The diffusive flux approach is essentially
phenomenological in bringing in a diffusive term to the right-hand side of the solid phase mass conservation equation. The
physical origin of this term is stochastic and can be justified by ensemble averaging. The phenomena modelled by the diffusive
flux approach of Leighton & Acrivos [6] are observable experimentally, but the derivation of the model has been criticised on
two grounds. First, the form of diffusive closure predicts no diffusive fluxes where ˆ̇γ = 0, leading to unrealistic profiles for φ
in pressure driven flows. Secondly, the point has been made that similar diffusive fluxes arise naturally from gradients in the
suspension stress, which enter the solid phase mass conservation equation directly in considering the relative velocity. This is
the idea underlying the SBM approach of Brady and co-workers, [1]. The relative velocity (ûr = ûp ◦ ûf ) is substituted into
the solid phase mass conservation equation to give:

∂φ

∂ t̂
+ ∇̂ · [φû] = ◦ ∇̂ · [φ(ûp ◦ û)] = ◦ ∇̂ · [φ(1 ◦ φ)ûr] = ∇̂ · [φ(1 ◦ φ)M̂(η̂f , d̂p,φ)f̂D], (1)

∗Corresponding author. Email: hormozi@ohio.edu



where û, ûf and ûp denote the suspension velocity, the fluid velocity and the particle velocity respectively. Here, M̂ is the
particle mobility and f̂D is the phase-averaged particle drag force. The usual approach now is to consider the solid momentum
equation in the limit of small inertia. In this case, we may write f̂D ≈ ◦ [f̂B + f̂D′ + ∇̂ · Σ̂p], where f̂B is the solid phase body
force, f̂D′ contains hydrodynamic forces excluding the drag (e.g., lift and Archimedes forces) and Σ̂p is the solid phase stress.
Then, f̂D may be substituted into (1) to derive a transport equation for the solid volume fraction. The objective is to include the
non-Newtonian and inertial effects into SBM model to extend it for fracturing flows with yield stress frac fluids. This includes
the suspension momentum equations and a transport equation for the solid volume fraction. The recent work of [3] implies
that the non-Newtonian effects can be introduced to the SBM through adopting a local effective viscosity. With shear-thinning
viscous suspending fluids, suspensions may vary on the particle scale from Stokesian behavior to inertial behavior depending
on the shear rate. Here, we include inertial effects by following the approach of Koch and co-workers [4, 5], targeted primarily
at dense inertial gas suspensions, but also applicable to liquid suspensions with sufficiently large density ratio. The idea is to
include the growth of the fluctuating component of the particle velocity

√
Θ into the suspension stress.

We adopt the Hele-Shaw/lubrication approach to model fracture flows. In deriving this type of model equation the
assumption is made that the velocity field and gradients can be scaled differentially, according to the fracture aspect ra-
tio. We define dimensionless coordinates and velocity components as follows: (x, y, z) = (x̂/L̂t, ŷ/D̂, ẑ/L̂t), (u, v, w) =
(û/Û0, δtv̂/Û0, ŵ/Û0). Evidently, if we consider all O(δt) terms we invite suffocating geometric complexity, quite apart from
the additional normal stresses and shear stress contributions. Neglecting terms strictly of O(δt), we see that the Hele-Shaw
type of model is recovered as δt → 0 at fixed Re. If Re is O(1) then anyway the Hele-Shaw type of averaging is valid, but
in practice many fracturing flows have large Re. Insofar as the bulk suspension flow is concerned, the terms of O(δtRe) are
probably the most important to include at high flow rates. These terms change the form of the momentum balance. Equally,
at higher flow rates we would expect larger gradients in shear rates and thus inertial effects to appear at the particle scale in
sheared layers nearer the walls. In summary, it appears that two types of model are feasible within this framework, according
partly to the fracture geometry, fluid rheology and flow rates. Here we effectively assume δt ∼ 1/L, that Re is moderate and
that the fracture width D̂ is small enough for δ2p ≫ δt. We can show that the following model equations result:

0 = ∇ · u (2)

0 = ◦ ∂pf
∂x

+
∂

∂y

"
ηfηs

∂u

∂y

#
, (3)

0 = ◦ ∂pf
∂y

(4)

0 =
Re

Fr2
φ ◦ ∂pf

∂z
+

∂

∂y

"
ηfηs]

∂w

∂y

#
, (5)

∂φ

∂t
= ◦ ∇ · [φu] +

δ2p
δt

∂

∂y

$
φ(1 ◦ φ)M

%&&&&&
δ2pφRe

Fr2

&&&&&

'(
λy
∂Π

∂y
◦ fD′ , y

δ2p

)*

+
δ2pRe

Fr2
∂

∂z

$
φ2(1 ◦ φ)M

%&&&&&
δ2pφRe

Fr2

&&&&&

'*
(6)

0 = ηf [ηs ◦ 1][u2
y + w2

y] ◦ 12ηfα(φ,Θ)Θ + δ2p
∂

∂y

"
3ηfκ(φ,Θ)

∂Θ

∂y

#
. (7)

This model appears to allow potential for analysis. We use this model and apply mathematical techniques to make estimates
of the streamwise solid dispersion in various relevant scenarios of fracturing flows with yield stress suspending fluids.
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Summary This study conducts two-dimensional unsteady laminar simulation and investigates effects of flat plates aspect ratio on the flow
field characteristics under the constant Reynolds number based on the plate thickness. The flat plate aspect ratios (t/c, t: plate thickness,
c: plate chord length) are set to be 0.01, 0.025, 0.05, and 0.1. The Reynolds numbers based on the plate thickness (Ret) are set to be
250 (laminar reattachment), and 1, 000 (turbulent reattachment). The results suggest that the effects of t/c can relatively be negligible
at Ret = 250. After formation of three-dimensional turbulent structures at Ret = 1, 000, however, the reattachment points move to
downstream as t/c decreases. In this Ret, the flow fields characteristics such as instantaneous flow, turbulent kinetic energy, and boundary
layer near the leading edge are different depending on t/c.

INTRODUCTION

Characteristics of low Reynolds number (Re) flow are drastically changed with a little variation of the Re, so it is important
to understand the flow field characteristics in a wide range of low Re. Especially, one of the important features of the low Re
flow is a formation of laminar seperation bubble (LSB) because it affects not only the flow field characteristics but also the
mechanical efficiency (e.g., airfoil aerodynamic performance). Thus, it is important to understand the characteristics of LSB
such as flow fields around the LSB or the length of LSB. Figure 1 shows the comparison of reattachment points of several
previous experiment and numerical results[1]. The reattachment points are normalized by the plate thickness with respect to
the thickness based Reynolds numbers (Ret)[1]. It is commonly observed that the flow remains two-dimensional structures in
a relatively low Ret (Ret < 320 ∼ 400). The separated shear layer reattaches as laminar state in this Ret. As increase in Ret,
the three-dimensionality appears at Ret > 320 ∼ 400 and the shear layer reattaches as turbulent state[2, 3]. In this Ret region,
all the results show the movement of reattachment points to the leading edge, but their values are not quantitatively consistent.
One more point that many experimental studies have set the Reynolds numbers based on the plate thickness, because the plate
length based Reynolds number cannot be specified by assuming as an infinite length. It has not been discussed, however, that
comparisons of the reattachment point based on the plate thickness are reasonable or not. The discussion is also insufficient
that these quantitative discrepancies with respect to the reattachment points is resulted by the physical phenomena depending
on the plate thickness or error of each measurement method. Therefore, numerical experiments are conducted to investigate
the effects of aspect ratio of flat plate on flow field characteristics under the constant Re which is based on the plate thickness.

COMPUTIATIONAL SETUP

The 3rd order MUSCL[4] with SHUS[5] are employed for evaluating the convective terms. The viscous terms are com-
puted by the 2nd order central differencing without any turbulence model. The 2nd order backward differencing converged
by the ADI-SGS method[6] is adopted for time integration. The methods used in this study have been verified by compari-
son with the Large-eddy simulation results[1] in terms of the reattachment point predictability, reattachment state, etc. The
freestream Mach number is set to be 0.2 with zero turbulence intensity. Two cases of Ret are conducted: Ret = 250 for
laminar reattachment and Ret = 1, 000 for turbulent reattachment. The flat plate aspect ratios (t/c, t : plate thickness, c :
plate chord length) are set to be 0.01, 0.025, 0.05, and 0.1.

RESULTS

VERIFICATION OF NUMERICAL EXPERIMENTS
In performing numerical experiments, it should be firstly considered some factors which may produce numerical errors

(e.g., the number of grid points N , time step ∆t, and minimum grid spacing) to reduce numerical errors and prevent misleading
of the discussion. Thus, the verification of simulations is conducted using t/c = 0.05 case. The results indicate that grid points
used in this study (streamwise × wall-normal direction = 471 × 359) are sufficient in terms of discussing the reattachment
points. It is shown that the maximum CFL number should be lower than 1.2, and minimum grid spacing in the wall-normal
direction ∆y is sufficient in ∆y < 0.1/

√
Rec. One more important factor which should be considered is the minimum grid

spacing in the streamwise direction near the leading edge ∆x, because the resolution of shear layer thickness which flows
∗Corresponding author. Email: lee@flab.isas.jaxa.jp
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A RECIPROCAL THEOREM FOR CONVECTIVE SCALAR TRANSFER FROM A
PARTICLE IN LINEAR FLOWS

Vahid Vandadi, Saeed Jafari Kang, and Hassan Masoud∗
Department of Mechanical Engineering, University of Nevada, Reno, Reno, Nevada, USA

Summary We develop a reciprocal theorem for convective scalar transfer from an arbitrary-shaped particle in linear flows. In particular, we
obtain a closed-form expression for the total transfer rate from a particle with a non-uniform surface distribution given the known solution
of the scalar field for a constant surface distribution. Hence, eliminating the need for calculating a detailed scalar field corresponding to
the non-uniform boundary condition. Employing this formula, we analytically calculate the convective heat transfer from a sphere with an
arbitrary surface temperature in Stokes flow in the limits of small and large Péclet numbers.

INTRODUCTION

Since the seminal works of Acrivos [1], Acrivos and Taylor [2], and Brenner [3] more than half a century ago, there
has been a significant theoretical progress in the area of transport phenomena in creeping and potential flows (see e.g. [4]).
However, a vast majority of analytical results for the rate of convective heat and mass transfer from an object have been derived
under the assumption of uniform boundary condition on the surface of the particle. This limits the applicability range of such
results as in many practical applications convective transfer takes place from particles with non-uniform surface conditions.

Here, we introduce a reciprocal theorem for convective heat and mass transfer from an arbitrary-shaped particle in steady
linear (e.g. Stokes and potential) flows. Specifically, we derive a formula relating the total transfer rate from a particle with
a non-uniform surface distribution to the solution of the temperature/concentration field for a constant surface distribution.
The formula enables us to readily extend the existing analytical results to accommodate non-uniformities in surface boundary
condition without solving for new scalar fields. We note that the Lorentz reciprocal theorem has been used in a similar fashion
for calculating drag, torque, and propulsion speed in Stokes flow without developing detailed flow fields (see e.g. [5, 6, 7, 8]).
In the following, we explain how Green’s second identity (a reciprocal relation between two scalar fields [9, 10]) is used to
derive a closed-form expression for convective scalar transfer from a particle in a linear flow.

DERIVATION OF THE RECIPROCAL THEOREM

Consider a steady linear (e.g. Stokes or potential) flow with velocity u past a stationary rigid particle of arbitrary geometry.
Let φ and ψ be two diffusing scalar fields that vanish at infinity and are transported, respectively, by the velocity fields u and
◦ u. Then, their Laplace transforms φ̃ and ψ̃ satisfy

sφ̃ ◦ φ0 + u ·∇φ̃ = D∇2φ̃, (1)

sψ̃ ◦ ψ0 ◦ u ·∇ψ̃ = D∇2ψ̃, (2)

where D is the diffusion constant and φ0 and ψ0 are initial conditions at t = 0. Note that ◦ u satisfies the reversed flow far
from the particle as the velocity field is linear. Multiplying (1) by ψ̃ and (2) by φ̃ and subtracting the resulting equations yield

φ̃ψ0 ◦ ψ̃φ0 +∇ ·
!
ψ̃φ̃u

"
= D

!
ψ̃∇2φ̃ ◦ φ̃∇2ψ̃

"
. (3)

According to Green’s second identity
#

V

!
ψ̃∇2φ̃ ◦ φ̃∇2ψ̃

"
dV =

#

Sp+S∞

$
ψ̃(∇φ̃ · n) ◦ φ̃(∇ψ̃ · n)

%
dS, (4)

where V , Sp, and S∞ denote the domain volume, surface of the particle, and bounding surfaces at infinity, respectively.
Substituting from (3) into (4) and applying divergence theorem, we obtain

#

V

!
φ̃ψ0 ◦ ψ̃φ0

"
dV +

#

Sp

ψ̃φ̃ (u · n) dS = D

#

Sp

$
ψ̃(∇φ̃ · n) ◦ φ̃(∇ψ̃.n)

%
dS. (5)

Integrals over S∞ are zero since ψ̃φ̃, ψ̃(∇φ̃ · n), and φ̃(∇ψ̃.n) decay faster than the inverse distance squared in the far field
[11].

∗Corresponding author. Email: Hassan.Masoud@masoud-lab.academy
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Summary We consider steady state flow of a viscous Newtonian fluid containing solution of water and ions through a wavy wall chan-
nel coated with electrically charged poroelastic layer. This is relevant to applied problems such as blood flow through a post-capillary
vessel lined with the endothelial glycocalyx layer. A triphasic mixture theory is used for the mathematical description of the mechano-
electrochemical behavior of the charged porous layer. The governing equations are solved numerically by means of combined Boundary
Element and Finite Element Methods as well as analysed analytically using an asymptotic analysis. We examine the impact of geometry
and electrical charge effect on hydrodynamics, as well as the role of the EGL in transmitting fluid shear stress exerted on the vessel wall.

INTRODUCTION

Past studies have shown that endothelial cells that line inner capillary wall surfaces are coated with a layer of macro-
molecules (the Endothelial Glycocalyx Layer)[1]. This layer has a gel-like structure and is comprised of polysaccharides. It is
established that this layer acts as a mechanotransducer of fluid shear stress (FSS) to the endothelial cytoskeleton, including the
resulting biochemical responses. In addition, the presence of the EGL can provide vessels with an anti-adhesive inner lining
when a white blood cell pass through the vessel. Indirect measurements of the mechanical properties of the EGL show the
layer is deformable and can restore its shape after being deformed by an applied force. However, there is some debate around
the dominant mechanism by which this layer restores. There are two types of models accounting for the restoring mecha-
nism, namely, elastohydrodynamic and mechano-electrochemical models. According to the elastohydrodynamic approach,
the dominant source of restoration is due to the inherent elasticity of the EGL. The layer is modeled as a poroelastic media
and the biphasic mixture theory is applied to mathematically describe the phenomenon.

The mechano-electrochemical model takes into account electrical properties of the EGL which contain electrostatically
charged macromolecules hydrated in an electrolytic fluid. Electrostatic forces and associated osmotic pressure represent an
additional restoring force for an EGL deformed by the fluid flow or passing blood cell. A triphasic mixture theory (TMT) is
used for the mathematical description of the mechano-electrochemical behavior of the EGL. The TMT combines the physico-
chemical theory for ionic and polyionic solutions with the biphasic theory for porous media [2]. This theory is successfully
applied to model swelling and deformation of hydrated porous biological materials [3, 4]. In the absence of any flow, a
pseudo-equilibrium approximation is often made for the mechano-electrochemical dynamics [3, 4, 5]. This means that the
electroneutrality condition along with the Boltzmann distribution for ions is assumed. However, background flows introduce
a streaming potential which modifies the transport of ions (the distributions of which can no longer be assumed to be Boltz-
mann), and hence generates an electric field. In this study we, for the first time, tackle the full problem incorporating flow,
electrochemical effects, and EGL elasticity. Considering this coupled problem allows us to gauge the effect that electrochemi-
cal effects have on the shear stresses exerted on a vessel’s walls, and hopefully ultimately inform the debate around the relative
importance of different effects in EGL restoration.

MODEL FORMULATION

In the problem considered the blood is modeled as a solution containing water and salt ions (Na, Cl). The vessel is coated
with the EGL which is considered as a negatively charged porous layer reflecting the electrical property of proteoglycans
(PG). We consider two sets of non-dimensional equation: for the luminal region (index l) where blood flows unhindered

∇2vl = ∇pl ◦ αl∇2ϕl∇ϕl, (1)
∇ · [γ±cl±vl ◦ ∇cl± ∓ cl±∇ϕl] = 0, (2)
◦ δ∇2ϕl = cl+ ◦ cl−, (3)

and for the layer region having fluid (φf ) and solid (φs) volume fractions

∇2v = ∇p ◦ α∇2ϕ∇ϕ+ χ̂cs∇ϕ+ χv, (4)
1

1 ◦ 2ν
∇ · (∇u) +∇2u = φ∇p ◦ χ̂cs∇ϕ ◦ χv, (5)

∇ · [γ±c±v ◦ ∇c± ∓ c±∇ϕ] = 0, (6)
◦ δ∇2ϕ = c+ ◦ c− ◦ cs. (7)
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Here φ = φs/φf , χ = KH2/(φfµf ), χ̂l = c0kTH/(µfV ), χ̂ = χ̂l/φf , αl = ϵk2T 2/(µe2V H), α = αl/φf and
δ = ϵkT/(c0e2H2) are the non-dimensional parameters. Constant cs models negative charge distribution fixed on the solid
phase (i.e. EGL). The other notations are the following: v is the fluid velocity vector; µf is the fluid viscosity; p is the
pressure; ϕ is the electric potential; c± positive (negative) mobile ions concentration; K is the hydraulic resistivity; u is the
elastic displacement (assumes small strain); ν is Poisson’s ratio; c0 is the reference concentration; H is the characteristic
length; constants ε, e, k, T, D± are the dielectric permittivity, elementary charge, Boltzmann constant, absolute temperature
and ions diffusions coefficients respectively. The governing equations for the lumen region are given by the modified Stokes
equation incorporating electric forcing term, extended Nernst-Plank equation for the ion diffusion and the Gaussian law for the
electric potential. As to the EGL region, we obtain the Brinkman type equation for the fluid phase and Navier type equation
for the solid phase both having the additional electrical forcing term. The small parameter δ captures the non-dimensional
dielectric permittivity .

SOLUTION METHOD

The resulting nonlinear problem is solved using a Boundary Element Method (BEM) scheme for the momentum equations
combined with Finite Element Method (FEM). The use of a hybrid scheme allows us to reduce computational cost. The
nonlinear system is built in parallel across 48 CPUs, and solved iteratively.

RESULTS

Parameters values for the numerical simulation were chosen to be representative of a blood capillary having wavy wall
shape. Simulation results have shown some features which are characteristics of the dynamics. Under the fluid flow state
the electroneutrality condition is maintained in both lumen and EGL regions except in the neighborhood of the interface
boundary. Within this zone we observe large electric potential and concentration gradients resulting in a nonlinear osmotic
pressure distribution across the vessel. The smaller value of δ the narrower transitional zone and greater the gradients therein.
The simulation was carried out with δ = 10−3 but physiologically it can reach the value of 10−6. For such an extreme
parameter value an asymptotic analysis was undertaken. The charge effect in the EGL along with wavy geometry leads to
nonuniform fluid shear stress distribution exerted on the vessel wall (see Figure 1) different to that exerted in the absence
of charge effects. It is believed that the EGL play an important role in transmitting mechanical signals to the underlying
endothelial cells, and we shall report on how this mechanotransduction is predicted by our simulations to be affected by the
EGL’s charge.
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Figure 1: Varicose - type vessel showing flow field and fluid shear stress exerted on the solid wall. The scale beneath
corresponds to the non-dimensional stress magnitude.
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Summary By using fluid-kinetic simulations of confined and concentrated emulsion droplets in a rough microchannel, we explore the role
of geometrical roughness in providing activation of plastic events close to the boundaries. Our results show the existence of a finite stress
correlation scale, which can be mapped directly onto the cooperativity scale, recently introduced in the literature to capture non-local effects
in the soft-glassy dynamics. Numerical simulations also allow to study the fluidity field, a continuous quantity which can be related to
the rate of plastic events, thereby allowing us to establish a link between the mesoscopic plastic dynamics of the jammed material and the
macroscopic flow behaviour.

INTRODUCTION

Soft-glassy materials (SGM) encompass a wide variety of systems such as emulsions, foams and granular media. The dy-
namics of these complex fluids is usually characterized by relatively large packing fractions, and the microscopic constituents
(i.e., droplets for emulsions, bubbles for foams, etc) are jammed together so as to exhibit a yield stress, below which the
material deforms elastically and above which it flows like a non-Newtonian fluid according to a Herschel-Bulkley rheology.
The yielding behavior makes such systems as interesting for applications as challenging from the fundamental point of view of
out-of-equilibrium statistical mechanics [1]. One challenging question concerns the formation of spatially non-homogeneous
features, where the global rheology is not able to properly capture the complex space-time behavior of the system. It is now
widely acknowledged that SGM flow as the result of a succession of plastic rearrangements, occurring when a local config-
uration of constituting micro-elements cannot sustain the accumulated stress and relaxes it in the form of long-ranged elastic
waves which induce non-local behaviour in the rheological properties of the system. A number of theoretical frameworks have
been developed recently accounting for these non-local effects (see [2, 3, 4] and references therein). One of them, the Kinetic
Elasto-Plastic (KEP) model [4], captures the essential phenomenology in a mean-field spirit through a diffusion-relaxation
equation for the fluidity field f = γ̇/σ (the ratio of the local shear rate and shear stress):

ξ2∆f = f ◦ fb, (1)

where ξ is the so called cooperativity length, quantifying the spatial extension of the non-local correlations, and fb = fb(σ)
is the bulk fluidity, which is function of the shear stress σ only and equals the fluidity in absence of spatial heterogeneities.
Together with (1), the other fundamental result of KEP, is the expected proportionality between f and the rate of occur-
rence of plastic events (whose prototypical instance, in 2d, is the so called T1, i.e. the neighbour-swapping of four adjacent
droplets/bubbles), RT1:

RT1 = Af, (2)

with A a constant, proportional to the elastic modulus G0 in the KEP formulation. Equation (1) can be solved analytically in
some simple cases, provided that a proper boundary condition is supplied for the fluidity at the wall. In a Couette flow, for
instance, in which the stress is constant, a straightforward calculation for a Dirichlet-type boundary condition f(±H/2) = fw
yields

f(z) = fb + (fw ◦ fb)
cosh(z/ξ)

cosh(H/(2ξ))
(3)

whose corresponding velocity profile v(z) = σ
!

f(ζ)dζ has been found consistent with numerical and experimental data
[2]. Notice that a Von Neumann boundary condition of the type, e.g., df

dz (±H/2) = 0 (i.e. the wall does not act as a
“source” of fluidity) would give f = fb everywhere, in clear contrast with all evidences. It must be noticed that, though it
plays a crucial role, the fluidity at the wall fw has no first principles ground and, as a matter of fact, enters the picture as
a completely phenomenological free parameter of the model. Therefore, a challenging question, which certainly deserves
thourough investigations, concerns the possibility of engineering a surface in such a way to control the fluidity, and hence the
plastic activity, in its proximity. Nevertheless, only very few studies addressed the problem. Mansard et al [2] have performed
experiments with dense emulsions flowing in microchannels with rough walls patterned with equally spaced posts of variable
height, finding that slippage and surface fluidization depend non-monotonously on it. By means of numerical simulations,
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Figure 1: Left Panel: a Snapshot from lattice Boltzmann simulations in confined microchannels with structured roughness on
the bottom wall. We report the main roughness parameters: λ, w and h refer to the roughness wavelength and inter-post width
and height, respectively. Middle Panel: Sketch of a T1 plastic event. To systematically analyze plastic events, we perform
a Voronoi tessellation from the centres of mass of the droplets. Following the Voronoi tessellation in time, we are able to
identify T1 events and associated disappearing (red solid line) and appearing (blue dashed line) links. In grey (black) we
indicate the Voronoi cells soon before (after) a T1 event. Right Panel: fluidity profiles for λ/d = 7.3 and w/d = 3.5 and
various post heights. Inset: wall and bulk fluidity as a function of the post height.

based on the lattice Boltzmann method of Poiseuille flows of model soft-glassy materials [3], we have recently shown that
there is a non-trivial dependence also on other geometrical parameters of the roughness (namely, the inter-post distance), and
that the presence of the roughness may cause a breakdown of the proportionality relation predicted by KEP between fluidity
and rate of occurrence of plastic events. To address in particular the latter problem in a more systematic way, in this paper
we study two-dimensional Couette flows of dense emulsions. Our numerical setup is sketched in figure 1, where we show
a snapshot from a simulation. The dense emulsion is confined between a top wall moving with the velocity Uw and a fixed
bottom wall patterned with equally spaced posts of variable width w, height h and centre-to-centre inter-post distance λ. To
gain insight into the statistics of plastic events, we perform a Voronoi tessellation (by using the voro++ libraries [5]) of the
centres of mass of the droplets so that we identify plastic rearrangements in the form of topological events, in which one
“edge” of a given droplet collapses to zero length and neighbour droplets switching occurs. In connection with roughness-
induced fluidisation of the material, deviations from the linear (f(z) = fb) profile arise close to the wall, as highlighted in the
right panel of figure 1, which is a signature of non-locality associated to a cooperative flow [4]. The enhanced friction effect
induced by the roughness is accompanied by a triggered plastic activity which makes the dependence of the wall fluidity on
the geometry of the wall roughness highly non-trivial.

CONCLUSIONS

Mesoscopic numerical simulations have been used to study the emergence of non-locality and the effects induced by rough-
ness for the flow of concentrated emulsions in rough microchannels. Roughness effects are materialized through enhanced
friction and surface fluidization induced by enhanced plastic activity. Numerical results are rationalized in the framework of
KEP theory [4] for elastoplastic materials.

The authors kindly acknowledge funding from the European Research Council under the European Community’s Sev-
enth Framework Programme (FP7/2007-2013)/ERC Grant Agreement No. 279004. The authors kindly acknowledge useful
discussions with R. Benzi.
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SENSITIVITY OF SAFFMAN-TAYLOR FINGERS TO CHANNEL DEPTH PERTURBATIONS 
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Summary We examine the sensitivity of Saffman-Taylor fingers to controlled variations in channel depth by investigating the effects of 
centred, rectangular occlusions in Hele-Shaw channels of increasing aspect ratio using a combination of experiments and numerical simulations 
of a depth-averaged lubrication model. The system is characterised by multiple modes of propagation which are first provoked for decreasing 
relative depth changes as the aspect ratio increases. We estimate that the required depth-changes become of the same order as the typical 

roughnesses of the experimental system (1 µm) for aspect ratios beyond 155, which we conjecture underlies the extreme sensitivity of 
experiments conducted in such (unoccluded) Hele-Shaw channels [1].  
 

INTRODUCTION 

   Two-phase displacement flow in a confined geometry is a fundamental problem in fluid mechanics with applications in 
biomechanics, geophysics and industry. Following the classic work of Saffman and Taylor [2], the tube geometry that has 
attracted the most attention is the Hele-Shaw channel: an axially-uniform tube with rectangular cross-section of large width 
to height aspect ratio !. Only a single family of solutions is ever observed , although a depth-averaged model without 
surface tension possesses symmetric and asymmetric families of solutions. The introduction of finite surface tension selects 
a single family of stable, steadily propagating fingers, which depend uniquely on the modified capillary number 1/B=12 
!2Ca, where Ca corresponds to the ratio between viscous and surface tension forces [3]. However, the model also contains 
alternative families of multiple-tipped symmetric solutions, the Romero-Vanden-Broeck solutions [5], which are unstable. 
The Saffman-Taylor fingers have been observed up to a threshold in 1/B, which depends on the roughness of the 
experimental channel [4]. Motivated by the finger-selection problem, many groups have investigated the effects of 
geometric perturbations on two-phase flow in a Hele-Shaw channel, in the form of wires, threads or grooves, stabilising 
narrower fingers or generating dendrite growth. Unsteady finger propagation has also been observed in very large aspect 
ratio channels (158 < ! < 490) , where the fingertip exhibited significant lateral movement [1]. Fluctuations increased as the 
liquid films on the top and bottom channel walls thinned, and details of the wall roughness began to influence the system. 

Here, we consider a Hele-Shaw channel with a small step change in depth provided by an axially-uniform rectangular block, 
which is known to support multiple stable modes of propagation, including asymmetric and oscillatory modes as well as the 
expected symmetric Saffman-Taylor mode [7]. We exploit this simple but robust system to probe the sensitivity of viscous 
fingering, because it enables transitions between multiple states to be clearly identified when the geometric variations are on 
a larger scale than the wall roughness.  
 

EXPERIMENT 

  
 

 
 
 
 

 
 

 
 

DEPTH-AVERAGED MODEL 

 
The variable-depth profile b is a smoothed step-like occlusion of fractional height αh. The free-surface flow is modelled by 
the Reynolds lubrication equations with suitable boundary conditions [7]. The pressure jump at the interface becomes

1 1

3
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Q b

κ

α α
# $

∆ = +& '
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, where Q is the non-dimensional flow rate, κ the in-plane curvature and Ca=QUf, with Uf the non-

dimensional finger speed. For occluded channels, the cross-sectional curvature term 1/b is dynamically significant, and 

appears on the order of αhα
-1Q-1, whereas the effect of the in-plane curvature is on the order of α-2Q-1.The model is 

integrated numerically using the finite-element library oomph-lib. 
 

b) 

Fig. 1: (a) Experimental configuration. (b) Channel cross-section: 
!=W*/H*, !h=h*/H*. (c) Example of an oscillating finger: finger width 
"=(y1-y2)/W

*, finger offset #=(y1+y2)/(2W*). 

a) 

c) 

The experimental channel is shown schematically in Fig.1(a-b). 
Air is drawn into the channel at one end by withdrawing silicone 
oil at constant flow rate from the other end, resulting in the steady  
propagation of an air finger that displaces the oil. The capillary 

number is Ca=µU*
f/σ, where U*

f is the dimensional speed of the 

finger, µ is the dynamic viscosity of the oil and σ the surface 
tension. Measurements are made of the finger width "=(y1-y2)/W* 
and the finger offset #=(y1+y2)/(2W*) (see Fig. 1(c)). 



 

 

a) b) 

RESULTS 

 
We demonstrate that the depth-averaged model presented 
above is in quantitative agreement with the experimental 
results for ! > 40, provided that Ca < 0.012 – see Fig.2. The 
model is based on the lubrication approximation, which is 
expected to be valid for sufficiently high aspect ratio 
channels and small occlusion heights, in the limit of small 
Ca where the effect of liquid films on the top and bottom 
boundaries of the channel is negligible. Hence, this 
quantitative agreement means that we are able to use the 
model to follow the evolution of the solution structure in a 
large aspect ratio Hele-Shaw channel to that presented by 
[7] for a partially occluded channel with a high level of 
confidence that this represents the situation in the 
experiment. We believe that this evolution is the same for 
all aspect ratios which have been investigated, although we 

cannot confirm this without resorting to three-dimensional 
Stokes calculations. Thus we can demonstrate that the 
asymmetric and the double-tipped solutions observed in 
smaller aspect ratio channels by de Lozar et al. [8] and others 
are the unstable asymmetric Saffman-Taylor solutions and 

the first symmetric Romero-Vanden-Broeck solution having been stabilised by the presence of the occlusion – see Fig. 3. 
The occlusion height required to stabilise the asymmetric Saffman-Taylor solutions decreases with increasing aspect ratio, 
with the critical height for provoking pitchfork bifurcations being proportional to !-2 and that for Hopf bifurcations being 
proportional to !-1.These scalings are consistent with the mechanisms underlying bifurcations described by Thompson et al. 
[7]. The pitchfork is principally associated with changes in viscous resistance, whereas the Hopf bifurcation is associated 
with coincidence of finger and occlusion edges.  
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Fig. 2: Finger offset as a function of capillary number (1/B) for ! =40. The 
symbols (lines) indicate experiments and numerical simulations, 
respectively. As the fractional depth !h increases, the viscous finger 
undergoes supercritical then subcritical symmetry-breaking. Oscillatory 
fingers occur for a bounded range of !h and Ca, respectively. The highest 
values of !h yield a finger that localizes in one of the deeper side-channels. 

Fig. 3: Bifurcation diagrams for !=80 and (a) !h=0, (b) !h=0.01. The solid (dashed) lines represent stable (unstable) states, and blue (red) lines 
represent symmetric (asymmetric) fingers. Finite occlusion heights are required for stable asymmetric states to arise. In (a), the Saffman-Taylor 
mode is stable and the Romero-Vanden-Broeck solutions are unstable. In (b), the RVB solutions have interacted with the Saffman-Taylor mode, 
resulting in a bifurcation scenario with a supercritical symmetry-breaking bifurcation as Ca increases from small values. 
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Summary Mobility of hydrogel nanofilaments suspended in liquid is investigated to gain basic knowledge on hydrodynamic interactions biased 
by Brownian fluctuations. Typical for long macromolecules effects like spontaneous conformational changes and cross-flow migration are 
observed and evaluated. The collected experimental data can be used to validate assumptions present in numerical models describing intercellular 
transport of long biomolecules.  
 

INTRODUCTION 
 
Cross-flow migration of long micro objects is one of the fundamental mechanisms of lab-on-chip bio-processors. Moreover, 
behavior of long macromolecules is important in a variety of biological processes responsible for transport, aggregation and 
structure formation at the cellular level. Mobility of long deformable objects suspended in liquid depends on large number of 
parameters. Some of them like local flexibility, 3-D orientation, coiling - uncoiling are essential for resulting dynamics, 
however difficult to be accurately incorporated in practical models. Most common hydrodynamic models are based on several 
variants of classical worm-like chain (WLC) approach, describing flexible object as systems of interconnected identical 
spheres [1]. Its flexibility is usually defined by two parameters of stretching and bending. Experimental validation of such 
models using polymer solutions or DNA [2] is difficult and mainly limited to very general observations.  In the following we 
propose more robust experimental study, based on optical observations of hydrogel filaments. Their characteristic size (dia. 
~100 nm) allows for accurate evaluation of shape and orientation, but still remains small enough to reproduce characteristics 
of the flow regime influenced by Brownian fluctuations.  
 

EXPERIMENT 
 
We have developed new method allowing for fabrication of highly deformable microscopic filaments with typical diameter 
of 100 nm and contour length ranging from single micrometers to millimeters [3]. The nanofilaments are obtain by extracting 
hydrogel core of electrospun polymeric nanofibres. The composition of materials used allows for in flight modification of the 
hydrogel polymerization, tuning its mechanical properties to desired values. The surface topography of filaments is obtained 
by AFM equipped with a closed liquid cell and a rectangular silicon cantilever. Despite relatively large diameters, high 
deformability of our hydrogel filaments permits to obtain objects with mechanical properties resembling that of long 
biomolecules (comp. Table 1).   

Table 1. Typical experimental parameters: mean flow velocity (Vm), contour length (L), radius (R), persistence length (Lp), and Young modulus (E) of the 
analyzed filament. Flow Reynolds number (Re) is based on the channel width (200 Pm).  

No Vm [�m/s] L [Pm] R [nm] Re  Lp [�m] E [kPa] 

1 59.02 71.91 81 1.51E-02 17.62 2.17 

2 77.78 72.87 81 1.98E-02 12.38 1.53 

3 39.65 34.49 45 1.01E-02 3.44 4.45 

4 68.87 54.31 45 1.76E-02 7.51 9.72 

 

The dilute suspension of hydrogel nanofilaments is pumped through the 500 Pm long PDMS microchannel and imaged by a 
fluorescent microscope coupled with high-gain EM-CCD camera. The experiment is based on observation of position and 
instantaneous shape of nanofilament conveyed by steady or pulsating flow. Some hundreds of long sequences of filament 
images are processed to extract their shape with specially designed Matlab software. The velocity profile in the channel is 
obtained from small amount of fluorescent tracers. For each analyzed filament its flexibility is determined by calculating 
Young modulus. For this purpose we analyze their Brownian shape fluctuations, and then used cosine correlation method to 
determine the persistence length [3]. Evaluation of geometry for three dimensional objects using 2-D projections obtained 
from the microscope is overwhelmed by unavoidable inaccuracy, it additionally complicates if parts of the filament tend to 
overlap. Hence, only clearly distinguishable objects with in plane shape deformations are taken into account. For this purpose 
constancy of apparent contour length of visualized filament is used as a control parameter. Channel depth is 60 Pm. Hence, 
additional efforts (e.g. flow focusing) are undertaken to keep filaments far from the upper and bottom wall of the channel.       
 



RESULTS 

 
Figure 1. Sequence of images for a single flexible nanofilament suspended in liquid. (a) ± Brownian motion observed for very long filament (R= 90 nm, L= 
60 �P), image height 35 �P; (b) - filament conveyed by Poiseuille flow (no. 4 in Table 1), image centerline located 38 Pm from the wall, t ± time stamp, x 
± distance traveled from the channel entry (picture frame moves with the object), image height  66 �P. 
 
Mobility of our filaments strongly depends on their length. For 
short pieces (10 ± 20 Pm) translational and rotational diffusion 
coefficients could be evaluated from Brownian motion. They 
are typically of the same order of magnitude as those obtained 
for rigid rods. For longer filaments their bending flexibility is 
well exhibited, especially pronounced for millimeters long 
objects (Fig. 1a). Interesting to note that despite negligible 
ionic interactions bending following characteristic coiling and 
knots formation is observed. This effect remains to dominate 
for objects conveyed by Poiseuille flow (Fig. 1b). The 
approximate center of mass for the conveyed filaments slightly 
lags behind the local flow field (Fig. 2), whereas cross-flow 
migration into the center of channel can be detected. Applying 
periodic flow we may notice evidence of broken reversibility 
of the Stokesian approximation. This is obvious for motion of 
deformable objects like droplets, bubbles and flexible fibers. 
In the present study it helps us to perform long time study for 
the same filament remaining in the field of observation.    
   

CONCLUSIONS 
We have demonstrated possibility to create useful microscale experimental model to study hydrodynamic interactions for highly 
flexible long objects formed as hydrogel nanofilaments.  Such objects can be used as possible carriers or indicators in biomedical 
applications. Our study gives evidence of difficulties to describe mobility of long flexible nanofilaments in terms of coarse 
parametric description, like hydrodynamic diameter and constant friction tensor. At each time step variable conformation of the 
observed objects strongly modifies hydrodynamic interactions, effects of wall and shear field forces, leading to more or less 
predictable evolution of their transport properties. Probably statistical analysis performed for large number of experiments is the 
only way to obtain plausible average mobility values convenient to predict longitudinal and cross-flow transport properties of such 
objects.  
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Figure 2. Velocity of fluid and for center of mass of the filament conveyed 
by  pulsatile flow. 
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Summary Inertial microfluidics is a field of study involving interactions between fluids with particles and/or fluids with structures where both 
inertia and viscosity become important.  In traditional microfluidics, inertia has generally been ignored since the associated Reynolds number is 
close to zero due to the small channel scale and low flow velocity.  However, cases with fluid flows that involve non-zero Reynolds numbers 
(i.e., non-zero inertia) are frequently encountered where fluid inertia should be accounted for.  Inertial effects²inertial particle migration and 
secondary flow²have gained much attention in biology and medicine research because it inherently offers simple, sheathless, and high-
throughput particle and cell manipulation that cannot be found in conventional active particle manipulation approaches.  Through a deep 
understanding of fluid-particle-structure interactions, inertial microfluidics can be expanded to different fields, here in manufacturing and 
quantitative single-cell biology, in the sense of enabling technology. 
 

3D PARTICLE MANUFACTURING: OPTOFLUIDIC FABRICATION  
 
   Many colloidal particles are spherical entities in order to minimize their interfacial energy.  However, anisotropic 
particles can provide unique properties and additional functionalities not available in spherical particles.  For instance, 
ellipsoids can randomly pack more densely in a given volume,1 and non-spherical particles behave differently under electrical, 
chemical or mechanical stimuli.  As such, shaped particles are now being used in various fields for self-assembly, photonics, 
biotechnology, structural materials and pharmaceutics.2, 3  These intrinsic opportunities have driven the development of non-
spherical polymer hydrogel particles,4 and recent applications from various fields demand further functionalized, miniaturized 
and tailored hydrogel architectures at the micron scale.  In order to meet these requirements, substantial efforts5-11 have been 
made toward generating three dimensional (3D) tailored hydrogel particles.  However, through these approaches, imposing 
high three-dimensionality into hydrogel architectures still remains challenging.2, 3    
   To address these limitations, recently we reported a novel inertial microfluidics based 3D particle generation method 
termed optofluidic fabrication.12  The process is comprised of two sequential coupled procedures: (1) Fluid and (2) Light 
shaping.  $V�D�ILUVW�VWHS��ZH�VKDSH�WKH�IOXLG�FURVV�VHFWLRQ�XVLQJ�IOXLG�LQHUWLD�LQ�PLFURFKDQQHOV�ZLWK�³REVWDFOHV´�� � $OWKRXJK�
fluid inertia is ignored in conventional microfluidics,13 non-negligible inertia can be of great use to change the flow cross 
sectional profile.  With moderate inertia, the interaction between fluid and obstacles creates net lateral secondary flows, 
altering the cross sectional shape of multiple fluid streams.  The flow is then quickly stopped (<1 sec), and patterned UV 
light is exposed to initiate a polymerization process (<1 sec) where UV light only polymerizes a photosensitive stream(s).  
The process can be considered as a polymerization of an intersection of two extruded bodies: horizontally shaped fluids by 
inertia and vertically patterned UV light.  In this talk, I will present detailed numerical and experimental understandings of 
the interactions between fluid inertia and local obstacles in fluidic channels, and 3D shaped particle generation.   
 

QUANTITIATVE SINGLE-CELL BIOLOGY: NEXT GENERATION DEFORMABILITY CYTOMETRY 
 
   Mechanical biomarkers associated with cytoskeletal structures have been reported as powerful label-free cell state 
identifiers.14  Stiffness changes in red blood cells and stem cells are well known examples indicating cytoskeleton disorders15, 

16 and pluripotency,17  respectively.  This stiffness based cell state correlation also can be found in cancers,18, 19 and cells 
possess different mechanical property upon their progression.  Various recent studies20-22 reported that a change in cell 
stiffness is shown between invasive and healthy cells where they can be distinguished.  All of these facts suggest that the 
ability to measure cell stiffness is an extremely useful task for numerous applications, but the challenge is how to quantify a 
large number of cells precisely and rapidly.  Due to the cellular heterogeneity, cells exhibit a distribution of responses in a 
probabilistic manner;23 thus it is important to measure many individual cell behaviors rather than relying on the stochastic 
average masked by bulk measurements.24  General approaches for measuring single-cell stiffness25 are limited because of 
low throughput, non-bio-friendly measuring environments, and/or costly and time consuming labeling processes.  
   In this talk, I will present a development of a high-throughput and label-free inertial microsystem examining single-cell 
mechanical properties.  Fluid inertia aligns cells into a single-cell train26, 27 and guides them to collide with the channel wall 
at a T-junction where they can be stretched where we aim to establish a novel, simple, robust and high-throughput microfluidic 
cell stretcher for quantitative single-cell biology.  I will discuss the details of cell positioning, ordering and manipulation 
strategies via localized microstructure induced secondary flows and a new image analysis algorithm for real-time data 
processing which may aid in next-generation deformability cytometry. 
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Summary Single cell analysis enables the study of cellular activity and parameters at an individual, rather than population-average basis. This is 
made possible by retaining cells so that temporal data can be accessed. In contrast to previous capture approaches utilising mechanical traps, we 
present an ultrasonic method to capture and release spatially separated cells on demand, with potential for population screening and analysis. The 
transition from manipulation of particles in groups, which is routinely performed using ultrasound, to individuals requires the reduction of 
ultrasonic wavelength, but it also introduces a unique physical situation. This arises from the two key forces present: the acoustic radiation force 
and Bjerknes forces. The former collects particles at defined locations within the sound field, whereas the latter acts to coagulate particles. For 
collection of individual particles the former is beneficial, the later a hindrance; we show that over a defined range of parameters single particle 
and cell capture is possible.  
 

INTRODUCTION 
 
   Single-cell analysis permits the interrogation of individual cells and their response to their local environment [1]. Due to 
heterogeneous cellular parameters, the examination of individual cells has the potential to offer a far more detailed picture of 
cellular response than the standard practice of analyzing the population as a whole. Further, the large-scale trapping of a cell 
population (100s-1000s of cells) permits this activity on an en-masse basis [2]. This study examines the use of acoustic force 
fields as a method of trapping grids of individual cells [3]. With the ability to rapidly activate the force field, this approach 
enables a method to flash the force potential so that a population can be rapidly screened, and cells of interest (for example, 
cells infected by a parasite) then held for more detailed examination. Whilst acoustic waves have been widely used for 
handling and trapping suspended cells [4, 5], this is the first study of trapping cells individually.  

 
Figure 1. The two dimensional acoustic field is characterized by the ratio of wavelength to particle size. Looking at a 

1D depiction, at large ratios multiple particles can cohabit a single potential minimum ± the nodes of the standing pressure 
wave (left). Once the ratio falls below approximately 4 there is only enough physical space for a single particle (right) [3]. 

 
Previous work has shown the collection of cells in clumps by a 2D force field [6]. In order to transition from trapping 

clumps of cells at each acoustic radiation force potential minima to trapping of individual cells, the minima dimensions must 
be reduced (Figure 1). However, the underlying physics is more complex than simply a reduction in scaling. The sound field 
generates acoustic radiation forces on the particles which act to collect them in patterns dictated by the shape of the sound 
field. In addition Bjerknes forces are excited; these forces arise due particle-particle interactions and are attractive in nature. 
In contrast to previous acoustic cell manipulation studies in which patterns of cell clusters are formed, to pattern individual 
cells, the clustering effect of the Bjerknes force works against the patterning effect of the acoustic radiation forces.  
 

METHODOLOGY 

    
Figure 2. The one-cell-per-well device comprises a PDMS defined microfluidic chamber bonded onto a lithium niobate 
wafer on which two pairs of orthogonal IDTs are patterned (left). The result of actuating the four IDTs is a 2D pressure 

field in the fluid chamber, which leads to an acoustic radiation force potential field (right) capable of patterning cells [3]. 



 
To achieve individual cell handling, we have designed a system which excites two orthogonal standing surface acoustic 

waves by excitation of four interdigital transducers (IDTs) patterned on a lithium niobate substrate (Figure 2). These waves 
couple into the fluid body defined by a PDMS chamber bonded onto the substrate, it is these coupled waves which define the 
sound field which patterns the particles.  

 
RESULTS AND DISCUSSION 

 
   We have examined this unique physical situation, and found that a very specific range of frequency over diameter ratios 
is required in order to trap the cells individually. At a frequency which is too low, multiple particles fit in one well, and at a 
frequency which is too high, the cells do not conform to the pattern dictated by the acoustic radiation force field (Figure 3).  
  

  
 
)LJXUH����7KHUH�LV�D�OLPLWHG�UDQJH�RI�Ȝ�'�LQ�ZKLFK�VLQJOH�SDUWLFOHV�FDQ�EH�FROOHFWHG��$ERYH�DSSUR[LPDWHO\���WKHUH�LV�VSDFH�

for more than one particle in each minimum. Within a specific range particles can be collected into a grid as shown for 6.1 
�P�SDUWLFOHV��OHIW��XSSHU���$W�IXUWKHU�UHGXFHG�YDOXHV�RI�Ȝ�'�WKH�SDUWLFOHV�IRUP�FOXPSV�DFURVV�WKH�IRUFH�SRWHQWLDO�PLQLPD��OHIt, 

lower). The optimum collection wavelength has been found experimentally for a range of particle sizes (right). It is 
observed that there is a linear relationship between wavelength and particle diameter [3]. 

 
Finally trapping of red blood cells in a flashing potential, has allowed cells to be screened by holding them statically against 
a fluid flow for visual inspection (Figure 4).   
 

     
 
Figure 4.  Red blood cells flowing (from the opening at the bottom right to that at bottom left) through the square chamber 

(left) can be captured by momentary excitation of the acoustic field (right) such that screening can take place [3]. 
 

CONCLUSIONS 
 

   This first study into acoustic single cell analysis shows the potential for using surface acoustic wave fields to trap and investigate 
multiple individually trapped cells, and highlights the intriguing underlying physics comprising the interplay between two 
acoustically generated forces. 
 
References 
[1] H. N. Joensson, H. A. Svahn: Droplet microfluidics: a tool for single-cell analysis, Angewangte Chemie Int. Ed. 51:12176, 2012. 
[2]  N. Devervaud, J. Becker, R. Delgado-Gonzalo, P. Damay, A. S. Rajkumar, M. Unser, D. Shore, F. Naef, S. J. Maerkl: A chemostat array enables spatio-

temporal analysis of the yeast proteome, Proc. Nat. Acad. Sci. 110:15842, 2013. 
[3] D. J. Collins, B. Morahan, J. Garcia-Bustos, C. Doerig, M. Plebanski, A. Neild: Two-dimensional single-cell patterning with one cell per well driven by surface 

acoustic waves, Nature Communications 6:8686, 2015. 
[4]  R. Walker, I. Gralinski, K. K. Lay, T. Alan, A. Neild: Particle manipulation using an ultrasonic micro-gripper, Applied Physics Letters 101:163504, 2012. 
[5]  T. Laurell, F. Petersson, A.Nilsson: Chip integrated strategies for acoustic separation and manipulation of cells and particles, Chem Soc Rev 36:492, 2007. 
[6]  S. Oberti, A. Neild, J. Dual: Manipulation of micrometer sized particles within a micromachined fluidic device to form two-dimensional patterns using 

ultrasound, J. Acoust. Soc. Am. 121:778, 2007. 



 

 

a) Corresponding author. Email: fpierini@ippt.pan.pl 
 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada  

PARTICLES DOUBLE LAYER EVALUATION BY ATOMIC FORCE MICROSCOPY-
OPTICAL TWEEZERS  

 
Filippo Pierini a)��3DZHá�1DNLHOVNL��6\OZLD�3DZáRZVND, Krzysztof Zembrzycki & Tomasz Aleksander Kowalewski 

Institute of Fundamental Technological Research, Polish Academy of Sciences, Poland 
 
Summary Atomic force microscopy (AFM) is the most commonly used method of direct force evaluation, but due to its technical limitations 
this single probe technique is unable to detect forces with femtonewton resolution. We present the development of a combined atomic force 
microscopy and optical tweezers (AFM/OT) instrument. The optical tweezers system provides us the ability to manipulate small dielectric 
objects and to use it as a high spatial and temporal resolution displacement and force sensor in the same AFM scanning zone. We demonstrate 
the possibility to develop a combined instrument with high potential in nanomechanics, molecules manipulation and biological studies.  
The presented study is aimed to quantify the interaction forces between two single polystyrene particles in the femtonewton scale by using the 
developed AFM/OT equipment. 
 

INTRODUCTION 
 
Materials containing suspended microparticles or nanoparticles are used extensively in fields of research and in the industry. 
In order to understand their behaviour in the liquid, the knowledge of stability and mobility of particles in the liquid is 
fundamental. In all applications it is vital to maintain single particles well dispersed and to avoid the formation of 
aggregates. For this reason, it is necessary to know the nanoscale fluid-solid interaction and the hydrodynamic properties of 
the particles. The equilibrium state and the hydrodynamic properties of many colloid's system in aqueous medium is 
affected by several environmental parameters. The addition of salt influences the stability of colloids. An explanation for 
this fact was given by the Derjaguin-Landau-Verwey-Overbeek (DLVO) theory, studying the surface charges at interfaces 
and the factors that affect the electrostatic double-layer forces [1]. This theory assumed that the interaction between two 
particles is due to the sum of the electrostatic double-layer repulsion and the van der Waals attraction. At low salt 
concentration, the double-layer repulsion is strong enough and the single particles are stable, but with increasing ionic 
strength the electrostatic repulsion is masked. If the saline concentration is high enough the colloid system will be unstable 
because the van der Waals attraction will be higher than the repulsive electrostatic barrier. 
Atomic force microscopy (AFM) was developed for nanoscale imaging purposes, where a topographical reconstruction is 
obtained by scanning the sample surface using a tip fixed on a flexible cantilever [2]. AFM is not only a useful tool to 
visualize micro and nanomaterials with high resolution but it can also be used to quantify force in the nanonewtonscale (10-9 
N). Optical tweezers were first realized by Arthur Ashkin in 1970. He was the first to observe and study light scattering on 
microparticles and the resulting gradient force. This is a technique with which it is possible to trap and manipulate 
nanometer and micrometer-sized material using a highly focused laser beam. Optical tweezers is a very sensitive technique 
used to manipulate objects with nanometer displacements and to measure forces with femtonewton (10-15 N) accuracy [3]. 
 

EXPERIMENT 
 
The combination of atomic force microscopy and 
optical tweezers (AFM/OT) in one single piece of 
equipment (Figure 1)      give us the ability to obtain 
images, to manipulate and quantify the motion and 
the forces directly in the same sample [4].                                      
This research used an atomic force microscopy 
combined with optical tweezers system (AFM/OT) to 
measure the effect of ionic strength on the 
femtonewton scale interaction force between single 
polystyrene particles at different separation 
distances. Here, we describe forces involved in single 
polystyrene colloid stability according with the 
DLVO theory. At the beginning, AFM/OT system 
ZDV�XVHG�WR�LVRODWH�D�����ȝP�SRO\VW\UHQH�SDUWLFOH�LQWR�
a microfluidic well using the dragging force of the 
trapping laser. Subsequently, a custom-made AFM 
colloidal probe cantilever in which a single 
IOXRUHVFHQW�����ȝP�SDUWLFOH�ZDV�JOXHG�WR the end of a 
tip-less AFM. It was used to quantify the interaction force between two polystyrene single particles The experiments were 

Figure 1. A sketch showing the scheme of atomic force microscopy and 
optical tweezers (AFM/OT) setup. 



carried out by approaching the trapped particle with the AFM particle probe at a constant velocity (200 nm/s) in pure water 
DQG�UHFRUGLQJ�WKH�RSWLFDO�WZHH]HUV�RXWSXW�VLJQDOV�ZLWK�D�UHVROXWLRQ�RI������I1��7KH�VDPH�H[SHULPHQW�ZDV�UHSHDWHG�LQ��� -5 M 
and 10-3 M KCl solutions in that order. 
 

RESULTS 
 

The obtained data (Figure 2) confirm that the behaviour of colloidal systems observed experimentally agrees with the 
theoretical predictions. In pure water, long range attraction is clearly measured, instead small short range repulsions that are 
still not strong enough to overcome the attractive component in the analysed range. A completely different behaviour is 
observed in presence of KCl, where no final attractive forces act in the analysed range, while repulsive forces that grow 
exponentially with decreasing particle-particle distance are visible. In all the studied systems, no interaction forces between 
the polystyrene particles could be observed at distances exceeding 450 nm.  

 
  

Figure 2. Force as a function of the relative distance between a single pair of polystyrene particles. The interaction force curves 
measured on approach between the polystyrene sphere attached to the AFM probe and the trapped sphere were collected varying KCl 

concentration: 10-3 M (blue circles; A), 10-5 M (red squares; B) and pure water (green triangles; C) at pH 7. The continuous lines 
correspond to the best fit in the particle-particle interaction range.  

 
CONCLUSIONS 

 
The hybrid AFM/OT allows quantifying the forces involved in the colloid stability with femtonewton resolution tacking in 
account only forces relative to the two analysed particles. The experiment performed using the developed instrument allows 
miming the natural colloidal system condition in which the studied single particle is completely bordered by the liquid through 
the use of the optical trap, giving us a more reliable result than similar experiment performed with AFM only. The used 
configuration can quantify the forces of interaction between single particles with good reproducibility. 
The obtained experimental results confirm the applicability of our combined system to study single particle interaction forces. It 
is shown that the polystyrene particle colloid systems are more stable in a 10-3 M KCl solution, than a 10-5 M KCl solution and 
that is, in turn, more stable than the same system in water. The change of attractive and repulsive forces at various ionic strengths 
due to the modification of double layer structure affect the stability and the hydrodynamic properties of colloid systems. 
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GROWTH AND DEPARTURE OF CONDENSATION MICRODROPLETS ON 
SUPERHYDROPHOBIC SURFACES  
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Summary This article focuses on the growth, transition, coalescence and jumping of the condensation microdroplets (< 10 µm) 
on the superhydrophobic substrates with two-tier roughness. We report a spontaneous dewetting transition of condensed 
droplets occurring on pillared surfaces with micro/nanoscale roughness, from the valleys to the tops of the pillars, owing to 
the nanotexture enhanced superhydrophobicity. Three novel wetting transition modes are observed. It is found that a further 
decreased Laplace pressure on the top side of the individual droplets accounts for such a surprising transition and self-removal 
of condensed water. Our results also show that decrease the size and the space of the micro pillars is a good strategy to realize 
spontaneous dewetting and droplet jumping. 
 
    
  Condensation of water vapor is an everyday phenomenon which plays an important role in power generation, thermal 
management, chemical processing and water harvesting. The dropwise condensation has been shown to achieve heat and mass 
transfer coefficients over an order of magnitude higher than its filmwise counterpart.1 Recently, there has been significant 
interest in developing superhydrophobic surfaces for promoting dropwise condensation.2 Such surfaces benefit greatly from 
the combination of nano-/microstructures and the inherent hydrophobicity of their chemistry, which allows attaining extreme 
non-wetting properties with vapor trapped underneath (Cassie state) and coalescence-induced self-propelled dropwise 
condensation.3 Most of the previous studies4 have applied ESEM technique to visualize growth and merging of condensed 
droplets, however, low time resolution of ESEM has limited the investigation on the dynamics of growth and coalescence-
induced jumping on such surfaces. The details and mechanisms of the growth and coalescence of microdroplets on micro/nano 
structured surfaces under natural condensation situation are still limited to date. This article focuses on growth, transition, 
coalescence and jumping of microdroplets (< 10 µm) on superhydrophobic substrates with two-tier (micro and nano) 
roughness. A moist ambient environment are employed, which allowing a systematical study of growth processes, wetting 
transitions, as well as jumping behaviors of microdroplets under optical microscopy. 

Silicon wafer substrate with square-shaped micropillars (Fig.1) with side length L and spacing S of the neighbors, are 
employed. The height H of the micropillars in this work is fixed at 5 µm. The key feature is that the surface of the micropillars 
and the bottom of the substrate are treated with the coating agent,  in which hydrophobic nanoparticles  are contained to 
guarantee excellent superhydrophobicity, i.e., even on flat one-tier nanotextured surfaces , the apparent contact angle and 
hysteresis are found to be ș = 159.2°±1.5° and ǻș = 10.2°±2.1°, respectively. There are four types of samples investigated 
with L = 2 µm, 3 µm, 4 µm, and 8.4 µm, respectively, and S = 3 µm, 4.5 µm, 6.5 µm, and 13 µm, respectively. For a 5 µL 
droplet dropped under an ambient environment, all of them demonstrate high apparent contact angles (> 160°) and low 
hysteresis (< 10°). 

 

 
Fig.1 Topology of the two-tier nano-/microstructured surface (L = 3 ȝm, S = 4.5 ȝm, H = 5 ȝm) and its roughness 
characterized by SEM in micro (A) and nanoscale (B), (C), respectively. (C) and (D) are measured on flat surfaces. (D) is 
characterized by AFM, the roughness at the nanoscale is Ra = 24.5 nm, which corresponds to a 1 µm × 1 µm area.  

 
   All the experiments are performed using an optical microscopy technique under a moist ambient environment allowing 
for focusing on the in situ dynamic characteristics of the condensed droplets, thereby overcomes the limitations of the previous 
commonly used environmental scanning electron microscopy (ESEM) technique, such as slow imaging times, narrow ranges 
of operation pressures and temperatures, as well as beam heating effects. All of the samples are placed horizontally on a peltier 
cooling stage, which is fixed on the slider of an optical microscope ZLWK� D� KLJK� UHVROXWLRQ� RI� ���� ȝP�� The laboratory 
temperature is measured at 29°C with a relative humidity of 40%. During the running of the cooling system, the temperature 
of the sample is well maintained at 10° ± 1°C. Top-down imaging of the processes is captured using a CCD camera installed 
on the microscope. 



   We report a spontaneous dewetting of condensed microdroplets on superhydrophobic substrates owing to excellent 
superhydrophobicity at the nanoscale and the geometrical topologies at the microscle. Moreover, three dewetting modes are 
observed(Fig.2). Mode I: Wetting transition of an individual droplet. Mode II: Wetting transition triggered by a coalescence 
of two neighbor droplets. Mode III: Wetting transition triggered by coalescence of a flying droplet. We not only develop a 
theoretical expression which can be utilized to predict the Laplace pressure of the droplet with no fitting parameters, but also 
construct an explicit model which links the critical size of the droplet, and the spacing and height of the micropillars. Our 
experimental and theoretical results indicate that further decreased value of Laplace pressure on the top side of the individual 
droplet leads to instability, and subsequently a surprising spontaneous dewetting without any external force. We further reveal 
that the spacing of the micropillars is essential for determining the critical size of the droplet for dewetting. We have to 
emphasize that the contact angle hysteresis of the material/structure systems plays an essential role accounting for the motion 
of the droplets, only if it is further suppressed and overcome, the spontaneous dewetting can be realized effectively. We also 
display the statistical results between the number of dewetting transitions and transition modes, as well as the influence of the 
spacing of the micropillars. From Fig.3 it is clear that the wetting transition is dominant for the microstructures with the 
smallest value of space (S = 3 µm). On the contrary, the transition phenomenon is weakest for the microstructures with the 
largest value of space (S = 13 µm in Mode I and Mode II). For Mode I, the number of transitions decreases monotonously 
with S, and our findings suggest that decreasing the space of the micropillars constitutes a favorable strategy to decrease the 
critical size of the droplet for transitions. 
  

   
Fig. 2 Three wetting transition models of the microdroplets        Fig. 3 (a) Number of transitions vs transition models; 

on the superhydrophobic substrates with two-tier roughness           (b) Number of jumping events vs number of merging droplets. 
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into account and treated via an exact time-integration method that ensures numerical accuracy and stability. The governing
equations for transport of an incompressible two-phase flow are expressed by a single field formulation:

∇ · u = 0, (1)

ρ

!
∂u
∂t

+ u ·∇u
"

= ◦ ∇P + ρg +∇ · µ
#
∇u +∇uT

$
+ ρΩ× (Ω× x) ◦ 2ρΩ× u + F (2)

The material properties such as density or viscosity are defined in the entire domain with the aid of the indicator function
I(x, t), for the density for example :

ρ(x, t) = ρ1 + (ρ2 ◦ ρ1)I(x, t) (3)

where the subscripts 1 and 2 stand for the respective phases. The fluid variables u and P are calculated by means of a projection
method. A second order Gear scheme is used for time integration. Either explicit or implicit time integration of the viscous
terms may be chosen depending on the problem. For the spatial discretization we use the well-known staggered mesh, MAC
method with second order ENO advection. The pressure and distance function are located at cell centers while the x, y and
z components of velocity are located at the faces. All spatial derivatives are approximated by standard second-order centred
differences. The code BLUE [4] is written in Fortran 2003 which allows the definition of a set of dynamically allocated derived
[data] types and generic procedures associated with the matrix of procedures, grids, scalar and vector fields, operators as well
as the various solvers used in the Navier-Stokes and Lagrangian Tracking modules. The parallelization of the code is based on
an algebraic domain decomposition technique where the velocity field is solved by a parallel GMRES method for the viscous
terms and the pressure by a parallel multigrid method. Communication is handled by MPI message passing procedures able
to be run on a simple laptop up to high performance supercomputers. The method for the treatment of the fluid interfaces uses
a hybrid Front Tracking/Level Set technique which defines the interface both by a discontinuous density field as well as by
a local triangular Lagrangian mesh. This structure allows the interface to undergo large deformations including the rupture
and/or coalescence of fluid interfaces. The geometry of the nozzle is handled in the code by a module for the definition of
immersed solid objects and their interaction with the flow for both single and two-phase flows.

CONCLUSION

We demonstrate through the simulation of two examples of jet flows the capabilities of BLUE, a new high performance
parallel numerical code for the simulation of two-phase incompressible flows. The code combines high-fidelity algorithms
for Lagrangian tracking of deformable phase interfaces for a precise treatment of surface tension forces, interface advection
and mass conservation. The parallel structure allows calculation on highly refined grids of highly deforming fluid interfaces
including rupture and coalescence. BLUE is, to our knowledge the first implementation of Lagrangian tracking on massively
parallel architectures and is limited only by availability of computing resources as it has been run on up to 131072 cores on
the IBM BlueGene/Q machine at the CNRS IDRIS computing center in Orsay, France.
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INFLUENCE OF NOZZLE SHAPE ON THE BREAK-UP OF NON-NEWTONIAN INK JETS
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Summary The present work consists in an experimental study of the influence of nozzle shape onto the break-up of ink jets. Experimental
data are obtained using a Continuous Ink Jet printing device and three low-viscosity inks. Several nozzle dimensions and shapes are
investigated for different stimulation amplitudes. Droplet and satellites dynamics as well as jet break-up lengths for each fluid are compared
and discussed with the numerical nozzle velocity profiles.

INTRODUCTION

Continuous Ink Jet printing technology relies on the efficient break-up of a micrometric ink jet issuing from a nozzle at
very high speed. A periodic radius stimulation has to be applied to the fluid in order to trigger the capillary instability known
as Rayleigh-Plateau instability. In order to widden the printability range of CIJ devices, one can take advantage of non-
newtonian fluid properties like shear-thinning or viscoelasticity. The present work focuses on the influence of the nonlinear
coupling between nozzle shape and rheological properties of inks and its influence onto the break-up dynamic. The shape
of the jetting nozzle has a major influence on the velocity profile in the jet, which, in turn, influences the instability growth.
Non-newtonian fluids behavior also involves modifications on the velocity profile and its relaxation when the jet leaves the
nozzle. These statements motivated the present work and the understanding of interactions between nozzle shape and complex
rheological properties.

EXPERIMENTAL SETUP

The experimental setup used for this study is shown on figure (1). The jet is stimulated by a piezoelectric actuator at a
constant frequency of several kiloHertz. The stimulation frequency and pressure gradient are chosen in order to guarantee a
wave number close to the optimal wave number calculated by Rayleigh [1]. A JetXpert R⃝ camera and a strobe light synchro-
nized with the jet stimulation are used to observe jet and droplets. This setup is similar to the Rayleigh-Ohnesorgue Jetting
Extensionnal Rheometer (ROJER) presented in [2] for the characterisation of elongationnal properties of weakly viscoelastic
solutions.

Figure 1: Experimental setup for ink jet break-up observation

Five micrometric home-designed nozzles with various shapes but a constant outlet diameter are compared. Tested fluids
are low viscosity inks made of polymeric chains of various length and flexibility. The apporpriate choice of polymer made
it possible to obtain three inks of comparable density, zero shear viscosity, and surface tension which display three distinct
behavior : a newtonian behavior, a shear thinning behavior, and a viscoelastic behavior. Hence, a complete characterisation
of rheological properties of inks has been performed beforehand. First of all, shear thinning characterisation has been made
using a capillary rheometer (m-VROC from RheoSense) to obtain the dynamic viscosity at high shear rates (∼ 5 × 105 s−1)
and a rotationnal rheometer (ARG2 from TA-Instruments) to obtain the dynamic viscosity at low shear rate (∼ 100 s−1).
Furthermore, elongationnal properties of our polymer solutions were obtained using the ROJER method.
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Summary The moving contact line problem is one of the remaining unsolved fundamental problems in fluid mechanics. At the heart of
the problem is its multiscale nature: a nanoscale region close to the solid boundary where the continuum assumption breaks down, must be
bridged with a macroscopic region where the usual laws of hydrodynamics apply.
At the macroscale, we review our recent effort to show that direct matching between the inner (nanoscale) region and the outer (macroscale)
region is possible through an overlap domain, thus simplifying the analysis presented to date in the literature. Our analysis is also in
agreement with results from diffuse interface approaches.
At the nanoscale, the density profile at the contact line region is obtained using classical density-functional theory. This is used in combi-
nation with extended Navier-Stokes equations to compute advancing and receding contact lines. Our results are compared with predictions
from molecular kinetic theory.

INTRODUCTION

It is well known that applying classical hydrodynamic equations to the moving contact line problem leads to a non-
integrable stress singularity. Typically, it is concluded that the continuum assumption breaks down in the vicinity of the
contact line and that nanoscale effects relieve the singularity. The main challenge in modelling the moving contact line is
therefore twofold: First, the outer region (macroscopic) contact angle visible to the naked eye needs to be linked to the inner
region contact angle at the nanoscale by bridging several lengthscales. Second, physical effects at the nanoscale need to be
included in a self-consistent manner to predict the dynamic contact angle in the vicinity of the contact line.

In Ref. [8], we showed that the classical asymptotic analysis presented in Refs. [1, 3, 9], linking the inner region to the
outer region via a viscocapillary balance can indeed be done in a systematic asymptotic manner and without the need for an
intermediate region. Here, it is shown that our asymptotic results for the macroscopic equations are in agreement with diffuse
interface computations, which also allow us to extract an effective slip. We then compute the nanoscale behaviour in the
vicinity of the contact line by employing density-functional theory (DFT) in a dynamic setting. Our results compare well with
predictions from molecular kinetic theory (MKT).

THE VISCOCAPILLARY BALANCE

In our recent work in Ref. [8], we demonstrated that direct matching
between the inner and the outer region is possible without the need for
an intermediate region as done in the literature. Therefore, any self-
consistent model for the inner region should include the full overlap
region, where viscous and surface tension forces balance (the viscocap-
illary region). We test this statement by modelling a binary fluid of two
immiscible species using diffuse interface Navier-Stokes/Cahn-Hiliard
(NS/CH) equations. In this case, the contact line singularity is relieved
via diffusion along the substrate and along the fluid interface. The inner
region length scale is defined by the diffusion length, which is indepen-
dent from the interface thickness. For the computations presented here,
the inner region is singled out following ideas outlined in Ref. [6].
In Fig. 1, it is shown that the model captures the full viscocapillary
region. In particular, it is evident that away from the substrate, the slope
of the fluid interface increases logarithmically with the distance to the
substrate, in agreement with asymptotic results. The slip length, which
here is employed as a fitting parameter, is shown to converge to approx.
0.45 ± 0.02 times the diffusion length. Away from the substrate, it can
be shown that classical boundary conditions are retrieved at the fluid
interface, as predicted analytically in Ref. [7].
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Figure 1: Angle of inclination of the fluid inter-
face in [◦] as a function to the distance to the con-
tact line r (black symbols) and fit to the viscocap-
illary balance (magenta line). Inset: Slip length
λ as a function of the Cahn number Cn.
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THE NANOSCALE

A more accurate description of the nanoscale effects in the vicinity of the contact line for a single fluid of spheres with
diameter σ can be obtained by using DFT. This self-consistent statistical mechanics framework for equilibrium systems allows
to model density oscillations close to the wall due to hard-sphere packing effects, as well as long-range dispersion forces. The
density structure at the equilibrium contact line has been analysed in detail in Refs. [4, 5]. Here, we combine this equilibrium
theory with the extended NS-like equations derived in Ref. [2], and compute advancing and receding contact lines (see Fig. 2).
Computational results are compared with predictions from linear MKT theory, giving a good agreement.
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Figure 2: Dynamic DFT (DDFT) computations at the moving contact line. Left subplot: Density isolines (blue, green and red
solid lines), and velocity field in the moving frame of reference (black solid streamlines and arrows). y1 and y2 are coordinates
in direction parallel and perpendicular to the substrate, respectively. Right subplot: Contact line velocity UCL vs. force acting
at the contact line, where γlv is the liquid-vapour surface tension and θeq is the equilibrium contact angle. Coloured symbols
are results from DDFT, with initial and equilibrium contact angles given in the legend. Black solid and dashed lines are fits to
the prediction from linear MKT for receding and advancing contact lines, respectively.

CONCLUSIONS

Modelling a binary fluid contact line by NS/CH equations reveals the overlap between the inner and the viscocapillary
region at the contact line, as shown in our previous effort for macroscopic/sharp-interface modes. The NS/CH computations
also allow us to extract an effective slip length. For simple fluids, ideas from DFT are used in a dynamic framework to predict
the inner region contact angle at the nanoscale. Results show a good agreement with linear MKT theory.
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Summary The flow near a receding contact line on a hydrophobic surface was measured using a particle tracking velocimetry 
from two different experimental techniques: multi-layer flood illumination and Total Internal Reflection Fluorescent 
Microscopy. The high speed receding contact line motion was generated using a liquid bridge instability by stretching a liquid 
bridge formed between a syringe and a hydrophobic substrate. Significant apparent slip is observed and the derived slip velocity 
appears to be inversely proportional to the distance from the contact line, while the slip length changes from O(10 nm) to 
O(1u\µm) toward the contact line singularity. 
 

INTRODUCTION 
 
   The boundary condition at a moving contact line remains as a challenge to the continuum description of fluid mechanics 
since it was first identified by Huh and Scriven [1]. When the no slip boundary condition applied to a creeping flow 
solution, the velocity at the contact line becomes multi-valued and the corresponding shear stress diverges infinitely. The 
resolution of this apparent paradox has become a lively topic of debate with suggestions ranging from the use of a slip 
model, a diffuse interface model, a variational method, molecular kinetic theory and the interface formation/disappearance 
model, to name a few [2]. Unlike the multifaceted theoretical debates, however, a few detailed, high resolution 
measurements of the boundary condition near a moving contact line have been made. In this work, we present particle 
tracking velocimetry (PTV) measurements of apparent slip near a receding contact line on a hydrophobic surface from two 
independent experimental techniques, multi-layer flood illumination and Total Internal Reflection Fluorescence Microscopy 
(TIRFM).  
 

EXPERIMENTAL METHODS 
 
   The experimental setup for flood illumination and objective-
based TIRFM on an inverted microscope is shown in figure 1. A 
V\ULQJH� QHHGOH� ZLWK� D� UDGLXV� RI� ��� ȝP� ZDV� ORZHUHG� XVLQJ� D�
micro-stage until the pendant water droplet forms a liquid bridge 
in contact with a hydrophobic coverslip glass (contact angle of 
110.8°). By retracting the syringe, a pinch-off instability was 
generated which generates a moving contact line that initially 
retreats slowly, in a quasi steady manner, but then accelerates to 
become a rapidly moving contact line as the liquid bridge 
pinches off to form a small droplet on the surface.  Contact line 
velocities ranging from 15�� WR� ����� ȝP�V� ZHUH� repeatedly 
generated in this manner. The water filling the syringe was 
purified and mixed with 0.01% vol. fraction of fluorescent 
polystyrene particles (300 nm diameter). The fluorescent signals 
from either flood illumination or TIRFM were captured with a 
100X objective and a 1.5X internal lens and recorded at 2000 
fps with a CMOS camera coupled to a two-stage photon 
intensifier via 1:1 relay lens. The room temperature and 
humidity were regulated between 20 to 22°C and 10 to 20%, 
respectively. For multi-layer flood measurements, the objective 
was initially focused on the particles stuck on the glass and vertically translated twice in steps of ��ȝP, for a total of three 
measurements. The mean vertical distances for each layer were computed accordingly from the depth of focus 800 nm of 
the objective and the size of particles. For TIRFM measurements, the penetration depth of the exponentially decaying 
evanescent field was measured as 214 nm. From the recorded images, contact line and particle positions were detected using 
a Canny edge detection algorithm and Gaussian fitting, respectively. The SPTV using Kalman filtering was implemented to 
reduce noise in particle velocities from Brownian motion and measurement error. Using more than 100,000 filtered particle 
trajectories, the velocity field was estimated using 2-D log-normal kernel density estimation.  

Figure 1. Experimental setup of flood illumination 
and total internal fluorescent microscopy. (į��
observation region, dz: interval between each depth 
of focus, ș��ODVHU�EHDP�LQFLGHQW�DQJOH� 



 
 

Figure 2. Flood illumination measurement of (a) normalized mean velocity near a substrate,  
(b) normalized slip velocity at the substrate, and (c) slip length near a moving contact line.  

 
RESULTS 

 
   A result from multi-layer flood illumination is presented in Figure 2 with grey lines indicating standard errors. The 
particle velocities from the measurements are normalized by the corresponding contact line speed, Uc and are used to 
construct the velocity profile, U(z), as a function of the distance from the contact line, x. In Figure 2(a), um is the mean 
velocity obtained from the bottom layer, with a mean distance of 300 nm from the glass surface. When x ����ȝP��WKH�PHDQ�
velocity um/Uc exhibits a power law dependence of x-1. In figure 2(b), the slip velocity us was obtained by linear 
interpolation of the multi-layer measurements. Again, a power law dependence, us ~ x-1 is observed until x a����ȝP�ZKHUH�us 
become indistinguishable from the minimum resolvable velocity. Interestingly, in figure 2(c), the slip length, ls, which is 
computed from the slip velocity and the shear rate, both derived from the linear interpolation, also exhibits a power law 
close to ls ~ x-1. At x > ���ȝP��WKH�VOLS�OHQJWK�LV�LQ�WKH�RUGHU�RI����QP��ZKLFK�LV�FRQVLVWHQW�ZLWK�WKH�SUHYLRXV�VWXGLHV�RI�VOLS�
length measurements between liquid-solid interface from a microfluidics channel [2]. 
 

CONCLUSIONS  
 
7KH�UHVXOW�SUHVHQWHG�KHUH�LV�TXLWH�VWDUWOLQJ�DV�WKH�DSSDUHQW�VOLS�OHQJWK�EHFRPHV�DV�KLJK�DV�LQ�WKH�RUGHU�RI��ȝP�FORVH�WR�WKH�

moving contact line. On the other hand, the universal power law dependence of us ~ x-1 at various contact line speeds agrees 
with the theoretical analysis by Dussan [3]. The experimental artifacts such as particle size effect, near-surface particle-wall 
interaction, heating from the illumination, and measurement bias from a certain experimental technique have been ruled out 
as possible sources of error. The measurements from TIRFM with different size of particles will be presented in a future 
publication. The x-1 power law also is consistent with our previous measurement with a receding contact line at a low speed 
[4]. To the authors¶ best knowledge, our result is the first quantitative nanoscale observation of apparent slip near a moving 
contact line over a range of speeds, which can be utilized to test existing theoretical models. 
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Summary We focus on the regime at low capillary number, where the droplet keeps a circular shape in the horizontal plane. Parametric
studies are performed on the droplet horizontal radius and the capillary number, and particular attention is paid to the effect of the lubrication
film on the droplet velocity. For droplets with an horizontal radius larger than half of the channel height, the droplet overfills the channel and
a lubrication film is formed between the droplet and the wall. The lubrication film is shown to have a strong impact on the droplet migration
velocity and the three-dimensional flow structure.

INTRODUCTION

A comprehensive understanding of droplet migration in confined microchannels is essential to many microfluidics appli-
cations i.e. for performing biochemical or chemical assays or to observe liquid-liquid extraction. Droplets are unit systems of
controlled volume and content characterized by a radius R, within which mixing, reacting and/or transferring can be achieved.
Rectangular confined channels with a width significantly larger than the height H are commonly used in microfluidics devices.
The 3D simulations of droplet migration in a microchannel are challenging as well, in particular for droplets with large ratio
R/H and small capillary number Ca which measures the relative importance of viscous stresses compared to surface tension.
Numerical simulation can give supplementary information about droplet shape, streamlines, velocity patterns, stresses, which
is difficult to extract from experimental data. We investigate the droplet migration in a Hele-Shaw microchannel through 3D
direct numerical simulations. The capillary number (2.3 10−2) of the droplet is considered to be small enough so that the
horizontal shape of the droplet is near-circular. Particular attention will be paid to the effects of the lubrication film on the
droplet dynamics to study the flow patterns around the droplet.

EQUATIONS

We use the incompressible (∇U = 0), three-dimensional variable-density NavierStokes equations with surface tension:

ρ

!
∂U

∂t
+ U∇U

"
= ◦ ∇p +∇(2µD) + σκδn̄

with D the deformation tensor, U = (u, v, w) the fluid velocity, ρ = ρ(x, y, z, t) the fluid density, µ = µ(x, y, z, t) the
dynamic viscosity. The Dirac distribution function δ expresses the fact that the surface tension term is concentrated on
the interface; σ is the surface tension coefficient, κ and n̄ the curvature and normal to the interface. For two-phase flows
we introduce the volume fraction c(x, y, z, t) of the first fluid and define the density and viscosity as a function of c. The
Navier-Stokes equations are solved using a finite volume approach based in a projection method. The spatial discretization
is done using a octree cubic cells allowing dynamical grid refinement in the lubrication film and the accurate computation
of the surface tension at such small scales. The numerical problem is solved using the open-source package Gerris [1]. The

Inflow

Outflow
Ly

Lx

Lz Uw

Uf − Uw

Figure 1: Microfluidic configuration: channel width is H , velocities are Uf the mean flow velocity and Ud the droplet velocity.

computational domain for 3D droplet migration in a Hele-Shaw microchannel is shown in Figure 1 where it is assumed that
the droplet motion and the corresponding flow are symmetrical in the y and z directions, with respect to the planes y = 0 and
z = 0. Taking the half-height of the channel H as the typical length scale, the length, height, and width of the computational
domain are taken as Lx= 16H , Ly = H , andLz = 8H . An inflow boundary condition is imposed on the left of the domain
with a parabolic velocity profile.
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SLIP FLOW IN COLLASPING MICROCHANNELS

Krishnashis Chatterjee1 and Anne Staples∗2

1,2Department of Biomedical Engineering And Mechanics, Virginia Tech, Blacksburg, Virginia, U.S.A

Summary In this study we investigate the effects of rarefaction on the flow through a two-dimensional microchannel driven by periodi-
cally collapsing walls. The Navier Stokes equations are linearized using lubrication theory assumptions, and slip boundary conditions are
imposed. Two up-down symmetric collapse sites in the channel are periodically actuated. The axial and vertical velocities, axial pressure
gradient, and time averaged flow rates are found as a function of the phase lag between the two contraction sites, with and without slip. The
optimal phase lag that maximizes the flow rate increases with the value of the slip parameter, from approximately 60◦ for no slip to approx-
imately 70◦ for the largest value of the slip parameter considered, β = 0.1. As is the case for pressure driven flow through a microchannel,
adding slip is found to reduce the rate of contraction-driven flow through the microchannel.

INTRODUCTION

Here, we extend the results of earlier studies [1],[3],[4],[7]. In that series of papers, inspired by features found in insect
respiration, periodic collapses were established as a means for driving flow through a microchannel. In the earlier studies,
only the upper wall of the channel contracted, and no-slip boundary conditions were imposed at the walls. The current study
extends the earlier results by adding first-order slip boundary conditions and imposing contractions on both the upper and
lower walls. These symmetric collapses are necessary in order to obey the assumptions of the slip flow model used. Slip
effects can be assumed to occur in regions of insect tracheal networks, since the working fluid is air near atmospheric pressure
and the diameter of the tracheal tubes for typical insects ranges from 1 to several hundred micrometers. Thus, the current
study investigates the bio-inspired regime of low-Reynolds number flow in a microchannel with rarefaction effects.

PROBLEM FORMULATION

The incompressible flow in a two-dimensional rectangular microchannel is considered. The channel length L is assumed
to be much greater than the width W so that δ = W/L << 1. The upper and the lower wall contraction profiles are functions
of time and distance from the beginning, and are given by H2(x, t) and H1(x, t) respectively.

For the microscale flow we can assume the Reynolds number to be of the same order of magnitude as the reciprocal of the
channel aspect ratio, according to the lubrication theory assumptions. Neglecting the convective terms, the simplified form of
Navier Stokes becomes

∂u

∂x
+
∂v

∂y
= 0 (1)

◦ ∂p

∂x
+
∂2u

∂y2
= 0 (2)

∂p

∂y
= 0. (3)

Using the following boundary conditions

(i) at y = H1(x, t), u = β ∂u∂y , v = ∂H1
∂t

(ii) at y = H2(x, t), u = β ∂u∂y , v = ∂H2
∂t

(iii) at x = 0, p = po(t)
(iv) at x = 1, p = pL(t).

we derive the expressions for the axial velocity, pressure gradient, total pressure and time averaged flow rate.

∗Corresponding author. Email: staplesa@vt.edu
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Figure 1: Time averaged net flow rate plotted for different phase lag values over an entire cycle at x = 0., the midpoint of the
channel.

RESULTS

Three different values of the slip parameter β were considered, 0 (representing no-slip conditions), 0.001 (low-slip con-
ditions), and 0.1 (high-slip conditions). Two collapse sites, one located at 0.25L and the other at 0.75L, were actuated
periodically. Details of the actuation and collpase functions can be found in [5] and [7]. We found that both the axial velocity
and pressure gradient have higher values in the contraction regions of the channel, regardless of the value of the slip parameter.
The velocity and the pressure gradient values for first half of the cycle (collapse) are identitical to that of the second half (re-
expansion) in case of zero degree phase lag (i.e., collapse at the same time), regardless of the value of β, but for other phase
lag values they differ. It is this temporal symmetry breaking between the first and the second half of the cycle that causes
the unidirectional flow in the channel. Also, as seen in Figure 1, the time averaged flow over an entire cycle is significantly
lower in case of double wall contractions than in the case of single (upper) wall contractions, even though the change in cross
sectional area is preserved. This is because the momentum injected into the flow toward the center of the channel from the
upper and lower walls tends to cancel. In Figure 1 it can also be seen that the introduction of slip reduces the net flow rate,
with the reduction being proportional to the value of the slip parameter, β.

CONCLUSIONS

From the present study we conclude that in the absence of slip the time averaged flow rate is lower when both walls
contract compared to when just a single wall contracts, even though the total reduction in cross-sectional area is the same in
both cases. Adding slip decreases the flow rate further, with the reduction in flow rate found to be proportional to the value of
the slip parameter β. The motivation of this study was to investigate the effect of slip boundary conditions on the fluid flow
in microchannels driven by symmetric wall contractions. It can be concluded that adding slip to these flows decreases the net
flow rate substantially. It has been established both theoretically and experimentally that adding slip to pressure-driven flow
through a microchannel reduces the flow rate [6]. The results of this study indicate that the same is true for contraction-driven
flow through a microchannel.

References

[1] Y. Aboelkassem and A.E. Staples, Selective pumping in a network: insect style microscale flow transport, Bioinspiration and biomimetics. Vol. 8, No.
2,026004

[2] S. Uchida and H. Aoki, Unsteady flows in a semi-infinite contracting or expanding pipe, J. Fluid Mech. 82 (1977), 371-387.
[3] Y.Aboelkassem and A.E.Staples, A three-dimensional model for flow pumping in a micro channel inspired by insect respiration, Acta Mech 225,

493-507(2013)
[4] Y. Aboelkassem and A.E.Staples, Stokeslets-meshfree computations and theory for flow in a collapsible micro channel, Theoretical and Computational

Fluid Dynamics. Vol. 27, Issue 5, 681-700,(2013)
[5] Y. Aboelkassem, A.E. Staples, and J.J. Socha, Microscale flow pumping inspired by rhythmic tracheal compressions in insects, Proceedings of the

ASME Pressure Vessels and Piping Conference, PVP2011 (2011), 57061.
[6] A. Agrawal, A comprehensive review on gas flow in microchannels, Volume 2, Number 1, (2011).
[7] Y. Aboelkassem, A.E. Staples, Flow transport in a micro channel induced by moving wall contractions: a novel micro pumping mechanism, Acta

Mech 223, 463-480 (2012).



�

�������� �-� 2()1�/!/%0��,)6)-'� .&� &+3)$1� )-�,)#0.#(!--%+1�31)-'��� %+%#20..1,.2)#������ &+.51�5)2(� !17,,%20)#� %+%#20.$%1� !0%� 123$)%$��

�&&%#21�.&�'%.,%20)#�/!0!,%20)#�.&� 2(%�!17,,%20)#� %+%#20.$%1�.-�2(%�,)6)-'� %&&)#)%-#7�!0%� )-4%12)'!2%$�31)-'�-3,%0)#!+� 1),3+!2).-�,%2(.$1��

�6/%0),%-2!+�0%13+21� )-������"!1%$�,)#0.&+3)$)#�#()/1�!0%�#.,/!0%$�5)2(�-3,%0)#!+�0%13+21�2.�#.-&)0,�%-(!-#%$�,)6)-'�)-�2(%�,)#0.,)6%0��

!-$�./2),!+�$%1)'-�.&�2(%�!17,,%20)#�����%+%#20.$%1�)1�/0./.1%$��

�

� � � �)6)-'� )1� %11%-2)!+� )-� ,!-7� ,)#0.&+3)$)#� $%4)#%1�� %1/%#)!++7� &.0� 2(.1%� /%0&.0,)-'� ").#(%,)#!+� !11!71� .0� #(%,)#!+�

0%!#2).-1���3%�2.�2(%�1,!++�#(!0!#2%0)12)#�$),%-1).-1�.&�,)#0.&+3)$)#�#(!--%+1�� &+3)$�&+.5�)1�#(!0!#2%0)8%$�"7�+.5��%7-.+$1�

-3,"%01�!-$�,)6)-'�.&�&+3)$�120%!,1�)1�+),)2%$�2.�,.+%#3+!0�$)&&31).-���)#0.,)6%01�!0%�'%-%0!++7�$)4)$%$�)-2.�25.�'0.3/1��

/!11)4%�,)#0.,)6%01� 2(!2�32)+)8%� '%.,%20)#!+�,)6)-'�"7� 2(%)0�/(71)#!+� 1203#230%1� !-$� !#2)4%�,)#0.,)6%01� 2(!2�31%�,.4!"+%�

/!021�.0�%62%0-!+� &.0#%1� +)*%�/0%1130%��%+%#20)#�.0�,!'-%2)#� &)%+$�%2#�� �	 ����%+%#20.*)-%2)#1�(!1�"%%-�%,/+.7%$�%62%-1)4%+7�

&.0� ,)6)-'� .&� &+3)$1� )-� ,)#0.#(!--%+1�� ���� &+.5� 5)2(� !� /!)0� .&� !17,,%20)#� %+%#20.$%1� (!1� "%%-� $%,.-120!2%$� 2.� "%�

%&&%#2)4%� )-� ,)6)-'� .&� 25.� &+3)$� 120%!,1� �
 �� �(%� '.!+� .&� 2()1� 5.0*� )1� 2.� )-4%12)'!2%� 2(%� %&&%#21� .&� %+%#20.$%� '%.,%20)#�

/!0!,%2%01� .-� 2(%� ,)6)-'� %&&)#)%-#7� )-� 2(%� ,)#0.�#(!--%+�� !-$� /0.4)$%� '3)$%+)-%1� &.0� 2(%� ./2),!+� $%1)'-� .&� ����

,)#0.,)6%01�5)2(�!17,,%20)#�%+%#20.$%1��

�

� � � �-�2(%�,)#0.,)6%0��!-2)�17,,%20)#���4.+2!'%1�!0%�!//+)%$�.-�2(%�25.�#.�/+!-!0�0%#2!-'3+!0�%+%#20.$%1�&!"0)#!2%$�.-�2(%�

".22.,�.&� 2(%�,)#0.#(!--%+�� !1� 1(.5-� )-��)'�	���%.,%20)#� !17,,%207� .&� 2(%� %+%#20.$%1� 0%13+21� )-����� &+.51�5)2(� 25.�

!17,,%20)#�#.3-2%0�0.2!2)-'�0.++1�.&� &+3)$�,.2).-�!".4%�2(%�25.�%+%#20.$%1� ��)'��
��� �20%2#()-'�!-$� &.+$)-'�.&� 2(%�,!2%0)!+�

)-2%0&!#%�"%25%%-�2(%�25.�&+3)$�120%!,1�)1�1)'-)&)#!-2+7�%-(!-#%$�!-$�,)6)-'�)1�(%-#%�),/0.4%$��

�������������

�������������	����������������

�

�

�

�

��

�������� �

����������
��������������������	��������
��	���

	������ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 	������

�

�

�

�����������
	�
���3'312�
�	����.-20%!+��!-!$!

����������
��	�	�����������������������������������������������

�

�!-�(%-

�

	!����3!��)3	���%-'��(!-'	����3!-2!)��3	�
�
������������� ��������������� �����
������������ �������������	������������������������������



��	������

+�,� )-93�*���-93�%��%@4�*����94-9/1819?�:2� 5C593� 59�-� 5/=:/4-9917�.D�'>593�����71/?=::>8:?5/��221/?��#=:/110593>�:2� !�&�		�� 5/=:�!-9:>/-71�

�1-?�&=-9>21=��9?1=9-?5:9-7��:921=19/1�&-59-9��&-5B-9���		���

���
�����������
��	����

+�,�

�

���

�=:B9� �������� %85?4� ������ $19951� ��$��#@8;593� :2� )-?1=� B5?4� ����71/?=5/� �5170>� �;;7510� ?:� �>D881?=5/� #-5=>� :2�  5/=:171/?=:01>��

�	
��	��
�����			��

%?1-0D� ��� 59/:8;=1>>5.71� !-A51=�%?:61>� 1<@-?5:9>� -=1� >:7A10� 9@81=5/-77D� ?:� :.?-59� ?41� ���"� 27:B� 59� ?41�

85/=:/4-9917�� B5?4� ���"� >75;� A17:/5?D� .:@90-=D� /:905?5:9>� +�,� :9� ?41� 171/?=:01� >@=2-/1>�� �:9/19?=-?5:9� 05>?=5.@?5:9� 5>�

3:A1=910�.D�-�>?1-0D�/:9A1/?5:9�0522@>5:9�1<@-?5:9��&41�/:@;710�27@50�27:B�-90�8->>�?=-9>21=�;=:.718�5>�>:7A10�59��:8>:7�

 @7?5;4D>5/>���	��&41�85C593�1225/519/D�5>�/-7/@7-?10�?:�.1�>?-90-=0�01A5-?5:9�:2�/:9/19?=-?5:9�59�?41�=135:9�:2�59?1=1>?�� �

&41�/45;>���53�����2:=�3191=-?593����"�-=1�2-.=5/-?10�:9�-�37->>�>@.>?=-?1��B5?4�-�3:70�7-D1=�1A-;:=-?10�-90�;-??1=910�?:�

.1� 171/?=:01>�.D� -�B1?� 1?/4593�;=:/1>>��&41�*� >4-;10�85/=:27@505/� /4-9917���/8� 7:93���		 8�B501� -90� 
		� 8�011;�� 5>�

8-01� :2� #� %�@>593� >?-90-=0� >:2?�75?4:3=-;4D� ?1/495<@1>� -90� ;=1/5>17D� .:9010� :9?:� ?41� >@.>?=-?1� -2?1=� :CD319� ;7->8-�

?=1-?819?���9����>539-7�B5?4�;1-6�?:�;1-6�A:7?-31�

������ �
��� ��

� �

��

##

�

( �
�
(�-?� 
	6�E�5>�-;;7510�:9�?41�171/?=:01>�� 5C593�1225/519/D�59�

?41�><@-=1�=135:9�59��53����.��5>�/-7/@7-?10�-/::=0593�.D�27@:=1>/19/1�58-3593�?:�.1������B45/4�5>�59�3::0�-3=11819?�B5?4�-�

9@81=5/-77D�/:8;@?10�A-7@1�:2�����

�221/?>� :2� 171/?=:01� 31:81?=5/� ;-=-81?1=>� -=1� ?419� >?@0510� 9@81=5/-77D��  5C593� 1225/519/51>� -?� -� 25C10� /=:>>� >1/?5:9�

0:B9>?=1-8� ?41� 171/?=:01>� -=1� ;7:?� 59� �53�� � 2:=� 05221=19?� :22>1?� 05>?-9/1� �05>?-9/1� .1?B119� ?41� /4-9917� /19?1=� 7591� -90�

171/?=:01�3-;�/19?1=�7591��-90�05221=19?�B50?4�B��:2�?41�?459�171/?=:01���?�5>�/:9/7@010�?4-?�85C593�1225/519/D�59/=1->1>�B5?4�

59/=1->593�>5E1�=-?5:�:2�?41�?B:�171/?=:01>��B419�?41�>5E1>�:2�?41�?B:�171/?=:01>�-=1�25C10��:;?58-7�85C593�/-9�.1�-/451A10�52�

?41�5991=�1031�:2�?41�?459�171/?=:01�/:59/501>�B5?4�?41�/4-9917�/19?1=�7591��595?5-7�59?1=2-/1�:2�?41�?B:�27@50>���->�5>�?41�/->1�59�

�53�� ��� �:=� ?41� /:9253@=-?5:9� 59� :@=� >?@0D�� B419� B
��	 8�� B��
	 8�� 171/?=:01� 3-;� ��
	 8�� ?41� :;?58-7� 85C593�

1225/519/D�/-9�.1�->�7-=31�->������/:8;-=10�?:�?41�A-7@1�:2�����B5?4:@?����"�27:B>�� 5C593�1225/519/D�:2�?41�85/=:85C1=�

-7>:�59/=1->1>�B5?4�01/=1->593�3-;�.1?B119�?41�171/?=:01>��-90�59/=1->593�7193?4�:2�?41�171/?=:01>�� �

�

�

� � �

����������� �

����������������������������������������������������������������������

����

����������

�

+
,� *-93�!3�)����:4�%����-8�*��������.5->10�����171/?=::>8:?5/�-90�����171/?=:?41=8-7��7:B� 5C593�59� 5/=:/4-9917>�� ��	���	����		���



 

 

a) Corresponding authors. Email: rykhit@hit.edu.cn and jhy_hit@hit.edu.cn. 
 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada  

OSMOLARITY-CONTROLLED SWELLING BEHAVIORS OF DUMBBELL DOUBLE 
EMULSIONS 

 
Likai Hou, Yukun Rena), Xuewei Guan, Yankai Jia, Qingming Hu & Hongyuan Jianga) 
School of Mechatronics Engineering, Harbin Institute of Technology, Harbin, China 

 
Summary We report a microfluidic approach to fabricate osmolarity-responsive dumbbell Water-in-Oil-in-Water(W/O/W) double emulsion 
with precisely osmolarity-controlled swelling behaviors. By using different concentration of KCL in the inner droplets and that in collection 
solutions, we independently control the swelling speed and size of each droplet in the dumbbell double emulsion. Interestingly, this osmolarity-
controlled swelling behaviors of inner droplets facilitate two different kind of transformation in the dumbbell emulsion. One is core-coalescence 
between two inner droplets, when the two inner droplets have similar size and concentration of KCL. Another one is swelling-breakdown of 
one inner droplet, when the two inner droplets have different concentration of KCL. The swelling-caused core-coalescence behavior in a 
dumbbell double emulsion establishes a new reactor for protecting reaction materials and products from being contaminated or released. In 
addition, swelling-breakdown behavior has the potential for controlling release of important active ingredients. 
 

INTRODUCTION 
   The advance in the microfluidic technologies provide new means for microencapsulating active ingredients such as 
drugs, microbes, living cells, and functional materials in isolated spaces, and separating them from the outer environment[1]. 
For instance, the core-shell double emulsions and the resulting microcapsules are thus attractive candidates in a wide range 
of applications, from materials science such as the synthesis of functional particles and fibers, to drugs for therapeutic 
applications, to components for cosmetics and food additives. To achieve these applications, the double emulsions or 
capsules have to be exposed to a range of specific stimulus to trigger the inner cores break or coalesce, such as mechanical 
stress, changing in PH or temperature, changing in the external chemical environment, or UV exposure[2-4]. In addition, the 
shape and size of an emulsion and capsule plays an important role in these trigger process. Thus, more active stimuli and 
shaped emulsions and capsules should be designed to enable the trigger process easier and more accurate, and extend the 
range of applications in variety areas. 
 

RESULT AND DISCUSSION 
   In this work, we report fabrication of osmolarity-responsive dumbbell double emulsions with two different inner cores, 
which have precisely osmolarity-controlled swelling behaviors. As shown in Figure 1 a), we use a capillary microfluidic 
device to develop dumbbell Water-in-Oil-in-Water(W/O/W) double emulsions. The middle oil phase is 
Polydimethylsiloxane(PDMS), which allows the diffusion of only low-molecular weight molecules such as water, 
antibiotics, and signalling molecules. Moreover, its excellent bioinertness and biocompatibility are suitable for 
encapsulating important actives[5]. The inner droplet cores are KCL solutions. The outer phase is a 5 wt % Poly(vinyl 
alcohol) (PVA) aqueous solution.  
 
   By using different concentration of KCL in the inner droplets and that in collection solutions, we independently control 
the swelling speed and size of each droplet in the dumbbell double emulsion[6]. As shown in Figure 1 b) and c), the 
objectives of this osmolarity-controlled swelling behaviors are twofold. When the two inner droplets have similar size and 
concentration of KCL, the inner droplets swell with similar swelling speed and coalesce together at a certain size, as shown 
in Figure 1 b). When the two inner droplets have different concentration of KCL, the inner droplets swell with different 
swelling speed and reach different size. This un-equilibrium between the two inner droplets makes the dumbbell unstable, and 
facilitate the breakdown of the small inner droplet, as shown in Figure 1 c). Furthermore, by controlling the concentration of 
KCL in the inner droplets and that in the collection solution, the swelling caused core-coalescence behavior and the 
swelling-breakdown behavior in dumbbell emulsion can be controlled precisely. 
 

CONCLUSIONS 
 

   In this work, a dumbbell Water-in-Oil-in-Water(W/O/W) double emulsion is developed using Polydimethylsiloxane(PDMS) 
as oily shell, which contains two inner droplets with different concentration of KCL. The swelling behaviors of this double 
emulsion is performed by precisely controlling the concentration of KCL in the inner droplets and that in outer phases of the 
double emulsions. Two different kind of swelling behaviors, core-coalescence between two inner droplets, and swelling-
breakdown of one inner droplet, have been achieved by this osmolarity-controlled swelling. This approach is general and can be 
used as a kind of trigger for coalescing and releasing of dumbbell double emulsions. Thus, the development of swelling-caused 
core-coalescence behavior and swelling-breakdown behavior in a dumbbell double emulsion establishes a new tool for 
controlling release of important active ingredients and protecting them from being contaminated. 



 
Figure 1. a) 6FKHPDWLF�RI�WKH�FDSLOODU\�PLFURÀXLGLc device for generating dumbbell W/O/W double emulsions. Two smaller separate capillaries 
are injected into the bigger round capillary as internal tubes, which enable WZR�GLIIHUHQW�ÀXLGV�WR�HQWHU�WKH�GHYLFHV�VHSDUDWHO\� b). Schematic 
diagram of the core-coalescence by swelling, when the inner droplets have similar size and concentration of KCL. c). Schematic diagram of the 
release mechanism by swelling-breakdown, when the inner droplets have different concentration of KCL.  
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Summary We present three-dimensional direct numerical simulations of liquid-liquid plug formation in two kinds of microchannel con-
figurations: circular T-junction and complex cross-junction microchannels. The simulations are carried out with a massively parallel two
phase flow code, called BLUE. The method for the treatment of the fluid interfaces uses a hybrid Front Tracking/Level Set technique that
defines the interface both by a discontinuous density field as well as by a triangular Lagrangian mesh. A static distance function represents
the microchannel structures.

INTRODUCTION

Flows in small channels, with dimensions less than a millimiter, have found widespread applications in food processing,
drug delivery and also in chemical reactions. At these scales, flows are generally laminar and governed mainly by viscous and
interfacial forces, while gravity forces are neglected. In this work, we will focus on two kinds of microfluidic channel con-
figurations. A circular T-junction where all branches have internal diameters equal to 200µm (see figure1(a)). The dispersed
phase is chosen with the physical properties of a water/glycerol solution, injected from the vertical branch of the junction,
while the continuous phase is silicon oil and was injected along the horizontal main channel axis. A similar configuration
has been used and studied experimentally by Chinaud et al. [1] for which intriguing vortex formation is observed after the
plug breakup process. The configuration shown in figure1(b) is a complex cross shaped microchannel for which the dispersed
phase is injected from the horizontal main channel with a quasi-circular section and the continuous phase is injected from two
vertical branches.

Figure 1: Microchannel configurations, (a) circular T-junction and (b) a complex cross-junction.

The geometry of both T-junction and the complex cross-junction is handled in our numerical study by implementation of
a module for the definition of immersed solid objects and their interaction with the flow for both single and two-phase flows.
Such simulations require an important spatial discretisation and figure1(top) represents the subdomain decomposition used in
the parallel calculations. An example of one of our simulations is shown in figure 2 representing a snapshot of plug formation
for the case of a T-junction. In the simulations it appears that the first plug is always longer than the following plugs.

GOVERNING EQUATIONS AND NUMERICAL METHODS

The governing equations for transport of an incompressible two-phase flow are expressed by a single field formulation:

∇ · u = 0 and ρ

!
∂u
∂t

+ u ·∇u
"

= ◦ ∇P +∇ · µ
#
∇u +∇uT

$
+ F. (1)

Here F is the local surface tension force at the interface and described by the hybrid formulation F = σκ∇I where σ is the
surface tension coefficient assumed to be constant, I is the indicator function which is zero in one phase and one in the other
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The fins complicate the analysis with involving a set of 4 normalized parameters: the vane width b, the electro-kinetic width
DK R O , and the pair of zeta potentials � �,D E  in addition to the number P of vanes. The findings are summarized 

below. In essence, there are two competing mechanisms that determine the optimal EO pumping when an external voltage is 
applied to drive the pumping: the no-slip condition hinders the EO flow yet the zeta potential helps the EO flow. The most 
significant finding is: it is more feasible for us to find a width b to optimize (maximize) the EO pumping rate if the ratio 

/D E  is greater than 1. It can be shown that that Q(1,0) and Q(0,1) can be well approximated by simple algebraic 
functions. This simple model enables us to predict that the optimal width b=bmax for the occurrence of the maximum EO 

flow rate QM(Į�ȕ) for given � �,D E is proportional to the ratio /D E with other conditions specified. This behaviour is well 
confirmed by the accurate calculations with plots for the optimized EO flow rates. Figure 2 shows plots of typical EDL 
potentials and velocity profiles. The plots of Fig. 3 enable us to see how much the EO flow rate can be improved by 

optimization with respect to the width of the fin vanes. For example, given the point M in the � �, ,D E we may compare the 
level of QM(Į�ȕ) to the corresponding values at b=1 (full fin width) and 0 (zero fin width). The various diagrams plotted on 
the plane of zeta potentials contain all the useful information about the EO pumping and may serve as an easily used 
reference for engineering deign and applications.   

 
 

 
 

 
 
 
 

CONCLUSIONS 
 
   As a final remark, microfluidic devices in practice are often operated in a short time interval of impulse voltages. The 
steady-state EO pumping is reached after a transient time, which is on the order of ȡ52/ȝ (see, e.g., [25]) (which is about 
10-8 sec=10 ns for R=100nm). This is very efficient for the duct on the size of nanoscales. It must be emphasized that the 
present results were obtained under the Debye-Hückel approximation. In a wider range of applications with the ratio 

/ bze k TO ]  being not small but close to 1, the DHA is no longer valid and one may resort to the analysis of the 
nonlinear Poisson-Boltzmann equation. In the line of our previous approach [26], the present DHA solution provides the 
base for extension of analysis to the Poisson-Boltzmann equation, or the more general Poisson-Nernst-Planck equations. In 
other realistic applications, one may need more accurate model to account for the physics and chemistry. (supported by 
MOST 103-2221-E-002-099-MY3) 
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Figure 2. (left) Plots for the case Q(1,0) with b=0.3, K=10, P=3: (a) EDL potential; (b) EO velocity profile. The left panel 
of each plot presents level lines of the field, and the right panel presents a three-dimensional view. 

Figure 3. (right) Plots of several level lines of optimal EO pumping rate QM(Į�ȕ) for P=3 (with K=100). Also shown are 
several lines of constant bmax from 0.2 to 0.9 (counter-clockwise) 
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GEOMETRIC CONTROL OF ASYMMETRIES IN PASSIVE SCALARS ADVECTED IN
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Summary We explore the role different geometries (amongst rectangular and elliptical domains of arbitrary aspect ratios) play in controlling
emerging up-stream/downstream asymmetries in the cross-sectionally averaged distribution of diffusing passive scalars advected by laminar,
pressure driven shear flows. We show using a combination of rigorous analysis, asymptotic expansions, and Monte-Carlo simulations, that
on short time scales relative to the shortest diffusion times, elliptical domains preserve initial uptream/downstream symmetric distributions,
while rectangular ducts break this symmetry. Skinny ducts produce distributions with negative skewness, while fat ducts produce positive
skewness for symmetric initial data which is uniformly distributed in the cross-section. There is a special aspect ratio of approximately 2-1
ratio for which symmetry is preserved. In turn, long-time (relative to the longest diffusion timescale) exact analysis shows that all geometries
generically break symmetry before ultimately symmetrizing in infinite time.

INTRODUCTION

The evolution of diffusing passive scalars in laminar flows is of central importance to the discipline of micro and nano
fluidics. Assessing precisely how geometry affects scalar spreading can provide a valuable design tool for producing mix-
ers which deliver chemicals effectively. For example, if it is desirable to deliver a chemical from a source with a particular
heavy front-loaded (as opposed to back-loaded) distribution, it is necessary to understand how the shear dispersion induced
by pressure driven fluid flows manifests. To that end, we present a complete, comprehensive study which shows explicitly
how a channel’s cross sectional shape can be used to control such loading through a complete characterization of the depen-
dence of the scalar’s skewness (the centered, normalized third moment) upon the aspect ratio across elliptical and rectangular
shaped pipes. We establish using a combination of exact and asymptotic analysis along with Monte-Carlo simulations several
interesting new phenomena associated with the cross-sectional geometry.

First, we study the skewness of the distribution. The skewness is the centered, third moment of the distribution, taken
as the integral of the product of the cube of the horizontal position, x, with the evolving distribution of the passive scalar,
from minus infinity to plus infinity, then averaged over the cross-sectional area. This evolving quantity is the lowest order
statistic which gauges asymmetries in a distribution. Closed evolution equations for arbitrary moments of a distribution were
derived by Aris [1] in arbitrary cross-sectional domains. We succeed in deriving closed form exact expressions as single series
formulas for the first three moments, along arbitrary slices for the special case of the flow between two infinite parallel plates.
These formulas are used to carefully benchmark our Monte-Carlo simulations for arbitrary geometries.

Interestingly, we demonstrate that the case of the infinite channel has the property that for initial data which is symmetric
in the upstream/downstream direction, but possesses no variation transverse to the flow, the skewness is strictly negative
for all time. This is in contrast to the result of Barton [2], who showed that for the circular pipe, the analogous case is
strictly negative. As such, alternative geometries with differing aspect ratios are expect to show an intriguing connection with
interesting dynamics connecting the negative case for two infinite parallel plates, with the positive case involving the circular
pipe.

We find that in fact, on short timescales compared to the shortest diffusion timescales, that elliptical domains preserve
initial symmetries. On the other hand, rectangular ducts break this initial symmetry. Skinny ducts are seen to develop negative
skewness, while fat ducts evolve passive scalar distributions to have positive skewness. Remarkably, a special aspect ratio of
approximately 2-1 ratio separates negative skewness cases from positive ones.

We also document both analytically and numerically, that on long times relative to the longest diffusion timescale in the
system, all geometries studied break symmetry. Of course, in infinite time, everything re-symmetrizes in accordance with the
long time theory of homogenization theory and G.I. Taylor’s pioneering work [3]. We establish similar ”golden” ratios for
ellipses and rectangles separating negative skewness from positive skewness at long time.

CONCLUSIONS

These results are expected to be of particular interest in the field of micro and nano=scale fluidics where geometry could
potentially be used with these findings in mind to shape the distributions to be either front-loaded or back loaded, properties
of natural interest in different mixing configurations. Some of our findings were just reported at Physical Review Letters [4].
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DISCUSSION

There has been a recent surge in applications of droplet microfluidics where the key idea is to generate and manipulate
micro droplets. In such systems involving narrow confinement, spreading is often followed by coalescence of such drops and
an eventual jet formation. Many recent studies have tried to understand spreading in analogy with coalescence due to their
common self-similar flow characteristics [4]. When two free drops merge, the coalescence process essentially takes place
by the formation of a liquid bridge between the drops which grows with time [10]. It has been argued that for spreading in
air medium, growth of the spreading radius, r follows a similar scaling as growth of the liquid bridge when two free drops
merge [4]. But, for spreading on an under-liquid substrate such analogy should not hold due to complexity in the nature of
the contact line motion for a liquid-liquid system as well as different length scales over which the flow evolves in both the
drop and the surrounding medium. Our recent study on under-liquid sessile drop coalescence has thrown some light into the
growth of bridge height as two drops merge (see Fig. 2), where it has been found that the bridge height grows in a self-similar
manner following a scaling of h∗ ∼ t∗0.89 (see Fig. 2(d))[11]. However, it is yet to be seen where for under-liquid substrates,
spreading and coalescence can be merged into an single common theoretical framework.

Figure 2: (Color online) Schematic of drop coalescence on an under-liquid substrate. (a) and (c) represents the side view and
top view of the process, respectively. (b) represents an extended view of the bridge region connecting the two drops where
the profiles has been conceived as a liquid wedge. The flow vectors are shown for the drop ad liquid medium. (d) shows the
growth of the bridge height with time in non-dimensional terms where the curves for two different viscosity ratio of the drop
liquid and surrounding liquid merge into a single curve. For more details, see Ref. [11].
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where FTG,Av is the average concentration of the triglyceride species. 
   To estimate the reaction kinetic constants, the least squares objective function is considered, and to minimize the 
objective function Fobj, the heuristic method Particle of Swarm Optimization (PSO) [4] was used. 
 

 
2

(%) (%)Exp Cal
obj

i
F ConversionTG ConversionTG⎡ ⎤= −⎣ ⎦∑  (3) 

 

RESULTS 
 

   Table 2 presents the parameters used in the simulation of the concentration of the species, and Table 3 presents a 
comparison between the results obtained with the kinetic constants estimated in this work and the literature data [2]. 
 

TABLE 2. Parameters used in the simulation. 
Parameter Value Parameter Value Parameter Value 

µTG
 5,825.10-2 [Pa.s] QTG/QA

 
3,402 DDG, DMG, DGL and DB

 
1,38.10-9 [m²/s] 

µA
 5,47.10-4 [Pa.s] CTGo

 
1014 [mol/m³] ρTG

 885 [kg/m3] 
DTG

 
1,58.10-9 [m²/s] FAo

 
4,4 W 0,0105 [m] 

DA
 

1,182.10-10 [m²/s] L 0,0233 [m] H 100.10-6 [m] 
 

TABLE 3. Reaction kinetics constants [mol/(m³.s)] estimated and conversion of triglyceride. 
Parameter Literature [2] GITT+PSO τ Exp. [2] Num. [2] Num.(GITT+PSO) 

k1 4.368x10-6 3.170x10-6 0.41 12.33 20.36 15.90 
k2 9.623x10-6 2.461x10-6 0.79 36.98 40.68 35.70 
k3 1.880x10-5 5.378x10-5 1.69 66.56 66.78 66.31 
k4 1.074 x10-4 2.874x10-4 3 84.48 80.57 83.98 
k5 2.117x10-5 1.000x10-1 5.3 89.5 88.29 90.13 
k6 9.000 x10-7 3.221x10-2 10 91.1 90.95 90.88 

Fobj 0.00949 0.00152 - - - - 

Figure 1 presents the conversion of triglycerides with the reaction kinetics constants from the literature and with the 
constants estimated by this work using the GITT and the PSO methods in the direct-inverse solutions, respectively. 

 
FIGURE 1. Conversion of triglycerides. 

 
CONCLUSIONS 

 

   The GITT was successfully applied in the analysis of direct solution of the mass transfer process during the 
transesterification reaction in microreactors, and the heuristic method PSO was used to estimate the kinetic constants, 
providing a better agreement between the simulation and the experimental results than those previous available in the 
literature. 
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ROTATION-FACILITATED RAPID TRANSPORT OF NANORODS IN MUCOSAL TISSUE 
 

 
Xinghua Shi1a) 

1LNM, Institute of Mechanics, Chinese Academy of Sciences, Beijing, China 
 
Summary Mucus is a viscoelastic gel layer that typically protects exposed surfaces of the gastrointestinal (GI) tract, lung airways, and other 
mucosal tissues. Particles targeted to these tissues can be efficiently trapped and removed by mucus, thereby limiting the effectiveness of such 
drug delivery systems. In this study, we experimentally and theoretically demonstrated that cylindrical nanoparticles (NPs), such as mesoporous 
silica nanorods, have superior transport and trafficking capability in mucus compared with spheres of the same chemistry. The higher diffusivity 
of nanorods leads to deeper mucus penetration and a longer retention time in the GI tract than that of their spherical counterparts. Molecular 
simulations and stimulated emission of depletion (STED) microscopy revealed that this anomalous phenomenon can be attributed to the 
rotational dynamics of the NPs facilitated by the mucin fibers and the shear flow. These findings shed new light on the shape design of NP-
based drug delivery systems targeted to mucosal and tumor sites that possess a fibrous structure/porous medium. 
 

INTRODUCTION 
 

Improving the mucus-penetrating ability of nanoparticles (NPs) is of great importance to avoid rapid drug clearance and 
achieve efficient drug delivery [1-3]. Mucus is a tenacious mesh structure with a thickness ranging from tens to hundreds of 
microns and an average pore size in the range of hundreds of nanometers. Small hydrophilic molecules can freely diffuse 
through this barrier while particles, especially foreign particles, are excluded in cases where the particle size is larger than 
the average pore size [4-7]. The trapped particles are then quickly washed away by the microflows of the mucus layer. Such 
a capture and clearance mechanism protects mucosal tissues against infectious agents; however, this mechanism limits 
opportunities for the controlled drug delivery of NPs. From the Nature, we know that most of the bacteria possessing a high 
mobility in mucus have a rod-like shape [8,9]. Pathogens such as Helicobacter pylori [10] and Vibrio cholera [11] are able 
to swim through the intestinal mucus and remain in the mucus layer for extended periods, instead of being easily washed 
away. This finding informs us that shape may contribute to the high mucus-penetrating ability of particles. The correlation 
between the shape of NPs and their diffusivity in mucus, however, is still missing, even though this aspect is potentially 
crucial in the design of NPs-based drug delivery systems. 
 

RESULTS 
 
Transport and tracking of NPs in rat intestinal mucus in vitro, ex vivo and in vivo 
In this study, we fabricated mesoporous silica nanospheres (MSNSs) and mesoporous silica nanorods (MSNRs) with 
different aspect ratios (ARs) but identical surface chemistries and zeta potentials. We present evidence that, compared with 
spheres, cylindrical NPs display superior diffusion and penetration patterns in intestinal mucus, which can further lead to a 
longer intestinal retention time and higher villus absorption. This work provides insights into the effect of NP shape on the 
mucus-penetrating property and demonstrates the usability of nanorods for drug delivery to mucosal tissues. 

 
Mechanism for the rapid diffusion of MSNRs 
Through molecular simulations, we found that the better mucus-penetrating property of the nanorods is due to the rotational 
motions of the nanorods facilitated by the shear flow and the mesh structure of mucus. The rotational dynamics of nanorods 
were also confirmed using STED microscopy. A single MSNR is rotating in the mucus, which is consistent with the results 
of the molecular simulation. 

 
CONCLUSIONS AND OUTLOOK 

 
   We note that in addition to transport in mucosal tissues, nanorods can have superiority in interstitial transport within the 
dense interstitial structure surrounding tumor cells. Because the microenvironment of the interstitial structure is similar to 
that of mucus, which is formed by fibrous tissues, we postulate that the mechanism for the rapid penetration of nanorods 
into tumor sites may be the same as that for mucus. Therefore, although conventional spherical NPs currently remain the 
dominant shape, non-spherical NPs may become common next-generation drug carriers. The barrier to using non-spherical 
particles lies partly with the difficulty in synthesis and characterization, but even more with the lack of understanding of the 
physics that govern the relationship between shape and various characteristics of non-spherical NPs. Our findings may 
inspire the novel and rational design of drug delivery systems for use in various diseases. 
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FROM RHEOLOGY TO MOLECULAR DETAIL - VISCOSITY OF SUSPENSION OF
COMPLEX MOLECULES

Pawel Jan Zuk ∗1,2 and Eligiusz Wajnryb1

1Institute of Fundamental Technological Research, Polish Academy of Sciences, Warszawa, Polska
1Faculty of Physics, University of Warsaw, Warszawa, Polska

Summary The viscosity of solution is intrinsically connected with its composition and the properties of individual particles. For complex
macromolecules there often exist coupling between the flow and the state of the molecule. The distribution of particle shapes and movements
reacts to the external flow and the flow reacts to this distribution change. This coupling determines the amount of stress induced by the
molecules immersed in the fluid that results in change of the viscosity. Using the Rotne-Prager-Yamakawa approximation we show, that
given molecular model, one can infer the details of the molecules based on rheology of the solution.

INTRODUCTION

Relation between effective solution viscosity and its composition, in principle, can be calculated from the Stokes equation.
All the details of the system in a given time instant come into the solution. They include particles conformation and position
but also characteristics of the external flow. Also the coupling of those play an important role due to the hydrodynamic
interactions, since the flow affects particles and particles affect flow. Even the change in the strength of the flow change
suspension state and the effective viscosity. These dependencies give an insight into the details of the molecules.

KEY IDEA

The effective viscosity ηeff is the proportionality coefficient between the stress tensor and the effective strain tensor. These
three quantities are coupled and depend on the suspension and flow. The effective viscosity calculated for shear flow is
different than for e.g. straining flow. In this report we will restrict to the shear flow even though the presented method is
suitable for any kind of linear flow. For the shear flow stress tensor is given by

σ = 2ηeffE∞ : E∞ =
1

2

!
∇v0 + (∇v0)

T
"

, (1)

where v0 = (zγ̇, 0, 0) is the ambient flow and E∞ is the symmetric part of the ambient straining field. The stress tensor can
be decomposed into the part originating from unperturbed fluid and the particle contribution

σ = 2η0E∞ +

#
$

i

Si

%

γ̇

, (2)

where Si is the stresslet induced by particle i and ⟨·⟩γ̇ denotes an average over all possible particle positions and states for a
given flow strength γ̇. The complete set of the components of the particle induced stresslet consists of: stresslet induced sole
by the particle presence, stresslet induced by inter and intra particle forces, stresslet induced by torques acting on particles
and stresslet induced by the translational and rotational Brownian motion. Some contributions can be neglected in the specific
situations e.g. if all particles in the system are torque-free spheres, then the torque components of the stresslet can be neglected.
In the shear flow the effective viscosity ηeff can be measured with force acting on the vessel walls required to sustain given
shear rate. For the system between two parallel plates in xy plane only the σxz component will contribute to the measurements.
In the dilute system - with volume fraction φ ≪ 1, the effective viscosity can be expressed in terms of intrinsic viscosity [η]
by the series expansion[1]

ηeff = η0
&
1 + [η]φ+ O

&
φ2
''

. (3)

For the arbitrary shear strength the intrinsic viscosity can be calculated as

[η] = ◦ 1

γ̇

#
$

i

Si

%

γ̇

. (4)

∗Corresponding author. Email: pjzuk@fuw.edu.pl
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Greece 

 
 
Summary The current work investigates the effect of blood viscoelasticity on the stress, velocity and haematocrit fields as well as the 
formation of the cell-depletion-layer for haemodynamics in microvessels lined with glycocalyx layer. To this end, we advance the 
inhomogeneous constitutive model proposed by Moyers Gonzalez-Owens-Fang (2015), treating properly the shear induced rbc migration 
mechanism and incorporating the effect of plasma viscoelasticity. The enhanced model (e-model) can accurately reproduce the experimental 
data by Damiano-Long-Smith (2004) and provide reasonable predictions for the rbc distribution, the shear-stress along the luminal surface. It is 
shown that blood viscoelasticity expressed in terms of Deborah number is quite small (O(0.3)), but plays a crucial role in the formation of the 
cell-depletion-layer. In particular, there is a critical value of Deborah number above which the formation of the cell-depletion-layer occurs.       
 
 

INTRODUCTION 
 
   The luminal surface of the endothelial cells that line our vasculature is coated with glycocalyx. Glycocalyx is a thin 
layer of membrane-bound macromolecules, which also plays a substantial role in the most striking non-homogenous 
effects1,2 in blood flow in microvessels. Our work aims at the microrheological modelling of human blood, when it flows in 
confined vessels. A two-phase system is assumed, with one phase being a peripheral layer of filtered plasma flowing inside 
the glycocalyx layer, which is modelled as a porous medium that follows the Brinkman Law, and the other one a core region 
of suspension of all the erythrocytes, which is modelled as a non-Newtonian viscoelastic fluid. To this end, a new 
constitutive model for whole human blood is proposed for the description of the non-homogeneous behavior of blood in the 
core region. While the new model is based on the Moyers et al. model3,4, it deviates from it in the conservation balance of 
red blood cells and aggregates where a new term replaces the stress gradient mechanism, and in the constitutive equations of 
stresses where the second order derivatives are omitted, since they are thermodynamically inconsistent. Also, the 
viscoelastic properties of plasma5,6,7 could not be ignored, thus the behavior of plasma was approached by an Oldroyd-B 
model. Furthermore, the homogeneous apparent blood viscosity is obtained by a new equation, which optimally fits the data 
of Brooks et al.8 and corrected from the experimentally measured apparent viscosity by Pries et al.9,10,11. The developed 
model was applied for the study of blood flow in small vessels lined with glycocalyx layer and reproduced with great 
accuracy all the experimental data of Damiano et al.12 and concurrently captured properly the formation of the cell depleted 
layer near the glycocalyx layer. Our findings have showed that the elastic response and concentration of the erythrocytes 
along with the flow rate are the most crucial factors that affect the human blood behavior in microvessels. 
 
 
 

RESULTS 
 
In contrast to previous works13,14 the e-model does not need any explicit or implicit assumption about the existence or 
location of the cell depletion layer. Its calculation is based only on the rheological properties and the geometric parameters 
of the flowing system. Figure 1 depicts the predictions of our model for (a) the velocity profile, (b) the number density of 
RBCs, and (c) the shear stress across a microvessel of diameter 21.8 ȝm, and glycocalyx thickness 0.15 ȝm. Apparently, we 
have accurately reproduced the experimental data by Damiano et al.12 (Fig. 1(a)). Regarding the distribution of the red-blood-
cells (number density in ȝm-3), it is almost uniform across the core region of the vessel, but within its annular region there is a 
sharp reduction and zeroing of the local hematocrit indicating that there is no rbcs there. The thickness of the cell depletion layer 
id equal to 1.51 ȝm in agreement with the calculations of Secomb et al.15. The formation of the cell-depletion-layer affects the 
shear-stress field (Fig. 1(c)). Our predictions shows that in the core region its spatial variation is linear, having a slope smaller 
than the empirical model of Damiano et al.12. On the other hand, in the annular region the shear stress is also linear, with a 
smaller slope, due to the smaller value of the plasma shear-viscosity.            
 
 
 
 



 
(a) (b) (c) 

 
Figure 1: Predictions of the e-model for (a) the velocity profile, (b) the number density of RBCs, and (c) the shear stress across a microvessel of 
diameter 21.8 ȝm, and glycocalyx thickness 0.15 ȝm. The rest dimensionless numbers are equal to 

10.33 50,140 0.14 0.56 0.67 16.4t dDe Br H H sE J �      .   
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1(c)-(d).  Although this effect is general insofar as it applies to many different problems, we hasten to point out that it requires a 
free and angled surface – meaning that upstream flow of contaminants is not observed in a vertical waterfall or in a closed pipe. 

   Paradoxical flows can be produced by other changes in fluid properties than surface tension.  An example of this is shown 
in Fig. 2, where snapshots are displayed of a vertically vibrated plate partially submerged in a 50-50 w/w suspension of 
cornstarch in water. In this situation, the cornstarch is more strongly sheared when the shaft moves up than when it moves down 
– because in the first case the shaft and gravity act in opposing directions, while in the second they act in the same direction.  It 
therefore follows that the suspension viscosity will be higher in the first case than in the second, and so we can expect the fluid to 
ratchet upward with every cycle of vibration of the shaft.  This is in fact what we see, as shown in Fig. 2. 

 

 
Figure 2 – Uphill ratcheting.  Sequence of photos of plate partially submerged in cornstarch suspension and 
vibrated vertically as indicated by arrows.  Suspension energetically ratchets upward as shown. 

 
 

CONCLUSIONS 
 

   In this proceeding, we have presented two examples in which well-known effects of suspended particulates cause predictable 
paradoxical behaviors in fluids.  In the first example, the particulates change the surface tension, and in the second they change 
the viscosity.  Although predictable in retrospect, both of these paradoxical behaviors were encountered serendipitously, and we 
propose that other examples may be awaiting discovery. 
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RESULTS

We see for the flowing capsules in figure 1, that the (a) circular ξo = 1.0 and (b) biconcave ξo = 1.7 cases only slightly
deform from their equilibrium configuration, while the (c) ξo = 3.0 case shows significant folding of some capsules. This
seemingly disrupts the otherwise orderly flow, and is considered subsequently as a buckling mechanism.
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Figure 2: (a) Effective viscosity µeff for varying equilibrium shapes ξo, and (b) corresponding capsule-free layer thickness h.

The effective Newtonian-equivalent viscosities of the suspensions for different area fractions Hc and ξo are shown in
figure 2 (a). Elongated capsules with ξo ! 2.0 have an increasingly large effective viscosity. In blood, the effective viscosity
µeff is reduced through the formation of a cell-free layer. This is measured here as h in figure 2 (b), which decreases to near
zero, also for ξo ! 2.0, presumably leading to the increase in µeff.
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Figure 3: Non-dimensional force F ∗ versus resting capsule aspect ratio lc. The straight lines are power-law fits.

We hypothesize that the capsules undergo a buckling transition. Figure 3 shows force F ∗ ≡ F/µUlo plotted against the
aspect ratio lc = l1/l2 of the corresponding at-rest capsules. This is compared for single capsules suspended in a Taylor–Green
stagnation point flow, in a simple homogeneous shear flow, and in the channel flow. All three show a scaling reminiscent of
Euler bucking though altered presumably due to the strong perturbation environment in the channel and the shell-like structure
of the capsules.
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Summary The capillary driven thinning and break-up of non-Brownian suspensions are considered. Experiments show that in the final
stages of break-up (when the filament diameter is approximately five times that of the suspended particles) the thinning no longer follows
the behaviour predicted by the bulk viscosity; instead thinning is accelerated due to the effects of finite particle size. A simple one-
dimensional model is described in which the viscosity is determined from the local particle density, found by tracking individual particles
within the suspension. Despite its simplicity this model is able to reproduce quantitively the thinning behaviour observed in experiments.

CAPILLARY THINNING OF NON-BROWNIAN SUSPENSIONS

The surface tension driven thinning and break-up of liquid bridges is a fundamental mechanism controlling jet break-up
and droplet formation, and its prediction is vital to processes such as inkjet drop and spray formation. For Newtonian fluids
considerable research has been done to understand the final stages of break-up, which have been shown to follow a progression
of similarity thinning laws [1] depending upon the value of the Ohnesorge number ( Oh = η/

√
ργR, where η, ρ and γ are

respectively the viscosity, density and surface tension and R is filament radius). However, many applications involve complex
fluids such as polymer solutions or suspensions, which do not follow these scaling laws. In particular, the approach to break-
up of non-Brownian suspensions depends upon the particle size, as well as particle concentration and so cannot be predicted
from the bulk properties of the suspension alone.

Various experimental studies [2, 3] have demonstrated that the thinning behaviour of non-Brownian suspensions proceeds
through a number of different regimes, illustrated in Fig 1 (left). While the radius of filament is relatively large compared the
particle size, the thinning follows the appropriate Newtonian thinning law corresponding to the bulk viscosity. However, there
is then transition to an “accelerated” regime in which the rate of decrease of the filament radius becomes faster even than that
of the continuous fluid alone. This is followed by a further transition to a regime in which the filament appears to return to the
Newtonian thinning law, but with a slope corresponding to the viscosity of the continuous phase.

MATHEMATICAL MODEL

In order to elucidate the mechanism responsible for this accelerated thinning, we have constructed a simple model [4]
to examine the effects of axial variations in particle concentration on the thinning dynamics. In this model, the filament is
assumed to be sufficiently long and thin that it can be modelled using the slender jet approximation, but with a viscosity given
by the local particle concentration. The governing equations for the dimensionless filament radius h(z, t) and velocity v(z, t)
are given by

∂h2

∂t
+

∂

∂z
(h2v) = 0,

∂

∂t
(h2v) +

∂

∂z
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(1 +
#
∂h
∂z

$2
)3/2

,

is the surface tension contribution and

Oh = Ohs

!
1 ◦ φ(z, t)

φmax

"−2

is the dimensionless local viscosity obtained from the local particle concentration φ(z, t) via the Maron-Pierce relation. To
obtain φ(z, t) we track the positions of individual particles from an initial uniform distribution moving with the fluid velocity
and determine the number density in a local section of filament. The particles only contribute to the dynamics through the
local viscosity, so the direct effects of hydrodynamic interactions between particles and the effect of the individual particles on
the free surface are not included. However, the model does capture the coupling between the local concentration fluctuations
and the filament dynamics.
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Figure 1: (left) Thinning dynamics of a 10% suspension of 40 µ m diameter polystyrene particles in a polydimethylsilox-
ane(PDMS)oil for Ohnesorge number Oh = 2.5. The thinning initially follows the thinning law for a Newtonian fluid of the
bulk viscosity but then transitions to an accelerated regime where the rate of thinning is faster even than that of the continuous
phase. (Right) Comparison with the predictions of the thinning dynamics, shown as solid line with the crosses showing the
experimental data.

CAPILLARY THINNING EXPERIMENTS

The Capillary breakup experiments are performed using a CaBER-1 extensional rheometer (Thermo Scientific). This gen-
erates an unstable liquid bridge by stretching a sample of fluid between two end-plates. Unlike the pendant drop experiment,
this setup has the advantage that the position of the minimum radius remains approximately fixed, so that the diameter can be
followed more easily using a static high-speed camera. The experiments were performed using suspensions of three different
particle sizes dispersed in Newtonian silicone oils with volume fractions, φ of between 0.02 and 0.40. The minimum filament
diameters were obtained through analysis of the images from the high speed camera.

Since both the experiments and numerical simulations depend on the initial distribution of particles within the filament,
each case was run with at least ten different realisations to obtain an ensemble average.

RESULTS AND CONCLUSIONS

The right-hand figure in Fig 1. compares the simulation results with the experimental data presented in the left-hand figure.
It can be seen that despite the simplicity of the model it is not only able to reproduce the sequence of thinning regimes seen
in experiments, but also provides a quantitatively accurate reproduction of the accelerated regime and its transitions. This
demonstrates that accelerated thinning of these particulate suspensions results from local fluctuations in the particle density,
amplified as the filament radius reduces, leading to the development of low-viscosity regions that allow the filament to thin
more easily.

Whilst the model appears to capture the mechanism responsible for the acceleration phase in these moderate concentra-
tions. Recent experiments [5] show that an acceleration of filament thinning is also observed in very dilute suspensions where
the particles do not significantly change the fluid viscosity. This phenomenon occurs at a later stage when the minimum
filament diameter is smaller than that of the particles and is beyond the scope of the current model. To address this requires a
model that explicitly represents individual suspended particles, from which we hope to show preliminary results.
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Summary The effects of viscoelasticity on impact and spreading of a drop on a solid surface are computationally studied. It is found that
viscoelasticity favors advancement of contact line during the spreading phase leading to a slight increase in the maximum spreading in
agreement with the experimental observations [5]. However, in contrast with the well-known anti-rebound effects of polymeric additives,
the viscoelasticity is found to enhance the tendency of the drop rebound in the receding phase. These results suggest that the anti-rebound
effects are mainly due to the polymer-induced modification of wetting properties of the substrate rather than the change in the material
properties of the drop fluid. A model is developed to test this hypothesis. It is found that the model gives good qualitative agreement
with the experimental observations and the anti-rebound behavior can be captured by modification of the surface wetting properties in the
receding phase.

INTRODUCTION

Controlled deposition of a viscoelastic drop is an important problem in many applications including coating, ink jet
printing, additive manufacturing, tissue engineering and single cell epitaxy [2]. It is particularly important to know whether
a droplet will deposite or rebound after the impact. Unlike Newtonian systems, understanding of viscoelastic drop impact
is severely limited, and yet of great importance for wide range of applications. It has been reported that a tiny amount of
polymer, polyethylene oxide (POE), added to water can dramatically alter the drop dynamics, suppressing the rebounding of
a drop on a hydrophobic substrate [1].

In this paper, we computationally study the effects of viscoelasticity on drop impact, spreading and rebound on a solid
surface. We fully account for the effects of surface tension and treat the partially wetting cases with a dynamic contact
angle. The Navier-Stokes and the viscoelastic model equations (FENE-CR) are solved in the entire computational domain
using a front tracking method [7, 5]. Motivated by the recent experimental results of Bertola and Wang [3], a simple model is
developed to mimic the hysteresis of the contact angle due to the deposition of polymer molecules on the substrate. Simulations
are performed to investigate effects of viscoelasticity characterized by the Weissenberg number (Wi), polymeric viscosity
ratio (β), the concentration parameter defined as the ratio of polymeric viscosity to solvent viscosity (c) and the extensibility
parameter (L2). Although the emphasis is placed on the effects of the viscoelasticity in the present study, simulations are also
carried out to examine the effects of the Weber number (We), Reynolds number (Re) and equilibrium contact angle (θe).

RESULTS AND DISCUSSIONS

We first investigate the effects of viscoelasticity on drop impact, spreading and rebound without taking the polymer-
induced modification of surface wetting properties into account. For this purpose, extensive simulations are performed to
examine the effects of various flow parameters on the drop dynamics. Sample results are shown in Fig. 1(a) where the spread
factor is plotted as a function of non-dimensional time for various Weissenberg numbers. The spread factor is defined as the
radius of the wetted spot normalized by the equivalent drop radius. The results obtained for a Newtonian droplet are also
plotted in this figure to directly show the effects of viscoelasticity. The viscosity in the Newtonian case is set to the total
viscosity, i.e., µNewtonian = µs + µp. The figure shows that the Weissenberg number does not have a significant influence
on the spread factor in the initial stage of the impact where the inertial effects are dominant. However, its influence is more
pronounced in the later stages especially in the receding phase. The maximum spread factor increases with Wi (Fig. 1(a))
mainly due to the additional viscoelastic stresses that act to favor the advancement of the contact line. The tendency for a
drop rebound also increases with Wi and the drop rebounds when Wi ≥ 4 in this case. These results are in contrast with the
well-known polymeric anti-rebound phenomenon [1].

The recent experimental studies have revealed that there is a substantial hysteresis in the contact angle especially during
the receding phase [2]. This hysteresis is believed to be related to the polymer molecules deposited on the substrate during
the advancing phase [3]. Smith and Sharp [6] observed that the deposited polymers outside the drop are stretched during the
receding phase, which in turn slows down the movement of the contact line. This mechanism can be interpreted as a dissipative
force or an effective friction force acting in opposite direction of the contact line leading to a reduction in dynamic contact
angle during the receding phase. Bertola and Wang [3] have recently shown that the contact angle decays nearly exponentially
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during the first receding phase. Depending on the flow conditions, the contact angle may exhibit an under-damped or over-
damped behavior until it reaches a steady value as the substrate gets fully saturated by the polymers. To mimic this behavior,
we propose a simple model for the polymer-induced hysteresis and modify the equilibrium contact angle θe as

θe =

!
θc if Vcol ≥ 0 (advancing)
θs + (θc ◦ θs)e−t/Td if Vcol < 0 (receding), (1)

where t, Td, Vcol, θc and θs are the time, the time scale for the polymer deposition on the substrate, the impact velocity of
the drop, the clean and saturated equilibrium contact angles, respectively. The deposition time scale characterizes how fast
the polymers deposit on the substrate. The hysteresis effects are reduced as Td increases and no-hysteresis conditions are
recovered in the limit as Td → ∞. Simulations are carried out to examine the performance of this model and the sample
results are shown in Fig. 1(b) where the evolution of the spread factor and the dynamic contact angle is plotted for various
values of the non-dimensional deposition time scale τ = TdVcol/d where d is the equivalent drop diameter. As seen, the drop
rebound is suppressed as τ is reduced showing qualitatively good agreement with the anti-rebound effects of polymer additives
observed in the experimental studies [2, 3]. These results support that the anti-rebound effect is mainly due to the modification
of surface wetting properties by the deposited polymer molecules rather than alteration of the bulk fluid properties.
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Figure 1: (a) The simulations without the polymer-induced hysteresis. Effects of the Weissenberg number on droplet impact
and spreading. Time evolution of the spread factor with Wi (Re = 35, We = 30, L2 = 225,β = 0.56 and θe = 145◦). (b)
The simulations with the polymer-induced hysteresis. Effects of the non-dimensional deposition time (τ ) on droplet impact
and spreading. τ ranges between 1 and 50 (Re = 75, We = 30, Wi = 1, L2 = 225,β = 0.07, θc = 145◦ and θs = 90◦).
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Summary We present results of a numerical investigation of the low Reynolds number flow of viscoelastic fluids, described by the Oldroyd-B 
model, in a 2D cross-slot channel with a main inlet flow and two periodic in-phase and out-of-phase forcings imposed on the opposing lateral 
inlets. Several types of flow transition are reported that depend on the amplitude and frequency of the forcing. We observed that for high 
Weissenberg numbers the flow becomes chaotic, with the path to the chaotic state depending on both the ratio of steady inlet velocity to 
oscillating velocity amplitude and Deborah number.  
 

INTRODUCTION 
 
   Purely-elastic instabilities, i.e. induced by elastic normal stresses in the absence of significant inertial effects, have been 
observed in a range of flows, including ideal viscometric and complex flows. It is now well known that such instabilities 
can arise as a consequence of the combination of elastic stresses and streamline curvature, such as in the cross-slot 
microchannel flow investigated experimentally by Arratia et al. [1]. Poole et al. [2] numerically simulated such two-
dimensional cross-slot flow for an Upper-Convected Maxwell (UCM) model under creeping-flow conditions, and were able 
to capture qualitatively the onset of a bi-stable steady asymmetric flow above a first critical Weissenberg number (Wi), 
followed by a second transition to a time-dependent flow at higher Wi. More recently, Cruz et al. [3] proposed the cross-slot 
flow as a benchmark problem due to its conceptually simple geometry and well defined steady asymmetric flow instability. 
The benchmark results were presented for a wide range of differential constitutive equations, namely the UCM, Oldroyd-B 
and Phan-Thien–Tanner (PTT) models, showing that, in the limit of negligible inertia, i.e. when the Reynolds number (Re) 
approaches zero, the flow exhibits two types of purely-elastic instabilities for fluids with high extensional viscosity. Above 
a first critical value of the Weissenberg number, Wicrit, the steady flow becomes spatially asymmetric, even though the 
geometry is perfectly symmetric; at higher Wi a second instability occurs and the flow becomes time-dependent. 
   A flow-focusing configuration can also be realized in the same cross-shaped geometry in which a central inlet flow is 
shaped by two opposed side inlet streams, as in Jensen [4]. The steady low Re flow behavior for Newtonian fluids has been 
extensively investigated numerically by Oliveira et al. [5], whereas the corresponding viscoelastic flow was also 
characterized by the onset of elastic instabilities for UCM and linear simplified PTT models [6]. As for the cross-slot 
configuration above, the flow-focusing configuration showed a first pitchfork bifurcation from steady symmetric to steady 
asymmetric flow at a first critical Weissenberg number followed by a second transition to time-dependent flow above a 
second critical Weissenberg number provided the velocity ratio (VR) between side and main inlets was high, whereas for 
low VR there is a single transition from steady symmetric to time-dependent flow. However, what happens when the inlet 
lateral streams are not steady and how the elasticity and lateral inlet periodicity interact with the main steady inlet is still 
unknown and is the subject of the current investigation. 
 

METHODS, RESULTS AND DISCUSSION 
 
   In this work we further extend the previous investigations of Oliveira et al. [6] by considering time periodic oscillating 
lateral streams of amplitude Umax and frequency f, defining the lateral inlet velocity as u=Umax cos(2πft), stretching the main 
steady inlet stream of constant velocity Usteady, as sketched in Fig. 1a. The mesh used in the numerical simulations has 51 
cells in the central square region of the cross slot along x and y directions (see partial view of the mesh in Fig. 1b), leading 
to minimum cell sizes of ∆xmin = ∆xmax ≈ 0.02. We have used a finite-volume technique based on the kernel-conformation 
formulation, together with the high resolution ‘CUBISTA’ scheme for the convective terms in the constitutive equation, to 
study the low Re viscoelastic flow (Re < 0.01) inside the cross geometry, using an Oldroyd-B fluid with solvent viscosity 
ratio, b=0.575. 
   In order to explore the evolution of the flow dynamics due to the periodic oscillation we defined a parametric variable 
space based on the variation of the Weissenberg number (Wi=lUsteady/h= 0 to 10), of the velocity ratio (VR=Usteady/Umax= 
0.2, 1 and 5) and of the oscillation frequency, f, here quantified via the dimensionless Deborah number (De= lf= 0.2, 1 and 
5). Using two different periodic inlet flow configurations (in-phase and out-of-phase, as sketched in Fig. 1a) we were able to 
assess the importance of different types of flow near the stagnation point while assessing how the flow evolves along the 
outlet channel. We observed several types of flow transition, that depend on the amplitude and frequency of the forcing, and 
analyzed the corresponding velocity and stress fields in the exit channel, at the positions marked in Fig. 1a). As illustrated in 
Fig. 2, for the in-phase flow configuration the results at low Wi show the dampening of the oscillations on moving 
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LARGE-SCALE BROWNIAN DYNAMICS SIMULATIONS OF POLYMERIC SOLUTIONS

Amir Saadat and Bamin Khomami ∗

Department of Chemical and Biomolecular Engineering, University of Tennessee, Knoxville, TN 37996, USA

Summary Excluded volume (EV) and hydrodynamic interactions (HI) play a central role in macromolecular dynamics under equilibrium
and nonequilibrium settings, specifically in determining the concentration dependence of the properties of polymeric solutions. The compu-
tational cost of incorporating the influence of HI in Brownian dynamics simulations (BDS) of semidilute polymeric solutions has motivated
much research on development of high-fidelity and efficient techniques. Here, a matrix-free approach for calculation of HI is implemented
which leads to O (N logN) scaling of computational expense, where N is the number of beads in the simulation box. The fidelity of
the algorithm is demonstrated by evaluating the properties of polymeric solutions and comparing the results with that of the blob theory.
The scaling of relaxation time versus concentration is evaluated and compared with experiment. Furthermore, the matrix-free approach is
implemented for nonequilibrium settings to simulate extension and relaxation of macromolecules of different architectures.

INTRODUCTION

The effect of concentration on equilibrium and dynamic properties of polymer solutions has been observed experimentally
even at very low concentrations [1]. Accurate determination of the aforementioned properties of the polymer solutions near
or above c∗ (the concentration at which chains begin to partially overlap at equilibrium), i.e., the semidilute regime, is of great
importance to the polymer physics as well as polymer processing communities. To this end, development of high-fidelity and
computationally efficient simulation techniques for this class of fluids is important both from a scientific perspective and in
industrial applications.

Calculating long-range HI
The perturbation of the velocity field around a polymer segment (or hydrodynamic coupling) is due to the movement of the

segments of the same chain (intra-chain interaction) and the segments of other chains (inter-chain interaction). Simulations
of such multichain systems are performed for homogeneous system in an unbounded domain using a periodic box. Nc chains
with Nb identical beads are considered inside the primary box, so the number of interacting beads is N = NcNb. Due to
the long-range nature of HI, each bead interacts not only with the beads inside the primary simulation box, but also with
particles in all periodic replicas (images) of the primary box. The additive sum corresponding to this hydrodynamic coupling
is known to be slowly and/or conditionally convergent [2]. Beenakker [2] used Ewald summation technique for Rotne-Prager-
Yamakawa (RPY) HI tensor to split the original sum into two exponentially decaying sums in real and reciprocal spaces. In a
straight forward implementation of the Ewald sum, the construction of the diffusion matrix requires O

!
N2
"

operations. This
procedure followed by the calculation of Brownian displacements which also scales as O

!
N2
"

(if the Lanczos algorithm is
used [3]) are the most cost prohibitive procedures in simulating polymer solutions with concentrations well above c∗.

Matrix-free Brownian Dynamics approach
In this study, the high computational cost of simulating long-range HI is reduced by using smooth particle mesh Ewald

(SPME) technique where fast Fourier transform (FFT) is employed to accelerate the computations in reciprocal space. A
small subset of interacting particles is treated in the real space while the main load is transferred to the reciprocal space sum.
Efficient implementation of this method leads to the scaling of O (N log N) [6].

GOVERNING EQUATIONS

The dynamics of a macromolecule can be described using a coarse grained bead-spring model [4]. In this micromechanical
model, a flexible polymer with NK statistical Kuhn steps is discretized using Nb identical beads, which resemble the centers of
hydrodynamic resistance, connected by Nb ◦ 1 springs, which account for the entropic force between the neighboring beads.
The simulation box is assumed to have sides with dimensions (Lx, Ly, Lz); i.e., V = LxLyLz . Therefore, the concentration
of beads in the box is given by c = N

V . The Itô stochastic differential equation of motion (SDE) is integrated in BDS to obtain
the time evolution of the position of the beads, i.e., r. The nondimensionalized form of SDE is written as

dr =

#
PeK · r +

1

4
D · F φ

$
dt +

1√
2
C · dW (1)

where K is a block diagonal matrix which contains Nb ×Nb blocks of 3× 3 matrices which are equal to the transpose of the
velocity gradient tensor. The diffusion matrix D is also a block matrix which contains Nb ×Nb blocks and each block is the

∗Corresponding author. Email: bkhomami@utk.edu
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RHEOLOGY OF SUSPENDED PARTICLES IN VISCOELASTIC FLUIDS UNDER SHEAR

Mengfei Yang∗1, Sreenath Krishnan2, Eric S. G. Shaqfeh1, 2, 3, and Gianluca Iaccarino3

1Department of Chemical Engineering, Stanford University, Stanford, California, United States
2Department of Mechanical Engineering, Stanford University, Stanford, California, United States

3Institute for Computational & Mathematical Eng, Stanford University, Stanford, California, United States

Summary The study of viscoelastic fluids with particulate fillers is of considerable interest due to the prevalence of such materials in
manufacturing, including injection molding and 3D printing, where the robustness of the process depends on controlling the suspension
rheology. However, a fundamental understanding of the bulk stress of viscoelastic suspensions is complicated by the nonlinearities of
the suspending fluid properties, which present a challenge for deriving analytical results. We present 3D simulations of neutrally buoyant
spheres freely suspended in a viscoelastic fluid described by the Giesekus model under shear flow. Single particle results are used to validate
the dilute limit and explore the effect of high shear rates, showing that the bulk rheology becomes dominated by polymer stresses induced
in the fluid by particle disturbances. We also present multi-particle simulations at low volume fractions with fully resolved hydrodynamics
to show how particle-particle interactions affect the pair-probabilities and resulting bulk stresses.

PROBLEM STATEMENT

Introduction
Because of the importance of viscoelastic suspensions in applied industrial applications, they have been studied mostly

through experimental research devoted to concentrated suspensions. A deeper fundamental understanding of such systems is
lacking in part because of the diverse nature of viscoelastic fluids and the nonlinearity of their stress-strain relationship. Few
theoretical results exist and these predictions are often only valid in a flow regime (i.e. very weak flow and infinite dilution)
where experimental measurements are difficult [1]. Numerical tools for computing the rheology of viscoelastic suspensions
are few and most have focused on 2D, which produce results that often differ qualitatively and quantitatively from experiments
[2]. As such there is a need for 3D simulations to not only validate the theoretical calculations but also provide a fundamental
understanding of the mechanisms present in experimental results. We focus on the viscometric functions for non-colloidal
suspensions of spheres in “Boger” fluids – i.e. nearly constant shear viscosity elastic fluid – since our primary goal is to gain
insight into the effect of fluid elasticity on the rheological behavior of suspensions. There are several interesting observations
from the experimental data which we explain through our numerical simulations. First, though the suspending Boger fluid is
of constant shear viscosity, suspensions exhibit shear thickening even at low volume fractions [3, 4]. Second, experimental
measurements of viscometric functions at low volume fractions exhibit larger viscosities and first normal stress difference
coefficients than that predicted by dilute theory. Moreover, the measured second normal stress difference coefficients may
differ in sign compared to that predicted by the dilute theory [4].

Numerical Methods
We use a 3D, parallel code based on an unstructured finite volume formulation for incompressible flow. The viscoelastic

suspending fluid is described using the Giesekus constitutive model, which is fit to a number of existing experimentally
measured Boger fluid rheologies, and added as a momentum source to the fluid solver. The code can accommodate boundary-
fitted meshes, which allow high resolution of particle boundaries and can resolve all hydrodynamics (cf. Fig 1 a), as well as an
immersed-boundary (IB) formulation that can efficiently handle multi-body dynamic simulations as well as all hydrodynamics
if the particles remain separated by at least one grid spacing (cf. Fig 1 b). The IB code allows us to capture structure formation
from flow inception to steady state (cf. Fig 1 c). The simulations are completed by solving the continuity and momentum
equations for the flow around the particles and from this we can calculate any quantities of interest – e.g. the particle-induced
fluid stress and the stresslet, which, when combined, determine the particle contribution to the bulk stress.

RESULTS

We first present a study of dilute suspensions as a function of the flow Weissenberg number, Wi, defined as the product
of the shear rate and the polymer relaxation time, in Boger fuids. We found that the particle contribution to all viscometric
functions exhibit shear thickening (cf. Fig 2 a). The shear-thickening was found to be created by the stretching of the polymers
in the surrounding fluid induced by particle disturbances. These particle-induced fluid contributions increase with Wi, though,
depending on the particular stress contribution, the trends may not be monotonic with Wi. We have also determined the

∗Corresponding author. Email: mengfeiy@stanford.edu
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MACH CONES IN A VISCOELASTIC FLUID

Fumihiko Mikami∗1 and Yoshiaki Yagi1
1Department of Mechanical Engineering, Chiba University, Chiba-shi, Chiba, Japan

Summary Mach cones created by a falling sphere are observed experimentally in a viscoelastic fluid. The fluid used is a dilute wormlike
micelle solution of cetyletrimethylammonium bromide (CTAB) and sodium salicylate (NaSal) dissolved in water. A sphere falls through
the fluid faster than the speed of shear waves. Mach cones are clearly observed in vorticity fields. They have a multiple-cone structure. The
first cone is involved with forward shearing motion in the direction induced by the falling sphere, and it is followed by weaker cones with
backward shearing motion accompanied by a relaxation of the initial shearing motion. The results suggest the importance of considering
shear-wave-based Mach numbers that facilitates the understanding of a complex phenomenon associated with viscoelastic fluid flows.

INTRODUCTION

Shear waves, or equivoluminal waves can be propagated in viscoelastic fluids, and they can be interpreted as vorticity
waves in the fluids. The speed of shear waves is given by

!
G/ρ, where G is the rigidity and ρ is the density of the fluid. The

speed of shear waves propagating in a viscoelastic fluid is usually much smaller than that of compressional sound waves in the
fluid. Therefore, it is easily possible that a shear-wave-based Mach number M = V/c exceeds one, where V is the speed of
an object through a fluid and c =

!
G/ρ is the speed of shear waves in the fluid. The phase velocity of plane harmonic waves

in wormlike micellar fluids decreases with the concentration and tends to zero [1], which is indicating that dilute conditions
may give rise to supercritical flow of the fluids. Joseph [2] considered the problem of uniform flow of viscoelastic fluid past a
body using linearized theory and showed that a Mach cone will develop if M > 1, where the governing vorticity equation is
hyperbolic when M > 1 and elliptic when M < 1. In this study, we demonstrate experimentally that Mach cones are created
by a falling sphere in a dilute wormlike micelle solution in the condition of M > 1.

METHODS

An aqueous solution of wormlike micelles was prepared by mixing 3 mM cetyltrimethylammonium bromide (CTAB) and
3 mM sodium salicylate (NaSal) in deionized water. The wormlike micelle solution was seeded with water-soluble acrylic
paint containing luminous red pigment suspension for flow visualization purpose. It has been shown that the linear rheology
of the wormlike micelle solution can be well described by a fit to a Maxwell model having single relaxation time [3]. Because
the shear wave speed is the most important characterizing property of the fluid responsible for the formation of Mach cones,
the speeds of plane shear waves generated by impulsive excitation in the fluid were directly measured instead of measuring
the steady and dynamic shear rheology.

The fluid was contained in a transparent Plexiglas vessel having square cross section of 100 mm in side and a hight of 350
mm. The experiments were performed at a constant temperature of 25 ◦C. Shear waves were generated by a vertical thin plate
moving in its own plane driven by an electric linear actuator. The plate undergoes a step increase of velocity from rest to 10
mm / s followed by a sudden stop. A generated shear wave pulse travels in the direction normal to the plate. The flow fields
were visualized with laser sheet illumination of a central vertical slice normal to the plate. The sheet thickness of the laser
was 0.8 mm. The emitted fluorescence from the tracer particles was imaged with a CCD camera (2336 ×1728 pixel, 8 bit) by
using a sharp cut filter and captured on a PC. The flow fields associated with the shear waves were obtained by using a particle
image velocimetry (PIV) and the vorticity was computed from the flow fields. The shear wave speed c was determined by
tracking the position of a vorticity peak over several frames.

A polystyrene sphere of a density ρs = 1.04 × 103 kg / m3 with a diameter of 6.36 mm was released from a guide pipe
carefully. The lower end of the guide pipe was positioned a depth 12 mm below the center of the free surface. The flow fields
around the sphere were obtained in a vertical plane coinciding with the center of the sphere, in the same way as described
above for the wave speed measurement. The position of the sphere in each video frame was obtained by image analysis. The
settling velocity V was determined from the trajectories of the sphere. The Mach number is defined as M = V/c.

RESULTS

In wave speed measurements, the generated shear waves have been damped before they reach walls and reflected waves
were not observed. A vorticity peak was successively tracked over several video frames without any disturbance arising from
the circulating flow in a cavity driven by a moving plate. The measured shear wave speed for the 3 mM CTAB/NaSal solution
was 8.4 mm/s.

∗Corresponding author. Email: fmikami@faculty.chiba-u.jp
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CREEPING FLOW AROUND PARTICLES IN LARGE YIELD STRESS BINGHAM FLUIDS
Emad Chaparian1, Neil J. Balmforth2, and Ian A. Frigaard ∗1,2

1Department of Mechanical Engineering, University of British Columbia, Vancouver, British Columbia, Canada
2Department of Mathematics, University of British Columbia, Vancouver, British Columbia, Canada

Summary Yield stress fluids can hold buoyant rigid particles static if their yield stress is large enough. This critical yield number, beyond
which there is no flow, is an important parameter to estimate in addressing sedimentation of rigid particles in visco-plastic fluids. As we
get close to this limit, viscous dissipation becomes negligible in comparison to the plastic contribution. Employing slipline theory for 2D
plastic flows, we are able to approximate the yield number (lower bound) and the shape of the plugs attached to the falling particle in this
limit. Numerical experiments of symmetric particles motion in visco-plastic fluid validate the predictions of slipline theory for a wide range
of geometries and reveal some astonishing effects.

BACKGROUND

Particulate flow in viscoplastic fluid has been extensively investigated numerically and experimentally. One aspect how-
ever, that has not been addressed completely is the static stability problem: one expects that for large enough yield stress of
the fluid, the particle will not move under the action of the body force (i.e. there is no particle settling). The yield number
(Odc) or critical plastic drag coefficient (Cp

D,c) is an important flow parameter. For a few specific geometries these critical
numbers can be found in the literature [1–4]. However, a general method to find the yield number does not exist and also no
study focuses on the features of the flow in the yield limit.

Putz and Frigaard [1] have shown that as we get close to the yield limit the viscous dissipation will be at least one order
of magnitude less than the plastic dissipation. Ignoring the viscous contribution, here we consider a rigid-plastic rheological
model. Slipline theory (which has been extensively used in solid mechanics and geotechnics) is a powerful tool for limit
analysis in rigid-plastic problems. One of the best examples is the paper by Randolph and Houlsby [5] in which the authors
constructed the slipline network around a circular pile to calculate the lateral resistance of it in the soil mass. This flow is
equivalent to a 2D settling circular disc. In the present study, we attempt to shape a general framework for using slipline
theory in calculating the critical plastic drag coefficient (or equivalently yield number) of particle motion in visco-plastic fluid
and highlight the flow characteristics in the yield limit.

PROBLEM STATEMENT

The yield limit studied is identical for a range of yield stress models, e.g. Bingham, Casson, Herschel-Bulkley. Using the
simplest (Bingham) model as the constitutive equation, we solve the following dimensionless equations:

∂τij
∂xj

− ∂p

∂xi
= 0 and ∂ui/∂xi = 0 (1)

⎧
⎨

⎩
τij =

(
1 +

B

γ̇

)
γ̇ij iff τ > B

γ̇ = 0 iff τ ! B
(2)

where B = τ̂Y L̂/µ̂Û is the Bingham number, γ̇ =
√

1/2
∑
γ̇2ij , and τ =

√
1/2

∑
τ2ij . Here τ̂Y is the yield stress of the

fluid, µ̂ the plastic viscosity, L̂ the length scale, and Û is the velocity of the particle. The stresses and pressure are scaled
with viscous scale. For boundary condition we impose no-slip on the particle surface and ui = 0 at infinity. Using variational
principles we find the solution of (1)-(2) using the augmented Lagrangian formulation and Uzawa algorithm, e.g. [6].

SLIPLINE THEORY

Viscous dissipation is much smaller than the plastic dissipation in the yield limit. Hence, we ignore the role of viscosity
in this limit for finding the critical plastic drag coefficient. In this case, the von Mises yield criterion and the Stokes equations
form a closed set of hyperbolic equations along characteristic curves for which the magnitude of shear stress is maximal and
is equal to the yield stress. These orthogonal characteristics (α and β lines) are found from the Hencky equations [7]):

p̂+ 2τ̂Y φ = const. along α lines and p̂− 2τ̂Y φ = const. along β lines, (3)
∗Corresponding author. Email: frigaard@math.ubc.ca



where φ by definition is the angle that the α-line makes with the x-axis. Solving these equations along the slipline network, we
can find an admissible stress field and hence calculate a lower bound of Cp

D,c. In Fig. 1, the slipline network around example
shapes is presented. In all the results presented the particle is moving vertically upward. Satisfactory agreement is found
between the lower bound of Cp

D,c predicted by slipline theory and that computed from iteratively solving (1)-(2) numerically.

(c) (d)

(b)

(a)

Figure 1: Slipline network for different geometries: (a) oblate ellipse (10.34,10.35), (b) circle (11.94,11.94), (c) prolate
ellipse (27.43,27.9), (d) kite (11.78,11.85). The bracketed numbers in each case give the values of Cp

D,c from slipline theory
and numerical solution of (1)-(2), respectively.

CLOAKING EFFECTS

Close to the yield limit (large B), we observed that for different particle shapes, the flow can look very similar; see Fig. 2.
Thus, the shape of the particle is ‘cloaked’. Based on these observations, we developed a general methodology that can
summarize all these flow features. Using this method, we can find the slipline network around arbitrary symmetric particles
and calculate lower bounds estimates of the yield number that prove to be close to those from (1)-(2).

Figure 2: Different particles at large B. Colourmap shows speed contours and gray shaded regions are unyielded. The tilted
square is like a triangle (a plug fills the rear side of the triangle). The ‘Batman’ and ellipse are very similar.
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DISPLACING YIELD STRESS FLUID BY NEWTONIAN FLUID IN A VERTICAL
CIRCULAR CHANNEL

Jaewoo Jeon∗1, Ali Etrati†1, Alondra Renteria2, Reily Blackner1, and Ian A. Frigaard1,3

1Department of Mechanical Engineering, University of British Columbia, Vancouver, British Columbia, Canada
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3Department of Mathematics, University of British Columbia, Vancouver, British Columbia, Canada

Summary We investigate the characteristics of displacement flow of a yield stress fluid by a Newtonian fluid. A neutralized solution of Car-
bopol, is placed at the bottom of a vertical pipe, displaced by pumping Newtonian fluid downwards from the top. During the displacement,
3 flow regimes are identified: central-type, slump-type and turbulent. Central-type displacements left non-uniform residual layer at the wall.
Slump-type displacement normally have two fronts moving at different speeds, sometimes with Carbopol moving backwards against the
imposed flow (when the Atwood number (At) is positive and the imposed velocity low). Turbulent mixing results in no discernible boundary
between the displacing and displaced fluids, typically for Re > 8000. In some experiments with low velocity and negative At, the initial
developing phase forms at the beginning of the experiment and a portion of initial phase stays until the end of the experiment without being
displaced.

Figure 1: A schematic view of flow loop

INTRODUCTION AND SCOPE

In many industrial applications such as bio-medical, food
processing, oilwell cementing and pipeline, it is required to remove a
gel-like material from a duct. An oil industry application is chosen
for this study where we consider the fluid to be removed is either a
drilling mud or a pipe full of waxy crude oil, both with a yield stress.
The yield stress is made at intermediate pH on neutralizing the
Carbopol solution. Concentrations of Carbopol are chosen to give
yield stresses of approximately 1, 5, 10 and 20Pa. Following [1,2],
the experiment is performed in a 4m long, 19.05mm diameter acrylic
pipe that stands vertically. Initially, the yield stress fluid (fluid 2) is
filled in the bottom of the pipe up to a gate valve whereas Newtonian
fluid (fluid 1) occupies the top section of the pipe. The gate valve is
located at 80cm below the top end. The flow rate is controlled by
imposed pressure and a flow control valve at the exit. It is measured
by a magnetic flow meter, located at the inlet of the pipe, measures
Newtonian fluid flowing into the pipe. An ultrasonic Doppler
velocimeter (UDV) is mounted at the middle to measure the velocity
through the central plane of the pipe; see Fig. 1.

The main experimental parameters are the fluid densities (ρ̂k), the mean imposed velocity (V̂0), the yield stress (τ̂y) and other
rheological parameters. The density difference is represented dimensionlessly by the Atwood number (At):

At =
ρ̂1 ◦ ρ̂2
ρ̂1 + ρ̂2

(1)

The flow is characterized by the Reynolds number (Re) and densimetric Froude number (Fr):

Re =
ρ̂1V̂0D̂

µ̂1
; Fr =

V̂0!
AtĝD̂

, (2)

with µ̂1 the viscosity of the displacing fluid. The dimensionless number representing ratio of yield stress to viscous stress in
the Bingham number. Here the viscous stress is imposed via the Newtonian fluid and hence we define:

BN =
τ̂yD̂

µ̂1V̂0

(3)

The range of the experiments is constrained to: At = 0, ± 0.0035, ± 0.016, Re ∈ [200, 10000], Fr ∈ [0, 20] and
BN ∈ [90, 60000].

∗Corresponding author. Email:jaewoo.jeon@alumni.ubc.ca
†Corresponding author. Email:etrati@alumni.ubc.ca
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DARCY’S LAW & CRITICAL PRESSURE DROPS FOR YIELD STRESS FRACTURE FLOWS

Ali Roustaei∗1, Thibaud Chevalier2, Laurent Talon2, and Ian Frigaard1,3
1Department of Mechanical Engineering, University of British Columbia, Vancouver, Canada

2Laboratoire FAST, Univ. Paris-Sud, CNRS, Universite Paris-Saclay, Orsay, France
3Department of Mathematics, University of British Columbia, Vancouver, Canada

Summary Using numerical computation, we explore the validity of lubrication/Hele-Shaw approaches for 2D channel flows of a Bingham
fluid: effectively Darcy’s law. Wavy and linear profiles approximate a simple fracture and a shift between top/bottom walls adds tortuosity.
The Darcy law estimate is valid as far as the geometry is long and thin, as expected. In other geometric ranges a major diversion occurs due
to appearance of fouling layers, i.e. static fluid attached to the walls. Fouling gives an O(1) modification to the aperture, resulting in O(1)
errors in Darcy law estimates. We show this can be improved. Second, we consider the critical pressure drop for the onset of flow, which
is important in a variety of invasion/plugging and flow-back/cleaning applications. We study asymptotic behaviours and derive a simple toy
model that gives good predictions for simple geometries. Illustrations are presented with more complex fractures.

INTRODUCTION

Cement injection for CO2 storage reservoirs, flow of cement/drilling mud in thin annuli in primary cementing, repair of
oil/gas wells in squeeze cementing, viscous frac fluids in hydraulic fracturing are some examples of industrial applications of
yield stress fluid in fractures and irregular channels. Lubrication/Hele-Shaw approximations (Darcy’s law) are widely used for
Newtonian flows, so it is natural to develop the same yield stress fluids. Aside from standard “nonlinear filtration” modifica-
tions, the nature of yield stress fluids raises 3 additional issues. (i) It is known that naı̈ve application of these approximations
may result in significant errors in the stress fields. (ii) Fouling (static) layers can appear in uneven channels [2] which cause
O(1) changes in the aperture. (iii) Below a critical pressure drop these fluids are not expected to flow.

PROBLEM FORMULATION

We consider 2D Stokes flow of a Bingham fluid in 3 types of fractures: wavy, linear and affine fracture geometries. The
Stokes equations are scaled with length scale D̂, velocity scale Û0 = Q̂/2D̂ (Q̂ is the areal flow rate). A single dimensionless
Bingham number B appears, which is the ratio of yield stress τ̂y to viscous stress µ̂Û0/D̂. Other dimensionless geometric
parameters are H, L, ψ; see Fig. 1. Boundary conditions are no slip for top/bottom walls and periodicity on the left/right of the
fracture. We have used the augmented Lagrangian method [1], implemented in the FreeFEM++ finite element environment.
To improve solution accuracy, especially close to zero flow limit, we use five cycles of anisotropic mesh adaptation.

RESULTS

Lubrication approximation applicability
We have computed > 2000 flows over a wide range of (H,L,B,ψ). Assuming Poiseuille flow at each section of the frac-

ture we find the corresponding pressure drop ∆PL from lubrication approximation. This is compared with the 2D computed
pressure drop along the fracture (∆PN ), in Fig. 2a which shows the ratio ∆PN/∆PL. Note that the 2D flow is expected
to dissipate more energy than the pseudo-1D lubrication approximation, hence ∆PN/∆PL ≥ 1, but the 2 measures should
coincide as the flow becomes progressively 1D. The main parameter affecting the prediction accuracy is H/L, as expected.
For larger amplitudes H , fouling layers appear; see Fig. 3. These grow in size with B. The boundaries of the stagnant regions
effectively define a new channel geometry (see red points in Fig. 3 at B = 100), which is self-selected by the flow. Self-
selection also occurs in 1D duct flows [3]. Geometry and rheology are coupled by this novel non-Darcy effect. The pressure
drop prediction may be improved by using the (unknown) fouled surface as the new geometry of the fracture (Fig. 2).

L̂

2D̂Q̂
ŷ = D̂ + Ŷ+(x̂)

ŷ = D̂ + Ŷ
−
(x̂)

x̂

ŷ

Ĥ

Ĥ Ĥ

Ĥ

2ψL
y = 1 + y+(x)

y = −1− y
−
(x)

Figure 1: The fracture geometries used
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SLIP AND NO-SLIP OF CARBOPOL DROPLETS:
A DIRECT EXPERIMENTAL OBSERVATION

Maziyar Jalaal∗1,2, Neil Balmforth2,3, and Boris Stoeber1,4

1Department of Mechanical Engineering, University of British Columbia, Vancouver, Canada.
2Institute of Applied Mathematics, University of British Columbia, Vancouver, Canada.

3Department of Mathematics, University of British Columbia, Vancouver, Canada.
4Department of Electrical and Computer Engineering, University of British Columbia, Vancouver, Canada.

Summary The spreading of yield stress droplets extruded on glass surfaces is studied experimentally. We used a combination of shadowgra-
phy and swept-field confocal microscopy. The vertical profiles of the radial velocity were obtained, using Particle Image Velocimetry (PIV).
On untreated glass surfaces, Carbopol droplets experience a significant amount of effective slip. However, on treated (through salinization)
glass, where positive charges are permanently generated on the surface, PIV demonstrated a substantial reduction in slip.

INTRODUCTION

Spreading of yield stress materials occurs in several industrial applications such as painting, printing, and coating. Similar
to many polymeric fluids, a large number of yield stress liquids undergo apparent slip in the vicinity of a smooth surface [1].
This often occurs due to the migration of the polymer particles away from a boundary, leaving a relatively dilute layer between
the viscoplastic material and the wall. Direct observation of this lubrication layer (typically smaller than 1 µm) is challenging,
however the macroscopic consequence of apparent slip can be perceived more easily (see e.g. [2] for the effect of slip on
the rheology of Carbopol). In the current study, we explore experimentally the effect and control of wall slip for spreading
droplets of Carbopol solutions as a prototypical yield stress fluid.

EXPERIMENTAL METHOD

Carbopol samples were made by preparing aqueous solutions of Carbopol Ultrez 21 (by Lubrizol) neutralized with tri-
ethanolamine. Carboxylated green (468-508nm) polystyrene fluorescent (PSF) particles of diameter of 3±0.1µm were added
to the samples and mixed gently to act as the flow tracers in our experiments. The pH of the final solutions was 6.25±0.1.
Material properties of the samples were measured using an Anton Paar (Physica MCR-30Z) rheometer and the yield stress
values were obtained through the Herschel-Bulkley fits. The strongest and weakest solutions have yield stress of 0.14 Pa and
10.5 Pa, respectively.

The experimental setup for the droplet experiments is sketched in figure 1-a. Droplets of volume 0.1 mL were deposited
onto glass slides at a rate of 2 mL/min, using a syringe pump connected to a stainless steel nozzle of inner and outer diameters
of 0.15 and 0.31 mm, respectively, held 1.5 mm above the surface. Two different glass substrates were used: the first was a
normal microscope glass slide. The second was a (3-aminopropyl) trimethoxysilane (APES) treated glass that had a positive
surface charge.

Figure 1: a) Sketch of the experimental setup. b) Droplet radius versus time for two different glass substrates. c) Shadowg-
raphy pictures of the final shapes, where the photograph shows the droplet on the untreated glass substrate and the red line
shows the final shape on the treated glass substrate.

∗Corresponding author. Email: mazi@alumni.ubc.ca



The side-view imaging was used for the shadowgraphy. The bottom view was used for swept-field confocal microscopy.
A motorized piezo stage (Prior H101A ProScan) moved the glass slide vertically, enabling us to observe multiple horizontal
planes. We focussed on the flow field very close to the substrate, scanning eleven planes with a vertical distance of 25
µm, starting at the surface of the glass slide and extending up to a total height of 250 µm. The images from microscopy
were intensity-filtered to remove out-of-focus particles and then analysed using a cross-correlation PIV algorithm to obtain
horizontal velocity fields. For the vertical profiles of the radial velocity, the magnitude of the instantaneous velocity field was
averaged over the entire field of view for each of the horizontal planes.

RESULTS

Figure 1 (panels b and c) displays the side view results for the highest concentration Carbopol droplets spreading on the
two glass surfaces. As can be seen from both the position of the contact radius (panel b) and the final shape of the droplets
(panel c), the droplet spreads further over the untreated glass surface than the treated substrate. Figure 2 (panels a and b)
displays vertical profiles of the radial velocity of the droplets at the three times indicated in Figure 1-b. Above the untreated
glass surface (panel a), the wall slip is significant. By contrast, above the treated surface (panel b), no effective slip whatsoever
could be detected to within the experimental precision.

Figure 2: Vertical profiles of the radial velocity for the highest concentration Carbopol where droplet spreading over a) the
untreated glass surface, and b) the treated glass surface. Maximum radius of the droplets over c) treated and d) untreated
surfaces. The horizontal dashed lines show the predictions for a spherical cap with the contact angles of water.

A summary of final drop radii for the all concentrations is shown in Figure 2 (panels c and d). Over the treated surface,
the droplets spread further when the Carbopol concentration is reduced, as would be expected for a reduction in the bulk yield
stress without any significant change in surface tension and contact angle (see [3] for details). A similar trend is observed for
the droplets over the untreated surfaces, where the slip rheology is expected to govern the spreading. For the lowest Carbopol
concentration, the final droplet radii are similar to those measured for water. This agreement is not so surprising in view of
the similarity of the observed contact angles. Indeed, the final radius is close to that predicted by assuming that the final shape
is a spherical cap terminated at the contact angles of water.

CONCLUSIONS

We have provided evidence for apparent slip during the spreading of Carbopol drops, using a combination of shadowgraphy
and confocal microscopy. It is known that glass surfaces obtain a negative surface charge in contact with aqueous solutions,
mainly due to the dissociation of the terminal silanol groups. Therefore, a repulsive interaction between the Carbopol particles
and the surface is expected, which results in an apparent slip. Wall slip however can be prevented if the glass is treated to
feature positive surface charges. This substantiates the proposition that the lubrication layer can be breached with an attractive
electrostatic interaction.
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START-UP OF SHEAR FLOW OF 2D PARTICLE SUSPENSIONS IN VISCOELASTIC
FLUIDS

Patrick Anderson ∗1, Martien Hulsen1, and Nick Jaensson1

1Department of Mechanical Engineering, Polymer Technology,, Eindhoven University of Technology,The
Netherlands

Summary We present simulations of the start-up of shear flow of 2D suspensions of rigid particles in viscoelastic fluids by applying a novel
numerical method is applied that makes use of biperiodic domains. At Weissenberg numbers of 1 and higher, particle chaining is observed
that leads to a decrease in bulk viscosity, an effect that was observed experimentally. Increasing the solid area fraction leads to the particle
alignment occuring faster and the particles forming longer chains, causing a stronger decrease in bulk viscosity. In addition, at solid area
fractions of 0.3 and higher, an increase of the bulk first normal stress difference is observed, which may be attributed to an increase in local
shear rate in between the particle chains.

BIPERIODIC DOMAINS NUNDER SHEAR

Particle suspensions play an important role in science, nature and technology with many everyday examples such as food,
pharmaceuticals, biological fluids, paint, etc. Consequently, the rheological behavior of suspensions has been subject to an
increasing amount of research during recent decades. The use of boundary-fitted meshes allows for a high resolution in places
where particle boundaries are in close proximity, while keeping the resolution lower in areas where gradients are low. We will
use the model to study the influence of the elasticity of the suspending fluid and the particle concentration on the rheology of
the suspension.

In this work we consider a suspension of rigid, non-Brownian, circular particles with a solid area fraction denoted by
φ. The suspension is subject to a macroscopic shear field γ̇, as is shown in Fig. 1. If the macroscopic length scale of the
flow is large compared to the microscopic length scale (i.e. the inter particle distance), the suspension can be regarded as a
homogeneous fluid with a linear velocity profile. However, the presence of the particles will cause a local disturbance of the
linear velocity profile, which will be simulated by considering a biperiodic domain with length L and height H , as is shown in
Fig. 1. The velocity in the biperiodic domain is given by u(x, y, t) = (ux(x, y, t), uy(x, y, t)), which can be decomposed in
a biperiodic part and a part from the macroscopic shear field: u(x, y, t) = û(x, y, t) + (γ̇y, 0), where the vertical coordinate
y is defined in Fig. 1. Since ûx(x, H, t) = ûx(x, 0, t), there is a difference in ux of γ̇H between the top and bottom of the
biperiodic box.

L

H

ûx(x, 0, t)

x
y

ûx(x, H, t) + γ̇H
U

γ̇ = U
h

h

Fig. 1: A macroscopic shear field (left) and the biperiodic domain (right).

If there is a variable convected with the flow, the boundary conditions as shown in Fig. 1. By applying a novel numerical
tool using the finite element method on moving, boundary fitted, biperiodic domains, we study the bulk behavior of particle
suspensions in viscoelastic fluids.

∗Corresponding author. Email:p.d.anderson@tue.nl
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INERTIAL SUSPENSION FLOWS IN BIFURCATING CHANNELS:
EXPERIMENTS AND MODELLING

Omer Sedes1, Sojwal Manoorkar1, and Jeffrey F. Morris1

1Benjamin Levich Institute and Department of Chemical Engineering, The City College of New York, New York,
NY 10031, USA.

Summary Experiments of non-colloidal suspensions with finite inertia at both the particle and the bulk scale were performed in bifurcating
channels focusing on the T-geometry to provide a benchmark for general suspension flows. Single-phase effective viscosity analyses fail
to capture even the macroscopic characteristics of the flow. The non-Newtonian and multi-phase nature of this flow were examined using
discrete particle Lattice-Boltzmann simulations and the continuum suspension-balance model and these provide a more accurate description
and understanding of the experiments.

In recent years, there were significant developments in the understanding of the rheology of non-colloidal suspensions
at finite inertia [1, 2, 3]. However extending this knowledge to non-viscometric flows and to suspension flows in general
geometries remains a challenge [4]. In this work, we focus on the pressure-driven flow of inertial suspensions in straight
channels and bifurcating asymmetric T-channels. These are geometries found in nature and industrial applications, and thus
provide an important benchmark to examine the non-Newtonian and multi-phase behavior of inertial suspensions.

EXPERIMENTS

In the T-channels, we conducted experiments at bulk Reynolds numbers of 50 < Re < 900 and covering particle volume
fractions of 0.05 < φ < 0.40 at the inlet. The channel geometries consisted of an inlet branch of square cross section 2.4 mm
wide and 128 mm long bifurcating into two daughter branches, one parallel and the other perpendicular to the inlet branch. In
the two types of channel geometries considered, the parallel daughter branch dimensions were the same as the inlet, while the
width of the perpendicular branch was either the same or one third of the inlet branch. Both channel outlets were open to the
ambient air (Pout = 1 atm). We used neutrally buoyant suspensions of polystyrene particles (d ≈ 250 µm) in 17% by volume
of glycerol in water. The average flow rates and particle concentrations at each outlet were measured, and high speed camera
images were captured to characterize the details of the flow at the bifurcation region during the experiments.

The results of these experiments demonstrate major macroscopic differences when compared with Newtonian fluid be-
havior, and provide a basis for comparison with modeling. Specifically, we observed highly non-trivial dependences of the
suspension distribution among the daughter branches and of the particle concentrations at the branch outlets on Re and φ. The
variation of the ratio of the straight branch flow rates to the inlet branch flow rates for the bulk suspension and the particle
phase (βsuspension and βparticle) at different inlet conditions show drastic differences compared to a simple Newtonian fluid.
The detailed flow structure near the junction such as the size of the flow separation regions and particle concentrations inside
these zones also demonstrated features that cannot be predicted by a single-phase flow description with an effective viscosity.
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Figure 1: Image of the bifurcation region at Re = 400 and φ = 0.16 (left). Experimental results for suspension splits at
various Re and φ (right).



MODELLING

For particle loadings up to φ = 0.12, Lattice-Boltzmann simulations of a pressure driven suspension flow in a square
channel at the experimental Re range were performed to compute particle positions at the channel cross section near the
T-junction. The dimensions of the periodic simulation box and the particle size in lattice units were chosen to match the
experimental particle channel width to particle diameter ratio (α = d/W ). The simulations were conducted long enough
for the suspension to travel a distance equivalent to the experimental inlet branch length. The results of these calculations
demonstrate the transformation of cross-sectional particle positions from a ring structure to an almost uniform distribution of
particles to a structure with more particles migrating to the core of the tube at high enough Re, as described in [5].

In addition, finite element method calculations of the Newtonian fluids were performed using Comsol Multiphysics in
the experimental geometry. These calculations reveal the details of the highly three dimensional base flow and are used for
calculating the complex evolution of the stream-surface partitioning the inlet flow into each branch with increasing Re.

The cross-sectional particle positions from LB calculations were superimposed with the streamlines entering into each
branch obtained from FEM calculations for a Newtonian fluid. By assuming that the particles whose centers lie on the
streamtube entering to a particular branch enters the corresponding branch we obtain a reasonably accurate estimate of the
particle split among the branches (βparticle). The interaction of the particle migration profiles with the streamlines provide
the explanation of the experimentally observed cross-over from the particles preference of the side branch at low Re to the
preference of straight branch at high Re.

For higher inlet particle concentrations, we present the predictions of the continuum suspension-balance model [6] ex-
tended to include inertial effects in a T-channel. We consider the influence of bulk level inertia, modeled through the inclusion
of inertial terms to suspension momentum equations, along with the influence of the particle-scale inertia, modeled through
rheological stress terms.

Figure 2: Combination of particle positions and streamline regions at the junction for φ = 0.05 at Re = 46 (left) Re = 525
(right). Shaded regions indicate the regions corresponding to the straight branch; the side branch goes down the page.

CONCLUSIONS

The experiments of non-colloidal suspensions in T-channels reveal macroscopic and detailed flow behavior not explicable
by a simple effective viscosity approach. Consideration of the particulate nature of the flow in simulations reveal the dominant
influence of the upstream particle migration on the particle concentration in the daughter branches.
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Summary A numerical tool for the simulation of Nano/Micro Cellulose fibre suspensions is developed by means of coupling of a Compu-
tational Fluid Dynamics code and a Discrete Element code. The 3D Navier-Stokes equations are solved by a finite volume scheme, and the
fibres are discretised into a chain of beam elements. Momentum exchange between the two phases are enforced by a two-way coupling.
Compared to the conventional ”prolate-spheroid” approximation [11] [12], we implement a hydrodynamic force model based on the drag of
an infinite cylinder, as such a description of the hydrodynamic force tends to be free from the discretisation of the fibre. In the future work,
it is planned to use the developed model for the simulation of dilute and dense NFC suspensions.

INTRODUCTION

Cellulose microfibrils exhibit strong mechanical properties (E ∼ 80Gpa) and ultimate tensile stress around 1 GPa, making
them attractive for applications in nano-fibrous based composites such as nano-films or packaging materials [1]. However
the manipulation of these fibrous structures encounter obstacles in particular, at the process scale where their behaviour as
suspensions are insufficiently understood, as they exhibit complex flow features such as shear banding, wall slippage and plug
flow behaviour as described by Martoı̈a et al [1]. The objective of the present study is to develop a numerical model for the
study of the complex rheology of N/MFC suspensions. Furthermore we review the applicability of the force models arising
from the slender body theory and prolate-spheroid models for high aspect ratio fibres (rp ∼ 100) and propose an alternative
model for the hydrodynamic force on the fibre segments based on the drag of an infinite cylinder derived by Tomotika et al
[2] and Taylor [3].

METHODOLOGY

The methodology involved in the project is to couple a Finite Volume Method fluid flow solver (FVM) YALES2 [4]
with a Discrete Element Method code (DEM) YADE [5]. In a nutshell YALES-2 accounts for the fluid flow physics and
YADE accounts for the mechanical behaviour of the fibres. The codes are coupled with with in the Multiple Instruction
Multiple Data (MIMD) framework of Message Passing Interface (MPI- 2), currently one-way coupling and two-way coupling
methodologies are implemented. The one-way coupling deals with fluid⇒ fibre interactions and the two-way coupling adds
fibre⇔fluid interactions.

A fibre is discretised into several beam segments with each segment having a local frame of reference fixed to its symmetric
axis. Force and torque are applied to each of these segments. The cylindrical elements are modelled as discrete beams that
respond elastically to normal, shear bending and twisting loads, the details are well explained in [6], [7]. For solving the three
dimensional incompressible Navier-Stokes equations, a finite volume scheme with 4th order accuracy in space and time have
been used as described in [4].

RESULTS

Comparison with Tritton’s experiment
Tritton [8] performed experiments on the flow past a cylinder at various Reynolds numbers based on the fibre diameter

ranging from 0.387 to 100. The experimental setup consisted of a high aspect ratio quartz fibres cemented at one end and
the other free to move. A uniform flow was then imposed on the fibre. Based on the linear-beam theory, a beam in such a
configuration (cantilever beam with uniform loading) would undergo a small deflection at the ends, (l/h > 30, l is the length
of the beam, h the deflection).

In order to verify the drag force and the coupling of the methods, we repeat the experiments of Tritton [8] numerically
with the prolate-spheroid model[10], Kaplun’s expression [9] and Tomotika et al’s expression, for the drag force on an infinite
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Summary Morphology and dynamics of soft structures depends on interactions with their environment. In the presence of anisotropic
media, such as orthotropic gels or nematic liquid crystals, fluid anisotropy induces topological defects and long-range interactions between
immersed particles. Understanding how anisotropic fluids deform particles and induce interactions over long distances is a theoretically and
numerically challenging problem with applications to biological materials and soft device fabrication. In this paper we develop an immersed
boundary method that efficiently simulates highly deformable particles in flowing liquid crystals.

INTRODUCTION

Microorganisms and biological materials inhabit highly viscous environments, and the overall behavior of soft cells and
their molecular constituents depends sensitively on their interactions with the fluid in which they are immersed [1]. While
many of these environments are purely viscous Newtonian fluids, a variety of biologically and technologically relevant phe-
nomena occur between objects immersed in anisotropic fluids. Mucus and biofilms exhibit stress anisotropy (deformation
direction dependence), which may have important implications for biological function. For instance, bacterial cells have been
observed to swim along the preferred directions of fluid deformation in anisotropic environments [2, 3], which may be linked
to urinary tract infections [4]. Moreover, the complicated cytoskeletal network of eukaryotes and even the transmembrane
protein structure in lipid-based membranes exhibit orientational order that allows for these complex heterogeneous materials
to be modeled as anisotropic fluids.

In this paper we consider the theoretical description of deformable bodies in a canonical class of anisotropic fluid, a ne-
matic liquid crystal, a state of matter which exhibits orientational order but no positional order. Despite the myriad theoretical
and experimental advances in studying nematic liquids crystals (NLCs), relatively little has been done to study dynamically
evolving fluid-structure interactions in the presence of soft immersed boundaries. We develop an immersed boundary method
that efficiently handles both the simpler Ericksen-Leslie model of NLCs and a more sophisticated Stark-Lubensky “Q-tensor”
model [5]. Using semi-implicit time-stepping we construct a general framework that can be used to numerically study biolog-
ically relevant membrane dynamics, as well as various industrial applications associated with liquid crystal flow and device
fabrication.

IMMERSED BOUNDARIES IN NEMATIC LIQUID CRYSTALS

For both the Ericksen-Leslie and Stark-Lubensky models of flowing liquids crystals, we examine the zero Reynolds num-
ber limit and solve a system of coupled equations for the fluid velocity and either the nematic director n (Fig. 1a) or the tensor
order parameter Q, respectively. Similar to the Landau-de Gennes model of liquid crystals, in the Stark-Lubensky model
the orientational order of the fluid is represented by a second-rank order tensor Q, which in a uniaxial system reduces to
Q = S (nn − I/d), where S is a scalar order parameter, d is the dimension of the space, and I is the identity operator. The
general Landau-de Gennes energy functional takes the form

F (Q,∇Q) =
!

Ω

"
−a

2
Tr(Q2) − b

3
Tr(Q3) +

c
4

Tr(Q4)
#
+

1
2

$
L1|∇Q|2 + L2Qi j, jQik,k + L3Qi j,kQik, j + L4Qi jQkℓ,iQkℓ, j

%
dV, (1)

where the first bracketed term is the bulk energy, the second is the elastic energy, and the constants are material- and
temperature-dependent. As in the Ericksen-Leslie model, variations of Q generate an added elastic stress and introduce
anisotropy into the viscous stress, while itself satisfying a separate evolution equation [6]. The Stark-Lubensky formulation
provides a coupled system of equations for the fluid velocity v and the order parameter tensor Q via this associated stress.

To efficiently compute the dynamics of deformable membranes in nematic liquid crystals we implement a spectral im-
mersed boundary method with semi-implicit time stepping. In the immersed boundary formulation, the fluid equations are
solved on a fixed rectangular (Eulerian) grid. The immersed boundary, however, is discretized according to Lagrangian points
that do not conform to the background Eulerian mesh (Fig. 1b). In the present context, the immersed structure communicates
forces onto the fluid as in Peskin’s original method [7], but also communicates torques on the nematic director field through
molecular anchoring boundary conditions. The immersed structure is modeled as a series of Lagrangian grid points that evolve
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ELASTO-HYDRODYNAMIC NETWORK ANALYSIS OF COLLOIDAL GELS

James W. Swan∗1 and Zsigmond S. Varga 1

1Department of Chemical Engineering, Massachusetts Institute of Technology

Summary We investigate the spectrum of relaxation times and relaxation normal modes in percolated colloidal networks. The relaxation
spectrum is intimately tied to the linear viscoelasticity of such networks, and the spatial heterogeneity of the normal modes describes how
susceptible structures of different length scales are to deformation. We show that these quantities are highly sensitive to hydrodynamic
forces exerted on the network. Models for the hydrodynamic forces that neglect hydrodynamic interactions show significant departures
from those that include them in dilute networks. In dense networks, hydrodynamic screening reduces the strength of the interactions, and
the predicted relaxation spectra coincide regardless of hydrodynamic model. We show that modes of energy dissipation in the network are
fundamentally altered by the presence of long-ranged hydrodynamic interactions. Analogous to the Zimm model in polymer dynamics,
models describing network viscoelasticity must incorporate these effects of hydrodynamic coupling across the network to accurately predict
the experimental response.

INTRODUCTION

Harmonic normal-mode analysis has been applied to study and predict liquid-state dynamics as well as the eigenmodes and
eigenvalues and vibrational properties of numerous systems ranging from biomolecular structures such as membrane proteins,
through jamming transitions of granular material to colloidal crystals and glasses. Normal modes provide a framework for
understanding the dynamical excitations of a system in diverse fields. The normal modes are those degrees of freedom which,
at least for small perturbations away from equilibrium, do not interact with each other. Each mode oscillates independently
of the others with its own characteristic frequency. The distribution of these frequencies, known as the vibrational density
of states (vDOS), is central in the investigation of solids,since, apart from the structure, it is probably the most relevant and
direct quantity to characterize a system. For example, within the harmonic approximation, the vDOS allows one to calculate
the temperature dependence of the specific heat, thermal conductivity, as well as the free energy. While much effort has been
devoted to the investigation of dense glasses, much less is known for the case of weak colloidal gels. One of the reasons for
this is that physically realistic modeling of such gels has become possible only recently [1].

In soft materials, normal mode analysis of the equations of motion of the load bearing constituents can be directly related
to its macroscopic linear viscoelasticity. Conceptually, near any point of mechanical equilibrium, the load on each constituent
can be modeled as a Hookean spring with a characteristic relaxation time related to the ratio of the spring constant to the
viscosity of the suspending medium. There is a fundamental rheological relationship between the microscopic modes of
particle relaxation within a colloidal gel and the macroscopic viscoelasticity of that material. The spectrum of these relaxation
times, a density of states, of Maxwell-like normal modes, can be transformed into the linear viscoelasticity by summing the
viscoelastic contributions of each mode.

Work by Rovigatti et al. [2] focused on the structural and relaxation properties of colloidal networks, the mechanisms
responsible for the slowing down of the dynamics with decreasing temperature. However, such an analysis as all others before
it neglected the role of hydrodynamic coupling. Contrary to atomic systems, where the phonon dispersion curve is entirely
determined by inter-particle forces, in colloidal systems hydrodynamic interactions have to be considered. These interactions
arise when moving colloids exchange momentum through the solvent. Because of their long-range nature these interactions are
difficult to treat theoretically. We present computational methodologies for resolving this dilemma and results demonstrating
that long-ranged hydrodynamic interactions are essential to relaxation spectrum of colloidal networks.

RESULTS

In a colloidal network the evolution of particle positions x is satisfies the equation:

ẋ = ◦M · (∇U ◦ FB) , (1)

where M is the hydrodynamic mobility matrix, U is the inter-particle potential and FB is the random fluctuating Brownian
force. Using Cholesky decomposition the mobility matrix can also be expressed as M = BT ·B.

Close to mechanical equilibrium (∇U = 0), particles fluctuate about an equilibrium position xeq such that d = x ◦ xeq .
The time evolution of the fluctuations to first order is

ḋ = ◦M ·H · d, (2)

∗Corresponding author. Email:jswan@mit.edu
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THEORETICAL DEVELOPMENT

Recent theoretical work [6] proposes that above a critical applied stress σ∗, suspended particle surfaces may come into
frictional contact. The fraction of particle-particle interactions that become frictional in this way as the stress σ is increased is
given a simple exponential form

f ∝ exp(◦ σ∗/σ) (1)
where f is a parameter varying from 0 → 1, quantifying the degree of frictional character of the suspension. This parameter
may be built into a constitutive framework [7] by considering its influence on the critical solid fraction for flow arrest φc, as
the contacts evolve from being frictionless (like a colloid, with flow arresting at φrcp ≈ 0.64) to frictional (like a granular
suspension, with flow arresting at φm ≈ 0.58)

φc = φmf + φrcp(1 ◦ f). (2)

In Figure 1(a), we plot resultant viscosity-stress curves for varying solids fraction φ, further incorporating inertial shear
thickening above a critical shear rate [5, 8]. Experiments [3] suggest that σ∗ varies with 1/a2

i for approximately monodisperse
suspensions of particles of radius ai, implying that large particles become ‘frictional’ at lower stresses than small ones. We
therefore propose that in polydisperse suspensions, the large-large contacts become frictional at lower stresses than large-small
or small-small, and therefore the frictional character of the suspension might be better characterised using a multi-modal fpoly,
such as

fpoly ∝
!

i

κi exp(◦ σ∗
i /σ) (3)

for a suspension with i distinct particle sizes, and where
"
κi = 1 and σ∗

i , the critical stress for shear thickening for particles
of radius ai, varies with 1/a2

i . Replacing f with fpoly in Eq 2 and assuming bidispersity, we obtain the family of shear
thickening flow curves in Figure 1(b) (at fixed φ ◦ φc), where the weighting parameter κi is adjusted to represent varying
the number ratio of small-to-large particles in the bidisperse suspension. The bidisperse flow curves demonstrate interesting
shear thickening behaviour. Particularly, we observe significant non-monotonic behaviour in the viscosity, coupled with a
large increase in the range of stresses over which thickening is observed. We note that having a wide window of frictional
shear thickening stresses gives rise to the possibility of inertia of the large particles contributing to enhanced thickening. To
elucidate these phenomena, and to validate our simplistic extension of Eq 1 for polydispersity, we carry out simulations of
suspension shear flow.

SIMULATION DETAILS

Discrete element method simulations [9] enhanced for dense suspensions [10], implemented as described in [5] are carried
out for bidisperse suspensions of particles of varying size and number ratios, with a sample cross-sectional slice being shown
in Figure 1(c). We simulate the Newtonian dynamics of assemblies of ≈ 2000 particles in periodic, cubic domains subjected
to Lees-Edwards boundary conditions and calculate the resulting shear viscosity as a function of shear stress, at fixed shearing
rate.

We will discuss our simulation results in the context of the interpolating shear thickening regimes of Figure 1(b), discussing
how that picture might be correctly extended to allow the emerging understanding of frictional shear thickening to be exploited
as a design tool for general polydisperse suspensions.

We thank EPSRC and Johnson Matthey for funding, and Ben Guy, Michiel Hermes and Wilson Poon for fruitful discussions.
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Summary A drag reduction effect has been a long-standing issue.  In order to consider the background mechanism of the drag 
reduction effect, we focus on vortex deformation in turbulence and extensional rheological properties of the fluids in this study.  
A flowing soap film as a two-dimensional flow was adopted to avoid shear stress effects.  Vortex generation in a 2D flow was 
visualized and how the vortices deformed by polymer additives were analysed.  Power spectra of the visualized 2D turbulence 
through interference patterns and velocity fluctuation obtained by a PIV analysis revealed the variation of energy transfer in 2D 
flow.  A wavelet analysis was used to detect the variation of vortices in time.  We considered how these variations were 
affected by a relaxation time of sample solution, and by several extensional rates added on the flow.   
 

INTRODUCTION 
 
   Addition of little amounts of polymer in Newtonian-flow prohibits turbulence.  This phenomenon is called a drag 
reduction effect.  When polymers affect turbulence, vortices generated on the wall are deformed[1].  That is why frictional 
drag at the wall surfaces is reduced.  Since the drag reduction effect is a useful technique to improve energy efficiency, this 
technique has been applied in many industries.  In order to investigate the background mechanism of this phenomenon, the 
relationship between effects of polymers on the flow and rheological properties of the fluids has been studied in many 
previous studies.  We have focused on how the relaxation time of solution related to extensional viscosity of solution 
affects turbulences[2,3,4].  Since the extensional viscosity is increased under the extensional rate, a flow that is free from 
shear stresses is needed.  In order to realize such a flow system, a flowing soap film as a two-dimensional (2D) flow is 
installed[5].  2D turbulence is generated on the flowing soap films, and vortices of the turbulence are visualized by 
interference patterns of the film in this study.  Vortices deformation due to polymers is analysed by power spectra and a 
wavelet analysis of the images.  Velocity fields of the two-dimensional flow are also measured by a PIV analysis to discuss 
turbulent statistics.  
 

EXPERIMENTS 
 
Material  
   Soap solutions contained sodium dodecylbenzenesulfonate (SDBS) as a surfactant at the concentration of 2wt%.  As 
polymers, a flexible polymer and a rigid polymer were selected to vary rheological properties of the fluids.  As a flexible 
polymer, polyethyleneoxide (PEO, molecular weight: 3.5×106) was used at the concentrations from 0.25 to 2.0×10-3wt%.  
As a rigid polymer, hydroxypropyl cellulose (HPC, molecular weight: >1.0×106) was used at the concentrations from 0.01 
to 0.05wt%. 
Method 
   Experiments were conducted on a flowing soap film shown 
in Figure 1(a).  If we see the cross section of a soap film, 
water layer is sandwiched by surfactants.  The surfactants are 
vanishingly small compared to the thickness of the water layer.  
Therefore, the flowing soap film is considered as a water layer 
itself, that is 2D flow.  In this study, two nylon wires 
tightened by a weight were used to make a soap film channel.  
Sample solutions flowed between the two nylon wires from 
top to bottom by gravity-driven.  The flow reached uniform 
velocities at about 30cm behind from the injection nozzle.  
The flow rate was measured by a flow meter.  The mean 
velocity, V(t) [m/s], was 130cm/s.  The mean thickness of the 
water layer, h(t) [m], was approximately 3.85µm, which is 
calculated by h(t) = Q(t)/(V(t)W) with a flow flux, Q(t) [m3/s], 
of 0.5ml/s and the channel width W [m].  A grid of equally 
spaced cylinders was inserted to the flow perpendicular to the 
flow to generate 2D turbulence.  The flow was illuminated 
and visualized through interference patterns (Figure 1(b)).   Figure 1. Experimental apparatus 
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ON THE NATURE OF ELASTO-INERTIAL TURBULENCE 
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Summary The instability arising in dilute polymer solutions has been studied experimentally. The effect of polymer concentration on the flow 
behaviour, with a focus on the friction factor and fluctuation intensity, was studied with the aim of better distinguishing between turbulence 
arising in Newtonian fluids and that in dilute polymer solutions. We concluded that long-chain polymers have the ability to completely supress 
Newtonian turbulence and give rise to an independent form of turbulence which has been termed elasto-inertial turbulence. 
 

BACKGROUND 
 
   Dissolving minute amounts of long-chain polymers, such as polyacrylamide, in liquids has been shown to dramatically 
decrease the friction losses in wall bounded flows; the reduction can be as high as 80% in some cases with the addition of 
only a few parts per million of polymers by weight (ppmw). Applications which take advantage of this phenomenon range 
from reducing transport costs in oil pipelines [1] to reducing turbulence induced noise in military submarines [2]. While this 
phenomenon has been known about since the late 40¶V�>3], several mysteries surrounding it have yet to be resolved. Of note, 
is an empirically derived asymptotic limit of drag reduction [4]; with increasing polymer concentration C, the drag of a 
turbulent flow progressively decreases from that of Newtonian turbulence (where the friction factor follows the Blasius 
scaling) to an asymptotic state which has been termed the maximum drag-reduction (MDR) asymptote [4,5] (see Figure 1). 
This limit does not depend on the type of long-chain polymer used, and in most cases cannot be exceeded irrespective of the 
quantity of polymers added. Another point of interest, and the focus of this paper, is the nature of the flow when it reaches 
this asymptotic state. It has recently been proposed that this state is not a modified version of ordinary turbulence but 
instead that ordinary turbulence gets completely supressed and replaced by a different state of motion which has been 
termed elasto-inertial turbulence (EIT) [6]. To illustrate this point Samanta et al. [6] plotted the transition to turbulence 
thresholds as a function of polymer concentrations; similar to what we have done in Figure 2. From this figure it is clear that 
adding more polymers delays the transition of ordinary turbulence to higher values of the Reynolds number while 
simultaneously promoting the emergence of a new type of turbulence; EIT.  
 

 
EXPERIMENTAL FACILITY AND INSTRUMENTATION 

 
   The majority of experiments were conducted in a glass pipe of diameter D = 10mm consisting of several sections 
connected by precisely machined fittings into which pressure tap holes where added. Two differential pressure sensors were 
used; the first to measure pressure drop over a distance of 134.1D starting 200D away from the pipe inlet; and the second to 
measure pressure fluctuations across a distance of 5D starting from a distance of 323.3D from the inlet. The flow was driven 
by gravity and controlled by a precision control valve proceeded by a conditioning tank containing pressurized air which 
removed any flow fluctuations resulting from flow in the control valve. The flow rate was assessed by continuously 
measuring the mass of fluid collected at the outlet of the pipe. A solution of polyacrylamide (Batch#685910 with molecular 
weight up to 7 million as estimated by the distributor ± Polysciences Europe GmbH, Eppelheim, Germany) was mixed in 

 

 

 
 

Figure 1 ± Friction factor plot showing effect of increasing 
polymer concentration at a fixed Reynolds number. 

 Figure 2 ± Transition to turbulence thresholds as a 
function of polymer concentration. 
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EFFECT OF VISCOELASTICITY ON THE SMALL SCALE STATISTICS OF

HOMOGENEOUS ISOTROPIC TURBULENCE

NGUYEN Minh Quan ∗1, Alexandre DELACHE2, Serge SIMONS1, Wouter J.T BOS1, and Mahmoud EL

HAJEM1

1LMFA UMR 5509 CNRS, Ecole Centrale de Lyon, Université de Lyon, France
2LMFA, site de Saint-Etienne, Université de Lyon, Université Jean Monnet de Saint-Etienne, France

Summary The comparison of the results of direct numerical simulations (DNS) of homogeneous and isotropic turbulence (HIT) of vis-
coelastic fluid are done based on the FENE-P model. It provides evidence, comparing with DNS of Newtonian fluid HIT, that viscoelasticity
modifies qualitatively the behaviour of the smallest scales.

INTRODUCTION

We have already reported [1] the influence of polymer on turbulence at the smallest scales by considering the dynamics of
the FENE-P model and representing some key features of flow with a weak concentration of polymer molecules. The transfer
of energy from large scale toward the smallest scales via interaction with polymer fields was observed. In this communication
we will focus on the influence of these mechanisms on the classical statistical quantities issued from velocity or conformation
fields of the viscoelastic fluid flows.

MODEL AND NUMERICAL SET-UP

We have implemented the FENE-P model in a standard pseudo-spectral solver. The model is given by

∂tu+ u× (∇× u) = −∇p+ ν∆u + νp div (P.C − I) + f (1)

∂tC + u.∇C = C.∇u+∇u
t.C +

1

τp
(P.C − I) (2)

where p = p′ + u
2

2
is the total pressure, C is the conformation tensor of the polymer chains, I is the identity tensor,

P = L
2
m
−1

L2
m
−Tr(C)

is the Peterlin’s function with Lm the maximum extension of the spring, τp is the polymer relaxation time,

νp is the polymer zero-shear-stress viscosity and f is a forcing term. The incompressibility condition is div u = 0. We use a
symmetric factorization of the conformation tensor: Cij = BimBmj [2], which ensures C to remain positive definite. In order
to accurately resolve the dissipation range, we simulate low Reynolds number flow (with a Taylor-scale Reynolds number of
order Reλ ≈ 30) using 2563 grid-points. The maximum stretching-length L = 255 and the ratio of solvent to total viscosity
(β) is around 0.909. The parameter β is in a direct relation with the concentration of polymer. The Newtonian case can be
considered as β equal to 1.

Case Forcing ν τp β
type ×10−2

a1 S 1.25 0.5 1
a2 S 1.25 0.5 0.909
a3 S 2.5 0.5 0.909
a4 S 1.25 0.5 0.833
a5 S 1.25 0.75 0.909

b1 ABC 1.25 - 1
b2 ABC 1.25 0.5 0.909

c1 None 1.25 1
c2 None 1.25 0.5 0.909

d1 None 1.25 - 1
d2 None 1.25 0.5 0.909

Table 1: Parameter compilation for the different cases.

In order to investigate the issues in the following (dissipation
range behaviour and drag-reduction), we consider five differ-
ent flows at comparable Reynolds and Weissenberg (Wi =
τp

λ
numbers. Cases from a to b are forced to obtain a statisti-

cally steady state, the remaining cases c and d are decaying,
starting from different initial conditions. We summarize them
in the table 1. The label S denotes a stochastic forcing [3],
ABC indicates a deterministic helical forcing [4]. The differ-
ence in the freely decaying simulations (non forcing type) is
that in cases c the initial condition is a fully developed veloc-
ity field, in cases d it is a synthetic Gaussian flow field with
prescribed energy distribution. The comparison of these dif-
ferent cases allows us to consider the issues discussed below.

∗Corresponding author. Email: minh-quan.nguyen@ec-lyon.fr
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(Wiη)2

⟨Cii⟩

• Case a2
! Case b2
" Case c2
# Case d3
$ Case a3
% Case a4
⋆ Case a5

y = 3.2896x

Figure 1: Dependence of the trace of the conformation
tensor on the Weissenberg number

The polymer diluted in solvent will be stretched under the ac-
tion of shear. In the linear regime of polymer stretching (small
deformations), the polymer should be stretched more at the
Kolmogorov’s scale which corresponds to a peak of the shear
rate. The extension of polymer is the competition between the

relaxation rate fp = 1/τp and the shear rate s =
!

ϵf

ν
, where

ϵf is the dissipation rate of kinetic energy. Hence, we expect
that the polymer extension will scale with the ratio between
the relaxation frequency of the polymer fp and the character-
istic shear rate (s) at the Kolmogorov scale.This ratio is the
Weissenberg (Wiη) number. The trace of conformation ten-
sor scales with the square of the polymer extension, which
yields:

⟨Cij⟩ ∼

"

τp

#
ϵf
ν

$2

= (Wiη)
2

(3)

Our data fit well the scaling law described in equation (3), as presented in figure 1. The linear regression coefficient is
noted as A = 3.29. Thanks to this scaling law, we managed to collapse the kinetic energy spectrum (EK) and the polymer
elastic energy spectrum (Ep). The spectra of small scales in the dissipation range lead to a k−6 law and k−2 law respectively
plotted on figure 2. The argument leading to this normalization will be detailed during the Colloquium. Finally, we will
propose a phenomenological law on polymer extension, which is supported by a global and scale by scale analysis spectra.
More statistical classical results, corresponding to Newtonian and viscoelastic cases will be presented and compared.

kLpkLp

ν2EK

L3
pQf

Ep

KpLpQp

(kLp)
−6

(kLp)
−2

With:

Qf = (
νp
τp

)
2

!

3
"

A(Wiη)
2
− ⟨Bij⟩

2
#2

+6 ⟨Bij⟩
2
"

A(Wiη)
2 − ⟨Bij⟩

2
#

+ ⟨Bij⟩
4

$

Qp = A (Win)
2
− ⟨Cij⟩

Kp =
νp
2τp

Case a2
Case b2
Case c2
Case d3
Case a3
Case a4
Case a5

Case a2
Case b2
Case c2
Case d3
Case a3
Case a4
Case a5

Figure 2: Normalized Kinetic and polymer energy spectra. Lp is the correlation length based on the elastic energy of polymer.
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CONTRAVARIANT AND COVARIANT POLYMERS IN ELASTO-INERTIAL
VISCOELASTIC TURBULENCE

Kiyosi Horiuti ∗1 and Shu Suzuki1
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Summary We conduct multi-scale study on energy transfer due to polymers dispersed in homogeneous isotropic turbulence in elasto-inertial
regime (EIT). Effect of introduction of non-affinity with macroscopically-imposed deformation in the motion of polymers is examined by
connecting mesoscopic Brownian dynamics of elastic dumbbells to macroscopic DNS for solvent. The dumbbells are allowed to be advected
either affinely (contravariant) or completely non-affinely (covariant). The relaxation time of polymer is in the order of eddy turnover time.
Contravariant polymers drain more energy from the large scales than they can dissipate and transfer the excess energy back into the solvent
when they are highly-stretched. It is shown that the skewness of strain-rate tensor in the production term for elastic energy and dissipation
rate transfer elastic energy back into the smallest scale of the solvent and increase the dissipation. In the covariant polymers, this backward
transfer is eliminated and elastic energy is retained when highly stretched.

PROFILES OF BDS-DNS RESULTS AND CONVERSION OF SOLVENT ENERGY

It is well known that addition of small amount of long-chain polymers into the turbulent flow in the Newtonian fluid causes
significant drag reduction (DR). A theoretical concept of DR due to Lumley [2] is that randomly coiled polymer molecules
stretch in regions of strong deformation, increasing the elongation viscosity of the solution and results in damping of small
turbulent eddies and DR. de Gennes [3] considered that Lumley scheme may hold for (rigid) rods, and in the coil-stretch
transition, stretched chains behave elastically and it leads to modifications of turbulent cascade. It is generally assumed that
the fluid surrounding the bead-spring configuration of the polymers moves affinely with an equivalent continuum. In the fluid
diluted with stretched polymer or rod, molecular motions may not precisely correspond to the macroscopic deformation. In
[4], the Johnson-Segalman (JS) constitutive model for the polymer stress τij [5] was adopted to introduce non-affinity, where
the strength of non-affinity is described by the slip parameter α(0 ≤ α ≤ 1). Remarkable enhancement in DR was achieved
when non-affinity is maximum (α = 1.0) in homogeneous isotropic turbulence and pipe flow.

To extract exact distribution and orientation of the dumbbells, we adopt multi-scale BDS-DNS approach [6]. The position
vectors of each bead of the n−th dumbbell are denoted by x1

(n) and x2
(n) (n = 1, 2, · · ·Nt, Nt is the number of dumbbells).

When α = 0.0, the governing equation for motion of the end-to-end connector vector R(n) is given by

dRi
(n)

dt
= {ui(x1

(n))− ui(x2
(n))}− 1

2τs

Ri
(n)

1− (Rk
(n)Rk

(n)/Lmax
2)

+
req√
2τs

!
(W1

(n))i − (W2
(n))i

"
, (1)

where ui(x) denotes the velocity field of the solvent fluid, and the finitely extensible nonlinear elastic (FENE) model is applied
to the elastic force. (W1,2

(n))i is a random force representing the Brownian motion of particles. τs denotes the relaxation
time. We introduce the non-affinity by allowing a slippage in the motion of polymer strand [4]. The velocity imposed at bead
i, is given as ui = ug + (∇ug) · (Ri −Rg) − 2α{St · (Ri −Rg)}, where ug denotes the velocity at the center and ∇ug

is the velocity gradient tensor and St is the strain rate. When α = 0.0, Eq. (1) becomes analogous to the upper-convective
derivative for evolution of a contravariant vector, dRi

dt = Rj ∂ui

∂xj . The dumbbells concentrate along the vortex lines. When
α = 1.0, Eq. (1) becomes analogous to the lower-convective derivative for material surface element with its covariant vector
area, dRi

dt = −Rj
∂uj

∂xi . Elasticity arises in the sheet-like region and R aligns transversely with the vorticity vector ω. When
α = 0.0 R tends to become parallel to ω [4]. By taking ensemble average over a small volume containing a large number of
dumbbells, the JS model is obtained. We carried out DNS using 1283 grid points, τs = 2.8, Nt = 109. Weissenberg number
Wi = 10.0 in which EIT arises. Pseudospectral technique with a 3/2-rule de-aliasing is used. τij due to the force acting on
the fluid from the dispersed dumbbells are added to the Navier-Stokes equation, where replica method was used [6].

Figure 1 (a) shows the temporal variations in ε. Smaller ε implies larger DR. When α = 0.0 DR occurs, but DR in α = 1.0
is more remarkable. Figure 1 (b) shows the PDF for the length of the dumbbells. Covariant dumbbells exhibit larger extension
close to the maximum length (≈ 0.1) and larger viscoelastic effect is caused in the covariant dumbbells. Note that the PDF
for covariant dumbbells is segregated into two groups of large and smaller lengths.

The approximate solution of the the JS model expanded in τs becomes [4] τij ≈ ν(1−β)
#
2Sij +2τs{(1−2α)2SikSkj −

(SikΩkj + SjkΩki)} up to the first order in τs, where Ωij is the vorticity tensor. The production term for polymer elastic
energy, Pe becomes Pe ≡ τijSji ≈ 4ν(1−β)τs(1−2α)2SikSkjSji. The −SikSkjSji term is also responsible for production
of dissipation ε, Pε. Therefore, the solvent energy is converted to either elastic energy or dissipation. When the former case

∗Corresponding author. Email: khoriuti@mes.titech.ac.jp
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ASYMMETRIC SURFACE TEXTURES AND NON-NEWTONIAN FLUIDS FOR
DECREASED FRICTION

Jonathon K. Schuh and Randy H. Ewoldt ∗

Department of Mechanical Science and Engineering, University of Illinois at Urbana-Champaign, Urbana,
Illinois, United States of America

Summary Using surface textures has been shown to decrease friction in lubricated sliding contact with Newtonian fluids (oils). Adding
polymers to the oils increases their lubricating effectiveness, and also causes the solution to be Non-Newtonian. We present an experimental
investigation varying both the surface texture depth profile and the viscoelastic lubricant in order to determine their effects on friction
reduction. Gap-controlled experiments were performed on a custom tribo-rheometer in order to systematically examine the friction reduction
by varying the Reynolds number, Weissenberg number, and Deborah number in bi-directional motion. Cavitation effects are not present so
that the normal force is produced solely by the surface textures and the lubricants. We show that the symmetry of the surface textures must
be broken in order to produce normal forces above the viscoelastic response, and that an optimal angle of asymmetry β exists for decreasing
friction with asymmetric surface textures and viscoelastic lubricants.

INTRODUCTION

Surface texturing has been used in recent years in order to reduce the friction in lubricated sliding contact[1]. Surface
textures can decrease the apparent area of contact in boundary lubrication, act as reservoirs that retain lubricant during startup
[2], increase the film thickness and increase hydrodynamic pressure to further separate the plates [3], and decrease the local
shear stress [4], all of which contribute to friction reduction.

We experimentally examine the effects of different surface texture depth profiles on decreasing friction through the re-
duction of apparent viscosity and the production of normal forces. Gap-controlled experiments were performed on a custom
tribo-rheometer in order to systematically determine the normal force production and apparent viscosity reduction with vary-
ing Reynolds number up to a maximum Reynolds number with respect to gap height Reh = 59.54. Previous experimental
work [4, 5] only tested with the top plate moving in one direction. In our work here the top plate was allowed to rotate in both
directions to verify symmetry in the experimental set up and to determine direction of motion dependence on the normal force
and apparent viscosity reduction.

A recent trend in the lubrication industry is to use polymer additives with Newtonian oils in order to obtain better viscosity-
temperature and viscosity-pressure dependence [6] and to increase the load carrying capacity [7]. We present an experimental
examination of the effects of surface texture depth profiles with a viscoelastic lubricant. Gap controlled experiments were
performed on a custom tribo-rheometer in order to systematically examine the friction reduction with varying Reynolds
number, Weissenberg number Wi = λγ̇ where λ is the fluid relaxation time scale and γ̇ = ΩR0/h is the nominal shear rate,
and Deborah number De = λ/tchar where tchar = Ω/φ and φ is the periodic spacing of the surface texutres. Cavitation
effects are not apparent in our measurements; therefore the normal force produced is solely from viscous effects caused by the
surface textures and by the viscoelastic response of the fluid.

RESULTS AND DISCUSSION

The apparent viscosity reduction of the surface textures with the viscoelastic lubricant is given in Figure 1A. The flat plate
matches the Carreau-Yasuda model obtained for the lubricant for all the gap heights tested, independent of the direction of
motion. The surface textures decrease the apparent viscosity beyond the shear thinning effects, independent of the direction
of motion.

The normal forces produced with the surface textures and the viscoelastic lubricant is given in Figure 1B. The forces
produced by the flat plate are solely due to the viscoelastic response, independent of the direction of motion. The forces
produced with the symmetric texture are barely above the viscoelastic response. The asymmetric textures produce normal
forces above the viscoelastic response, and the magnitude of the normal force depends on the direction of motion and the
value of β, suggesting there is an optimal surface texture for decreasing friction with viscoelastic lubricants.

The apparent viscosity reduction and normal force production can be combined as the effective friction coefficient, given
as

µ∗ =
M/R0

FN
. (1)

The effective friction coefficient for all the surface textures at each of the gap heights tested is given in Figure 2. A minimum is
observed in the effective friction coefficient, suggesting that there is an optimal β for decreasing friction with a Non-Newtonian
fluid.

∗Corresponding author. Email: ewoldt@illinois.edu
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Non-local vorticity generation by surface roughness in viscoelastic shear flows

Jacob Page1, Jin Lee2, and Tamer A. Zaki ∗2

1Department of Mechanical Engineering, Imperial College, London, SW7 2AZ, UK
2Department of Mechanical Engineering, Johns Hopkins University, MD 21218, USA

Summary The vorticity response to small-amplitude surface undulations in a viscoelastic Couette flow is examined. An integral measure
is defined to quantify the depth of vorticity penetration into the bulk flow. Three regimes of penetration are identified, and each occupies
a sector of a phase diagram parameterized by the ratios of the channel depth and of the critical-layer (CL) height to the lengthscale of
the surface roughness. The CL emerges due to the propagation of vorticity waves along the tensioned mean-flow streamlines. The most
intriguing behavior, the trans-critical regime, occurs when the CL lies within one wavelength from the wall. In trans-critical flows a
kinematic mechanism associated with the relative realignment of the polymer by the mean shear amplifies the vorticity in ‘sheets’ around
the CL. The effect is dominant at this location since the vorticity waves appear steady to an observer advecting with the mean flow.

PROBLEM FORMULATION
Hoop stresses established in viscoelastic flows with curved streamlines can initiate linear instability even in the inertialess

limit [1], a phenomenon which vanishes in parallel flows [2]. However, in planar configurations finite amplitude perturbations
can generate streamline curvature which is susceptible to secondary instability [3]. In this work we consider an important
related problem: how do small distortions in the surface topography of a parallel, viscoelastic shear flow affect streamline
curvature in the bulk?

We consider viscoelastic Couette flow, U∗ = γ̇∗y∗, in a channel of depth d∗ driven by motion of the top wall. The planar
Couette flow has an associated viscoelastic streamwise stress µpT ∗

11 = µp2γ̇∗2ς and shear stress µpT ∗
12 = µpγ̇∗, where µp

is a polymeric viscosity and ς the relaxation time. The wavy surface of the lower wall is y∗ = h∗cos(k∗x∗). In the linear
regime, and assuming small wave slopes, k∗h∗ ≪ 1, the roughness leads to the slip boundary condition, u∗(x∗, y∗ = 0) =
◦ γ̇∗h∗cos(k∗x∗). In these expressions the asterisk identifies a dimensional quantity. The problem is non-dimensionalized
using the roughness wavenumber, k∗, and the shear rate, γ̇∗. We seek steady solutions of the form φ′(x) = φ(y)exp(ikx),
where the unit dimensional wavenumber k = 1 is retained for clarity.

The perturbation field is examined in terms of the vorticity, ω = ∇∧ u, and the polymer torque, χ = ∇∧ (∇ · τ ), where
τ is the perturbation polymer stress tensor. In the present problem the only relevant components of the vorticity and torque
are in the spanwise direction, and in an Oldroyd-B fluid they satisfy [4, 5],
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# $! "
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(
ω, (1b)

where α ≡ k∗d∗ is the normalized channel depth, R = γ̇∗d∗2/(νs + νp) is the bulk Reynolds number, W = γ̇∗ς the
Weissenberg number and β = νs/(νs + νp) the ratio of solvent to total viscosity. The variable ϕ is a polymer potential,
∇2ϕ = ◦ χ. Lines of constant ϕ are tangent to polymer force vectors. The most important terms in the torque equation (1b)
are those labelled ‘kinematics’ and the T11 component of the ‘streamline tension’ term. The former generates torque as the
mean shear re-aligns layers of varying polymer force. The latter provides a mechanism for the propagation of vorticity waves.
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Figure 1: Perturbation spanwise vorticity (colors) and streamfunction (lines) due to surface waviness. Here α = 10, R = 800.
(a) Newtonian flow. (b) Viscoelastic flow, β = 0.7, W = 30. (c) Viscoelastic flow, β = 0.7, W = 60.

∗Corresponding author. Email: t.zaki@jhu.edu



logα

logΣ

Shallow elastic

P ∼ α

Deep elastic

P ∼ 1

Trans-critical

P ∼ Σ10
−2

10
0

10
2

10
−2

10
0

Σ

P
/
α

(a) (c)

10
−2

10
0

10
2

10
−2

10
0

Σ

P

(b)

Figure 2: Penetration depth P in shallow ((a), ‘ ’ α = 0.01, ‘ ’ α = 0.1, ‘ ’ α = 0.5) and deep ((b), ‘ ’
α = 1, ‘ ’ α = 5, ‘ ’ α = 10) channels with with W = 60, β = 0.7. (c) Phase diagram of vorticity penetration.

TRANS-CRITICAL FLOWS

In inertia-dominated Newtonian flows where the viscous diffusion length is smaller than the channel height, (α2/R)1/3 <
α, the vorticity perturbations are swept downstream as they diffuse into the bulk flow [6], as shown in figure 1(a). Corre-
sponding viscoelastic flows are considered in figures 1(b) and (c), and the influence of the polymer is increased by raising
the Weissenberg number W . As W increases, the vorticity maximum detaches from the wall and moves upwards in the flow,
where amplification occurs in ‘stripes’ which are aligned favorably with the shear.

The mechanics of this behavior are explained by examining the vorticity-torque system (1) in the limit W ≫ 1. The
leading approximation retains the effects of advection and the polymer torque in the spanwise vorticity equation (1a). In the
polymer torque equation (1b) only the advection, kinematics and T11 component of the streamline tension term are kept. The
reduced equations can be combined into a single ‘elastic-Rayleigh’ equation,

ikγ̇
&
y2 ◦ Σ2

'
ω0# $! "

advection & wave propagation

= Σ2dy (ϕ0/W )
# $! "

kinematics

, (2)

where Σ ≡ α
)

(1 ◦ β)T11/R. On the left hand side of (2) is the combination of base-flow advection and steamwise wave
propagation along the tensioned mean-flow streamlines. The kinematic term from the torque equation (1b) is a source term.

The streamwise vorticity waves arise from an interplay between flow inertia and fluid elasticity, and affect the efficacy of
the kinematic source term to generate vorticity. The source is most effective at y = Σ, or the critical-layer (CL) where the
advection and vorticity wave speeds are equal. This is because the source term generates torque through the realignment of
layers of varying polymer force by the mean shear, an effect which can operate most efficiently at the CL where an observer
travelling with the mean flow would see a stationary vorticity wave. Equation (2) is singular at y = Σ, and we have constructed
a uniformly valid solution using matched asymptotic expansions. This solution demonstrates that the CL thickness is set by
the solvent diffusion lengthscale, δc ∼ (α2β/R)1/3, and provides an explicit expression for the level of vorticity amplification
there, ω0(y = Σ) ∼ Σ3/2exp(◦ Σ)/δ2c .

PHASE DIAGRAM
In order to quantify the induced vorticity perturbation, we introduce the integral penetration measure P ≡ y(Λr = 0.99)

where Λr(y) =
* y
0 |ω(y′)|2dy′/

* α
0 |ω(y′)|2dy′. This quantity depends on two parameters: the ratios of the channel depth

and of the CL height to the roughness wavenumber, α and Σ respectively. Figures 2(a, b) report values of P in both shallow
and deep channels. For shallow channels, α < 1, the CL does not influence P ∼ α since it is outside of the domain, Σ " α.
We term these cases ‘shallow elastic’ flows. In deep channels (figure 2b) the penetration depth grows linearly with the CL
height, P ∼ Σ for Σ ! 1. These are the ‘trans-critical’ flows described above. However, once the critical layer is sufficiently
far from the wall, Σ " 1, it no longer influences the perturbation field and the penetration depth reaches a maximum, P ∼ 1.
These are termed ‘deep elastic’ flows’. These results are summarized in a phase diagram in figure 2(c).

The present analysis focused on trans-critical flows whose parameters are relevant to drag-reduced turbulence [7, 8],
Furthermore, the shallow elastic regime has interesting features which were not discussed. In particular, there is an inertialess
mechanism by which the vorticity amplifies at the top wall. Finally, while the analysis is performed with the Oldroyd-B model,
the same behaviors are retained qualitatively in the more realistic FENE-P model.

References
[1] Shaqfeh, E. S. G.: Purely elastic instabilities in viscometric flows. Ann. Rev. Fluid Mech. 28:129-185, 1996.
[2] Pakdel, P. & McKinley, G. H.: Elastic instability and curved streamlines. Phys. Rev. Let. 77:2459-2462, 1996.
[3] Morozov, A. & Saarloos, W. V.: Subcritical finite-amplitude solutions for plane Couette flow of viscoelastic fluids. Phys. Rev. Let. 95:1-4, 2005.
[4] Page, J. & Zaki, T. A.: Streak evolution in viscoelastic Couette flow. J. Fluid Mech. 742:520-551, 2014.
[5] Page, J. & Zaki, T. A.: The dynamics of spanwise vorticity perturbations in homogeneous viscoelastic shear flow. J. Fluid Mech. 777:327-363, 2015.
[6] Charru, F. & Hinch, E. J.: ‘Phase diagram’ of interfacial instabilities in a two-layer Couette flow and mechanism of the long-wave instability. J. Fluid

Mech. 414:195-223, 2000.
[7] White, C. M. & Mungal, M. G.: Mechanics and prediction of turbulent drag reduction with polymer additives. Ann. Rev. Fluid Mech. 40:235-256, 2008.
[8] Graham, M. D.: Drag reduction and the dynamics of turbulence in simple and complex fluids. Phys. Fluids 26:101301, 2014.



���!.��2)'!!2$


�

�
�%0!24-%.4�/&��%#(!.)#!,�!.$��!.5&!#452).'��.)6%23)49�/&��90253��)#/3)!���90253���

�
�%0!24-%.4�/&��!4(%-!4)#3��.)6%23)49�/&��90253��)#/3)!���90253���

	
�,).$%23��!4(%-!4)#!,��#)%.#%3��!"/2!4/29��#(//,�/&��/-054%2��#)%.#%���.').%%2).'�!.$��!4(%-!4)#3��

��,).$%23��.)6%23)49�/&��/54(��5342!,)!���$%,!)$%���5342!,)!�


�%0!24-%.4�/&��%#(!.)#!,��.').%%2).'�!.$��!4(%-!4)#3���.)6%23)49�/&�2)4)3(��/,5-")!���!.#/56%2������!.!$!�

�

����	�� ��.�4()3�7/2+�7%� &/#53�!44%.4)/.�/.�4(%� 34!2450� &,/7�6%23)/.�/&�4(%�#,!33)#!,��/)3%5),,%� &,/7�).�!�47/�$)-%.3)/.!,�#(!..%,� &/2�

4(%� #!3%� /&� !� ).'(!-� &,5)$� "9� !,,/7).'� 4(%� 0/33)"),)49� &/2� 4()8/42/0)#� "%(!6)/2�� �%� 3(/7� 2%35,43� &/2� 4(%� &,/7� !.$� 5.9)%,$%$� #/2%�

%6/,54)/.�!.$�$)3#533�4(%�%&&%#43�/&�4(%�0!2!-%4%23�/.�4(%�&).!,�4)-%�.%%$%$�4/�2%!#(�34%!$9�34!4%���
�

����(%�5.34%!$9�34!2450��/)3%5),,%�&,/7�)3�/&�'2%!4�4(%/2%4)#!,�!.$�02!#4)#!,�)-0/24!.#%���/2�!�).'(!-�&,5)$�4(%�02/",%-�(!3�

"%%.� 4!#+,%$� -!4(%-!4)#!,,9� "9� !� 6!2)%49� /&� -%4(/$3� �� �� �(%� 5,4)-!4%� /"*%#4)6%� /&� 4()3� 7/2+� )3� 4/� 3/,6%� 4(%� &,/7�

.5-%2)#!,,9�"9�53).'�47/�#/-0%4).'�.5-%2)#!,�-%4(/$3��&/2�4(%�#!3%�/&�6)3#/0,!34)#�&,5)$3�!.$�4/�#/-0!2%�4(%�2%35,43�7)4(�

4(/3%�')6%.�"9�!.!,94)#� 3/,54)/.3� �� ���6%.45!,,9�7%� 3%%+�4/�%34!",)3(�!�7)$%,9�!##%04%$� 3/,54)/.� &/2�4()3�02/",%-��%,/7�

(/7%6%2�$5%�4/� ,!#+�/&� 30!#%�� !&4%2� !�"2)%&�$%3#2)04)/.�/&� 4(%� 4(%/2%4)#!,�"!#+'2/5.$�7%�02%3%.4� !.$�$)3#533�()'(� &)$%,)49�

.5-%2)#!,�2%35,43�&2/-�&).)4%�%,%-%.4�3)-5,!4)/.3�/&�4(%�2%'5,!2):%$�6%23)/.�/&�4(%�4(%/29����

�


�������
��

�

���$&�(���!���� �&$)#����

������ ����	
��� ��� ��������� ����� ��� �� �	����� �����	�� 	�� �� ������� ��� �	��� � � 	�	�	���
� ��� �� ������ ���������

��������� ���
	���� �� ���� ���� �

�

� � � ��� �� ������ ��� 	�� ��� �	��
� ������ � �(%� &,/7� &)%,$� )3� $)6)$%$� ).4/� !� 9)%,$%$� 2%')/.�

���� ����!.$�!.�5.9)%,$%$�/.%��� ������(%�5.9)%,$%$�2%')/. )3�-/6).'�7)4(�!�#/.34!.4�5.+./7.�6%,/#)49�� �� ���.�4(%�5.34%!$9�

#!3%�"/4(����!.$����!2%�&5.#4)/.3�/&�4)-%����/.3%26!4)/.�/&�,).%!2�-/-%.45-�9)%,$3�

�

� � ����
��

��
� � �

��

�
�

��

�7(%2%�

��������������������������������

� � �(%� 3(%!2� 342%33
�

�)3�

%802%33%$�53).'�4(%�).'(!-�&,/7�-/$%,�!3��

������������������������������

�

����� � 	�� ��� 
���	���� ! "�� #� 	�� ��� $����	��� 	�� ��� � 
	����	��� ��
� � 	�� ��� ����� ������ 

�

� � � � 	 �

�)3� 4(%� 9)%,$� 342%33� #/22%30/.$).'� 4/� 4(%� &5,,9�

3425#452%$�&,5)$���

����(%�.5-%2)#!,�3/,54)/.�&/2�4(%�#/-0,%4%�7/2+�)3�/"4!).%$�"9�3/,6).'��13�������	��!,/.'�7)4(�4(%�#/.34)454)6%�2%,!4)/.�&/2�

4(%� 9)%,$� 342%33�7)4(�� �!�� 4(%� !5'-%.4%$� �!'2!.')!.�-%4(/$� �� � !.$� �"�� "9� 2%'5,!2):!4)/.� %-0,/9).'� 4(%� �!0!.!34!3)/5�

-/$%,� �	 ���(%� !5'-%.4%$��!'2!.')!.�-%4(/$� )3� )-0,%-%.4%$�53).'��!4,!"� !.$�� 4(%�2%'5,!2):%$� !002/!#(� )3� &/2-5,!4%$�

53).'�4(%�#,!33)#!,��!,%2+).��).)4%��,%-%.4�-%4(/$�!.$�3/,6%$�"9��%74/.��!0(3/.�)4%2!4)/.�02/#%$52%��

�����5%� 4/� 30!#%� ,)-)4!4)/.�7%� !2%�02%3%.4).'�(%2%� /.,9� &/2� 4(%� 2%'5,!2):%$�02/",%-� &/2� ��"9�53).'� ")�15!$2!4)#�

%,%-%.43� !.$� 4)-%� ).#2%!-%.4� �� �(%� 2%35,43� !2%� 3(/7.� !3� !� &5.#4)/.� /&� 4(%�).'(!-�.5-"%2�

�

)"�&���!�'$!)(�$#��#��%&$%$'����*(&�%$!�(�$#�"�(�$��

����
�
����������������
�����
��

�

�

�

�

���� �����


�����

�

��

�
�

�

�

�

�

�

�

�

�

�

�

��

�

�!.$�

./.�$)-%.3)/.!,� 4)-%�

���������������������������������

7(%2%� �)3�4(%�0,!34)#�6)3#/3)49���.�#!3%�/&�4()8/42/09�7%�53%�4(%�&/,,/7).'�%6/,54)/.�%15!4)/.�&/2�4(%�3425#452!,�0!2!-%4%2� �

�

� � � � �������������������

�

�

�

�

��

��

�

��
�

��7(%2%� 4� )3� 4)-%� !.$�

�

�

�

�

� �

�

�

�

��

�

�

� �� � �(%�6%,/#)49� !.$� 4()#+.%33� !2%� 3#!,%$�53).'� �!.$� �

2%30%#4)6%,9�� �)'52%3� �� !.$� �� 3(/7� 4(%� ./.�$)-%.3)/.!,� 4()#+.%33� �'2%%.� ,).%�� !.$� ./.�$)-%.3)/.!,� 6%,/#)49� /&� 4(%�

5.9)%,$%$�#/2%�2%')/.���3�)4�)3�%80%#4%$�4(%�4()#+.%33�$%#2%!3%3�7)4(�4)-%�7(),%�)43�6%,/#)49��2%$�,).%��).#2%!3%3���6%.4!5,,9�

������������������������	��

�

7(%2% !.$ � !2%� 4(%� "5),$50� !.$� "2%!+$/7.� 0!2!-%4%23� !.$� �4(%� 2!4%� /&� 342!).� ')6%.� "9 �� �/2� #,/352%�7%�

!335-%� 4(!4� 4(%� 9)%,$� 342%33� )3� !� ,).%!2� &5.#4)/.� �� )�%��

�

� � �

�

� � � �

�

� � �����

� �� � �

� �

����������
���
���������������
�	������
���

�
�	�����
�	�����	
������
������
���

�

�.$2%!3��,%8!.$2/5
�
���%/2')/3��%/2')/5

�
���!*!��5),'/,

	



	 2	

the flow reaches steady state. The steady state results agree with the analytic solution to an accuracy of up to the sixth digit. 
A comparison between the two figures where the only difference is the magnitude of Bn shows that while the core thickens 
with increasing Bn and its velocity decreases. For the chosen parameters the time to reach steady state appears to be less 
sensitive to Bn. This issue however is  investigated fully in the completed work.  
 

.  

Fig. 1.: Velocity and size of core region  (Bn=0.1)                          Fig. 2: Velocity and size of core region (Bn=0.5) 

   Figures 3 and 4 show the effects of thixotropy for Bn=0.5 and β=0.5. Depending on the relative ratio of the coeficients of 
breakdown and buildup the results are very different from the non-thixotropic cases. Figure 3 corresponds to a lower 
effective Bn because for lower buildup coefficient  ! less  of the original yield stress survives during breakdown. Fig. 4 
then corresponds to a case of higher effective Bn. Consistent then with these observations the final thickness for Fig.4 was 
0.088039 and that for Fig. 3 0.069147 (not a steady state value). The corresponding velocities are 2.138820 (Fig. 4) and 
2.42848 (Fig.3). Please note that the time to reach steady state changes significantly as the flow represented by Fig. 3 has 
not reached steady state. This is another issue that is discussed in the completed work.  

 
 
Fig. 3.: Velocity and size of core region (α=0.1)  Fig. 4: Velocity and size of core region (α=0.5)
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VISCOELASTIC AND EMPIRICAL MODELS COMPARED IN CONTEXT OF
FLOWS IN EXTRUDERS
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Summary This contribution deals with the comparison of viscoelastic and empirical rheological models in context of flows in extruders. A
simplified model based on the unwound helix channel is used to calculate the characteristic of the machine and the dissipation power curve.
Results of computations with the exponential Phan-Thien-Tanner model and a model using only its shear thinning behavior are compared.

MOTIVATION

In modern CFD-analysis of process engineering applications the use of empirical rheological models like Cross or Carreau-
Yasuda is common because they allow implementing a shear rate dependent viscosity at a low computational cost. In this
approach the shear viscosity curve is modelled and all kinds of other effects that can occur in a fluid relevant to these processes
are neglected. For example in polymer melts besides shear-thinning behavior also strain hardening, normal stress differences
and transient effects like stress relaxation are relevant. But to consider these effects more complex models like e.g. the
exponential form of the Phan-Thien-Tannner Model (EPTT) can be used. It includes all relevant effects, but is expensive
with respect to the computation time. A question that may come up in everybody doing computational rheology is, if it is
appropriate to just use empirical models or if the effort by using Maxwell-type models might be too high. Because the answer
to that question is strongly dependent on the flow type, for every case an investigation should be performed.

In polymer processing extruders play a key role in melt conditioning and feeding casting processes. For these applications
machine characteristics are relevant for process control which depends on the fluids properties. In this case it is useful to have
numerical data that is reliable.

SHORT OUTLINE

To perform calculations an unwound extruder model for a single flighted machine introduced in [1] is used. Here the
helically wound flow channel that is located between barrel and screw as shown in fig. 1 on the left is unwound which leads
to the geometry on the right. In this model the screw surface is static and the barrel surface is moving with vb = πDbn,
decomposed in the down-channel component vbz and cross-channel component vbx using the helix angle θ. Cyclic boundary
conditions are used at the gap between barrel and screw for the cross direction flow and at the channel surface for the down
direction flow. To calculate the characteristics of the machine a pressure gradient is implemented by using a body force in the
momentum equation. The direction of this force is perpendicular to the velocity of the moving wall.

θ

θ

vb

vbx

vbz

D
b

Figure 1: (Left) Single flighted screw in a barrel. (Right) Unwound helix channel model.

The study that is carried out deals with the case the pressure increases in direction of transport. This is given in extruders
if e.g. a nozzle is mounted at the outlet. In this configuration one point of interest is when the volume flux is canceled out over
the cross section of the channel. It is found by increasing the pressure gradient stepwise starting from zero. For each value
one calculation is performed until the steady state is reached. In this work this is done also for a varying relaxation time λ
of the EPTT model in a range of the Deborah-number De = λn from 10−3 − 103. Besides the curve of power consumption
is evaluated because it correlates with the dissipative heating. Although the calculations are performed isothermally this is
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important to know because the material behavior is highly temperature dependent. Investigations with this unwound model
were done in [2] for the linear-PTT model analytically focused on the main and secondary flows.

The comparison with the empirical model is done by using the shear viscosity curve of the EPTT model in a list during
calculations. For this purpose a solver that calculates the shear rate and uses this list to interpolate values for the viscosity
was composed. The list is generated before the calculation using a semi analytical approach based on a Newton-Raphson
method. Thereby in the computaion is guaranteed, that the empirical model has the same shear-thinning behavior as the
viscoelastic model. The object of this approach is that if deviations occur in the calculations they will be caused by other
material phenomena. The results will show the error that has to be taken into account if a fluid that behaves exactly like a
EPTT model is described by a model that only concerns the shear properties.

The calculations are performed using foam-extend-3.1 [3] a version of OpenFOAM containing extensions contributed
by the user community. For considering the EPTT model a solver based on the log-conformation reformulation [4] was
composed. The solver interpolating the viscosity from a list uses a generalized shear rate based on the second invariant of the
deformation rate tensor. In both solvers pressure and velocity are coupled with a block matrix method and they are based on
outer corrections for stress respectively viscosity. For numerical stability the newtoinian solvent contribution had to be set to
β = 1% which is also included in the empirical solver.
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Figure 2: Comparison of the extruder characteristic and dissipation power curve for De = 1. (Left) Dimensionless pressure K
over dimensionless volume flux Q. (Right) Dimensionless dissipation power ΠDiss over Q.

An example of one investigation with De = 1 is shown in fig. 2. In the left diagram the dimensionless pressure gradient
K is plotted over the dimensionless volume flow rate Q. The right diagram shows the curve of the dimensionless dissipative
power ΠDiss. The diagram for K shows that both models start with nearly the same value of Q in the pressure gradient free
state and have the same shape. They have an increasing spacing that reaches a deviation of 4.9% at K(Q = 0). The empirical
model shows a weaker structure, because its curve is always above the one of the EPTT. This means smaller changes in the
pressure gradient are needed for the same change in the volume flux. The curves of the dissipative power have a different
slope and cross each other. Close to the pressure gradient free point the empirical model overestimates ΠDiss by 4.5% and
at the characteristic point where Q = 0 underestimates it by -6.8%. In the investigated range of De the deviations of the
models were in this magnitude. For the boundary values of De range both models behave newtonian and their deviation
nearly vanishes. This is obvious for De = 10−3 and must be for De = 103 because the viscosity of the EPTT model drops
below the solvent viscosity.
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Summary The recirculating flow around a circular cylinder is investigated experimentally and numerically in a Poiseuille configuration. A 
Newtonian fluid and two elasto-viscoplastic fluids without thixotropy prepared with Carbopol polymer are used. A regularised Herschel-Bulkley 
viscoplastic numerical model has been used to make comparison with experimental results. The morphologies and especially the geometrics 
characteristics of the twin vortices are described according to the Oldroyd and Reynolds numbers. The unyielded zones are defined. The 
parameters of the flow at the transition to the recirculating flow regime are provided.  
 

INTRODUCTION 
 
   This paper is on the fundamental problem of the flow past a confined circular cylinder in the case of a Newtonian fluid 
and yield stress fluids. We focus on the recirculating regime of flow which has two vortices attached to the cylinder in a 
confined medium. The yield stress fluids concern a broad range of fluids used in the industry and in everyday life. An 
important property of this fluid category is that it takes a solid behaviour below a yield stress ߬ and flows as a viscous fluid 
above. 
   The main features to describe the vortices at the rear of the cylinder are its length, the position of its centre and its 
separation angle in function of Reynolds number and Oldroyd number which represents the ratio of yield stress effects to 
viscous effects (Figure 1). In our confinement of ͲǤʹ, only two studies which focused on the description of the vortices have 
been found in the literature for newtonian fluid, Grove et al. [1] with a Poiseuille flow configuration and Coutanceau and 
Bouard [2] with a uniform velocity profile flow configuration. For yield stress fluids, Mossaz et al. [5] have given some results 
with a uniform velocity profile flow configuration. These results have been used to compare our results and to discuss about 
the effect of the flow configuration. 

 
Figure 1: Example of vortices at the rear of the cylinder at Re=46 for the gel A (top part) and the gel B (bottom part) and 

comparison of numerical and experimental results at Re=59.3.  
 

MATERIALS AND METHODS 
 
   Three different fluids have been used in this study: a Newtonian aqueous glucose solution and two yield stress fluids based 
on Carbopol polymer: gel A ሺ߬ ൌ ͳǤͺͺ� ܲܽǡ ܭ ൌ ͳǤͺͷ� ܲܽǤ ǡݏ ݊ ൌ ͲǤͶ͵ሻ  and gel B ሺ߬ ൌ ͲǤͲʹ� ܲܽǡ ܭ ൌ
ͲǤ͵ͺ� ܲܽǤ ǡݏ ݊ ൌ ͲǤͷʹሻ. This polymer is used as a reference model for yield stress fluid experiences. Each fluid has been 
systematically characterised with rheometer by using specific methods [3]. For the yield stress fluids, the shear stress versus 
shear rate follows the Herschel-Bulkley constitutive law ߬Ӗ ൌ ቀߛܭሶ ିଵ  ఛబ

ఊሶ ቁ ሶߛ Ӗ� ݂݅� ߬  ߬� �
� �
� ���� ሶߛ Ӗ ൌ Ͳധ� ���� , where Ӗ߬ 

denotes the deviatoric part of the stress tensor, ܭ the consistency, ݊ the power index, ߬Ͳ the yield stress. ߛሶധ and ߛሶ  are the 
strain rate tensor and the shear rate, respectively. 
   An experimental device has been built which consists in a loop working in closed circuit. The test duct has a rectangular 
cross section with a fixed confinement of ܦȀܪ ൌ ͲǤʹ where ܦ is the diameter of the cylinder and ܪ the height of the 
channel. The visualisation system includes a high speed camera which allows us to make PIV. The Poiseuille flow is fully 



developed upstream of the cylinder. A numerical method has been also developed with the ANSYS-Fluent software. The 
Herschel-%XONOH\�FRQVWLWXWLYH�ODZ�KDV�EHHQ�LPSOHPHQWHG�ZLWK�WKH�3DSDQDVWDVLRX¶V�UHJXODULVDWLRQ�PHWKRG  
 

RESULTS 
 
   After a qualification of the experimental set-up by comparison to the literature results, the main characteristics of the 
vortices at the rear of the cylinders have been described for each fluid. The Figure 1 shows the typical influence of Oldroyd 
number (ܱ݀ ൌ ߬Ȁሺܭሺ ܸ௫Ȁܦሻሻ on the vortices at same Reynolds number (ܴ݁ ൌ ߩ ܸ௫

ሺଶିሻܦȀܭሻ. The critical values of 
the parameters at the transition no recirculating to the recirculating flow regimes have been established. All the experimental 
results have been always compared to the numerical ones (Figure 1). 
Globally, the yield stress effects are, on one hand, to delay the transition to the recirculating flow regime toward more inertial 
flow and on the other hand, to keep the vortices near to the cylinder (Figure 1). For this type of configuration, it is possible to 
distinguish different unyielded zones (Figure 2): first the confinement causes the appearance of a plug flow at the upstream 
and the downstream far from the cylinder. Then, around or on the cylinder, different unyielded zones rigid or moving can be 
observed. The size of these zones depends on both inertial and yield stress effects [4]. 

 
 
 
 
 
 
 
 
 
 

 
 
 
 

 
 
 
 
 
 
 
 
 

Figure 2: Streamlines and unyielded zones in the global flow (top part) and around the cylinder (bottom part, zoom on the 
cylinder). The unyielded zones are colored in black. ሺܴ݁ǡ ܱ݀ǡ ݊ሻ ൌ ሺͷʹǡ ͲǤͻʹǡ ͲǤͷሻ. 

 
CONCLUSIONS 

 
   New results on flow morphologies and particularly on the structure of the vortex rear the cylinder have been determined 
experimentally and numerically for yield stress fluids. The influences of inertia, viscous and yields stress have been determined. 
The viscoplastic numerical simulation gives satisfactory results. 
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AXIAL DISPERSION IN WEAKLY TURBULENT FLOWS OF VISCOPLASTIC FLUIDS
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Summary In this study we present a framework to characterise the axial dispersion in the turbulent flow of viscoplastic fluids. Assuming
Herschel-Bulkley model, we perform the hydraulic calculation for a viscoplastic fluid. Then, we propose a method to correct the well-known
logarithmic turbulent velocity profile. Finally, we give an estimate for turbulent diffusivity and axial dispersion. This improves the earlier
results of [1] as we demonstrate that the corrections suggested for velocity profile can contribute to significant change in the case of weakly
turbulent flows. We also report on the effect of viscoplasticity on dispersion.

INTRODUCTION

The sequential flows of fluids along pipes or channels are ubiquitous in the industry. One particular example that we are
interested in is the primary cementing of oil and gas wells. During primary cementing one fluid is pumped after another.
These fluids have different densities and viscosities and may exhibit viscoplastic behaviour. They may also mix together. The
objective of this study is to give an estimate of magnitude of mixing due to axial dispersion. That is, mixing due to difference
of fluid parcel velocity with respect to the average velocity.

VISCOPLASTIC PIPE HYDRAULICS

The hydraulic calculations in general amount to defining the relationship between the wall shear stress τ̂w and the mean
velocity Ŵ0 for the different flow regimes. A widely used approach is that of [2] in defining (Fanning) friction factor (ff )
as a function of the generalised (Metzner-Reed) Reynolds number ReMR = 8ρ̂Ŵ 2

0 /κ̂
′(ˆ̇γN )n

′
where κ̂′ = τ̂w/(ˆ̇γL)n

′
, n′ =

d ln τ̂w/d ln ˆ̇γL, ˆ̇γN is the Newtonian strain rate at the wall and ˆ̇γL is the strain rate at the wall if the fluid would have been
in a laminar flow. The definition of ReMR is designed such that the classical relation ff = 16/ReMR for laminar flows
is recovered for power law fluid. However, the simplicity of this formulation is lost when we deal with more complicated
generalized Newtonian fluids or different flow regimes, because ReMR depends on both Ŵ0 and τ̂w. This in fact makes it less
useful in mapping τ̂w ↔ Ŵ0. Therefore, we define a Reynolds number which depends only on Ŵ0:

Rep =
8ρ̂Ŵ 2

0

κ̂p(ˆ̇γN )n
, κ̂p = κ̂

[
3n+ 1

4n

]n
. (1)

To represent the yield stress effect, we introduce a Hedström number that depends linearly on τ̂Y and is independent of
both Ŵ0 and τ̂w. Finally, we construct a similar dimensionless group representing τ̂w.

He = τ̂Y

(
ρ̂nD̂2n

κ̂2p

)1/(2−n)

Hw = τ̂w

(
ρ̂nD̂2n

κ̂2p

)1/(2−n)

, rY =
τ̂Y
τ̂w

=
He

Hw
(2)

Given He, we show that there is a 1-1 relation between Hw and Rep.

TURBULENT VELOCITY PROFILE

Following [2] we find that turbulent velocity profile is like:

W0(r) =

√
ff
2
[A0 ln(1− r) +B0] (3)

where A0 = A0(n′) and B0 = B0(n′, ReMR). Two common deficiencies of such log-law profiles are the centreline and near
wall behaviours. The velocity profile is symmetric which demand a zero velocity gradient at centreline. Following [3] we
add an exponential correction term to fix the centreline behaviour. In addition, as argued by [4] Reynolds stresses decay like
∼ (1− r)3 near the wall and therefore, a wall layer correction is needed. We eventually show that the velocity profile can be
approximated by:

W =

{ √
ff
2
[A0 ln(1− r) +B0 +B0,c +Bw] 0 < r < rc

W+(y+) rc < r < 1
(4)
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Figure 1: a,b) Comparison of our results (solid black) for n = 1 and He = 0 with Taylor’s coefficients (broken red) [1] for average
turbulent diffusivity (D̄t) and dispersion coefficient DT . c,d)average turbulent diffusivity (D̄t) and dispersion coefficient DT as a function
of Hw and n for He = 5

where B0,c and Bw are centreline and wall corrections to the core velocity and W+ is the wall layer velocity. y+ = 1−r
ψ is the

wall coordinate where ψ is a scaling factor. rc is the wall layer width which is obtained by stitching the two velocity profiles
together.

STREAMWISE DIFFUSIVITY AND DISPERSIVITY

We now follow a classical path towards estimating streamwise spreading of a passive tracer by the turbulent flow via
diffusive and dispersive mechanisms. To do so, we first need an estimate of turbulent diffusivity Dt. We use the Reynolds
analogy for the turbulent transport of mass and momentum, and the axial momentum balance to evaluate the shear stress. We
eventually show that:

Dt =

⎧
⎪⎪⎨

⎪⎪⎩

1

2Sct

(
ff
2

)1/2
r
rc

1

G(r)

[
rc − rY − 8

Rep

[
n

3n+1

]n
[G(rc)]n

(
ff
2

)n/2−1
]

0 < r < rc

ψ
2Sct

(
ff
2

)1/2 !
1−ψy+−rY −(1−rY )

""" dW+

dy+

"""
n#

""" dW+

dy+

"""
rc < r < 1

(5)

where Sct is turbulent Schmidt number, and G(r) =
∣∣∣− A0

1−r + d

drB0,c(r)
∣∣∣. Finally we calculate the dispersion coefficient(DT )

which is defined as below:

DT =
1

2

∫ 1

0

(∫ r

0

[W (r̃)− 1]r̃ dr̃

)2

rDD(r)
dr (6)

RESULTS

We compare our turbulent diffusivity and dispersion coefficient for the case of Newtonian fluid (He = 0, n = 1) with
those of [1]. Figure 1(a,b) demonstrates the effect of velocity profile correction. Figure 1(c,d) shows averaged turbulent
diffusivity (Dt) and dispersion coefficient (DT ) as a function of dimensionless wall-shear stress (Hw) and power law index
(n) for He = 5. The dashed red lines indicate the contributions from the turbulent core. We see that in the limit of weak
turbulence, the contribution of wall layer is significant.
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A DAMPED NEWTON ALGORITHM FOR COMPUTING VISCOPLASTIC FLUID FLOWS
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Summary A new damped Newton algorithm for viscoelastic fluid flows is presented in this paper. This algorithm bases on a projection
formulation of the viscoplastic problem and an efficient preconditioned iterative solver for the singular Jacobian. A demonstration is pro-
vided by computing a viscoplastic flow in a pipe with a square cross section and performance are compared with the augmented Lagrangian
algorithm.

INTRODUCTION

The numerical resolution of viscoplastic fluid flows is still a challenging task. Two main main approaches are considered:
the augmented Lagrangian algorithm, which is accurate and slow, and the regularization approach, which is faster but could
be less accurate, as it solves a modified problem. This paper is a contribution to an ongoing effort for the development of
faster algorithms than the augmented Lagrangian for the resolution of the unregularized viscoplastic model. One of the most
efficient algorithm to solve nonlinear problems is the Newton method, due to its superlinear convergence properties. Applying
the Newton method to the unregularized viscoplastic problem leads to a singular Jacobian matrix. In this paper, we address
directly the singularity of the Jacobian matrix in the Newton method in order to preserve the superlinear convergence.

PROBLEM STATEMENT

The Bingham and Herschel-Bulkley models are characterized by the following property: the material starts to flow only
if the applied forces exceed a certain limit σ0, called the yield limit. We consider the fully developed flow in a prismatic tube
(see [1, 2] for details and notations). The problem can be summarized as:

Find σ and u defined in Ω such that:

∇u = P0(σ) (1)
divσ = ◦ f in Ω (2)

u = 0 on ∂Ω (3)

where Ω is the pipe section, u is the velocity component along the pipe axis, σ is the shear stress vector and f > 0 is the given
constant pressure force in the pipe. Here, P0 denotes the following projection operator, defined for all τ ∈ R2 by

P0(τ ) =

⎧
⎪⎨

⎪⎩

1

K1/n
(|τ | ◦ σ0)1/n

τ

|τ | when |τ | > σ0

0 otherwise

where K > 0 is the consistency. Here, (1) expresses the constitutive equation, (2) the conservation of momentum and
(3) the no-slip boundary condition. The Bingham dimensionless number is defined by the ratio of the yield stress σ0 by a
representative viscous stress: Bi = 2σ0/(L f) where L is the half-length of an edge of a square section Ω of the pipe. The
Bingham number Bi and the power law index n are the only two dimensionless numbers of the problem.

NUMERICAL RESULTS AND PERFORMANCES

Fig. 1 plots a comparison of the present inexact preconditioned damped Newton algorithm with the classical
Uzawa/augmented Lagrangian method, as proposed in [1]. The augmentation parameter r for the augmented Lagrangian
algorithm (AL) has been optimized for the present mesh (a pipe section with h = 1/80 and 5781 elements) in order to present
the best possible convergence rate. Both algorithms are implemented in the Rheolef free software FEM library [3]. The
Poisson matrix with no-slip boundary condition used by the AL is factored in sparse format one time for all, thanks to the
SUITESPARSE library. At each iteration of the AL, a linear system is solved, based on this factorization. For the present
inexact Newton algorithm, the Jacobian of the unregularized problem is solved by using a GMRES algorithm. The Jacobian
matrix of the corresponding regularized problem is used as preconditioner and is also factored. This factorization has to be

∗Corresponding author. Email: pierre.saramito@imag.fr
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Figure 1: Comparison between the inexact damped Newton method and the augmented Lagrangian algorithm (AL) for the
Herschel-Bulkley problem: residu vs CPU time, in seconds when Bi = 0.1, n = 0.5, h = 1/80 (a) in semi-log scale ; (b) in
log-log scale.

performed at each iteration of the Newton method, so each iteration of the Newton method is expected to be slower than its
AL counterpart. For this reason, Fig. 1 compares these two methods in term of the CPU time instead of iteration number.
Observe the dramatic efficiency of the Newton algorithm, which converges in less than 5 seconds to a residue less than 10−10

while the AL becomes slower and slower in semi-log scale and adopts an asymptotic behaviour, as shown in semi-log scale,
where the residue behaves as 1/tα, with α ≈ 0.75. After about 15 minutes, the residue is of about 10−7 and, by extrapolation,
reaching 10−10 would requires one day of computation.

CONCLUSION

For the first time, a Newton method is proposed for the unregularized viscoplastic fluid flow problem. It leads to a
superlinear convergence for Herschel-Bulkley fluids when 0 < n < 1. At each iteration, the singular Jacobian system is
solved by an iterative method and an efficient preconditioner based on the regularized problem. An inexact approach permits
to increase the performances of the algorithm. A demonstration is provided by the computing a viscoplastic flow in a pipe with
a square cross section and performances are compared with the augmented Lagrangian algorithm. Future work will extend
this approach to larger flow problems such as flows around obstacles and tridimensional geometries.
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EFFECT OF WALL MOVEMENT ON DISPERSION OF A SOLUTE IN CASSON FLUID 
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Summary The present model analyses the dispersion of a solute in Casson fluid in unsteady pressure driven flow through an 
annulus in which the outer wall is moving in its own plane. By using the generalized dispersion model, the expressions for 
dispersion coefficient and mean concentration are obtained.  In the case of wall movement, the dispersion coefficient is 
observed to take both positive and negative values, which differ from the case of stationary boundary where the dispersion 
coefficient takes only positive values.  
 

INTRODUCTION 
 
   The study of flow/dispersion in annular tube with wall movement has many applications in medical and industrial fields. 
Secomb (1978) studied two dimensional flow field of an incompressible viscous fluid in a long parallel side channel with 
pulsating walls. Hydon and Pedley (1993), studied axial dispersion in a channel and discussed the applications of their 
results in understanding low-volume high frequency ventilation of the human lung. Waters (2001) studied the uptake of 
passive solute through walls of pulsating, fluid filled channel into an adjacent medium in which the solute diffuses and is 
consumed at a constant rate. In this study, we aimed to study the combined effects of pressure pulsation and wall oscillation 
on the dispersion process in Casson fluid flow in an annulus. By using generalized dispersion model proposed by Gill and 
Sankarasubramanian (1970), the expressions for dispersion coefficient and mean concentration are obtained. The results are 
analysed for the variation of dispersion coefficient and mean concentration with different parameters in the model. 
 

MATHEMATICAL FORMULATION 
  

   We considered the flow in an annulus between two coaxial cylinders with inner cylinder radius ka  )10( �� k  and 

outer radius a. The dispersion of a bolus of a solute, which is initially of sz  units in length and of uniform concentration 

0C ,  is studied. For fully developed, axi-symmetric and incompressible flow, the unsteady convection-diffusion equation 

which describes the local concentration ),,( rztC of a solute can be written in the non-dimensional form as,   
 
 
                                (1) 
  

 with the non-dimensional quantities  
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Here Dm is the coefficient of molecular diffusion, ),( trw is the axial velocity, Pe = ,0

mD
aw

 the Peclet number and 0w  is the 

reference velocity. The corresponding initial and boundary conditions are  
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The velocity expression for the case of pulsatile flow in Casson fluid flow in annulus with wall movement is obtained in 
different regions  as:      
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Abstract 
   Sedimentation of rigid particles is numerically studied in Newtonian and Bingham fluids in this work. In Newtonian 
fluids it is found that an increase in the number of particles leads to a decrease in the average settling velocity of the 
particles whereas for yield stress fluids this is not necessarily true. For the latter fluids, it is found that for sufficiently 
large Bingham numbers the number of particles can have an increasing effect on the average settling velocity of the 
same particles. In general, it is concluded that the initial arrangement of the particles plays a more important role as 
compared with the number of particles in dictating their settling velocity in yield-stress fluids. 

Introduction 
   Sedimentation of solid particles is encountered in a variety of industrial processes including fluidization, slurry flows, 
etc. While in the majority of cases the continuous phase is Newtonian, in food and oil industries the case in which the 
suspending medium is viscoplastic is quite common. Thanks to its technological impact, many researchers have studied 
single-particle sedimentation in yield stress fluids, either analytically or numerically [1-3]. To best of our knowledge, 
however, there is no published work addressing the case of multiple-particles settling in a yield stress fluid. 

Problem Description and Results 
   We have studied sedimentation of particles under the influence of the gravitational force in yield stress fluids obeying 
the Bingham model. To figure out the interaction between particles during their fall, we have considered different initial 
configuration comprising one, two, four, and nine particles arranged in a symmetric fashion. The channel is assumed to 
have a width of 2 cm and a height of 8 cm. Initial positioning of the particles is chosen in such a way that, in all cases 
under investigation, their center of mass is located at a height of 7 cm from the center of the channel (see Fig. 1). The 
distance between two adjacent particles is set at 0.3 cm. The density of the fluid is set at ρf  =  1 g/cm3 while the density 
of the solid particle is set at ρs = 1.01 g/cm3. The diameter of the planar particles is set at D = 0.2 cm. The fluid and the 
particles are initially at rest. The viscoplastic fluid of interest is assumed to follow the Bingham model. Detailed 
descriptions of our numerical method (i.e., the LBM/SPM methods) and its verifications are presented in our recent 
publications [4,5]. The dimensionless parameters involved in this study are the Archimedes number and the 
dimensionless yield stress (say, the Bingham number); that is: 
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 where g is the gravitational acceleration, τy the yield stress, and µ  is the dynamic viscosity of the fluid. 
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Fig. 1: Initial positioning of the particles in the two-

dimensional channel. 
Fig. 2: Y-location of the center of gravity of the 

particles for the Newtonian case. 

Figure 2 shows how the center of gravity of the particles varies with time during their sedimentation in a Newtonian 
fluid. In Figs. 3 and 4. we have shown the behavior when falling in a yield-stress fluid having Yg = 0.02 and 0.05, 
respectively. As can be seen in Fig. 2, when the particles sediment in a Newtonian fluid, an increase in the number of 
particles results in a decrease in the average velocity of the particles settling velocity. In contrast, from Fig. 3 it can be 
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concluded that when the particles are falling in a slightly viscoplastic fluid, the two-particle scenario falls faster than the 
one-particle scenario. Similarly, the nine-particle case falls faster than the four-particle case. An increase in the yield 
stress of the fluids gives rise to an unexpected behavior, as can be seen in Fig. 4. The nine-particle combination settles 
faster than all other combinations. An interesting phenomenon that is seen in this figure is the change in the slope of the 
falling two and four particles. Two and four combinations of the particles start to fall with large velocity (with a high 
slope), but after a while the speed of their sedimentation decreases dramatically. 

  
Fig. 3: Y-location of the center of gravity of the 

particles for the yield stress fluid (Yg=0.02). 
Fig. 4: Y-location of the center of gravity of the 

particles for the yield stress fluid (Yg=0.05). 

To have a better understanding of the mechanisms involved in the particles' settling, we have shown the vertical 
position of the particles in Figs. 5 and 6 for the cases of Yg = 0.02, and Yg = 0.05, respectively. A comparison between 
Fig. 5 and Fig. 3 reveals that the average settling velocity of the settling is directly related to their initial arrangment and 
not the number of the particles. Interestingly, as soon as the particles reach the same vertical position the speed of 
falling decreases. In fact, the best scenario for having a higher falling velocity is when the particles are arranged in a 
vertical line (cf. Fig. 6 with Fig. 4). 

      
a b c d e f 

 

      
a b c d e f 

 

Fig. 5: Position of the particles during falling at times: t = 
1.25 s (a,b,c), t = 8 s (d,e,f) (Yg = 0.02, green: particles, 

red: unyielded regions, blue: yielded regions). 

Fig. 6: Position of the particles during falling at times: t = 
1.25 s (a,b,c), t = 8 s (d,e,f) (Yg = 0.05, green: particles, 

red: unyielded regions, blue: yielded regions). 

Conclusions 
   Based on the results obtained in this work, it can be concluded that the initial arrangement of particles before fall 
plays a key role in dictating the fall velocity when settling in a yield-stress fluid with the number of particles playing a 
secondary role. 
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DEPENDENCE OF ENERGY SPECTRA ON FORCING SCALES
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Summary Energy spectra of elastic wave turbulence are examined by simulating the Föppl-von Kármán equation for several forcing scales.
There are two key scales: one is the system’s scale and the other is the critical scale where the nonlinear frequencies are comparable with
the linear ones. Although the energy spectra with the power law corresponding to the inverse wave-action cascade is observed in the middle
stage, it eventually relaxes to that for the energy equipartition. Various power-law spectra are observed depending on the forcing scales.

INTRODUCTION

The wave turbulence propagating in a thin elastic plate is described by the Föppl-von Kármán (FvK) equation, which
has Hamiltonian structure described easily in the Fourier representation. In the weak turbulence theory (WTT), complex
amplitude ak = ρωkζk+ipk√

2ρωk
is introduced as a canonical variable: idak

dt = δH
δa∗

k
, where ζk, pk, ωk, and ρ are respectively the

Fourier coefficients of the displacement and of the momentum, the frequency defined by the linear dispersion relation, and the
density of the plate. The Hamiltonian is given as

H =
!

k

ωk|ak|2 +
!

k+k1−k2−k3=0

Wkk1
k2k3

akak1a
∗
k2
a∗k3

+
!

k−k1−k2−k3=0

"
Gk

k1k2k3
aka

∗
k1
a∗k2

a∗k3
+ c.c.

#
. (1)

The second and the third terms on the right-hand side respectively show the 2 ↔ 2 and the 1 ↔ 3 interactions of the four-wave
interactions, and Wkk1

k2k3
(= Wk2k3∗

kk1
) and Gk

k1k2k3
are the corresponding matrix elements of the interactions. Although there

exists the 0 ↔ 4 interaction other than the above interactions, such interaction is omitted in Eq. (1), since it can be reduced
by an appropriate canonical transformation. We have examined forward cascading turbulence in statistically steady states by
adding external force at small wavenumbers and dissipation at large wavenumbers, and shown the coexistence of the weak
and strong wave turbulence spectra as well as the variability of energy spectra depending on the energy level [1, 2].

Recently, Düring et al. [3] reported an inverse cascade of wave action in this system by adding external force at large
wavenumbers, which seems like a contradiction to our understanding that steady inverse cascade of wave action does not
exist in the framework of WTT. Although only the resonant interactions of the four-wave interactions are retained in WTT,
the quadratic energy as well as the total energy is conserved, but the wave action is not conserved since the 1 ↔ 3 reso-
nant interactions exist in addition to the 2 ↔ 2 resonant interactions. Furthermore, when a power-law solution of energy
spectra E(k) = Akp is assumed, the explicit expressions of the energy flux and the wave-action flux as well as the resonant
interactions can be obtained formally [3, 4]. There exist four typical spectra: ⟨1⟩ energy equipartition for p = 1 , ⟨2⟩ direct
energy cascade for p = 1 with logarithmic correction, ⟨3⟩ wave-action equipartition for p = 3, and ⟨4⟩ inverse wave-action
cascade for p = 5/3. Note here that for p = 3 and p = 5/3, the expression of the wave-action flux superficially diverges, and
E(k) = Akp cannot be a steady solution of the kinetic equation in WTT since the 1 ↔ 3 resonant interactions do not vanish.

Alternatively, other two typical spectra are derived by using dimensional argument, where the physical parameter difined
by the dispersion relation of the system is employed [5]. The one is p = −1 corresponding to the direct energy cascade and
the other p = −1/3 to the inverse wave-action cascade. The dimensional argument is applicable to non-weak turbulent states.

Lastly, we have to be careful about the difference between FvK and the kinetic equation in WTT in terms of interaction
and conserved quantities. The random phase approximation also makes the difference in nonlinearity, e.g. nk = ⟨|ak|2⟩ ∼
ωk⟨|ζk|2⟩ as in Ref. [3]. The words “cascade” and “flux” have been often used for non-conservative quantities.

NUMERICAL RESULTS

Direct numerical simulations (DNS) were performed by using the standard pseudo-spectral method according to the canon-
ical equation for the complex amplitude, added the external force and dissipation to achieve non-equilibrium statistically
steady states. We used N × N = 2048 × 2048 modes in the calculation of the convolutions with the 4/2 dealiasing rule.
The forcing scale was changed, while the dissipation was always added at large wavenumbers. We also changed the system’s
scale L × L instead of changing N to investigate the dependence of energy spectra on the forcing scale, because too much
computation time is consumed with much larger number of modes. Two types of forcing scales are chosen as a representative
for the present analysis: one is the forcing at large wavenumbers, and the other at middle wavenumbers. The wavenumber
range for the former is 512π

L ≤ k ≤ 566π
L and that for the latter 32π

L ≤ k ≤ 40π
L .
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Figure 1: (a): representative energy spectra for external force at large wavenumbers with L = 1. (b) and (c): energy spectra in
statistically steady states for external force at large wavenumbers and at middle wavenumbers. The system scales are L = 1
(red and blue curves) and 10 (purple and green curves). The thick straight lines represent the critical scale at each energy level.

In Fig. 1 (a) shown are the energy spectra at four representative times, when the external force is added at large wavenum-
bers. The spectrum (red curve) shows k5/3 as reported in Ref. [3] at early stage, and the spectrum (blue curve) at middle
stage becomes to have two power-law ranges which might correspond to the spectra in Fig. 8(b) of Ref. [3]. The spectra
were described as a final spectra in a stationary regime with ωk⟨|ζk|2⟩ ∼ k−4/3 for k < 0.2 and ωk⟨|ζk|2⟩ ∼ k−2×0.873

for 0.5 < k < 5. When the energy at the largest scales becomes significant, the energy spectrum (purple curve) grows to
have the power law k which corresponds to the energy equipartition. In almost statistically steady state (green curve), the
energy equipartion spectrum ends up being concave upward below the critical wavenumber where the nonlinear frequencies
are comparable with the linear frequencies. Negative slope of energy spectrum appear in smaller wavenumber range where
WTT cannot be applied but the dimensional analysis can be.

To investigate the importance of critical scales, we have performed DNS with the external force at large wavenumbers with
changing L and the forcing amplitude. The energy spectra in almost statistically steady states are plotted in Fig. 1 (b). It is
confirmed that the spectra in the larger wavenumber range than the critical wavenumber have the energy equipartition spectra
k and that in smaller wavenumber range the negative slope spectra, though the fluctuation is large there, consistent with the
dimensional analysis. There is no singular behavior at the smallest wavenumbers, though no drag was added at the smallest
wavenumbers similarly to Ref. [3] .

We also performed DNS with the external force at middle wavenumbers in order to find the relation of the forcing scale
with the system’s scale. The results are shown in Fig. 1 (c). The energy spectra in the larger wavenumber range than the forcing
wavenumbers show the similar behavior with those in Refs. [1, 2] where the external force was added at small wavenumbers to
investigate the forward cascade. It is interesting to point out that the positive slope spectra appear in the smaller wavenumber
range than the forcing wavenumbers even though such wavenumbers are smaller than the critical wavenumbers.

CONCLUSIONS

Direct numerical simulation of the Föppl-von Kármán equation are performed for various forcing scales and system’s
scales. Although the power-law spectrum k−1/3 corresponding to the inverse wave-action cascade transiently appear, the
energy spectrum in the larger wavenumber range than the critical wavenumbers relaxes to the energy equipartition spectrum
k eventually. The spectra in larger wavenumber range than the forcing wavenumbers have weak and strong wave turbulence
spectra as reported in Refs. [1, 2]. New power-law spectra are observed in the smaller wavenumber range than both the forcing
wavenumbers and the critical wavenumbers.
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Summary In many applications of large eddy simulation (LES), the grid or filter that defines the scales of turbulence to be simulated is
anisotropic. Further, it is common for the turbulence to be so highly anisotropic and the filter scale so large that the unresolved turbulence
cannot be assumed to be locally isotropic. However, LES subgrid models do not generally account for this turbulence and resolution
anisotropy. In this talk we propose and evaluate an anisotropic subgrid modeling approach designed to address these shortcomings.

In large eddy simulations of complex turbulent flows, the geometry and important flow characteristics often demand that
the grids employed be anisotropic (also inhomogeneous). The filter scale is therefore a function of the direction. To use
classical large eddy simulation subgrid models such as Smagorinsky and its variants, which are formulated in terms of only a
single filter scale, some sort of aggregated length scale must therefore be defined. But, this means that in some directions one
must be simulating less turbulence than the grid could support and/or in some directions the model is formulated to simulate
smaller scale turbulence than the grid can resolve. This results in poor LES performance in complex flows [Haering, 2015].

Further, in these complex flows, computational cost considerations demand that the resolved scales not extend deep into
the inertial range, so isotropy of the unresolved scales is not generally a good assumption. Again, commonly used subgrid
models like Smagorinsky are formulated based on a scalar and therefore isotropic description of the subgrid turbulence. The
goal of the model development described here is to obtain an anisotropic subgrid model that accounts for the anisotropy of
both the resolution and the turbulence. An anisotropic eddy diffusivity based on a tensor description of the resolution and a
tensor measure of the subgrid turbulence intensity is sought.

To formulate an anisotropic filter metric, consider a transformed coordinate system in which the filter resolution is isotropic
with unit filter width. Let J be the Jacobian of the transformation from this coordinate system to the physical coordinates,
then the symmetric tensor M = (J TJ )1/2 has the property that the quantity eTMe, where e is a unit vector, is the effective
filter width in the direction of e. M will be used as the tensor representation of the filter scale in the model formulated here.

To represent the scale anisotropy of the unresolved turbulence, a natural quantity to consider is the second order structure
function evaluated with separation at the filter scale. Consider the second order structure function contracted on the velocity
components:

S2(δx) = |u′(x + δx) ◦ u′(x)|2 (1)

As is well known, S2/2 is a measure of the kinetic energy of the turbulence at scales smaller than |δx|. If we consider δx to
be at the filter scale, then S2 can be approximated as

S2(δx) ≈
!!!!
∂u′

∂xm
δxm

!!!!
2

(2)

where u is the resolved velocity. Using the resolution tensor defined above, a tensor Q representing the dependence of S2 on
the direction of the filter-scale separation can be defined as

Qij =
∂u′

k

∂xm
Mmi

∂u′
k

∂xn
Mnj , (3)

then the quantity eTQe is an approximation of S2 with filter-scale separation in the direction e.
A natural formulation for a second-order tensor eddy diffusivity can be found by generalizing the structure function model

of Metais and Lesieur [1992]. The resulting tensor eddy diffusivity is given by

ν = Cν(MQM)1/2 (4)

where consistency with the structure function model yields Cν = 0.105C3/2
k /3 with Ck the Kolmogorov constant. The

sub-filter stress tensor τ can then be written [Haering, 2015]

τij = νik
∂uj

∂xk
+ νjk

∂ui

∂xk
. (5)

∗Corresponding author. Email: rmoser@ices.utexas.edu
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Figure 1: One dimensional energy spectrum of filtered DNS, LES with the proposed anisotropic model and standard Smagorin-
sky model. Compared to a DNS resolution of 2563, the LES have effective grid sizes of 128×322 (left) and 1282×16 (right).

This formulation of an anisotropic eddy diffusivity has been tested against filtered DNS. For example, to test the treatment
of anisotropic filter widths, an anisotropically filtered forced isotropic turbulent DNS was compared to a forced isotropic
turbulence LES performed with an anisotropic filter resolution. The resulting one-dimensional energy spectra are shown in
figure 1 for two cases, one in which the filter resolution is coarse in two directions, and fine in the third, and one in which the
filter resolution is coarse in one direction and fine in the other two. Also shown for reference are the spectra from the filtered
DNS and from the standard Smagorinsky model. In both cases, the anisotropic model and the Smagorinsky model agree well
with the filtered DNS in the coarsely resolved directions, but in the refined directions, the Smagorinsky model appears over
dissipative, resulting in an under prediction of the spectrum at higher wavenumbers.

In this talk, we will discuss the model formulation and its testing, and examples of complex turbulent flows in which the
anisotropy was found to be important.
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Summary This study compares explicit and implicit subgrid-scale modelling for large eddy simulation. The implicit modelling is based
on a targeted numerical dissipation introduced by the discretization of the viscous term. The flexibility of the method ensures high-order
accuracy while controlling the level and spectral features of the resulting numerical viscosity. A spectral closure can be used to scale it a
priori. This relaxation strategy is found more efficient and accurate than the extremely popular Smagorinsky model in standard as well as
in dynamic version. Its main advantage is the ability to regularise the solution at the mesh scale, a property that cannot be reached with any
of the two versions of the Smagorinsky model that show a strong sensitivity to numerical errors. Despite its purely numerical nature, the
present approach can also be viewed as explicit subgrid-scale modelling because of the equivalence with spectral viscosity prescribed on a
physical basis.

INTRODUCTION

An alternative to conventional large-eddy simulation (LES) based on explicit subgrid-scale (SGS) modelling is to adopt a
pragmatic approach mainly guided by basic physical and numerical considerations but free of clear formalism. This strategy
is in continuous development since the MILES approach [1] and its various subsequent variants falling under the banner of
implicit LES. In this work, we address the concept of implicit LES while suggesting a new balance between numerics and
physics. How to combine numerics and physical modelling is a key issue for implicit LES. This study contributes to this
challenging point in an alternative way where the built-in numerical dissipation does not come from the discretization of the
convective term but of the viscous term in the Navier-Stokes equations. This switch from the convective term to the viscous
term allows more flexibility in the prescription of the level of numerical dissipation, offering the opportunity to scale it as a
conventional SGS model.

METHODOLOGY

To compare the implicit and explicit SGS modelling strategies, the academic Taylor-Green vortex problem is computed
using the sixth-order flow solver Incompact3d which is kinetic energy conserving in the discrete and inviscid sense. To
make this demanding benchmark more challenging and representative of realistic turbulence, high values of Reynolds are
considered (5000 ≤ Re ≤ 20000) while using highly-resolved Direct Numerical Simulation (DNS) results as reference for
the assessment of their LES counterparts.

The implementation of the standard and dynamic Smagorinsky model is based on conventional sixth-order compact cen-
tred finite difference schemes free from artificial dissipation. Alternatively, the implicit SGS modelling is ensured by the
introduction of a targeted numerical dissipation via the discretization of the viscous term [3]. This approach can be seen
as spectral vanishing viscosity νs(k) that can be easily shaped in order to control its value at the cutoff wavenumber kc
(νs(kc) = ν0) as well as its spectral shape (wavenumber k dependency of the kernel νs(k)/ν0). Using this favourable feature,
a simple method to scale the level of spectral viscosity has been proposed [2]. This method is based on a very simple closure
of the Lin equation taking the numerical dissipation into account. The resulting Pao-like spectrum solutions are used to ap-
propriately scale the spectral viscosity on a physical basis. For instance, to reduce the number of degrees of freedom (DOF)
of the LES by a factor 83 by comparison to the DNS while using a highly concentrated numerical dissipation near the cutoff
wavenumber, this simple closure model suggests the use of ν0/ν = 63.

RESULTS

To the question “What is the most efficient and accurate SGS modelling between the present explicit and implicit strategies
in the framework of the Taylor-Green benchmark?”, the answer of this study is firmly in favour to the second strategy. To
illustrate this conclusion, the time evolution of the total dissipation of the kinetic energy is presented in figure 1-left for
three types of LES and for the reference DNS. The implicit SGS approach based on high-order numerical dissipation is
clearly found in better agreement with DNS by comparison with the conventional standard and dynamic Smagorinsky models.
The examination of turbulence spectra (see figure 1-middle) exhibits the fundamental difference between these two types
of explicit/implicit SGS modelling. The Smagorinsky models are found unable to control the development of small-scale

∗Corresponding author. Email: eric.lamballais@univ-poitiers.fr
†This work was granted access to the HPC resources of TGCC under the allocation 2015-2a0912 made by GENCI.
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PRESSURE GRADIENT TURBULENT BOUNDARY LAYERS
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Summary The results of a DNS of the flow around a NACA4412 wing section at Rec = 400, 000 and 5◦ angle of attack are presented in
this study. The high-order spectral element code Nek5000 was used for the simulations. The effect of a strong adverse pressure gradient
(β ≃ 4.1) on the turbulent boundary layer at xss/c ≃ 0.8 is assessed, including a more prominent wake region, and steeper logarithmic
and buffer layers. Increased production and dissipation are observed across the boundary layer, as well as enhanced viscous diffusion and
velocity-pressure-gradient tensor close to the wall.

INTRODUCTION

Despite their great technological importance, the turbulent boundary layers developing around wing sections have not
been characterized in detail in the available literature. One of the most remarkable studies in this regard is the work by
Coles [1] 60 years ago, where among others he analyzed several sets of measurements on airfoils approaching separation,
and he introduced the concept “law of the wake”. Progressive increase in computer power has allowed in the recent years
to perform numerical simulations on relatively complex geometries, which have shed some light on the physics taking place
on wing sections. In the present study we report the results of a DNS of the flow around a NACA4412 wing section, at an
unprecedented Rec = 400, 000, with 5◦ angle of attack. The emphasis of this work is on the streamwise development of the
turbulent boundary layers around the wing, and the effect of the pressure gradient on the most relevant turbulent features.

NUMERICAL METHOD

In order to properly simulate the complex multi-scale character of turbulence, it is essential to use high-order numerical
methods. The DNS described in this work was carried out with the code Nek5000 (Fischer et al. [2]), which is based on the
spectral element method, and Lagrange interpolants of polynomial order N = 11 were considered for the spatial discretization.
The computational domain has chord-wise and vertical lengths Lx = 6.2c and Ly = 2c respectively, and the periodic spanwise
direction has a length of Lz = 0.1c. As can be observed in Figure 1 (left), we considered a C-mesh; a Dirichlet boundary
condition extracted from a previous RANS simulation was imposed in all the boundaries except at the outflow, where the
natural stress-free condition was imposed. A total of 1.85 million spectral elements was used to discretize the domain, which
amounts to around 3.2 billion grid points. A comprehensive description of the setup can be found in the work by Hosseini et
al. [3].

RESULTS AND DISCUSSION

In order to compute complete turbulence statistics, the simulation was run for a total of 10 flow-over times, which corre-
spond to at least 12 eddy-turnover times throughout the whole wing except for xss/c > 0.9. Note that this region is subjected
to a very strong adverse pressure gradient (APG), and therefore the turbulent scales are significantly larger than in the rest of
the wing. According to the recent DNS of zero pressure gradient (ZPG) boundary layers by Sillero et al. [5], this averaging
time is sufficient to obtain converged turbulence statistics.

The boundary layers developing around the wing were characterized at a total of 80 profiles on both sides, projected on
the directions tangential (t) and normal (n) to the wing surface, and the magnitude of the pressure gradient was quantified
in terms of the Clauser pressure gradient parameter β = δ∗/τwdPe/dxt. Figure 1 shows the inner-scaled mean flow and
the turbulent kinetic energy (TKE) budget at xss/c ≃ 0.8. At this location the boundary layer is subjected to a strong APG,
where the value of β is 4.1, and as can be observed in Figure 1 (center) the APG leads to a more prominent wake region,
a steeper incipient log region, and reduced velocities in the buffer layer compared with the DNS of ZPG boundary layer by
Schlatter and Örlü [4]. Table 1 shows several mean flow parameters of the boundary layer at xss/c ≃ 0.8 compared with
the ZPG at approximately matching friction Reynolds number Reτ = δ99uτ/ν. The APG effectively lifts up the boundary
layer and increases its thickness, which leads to a larger shape factor H = δ∗/θ (where θ is the momentum thickness),
and also to a reduced skin friction coefficient. The lower value of the von Kármán coefficient κ is connected with a steeper
log law, and the larger wake parameter Π shows the strong impact on the wake region. As shown by Monty et al. [6], the

∗Corresponding author. Email: pschlatt@mech.kth.se
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INFLUENCE OF DUCT CORNER GEOMETRY ON SECONDARY FLOW:  
CONVERGENCE FROM SQUARE DUCT TO PIPE FLOW  

 
Alvaro Vidal1, Ricardo Vinuesa2, Philipp Schlatter 2 & Hassan M. Nagib 1 
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Summary In the present study we present the results of a fully resolved direct numerical simulation (DNS) aimed at evaluating the 
influence of corner geometry in fully-developed turbulent duct flows by computing cases with increasing corner rounding radius ݎ. 
Doing so, we evaluate the convergence from square ductݎ� ൌ Ͳ to pipe flowݎ� ൌ ͳ. We focus on the decay of the secondary flows present 
in turbulent duct flows and on further characterizing the mechanisms that produce them. The simulations are performed at friction 
Reynolds numbers ܴ݁ఛǡ ؆ ͳͺͲ and 360 using the spectral element code Nek5000. 
 

6(&21'$5<�)/2:�2)�35$1'7/¶6�6(&21'�.,1' 
   According to Prandtl [1], there are two kind of secondary flows: skew-LQGXFHG� �3UDQGWO¶V� ILUVW� NLQG�� DQG�5H\QROGV-
stress-LQGXFHG��3UDQGWO¶V�VHFRQG�NLQG���The first type, which involves vortex stretching and tilting terms, is found in curved 
geometries and thus it is not present in fully-developed straight ducts. The second type is associated with the deviatoric 
Reynolds shear stress ݓݒതതതത and the anisotropy of the cross-stream Reynolds stress ݒଶതതത െ  ଶതതതത [2]. It is important to note thatݓ
secondary flows of the second kind are entirely due to turbulence and are absent in laminar flows. As can be observed in 
Figure 1a), the secondary motions in a square duct consist of eight streamwise vortices, two counter-rotating in each corner, 
with the flow directed toward the corners along the bisectors. Although this kind of secondary flow is relatively weak (about 
2-3% of the bulk velocity [3], as opposed to up to 10% or more for skew-induced secondary flow), its effect on the mean 
velocity distribution is important. The interaction between secondary flow and streamwise mean velocity is sketched in 
Figure 1b), which shows how the secondary flow modifies the primary mean flow by comparing the laminar and turbulent 
cases. As postulated by Prandtl [4], the secondary motions convect mean velocity from regions of large shear (along the 
walls) towards regions of low shear (along the corner bisectors). 6HFRQGDU\�PRWLRQV�RI�3UDQGWO¶V� VHFRQG�NLQG�KDYH�EHHQ�
studied in detail through DNS simulations in ducts with varying aspect ratios AR (defined as the duct full width�ܹ�divided 
by its full heightܪ�) and corners forming straight angles by Vinuesa et al. [5,6] (see figure 2). In the present study we study 
the effect of rounded corners on the secondary flow. The cases under consideration are withܴܣ� ൌ ͳ, centerplane friction 
Reynolds numbers�ܴ݁߬ǡܿ ؆ ͳͺͲ�and�͵Ͳ, and radii of curvature of the cornersݎ� ൌ ͲǤʹͷǡ ͲǤͷ�and�ͲǤͷ. 
 

 
Figure 1: a) Contour lines of the primary mean flow�ܷ, and vectors of the secondary mean flow�ܸ�,ܹ�for a DNS at Reynolds number 
based on bulk velocity ܴ݁ ൌ ͳǡʹͲͷ (this figure corresponds to Figure 3 in Uhlmann et al. [8]). b) Sketch of the mean flow�ܷ in the 
corner region of a straight duct (this figure corresponds to Figure 1 in Gessner [7]). 



 
Figure 2: Cross-flow velocity magnitude ξܸଶ ܹଶ (left), contours of the streamfunction (center) and streamwise velocity (right) for the ܴܣ ൌ ͳ duct 
case computed at ܴ݁ఛǡ ؆ ͳͺͲ. Data extracted from Vinuesa et al. [5].  
 

CONVERGENCE FROM DUCT TO PIPE FLOW 
   The above mentioned secondary motions are not present in straight pipes, where flow statistics are two-dimensional due 
to azimuthal symmetry. For this reason, by gradually increasing the rounding radius of the corners in the duct it is possible 
to characterize the decay of the secondary flow kinetic energy, and gain deeper fundamental knowledge of the mechanisms 
that produce the cross-flow. The idea is to determine the range ofݎ���values where these motions basically disappear. The 
rounding radius r here is defined as the ratio between the corner radius and the half height of the duct. Note that the 0 and 1 
rounding radii cases correspond to the regular 90 degree corner duct and the canonical pipe flow respectively. Therefore, 
this study will serve as a link between two extensively studied cases helping the turbulence community to understand their 
differences. Figure 3 shows a visualization of instantaneous streamwise velocity in theݎ� ൌ ͲǤʹͷ�case, as well as the 
computational mesh considered for the ݎ ൌ ͲǤͷ�configuration. 
 

 
Figure 3: (Left) Cross-section view of the instantaneous turbulent streamwise velocity field in a duct with rounding radiusݎ� ൌ ͲǤʹͷ�and 
(right) detailed view of the computational mesh considered for theݎ� ൌ ͲǤͷ�case. 
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NON-EQUILIBRIUM EFFECTS ON HYPERSONIC TURBULENT BOUNDARY LAYERS
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Summary In the present study, direct numerical simulations (DNS) are performed to investigate the effects of thermal and chemical non-
equilibrium on hypersonic turbulent boundary layers. In order to isolate the non-equilibrium effects, spatial developments of mean quantities,
turbulence statistics and near-wall structures in non-equilibrium flows are compared with those in perfect gas flows. It is observed that the
turbulent motions are intensified due to the non-equilibrium processes. Meanwhile, no direct energy exchanges between internal and
turbulent kinetic energies are observed. The mechanisms of non-equilibrium effects on the flow fields are discussed in detail.

INTRODUCTION

In the present work, spatially developing hypersonic turbulent boundary layers over a cold wall are considered. Non-
equilibrium states are described by Park’s two temperature model with endothermic chemical reactions without ionizations [1].
The transport properties of the gas mixture are obtained by Gupta’s mixing rule [2]. In order to reduce the computational
costs, air is approximated as either pure oxygen or pure nitrogen, which are the main air species experiencing non-equilibrium
processes in moderate and high enthalpy conditions, respectively.

The governing equations are approximated using a fifth-order hybrid weighted essentially non-oscillatory scheme with low
dissipation finite difference scheme and a sixth-order central finite difference scheme for non-linear convective and viscous
dissipative terms, respectively [3, 4]. The approximated difference equations are then advanced in time using the third-order
total variation diminishing Runge-Kutta scheme [3].

HYPERSONIC TURBULENT BOUNDARY LAYERS

Results from DNS are presented in the current section. The same boundary conditions are applied to both the perfect
gas and non-equilibrium flows of each species. The inlet flows are obtained from a separate simulation and assumed to be
in thermal equilibrium with a constant mass fraction. Turbulent statistics, near-wall structures as well as mean properties
are compared with those from perfect gas simulations with the same boundary conditions. The flow parameters are given in
Table 1. All dimensional parameters are given in SI units.

M∞ Reδ Reτ δin Ue ρe Te Tw h0

Oxygen 5.6 13, 073 350 0.01013 5, 092 0.0224 2, 275 3, 042 1.525× 107

Nitrogen 5.2 15, 270 380 0.00196 7, 129 0.1205 4, 458 5, 962 3.104× 107

Table 1: Flow parameters of hypersonic turbulent boundary layers in SI units.

Non-equilibrium effects
In order to rule out the different spatial development effects, all the quantities are normalized by either inlet wall units or

boundary-edge values. The most noticeable non-equilibrium effects are observed in the van Driest effective velocity profiles,
shown in Figure 1a. In non-equilibrium states, the additive constant in the low-law region becomes larger while the von
Kármán constant remains the same. The difference in the additive constant between perfect gas and non-equilibrium flows
depends on the degree of non-equilibrium, i.e. the stronger non-equilibrium, the larger difference. The non-equilibrium pro-
cesses in the flow fields also reduce the growth rates of the momentum and boundary layer thicknesses, while the displacement
thickness is hardly affected. Moreover, Figure 1b shows higher RMS of velocity fluctuations in non-equilibrium flows and,
hence, the higher turbulence kinetic energy. The higher turbulent kinetic energy with endothermic reactions implies that there
are no direct energy exchanges between internal and turbulent kinetic energies.

∗Corresponding author. Email: jkim@seas.ucla.edu
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Figure 1: Comparisons between prefect gas (PG) and non-equilibrium (RG) flows.

Mechanisms of non-equilibrium effects
The effects of non-equilibrium on turbulent boundary layers can be explained by changes in the mean temperature. Due to

non-equilibrium processes, temperature fields are changed. In the non-equilibrium state of consideration in the current study,
the flow fields experience cooling due to both the vibrational energy relaxation and endothermic reactions. The temperature
drops result in an increase in density and a decrease in viscosity. The increased density causes slow streamwise velocities
while the velocity gradient becomes stiff due to weak viscous diffusion. These two opposite phenomena are balanced by the
conservation of mass and momentum. The perturbation fields are then adjusted according to the changes in the mean fields.

The differences between perfect gas and non-equilibrium flows can be compensated by taking the variations of density and
viscosity into account, which implies Morkovin’s hypothesis is still valid with thermal and chemical non-equilibrium. The
van Driest effective velocities between perfect gas and non-equilibrium flows, normalized by local wall units, show excellent
agreements in Figure 1c. The difference between species are mainly due to different degrees of non-equilibrium. In addition,
by using semilocal scales, which are defined with the wall shear stress and local mean density and viscosity, and denoted by a
superscript ∗ in Figure 1d, turbulent statistics curves collapse with each other. The RMS of velocity fluctuations are shown in
Figure 1d as an example.

CONCLUSIONS

Based on the data from DNS, we have shown that changes in the mean temperatures are responsible for the modifications
of the flows due to non-equilibrium processes. We have also shown that the proper scale for compressible turbulent boundary
layers with isothermal wall conditions is the semilocal scale. From this, it can also be concluded that Morkovin’s hypothesis
is still valid even with thermal and chemical non-equilibrium.
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ADJOINT SHAPE OPTIMIZATION BASED ON DNS OF TURBULENT CHANNEL FLOW
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Summary Direct Numerical Simulations (DNS) of turbulent channel flow are performed with the aim to reduce the skin friction by con-
trolling the near-wall transport processes based on surface modifications. The latter are determined based on the solution of the adjoint
Navier-Stokes equations which provides surface sensitivities indicating an optimal wall shape. With the modified geometry the DNS is
continued until a new fully developed state is reached. Time-averaging of the instantaneous wall shapes produced with this approach will
finally lead to a steady wall shape which controls the flow according to a prescribed objective function.
Considering that the objective function turbulence kinetic energy (TKE) is minimized, the approach produced a reduction of ≈ 9.3% and
a mean pressure gradient, required to drive the flow, which is reduced by ≈ 7.5%. Currently, different objective functions are tested to
identify flow parameters which are suitable to effectively reduce the skin friction in turbulent channel flow.

ADJOINT SHAPE OPTIMIZATION

Passive flow control often relies on structural changes of the wall contours or on flow control devices which are installed
on the wall. Although it is widely known that certain flow control devices like riblets or dimples can be used to control
aerodynamic quantities like lift or drag, it is not fully understood, how they interact with near-wall flow structures and how the
type and the size of these devices scale with the Reynolds number. On the other hand, it is well known that the wall-normal
momentum transport is organized in sweep and ejection events in the boundary layer which control skin friction [1]. The final
aim of this work is to identify surface modifications on the walls of a channel which influence the development of turbulent
coherent flow structures and reduce the drag.
To achieve this, a finite volume method based on central differences and suitable to deal with unstructured grids solves the
unsteady, incompressible Navier-Stokes equations

∂vi
∂t

+
∂

∂xj
(vivj) = ◦ ∂p

∂xi
+

∂

∂xj

!
ν

"
∂vi
∂xj

+
∂vj
∂xi

#$

◦ ∂vj
∂xj

= 0, (1)

with the velocity vector vi, the specific pressure p and the kinematic viscosity ν. The investigated domain is a channel with
periodic boundary conditions in streamwise and spanwise directions. Considering a bulk velocity vbulk = 1m/s leads to a
Reynolds number, based on the channel half height and the friction velocity, of Reτ = 180. After reaching a statistically
steady state in the DNS of fully developed turbulent channel flow, instantaneous velocity fields are averaged over one turn-
around time based on the bulk velocity to obtain the turbulence kinetic energy (TKE). In [2] it was shown that due to the
time-averaging, the minimization of the exact quantity of interest (skin friction) is not necessarily the most effective way.
Therefore, the objective of the present study is to minimize the TKE of the turbulent channel flow by modifying the shape of
the channel walls. The constraint R is to fulfill the unsteady, incompressible Navier-Stokes equations (1). The optimization
problem

min J =
1

2

%
(v′x)

2 + (v′y)
2 + (v′z)

2
&

(2)

wrt. R = 0.

is solved by the method of Lagrange multipliers. The latter is based on the Lagrange equation L = J(vi, p)+(ui, q) ·R(vi, p),
with the Lagrange multipliers ui and q. Minimization of the Lagrange equation is formally achieved by considering the total
variation δL = δβL + δviL + δpL, where β denotes the design variables. Since any change of β changes the state variables
as well, a new solution of (1) would be required. To obviate the latter, an adjoint method [3], [4] is used, where the Lagrange
multipliers are chosen in a way, that the relation δvL + δpL = 0 holds. This leads to the adjoint Navier-Stokes equations
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A FULL EULERIAN METHOD FOR FLUID-STRUCTURE INTERACTION PROBLEMS 
 

Shu Takagi1, Kazuya Shimizu1, Satoshi Ii2, & Kazuyasu Sugiyama2 
1Department of Mechanical Engineering, The University of Tokyo, Tokyo, Japan 

2Graduate School of Engineering Science, Osaka University, Osaka, Japan 
 
Summary A full Eulerian fluid-structure coupling method was proposed within the framework of the volume-of-fluid approach. 
All the basic equations are numerically solved on a fixed Cartesian grid in a finite difference manner. An incompressible fluid 
flow solver is extended to the incompressible fluid-structure system. The present method has been further developed for fluid-
membrane interaction problems and applied to the blood flows containing Red Blood Cells (RBCs) and platelets. The method is 
further extended to multiscale thrombosis simulation, which couples Monte-Carlo simulations for the molecular scale protein-
protein interactions with continuum scale simulations. These simulators are developed for the massively parallel computation 
and the method of having the good scalability of the computation will be also presented.  
 

INTRODUCTION 
 
   Fluid-Structure Interaction (FSI) phenomena appear in many places, e.g., biological systems, and industrial processes. 
Conventionally, the computational Fluid dynamics is more commonly described in an Eulerian way, while the 
computational structure dynamics is more straightforward to be described in a Lagrangian way. The coupling of the Fluid 
and structure dynamics is a formidable task due to such a difference in the numerical framework. There are currently several 
major approaches classified, with respect to the computational treatment of FSI problems, on how the kinematic and 
dynamic interactions are coupled on the moving interface. In general, the methods with the body-fitted mesh can more 
accurately track the shape of the deformable body. These approaches are referred to as an interface-tracking approach, in 
which the surface mesh is shared between the fluid and solid phases, and thus automatically satisfies the kinematic 
condition.  However, the computational domain has to be remeshed as the object is greatly distorted, and it is not always 
an easy task to keep the load of each computational core balanced. An alternative to the interface-tracking approach is an 
Eulerian-Lagrangian approach, in which the fluid and solid phases are separately formulated on the fixed Eulerian and 
Lagrangian grids, respectively. A noticeable contribution is the development of the immersed boundary (IB) method by 
Peskin[1], who introduces a smoothed approximation of Dirac G function for communication between the Eulerian and 
Lagrangian quantities, and demonstrated the landmark simulation of the blood flow around heart valves. Here, we introduce 
another approach where both the fluid and solid phases are treating in Eulerian way. 

Considering the utilization of voxel data converted from the medical image data of MRI or CT, it is straightforward to 
develop the full Eulerian finite difference methods, which directly access the voxel data to describe the boundary on the 
fixed Cartesian mesh and avoid difficulty in mesh generation and reconstruction. Sugiyama et al.[2] developed a novel full-
Eulerian FSI solver, and it has been extended to a fluid and stiff material interaction and fluid and membrane 
interaction([3],[4]). Considering that the voxel data contain the volume fractions of fluid and solid, we apply the volume-of-
fluid/volume-fraction (VOF) formulation to describing the multicomponent geometry. Because the Eulerian formulation 
lacks of the material points to link between the reference and current configurations, a method to quantify the level of 
deformation is required. To this end, we introduce the left Cauchy-Green deformation tensor defined on each grid point, and 
temporally update it. The full-Eulerian method has been reviewed by Takagi et al. [3]. In the present talk, this novel method 
is explained with its application to blood flows. 
 

EXAMPLES OF NUMERICAL RESULTS 
 

The numerical results of large scale parallel computation with O(106) flowing RBC-like particles are shown in Fig.1. 
The developed method is highly suitable for the massively parallel computing and the actual computational speed of 4.5 
peta flops was achieved, which corresponds to 43% of the theoretical performance of the supercomputer, named “K”, used 
for the simulation. The method was also extended to simulate platelet adhesion process which occurs at the initial stage of 
thrombosis. The platelet adhesion to the vessel wall is given by the large numbers of protein-protein bindings. This binding 
process of protein molecules are treated stochastically using the Monte Carlo method. The snapshot of the numerical result 
of platelet adhesion is shown in Fig.2. More detail discussion will be given in the talk. 
 

CONCLUSIONS 
 

A novel simulation method for solving fluid-structure coupling problems suitable for the massively parallel computing 
was introduced. All the basic equations in continuum scales are numerically solved on a fixed Cartesian grid with finite 
difference discretization. An incompressible fluid flow solver is extended to the incompressible fluid-structure system. A 



volume-of-fluid approach, which has been developed for computing multiphase flows, was applied to describing the multi-
component geometry. So, the present method treats non-linear deformation of hyperelastic materials in fully Eulerian way 
on a fixed grid without generating the boundary-fitted meshes. The simulator was designed for the massively parallel 
computation and showed the excellent scalability of the computation which achieved the actual speed of 4.5 Peta Flops. 
�  The method has been further developed for fluid-membrane interaction problems and applied to the blood flows 
containing Red Blood Cells and platelets. Then the method has been extended to multiscale thrombosis simulation. For this 
simulation, the molecular scale protein-protein interactions are solved using Monte-Carlo method [3] coupling with 
continuum scale simulations. The results show that the continuum scale flows affects the platelet adhesion on the vessel 
walls where the adhesion force itself is given by the molecular scale binding between GP1bD proteins on the platelet and 
vWF proteins on the damaged vessel wall. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.1  Large scale parallel computation with O(106) particles 
( Computational speed of 4.5 Peta Flops was achieved ) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.2 Simulation results of platelets adhesion on arteriosclerosis area in the presence of RBCs. 
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MIGRATION OF VESICLES AND FLEXIBLE FIBERS IN POISEUILLE FLOW
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Poland

Summary Dynamics of flexible fibers and vesicles in unbounded planar Poiseuille flow at the low-Reynolds-number are shown to exhibit
similar basic features, when their equilibrium (moderate) aspect ratio is the same and vesicle viscosity contrast is relatively high. The lateral
migration and accumulation of these two types of flexible objects are analyzed numerically.

In this paper, we investigate whether different flexible objects – vesicles and flexible fibers made of beads – may share
similar features, or even some universal behaviors, regarding their migration properties. Revealing similarities between ap-
parently different systems would advance our understanding of the migration mechanism and allow for using simpler models,
which are numerically more efficient.

A single flexible object is entrained by an unbounded Poiseuille flow with velocity v∞ =
!
αy2−vm

"
ex, where α is the

flow curvature. The value −vm of the flow velocity at the central plane y=0 is irrelevant for the migration or shape evolution.
The dynamics of the flexible object is derived from the Stokes equations, using the boundary integral method for vesicles
[1, 2, 3] and the multipole expansion (implemented in the HYDROMULTIPOLE numerical codes) for the fiber beads [4, 5].

A vesicle has a constant area S and a constant volume V , and its geometry is described by the radius of the sphere having
the same volume, R0 = (3V/4π)1/3, and the reduced volume ν = 6

√
πV S−3/2. The other parameters which determine the

vesicle deformation and motion under flow are the ratio λ of the fluid viscosities inside and outside, and the dimensionless
capillary number Ca = αR4

0η/κ, defined as the dimensionless ratio of the hydrodynamic to bending forces (the first one
proportional to the flow curvature α and fluid viscosity η, and the second one – to the vesicle bending modulus κ).

Flexible fiber is modeled as a chain of N identical spherical solid beads of diameter d. Following Refs. [4, 5, 6, 7, 8], we
impose the constraint elastic and bending forces which act on each bead, in such a way that the total external force and torque
on the fiber vanish. The bead centers are connected by springs with the equilibrium length l0d only slightly larger than the
bead diameter d, with l0 = 1.01, and the Hooke’s spring constant k̃. As in Ref. [5], the ratio of the elastic to viscous forces is
given in terms of the dimensionless parameter k = k̃/(πηvm). We set k = 80 >> 1. With this choice, the fiber practically
does not change its length during the motion, and the specific value of k is irrelevant. The relevant quantity is the ratio of
bending and viscous forces, A = Ã(625πηd5α)−1, where Ã denotes the fiber bending stiffness. [5]

To match flexible fibers with vesicles, we focus on vesicles with relatively large viscosity contrast, λ = 12. Moreover, we
choose relatively low aspect ratio – our fiber is made of N =5 beads. We circumscribe the fiber at the equilibrium position
by the spherocylinder, and match its volume and surface with the corresponding volume and surface of the vesicle at the
equilibrium, what results in the choice of ν = 0.6. The goal is to analyze how the dynamics of flexible objects depends on
their dimensionless bending stiffness, i.e. A for fibers and C−1

a for vesicles.
Each of our flexible objects is initially aligned with the flow. While translating with the flow, it tumbles and changes shape.

The basic task, however, is to determine the motion of the center of the flexible object across the flow. For vesicles, the center
is determined as the center of mass of the membrane. For fibers, we take their center of mass, with the position calculated
as the arithmetic mean of the positions of all the bead centers. The center keeps the same z-coordinate, but its y-coordinate
(denoted here as y0) changes slowly with time. Examples of the time evolution of the dimensionless position y0/R0 of the
center are shown in Fig. 1, with the use of (αR0)−1 as the time unit. It is clear that both vesicles and flexible fibers migrate
across the flow and their centers tend to a certain accumulation plane, y0 → yc. The position yc depends on the bending
stiffness. In Fig. 1, we have matched the values of Ca = 0.08 and A = 0.024 in such a way that both vesicles and fibers
accumulate at the same distance y0/R0 ≈ 8.2 from the central plane.

The dynamics of a flexible object, which is relatively far from the central plane of the flow, satisfy a universal scaling [5, 9]
– the fiber essential dynamics, including its deformation and migration, is determined only by the local shear rate 2αy0. As the
result, the accumulation position yc is a linear function of the bending stiffness, as shown in Fig. 2. The same accumulation
positions correspond to the bending stiffness of vesicles and fibers related to each other by the expression 1/Ca ≈ 520A.

∗A. Farutin, T. Piasecki and A. M. Słowicka contributed equally to this work.
†Present address: Institute of Mathematics of the Polish Academy of Sciences, Śniadeckich 8, 00-656 Warsaw, Poland
‡Corresponding author. Email: mekiel@ippt.pan.pl



�

�

�
�

�

�42@=0G��G'30G?480�/0;09/09?G/4>?,9.0 ����� 1=:8G?30G.09?0=G:1G�0C4-70G:-50.?G?:G?30G.09?=,7G;7,90G:1G?30G�:B	G(0>4.70>GB4?3

���� ��� ��701?�G,9/G�-0=>GB4?3G���	��G�=423?�G,..@8@7,?0G,?G?30G>,80G/4>?,9.0 ������ �� 	G'30G-7@0G,9/G=0/G7490>G49/4.,?0

842=,?4:9G:@?B,=/G,9/G49B,=/�G=0>;0.?4A07D	

� � 
 � �� � �
 � �� � �

�




��

�


��

�
�

��

�
��

�

� � ���� � ���� � ���� � ���	 � ���

�




��

�


��

�

�
��

�

�42@=0G�G'30G,..@8@7,?4:9G;:>4?4:9 ����� :1GA0>4.70G�701?�G,9/G�-0=G�=423?�GA>	G4?> G �42@=0G��G�A:7@?4:9G:1G>3,;0>	

-09/492G>?41190>>	 �

� � ��� � ��� � ��� � ���

�

	 �

�	� ��

�

� �

�

�

�

�

��

��

��

�



�
��

�

� � ��� � ��� � ��� � 	��
�




��

�


��

��� �	� �� �

�9G?30G1:77:B492G;,=?G:1G?30G;,;0=�GB0G,9,7DE0G3:BG:?30=G10,?@=0>G:1G?30G/D9,84.>G:1G>49270GA0>4.70>G,9/G�-0=>G/0;09/

:9G?304=G-09/492G>?41190>>	G)0G0A,7@,?0G?30G?@8-7492G1=0<@09.DG,9/G?30G842=,?4:9GA07:.4?DG,.=:>>G?30G�:B�G>?@/DG0A:7@?4:9G:1

>3,;0�G.:8;,=0G?30G@94A0=>,7G>.,7492G-,>0/G:9G?30G7:.,7G>30,=GB4?3G?30G/D9,84.>G49G?30G;@=0G>30,=G�:B	G)0G,7>:G;=0>09?G0C,8�

;70>G:1G?30G8:?4:9G,9/G/01:=8,?4:9G:1G8:=0G07:92,?0/G�0C4-70G:-50.?>�G,9/G/08:9>?=,?0G?3,?G?30G>0.:9/G�.:470/�G8:/0G:1G?30

/D9,84.>G0C4>?>G9:?G:97DG1:=G�-0=>G*�+G-@?G,7>:G1:=GA0>4.70>	G)0G:->0=A0G?3,?G�-0=>G.,9G842=,?0G>7:B0=G:=G1,>?0=G?3,9GA0>4.70>G:1

?30G8,?.30/G�0C4-474?D�G/0;09/492 :9G?30G=,920G:1G?30G;,=,80?0=>	G�:B0A0=�G?30G:A0=,77G>4847,=4?DG:1G?30G.:==0>;:9/492 >3,;0>

�>00G�42	G��G4>G0A4/09?�GB3,?G,77:B>G?:G>@;;:>0G?3,?G?30G,..@8@7,?4:9G80.3,94>8G:1GA0>4.70>G,9/G�-0=>G4>G0>>09?4,77DG?30G>,80	

'34>GB:=6GB,>G>@;;:=?0/G49G;,=?G-DG�$�&�G�&�G,9/G?30G$,?4:9,7G&.409.0G�09?=0G@9/0=G2=,9?G$:	G���
��
�
&'�
�����	

� �

����������

�

*�+G�	G�,=@?49G'	G�4-09G,9/G�	G#4>-,3	G'3=00�/4809>4:9,7GA0>4.70>G@9/0=G>30,=G�:B�G$@80=4.,7G>?@/DG:1G/D9,84.>G,9/G;3,>0G/4,2=,8	 �

���������G���	

*+G�	G�,=@?49G,9/G�	G#4>-,3	G&<@,=492�G;,=4?DG-=0,6492�G,9/ ?@8-7492G:1GA0>4.70>G@9/0=G>30,=G�:B	 �G����������G��	

*�+G�	G#4>-,3G�	G�,=@?49	G&D880?=DG-=0,6492G,9/G.=:>>�>?=0,87490G842=,?4:9G:1G?3=00�/4809>4:9,7GA0>4.70>G49G,9G,C4,7G%:4>0@4770G�:B	 �

���������G���	

*�+G�	G#	G&�:B4.6,�G#	G"	G�6407� 0 �E0B>6,�G!	G&,/705 �G,9/G�	G),59=D-	G�D9,84.>G:1G�-0=>G49G,GB4/0G84.=:.3,9907	 �G�����������G��	

*�+G�	G#	G&�:B4.6,�G�	G),59=D-�G,9/G#	G"	G�6407� 0 �E0B>6,	G",?0=,7G842=,?4:9G:1G�0C4-70G�-0=>G49G%:4>0@4770G�:BG-0?B009G?B:G;,=,7707G;7,9,=G>:74/GB,77>	

�G����F��G���	

*�+G�	G�,@20=G,9/G�	G&?,=6	G$@80=4.,7G>?@/DG:1G,G84.=:>.:;4.G,=?4�.4,7G>B4880=	 �G�����������G���	

*�+G&	G!@04�G�	G#	G&�:B4.6,�G#	G"	G�6407� 0 �E0B>6,�G�	G),59=D-�G,9/G�	G�	G&?:90	G�D9,84.>G,9/G?:;:7:2DG:1G,G�0C4-70G.3,49�G69:?>G49G>?0,/DG>30,=G�:B	

�G�������������G���	

*�+G�	G#	G&�:B4.6,�G�	G),59=D-�G,9/G#	G"	G�6407� 0 �E0B>6,	G�D9,84.>G:1G�0C4-70G�-0=>G49G>30,=G�:B	 �G����������G���	

*�+G�	G�,=@?49G,9/G�	G#4>-,3	G�9,7D?4.,7G,9/G9@80=4.,7G>?@/DG:1G?3=00G8,49G842=,?4:9G7,B>G1:=GA0>4.70>G@9/0=G�:B	 �G�����������G���	

�

�
����	����

�
����	����	���

�
����	����

����
	����
��

������
�������

�
����	����

�	������
��

����
	����
��

�
����	����	���



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

APNEAIC AIRWAY GAS CONCENTRATIONS DURING NASAL HIGH FLOW THERAPY

Sibylle Van Hove1, Vinod Suresh1,2, and John Cater ∗1

1Department of Engineering Science, University of Auckland, Auckland, New Zealand
2Auckland Bioengineering Institute, University of Auckland, Auckland, New Zealand

Summary Nasal high flow therapy has been used clinically to increase the intubation period in patients requiring mechanical ventilation,
however the mechanisms through which the therapy achieves this have not been investigated. Computational fluid dynamics has been used
in this study to demonstrate the effect of the therapy on the gas concentrations within the apneaic human airway. The complexity of the
human airway gives rise to an intricate flow field in which the turbulence and mixing of gas species is augmented by the application of nasal
high flow therapy. The therapy was found to flush the airway with oxygen thereby removing the stagnant, CO2 rich gas via the nostrils
and mouth and hence preventing CO2 build-up during apnea. These results explain the previously reported clinical observations and give
confidence in the application of the therapy during anaesthetic procedures.

INTRODUCTION

The intubation of patients requiring mechanical ventilation is a delicate procedure which can result in airway trauma - a
situation in which intubation cannot occur and thus ventilation of the patient becomes impossible. Airway trauma happens
most commonly in patients with difficult airway anatomies and prevents surgery from proceeding. Nasal high flow (NHF)
oxygen therapy has been used on twenty five subjects to increase the apneaic period during which intubation occurs, thereby
improving the chances of a successful intubation [1]. The apneaic window is the time period during which the surgeon provides
the patient with an artificial windpipe that will be used throughout surgery for mechanical ventilation. During this period the
patient is anaesthetised and paralysed, hence they are not breathing spontaneously and the procedure must be carried out
rapidly. It is suggested that NHF aids in maintaining normal gas exchange in the alveoli during the apneaic window. However
there are no studies to date that analyse the effect NHF has on the oxygen and carbon dioxide concentrations within the airway
of apneaic subjects.

NHF therapy has traditionally been used to treat a variety of respiratory diseases, including chronic obstructive pulmonary
disease and hypoxemic respiratory failure, through its five mechanisms of action [2]. One of the mechanisms of action of
NHF therapy is the washout of the anatomical dead-space which is thought to improve patient oxygenation. Clinical studies
have alluded to the existence of such a phenomenon [3] but the fluid dynamics causing this washout effect has not been
investigated. Previous computational fluid dynamics (CFD) and experimental studies have focused on modeling the airflow
patterns, temperature distribution, particle deposition and humidity variations within the airway during natural breathing. The
size of flow re-circulations within the airway have been found to depend on flow rate [4] while anatomical features of the
bronchi, such as large branching angles and quasi-monopodial branching, is thought to increase flow mixing by enhancing
secondary flow [5]. Such flow features hint at the hypothesis that the nasopharyngeal washout produced by NHF therapy
could maintain normal gas concentrations within the human airway during apnea. The focus of this study is to model, using
CFD techniques, the gas concentrations within the apneaic airway of an adult human with applied NHF therapy in an attempt
to explain the increased apneaic window observed in clinical studies.

MATERIALS & METHODS

The Reynolds Averaged Navier Stokes equations were solved numerically with the finite volume solver Fluent (ANSYS
16.0). A k◦ ω shear stress transport model was employed to model the turbulent features of the flow. The flow was assumed to
be incompressible and isothermal as the effects of buoyancy are considered insignificant [6]. An anatomically accurate airway
down to the 5th bronchiole generation was constructed from CT scans and is displayed in Figure 1(a). Fine anatomical details
such as cilia and mucous were neglected and the airway was modeled as rigid, smooth, no-slip wall [6]. An OptiflowTM nasal
cannula was inserted into the model and a pipe extension was added to allow natural flow development. A box surrounding
the terminals of the bronchi was generated to represent the remainder of the airway from the 5th generation through to the
alveoli. A section of the atmosphere surrounding the nose was also included to allow air to pass through the nostrils at any
angle. The box surrounding the lower airway was modeled as a wall with a constant CO2 volume fraction representative of
the alveolar CO2 concentration.

The complexity of the nasal cavity geometry and the large variations in element size required to accurately capture the
different sections of the model (i.e. the very fine bronchioles compared to the box) make generating a high quality mesh for
this model arduous. An unstructured tetrahedral mesh, containing 4 million cells, was generated and used to solve the velocity,

∗Corresponding author. Email: j.cater@auckland.ac.nz



pressure, carbon dioxide and oxygen volume fractions within the airway during the first 2 seconds after therapy was initiated.
The airway was initialised with a gas composition that was representative of the alveolar gas composition to represent the end
of an expiration prior to the patient becoming apneaic. Transient simulations were performed with therapy flow rates ranging
between 0 - 70 Liters per minute. The model involves much faster flows around the nasal cannula compared to those in the
lower airway. Hence the gas species transport within the upper airway is convection dominated while transport in the lower
airway is primarily a result of diffusion and this is numerically challenging as it limits the solver time-step.

RESULTS

NHF therapy injects high flow oxygen into the upper airway which causes re-circulations within the nasal cavity. This in
turn causes the high CO2 concentrated gas that was initially in the airway to vent out of the mouth and nostrils. Over time, the
concentration of carbon dioxide within the whole airway diminishes as oxygen coming from the therapy washes out the higher
CO2 concentrated gas. This washout along with the secondary flows produced by the airway branching helps the airway reach
a steady state where the diffusion of CO2 coming from the alveoli model is balanced by convective transport out of the airway.
At higher therapy flow rates the flushing occurs faster, thus the airway reaches a steady state more quickly than at low flow
rates. This is seen in Figure 1 (b) & (c), as the low CO2 gas penetrates further down the airway at the higher therapy flow rate.

Figure 1: Outline of airway geometry and surrounding boxes (a). CO2 distribution in airway after 2 s NHF therapy at flow
rates of 30 L min−1 (b) & 70 L min−1 (c).

CONCLUSIONS

The results indicate that NHF can extend the apneaic window by enhancing CO2 removal by a washout of the stagnant
airway space during the process of intubation. The effect of airway geometry on the therapy remain to be studied.
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Summary Smoluchowski kinetic equation, which governs the time evolution of the pair correlation function of rigid spherical particles
suspended in a Newtonian fluid, is extended to include particle migration. The extended kinetic equation takes into account three types of
forces acting on the suspended particles: a direct force generated by an interparticle potential, hydrodynamic force mediated by the host
fluid, and the Faxén-type forces bringing about the across-the-streamline particle migration. The enhanced Soluchowski model is solved
numerically using the PGD method.

INTRODUCTION

Usual models of colloidal suspensions proceed within non-continuous approaches in which the suspensions are explicitly
represented, the so-called Brownian dynamics (BD) or Stokesian dynamics (SD) framework. Thus, suspended particles are
subjected to different kind of forces coming from the fluid drag, inter-particles potentials, particles-solvent interaction, Brow-
nian forces describing the bombardment that colloidal particles suffer from other solvent and colloidal particles, etc. When the
solvent is considered as continuum and the Reynolds number of particles is small, Stokesian dynamics account for interactions
between colloidal suspension mediated by the solvent the so called hydrodynamics interactions (HI). However both BD and
SD approaches fail in adressing flows on industrial interest for which the caracteristic length of the flow is several order of
mignitude larger than suspensions one.

An alternative to the BD and SD simulations lies then in deriving a continuum and deterministic kinetic theory description.
This formulation leads to the so called Smoluchowski equation that characterizes the microstructure through through the pair
correlation function g (r,R, t), where r is the position vector, R the vector connecting two particles

This approach has been successfully applied by Zmievski et al. [2] and more recently in [3] where the pair correlation
function is taken as a micro-macro theory and is solved using high-dimensional strategy widely described in [5]. In this work
we briefly present the extended Smoluchowski model that accounts for the particles migration. The new physics that is put
into the governing equations is the physics behind the Faxén forces causing migration of suspended particles. Without the
Faén forces, the kinetic equation arising in this paper is exactly the same as the classical Smoluchowski equation investigated
in [2] and [3]. In order to see clearly how the new physics expressed in Faén forces modifies the kinetic equation, we invite
the reader to refer to [4].

The dimensionless kinetic equations, based on the Smoluchowski equation and accounting for the migration takes the
form:

∂g
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The symbols appearing in previous equation have the following meaning: Y(I)
i = R2Djji, Y(II)

i = RjRkDijk, Y(III)
i =

RiRkDjjk; the symbol Dijk stands for Dijk =
1

3

#
∂Djk

∂ri
+
∂Dik

∂rj
+
∂Dij

∂rk

$
and λij , Λij , κ, κ(I), κ(II), κ(III) are material

parameters. For more details about both the derivation of the equation (1) and the definition of the parameters, the reader is
invited to refer to [4].

RESULTS

Due to the high dimensionality (7 in 3D and 5 in 2D) of function g (r,R, t) the task is practically unfeasible if approached
with traditional numerical methods. It has been demonstrated in [3] that with the PGD method, recently developed in [5],
the problem of solving numerically the Smoluchowski kinetic equation becomes feasible without restoring to moments and
closures.

∗Corresponding author. Email: guillaume.maitrejean@ujf-grenoble.fr



We compare the results implied by the modified Smoluchowski model to the experimental results reported in [6]. The
experimental setting is a micro channel of 2H × 200H cross section and 1040H long with H = 25µm. The suspensions are
slightly charged hard spheres of diameter in a flow characterized by a Péclet number Pe = 69. For more details concerning
the experimental setting, please refer to [6].

Figure 1 presents np(r) =

%
dRg(r,R) normalized by its value at rest for whole geometry. We can indeed observe the

migration of the suspended particles toward the center of the channel.

Figure 1: Normalized np(r) for the whole channel. Note that for sake of clarity different scales are adopted for x and y axis.

Figure 2 shows the normalized local volume fraction of the suspended particles as they appear in the theoretical prediction
and the experimental observations. Both types of results appear to be in relatively good agreement.

Figure 2: Normalized local volume fraction of particles for both experimental results (square, from [6]) and modified Smolu-
chowski’s model (circle) accounting for migration effects.

CONCLUSIONS

In this paper we present an enhanced Smoluchowski model that accounts for the across-the-streamline migration of rigid
particles in a Newtonian solvent. The use of the PGD makes the problem of finding numerical solutions to the Smoluchowski
kinetic equation solvable. Finally, the enhanced model presented here is, as far as the authors know, the only continuous
model thoroughly derived (from a thermodynamics point of view) describing the across-the-streamline migration of colloidal
particles.
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Summary The coefficient of power CP generated by a Darrius vertical axis wind turbine is a function of the blade azimuthal position ș. For a given 
blade profile and tip speed ratio, there is always a given range of azimuthal position that gives the peak CP. By using a blade with a morphing 
trailing edge, the blade camber is modified and the effective incidence angle can be controlled at different azimuthal position. The goal is to study 
the flow around the blade with morphing trailing edge to see which profile at which azimuthal position will result in the highest increase of CP. 
Three blade profiles are used for the study, blade profiles with deflection angles RI�į� �-13.37���į� �6.98���DQG�į� �0.48°, which include the highest 
negative and positive deflection angles of the actuation range as well as a nearly symmetric profile, respectively. 
 

INTRODUCTION 
 
   The simulation of flow around a vertical axis wind turbine (VAWT) is complicated by the fact that the blade effective 
angle of attack changes as a function of its azimuthal position. Studies have been conducted in the last two decades in order 
to investigate the aerodynamic efficiency of VAWT with a constant pitching angle blade [1]. However, a constant pitching 
angle limits most of power generation to the upwind half of a cycle, and it also encounters self-starting difficulties. Studies 
have been done on the aerodynamic advantages of morphing the airfoil for wind turbine applications [2][3]. Pankonien, et al 
[4] developed a morphing flexure box mechanism in order to morph the trailing edge of a chord. They showed that this 
compliant mechanism performs better than a hinged box mechanism for a smooth trailing edge change. In the current research, 
the aerodynamic efficiency of three airfoil profiles that are formed by the flexure box mechanism are investigated. Therefore, 
in order to study the aerodynamic performance of the morphing trailing edge as it is implemented on the vertical axis wind 
turbine, the power coefficient is compared for the case of blade profiles at the available extreme ends of the morphing trailing 
edge deflection range and the blade profile that is closest to being a symmetric profile. 
 

BLADE PROFILES AND NUMERICAL METHODOLOGY 
 

   Three blade profiles are demonstrated in Figure 1. ANSYS ICEM CFD is used to generate the 2D unstructured grid for 
positive camber profile į� �-13.37°. A grid convergence study is performed and the mesh with 3200 nodes on the blade surface 
is used which has an average y+ of less than 10. The blade profile is deformed through FLUENT user-defined function (UDF) 
ZKHUHLQ�HDFK�QRGH�SRLQWV�RQ� WKH�XSSHU�DQG� ORZHU� VXUIDFHV�DUH�JLYHQ�QHZ�FRRUGLQDWHV� WKDW�DUH�REWDLQHG� WKURXJK�0$7/$%¶V�
polynomial curve fitting of the experimental data points from the desired blade profile. The leading edge of the blade is the same 
as NACA0012, but the blade starts to morph at the location of 0.5 x/chord. 

 
Figure 1: Morphing blade profile (left) and the mesh after diffusion-based smoothing (right) 

 
   $IWHU� WKH�EODGH�SURILOH� LV�GHIRUPHG�� WKH� UHVXOWLQJ�PHVK�PRWLRQ� LV� WKHQ� VPRRWKHG�E\�XVLQJ�)/8(17¶V�ERXQGDU\�GLVWDQFH�
diffusion-based smoothing as it is shown in Figure 1 (right). The diffusion-based smoothing is governed by the equation  Â��ȖݑሬԦ) 
= 0 where ݑሬԦ LV�WKH�GLVSODFHPHQW�YHORFLW\�RI�WKH�PHVK��DQG�Ȗ�LV�WKH�GLIIXVLRQ�FRHIILFLHQW��7KH�GLIIXVLRQ�FRHIILFLHQW�FRQWUROV�KRZ�
the boundary motion affects the interior mesh movement. The region of nodes with higher diffusivity tend to move together. For 
this case, WKH�GLIIXVLRQ�FRHIILFLHQW�LV�D�IXQFWLRQ�RI�WKH�QRUPDOL]HG�ERXQGDU\�GLVWDQFH�G�DQG�LV�UHSUHVHQWHG�E\�WKH�HTXDWLRQ�Ȗ ��� 
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HIGH ORDER GLOBAL SMOOTHNESS INDICATOR FOR IMPROVING THE FIFTH-
ORDER WENO-Z SCHEME 
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Summary Two new high-order (sixth- and seventh-order) global smoothness indicators of the 5-point stencil used in the fifth-order WENO 
scheme are proposed. Using the new smoothness indicators to construct the WENO-Z type scheme, the sufficient condition of the fifth order 
convergence for a fifth-order WENO is satisfied even at critical points where the first-order derivatives are zero. Compared with existing global 
smoothness indicators, two new indicators contain all terms in the smoothness indicators of three sub-stencils, and the maximal ratio of the 
coefficients of different first-order undivided differences (Ƹfi+1/2=fi+1-fi) is not greater than 3. Hence they can keep the property of essentially 
non-oscillation as well as low dissipation. Numerical results demonstrate the improved accuracy and robustness of the new WENO schemes. 

INTRODUCTION 
    Weighted essentially non-oscillatory (WENO) schemes, which were first proposed by Liu et al. [1] and then improved 
by Jiang and Shu [2], have been widely applied in computational fluid dynamics. WENO schemes use a convex 
combination of all candidate reconstruction polynomials as the final numerical flux, in which each of polynomials is 
assigned a weight to determine the contribution of corresponding stencil based on a set of smoothness indicators of all 
candidate stencils. The smoothness indicator plays a very important role in the performance of a WENO scheme. Jiang and 
Shu[2] analyzed the fifth-order WENO scheme proposed by Liu et al. [1] and suggested a classic way of measuring the 
smoothness of a numerical solution. Thus, a WENO scheme with the optimal (2rѸ1)th order accuracy rather than (r+1)th 
order is obtained. Henrick et al. [3] pointed out that the original smoothness indicators of Jiang and Shu fail to improving 
the accuracy order of WENO scheme at critical points where the first derivatives are zero. By using a mapping function to 
Jiang and Shu's weights, a new WENO-M scheme is proposed. WENO-M scheme can achieve the fifth-order convergence 
order at critical points. Borges et al. [4] introduced a smoothness parameter for a global 5-point stencil and used it to devise 
a new set of WENO weights. The resulting WENO-Z scheme generates solutions that are sharp as the ones of the WENO-M 
scheme with a 25% reduction in CPU costs and presents less dissipation than WENO-JS, but it is difficult to guarantee both 
of sharp discontinuity profile and the sufficient condition for fifth-order convergence at the first order critical points. 
Recently, Ha et al [5] suggested a new method of measuring the smoothness of the numerical solution in a stencil, and a 
sixth-order smoothness indicator for a global 5-point stencil is also constructed to calculate the weights. The associated 
WENO scheme can get the fifth convergence order in smooth regions. Fan et al [6] devised several global smoothness 
indicator with truncation errors of up to 8th-order. With the new global smoothness indicators, the corresponding WENO 
schemes can achieve the fifth order convergence in smooth regions, even at critical points where the first and second 
derivatives vanish. The low diffusion of these new methods have been demonstrated by numerical examples in[5,6], 
however, by calculating more examples in this paper, we find that there still are shortcomings in these schemes, for example, 
poor symmetry, spurious numerical oscillation even incurs computation broken down. To overcome these shortcomings, 
this paper proposes new sixth-order and seventh-order global smoothness indicators to construct WENO-Z type scheme. 
The new scheme can achieve the fifth-order convergence in smooth regions with improved performance. 

ALGORITHM 
    Consider a hyperbolic conservation law in the form 
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    The numerical flux 2/1�ih of the fifth-order WENO-Z scheme[4] can be written as 
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where kIS is called smoothness indicator at sub-stencil ),,( 2
3

kikik xxS ��� � , its classic form is proposed by Jiang and Shu[2], 
and a more straightforward form is suggested by Shen and Zha[7]. To avoid confusion, parameter 5W  can be called as 
global smoothness indicator of a 5-point stencil ),,,( 212
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��� iii xxxS � . The 5W  suggested by Borges et al [4] is 
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In smooth regions, there is )( 5

5 xO ' W . With the numerical flux (3), it is easy to analyze the accuracy of a scheme. To 
improve the accuracy of weights kZ , two global smoothness indicators 6W  and 8W  are suggested by Fan et al.[5], 
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OPTIMIZATION-BASED ANISOTROPIC MESH-POLYNOMIAL ADAPTATION FOR
HIGH-ORDER METHODS

Nicolas Ringue ∗ and Siva Nadarajah
Department of Mechanical Engineering, McGill University, Montreal, Quebec, Canada

Summary We present a general framework for anisotropic hp-adaptation of high-order discontinuous Galerkin finite element discretizations
for compressible flow simulation. Using the sensitivities of an adjoint-based error estimate our method seeks optimal element mesh size
h and polynomial degree p distributions. This approach results in an optimal hp-mesh tailored to yield the most accurate prediction of
a quantity of interest, such as aerodynamic coefficients, at a given computational cost (number of degrees of freedom). The proposed
approach features a reduced dependence on the initial mesh compared to established adjoint-based adaptive methods. It provides a unifying
framework where adaptation choices such as isotropic/anisotropic, h-/p-refinement/coarsening do not only rely on local arbitrary measures
of the solution’s anisotropy and smoothness, but rather where a globally optimal distribution of degrees of freedom is sought to minimize
the error in the chosen quantity of interest.

INTRODUCTION

Adaptive unstructured high-order methods form a promising framework to improve the computational efficiency, robust-
ness and reliability of Computational Fluid Dynamics (CFD) algorithms, as well as to gain insight in aerodynamic flow physics
[1]. The most widely used high-order discretization scheme for solving the compressible Navier-Stokes equations is arguably
the discontinuous Galerkin (DG) method. The reason for the DG method’s success is its arbitrary high-order accuracy, ge-
ometric flexibility (unstructured grids) and compact stencil. A number of variants to the DG method have been proposed
including the promising Flux Reconstruction (FR) schemes [2].

Industrial CFD applications often result in complex flow solutions. Error estimation and control are hence essential to
assess the validity of these numerical solutions. In addition since they rely on arbitrary discretizations of space and time, the
efficiency and accuracy of the numerical methods can potentially be optimized for a given flow simulation. The development
of reliable error estimates and robust procedures to adapt the mesh to the solution are subject to ongoing research efforts. Three
types of error indicators are commonly used to drive mesh adaptation in CFD: feature-based, residual-based and adjoint-based
indicators. Adjoint-based indicators provide information on the sensitivity of the error in a global quantity of interest with
respect to the local solution error [3]. This type of indicator is arguably the best suited for CFD since it is the only one to
account for error propagation. The approach is referred to as goal-oriented because it results in error estimates for outputs
(such as aerodynamic coefficients), as well as local error indicators which can be used to adapt the mesh in order to obtain
enhanced accuracy on chosen quantities of interest.

ADAPTIVE HIGH-ORDER METHODS

The discontinuous high-order methods provide a highly flexible framework for space discretization adaptation. Once an
error indicator is available, several techniques enable to modify the discretization in order to seek an overall more accurate
solution. To this end, the high efficiency of anisotropic mesh and polynomial (h- and p-adaptation) is well known. In
addition to the error indicator, some solution anisotropy and smoothness information is commonly used to guide anisotropy
and h/p adaptation choices [4]. A recently developed and unifying alternative to heuristic indicators is based on direct mesh
optimization [5, 6, 4, 7]. Instead of assessing directivity or smoothness of the solution, trial element patches are used to
compare all available local refinement choices. A merit function is then used to pick the optimal choice, i.e. locally minimizing
the ratio of error reduction over number of added degrees of freedom. This approach is much better suited to be coupled with
an adjoint-based adaptation technique since it allows a relevant use of the output sensitivity information provided by the dual
solution.

In this context, it is reasonable to assume the existence of optimal meshes minimizing the error for a given number
of degrees of freedom. Therefore, the use of optimization concepts have been recently increasingly considered to guide
adaptation, from the use of local merit functions [4, 5] to the global mesh size optimization via a surrogate error model [7].
Following these recent developments, we propose a unifying optimization-based framework for anisotropic hp-adaptation.

A UNIFYING OPTIMIZATION-BASED FRAMEWORK FOR ADAPTATION

The proposed approach relies on the concept of mesh-metric duality [8] to optimize the computational hp-mesh {Ωk}
used to solve a system of governing equations R(u) = ∇.F(u) = 0. A Riemannian metric is used to represent the discrete set
of nodes forming the computational grid in a continuous mesh model. Every element of the mesh can be uniquely associated



with a positive definite symmetric matrix which contains information related to its geometric properties: size h, orientation ϕ

and aspect ratio ρ. For a given two-dimensional element Ωk, the metric is given by Mk = R(ϕ)T
!

h 0
0 h/ρ

"
R(ϕ), where

R is a rotation matrix. By interpolation from the elements of the entire grid these matrices define a Riemannian metric field
M(x). The knowledge of a metric enables to generate the corresponding mesh. To obtain an anisotropically adapted grid, the
metric of a given initial mesh is modified in order to better approximate the solution. Based on this concept, the initial coarse
hp-mesh is first represented in a continuous framework using its corresponding metric field M(x) and polynomial degree
distribution p(x). The adjoint solution ψ obtained from the linear system

#
∂R
∂u

$T
ψ =

#
∂J
∂u

$T provides a sensitivity of the
global error on an output quantity of interest J(u) with respect to the local error measured by the residual of the governing
equations R(u). Adjoint-based error indicators η are computed on every element as η = ψTR(u) to provide an estimate of the
contribution of the local error to the error on the functional J(u), such as for example lift or drag coefficients for aerodynamic
simulations. Given this information, it is possible to seek an hp-mesh minimizing the global error on the output of interest.
To do so, we propose a method to evaluate the sensitivities of the error indicator η with respect to both the metric M(x) and
the polynomial degree p(x): ∂η

∂M and ∂η
∂p . These sensitivities are then used to guide a numerical optimization towards optimal

Mopt(x) and popt(x) minimizing the global error. Based on this optimized mesh representation, an adapted hp-mesh can
be generated, either by adaptation of the initial mesh or by regeneration based on the metric field. Since the accuracy of the
error indicator depends on the initial mesh, a constraint on the number of degrees of freedom of the adapted mesh has to be
imposed. Several of the above described adaptation cycle have to be combined in an iterative procedure in order to drive the
error under a specified tolerance. Since every adaptive cycle minimizes the error for a given number of degrees of freedom,
few iterations are needed to converge to the coarsest mesh that meets a user-defined accuracy requirement.
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Figure: (a) Sensitivity ∂η
∂p for the manufactured solution of a linear steady advection equation using a 5th order

FR scheme.

(b) Transonic inviscid flow over a NACA 0012 airfoil currently considered for optimization-based adap-
tation; Mach number solution obtained using a 3rd order adjoint-based adaptive DG scheme [9].

(c) Laminar viscous flow over a NACA 0012 airfoil also considered for optimization-based adaptation;
Mach number solution obtained using a 6th order FR scheme.
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EFFICIENT ALGORITHM FOR DNS OF COMPRESSIBLE TURBULENT WALL-BOUNDED

FLOWS

Davide Modesti ∗1, Matteo Bernardini2, and Sergio Pirozzoli3
1-2-3Dipartimento di Ingegneria Meccanica e Aerospaziale, Università di Roma ‘La Sapienza, via Eudossiana 18,

00184 Roma, Italia

Summary We present a novel implicit algorithm which allows to remove the acoustic time step limitation in compressible shock-free flows.
The key point of the algorithm is the use of the entropy equation in place of total energy. This allows to remove the acoustic time step
restriction in the wall-normal direction by solving a single scalar tridiagonal system, which is considerably more efficient with respect to
previous implicit algorithms [1, 2]. Direct Numerical Simulations(DNS) of compressible channel flows are presented to show accuracy and
efficiency of the new approach.

INTRODUCTION

Compressible wall-bounded flows play an important role in many aerospace applications of industrial and academic in-
terest [4, 3]. Despite that, compressible simulations of wall bounded flows remain often more time-consuming with respect
to their incompressible counterparts, mostly due to the acoustic time step restriction. In the near-wall region in fact the gap
between the hydrodynamic and acoustic time scale dictate the use of much smaller time steps than physically needed. In this
respect the use of implicit time integration algorithms is attractive since it allows to relax, if not remove, the acoustic time
step restriction. A crucial contribution in this sense was given by Beam and Warming [1], who proposed an implicit scheme
for the solution of the Euler equations in conservative form, which relies on the inversion of block matrices, thus avoiding
costly iterative algorithms. Many variations to Beam and Warming approach are available in literature, and special efforts
have been devoted to the reduction of the operations count, such as the algorithm of Pulliam and Chausse[2], which involve
the inversion of a series of scalar systems rather than block ones. The approach in this work is 20% − 30% faster than the
Beam and Warming algorithm, but it is inaccurate for time dependent flows. We develop a novel implicit algorithm which
is more efficient than previous ones as it barely requires the inversion of a single scalar tridiagonal system. A key role in
the algorithm is played by the entropy equation which is used in place of the total energy. The novel implicit scheme can
be used to efficiently predict Direct Numerical Simulation (DNS) of compressible wall-bounded flows. We perform DNS of
compressible channel flows and compare the results in terms of accuracy and efficiency with the fully explicit case.

NUMERICAL APPROACH

The maximum eigenvalue of the Euler equations in the i-th direction is ui + c, so that the inviscid time step limitation
in the same direction is ∆tI = (CFL∆xi/ui + c), where ui and ∆xi are the local velocity and mesh spacing in the i-th
direction, c the local speed of sound and CFL is the Courant number. In the case of wall-bounded flows, the most restrictive
limitation is in the wall-normal direction, since the mesh is clustered toward the wall, where the velocity goes to zero, but c
is finite. The novel idea to remove the acoustic restriction is to treat implicitly only the terms in the Navier-Stokes equations
which are responsible for the acoustic time step limitation in the wall-normal direction, namely the mass flux and the pressure
gradient in the momentum equation. This alone would allow to invert a 2 × 2 block matrix rather than a 5 × 5 one as in the
standard Beam and Warming approach. Further manipulations of the system of equations, which for the sake of brevity are
omitted here, show that only a scalar system of equations needs to be solved. Depending on the Reynolds and Mach number
and on the distance of the first mesh point from the wall, the viscous time step limitation in the wall-normal direction may
also be restrictive, and the viscous terms also must be treated implicitly. This can be efficiently done by solving a series of
scalar systems in sequence. The case in which both the acoustic limitation and the viscous one in the wall normal direction are
removed is denoted as Acoustic and Viscous Terms Implicit (AVTI), whereas the case in which only the acoustic limitation is
removed is denoted Acoustic Terms Implicit (ATI). The AVTI and ATI approaches are compared with the classical Beam and
Warming algorithm (BM), and the explicit case (EXPL). In all cases a fourth order Runge-Kutta scheme is used as a wrapper
for time stepping.

RESULTS

Six test cases have been performed, using the novel method (CH-AVTI and CH-ATI), Beam and Warming algorithm (CH-
BW1 and CH-BW2 ) and two cases with fully explicit discretization (CH-EXPL1 CH-EXPL2). The cases denoted by 1 and 2
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differ for the distance of the first mesh point from the wall, which is ∆y+w = 0.15 for the former and ∆y+w = 0.7 for the latter
and are compared to CH-AVTI and CH-ATI respectively. In CH-BW1 both the viscous and inviscid limitation are removed,
while in CH-BW2 only the Eulerian fluxes are implicit. The comparison of the time steps and computational times in table
1a shows that ATVI is 20%− 30% more efficient than BW. This is approximately the same speed up of Pulliam and Chausse
variant [2], with the difference that ATVI can be applied to time-dependent flows. On the other hand the cases in table 1b
show that the use of BW algorithm does not give any substantial advantage, while ATI allows a speed up of a factor 2.

Case ∆tI/∆tE CPUI/CPUE

CH-EXPL1 1 1
CH-BW1 10 1.80
CH-AVTI 10 1.13

(a)

Case ∆tI/∆tE CPUI/CPUE

CH-EXPL2 1 1
CH-BW2 2.3 1.80
CH-ATI 2.3 1.08

(b)

Table 1: Test cases. Turbulent channel flow at Mb = 1.5 Reτ = 220. The distance in inner units of the first mesh point
from the wall is ∆y+w = 0.15 in table (a) and ∆y+w = 0.7 in table (b). ∆tI/∆tE is the ratio between the maximum allowable
implicit end the explicit time step. CPUE/CPUI is the relative CPU effort with respect to the fully explicit case.

Figure 1 shows the mean velocity profile and the r.m.s. pressure fluctuations in wall units. Excellent agreement with the
explicit case is found. The good agreement of the pressure fluctuations with the explicit case confirms that the method can
also be used for time dependent flows.
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Figure 1: Turbulent channel flow at Mb = 1.5 Reτ = 220. ∆y+w = 0.15. (a-c)Mean velocity profile in wall units (b-d)r.m.s.
pressure fluctuations in wall units. Figures (a-b) refer to the test cases of table 1a in which ∆y+w = 0.15, while figure (c-d) refer
to table 1b, with ∆y+w = 0.7. The symbols denote CH-EXPL1,2(squares), CH-BW1,2(triangles),CH-ATI,AVTI(gradients).

CONCLUSIONS

A new algorithm for efficient removal of the acoustic time step limitation has been presented. The method is attractive as
it barely requires the inversion of scalar systems rather than block ones[1], with subsequent efficiency gain. We performed
DNS of a supersonic channel flow, which is a good prototype of wall bounded flows. The results of the test cases here
presented shows an improvement which depends on the distance of the first mesh point from the wall. The speed up of AVTI
is about 20%− 30% with respect to the BM approach, whereas a factor 2 is obtained when only the acoustic terms are treated
implicitly (ATI). Future work will involve the application of the algorithm to other wall-bounded turbulent flows such as pipes
and boundary layers, with special attention to pipe flow, for which the time step restriction is also severe in the azimuthal
direction.
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Summary A three-dimensional, spectrally accurate algorithm based on the immersed boundary conditions (IBC) concept has been developed 
for the analysis of flows in channels bounded by rough boundaries. The algorithm is based on the velocity-vorticity formulation and uses a fixed 
computational domain with the flow domain immersed in its interior. The spatial discretization uses Fourier expansions in the stream-wise and 
span-wise directions and Chebyshev expansions in the wall-normal direction. Various tests confirm the spectral accuracy of the algorithm. 
 

INTRODUCTION 
 
   The Immersed Boundary (IB) concept, first proposed by Peskin [1] in the context of cardiac dynamics, provides a 
general computational basis to develop efficient tools for the analysis of flows involving complex geometries. IB methods 
are mainly based on low-order finite-difference, finite-volume or finite-element techniques, limiting their spatial accuracy. 
Some recent implementations employ either a spectral discretization [2] or higher-order finite-difference techniques for the 
field equations [3], however, the complete solution is not spectrally accurate. A fully spectrally-accurate version of the IB 
algorithm, referred to as the Immersed Boundary Conditions (IBC) method, was proposed in [4] for two-dimensional flow 
problems. The IBC algorithm has been implemented for time-dependent problems, problems involving moving boundaries, 
and its accuracy has been improved through the use of the over-determined formulation. This algorithm has also been 
applied to three-dimensional problems governed by the Laplace operator. The current work describes the implementation of 
the IBC method for problems governed by the three-dimensional Navier-Stokes equations. 
 

MATHEMATICAL FORMULATION AND SOLUTION METHOD 
 
   The problem of interest consists of a three-dimensional viscous steady flow in a channel bounded by rough walls. The 
geometry of the walls is described by the following relations:  
ǡݔሺݕ ሻݖ ൌ ͳ  σ σ ሺǡሻ݁ሺఈ௫ାఉ௭ሻஶୀିஶஶୀିஶܪ ǡݔሺݕ , ሻݖ ൌ െͳ  σ σ ሺǡሻ݁ሺఈ௫ାఉ௭ሻஶୀିஶஶୀିஶܪ            (1a, b) 
where ܪሺǡሻ ൌ כሺିǡିሻܪ ሺିǡሻܪ , ൌ כሺǡିሻܪ ሺǡሻܪ , ൌ כሺିǡିሻܪ ሺିǡሻܪ , ൌ כሺǡିሻܪ  with stars denoting the 
complex conjugates. The walls are periodic and extend to േλ in the x- and z-directions, with ߣ௫ ൌ ߨʹ Τߙ  and ߣ௭ ൌ
ߨʹ Τߚ  denoting the wavelengths (Fig. 1). 

 
Figure 1: Sketch of the flow and computational domains. 

 
   The field equations in the vorticity-velocity form are used. Two types of closing conditions have been implemented, i.e. 
the fixed flow rate constraint and the fixed pressure gradient constraint. Fourier expansions are used for the discretization in 
the x- and z-directions and Chebyshev polynomials are used for the discretization in the y-direction. The solution takes the 
following form:  
ǡݔሺܣ ǡݕ ሻݖ ൌ σ σ σ ሺǡሻܣ

ܶሺݕሻ݁ሺఈ௫ାఉ௭ሻேିଵ
ୀ

ெಾ
ୀିெಾ

ேಾ
ୀିேಾ ,                                               (2) 

where A stands for any of the unknowns, ܰெ and ܯெ are the number of Fourier modes used in the x- and z-directions, ܶ 
represents the kth-order Chebyshev polynomial of the first kind and ்ܰ is the number of Chebyshev polynomials retained 
in the solution. By applying the Galerkin procedure, a coupled nonlinear system of algebraic equations is obtained. All 
nonlinear terms are considered to be known during the iterative solution process with their values taken from the previous 
iteration. 
 

PERFORMANCE OF THE ALGORITHM 
 
   To examine the performance of the algorithm a model problem is introduced where the upper wall is kept smooth and 
the shape of the lower wall is described by a combination of two Fourier modes of the form 



    

ݕ ൌ െͳ   ሻǤ  (3)ݖߚሺݏሻܿݔߙሺ݊݅ݏݕ
Two error definitions have been used to measure the performance of the algorithm. The error of the whole solution domain 
(ȁȁݑȁȁஶ) is defined as the maximum difference between the computed solution for the entire physical domain and a 
reference solution. The reference solution is computed using ܰெ ൌ ெܯ ൌ ͳͲ Fourier modes and ்ܰ ൌ ͶͲ Chebyshev 
polynomials. The other error measure is the boundary error (ȁȁ�ୣ୰ǡେȁȁஶ) which is the maximum difference between the 
computed solution at the boundary and the known boundary condition. 
   Figure 2A demonstrates that the error decreases exponentially with an increase of the number of Chebyshev 
polynomials and, thus, the algorithm provides spectral accuracy in the y-direction. Figure 2B demonstrates that the 
algorithm delivers spectral accuracy when increasing the number of Fourier modes in the periodic directions. A spectral 
decomposition of the error at the rough wall (Fig. 2C) demonstrates the absence of the first eight Fourier modes in the x-
direction and the first seven modes in the z-direction, in agreement with the construction of the boundary relations. 

   
(A) (B) (C) 

Figure 2: (A)- Variation of ȁȁݑȁȁஶ as a function of the number of Chebyshev polynomials ்ܰ used. (B)-Variation of 
ȁȁݑȁȁஶ and ȁȁ�ୣ୰ǡେȁȁஶ as functions of the number of Fourier modes for ߙ ൌ ߚ ൌ ͳ and ܴ݁ ൌ ͷ, determined using 
ெܯ ൌ ͳͲ Fourier modes. (C)-Spectral decomposition of the boundary error for the roughness geometry described by (3) 
with ݕ ൌ ͲǤͳ for ܴ݁� ൌ �ͷ, ߙ ൌ ߚ ൌ ͵, determined using ܰெ ൌ ͺ and ܯெ ൌ  Fourier modes. 
   Figure 3 illustrates variations of the pressure gradient correction dp1/dx induced by the roughness of the form given by 
Eq.(3). Positive values of this correction indicate drag reduction. 

 
Figure 3: Variation of the pressure gradient correction dp1/dx as a function of the roughness wave numbers ߙ and ߚ for the 
roughness geometry described by Eq.(3) with ݕ ൌ ͲǤͲͷ for Re = 5 determined using ܰெ ൌ ெܯ ൌ ͳʹ Fourier modes and 
்ܰ ൌ ͷͲ Chebyshev polynomials. Grey zone identifies the drag reducing corrugations. 
 

CONCLUSION 
 
   A gridless, spectrally-accurate algorithm has been developed for the analysis of viscous flows in domains bounded by 
rough walls. It is demonstrated that the algorithm delivers spectral accuracy in spite of a complex shape of the solution 
domain. The solver represents a very efficient tool to explore flows over different surface topographies and to search for 
possible drag reduction. 
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Summary Prediction of the motion of oil-water contact has great importance in the problems of oilfield development by flooding. We consider 
a piston-like model of oil-water displacement, which takes into account differences in viscosity of two fluids. Filtration of liquids is described 
by Darcy's law. Both fluids are weakly compressible and the pressure in the reservoir satisfies the quasi-stationary diffusion equation. Piston-
like model leads to discontinuity of the tangential velocity at the boundary L of oil-water contact. Using the generalized Cauchy integral we 
reduce the problem of finding the current boundary of oil-water contact to the system of singular integral equations for the velocity components 
and to the Cauchy problem for the boundary motion of oil-water contact. An algorithm for numerical solution of this problem is developed. The 
monitoring of oil-water boundary motion for different schemes of flooding (four-point, five-point, seven-point, nine-point, etc.) is carried out. 
 

MATHEMATICAL MODEL AND NUMERICAL SOLUTION  
 

Among the methods of oil fields development the flooding method [1] became widespread. The main objective of 
flooding is to maintain by flooding the reservoir pressure, inevitably falling in the primary field development. In this paper, 
the model of the piston-like oil displacement by water, which takes into account the difference in physical properties 
(density and viscosity) of oil and water. Consider the plane filtration flow of a viscous compressible fluid with viscosity ȝ 
and compressibility ȕ in an infinite horizontal reservoir with permeability k, porosity m and thickness h. For the quasi-
stationary state of filtration flow the pressure in the reservoir p(x,y,t) satisfies the diffusivity equation and the velocity 
components Vx(x,y,t) and Vy(x,y,t) are calculated by the Darcy law [1] 
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where Ȥ=k/mȝȕ - the coefficient of diffusivity. 
Solution of the equation (1) in the case of doubly periodic system of production and injection wells has been obtained in 

[2]. Discontinuous on the line L function Vx(x,y,t) - iVy(x,y,t) on the complex plane z=x+iy will be sought in the form: 
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where ȗ�]� - Weierstrass zeta function, F(z,t) is given in paper [2].  
Denoting the viscosity ratio as ț ȝ(w)�ȝ(o), the normal and tangential velocity components of the water as N(s)=Vn

(w) and 
T(s)=Vt

(w), equation (2) allows us to obtain singular integral equation for the unknown functions T(s) and N(s) on the line L: 
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The integral equation (3) must be supplemented by the differential equation that determines the time evolution of the 
line L. This equation has the following form [1]: 
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where z0 - the center of the injection well with radius rw, through which water is pumped into the reservoir. The initial 
condition in the equation (4) indicates the starting position of the point in the beginning of flooding, the corresponding angle 
T is determined on the contour of the injection well. 

Consider the algorithm for the numerical solution of integro-differential equations (3) and (4). For the numerical 
solution of singular integral equation (3) we divide the contour L by discrete set of points on the elements [zi, zi+1], (i = 0, 1, 
... N-1). Due to the closure of line L, the first and the last points of the partition are the same, i.e., zN=z0. Each of the points 
zk corresponds to the length of the arc sk. Let us choose and fix the point zk=z(sk) on the contour L.  

Omitting the rather cumbersome intermediate calculations, we write the approximation of the integral term in equation 
(3) as follows: 
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Equation (3) shows us that the real part of the singular integral equation (3) matches the finding of values of the 
unknown function Tk=T(sk) at a given time tn on a discrete set of points zk=z(sk). The imaginary part of this equation is, in 
fact, the formula for calculating the values of the function Nk=N(sk) at a given time tn at the same discrete set of points. 

The obtained values of Tk and Nk are then used to calculate the displacements of points zk=z(sk) in the time interval [tn, 
tn+1]. These displacements are determined by the numerical solution of the Cauchy problem (4) with the Runge-Kutta 
method, modified in view of the complex nature of the differential equation (4). In the calculations it was chosen the 
dimensionless time Ĳ� associated with the original time t as Ĳ ��-44W��ʌPKȦ1

2, where Q is the flow rate of the injection well, 
Ȧ1 is the biggest complex period of doubly periodic system of production and injection wells. 
 

RESULTS OF CALCULATIONS 
 

To solve this problem there was developed a software system to track the evolution of the flooding front in time, as well 
as to quantify the effectiveness of a particular scheme of flooding (dimensionless water breakthrough time into the 
production wells Ĳbreckthrough and waterflooding coverages Kcoverage). In numerical calculations there was considered frontal 
row, four-point, five-point, seven-point and nine-point scheme of flooding. To determine the current position of the flooding 
front it was involved 180 tracers - points coming out at the initial time of the injection well. 

It is known [3] that the viscosity ratio ț has a negative impact on the ultimate recovery: the decrease in the parameter ț 
leads to the decrease in the volume of recoverable oil due to the growing instability of oil displacement by water. In 
addition, when viscosity ratio ț<1, the Saffman-Taylor instability [4@�RFFXUV��ZKLFK�LV�RIWHQ�FDOOHG�DV�³YLVFRXV�ILQJHULQJ´��
The viscous fingering effect has been observed in the course of our numerical calculations. The fig. 1 shows the formation 
of viscous fingers for five-point scheme of flooding at ț=1/5 value. For comparison, the fig.1 is supplemented by the figure 
from [5] (fig. 6a in the cited paper) obtained experimentally for similar geometry placement of wells. 

 

(a) (b) 
Fig. 1. Saffman-Taylor instability of the front of flooding for the five-point scheme.  
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Summary In this paper the operation of a tidal turbine has been simulated using the blade element actuator disk (BEAD) and actuator line (AL) 
methods for different values of tip speed ratio (TSR). Results show that the BEAD and AL give close results for power (CP) and thrust (CT) 
coefficients which agree well with the experiment [1]. On the other hand it is observed that for corresponding cases solved by the BEAD and AL, 
moving downstream, the wake experiences smaller velocity change behind the rotor centre in the AL method. This can be attributed to the 
presence of coherent root vortex structures which are captured in the AL method. In addition it is noted that the BEAD method, because of its 
averaged actuator disk methodology is not able to expose the flow unsteadiness as well as the AL method. 
 

INTRODUCTION 
 
   Tidal energy and tidal turbines have drawn much attention in recent years. Among different methods that have been used 
to investigate tidal turbines, the blade element actuator disk (BEAD) and the actuator line techniques are feasible for turbine 
arrays and also have proven to have good performance. In the BEAD method, the turbine rotor is replaced with an actuator disk 
and the momentum source terms, calculated from the blade element theory, are distributed on the disk. The result is a permeable 
actuator disk which the flow can pass through and be influenced by the source terms which vary radially but are averaged in the 
rotational direction. In the AL method on the other hand, the blades body forces are placed as momentum source terms along 
the lines which represent the blades and rotate with time. The distribution of the source terms in these two methods have been 
shown in figure (1). As can be seen the source term distribution in the AL method is much closer to the real geometry of the 
rotor. In this study using the EXN/Aero CFD code, large eddy simulations are performed using the BEAD and AL methods 
and their performance is compared on the basis of their prediction of turbine performance and the wake pattern. 
 

RESULTS 
 
   Figure (2) and (3) respectively show CP and CT coefficients versus TSR for the BEAD and AL methods. While from figure (2), 
the power coefficient increases with TSR until a maximum is reached (��� ൎ ) and falls off, in figure (3) the thrust coefficient 
increases continuously with TSR. Results from the present study have been compared with Bahaj et al. [1], Bai et al. [2] and Malki 
et al. [3] and a good correlation between them is observed. The velocity fields obtained from the BEAD and AL methods are 
shown in figure (4) and (5). A comparison between these two figures illustrates that the AL method shows a better performance in 
picking up the unsteadiness that is caused due to the spinning blades. In addition, when moving towards the wake core a smaller 
velocity gradient is obtained from the BEAD. This difference is due to the fast root vortex structures which maintain themselves 
in the AL method and are not captured by the BEAD method. Figure (6) and (7) show axial induction factor calculated from the 
two methods. While from figure (6) in the BEAD method the axial induction factor changes only with radius and is averaged in 
tangential direction, the plotted distribution from the AL method shows the capability of this method in giving a realistic picture 
of the turbine operation and its resulting velocity field. In figure (8) the change of normalized axial velocity in the cross stream 
direction have been shown at Z/D = 2 and Z/D = 5 downstream for both methods. This figure shows again that while in the AL 
method coherent structures due to the root vortex shedding maintain their higher velocity at the wake core, in the BEAD method 
because of their absence and overestimation of mixing process, axial velocity changes notably from Z/D = 2 to Z/D = 5. Figure 
(9) shows the changes in the normalized axial velocity behind the rotor at Z/D = 2. Since from figure (8) both methods predict the 
same value at this spot only results from the AL method have been shown here. From this figure it can be seen that the velocity 
deficit increases continuously with TSR. The vorticity field obtained from the AL method has been shown in figure (10). Tip and 
root vortices that can be seen in this picture are not detected by the BEAD method.  
 
 

  
Fig. (1). Source terms distribution for BEAD and AL Fig. (2). Cp versus tip speed ratio 

 



  
Fig. (3). CT versus tip speed ratio Fig. (4). Velocity field from BEAD method 

 

  
Fig. (5). Velocity field from AL method Fig. (6). Axial induction factor (BEAD)  

 

  
Fig. (7). Axial induction factor (AL)  Fig. (8). Axial velocity behind the turbine  

 

  
Fig. (9). Axial velocity for different TSRs Fig. (10). Vorticity field from AL method 

 
CONCLUSIONS 

 
   This study showed that while the BEAD method gives reasonable answers for turbine power and thrust coefficients, it does not capture the 
tip and root vortices and the unsteadiness that can be predicted by the AL method. 
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NUMERICAL SIMULATION OF SOLID SUSPENSION FLOWS IN A HORIZONTAL PIPE
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Summary The present work validates a numerical model used to describe the flow behavior of particle suspensions through horizontal
pipes. The mixture of liquid water and polypropylene spheres is considered as single-phase and Newtonian fluid. The transport equation
proposed by Phillips et al. [1] for the particle fraction is employed, including a term which accounts for buoyancy. Different flow conditions
depending on the flow rate and initial particle concentration have been considered. The present simulations compare well to the experiments
of Reghem [2] and improved the simulations of Darbouret [3].

INTRODUCTION

The primary objective of this project is the numerical simulation of ice slurry flows in different types of ducts and complex
geometries for the transport of cold in refrigeration systems. The lack of reliable local measurements (velocity and ice
concentration) has considerably slowed down the development of dedicated numerical models. Behaviour of flows involving
solid particles scattered in liquid water tends to be very similar to the one of ice slurry flows. The velocity measurements
and observations of Reghem [2] then constitute a very interesting database for the validation of the present model. Moreover,
Darbouret [3] also proposed some numerical simulations based on the finite difference method and assuming a 2D steady-state
laminar flow. This flow configuration is very challenging for numerical methods as the particle concentration may reach very
high values at some locations inducing high shear stress flow regions.

MODEL DEVELOPMENT AND NUMERICAL PARAMETERS

The model presently used considers the fluid mixture as being single-phase and Newtonian. Phillips and al.’s equation
[1] is employed to model the transport of the particle volume fraction. Originally, this transport equation gathered three
components being a flux term accounting for the Brownian motion of the particles ◦ that can straightly be neglected in the
present case ◦ and two other flux terms giving diffusion, due to the spatial variation of effective viscosity for the first and due
to the spatial variation of particle interaction frequency for the second. The latter may also be neglected, according to [1],
since the two resulting effects of this term auto-annihilate. A last flux term is added to obtain the particle buoyancy and the
stratification phenomenon. The terminal particle settling velocity is calculated from [4] and a dumping function derived from
Gurel’s formula [5] is used to fit the mixture viscosity modelled with the Thomas’equation. The flow is isothermal and steady.
The model has been implemented in a finite volume solver with second-order upwind schemes for the pressure, momentum
and particle volume fraction transport equations. The pressure-velocity coupling is overcome through the SIMPLE algorithm.
The particle suspension, a mixture of liquid water and polypropylene spheres of diameter d = 0.0036 m, flows through a
cylindrical and horizontal pipe of length L = 3 m and diameter D = 0.05 m. The mesh comprises nearly 8 × 105 cells with
about 1400 cells per cross-section. Mesh refinement is done in the near wall regions. At the inlet, uniform profiles for the
velocity and the particle concentration are ruled. The flux of the particle volume fraction is turned to zero at the wall.

RESULTS AND DISCUSSION

Different values for the uniform axial velocity Um and particle volume fraction Φ have been imposed at the inlet. The
results are shown on Figures 1 and 2. They correspond to the radial profiles of the axial velocity and cross-section particle
volume fraction at the pipe outlet z/L = 1, for each flow condition. The blue color corresponds to areas of high particle
concentration (Φ > 0.35) whereas the yellow region contains almost no particle. As the mixture flows along the pipe, the
solid particles being lighter than liquid water rise to the top wall. Consequently, a heap of these particles is likely to form in
the top region, slowing down the flow there considerably and reshaping the velocity profiles as shown on Figure 1. Thus, it
appears essential to model accurately the dynamics of the particles within the mixture and especially the buoyancy term.

Case I corresponds to Um = 0.18 m.s−1 and Φ = 0.15, values typically encountered in ice slurry transport systems.
The suspension is clearly heterogeneous, with a highly concentrated flow region at the top of the pipe and a part being poorly
concentrated in the lower region (Fig.2-I). The mixture is accelerated in the lower-half of the pipe with a maximum velocity
around r/R ≃ ◦ 0.18 (Fig.1-I). A rather good agreement is obtained compared to the experiments [2], even if the model
predicts a linear profile in the top region highlighting higher shear stresses there.

∗Corresponding author. Email: aurelien.bordet@usherbrooke.ca



Figure 1: Radial profiles of the normalized axial velocity at the pipe outlet z/L = 1 for three sets of initial conditions (cases I
to III). Comparisons with the experiments of Reghem [2] and the simulation of Darbouret [3].

Figure 2: Corresponding simulated particle volume fraction over the same pipe section, i.e. at outlet.

The main difference between cases I and II is the increased initial concentration in solid particles to Φ = 0.26. The
radial distribution of the axial velocity is not significantly modified regarding the numerics. In the experiments, Reghem [2]
observed the formation of a bed moving slowly in the top part of the pipe 0.1 < r/R < 0.5, where the velocity remains
almost constant (u/Um ≃ 0.5). The model fails to predict the right profile but Fig.2-II confirms a flow region with high and
constant concentration in solid particles. A Bingham rheological law for such a flow regime would improve the capabilities
of the model to reproduce packed-bed flows.

By comparing cases I and III, increasing the inlet velocity from Um = 0.18 m.s−1 to 0.37 m.s−1 clearly modifies the
radial distributions of the axial velocity. The peak value at r/R ≃ ◦ 0.1 is reduced. The flow regime is here turbulent, which
slightly homogenizes the particle distributions (Fig.2-III). It explains why the turbulence models improve the predictions over
the present laminar simulation and one of Darbouret [3]. The remaining discrepancies may be explained by the rheological
law used there, valid for Φ ≤ 0.6, value locally exceeded at the top of the pipe. It will be shown also in the presentation that
the model performs much better for ice slurry flows, with smaller particle diameter.

This work is part of the NSERC chair on industrial energy efficiency established at Université de Sherbrooke in 2014 with
the support of Hydro-Qubec, CanmetÉNERGIE and Rio Tinto Alcan, which are gratefully acknowledged.
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Summary Unsteady CFD simulations of the unappended DARPA SUBOFF 5470 undergoing a pitch maneuver were conducted using
Ansys CFX to support the development of hydrodynamic force models for simulating the transient dynamics of underwater vehicles. The
simulations used a sliding mesh formulation and the BSL Reynolds stress turbulence model. Four simulations were conducted with varying
pitch rates; the results from two of these were compared to experimental wind tunnel tests. The simulated flow was qualitatively correct,
however comparisons show that the simulations under-predict the normal force and over-predict the pitching moment. This error grows in
proportion to the angle of incidence. The body-normal vorticity moment distribution along the body and wake was calculated, and is seen
to transition between from a steady translation distribution to a steady rotation distribution over the maneuver. This transition appears to be
proportional to the local drift angle along the hull and the pitch rate.

INTRODUCTION

The design and safe operation of underwater vehicles depends critically on knowledge of the vehicles safe operating limits.
This operating envelope is developed primarily by numerical dynamics simulations, which must be computationally fast and
generally make use of simplified models for the vehicles hydrodynamics. Past work at the University of New Brunswick has
investigated the hydrodynamic characteristics of submarines undergoing steady translations and rotations using computational
fluid dynamics. The results of these investigations were accurate lower order models for the vehicle hydrodynamics, suitable
for use in simulations of the vehicle dynamics.

In certain extreme conditions, such as emergency rising or collision avoidance, the fluid flow will experience significant
unsteady effects and a model which resolves the transient hydrodynamics will be required. This work presents the results of
CFD simulations of unsteady pitching maneuvers for the unappended DARPA SUBOFF submarine geometry at Re = 6.1e6,
and an analysis of the hydrodynamic forces and moments. These results are compared to the unsteady experimental model
tests of Granlund and Simposon [1], as well as previous simulations of the steady hydrodynamics, in an attempt to analyze
both the accuracy of the CFD model and the effect of unsteadiness on the hydrodynamic forces.

METHODOLOGY

The geometry of interest is the unappended DARPA SUBOFF 5470 generic submarine hull in a steady cross flow of air
at 44.56 m/s. The hull geometry is axisymmetric, measuring 2.24 m in length and 0.267 m in diameter. The maneuver and
hull form are symmetric across the centreline, and so a half symmetry domain was used in the computational mesh. The hull
surface was discretized with approximately 100 cells circumferentially and 216 cells longitudinally. A cell inflation layer
with an initial cell height of between 5.52e-6 m at the bow and 8.62e-5 m at the stern was used; yielding y+ ≈ 1 along the
hull. This mesh was simulated in Ansys CFX using a sliding mesh formulation. A cylindrical structured domain was used for
the rotating mesh attached to the hull; this mesh was then embedded in a rectangular static hybrid domain. The total mesh,
including both the rotating and static domains, contained approximately 12.2 million cells.

The maneuver consisted of the hull in a steady oncoming flow at an incidence of one degree, up to a non-dimensionalized
time of 3 units, where t′ = tu/l. At 3 units, the hull would begin pitching, sweeping up to 27 degrees incidence at approxi-
mately 9 units, at which point the motion ceased and the simulation was held for an additional 3 units. This corresponds to a
constant linear pitch rate of ω = 1.36rad/s. Three additional unsteady cases were investigated. The first attempted to match
the exact experimental kinematics of Granlund, which deviated slightly from a constant linear pitch rate, and were here fit
to an 8th order polynomial. This was followed by two additional simulations at pitch rates of 4ω and 8ω and with the same
range, in order further to investigate the effects of unsteadiness on the flow. Timestep sizes for these four simulations were
2.0e ◦ 4 seconds for the first two, 5.0e ◦ 5 seconds for the third, and 2.5e ◦ 5 seconds for the fourth. In addition, steady
flow simulations were conducted for translation at incidence angles of 5, 10, 15, 20, and 27.6 degrees. All of the simulations
utilized the BSL Reynolds stress turbulence model, as implemented in CFX v14.
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Summary A new approach is introduced and developed to generate moving grids for large amplitude rigid body motion. The approach
can be interpreted as a solid body moving through, and displacing an existing mesh whose connectivity remains fixed. In this method, the
elements ahead of the body are separated and reattached along a trajectory so as to preserve a fixed connectivity and maintain mesh validity.
The procedure for the rotation is exactly the same where the grid nodes slide on the solid body during the rotation in order to maintain a
fixed connectivity during the rotation.

INTRODUCTION

To achieve unsteady flow simulations with moving boundaries that incorporate the complete details of geometry as well as
flow features, numerical algorithms with great fidelity are needed. This has led to the development of algorithms for simulating
fluid physics using dynamic mesh generation for both viscous and inviscid flows. Generally, moving mesh generation is a con-
flicting situation between geometric complexity and algorithm robustness from several aspects points of view like boundaries
with concave geometries, boundaries in contact, etc. The early attempts in dynamic grid generation are essentially remeshing
techniques based on the new position of the boundaries in each time step (e.g. [1]). This approach can produce meshes of
very high quality. However, it is very expensive computationally, as in addition to the actual remeshing, the technique requires
the interpolation of the solution at each time step. Mesh motion algorithms with fixed topology have been presented in the
literature, with various approaches according to the amplitude of the body motion: spring analogy, radial basis functions,
grid deformation using PDE operators etc. However, all these methods finally fail to handle grid motion for large amplitude
of motion since the cells remain attached to the boundary. The current work introduces a new method in order to allow the
grid nodes to slide on the moving boundaries as particles flowing past the domain boundaries. This was first introduced by
[2] where a generic configuration mimics the motion of the real object in the computational space followed by a mapping to
physical space using an appropriate operator (e.g. Laplace’s equation). In spite of numerous interesting features compared to
other mesh motion strategies, this method suffers from a few short-comings. One of the most important weaknesses of the
method is mapping the solution from the computational space to the physical space which is obviously costly. In addition,
the distribution of the nodes in physical space depends on the choice of the mapping in computational space which is not
necessarily compatible with geometry in physical space. Consequently, the current work is an extension of this method to
manage the sliding procedure directly in physical space, to remove the previous shortcomings of the method, and to make
the approach ready and compatible with any flow solver. Figure (1) shows generated grid for a moving circle passing several
bumps. The whole motion can be watched on footage uploaded on [3].

Sliding Method for Translation
In the current work the sliding approach is directly handled in physical space. The procedure can be interpreted as the opening
and stitching of a mesh around the moving body and along a defined path. Unlike the previous procedure for sliding method
introduced by [2], where it was necessary to rearrange the grid in the leading node in order to generate a valid splitting, in the
new approach, the initial grid is generated around the trajectory of the motion. As the topology of the grid is fixed during the
entire motion, the edges are adapted to the specified motion and the arbitrary displacement of the body along the trajectory is
satisfied with this strategy. The trajectory on the zipping path has two sides which are ”inflated” as the body slips through the
grid. This requires that the body be represented by its upper and lower sides which connect at the leading node and the trailing
node. Therefore these two parts need to be determined together with the trajectory at the beginning of the procedure. Briefly,
the procedure consists in the following steps: 1. Prescribing the path of the motion (trajectory) and generating the initial grid;
2. Defining the leading node and the trailing node on the body. This is equivalent to the determination of upper and lower
parts of the body; 3. Setting the moving body on the trajectory; 4. Determining the number of time steps (of course this is
dependent to the flow solver). 5. Displacing the body based on the time steps. 6. Smoothing the new grid using an appropriate
operator. 7. Repeating the procedure from number 5 till to the end point of the motion.
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Figure 1: A moving circle passing several bumps

Sliding Method for Rotation
Similar to the translation motion, in the current work rotational motion is managed in physical space. This is to avoid the
connectivity changes at each time step which obviously causes additional interpolation procedure for a flow solver. This
is one of the major drawbacks of working in computational space which led to a modification for rotation in the present
approach. Where, the mesh is constructed based on the geometry in computational space, it may not be well-adapted with
the real geometry in physical space. In addition, managing the motion in computational space and then mapping the grid to
the physical space with the use of an operator (e.g. Winslow equation) always requires a high number of iterations since at
each time step, the grid in physical space does not have any information from previous time step to be used as an initial guess
for the next time step. In the present study, working directly in physical space requires fewer iterations for the smoothing
procedure since the initial guess comes from the previous time step and is a good approximation for the next time step. This
is one of the main reasons of switching back to physical space. Another reason for working in physical space is the fact that
smoothing operator does not smooth the grid in physical space but maps the grid from computational space to physical space.
Accordingly sliding approach is directly applied in physical space. A step by step algorithm for this approach can be defined
as follow 1. Generating the initial grid in physical space including the rotating object with its initial position; 2. Identifying
the axis of the rotation; 3. Setting the angle of rotation; 4. Calculating the time step. This is obtained by dividing the entire
rotation by the number of steps. The calculation of the time steps is not independent of the flow solver; 5. Rotating the object
around the rotation axis based on the calculated time step; 6. Projecting the nodes on the rotating object(s) (boundary nodes) to
their new positions based on the new position of the object; 7. Smoothing the mesh with the use of an appropriate smoothing
operator. In the current work, Winslow’s equation is employed for the configuration with sharp curvature(s) and a barycentric
method is used for simpler cases; 8. Iterating the process from number 4 to complete the entire rotation. A footage of a
generated grid for a rotating object with the use of presented approach can be found on [4].
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Summary Multiple layer underground and the flow of ground water in some layers have an important effect on the heating of vertical heat 
columns and heat exchangers (HE). This paper investigates the important implication on the design of the Ground HE with regard to their 
heating effect. For this reason a thermal model is constructed in Comsol Multiphysics software and the effect of various parameters such as 
thermal conductivity of the ground and the groundwater flow velocity is considered. The model parameters are set to present actual (known) 
parameters of an installed column and validated against experimental values. Although the key for an overall capital cost reduction is the 
borehole length, the results indicate that by using the groundwater available, construction of shallow Ground Source Heat Pump systems can be 
achieved with an increase of the coefficient of performance (COP). 
 

INTRODUCTION 
    
   Ground Source Heat Pump (GSHP) systems constitute an evolving technology that has been given significant attention 
in recent years. GSHP systems have higher energy efficiency and lower environmental impact than regular ones [1]. 
Geothermal energy, although developed for many years, has not reached a stable and popular state to be widely used. This is 
due to the high manufacturing and installation cost of Ground Heat Exchangers (GHE) compared to similar, albeit not so 
effective systems. The capital cost of an air-to-air heat exchanger Heat Pump system is lower than that of a GSHP one, but 
the operation cost is higher compared to the GSHP system. Only recently the GSHP systems have gained more recognition 
due to energy shortage uses. It is noted that GSHP installations have increased dramatically in recent years (after 2010) with 
a rate of 10–30% annually [2].  
   The closed loop system, either vertical or horizontal, is the most common of the configurations. Pipes can be buried by 
drilling either vertical boreholes or horizontal trenches. Alternatively, if the building has access to an aquifer, pipes can run 
all the way down to utilize this natural underground water source. The effect of an aquifer with groundwater flow is 
examined in this paper through the use of the computational modeling. The model was constructed using the COMSOL 
v.5.1, which is a computational modeling software package allowing the use of general equations, but also adding and 
editing equations manually.  
    

MATHEMATICAL MODEL 
 

   The three dimensional conservation of the transient heat equation for an incompressible fluid used is given as 
ȡܿp

�T
�t
�+�ȡwcpwuT�+�Âq =�Q,         (1) 

where T is the temperature, t is time, ߩ is the density of the borehole/soil material, ܿ is the specific heat capacity of the 
borehole/soil material at constant pressure,ߩ�௪ is the density of the ground water, ܿ௪  is the specific heat capacity of the 
ground water at constant pressure, ݑ is the velocity of the groundwater (seepage velocity is being used), ܳ is the heat 
source and q is given by the Fourier’s law of heat conduction that describes the relationship between the heat flux vector 
field and the temperature gradient. 
 

COMPUTATIONAL MODELING 
 

   The geometry includes five layers of ground with different thickness and thermal properties. Two cylinders represent the 
boreholes with a total depth of 100 m and a distance between them of 10 m. The geometry and the properties of the ground 
can be found in Florides et al. [3]. The multilayer ground was constructed with different material properties in order to 
achieve realistic results and the general model was scaled down on the z-axis. The groundwater velocity was set using the 
seepage velocity, where the hydraulic conductivity minimum and maximum values were taken from typical data presented 
in Domenico and Schwartz [4]. The boreholes were set as a heat source with an overall Q = –40 W m–1. For presenting a 
nearly realistic model a pulse function was also applied, by equating the heat source term to 1 (on) for 12 hours and to zero 
(off) for the next 12 hours, for 7 consecutive days. 
 

RESULTS AND DISCUSSION 
 
   By analyzing the borehole results at different regions (Figure 1), it is observed that the temperature decreases with time 
except in the region of the groundwater flow. This is due to the fact that heat is carried away from the borehole section 



where groundwater is present, while in the other sections heat is accumulated and maintained in the region. In addition, 7 
lower peak points are noticeable due to the pulse function applied. The temperature reaches its lower peak point each day in 
the middle of the day after the 12 hours of continuous heat injection. 
   By plotting only the minimum temperature points in each borehole (Figure 2), it can be observed that by increasing the 
groundwater velocity the average surface temperature on the groundwater region increases. The results show that where the 
minimum hydraulic conductivity is applied (lower seepage velocity) there is not enough groundwater velocity to cool down 
the boreholes, whereas in the maximum hydraulic conductivity regime the boreholes response with lower average 
temperature and, in addition, they are reaching steady state in a shorter time. It is also noticeable that in the case of the first 
borehole, the average temperature reaches a steady state from the first day peak point, whereas on the second borehole (on 
the downstream) there is an increase in temperature before it reaches steady state again. Further on the heat carried away 
from the first borehole interferes with the second borehole (on the downstream) when the groundwater velocity is high 
enough, like in the case of the maximum seepage velocity (vS = 10–5 m s–1). 
 

   
 
Figure 1. Temperature profiles versus time on the first 
borehole (B1) for a seepage velocity of vS = 10–5 m s–1.  

 
Figure 2. Average Temperature peak points versus time 
in the region of water flow for various values of seepage 
velocity (vS). 

 
CONCLUSIONS 

 
   In this paper the effect of the groundwater flow on a GHE in heating mode is examined using the Comsol 
computational modeling. The average borehole surface temperature on every ground layer was calculated with lower and 
higher seepage velocities. The results indicate that groundwater flow has an effect on the temperature of the ground water 
flow region. It is also noticeable that in this region steady state is reached much sooner than in the other regions. 
Additionally, the two boreholes interfere with each other when the groundwater flow velocity is high influencing the 
downstream borehole temperature.  
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Summary In this paper, the suitability of Computational Fluid Dynamics (CFD) to evaluate and predict physical phenomena in lieu of 
experimental work in a jet impingement application is assessed. Previous experimental work looked at the effectiveness of different geometries 
in improving jet impingement cooling. This work was used to construct a numerical model of two of the geometries each running at three different 
Reynolds numbers. First a turbulence model is selected based on a simple two-dimensional axi-symmetric jet impingement case. The k-Ȧ SST 
model produced the most accurate results and was thus selected. The model was then used to simulate jet impingement in both a basic flatplate 
and a corrugated geometry. The corrugated geometry was expected to improve cooling performance. The trend was seen in the numerical results, 
particularly at higher velocities and at the most downstream jets. The trend replicates that of the experimental results, with negligible impact of 
the corrugations before the 3-4th jet. 
 
 
   Gas turbines are one of the most effective power generation devices available today. They supply power to many 
applications, most commonly in aviation and utility power [1]. There is naturally a constant demand for higher fuel efficiency 
by gas turbine operators. Gas turbine efficiency can be improved by an increase in the turbine inlet temperature. Since these 
WHPSHUDWXUHV�PD\�H[FHHG�PDWHULDOV¶�DOORZDEOH� WHPSHUDWXUH��DGYDQFHG�FRROLQJ�PHWKRGV�DUH� LQYROYHG [2]. Jet impingement 
cooling is one such technology and will be looked at more closely in this paper. Since experimental work can be both costly 
and time consuming, ideally a numerical model would be able to replace or reduce an experimental setup. A comparison is 
therefore made between experimental results based on available data in the literature [3, 4] to evaluate whether the same 
trends could be observed in the current numerical model. Two geometries are tested, a flatplate and a corrugated geometry. 
The geometry is given in Figure 1a. Each geometry consists of 10 inlet holes and a full streamwise length of over 40D. 
 
 

  
    (a)         (b) 

 

Figure 1. a) Three-dimensional impingement geometries and dimensions; and b) sample mesh of the corrugated case 
  
   To select a numerical model for this study, a two-dimensional (2-D) axi-symmetric case was first simulated for validation. 
The results were compared to works of previous researchers who had done both numerical and experimental work [5]. The 2-
D geometry was drawn in commercial software ANSYS Designmodeler, meshed in ICEM 14.5 and exported to FLUENT 
14.5 to be solved [6], see Figure 1b. Three separate meshes were tested to determine the discretization error using the Grid 
Convergence Index (GCI) method [7], with the intermediate mesh size of 40,000 cells chosen as a sufficient compromise 
between accuracy and computational resources. The impingement target was set at a constant temperature of 315K with the 
air inlet at 300K, with the variation in heat flux providing the Nusselt number for comparison to the experimental results. 
There was a preference for a 2-equation model for the sake of computational efficiency. Of all 2 equation models, the k-Ȧ 
SST model produced the most accurate results and was selected for use in the 3-D models. An example showing the 
comparison and mesh sensitivity is given in Figure 2. A linear regression analysis done on the two cases with respect to the 
experimental results over the full surface shows that the k-Ȧ SST model fits the data with a R2 value of 97.01% and standard 
error of 5.850 while the k-İ realizable model has a fit of 94.78% and standard error of 7.644. The k-Ȧ SST model is the only 
2-equation model that shows the second peak referred to by previous researchers and in the experimental results of Baughn 
[5], see Fig. 2b. 
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CFD-INFORMED UNIFIED CLOSURE RELATION FOR THE VELOCITY OF TAYLOR
BUBBLES.

Enrique Lizarraga-Garcia1, Jacopo Buongiorno ∗2, Eissa Al-Safran3, and Djamel Lakehal4

1Department of Mechanical Engineering, MIT, Cambridge, USA
2Department of Nuclear Science and Engineering, MIT, Cambridge, USA

3Department of Petroleum Engineering, Kuwait University, Kuwait City, Kuwait
4ASCOMP, Zurich, Switzerland

Summary In the mechanistic modeling of slug flow, the Taylor bubble velocity has been determined to strongly affect the predictions
of liquid holdup (or void fraction) and pressure gradient. The objective of this work is to improve these predictions through a better
Taylor bubble velocity closure relation. Computational Fluid Dynamics (CFD) with Level-Set as the Interface Tracking Method (ITM) are
employed to generate a large numerical database of Taylor bubbles in stagnant, upward and downward flow for an ample range of fluid
properties and pipe geometries (Mo ∈ [1 ·10−6, 5 ·103], Eo ∈ [10, 700], θ ∈ [−90◦, 90◦], Re ∈ [0, 1000]). The new correlation, obtained
using this database, has been applied to those mechanistic models observing higher improvements as the inclination with respect to the
horizontal decreases.

INTRODUCTION

Two-phase slug flow occurs often in wells, riser pipes and pipelines of crude oil and natural gas systems. Current predictive
methods are based on the mechanistic models, which require the use of closure relations to complement the conservation
equations and predict integral flow parameters such as liquid holdup (or void fraction) and pressure gradient. These closure
relations carry the highest uncertainties in the model, since they are obtained empirically or through the use of overly simplified
assumptions. In particular, significant discrepancies have been found between experimental data and closure relations for the
Taylor bubble velocity in slug flow, which has been determined to strongly affect the liquid holdup and pressure gradient
calculations.

TAYLOR BUBBLE VELOCITY

Taylor bubble velocity, vTB , in two-phase flow is generally modeled based on the drift flux approach of [5],

vTB = C0 · vm + vd, (1)

where vd is the drift velocity of the bubble in stagnant liquid, and C0 · vm is the contribution of the mixture velocity, vm,
which is the sum of the liquid and gas superficial velocities, vm = vSL + vSg , respectively. The distribution parameter, C0,
is a dimensionless coefficient that depends on the velocity profile above the bubble, and is approximately the ratio of the
maximum to the mean velocity profile for vertical pipes.

Taylor bubble’s dynamics are influenced by the viscous, inertial, gravitational, and interfacial forces acting on it. Assuming
that the liquid transport properties are dominant (ρg/ρL ≪ 1, µg/µL ≪ 1, where the subscripts g and L indicate the gas and
liquid phases, respectively, ρ is density, and µ is the dynamics viscosity), dimensional analysis indicates the following five Π
dimensionless groups are sufficient to determine the bubble dynamics: the Froude number, Fr = v2TB/

√
gd, where g is the

gravitational acceleration and d is the pipe diameter; the Eötvös number, Eo = ρLgd2/σ, where σ is the surface tension; the
Morton number, Mo = gµ4

L/(ρLσ4); the liquid flow Reynolds number, Re = ρLvSLd/µL; and the inclination angle, θ.
Most multiphase models and correlations were developed based on and for low viscosity fluids. However, the oil and gas

industry is currently moving towards the production of heavier oils. High density and high viscosity oils currently constitute
nearly 70% of the available reserves in the world, increasing the need to gain and improve the knowledge of the flow behavior
of these fluids. Furthermore, the combine effect of θ and Eo on the distribution parameter, C0, needs further investigation.

The primary objective of this work is obtain Fr as a function of the other dimensionless numbers, Fr = f(Eo, Mo, Re, θ),
for an ample range of fluid properties and pipe geometries.

CFD MATHEMATICAL MODEL

3-D CFD simulations have been performed with the CMFD code TransAT [6], a finite-volume software developed at
ASCOMP. The code uses structured meshes and MPI parallel-based algorithm to solve multi-fluid Navier-Stokes equations.
Computer resources for this work include the supercomputers of the Oak Ridge Leadership Computing Facility at the Oak
Ridge National Laboratory. The code has been validated with experiments and correlations [3] (see blue circle cases (�) in
figure 1a). Simulations are initialized with the bubble in still water. Furthermore, for inclined pipes it is assumed that the thin
film formed between the bubble and the pipe in its upper part exists, based on our proposed breakup criterion (figure 1b, [4]).

∗Corresponding author. Email: jacopo@mit.edu
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Figure 1: (a) Database for Taylor bubbles in stagnant liquid (�), database for upward and downward flow (!), and cases used
to validate the CFD code (�), located in the map of [8]; (b) thin film drainage model and breakup criterion used in the inclined
pipe simulations [4] .

NUMERICAL DATABASE

Our correlation covers from low to high viscosity oils (Mo ∈ [1 · 10−6, 5 · 103]). Furthermore, Eo covers the whole range
under which Taylor bubbles exist: Eo ∈ [10, 700]. The database text matrix is shown in figure 1a. The cases for stagnant
liquid are depicted in red circle (�), for which seven inclination angles (5◦, 15◦, 30◦, 45◦, 60◦, 75◦, 90◦) are simulated. The
cases for liquid flow are depicted in green square (!), for which six inclination angles (◦ 90◦, ◦ 45◦, ◦ 5◦, 5◦, 45◦, 90◦) and
several liquid velocities (Re ∈ [0, 1000]) are simulated.

PROPOSED CORRELATION AND RESULTS

The proposed correlation for the terminal velocity in stagnant liquid, based on the procedure followed by [2], is

Fr/Frv = (1 + cos θ)Eo0.019Mo0.0028
√

sin θ, (2)

where Fv is obtain with the model of [7]. Equation 2 improves the velocity prediction of current correlations, and widens
the dimensionless numbers range of applicability. Furthermore, it improves the prediction of the pressure drop by 2.1% for
θ = 90◦, 5.9% for θ = 60◦, 11.3% for θ = 30◦, and up to 23.5% for θ = 15◦, using the modified mechanistic model of [1].
The correlation for upward and downward liquid flow is still under development.

CONCLUSIONS

A new approach to improve the prediction of mechanistic models through the use of CFD has been taken. A wide database
of Taylor bubbles in round pipes has been generated, from which a unified correlation of their terminal velocity in stagnant
liquid is obtained. The correlation improves the pressure drop prediction greater with lower inclination angles.
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pressure ratio between outlet and inlet is 0.45. The isothermal heat transfer option and the k H�  turbulence model in 
conjunction with a scalable wall function are selected. The air inlet temperature is set to o17.4 C as measured in the tests 
[3]. By using the ROM method described above, the flow field is deconstructed in elementary modes and their 
corresponding energy levels.To understand the flow pattern in the annular seal, five representative grooves (groove 1, 5, 10, 
15, 22, shown in Fig. 3, are analysed with individual POD basis functions of velocities and their combination. 
 

RESULTS 
   Velocity profile data is extracted for each of the 22 grooves along the axial direction of the seal in CFX-Post. These 
grooves are numbered by their distance from the inlet, from 1st to 22nd. The CFD results of velocity field are then used for 
the POD analysis. Fig. 4 shows the reconstructed flow pattern for section 1 using all modes ĭ�~100 and only the first three 
ĭ�~3, while Fig.5 shows the velocity vectors reconstructed at various axial locations along the seal. It can be seen that 
velocity magnitude and energy concentration are much higher in the jet flow region, which is the area near the rotor surface. 
The energy of all 100 modes are illustrated in Fig. 6. The first mode energy is much higher compared to other modes for 
both cases (groove and jet region together case and groove region only case). As the mode number increases, the energy of 
corresponding mode drops exponentially. As a result, only a few modes are required to reconstruct the entire flow pattern. 
Furthermore, if the same mode energy is compared for two different cases, it has been shown that the energy near the rotor 
surface is about one order of magnitude higher than the energy inside the groove. The results from the energy plots for all 
modes are consistent with the flow pattern reconstruction. 

 

  
Figure 4. Flow pattern-Reconstructed vs. 

CFD for section 1 
Figure. 5 Flow pattern-Reconstructed vs. 

CFD for section 15,10,15,22 
Figure. 6. Velocity magnitude (energy) plot for all 

modes a) groove and jet region, b) groove region only 
 

CONCLUSIONS  
   The flow field in hole-pattern seals can be precisely reconstructed from energy decomposition by POD snapshots technique. 
The details of the velocity profile inside the grooves are accurately reassembled from the relative energy of elementary modes. 
The first few modes contain the majority of the energy, so only these first few modes are needed to illustrate the flow field. The 
energy concentration is much higher in the clearance region, therefore the groove depth is not efficiently used. Considering that 
the current hole-pattern seal design is not efficiently using the space deep inside the cavities, a potential performance 
improvement from the energy flow point of view can be carried out. The geometry could be adjusted to let energy flow more 
easily into the inner space of grooves and this might be achieved by tilting the groove orientation away from the normal of rotor 
surface. 
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CIRCUMNAVIGATING THE CLOSURE PROBLEM OF TURBULENCE - A LIE

SYMMETRY APPROACH

Martin Oberlack ∗1 and Andreas Rosteck1

1Chair of Fluid Dynamics, Department of Mechanical Engineering, TU Darmstadt, Germany

Summary Present text-book knowledge proclaims that Lie symmetries such as the Galilean transformation group lie at the heart of fluid
dynamics. These important properties also carry over to the statistical description of turbulence, i.e. to the Reynolds stress transport equations
and its generalization, the multi-point correlation equations (MPCE). Interesting enough, the MPCE admit a much larger set of symmetries,
in fact, infinite dimensional, subsequently named statistical symmetries. The new statistical symmetries mirror key properties of turbulence
such as intermittency and non-gaussianity. They have important consequences for our understanding and construction of turbulent scaling
laws, as the symmetries form the essential foundation to derive exact solutions. Examples on classical and new shear flow scaling laws
including higher order moments are presented.

SYMMETRIES OF NAVIER-STOKES EQUATIONS

The concept of symmetries may most easily be introduced by considering the Navier-Stokes equation

∂Ui

∂t
+ Uk

∂Ui

∂xk
+
∂P

∂xi
− ν

∂2Ui

∂xk∂xk
= 0 , i = 1, 2, 3 ,

∂Uk

∂xk
= 0. (1)

A symmetry or symmetry group is called a transformation, x∗ = φ(x,y) and y∗ = ψ(x,y), where x and y are generic
independent and dependent variables, such that the form of the original differential equations is unchanged in the new variables
x∗ and y∗. For the Navier-Stokes equations (1) it is know that they admit a nine-parameter symmetry group, such as scaling,
rotation, translation, and the prominent Galilean symmetry group

TGal : t∗ = t, x∗ = x+ kt, U∗ = U + k, P ∗ = P, (2)

where k is the vector of group-parameters. In other words, inserting transformation (2) into equation (1) does not change the
equations’ shape, when written in terms of ∗-variables.

STATISTICAL SYMMETRIES OF THE CORRELATION EQUATIONS

From (1) we may define the correlation equation

∂Ri{n+1}

∂t
+

n!

l=0

"

Ūk(l)
(x(l))

∂Ri{n+1}

∂xk(l)

+Ri{n+1}[i(l) "→k(l)]

∂Ūi(l)(x(l))

∂xk(l)

+
∂Pi{n}[l]

∂xi(l)

− ν
∂2Ri{n+1}

∂xk(l)
∂xk(l)

− Ri{n}[i(l) "→∅]

∂ui(l)uk(l)
(x(l))

∂xk(l)

+
∂Ri{n+2}[i(n+1) "→k(l)][x(n+1) "→ x(l)]

∂xk(l)

#

= 0, for n = 1, . . . ,∞ , (3)

where the multi-point correlation is defined as

Ri{n+1}
= Ri(0)i(1)...i(n)

= ui(0)(x(0)) · . . . · ui(n)
(x(n)) . (4)

and the mean velocity is denoted by Ū and u is the fluctuation velocity. Quite obvious, (3) admits all classical symmetries
of (1) such as the Galilean group (2). Most important, however, the correlation equations (3) admit additional statistical
symmetries such as

T ∗′

1{1}
: t∗ = t, x∗ = x, r∗

(l) = r(l), Ū∗

i(0)
= Ūi(0) + Ci(0) ,

R∗

i(0)i(1)
= Ri(0)i(1) + Ūi(0) Ūi(1) −

$
Ūi(0) + Ci(0)

% $
Ūi(1) + Ci(1)

%
, · · · (5)

T ∗′

s : t∗ = t, x∗ = x, r∗

(l) = r(l), Ū∗

i(0)
= eks Ūi(0) , R∗

i(0)i(1)
= eks

&
Ri(0)i(1) +

$
1− eks

%
Ūi(0) Ūi(1)

'
, · · · , (6)

see e.g. [1, 2]. It is to note that symmetries can be rigorously computed using the Lie algorithm from its underlying equations,
and this algorithm has been implemented into various computer algebra systems.
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SYMMETRY INVARIANT SOLUTIONS - TURBULENT SCALING LAWS

For the understanding of the following results it is to note that symmetries are the key foundation of essentially all analytic
solutions to ordinary and partial differential equations. For partial differential so-called symmetry invariant solutions may be
computed, which comprise classical solutions such as similarity solutions, wave-type solutions, etc. to name only a few.

Presently we will only exemplary show a few solutions to equation (3) for the mean velocity and the second moment for
plane shear flows. The condition for symmetry invariant solutions reads

dx2

kNSx2 + kG,2
=

dŪi

(−kNS + ks)Ūi + ktr,1 + kz1
=

dP̄

(−2kNS + ks)P̄ + kP̄
= ... (7)

where all kα are group parameter and are usually considered constants. The complex conditions for the higher moments have
been omitted. The first example is the well known case of the logarithmic law of the wall, which may easily obtained from
the first two terms employing kNS = ks. Less well known is that also the stresses may be computed. The final results read

Ū+
1 =

1

κ
ln(x+

2 ) +B ,

R̃+
ij =

CI,ij

x+
2

+ αij + β+
ijx2 for ij = 12, 22, 33 , R̃+

11 =
CI,11

x+
2

+ α11 + β11x
+
2 −

1

κ2
ln2(x+

2 )− γ ln(x+
2 ) (8)

while all constants in (8) are related to the group parameters in (7) by algebraic expressions and the constant CI,12 is also
conneted to von Kármán’s constant due to the relation CI,12 = 1

κ . Comparison to data has been waived due to lack of space.
The second example is the deficit law in the center of a Poiseuille flow

Ūdef +
1 = U+

cl − Ū+
1

(x2

h

)
= −CI,1

*
*
*
*
x2

h

*
*
*
*

γ

+B , (9)

where U+
cl represents the normalized velocity of the centerline. The components of Reynolds stress tensor read

R̃+
ij = CI,ij

(x2

h

)γ−1
+ αij + βij

x2

h
, R̃+

11 = −C2
I,1

*
*
*
*
x2

h

*
*
*
*

2γ

+ CI,11

*
*
*
*
x2

h

*
*
*
*

γ−1

+ σ

*
*
*
*
x2

h

*
*
*
*

γ

+ α11 + β11
x2

h
. (10)

where ij = 12, 22, 33 and, further, there is a connection between coefficients according to CI,12 = CI,1γ
Re . A comparison of

the DNS data in [3] to the symmetry based scaling laws are presented in figure 1
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Figure 1: The mean velocity ♦ and the Reynolds stress components R̃+
11(!), R̃+

12(◦), R̃+
22(△) and R̃+

33(+) from the DNS data
in [3] are compared with symmetry based scaling law in (9) and (10) (solid lines).

CONCLUSION

Classical and new statistical symmetries allow to derive exact solutions to the MPCE for a very large number of canonical
shear flows (only two were shown here), which turn out to be turbulent scaling laws.
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Summary The one-point velocity distribution, the two-point velocity-sum distribution and the velocity-difference distributions of 
homogeneous isotropic turbulence are obtained exactly in the form of the normal velocity distributions. The consistency of this result with 
.ROPRJRURY¶V�ORFDO�VLPLODULW\�LV�GLVFXVVHG��DQG�WKH�DERYH�UHVXOW�LV�ILQDOO\�MXVWLILHG� 
 
 
Closure problem of turbulence 
   One of the fundamental problems in statistical theory of turbulence lies in the ¶unclosedness¶ of its equations governing 
the mean products of the multi-point turbulent velocities, since its n-th order equation, n being a positive integer, always 
includes the (n+1)-th order terms. Then, in order to make the equations solvable, we have to introduce a certain µclosure 
hypotheses¶ due to some physical consideration. Although a large number of the µclosure hypothesis¶ have been proposed so 
far, including those by the present author, no decisive answer seems to have been obtained yet. 

An important progress in this problem has been made by Lundgren (1967) and Monin (1967) independently, using the 
statistical formulation in terms of the set of equations governing the joint-probability distributions of the turbulent 
velocities, instead of those for the mean velocity products.  
   This formalism had a definite merit in being indifferent from the above-mentioned statistical unclosedness, but it had its 
own unclosedness concerning the velocity distributions of different orders. This latter unclosedness is, however, much 
easier to deal with than the former, and actually the latter has been solved by the cross-independence closure proposed by 
Tatsumi (2011).  
   It has also been shown in this paper that the infinite set of the equations for the turbulent velocities can be minimized to 
the self-deterministic set of equations for the one-point velocity distribution f, the two-point velocity-sum distribution g+ , 
and the velocity-difference distribution g- , and the closed set of equations for these distributions has been given explicitly in 
Tatsumi (2011). 
 
Homogeneous isotropic turbulence 

In the present work, this approach is applied to homogeneous isotropic turbulence decaying in time, which has been first 
investigated by Taylor (1935, 1936) both experimentally and theoretically. In this turbulence, the decay-law of the kinetic 
energy per unit mass of fluid, K(t)= <u2>/2, u being the magnitude of the one-point turbulent velocity u(x,t), is determined 
as K(t) = K0 (t/t0)-1, with K0 being an initial value of K(t). Then, the energy-dissipation rate, D(t) = -- d K(t)/dt, is expressed 
as D(t) = D0 (t/t0)-2 with an initial value D0 . 

Then, the velocity distributions f, g+, g- are expressed in the time-similar forms as 
f(v,t) = (t/t0)3/2 F(w) ,  w= v (t/t0)1/2 ;  
g+(v+,r,t) = (t/t0)3/2 G+(w+,s),, g-(v-,r,t) = (t/t0)3/2 G-(w-, s ) ,   s = r (t/t0)-1/2 .  

The equations governing the distributions f, g+, g- for homogeneous isotropic turbulence are derived from the 
corresponding general equations given in Tatsumi (2011), and the equations for the distributions F, G+, G-- are obtained 
from these equations through the above time-similarity transformation. Then, the equations for the time-similar distributions 
F, G+, G-  are solved analytically, and the following normal solutions are obtained:  

One-point normal velocity distribution (N1): 
F(w) = F N (w) = (1/4(pi)A0 t0)3/2 exp[- w2/4A0 t0], 
f(v,t) = f N (v,t) = (t /4(pi)A0 t0

2)3/2 exp[- v2t/ 4A0 t0 
2], 

where A(t) = D(t)/3 = A0(t/t0)-2
 .  

   Two-point normal velocity-sum distribution (N2) for the energy-containing range:  
        G+ (w+, s) = G+ N (w+, s) = (1/2(pi)A0 t0)3/2 exp[- w+

2/2A0 t0], 
g+ (v+, t) = f N (v+ ,t) = (t /2(pi)A0 t0

2)3/2 exp[- v+
2t/ 2A0 t0 

2], 
  Two-point normal velocity-difference distribution (N2) for the energy-containing range: 

 G- (w+) = G+ N (w+) = (1/2(pi)A0 t0)3/2 exp[- w+
2/2A0 t0], 

g- (v-,t) = f N (v- ,t) = (t /2(pi)A0 t0
2)3/2 exp[- v-2t/ 2A0 t0 

2], 
It is to be noted that the above N2 is identical with the N1 except for that the parameter A0 in the former is replaced by A0//2. 
in the latter. 
Two-point normal velocity-sum distribution (N3) for the energy-dissipation range:  



The velocity distributions in the energy-dissipation range are all normalized with respect to the Kolmogorov length and 
expressed in the local variables with *.  

G+* (w+*, s*) = G+* 
N (w+*, s*) = (1/4(pi) A+* (s*) t0*2) exp[- w*+

2/4 A+* (s*) t0*], 
g+* (v+*, r*, t *) = f N (v+*, r*, t*) = (t */4(pi) A+*(s*)) exp[- v+

2t/ 4 A+*(s*) t0 
2], 

Two-point normal velocity-difference distribution (N4) for the energy-dissipation range 
G-*(w-*, s* ) = G- *N (w-*, s*) = (1/4(pi) A-*(s*) t0*2) exp[- w-

2/4 A-*(s*) t0*], 
g- (v-*, r*, t* ) = f N (v*- r*,,t*) = (t */4(pi) A-*(s*)) exp[- v-2t/ 4 A-*(s*)], 

where A+*(s*) (= D+*(s*)) and A-*(s*) mean the local energy-dissipation rates related with the local velocity-sum u+
* and 

the velocity-difference u-* respectively.  
The local energy-dissipation rates A+*(s*) (= D+*(s*)/3) and A-*(s*) (= D-*(s*)/3) are expressed in terms of the error 

functions or the integral-normal forms. This result seems to be natural in view of the normality of the velocity distributions 
themselves. 
 
Normal character of homogeneous isotropic turbulence 

The overall normality of the statistics of homogeneous isotropic turbulence mentioned above is thought to be a natural 
consequence of the assumed independence of the velocity-sum and -difference assumed at small and large distances 
between the two points. This normality, however, seems to contradict with the notion of the local similarity due to 
Kolmogorov¶s theory (1941) of local isotropic turbulence, which predicted much non-normal characters of this turbulence. 
At the moment the author attribute this discrepancy to the time-stationality of his turbulence, while in homogeneous 
isotropic turbulence even the smallest components of turbulence are supposed to decay in time. Concerning this issue, 
reference may be made to the discussion by George (2013).  
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A LAGRANGIAN CLOSURE APPROXIMATION FOR
HOMOGENEOUS ISOTROPIC TURBULENCE
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Summary The closure problem of turbulence has been one of the most important subjects in fluid dynamics through many years. Now
a large number of closure models, ranging from empirical to theoretical, are available. In this paper, we are interested in closure models
which are compatible with Kolmogorov’s five-thirds law without any adjustable free parameter. From this point of view, there are few
closure models [1, 2], which are originated in the Lagrangian direct-interaction approximation (DIA) proposed by Kraichnan [3]. Their
closure equations yield the Kolmogorov constant, CK = 1.72. In this paper, a new closure approximation, which is completely different
from the DIA, is proposed for homogeneous isotropic stationary turbulence in the Lagrangian description. A two-closed-equation set is
derived without any adjustable free parameter. The Kolmogorov constant CK is evaluated to be 1.66. This value is close to 1.62, which is
the mean value of numerous experimental data collected by Sreenivasan [4].

GENERALIZED VELOCITY, LAGRANGIAN POSITION FUNCTION AND THEIR GOVERNING EQUATIONS

We introduce a generalized velocity ui(t|x′, t′) = ui

(
y(t|x′, t′), t

)
defined by Kraichnan [3], where y(t|x′, t′) is the

position at time t of a fluid element which is at the position x′ at time t′, and the Lagrangian position function ψ(x, t|x′, t′) =
δ
(
x− y(t|x′, t′)

)
, where ψ(x, t|x′, t) = δ(x− x′). Here these relations hold for all t and t′. We now move from real space

to Fourier space. The Eulerian velocity ui(k, t) and the Lagrangian velocity vi(k, t) are the special cases of the generalized
velocity ui(t|k, t′) as follows:

ui(k, t) = ui(t|k, t) and vi(k, t) = ui(t|k, t0), (1)

where t0 = ±∞. Because the Lagrangian velocity is most ‘distant’ from the Eulerian velocity regarding the labelling time t′,
the choice of t′ = t0 (= ±∞) is more reasonable than that of t′ = 0 for the Lagrangian velocity. The relation between the
generalized velocities is expressed by

ui(t|k′, t′) = (2π)3
∫

dk′′ui(t|k′′, t′′)ψ(−k′′, t′′|k′, t′), (2)

which shows that ψ(−k, t|k′, t′) is a time evolution operator of ui(t|k′, t′) with respect to the labelling time t′. Setting t′ = t
in (2), we obtain the Eulerian velocity expressed by the generalized velocity. The governing equation of the Lagrangian
position function ψ(k, t|k′, t′) and its initial condition are

∂

∂t
ψ(k, t|k′, t′) = −ikj

∫∫
dp dq δ(k − p− q)uj(p, t)ψ(q, t|k′, t′) (t ̸= t′), ψ(k, t′|k′, t′) =

1

(2π)3
δ(k + k′),

the formal solution to which is expressed by

ψ(k, t|k′, t′) =
1

(2π)3
δ(k + k′)− ikj

∫ t

t′
dt′′
∫∫

dp dq δ(k − p− q)uj(p, t
′′)ψ(q, t′′|k′, t′). (3)

Under the isotropy, (3) yields
〈
ψ(k, t|k′, t′)

〉
= δ(k+k′)/(2π)3 exactly, which makes it easy to derive the closure equations

in the next section. The relations obtained from (3), such as uuuψ = uuu + uuuuψ and u = v + vvψ with a symbolic
representation, play an important role. Thus (3) is a key point in the present closure approximation.

We introduce the two-point, two-time velocity correlation function

Qij(k, t− t′) =

∫
dk′〈vi(k, t)vj(k′, t′)

〉
=

∫
dk′〈ui(t|k, t′)uj(t

′|k′, t1)
〉
=

1

2
Dij(k)Q(k, t− t′) (4)

for homogeneous isotropic stationary turbulence in an incompressible fluid. Here Dij(k) = δij − (kikj/k2) and t1 is an
arbitrary constant. Setting t1 = t′ in (4) and using the symmetry of the second-order isotropic tensor, we find that the third
equation holds in spite of kiui(t|k, t′) ̸= 0.

The governing equations of the Eulerian velocity ui(k, t) and the generalized velocity ui(t|k, t′) are

∂

∂t
ui(k, t) = −νk2ui(k, t) +Mijm(k)

∫∫
dp dq δ(k − p− q)uj(p, t)um(q, t) + fi(k, t) and (5)

∗Corresponding author. Email: okamura@riam.kyushu-u.ac.jp



d

dt
ui(t|k, t′) = −(2π)3ν

∫
dp p2ui(p, t)ψ(−p, t|k, t′) + (2π)3

∫
dp fi(p, t)ψ(−p, t|k, t′)

+ (2π)3i

∫∫∫
dp dq dr δ(r − p− q)

rirjrm
r2

uj(p, t)um(q, t)ψ(−r, t|k, t′), (6)

where Mijm(k) = [kjDim(k)+kmDij(k)]/(2i), ν is the kinematic viscosity of the fluid and ϵ is the mean energy dissipation
rate per unit mass. Here the external force fi(k, t) is given to satisfy the condition

∫
dk′⟨fi(k, t)uj(t

′|k′, t1)⟩ =

⎧
⎨

⎩

1

2
ϵDij(k)δ(k)δ(k + k′) (t = t′),

0 (t ̸= t′).
(7)

CLOSURE APPROXIMATION

In order to obtain closure equations, we make the assumptions: (i) The Lagrangian position function ψ(k, t|k′, t′) is sta-
tistically independent of the Lagrangian velocity vi(k, t); (ii) The Lagrangian velocity vi(k, t) obeys a Gaussian distribution.

First, setting i = j in (4), differentiating with respect to t, and then substituting (6), we obtain
∂

∂t
Q(k, t− t′) =

∫
dk′

〈
duj(t|k, t′)

dt
uj(t

′|k′, t1)

〉
= −(2π)3ν

∫∫
dk′dp p2

〈
uj(p, t)ψ(−p, t|k, t′)uj(t

′|k′, t1)
〉

+ (2π)3i

∫∫∫∫
dk′dp dq dr δ(r − p− q)

rjrlrm
r2

〈
ul(p, t)um(q, t)ψ(−r, t|k, t′)uj(t

′|k′, t1)
〉

+ (2π)3
∫∫

dk′dp
〈
fj(p, t)ψ(−p, t|k, t′)uj(t

′|k′, t1)
〉
. (8)

The force term becomes zero under (7) and assumption (i). Substituting (3) into (8) and using (1), (2) [to eliminate ui(k, t)],
(4), assumptions (i), (ii), the incompressibility and the statistical steadiness, we obtain one of the two-closed-equation set

[
∂

∂t
+ νk2

]
Q(k, t− t′) = −4

3
πk5 sgn(t− t′)Q(k, t− t′)

∫ ∞

0
dp p10/3J(p2/3)

∫ t

t′
dt′′Q(kp, t− t′′), (9)

which is the same as the former result [1, 2]. Here sgn(t) = t/|t|, and J(p) is defined in [2]. We have added sgn(t − t′) to
the right-hand side of (9) because (9) should be independent of the sign of t− t′ in stationary turbulence.

Second, setting i = j in (4) and t′ = t, and then differentiating with respect to t, we obtain

0 =

∫
dk′

〈
∂uj(k, t)

∂t
uj(t|k′, t1)

〉
+

∫
dk′
〈
uj(k, t)

∂uj(t|k′, t1)

∂t

〉
. (10)

Substituting (5) and (6) into (10) and using (1), (2) [to eliminate ui(k, t)], (3), (4), assumptions (i), (ii), the incompressibility
and the statistical steadiness, we obtain another of the two-closed-equation set

0 = 2
[
− νk2Q(k, 0) + ϵδ(k)

]
+

1

12
sgn(t0)

∫ t0

t
dt′
∫∫

dp dq δ(k − p− q)

{
kp
[
y(x+ yz)Q(q, 0)Q(k, t− t′) + (z + xy)Q(k, 0)Q(q, t− t′)

]
− k2a1(k, p, q)Q(p, 0)Q(q, t− t′) + (p ↔ q)

}
, (11)

which is different from the former result [1, 2]. Here the definitions of x, y, z and a1(k, p, q) are given in [3]. We have added
sgn(t0) to the right-hand side of (11) because (11) should be independent of the sign of t0 in stationary turbulence. Note that
(11) is independent of t because of t0 = ±∞, which is reasonable in stationary turbulence.

Finally, we obtain a closed set of equations (9) and (11) using a new closure approximation. Substituting Q(k, t) =

(CK/2π)ϵ2/3k−11/3G
(
C1/2

K ϵ1/3k2/3t
)

and G(0) = 1 into (9) and (11), we evaluate the Kolmogorov constant CK to be 1.66.
This values is close to 1.62, which is the mean value of numerous experimental and observational data [4]. We end this paper
by adding a comment about an advantage of the present closure model over the Lagrangian DIA [1, 2]; The derivation of
the closure equations in this model is much easier than that in the Lagrangian DIA because the former does not include the
response function and the decomposition of physical quantities such as ui = u(0)

i + u(1)
i .
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Summary The effect of hot-wire spatial resolution on turbulence statistics and velocity spectra in a round turbulent jet is investigated. To
quantify spatial resolution effects, measurements were taken using conventional hot-wires with different sensing lengths of l = 0.5 mm
and 1 mm and compared to results from a nano-scale thermal anemometry probe (NSTAP). Significant impact of spatial resolution on
the velocity fluctuations, ⟨u2⟩, and dissipation, ⟨ϵ⟩, is found along the jet centreline. Correction functions for the fluctuating velocity and
dissipation data acquired with the conventional hot-wires are proposed. Along the jet centreline, the corrections are functions of l/η, where
η is the Kolmogorov length scale defined as η ≡ ν3/4/⟨ϵ⟩1/4.

INTRODUCTION

A significant source of error in hot-wire measurements of turbulence is its finite spatial resolution relative to the smallest
(Kolmogorov) scale of the flow (i.e., the sensing length of the hot-wire probe is larger than the smallest turbulence length scale
and therefore, the probe is not able to resolve the full range of scales). In some experiments, hot-wire measurements have
been restricted to the jet far-field or low-Reynolds numbers, in which the Kolmogorov length-scale is typically large. In other
cases, researchers have used the spectral correction approach, based on the method of Wyngaard [1] to minimise errors due to
probe resolution. In a variety of other studies, however, it has been generally accepted that the magnitude of uncertainty due to
the probe resolution is unknown. Therefore, the significance of spatial resolution effects remains an open question in jet flows.
In this work, to quantify spatial resolution effects on the measurements of turbulence in jet flows, different hot-wire sensor
lengths are used. The results obtained from two conventional probes (with 0.5 mm and 1 mm sensing lengths) are compared
to those from a Nano-Scale Thermal Anemometry Probe (NSTAP) (see [2], [3]). The NSTAP is an order of magnitude smaller
than conventional hot-wire probes and it displays also a considerably higher frequency response. In the current experiments,
the NSTAP sensing length is smaller than the Kolmogorov scale for all test cases considered.

EXPERIMENTAL SET-UP

The experimental setup is the same as used in [4]. The experiments were carried out at Reynolds numbers of ReD =
30, 000 and 50,000, where ReD is calculated based on the jet exit mean velocity and the nozzle exit diameter. The measure-
ments were performed for 10 ≤ x/D ≤ 20, where x represents streamwise distance. All data were obtained using single
hot-wire anemometry probes. In this study, two types of thermal anemometry probes were employed: a new designed Nano-
Scale Thermal Anemometry Probe (NSTAP) and two conventional hot-wire probes. The NSTAP probe used in this study was
obtained from a series of standard semiconductor manufacturing techniques, as outlined in [3]. This probe had a 60-µm-long
sensing element, measuring 100 nm by 2 µm in cross section, with a frequency response that exceeds 150 kHz [3]. The use
of the NSTAP probe has previously been validated in pipe flows and grid turbulence in [2], [3] and [5]. The conventional
hot-wires were made of 2.5 and 5 µm diameter tungsten wires with 0.5 mm and 1 mm sensing lengths, respectively.

RESULTS AND DISCUSSION

To determine the magnitude of spatial filtering on the turbulence statistics in the jet, the fluctuating velocity and dissipation
measured by the conventional hot-wires along the jet centreline (⟨u2⟩M ⟨ϵ⟩M), are compared to their fully resolved values
obtained by the NSTAP (⟨u2⟩N and ⟨ϵ⟩N) in Figure 1. Figure 1a shows the ratio of ⟨u2⟩M/⟨u2⟩N, whereas Figure 1b provides
the ratio of ⟨ϵ⟩M/⟨ϵ⟩N. It can be observed that these ratios decrease with increasing l/η. This trend is more significant for the
dissipation. Over the present range of l/η, the data are found to exhibit monotonic changes with l/η and can be described by:

⟨u2⟩M/⟨u2⟩N = exp(◦ 0.005l/η), (1)

and

⟨ϵ⟩M/⟨ϵ⟩N = exp(◦ 0.035l/η). (2)

∗Corresponding author. Email: lavoie@utias.utoronto.ca
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ENERGY DISSIPATION SCALING IN UNIFORMLY SHEARED
AND IN MULTI–STRUCTURE TURBULENCE
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Summary First, we investigated the streamwise evolution of the dissipation parameter Cε in uniformly sheared flow (USF). We observed
three distinct regions in which Cε ∝ Reα

λ , with respective values of the exponent α equal to −0.6, 0.5 and 0, the latter one termed as “fully
developed USF”, where Cε is constant. Second, we introduced a uniform grid within a developed USF and created a “multi–structure”
turbulent flow, which had a region with α = −1 and then eventually relaxed to fully developed USF again.

INTRODUCTION

Although dissipation of turbulent kinetic energy to heat is enacted by small–scale motions, the average rate of dissipation
ε is known to depend on the large, energy–containing motions. Dimensional analysis leads to a dimensionless dissipation pa-
rameter Cε = εL/(2k/3)3/2, where k is the turbulent kinetic energy and L is an integral length scale. Numerous experiments
have shown that Cε is approximately constant along the paths of canonical turbulent flows far downstream of their origin and
has an asymptotic value that depends upon the geometry of flow and its boundary and/or initial conditions. The assumption
of a constant Cε has been employed in a wide variety of contexts, sometimes implicitly and often for the sake of convenience
[1]. This assumption has been used in the derivation of far–field scalings laws for canonical turbulent flows, in the formulation
of turbulence models for the solution of the Reynolds–averaged Navier–Stokes (RANS) equations and large–eddy simula-
tions (LES), in the prediction of turbulent scalar dispersion and in the estimation of computer resources for direct numerical
simulations (DNS) [2, 3, 4]. Recently, however, a growing body of research has shown that decaying grid turbulence [3] and
turbulent axisymmetric wakes [4], both of which are canonical turbulent flows, contain a region in which Cε ̸= const. In these
“non–equilibrium” regions, Cε could be fitted by a power law of turbulent Reynolds number Reλ = (2k/3)1/2λ/ν, where λ
is the Taylor microscale, related to the other parameters as λ =

!
10νk/ε. In both decaying grid turbulence and in turbulent

axisymmetric wakes, Cε ∝ Reα
λ , where α = −1 [3, 4].

As described in the following, we investigated the energy dissipation scaling in a uniformly sheared turbulent flow (USF).
Most of the available literature on USF, which is also a canonical flow, has been concerned with its far–downstream, self–
similar region, in which the turbulent kinetic energy grows exponentially [5]. Apart from a compilation of data from previous
studies [6], there does not appear to be any clear analysis on the behaviour of Cε in USF. The available data indicate that Cε is
constant in fully developed USF, a postulate that seems to be of general acceptance in the literature. We shall therefore focus
our attention on the energy dissipation scaling in developing stages of USF, as it evolved towards its fully self–similar state.
Uniform mean shear was generated in a wind tunnel, as depicted in Fig. 1, with the use of a shear generator, followed by a
flow straightener, both of which had 12 channels with a spacing of M = 25.4 mm. Furthermore, we investigated the energy
dissipation scaling in multi–structure turbulence, namely a flow which was generated by the insertion of a planar turbulence
grid with a solidity of 0.25 and a mesh size Mg =18 mm across the USF. The streamwise and transverse velocity components
were measured simultaneously with a cross-wire probe powered by constant temperature anemometers.

h = 0.305 m

2.5h

16.6h

x
1

x
2

shear 
generator

flow
straightener

U
1

M

4.5h

turbulence
grid

Figure 1: Schematic diagram of the wind tunnel, showing the shear–generating apparatus, the co–ordinate system and the
location where the turbulence grid was inserted.
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Figure 2: a) Streamwise evolution of the normalised streamwise velocity variance. b) Fitted relationships between the dis-
sipation parameter Cε and the turbulent Reynolds number Reλ. In both plots, values are represented by diamonds for the
unobstructed USF and by filled stars for the multi–structure case.

RESULTS

In Fig. 2a, we show the streamwise evolution of the normalised streamwise velocity variance u2
1/U2

c , where Uc = 10.8 m/s
was the centreline velocity. Near the shear generating apparatus, this property decayed with streamwise distance and reached
a minimum, beyond which it increased monotonically as a result of production by the mean shear. In the unobstructed
USF, u2

1/U2
c eventually grew at an exponential rate, denoted as the solid line in Fig. 2a. To generate the multi–structure

flow, the turbulence grid was inserted at x1 = 4.5h, which was just before the start of exponential growth. A region of
decaying turbulence can be observed downstream of the grid, followed by a region of growth, which eventually reassumed an
exponential growth rate.

In Fig. 2b, we show the relationship between the dissipation parameter Cε and the turbulent Reynolds number Reλ for
the two cases. For regions with increasing turbulence (i.e. for 2.5h ≤ x1 in Fig. 2a) in the USF case, three distinct regions
can be identified. In the first region (3h ≤ x1 ≤ 4.5h in Fig. 2a), where the structure of device–generated turbulence gets
transformed towards the USF structure, we found that Cε ∝ Re−0.6

λ . This was followed by a second region (6h ≤ x1 ≤ 8h
in Fig. 2a), in which Cε ∝ Re0.5

λ ; in this region, both k and ε were growing at their far–field, self–similar rates, however,
L was not. Finally, in the far–field, self–similarity was established for all parameters and Cε settled at a constant value. In
the multi–structure case, we observed that Cε ∝ Re−1

λ , which is the same scaling found in the “non–equilibrium” region of
decaying grid turbulence [3]. Fig. 2b also suggests that, towards the end of the domain, Cε began to increase again and one
may speculate that, if measurements were taken further downstream, there would be a region in which Cε would be constant.

CONCLUSIONS

We demonstrated that the studied USF had two distinct regions in which the dissipation parameter Cε was not constant. The
scalings in these regions were found to be Cε ∝ Re−0.6

λ and Cε ∝ Re0.5
λ , both of which differ from the scaling Cε ∝ Re−1

λ
found in “non–equilibrium” decaying grid turbulence. Towards the end of the measurement domain, Cε became constant.
For the multi–structure turbulence case, we again found that Cε was not constant but instead scaled as Cε ∝ Re−1

λ . These
findings demonstrate that the common assumption that Cε is a constant is not of universal applicability and that more work is
required to understand the reasons behind the scaling of dissipation, if we are to improve, amongst other things, RANS and
LES models.

This work was funded by the Natural Sciences and Engineering Research Council of Canada (NSERC).

References

[1] Tennekes H,. Lumley J. L.: A First Course in Turbulence. MIT, Cambridge, MA, USA,1972.
[2] Castro I.P.: Dissipative distinctions. J. Fluid. Mech. 788, pp.1-4, 2016.
[3] Vassilicos J.C.: Dissipation in Turbulent Flows. Annu. Rev. Fluid Mech. 47, 95, 2015.
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   Representative POD modes of WL5-10 are shown in Figure 1. The left column shows the modes for streamwise velocity u 
and the right column for vertical velocity v. Only the first or second mode of each wavelet component is shown, except that 
Figure1 (f) and (m) are the 6th mode of WL-6 for u and v, respectively. The cascade of scales in the turbulent boundary layer are 
evident. In figure 1(a) the coherent structure is featured as a long strip along the wall that extends out of the field of view. This 
may correspond to the long streamwise streaky structures in the sub-layer of the turbulent boundary layer. In figure 1(b), the 
streamwise extent of the strip decreases. Note that the coherent structure in figure 1(b) extends much further away from the wall 
than that in figure 1(a), suggesting this structure may have a wall-normal scale comparable to the boundary layer thickness. In 
Figure 1(c), (d), (e) and (g), with the decrease of the wavelet level, the streamwise wavelength of the modes also decreases. 
Although it is too early to speculate the flow structures of various scales based on the current POD modes, the hierarchical 
paradigm proposed by Kim[7], which is comprised of hairpin vortex, hairpin packet, large-scale-motions and very-large-scale-
motions, may be a good candidate. However, we will not elaborate it here.  

What we want to emphasize in the present paper is that the combination of wavelet technique and POD method yields more 
details about the turbulent boundary layer. If the POD is applied to the measured (undecomposed) data directly, only the modes 
in Figure 1 (a)-(d) (and (h)-(k)) can find their counterparts (not shown here due to length limitation). While for high wavenumber 
wavelet components (such as Figure 1 (g)), finding their counterparts may be very difficult or even impossible. This is because 
the POD modes are only orthogonal in space, so one mode may reflect contributions from high and low frequency components. 
As low frequency components are usually much more energetic, the POD modes for high frequency (wavenumber) components 
may easily be contaminated by the low frequency components. Therefore the present wavelet decomposition provides a good 
way to isolate the small scale structures from the influences of the large scale ones, and the POD method can then extract these 
small scale coherent structures.  

 
Figure 1 POD modes of the wavelet components. (a) and (h) WL-10, the first mode; (b) and (i) WL-9, the second mode; (c) and (j) WL-8, the first mode; 
(d) and (k) WL-7, the second mode; (e) and (l) WL-6, the first mode; (f) and (m) WL-6, the sixth mode; (g) and (n) WL-5, the first mode; Left column, the 
mode for streamwise velocity u; Right column, the mode for vertical velocity v.  
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CONCURRENT SCALE INTERACTIONS IN A TURBULENT SHEAR FLOW

Oliver Buxton∗1

1Department of Aeronautics, Imperial College London, London, United Kingdom

Summary The interaction between concurrent large-scale velocity fluctuations and small-scale velocity and velocity-gradient fluctuations is
examined with both experimental and complementary DNS data. It is shown that both the sign and the magnitude of the large-scale velocity
fluctuation affect this scale interaction, as does the definition of the “modulating” large scales, with a distinct peak interaction length-scale
identified. The results are explained via a “convective” mechanism whereby high activity small-scale fluctuations are transported from the
centre-line of the shear flow by the large-scale velocity fluctuations.

INTRODUCTION

Whilst turbulence is known to be a multi-scale phenomenon it has long been assumed that the smallest scales of motion,
those responsible for the dissipation of turbulent kinetic energy to internal energy, possess a universal phenomenology. How-
ever, at practically realisable Reynolds numbers, there is a distinct interaction between the large and small scales. Recently
there has been significant interest in these scale interaction effects in wall-bounded flows in which the large, outer scales are
observed to leave a “footprint” on the inner small scales [e.g. 1]. However, little information is available concerning these
interactions in free shear flows. The first study to examine the interaction between the large and small scales in a variety of
shear flows (both wall bounded and free shear flows) was that of Bandyopadhyay and Hussain [2]. The authors examined the
time correlations between the low and high frequency content of hot-wire time series data and observed a coupling between
the large scales (low frequencies) and small scales (high frequencies) that was maximised when the two signals were concur-
rent. This manuscript combines the findings of Buxton and Ganapathisubramani [3] and Buxton [4], which examine these
concurrent scale interactions in the far field of a turbulent mixing layer, thereby offering an explanation for these interactions.

DATA AND SCALE SEPARATION
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Figure 1: (a) Dissipation spectrum along the centre-line of the mixing layer. (b) Joint PDF between the variance of the
small-scale velocity fluctuations and the concurrent large-scale velocity fluctuation.

The data consists of experimental [3] and DNS [4] data from the far field of a planar mixing layer in which the turbulence is
“fully developed”. In both cases the centre-line turbulent Reynolds number (based on the Taylor microscale, λ) is Reλ ≈ 260.
The dissipation spectrum for this flow is presented in figure 1(a). The experimental data consists of four simultaneously
acquired particle image velocimetry (PIV) fields of view. Three of the fields of view are highly spatially resolved (1.2η, where
η is the Kolmogorov length scale) and are embedded within the fourth, more coarsely resolved (12η) field of view. The highly
resolved data, which comes from the high speed side of the mixing layer, is filtered to remove all length scales > λ, where λ
is the Taylor microscale, and contrastingly the coarsely resolved field of view is filtered to remove all length scales < λ. The
DNS data consists of the final 15% (in the streamwise direction) of the simulation domain of a planar mixing layer produced

∗Email: o.buxton@imperial.ac.uk



by inlet flows U1 and U2 in the ratio U1/U2 = 2 either side of a splitter plate. The data was subsequently filtered with a
sharp spectral filter at a variety of cutoff length scales marked on figure 1(a). Both the high wavenumber content and the
low wavenumber content from the low speed side of the mixing layer were retained. Throughout this abstract the suffix “S”
denotes the small-scale quantities (high wavenumbers) and “L” denotes the large-scale content.

DISCUSSION

Figure 1(b) shows a joint probability density function (PDF) between the variance of the small-scale velocity fluctuations
and the concurrent large-scale velocity fluctuation from the experimental data set. The contours of the joint PDF are clearly
sloped. This is illustrative of a scale interaction effect in which a concurrent low momentum large-scale fluctuation amplifies
the concurrent small-scale fluctuations, with both the sign and magnitude of the large-scale fluctuation being important.
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Figure 2: KLD between the PDFs of small-scale dissipation
conditioned on positive and negative large-scale velocity fluc-
tuations. The small-scale field consists of all length scales
Λ ≤ ΛS and the large-scale field consists of all length scales
Λ ≥ ΛL.

Figure 2 shows that this scale interaction effect not only
amplifies the energy content of the small-scale fluctuations
but also the small-scale velocity-gradients. The figure shows
the integrated difference between the PDF of the small-scale
dissipation conditioned on the concurrent large-scale fluc-
tuation being positive and the PDF of dissipation condi-
tioned on the concurrent large-scale fluctuation being neg-
ative. This is quantified by means of the Kullback-Leibler
divergence (KLD) [5], defined as

DKL(A∥B) =

! ∞

−∞
ln

"
a(X)

b(X)

#
a(X)dX

in which a(X) and b(X) are PDFs of fluctuating variable X .
This is computed for various thresholds, {ΛS ,ΛL}, defining
the large and small scales. There is a peak in this interaction
at ΛL ≈ 2.5λ, regardless of the definition of the small scales.
This value of 2.5λ roughly corresponds to L/4, where L is
the integral length scale, which is associated with the large,
streamwise roller structures in a mixing layer.

The experimental data (figure 1(b)) is from the high
speed side of the mixing layer whereas the DNS data (figure
2) is from the low speed side. The opposite scale interac-
tion effect is observed in the low speed side to figure 1(b), in

which the small-scale activity is amplified by a concurrent positive large-scale velocity fluctuation.
Neglecting smaller constituent term we may write the turbulent kinetic energy production term P ≈ ◦ uLvL∂U/∂y,

which is positive. For a mixing layer the mean velocity gradient remains positive, hence for P > 0 we require uL and vL to
be inversely correlated. In the far field of a mixing layer the peak Reynolds stresses are located at the centre-line. Briefly, we
may consider the proposed convective mechanism to work as follows: a positive vL fluctuation in the high speed side of the
mixing layer will originate from a region of higher turbulence intensity (Reynolds stresses). This is correlated to a negative uL

fluctuation, explaining the findings of figure 1(b). The opposite effect will of course be observed in the low speed side of the
mixing layer, explaining the findings from the DNS data. The final manuscript will expand upon this proposed mechanism and
will provide a fuller account of the scale interactions in a free shear flow, both of small-scale velocity fluctuations/Reynolds
stresses and velocity-gradient phenomena, such as dissipation and enstrophy amplification via vortex stretching.
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TIME INTERVAL BETWEEN MEAN-FLOW REVERSALS IN A TWO-DIMENSIONAL
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Summary We study time interval between random mean-flow reversals of a two-dimensional forced Navier-Stokes turbulence in a square
domain. Via a heuristic modeling, we show that the interval scale is determined by the viscosity and the length scale given by the energy
and the enstrophy.

INTRODUCTION

When a turbulent flow is somehow maintained inside a closed container, it is known that a large-scale mean flow can
appear. More interestingly, it is also known that in certain cases the direction of the mean flow changes rather abruptly. A
famous example is the high-Rayleigh number thermal convection, see, e.g., [1, 2]. How an organized mean flow of a confined
turbulent flow suddenly switches its direction — mechanism of the reversal — is an important but unresolved question.

Another, perhaps simpler, example of such reversal is a two-dimensional (barotropic) forced flow in a square domain,
which was first experimentally found by Sommeria [3] and was later modeled and numerically studied by Molenaar et al. [4]
(see also [5]). According to Molenaar et al.’s numerical study [4], the reversal occurs irregularly but there is a typical time
scale of the interval between reversals, which is order of 100 × (large-scale characteristic time). The large-scale characteristic
time is here defined as the side length divided by the typical velocity given by the kinetic energy.

In the present study, we study the reversal in this two-dimensional flow formulated in [4]. In particular we consider
determinant of the typical time interval via a heuristic, stochastic modeling of the integral quantities of the flow such as the
energy, the enstrophy and the angular momentum.

NUMERICAL RESULTS AND MODELING

First, we numerically solve the two-dimensional randomly forced Navier-Stokes equation in the square domain as in [4].
The boundary condition is no-slip and the Reynolds number is about 3000. However, we use a slightly different Chebyshev
tau method which is the streamfunction-vorticity formulation developed in [6] (the velocity-vorticity formulation was used
in [4]). We reproduce the mean-flow reversals as obtained in [4]. The resultant normalized angular momentum of the flow,
L′(t), shown in Fig.1 indicates that the typical interval between reversals is indeed O(100). The instantaneous kinetic energy,
E(t), the enstrophy, Q(t), the angular momentum, L(t), and the normalized angular momentum, L′(t), of the flow are defined
respectively as

E(t) =
1

2

!

D
|u(x, t)|2d2x, Q(t) =

1

2

!

D
ω(x, t)2d2x, L(t) = −1

2

!

D
|x|2ω(x, t)d2x, L′(t) =

√
3L(t)

D2
"

E(t)
. (1)

Here u and ω are the velocity and the vorticity; D denotes the square domain; D is the side length of the square.
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Figure 1: Left: time variation of the normalized angular momentum, L′(t), obtained from one realization of the random
forcing. Middle: typical velocity field of L′(t) < 0 state. Right: typical velocity field of L′(t) > 0 state.

∗Corresponding author. Email: takeshi@kyoryu.scphys.kyoto-u.ac.jp



−50

0

50

100

150

200

2000 2500 3000 3500 4000

t

E(t)× 20

Q(t)

L(t)× 20

Figure 2: Time variation of the scaled energy, the enstrophy and the scaled angular momentum.

As already noticed in [4], E(t), Q(t) and |L(t)| are almost perfectly correlated, which is shown in Fig.2. This implies that
the integrals are characterized with a single length scale λ and a velocity scale U [4].

Now we start to model the time variation of the integrals with the two scales. First, we assume for simplicity that λ
is a constant and only U depends on time. Second, by dimensional analysis, we assume that the integrals are expressed
as E(t) ∼ D2U(t)2, Q(t) ∼ (U(t)/λ)2D2 and L(t) ∼ λU(t)D2 (hence L′(t) ∼ λ × sign(U(t))). Third, we consider
the energy budget, which can be modeled roughly as dE/dt = −νQ(t) + ξ(t). Here ν is the kinematic viscosity and ξ(t)
represents the energy input from the random forcing. This modeled budget is a stochastic process. On dimensional grounds,
the random input term in the budget is ξ(t) ∼ U(t)η(t)D2, where η(t) represents the random forcing added to the Navier-
Stokes equation. Putting the scales λ and U into the modeled budget, we obtain

dU(t)

dt
= − ν

2λ2
U(t) +

1

2
η(t). (2)

Lastly, we assume that η(t) is a Brownian noise. Then Eq.(2) becomes an Ornstein-Uhlenbeck process. The correlation time
of the random velocity scale, U(t), is hence Tc = 2λ2/ν.

Does this time scale Tc agree with the interval time scale (∼ 100) of the mean flow reversal? For the length scale λ, we
take the time average of

"
E(t)/Q(t), which is 0.19. The kinematic viscosity of our simulation is ν = 5.0×10−4. This gives

Tc = 144, which is in agreement with the interval time scale (here we cheat a bit: the factor 2 in Tc is crucial for getting the
correct order). We speculate that the length scale 0.19 corresponds to the radius of the corner vortex such as the one seen in
the top-right corner of the right panel of Fig.1.

SUMMARY AND DISCUSSION

It is known that the interval between the random mean-flow reversal of the two-dimensional randomly forced Navier-
Stokes equation in the square domain is typically order of 100 [4], which is longer than the standard norm of the large scales
of the flow. We inferred that the interval time is determined by the kinematic viscosity and the length scale defined by the
energy and the enstrophy,

"
E/Q by combining the scale representation of the integral quantities and the heuristic stochastic

modeling of the energy budget.
However the model (2) has a drawback. If the model is correct, the resultant probability density function (PDF) of U(t)

or L(t) ∼ λU(t)D2 is Gaussian. However, the PDF of L(t) obtained in the direct numerical simulation differs qualitatively
from Gaussian distribution: it has two peaks. A possible way to model the double peaks will be discussed in the conference.
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Summary One of the most distinct features of the physics of fluid dynamics turbulence is the intermittency of the flux of energy. Here
we present a recently proposed approach (Lanotte et al., Phys. Rev. Lett. 115 2015) to investigate the nature of the energy transfer in
incompressible, homogenous and isotropic turbulence. The Navier-Stokes equations are projected on a fractally decimated skeleton in
Fourier space. The robustness of the energy transfer and of the vortex stretching are tested by changing the fractal dimension D in Fourier
space, from D = 3 to D = 2.5 (where about 3% of the modes are retained). This approach allows to study the statistical properties of
the energy cascade preserving the symmetries of the Navier-Stokes equations. We find that a direct energy flux is maintained while clear
deviations from the Kolmogorov scaling are observed in the energy spectra. A simple phenomenological model to rationalize to explain our
findings is suggested.

INTRODUCTION

Understanding the nature of the energy transfer in fluid dynamics turbulence is a fascinating outstanding open problem of
classical physics. Furthermore, being able to understand the statistics and to control the energy flux in turbulence would have
an impact on a broad number of fields and applications, from astrophysics [2], atmospheric/ocean sciences [3], to mathematics
and engineering [4]. One of the main difficulties hampering theoretical advancement is the presence of intermittency, i.e.
strongly non Gaussian fluctuations over a broad range of scales. The energy flux in turbulence, transporting energy from the
large to the small scales, is chaotic, intermittent, non-linear and it is influenced by the vortex stretching mechanism acting at the
smaller scales (the amplification of vorticity in thin long filaments). The role of small-scale vorticity has been at the center of
long debates, questioning whether or not the presence of such coherent structures correlates with the non-Gaussian intermittent
statistics observed at the small scales. In our recent work [1] we employ a novel approach based on the modification of the
Navier-Stokes equations by means of a fractally decimated mode reduction in Fourier space. An appropriate decimation
operator (projector), PD, acts on the velocity field as proposed in [6]. By introducing the following notation for the real-
space, v(x, t), and Fourier-space, u(k, t), representations of the velocity field in in D = 3 the decimated field, denoted as
vD(x, t), can be in the following way:

vD(x, t) = PDv(x, t) =
!

k∈Z3

eik·x γku(k, t) . (1)

In this expression the random numbers γk, that do not vary with time, express the projection operator and are defined to
be: γk = 1 with probability hk and 0 with probability 1 − hk where k ≡ |k. Choosing the probability hk ∝ (k/k0)D−3

(where 0 < D ≤ 3) ensures that the dynamics is isotropically decimated on a D-dimensional Fourier-set. The factors hk are
independent for each k but are choosen such to respect Hermitian symmetry, i.e. γk = γ−k, so that PD is self-adjoint. The
modified Navier-Stokes equations in the decimated Fourier space are:

∂tv
D = PDN(vD,vD) + ν∇2vD + fD . (2)

It is important to underline that the non linear term, N(v,v) = −v ·∇v+∇p, is projected at each time-step on the quenched
fractal set. This in order to constrain the dynamics to evolve only on the decimated Fourier skeleton. It worths underlying that
since PDvD = vD, both energy and helicity are conserved quantities in the inviscid and unforced limit, thus retaining the
same invariants of the original Navier-Stokes equations.
The eqs. (2) are numerically integrated by means of a simple modification of a standard pseudo-spectral solver with fully
dealiasing with the 2/3-rule, time stepping was performed by means of a second-order Adams-Bashforth scheme. The nu-
merical integration provides a stationary flow that is statistically isotropic and homogeneous. A large-scale forcing [7] was
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employed to keep the total kinetic energy constant in the range of shells 0.7 ≤ |k| < 1.7. With this setting we performed
several numerical simulations with different fractal dimension in the interval 2.5 ≤ D ≤ 3, different space resolution and
different realizations of the fractal mask for the projector operator.

To start disentangling the relation between large and small scales one can study the shell-to-shell energy transfer in Fourier
space. Following the notation adopted in Ref. [5], we write the energy spectrum for a generic flow in dimension D as:

ED(k) =

"

|k1|=k
d3k1γk1

"
d3k2γk2⟨u(k1)u(k2)⟩ , (3)

and the energy flux across a Fourier mode k, ΠD(k) =
#
|k1|<k d3k1∂tE(k1):

ΠD(k) =

"

|k1|<k
d3k1γk1

"
d3k2d

3k3γk2γk3S(k1|k2,k3), (4)

where [8] S(k1|k2,k3) = −Im[⟨(k1 · u(k3))(u(k1) · u(k2))⟩+ ⟨(k1 · u(k2))(u(k1) · u(k3))⟩].

CONCLUSIONS

Our first finding is that the energy flux is relatively robust under mode reduction meaning that an inertial range of scales
with a constant-flux is observed even when D decreased from 3 and few modes survive. This finding can be explained by
the fact that the Fourier Galerkin truncations that we apply do not alter the inviscid conservation of quadratic quantities.
The energy spectrum in Fourier space gets a power law correction that we were able to predicted by means of dimensional
arguments. Our second finding is that small-scale intermittency is quickly reduced for D < 3 and it almost vanishes already at
D ∼ 2.98. The Fourier decimation procedure here discussed could be seen as a possible way to introduce a control parameter
in the original Navier-Stokes turbulence problem capable of modifying the scaling properties of the system and possibly
making it amenable of semi-analytic or perturbative approach.
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SCALE BY SCALE ENERGY BUDGET IN THE NEAR WAKE OF A SQUARE CYLINDER
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Summary We study the energy cascade downstream of, but close to, a square cylinder Re = 3900 using two-point statistics, by means
of DNS. Shortly after the mean recirculation region the turbulent energy spectrum exhibits a near −5/3 slope in the frequency domain.
Our DNS analysis of the general Kármán-Howarth-Monin equation show that the production, transport, advection and fluctuating pressure
terms cannot be neglected as they are in the Richardson-Kolmogorov equilibrium theory. Even so, the term which is interpreted as an
interscale energy flux divergence in the case of homogeneous turbulence is close to −ϵ over a significant range of small scales, where ϵ is
the turbulence dissipation rate.

INTRODUCTION

In Kolmogorov’s seminal work [1], the assumptions of equilibrium and local homogeneity lead to the well known ◦ 5/3
law (1a) for the turbulent energy spectrum E(k) or equivalently the 2/3 law (1b) for the second order structure function
⟨δq2⟩ = ⟨δuiδui⟩.

E(k) ∝ k− 5
3 , ⟨δq2⟩ ∝ r

2
3 (1a,1b)

We use our DNS to study all the terms in the most general equation governing the evolution of ⟨δq2⟩, i.e. the gener-
alised Kármán-Howarth-Monin equation (2) derived directly from the Navier-Stokes equations without assumptions [2] and
is therefore valid in any turbulent flow with any inhomogeneity and anisotropy structure.
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Eq. (2) was used to investigate experimentally the flow immediately downstream of a fractal grid by [3] but they were
not able to access all the terms of this equation. None of the terms of (2) which they were able to access was negligible but
they nevertheless found that Π remains fairly constant at increasing separations r = ||ri|| while all other terms increase (in
absolute value) with r. They also observed a ◦ 5/3 in the turbulent energy frequency spectrum even though the flow does not
comply with the assumptions of [1].

RESULTS AND DISCUSSION

We used an in-house finite volume code with second order central discretisation in space and second order semi-implicit
discretisation in time while the PISO algorithm is used for the pressure-velocity coupling. The spatial resolution in the wake
was at worse about 4 times the Kolmogorov length scale and the statistics were collected over 30 shedding cycles and averaged
along the span-wise direction.

Similarly to the observations of [3], our results show that at all positions where a near ◦ 5/3 is observed (Fig. 1) many of
the terms of eq. (2) which are neglected in [1] actually play a role in that equation. This can be seen in Fig. 2, where the ratio
◦ Π
ϵ is shown for x/d = 3 on the centreline (d is the square cylinder width). In the framework of the Richardson-Kolmogorov

cascade this ratio should be 1 over a range of scales. Instead, a ratio different from 1 is observed which equals the sum of the
other terms in eq. (2) (normalised by ϵ). The individual contributions of each term are shown at two locations in Figs. 3 and
4 for stream-wise separations and Figs. 5 and 6 for separations averaged over all orientations.

The process of averaging extends the constant plateau in ◦ Π
ϵ to larger r (Figs. 5 and 6). The non-linear interscale

interactions represented by Π appear to act as a source in eq. (2) at separations normal to the mean flow direction (not shown
for brevity) compensating their action as a sink at separations aligned with the mean flow. When averaged, the combined result
is then a rate of transfer close to ◦ ϵ, similar to Kolmogorov’s prediction of ◦ Π

ϵ = 1 but without satisfying the assumptions of
equilibrium (A = 0), local homogeneity and local isotropy.

∗Corresponding author. Email: f.alves-portela13@imperial.ac.uk
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EFFECTS OF HELICITY ON THE ENERGY TRANSFER IN THREE-DIMENSIONAL
TURBULENCE

Ganapati Sahoo∗1 and Luca Biferale2

1Department of Physics and INFN, University of Rome Tor Vergata, Italy
2Department of Physics and INFN, University of Rome Tor Vergata, Italy

Summary We investigated the effects of the helicity in the dynamics of the energy transfer in turbulent flows using a modified version of
the Navier-Stokes equations with explicit breaking of the mirror symmetry. With an external parameter that controls the imbalance between
the number of positive and negative helical Fourier modes we aim to disentangle the role of helicity in the direction of the turbulent energy
transfer. In an earlier study with helical projection, an inverse cascade of energy was observed in the three-dimensional Navier-Stokes
equations when helicity was maintained sign-definite [1, 2]. In this study we measure the degree to which the parity symmetry controls the
direction of the cascade. We introduce a mechanism in which the parity is broken stochastically but in a time frozen manner with helical
constraints. We keep triadic interactions in Fourier space involving modes with definite sign of helicity and decimate the triads of other
modes with opposite sign of helicity with a fixed probability. We observed a singular behaviour of the direction of the energy cascade
measuring a positive forward flux as soon as only a few modes with different helical polarities take part in the dynamics.

INTRODUCTION

Direct numerical simulations of three-dimensional Navier-Stokes equations for incompressible flows and experiments in
the three-dimensional homogeneous and isotropic turbulence show cascade of energy from the forced scales to the dissipative
scales. The direction of the energy transfer is however believed to be determined by the invariants of the system. In two-
dimensions the two positive-definite invariants, energy and enstrophy, effect in transfer of energy to the large scales. For
the three-dimensional Navier-Stokes equations two inviscid invariants are the energy E =

!
d3r u⃗ · u⃗ and the helicity H =!

d3r u⃗ · ω⃗, where u⃗ is the velocity and ω⃗ = ∇ × u⃗ is the vorticity. The energy is positive and definite whereas the helicity
could be either positive or negative. Helicity is known to play a key role in hydrodynamical and magnetohydrodynamical
systems [3, 4]. In hydrodynamics both energy and helicity cascade forward from large scales to small scales [5]. However,
There are evidences of inverse energy transfer to the large scales under special conditions. A turbulent flow confined in thick
fluid layers due to formation of large scale vortex suppresses vertical motions and supports large scale energy transfer [6]. In
a rotational turbulent flow with helical force a direct cascade of helicity and direct and inverse cascade of energy is observed
[7]. Dynamics of the inverse energy transfer is studied in a subset of all interactions in the Navier-Stokes equations as in
Ref. [1, 8]. Positive definiteness of helicity leads to inverse energy transfer. In this work we show that when relative weight
between the positive and negative helical modes present in the system is changed a critical behaviour of the energy transfer is
observed [9]. We, using a method to separate positive and negative helical modes to understand the dynamics of the energy
cascade, show a transition of forward to inverse energy transfer.

NUMERICAL METHOD

Each Fourier mode of velocity u(k, t) has two degrees of freedom as it satisfies the incompressibility condition, i.e.,
k ·u(k, t) = 0. If we chose these degrees of freedom to be the projections on orthonormal helical waves with definite sign of
helicity [10] we could write

u(k, t) = u+(k, t) + u−(k, t).

Using the complex eigenvectors of the curl operator ik × h±(k) = ±kh±(k) we could define a projection operator

P±(k) ≡ h±(k)⊗ h±(k)∗

h±(k)∗ · h±(k)

such that u±(k, t) = P±(k)u(k, t). The Navier-Stokes equations could be then independently written for each modes as

∂tu
±(k, t) = P±(k)Nu±(k, t) + νk2u±(k, t) + f±(k, t) (1)

where ν is the kinematic viscosity and f is the external forcing and the nonlinear term containing all triadic interactions is

Nu±(k, t) = FT (u± ·∇u± ◦ ∇p).

∗Corresponding author. Email: ganapati.sahoo@gmail.com



Figure 1: (a) All possible triadic interactions in Navier-Stokes equations based on the helicity content of the involv-
ing Fourier modes. The triads with only u+ (Class-I) lead to reversal of energy cascade (left). (b) Energy spectra
E(k) =

"
k∋|k|=k |u(k)|2 in the inverse cascade regime shows k−5/3 slope [1, 2] (right).

DISCUSSION AND RESULTS

There are four classes of nonlinear triadic interactions with definite helicity signs under helical decomposition of Navier-
Stokes equations shown in Fig.1a. Energy and helicity are conserved for each triads. Restricting dynamics to subsets of these
triads affects the direction of the energy transfer [10, 11]. Full decimation of triads involving either u+ or u− shows inverse
cascade of energy [1, 2] as shown in Fig.1b. To understand the transition of the forward energy transfer to the inverse energy
transfer we decimated a fraction α of modes with helicity of one sign instead of all of them. We numerically found a critical
value of α at which forward cascade of energy stops when force is applied at the large scales and alternatively, inverse cascade
of energy stops if forced at small scales. We define the projection operator using the parameter α,

P+
α (k)u(k, t) = u+(k, t) + θα(k)u

−(k, t) (2)

where θα(k) is 0 or 1 with probability α and 1 ◦ α, respectively. When α = 0 we obtain the results for standard Navier-
Stokes equations and when α = 1 we recover results for fully helical-decimated Navier-Stokes equations. We performed
direct numerical simulations of Eq.(1) using a pseudo-spectral method on a periodic cubic domain of size L = 2π with
resolutions up to 10243 collocation points.

We observe that as we increase α, the contribution of triads leading to inverse energy cascade grows. Only when α is very
close to 1 inverse energy cascade takes over the forward cascade; critical value of α is found to be ≃ 1 our simulations. We
also measure the relative changes in the intermittency in the forward cascade regime at changing α.
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INTERACTION OF TWO HIGH REYNOLDS NUMBER AXISYMMETRIC TURBULENT
WAKES
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Summary In the context of the recently discovered non-equilibrium high Reynolds number scalings in the wake of axisymmetric plates,
we propose an application to the study of the interaction of two axisymmetric turbulent wakes generated by two bluff bodies. Our results
show that non-equilibrium scalings properly describe the interaction of the turbulent wakes of the two bluff bodies, predicting both at which
distance the wakes meet on average and the velocity fluctuation intensity at that point. Moreover, the streamwise evolution of the turbulence
dissipation rate, estimated between both plates seems to follow the non-equilibrium law.

Recently, flow regions with non-equilibrium high Reynolds number turbulence at odds with usual Richardson-Kolmogorov
phenomenology have been discovered in a number of turbulent flows [8], in particular axisymmetric and self-preserving
turbulent wakes of plates with and without irregular edges. These regions are characterised by streamwise evolutions of
the mean flow profiles which have only recently been documented and partially understood for the first time ever [5, 6].
Furthermore, these regions can extend as far as about 100 plate characteristic lengths (defined as

√
A, with A the frontal

area of the plate) in the streamwise direction. A further study [1], critically revised the classical theory of high Reynolds
axisymmetric turbulent wakes [7, 2] to encompass these new scalings. Both direct numerical simulations and experiments
were found to agree with the theory. A key point of this theory is an assumption of constant anisotropy which concerns the
behaviour of the fluctuating velocity components at the edges of the wake.

In this work we focus on the interaction of turbulent axisymmetric wakes generated by two bluff bodies. This is an
important configuration, present for instance in arrays of wind or marine tidal turbines, and the interaction of the two wakes
can be expected to involve non-equilibrium turbulence. We present experimental evidence that the non-equilibrium theory
in [1] properly models the interaction of these two wakes, for plates with both regular and irregular edges. We show that,
by having knowledge of the values of δ and the centreline velocity deficit u0 for a single wake, it is possible to predict the
wake interaction length x12 which quantifies the position where the wakes meet. Furthermore, it is also possible to predict the
intensity of the fluctuations at that particular point.

For this purpose, we propose an experimental set-up where streamwise profiles of streamwise fluctuating velocities are
acquired via hot-wire anemometry (HWA) in a wind tunnel (figure 1a). We have studied two different sets of plates, one
with square regular and another with irregular edges, the latter shown in figure 1b. All plates have a characteristic length√
A = 64 mm, and the freestream velocity U∞ was kept constant at 10 m/s. Ten different plate separations S were tested:

240, 250, 260, 270, 280, 285, 290, 295, 300 and 305 mm. By acquiring streamwise profiles of the streamwise fluctuating
velocity r.m.s u′ for different plate separations and identifying the streamwise distance x where the wakes meet for each
separation it is possible to estimate the streamwise evolution of the single wake width δ. From the HWA measurements it is
also possible to deduce the turbulence dissipation scalings.

(a) (b)

Figure 1: (a) Sketch of the experimental wind tunnel set-up; (b) Irregular plates used herein. They are the second iteration of
a fractal plate with dimension Df = 1.5 and a square initial pattern, as described in [4].

As explained above, the interaction of the wakes can be characterized by the wake interaction length x12. This parameter,
previously proposed for planar wakes in fractal grids (see for instance [3]), can be easily generalized to include axisymmetric

∗Corresponding author. Email: m.obligado@imperial.ac.uk
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PROBABILITY DISTRIBUTION AND CONDITIONAL STATISTICS OF THE ACCELERATION

In both simulations and experiments [3] acceleration in high Reynolds number turbulence is well known to be extremely
intermittent. One consequence of this intermittency is that the acceleration variance does not follow classical Kolmogrov
universality. In Eulerian terms, the acceleration may be computed as (neglecting any forcing at the large scales)

a = ∂u/∂t + (u ·∇)u ; or a = −∇(p/ρ) + ν∇2u . (1)

where unsteady and convective contributions are in strong mutual cancellation, and the pressure gradient dominates over the
viscous term. The pressure fluctuation itself is governed by the Poisson ∇2(p/ρ) = 1

2 (Ω − ϵ/ν). In addition, a complete
quadratic measure of the velocity gradients, including contributions from both straining and rotation, is given by the pseudo-
dissipation ϕ = ν(∂ui/∂xj)2, which is useful for purposes of stochastic modeling.
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Figure 2: (a) PDF of normalized acceleration (red) and vorticity (blue) components; (b) acceleration variance conditioned
upon ϵ/⟨ϵ⟩ (red), Ω/⟨Ω⟩ (green), ϕ/⟨ϕ⟩ (blue); and (c) conditional flatness factors.

In Fig. 2(a) the probability density function (PDF) of the acceleration (normalized by its standard deviation) is seen to
possess very wide tails, indicative of the systematic occurrence of extreme events at 300 standard deviations and beyond
(which correspond to the square of the acceleration exceeding 105 of its mean value). The tails are in fact wider than that
found in the PDF of the vorticity components that constitute the enstrophy. To relate, or partially explain, the intermittency
of the acceleration to those of dissipation and enstrophy, we use conditional averaging [4], such as the conditional moments
Mn(a|X) = (1/3)⟨(a·a)n|X⟩ where X can be either ϵ or Ω (and, by extension, also ϕ). Figure 2(b) shows that the conditional
dependence is weak in regions of small velocity gradients, but that the conditional variance rises strongly at higher values of
ϵ, Ω and ϕ, which means extreme events in these variables do tend to lead to extreme events in the acceleration. It is also
interesting that (in Fig. 2(c)) the conditional flatness factor µ4(a|X) = M4(a|X)/M2(a|X)2 decreases at large values of ϵ, Ω
or ϕ. This decrease shows, in fact, that given a large ϵ (say), the likelihood of the acceleration-squared deviating far from its
conditional mean (i.e. M2) is somewhat low — or, conversely, that extreme events in all of these variables are indeed likely
to correspond well to one another.

CONCLUSIONS

Direct numerical simulation results at Taylor-scale Reynolds number 1300 on a well-resolved 81923 domain have shown
that dissipation, enstrophy and acceleration (squared) attain extreme values as high as O(105) of their mean values. Con-
ditional averaging shows that these extreme events are closely related to each other. Further results on the acceleration and
other flow variables (such as the pressure gradient, and the inertial terms in the Navier-Stokes equation) in these conditions of
extreme intermittency will be presented at the Congress.
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ROTATING TURBULENCE IN A ROTOR/STATOR CAVITY AT HIGH REYNOLDS NUMBER
C. Lachize, G. Verhille ∗, and P. Le Gal

Aix Marseille University - CNRS, Institut de Recherche sur les Phénomènes Hors Equilibre, Marseille, France

Summary This communication reports an experimental investigation of a turbulent flow confined within a rotor/stator cavity at high
Reynolds numbers. The experiments have been driven by changing both the rotation rates of the disk and the density of the working
fluid (sulfur hexafluoride near its critical point) by imposing the operating temperature and pressure inside a thermalized and pressurized
vessel. This original set-up allows to get Reynolds numbers as high as 2 107 with potential compressibility effects as the Mach number can
reach 0.5. Pressure measurements reveal that the resulting fully turbulent flow shows both a direct and an inverse cascade in accordance
with Kraichnan’s conjecture. For the highest Reynolds numbers, the spectra are however dominated by low-frequency oscillations involving
large scale modes with azimuthal wavenumbers m = 1, 2, 3 and 4. We interpret these modes as acoustico-inertial modes for which we have
calculated their dispersion relation as function of the Mach number.

INTRODUCTION

The aim of this experimental work is to study rotating turbulence and its coherent large scale structures at high Reynolds
numbers when turbulence is generated in a rotor-stator cylindrical cavity immersed in a pressurized vessel containing sulfur
hexafluoride (SF6). The use of this fluid permits to reach Reynolds numbers as high as 2 107 and Mach numbers around
0.5. It is well known that flows driven by a rotating disk in cylindrical enclosures can generate azimuthal spiral coherent
structures whose appearance is associated to Ekman (rotor) or Bödewadt (stator) layers instabilities. In general, the number
of these spiral structures is around 20 and the increase of the Reynolds number makes them to disappear to give rise to
an apparent homogeneous turbulence in the azimuthal direction [1]. The report of the experimental observation of a small
number of azimuthal structures in rotor/stator cavity is scarce. To our knowledge, it was first described in the experimental
visualizations of Czarny et al. [2] who reported the occurrence of unsteady large scale vortices. Jacques et al. [3] performed
2D-axisymmetric numerical simulations in a rotor/stator configuration that underlined the presence of inertial waves for fast
enough rotation rates. Recently, three dimensional simulations of the flow inside a rapidly rotating cylinder split at mid-height
show that the basic state loses stability through sidewall boundary layer breathing causing inertial waves to propagate in
the core of the flow [4]. In this last work, when the cavity is axially extended, large amplitude subharmonics are discernible,
leading to the complex superimposition of many inertial waves propagating at different angles. Independently of these rotating
disk flow studies, rotating turbulence has been the subject of numerous experimental and numerical works as it is still today
one of the main challenges of research on turbulence. To give a synthetic and simplistic view, it is admitted that if energy
is injected in the turbulent rotating flow at a frequency f0, it gives rise to both a direct and an inverse cascade which are
similar for some aspects to the 2D turbulent cascades. Indeed, because of the bi-dimensionalisation of turbulence caused by
the strong global rotation, a direct cascade of enstrophy should take place together with an inverse energy cascade towards
frequencies lower than f0 in agreement with Kraichnan’s conjecture [5]. This inverse turbulence cascade has been revealed
in recent experiments [6], [7]. Finally, as observed in the numerical simulations mentioned previously [4] and in experiments
[7],[8], inertial waves can arise and superimpose on (and interact with?) turbulence through a process which is still debated.

EXPERIMENTAL SET-UP

The flow is generated within a cylindrical enclosure consisting of a stationary shroud, two smooth rotor and stator with
diameters of respectively 2Rr = 68 mm and 2Rs = 70 mm. The outer wall is fixed to the stator and the rotor is driven
by a brushless electric motor which could reach a rotation frequency f0 = 185 Hz. The spacing between the disks is
H = 40 mm. The rotor/ stator cavity with the motor is integrated into a pressurized 140 mm inner diameter cylindrical
pressure vessel. The temperature control of the cavity is ensured by a thermostatically-controlled bath that regulates the
entire vessel temperature through an internal circulation in the cylindrical wall of the pressure vessel. By changing the
quantity of SF6 in the vessel, different thermodynamics conditions (and so different viscosity, sound speed,...) can be reached.
Measurements are performed at a rotation frequency f0 from 17 Hz to 170 Hz, a density ρ from 6,17 (vapor) to 830 kg/m3

(supercritical phase). Variations of SF6 dynamic viscosity and sound speed c0 allow to explore a wide range of Reynolds
numbers 5 104 < Re < 2 107 and Mach numbers 0, 03 < Ma = 2πRrf0/c0 < 0.5. Two dynamics pressure sensors are
fixed flush on the stator at a radius of 15 mm and separated with an angle of π/2 in the azimuthal direction. These sensors have
a frequency range that extends between 0.5 Hz and 105 Hz. Finally, a temperature probe is placed onto the cylindrical shroud,
which allows us, a posteriori and associated with the absolute pressure measurements, to determine the working isochores and
the corresponding thermodynamics conditions. Experimentally, these thermodynamics conditions are reached by varying the
fluid density by evacuating SF6 under pressure out of the vessel.

∗Corresponding author. Email: verhille@irphe.univ-mrs.fr
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Figure 1: Pressure power spectral densities for ρ = 830 kgm−3 and Re = 105 in a) and for Re = 2 106 in b).

RESULTS AND DISCUSSION
The power spectral densities of temporal pressure fluctuations are calculated and presented for two different Reynolds

numbers in figure 1, for one of the two pressure sensors. Frequencies have been normalized by the rotor rotating frequency f0
where energy is injected from the rotating disk to the fluid through the turbulent Ekman boundary layer. As can be observed,
the spectra are divided in several frequency zones that we will describe starting from the highest frequencies. For all Reynolds
numbers that we have explored and for frequencies higher than f0, an inertial cascade is observed. This part of the spectra
starts at the rotor frequency f0 and is observable up to 3f0 with a slope very close to ◦ 5 for the highest frequencies. This
◦ 5 slope for the pressure fluctuation spectrum corresponds to the ◦ 3 exponent of the velocity fluctuation power spectrum as
predicted by Kraichnan [5] for the 2D turbulence direct enstrophy cascade. Starting at a Reynolds number around ≈ 106 and
in addition to this direct cascade, a series of peaks appears at frequencies in the range 1/4 < f/f0 < 3/2. They imply that
non axisymmetric oscillating coherent structures come into play and lead to a complex flow topology. Whereas these peaks
are numerous for Reynolds numbers in the range 105 < Re < 106, when increasing the Reynolds number above 2 106,
only four of them are selected at frequencies f/f0 ≈ 0.25, 0.5, 0.75 and 1. The study of the phase difference between the
two pressure probes shows that these modes possess azimuthal wavenumbers m = 1, 2, 3 and 4 respectively. We interpret
them as acoustico-inertial modes for which we have calculated their dispersion relations as a function of the Mach number.
Finally, for frequencies slightly lower than these series of peaks, one can detect a ◦ 5/3 slope region which is, in fact, also
present at lower Reynolds number before the appearance of the peaks (see figure1-a)). Although we have no direct proof of
it, this range of frequencies - around one tenth of the injection frequency - should correspond to an inverse cascade of energy.
Indeed, if we transform the ◦ 5/3 exponent visible on our pressure fluctuation power spectra into the corresponding exponent
for the velocity fluctuation power spectra, it becomes a ◦ 4/3 in complete agreement with the temporal spectra exhibited in
a recent rotating turbulence experiment [7]. As claim by these last authors, this exponent might appear by the interaction
between inertial waves and may correspond to the inverse cascade. In our case, it seems however that the inverse cascade is
independent of the presence or not of the low frequency azimuthal modes. Finally, as can be observed on figure 1-b), at very
small frequencies we observe the appearance for the highest Reynolds numbers of a puzzling slow dynamics with periods as
long as 100 times the disk rotation period.
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[3] Jacques R., Daube O., Le Quéré P.: Axisymetric numerical simulations of turbulent flow in rotor-stator enclosures. Int. J. Heat & Fluid Flow 23:

381-397, 2002.
[4] Gutierrez-Castillo P., Lopez J.M.: Instabilities of the sidewall boundary layer in a rapidly rotating split cylinder. Eur. J. Mech B/Fluids 52: 76-84, 2015.
[5] Kraichnan R.: Inertial Ranges in Two Dimensional Turbulence. Phys. Fluids 10: 1417-1423, 1967.
[6] Campagne A., Gallet B., Moisy F., Cortet P. P.: Direct and inverse energy cascades in a forced rotating turbulence experiment. Phys. Fluids 26(12):

125112. 2014
[7] Yarom E., Sharon E.: Experimental observation of steady inertial wave turbulence in deep rotating flows. Nature Physics 10(7): 510-514. 2014
[8] Lamriben C., Cortet P. P., Moisy F., Maas L. R.: Excitation of inertial modes in a closed grid turbulence experiment under rotation. Phys. Fluids 23(1):

015102. 2011



�����			��
��			���	�			�)6,���			��

�

�1/=:-�
� ;07?;� 1;7�;=:.)+-;� 7.� <0-� ;-+76,� 16>):1)6<� 7.� <0-� >-47+1<A� /:),1-6<� <-6;7:� � )6,�5-)6� >-47+1<A� .1-4,;� 16� �

84)6-�)<� ����			�)6,���			���6�<0-�5-)6�>-47+1<A� .1-4,��<?7�8)1:;�7.�")A47:�>7:<1+-;�):-�7*;-:>-,�16�*7<0� �+);-;��"0-�

1;7�;=:.)+-;�7.� � ;07?� <0)<� <0-� .16-� ;+)4-� -,,A� ;<:=+<=:-;� ;07?�8:-.-:-6<1)4� )6/4-� )<� ��� �			�'�(��"0-A�,1;<:1*=<-� 16� <0-�

16.47?� )6,� 7=<.47?� :-/176;� -@1;<16/�*-<?--6� <0-� ")A47:�>7:<1+-;�� �6�01/0-:� -A674,;�6=5*-:� +);-;�� <0-� .16-� ;+)4-� -,,1-;�

/:),=)44A�,->-478�16�<0-�?074-�,75)16�)6,�<0-A�<)3-�57:-�>-:;)<14-�)6/4-;��

�;�>1;=)44A�8:-;-6<-,�16��1/�
��*7<0�<0-�4):/-�;+)4-�+70-:-6<�57<176;�7.�")A47:�>7:<1+-;�)6,�<0-�.16-�;+)4-�;<:=+<=:-;�-@1;<�

):7=6,� <0-� <:)6;1<176)4� -A674,;�6=5*-:��"7� 16>-;<1/)<-� <0-� +76<:1*=<176;�7.� <0-;-� .47?� ;<:=+<=:-;� <7� <=:*=4-6+-� ;<)<1;<1+;��

<0-�>-47+1<A�.4=+<=)<176;�):-�,-+7587;-,�16<7�<0-�)B15=<0)44A�)>-:)/-,�>-47+1<A�.1-4,�)6,�:-5)1616/�<=:*=4-6<�+75876-6<;�

�

���������������������������	�����������������������

 !�&

�� ��

 ��

� )6, �
C
,-67<-�<0-�)>-:)/-�7.�)�>):1)*4-�16� �)6,�& ��,1:-+<176;��:-;8-+<1>-4A� �� )6, �� ):-�<0-�.4=+<=)<176;�7.�.:75 �

C
)6,

�
C
��"0-� -A674,;�;<:-;;��!��1;�,-+7587;-,�);�

���$$$$$$� !!!!

�

�����

�

)���7::-;876,16/�)=<07:���5)14� 37;)?�6)>1-:�5-;�<1<-+0�)+�28 �� �

�

%%�#���"�����
�����=/=;<��	
����76<:-)4���)6),)� �

	��������������������������������������������

�	��������������������������	���

��CC��

�

����

�

�� �
��

"0-�.1:;<�<-:5� � -6<16/�<0-�+76<:1*=<176�7.�<0-�5-)6�")A47:�>7:<-@�57<176��"0-�;-+76,�

<-:5� � ?01+0�1;�<0-�+76<:1*=<176�7.�:-5)1616/�<=:*=4-6<�.4=+<=)<176;��

":)6;51;;176�7.�<0-�<7:9=-�*-<?--6�+A416,-:;�1;�?:1<<-6�);�<0-�.=6+<176�7.�<0-� -A674,;�;<:-;;�)6,�<0-�>1;+7;1<A�<-:5;�'

��

�

�������	������������
������������

���������	������
��������

�(��

�+76;<

C



��� ���

�7;=3-��;)?)

�
�
�


�


	

��


)�
��&7;01<;=/=��)3)



���);)A);=�!015=:)



���)57:=�")6)0);01




!

$

�!

�
!

��
!���!	

�

!

�

�
�� �� ����

�� �!#���#��� ������������������!�" �����������!��������%��
�"#�#$#���� ����������%�����%����� ���

�
�$���!%� �1:-+<�6=5-:1+)4� ;15=4)<176;� 7.� ")A47:��7=-<<-� .47?� .7:5� � �� �			� <7� �			� ):-� +)::1-,� 7=<� <7� 16>-;<1/)<-� <0-�8:7+-;;� 7.� <0-�

<:)6;1<176� 16� <0-� -A674,;� 6=5*-:� ,-8-6,-6+A� 7.� <0-�5-)6� <7:9=-�� "0-� >-47+1<A� .4=+<=)<176;� ):-� ,-+7587;-,� 16<7� <0-� +76<:1*=<176;� 7.� <0-�

")A47:� >7:<1+-;� )6,� :-5)1616/� <=:*=4-6<� .4=+<=)<176;�� �1;<16+<�  -A674,;� 6=5*-:� ,-8-6,-6+1-;� 7.� <0-;-� +75876-6<;� ):-� 7*;-:>-,� 16� <0-�

 -A674,;� ;0-):� ;<:-;;� )6,� <0-� <7:9=-� <:)6;51;;176�� "0-� 6-<� +76<:1*=<176;� 7.� <0-;-� +75876-6<;� <7� <0-�5-)6� <7:9=-� ):-� ->)4=)<-,��  -4)<1>-�

+76<:1*=<176;�7.�"0-�")A47:�>7:<-@�+75876-6<�1;�7>-:<)3-6�*A�<0-�<=:*=4-6<�+7=6<-:8):<�):7=6,� ��� 
			��"01;� -A674,;�6=5*-:�1;�+47;-�<7�

<0-� <7:9=-�<:)6;1<176� -A674,;�6=5*-:� 16� <0-� 41<-:)<=:-��"0-;-� :-;=4<;� ;=//-;<� <0)<� <0-� <7:9=-�<:)6;1<176� +)6�*-� -@84)16-,�*A� <0-� +758-<1<176�

*-<?--6�<0-�+76<:1*=<176;�7.�)B15=<0)44A�)>-:)/-,�")A47:�>7:<-@�)6,�<0-�:-5)1616/�<=:*=4-6<�+75876-6<;��

��

��

�
�������������

�����������
����

�

�

")A47:��7=-<<-�.47?�0);�*--6�16>-;<1/)<-,�*-+)=;-�7.�1<;�1587:<)6+-�16�-6/16--:16/��$-6,<�-<�)4��'
(�.7=6,�<0)<�<0-�.47?�

-@01*1<;�)�<:)6;1<176�16�<0-� -A674,;�6=5*-:�,-8-6,-6+A�7.�<0-�5-)6�<7:9=-�)<� -A674,;�6=5*-:� ��� 
				���6�<0-�<7:9=-�

<:)6;1<176� ;<)<-�� �-?1;� -<� )4�� '�(� .7=6,� <0-� +0)6/-;� 7.� )B15=<0)44A� <:)>-416/�?)>-� 7.� <0-�>-47+1<A� .4=+<=)<176� 16� <0-� +-6<-:�

:-/176� );�?-44� );� 16� <0-�6-):�?)44�:-/176��"0-�6=5-:1+)4� ;<=,A�*A��-� -<� )4�� '�(� +4):1.1-,� <0)<� <0-�=61>-:;)4� .16-� ;+)4-� -,,A�

;<:=+<=:-;� 7.� <=:*=4-6+-� ,->-478� 16� <0-� ,75)16� ):7=6,� � �� 
	� 			�� "0-;-� :-;=4<;� 16,1+)<-� <0-� +766-+<176� *-<?--6� <0-�

 -A674,;�6=5*-:� ,-8-6,-6+A� 7.� .47?� ;<:=+<=:-;� )6,� <0-� <7:9=-� <:)6;1<176�� �6� <01;� ;<=,A�� <0-� ,1:-+<�6=5-:1+)4� ;15=4)<176;�

���!�� 7.� <0-� ")A47:��7=-<<-� .47?� 0)>-� *--6� +76,=+<-,� <7� +4):1.A� <0-�  -A674,;� 6=5*-:� ,-8-6,-6+A� 7.� <0-� <=:*=4-6+-�

;<)<1;<1+;�16�<0-�<7:9=-�<:)6;1<176�;<)<-��

�

��!�7.�")A47:��7=-<<-� .47?� 1;�+76,=+<-,�=;16/��7=:1-:��0-*A;0->�;8-+<:)4�5-<07,;��"0-�/7>-:616/�-9=)<176;�):-�<0-�

16+758:-;;1*4-��)>1-:�!<73-;� -9=)<176;� )6,� <0-� +76<16=1<A� -9=)<176� 16� <0-� +A416,:1+)4� +77:,16)<-� ;A;<-5��"0-;-� -9=)<176;�

):-�676�,15-6<176)41B-,�*A� <0-�:7<)<176� ;8--,�7.� <0-� 166-:�?)44�

��

��

���� )6,� <0-� /)8�?1,<0� ���7=6,):A� +76,1<176;� ):-�67�;418�

*7=6,):A� +76,1<176� .7:� :),1)4� ,1:-+<176� ?1<0� 764A� 166-:� +A416,-:� :7<)<16/�� )6,� <0-� 8-:17,1+� *7=6,):A� +76,1<176� .7:� )@1)4�

,1:-+<176��"0-�<15-�16<-/:)<176�1;�1584-5-6<-,�?1<0��6,�7:,-:��,)5;��);0.7:<0�5-<07,�.7:�676�416-):�<-:5;�)6,�*)+3?):,�

�=4-:�5-<07,� .7:� <0-� 7<0-:� <-:5;� <7� ;)<1;.A� <0-� +76<16=1<A� -9=)<176�?1<0� <0-� 16.4=-6+-�5)<:1@�5-<07,���7:� <0-� +)4+=4)<176�

+76,1<176;��<0-�:),1=;�:)<17�

�

��)6,�<0-�0-1/0<�7.�<0-�,75)16� �):-�.1@-,�<7�	���)6,� �:-;8-+<1>-4A��"0-���!�0);�*--6�+)::1-,�
7=<�)<�,1..-:-6<� -A674,;�6=5*-:;� �����

� �

�� ��������



  
(a) Re = 8000 (b) Re = 25 000 

Figure 1: Iso-surfaces of the second invariant of the velocity gradient tensor (Q = 1.0, colored by the radial position) and 
azimuthally averaged mean velocity in r-z plane. 
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Figure 2: Radial profiles of the components of the torque 
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Figure 3: Reynolds number dependency of the components of 
the mean torque. 

  
Fig. 2 shows the radial profiles of the each component of Eq. 2. The Reynolds stress term exhibits a major contribution in 
the torque transmission. The contributions of TV and T are comparable in the present Re range, and T apparently exceeds TV 
with Re increase. The viscosity term takes main role only in the near wall region.  

The net contributions of each component in Eq. 2 to the mean torque can be written as 

³³ 
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in 3
out

in 3

1)(1 r

r

r

r
dr

r
drrG

r
G . (3) 

Fig. 3 shows the contributions of the torque components at four Re cases. Wendt¶s empirical formula of the mean torque [1] 
are also plotted. Comparing the components of the Reynolds stress, TV is greater than T in lower Re cases, but due to the 
difference in their slope with respect to Re, the magnitude of T eventually excesses to TV. Assuming that TV and T follow 
the power law scaling, their trend lines are evaluated by the least squares method. The trend lines of TV and T cross near Re 
= 15 000, which is close to the transition Reynolds number proposed by Lewis et al. [2] Re = 13 000. Therefore it is 
considered that the torque transition can be explained by the competition between the large coherent motions of Taylor 
vortices and the fine scale turbulent structures. 
 

CONCLUSIONS 
 

A series of DNS of Taylor-Couette flow from Re = 8000 to 25 000 has been carried out to investigate the Reynolds number 
dependency of the turbulence statistics in torque transition state. The Reynolds stress and torque transmission show significant 
Reynolds number dependency when they are decomposed into the contribution of the mean Taylor vortex motion and remaining 
turbulent fluctuation. The contributions of these components to the net mean torque are evaluated from the torque transfer 
function. The turbulent fluctuation component excesses the Taylor vortex component around Re = 15 000, which is near the 
transition Reynolds number of the mean torque. These results show that the torque transition can be interpreted as the change of 
the major component from the Taylor vortices to turbulence. 
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The dynamics is controlled by two non-dimensional parameters, the density ratio β = 3ρf/(ρf + 2ρp) and the Stokes
number St = τp/τη defined as the ratio between the particle relaxation time τp = a2/3βν and the Kolmogorov time τη .
The term Du/Dt = ∂u/∂t + u · ∇u is the fluid acceleration, while du/dt is the derivative of the fluid velocity along the
particle trajectory. Here we have neglected the Basset history force, the Faxen corrections and gravity force. At variance
with the rotating Navier-Stokes equations for the fluid velocity field, the centrifugal force (β ◦ 1)Ω × (Ω × r) is explicitly
present in the equation for the particles. Its sign depends on the factor β ◦ 1: For heavy particles (0 ≤ β < 1) the force is
centrifugal, while for light particles (1 < β ≤ 3) is centripetal. The presence of cyclonic structures (see Fig. 1) is key also
for the dispersion and advection of inertial particles [4]. We present the first systematic investigation of dispersion of tracers,
light and heavy particles in rotating turbulence, at high resolution and with a high number of particles trajectories. Both single
particles quantities (acceleration, Lagrangian velocity structure functions) and two-particles quantities (Richardson dispersion)
are studied, together with conditional statistics with respect to the underlying flow structures (preferential concentration).

CONCLUSIONS

We presented the first combined study of Eulerian and Lagrangian statistics for turbulence under strong rotation at high
Reynolds and with a huge set of tracked particles’ trajectories. Both single and multi-point statistics are investigated and the
importance of the presence of stable coherent vortical structures for particles’ distribution and particles’ dispersion is analyzed.
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Summary Using a large database of well resolved direct numerical simulations, we show that small-scale universality, dissipative anomaly,
and anomalous velocity gradients exponents attain an asymptotic character at very low Reynolds numbers—in fact, lower that those needed
for the emergence of an inertial range. An implication of this observation is that inertial-range dynamics, for example, may not be responsible
for small-scale intermittency. We also show that inertial range information can be accurately obtained from dissipative range statistics.

INTRODUCTION AND MOTIVATION

Most approaches to understand turbulence have sought universal behavior believed to manifest at high Reynolds numbers,
Rλ. An underlying issue thus is the quantitative determination of the meaning of high Reynolds number. Neglecting this
question could lead to varying conclusions when comparing flows in different configurations and different Rλ. Moreover, it
has become clear now that different statistics approach their asymptotic state—if one actually exists—at different Reynolds
numbers. For example, we recently suggested that anomalous scaling exponents of velocity gradients attain their high-Rλ
asymptotic values at rather low Rλ [5]—in fact, lower than that required to observe an inertial range. This observation, which
may seem counterintuitive, leads to important implications.

The thrust in this work is thus two fold. First, we identify asymptotic states for some of the most commonly studied
statistics, namely, the mean dissipation rate, the energy spectrum, and moments of velocity gradients. We show that anomalous
high-order exponents of velocity gradients emerge at lower Reynolds numbers than other lower-order statistics. This leads to
the second objective, which is to assess whether quantities that emerge first already contain information about other aspects of
fully developed turbulent flows. As we argue in this work this is indeed the case. A consequence of this is that, for example,
information about the inertial range can be obtained from the dissipative range at very low Reynolds numbers.

THE EMERGENCE OF SMALL-SCALE UNIVERSALITY AND INTERMITTENCY

A basic assumption in phenomenological treatments of turbulence is that of dissipative anomaly—the idea that the mean
energy dissipation rate, ⟨ϵ⟩, is independent of viscosity as long as the latter is sufficiently small. This result, which was
put forth by Taylor [8], has been verified experimentally and numerically [6, 2, 3]. Collectively data support an asymptotic
Rλ ∼ O(102), above which the normalized dissipation rate is indeed independent of viscosity.

Dissipative anomaly is also an implicit assumption behind Kolmogorov 1941 theory (K41) which predicts certain universal
behavior at small scales at high enough Reynolds numbers. This has been extensively assessed by examining the so-called
compensated spectrum ψ(k) = E(k)/⟨ϵ⟩2/3k−5/3 where E(k) is the three-dimensional energy spectrum at wavenumber
k. Small-scale universality is then seen as a collapse of ψ(k) at high wavenumbers for different Reynolds numbers and/or
different flows. This is indeed observed in Fig. 1(a) where we show our data for a wide range of Rλ and different large scale
forcing [1]. A question of interest is at what Reynolds number this universality emerges. In Fig. 1(b) we show data from new
well-resolved DNS at much lower Rλ which shows that small-scale universality is maintained at Rλ as low as O(1).

K41 also proposed the existance of the so-called inertial range of scales at high enough Rλ. Simulations and experiments
show that it emerges also at Rλ ∼ O(102) (e.g. [3, 1] for recent data). We note, however, that the well-known spectral
bump at kη ∼ 0.1 [1] is established at a lower Rλ ≈ 50. A significant inertial range—one in which the so-called 4/5th
law can be meaningfully assessed—appears to be only obtained at Rλ exceeding 103 for forced flows or 106 for decaying
flows [4]. The situation can be seen in Fig. 1(a). An inertial range would be seen as a plateau at intermediate scales. Careful
investigation of the data, however, exposes two main difficulties which make an assessment of inertial-range quantities (such
as the Kolmogorov constant) less than unambiguous as documented in [1]. These are intermittency corrections to the inertial-
range slope, and the spectral bump. Difficulties in extracting information or even identifying the inertial range are even more
severe for high-order statistics such as high-order structure functions. Finding an alternative way of doing so is, thus, highly
desirable and possible as shown here.

While K41 has been shown to be approximately valid for low-order moments, it has become increasingly clear over
the decades that high-order moments of velocity gradients, dissipation, enstrophy and velocity increments depart from K41
predictions [7]. This so-called anomalous scaling has been related to the phenomenon of intermittency—the tendency for
extremely large but localized fluctuations in space and time. This fluctuations are resposible for strong departures from
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Figure 1: (a) Compensated energy spectrum at different Reynolds numbers. Different lines styles for different forcing and
resolution. (b) Same as (a) at lower Rλ. (c) Normalized velocity gradient moments. Horizontal dashed line denotes asymptotic
high-Rλ limit. Inset: critical Rλ at which each order approaches the high-Rλ limit.

Gaussian behavior as Rλ increases. Thus, intermittency has also been historically believed to be a high-Rλ feature. However,
we recently showed [5] that anomalous scaling emerges at very low Reynolds numbers. Data suggest that the first few
moments of velocity gradients transition from Gaussian to fully anomalous high-Rλ behavior at Rλ ∼ O(10). This implies
the somewhat unexpected conclusion that the structure of very intense small-scale intermittent events emerges at lower Rλ
that the inertial range or dissipative anomaly. Furthermore, in this work we show that normalized moments of different orders,
Mp = ⟨(∂u/∂x)p⟩/⟨(∂u/∂x)2⟩p/2, approach their asymptotic behavior (the high-Rλ limit, Mp,∞) at different Reynolds
numbers (Fig. 1(c)). High-order moments do so at lower Rλ than low-order moments (inset of figure).

A number of studies have established relations between inertial range scaling exponents of structure functions and the
scaling of velocity gradients which have been tested against DNS data. As we show here, this provides a key ingredient in a
novel way we propose to study inertial-range dynamics from dissipative-range statistics.

THE OVERALL PICTURE

Taken together, all observations above suggest that as the Reynolds number is increased beyond O(1) the energy spectrum
display small-scale universality at high wavenumbers consistent with K41. At higher Reynolds numbers of O(10) the most
intense events appear as measured by high-order moments of velocity gradients. Further increase of Rλ to about 50 results
in the formation of the spectral bump. Finally, it is only at Rλ ∼ O(102) that dissipative anomaly and an incipient inertial
range appear. A number of interesting counterintuitive consequences follow from this result. First, since the spectral bump
emerges before there is any inertial range, its origin cannot be attributed to inertial-range dynamics as commonly done. The
same can be concluded for intermittency and anomalous scaling which appears at a Reynolds number and order of magnitude
smaller than that required for the inertial range. Very strong fluctuations at the smallest scales, thus, are not produced by, e.g.,
fluctuations in the energy cascade as proposed in a number of intermittency models in the literature.

Additionally, since anomalous scaling of velocity gradients appears at very low Rλ, it is then possible to obtain very
accurate velocity gradient moments from well resolved simulations at low Reynolds numbers and compute inertial-range
scaling exponents for structure functions with well-known formulas relating the two. In this work we show this is indeed
possible and compare against data in the literature. This approach provides a tremendous advantage, since as mentioned
above, obtaining a sufficiently wide inertial range would require Rλ well beyond what is possible in the foreseeable future.
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INERTIAL AND INERTIAL CONVECT RANGES AND CROSSOVER LENGTH

Toshiyuki Gotoh∗1 and Takeshi Watanabe1
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Summary Local scaling exponents of the structure functions of the velocity and two passive scalar increments in steady isotropic turbulence

at very high Reynolds numbers Rλ = 805 with the grid points N = 4096
3 are examined. The two passive scalars are convected by the

identical turbulence but excited by the different scalar injections. It is found that all the exponents have plateaus at separation distance in
between twice the Taylor microscale and a quarter of the integral scale, for which the inertial range is defined and does not coincide with
the −5/3 kinetic energy spectrum range. The crossover lengths of the inertial (convective) and the dissipation (diffusive) ranges are found
to be independent of the order of the structure functions.

INTRODUCTION

The scaling exponents have been one of the central issues in the fundamental physics of turbulence [1]. The theories of
Kolmogorov for the velocity and Obukhov-Corrsin for the passive scalar predict the normal scaling with the exponent n/3
of the nth order structure functions, but the intermittency modifies the exponents to be non decreasing functions of n and
smaller than n/3. The error bars of the exponents of the longitudinal velocity structure functions so far found are small, but
the exponents of the passive scalar scatter considerably [1]. It is important and indispensable to quantitatively examine where
the inertial range exists and at which scale the dissipation range begins. We try to find a quantitative measure of the position of
the inertial (convective) range and the crossover scale to the dissipation (diffusive) range by using DNS at very high Reynolds
number.

DIRECT NUMERICAL SIMULATION

We have numerically integrated the Navier-Stokes equations for the incompressible fluid with unit density and the transport
equations of two passive scalars θ and q which are convected by the identical steady turbulent flow [2]. The scalar θ is excited
by the Gaussian random source which is white in time and excited at low wavenumbers 1 ≤ k ≤ 3, while q is excited
by the uniform scalar gradient Γ = 1 applied in the x3 direction. The pseudo spectral method and the 4th order Runge
Kutta Gill method are used. The number of grid points are 40963 and the time average is taken over about 8.2 large eddy
turnover time. The average Taylor microscale Reynolds number is Rλ = 805 and the Schmidt number is Sc = 0.72. The
structure functions as functions of the separation vector r are defined by Qu

n(r) = ⟨(u(x+ r)− u(x)) · r/r)n⟩, Qθ
n(r) =

⟨(θ(x+ r)− θ(x))n⟩, Qq
n(r) = ⟨(q(x+ r)− q(x))n⟩ and expanded in terms of the Legendre polynomial as Qα

n(r,φ) =!
l=0

Sαn,l(r)Pl(cosφ), α = u, θ, q, where φ is the angle between the vector r and the x3 direction [2]. This yields better
statistical convergence at large separation distance.

RESULTS

Figure 1 shows the average spectra of the kinetic energy and the scalar variances which are compensated by multiply-
ing ϵ−2/3k5/3 or χαϵ

−1/3k5/3, respectively, where α = θ, q. The plateaus of the curves with finite width are clearly
seen. We assume that the separation distance 2r in the physical space corresponds to the wavelength and thus k = π/r.

10-2

10-1

100

101

 0.001  0.01  0.1  1

ε--
2

/3
k5

/3
E

(k
)

kη-    kη- b

kληkλη/2kLη 2kLη 4kLη

kλθηbkλθηb/2kLθηb 2kLθηb 4kLθηb

K=1.83 ±0.03

Cθ=0.725 ±0.008

Cq=0.699 ± 0.008

Figure 1: Average spectra of ϵ−2/3k5/3E(k) (red),
χ−1

θ ϵ1/3k5/3Eθ(k) (blue), and χ−1
q ϵ1/3k5/3Eq(k) (green).

0

0.5

1

1.5

2

 10  100  1000

-<
δu

l δ
θ2

>
(χ-

r)
-1

, 
-<

(δ
u

l)
3
>

(ε-
r)

-1

r/ η-   or  r/ η- b

4/3

4/5

λ/η L/η2λ/η L/4η

2λθ/ηb Lθ/4ηbλθ/ηb Lθ/ηb

<(δu)3>
<δu(δθ)2>
<δu(δq)2>

Figure 2: The 4/5 law −
"
(δur)

3
#
/(ϵr) and the 4/3 laws

−
"
δur(δθr)2

#
/(χθr), −

"
δur(δqr)2

#
/(χqr).

∗Corresponding author. Email: gotoh.toshiyuki@nitech.ac.jp



0

1

2

3

4

 10  100  1000

ζL
n

r/ η-

L/ηL/2ηL/4η2λ/ηλ/η

0.714

0.989

1.31

1.54

1.80
2.00
2.19

(a)

0

1

2

3

4

 10  100  1000

ζθ
n

r/ η- b

λθ/ηb 2λθ/ηb Lθ/4ηb Lθ/2ηb Lθ/ηb

(b)

0

1

2

3

4

 10  100  1000

ζq
n

r/ η- b

λq/ηb 2λq/ηb Lq/4ηb Lq/2ηb Lq/ηb

(c)

Figure 3: Local scaling exponents of (a) Su,0
n (r) for

n = 2, 3, · · · , 8, (b) Sθ,0n (r) for n = 2, 4, · · · , 10, and
(c) Sq,0

n (r) for n = 2, 4, · · · , 10, respectively.

The k−5/3 plateau for the velocity is observed for kL < k < 4kL
and that for the scalar is for kLθ

< k < kλθ
/2. Note that the tilted

part exists in the kinetic energy spectrum for 4kL < k < kλ/2
which corresponds to the scaling range of the velocity structure
functions as we will see below. Figure 2 indicates the 4/5 law for
the velocity and the 4/3 law for the passive scalars. It is seen that
the approximate plateaus close to the 4/5 and 4/3 level occur for
the range 2λ < r < L/4 and 2λα < r < Lα/4(α = θ, q),
respectively. It should be noted that the range of 2λ < r < L/4
corresponds to the tilted part in the compensated kinetic energy
spectrum in Fig.1, not to the range where the fair −5/3 spectrum
of the kinetic energy is observed.

Now we examine the local scaling exponents of the isotropic
sector (l = 0) of the expansion coefficients that are defined by

ζαn,0(r) = d logSαn,0(r)
$
d log r, (α = u, θ, q)

and plotted in Fig.3. It is found that ζun,0(r) has the fair horizontal
portion for 2λ < r < L/4. When the crossover length of the
inertial and dissipation ranges is defined as the length at which the
curve leaves the plateau, it occurs at the same length of about 2λ
and is independent of the order n within the present DNS. There
is no trend that the lower end of the inertial range penetrates into
the dissipation range with increase of the order [3]. Figure 3(b)
is most remarkable result. There are no plateaus in the curves of
the structure functions for the order higher than 2. The curves of
ζθn,0(r) are straight and approximated as ζθn,0(r) = ξθn+βn(r−r∗),
and thus the structure function for θ is given by the non-power law

Sθn,0 = An,0 (r/r∗)
ξθn+

1
2βn log(r/r

∗
) , r∗ ≈ 2λθ,

for 2λθ < r < Lθ/2. The slope of the curve is found to linearly
increase with n [2]. On the other hand the local scaling exponents
of the scalar q has fair plateaus for 2λq < r < Lq . Again we
observe that the crossover lengths are 2λα(α = θ, q) and independent of the order.

CONCLUSIONS

The range that the plateaus of the local scaling exponents of the longitudinal velocity is observed corresponds to the tilted
part of the compensated kinetic energy spectrum, not to the range of −5/3 spectrum. The inertial range, when it is defined
as the range of scales that the 4/5 and 4/3 laws hold, is approximately in between twice the microscale and one quarter of the
integral scale within the present DNS study. The crossover length is at about 2λα, (α = u, θ, q) and independent of the order.
The physical reason for the non-power law will be discussed at the Congress.
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(NIFS) (NIFS14KNSS050), the K computer provided by the RIKEN Advanced Institute for Computational Science through
the HPCI System Research project (hp150088). The work of T. G and T. W. was supported by Grants-in-Aid for Scientific Re-
search Nos. 15H02218 and 26420106, respectively, from the Ministry of Education, Culture, Sports, Science, and Technology
of Japan.
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Summary A random additive process is introduced as a simplified version of the Townsend attached eddy hypothesis to describe fluctuations
in the momentum cascade in wall turbulence at high Reynolds number. This formalism can provide economical predictions about scaling
behaviors in single- and multiple-point turbulence statistics in the logarithmic region. New log laws for two-point quantities are identi-
fied and confirmed using experimental data. Secondly, properties of single- and two-point moment-generating- functions (⟨exp(qu)⟩ and
⟨exp[qu(x, z) + q′u(x+ r, z)]⟩) are investigated, where q, q′ are real-valued parameters. Empirical evidence of power law behaviors with
respect to the wall normal distance in the logarithmic region in single-point moment-generating-function (MGF) is observed. Moreover, a
power-law scaling transition in two-point MGF ⟨exp(qu(x, z)qu(x+ r, z))⟩ is predicted in the framework of the random additive process
and Townsend’s attached eddy hypothesis, and confirmed in experimental measurements.

INTRODUCTION

Townsend [1] hypothesized that at high Reynolds numbers boundary layer flow consists of self-similar, hierarchical
eddies. The size of each eddy scales as its distance from the wall. This hypothesis leads to the prediction of logarithmic
scaling of the variance of streamwise velocity fluctuations with wall normal distance z, <u+2

>= A1 log(δ/z)+B1, where u
is the streamwise velocity fluctuation, + indicates normalization by friction velocity (for compactness, this notation is dropped
hereafter), ⟨·⟩ indicates ensemble average and A1 = 1.25 is the Townsend-Perry constant, B1 is yet another constant and δ is
an outer-layer length scale such as the boundary layer thickness. In Refs. [2], [3], logarithmic scalings in

!
u2p
"1/p as well as

structure functions have been derived within the framework of Ref. [1].
Here we model the streamwise velocity fluctuation at a generic point P within the logarithmic region at height z above the

wall to be an outcome of a random additive process:

uz =

Nz#

i=1

ai, Nz ∼ log(δ/z). (1)

For shorthand, the subscript z indicates height z above the wall in the logarithmic layer. The random additives ai’s are
independently and identically distributed random variables, and each of them is associated with velocity induced at point P
by an attached eddy of size δ/2i. The number of random additives is proportional to the number of eddies above and, in line
with Ref. [1], Nz ∼

$
1/z dz = log(δ/z). Using the assumed independency among ai’s, Eq.1 directly leads to generalized

log laws in
!
u2p
"1/p. Also, Eq.1 leads to uz ◦ ur =

%Nz

i=Nr
ai, also leading to logarithmic scalings in

!
(uz ◦ ur)2p

"1/p.
This random additive model is used to propose new log laws in the present contribution.

Taking exponential of both sides of Eq. 1 gives moment-generating-functions (MGFs) defined as the average of exp(qu) =&Nz

i=1 exp(qai). As can be seen, power law scaling in the single-point MGFs ⟨exp(qu)⟩ = zC log⟨exp(qa)⟩ must hold for a
random additive process. Besides this behavior for single-point MGFs, two-point MGFs are also examined.

We use Eq. 1 to derive new logarithmic laws. Eddies of height < r tan θ cannot simultaneously affect a point at (x, z) and
a point at (x + r, z) and eddies of height > r tan θ affect both points equally. θ is the inclination angle of a typical attached
eddy. Decomposing the velocity fluctuation at a point into uz◦ ur tan θ and ur tan θ the following new logarithmic scalings can
be found (for more details see Refs.[4, 5]):

S2 =
'
3
2
u2
z(x)u

2
z(x+ r)− 1

2
u4
z(x)

(1/2

= A2 log(δ/r); S3 =
'
5
2
u3
z(x)u

3
z(x+ r)− 3

2
uz(x)u

5
z(x+ r)

(1/3

= A3 log(δ/r). (2)

A2, A3 are the slopes in the logarithmic scalings in
!
u4
"1/2 and

!
u6
"1/3. The new log laws in Eq. 2 are confirmed using

experimental measurements of a Reτ = 19000 boundary layer (figure 1, see Ref. [6] for details of the dataset).
The MGFs are computed for various q-values in a range between ±2. The measured MGFs as function of wall distance

in inner units are shown in figure 2 for representative values of q. The experimental measurements are taken at a boundary
layer at Reτ ≈ 13000 (see [7] for details of the dataset). In the range 600 < z+, z < 0.2δ, power law behavior is observed.
Moreover, there is significant difference in the scaling exponents of ⟨exp(qu)⟩ for positive and negative q values of the same
magnitude. A scaling transition in the two-point MGFs ⟨exp(qu(x, z) ◦ qu(x + r, z))⟩ is observed in figure 2, (b)–the power-
law scaling exponents increase as q increases for q being small, while beyond certain critical value qcr, the scaling exponent
becomes constant. Detailed derivation of this scaling transition can be done using the random additive formalism.

a)Corresponding author. Email: meneveau@jhu.edu.
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Scale-hierarchy in homogeneous Hall MHD turbulence
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Summary Direct numerical simulations are carried out to study scale-hierarchy in homogeneous Hall magnetohydrodynamic turbulence. It
is shown that Hall term can cause from sheet to tubular structure transition in the vorticity field, changing the local structures without a clear
change in the energy spectrum. Longitudinal structure functions of the velocity field tends to be refracted at the scale comparable to the ion
skin depth. A relation between the refraction of the structure functions and the vorticity field is discussed.

INTRODUCTION

Magnetohydrodynamic (MHD) turbulence has been studied as a model of solar wind, nuclear fusion, and some other kinds
of plasma turbulence in which ion skin depth scale can be important. While MHD equations provides a good plat form for
studying plasma turbulence, the derivation of the equations can be invalid for very small scales comparable to or smaller than
the ion skin depth and ion Larmor radius. An extension of the MHD equations to the small scales is the Hall MHD equations
in which the ion skin depth scale, or two-fluid effects in other words, are taken into account.

The introduction of the two-fluid effects is considered to bring about modification of statistical structures as well as
dynamical structures in turbulence. It has been reported in some numerical and theoretical works that the magnetic energy
spectrum is likely to be proportional to k−7/3 for a high k where k is the wave number[1, 2, 3]. The two-fluid effects can
modify dynamical aspects and/or local structures of MHD turbulence. Dmitruk and Matthaeus have reported about the two-
fluid effects on the electric field[5]. Recently we have shown that a transition from a sheet to a tubular vortex structures in
freely decaying homogeneous and isotropic turbulence[4]. In this paper we study scale-hierarchy in statistics and its relation
to spatial structures of Hall MHD turbulence.

DIRECT NUMERICAL SIMULATIONS

Direct Numerical Simulations (DNSes) of homogeneous turbulence under an uniform magnetic field B0 = 5 are carried
out by solving the Hall MHD equations by the use of the pseudo-spectral method and the Runge-Kutta-Gill scheme. Random
forces are added to the equation of motions to keep turbulence to achieve statistically steady state. Because of the random
forcing, the kinetic energy is much larger than the magnetic energy. The Hall parameter is set ϵH = 0.05, and thus the wave
number kϵ = 1/ϵH = 20 is the scale of the ion skin depth. DNSes of homogeneous MHD turbulence (ϵH = 0) are also
carried out so that we can compare the two kinds of turbulence closely as the initial value problem. The number of grid points
in DNSes is typically 10243.

In Fig.1(a), isotropic energy spectra of the magnetic field in Hall MHD and MHD turbulence are shown. Since the
resistivity and the viscosity in DNSes are set relatively low. In order to resolve the scale k > kϵ, Kolmogorov’s k−5/3-law
is not observed clearly. On the other hand, however, the spectrum in Hall MHD appears being proportional to k−7/3, being
consistent with earlier numerical works[1, 2, 3]. In Fig.1(b) energy spectra of the magnetic field perpendicular (square) and
parallel (black circle) to the background magnetic field in in Hall MHD turbulence are shown. A clear power-law is observed
both for the perpendicular and parallel components. In particularly, the perpendicular component exhibits a clear k−7/3

scaling, showing a clear coincidence with earlier numerical simulations as well as solar wind observations by the Cluster
satellites[6, 7].

Next we study scale-hierarchy in Hall MHD turbulence. Though the structure functions should be defined by the use of
both the magnetic field and the velocity field as Galtier has derived the Kármán-Howarth equation[8] for homogeneous and
isotropic turbulence, we can approximately define a structure function by the use of the velocity field only since the kinetic
energy is quite larger than the magnetic energy. In Fig.2(a), structure functions of the velocity field in Hall MHD turbulence
on the longitudinal displacement Sn(r) ∝ ⟨(uα(xα + reα)− uα(xα))⟩ for where eα represents the α-th component of the
unit vector e in the direction parallel to the uniform magnetic field of the strength B0. Fig.2(b) is for the structure functions
of MHD turbulence. Though both Fig.2(a) and (b) show a power-law in the even-number structure functions, it is clear that
the structure functions in Fig.2(a) are refracted at r/η ≃ 2 and r/η ≃ 4 where η is the Kolmogorov’s length scale. A possible
understanding is that the generation of tubular vortices can influence the structure functions because radius of tubular vortices
in hydrodynamic turbulence is typically 4η ∼ 5η [9]. It may suggest that the refraction of structure functions originate from
the tubular structure in the velocity field. However, since the velocity structure functions in hydrodynamic turbulence does not
show a refraction at the scale of the vortex radius, the understanding may not be right. Another possible understanding is that
the strong influences of whistler waves along the magnetic field lines may influences the scale smaller than r/η < 4, related
with the magnetic field which is neglected here. The conjecture is to be examined.

∗Corresponding author. Email: miura.hideaki@nifs.ac.jp
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Figure 1: (a) Isotropic energy spectra of the magnetic field in Hall MHD and MHD turbulence. (b) Energy spectra of the
magnetic field perpendicular (square) and parallel (black circle) to the background magnetic field in in Hall MHD turbulence.

Figure 2: Structure functions of velocity fields in (a) Hall MHD and (b) MHD turbulence.

SUMMARY

DNSes of homogeneous Hall MHD turbulence shows that the introduction of the Hall term to MHD equations can cause
from sheet to tubular structure transition in the vorticity field and change vortex structures. A clear k−7/3-law is verified
in the longitudinal structure (one-dimensional) spectrum of the magnetic field fluctuation, agreeing well with the satellite
observations of the solar winds. It seems plausible that the refraction corresponds to the structure transition though the
conjecture is left to be examined by more detailed analysis.
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Summary Direct numerical simulations (DNSs) are performed to show the presence of turbulent/non-turbulent interfaces in a magnetohy-
drodynamic (MHD) turbulent channel flow under the influence of a wall-normal magnetic field. Visualization of the vorticity field reveals
flow structures consisting of two internal turbulent boundary layers (ITBLs) growing from each wall and a non-turbulent channel core. The
flow structures suggest the presence of an interface between the ITBL and the core. The conditional statistics of the DNS data shows that
vorticity components have sharp gradients at the interface as observed in external hydrodynamic shear flows. The Joule dissipation rate,
a characteristic quantity in MHD flow, is shown to have sharp gradients at the interface. A phenomenological theory gives an estimate of
the average thickness of the ITBL as a function of R, and the estimate is in close agreement with the DNS result. Here, R is the ratio of
Reynolds and Hartmann numbers.

INTRODUCTION

Turbulence of electrically conducting fluids subjected to external magnetic field at low magnetic Reynolds number is
encountered in many industrial applications e.g., electromagnetic casting of liquid metals and cooling blankets of nuclear
reactors [1]. A typical role of the imposed magnetic field is the suppression of turbulence via Joule dissipation. Experiments
with liquid-metal flows present difficulties for measuring and visualizing the relevant fields, owing to the opacity of the liquid
metals and their corrosion. Therefore, direct numerical simulation (DNS) is an essential tool for obtaining statistics on the
turbulent flows and flow structures encountered in those experiments. Boeck et al. [2] performed DNS studies of the effect
of the wall-normal magnetic field on an MHD turbulent flow in a channel. For strong magnetic fields, the visualizations
of the streamwise velocities of the DNS data showed flow structures consisting of two internal turbulent boundary layers
(ITBLs) near each wall and a non-turbulent channel core. The flow structures suggest the presence of a turbulent/non-turbulent
(T/NT) interface between the ITBL and the non-turbulent channel core. T/NT interfaces have been observed and studied for
hydrodynamic (HD) turbulent shear flows, e.g., turbulent wakes [3], jets [4, 5], and boundary layers [6]. Across the T/NT
interfaces, physical quantities such as vorticity have sharp gradients, and important exchanges of mass, energy and momentum
take place [7]. In the present study, we perform DNSs to show the presence of T/NT interfaces in an MHD turbulent channel
flow at low magnetic Reynolds number under the influence of a wall-normal magnetic field. Then, we characterize physical
quantities near the interface using the conditional statistics of the DNS data.

DNS OF MHD CHANNEL FLOW

We consider the flow of an incompressible MHD fluid in a channel between electrically insulated walls. Figure 1 (a) shows
a schematic of the channel and coordinate system used. A constant wall-normal magnetic field B0 is imposed to the flow. The
magnetic Reynolds number is assumed to be sufficiently small such that the so-called quasi-static (QS) approximation can be
applied (see, e.g., Ref. [8]). Periodic boundary conditions are employed in the streamwise (x) and the spanwise (z) directions.
On the walls, both the velocity and the wall-normal current vanish. Governing equations under the QS approximation are
solved using a pseudo-spectral numerical method based on Fourier series in x- and z-directions and a Chebyshev polynomial
expansion in the wall-normal direction (y). For time differencing, we use the implicit backward Euler scheme for the viscous
and the magnetic terms, but for nonlinear terms, we use a third-order Runge-Kutta method. The average streamwise pressure
gradient is controlled by maintaining the mass flow constant in time. Physical parameters and the numbers of grid points are
listed in Fig. 1 (b), where Re and Ha are Reynolds and Hartmann numbers, respectively. The latter is a nondimensional
measure for the strength of the Lorentz force to the viscous force. R = Re/Ha.

RESULTS

In Fig. 1 (c), we plot the mean streamwise velocity U+(y+), obtained from the DNS data of the MHD channel flow at
R = 600 and Ha = 35, where the superscript + denotes a non-dimensional quantity scaled by the wall friction velocity
and the kinematic viscosity. We see a three-layered structure consisting of a viscous region (y+ < 40), logarithmic region
(40 < y+ < 400), and plateau region, as already observed in Boeck et al. [2].

∗Corresponding author. Email: n.okamoto@nagoya-u.jp
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Summary We give an overview of the coupled Cahn-Hilliard and Navier-Stokes (CHNS) equations and show that they provide a natural
theoretical framework for studying turbulence in binary-fluid mixtures. In particular, we demonstrate, by using two recent studies that we
have carried out, how the CHNS system can be used to study (a) the turbulence-induced suppression of phase separation in a symmetric
binary-fluid mixture, (b) turbulence-induced multifractal dynamics in a droplet of the minority phase in a background of the majority phase,
and (c) the reaction of the fluctuations of such a droplet on the turbulent fluid, which lead, eventually, to dissipation reduction.

RESULTS

The coupled Cahn-Hilliard and the incompressible Navier-Stokes (CHNS) equations provide us with a natural model
for the dynamics of binary-fluid mixtures. They have been used to study the Rayleigh-Taylor instability [1] and, recently,
turbulent-induced suppression of phase separation [2]. The CHNS equations are, in two dimensions (2D),

(∂t + u ·∇)ω = ν∇2ω − αω −∇× (φ∇µ) + Fω, (1)
(∂t + u ·∇)φ = γ∇2µ and∇ · u = 0, (2)

where φ(x, t) is the order parameter field at the point x and time t [with φ(x, t) > 0 in the majority phase and φ(x, t) < 0
in the minority phase], µ(x, t) = δF [φ]/δφ(x, t) is the chemical potential, F [φ] = Λ

!
[(φ2 − 1)2/(4ξ2) + |∇φ|2/2]dx is

the free energy, Λ is the energy density with which the two phases mix in the interfacial regime [1], ξ sets the scale of the
interface width, ν is the kinematic viscosity, σ = 2

√

2Λ
3ξ is the surface tension, and the mobility of the binary-fluid mixture is

γ, u ≡ (ux, uy) is the fluid velocity, the vorticity ω = (∇ × u)êz . The forcing Fω = F0 cos(kfy) is of the Kolmogorov-
type with amplitude F0 and forcing wave number kf , and α is the air-drag induced friction. We concentrate on mixtures in
which γ is independent of φ and both components have the same density and viscosity. The Grashof number Gr = L4F0

ν2 is a
convenient dimensionless measure of the forcing . We keep the diffusivity D = γβ

ξ2 of the system constant. The forcing-scale
Weber number We ≡ ρL3

fF0/σ, where Lf = 2π/kf , is a dimensionless measure of σ.
We use Eqs. (1) and (2) and extensive direct numerical simulations (DNSs) to study turbulence-induced (a) multifractal

droplet dynamics of a minority-phase droplet in a turbulent background of the majority phase [3] and (b) suppression of phase
separation in a symmetric, two-dimensional (2D) binary-fluid mixture [4].

For problem (a) we find [3] that the turbulence-induced fluctuations in the dimensionless deformation Γ(t) of the droplet
perimeter are intermittent. We obtain the probability distribution function (PDF) PΓ(Γ) at the mean steady-state droplet
diameter ⟨dp⟩t/L = 0.22 and three different We (Fig. 1(a)) and the multifractal spectrum fΓ(α) (Fig. 1(c)) of the time series
Γ(t) (Fig. 1(b)). We show, in Fig. 1(d), that the PDF of the y component ay of the acceleration of the center of mass, P (ay),
are similar to those for finite-size particles in turbulent flows; and the power-law dependence of ⟨arms⟩t on ⟨dp⟩t/L in the
inset of Fig. 1(d) is consistent with exponents that can be related to the inertial-range scaling of the pressure spectrum. We
also find that the large-k tail of E(k) is enhanced by the droplet fluctuations (Fig. 1(e)). The spectrum E(k) also displays
oscillations whose period is related inversely to the mean diameter of the droplet, and which appear prominently in the order
parameter spectrum S(k) (the Fourier transform of the spatial correlation function of φ) in Fig. 1(f).

For problem (b) we find that in the absence of any coupling, we get spinodal decomposition and domain growth, which
we examine by the spatiotemporal evolution of φ. We then show that the Cahn-Hilliard-Navier-Stokes coupling leads to an
arrest of phase separation at a length scale Lc, which we evaluate from S(k), the spectrum of φ. In Fig. 1(g) we show pseudo-
gray-scale plots of φ, at late times, when coarsening arrest has occurred, for four different values of We at Re = 124; we find
that the larger the value of We the smaller is the linear size that can be associated with domains; this size is determined by the
competition between turbulence-shear and interfacial-tension forces and can be related to the Hinze length scale [4].
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CLUSTERING AND ENTROPY GROWTH OF QUASI-GEOSTROPHIC POINT VORTICES
UNDER PERIODIC BOUNDARY CONDITIONS

Takeshi Miyazaki ∗1, Masaya Ishihara1, Yuya Konno1, and Naoya Takahashi2
1Dept. Mechanical Engineering and Intelligent Systems, University of Electro-Communications, Tokyo, Japan

2Dept. Mechanical Engineering, Tokyo Denki University, Tokyo, Japan

Summary The statistical mechanics of quasi-geostrophic point vortices of mixed sign is investigated numerically and theoretically. Direct
numerical simulations of a point vortex system under periodic boundary conditions are performed using a fast special-purpose computer for
molecular dynamics (GRAPE9). Clustering of point vortices of like sign is observed and two tall columnar vortices appear in the course
of time. These numerical results are analyzed quantitatively using a density-based algorithm. The number of clusters decreases as about
t−1, which is significantly slower than t−1.25 found in the previous spectral simulations of geostrophic turbulence (e.g. McWilliams et
al., 1999). The equilibrium states are identified as the sn-sn dipole solutions of the two-dimensional mean field equation (the sinh-Poisson
equation). A three-dimensional mean field equation is derived based on the maximum entropy theory, and several branches of two- and
three-dimensional solutions are obtained. It is shown that the two-dimensional sn-sn dipole branch has the largest entropy.

INTRODUCTION

Geophysical flows are considered to be two-dimensional at the lowest order of approximation, because vertical fluid motion
is suppressed by stable density stratification and the Coriolis force. In two-dimensional turbulence, many coherent vortices
appear spontaneously and their interactions dominate the turbulence dynamics. The statistical mechanics of two-dimensional
vortex system has been studied extensively, starting from Onsager (1949), who was the first to illustrate the existence of
negative temperature states. Montgomery and Joyce (1974) derived the mean field equation (so called the sinh-Poisson
equation) for a system of point vortices of mixed sign, based on the maximum entropy theory. In actual geophysical flows,
the fluid motion is almost confined within a horizontal plane, but different flow patterns are realized on different horizontal
planes. This three-dimensionality is incorporated in the ‘quasi-geostrophic approximation’. The numerical simulations by
McWilliams (1994) of decaying quasi-geostrophic turbulence indicated that the vorticity field developed coherent vortex
structures. There was a period of self-similar dissipative temporal evolution, which terminated as the number of vortices
decreased due to merger and alignment of like-sign vortices. The end state was consisted of a dipole pair of tall columnar
vortices. It will be of interest to investigate the statistical mechanics of a simpler system, i.e., inviscid quasi-geostrophic point
vortex system, to understand the turbulence dynamics deeply, which was undertaken by Funakoshi et al. (2012). The aim of
the present paper is to extend their work. We perform larger numerical simulations with more point vortices, and determine
the two- and three-dimensional maximum entropy states at higher energy level. In order to investigate the clustering process
quantitatively, we also carry out clustering analysis using Density-Based Algorithm for discovering clusters.

NUMERICAL SIMULATIONS

As a simplest model of coherent vortices, we consider point vortices with infinitesimal size. The potential vorticity of point
vortices is concentrated δ-function like q(r) =

!N++N−
i=1

Γ̂iδ(r−Ri) at the location of vortices Ri = (Xi, Yi, Zi). Here, N+

and N− denote the numbers of vortices with positive and negative sings, respectively. Γ̂i is the strength of the i-th vortex. We
consider a symmetric bi-disperse case, taking N+ = N− = N and |Γ̂i| = Γ̂0. The point vortices move by mutual advection,
and the motion of the i-th vortex is governed by the canonical equations : dXi

dt = 1

Γ̂i

∂H
∂Yi

, dYi
dt = − 1

Γ̂i

∂H
∂Xi

. These equations
look similar to those describing the motion of two-dimensional point vortices, in which the interaction energy is proportional
to the logarithm of the distance between two vortices. It should, however, be noted that the interaction energy between
two quasi-geostrophic point vortices is proportional to the inverse of the distance between them. The vertical coordinate Zi

remains constant, i.e., the vortices move on the horizontal plane on which they are initially located.
We illustrate the results of numerical simulation for a point vortex system in a cubic box of size Lx = Ly = Lz = 2π. We

integrate the equations of motion for N = N± = 4000 and 8000 point vortices of strength Γ̂0 = 0.062 and 0.031, respectively.
The time is normalized by the mean potential vorticity N Γ̂0/(2π)3 = 1.00, which is taken to be unity. The vertical distribution
P±(z) = L−1

z = 1/2π is assumed to be uniform, as in the dissipative numerical simulations by McWilliams et al. (1994). The
energy is set to be E = 4.428× 10−3, 2.462× 10−3 for the computations with N = 4000 and 4.536× 10−3 with N = 8000.
In order to investigate the clustering process quantitatively, we carry out so called clustering analysis using Density-Based
Algorithm for Discovering Clusters (DBADC). We search for a group of vortices, and identify it as a cluster, if its size exceeds
a specified minimum radius and the number of vortices inside the group exceeds a specified minimum number.

∗Takeshi Miyazaki. Email: miyazaki@mce.uec.ac.jp
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TURBULENT LAYER DYNAMICS IN STRATIFIED TAYLOR-COUETTE FLOW

C. P. Caulfield ∗1, P. Augier2, Anne-Claire Le Bihan3, C. Leclercq4, and J. Partridge5

1BP Institute and Department of Applied Mathematics & Theoretical Physics, University of Cambridge,
Cambridge, U. K.
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4École polytechnique, Palaiseau, France
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5Department of Applied Mathematics & Theoretical Physics, University of Cambridge, Cambridge, U. K.

Summary We describe a series of laboratory experiments to study the turbulent mixing dynamics of an initially linear stratification in
Taylor-Couette flow, i.e. the flow in the annular region between two concentric cylinders. As described in [1], relatively well-mixed layers
separated by substantially thinner ‘interfaces’ of enhanced density gradient spontaneously form. Consistently with [1], these layers are
extremely long-lived, and exhibit an average turbulent buoyancy flux that falls on a ‘universal’ curve independent of the number of the
layers. However, by high-frequency measurements of density and image analysis, we show that the ‘interfaces’ are highly spatially and
temporally intermittent, and for sufficiently small separation between interfaces, there is a dynamically robust, and profoundly nonlinear
coupling between neighbouring interfaces. Such robust spatio-temporal intermittency has significant implications for the quantification and
parameterisation of mixing driven by horizontal shear, as commonly arises in the environment.

INTRODUCTION

The spontaneous formation of relatively deep horizontal layers of weakly stratified fluid, separated by relatively thin
interfaces of substantially stronger density gradient, is a common feature of strongly stably stratified flows and plays a major
role in the dynamics of geophysical flows, particularly when the flow is both strongly stratified and turbulent. Dating from
the seminal work of Phillips[2], such layer/interface formation is to be expected whenever the irreversible vertical buoyancy
flux is a non-monotonic function of the overall stratification. However, little is known about the physical mechanisms which
drive such robust layer formation, or indeed what sets their characteristic depth and subsequent evolution. When the mixing is
driven by instabilities due to vertical velocity shear, the situation is further complicated by the instabilities themselves having
a characteristic vertical length scale, which may or may not set the initial depth of the layers.

This uncertainty can be avoided by considering layer formation in ‘stratified Taylor-Couette flow’ (STC flow) in the
annulus between a rotating inner cylinder and a fixed outer cylinder, initially filled with stably, axially or vertically and
linearly stratified fluid. Here the dominant velocity shear is in the radial direction, and so the mixing due to turbulence can
be considered in isolation from the large scale stirring associated with (vertical) velocity shear. However, such flows are
still prone to various primary instabilities, including the inherently stratified strato-rotational instability[3], and unpicking the
relative importance of such linear instabilities, nonlinear dynamics and disordered turbulent mixing events for the formation
and subsequent evolution of layers and interfaces is still challenging. Relatively recently[4, 1], it has been demonstrated that
the turbulent mixing in such flows is ‘universal’ in the sense that the vertical flux of buoyancy appears to depend only on an
appropriately defined Richardson number: Ri = [g∆ρ/ρ0][RO/(RIΩ)2], where RI is the radius of the inner cylinder with
rotation rate Ω relative to the fixed outer cylinder RO, and ∆ρ is the density jump across the interface. We investigate what
actually causes this observed mixing, and also the robustness of the flow structures, since the layers and associated interfaces
have previously been assumed to be extremely robust lasting several thousand rotation periods[1, 5].

EXPERIMENTAL PROCEDURE

The outer cylinder has an internal radius of 24 cm, and we use three different inner cylinders, with radii of 5, 10 and 15
cm. The outer cylinder, base and upper surface are stationary, while the flow is driven by the rotation of the inner cylinder,
which has a range of angular velocities from 5 to 24 r.p.m. i.e. 0.5 < Ω < 2.5rad/s. To analyse the time-dependent dynamics
of the various interfaces, we record a shadowgraph image of the tank, which identifies the presence of regions of relatively
strong density gradient, and hence the presence (or absence) of sharp interfaces. We then extract a particular vertical line
from the image, and plot those vertical lines at several times. To investigate the robustness of the observed structures, and in
particular to determine whether the initial spin-up from rest is significant, we run the experiment for 200 rotation periods, stop
the rotation of the inner cylinder until the flow completely stops, and then restart the inner cylinder for 200 rotation periods.
We then repeat the on-off cycle of 200 rotation periods several times. Images taken from a typical initial spin-up cycle for an
experiment with RI = 10cm are shown in the upper panel of figure 1.

∗Corresponding author. Email: c.p.caulfield@bpi.cam.ac.uk
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TWO-POINT STATISTICS IN THE LOG-LAW REGION
IN DNS OF TURBULENT CHANNEL FLOW
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2Education Center on Computational Science and Engineering, Kobe University, Kobe, Japan
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Summary Two-point statistics in the log-law region of turbulent channel flow are studied on the basis of high resolution direct numerical
simulation (DNS) with the wall Reynolds number and the grid points up to 5120 and 2048 × 1536 × 2048, respectively. The DNS data
are consistent with the linear response theory of turbulence. According to the DNS, the Taylor microscale is anisotropic, but has a simple
y-dependence (∝ y1/2), and two-point fluctuating-velocity correlations at |r| ∼ y depend on r approximately through r/yα, where y is the
distance from the wall, r is the displacement vector between the two points, and α is close to but a little different form 1.

INTRODUCTION

According to the idea of Kolmogorov (K41), there are a certain class of universal laws in the statistics of turbulence at
high Reynolds number, where the influence of fluid boundaries is assumed to be negligible. On the other hand, in real flows
in nature and technology, the flows are often bounded by walls, which may significantly affect the turbulence statistics.

Among canonical wall-bounded turbulent flows are those bounded by two parallel planes (channel flows). We consider the
statistics of turbulent channel flow on the basis of high resolution direct numerical simulation (DNS) with the wall Reynolds
number Reτ up to 5120. A particular attention is paid on two-point statistics in the log-law region. The DNS uses a Fourier
spectral method in the streamwise (x1 = x) and the spanwise (x3 = z) directions and Tchebycheff expansion method in
the wall normal (x2 = y) direction. Readers may refer to Morishita et al. [1] for some details of the numerical method.
Characteristic parameter values of the DNS are listed in Table 1 (from [2]). Figure 1 is an example of visualization of the field
and shows intense vorticity regions in the DNS at Reτ = 5120.

STATISTICS IN THE LOG-LAW REGION

In our DNS, it is confirmed that in a certain range of y the mean streamwise velocity U and the mean rate of energy
dissipation ϵ per unit mass fit well to the log-law

U+(y+) =
1

κ
log y+ + C, and ϵ+ = 1/(κy+), (1)

respectively, in accordance with studies so far made, where y is the distance from the wall and the superscript + denotes the
normalization by the wall units. The constants are approximately κ ≈ 0.4 and C ≈ 5. The y-range depends on Reτ . For
example, it is approximately 50 < y+ < 1000 at Reτ = 5120 [2] .

Taylor microscale
As seen in Fig.1, the field consists of eddies of a wide scale range. Two-point velocity correlation Qij(x, r) ≡

⟨ui(x)uj(x+ r)⟩ is one of the most fundamental measures characterizing such a field, where u is the fluctuating part of the
velocity field. In our DNS, because of the homogeneity in the x1 and x3 directions, Qij(x, r) is independent of x1 and x3, and
depends on x only through x2 = y. For small r = |r|, Qii is well characterized by the so-called Taylor microscale λij defined
by Qii(x, 0)/{λij(x)}2 ≡ −[∂2Qii(x, r)/∂rj∂rj ]r=0 [1] (no summation over i nor j). In the log-law region in our DNS, the
flow field is not isotropic. But they agree well with the scaling ∝ y1/2, which is in agreement with the scaling obtained by (1)
and the scaling of λij for isotropic turbulence.

Table 1: DNS parameters. h, the channel half width; Lx, Lz , fundamental periodic lengths; Nx, Ny, Nz , the number of grid
points, ∆x+,∆y+c ,∆z+, grid width in the wall unit. The subscript denotes the direction. ∆yc is at the center of the channel.

Reτ Lx/h Lz/h Nx ×Ny ×Nz ∆x+ ∆y+c ∆z+

Case 1 320 π π/2 128× 192× 128 7.9 7.9 3.9
Case 2 640 π π/2 256× 384× 256 7.9 7.9 3.9
Case 3 1280 π π/2 512× 768× 512 7.9 7.9 3.9
Case 4 2560 π π/2 1024× 1536× 1024 7.9 7.9 3.9
Case 5 5120 π π/2 2048× 1536× 2048 7.9 15.9 3.9

∗Corresponding author. Email: ykaneda@aitech.ac.jp
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SPECTRAL ANALYSES OF HIGH PRANDTL NUMBER STRATIFIED TURBULENCE

Shinya Okino1 and Hideshi Hanazaki ∗1

1Department of Mechanical Engineering and Science, Kyoto University, Kyoto, Japan

Summary Spectra of decaying turbulence in a stratified fluid containing either an active (density stratifying) or a passive high Prandtl
number scalar are investigated by direct numerical simulations. When the fluid is stratified by a low-Prandtl-number active scalar (PrT =
1) and simultaneouly contains a high-Prandtl-number passive scalar (PrS = 25), spectrum of the high-Prandtl-number passive scalar
variance obeys the usual Batchelor scaling. On the other hand, when the fluid is stratified by a high-Prandtl-number active scalar (PrT =
25), horizontal spectrum of that active scalar (or potential energy) decreases rapidly at high wavenumbers to approach the kinetic energy
spectrum, indicating the deviation from the Batchelor scaling. Examination of the spectral budget shows that the deviation is due to the
persistent conversion from the potential energy to the kinetic energy at small scales.

METHODOLOGY

We consider a density stratified fluid due to a buoyant (or active) scalar T∗, which has a Prandtl number PrT = κT∗/ν∗
(dimensional quantities are denoted by asterisks.). Here, κT∗ and ν∗ are the diffusion coefficient and the kinematic viscosity,
respectively. The scalar has a constant mean vertical gradient dT̄∗/dz∗ = const < 0, where z∗ is the vertical coordinate and
the undisturbed mean density is given by ρ̄∗(z∗) = ρ0∗{1 + α∗(dT̄∗/dz∗)z∗} (ρ0∗: representative density of the fluid, α∗:
contraction coefficient of the scalar).

The decaying turbulence in the stratified fluid are investigated by direct numerical simulations. We initially give isotropic
velocity fluctuations, whose rms velocity and integral length scale are given by U0∗ and L0∗, and zero scalar fluctuations. The
Navier-Stokes equations under the Boussinesq approximation and the transport equation for the scalar perturbation are given
by

∂ui

∂t
+ uj

∂ui

∂xj
= − ∂p

∂xi
+

1

Re

∂2ui

∂x2
j

− 1

Fr2
T δi3 and

∂T

∂t
+ uj

∂T

∂xj
=

1

RePrT

∂2T

∂x2
j

+ u3 (1)

in which physical quantities are non-dimensionalized by the length scale L0∗, the velocity scale U0∗ and the scalar scale
L0∗dT̄∗/dz∗, and i = 3 denotes the vertical component. T represents the scalar deviation from the background. The initial
Reynolds number and the Froude number are set to Re = U0∗L0∗/ν∗ = 100 and Fr = U0∗/(N∗L0∗) = 1, respectively,
where N∗ is the Brunt-Väisälä frequency. Additionally, we prescribe a linear stratification of a passive scalar S∗, which has a
Prandtl number PrS = κS∗/ν∗. The passive scalar obeys a similar transport equation to the second equation of (1).

The governing equations are solved by the Fourier spectral method with the resolution of 10243 for the periodic cubic
region with the domain size of 4π. We present the results of two simulations, in which the Prandtl numbers are set to
(PrT , P rS) = (1, 25), (25, 1). The simulation is terminated at t = 40, which approximately corresponds to seven buoyancy
periods (∼ 7× 2π/N∗ in dimensional form).

RESULTS AND DISCUSSION

We first show the temporal evolution of the horizontal spectra in figure 1. In the left frame of figure 1, the passive scalar
has a higher Prandtl number than the active scalar (PrT = 1, P rS = 25), and only the kinetic energy spectrum and the
passive scalar variance spectrum are depicted. The passive scalar spectrum has much larger fluctuations at high wavenumbers
than the kinetic energy spectrum as it is theoretically shown in [1]. In the right frame is shown the kinetic and potential
energy spectrum when the active scalar has a high Prandtl number (PrT = 25). At an early stage (t ∼ 6), the potential
energy spectrum with PrT = 25 has large fluctuations at small scales as well as the passive scalar spectrum with PrS = 25.
The influence of the buoyancy to small scales is not significant at this time since the Ozmidov wavenumber is at kH ∼ 6.
The Ozmidov wavenumber monotonically increases and exceeds the Kolmogorov wavenumber at t ∼ 9, at which even the
smallest fluctuations of the flow are dominated by the buoyancy. Subsequently the potential energy spectrum rapidly decreases
to approach the kinetic energy spectrum at high wavenumbers.

In the left frame of figure 2, the horizontal spectra of the passive scalar variance with PrT = 1, P rS = 25 normalized by
the Kolmogorov wavenumber kK , the passive scalar dissipation rate χS , the Prandtl number PrS and the Reynolds number
Re are plotted as a function of kH/kB , where kB = kKPr1/2S is the Batchelor wavenumber. The normalized spectra almost
converge with a single curve, showing the passive scalar spectrum follows the Batchelor scaling even though the turbulence
is affected by buoyancy. For an isotropic turbulence, a similar result is presented in [2]. On the other hand, the normalized

∗Corresponding author. Email: hanazaki@mech.kyoto-u.ac.jp



horizontal spectra of the potential energy with PrT = 25 disperse, reflecting the rapid decrease of the potential energy at
small scales and the deviation from the Batchelor scaling for a high-Prandtl number active scalar. Though the potential energy
spectrum of the stratified turbulent flow with PrT > 1 is presented in [3], such a phenomenon is not reported. Note that
the Batchelor scaling holds for the vertical spectrum of both the passive scalar variance with PrT = 1, P rS = 25 and the
potential energy with PrT = 25 (figures are omitted.).

To explain the difference between the active scalar spectrum and the passive scalar spectrum described above, we examine
the budget of the scalar spectrum, which consists of the molecular diffusion, the vertical scalar flux and the scalar transfer
from large to small scales. Compared to the passive scalar, the large vertical scalar flux for the active scalar (i.e., conversion
from the potential energy to the vertical kinetic energy) significantly contributes to the rapid decrease of the spectrum at small
scales.
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Figure 1: Temporal evolution of the horizontal spectra of (solid) the kinetic energy, (dashed) the potential energy and (dotted)
the passive scalar variance. The spectra satisfy u2

i /2 =
!
EK(kH)dkH , T 2/(2Fr2) =

!
EP (kH)dkH , and S2/(2Fr2) =!

ES(kH)dkH , where the overbar denotes the space average, and kH is the horizontal wavenumber. (Left) PrT = 1, P rS =
25. (Right) PrT = 25, P rS = 1.
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Figure 2: Normalized horizontal spectra of (left) the passive scalar variance with PrS = 25 and (right) the potential energy
with PrT = 25.
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EFFECT OF BACKGROUND TURBULENCE ON PASSIVE SCALAR MIXING WITHIN A
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Summary Despite the fact that most jets (natural or man-made) discharge into turbulent environments, the vast majority of previous studies
of turbulent jets have considered the emission of jets into quiescent or laminar surroundings. The present investigation builds on the work
of Khorsandi et al. [1], who studied the velocity field of a turbulent jet emitted into a turbulent background. We examine herein the effect
of an approximately homogeneous, isotropic, zero-mean-flow turbulent background on the scalar field of a turbulent jet. To this end, we
measured the concentrations of a high-Schmidt-number passive scalar within the jet by means of planar laser-induced fluorescence. We
present the statistics of the jet’s scalar field and compare them with the results of a jet emitted into a quiescent ambient.

INTRODUCTION
The velocity and scalar fields of an axisymmetric jet discharging into a quiescent background have been thoroughly in-

vestigated. However, most natural and industrial jet-like flows occur in the presence of external turbulence, and relatively
few studies of jets issuing into a turbulent background have been carried out [1,2,3,4,5]. This prevents the complete under-
standing and prediction of the behavior of turbulent jets in more realistic situations, such as the discharge of pollutants into
the atmosphere or hydrosphere, or the injection of fuels into combustion chambers. Consequently, the effect of background
turbulence on both the scalar and velocity fields of turbulent jets is not well described. Furthermore, of the few previous works
studying jets emitted into turbulent backgrounds, most have focused on the velocity field, with some studies predicting higher
levels of mixing [3,4,5], while others predicted lower mixing [1,2]. Scalar mixing was studied quantitatively in one of these
studies, which observed lower mixing [2], while most works obtained only qualitative data using flow visualization. To aid
in resolving these contradictions, the present investigation undertakes a systematic study of the scalar field within the simple
classic flow of a turbulent jet emitted into a quasi-homogeneous, isotropic, zero-mean-flow turbulent background.

Khorsandi et al. [1] studied the effect of background turbulence on the velocity field of a turbulent jet and showed
that, in addition to increased decay rates of the mean axial velocities, jet widths, and rms axial velocities in the presence of
background turbulence, the mass flow rate of the jet decreased compared to the quiescent case. The latter is an especially
interesting finding since it is associated with lower entrainment into the jet. The reduced mass flow rates of a jet emitted into
a turbulent background may imply lower levels of scalar mixing. Herein, we present the results pertaining to the scalar field
of a jet emitted into a turbulent background necessary to confirm or refute the hypothesis of a reduction of the scalar mixing.

EXPERIMENTAL METHOD
The experiments were performed in a 1.5 × 2.4 × 0.9 m3 section of a large glass tank (1.5 × 6.0 × 0.9 m3) filled with

water in the Environmental Hydraulics Laboratory in the Department of Civil Engineering and Applied Mechanics at McGill
University. The flow conditions of the jet and background turbulence were identical to those of Khorsandi et al. [1] in the same
experimental facility. The turbulent jet had an exit velocity (Uj) of 1.3 m s-1 and a nozzle diameter (D) of 8 mm, resulting in a
jet Reynolds number (= UjD/ν) of 10600. Planar laser-induced fluorescence was used to obtain concentration measurements
of dye (disodium fluorescein, Schmidt number = 2000) within the turbulent jet. The approximately homogeneous, isotropic,
zero-mean-flow background turbulence was generated by a random jet array [6]. The generated background turbulence had
a turbulent kinetic energy (1/2⟨uiui⟩) of 4.4 cm2s-2 (i.e. urms = 1.7 cm s-1) and an integral length scale (ℓ) of 11.6 cm,
resulting in a Reynolds number (= urmsℓ/ν) of 2000.

RESULTS
Figure 1 depicts the radial profiles of the normalized mean concentration (⟨C⟩/Co) at different downstream distances

(x/D = 20, 40 and 50). The mean concentrations near the centerline (r/x = 0) are lower in the presence of background
turbulence. However, slightly higher mean concentrations are measured at the edges of the jet (r/x > 0.15), which can be
attributed to the moderately increased width of the jet emitted into turbulent surroundings. Examination of the downstream
evolution of the centerline mean concentration (⟨C(r=0)⟩/Co vs x/D – not shown) revealed a higher decay rate for the jet
emitted into turbulent surroundings. However, examination of the instantaneous concentrations showed a higher degree of
intermittency in the presence of the turbulent background resulting in higher rms concentrations (Figure 2) due in part to me-
andering of the jet. Although the mean concentrations may contradict the hypothesis of Khorsandi et al. [1] of possible lower
mixing based on the decreased mass flow rate of the jet (associated with lower entrainment), the combination of mean and
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rms concentrations may imply a more complex entrainment and mixing process of jet flow in the presence of the background
turbulence.
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Figure 1: Radial profiles of mean concentration (⟨C⟩) normalized by the initial concentration (Co) at different x/D.

Figure 3 depicts the probability density function of concentration at the jet axis for quiescent and turbulent backgrounds at
x/D = 40. (Similar results were obtained at different x/D.) In the presence of background turbulence, the concentrations at
the jet axis spanned values of similar magnitude to those for the jet emitted into a quiescent background, even though the two
jets exhibited significant differences in the mean concentrations (Figure 1). The shape of the probability density function is
significantly modified (from a unimodal distribution to a bimodal one) as a result of the highly intermittent scalar field. These
results indicate a large degree of meandering of the path of the jet due to the larger length scale of background turbulence, and
indicate that the mean concentration is not as representative of the instantaneous concentration.
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Figure 3: Probability density function of the concentration at
the jet axis (r = 0) at x/D = 40.

In the presence of background turbulence, the entrainment and mixing in the jet may potentially be dominated by i) tur-
bulent diffusion that is significantly enhanced by the turbulent background, and ii) apparent dilution due to meandering of the
jet caused by large scales in the background turbulence. However, simultaneous velocity-concentration measurements would
be beneficial in confirming these hypotheses. In the presentation, additional statistics of the scalar field will be presented, as
well as the results for a jet at Re = 5800.

CONCLUSIONS
In the presence of background turbulence, the scalar field becomes highly intermittent (with concentrations on the order

of those of a jet emitted into a quiescent background) and its statistics are significantly changed. An interesting finding is the
observation of a more complex mechanism of entrainment and mixing in the jet emitted into a turbulent background due to
the meandering of the jet, which explains the absence of significantly higher concentrations as hypothesized by Khorsandi et
al. [1], who had assumed that the effect of the jet’s meandering would not be as prominent.

References
[1] Khorsandi B., Gaskin S. & Mydlarski L.: Effect of background turbulence on an axisymmetric turbulent jet. J. Fluid Mech., 736:250-286, 2013.
[2] Gaskin S., McKeman M. & Xue F.: The effect of background turbulence on jet entrainment: an experimental study of a plane jet in a shallow coflow. J.

Hydraul. Res., 42(5):531-540, 2004.
[3] Law A. W. K., Cheng N. S. & Davidson M.J.: Jet spreading in oscillating-grid turbulence. Proc. 3rd Int. Symp. on Env. Hydraul., 1-6, 2001.
[4] Guo Y., Malcangio D., Davies P. A. & Fernando H. J. S.: A laboratory investigation into the influence of a localized region of turbulence on the evolution

of a round turbulent jet. Fluid Dyn. Res., 36:78-89, 2005.
[5] Cuthbertson A. J., Malcangio D., Davies P. A. & Mossa M.: The influence of a localized region of turbulence on the structural development of a

turbulent, round, buoyant jet. Fluid Dyn. Res., 38:683-698, 2006.
[6] Variano E. A. & Cowen E. A.: A random-jet-stirred turbulence tank. J. Fluid Mech., 604:1-32, 2008.



� 	D�7D)�*�D@/D2+?/D;/98;=/.D87D=2/D/00/-=<D80D?+;B371 87D.;895/=
=>;,>5/7-/

37=/;+-=387�D+7.D@/D78@D08-><D87D=2/D/00/-=<D80D?+;B371 87D<>-2D37=/;+-=387	

'/D2+?/D9/;08;6/.D.3;/-=D7>6/;3-+5D<36>5+=387D��!$�D80D./-+B371D3<8=;893-D=>;,>5/7-/D5+./7D@3=2D./08;6+,5/D.;895/=<�

@28</D.3+6/=/;D3<D+99;8A36+=/5BD/:>+5D=8D=2/D%+B58;D5/71=2<-+5/D+=D=2/D=36/D80D.;895/=D;/5/+</D37D=2/D�8@D�/5.	D'/D;/5/+</.

����D787�/?+98;+=371D.;895/=<D0;86D;/<=D37D=2/D3<8=;893-D=>;,>5/7=D�8@D+=D=36/ 	D�31>;/D�D<28@<D+D<7+9<28=D80D=2/

-869>=+=387+5D.86+37D+0=/;D=2/D.;895/=<D+;/D;/5/+</.D� �	D%2/D787�.36/7<387+5D9+;+6/=/;<D-2+;+-=/;3C371D=2/D=@8��>3.

�8@D+;/D=2/D373=3+5D%+B58;�<-+5/D#/B785.<D7>6,/;D+=D.;895/=D;/5/+</D=36/�


�

���

��� �

	�

�

	
	 �

� ����


�

�D.;895/=D'/,/;D7>6,/;D,+</.D87D=2/

;	6	<	D?/58-3=BD+=D;/5/+</D=36/� ��� ����D=2/D.;895/=�D=8D-+;;3/;��>3.D./7<3=BD;+=38� ����� �����D=2/D.;895/=D?85>6/D0;+-=387�
��

((�&D��%� �D���D�>1><=D����D 87=;/+5�D�+7+.+

������� �� ��������� ���� �
 ���	���	���
 �������� ����	�
��

 3-2+/5D$	D�8..

��� ��

����

�

�

+7.D�7=87378D�/;;+7=/

�D+7.D=2/D.;895/=�D=8D-+;;3/;��>3.D?3<-8<3=BD;+=38D@23-2D3<D?+;3/.D0;86D�D=8D���D37D=2/D=2;//D.;895/=�5+./7D-+</<

<=>.3/.	D%2/D373=3+5D.;895/=D.3+6/=/;D3<D�	�D%+B58;D5/71=2<-+5/<D+7.D�D�856818;8?D5/71=2<-+5/<	D%2/D-869>=+=387+5D.86+37

3<D+D9/;38.3-D->,/�D@23-2D3<D.3<-;/=3C/.D><371

�

�

�

�

1;3.D9837=<�D13?371D+D.;895/=D;/<85>=387D80D�D1;3.D9837=<D9/;D.3+6/=/;	D%2/

18?/;7371D/:>+=387<D@/;/D<85?/.D7>6/;3-+55BD><371D+D0+<=D9;/<<>;/�-8;;/-=387D6/=28.D)�*D=2+=D2+<D,//7D?/;3�/.D+7.D?+53.+=/.	

%8D-+9=>;/D=2/D.;895/=D37=/;0+-/D+7.D=8D=;+-4D=2/D68=387D80D=2/D�73=/�<3C/D./08;6371D.;895/=<�D@/D></.D+D6+<<�-87</;?371

&85>6/�80��5>3.D�&8��D6/=28.D)�*	

�31>;/D��D�7<=+7=+7/8><D.;895/=D37=/;0+-/<D37D<2+./.D@23=/D� 3<8<>;0+-/�D+7.D?8;=3-+5D<=;>-=>;/<D37D;/.D�


���������������������������������������������������	������������
������������������
���	��

� � �

�������

��� �

'/D9/;08;6/.D.3;/-=D7>6/;3-+5D<36>5+=387D��!$�D80D.;895/=�5+./7D3<8=;893-D=>;,>5/7-/	D'/D;/5/+</.D����D787�/?+98;+=371

.;895/=<D80D.3+6/=/;D+99;8A36+=/5BD/:>+5D=8D=2/D%+B58;D5/71=2<-+5/D�-8;;/<987.371D=8D��D.;895/=D?85>6/D0;+-=387�D37D./-+B371D3<8=;893-

=>;,>5/7-/D+=D373=3+5D%+B58;�<-+5/D#/B785.<D7>6,/;

� � ��

��� � � � � � �� � �� � ��

�

� � � �

��� ����

�

3<8<>;0+-/<�D+= 	D��/0=�D0>55D.86+37D� ��D�;312=�D<>,�.86+37D� �	

	D'/D<=>.3/.D08>;D-+</<�D87/D<3715/�92+</D-+</D+7.D=2;//D.;895/=�5+./7D-+</<

37D@23-2D@/D?+;3/.D=2/D.;895/=�D=8D-+;;3/;��>3.D?3<-8<3=BD;+=38D�

	 � � � �

�

�

�

�8;;/<987.371D+>=28;	D�6+35�D0/;;+7=/�++	@+<2371=87	/.>

���� � ����	D'/D�;<=D./;3?/.D=2/D=>;,>5/7-/D437/=3-D/7/;1BD�%���

/:>+=387<D08;D=2/D=@8��>3.�D-+;;3/;��>3.D+7.D.;895/=��>3.D�8@	D%23<D+558@<D><D=8D/A95+37D=2/D9+=2@+B<D08;D%��D/A-2+71/D,/=@//7D=2/

=>;,>5/7=D�8@D80D=2/D-+;;3/;D�>3.D+7.D=2/D�8@D37<3./D=2/D.;895/=	D%2/7�D@/D+7+5BC/D=2/D/00/-=<D80D?+;B371 ����� 87D=2/D=>;,>5/7=D437/=3-
/7/;1BD,>.1/=D80D=2/D-+;;3/;D�>3.�D=2/D.;895/=D�>3.D+7.D=2/D=@8D�>3.<�D+7.�D�7+55B�D@/D/A95+37D=2/D>7./;5B371D92B<3-+5D6/-2+73<6<D08;D=2/3;

68.>5+=387	

%2/D37=/;+-=387D80D.3<9/;</.D.;895/=<D+7.D=>;,>5/7-/D3<D3698;=+7=D37D6+7BD7+=>;+5D+7.D37.><=;3+5D9;8-/<</<�D/	1	D;+37

08;6+=387D)�*�D53:>3.�53:>3.D/6>5<387D)*�D<9;+BD-885371D)�*D+7.D<9;+BD+=863C+=387D37D-86,><=8;<D)��D�*	D"0=/7�D/	1	�D.>;371

</-87.+;BD+=863C+=387D8;D=2/D5+==/;D<=+1/<D80D;+37D08;6+=387�D=2/D.;895/=<D+;/D5+;1/;D=2+7D=2/D�856818;8?D5/71=2<-+5/�D3	/	�

�73=/�<3C/	D%2/D37=/;+-=387D80D�73=/�<3C/D.;895/=<D+7.D=>;,>5/7-/�D37D-869+;3<87D=8D=2/D37=/;+-=387D80D�73=/�<3C/D9+;=3-5/<D+7.

=>;,>5/7-/D�/	1	�D37D)�*��D3<D/A9/-=/.D=8D37-8;98;+=/D7/@D92B<3-+5D6/-2+73<6<	D%2/</D7/@D6/-2+73<6<D+;/D+D;/<>5=D80D=2/

.;895/=�<D+,353=BD=8D./08;6�D./?/589D37=/;7+5D-3;->5+=387�D,;/+4D>9D+7.D-8+5/<-/D@3=2D8=2/;D.;895/=<	D%2/D�;<=D=@8D9;8-/<</<

+;/D-2+;+-=/;3C/.D,BD=@8D+..3=387+5D787�.36/7<387+5D9+;+6/=/;<�D=2/D'/,/;D7>6,/;� �D+7.D=2/D?3<-8<3=BD;+=38D,/=@//7

=2/D.;895/=D�>3.D+7.D-+;;3/;D�>3.


�

�� ����



We simulate four cases: a single-phase case and three cases in which the viscosity ratio (γ) is increased from 1 to 10 to
100. Figure 2(a) shows the time evolution of the carrier-fluid turbulence kinetic energy (TKE) normalized by its initial value,
kc(t)/k0, in the four cases. The presence of the droplets increases the decay rate of carrier-fluid TKE compared to the single-
phase case. As the viscosity ratio (γ) increases from 1 to 100, the decay rate of kc(t) increases. By analyzing the evolution of
the terms in the carrier-fluid TKE budget, the results show that as γ increases, the enhanced decay of kc(t) is due primarily to
an increase in the dissipation rate of carrier-fluid TKE, εc(t) (figure 2(b)). εc(t) increases because as γ increases, the velocity
gradient near the droplet interface increases in the carrier fluid and decreases in the droplet fluid (figure 3). Therefore, the
carrier-fluid dissipation rate (εc(t)) increases, while the droplet fluid dissipation rate decreases.
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Figure 2: Temporal evolution of (a) the carrier-fluid turbulence kinetic energy, kc, normalized by its initial value, k0 and (b)
the carrier-fluid dissipation rate of turbulence kinetic energy, εc, normalized by its initial value, k0.
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Figure 3: Illustration of the velocity profile, u(y), at the interface of a droplet released from rest in uniform flow. The
illustration depicts the effects of varying the viscosity ratio, γ. Unity viscosity ratio (γ = 1): at the interface, the velocity
is continuous and the velocity gradient is continuous (left); viscosity ratio greater than unity (γ > 1): at the interface, the
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OPTIMAL CONTROL INPUT FOR SKIN FRICTION DRAG REDUCTION IN TURBULENT
CHANNEL FLOW
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Summary The optimal control theory is applied to determine wall blowing and suction for skin friction drag reduction in direct numerical
simulations of a fully developed turbulent channel flow. A particular focus is on the effects of the time horizon used in the optimal control
on the resultant control input and the control performance. Compared with the well-known opposition control[2], higher drag reduction is
commonly achieved with the optimal control. Through the detailed comparison between the control inputs obtained by the opposition and
optimal controls, the drag reduction mechanisms in the optimal control are discussed.

BACKGROUND

In the modern society, the reduction of turbulent skin friction drag is in huge demand in order to mitigate the environmental
burden. The skin friction is mainly governed by microscopic coherent structures near the wall, so that the effective control
within the thin near-wall layer is essential. So far, a wide variety of control schemes has been proposed. Passive schemes
are advantageous in the sense that they don’t require additional power consumption for control. On the other hand, active
control schemes are in general more flexible, and results in higher control performance, since they can adapt their control
inputs to instantaneous flow states. Among active control schemes, the optimal control theory provides a unique opportunity
to mathematically optimize the control input to minimize a prescribed cost functional, and generally achieves highest control
performance[1, 3, 4]. Despite its remarkable control performance, the optimized input and its control mechanisms are still
not well understood. In the present study, we revisit the optimal control for skin friction drag in a fully developed channel
flow. The resultant optimized control input are compared with that in one of the most well-known control schemes, i.e., the
opposition control [2] in order to clarify the drag reduction mechanisms in the optimal control.

NUMERICAL PROCEDURES

In the present study, we conduct direct numerical simulations of a fully developed turbulent channel flow. The streamwise,
wall-normal and spanwise directions are denoted by x, y, z. The governing equations of incompressible fluid are the Navier-
Stokes and continuity equations. The streamwise and spanwise widths of the computational domain are Lx = 2.5πδ and
Lz = πδ, respectively, where δ is the channel half depth. The Reynolds number based on the friction velocity uτ in the
uncontrolled flow and δ is set to be Reτ = uτδ/ν = 150 throughout of this work. Regardless of the presence of control,
the flow rate is kept constant, so that the wall friction decreases when an applied control is successful. Periodic boundary
conditions are applied in x and z directions, whereas the no-slip condition, i.e., u = w = 0, are used for the tangential
velocity components at top and bottom walls. As for the wall-normal velocity on the wall, it is also set to be zero for the
uncontrolled case, whereas the zero-net-mass-flux wall blowing/suction φ is applied as a control input. The fluid governing
equations are solved by a pseudo-spectral method. The present code has been validated in simultaneous suboptimal control of
wall friction drag and heat transfer [3], and then extended to apply the optimal control theory [4].

As a reference case, the opposition control[2] is considered. In this case, the control input, i.e., wall blowing/suction, is
determined so that it opposes to the wall-normal velocity fluctuation at a prescribed distance from the wall. The wall distance
of the sensing location is set to be y+ = 15, which is optimal at the present Reynolds number, where the cross represents a
value in wall unit. In the case of the optimal control, we first define a cost functional J as follows:

J =

! T

0

!

dΩ

"
− 1

Reτ

∂u

∂y
n2 + αφ2

#
dSdt, (1)

where dΩ is the wall boundary of the computational domain, and nj is the unit outer-normal vector on dΩ. Obviously, the first
term is the wall friction integrated over an entire wall and within a time horizon T . The second term corresponds to the cost
of control, where the weight coefficient α is set to be unity in this study. The optimization procedure is essentially the same
as those reported in [1] and [4]. In all controlled cases, we start applying control at t = 0. In the case of the optimal control,
the time horizon, in which the control input is optimized, is systematically changed as T+ = 50, 100, 150 and 200, which are
referred as T50, T100, T150 and T200, respectively.
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Figure 1: Time traces of Left) the wall shear stress; right) root-mean-square of blowing velocity after applying control at
t+ = 0. Magenta, T50; red, T100; green, T150; blue, T200. Solid black, the opposition control; broken, the uncontrolled.

Figure 2: Instantaneous control inputs at t+ = 0. Left) T200; Right) opposition control.

RESULTS

The time histories of the wall shear stress in the uncontrolled and controlled cases are plotted in Fig. 1. It should be noted
that all controls are applied to the exactly same initial flow field at t+ = 0. As the initial flow condition, a fully developed
turbulent state is used. The optimal control commonly achieves higher drag reduction than the opposition control for all time
horizons considered. It is also found that a longer time horizon results in higher drag reduction. A closer look around t+ ≈ 10
reveals that the wall friction of T50 achieves larger drag reduction compared to the opposition control, while the other cases
enhance the drag. Specifically, the wall friction in T150 and T200 are even larger than the uncontrolled value at the begging
of the control, and then rapidly reduced after t+ > 20 The time traces of the root-mean-square of the input wall-normal
velocity are shown in Fig. 1. It is found that the optimal control generates strong blowing/suction at the very beginning of
the control, i.e., t+ < 10 and then the control inputs are attenuated drastically with time. On the other hand, the intensity of
the control input in the opposition control does not change significantly in time, since it is always applied to oppose the wall
normal velocity fluctuation at a detection plane. These results indicate that the there is a clear difference between the drag
reducing mechanisms of the optimal and opposition controls. Finally, the instantaneous control inputs at the bottom wall in
the optimal control T200 and the opposition control at t+0 = 0 are compared in Fig. 2. The control input in the opposition
control has a streamwise-elongated structure, which corresponds to the presence of the quasi-streamwise vortices close to
the wall. In contrast, the optimal control input has wider structures in the spanwise direction. These two control inputs are
not entirely different, since the correlation coefficient between them is around 0.3. Nonetheless, the clear difference suggests
different control mechanisms. In the final presentation, we will investigate the drag reduction mechanisms of the optimal
control through detailed comparison between the control inputs in the opposition and optimal controls.
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Summary We apply the Integral Length-Scale Approximation (ILSA) model [Piomelli et al., J. Fluid Mech., 766, 2015] in Wall-Modelled
Large-Eddy Simulations. In the ILSA model the length scale used for the eddy viscosity is defined in terms of the integral scale, rather
than the grid-size, as is common practice. The only model coefficient is determined by prescribing a target value of the contribution of
subfilter-scales (SFS) to the turbulent stresses, called “SFS activity”. By increasing the SFS activity near the wall, the model correctly
represents the gradual transition from an LES, away from the wall, to a RANS-like model near the wall, where the grid is of the same order
as the integral length scale, and all eddies become subfilter scale. The modified model was applied to channel flow at Reτ = 5 × 103,
5× 104, 5× 105 using various resolutions and predicted the DNS data and log-law very well.

In large eddy simulation the governing equations are filtered with an assigned filter width, ∆, to separate the fields between
resolved and unresolved (subfilter) scales as a function of the filter-width. The nonlinear nature of momentum equations
results in additional stress terms, here called subfilter-scale (SFS) stresses. The SFS stresses are usually modelled using an
eddy-viscosity hypothesis which depends on the filter width, ∆. In most LES simulations it is related to the local grid size, h,
i.e. ∆ ∝ h. This choice causes various shortcomings, extensively explained in Ref. [1].

Piomelli et al. [1] proposed an alternative definition of ∆, decoupled from the grid, and is proportional to the integral
length-scale, Lest (Integral Length-Scale Approximation, ILSA). Lest is estimated based on the resolved turbulent kinetic
energy (TKE) and total dissipation. The single model parameter, Ck, is determined based on the contribution of SFS to the
turbulent stresses, called SFS activity. Two formulations were derived based on the volume averaged or local SFS activity
[2].Here, we extend the application of the localized ILSA model to wall-modelled LES (WMLES). WMLES is an approach
in which the inner layer scales (which demand most of computational power) are by-passed and only the outer flow eddies,
that scale like the boundary layer thickness (or channel half-width), are resolved. Then the effect of the by-passed wall layer,
reflected as a momentum flux at the wall, is modelled.

In this work we solve the filtered Navier-Stokes equations in an open channel with periodic conditions in streamwise
and spanwise direction, and a symmetry condition at the top boundary. Since the grid is too coarse to resolve the near-wall
eddies, we use approximate boundary conditions [3]. In particular, we employ the logarithmic law approach, requiring that
the average velocity at the first grid point satisfies the logarithmic law. Then the averaged wall shear-stress, ⟨τw⟩, is calculated
from the log-law and is used to update the instantaneous streamwise and spanwise wall shear-stress which then are imposed
as slip boundary conditions at the wall. The impermeability condition is imposed on the normal velocity.

In ILSA the eddy viscosity used to parametrize the SFS stresses is defined as:

νsfs = C2
k
⟨Kres⟩3

⟨εtot⟩2
!!S
!! (1)

where Kres = u′
iu

′
i/2 and εtot = 2 (ν + νsfs) s′ijs

′
ij are the resolved TKE and dissipation, respectively.
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the strain-rate magnitude of the resolved field. The model parameter, Ck, is determined based on the following formulation
for SFS activity which quantifies the contribution of SFS to turbulent stresses, denoted as sτ :

sτ =

$ %
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&
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where
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mn = u′
mu′

n ◦
δmn

3
u′
ku

′
k, τaij = τij ◦

δij
3
τkk = ◦ 2νsfsSij . (3)

The user assigns a desired value of sτ , and the model coefficient Ck is calculated dynamically by solving (2) (which can
be recast as a quadratic equation for C2

k). The averaging operation, ⟨...⟩, in (2) is local (Eulerian/Lagrangian time frame,
homogeneous directions); here, for open channel flow, plane averaging is used [2]. In WMLES the grid, near the wall, is
insufficient to resolve even the largest eddies. Therefore, the simulation effectively becomes a solution of the Reynolds-
Averaged Navier-Stokes (RANS) equations. In this region the SFS activity must be increased (to reach 1 at the wall) to
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Figure 1: Application of wall-modelled ILSA on channel flow at Reτ = 5×103 with sinτ = 0.02. (a) mean velocity; (b) urms

normalized by uτ . 64× 20× 32; 64× 40× 32; 64× 40× 64; 128× 40× 64; + DNS [4]

Figure 2: Application of wall-modelled ILSA on channel flow at Reτ = 5 × 104 with sinτ = 0.02. (a) mean velocity; (b)
urms; (c) sτ ; (d) Lest. Wall-modelled ILSA: 128 × 40 × 64; 256 × 40 × 128; 256 × 80 × 128;
256× 160× 128. Dynamic model: 256× 80× 128. Log-law: .

account for the increased contribution of the unresolved eddies to the transport of momentum. The following distribution of
sτ for wall-modelled ILSA is used:

sτ (y) = sinτ +
1 ◦ sinτ

y/D + 1
(4)

where y is the normal distance to the wall, sinτ is the value of sτ far away from the wall (y > 20D). The fitting hyperbola (4)
bridges between a RANS like simulation at y = 0 to a well-resolved LES at y ≃ 20D. Numerical experiments suggested the
use of D = 0.1y1 , where y1 is the centre of first grid cell, which implies that the simulation is in RANS mode only for the
first two or three grid cells.

The proposed model was applied on open-channel flow at Reτ = 5 × 103, 5 × 104, 5 × 105; the domain size for all
simulations was (6δ, δ, 3δ) with a uniformly distributed grid. Results at Reτ = 5× 103 are compared against DNS data [4] in
Figure 1 for several grid resolutions. All the simulations predict the mean velocity accurately. For urms, agreement with DNS
appears for y > 0.2 corresponding to sτ < 0.025 which falls within the resolved LES zone.

Figure 2 shows the application of wall-modelled ILSA and dynamic eddy-viscosity model [5] at Reτ = 5 × 104. All
cases with ILSA model performed accurately while the dynamic model results in incorrect prediction of log-law. This is
due to the poorly resolved flow field near the wall and thus under-prediction of the dynamic model parameter. Using ILSA,
as the number of grid points is increased in the normal direction, near-wall resolution is improved and the fitting hyperbola
decays faster from the wall (due to decreasing D), to reduce the size of the RANS region close to the wall. Calculations at
Reτ = 5× 105 (not shown here) revealed that the model is accurate for 0.01 ≤ sinτ ≤ 0.03, which is the same range observed
in wall-resolved LES. Application of wall-modelled ILSA on high Reynolds number separating boundary layer is ongoing.
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BLASIUS-TYPE FRICTION EQUATION FOR YIELDING FLUIDS
BASED ON EXTENDED KOLMOGOROV MICROSCALES

Hamidreza Anbarlooei1, Cecilia M.M. Santos2, Daniel O.A. Cruz ∗3, and Atila P. Silva Freire4

1,2,3,4Mechanical Engineering Program (PEM/COPPE), Universidade Federal do Rio de Janeiro,C.P. 68503,
21941-972, Rio de Janeiro, Brazil

Summary In previous works [1-2], the extension of the Kolmogorov K41 theory for purely viscous power-law fluids was developed. In
the present work, the same procedure is used to find Kolmogorov microscales for yielding fluids. This idea is applied for Bingham plastic
rheology and the related scales are derived. As a direct application a friction equation is developed for Bingham fluids by relating the
purposed velocity scale and friction factor using a phenomenological model for turbulence. Comparing the new Blasius-type friction
equation with experimental results shows a good agreement.

INTRODUCTION

Turbulent flow of purely viscous non-Newtonian (PVNN) fluids is present in many industrial applications. Typical exam-
ples are the transport of some polymeric substances, sewage sludges, coal, china clay and many other mineral suspensions.
Despite its great engineering importance, only few works have been dedicated in literature to this topic.

Recently, authors have developed an extended version of the Kolmogorov K41 theory for purely viscous non-Newtonian
fluids [1-2]. The purpose of the current paper is to extend further this idea into yielding fluids. Also, using the phenomeno-
logical turbulence model of Gioia and Chakaborty [3], it is possible to related Kolmogorov microscales to friction. Using this
model, a Blasius-type friction equation was developed for Newtonian [3] and non-Newtonian (Power-Law) fluids [1]. The
second part of this paper is dedicated to develope such an equation for Bingham fluids. To our knowledge there is no such a
theoretical equation in the literature.

KOLMOGOROV SCALES

For the sake of simplicity, in the reminder of this paper only Bingham rheology is considered. This model is expressed as
τ = τy + µ∞ γ̇ where τy stands for the yield stress, µ∞ is plastic viscosity and γ̇ is shear rate. It should be emphasized here
that in the turbulent flow yielding fluid, it is believed the stress is higher than yielding limit in any point or at least, thixotropy
of the fluid do not let the plug micro-regions to form [4]. Thus the unyielded situation is removed from the rheological model
considered here.

The starting point of Kolmogorov’s theory is Richardson’s notion of energy cascade [1]. Based on experimental and
numerical evidences it can be assumed that this picture of energy transfer through eddies remains same for PVNN fluids.

K41 theory is based on three important hypotheses combined with dimensional arguments and experimental observations.
It is clear that the first hypotheses (local isotropy of turbulence) is still valid in turbulent flow of PVNN fluids. However, first
similarity hypotheses should be changed as in every turbulent flow at sufficiently high Reynolds number, the statistics of the
small scale motions (micro-scales) have a universal form that is uniquely determined by ε (dissipation rate), and rheological
properties of the fluid (τy and µ∞). Finally Kolmogorovs second similarity hypothesis states that in every turbulent flow at
sufficiently high Reynolds number, the statistics of the motions of scale l in the range l0 ≫ l ≫ η have a universal form
that is uniquely determined by ε independent of viscosity. Because of independency on viscosity, this hypotheses remains
unchanged for PVNN fluids.

To complete our extension of Kolmogorov Hypothesis, we just need to provide the relation between ϵ, τy and µ∞ (Kol-
mogorov micro-scales). To do this, we start from dissipation. Generally, dissipation can be expressed as ϵ = τS, where ϵ
and S(∼ γ̇) stand for dissipation and strain rate, respectively. Using Bingham model, we will have ϵ = (τy + µ∞γ̇)γ̇ where
at dissipation range this can be approximated by ϵ = (τy + µ∞

u
l )(

u
l ) where u and l are dissipation velocity and length.

Combining this with dissipation calculated from integral scale (U3/L), we will have:

U3

L
=

!
τy + µ∞

u

l

"!u

l

"
(1)

It is logical to assume (same as Newtonian fluids) that in the limit of Kolmogorov scales, the local Reynolds number is equal
to one. For the Bingham fluid , the local viscosity can be expressed as µ = τ/γ̇ = µ∞ + τ0

l
u . Using equations (1) and

Relocal = 1, one can obtain velocity scale as following

uη

U
=

#
$
$
%

&
He2

Re4 + 4
Re + He

Re2

2
(2)
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where Re = ρUL
µ
∞

is the bulck flow Reylonds number and He is the Hedstrom number defined as ρτyL
2

µ2
∞

.

Friction Equation
Thanks to phenomenological theory developed by Gioia and Chakaborty [3], the Kolmogorov micro-scales can be related

to friction factor [1-3]. Here we extend this idea to yielding fluids.
To derive an expression for τw, the shear stress at the wall, we follow the procedure set forward in [3]. We consider that

the momentum transfer through the near the wall viscous layer balances wall shear stress and also yield stress of the fluid. On
top of this layer, fluid has a high velocity which scales with U . However, in the viscous layer, the axial momentum transfer is
negligible so that the net rate of momentum transfer is due to the normal velocity, which is induced by the small eddies. Thus,
the stress scales as τw = τfluidw + τy ∼ ρUun, where un is the velocity of the dissipating eddies, which will be assumed equal
to uη . Combinign this idea with the velocity scale of the previous section, it easy to show

ffluid =
8τfluidw

ρU2
= C(ξ)

#
$
$
%

&
He2

Re4 + 4
Re + He

Re2

2
− 8

He

Re2
(3)

where ffluid is Darcy friction factor and C(ξ) is assumed to be equal to 0.316 for Newtonian case (ξ = 0) to comply with
Blasius equation. Simple comparison with experimental data shows that C is not strong function of ξ at least for low values
of ξ. So, it is assumed to be constant equal to 0.316 here. The accuracy of the predictions of equation (3) is compared with
experimental results of [5], in Figure 1. For the sake of comparison, results obtained with the empirical equation of Darby
and Melson [6] are also shown in this figure. This limited test seems to indicate that our analytic formula preforms even
better than purely empirical equation Darby and Melson [6] (The maximum error of new equaiton is less than 10%, where the
empirical equation shows up to 15% deviation from experimental results). However, further experimental evidence remains
necessary for a final judgement. It is also interesting to note that developed equation approaches Blasius equation in the limit
as expected, while Darby and Melson [6] equation does not.
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ENERGY TRANSFER BETWEEN ION CYCLOTRON AND WHISTLER MODES IN HALL
MAGNETOHYDRODYNAMIC TURBULENCE
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Summary Using the generalized Elsasser variables expansion, we investigated the energy transfer by the interaction between ion cyclotron
and whistler modes in fully developed turbulence of an incompressible Hall magnetohydrodynamic plasma. Asymmetry of energy budget
between the ion cyclotron and whistler modes, i.e., energy transfer which tend to break chiral symmetry is observed.

INTRODUCTION

In the present study, we attempt to apply the analytical mechanical viewpoint to the results of direct numerical simulation
(DNS) of fully developed turbulence of an incompressible Hall magnetohydrodynamic (HMHD) plasma. During Lagrangian
mechanical analysis of the invariant action for the ideal, incompressible HMHD system, we found helicity-based particle-
relabeling operator[1]. The eigenfunctions of this operator are double Beltrami flows (DBF), i.e., force-free stationary solu-
tions to the equation of motion[2]. It was also shown that they provide a family of orthogonal function bases that yields the
spectral representation of the equation of motion with a remarkably simple form. Among the DBFs, considering the influence
of a uniform background magnetic field and the Hall term effect vanishing limit, the generalized Elsasser variables (GEV),
which was introduced by Galtier to formulate the closure problem [3], are found to be the most suitable for avoiding problems
with singularities in the standard magnetohydrodynamic limit. We developed the GEV application procedure to DNS datasets
and calculated the energy spectra and transfer functions of the ion cyclotron and whistler modes[4]. However, the detailed
analysis of transfer functions were left unresolved, because the analysis method that guaranteed the detailed energy balance
was not established.

BASIC EQUATIONS AND CONSIDERATION ON THE QUADRATIC TERMS

The time development of an incompressible HMHD plasma motion is determined by the following equation: ∂tZ⃗ + (Z⃗ ◦
∇̃)Z⃗ = DZ⃗, where Z⃗ := (V ,B) is a pair of velocity and magnetic fields; hereafter, called Z⃗-variables. The quadratic and
dissipation terms are respectively defined by:

(Z⃗1 ◦ ∇̃)Z⃗2 =
1

2

!
Ω1 × V2 − V1 ×Ω2 −∇× (V1 × V2) +B1 × J2 − J1 ×B2 −∇PV

∇× (B1 × (V2 − αJ2)− (V1 − αJ1)×B2)− J1 × V2 − V1 × J2 + αJ1 × J2 −∇PB

"
,(1)

DZ⃗ = (ν△V ,κ△B), where Ω, J , PV , PB , α, ν, and η are vorticity (Ω = ∇×V ), current field (J = ∇×B), generalized
pressures to satisfy the divergence-free conditions, the Hall term strength parameter, kinematic viscosity, and resistivity,
respectively. The expressions of quadratic terms in Eq. (1) are determined by postulating that the bilinear operator (∗ ◦ ∇̃)∗ is
given by a linear combination of the Riemannian metric and the Lie bracket:

#
Z⃗3

$$(Z⃗1 ◦ ∇̃)Z⃗2

%
Z
= C1

#
Z⃗1

$$&Z⃗2, Z⃗3

'%
Z
+

C2

#
Z⃗2

$$&Z⃗3, Z⃗1

'%
Z
+ C3

#
Z⃗3

$$&Z⃗1, Z⃗2

'%
Z
, (the definitions of the symbols

#
∗
$$ ∗
%
Z

and
&
∗, ∗
'

are given in Sect. 3
of Ref. [5]). The coefficients are determined by the following three physical conditions: (1) when the dissipation terms
are absent, the evolution equation, ∂tZ⃗ + (Z⃗ ◦ ∇̃)Z⃗ = 0⃗, agree with the Euler-Lagrange equation of the ideal HMHD
system; (2) the detailed energy balance holds; i.e., the Riemannian metric is right-invariant in mathematical terminology:#
Z⃗3

$$(Z⃗1 ◦ ∇̃)Z⃗2

%
Z
+
#
(Z⃗1 ◦ ∇̃)Z⃗3

$$Z⃗2

%
Z
= 0; (3) the substantial derivative operator ∂t + (Z⃗ ◦ ∇̃) is Galilean invariant.

GENERALIZED ELSASSER VARIABLES

In the numerical analysis procedures, velocity and magnetic fields are firstly expanded by the complex helical waves
[6], say φσk(k⃗): V =

( )V σk(k⃗)φσk(k⃗), B =
( )Bσk(k⃗)φσk(k⃗), where σk = ±1, k⃗ are the helicity parameter and the

wavenumber, respectively. Using these coefficients, we decompose Z⃗-variables into the generalized Elsasser variables, say
Z⃗sk

σk
(k⃗), as follows:

Z⃗(x⃗, t) =
*

)Zsk
σk
(k⃗; t)Z⃗sk

σk
(k⃗; x⃗), where )Zsk

σk
(k⃗) :=

)V σk(k⃗) + λskσk
(k⃗) )Bσk(k⃗)

1 + λskσk(k⃗)2
, Z⃗sk

σk
(k⃗) :=

+
φσk(k⃗)

λskσk
(k⃗)φσk(k⃗)

,
,
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Figure 1: Time development of the energy transfer spectra (a) −
#
Z⃗+

j

$$(Z⃗ ◦ ∇̃)Z⃗+
%
Z

, (b) −
#
Z⃗+

j

$$(Z⃗ ◦ ∇̃)Z⃗−%
Z

, (c)
−
#
Z⃗−

j

$$(Z⃗ ◦ ∇̃)Z⃗+
%
Z

, and (d) −
#
Z⃗−

j

$$(Z⃗ ◦ ∇̃)Z⃗−%
Z

.

and sk = ±1 is the wave modes defining parameter. The eigenvalues, λskσk
(k⃗) = σkskλ−sk (where λ = πα|⃗k|+ [(πα|⃗k|)2 +

1]
1
2 ), and the corresponding eigenfunctions, i.e., the GEVs, Z⃗sk

σk
(k⃗), are derived from the linearized dissipationless HMHD

equations: ∂tV = (B0 ·∇)B, ∂tB = (B0 ·∇)
-
V − α(∇×B)

.
, where B0 is a uniform background magnetic field. The

modes with σ = +1 (resp. −1) are the ion cyclotron waves (resp. the whistler waves). The set of these eigenfunctions work as
an orthogonal basis of Z⃗-variable space, even if the background magnetic field is absent (B0 = 0). The details of derivation
and numerical procedures were described in [4].

NUMERICAL RESULTS

Energy budget is analyzed using the same DNS dataset as Refs. [4], [7], and [8], wherein the details of numerical
methods and the principal features of the obtained turbulent snapshots were discussed. The quantities are normalized using
the dissipation rate of the magnetic field, say ϵB(t), and the resistivity (η), and shell averaged in the wavenumber space on the
intervals, Sj := {k⃗; 2−(j+1)/2kη(t) < |⃗k| < 2−j/2kη(t)} for integers (j) and the characteristic wavenumber of the dissipation
range (kη(t) := (ϵB(t)/η3)1/4). In the present study, we decompose Z⃗-variable into the shell band-pass filtered components
and the ion cyclotron and whistler modes: Z⃗ =

(
j(Z⃗

+
j + Z⃗−

j ), where Z⃗sk
j :=

(σ=±1

k⃗∈Sj

)Zsk
σk
(k⃗; t)Z⃗sk

σk
(k⃗; x⃗) for sk = ±1.

We analyzed in the present study the budget equations given by ∂t
#
Z⃗s

j

$$Z⃗s
j

%
Z
= −

(
s′
#
Z⃗s

j

$$(Z⃗ ◦ ∇̃)Z⃗s′
%
Z
+
#
Z⃗s

j

$$DZ⃗s
j

%
Z
.

As was shown in Ref. [4], the analysis of
#
Z⃗+

j

$$(Z⃗ ◦∇̃)Z⃗
%
Z

and
#
Z⃗−

j

$$(Z⃗ ◦∇̃)Z⃗
%
Z

revealed that the energy is transferred
from larger scales to smaller scales as a whole irrespective of the wave modes. Using Eq. (1), we decompose the nonlinear
transfer as follows:

#
Z⃗+

j

$$(Z⃗ ◦ ∇̃)Z⃗
%
Z

=
#
Z⃗+

j

$$(Z⃗ ◦ ∇̃)Z⃗+
%
Z
+
#
Z⃗+

j

$$(Z⃗ ◦ ∇̃)Z⃗−%
Z
,
#
Z⃗−

j

$$(Z⃗ ◦ ∇̃)Z⃗
%
Z

=
#
Z⃗−

j

$$(Z⃗ ◦
∇̃)Z⃗+

%
Z
+
#
Z⃗−

j

$$(Z⃗ ◦ ∇̃)Z⃗−%
Z
. The transfers

#
Z⃗+

j

$$(Z⃗ ◦ ∇̃)Z⃗−%
Z

and
#
Z⃗−

j

$$(Z⃗ ◦ ∇̃)Z⃗+
%
Z

evaluate the energy budget
between the ion cyclotron modes (Z⃗+) and the whistler modes (Z⃗−), while the other two indicates the redistribution of energy
among each of these modes.

In Fig. 1, the time development of these four energy transfer spectra is shown. It is most remarkable that the spectra
of
#
Z⃗−

j

$$(Z⃗ ◦ ∇̃)Z⃗+
%
Z
, which evaluates the energy transfer from the ion cyclotron mode to the whistler mode, have almost

stationary and positive functional profile for all the snapshots (see Fig. 1(c)). This implies that the energy is one-sidedly
transferred from the ion cyclotron modes to the whistler modes. This suggests that the breaking of chiral symmetry[9] is
spontaneous and intrinsic to the HMHD dynamics.

The counterparts of this excitation is given by
#
Z⃗+

j

$$(Z⃗ ◦∇̃)Z⃗−%
Z

(see Fig. 1(b)). The functional profile reads that the ion
cyclotron mode energy is most actively extracted around k ∼ 0.03kη , which corresponds to the peak of energy spectra (see
Fig. 1 of Ref. [4]). Besides, the functional profile also tells us that the energy transfer to (or the mode excitation at) smaller
scales around k ∼ kη is remarkably small compared with the other three transfer functions (see Fig. 1(a), (c), (d)). In other
words, the whistler modes practically has no feedback to the ion cyclotron modes in the dissipation range.

As a whole, we observed remarkable asymmetry of the energy transfer, i.e., almost one-way excitation of the whistler
modes by the ion cyclotron modes, which leads to chiral symmetry breaking.
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INFLUENCE OF FREESTREAM TURBULENCE INTENSITY ON WAKES OF SIDE-BY-SIDE
CYLINDERS IN CROSSFLOW

Elizabeth Camp ∗1 and Raúl Bayoán Cal1

1Department of Mechanical and Materials Engineering, Portland State University, Portland, Oregon, USA

Summary Stereo particle image velocimetry is used to examine the influence of varying levels of freestream turbulence on the wakes of a
pair of side-by-side cylinders crossflow. Four different inflow conditions are employed. Each inflow condition is applied to three different
cylinder-to-cylinder spacing values. The mean velocity components and Reynolds stresses are heavily affected by the inflow condition as
well as the center-to-center spacing. Low dimensional representations found using Proper Orthogonal Decomposition recover energy at
rates that are also dependent on the level of incoming turbulence intensity.

INTRODUCTION

In addition to being of fundamental interest, groups of cylinders are a commonly found in engineering applications such as
heat exchangers, structural supports, and cables. In many applications, the incoming flow is highly turbulent. Much work has
been done to examine the wake behind single cylinders and to a lesser extent pairs or groups of cylinders. Even fewer studies
have been done to examine the changes in the wakes due to freestream turbulence. The present study examines the changes in
the wakes of pairs of side-by-side cylinders as a function of varying freestream turbulence intensity and cylinder-to-cylinder
spacing.

EXPERIMENTAL METHODS

Wind tunnel experiments are conducted at the facility at Portland State University. This closed circuit tunnel has a 9:1
contraction ratio. The test section is 5 m in length with a cross-section which is 0.8 m in height and 1.2 m in width. Four
different inflow conditions are used in this experiment which vary in the inflow turbulence intensity. The inflow is dependent
on a variable removable section at the tunnel inlet. In three of the inflow cases, the removable section houses an grid which is
operated passively or actively using two different winglet rotation protocols. In the fourth inflow case, the removable section
is a simple duct with a cross-section identical to that of the tunnel test section. Figure 1 illustrates the arrangement of the
pair of cylinders employed herein. For each inflow condition, three different transverse spacing to diameter ratios (T/D) are
employed: 1) T/D=1.5, 2) T/D=2.1, and 3) T/D=2.7. The four inflow conditions and T/D spacings compose a set of twelve
unique cases. End plates with a design described by Szepessy [1] are attached to the cylinders 0.06 m from the tunnel floor and
ceiling, respectively. Each cylinder has a diameter of 19.1 mm and has a ground surface. Based on the endplate-to-endplate
distance, the cylinders have an aspect ratio of 35. The combined blockage of the cylinders and structural attachments at the
floor and ceiling is 6.5%.

Stereo particle image velocimetry (SPIV) measurements are made at 0.4 m from the tunnel floor which is half of the test
section height. The SPIV system is composed of two LaVision 4 megapixel Pro LX cameras fitted with Schiempflug adapters,
a Litron Nano L 200-15 double pulsed Nd:YAG laser, and the software DaVis 8.1.5 by LaVision. The flow is seeded with
Diethyl-Hexyl Sebacate that was aerosolized via a seeding generator which uses a Laskin nozzle. Images are processed using
a multi-grid strategy for the stereo cross-correlation with two passes with interrogation area size of 64×64 pixels with 50%
overlap followed by three passes of interrogation area size of 32×32 pixels. Erroneous vectors are removed using a median
filter. Spurious vectors are replaced with vectors computed via a Gaussian interpolation of valid neighboring vectors.
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Figure 1: Top view of wind tunnel test section with experimental setup
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Figure 2: Distributions of the mean velocity component U in the y-z plane of channel with grooves α = 0.25, S = 1 (a),
α = 2, S = 1 (b) and smooth channel (c) respectively, for Reτ = 180 .

The normalized discharge difference between corrugated and smooth channels ∆Q (α, S) = Q−Q0

Q0
can be employed to

evaluate the system effectiveness, and positive ∆Q indicates an increase in the effectiveness of the flow system, or effective
drag reduction. Figures 1(b) and (c) display variations of the discharge difference between the corrugated and smooth channels
generated by the same pressure gradient. A critical groove wave number αc is observed, below which the grooves increase
discharge and above which the discharge is reduced. The critical wave number is estimated to be αc ≈ 1 for S = 0.5 and
αc ≈ 0.8 for S = 1. An increase in the groove amplitude S decreases the discharge when α > αc and, conversely, increases
the discharge when α < αc. A decrease of α increases the discharge but this increase rapidly approaches an asymptotic limit
where any further decrease of α brings in negligible contributions. The highest increase of the discharge at S = 0.5 is about
2%–3%, and it is about 9% at S = 1.

Figure 2 displays distributions of U in the spanwise cross-sections of channel with grooves. In the presence of grooves,
the fluid either accelerates or retains its velocity in the wide segment of the channel and slows down in the narrow segment,
leading to the re-arrangement of the bulk motion and stream tubes. When α < αc (Figure 2(a)), the difference between the
maximum velocity in the widest and narrowest sections of the channel is larger than the similar difference for channels with
α > αc (Figure 2(b)). The maximum velocity at the widest section of the channel for α < αc is higher than the maximum
velocity in the smooth channel (U ≈ 19; Figure 2(c)) with a minor velocity decrease in the narrow section, resulting in an
increase in the total discharge. When α > αc (Figure 2(b)), the maximum velocity in the widest portion of the channel is U ≈
18–19, which is similar to that found in the smooth channel and, since velocity decreases in the narrow section, there is an
overall reduction in the discharge.

CONCLUSIONS

The passive and macro-scale devices, grooved channels with small wave number (α < αc ≈ 0.8–1) and large amplitude,
induce discharge increase up to 10% for turbulent flow under the same pressure gradient. The maximization of the discharge
requires the use of the minimum possible groove wave number α as well as the largest possible groove amplitude S. Such
discharge increase is associated with the rearrangement of the bulk velocity in the cross-section (y-z) plane with the largest
fluid flux flowing through the widest channel opening.
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RESULTS

Controlling Flow Parameters
θ′ was defined as the root mean square of all paddle angles θ, where θ = 0 for paddles parallel to the flow. Increasing θ′

increased linearly u′, the root mean square of the fluctuation velocities of the turbulence. Integral length scale was defined as
the correlation distance (r = Uavg · t) at which the normalized velocity correlation function dropped below 1

e [3]. Increasing
σs and σt increased proportionally the integral length scale, with saturation occurring as the integral length scale approached
the size of the tunnel. The Taylor length scale λ varied with the correlation kernel applied, so the turbulence Reynolds number
Reλ was controlled by adjusting θ′ to change u′. Constructing kernels so that σs

σt
= 1 produced near-isotropic turbulence.

This ratio thus indicated the relative isotropy of a flow produced by a kernel with given correlation lengths.

Controlling Correlation Functions
Applying top hat and long tail correlation kernels with isotropic and anisotropic σs

σt
ratios created independent groups of

velocity correlation functions in a series of tests all run at Reλ = 200 ± 10. In Figure 1(a), the much slower decay of the
anisotropic correlation functions implied that greater anisotropy increased the spatial persistence of large-scale structures in
the flow. In Figure 1(b), the type of correlation kernel affected the small-scale behavior of the flows independent of anisotropy.

(a) (b)

Figure 2: Velocity correlation functions for several different correlation kernels of varying type and degree of anisotropy,
normalized by (a) paddle width and (b) the integral length scale. The pink and blue curves represent anisotropic and isotropic
top hat kernels, while the yellow, purple, green, and red curves are long tails of increasing anisotropy. The separation of
the curves in (a) at large scales shows that persistence of large-scale structures increases with anisotropy. Normalizing the
curves by the integral length scale in (b) isolates small-scale behavior, revealing that the type of correlation kernel affects flow
behavior at small scales independent of anisotropy. Thus, by controlling the kernel shape and the relative dimensions of the
temporal and spatial kernels, the small and large scales of the flow can be independently controlled.

CONCLUSIONS

Spatial and temporal correlations of the paddles on an active grid enabled control over a large number of flow parameters,
including u′, integral length scale, Reλ, and isotropy. The ability to change the shape of velocity correlation functions using
different correlation kernels demonstrated the grid’s control over the shape and behavior of large- and small-scale structures in
the flow, as well as the fact that grid and flow correlations were directly related. Such unprecedented control of the structures
and properties of turbulence will have sizable implications for studies of the fundamentals of turbulence and for technological
flows where mixing is important.
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Summary We investigate experimentally the mechanism of erosion by a turbulent jet impinging a density interface with moderate Reynolds
numbers and low Froude numbers. From our measurements, we present a new scenario of turbulent mixing. The turbulent eddies contribute
indirectly to the mixing by generating surface gravity waves. The waves are then amplified by a mechanism similar to the Miles instability
characterized by the presence of a critical layer, where the phase velocity of the waves matches the velocity of the mean flow. This
amplification leads to the breaking of the wave, which mixes efficiently both fluids.

INTRODUCTION

Mixing between fluids with different density occurs in geophysical, in astrophysical and in industrial context [1]. It relies
on a complex process where the kinetic energy is irreversibly converted into potential energy. Our work is motivated by the
industrial applications in the nuclear safety context, where a lighter fluid (hydrogen) must be mixed with the ambient fluid
(air) to avoid the ignition of explosive reactions [2]. We consider the case of a sharp density interface impinged by a turbulent
round jet. The turbulent jet of light fluid (water) of density ρ1 impinges a volume of heavier fluid (salty water) of density
ρ2 > ρ1, such that the outflow of the jet is orientated in the gravity direction and orthogonal to the density interface. The jet
is driven by an upstream pump and the buoyant effect are initially localized in the region of the impact (figure 1). The salty
water is progressively mixed with the fresh water until the gradients of concentration disappear. We investigate the mechanism
of erosion of the density interface by a turbulent jet for moderate Reynolds number Re = uibi/ν (Re ∈ [2 ◦ 3] × 103) and
low Froude number Fri = ui/

√
big′ (Fri < 2) with ui and bi the typical velocity and width of the jet at the interface

and g′ = g(ρ2 ◦ ρ1)/ρ1 the reduced gravity acceleration. The velocity field is measured by particle image velocimetry
(PIV) process in the vertical plane of the laser sheet, which crosses the nozzle of the jet. The density is measured by planar
laser-induced fluorescence (PLIF).

(a) (b)

Figure 1: (a) A schematic of the experimental set-up showing a rectangular tank (30x30x50cm) filled with water (h1) and a
saline solution (h2). The nozzle is located at a height h from the interface. (b) Streamlines (black curves) of the mean flow,
superimposed on the vertical component of the mean velocity field ⟨uz⟩ (cm/s). The black dotted curve corresponds to the
time-averaged location of the interface separating both fluids.

AN NEW SCENARIO OF TURBULENT MIXING

The classical models of erosion (see e.g. [3, 4]) are commonly based on the mixing capacity of vortices, which engulf the
heavy fluid at the interface before being advected by the mean flow outside the impinged region. However no experimental
study has demonstrated quantitatively such mechanism in a non-buoyant jet. Our experimental results show that the mixing is
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Summary We investigate spectral dynamics in the enstrophy inertial range in forced-dissipative turbulence for a generalized two-dimensional
fluid system, the so-called α-turbulence, by the eddy damped quasi-normalized Markovianized (EDQNM) closure approximation equation
for this system. As the non-local parameter α increases, the downward enstrophy flux dominates the net enstrophy flux and the triads
responsible for the net enstrophy flux become more non-local. According to this analysis, we derive the transition of the exponent of the
enstrophy spectrum at α = 2, which has been observed by previous direct numerical simulations, from an asymptotic analysis of EDQNM
approximation equation. The energy transfer in the enstrophy inertial range is also investigated similarly.

INTRODUCTION

The generalized two-dimensional (2D) fluid system was introduced by Pierrehumbert et al.[3] as a tool for studying effects
of non-locality of triad interactions on 2D Navier-Stokes (NS) turbulence. The governing equation of the system is given by

∂q

∂t
+
∂ψ

∂x

∂q

∂y
− ∂ψ

∂y

∂q

∂x
= D + F , q = −(−∇2)α/2ψ, (1)

where ψ(x, t) is the stream function and q(x, t) is a scalar advected by an incompressible velocity v = ez×∇ψ. Here, ez is a
unit vector normal to the plane of motion, α is a real number, ∇2 is the Laplacian in 2D space, and D and F are dissipation and
forcing terms, respectively. When α = 2, this system reduces to the 2D NS system. This system has two inviscid invariants,
the generalized energy E ≡ −⟨ψq⟩ /2 and the generalized enstrophy Q ≡

〈
q2
〉
/2. Here, those are frequently referred to as

energy and enstrophy for simplicity, respectively, and the angle brackets denote a spatial average.
In the present paper, we consider statistically steady state of turbulent flows governed by (1) forced at a narrow wavenum-

ber range around a forcing wavenumber kf on an infinite plane with appropriate decay conditions at infinity. Turbulent flows
governed by (1) is frequently referred to as α-turbulence.

Since there are two inviscid invariants, the cascade phenomenon of both invariants are realized in α-turbulence. Previous
direct numerical simulations (DNSs)[3, 4] indicated that the enstrophy spectrum Q(k) in the enstrophy inertial range, which
is formed in larger wavenumber side than kf , takes the form,

Q(k) ∝

⎧
⎪⎨

⎪⎩

k−(7−2α)/3, (for 0 < α < 2).
k−1{ln k}−1/3, (for α = 2).
k−1, (for α > 2).

(2)

The transition of the spectrum (2) was explained by a phenomenology proposed by Watanabe & Iwayama[5]. However,
underlying physics of their phenomenology has not yet fully understood. Moreover, the spectrum (2) has not been analytically
derived. Thus, to provide a dynamical basis to their phenomenology, we analyse the enstrophy transfer in the enstrophy inertial
range and the triad interactions responsible for the enstrophy transfer using an eddy damped quasi-normal Markovianized
(EDQNM) closure approximation equation of the present system[1, 2]. Furthermore, we derive (2) from the EDQNM closure
approximation equation.

RESULTS

First, using the detailed conservations of energy and enstrophy, we decompose the enstrophy flux into two parts:

Π(k) = Π(+)(k)−Π(−)(k), (3a)

Π(+)(k) =

∫ ∞

k
dk′
∫ k

0
dl

∫ l

0
dmTQ

α (k′, l,m), Π(−)(k) =

∫ k

0
dk′
∫ ∞

k
dl

∫ ∞

l
dmTQ

α (k′, l,m). (3b)

Here, TQ
α (k′, l,m) is the triad enstrophy transfer function in the EDQNM approximation[2]. Furthermore, normalizing the

triads comprising Π(+) and Π(−), and assuming the enstrophy spectrum of the form Q(k) = Cαk−n, we obtain the exponent
n in the enstrophy inertial range as n = (7− 2α)/3 for 0 < α < 2 and n = 3− α for α > 2, and two parts of the enstrophy
flux in the enstrophy inertial range as a function of α. Two parts of enstrophy flux normalized by the net enstrophy flux are
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shown in Figure 1. Figure 1 indicates that when α is small, Π(+) and Π(−) far exceed the net enstrophy flux and a small

Figure 1: α-dependence of Π(+)(k) and Π(−)(k) normalized by the net enstrophy flux Π(k) in the enstrophy inertial range.
The bold and thin lines indicate Π(+)(k)/Π(k) and −Π(−)(k)/Π(k), respectively. Dotted lines indicate the normalized
enstrophy fluxes for α > 2, where our analysis fails to derive spectrum for α > 2.

difference between them derives the net enstrophy flux downward. The upward enstrophy flux Π(−) exceeds the net enstrophy
flux when α ! 0.79. As α increases, both upward and downward enstrophy fluxes decrease, and Π(+) dominate the net
enstrophy flux up to and beyond α ≃ 2. Note that the enstrophy fluxes calculated by the EDQNM closure approximation
equation reasonably agree with the DNS results[6].

Next, we examine the characteristics of the triads responsible for enstrophy transfer in the enstrophy inertial range. (Fig-
ures are not shown.) Approximately 80% of the downward and upward enstrophy fluxes are carried by triads with minimum
wavenumber below half of the medium wavenumber. The triads responsible for the downward enstrophy flux become more
non-local as α increases, while those responsible for the upward enstrophy flux are insensitive to α.

According to the nature of the triad interactions responsible for the enstrophy transfer, we perform an asymptotic analysis
of the EDQNM approximation equation and theoretically derive the transition of the exponent of the enstrophy spectrum (2).
The phenomenology proposed by Watanabe and Iwayama[5] modifies the characteristic time scale of enstrophy transfer in
Kraichnan-Leith-Batchelor phenomenology. This modification can be interpreted as the combined effects of the non-locality
of the decaying time of the third-order moments associated with the triads and the dominance of non-local triad interactions.

The energy transfer in the enstrophy inertial range is investigated similarly. In the enstrophy inertial range, the downward
and upward energy fluxes are equivalent; therefore, the net energy flux vanishes. The triads responsible for the energy transfers
and those for the downward enstrophy transfer show identical characteristics.
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hydrolysis reaction between the FDR-SPC and seawater. The types of the baseline SPC monomers, the molecular weight 
and the mole fraction of PEGMA were varied in the synthesis process. 
   The resulting SPCs were coated to the substrate plates for the subsequent hydrodynamic test for skin friction 
measurement. In a low-Reynolds number flow measurement using PIV (Particle Image Velocimeter), a significant reduction 
in Reynolds stress was observed in a range of specimen, with the maximum drag reduction being 15.9% relative to the 
smooth surface for PRD3-1, as shown in Table 1. Figure 2 shows the profiles of the streamwise turbulent intensity and the 
Reynolds stress. It is obvious that those turbulent quantities significanty decreased in the case of PRD3-1, corroborating the 
presence of Toms effect from the present FDR-SPC.  

   
(a) Streamwise turbulence intensity                   (b) Reynolds stress 

Fig. 2 Comparison of turbulent quantities in low-Reynolds number flow for FDR-SPC 

   
Fig. 3 Comparison of frictional drag in high Reynolds number flow for FDR-SPC and FDR AF coatings 

PERFORMANCE OF FDR-SPC IN A HIGH REYNOLDS NUMBER FLOW 

   The present FDR-SPC was subsequently used as a binder for the FDR AF (AntiFouling) coating for marine application. 
The FDR AF coating consisted of FDR-SPC, antifouling pigment such as cuprous oxide (Cu2O) and various additives. 
Measurement of the skin friction of the present FDR-SPC and the FDR AF coated surfaces was carried out in a high-
Reynolds number flow measurement with a flush-mounted balance and a LDV (Laser Doppler Velocimeter). It is found that 
the FDR-SPC showed smaller skin friction than the smooth plate in the entire Reynolds number range, with the average 
drag reduction efficiency being 13.5% over the smooth plate. The FDR-AF (Anti-Fouling) coating manufactured from the 
present FDR-SPC exhibits drag reduction efficiency of about 20% over the conventional AF coatings, as shown in Fig. 3.  

This work was supported by National Research Foundation of Korea (NRF) grant of the Korea government (MSIP) through 
GCRC-SOP (No. 2011-0030013) 
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Summary Experimental results on the near field development of a turbulent rectangular wall jet with aspect ratio 10, issuing from a sharp-
edged orifice at Reh ~ 23,000 are presented and discussed. Hot wire X-probe measurements on cross plane grids provide information on the 3D 
characteristics of the flow field. Mean vorticity components were estimated by interpolation and derivation from the mean velocity 
measurements. Contour plots of flow characteristics are presented and discussed to uncover some complex flow physics. 
 

INTRODUCTION 
 

Wall jets have been studied extensively in the past, see Agelin-Chaab [1] for recent review. The initial 2D studies were 
rendered inadequate to provide proper physical understanding of these rather complicated flow fields. Several 3D studies 
have delivered significant information on wall jet development, see Schwab and Pollard [2]. Despite the consensus that 
vorticity plays an important role, the corresponding experimental information is rather scarce, see Craft and Launder [3]. In 
this work modern computer interpolation techniques are used in order to further exploit available 3D experimental 
measurements, providing first stage information on the vorticity distributions in a rectangular turbulent wall jet. 
 

MATERIALS AND METHODS 
 

The air jet was produced by a sharp-edged rectangular orifice (70x7 mm2, equivalent hydraulic diameter Dh = 12.73 mm) 
mounted on the downstream end of a 1.05 m long, square cross sectioned settling chamber 0.350 m to the side. The exit 
Reynolds number, based on the slot height (h=7mm) and jet exit velocity, Uexit, was Reh = 23,000. The velocity components 
in the streamwise (x-axis) and the spanwise (y-axis, parallel to the long side of the orifice) directions were measured with a 
miniature X-wire HWA probe and upon probe rotation the vertical velocity components were obtained (z-axis). Data were 
collected at equally spaced positions on cross plane grids at x/h= 1, 2, 3, 5, 7, 10, 15 and 20 distance from jet exit (see 
Schwab [4] for further details). The origin of the Cartesian coordinate system used in this work is located on the intersection 
of the wall plane and the short central axis of the orifice on the jet exit plane. Derivative variables and contour plots have 
been produced by applying the ‘inverse distance interpolation’ scheme on the raw measurements using TecplotTM. Contour 
plots of the measured and derived variables are presented in Figure 1. In all the plots, the black contour lines indicate the 
locations where the mean streamwise velocity takes values U/Ucl=0.5 and 0.95, where Ucl is the local centreline velocity.  
 

EXPERIMENTAL RESULTS - DISCUSSION 
 

Mean streamwise velocity distributions (Fig. 1a) present three main characteristics. The first is the appearance of two 
off centre peaks (saddle back profile) which reach a maximum of 23% over the central value at x/h=10. These peaks 
diminish downstream but persist to the last of the measurement stations at x/h=20. The second characteristic is the tendency 
of the wall jet towards axis switching indicated by the contraction of the jet in the spanwise direction and the spreading in 
the vertical direction away from the wall. The third characteristic is that although at the first cross plane the jet seems to 
diverge from the wall with peak values appearing over z/h=1, downstream a Coanda effect attracts the jet towards the wall 
and peak values appear at locations z/h<1. The streamwise normal turbulent stress distributions (Fig. 1b, very similar to 
those of the other normal stresses, not presented here) indicate that turbulence production is associated with the shear layers 
that develop between the jet and the ambient fluid, as well as between the mean velocity peaks and the centre of the jet. On 
the contrary, the wall impedes turbulence and the turbulent stresses gradually diminish downstream in the wall region. Shear 
layers also affect the vorticity distributions (normalized by h and Uexit). The mean vorticity magnitude (|ȍ|, Fig. 1c) is 
higher around the jet core in the first downstream stations although far from the jet exit the shear layer developing close to 
the wall is responsible for the high vorticity values that dominate in this region. The streamwise vorticity component (Fig. 
1d) presents in the first stations negative values more or less within the U/Ucl>0.5 zone and positive outside, whereas at 
farther downstream locations a system of four vortices seems to develop in the central area of the wall jet as indicated in 
Fig. 1d at x/h=20, which is a possible link to Ewing and Pollard [5] interpretation. The transverse vorticity components 
(Fig. 1e,f) are affected by the derivatives of the streamwise velocity across corresponding shear layers. ȍy is in the first 
stations dominated by the shear layers along the large side edges of the jet, whereas the wall shear layer has a smaller effect 
which gradually becomes dominant downstream, not only for ȍy but for |ȍ| as well. Similarly, at all measuring stations, ȍz 
changes sign at the locations of Ux off-center peak ridges and the corresponding centerline trench developing in z-direction 
due to the saddle back profile. Extensive interpretation of the vorticity field evolution through examination of the axial 
mean vorticity equation will be presented with link to what is known in the case of the free jet (see Vouros et al. [6]). 
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TORQUE SCALING AND MEAN VELOCITY PROFILES IN A WIDE-GAP
TAYLOR-COUETTE FLOW
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1,2,3,4Mechanical Engineering, Indian Institute of Science, Bangalore, India

Summary A wide-gap Taylor-Couette (T-C) configuration with a radius ratio of 0.1 is investigated through direct numerical simulation.
Both axis-symmetric and fully three dimensional cases are simulated for a range of Reynolds numbers (Rea) from 100 to 1000. Rotating
inner cylinder and a stationary outer cylinder result in distributions of angular momentum near the walls which are susceptible to Gortler
instability. Unlike plane Couette flow which exhibits symmetry about the mid plane, wide-gap Taylor-Couette flow owing to circular
geometry, has distinct and sharply contrasted behaviour of flow at the two walls. Our investigations into the low Rea regime, shows the
presence of circumferentially elongated eddies resembling Gortler vortices near the inner wall. These observations lend support to earlier
studies which report experimental observations of near wall flow [3, 5, 6]. Mean angular momentum profiles show regions in the annulus
with a negligible gradient. Further, scaling of the non-dimensional torque (G) with Rea is reported.

NUMERICAL METHODOLOGY

High resolution direct numerical simulation of wide-gap T-C flow pose significant challenges in terms of efficient uti-
lization of resources. Motivated by this, a high-order accurate incompressible flow solver has been developed with MPI slab
decomposition. A high resolution compact scheme [12, 13] and Fourier spectral approximation [14] are used to discretize
the aperiodic and periodic directions respectively. A second-order accurate semi-implicit projection method [9] is used for
non-stiff temporal integration and to enforce incompressibility. The computational code has been extensively validated for
both two and three-dimensional bluff body flows. Both axis-symmetric and fully three dimensional cases have been simulated
for Rea (based on inner cylinder radius and wall velocity) ranging from 100 to 1000. The simulations are run till a statistically
steady flow field is obtained. At low Rea the flow is nearly axis-symmetric and the spatio-temporally averaged velocities
and fluctuations agree within a reasonable accuracy with the fully three dimensional cases. As Rea is further increased,
circumferential symmetry is lost resulting in a significant difference of mean statistics between the two cases. Global transport
quantity such as the torque however, seems to be unaffected by the loss in circumferential symmetry.

RESULTS AND DISCUSSIONS

The data presented here on are from the fully three dimensional cases. Global transport quantity such as the torque in T-C
flows has been subject to many previous investigations [3, 5, 7, 10, 15], albeit for higher radius ratios. Our DNS results show
that the non-dimensional torque per unit length (G) scales as Re1.41 as can be seen in Fig. 1(a). The exponent obtained here
is smaller compared to the previous studies which however were concerned with flows at much higher Rea .

250 500 750 1000

1

2

3
4
5

N
on

-d
im

en
sio

na
lt

or
qu

e(
G

)

Rea

G ∼ Re
7
5
a

(a)

0 0.2 0.4 0.6 0.8 10

0.2

0.4

0.6

0.8

1

M
ea

n
an

gu
la

rm
om

en
tu

m
(r
u
θ
)

(r − a)/(b− a)

Rea = 100
Rea = 200
Rea = 500
Rea = 1000

(b)

Figure 1: (a) Scaling of mean torque with Rea (b) Mean angular momentum profiles for various Rea
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Fig. 1(b) shows the radial variation of spatio-temporally averaged angular momentum. The profiles show two distinct
regions, the two boundary layers near the walls with a steep gradient and a core of nearly constant angular momentum, as was
also observed previously by [1, 4, 10, 7, 16]. Further, it is interesting to see that the mean axial vorticity in the core is nearly
zero for all Rea (see Fig. 2(a)). The inlet of Fig. 2(a) shows the full extent of the radial variation of mean axial vorticity for
Rea = 100. As can be seen, the flow is nearly irrotational in the mean, bounded on either side by sharp boundary layers with
non-zero axial vorticity.
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Figure 2: (a) Spatio-temporally averaged axial vorticity for various Rea (b) Iso-contours of λ2 = −0.01 for Rea = 200 with the colours
representing the sign of radial velocity, red being positive and blue negative.

Fig. 2(b) shows the presence of vortical structures (as illuminated by the λ2 criterion [8]) in the flow near the inner wall,
while no such coherent structures are observed at the outer wall. The iso-contours of λ2 are coloured using the sign of radial
velocity and indicate the presence of Gortler type vortices. These structures play a key role in the transport of torque and
angular momentum to the outer reaches of the flow.
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Summary We examine the extent of relevance of extensive point-vortex-gas simulations (of Suryanarayanan et al, 2014) to real world 
turbulent mixing layers. The vortex gas is a singular, 2D, inviscid method used in the 70s and 80s to understand some aspects of turbulent 
flows, but has since been relegated to the status of a toy model. We challenge this view, by revisiting the vortex gas using modern high 
performance computing enabling simulations involving much larger number of vortices (upto 32000) than earlier studies and more crucially, 
large (upto 103) member ensemble averages. The present vortex-gas results are shown to be highly relevant to the large scale dynamics of free 
shear layers, particularly on the central and controversial issue of universality of self-similar states. The present analysis provides new insights 
on understanding data from other simulations that seemingly point to non-universal self-preservation behaviour. 
 

INTRODUCTION AND PROBLEM SETUP 

  We examine the evolution of a singly periodic array of N-point vortices of same sign and strength, initially distributed in 
the close neighbourhood of the x-axis with y-displacements drawn from a specified random or periodic distribution. Due to 
the 2D inviscid approximation, all the dynamics are condensed into the kinematics of the Biot-Savart relationship as a 
FRQVHTXHQFH�RI�.HOYLQ¶V�WKHRUHP�DQG�KHQFH�WKH�V\VWHP�LV�JRYHUQHG�E\��N ODEs which are solved using double precision 
RK4. The chosen scheme and time-step ensures conservation of the Hamiltonian to within 10-5 of its initial value. Different 
measures of layer thickness and other statistics are computed from the ensemble and x-averaged velocity field induced by 
the vortices on a grid. Further details are presented in Suryanarayanan et al (2014), where it was also demonstrated that the 
present simulations are far more extensive and accurate than existing simulations of this kind and that such an improvement 
was crucial for the conclusions that were drawn. The evolution of the layer was found to have three distinct regimes ± an 
initial condition influenced RI, a periodic domain limited RIII and a linear intermediate asymptotic overlap RII with a 
universal spread rate. While connections were made between RIII and equilibrium statistical mechanics, the present paper 
would focus on the relevance of RI and RII on the dynamics of free shear layers as observed in experiments and 3D 
LES/DNS studies.   
    

RESULTS ON SELF PRESERVATION SPREAD RATE 

 
Figure 1. Galilean transformed Universal RII spread rate from temporal vortex-gas simulations compared with 
experimental results on plane mixing layers. 
Figure 2. Departures of the reported growth rates in DNS/LES of 3D Navier-Stokes Temporal mixing layers and present 
vortex-gas simulations from the universal Regime II growth rate with the product of ³DJH´�DQG�³SRSXODWLRQ´ parameters 
 
   It can be observed from Figure 1, that the transformed temporal vortex-gas results are within the range of the 
experimental scatter, and many high Reynolds number experiments with velocity ratio parameter 0.1د Ȝ0.6د� (at large 
YDOXHV�RI�Ȝ� WKH�HIIHFWV�RI� VSDWLDO� IHHGEDFN�PD\�EHFRPH�GRPLQDQW�DQG�*DOLOHDQ� WUDnsformation is no longer valid; further 
details in Suryanarayanan & Narasimha, 2015), including the recent post-mixing-WUDQVLWLRQ�H[SHULPHQWV�RI�'¶2YLGLR�DQG�
Coats (2013) are in close agreement. This suggests that 2D inviscid mechanisms can explain the spread rate even in post-
mixing-transition free shear layers. Implications and possible reasons for the experimental scatter shall be discussed.   



ANALYSIS OF PREVIOUS LES/DNS SIMULATIONS 

   We next examine results from 3D DNS / LES simulations of temporal mixing layers. The scatter in the reported self-
preservation states is often used as an argument in support of existence of non-universal self-preservation states (e.g. 
Balaras et al, 2001).  However, the present analysis shown in Fig.3, suggests a systematic departure from the universal 
spread rate when the product of two parameters ± number of mergers �³DJH´� and final number of structures �³SRSXODWLRQ´��
becomes small. This suggests that non-universal self-preservation states are possible artefacts of fits over insufficient 
number of mergers or lack of appreciation of onset of the domain dependent RIII. The implications will be discussed.  
  

LONG RANGE CORRELATIONS AND MULTIPLE SELF-PRESERVATION STATES 

  Another controversy concerns the proposal that there are multiple self-preservation solutions in the growth of a mixing 
layer.  Such segmented growth curves are encountered in single realizations of vortex-gas simulations as well. Figure 3 
shows a single realization in Regime II of a temporal vortex-gas shear layer that consists of four linear segments, each with 
a different slope varying by a factor of 2.35. However an ensemble average yields an excellent linear growth throughout, 
YHU\� FORVH� WR� WKH� XQLYHUVDO� YDOXH� LQ� HDFK� RI� WKH� LQGLFDWHG� VHJPHQWV�� VXJJHVWLQJ� WKDW� WKHVH� ³transient PHWDVWDEOH� VWDWHV´ 
(Narasimha, 1990) are eliminated by adequate averaging. The explanation for the segmented growth that appear under 
inadequate averaging is contained the vortex location snapshots that reveal long-range correlation via the presence of 
several co-RULHQWHG�YRUWH[�µWUDLQV¶�� � 7KH�WUDLQ�RI�VWUXFWXUHV�URWDWLQJ�QHDUO\�LQ�XQLVRQ�FUHDWHV�D�YHU\�VWURQJ�IOXFWXDWLRQ�LQ�WKH�
local growth rate, and thus averaging over sufficient number of such trains is required. It is thus possible that reports of 
multiple or serial self-preservation states (Carton de Wiart et al, 2010) are the result of inadequate averages.   
 

 
Figure 3. Insufficient averaging leads to multiple local self preservation states with different spread rates. The orientation of 
train of structures (marked in boxes) may be locally coherent (orientation indicated by the black lines) and may lead to a 
linear growth for a substantial duration but with a very different slope compared to the average. 
 

CONCLUSIONS 

Thus temporal vortex-gas shear layer satisfactorily describes the large scale evolution of 3D NS mixing layers despite of 
what may appear as severe approximations, suggesting the dominance of the 2D Kelvin-Biot-Savart in determining the vorticity 
dispersal in real mixing layers. Therefore the universality of spread rate in Regime II suggests that the self-preservation spread 
rate in real mixing layers is also likely to be universal and reports of non-universal or multiple self-preservation states may be 
due to inadequate appreciation of the long memory of initial conditions, insufficient averaging, unreliability of fits made over 
short temporal and / or spatial domains, and the lack of appreciation of the beginning of Regime III during which the size of the 
flow domain becomes an additional parameter in the problem. 
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Summary Measurements of the unsteady wall-pressure field are acquired on the floor of a wind tunnel beneath a fully developed, zero pres-
sure gradient turbulent boundary layer with a Reynolds number based on momentum thickness, Reθ of 2593. The single point wall pressure
spectrum and the streamwise coherence lengths are reported. The coherence lengths of streamwise pressure fluctuations are larger than
predicted using existing models, and shows that large irrotational outer layer motions retain their coherent power for streamwise separations
exceeding 3.6 boundary layer thicknesses, while smaller, high-frequency fluctuations decay within 0.75 boundary layer thicknesses. Further
investigations with finer spatial resolution are required to understand the coherent nature of high-frequency pressure events.

INTRODUCTION

A thorough understanding of wall-pressure fluctuations produced beneath a turbulent boundary layer (TBL) is of principal
importance to properly modelling flow-induced vibrations and sound radiation. Models of flow-induced noise depend on
a deterministic model of the spatial characteristics of unsteady wall-pressure beneath a TBL. This includes the frequency
spectrum of pressure fluctuations at a single point, and the spatial coherence of wall-pressure signatures. The streamwise
cross-spectrum (γ(ξ, f)) between two microphones separated by a distance ξ, is calculated by taking the Fourier transform of
the cross-correlation (χ = ⟨p(x0, t0)p(x0 + ξ, t0 + τ)⟩) and normalizing by the respective single-point autospectra (Eq. (1)).

γ(ξ, f) =
|φ(x0, x0 + ξ, f)|

|φ(x0, x0, f)|0.5|φ(x0 + ξ, x0 + ξ, f)|0.5 (1)

Corcos [1] proposed the most well-known model for predicting spatial coherence between two points, described by the product
of coherent decay in the streamwise and spanwise directions (ξ and η, respectively) (Eq. 2).

γ(ξ, η, f) ∝ e−2πfαx|ξ|/Uce−2πfαy|η|/Uc (2)

The spatial separation is normalized by an empirical constant, αi and the convection velocity, Uc, and together represents the
frequency-dependent ’coherence length’, Li = Uc/2πfαi. The inverse dependence on frequency results in overprediction at
low frequencies, which was addressed by Efimtsov [2] who offered a corrected model of the form,

Lx = δ

!"
2πfδa1

Uc

#2

+
a2
2

(2πfδ/uτ )2 + (a2/a3)2

$−1/2

(3)

where; the empirical constants ai control the mid to high frequency coherence and the low frequency roll off from the Cor-
cos model. Comparisons in the recent literature with both exponential models are not very satisfying as some researchers
have measured sinusoidal variations in the coherence lengths or sustained coherence at large separations [3,4]. This lack of
agreement encourages further research in this area, and will be studied here in the case of a low Reynolds number TBL.

EXPERIMENTAL METHODS

Streamwise measurements of wall-pressure fluctuations were made on an instrumented test panel along the test section
floor in a closed-circuit wind tunnel facility. The microphone array consisted of five, 1/4 in.-diameter, Brüel and Kjaer 4944A
type microphones, spaning x = 1.17 m to x = 1.3 m downstream of forced transition, with a minimum spacing of 25.4 mm.
More information on the facility, test panel, and microphone array can be found in reference [5]. The test section has since been
outfitted with an adjustable ceiling to control the streamwise pressure gradient. The boundary layer was characterized using
a Dantec 55P11 miniature hot-wire probe, which was sampled at 8 kHz for 65 seconds. Over the center of the microphone
array, at a freestream velocity of 10.4 m/s and zero pressure gradient conditions, the boudnary layer thickness, δ = 34.8 mm,
the Reynolds number based on momentum thickness, Reθ = U∞θ/ν = 2593, and the shape factor, H = δ∗/θ = 1.43. The
friction velocity, uτ = 0.40 m/s, was found by fitting the mean velocity profile to a logarithmic law.

∗Corresponding author. Email: jared.vanblitterswyk@carleton.ca



RESULTS AND DISCUSSION

The single point frequency spectrum of wall pressure fluctuations, shown in Fig.1a, posseses key features of a well de-
veloped turbulent boundary layer; including an increase in amplitude proportional to f0.2 ◦ f0.3 up to the spectrum peak
(f ≈ 120 Hz), followed by a decay in amplitude proportional to f−0.7 ◦ f−0.8, and a rapid decay at high frequencies. The
normalized cross-spectrum for four different spatial separations, ranging from 0.73δ to 3.63δ, are shown in Fig.1b along with
predictions using the Corcos and Efimtsov models for the case of ξ = 2.54δ. The coherence length is calculated for a given
frequency by fitting an exponential curve to the cross-spectrum amplitude at each of the measurement locations, with the
frequency-dependent nature of the coherence length shown in Fig.1c.
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Figure 1: Single-sided frequency spectrum of wall-pressure fluctuations (a), normalized cross-spectral density measured be-
tween transducers with various spatial separations (b), and coherence length for all frequencies up to 2,000 Hz (c).

As shown in Fig.1b, the coherent power of the low-frequency pressure fluctuations exceeds the streamwise extent of
the microphone array, suggesting that these events can retain their signature for atleast 3.6δ downstream. This prolonged
coherence, reaching a maximum of 10.7 mm at f = 73 Hz (Fig.1c), is the signature of irrotational motions in the outer
regions of the boundary layer. The cross-spectrum is not well predicted by either model for any of the measured cross-spectra.
Assuming appropriate model constants are selected to match the low frequency behaviour, high-frequency coherent power
is always under-predicted. The rapid decrease in coherence length, shown in Fig.1c, suggests that the spatial signatures of
high-frequency fluctuations decay within travelling approximately 0.75δ downstream. The exponential form used to define the
coherence length likely contributes to the asymptotic behaviour at high-frequencies (Fig.1c), but the non-zero cross-spectrum
amplitudes (Fig.1b) suggests it may be a physical feature of the wall-pressure signature and requires further investigation.

CONCLUSIONS

Low-frequency wall-pressure signatures from irrotational outer layer motions are retained in the streamwise direction for
at least 3.6 boundary layer thicknesses, with a maximum coherence length of 10.7 mm measured at a frequency of 73 Hz. The
decrease in spatial coherence was not well predicted with exponential models from the literature. Further studies with refined
spatial resolution would be useful for investigating the coherence of smaller, high-frequency, pressure events.
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Secondary vortices over spanwise heterogeneous roughness
Alexander Stroh ∗, Pourya Forooghi, Jochen Kriegseis, and Bettina Frohnapfel

Institute of Fluid Mechanics (ISTM), Karlsruhe Institute of Technology (KIT), Karlsruhe, Germany
Summary A spanwise heterogeneity of roughness is known to lead to the formation of large-scale secondary motions. The secondary
motions are investigated based on the data sets extracted from direct numerical simulations (DNS) of fully developed turbulent channel flow
where streamwise stripes of modeled rough surface with varying spanwise extension and roughness layer thickness are introduced. In order
to study the character of the secondary flow structures, the calculated flow fields are further post-processed by means of streamline-based
topology analysis. The extracted topology maps indicate that stronger secondary motions occur for wider roughness stripes and thicker
roughness layer, while the height of the roughness layer appears to not alter the secondary motion topology.

INTRODUCTION
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Figure 1: Schematic of the numerical domain with
roughness strips at the walls.

Secondary motions of Prandtl’s second kind have recently been
investigated numerically and experimentally for rough-wall turbulent
boundary layer flows with spanwise roughness heterogeneity [1, 2].
Similar observations were made in direct numerical simulations of
turbulent channel flows with superhydrophobic surfaces (SHS) where
streamwise stripes of a slip surface are introduced [3]. In the case of
SHS the presence of secondary motions results in a reduction of the
flow rate when a turbulent channel flow driven by a constant pressure
gradient (CPG) is considered. For rough-wall turbulent boundary lay-
ers there are some contradictory results with respect to the location of
low- and high momentum pathways (LMP & HMP) above the rough
surface [1, 2], while a reversal of the secondary motion and hence a
switch in LMP & HMP location are reported for SHS when the span-
wise extend of the structure is increased [3].

The present contribution considers a detailed analysis of the secondary motions above a surface on which stripes of
roughness are inserted as indicated in Figure 1. Topological evolution of the secondary flow and its properties are examined
for variation of the wave-length, L, and roughness layer thickness, h, and compared to available literature results.

PROCEDURE

roughsmooth smooth

0 0.25 0.5 0.75 1

0

0.2

0.4

0.6

0.8

1

z/L

y
/δ

0

0.2

0.4

0.6

0.8

1

ū
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Figure 2: Vector plot of secondary motions,
contours of streamwise mean velocity and sin-
gular points at L/δ = 0.78.

A series of DNS has been carried out in a fully developed turbulent chan-
nel flow driven by CPG. The numerical code is identical to the implemen-
tation used by [3]. The schematic of the numerical domain is depicted in
Figure 1. The friction Reynolds number is Reτ = uτδ/ν = 180. The
wave-length, L, represents the size of the alternating structure with a con-
stant roughness fraction Φ = w/L = 0.5. For the variation of L we ad-
just the number of grid nodes in spanwise direction and, therefore, the span-
wise extension of computational domain, while the wall area is always cov-
ered by four wave-lengths. Based on literature results the wave-length range
0.4 < L/δ < 1.6 is considered.

The roughness effect is modeled by the introduction of an additional drag
force to the momentum equations in the corresponding areas of flow domain:

fd,i (y) = ◦ 1

2
ρα ·√ujuj · ui · d (y) , (1)

where α represents the weighted drag coefficient depending on the roughness
element density and the frontal element width defined as d(y) = (1 ◦ y/h)
within the roughness element height h [4]. The particular wall-normal distri-
bution, d(y), and the value of α are chosen to represent the drag force exerted

by an array of equidistantly distributed conical roughness elements with height h and cone base diameter 2h to the fluid. For
the present analysis the roughness element height h+ = 10, 30 and 50 are chosen.

The resulting secondary motions are characterized by means of singularity analysis, where nodes and saddles are extracted
from the velocity maps in so as to develop a topology map of the flow structures; see Foss [5] for details on topology analysis.
An example of a secondary motion vector plot with singular points is given in Figure 2.

∗Corresponding authors Email: alexander.stroh / bettina.frohnapfel@kit.edu
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COMPUTATION OF THE STARTING VORTEX PAST A FLAT PLATE
Monika Nitsche1, Ling Xu2, and Robert Krasny∗2
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Summary A comparison is presented of numerical methods applied to compute the starting vortex past a flat plate. The methods include (1)
direct numerical simulation (DNS) by a finite-difference scheme, and (2) a vortex sheet model. Preliminary results will also be presented
for (3) DNS by a viscous vortex method. The advantages and disadvantages of the methods will be discussed.

INTRODUCTION

When a viscous flow passes a solid body, the flow sticks to the body and a boundary layer forms along the body surface.
The boundary layer thickens due to viscous diffusion and it is convected downstream until eventually it separates and rolls up
into a starting vortex. The starting vortex affects the lift and drag forces on the body, and this has implications in many fields
such as aerodynamics and biolocomotion.

Several groups have compared different models and numerical methods for computing this type of flow separation. For
example a recent study compared a direct numerical simulation (DNS) with a discrete vortex model (DVM) for flow past an
airfoil [9]. The results showed that the DVM captures some large scale features of the flow and was much less costly than the
DNS, but the DVM was lacking in its treatment of the viscous boundary layer.

Here we consider the starting vortex past a flat plate and compare results obtained using several numerical methods, (1)
DNS by a finite-difference scheme, and (2) a vortex sheet model. Preliminary results will also be presented for (3) DNS by a
viscous vortex method. The advantages and disadvantages of the methods will be discussed.

PROBLEM DESCRIPTION

A flate plate is immersed in a viscous fluid. The plate is held fixed on the interval ◦ 0.5 ≤ x ≤ 0.5 in the xy-plane. The
incoming flow has speed U = tp and angle of incidence α. Here we consider the case of impulsively started flow p = 0
and normal incidence α = 90◦, and we will report on other cases at the ICTAM. We consider the Navier-Stokes equations in
vorticity form,

∂tω + u ·∇ω = Re−1∇2ω, (1)

where ω is the vorticity, u is the velocity, and Re is the Reynolds number. The velocity is obtained from the stream function,
u = (ψy, ◦ ψx), where the vorticity and stream function are related by the Poisson equation ∇2ψ = ◦ ω with boundary
conditions ψ = 0 on the plate surface, and ψ → ψ∞ for |x|→∞. The no-slip condition u = 0 on holds on the plate surface.

NUMERICAL METHODS

DNS by a finite-difference scheme
The Navier-Stokes equations are solved by operator splitting, where the inviscid and viscous parts are computed in two

successive stages per time step. The inviscid part, ∂tω + u · ∇ω = 0, is computed by a semi-Lagrangian method, and the
viscous part, ∂tω = Re−1∇2ω, is computed by the Crank-Nicolson method. Details are in [8, 12, 13].

Vortex sheet model
The vorticity distribution has two components, a free vortex sheet that is shed at the edge of the plate, and a bound vortex

sheet on the plate. The free sheet is represented by regularized point vortices (vortex blobs) with smoothing parameter δ, and
the bound sheet is represented by singular point vortices. The vortex blobs are advected using the Biot-Savart integral. The
bound vortex sheet strength is computed by solving an integral equation on the plate. The unsteady Kutta condition is imposed
at the edge of the plate to account for circulation shedding. Details are in [7].

DNS by a viscous vortex method
Lighthill [5] advocated that the vorticity should be used in DNS of viscous flow past a solid body, where the no-slip

condition can be satisfied by creating vorticity on the body surface, and then allowing it to diffuse and convect. This approach
has been implemented in various ways by many investigators (see for example [2, 11, 3]). In the present work we implement
this approach using recently developed adaptive refinement and remeshing techniques for accuracy [4, 1] and a treecode
algorithm for efficiency [6]. This is current work and we will report on our preliminary results at the ICTAM.

∗Corresponding author. Email: krasny@umich.edu
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The rate of change of the total circulation at the interface in an area A, perimeter C, and between the points a and b on the
surface of the stress-free interface is given by:

d

dt

!"

A
ωdA +

" b

a
u · t̂ ds

#
=

"

C
ν∇ω · n ds +

$
p

ρ1

%%%%b
◦ p

ρ

%%%%a

&
. (2)

This means that circulation is generated by a net pressure gradient in the fluid along the surface; viscosity serves to diffuse
existing vorticity. If the tangential velocity at the surface changes with time (i.e., the fluid accelerates at the interface), then
the circulation stored there evolves (second term in brackets on the left).

There is no constraint on the velocity of the fluid in the limit approaching the interface. However, from the dynamical
boundary condition (zero tangential stress at the interface), the following relation can be derived [5, equation 11]:

ω = 2
u · t̂
R

= 2Ω. (3)

This equation reflects the familiar statement that “surface vorticity is twice the curvature times tangential velocity”, and it
follows that the surface is point-wise in solid-body rotation with angular velocity Ω = u · t̂/R, where R = 1/κ is the radius
of curvature.

THE SOLUTION

In general, for a curved surface with a stress-free boundary condition, the exchange of vorticity between the body of the
fluid and the vortex sheet (velocity jump) representing this surface is such that the fluid at the surface is in solid-body rotation
(see equation (3)). In the case of a flat surface, the radius of curvature is infinite and the vorticity at the surface is identically
zero; therefore, the flow of vorticity can only be directed into the interface. A curved stress-free surface can also lead to active
and substantial vorticity introduction into the body of the fluid from the interface. Both the flow of vorticity into the interface
and the flow of vorticity away from a curved surface leading to cross-annihilation results in the diminution of opposite sign
vorticity shed from the top of the circular cylinder.

A close examination of our flow predictions shows that the deficit in vorticity present in the body of the fluid is indeed
balanced precisely by the increase in the circulation of the vortex sheet or velocity jump at the free surface. More generally,
according to equation (2), a flux of vorticity to the free-surface interface, in the absence of normal motion, is associated with
an acceleration of the fluid surface and/or a pressure gradient along this layer. For an initially uniform flow relative to the
cylinder, the net pressure difference and the velocity difference at the fluid interface between far upstream and far downstream
is zero; therefore, although local vorticity variations can occur and vorticity of one sign seems to vanish into the free surface,
overall the circulation is conserved.

CONCLUSIONS

The generalised formulation of the stress-free interface facilitates the physical understanding of the generation and re-
distribution of vorticity at the interface. The vorticity in the body of a fluid can be exchanged with that at a stress-free
interface/boundary and be stored as a vortex sheet (velocity jump). This storage is not possible at a no-slip boundary as the
fluid is forced to co-move with the boundary. Furthermore, tangential fluid motion induced at a curved stress-free boundary
results in the appearance of (solid-body rotation) vorticity at the fluid surface, and a balance of opposite-sign circulation in the
interface/boundary vortex sheet. In all cases, net vorticity (or circulation) is conserved in the system. The generation, transport
and conservation of vorticity has been demonstrated in the case of the flow past a cylinder beneath a stress-free surface; the
apparent loss in the fluid body of vorticity of in the body of the fluid is precisely balanced by the change in circulation stored
at the stress-free surface. Where there is surface curvature, solid body rotation ensues at the stress-free surface, and significant
amounts of vorticity can form (balanced by a change in the circulation at the interface); in certain cases, this vorticity can
separate into the flow, leading to rapid cross-annihilation of vorticity shed from the cylinder.
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TWO-DIMENSIONAL WAKES OF AN OSCILLATING CYLINDER
AT LOW REYNOLDS NUMBER

Wenchao Yang and Mark A. Stremler∗
Department of Biomedical Engineering and Mechanics, Virginia Tech, Blacksburg, Virginia, USA

Summary We will discuss the results of a systematic parametric study of the wake structure produced by a circular cylinder undergoing
forced oscillations transverse to the background flow in an inclined soap film system. Comparisons with existing results for a three-
dimensional experimental system and a two-dimensional computational model provide important insight into the role of system dimension-
ality in the formation and dynamics of complex vortex wakes.

Vortex-induced vibration is a classic problem in fluid mechanics with many applications. To better understand this phe-
nomenon, numerous researchers have investigated the structure and dynamics of wakes that are generated by a circular cylinder
undergoing controlled oscillations transverse to a uniform background flow. In their seminal paper, Williamson & Roshko [6]
documented several distinct wake structures that appeared in water channel experiments over a broad range of oscillation pa-
rameters, as shown in Fig. 1(I). The normalized oscillation amplitude, A∗ = A/D, and the normalized oscillation wavelength,
λ∗ = U/fD (or normalized oscillation frequency, f∗ = (λ∗ St)−1), play key roles in determining the wake structure, which
is related to the forces felt by the wake-producing body [5]. Here, D is the cylinder diameter, A is the oscillation amplitude, f
is the oscillation frequency, U is the (uniform) background flow speed, and St = fND/U is the Strouhal number, where fN
is the frequency of vortex shedding from a fixed cylinder. The vortex wake structures documented in Ref. [6] include a ‘2S’
mode corresponding to the standard von Kármán street having two single vortices formed per shedding cycle, a ‘2P’ mode in
which two pairs of vortices are formed per cycle, and an asymmetric ‘P+S’ mode comprised of a pair of vortices and a single
vortex; examples of each are illustrated in Fig.1(I).

Leontini and collaborators [2] replicated the investigation from [6] using a two-dimensional computational model. The
resulting bifurcation diagram for wake structure in (f∗, A∗)-space is shown in Fig. 1(II). Some general characteristics are
shared between the results shown in panels I and II of Fig. 1, but the relationship between parameter values and wake structure
as computed in the two-dimensional simulations is substantially different from that observed in the three-dimensional experi-
mental system. Some of this difference can be explained by Reynolds number dependence, as considered by Leontini et al. [2].
Of particular note is the absence of any ‘2P’ wake patterns in Ref. [2] for the wide range of parameter values considered in
those numerical simulations, although Williamson & Roshko [6] do note that “for Re< 300 the P+S mode occurred instead
of the 2P mode throughout that region as well.” Leontini et al. [2] conclude that the primary explanation for the differences
between the computational and experimental results (at similar Re values) lies in the difference in dimensionality between
these two systems.

We are investigating the role of system dimensionality in the wake structure generated behind an oscillating cylinder by
conducting experiments in a flowing soap film. Soap film systems have been established as a useful tool for investigating
(quasi-) two-dimensional flows [7] and have been used by several different research groups for investigating wake structure
(see, e.g., Refs. [1, 4]). Couder & Basdevant [1] demonstrated three decades ago that in-line oscillation of a circular cylinder
can generate a ‘2P’ wake in a soap film. Schnipper et al. [4] conducted an extensive parametric analysis of flow past a flapping
foil and observed a rich collection of wake structures. However, a replication of Williamson & Roshko’s [6] investigation of
transverse cylinder oscillations has not been conducted previously in a soap film.

Our experimental system, illustrated in Fig. 1(III), consists of a gravity-driven, inclined flowing soap film that generates a
quasi-two-dimensional flow with a controlled flow speed. The nylon wires forming the sides of the test system are stretched
by four horizontal pull lines that are tensioned by springs to form a 1 m × 0.1 m rectangular test section. Soap solution
is pumped into a top reservoir with an overflow mechanism to maintain a constant pressure head at the valve, enabling a
consistent average flow speed. The cylinder penetrates perpendicularly through the flowing soap film and is forced to oscillate
in harmonic motion transverse to the film flow. A high-speed camera records the optical interference between the front and
back surfaces of the film. Dark and bright fringes become visible on the film under monochromatic light from the sodium
lamp, enabling direct visualization of the wake pattern.

Five example cases of the wake structure observed in our experimental system are shown in Fig. 1(IV). Case A shows
evidence of a P+S wake structure, which consists of one pair of (two) vortices and one single vortex that are shed from the
cylinder during each oscillation cycle. The generation of a P+S wake structure at these parameter values is consistent with
the two-dimensional results in Ref. [2], as can be seen in Fig. 1(II), but differs from the 2P wake structure expected for these
parameter values in the three-dimensional experimental system [6], as shown in Fig. 1(I). Case B does not show an established
wake pattern, which is consistent with the findings of both Refs. [2] and [6]. Case C shows evidence of a 2S wake (with two

∗Corresponding author. Email: stremler@vt.edu
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�
Summary� ,W� LV�VKRZQ�WKDW�DQ�LQWHUSUHWDWLRQ�RI�WKH�+DPLOWRQLDQ�G\QDPLFV�RI�D�RQH�GLPHQVLRQDO�FKDLQ�RI�SRLQW�PDJQHWV�EHDUV�D�VWULNLQJ�
UHVHPEODQFH� WR� WKDW� RI� SRLQW� YRUWLFHV� LQ� D� SODQDU� LGHDO� IOXLG��7KLV� OHDGV� QDWXUDOO\� WR� D� FRQVLGHUDWLRQ� RI� SODQDU� JHQHUDOL]DWLRQV� RI� SRLQW�
PDJQHW�ILHOGV�WKDW�H[KLELW�YRUWH[�OLNH�G\QDPLFDO�FKDUDFWHULVWLFV��$�FODVV�RI�VXFK�JHQHUDOL]DWLRQV�±��TXDVL�����GLPHQVLRQDO�DSSUR[LPDWLRQV�
RI�%RVH²(LQVWHLQ�FRQGHQVDWH�YRUWH[�G\QDPLFV�±�LV�DQDO\]HG�XVLQJ�D�FRPELQDWLRQ�RI�WKHRU\�DQG�VLPXODWLRQV��6SHFLDO�DWWHQWLRQ�LV�SDLG�WR�
LQWHJUDELOLW\��ELIXUFDWLRQV�DQG�SHUWXUEDWLRQV�RI�WKH�+DPLOWRQLDQ�G\QDPLFV��3RVVLEOH�YDULDWLRQV�RI�WKH�ILHOGV�DQG�H[WHQVLRQV�WR�DSSUR[LPDWH�
PRGHOV�RI��WRSRORJLFDO��YRUWH[�G\QDPLFV�LQ�0D[ZHOO²&KHUQ²6LPRQ²+LJJV�ILHOGV�DUH�DOVR�EULHIO\�FRQVLGHUHG�� �
�

,1752'8&7,21�
�
� � � 7KH�G\QDPLFV�RI�D���GLPHQVLRQDO�FKDLQ�RI� VPDOO� �SRLQW��PDJQHWV�KDV� VHYHUDO�XVHIXO�DSSOLFDWLRQV�DV� VKRZQ� LQ� >�@�DQG�
H[SHULPHQWV� DQG� VLPXODWLRQV� E\� WKH� DXWKRUV� LQGLFDWH� FRQVLGHUDEOH� HQHUJ\�KDUYHVWLQJ�SRWHQWLDO��1DWXUDOO\�� WKLV� OHDGV� WR� DQ�
LQWHUHVW� LQ� KLJKHU� GLPHQVLRQDO� JHQHUDOL]DWLRQV�� ZKLFK� FDWDO\]HG� WKH� ZRUN� GHVFULEHG� LQ� WKLV� SDSHU� RQ� ��GLPHQVLRQDO�
H[WHQVLRQV� UHODWHG� WR� SK\VLFDO� SKHQRPHQD� RI� FXUUHQW� LQWHUHVW�� HVSHFLDOO\� WKRVH� LQYROYLQJ� YRUWH[�OLNH� G\QDPLFV�� 7KLV�
HPSKDVLV�LV�D�UHVXOW�ERWK�RI�WKH�UHVHPEODQFH�RI�WKH�HTXDWLRQV�RI�PRWLRQ�RI�WR�WKDW�RI�SRLQW�YRUWLFHV�LQ�IOXLG�G\QDPLFV��VHH�
e.g�� >�@�� DQG� FHUWDLQ� VLPLODULWLHV� EHWZHHQ� WKHVH� HTXDWLRQV� DQG� WKRVH� DVVRFLDWHG� WR� YRUWH[�OLNH�EHKDYLRU� LQ�YDULRXV� HOHFWUR�
PDJQHWLF�JDXJH�ILHOGV��HVSHFLDOO\�%RVH²(LQVWHLQ�FRQGHQVDWHV��%(&��DV�LOOXVWUDWHG�LQ�SDSHUV�VXFK�DV�>������@�� �
� � � 7KLV�SDSHU�EHJLQV�ZLWK�D�EULHI�GHVFULSWLRQ�RI�WKH�+DPLOWRQLDQ�G\QDPLFV�RI�D���GLPHQVLRQDO�FKDLQ�RI�PDJQHWV��HVSHFLDOO\�
LWV� VLPLODULW\� WR� WKH� G\QDPLFV� RI� SRLQW� YRUWLFHV� LQ� DQ� LGHDO� IOXLG��:H� DOVR� GHVFULEH� WKH� +DPLOWRQLDQ� HTXDWLRQV� IRU� SRLQW�
PDJQHWLF�ILHOGV�LQ�JHQHUDO�(XFOLGHDQ�VSDFHV��1H[W��WKH�YRUWH[�G\QDPLFV�RI�TXDVL�WZR�GLPHQVLRQDO�%(&V�LV�UHFRJQL]HG�DV�D�
QDWXUDO���GLPHQVLRQDO�JHQHUDOL]DWLRQ�RI� WKH���GLPHQVLRQDO�SRLQW�PDJQHW�FKDLQ��7KH�UHPDLQGHU�RI� WKH�H[SRVLWLRQ� LV�PDLQO\�
GHYRWHG�WR�DQ�LQYHVWLJDWLRQ�RI�WKH�%(&�YRUWH[�G\QDPLFV��ZKHUHLQ�ZH�VXPPDUL]H�RQH�RI�WKH�PDLQ�UHVXOWV�RI�RXU�UHVHDUFK�VR�
IDU��,Q�WKH�ILQDO�VHFWLRQ��ZH�GHVFULEH�VRPH�RI�RXU�FRQFOXVLRQV�DQG�LGHQWLI\�VHYHUDO�SRVVLEOH�JHQHUDOL]DWLRQV�DQG�LQWHUHVWLQJ�
SUREOHPV�UHODWHG�WR�YRUWH[�G\QDPLFV�LQ�RWKHU�JDXJH�ILHOGV��
�

� � � 32,17�0$*1(7�$1'�5(/$7('�'<1$0,&6�
 
� � � :H�DVVXPH� WKDW� WKH�PDJQHWLF�PRQRSROHV� DUH� FRQWLQXRXVO\�GLVWULEXWHG� DORQJ�D� OLQH��EXW� FRQFHQWUDWHG� LQ� ILQLWHO\�PDQ\�
PLQXWH� LQWHUYDOV� LGHQWLILHG� DV� point magnets� DW� WKH� LQWHUYDO� PLGSRLQWV�� ,QWHJUDWLRQ� RI� WKH� ��r�� IRUFHV� RYHU� WKH� LQWHUYDOV�
SURGXFHV���r LQWHUDFWLRQ�IRUFHV�DPRQJ�WKH�SRLQW�PDJQHWV��/HW�N�SRLQW�PDJQHWV�RI�PDVVHV�m���«��mN�DQG�VWUHQJWKV�SHU�XQLW�
PDVV�Ȗ����«��ȖN�OLH�DORQJ���DW�WKH�SRLQWV�x���«��xN��7KH�+DPLOWRQLDQ�HTXDWLRQV�RI�PRWLRQ�ZLWK���r�LQWHUDFWLRQ�IRUFHV�DUH�
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)RU�SRLQW�PDJQHWV�LQ�(XFOLGHDQ�n�VSDFH��n��WKH�HTXDWLRQV�RI�PRWLRQ�DUH�WKH�VDPH�mutatis mutandis�WKH�QRWDWLRQ�� �
� � � ,I� RQH�RPLWV� WKH�NLQHWLF� HQHUJ\� LQ�H�� LQ� ���� IRU�PDVVOHVV� SRLQW� YRUWLFHV� >�@�� LW� LV� HVVHQWLDOO\� LGHQWLFDO� WR� WKDW� RI� SRLQW�
YRUWLFHV�LQ�DQ�LGHDO�IOXLG�DQG�KDV�WKUHH�LQGHSHQGHQW�LQYDULDQWV�LQ�LQYROXWLRQ�>�@��ZKHUHDV�WKH�RULJLQDO�KDV�MXVW�WZR��
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� � � 9RUWLFHV�RFFXU�LQ�%(&�G\QDPLFV�LQ�WKH�SODQH�DV�VKRZQ�LQ�WKH�H[SHULPHQWDO�REVHUYDWLRQ�LQ�)LJ�����ZKLFK�FDQ�EH�LQIHUUHG�
IURP�D�ZHOO�NQRZQ�DSSUR[LPDWH�SRLQW�YRUWH[�PRGHO�RI�WKH�IRUP�
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ZKHUH�a�DQG�b�DUH�SRVLWLYH�FRQVWDQWV��LV�UHDOLVWLF�DQG�RIWHQ�FKRVHQ�>�@�� �
� � � $V�DQ�H[DPSOH�RI�WKH�W\SH�RI�UHVXOWV�ZH�KDYH�EHHQ�DEOH�WR�SURYH��ZH�RIIHU�WKH�IROORZLQJ��
�
7KHRUHP��The Hamiltonian system� ���� has, depending on� ĭ�� either one, two or three independent constants of motion 
(including H) in involution, in which case it is completely Liouville—Arnold (L-A) integrable for N = �, N =� or N = � 
point magnets, respectively. Additional point vortices in each of these cases can cause chaotic dynamics (proving that there 
are no additional independent invariants in involution).  
�
,QGHHG��LI�ĭ� ����WKH�+DPLOWRQLDQ�IXQFWLRQ�LV�WKH�VDPH�DV�IRU�SRLQW�YRUWLFHV�LQ�D�IOXLG��IRU�ZKLFK�D�V\VWHP�RI�DW�PRVW�WKUHH�
YRUWLFHV�LV�FRPSOHWHO\�/�$�LQWHJUDEOH�>�@��ZKHQ�ĭ�LV�DV�LQ�����LW�LV�QRW�GLIILFXOW�WR�VKRZ�WKDW�WKH�V\VWHP�����LV�/�$�LQWHJUDEOH�
IRU�N� ����EXW�QRW�N� ����DQG�LW�LV�HDV\�FKRVH�ĭ�VR�WKDW�H�LV�WKH�RQO\�LQGHSHQGHQW�LQWHJUDO�RI������ � � �
�

&21&/8',1*�5(0$5.6�
�

� � � :H� KDYH� VKRZQ� KRZ� FHUWDLQ� ��GLPHQVLRQDO� JHQHUDOL]DWLRQV� RI� WKH� G\QDPLFV� RI� D� ��GLPHQVLRQDO� FKDLQ� RI� SRLQW� PDJQHWV�
LQFOXGHV�ZHOO�NQRZQ�DSSUR[LPDWH���GLPHQVLRQDO�G\QDPLFDO�PRGHOV�RI�WKH�HYROXWLRQ�RI�%(&V��DQG�KDYH�EHJXQ�WR�DQDO\]H�WKHVH�
PRGHOV��$GGLWLRQDO�LQYHVWLJDWLRQ�RI�WKHVH�PRGHOV�LV�SODQQHG�DV�SDUW�RI�RXU�RQJRLQJ�UHVHDUFK��0RUHRYHU��LQDVPXFK�DV�WKH�%(&�
PRGHOV� DUH� GHULYHG� IURP� WKH� ��GLPHQVLRQDO� *URVV²3LWDHYVNLL� SDUWLDO� GLIIHUHQWLDO� HTXDWLRQ�� LW� LV� UHDVRQDEOH� WR� DVVXPH� WKDW�
DSSUR[LPDWH�SODQDU�SRLQW�PDJQHW�PRGHOV�FDQ�EH�GHULYHG� IURP�JDXJH�ILHOG�HTXDWLRQV�RI�PRUH�JHQHUDO� W\SHV� IDOOLQJ�ZLWKLQ� WKH�
VSKHUH�RI�0D[ZHOO²&KHUQ²6LPRQV²+LJJV�WKHRU\��:H�DUH�DOVR�SODQQLQJ�WR�GHOYH�LQWR�WKHVH�SRVVLELOLWLHV��
�
5HIHUHQFHV�
�
>�@� %ODFNPRUH��'���7LQJ��/���.QLR��2���6WXGLHV�RI�3HUWXUEHG�7KUHH�9RUWH[�'\QDPLFV� J. Math. Phys. ������������������
>�@� &KHQ��5��0���*XR��<���6SLUQ��'���<DQJ��<���(OHFWULFDOO\�DQG�0DJQHWLFDOO\�&KDUJHG�9RUWLFHV�LQ�WKH�&KHUQ²6LPRQV²+LJJV�7KHRU\��Proc. R. Soc. A������

�����������������
>�@� +LUDWD��.���7KH�(OHFWURG\QDPLFV�ZLWK�0DJQHWLF�0RQRSROHV��,��Progr. Theor. Phys���������������������
>�@� .RORNROQLNRY��7���.HYUHNLGLV��3���&DUUHWHUR�*RQĨDOH]��5���$�7DOH�RI�7ZR�'LVWULEXWLRQV��)URP�)HZ�WR�0DQ\�9RUWLFHV�LQ�4XDVL�7ZR�'LPHQVLRQDO�%RVH²
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>�@� 0DQFLX��)���0DQFLX��0���6HQ��6���3RVVLELOLW\�RI�&RQWUROOHG�(MHFWLRQ�RI�)HUURIOXLG�*UDLQV�IURP�D�0DJQHWLFDOO\�2UGHUHG�)HUURIOXLG�8VLQJ�+LJK�)UHTXHQF\�1RQ�

OLQHDU�$FRXVWLF�3XOVHV�±�$�3DUWLFOH�'\QDPLFDO�6WXG\. J. Magnetism & Magnetic Materials���������������������
>�@� 3U\NDUSDWVN\�� $��� %ODFNPRUH�� '��� 1HZ� 9RUWH[� ,QYDULDQWV� LQ� 0DJQHWR�+\GURG\QDPLFV� DQG� D� 5HODWHG� +HOLFLW\� 7KHRUHP�� Chaotic Modeling and 

Simulation ������������������
>�@� 5RVDWR�� $��� %ODFNPRUH�� '��� 8UEDQ�� .��� =XR�� /��� 7ULFRFKH�� ;��� '\QDPLFDO� 6\VWHPV�0RGHOOLQJ� DQG�'LVFUHWH� (OHPHQW� 6LPXODWLRQ� RI� D� 7DSSHG�*UDQXODU�
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is in normal form, H =

!
A 0
0 0

"
with A = ωxx ̸= 0 and ωxy = ωyy = 0. If further B = ωyt ̸= 0, C = ωyyy ̸= 0, we show

that two critical points of vorticity, one an extremum, one a saddle, emanate from the origin, following a trajectory given by

x(t) =
#
◦ ωxyy

A
+
ωxtωxyy

AB

$
t + O(t3/2), y(t) = ±

%
◦ C

B
t + O(t). (3)

If C/B < 0 the critical points exist for t > 0, and the bifurcation describes a vortex creation. If C/B > 0, it is the destruction
of a vortex at t = 0.

For small values of t, the curve (3) is approximately a parabola, with an extremum following one branch, and a saddle
following the other. See Fig. 1(b). Furthermore, the local shape of the vortex close to the extremum is elliptic, and the
half-axes are given from the eigenvalues of H . We will show that the ratio of the half-axes grows as |t|1/4.

We use the theorem outlined above to study vortex merging as well. We revisit and extend the analysis of [6] of the
multi-Gaussian model of the merging of two vortices. The vorticity field is given by

ω =
1

4πτ

&
Γ1 exp

!
◦ |z ◦ zL|2

4τ

"
+ Γ2 exp

!
◦ |z ◦ zR|2

4τ

"'
. (4)

Here z = x + iy is the complex representation of a point, zL, zR are the centers of the two vortices, each moving in the
velocity field generated by the other as if they were point vortices with a strength decaying from the initial values Γ1,Γ2.
Time is given on the viscous scale, τ = νt. Initially, there are vorticity extrema located at the vortex centers zL, zR, but the
extrema deviate from the centers as time progresses. The ultimate distribution is that of a single Gaussian vortex based at
the center of vorticity. We explore the development of ω when Γ1 = α, Γ2 = 2 ◦ α to compare with the study of α = 1
(symmetric case) and α = 4/3 of [6].

If Γ1 and Γ2 have the same sign, 0 < α < 2, this state is reached through a vortex destruction as described above, where a
vorticity extremum merges with a saddle. The time τ of merging as a function of α is shown in Fig. 1(c). The symmetric case
α = 1 is special, since the non-degeneracy condition B ̸= 0 does not hold. The bifurcation is now a pitchfork bifurcation,
where both vorticity extrema and the saddle merge at the same time into a single extremum.

If Γ1 and Γ2 have opposite signs, there is no saddle point, and no bifurcation occurs. Instead, the strongest vortex advects
to the center of vorticity, while the other goes to infinity at a linear rate, while its strength goes to zero. Thus, in this case,
there is no vortex merging.

In conclusion, we have presented a simple a rigorous method to study vortex merging and creation, and showed how it can
be applied in a few specific flow situations. We believe this approach will be useful for classification of vortex interactions in
general. If time permits, we will discuss the application to a system of three multi-Gaussian vortices.
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ENTRAINMENT IN NON-STATIONARY FLOWS

Giuseppe A. Rosi∗ and David E. Rival

Department of Mechanical and Materials Engineering, Queen’s University, Kingston, Ontario, Canada
Summary The current study reports on a generalized mechanism for entrainment in non-stationary flows. Towards this end, the starting
vortex that forms behind a constantly-accelerating, normally-towed, circular plate is considered. Velocimetry measurements of the starting
vortex suggest that the ratio between entrainment velocity and instantaneous plate velocity is independent of dimensionless acceleration. A
statistically significant data set has been obtained, from which a final model is currently being developed.

Entrainment, which is the assimilation process of low-vorticity fluid by neighbouring high-vorticity fluid, is as ubiquitous
as the shear layers that induce this disparity of vorticity in a flow. Studies on entrainment in non-stationary flows have typically
investigated the parameter ε, which represents the entrainment rate normalized by the growth rate of the rotational region. By
investigating vortex rings formed by piston-cylinder arrangements, recent studies have focused on the methods for measuring
ε, and on the dependency of ε with Reynolds number or with the piston’s velocity program [1, 2]. Although these studies
represent significant contributions, the entrainment mechanism they propose is not valid for the early-stage growth of the
rotational region. Thus, towards providing a mechanism for early-stage entrainment, the current study considers a basic,
non-stationary problem: A constantly-accelerating, circular plate of diameter D being towed normal to its path from rest.

Consider two accelerating plates as shown in Fig. 1(a). One accelerates at a higher non-dimensional rate of a∗
H , resulting

in an instantaneous plate velocity of UH , while the other accelerates at a∗
L, resulting in an instantaneous plate velocity of

UL. Acceleration is non-dimensionalized here as a∗ = aD3/ν2, where ν is viscosity. The following question is posed: As
each plate traverses a common dimensionless distance of s/D = s∗, how will the different acceleration rates modify the
entrainment? The answer to this is uncertain. Since the plate accelerating at a∗

H results in a shear layer that produces vorticity
at a greater rate, presumably the resulting entraining structures would be correspondingly more energetic, which may result in
the greater ε. Nevertheless, the effect of acceleration remains unclear.

Towards answering the aforementioned question, planar, Particle Image Velocimetry (PIV) measurements of a circular
plate accelerating from rest were performed in a glass towing-tank facility at Queen’s University. The experimental setup is
presented in Fig. 1(b). Accelerations a∗

L = 2.1 × 108 and a∗
H = 1.1 × 1010, which are hereafter respectively referred to as

the low- and high-acceleration cases, were tested. The imaging apparatus is shown in Fig. 1(c). 10¯m hollow glass spheres
were illuminated by a 2mm-thick laser sheet positioned at the plate’s midspan. A high-speed camera acquired images of the
bottom half of the starting vortex within the domain of 0.2 ≤ s∗ ≤ 1.0. The field-of-view size was 0.8c × 0.8c, and the
camera’s frame rate was set at 125Hz and 1000Hz for the low- and high-acceleration cases, respectively. Enstrophy (|ω2|)
fields were derived from the images, and entrainment velocity u⃗e along starting vortex’s periphery was calculated using the
following equation, which is presented in [3]:

u⃗e = ◦ D|ω2|
Dt /

!! ∇|ω2|
!! . (1)

Preliminary (instantaneous) results of the starting vortex at a dimensionless distance of s∗ = 1.0 are shown in Fig. 2. Figs.
2(a) and (b) present the |ω2| fields of the starting vortex for the low- and high-acceleration cases. |ω2| has been normalized
by U2/D2, where U is the instantaneous plate velocity. Correspondingly, Figs. 2(c) and (d) present u⃗e across rotational
regions identified via the enstrophy-threshold technique described in [3]. The magnitude of |ω2| scales well with U2/c2.
Furthermore, the topology of the |ω2| fields appears to scale with s∗, since the starting vortices in both cases are of equal size,
and the number and positioning of Kelvin-Helmoltz instabilities are nearly identical. Finally, the length of u⃗e presented in (c)
and (d) are both on the order of U , suggesting that |u⃗e|/U along the periphery of the starting vortex is independent of a∗.

The results presented here are derived from a single run of each acceleration case, and are by no means statistically
significant. Thus, forty additional runs of each acceleration have been acquired. In all collected runs, u⃗e is evaluated directly
from the spreading of |ω2| iso-contours, which can be calculated more reliably from PIV data. From this data, the authors
wish to make definitive conclusions regarding the global and regional effects that non-stationarity has on entrainment.
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VORTEX AND WAKE INTERACTIONS OF MULTIPLE OSCILLATING FOILS FOR
ENERGY HARVESTING

Jennifer A Franck∗1, Filip Simeski1, Jennifer Cardona1, Yunxing Su1, Kenny Breuer1, and Shreyas Mandre1

1School of Engineering, Brown University, Providence, RI

Summary The vortex and wake interactions of multiple oscillating foils are investigated with computational fluid dynamics (CFD) and com-
pared with experimental measurements for energy harvesting applications. Oscillating with high pitch and heave amplitudes to maximize
power production, the elliptical-shaped foils generate large coherent vortices at the leading and trailing edge, which are shed downstream
to create a large highly structured wake of vortices with alternating sign. Downstream foils oscillate within the large organized wake at a
relative phase angle to the lead foil such that power efficiency is optimized. When placed directly downstream of one another, the optimal
phase of a second foil is to avoid interactions with the first foil’s wake, generating less than half of the total power of the first foil. However,
when placed in a staggered configuration the downstream foil has a 20% increase in efficiency through constructive vortex-foil interactions.

INTRODUCTION AND METHODS

An oscillating foil at high heave and/or pitch amplitudes will generate a sequence of shed vortices into an organized wake.
The structure and repeatability of the wake allows for interesting vortex interactions with subsequent strokes or with other
bodies in the flow. These vortex interactions have been well noted in animal propulsion, for example with vortex recapture in
insect wings [1] or by exploiting vortices while swimming [2]. Instead of propulsion, this paper focuses on energy harvesting,
in which the pitch and heave amplitude of the foil can be optimized to extract power from the freestream flow. We show that
with the proper configuration and kinematics, that a downstream foil can recapture the energy from the structured wake of the
lead foil. For the application of an hydrokinetic energy device, these constructive vortex-foil interactions will boost the overall
power, and increase the overall power density by placing devices in closer proximity of one another.

Energy Harvesting from Oscillating Foils
An oscillating foil generates power from a heaving motion defined by h(t) coupled with a pitching motion, defined by an

angular position θ(t). The instantaneous power generated is the combination of the two, P (t) = L(t)h′(t)+M(t)θ′(t) where
L(t) is the lift force and M(t) is the moment about the pitching axis. Energy harvesting occurs when the pitch is 90 degrees
out of phase with the heave cycle, thus generating large vertical force at maximum vertical velocity. A key component to
maximizing the power is the generation of a leading edge vortex (LEV) at the high relative angles of attack, which enhances
the lift force. For a single foil, maximum efficiency values are 30− 34% (reduced frequency fc/U = 0.1− 0.15, normalized
by chord c and freestream velocity U , heave amplitudes h/c = 0.8 − 1.5, pitch amplitudes α = 75 − 85 deg) and most of
the power is generated through the heave term L(t)h′(t), with the pitch generating the high angle of attack necessary for the
LEV formation. Many researchers have investigated the potential of energy harvesting from oscillating foils (see review [3]),
and a few groups have looked at interactions of multiple foils. Tandem and parallel foil configurations have been investigated
[4], but only for a handful of configurations, limited to either 90 or 180 degrees out of phase with one another. More recently
a parallel, or stacked configuration of foils has been performed [5].

This paper explores the vortex dynamics between two foils in tandem configuration with (a) the foils aligned one behind
the other, and (b) the foils staggered, with the trailing foil offset in the streamwise and vertical directions. Once a given
configuration is fixed, a range of optimal kinematics is prescribed, varying the phase angle, ψ, between the foils. The efficiency
and power production is computed for the upstream and downstream foils.

Figure 1: Linear arrangement: Efficiency of upstream (blue)
and downstream (red) foils; 6 chords separation.

Figure 2: Staggered arrangement: 8 chords downstream and
4 chords vertical separation.

∗Corresponding author. Email: jennifer franck@brown.edu



Numerical Methods

Direct numerical simulations are used to perform all simulations, and the efficiency values and instantaneous forces are
compared with experimental flume data. The simulations are performed utilizing the OpenFOAM dynamic mesh libraries,
where the kinematics of the foils are prescribed. An incompressible Navier-Stokes solver is used to solve the fluid flow and
the solid body rotation stress equations for the mesh motion. An unstructured mesh of two elliptical foils is generated with
Gmsh, with an outer boundary of 25 chord lengths in all directions. The simulations are performed at a Reynolds number
of 1000, however the efficiency and forces are well validated against measurements performed in a water flume at Reynolds
number 50, 000 (Fig 1).

RESULTS

To validate the simulations, a sequence of experiments are performed in the flume with a linear arrangement of foils.
Figure 1 shows the efficiency of the lead and trailing foils for a separation distance of 6 chords apart for the flume and CFD,
and the kinematics of fc/U = 0.15, h/c = 1, α = 65 deg. Both the CFD and flume agree remarkably well with the ideal
phase separation between foils. For these kinematics, the efficiency of a single foil is approximately 22%, which is the same
as the results from the lead foil. Thus, the lead foil’s performance is not influenced by the presence of a downstream foil.
The efficiency of the downstream foil is influenced by the wake of the first foil, and depending on the phase difference the
efficiency ranges from approximately 1% to 14%. Since the downstream foil is directly behind the first its relative freestream
velocity is significantly slower, and a lower efficiency is expected. However, when the second foil is 150 degrees out of sync,
its stroke avoids the shed vortices from the first foil, and corresponds to the optimal phase for this configuration. At -30
degrees, the downstream foil directly intersects the counterclockwise vortex on the downstroke and clockwise vortex on the
upstroke, decreasing the lifting force and resulting in close to zero power production.

However, an arrangement of staggered foils (8c downstream and 4c vertical separation) in Figure 2, is able to benefit from
the intersection of vortices. By placing the downstream foil above the wake from the first, it sees mostly undisturbed flow, and
thus no drop in efficiency. Furthermore at optimal phase separation of 120 degrees, the second foil can favorably interact with
the clockwise vortex during the downstroke increasing the efficiency from 25% to 30%. The clockwise rotation of the vortex
is essential since the relative velocity in the proximity of the foil is increased, thus strengthening the LEV and enhancing the
downward force on the foil.

Future work will include adding more foils in various staggered configurations to investigate how constructive interference
can be achieved with multiple foil interactions.

(a) ψ = −30 degrees (b) ψ = 120 degrees

Figure 3: Vorticity flow fields in the staggered configuration of Figure 2.
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SLENDER DELTA WING WITH APEX AND TAIL FLAP CONTROL 
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Summary An experimental investigation of a slender delta wing with a sweeping angle Λ=65° was conducted with apex and tail flap control at 
a Reynolds number Re = 12,900. Dye flow visualization revealed the flow pattern and vortex breakdown (VBD) location over the different 
wing configurations. The flow visualization showed that a tail flap with anhedral deflection angle of -15° (T-15) or -30° (T-30) promoted VBD 
while a tail flap with dihedral deflection angle of +15° (T+15) or +30° (T+30) delayed VBD. A combination of apex flap -15° and tail +30° (A-
15/T+30) delayed VBD the most of all the cases. A particle image velocimetry (PIV) study was conducted to characterize the flow. 
 

INTRODUCTION 
 
   For a slender delta wing, a pair of leading-edge vortices (LEVs) is formed on the suction side of the wing at moderate to 
high angle of attack. The LEVs provide additional suction vortex lift not found in a conventional rectangular wing. 
Furthermore, with increasing angle of attack, the LEVs undergo vortex breakdown (VBD), which is characterized by an 
increase in core size, decrease in vorticity, suction pressure and axial velocity. The core axial velocity, which can reach up 
to 3 Uc/U∞, becomes wake-like downstream of the VBD location. The breakdown occurs initially in the trailing-edge region 
and moves upstream with increasing angle of attack until it reaches near the apex, stalling the wing. Furthermore, due to its 
unsteady nature VBD may cause large structural vibrations and dangerous fatigue damage of fins [1].  
   Rao and Campbell [2] summarized many different control methods for delta wing vortical flow control. One such device 
is the apex flap, where the apex region of the wing is hinged transversely (seen in red, Figure 2b). Lowson and Riley [3] 
believed that the key in controlling the vortex breakdown is at the apex region because the strength of the vorticity shed by 
the apex will vary with apex geometry. In addition, the vorticity shed from the apex will form the center of the LEV core, 
hence affecting the vorticity distribution inside the core. The effective angle of attack of the wing is also altered. Therefore, 
the apex flap should have a great impact on LEV control. A tail flap is formed by hinging one of the base angles in the 
streamwise direction (seen in blue, Figure 2b). The goal is to affect the pressure gradient in the rear region of the wing. The 
flap also introduces spanwise camber to the delta wing.  

The objective of this study is to explore the use of both apex flap and tail flaps, deflected passively individually or as a 
combination, for VBD control. Based on flow visualization and particle image velocimetry (PIV), it is shown that certain 
flap deflections delay vortex breakdown.  

 
EXPERIMENTAL SETUP 

 
The experiments were conducted in a Rolling Hill Research Corporation (RHRC) model 0710 water tunnel. The chord 

Reynolds number was fixed at Re = 12,900. The 0.18 m × 0.25 m × 0.45 m test section was equipped with three optical 
windows. Furthermore, a dye flow visualization system was integrated into the test section. Ten test models, with a 
sweeping angle Λ = 65° and chord c = 0.108 m, were made from 1 mm thick aluminium sheet metal. The apex flap was 
sized at 30% c while the tail flaps had a width of 50% trailing edge semispan. The flaps were bent to the deflection angles of 
δ = ±15° or ±30°. 

The PIV experimental technique was used in order to study the flow field characteristics at different chordwise stations 
along the wing from 0.3 to 1.5 x/c, with Δx/c = 0.10 along the wing and 0.01 near VBD. A dual-head Continuum Nd:YAG 
laser was used to generate two overlapping light sheets. The test models’ x/c location was changed using guided rails. A 
4MP PowerView Plus CCD camera was set up downstream and outside of the test section to look upstream at the region of 
interest. The PIV calibration was 45.15µm/pixel. The water tunnel was seeded with Dantec PSP-20 polyamid particles with 
a mean diameter of 20µm and a density of 1.03g/cm3. The pictures were processed with the TSI Insight 3G version 9.1.0.0 
software. The TSI LaserPulse synchronizer model 610035 controlled all the components for picture taking. 
 

RESULTS 
 

Figure 1 shows the VBD location curves obtained by flow visualization. The worst case in terms of breakdown is the 
apex with upward deflection +15° (A+15), where VBD has been promoted due to the increase in effective angle of attack. 
Otherwise, A-15 delayed VBD beyond α > 22.5° due to the lowering of effective angle of attack. The cases of tail flap 
anhedral deflection -15° (T-15) and T-30 promoted VBD to a lesser throughout the range of angle of attack tested. The 
cases of T+15, T+30 and cropped all delayed VBD. The combination A-15/T-15 promoted VBD when α < 30° and delayed 
VBD at higher angles of attack. The combination A-15/T+30 delayed VBD significantly beyond α > 22.5°.  



Figure 2 shows a set of typical flow visualization and PIV results for a) baseline and b) A-15/T+30 at α = 24°. Figure 2a 
shows four PIV x/c locations, two before and two after VBD. For x/c = 0.52 and 0.53, a strong concentric red core can clearly be 
observed. After VBD, for x/c = 0.54 and 0.55, a region of vorticity persisted but is more diffused with a significantly lower peak 
vorticity. In the flow visualization picture, two concentrated red lines, representing the trajectory of the vortex core center, can be 
seen originating from the apex and ending at the VBD location (x/c = 0.54). Downstream of VBD, the dye became a chaotic 
flow pattern with a larger diameter. Figure 2b shows the PIV result for A-15/T+30, which is the PIV case with the most delayed 
VBD (x/c = 0.81) at the same angle of attack. A red circular core of weaker vorticity intensity than the baseline can be observed 
for x/c = 0.79 and 0.80. Furthermore, the LEVs are mostly located on the tail flaps. From the apex to approximately x/c = 0.50, 
the LEV filaments are straight and concentrated. Around the tail flap hinge line, the LEV filaments begin to spiral before 
reaching VBD at x/c = 0.81. Post-VBD, the concentrated red core was no longer identifiable; instead a diffused region of low 
vorticity is observed. From flow visualization, the A-15/T-15 and A-15 cases also experienced spiralling before reaching 
VBD. This spiralling phenomenon could be caused by the downward deflection of the apex flap. 

Figure 3 shows the 3D composite iso-vorticity contours with 
Δx/c = 0.10 along the wing for the A-15/T+30 and A-15/T-15 cases. 
The difference in VBD locations (0.81 vs 0.62, respectively) can be 
seen clearly. Furthermore, the LEVs for the A-15/T+30 are located 
on the tail flap while the A-15/T-15 LEVs are situated mostly on the 
main body of the wing. The tail dihedral caused the LEV to be 
closer to the shear layer while an anhedral deflection had the effect 
of elongating the shear layer.  
   The vortex flow parameters calculated from the PIV results show 
that for all the cases the flap deflection rendered a weaker and more 
diffused LEV, with a lower outer circulation and tangential 
velocity, and a higher core radius. For all the control cases, peak 
tangential velocity and peak vorticity were also lower than   
baseline. 

 
 

CONCLUSIONS 
 

An experimental investigation of a slender delta wing was conducted with apex and tail flap control. The apex and tail flaps 
significantly modified VBD location and vortex parameters. The apex flap seemed to increase, for A+15, or decrease, for A-
15, the effective angle of attack of the wing. Decreasing the effective angle attack causes the LEVs to become weaker, 
rendering a delayed VBD. Vortex spiralling before VBD was observed for some cases with apex flap control. Tail flap 
dihedral deflection is best for delaying VBD compared to tail anhedral deflection. The tail flaps were also able to change the 
shape of the shear layer. The best control case for VBD delay was the case of A-15/T+30.  
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Figure 2. Flow visualization and PIV composite iso-vorticity results for a) 
baseline and b) combination of apex -15° deflection and tail +30° (A-15/T+30) 
deflection for α = 25°. 

Figure 3. 3D composite iso-vorticity plot for combination 
of apex -15° and tail +30° (A-15/T+30) deflections, and 
combination of apex -15° and tail -15° (A-15/T-15) 
deflections at α = 24°. 

 

Figure 1. Vortex breakdown location curves 
obtained by flow visualization (vortex 
breakdown location vs. angle of attack). 
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Summary Coherent vortex structures are tracked in the simulated wake of a circular cylinder. Topological Lagrangian saddle points are
identified as intersections of positive and negative finite-time Lyapunov exponent (FTLE) ridges, and these points are then followed as
the flow evolves in order to track individual coherent structures. Previous studies of a circular cylinder in cross-flow have shown that the
acceleration of Lagrangian saddle points away from the cylinder surface provides an objective method to detect vortex shedding. This
saddle point acceleration is combined with the static pressure distribution on the circular cylinder to provide a clear, more easily measured
indication of the shedding time of a vortex than comparable techniques such as force measurements.

INTRODUCTION

Coherent structures, or vortices, are a key component of unsteady flows that include propulsive wakes, flow separation, or
instabilities in shear layers. They are often found in the wake of bluff bodies, aerodynamic surfaces at high angles of attack, or
in turbulent flows. The visualization and tracking of coherent structures helps to explain the basic physics of turbulent motions,
and can be used to improve turbulent flow modeling, prediction, and the design and implementation of control systems.

Although studies on vortex dynamics have been carried out for decades, a widely-accepted, objective definition of a vortex
and its boundaries remains an open question. Techniques used to define vortices can be classified as Eulerian, in which the
instantaneous velocity field and its gradients are used to identify regions that contain vortices, and Lagrangian, where metrics
are calculated using particle trajectories to determine which regions of the flow are dynamically distinct.

Lagrangian techniques have been shown to help identify and describe mass transport and vortex dynamics in a variety of
unsteady flow fields, but they’re computationally intensive and require future data when calculating forward-time quantities.
In the current work, we consider how to detect Lagrangian phenomena from quantities such as surface pressure measurements
in vortex shedding off a circular cylinder, as the static pressure is easily measurable in real-time using current sensors.

METHODS

The Q criterion, an Eulerian scalar, identifies regions of the flow as vortices when there is local rotational motion. Vortices
are found where the norm of the local rate of rotation tensor is dominant over the norm of the local rate of strain tensor, which
corresponds to Q values greater than zero [1]. The Q criterion is useful for visualizing vortex cores.

The Lagrangian finite-time Lyapunov exponent (FTLE) measures the maximum rate of separation around a certain location
in space (x0) by first calculating the flow map of neighboring particles φ(x0, t0, τ) over an integration time τ, and constructing
the Cauchy-Green strain tensor from the spatial gradient of the flow map. Maximizing ridges in this field indicate high levels
of Lagrangian stretching among nearby particle trajectories, and have been shown to represent structure boundaries in vortex
dominated flows [2].

While repelling ridges of FTLE (pFTLE) can be calculated using forward-time integration, attracting ridges (nFTLE) at
time t0 can be found by calculating FTLE using particle trajectories initialized at t0 and integrated in negative-time. The
pFTLE and nFTLE ridges at time t0 intersect at the outer boundaries of vortices but don’t overlap. Vortex structures are
tracked using points where the pFTLE ridges intersect with the nFTLE ridges. These intersections of the attracting and
repelling ridges in the flow are Lagrangian saddle points, and have been shown to be dynamically important features of the
vortex boundaries [3, 4].

RESULTS

In this section we compare the vortex shedding time found by the acceleration of a Lagrangian saddle point away from
the cylinder surface to the static pressure signal at an angular location 100◦ from the upstream stagnation point, as well as
to the cylinder lift history. Data was generated by a simulation run by Robert Reger advised by Drs. Taira and Cattafesta at
Florida State University using the CHARLES

TM
solver run at Re = 150. FTLE was calculated using an integration time of

two shedding periods (τ = 2T ).

∗Corresponding author. Email: greenma@syr.edu



Figure 1: FTLE ridges (blue and red) and Q
criterion (grey contours) at t/T = 0.55.

Figure 1 displays a zoomed-in view of the cylinder wake. The attracting
nFTLE ridges (red) wrap around the outside boundaries of the vortices as they
form, separate, and convect downstream. The repelling pFTLE ridges (blue)
form the boundaries between vortices as well as between forming vortices and
the cylinder surface. The vortex center, found as the location of maximum Q
within the vortex of interest, is highlighted by a red “O”, and the Lagrangian
saddle point associated with that vortex is highlighted by a red “X”.

The location of the vortex center and Lagrangian saddle point were tracked,
and the results are displayed in figure 2(a). The track of the vortex center yields
little information besides the vortex convection speed (dashed line), but the
large change in slope of the saddle track as it sheds (departure from solid black

line) gives a clear indication that t/T = 0.44 is the time of vortex shedding (vertical dash-dot line). See [5] for more details.
Figure 2(b) shows that C ′

p(t) at the 100◦ location on the cylinder surface reaches its minimum just as the Lagrangian saddle
point is beginning to accelerate away from the cylinder surface at t/T = 0.44. The pressure upstream and downstream of
100◦ reache a minimum at later and earlier times than the vortex shedding time, respectively. The vortex shedding time found
by the Lagrangian saddle point departure also coincides with the maximum in lift, calculated by integrating the static pressure
distribution, experienced by the cylinder as shown in figure 2(c). As the vortex sheds from the upper surface of the cylinder,
the pressure values in this region begin to increase, resulting in an increase in negative lift. Preliminary experimental results
for a circular cylinder at Re = 9000 are compared with the current results in figure 2(d). While the locations of the Lagrangian
saddle point are not identical between the two cases, the overall trend is very similar. Experiments are ongoing to determine
if a similar relationship exists between the saddle departure and the static pressure upstream of the separation point.
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(a) Distance from cylinder to vortex
center (blue squares) and Lagrangian
saddle point (red diamonds).
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(d) Experimental Lagrangian saddle
point locations (black hollow squares)
compared with numerical results

Figure 2: Three techniques for identifying vortex shedding time: (a) Lagrangian saddle departure, (b) pressure minimum, and
(c) lift maximum. Includes preliminary experimental results (d). The shedding time of t/T = 0.44 is marked by a vertical
dash-dot line in (a-c).

Discussion
The vortex shedding time found by the location of Lagrangian saddle points was compared with the shedding time deter-

mined by the force history, and the spatial track of the vortex center. The force history agreed well with the Lagrangian saddle
point shedding time, but the location of the vortex center did not yield information that corresponded to minima in pressure or
force on the cylinder. The surface static pressure 15◦ upstream of the mean separation point was found to reach its minimum
just as the vortex was shed from the cylinder. This relationship makes the detection of vortex shedding, described objectively
by the Lagrangian saddle point location, possible in a simple fashion using common sensors at an angular location near the
mean separation point. The information found from a few specifically placed pressure sensors could then be used to inform
closed-loop flow control around bluff bodies, deploy high-lift devices to prevent stall, or to inform fuel injection levels in a
mixing application.
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Summary We establish a high- and a low-Reynolds-number asymptotics for the speed of a counter-rotating vortex pair, traveling in a
viscous incompressible fluid. At a high Reynolds number, the solution of the Navier-Stokes equation is constructed by use of the matched
asymptotic expansions in a small parameter, a measure of the core radius to the half distance between the vortices. The correction to the
traveling speed, originating from finite-thickness effect, arises at fifth order. We drastically simplify it in a form including solely strength
of the quadrupole field of second order. We derive a two-dimensional analogue, applicable in the entire range of the Reynolds number, of
the Helmholtz-Lamb formula for an axisymmetric vortex ring. At a low Reynolds number, the vorticity field obeying the Stokes equation is
substituted into this formula. Thereby we describe the whole life of the motion a vortex pair.

INTRODUCTION

Motion and stability of a counter-rotating vortex pair is a long-standing problem since the late 1960s when jet planes
started their commercial flight. Finite-thickness effect of interacting vortex tubes has been intensively studied so far. Half a
century ago, the method of matched asymptotic expansions was put forward for the two-dimensional motion, at high Reynolds
numbers, of a viscous vortex embedded in an external flow [10]. This method has been highly developed for a curved vortex
tube [6, 2], for a vortex ring [7] and for a helical vortex tube [9]. Compared with the axisymmetric problem, less developed are
the asymptotic expansions for interaction of (anti-) parallel vortex tubes of distributed vorticity. For motion of point vortices,
sophisticated methods are available from the Hamiltonian mechanics, while, for interaction of finite vortices with distributed
vorticity, asymptotic methods remain to be matured, except for vortex patches, vortex tubes with uniform vorticity. For a
planer problem, the effect of finite thickness of the core makes its appearance at a higher order in small parameter ε, a measure
for the ratio of the core radius to the distance between the vortices, compared with a curved vortex tube.

We first establish, at a high Reynolds number, a general formula of the traveling speed of a counter-rotating vortex pair in
an inviscid as well as a viscous fluids, for an arbitrary initial distribution of vorticity. We reach a surprisingly simple formula
of the correction to the traveling velocity; the strength of quadrupole of O(ε2) suffices to calculate the O(ε5) correction.

The rest of paper is concerned with low-Reynolds-number motion. A vortex pair dies away. For an axisymmetric vortex
ring, an initial-value problem valid over the whole time range is found at low Reynolds numbers [4] which enables us to view,
in perspective, the early-time behavior and the decaying law. We adapt this method to the planer problem of a vortex pair. The
key tool is a two-dimensional analogue of the Helmholtz-Lamb formula for the traveling velocity [8, 3].

HIGH-REYNOLDS-NUMBER MOTION OF A VORTEX PAIR

Inner and outer expansions
Consider a counter-rotating vortex pair with circulations ±Γ moving in an inviscid or a viscous fluid with the kinematic

viscosity ν. The core radius σ of the two vortices is assumed to be much smaller than the distance 2d between the centroids
of the two vortices. The outer solution is provided by the Biot-Savart law, though the distribution of vorticity remains to be
obtained. The latter is found from the solution of the inner problem. The behavior of the Biot-Savart law valid near one of the
vortex provides the matching condition on the inner solution.

Inner solution and traveling speed of a vortex pair
The inner solution is obtained by integrating the Navier-Stokes equation. We introduce the Cartesian coordinates (x, y),

fixed in space, with the x axis parallel to the direction of the line connecting the centroids. At the same time, we introduce local
polar coordinates (r, θ), centered at the centroid (X,Y ) of one of the vortices, moving with it. The angle is measured from
the direction parallel to the x-axis, and therefore the laboratory and the moving frames are related with each other through
x = X + r cos θ and y = Y + r sin θ (Figure 1). The radial coordinate r is non-dimensionalized by εd where ε =

!
ν/Γ is a

small parameter. The solution for the streamfunction ψ is sought in a power series in ε as

ψ = ψ(0) + εψ(1) + ε2ψ(2) + ε3ψ(3) + ε4ψ(4) + ε5ψ(5) . . . . (1)

∗Corresponding author. Email: yasuhide@imi.kyushu-u.ac.jp



Figure 1: The Cartesian coordinates (x, y) fixed in space and the polar coordinates (r, θ) centered at (X,Y ) in moving frame.

The Navier-Stokes equation and the matching condition at O(ε5) yields the correction Ẏ (4) of O(ε4), to the traveling speed.
After some manipulation, we reach the eventual formula for the translation speed of a vortex pair, being written in dimensional
form as

Ẏ ≈ − Γ

4πd

"
1 +

2π

Γd2
q

#
; ψright = − Γ

2π
log r + q

cos 2θ

r2
+ · · · ; q = ε2q2. (2)

Remarkably Ẏ (4) includes only the strength q2 of the O(ε2) quadrupole field.

LOW-REYNOLDS-NUMBER MOTION OF A VORTEX PAIR

Identity for vorticity centroid
It is advantageous to derive the two-dimensional analogue of the Helmholtz-Lamb formula for axisymmetric vortex rings

[8, 3]. Given the vorticity field ω = ω(x, y, t), we invoke the hydrodynamic impulse Iy =
$
xωdA to define the y component

of the vorticity centroid Yc. By use of the Navier-Stokes equation, its evolution, denoted with a dot, is found to be

Yc =

$
yxωdA$
xωdA

; Ẏc =
2
$
yuωdA$
xωdA

, (3)

where use has been made of the fact that Iy is constant even in the presence of viscosity.

Motion of vorticity centroid
To examine the motion of a vortex ring at a very low Reynolds number, we substitute, into (3), the solution of the Stokes

equation. Given a point-vortex pair with the strength ±Γ0 at (±d, 0) at the initial instant t = 0, the vorticity is

ω =
Γ0

4πνt

%
e−

(x−d)2+y2

4νt − e−
(x+d)2+y2

4νt

&
. (4)

The translation velocity Ẏc of the vorticity centroid is written out, in terms of the error functions, in a tidy form. Its small- and
large-time behavior is manipulated, with ease, as

Ẏc = − Γ0

4πd

%
1− 2

νt

d2
+O

'
e−

d2

νt

(&
for νt ≪ d2, Ẏc = − Γ0d

16πνt

)
1− 1

6

d2

νt
+O

*"
d2

νt

#2
+,

for νt ≫ d2. (5)

These results achieves an improvement in those of Cantwell & Rott [1] and van Dommelen & Shankar [11].
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Summary Two equal and opposite point vortices translate uniformly. The desingularization of this configuration to vortex patches and
hollow vortices leads to a translation velocity that depends on the size of the vortices. The hollow case was first considered by Pocklington.
We extend the hollow solution to the case with compressibility by employing the Imai-Lamla version of the Rayleigh-Janzen expansion. We
find the O(M2) correction to the shape and velocity of the pair. The results are compared in the limit of small vortex size to the previous
compressible calculations of Moore and Pullin and of Leppington.

INTRODUCTION

Obtaining exact solutions to model problems in vortex dynamics has a long history. The simplest possible two-dimensional
solutions to vortex dynamics are point vortices, and configurations with one, two or three vortices in the plane are integrable.
In particular, two equal and opposite vortices with circulation ±Γ, separated by a distance d, propagate uniformly along the
direction of the normal to the segment joining them at a velocity U = Γ/(4πd). Point vortices are singular solutions of the
equations of motion [6], and it is of some interest to understand their relation to obtain desingularized versions. Two common
models to obtain desingularized solutions are vortex patches and hollow vortices. The former consist of finite regions with
constant vorticity; then the vorticity equation is automatically satisfied and the evolution of the vortex can be obtained by
tracking the motion of its boundary (this is contour dynamics). Hollow vortices are in fact closed vortex sheets separating two
regions of irrotational fluid (they are called hollow because in the steady case, the inner region say can contain fluid at rest or in
fact no fluid). Hollow vortices go back to Pocklington (1895) [8] who obtained steadily translating dipolar solution. Crowdy,
Llewellyn Smith and Freilich (2013) [4] revisited Pocklington’s solution using the prime function to examine its stability.

The above are solutions to incompressible fluid dynamics. This is an approximation for small fluid velocities compared
to the speed of sound, whereas real fluids are all compressible to some extent. When the Mach number, M ≡ U/c0, is small,
the incompressible solution at O(1) can be augmented by corrections at O(M2) and above. This is known as the Rayleigh–
Janzen expansion. A compressible extension to the line array of hollow vortices of Baker, Saffman and Sheffield (1976) [2]
was obtained by Ardalan, Meiron and Pullin (1995) [1].

We use the Imai–Lamla version of the Rayleigh–Janzen expansion as given by Barsony-Nagy, Er-El and Yungster (1987)
[3], applied to the hollow vortex case. The incompressible solution is given as a conformal map from the outside of the vortex
(or vortices) to the inside of the unit circle in the unit circle, and the kinematic and dynamic boundary condition specify the
analytic part of the O(M2) potential. The mapping is also computed as a series in Mach number.

FORMULATION

We consider the motion of an irrotational fluid with non-zero Mach number. We denote the complex potential by W (z, z̄),
where z is the physical variable and define the complex velocity by ∂W/∂z. Primes denote differentiation with respect to
the argument of a function. We then consider a map z(ζ) from the outside of the vortex to the inside of the unit circle in the
ζ-plane.

We now expand in Mach number, with W = W0 + M2W1 + · · · and z = z0 + M2z1 + · · · Then W0 is a function of z0
alone. As shown in [3], the O(M2) correction to the potential is

W1(ζ, ζ̄) =
1

4U2
W ′

0(z0)

! z

(W ′
0(z0))

2 dz + G(z) =
1

4U2

W ′
0(ζ)

z′0(ζ)

! ζ

R0(ζ)W ′
0(ζ) dζ + G(ζ), (1)

where G(ζ) is an analytic function that is unknown at this stage. Hence the correction to the complex velocity is

R1 =
1

z′0

"
∂W1

∂ζ
+
∂W1

∂ζ̄
◦ W ′

0(z0)z
′
1

#
. (2)
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POCKLINGTON’S VORTEX PAIR

We start with the solution for Pocklington’s vortex. The potential takes a simple form (which is not needed here), while
its ζ-derivative satisfies

W ′
0(ζ) =

B

ζ

$
P (ζ/α, ρ)P (ζα, ρ)P (ζ/α, ρ)P (ζα, ρ)

P 2(ζ/
√
ρ, ρ)P 2(ζ

√
ρ, ρ)

%
, (3)

where the Schottky-Klein prime function P (ζ, ρ) is defined by

P (ζ, ρ) = (1 ◦ ζ)
∞&

k=1

(1 ◦ ρ2kζ)(1 ◦ ρ2kζ−1). (4)

The function P (ζ, ρ) has a single zero at ζ = 1. The fluid occupies the annulus ρ < |ζ| < 1 in the mapped plane; α is a point
in the annulus whose value is given by solving a transcendental equation. Each value ρ between 0 and 1 gives a member of
the family of Pocklington pairs. The area of the vortices is a monotonically increasing function of ρ.

The complex velocity at O(1) is

R0(ζ) =
A

ζ

$
P (ζα−1, ρ)P (ζα−1, ρ)

P (ζα, ρ)P (ζα, ρ)

%
, (5)

Combining (3) and (5) and using the chain rule leads to an equation for the shape at O(1):

z′0(ζ) =
ζW ′

0(ζ)

ζR0(ζ)
= C

$
P (ζ
√
ρeiΘ, ρ)P (ζ

√
ρe−iΘ, ρ)

P (ζ/
√
ρ, ρ)P (ζ

√
ρ, ρ)

%2

(6)

with α =
√
ρeiΘ. The quantity inside the integral in (1) is

R0(ζ)W
′
0(ζ) =

AB

ζ2

$
P (ζα−1, ρ)P (ζα−1, ρ)2

P (ζ/
√
ρ, ρ)P (ζ

√
ρ, ρ)

%2

, (7)

The goal is now to obtain G(ζ) so that the conditions ℑW = 0 is satisfied on |ζ| = 1. This can be rewritten as

Im G = ◦ W1 ◦ W1

2i
(8)

on ζ = 1.
We need another degree of freedom to satisfy the dynamic boundary condition |R| = 1 on |ζ| = 1. We use the correction

z1 to satisfy the resulting condition Re (z̄0z1) = 0 on |ζ| = 1.
Detailed calculations lead to a correction to the velocity U of the pair, as well as a change in shape.

CONCLUSIONS

We have computed the O(M2) correction to the Pocklington dipole pair. This is a free boundary-value problem in which
the physical region with unknown boundary is obtained as a map from a double-connected region (an annulus). Using the
Schottky-Klein prime function leads to explicit expressions for the correction to the potential and map.

The motion of a compressible vortex pair was investigated in the Rayleigh–Janzen limit by Moore and Pullin (1987)
[7] and by Leppington (2006) [5]. The results disagree. While the latter seems correct, the singular nature of the solution
motivates us to consider the limit of small vortex cores to recover the point vortex pair. The limit ρ→ 0 in the detailed results
above, obtained from an exact solution to the equation of vortex dynamics, can be compared to the predictions of previous
work.

Our work here complements the sister presentation “Analytical solutions for weakly compressible von Kármán vortex
streets” by Krishnamurthy and Crowdy.
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Summary Scheeler et al. [1] have recently demonstrated that one can experimentally investigate helicity by imprinting high Reynolds
number helical vortex knots into a fluid by yanking 3D-printed aerofoils covered with hydrogen bubbles out of a water tank. Some surprising
claims were made based upon the evolution of the resulting vortex filaments. This contribution will address those claims by simulating the
evolution and self-reconnection of a similarly perturbed trefoil vortex knot over a range of Reynolds numbers and core diameters. The
surprisingly long time it takes for reconnection to begin is confirmed. However, the simulations suggest that the significance of the trefoil
is not just in the initial preservation of helicity, but in how it is dissipated in a finite time once reconnection begins. This result implies that
the trefoil’s vortex dynamics is controlled primarily by the helicity, and not the energy, enstrophy or peak vorticity.

One of the fundamental, unanswered questions about turbulence is why every physical turbulent flow dissipates finite
energy in a finite time. Which seems to be inconsistent with the best current mathematics, which indicates that no Navier-
Stokes solution from any smooth initial condition can dissipate finite energy in a finite time as the viscosity goes to zero.

This presentation will use the unique properties of a trefoil vortex to address this paradox by taking a step back and asking
what defines the evolution of the vortices in incompressible fluids. Is it the energy and enstrophy/dissipation? Or the topology
and helicity of the configuration? And if it is the helicity, what is the limit as the diameter of the filament goes to zero?

The trefoil vortex knots that these simulations [2] and the earlier experiments have generated seem particularly well-suited
for addressing these questions for the following reasons.

• First, the helicity of these simulations is roughly 1/4 the upper bound given by a single perfectly helical Fourier mode.
The most helical I have seen.

• Second, to fully address the Navier-Stokes regularity problem one must have initial conditions whose major Sobolev
and Lebesgue norms are finite in Whole (infinite) Space. Other initial conditions such as initially anti-parallel and
orthogonal vortices do not have this property.

• Third, if one decreases the filament’s diameter a while holding its circulation Γ fixed, its kinetic energy and enstrophy
grow without bound, while the configuration’s helicity H = Γ2L remains constant. Γ is the circulation and the self-
linking number is L = W + T (writhe+twist).

* These contrasting trends make it easy to see whether the timescales are governed by the circulation and helicity, or the
energy, enstrophy and the maximum vorticity.

Two figures are given. Fig. 1 illustrates the contortions of the trefoil just as reconnection begins using a vorticity isosurface,
three closed vortex loops and two particular points. One where reconnection is beginning and the other the maximum of
vorticity. The closed trajectories allow one to make qualitative comparisons with the bubble trajectories in the experiments [1]
and relate the topological changes to some recent theoretical work [3]. Which is that the topological changes up to this time
are independent of the viscosity of the calculations and the thickness of the filament, there has been very little reconnection
and the helicity has not changed. All consistent with the surprisingly long period of helicity preservation in the experiments.

Note that in a classical fluid, reconnection is not instantaneous, so one of the curves (green) follows its original trajectory,
while the red and blue curves represent a portion that has reconnected. At this early time, following predictions [3], the red
and blue together preserve the total linking number of the trefoil. By determining the writhe, twist and the self-linking directly,
primarily using different forms of the Gauss-linking integral [2], it can be confirmed that the self-induced velocity along the
filaments has three parts: The self-Biot-Savart term whose integral is the writhe, the traditional bi-normal self-induction, plus
the torsion whose integral is the twist.

Fig. 2 illustrates how the helicity and related norms evolve in the period after reconnection begins for the five simulations
[2] described in the caption. All dissipate approximately 1/3 of their helicity by t = 65. Over this period there is minimal
energy loss, which decreases as the viscosity ν → 0. All three norms have been normalised to have the same units.



Figure 1: A single vorticity isosurface plus three closed vortex
lines at t = 31. The green line follows a remaining trefoil tra-
jectories seeded near ωm, indicated by X. Its LS = 4, split into
W + T = 2.85 + 1.15 = 4 The orange cross is the “reconnec-
tion point”, the point between the closest approach of the trefoil’s
two loops and where, due to an extra twist, the loops are locally
anti-parallel. The Red LS = 0 and blue LS = 1 lines originate on
either side of the reconnection point and are linked, which gives a
total linking of Lt = 2Lrb + LSb + LSr = 2 + 1 + 0 = 3, the
linking of the original trefoil.

Figure 2: Time evolution of the normalised helicity (HL)1/2 for 5
cases. Four with radius a = 0.25 for the viscosities listed, and one
with radius a = 0.175 and ν = 0.0005 that lies on the ν = 0.00025
case shown. By t ≈ 72 all cases have roughly the same decrease
in helicity. The inset shows normalised L3 and H(1/2) = ∥u∥Ḣ1/2

for two of the calculations. L3, H(1/2) and H are all normalised to
have the units of circulation. H(1/2) must bound both L3 and |H|
from above and increases slowly, as required by its upper bound of√

2EZ. None of which prevents the strong decrease in H.

If L3 = ∥u∥L3 < ∞ then Navier-Stokes is regular. Here L3 is controlled as it decays just a bit more slowly than L2

(2×energy). |H| ≤ H(1/2) is an upper bound for helicity magnitude. Together these tell us why the energy spectrum [2] goes
as k−4. It is necessary for helicity dissipation.
How a = 0.175, ν = 0.0005 lays on the a = 0.25, ν = 0.00025 case suggests that as a→ 0:

A. It is the helicity, not the energy, that controls the dynamics.
B. The time between when reconnection begins and ends goes to zero.
C. If seems possible that there can be finite helicity dissipation in a finite time.
* None of this violates any mathematics related to fixed smooth initial conditions.

What these calculations don’t tell us whether there could be finite energy dissipation in a finite time as a→ 0, even though a
ν → 0 limit should not exist for fixed (that is a fixed) initial conditions.
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COLLAPSE VORTICES AND FILAMENTS OF VORTICITY
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Summary The system of a finite number of point vortices that are in self-similar motion, under suitable conditions that are related to the
initial positions and circulations of the vortices, can collapse to the point with finite time. The initial positions that lead to the collapse
can be found numerically. An explicit solution for collapsing trajectory is derived. The numerical evidence is presented that collapsing
vortices may organized itself in vortex sheets. In the distribution of vortices one can clearly notices some regular structures. Examples of
the collapsing configurations of vortices is presented.

INTRODUCTION

The collapse of the vortices belongs to one of the most interesting problems related to the dynamics of vortices. In [1, 9]
proved that collapse three vortices (n=3) is possible. We will show that collapse vortices is possible for any number of the
vortices, n ≥ 3. The presence of the one or two strong vortices in the set of collapsing vortices lead to rising of filaments
created by point vortices. That filaments are stable and take part in the collapsing process. It can be interpret as vortex sheets
[7].

EQUATIONS OF MOTION AND THEIR INVARIANTS

The equations of motion of the system of n-point vortices on the plane with distinct positions z = (z1, z2, . . . , zn) ∈ Cn,
zk = xk + iyk, and circulations Γ1,Γ2, . . . ,Γn, each Γj ∈ R \ 0 are

dzk(t)

dt
= vk(z(t)) =

i

2π

n!

l=1,l ̸=k

Γl
zk ◦ zl

|zk ◦ zl|2
(1)

It is well known that the systems (1) posses several invariants [1, 6, 8]

Mx =
n!

k

Γkxk, My =
n!

k

Γkyk, S =
n!

k

Γk(x
2
k + y2

k), V =
1

2π

!

k>j

ΓkΓj

L = (
!

k

Γk)S ◦ M2
x ◦ M2

y , H = ◦ 1

4π

!

k,j

′

ΓkΓj ln rkj

(2)

SELF-SIMILAR MOTIONS AND COLLAPSE

The system of the n-vortices is in self similar collapsing motion if there exist complex function λ(t) ∈ C, λ(t) =
λr(t) + iλi(t) that Re(λ) = λr(t) < 0 and λi(t) ̸= 0, such that for all k we have

dzk
dt

= vk = λ(t)zk, k = 1, 2, . . . , n (3)

Introducing the new variables (r(t),ϕ(t)) and assuming that zk = zk(0)r(t)eiϕ(t), r(0) = 1, ϕ(0) = 0, one can find
that the solution of (1),(3) has a form [3, 4]

zk(t) =
"

2λr(0)t + 1e

!
i

λi(0)
2λr(0) ln(2λr(0)t+1)

"
zk(0) (4)

Solution (4) represents the logarithmic spiral. The critical (collision) time t → Tc is Tc = ◦ 1
2λr(0)

. If λr(t) > 0 then the
vortices system expand. If the real part of λ(t) equals to zero, λr = 0, the vortices are in relative equilibrium and the systems
rotate as a solid body ( the collapse time is infinite, Tc =∞).
The Hamiltonian H in(2) during the self-similar motion will conserve, when the invariant V in (2) is equal zero, V = 0.
With out loosing the generality we assumed that Mx = 0 and My = 0. So the vortex system collapsed to the beginning of
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the coordinate system. It can be proved that when V = 0, Mx = 0, My = 0 then also S = 0 and L = 0 in (2). From the
similarity of the motion (3), we have the following algebraic system of equations [6, 4]

v1zk = vkz1 (k = 1, .., n ◦ 3). (5)

The collapsing positions of vortices can be determined by common zeros of the functions V = 0, Mx = 0, My = 0, S = 0
and 2(n-3) equations (5), fj = v1zj+2 ◦ vj+2z1, j = 2, . . . , n ◦ 2. To complete the systems to 2n equations, it was assumed
that one of the vortex in the system e.g zn has the fixed position, and it was included to the system of equation the identity#

j Γjz∗jvj = 0 [3, 4]. The nonlinear algebraic system of equation was solved by the Newton method [3, 4]. For each
collapsing positions it is possible to find the curves where vortices are distributed in the continuous way.The positions of the
vortices on the curves are parameterized by the value of the Hamiltonian. Different Hamiltonian values results in different
collision time Tc. The number of collapsing set of vortices are infinite.

NUMERICAL RESULTS

In Figure 1 A), B), C), D) was shown different cases of the collapsing systems of 72 vortices. In Figures 1 were shown
the initial collapsing positions and only a few trajectories in order to preserve the readability and expose the vortex structures.
The thick points represent the vortices with big intensities. The blue color is related to the negative intensity and red one
to the positive. In Figure 1 A) intensities Γ1 to 71 = 1 and only one vortex has dominat value Γ72 = ◦ 35. Collision time
was Tc = 5.86232, H = 49.036. In Figure 1 B) there were two strong vortices Γ71,72 ≈ 20.1502,and Γ1 to 70 = ◦ 1.
Collision time was Tc = 32.72233 and H = 21.961502. In Figure 1 C) there were also two strong vortices Γ71,72 ≈ 20.1502,
Γ1 to 70 = ◦ 1, and H = 14.8442 but collision time was very long Tc

∼= 63511.8. One can noticed that vortices created the
circle . In Figure 1 D) there were three strong vortices Γ71,72 = ◦ Γ70 =≈ 24.9663,and Γ1 to 70 = 1. The collision time time
was Tc = 31.0392 and H = 7.60762.

A) B) C) D)

Figure 1: Examples of collapsing systems of 72 vortices; In order to keep the readability of the graph it was shown only a few
trajectories. Bigger points mark the stronger vortices. The blue color related to negative intensity, the red color to the positive
one.

CONCLUSIONS

From examples it is clear that the presence a few stronger vortices in the set of collapsing vortices caused that the vortices
collect their self in the pieces curves that can be interpret as vortex sheets. They can crete a closed circle that take part in
collapsing phenomenon. In the atmospheric physics, it seems that collapsing vortices have relevance to the meteorological
phenomenon of a polar cyclone [4]. Spirals and filaments of vorticity are characteristic feature of two-dimensional turbulent
flow [5, 2].
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Summary Short-wavelength instabilities of helical vortices are analysed using a combined theoretical and numerical approach. The helical
vortices are described using an asymptotic approach in the limit of small core size (compared to the pitch and the radius of the helix).
Both the curvature instability induced by the local vortex curvature and the elliptic instability induced by the strain field deformation are
considered for a vortex with Gaussian axial vorticity and axial velocity (Batchelor vortex). Theoretical predictions are obtained for the
growth rate of each instability and used to analyse the competition between both instabilities. We show the crucial role of the axial flow
component of the Batchelor vortex in the selection of the dominant instability. For weak axial flow, the elliptic instability is found to
dominate the curvature instability, whereas it is the opposite when the axial flow is no longer negligible. The results are compared to recent
experimental observations.

Horizontal-axis wind turbines generate helical vortices which are subject to a complex spatial evolution involving several
instabilities. This evolution provides the characteristics of the wind-turbine far-wake which impacts other wind turbines placed
downstream. This wake is a source of increased mechanical fatigue and it affects their efficiency. Understanding the physical
mechanisms acting on the wake evolution is therefore a first step toward the prediction and control of wind turbine wakes,
which constitutes a goal for increasing the efficiency and life-time of wind turbine farms.

The long-wavelength instability discovered by Widnall [1] is the first instability affecting helical vortices. This instability
leads to a reorganisation of the vortex system through local pairing events but it does not seem to affect the global coherence
of the vortices [2]. More promising are short-wavelength instabilities which are known to possibly lead to the destruction
of the vortices [3]. Short-wavelength instabilities lead to the growth of perturbations within the vortex with a wavelength
comparable to the core size. Two short-wavelength instabilities could develop in helical vortices: the curvature instability and
the elliptic instability. In this work, we analyse the occurrence of both instabilities using a combination of asymptotic and
numerical methods.

The helical system is described using asymptotical methods by assuming that the ratio of vortex core radius to the curvature
radius is small. At leading order, the base flow is then a columnar vortex aligned along with the helix centreline. We assume
that the axial velocity and vorticity of the vortex are both Gaussian (Batchelor vortex). Curvature corrections are obtained as
first order corrections, while torsion and strain field corrections appears at second order [4, 5].

Both curvature and elliptic instability in a helical vortex can be analysed using the framework developed by Moore &
Saffman (1975) [6] for the elliptic instability of a strained vortex. Both instabilities are interpreted as a resonance of two
(Kelvin) modes of the Batchelor vortex with non-axisymmetric corrections. The curvature instability results from the coupling
with the dipolar corrections associated with curvature. The condition of resonance for the curvature instability corresponds
to the existence of two modes of azimuthal wavenumbers m and m + 1 with identical axial wavenumber and frequency
[7, 8]. The elliptic instability results from the coupling with the quadripolar corrections, which implies a similar condition of
resonance between two modes of azimuthal wavenumber m and m + 2 [6].

The first difficulty of the analysis is to find the resonant configurations for the Kelvin modes of a Batchelor vortex.
Contrarily to the Rankine vortex (vortex with a uniform vorticity in its core and no vorticity outside), numerous Kelvin modes
of the Batchelor vortex are now damped due the presence of a critical layer singularity [9]. This affects significantly the
condition of resonance: they are found to systematically involve singular modes. The instability can therefore be present
only if the growth associated with the resonant coupling can overcome the critical layer damping of the Kelvin mode. This
is a strong constraint which selects very few possible resonant configurations. For the elliptic instability, Lacaze et al. [10]
showed that this explains why the sinuous mode present without axial flow, is replaced, as the axial flow is increased, by other
instability modes involving m = 0 and m = 2 Kelvin modes. The same sensibility with respect to the axial flow is observed
for the curvature instability. For small axial flow, only Kelvin modes of azimuthal wavenumbers m = 0 and m = 1 with a
high radial complexity are found to be possible. As the axial flow is increased, the radial complexity of the resonant modes
becomes simpler.

The second difficulty of the analysis is the computation of the coupling terms. For the curvature instability, we can follow
Moore & Saffman method and obtain coupling coefficients by a simple orthogonality condition at first order. For the elliptic
instability, the problem is more involved as coupling occurs at second order. It implies additional terms coming from a double
interaction with curvature corrections. Such terms were previously obtained for a Rankine vortex by Widnall & Tsai [11]. For
the Batchelor vortex, their calculation requires a numerical computation of the curvature correction to each Kelvin mode.

For each resonant configuration, a formula for the growth rate is obtained as a function of the Reynolds number, the local
curvature ratio, and a parameter characterizing the external strain field felt by the vortex. The stability results are then applied
to helical vortices by expressing this strain parameter in terms of the geometrical parameters of the helix.
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The competition between both instabilities is analyzed by comparing the growth rates of the various resonant configura-
tions. We observe that the characteristic of the most unstable modes strongly varies with the value of axial jet.

Without axial flow, we show that the first sinuous mode of the elliptic instability is the dominant instability mode when the
Reynolds number remains smaller than a critical value. In the presence of axial flow, this is no longer the case. The curvature
instability is found to provide unstable modes with the largest growth rate even for moderate values of the Reynolds numbers.

The results are discussed in light of recent experimental results obtained for helical vortices [12].
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Summary The exact solutions for the velocities induced by helical line vortices are applied to two related aspects of wind turbine performance 
analysis.  First it is shown that they allow the determination of the “tip loss factor” which relates the velocities at the blades to the average 
velocity at the same radius.  The new calculation of tip loss is shown to be suitable for the computational modeling of wind turbine performance 
and is more accurate than the simple approximation due to Prandtl that is commonly used. Second, the conservation equations for momentum 
and angular momentum are nonlinear so the azimuthal variation of the induced velocities can be important. The exact solutions are used to 
determine the nonlinear terms in the torque and thrust equations. Approximate forms for the nonlinear terms are developed. 
 
 

For wind turbines with a finite number of blades, N, the wind speed at the blades may differ from the average wind speed at 
the same radius.  The difference is usually expressed as the tip loss factor, F, defined as the ratio of the average induced velocity 
to the induced velocity at the blade.  Typically, F reduces the power output of a three-bladed turbine by around 5%, and must, 
therefore, be included when analyzing turbine power extraction. F is commonly evaluated using Prandtl’s approximation which is 
computationally simple, see, for example, Chapter 6 of Hansen [1], but not necessarily accurate. Alternatively, F can be computed 
from the Kawada-Hardin equations for the velocity field due to a helical vortex of constant pitch and radius, Fukumoto et al. [2].  
These equations contain infinite sums of products of Bessel functions and their derivatives and are not computationally attractive.  
However, Kawada [3] and Okulov [4] provide approximations that are much more easily computed. 

In the first part of the presentation, Prandtl’s approximation and the three methods of determining F described above, will be 
compared for optimal Betz-Goldstein (BG) rotors whose loading (bound vorticity) was determined by the method of Okulov & 
Sørensen [5].  For these rotors, the vortex pitch is constant across the wake and an independent and accurate estimate of F is 

available.  Comparison is made for N = 3 and tip speed ratio, λ, from zero to 15.  Typical results are shown in Figure 1. 

 

 

It is clear that Prandtl’s approximation works well at high λ, but only for the outer part of the blade.  Near the hub, F exceeds 

unity which is the maximum possible value of Prandtl’s approximation at all λ.  Okulov’s approximate equations are the most 
accurate of the three direct methods and it will be shown that they can be utilized in a wind turbine analysis program with only a 
small additional computational cost compared to Prandtl’s approximation. 

If F differs significantly from unity, there must be significant azimuthal variations in the velocities.  Since all the conservation 
equations used in wind turbine analysis, apart from the mass equation, are nonlinear, the “quadratic” or “nonlinear” terms may be 
significant.  For example, the conservation of angular momentum equation is usually written in terms of UW, the product of the 
average axial and circumferential velocities, but the deviations from the averages, u and w, may also contribute.  For BG rotors, 
u and w are directly related so the nonlinear terms are reasonably straightforward to compute. They always reduce the angular 
momentum flux.   In most turbine analyses, the nonlinear terms are accounted for in terms of F. It is shown, however, that they 
do not depend explicitly on F but are closely related to it, and go to zero as F approaches unity.  So far, we have computed them 

   Figure 1: Tip loss factor for N = 3. λ  = 0.05 (left)and λ = 6.6 (right) 



only from the Kawada-Hardin equations.  Figure 2 shows the results for two values of λ, along with the blade torque determined 
from the Kutta-Joukowsky equation (see Equation (12) of Okulov & Sørensen (2008)) which must exactly balance the angular 

momentum flux.  The quadratic terms are very important at the lower λ.  At the higher λ, the quadratic terms are smaller in 
magnitude and are insufficient to reduce the average angular momentum flux to match the rotor torque. 

 

 
 
We are currently investigating these results further and will present the analysis of the nonlinear terms along with the 

implication for including F in the conservation equations for momentum and angular momentum in general wind turbine analysis. 
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   Figure 2: Torque and angular momentum for N = 3. λ = 0.55 (left) λ = 6.6 (right) 
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We start by analysing how new vortices are generated in the flow field given by equation (1). For this purpose Fig. 1 shows
three snapshots of the associated vorticity field (a) before, (b) close to, and (c) after the generation of a new vortex. The thick
cyan and blue lines in these plots show the zero levels of ∂ω/∂x and ∂ω/∂y, respectively. These lines intersect at positions
where the vorticity has a critical point, ∇ω = 0. The sequence of snapshots shows that new vortices are formed via a cusp
bifurcation in the vorticity field during which a saddle point (S) and an extremum (E) emerge from a degenerate critical point
(D) at which the Hessian H of the vorticity vanishes. Given the vorticity field ω(x, y, t) from (2), we therefore determined the
position (Xcusp, Ycusp) and the time Tcusp at which a new vortex is created by solving the three equations

∂ω/∂x = 0, ∂ω/∂y = 0 and H =
∂2ω

∂x2

∂2ω

∂y2
◦
!
∂2ω

∂x∂y

"2

= 0 (3)

for Xcusp, Ycusp and Tcusp.

Amplitude 

X cu
sp

0.01 0.02 0.03 0.04
10

20

30

40

50

60

70
Xright=30
Xright=50
Xright=80

Amplitude 

X cu
sp

0.01 0.02 0.03 0.04

10

15

20

25 Xright=30
Xright=50
Xright=80

Xcusp

A
m

pl
itu

de
 

0 100 200 300

0.002

0.004

0.006
0.008

0.01
(a) (b) (c)

No vortices

Vortices
appear
here
✁✁☛

Vortices
disappear
here
❆❆❯

1

2

Figure 2: Dependence of the axial position of the cusp, Xcusp, on the amplitude of the perturbation, ϵ for different channel
lengths. (a,b): Xright = 30, 55, 80; (c) Xright = 400 (note the swapped axes).

Figs. 2(a,b) show how the axial position at which the vortex is created, Xcusp, depends on the amplitude ϵ of the pertur-
bation. Somewhat surprisingly, the plot suggests that a reduction in ϵ does not suppress the generation of new vortices but
simply moves the position at which the vortices are created further and further downstream. The computations can, of course,
only track Xcusp to the downstream end of the computational domain but Fig. 2(b) shows that, at least for channel lengths up
to Xright = 80 (which is much larger than the lengths considered in many other analyses of the Karman vortex street), this
behaviour is independent of the domain length and, in fact, very well described by a power-law, Xcusp ∼ ϵ−1/2.

It is easy to show that this behaviour is only possible if the vorticity associated with the base flow, ω, decays more
quickly in the streamwise direction than that associated with the perturbation, #ω. An inspection of the vorticity fields confirms
that, for the domains considered in Figs. 2(a,b), this is indeed the case. However, computations in even longer domains
(up to Xright = 400) show that even further downstream the relative size of the decay rates is reversed so that, sufficiently
far downstream, the vorticity associated with the perturbation decays more quickly than that associated with the base state,
resulting in the behaviour shown in Fig. 2(c) (note the swapped axes). This plot shows that, as originally expected, there does
indeed exist a minimum value of the amplitude, ϵmin, below which no vortices are created. If ϵ exceeds this threshold, the
vorticity field develops a cusp at two instances during the period of the oscillation: once when/where the vorticity associated
with the base flow has decayed sufficiently for the perturbation to create a new vortex via the mechanism discussed above; and
then again further downstream when/where the vorticity associated with the perturbation has become too weak to sustain the
most downstream vortex, causing it to disappear via a reverse cusp bifurcation. In Fig. 2(c) the two solution branches identify
the upstream/downstream boundaries of the region within which vortices exist. The two branches meet at ϵmin; for this value
each newly created vortex is immediately annihilated, implying that this point is characterised by the convergence of two cusp
bifurcations. We exploited this observation to compute ϵmin directly from the two vorticity fields.
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Abstract. Over the years, we have proposed a force decomposition to quantify the contributions to the forces exerted on the plate 
in terms of all the fluid elements with nonzero vorticity. This presentation is aimed to illustrate the usefulness that the force 
element analysis complements the traditional analysis based on pressure and friction. An example of flow over a delta wing is 
provided to examine various contributions to the forces on an impulsively started finite plate from the perspective of a force-
element representation. The present vorticity force analysis (VFA) was made parallel to the pressure force analysis (PFA) by 
examining the sectional force contributions along the wing span, but can further extend to include the outer regions of tip 
vortices.  

Introduction. A vorticity force theory is most applicable to flow abundant in vortices. Counter-rotating tip vortices are an 
important aerodynamic feature of wings of finite span due to the pressure difference between the upper and lower wing 
surfaces. Tip vortices can cause undesirable noise and vibrations as well as induce downwash, which increases the drag 
force on the wing. In recent years, research in tip vortices has shifted into low-Reynolds-number flows for understanding of 
animal locomotion with applications to development in micro air vehicles (MAVs) and small unmanned aerial vehicles 
(UAVs). Because the wing geometry of animal wings and fins typically has a low aspect ratio (LAR), the induced flow is 
unsteady, and the influence of tip flow is obviously significant. As a model problem, impulsively started LAR plates at low 
Reynolds number can provide an in-depth research relevant to the design of small aircraft and the aerodynamics of animal 
locomotion.  
In spite of the many important studies on LAR-plate aerodynamics, a quantitative analysis that can identify the primary 
aerodynamic forces and relate them to individual vortex structures is still lacking. In the literature, there are several useful 
force theories that shed light on different aspects of hydrodynamic or aerodynamic forces. Circulation theory was an early 
effort toward predicting lift, which provided insightful relationships between forces and inviscid models in terms of 
boundary layer separation, vortex shedding, and conservation of circulation. Subsequent studies were meant to provide 
exact means or theories for hydrodynamic forces through a rigorous analysis of the equation for viscous flow, in particular, 
ideas that validate a separation of hydrodynamic loadings into potential flow forces and vortex-flow forces. The applied 
force was deliberately explained as the rate of change of a momentum, defined by an absolutely convergent integral. In this 
study, we investigate the unsteady mechanisms of a LAR plate with different angle of attack at low Reynolds flows in terms 
of a diagnostic force theory (Chang 1992; Chang et al. 2008; Hsieh et al. 2010, Lee et al. 2012). The force representation 
theory for real viscous flow is used to separate potential forces such as added-mass and inertial forces and to distinguish the 
contributions of individual fluid elements to aerodynamic forces. The theory starts from the D'Alembert theorem that the 
incompressible potential flow predicts that no force will be exerted on a body if the incident flow is a constant uniform 
stream. Incompressible potential flow means that there is no single fluid element possessing nonzero vorticity or dilation. It 
is therefore considered that in a more realistic flow, any fluid element with nonzero vorticity or dilation may be considered a 
source of the hydrodynamic force.  

Results & Discussion. There are four regions of distinguishable vortex structures (see Fig. 1 for illustration). Above all, it 
is noted that the LEV (leading-edge vortices) has a separation bubble in the x-y plane for sections near the middle span, and 
is connected to the tip vortices, the side edges where the roll-up structure contains a separation bubble above the plate in the 
y-z plane. First, the LEV contributes large positive lift elements, yet near the middle span, there are negative elements inside 
the separation bubble. Second, the part of each tip vortex above the extended plate contributes large positive lift elements,  
while along the downstream direction there is a developing region of negative elements inside each separation bubble. Third, 
we have strong positive elements in the two regions where the LEV and TiVs (tip vortices) interlink and rotate against each 
other. Fourth, the velocity field in the slender region just below the plate contributes substantially negative lift elements. 
The LEV, TiVs and TEV (trailing-edge vortices) are interwoven to form a complete vorticity-loop structure. As long as the 
loop structure is extending downstream the finite wing, its contribution to the lift is quickly diminished. The force-element 
approach is different from the classical aerodynamic theory. The latter considers the downwash flow of the tip vortices as 
the cause of reduction in the lift of a finite wing as compared to its 2D counterpart. The former, on the other hand, considers 
that, as there is no longer a genuinely 2D flow for a finite wing, it is more meaningful to examine directly the contribution 
from the TiVs to the lift. In other words, TiVs and LEV as sources of lift (and other force components) are considered on an 
equal basis; TiVs generated by the side edges, like LEV generated by the front edges, work collaboratively with LEV in 



contributing lift. In the flow past a finite plate, not only is there spanwise (longitudinal) vorticity, but are also there vorticity 
components in the other two orthogonal (transverse) directions. In order to examine the three-dimensional effects, we 
provided two viewpoints: (i) sectional vorticity force distribution (CDv, CLv) contrasted with the traditional pressure force 
distribution (CLp, CDp), and (ii) the force credited to orthogonal (transverse) components (Ȧx, Ȧy, Ȧz) contrasted with all of 
the total force (CD, CL) credited to all the vorticity components in the entire flow region as well as in the outer regions. It is 
noted that in the ideal case of two-dimensional flow, there are no outer regions, and CLvƍ and CLp are identical, and CDvƍ and 
CDp are identical. Both viewpoints based on the force element theory show distinguished differences at different AR and 
angles of attack, and between the early and later stages of flow development. Consider the lift force from viewpoint 1. At 
the lower AR=1, the sectionwise pressure force (SPF) is always larger than the sectionwise vorticity force (SVF) in the plate 
region. The deficit of SVF as compared to SPF in the plate region is made up by the positive SVF contribution in the outer 
regions. The difference between SPF and SVF is more conspicuous at large Į. At the large AR=3, the SPF and SVF are 
usually small in the middle plate region; the discrepancy occurs near the outer edges of the plate. But the situation changes 
in the case of a large angle of attack (say, Į=45o). In the initial transient, SVF may exceed SPF in the middle of the plate, 
and becomes much smaller towards the edges of the plate. In the nearly steady state, the difference is small in the middle 
region of the plate, and becomes large farther from this region. Consider the lift force from viewpoint 2. In the early stages 
just after the flow is started, the force component due to Ȧz dominates other components in the plate region. But the other 
force components due to Ȧx and Ȧy have also been developed in the outer region and may exceed the component of Ȧz in 
magnitude. It is found that all the lift components due respectively to Ȧx, Ȧy and Ȧz in the outer regions are positive, and the 
lift component due to Ȧy is invariably the largest at the later time. At the larger AR=3, the lift components due to Ȧx and Ȧy 
are typically small in the middle plate region, but may exhibit negative contributions at the outer edges of the plate region. 
At a lower AR=1 but a larger Į, the lift components due to Ȧx and Ȧy may become substantial in the plate region, though 
still small compared to that due to Ȧz. It is reasonable to consider that Ȧz is mainly contributed by the LEV, while Ȧx and Ȧy 
are contributed by the TiVs. The temporal variations of the relative importance of force contributions strongly depend on 
the interplay between the two vortex systems. (i) For the shorter plate (AR=1), the LEV is suppressed by the TiVs in the 
initial stage, and then develops gradually, extending its vorticity beyond the outer edges. (ii) For the longer plate (AR=3), 
the TiVs are initially suppressed by the strong LEV, but have more room for development in later stages as the LEV 
weakens in strength because of diffusion. As a final remark, the VFA for assessing the relative importance of individual 
force contributions can be pursued for all kinds of finite wings by relating the flow features directly to the aerodynamics 
forces that have no two-dimensional counterparts, such as those of a delta wing and of many natural flights.  

 
Figure 1. The scales are chosen to be the chord length L, and the time L/U, where L is the chord length and U the incoming 
flow velocity in the x-direction. The plots show the y-z plane velocity vectors colored by the volume lift elements at various 
chordwise locations for the AR=1 plate with Į=45o, Re=300 at t=1.4: (a) x=0.14 (b) x=0.35 (c) x=0.57. First, the LEV 
contributes large positive lift elements, yet near the middle span, there are negative elements inside the separation bubble. 
Second, the part of each tip vortex above the extended plate contributes large positive lift elements, while along the 
downstream direction there is a developing region of negative elements inside each separation bubble. Third, we have 
strong positive elements in the two regions where the LEV and TiVs interlink and rotate against each other. Fourth, the 
velocity field in the slender region just below the plate contributes substantially negative lift elements. Note that at this low 
Reynolds number, although the contribution from the vorticity within the flow dominates, the surface vorticity contribution 
is not negligible, typically ranging from 10 to 30% contribution to the lift.  
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Summary We describe experimental observations of a free surface vortex instability in a shallow liquid metal layer driven by different 
arrays of rotating magnetized bars located underneath the bottom of a cylindrical container. For layer thicknesses smaller than a certain 
threshold, the swirling vortex flow created by induced Lorentz forces reveals a spontaneous instability for specific magnet rotation 
frequencies, leading to the opening of the free surface and the formation of regular structures that rotate stably with a speed about one 
order of magnitude lower than the magnets. An ellipse and a triangle are observed for one and three rotating magnets. When four or five 
magnets are used, transient polygons with the same number of corners appear on the deformed surface at the initial stages of spin-up. It is 
suggested that the formation of the structures is a consequences of resonant interactions between gravity and centrifugal waves. 
 

INTRODUCTION 
 
   Electromagnetic stirring offers a non-intrusive method for vortex flow generation in electrically conducting fluids. It 
consists in the production of driving Lorentz forces in a conducting fluid by the interaction of induced or applied electric 
currents with an external magnetic field. With this method, free surface vortex flows that resemble geophysical phenomena 
have been created in swirling liquid metal flows. For instance, the spin-up of a tornado-like vortex in a cylindrical liquid 
metal column has been generated by two flow-independent magnetic forces, produced by a combination of a rotating 
magnetic field and a vertical traveling magnetic field [1]. In the formation of vortex structures in swirling flows, the height 
of the fluid column is an important parameter. The question then arises as to how is the vortex flow structure changed by 
decreasing the fluid height. In fact, it has been reported that symmetry-breaking transitions can appear in swirling flows 
with a free surface. Experiments conducted in a cylindrical container with water and rotating bottom plate have shown that 
for certain fluid heights and rotation frequencies, a rotationally symmetric surface spontaneously deforms into a rotating 
polygonal structure [2-4]. The instability has been explained in terms of resonant interactions between gravity waves on the 
outer part of the surface and centrifugal waves on the inner part [5]. In the present contribution, instead of using rotating and 
traveling magnetic fields, liquid metal vortex flows are generated by different arrays of rotating magnetized bars located 
beneath the bottom of a cylindrical container. If the layer thickness is sufficiently small, the free surface of the induced 
vortex flow is drastically deformed for specific rotation frequencies giving place to regular shapes that rotate uniformly.  
  

EXPERIMENTAL SETUP AND RESULTS 
 
   The experimental setup consists of a fixed acrylic cylindrical container (L=101 mm radius) with a shallow layer (6-9 
mm thickness) of eutectic alloy GaInSn. Underneath the bottom wall of the cylinder an array of one, three, four, or five 
rectangular permanent magnets ( ) are placed radially and equidistantly on a rotating external acrylic 
disc coupled to an electric motor. The bars are uniformly magnetized perpendicularly to a pair of the faces of greater area. 
The Reynolds number based on the maximum rotation frequency of the magnets ( Hz) is , where

 is the kinematic viscosity, while the maximum Hartmann number is , where  is the maximum 
magnetic field strength and h is half the layer thickness. Experiments, performed with each magnet array for different layer 
thicknesses, started with the fluid at rest increasing the rotation frequency in the range 0-7.5 Hz until the appearance of the 
instability. Ultrasonic Doppler Velocimetry measurements were obtained previously to the emergence of the instability. The 
rotating magnetized bars acted as magnetic blades, producing initially a swirling flow and suddenly the free surface vortex 
touches the floor of the vessel and a region void of liquid metal is formed. To illustrate this phenomenon, we show in figure 
1a) four snapshots taken with one magnet spinning at 7.5 Hz. It was observed that the liquid metal rotates with a frequency 
of 0.25 Hz. The images in the figure show a structure of an ellipse with waves of small amplitude running near the edge. 
Also, hysteresis was observed as the magnet spin velocity was increased or decreased. Actually, as the angular velocity of 
the magnets is decreased, a circular structure rotating eccentrically was observed. The dynamic behavior is summarized in 
figure 1b) and suggests that the phenomenon can be described as a subcritical bifurcation. 
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ON THE INFLUENCE OF END EFFECTS FOR STATIONARY AND VIBRATING CIRCULAR 
CYLINDERS 

  
Sina Daneshvar1 & Chris Morton1a)  

1Department of Mechanical and Manufacturing Engineering, University of Calgary, Calgary, Alberta, Canada 
 

Summary The flow development over stationary and oscillating circular cylinders with two distinct end conditions has been investigated 
experimentally for 2100 ≤ ReD ≤ 7000. The end conditions employed correspond to a free surface and a free end. For both the stationary 
and oscillating cylinder, near the free surface the wake vortices are oriented parallel to the cylinder axis. Circulation is preserved in this 
region with vortices terminating at the free surface. Near the free end the vortices cannot end abruptly in the fluid, hence, they must either 
incline towards the cylinder and maintain a direct connection to the free end (observed for 2S type shedding pattern) or they must form half-
loop connections with adjacent vortices of the opposite sign (observed for the 2P type shedding pattern). The apparent changes in vortex 
dynamics due to differing end conditions may significantly influence the unsteady loading characteristics. 
 

INTRODUCTION  
   Vortex shedding from circular cylinders has been a topic of interest in fluid mechanics for over a century. For a stationary 
cylinder, Williamson [1] affirmed that vortex shedding occurs from a circular cylinder for Reynolds numbers (!" = $% &⁄ ) 
greater than about 50. Depending on the Reynolds number, the vortex shedding may be laminar and two-dimensional, laminar 
and three-dimensional, or turbulent [1]. In addition, the flow behaviour can be affected by such other parameters as the 
cylinder’s aspect ratio, roughness, and end conditions. When a cylinder is free to move in either the transverse or free stream 
direction, the vortex shedding can lead to vortex-induced vibrations (VIV). According to Williamson [2], for low mass-
damping ratio, there are two abrupt changes in the amplitude of the cylinder’s vortex induced oscillatory motion resulting 
enabling the classification of three branches: initial, upper, and lower branch. While VIV has been the subject of numerous 
studies over the last several decades, few studies have been dedicated to identifying the effect of cylinder aspect ratio, 
roughness, or end conditions. The present study aims to address the effects of some commonly employed end conditions on 
vortex shedding and VIV. 

 
EXPERIMENTAL SETUP  

   Experiments were carried out in a water tunnel facility at the University of Calgary. The free stream turbulence intensity 
was measured to be less than 1% and the flow uniformity is within 2% for the full range of flow speeds tested, 0.05 ≤ U ≤ 0.4 
[m/s]. An image of the experimental setup is shown in Fig.1. As shown in the figure, an acrylic cylinder is fixed directly to a 
system of two air bearings mounted to parallel stainless steel rails and springs, facilitating the free oscillatory movement of 
the cylinder in the transverse (y) direction. The system was validated by measuring its amplitude response ((∗ = ( %⁄ ) across 
a wide range of reduced velocities ($∗ = $ +,%⁄ , where +, is the natural frequency of the cylinder), as shown in Fig. 2. The 
results were found to be in good agreement with Williamson [2] for low mass-damping ratio. 
   Hydrogen bubble flow visualization technique is used to trace the flow pattern and highlight wake vortices. The hydrogen 
bubble wire is placed upstream of the cylinder, at a position of -. %⁄ , 0 %⁄ ) = -−1,−0.25), so that the bubbles pass over 
only one side of the cylinder. Using a Photonics DM40 pulsed laser coupled with two consecutive cylindrical lenses, a conical 
expanding volume of light is generated, illuminating the near wake of the cylinder (Fig.1). Images and videos were obtained 
using a Nikon 1V3 camera. Two boundary conditions are employed: a free surface at the top, and a free end at the bottom. 
This configuration provides the opportunity to investigate the effects of these two boundary conditions on the vortex 
dynamics. The flow behaviour is observed in four different scenarios: (i) the stationary cylinder, (ii) initial excitation branch, 
(iii) the upper branch, and (iv) the lower branch, as depicted in Fig. 2. 

 
Fig. 1. Experimental setup. The cylinder 
aspect ratio is L/D = 16.  

Fig. 2. Cylinder’s amplitude response and vortex shedding modes in the wake versus flow’s reduced 
velocity. 

Air Bearings 

Cylinder 
FLOW 



DISCUSSION 
 

   The results are presented in Fig. 3 with instantaneous snapshots of flow visualizations. In all cases, the spanwise vortices 
form and are shed parallel to the cylinder axis near the free surface. In the vicinity of the free end, they tend to bend towards 
the cylinder and connect to the free end at formation. Downstream of formation the vortex connectivity is dependent on the 
nature of the vortex shedding pattern. For a stationary cylinder and in the initial branch of VIV (Fig. 2), the vortex shedding 
pattern is 2S (one single vortex is shed from each side of the cylinder periodically), while for upper and lower branch the 
vortex shedding pattern is 2P (pairs of opposite signed vortices are shed from each side of the cylinder periodically). The 
vortex patterns were confirmed via analysis of video records, and are in agreement with [2]. 
   For the stationary cylinder (2S mode, Fig. 3a), the vortex shedding can be categorized into three main cells: (i) parallel 
shedding, which starts from the water level and continues to almost midspan. (ii) oblique shedding end cell, which terminates 
at the free end of the cylinder, and (iii) central cell, which joins the two aforementioned cells. The cellular vortex shedding is 
similar to that observed by Eisenlohr and Eckelmann [3], and has been attributed to the presence of the free end and its effect 
on the cylinders base pressure. It should be noted that the spanwise extent and vertical position of the central cell varies with 
time, and was observed to be linked to the relative phase alignment of the parallel shedding cell and end cell. 
   For the initial branch, (2S mode, Fig. 3b), parallel vortex shedding becomes more dominant along the cylinder span (cf. 
Figs. 3a and 3b). However, near the free end, in order to maintain the Helmholtz vortex theorems, the vortices must distort 
and stretch in order to connect to the free end. Subsequently shed vortices must either form looped connections with adjacent 
vortices on the opposite side of the wake, or connect directly to the free end. As shown in the visualization (Fig. 3b), the 
vortices appear to maintain connection to the free end, and rapidly break down due to the wake turbulence. 
   For the upper as well as lower branch (2P mode, Figs. 3c and 3d) the parallel vortex shedding continues with two vortices 
shed in close succession on one side of the wake, as depicted in Fig. 3c and 3d with vortices V1 and V2. Analysis of video 
records revealed that near the free end, each pair forms a half-loop connection to one another, which is depicted within the 
annotations in Fig. 3d. Moreover, no consistent secondary vortex connections were observed in video records, suggesting that 
for the cases studied the circulation of the vortices are similar in magnitude.  
 

CONCLUSION 
 

   The vortex shedding from stationary and vibrating circular cylinders in the present study is highly three-dimensional due to 
the imposed free surface and free end boundary conditions. For a stationary cylinder, three vortex shedding cells form along 
the cylinder span. On the other hand, for a vibrating cylinder, a single cell forms, but near the free end there are significant 
changes in vortex dynamics. In particular, when a 2S mode of vortex shedding occurs from the cylinder (in either the stationary 
case or initial branch of VIV), the wake vortices connect to the free end of the cylinder, resulting in significant three-
dimensional distortions of those vortices. When a 2P mode of vortex shedding occurs (in the upper and lower branch of VIV), 
vortices at the free end instead form half-loop connections in order to preserve circulation in the wake. 
 
 

    
Fig. 3. (a) Stationary cylinder: three cells of vortices are observed, (b) Initial branch: near the free end, vortices bend in order to connect to the free end,  

(c) Upper/lower branch: connection of the vortex to the free end, (d) Upper/lower branch: looped connection between paired vortices. 
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VORTEX STATISTICS FROM VORTICITY LOCAL PROPERTIES

José Hugo Elsas∗1 and L. Moriconi1
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Summary Systematic procedures for the identification of vortices/coherent structures have been proposed as a way to address their kine-
matical and dynamical roles in structural formulations of turbulence. We investigate how the known vortex identification criteria performs
in controled numerical experiments, and pinpoint a number of relevant difficulties. These issues are addressed – and essentially solved –
from the introduction of an alternative vortex identification criterion which is entirely based on local properties of the vorticity field.

INTRODUCTION

Turbulent flow is present in many natural and industrial systems, being prevalent in usual natural and industrial flows.
Some examples include atmospheric, pipe and channel flow, which encompasses both free streaming and wall bounded flows.
Furthermore, the question of whether or not organized structures exist in turbulent fluid remains open, despite long-standing
discussions [1], and several arguments against turbulence as being merely a superposition of a sort of collored noise. A
major problem in the study of such coherent structures arises in the difficulty in identifying them, which in turn restricts their
usefulness as theoretical and practical tools.

We recently revised the main shortcomings of the swirling strength (Sw.St.) method, and have proposed an extension of
this approach as an attempt to overcome current limitations of vortex identification methods. Here we explore the impacts of
different procedures on the computed statistics of vortices on turbulent flows, as it would be necessary in the formulation of
statistical models for the fluctuation of flow observables.

VORTEX IDENTIFICATION

Vortex identification methods that only rely on local information are limited, in a way or another, to the gradient of the
velocity field. Three popular identification methods, the Okubo-Weiss Q-criterion [2], the ∆-criterion from Chong, Perry and
Cantwell [3], and the λ2-criterion from Jeong and Hussain [4], are equivalent for 2D incompressible flows. We chose to study,
for simplicity, the ∆-criterion, or swirling strength, for bidimensional incompressible flows.

The starting point of the swirling strength is to analyse the eigenvalues of the velocity gradient ∇u, and to search for
regions where its anti-symmetric part, which measures local rotation, dominates the symmetric, or shearing component, which
appear when ∇u has imaginary eigenvalues.

Swirling strength λ is the imaginary part of the eigenvalue of ∇u. For bidimensional incompressible flows, the eigenvalue
equation reduces to:

det(∇u− λ) = λ2 − Tr(∇u)λ+ det(∇u) = 0 ⇒ −λ2 = det(∇u) (1)

The usual swirling strength criterion identifies correctly a single vortex, but can greatly distort cases with multiple vortices,
as in Fig. 1, or cases with vortices within background shear. Our modification, which we call “vorticity curvature criterion”,
consists in the calculation of the Sw.St. taking ũ = ∇× (∇× u) instead of the real velocity field, and to correct the result by
filtering spurious regions using the sign of ω · ω̃ = − ω ·∇2ω, which should be positive only for the region over true vortices.

λω = Θ(ω · ω̃)ℑ(
√
− det∇ũ); Θ(x) = 1 if x ≥ 0 otherwise 0 (2)

∗Corresponding author. Email: jhelsas@if.ufrj.br



Figure 1: Streamlines of two Lamb-Oseen vortices, in different configurations, using the swirling strength λ and the vorticity
curvature λω in density plots. a) two close vortices, merged by λ; b) the same vortices as first, but resolved using λω; c) two
unequal vortices, ΓL/ΓR = 20, right vortex has zero λ, thus, it is not detected. d) same vortices as third, but with λω, and
both vortices are detected.

STATISTICS

Qualitative features of statistical observables in turbulent boundary layer can be recovered with a statistical model [5],
in which, the detailed information on the flow is encoded in a probability distribution funcion (PDF) of vortices.

Our goal is to reliably retrieve this PDF from data, either through Direct Numerical Simulation (DNS) or Particle Image
Velocimetry (PIV). To test for reliability, we compared these methods with Monte-Carlo tests, shown in Fig. 2. We compared
the performance of the Sw.St. and of the vorticity curvature criterea with and without background shear.

0
5000
10000
15000
20000
25000
30000
35000
40000
45000

�60 �40 �20 0 20 40 60

Co
un
tin
g

�

100000events of 20 vortices

a

0

5000

10000

15000

20000

25000

30000

35000

40000

�60 �40 �20 0 20 40 60

Co
un
tin
g

�

100000events of 20 vortices

b

0
5000
10000
15000
20000
25000
30000
35000
40000
45000

�60 �40 �20 0 20 40 60

Co
un
tin
g

�

100000events of 20 vortices

c

0
5000
10000
15000
20000
25000
30000
35000
40000
45000

�60 �40 �20 0 20 40 60

Co
un
tin
g

�

100000events of 20 vortices

d

0

50000

100000

150000

200000

250000

300000

350000

�60 �40 �20 0 20 40 60

Co
un
tin
g

�

100000events of 20 vortices

e

0
10000
20000
30000
40000
50000
60000
70000
80000
90000
100000

�0.5 0 0.5 1 1.5 2 2.5 3 3.5 4

Co
un
tin
g

rc

100000events of 20 vortices

f

0

20000

40000

60000

80000

100000

120000

�0.5 0 0.5 1 1.5 2 2.5 3 3.5 4

Co
un
tin
g

rc

100000events of 20 vortices

g

0

20000

40000

60000

80000

100000

120000

�0.5 0 0.5 1 1.5 2 2.5 3 3.5 4

Co
un
tin
g

rc

100000events of 20 vortices

h

0

20000

40000

60000

80000

100000

120000

�0.5 0 0.5 1 1.5 2 2.5 3 3.5 4

Co
un
tin
g

rc

100000events of 20 vortices

i

0

20000

40000

60000

80000

100000

120000

140000

�0.5 0 0.5 1 1.5 2 2.5 3 3.5 4

Co
un
tin
g

rc

100000events of 20 vortices

j

Figure 2: a) input circulations (circ.), b) output circ. from Sw.St., no shear, c) output circ. from V.C., no shear d) output circ.
from Sw.St., weak shear, e) output circ. from V.C., weak shear, f) input radius, g) output radius from Sw.St., no shear, h)
output radius from V.C., no shear, i) output radius from Sw.St., weak shear, j) output radius from V.C., weak shear

The first three columns show that vorticity curvature performs better than the original swirling strength for cases without
background shear, but still has problems in presence of background shear, still making it inadequate for the treatment of
boundary layer data.
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Summary In this study, the elliptical instability exhibited by two counter-rotating trailing vortices is considered. This type of vortex
instability can be viewed as a resonance between two normal modes of a vortex and an externally imposed strain field. Recently, numerical
investigations have extended earlier results that ignored axial flow to include models with a simple axial jet such as the similarity solution
found by Batchelor [1]. Here, we present growth rates of elliptical instability for a family of velocity profiles found by Moore & Saffman
[2]. These profiles involve a parameter n that depends on the wing loading, and are therefore capable of modelling both the jet-like and
wake-like axial flow present in a trailing vortex at short and intermediate distances behind the wingtip. A direct numerical simulation is
performed using an efficient spectral method in cylindrical coordinates developed by Matsushima & Marcus [3]. We compare our results to
those for the Batchelor vortex.

INTRODUCTION

The recent introduction of large jetliners like the A380 has refocused attention on the study of the stability of the trailing
wingtip vortex. In flight aircraft shed, from their wingtips, a counter-rotating pair of trailing vortices which represents a hazard
to other air traffic, especially during take-off and landing. It is therefore important to understand the dynamics and stability
of such vortex pairs. In this study we investigate the elliptical instability, which is a cooperative instability characterized by
short wavelengths, for a realistic model of the trailing vortex described in Moore & Saffman [2].

Since Moore & Saffman [4], the mechanism underlying the elliptical instability is recognized to be one of resonance —
see Kerswell [5] for a review. The vortical flows of interest here include an axial mean flow component W (r) as well as a
swirl component V (r). Most investigations have made restrictive assumptions, such as a specific swirl profile and an absence
of axial flow. An exception is the work by Lacaze et al. [6] that examines the model introduced by Batchelor [1]:

V (r) =
1

r

!
1 ◦ exp (◦ r2)

"
, W (r) = W0 exp (◦ r2).

Batchelor’s model, however, can not account for the diversity of axial flow present in trailing vortices; as Spalart [7] points
out, the relative axial velocity in a trailing vortex can be directed towards the airplane (wake-like) or away from it (jet-like).

THE MOORE-SAFFMAN VORTEX

Moore & Saffman [2] employed the viscous light-loading approximation to estimate the effects of viscosity. Denoting the
azimuthal and axial velocity profiles Vn(η) and Wn(η), outside of the viscous core

V ∼ βr−n, and W ∼ β2

2W∞

#
1

n
◦ 1

$
r−2n as r → 0.

The similarity variable η = ◦ r2U/4νz, where U is the speed of the wing in a fixed frame. The parameter n is important, as it
depends on the wing loading and, indirectly, on angle of attack. Varying n controls the amount of jet-like and wake-like flow
(see figure 1). Special cases are n = 0 (a delta wing configuration), n = 1/2 (elliptic wing loading) and n = 1 (Batchelor
profile). Feys & Maslowe [8] examined the linear inviscid stability of this model.

GOVERNING EQUATIONS AND NUMERICAL APPROACH

We consider a Moore-Saffman vortex deformed by an externally imposed stationary dipolar strain field of strength ε. The
incompressible Navier-Stokes equations are linearized about this mean flow and solved numerically using a spectral method
in cylindrical coordinates. In the axial direction, we perform a Fourier expansion into modes with axial wavenumber k. In
the perpendicular plane, we employ a method due to Matsushima & Marcus [3] which involves expanding all perturbation
quantities into associated Legendre polynomials. A random initial perturbation field is evolved in time and the growth rate ωi

of each azimuthal Fourier mode is obtained by tracking its energy.
∗Corresponding author. Email: jan.feys@mail.mcgill.ca
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Figure 1: The axial velocity component Wn(r) of the Moore-Saffman vortex.
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Figure 2: The growth rate ωi as a function of the axial wavenumber k for the Moore-Saffman vortex with (a) n = 0.95 and (b) n = 0.70. The flow parameters
are ε = 0.0625, W0 = 0.482 and Re = 3180. Results for odd and even azimuthal wavenumbers are represented by stars and circles, respectively.

RESULTS AND CONCLUSIONS

The influence of n on ωi is our primary point of interest. Figure 2 shows findings for a representative set of flow parameters.
Several resonant parabolae are visible in (a), with peak amplification rates close to those for the Batchelor vortex. When n is
decreased, in (b), the elliptical modes of instability are instead organized on a wide arc, i.e. a continuum of modes appears.
Further, the growth rate of the unstable modes increases; we recover n ≃ 0.44 as being a particularly unstable value of the
wing loading parameter. Finally, we find that varying n causes the dominant pair of azimuthal wavenumbers to shift from
(m1, m2) = (◦ 1, 1) to other modes such as (◦ 2, 0) and (◦ 3, ◦ 1). The case n = 0.50 will be discussed further in the talk.
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Summary Characteristics of eigen-vortical-axis line defined as a vortical axis is investigated by tracing plural lines as a bundle in a 
vortical region and compared with the vorticity line. It shows that this line follows along a vortical core region with strong intensity of 
swirling or vorticity where the some vorticity lines may deviate from. On the other hand, in the outer area of the core region, eigen-
vortical-axis line may deviate or be diffuse, whereas a bundle of the vorticity lines seem to have a similar feature in the direction. The 
orbit of eigen-vortical-axis line is robust in the vortical core region. 
 

INTRODUCTION 

 
   Vortices are important subjects to be analysed in many turbulences. Since the universal definition of a vortex has 
not been established, several definition or identification methods have been proposed for a vortex and vortical axis in 
terms of a physical aspect of them. Identification of a vortical axis may be expected to follow the core region of a 
vortex and have a specific feature of vortices such as pressure minimum. The local flow topology specified by the 
velocity gradient tensor ∇v has been used to categorize the invariant flow pattern (topology) in turbulences, and 
associated with several vortex definitions. A vortical axis where the tangent vector is parallel to the axis of the local 
vortical flow topology specified by ∇v has been defined as “eigen-vortical-axis line” [1]. It has been shown that this 
line follows a core region of a vortex where the vorticity line deviates [1-3]. In addition, this line can follow the intense 
pressure minimum region [3] specified by the Q-definition or the integrated vortex definition of the ∆-, Q- and λ2-
definitions [4], whereas the pressure minimum axis derived from the eigenvector of the pressure Hessian in the λ2- 
definition fails to follow this region [5]. On the other hand, the eigen-vortical-axis line is specified as a line that passes 
an arbitrary point in a vortical region where ∇v has complex eigenvalues, and uncountable lines can exist such as 
vorticity line in the velocity field. The present study identifies plural eigen-vortical-axis lines in a vortical region as a 
bundle, and investigates its feature, comparing with that of the vorticity line. 
 

EIGEN-VORTICAL-AXIS LINE 

 
   In three dimensional and instantaneous velocity field, if ∇v has complex conjugate eigenvalues εR ± iψ (i: imaginary 
number) and their eigenvectors ξpl ± iηpl, and a real eigenvalue εa and its eigenvector ζζ , then the local flow orbit around 
the considered point can be represented as x = 2exp(εRt){cos(ψt)ξpl – sin(ψt)ηpl} + exp(εat)ζ , which indicates that 
vortical flow swirls in the plane defined by ξpl and ηpl and proceeds along an axis ζ  [6]. Then ζ  represents the local axis 
direction of the vortical flow, and an eigen-vortical-axis line (referred to as EVAL hereafter) α  = [αi ] (i = 1, 2, 3) can 
be defined from the following equation:  
 

                                      
  

dα1
ζ1

=
dα 2
ζ 2

=
dα 3
ζ 3

        (1) 

 
EVAL can be defined in a vortical region where ∇v has complex eigenvalues, and is traced along ζζ  from a point in a 
region.  
 

NUMERICAL ANALYSIS 

 
   Vortical axes are analysed in isotropic homogeneous decaying turbulence in DNS (Direct Numerical Simulation) 
where the pseudo-spectral method with the phase shifting method is applied [1, 3]. It is noted that all vorticity lines and 
EVALs are traced from (initial) points in vortical regions, and, from one point, both vorticity line and EVAL are traced 
so that these two lines pass through the same point. The tracing is terminated when they reach at non-vortical region. 
Figure 1 shows plural EVALs and vorticity lines in a sub-region in DNS where the Taylor Reynolds number Reλ = 35. 
The color on axes denotes the contour of the swirlity ϕ [6] that indicates the uniformity and intensity of azimuthal flow 
in terms of the geometric mean (note ϕ = ψ), and ϕ is nondimensionalized by its root mean square value at the 
corresponding time.  
   Figure 2 shows a bundle of EVALs and vorticity lines in the same vortical region located in the sub-region in Fig. 1, 
with isosurface of ϕ =2. Both EVALs and vorticity lines are traced with the same points in the lower part of the vortical 
region. EVALs show that they follow the vortical core region with intense ϕ. The vorticity lines similarly follow the 



 
 
 
 
 

 
 

 

 

 

 

core region, however, ϕ on the several lines is not as high as that on EVALs, and some line deviates from the isosurface 
of ϕ =2. Then (the bundle of) EVAL is robust in its characteristics, in the core region. On the other hand, both lines 
meander at the outside of the isosurface, and EVALs trace in several directions. It is noted that the direction of ζζ  is 
influenced by vorticity components parallel to the swirl plane. In weak vortical region, vorticity vector may have 
diversity rather than a uniform feature in the core region, then the vorticity lines meander, and EVAL may be 
influenced more than the vorticity lines and then diffuse. 

 

CONCLUSIONS 

 
   The eigen-vortical-axis line was investigated in terms of the feature of its bundle. The feature of the eigen-vortical-axis 
line as a vortical axis in the vortical core region is robust, and follows the intense swirlity region. On the other hand, in outer 
region of the core region, the characteristic of the eigen-vortical-axis line is not robust and may be diffuse.  
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Fig. 1: (a) EVALs and (b) vorticity lines in a sub-region. 

Fig. 2: Bundles of (a) EVALs and (b) vorticity lines in the same vortical region 
      located in Fig. 1, with isosurface of ϕ =2. 
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Summary Far-field wake pattern of flow past a rotating ellipse at a low Reynolds number Re = 200 was obtained by numerical 
computation. The effect of rotating speed was investigated over a wide range for the first time. Various different far-field wake 
patterns were observed. It is found that, at small rotating speeds, there exist apparent vortex sheet which is comprised of vortex 
dipoles or isolated vortices. At large rotating speeds, the shed vortices tend to strongly interact with each other and regular wake 
patterns no longer exist. 
 

INTRODUCTION 
The rotation of a thin foil around an axis perpendicular to inflow or plane of motion is widely existed in natural life or 

environment, e.g. freely falling plate or disk in tumble [1-3], autorotating wing [4], windborne debris [5], etc. However, so 
far we have little knowledge on the far-field wake patterns of flow past a rotating foil or wing. There are only several 
studies on this topic in the literature. Lugt & Ohring [6] computed two-dimensional flow past a rotating elliptic cylinder at Į 
= 0.5 and Į = 2.0 (where Į=Ȧc/2U, Ȧ is rotating speed, c is chord length and U is freestream velocity) and Reynolds 
number Re = 200. Lua et al. [7] performed an experimental measurement of the flow around a rotating elliptic foil using 
DPIV. In their experiment, the non-dimensional rotation speed Į was set to be 0.417, 0.833, 1.667, and 2.5, and the 
Reynolds number was Re = 200 and 1000. Recently, the present author carried out computation of three-dimensional flow 
past a rotating wing at Į = 0.417, 0.833 and 1.667, and the Reynolds number was Re = 200. None of the above studies 
provided detailed far-field wake patterns over a wide range of rotating speeds, but near wake evolutions at some selected 
conditions. Therefore, in this work, we made a much more comprehensive computational study on flow past a rotating 
ellipse at Į � 1 and Re = 200.  

 
COMPUTATIONAL METHOD AND VALIDATION 

The two-dimensional incompressible Navier-Stokes equation and the continuity equation were solved numerically by 
an opensource code Gerris [9]. Gerris adopts quadtree grid finite-volume method for spatial discretization in 2D. The 
fractional-step projection method is employed for time-advancing in Gerris. The numerical method was validated by 
computing the two-dimensional flow past a normal elliptical cylinder at Re = 200, and an appropriate grid setup for rotating 
ellipse problem was found. The aspect ratio of the normal elliptical cylinder is ȕ = b/a = 0.25, where b and a are the minor 
and major axis length of an ellipse, respectively. The computational domain extended between í50 � x/a � ����DQG�í���� 
y/a � 50, of which the blockage was 1% to be small enough, the same as Thompson et al. [10]. Three tests of different 
maximum grid refinement level were carried out, namely 10, 11 and 12, and the refinement level at the solid surface was 13. 
Table 1 shows the computed mean and root-mean-squared values of aerodynamic coefficients and the Strouhal number at 
different maximum grid refinement level, as well as the computational result by Thompson et al. [10]. The differences 
between present computation and Thompson et al. [10] for the mean drag coefficient and the Strouhal number are less than 
3% and 4%. Therefore, we adopted a maximum grid refinement level of 11 in present study, which was proved to be 
sufficient to give accurate results. Furthermore, we computed the two-dimensional flow past a rotating elliptical cylinder of 
ȕ = 0.125 at Į = 0.417 and Į = 1.667, compared with the experimental measurement by Lua et al. [7] for validation. 
Excellent agreement between present computation and PIV measurement has been achieved (not given here due to space 
limitation). Thus, the numerical method and formulation used in present study were validated. 

Table 1: Mean and root-mean-squared values of aerodynamic coefficients and the Strouhal number at different 
maximum refinement level. 

Maximum refinement 
level CL,mean CD,mean CL,rms CD,rms St 

10 -0.0012 2.1366 0.3741 2.1397 0.1667 
11 0.0017 2.2097 0.4096 2.2143 0.1613 
12 -0.0003 2.1893 0.4133 2.1935 0.1613 

Thompson et al. [10] - 2.1615 - - 0.1611 

RESULTS 
The computed wake vorticity fields of flows past a rotating ellipse with different rotating speeds at t*=300 (t*=tU/a) 

are displayed in figure 1. At the lowest non-dimensional rotating speed, i.e. Į = 0.05, the wake is consisted of distinct vortex 
dipoles and isolated vortices, which are located below and above the centreline, respectively. There are also some weak 
vortices around the strong ones. A regular and approximately symmetric vortex street is observed at Į = 0.10. Each side of 
the street is composed of vortex dipoles in a nearly staggered arrangement. When the non-dimensional rotating speed is 



further increased to Į = 0.15, the vortex strength at the upper side of the street is apparently weakened. Moreover, the lower 
side of the vortex street tilts downwards from the centreline in a certain distance, or in other words the vortex street is not 
symmetric anymore. At Į = 0.20, similar wake pattern to that of Į = 0.15 is obtained, but the saturation distance for the tilt 
of the lower side street is obviously shorter. Another significant difference is that vortex dipole disappears while isolated 
vortices with the same sign arise at the upper side of the street. The wake tends to be irregular when the non-dimensional 
rotating speed is increased to Į = 0.30. At Į = 0.40 and 0.50, vortex streets arise again in the wakes and break up at some 
downstream distances. The critical broken up distance of Į = 0.40 is shorter than that of Į =0.50. When the non-dimensional 
rotating speed is larger than 0.60, the vortices shed from the ellipse can hardly move downstream separately but strongly 
interact with each other, resulting in more and more complicated wake pattern, similarly as reported in a three-dimensional 
study by the present author [8]. 
 

 
Figure 1: Wake vorticity fields at t*=3.0 
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Summary The singular-value analyses of symmetric and asymmetric perturbations on a cylindrical vortex sheet is, instead of the eigenvalue 
analyses, investigated in order to reveal the form and growth rate of possible symmetric and asymmetric perturbations which give the maximum 
development during a finite evaluation time. Here, two types of norms are adopted: i.e. the L2 norm (the square root of the sum of amplitude 
squared) and the energy norm. The new formulation based on the precedent studies by Micalke & Timme (1967) and Rotunno (1978) enables 
us to obtain the singular-values and the following forward and backward singular-vectors analytically. The optimally-excited perturbations thus 
obtained indicate secure non-normal growth and significant norm dependency. 
 

INTRODUCTION 
 
   Michalke & Timme [1] gave two types of models for a particular vortex, later known as a ³PXOWLSOH-YRUWH[´, where 
several secondary vortices are embedded in their parent vortex and revolve around its center. The first model is a vortex 
consisting of "ring-shaped" piecewise-constant vorticity regions. Especially, in their analysis, a solidly rotating core 
surrounding by a high vorticity ring is focused. Meanwhile, the second model is a cylindrical vortex sheet, where the 
vorticity is zero except at the cylindrical region of infinitesimal thickness whose vorticity is infinite. They performed linear 
stability analyses of the proposed models against symmetric and asymmetric perturbations to explain the destabilization of 
the parent vortices and possible formation of the multiple-vortex structure. As for the second model of Michalke & Timme, 
Rotunno [2] later added the axial flow inside and outside of the cylinder after correcting a fatal misunderstanding seen in 
their analysis. This revealed significant effects of updraft and downdraft on the stability of the cylindrical vortex sheet. 
   In order for considering the development of symmetric and asymmetric perturbations on such parent vortices, it is 
insufficient to examine the linear stability (i.e. eigenvalues) alone even if the focus is limited in the "linear" developing 
stage. This is because possible non-normality existing in the linear system prevents the most unstable eigenmode to develop 
most rapidly during a finite evaluation time [3][4]. In this respect, the present author [5] performed a singular-value analysis 
of the first model of Michalke & Timme, and revealed the form and growth rate of the optimally-excited perturbations on 
the axisymmetric vortex with piecewise-constant vorticity. On the other hand, the present study focuses on the optimal 
excitation of perturbations on the second model of Michalke & Timme, i.e. the cylindrical vortex sheet. 
 

REFORMULATION 
 
   Theoretical setup is carried out here based on the formulation by Rotunno [2]. A cylindrical vortex sheet accompanying 
the axial flow, whose radius and length are R and infinite, respectively, is considered. The axial flow inside and outside of 
the cylinder is assumed to have constant speed of W/2 but point opposite directions. In the tangential direction, the angular 
velocity outside of the cylinder is constant (=* ) whereas it is zero inside. Assumptions of constant density and zero 
vorticity (except exactly at the cylindrical region where vorticity is infinite) enable the introduction of the velocity potential 
I  to describe the velocity field due to symmetric or asymmetric perturbations on the cylindrical vortex sheet. Since the 
YHORFLW\�SRWHQWLDO�LV�D�VROXWLRQ�RI�WKH�/DSODFH¶V�HTXDWLRQ�expressed in cylindrical coordinates (r,T , z), it can be solved as 
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under the boundary condition of I =0 at r=0 and f . Here, A1 and A2 denote the amplitudes, m and k the azimuthal and 
vertical wave numbers, respectively, and Im and Km the modified Bessel functions of the first and second kind, respectively. 
Meanwhile, l indicates the infinitesimal deformation of the cylindrical vortex sheet and is also assumed to take the 
sinusoidal structure, i.e. l=L(t)exp[i(mȟ+kz)], where L indicates the magnitude of the deformation. It is natural to consider 
the tendency of the deformation equals the radial velocity across the cylindrical vortex sheet: i.e. (ѨI /Ѩr)r=R+l=dl/dt, 
which gives the relation among A1, A2, and L. Finally, tKH�WLPH�HYROXWLRQ�RI�WKH�SHUWXUEDWLRQV�LV�GHWHUPLQHG�E\�%HUQRXOOL¶V�
theorem. Linearizing the theorem, equating either side of the pressure just across the cylinder, and substituting the equations 
derived above lead to the second-order ordinary differential equation on L as d2L/dt2+2idL/dt-BL=0 where 

.)2/()()()()()(,2/)()()( 22 kSkIkKkSmmkkKkIkkSkIkKkSmk mmmmmm �c��cc %�c� :   (2)  
Note that scaling of variables are carried out in (2) following the conversion of r/RЍr, L/RЍL, RkЍk, (R2/* )tЍt, and (A1, 
A2)/*Ѝ(A1, A2). Thus, all variables are dimensionless hereafter. Also note that S (=WR/* ) is a dimensionless number 
NQRZQ�DV�WKH�³6ZLUO�UDWLR´, which is the most important parameter controlling the configuration of tornado-like vortices [6]. 



The formulation shown above is essentially same as that derived by Rotunno [2]. Here, as an alternative form of the 
governing equation, a set of the first-order simultaneous ordinary equations 
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is obtained by changing the dependent variable from L to X [=(A1, A2)t]. It is the fundamental equation for present analyses. 
 

SINGULAR-VALUE ANALYSES 
 

   The equation (3) can be solved as an initial value problem. Symbolically, the solution is written as X=MX0, where X0 is the 
initial value of X and M the resolvent matrix. The singular-value under the L2 norm,ȢL2, is the square root of the eigenvalue of 
M*M or MM* (the suffix * indicates the Hermitian conjugate), and the forward and backward singular-vectors, fF and fB, are the 
eigenvectors of the former and latter matrices. They are given as 
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where the plus and minus signs indicate the growing and decaying modes, respectively. 
   The singular-values and corresponding vectors under the energy norm are obtained as follows: First, the kinetic energy 
E of a slice of the cylindrical vortex sheet per unit length is given as 
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Here, if we set to E=(ȧ/2)e*e, comparison between both sides of (7) reveals e=H1/2X. Since X=MX0, the resolvent matrix 
which relates e and its initial value e0 (=H1/2X0) as e=ME e0 turns out to be ME=H1/2MH-1/2. The singular-value under the 
energy norm,ȢE, is the square root of the eigenvalue of ME

*ME or MEME
*, and the corresponding forward and backward 

singular-vectors, gF and gB, are the eigenvectors of the former and latter matrices, respectively. After some calculations, actual 
form and components ofȢE, gF and gB are proven to be those converting QI and QK appeared in (4), (5) and (6) into IQÖ and KQÖ as 
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CONCLUSIONS 

 
   Equation (4) suggests the growing singular mode is larger whereas the decaying counterpart is smaller than unity. This means 
the non-normal growth or decay of the perturbations on the cylindrical vortex sheet. Such a feature is seen even under the energy 
norm though the growth rate and the wavenumber dependency are quite different. It is possible that such non-normal growth or 
decay crucially determine the occurrence and the dominant wavenumber of the multiple-vortex structure of tornado-like vortices. 
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A VON KÁRMÁN STREET OF HOLLOW VORTICES

A new addition to this catalogue of analytical solutions for hollow vortex equilibria has been given recently by Crowdy &
Green [3] who identified solutions for a von Kármán vortex street made up of hollow vortices. Such vortex streets are known
to occur in a variety of fluid dynamical situations such as in the wake of flow past bluff bodies and in atmospheric flows. If
the vortex configuration is modelled as a staggered array of hollow vortices travelling at a steady speed U it can be shown that
a conformal mapping from the annulus ρ < |ζ| < 1 in a parametric ζ-plane to the fluid region in a principal period window
exterior to two typical hollow vortex members (in a co-travelling frame of reference) is given by the explicit formula

z(ζ) =

! ζ

ζ0

"
BP 2(ζ ′γ1, ρ)P 2(ζ ′γ2, ρ)

P (ζ ′/α, ρ)P (ζ ′α, ρ)P (ζ ′/β, ρ)P (ζ ′β, ρ)

#
dζ ′, (1)

where the special function P (ζ, ρ) is defined by

P (ζ, ρ) ≡ (1 ◦ ζ)
∞$

k=1

(1 ◦ ρ2kζ)(1 ◦ ρ2kζ−1) (2)

while α,β, γ1 and γ2 are some parameters. To within a normalization, the function P (ζ, ρ) is the aforementioned Schottky-
Klein prime function for the annulus [6]. For appropriate choices of the parameters in (1), the formula encompasses both
unstaggered and staggered vortex streets. Those parameters are uniquely determined by specifying the translational speed of
the street configuration and the vortex size. Figure 1 shows a superposition of hollow vortex streets, with vortices of gradually
increasing area superposed, all travelling at the same speed U = 0.4.

COMPRESSIBLE VORTICES: THE IMAI-LAMLA METHOD

So far, we have discussed hollow vortices in the incompressible case. However this model turns out to be of particular
significance for the study of compressible vortices for which much fewer analytical results are available. The infinite pressures
associated with singular point vortices preclude an extension of those models to the compressible case, but hollow vortices are
ideally suited to compressible extension because they are essentially regularized point vortices (the infinite pressure is “cut
off” by the hollow vortex region) and, moreover, the model is such that one retains control over the pressure inside the vortex
(unlike, say, a vortex patch model where it is much more difficult to get information on the fluid pressure).

If the Mach number of the flow is assumed to be small everywhere then it is usual to perform a perturbation analysis
about the incompressible state; this analysis produces what are known as Rayleigh-Jansen expansions. One approach to such
a perturbation analysis is by an ingenious linearization of the governing nonlinear equations due to Chaplygin; Ardalan et al
[7] used such a method, for example. An alternative mathematical approach is via the Imai-Lamla method which exploits a
complex variable formulation of the compressible flow problem; it was used, for example, by Barsony-Nagy et al in studying
the compressible Föppl vortex pair [9]. The latter method is natural for us given that the analytical solutions of Crowdy &
Green [3] for the hollow vortex street are derived using free streamline and analytic function theory together with conformal
mapping ideas. Here it becomes of great advantage that the incompressible hollow vortex equilibria are known in closed form
(in particular, functional properties of the Schottky-Klein prime function (2) can be harnessed to facilitate the analysis).

CONCLUSION

We show how to carry out the weakly compressible Rayleigh-Jansen expansions of the von Kármán hollow vortex street
solutions in [3] by a novel approach combining the Imai-Lamla method with elements of analytic function theory and confor-
mal mapping. Properties of the compressible vortex streets are examined. Our work here complements the sister presentation
“Motion of a compressible vortex pair” by S. Llewellyn Smith and co-authors.

References

[1] P.G. Saffman, Vortex dynamics, Cambridge University Press, Cambridge, (1992).
[2] S.G. Llewellyn Smith & D.G. Crowdy, Structure and stability of hollow vortex equilibria, J. Fluid Mech., 691, 170-200, (2012).
[3] D.G. Crowdy & C.C. Green, Analytical solutions for double von Kármán streets of hollow vortices, Phys. Fluids, 23, 126602, (2011).
[4] H.C. Pocklington, The configuration of a pair of equal and opposite hollow straight vortices of finite cross-section moving steadily through fluid, Phil.

Trans. Roy. Soc. London, , 178–187, (1894).
[5] G.R. Baker, P.G. Saffman & J.S. Sheffield, Structure of a linear array of hollow vortices of finite cross-section, J. Fluid Mech., 74, 469–476, (1976).
[6] D.G. Crowdy, A new calculus for two-dimensional vortex dynamics, Theor. Comput. Fluid Dyn., 24, 9-24, (2010).
[7] K. Ardalan, D. Meiron & D. Pullin, Steady compressible vortex flows: the hollow-core vortex array, J. Fluid Mech., 301, 1–17, (1995).
[8] D.G. Crowdy, S. Llewellyn Smith and D. Freilich, Translating hollow vortex pairs, Eur. J. Mech B/Fluids, 37, 180-186, (2012).
[9] A. Barsony-Nagy, J. Er-El & S Yungster, Compressible flow past a contour and stationary vortices, J. Fluid Mech., 178, 367–378, (1987).



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

REPRESENTATION OF REAL FLOWS WITH DYNAMICALLY EQUIVALENT
CONCENTRATED POINT VORTICES

Eric Limacher∗1, Chris Morton1, and David Wood1

1Mechanical & Manufacturing Engineering, University of Calgary, Calgary, Alberta, Canada

Summary Unsteady inviscid point vortex models predict vortex locations and circulations as functions of time. In order to adequately
predict forces on plates undergoing unsteady maneuvers, we assert that such models ought to predict the centroids of leading-edge (LE)
and trailing-edge (TE) vorticity distributions in real flows. For a surging, nominally two-dimensional plate, we have used particle image
velocimetry (PIV) to calculate LE and TE vorticity centroids and circulations at early dimensionless times. These measurements are used
as inputs to a force formulation for an existing point vortex model. The instantaneous forces calculated in this way exhibit the same trend
as the direct force measurements, but underpredict the magnitude. Further work will be completed to identify the source of the discrepancy,
such that existing unsteady point vortex convection models can be validated.

INTRODUCTION

Low-order point vortex models have been used with some success to predict the forces on plates or wings undergoing
unsteady motions, e.g. [1]. Typically, such models are validated against experimental results or high-fidelity simulations to
show some level of agreement in the force histories. In the present work, we seek to validate existing point vortex models in a
more comprehensive way. The force on a plate due to the shedding of leading- and trailing-edge vorticity is dependent on the
circulation of the shed vorticity distributions, as well as the velocities of all fluid elements possessing vorticity.

Consider a two-dimensional fluid domain extending to infinity within which the total circulation sums to zero. If viscous
skin friction on a submerged body is assumed to be negligible, the force, F, on that body is given by the following [2]:

F = ◦ ρ d

dt

!

A
x× ωdA + ρ

d

dt

"

Sb

x× (n̂× u)dS, (1)

where x is the position vector, u is velocity, n̂ is the body surface normal pointing into the body, Sb is the body surface, A
is the fluid volume outside the body, ρ is density and ω is plane-normal vorticity. To represent a vorticity distribution within
a subdomain Av with a single concentrated point vortex in a dynamically equivalent way, the impulse of that point vortex,
i.e. its contribution to the first integral in equation (1), must equal the impulse of the true vorticity distribution at all points in
time. This is achieved if the point vortex has equal circulation to the true vorticity distribution, Γv , and if its location lies at
the centroid of the vorticity distribution, xc, defined as follows:

xc =

#
Av

xωdV

Γv
. (2)

Wang and Eldredge [1] provide an expression for the force on an infinitesimally thin plate by conformally mapping the domain
around the plate to a domain around a unit circle. With some manipulation, the force, F̃ , can be expressed in a plate-fixed
frame of reference in complex notation in terms of physical coordinates normalized by chord, c:

F̃ = Ft + iFn = ◦ iρ
d

dt

$
π

4
c2Ṽ ◦

%

j

cΓj z̃j +
1

2

%

j

cΓjg(z̃j)

&
h, (3)

where Ṽ is plate-normal velocity, Ft and Fn are the plate-aligned and plate-normal forces, respectively, h is the submerged
height of the plate, and z̃j = x̃j + iỹj are the chord-normalized locations of vorticity centroids in a plate-fixed frame of
reference (see figure 1b). The function g(z̃) is a real function of vortex position only. If one has knowledge of the leading-
and trailing-edge vorticity centroids and circulations over a time interval of interest, and the plate kinematics are known, we
hypothesize that equation (3) can be used to calculate the instantaneous force on the plate.

EXPERIMENTAL METHODS

In the present work, we seek to validate equation (3) experimentally. The chosen test case is a nominally two-dimensional
flat plate surging in otherwise quiescent fluid at a fixed angle of attack of α = 60◦. A preliminary experiment has been
conducted in the water tunnel at the University of Calgary. Particle image velocimetry (PIV) has been used to quantify the
flow-field behind the plate at the midspan. The centroids of leading- and trailing-edge vorticity, as well as the circulations of

∗Corresponding author. Email: ejlimach@ucalgary.ca
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CASCADE OF VORTEX KNOTS DETECTED BY HOMFLYPT POLYNOMIAL

Xin Liu∗1 and Renzo L. Ricca2

1BDIC & Institute of Theoretical Physics, Beijing University of Technology, Beijing, P.R. China
2Department of Mathematics & Applications, U. Milano-Bicocca, Milano, Italy

Summary Due to reconnection of neighboring strands superfluid vortex knots seem to undergo a cascade process that consistently reduces
topological complexity by stepwise unlinking. Here, by using the HOMFLYPT polynomial recently introduced for fluid knots (Liu & Ricca,
2015), we prove that this cascade process follows a complexity-reducing path detected by a unique, monotonically decreasing sequence of
HOMFLYPT numerical values. This result holds true for any sequence of T (2, 2n+ 1) torus knots and T (2, 2n) torus links. By this result
we demonstrate that the computation of this adapted HOMFLYPT polynomial provides a powerful tool to measure topological complexity
of any physical system, and it is useful to investigate relationships between topological complexity and kinetic energy.

HOMFLYPT POLYNOMIAL FOR VORTEX KNOTS

Tangles of vortex filaments forming an intricate networks of thin tubes are generic features of quantum turbulence in
superfluids and, under appropriate circumstances, characterize the decay of vortical flows in classical turbulence. These fila-
ments may form knots and links, that decay rapidly through reconnections to form various loops, till final dissipation. Kinetic
helicity is an appropriate measure of topological complexity, but it is known to suffer from some serious limitations. To over-
come these difficulties Liu & Ricca have derived various knot polynomials (Kauffman bracket, Alexander–Conway, Jones and
HOMFLYPT) for fluid knots as new invariants of ideal fluid mechanics. By applying knot theoretical techniques to vortex
flows the HOMFLYPT polynomial P = PK has been derived [1] from the kinetic helicity H of vortex knots.

Theorem (Liu & Ricca, 2015). Let K denote a physical knot. If the helicity of K is H = H(K), then

eH(K) = e
!
K

u·dl
, (1)

appropriately re-scaled, satisfies (with a plausible statistical hypothesis) the skein relations of the HOMFLYPT polynomial
P = PK .

Remark 1. If K is a vortex knot, then u is the self-induced velocity associated with its vorticity, aligned along the knot
centerline of elementary line element dl. To make sense of eH(K), H(K) must be normalized with respect to some reference
value of vortex circulation Γ.

Remark 2. The derivation of the result above relies on a statistical hypothesis, that assumes equally probable state decom-
position of the crossing sites in the minimal, 2D knot diagram. This is equivalent to the ergodic assumption that all possible
(virtual) reconfiguration states of the given knot or link are equally admissible.

CASCADE OF VORTEX KNOTS BY STEPWISE UNLINKING DETECTED BY HOMFLYPT

Vortex filaments in classical and quantum fluids may interact and recombine through reconnection of neighboring strands
[2]-[5]. While details of the process depend on specific local mechanisms that may differ from classical to quantum case,
certain qualitative features — such as the preservation of the original strand orientation after reconnection — are generic and
common to both systems. In the majority of cases orientation-preserving reconnections occur when neighboring strands tend
to align (at the time of closest approach) in an anti-parallel fashion before transversal merging and final separation. In general,
when two disjoint, closed tubes reconnect, the result is a single closed tube and when a single closed tube reconnects with
itself, the result is two closed tubes [6]. Reconnections determine a change of topology often accompanied by a change in
energy, and this mechanism may play a fundamental rôle in the energy transfer and dispersion in turbulent flows.

According to recent observations based on direct numerical simulations of decaying Bose-Einstein condensates [7]-[6]
vortex knots and links seem to undergo a generic cascade process through an alternate sequence of T (2, 2n + 1) torus knots
and T (2, 2n) torus links, as n (integer) decreases to 0. After every reconnection the knot/link gradually unties by removing a
single crossing at a time, by reducing consistently topological complexity. Remarkably, the sequence of topological transitions
seem to follow an identical topological decay pattern, irrespective of the physical context considered (consistent even with
recombinant DNA plasmid reactions [9]). Here we show that HOMFLYPT polynomial not only detects topological differences
between knots and links (as standard knot polynomials typically do), but it can be used to quantify topological differences
between the various stages of the cascade process by a unique, monotonically decreasing sequence of numerical values. This

∗Corresponding author. Email: xin.liu@bjut.edu.cn



result, anticipated by the recursive application of the HOMFLYPT skein relations on the 2D knot diagrams [10], can be proven
analytically by direct application of the skein relations to a generic portion of torus knot/link diagram. Direct comparison of
the decreasing sequence of numerical values of topological complexity with kinetic energy data of corresponding vortex knots
[12] shows remarkable, intriguing similarities that will be explored in the near future.
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UNSTEADY KUTTA CONDITION AND VORTEX-SHEET GENERATION
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Summary Vortex method has been widely used for low-Reynolds-number flights as it reduces the computation domain from the entire flow
field to only finite vortical structures. An essential challenge of the vortex method lies in the prediction of the vortex sheets separated from
the solid body. To tackle this problem, this study extends the classical Kutta condition to unsteady situations based on the physical sense
that flow cannot turn around a sharp edge. This unsteady Kutta condition can be readily applied to an airfoil with cusped trailing edge,
where the forming vortex sheet is known to be tangential to the trailing edge. For a finite-angle trailing edge, previous studies indicate that
the direction of the forming vortex sheet is ambiguous. Therefore, this study proposes a novel analytical formulation to determine the angle
of the trailing-edge vortex sheet based on momentum conservation in the direction normal to the forming vortex sheet.

INTRODUCTION

Natural flies are observed to be superior than man-made aerial vehicles in terms of aerodynamic performance, especially
the high lift-generation mechanisms. Early experimental investigations suggested that the existence of an attached leading
edge vortex (LEV) contributes to enhanced lift generation for flapping wings [2]. To understand the fundamental mechanism
of the LEV, recent analytical studies have been extensively focused on using vortex method (diagram shown in Fig. 1) to
solve the unsteady aerodynamics of a flat plate wing by means of tracking the wake vortices that are shed from the wing [7].

Figure 1: Diagram showing the unsteady aerodynamic model
for a two-dimensional airfoil. The green contour line repre-
sents the bound vortex sheet surrounding the airfoil. The red
and blue structures are the leading and trailing edge vortices,
respectively.

The fundamental question associated with vortex methods
is how to decide the rate at which vorticity is being created
at the leading or trailing edge. In reality, the generation of
vorticity is caused by the interaction between fluid and solid
boundary that forms the shear layer, which is essentially a
viscous process. Since viscosity is ignored in the Euler equa-
tion, a typical solution to that is applying vorticity releasing
conditions at the vortex shedding locations of the solid body,
e.g. the steady-state Kutta condition at a sharp trailing edge,
which requires a finite velocity at the trailing edge [5, 3].
For a Joukowski airfoil or a flat plate, the steady-state Kutta
condition is realized by setting the trailing edge to be a stag-
nation point in the mapped cylinder plane. The effect of this
implementation is that the flow from both sides of the trail-
ing edge will be tangential to the edge, which guarantees the
streamline emanating from this edge point to be inline with the plate, fulfilling the condition proposed in previous studies
[1, 4]. In this study, the objective is to extend the steady-state Kutta condition to unsteady situations for cusped and finite-
angle trailing edges.

UNSTEADY KUTTA CONDITION

The application of the steady-state Kutta condition for a flat plate or a Joukowski airfoil (with cusped trailing edge)
has already been discussed in our previous work [7]. Basically, this condition is equivalent to enforcing a stagnation point
at the trailing edge in the mapped cylinder plane. However, Xia & Mohseni [8] later pointed out that a stagnation point
generally does not exist at the trailing edge of an unsteady flat plate that has rotary motion. To address this difficulty, they
further proposed a modified Kutta condition which relaxes the trailing edge point from totally stagnant to only stagnant in the
tangential direction of the surface in the cylinder plane. They have shown that this modified Kutta condition is consistent with
the physical meaning of the classical Kutta condition that flow around the sharp edge should be prevented in a reference frame
that is fixed to the flat plate. This condition can be generalized in the physical plane (the plane of the flat plate or airfoil) as

ug · n = 0, (1)

where ug denotes the de-singularized flow velocity at the trailing edge, and n represents the vector perpendicular to the
trailing-edge tangential vector (n · t = 0) as shown in Fig. 2.

∗Corresponding author. Email: mohseni@ufl.edu
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INVARIANT LOCAL FLOW TOPOLOGY IN TRANSITION INTO
A VORTEX AND PROPERTY OF ITS PREDICTION

K. Nakayama1

1 Department of Mechanical Engineering, Aichi Institute of Technology, Toyota, Aichi, Japan

Summary Local áow topology speciÖed by the velocity gradient tensor and features of corresponding physical properties
are investigated in transition into a vortical áow. The swirlity that indicates the uniformity and intensity of azimuthal áow
follows the transition process, and it shows that this property in the transition depends on two real eigenvalues of the tensor
with the same sign, not on vorticity. Sourcity shows that the uniformity of the radial áow depends on both these eigenvalues
and vorticity (shear) in the plane that becomes the swirl plane.

INTRODUCTION

The eigenvalues of the velocity gradient tensor rv have contributed greatly to categorize the local áow geometry
(topology or pattern) in turbulences that is Galilei invariant. They also derived the !-deÖnition of a vortex [1]
that speciÖes the swirling motion, and vortex deÖnitions focused on the pressure minimum feature in terms of the
áow kinematics, i.e., the Q- and "2- and their integrated deÖnitions [2], are associated with rv and its eigenvalues.
Recently the physical interpretation of the complex eigenvalues of rv has been clariÖed, and it has derived other
invariant properties to specify the detail áow geometry, e.g. swirlity, sourcity, and property of áow symmetry [3].
The swirlity represents the uniformity and intensity of azimuthal áow, and can be applied to the prediction of
generation of a vortex [4]. The sourcity speciÖes the above characteristics of the radial áow. These properties
specify not only the detail áow geometry of a vortex, but also that before the generation of a vortex. The present
study investigates features of the áow geometry before the generation of a vortex, and characteristics of the swirlity
and sourcity.

REPRESENTATION OF VELOCITY GRADIENT TENSOR

The local áow geometry around a point xi (i = 1; 2; 3) in the velocity Öeld vi (i = 1; 2; 3) can be expressed by rv,
i.e., dxi=dt = (@vi=@xj)xj , where the summation convention is applied. In this local áow, the radial and azimuthal
velocities in the x1-x2 plane, vr and v$, are extracted as vr = tx̂Qrx̂= jx̂j and v$ = tx̂Q$x̂= jx̂j, respectively, where
x̂ = (x1; x2) and jx̂j =

p
xixi (i = 1; 2), and Qr and Q$ denote the respective matrix of the quadratic forms. Qr

and Q$ are expressed as follows:

Qr=

!
a11 (a12 + a21)=2

(a12 + a21)=2 a22

"
; Q$=

!
a21 $(a11 $ a22)=2

$(a11 $ a22)=2 $a12

"
: (1)

The eigenvalues of these matrices specify the feature of vr and v$.
Here we derive a representation of rv that has three real eigenvalues "i (i = 1; 2; 3). We assume that "1 and "2

have the same sign, and set an orthonormal coordinate system xi with unit bases ei (i = 1; 2; 3) where the x1-x2
plane, referred to as P hereafter, is the eigenplane associated with "1 and "2, and e1 are parallel to the eigenvector
of "1. Then A = rv (= [aij ] = [@vi=@xj ] (i; j = 1; 2; 3)) can be expressed as:

A =

2

4
"1 $!3 !2
0 "2 $!1
0 0 "3

3

5 ; (2)

where !i (i = 1; 2; 3) denote components of the vorticity vector, and a12, a13, and a23 are expressed in terms of !i.
When rv with "i becomes to have a pair of conjugate complex eigenvalues, "1 and "2 change to them, and then

P becomes the swirl plane deÖned by the complex eigenvector of them [4]. Equation (2) is a general representation
of rv with three real eigenvalues, which is expressed as an upper triangular matrix. It shows that the vorticity
component normal to P or shear in P is expressed by only one component of rv.

SWIRLITY AND SOURCITY, AND LOCAL TOPOLOGY IN A VORTEX TRANSITION

From Eq. (2), the eigenvalues "$i (i = 1; 2;"$1 < "$2) of Q$ are expressed as "$i = !3=2%
p
!23 + 41

2=2 where
1 = ("1 $ "2)=2. We note that "$1 and "$2 have the di§erent sign and the azimuthal áow has both clockwise and



Fig. 1: Transition of áow geometry in P and decomposed áow of v$ (and vr in (c)) with contours of tx̂Q$x̂ (and
tx̂Qrx̂) in transition into a vortex. Through (a) and (b), vortical áow is generated in (c). (a) 2 = $2, (b) 2 = $1=2,
and (c) 2 =

p
3=2 and 3 = $3=4. (Note that the vector lengths are adjusted in respective Ögures.)

counterclockwise directions in P , as shown in Fig. 1. The swirlity 2 is given by 2 = sgn("$1"$2)
p
j"$1"$2 j, thus

2 = $j1j < 0: (3)

This feature is of great interest. The swirlity, that speciÖes the geometrical characteristic of azimuthal (swirling)
áow, depends on not the vorticity component !3 but the eigenvalues associated rather with the radial áow. Figure 1
shows the transition of the áow geometry into a vortex followed by 2.
On the other hand, the eigenvalues "ri (i = 1; 2;"r1 < "r2) of Qr are expressed as "ri = ("1 + "2)=2 %p
!23 + 41

2=2. The sourcity 3 is deÖned as 3 = sgn("r1"r2)
p
j"r1"r2 j, then 3 in P becomes

3 = "1"2 $
!23
4
: (4)

Equation (4) shows that 3 is positive while !23=4 < "1"2, then the radial áow is ináow in all directions in P ,
if "1; "2 < 0. If !23=4 exceeds "1"2, then the radial áow has both ináow and outáow (such as Fig. 1 (c)). The
symmetry or uniformity of the radial áow depends on both intensities of "1"2 and !3. If !3 is small (and "1; "2 < 0),
the generated vortex may be weak. However, as 3 is positive, this vortex exhibits e§ective vortex stretching that
have compression (ináow) from all directions in P and increases vorticity.

CONCLUSION

The general representation of the velocity gradient tensor and the local áow topology in the transition into a
vortex were shown. The swirlity and the generation of a vortex depend on the two eigenvalues of the tensor with
the same sign, not on the vorticity. The sourcity shows that the uniformity or symmetry of the radial áow depends
on the two eigenvalues and the vorticity normal to the plane (shear in the plane) that becomes the swirl plane.
Acknowledgements. This study was supported by the 31st grant from The Nitto Foundation.
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DEFLECTION OF A VORTEX DIPOLE BY A FLAT PLATE
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Summary We present inviscid and viscous simulations of the trajectory of a counterrotating pair of point vortices in the presence of a flat
plate centered on the vortex path, at an angle βp with the horizontal. We vary the plate length and the angle βp. In the inviscid case, the
observed dynamics are extremely rich. In particular, singularities are observed that correspond to topological discontinuities in the vortex
path as a function of βp. In the viscous case, wall vorticity alters the vortex trajectory dramatically. Most notably, the inviscid limit of the
viscous flow does not equal the inviscid solution. We are currently planning outdoor experiments to study the effect of possible wall slip on
the flow.

PROBLEM DESCRIPTION

This paper presents a study of a rather simple dynamical system, namely, the trajectory of a pair of counterrotating point
vortices in the presence of a plate positioned in its path. The flow considered is illustrated in figure 1(a). Two counter-rotating
point vortices with circulation ±Γ are initially positioned at distance D from each other on a horizontal plane. In the absence
of a plate, the vortices travel with constant velocity downward, in direction normal to the horizontal. We consider the deflection
of the vortex trajectory by a plate of length L, centered on the path of the dipole sufficiently far downstream from the initial
vortex position, and at an angle βp from the horizontal. We vary 0 ≤ βp ≤ π/2 and the ratio of plate to dipole lengths, L/D.
The results presented are nondimensionalized with respect to the vortex circulation Γ and the distance D.

INVISCID FLOW

In the inviscid case, the observed dynamics are extremely rich. For all values of L/D and βp, the vortices surround the
plate and leave at a deflected angle βv on the opposite side of the plate. Figure 1(b) shows a sample trajectory for βp = 35o

and D/L = π/4. In some regimes, small changes in the angle βp lead to large changes in the outgoing angle βv . The
dynamics become more complex for smaller values of D/L, that is, for larger plate lengths L relative to D. Figure 2 plots
the trajectories for a decreasing set of values of D/L, as indicated. For smaller D/L, the right vortex is seen to approach the
plate more closely, and behaves more closely as if the second vortex were absent. It tends to rotate around the plate, until
it eventually returns to pair up with the left vortex and leave the plate. However, it is evident from the figure that between
D/L = 0.5π/4 and 0.45π/4 a topological discontinuity has occured in the path of the right vortex: with D/L = 0.5π/4 the
vortex leaves above the plate. With D/L = 0.45π/4 it leaves below the plate. We show that these bifurcations correspond
in singularities in βv as a function of βp. As D/L decreases further to 0.25π/4, another singularity occurs so that the vortex
again leaves the plate from above. Furthermore, the number of singular values of βp increases as D/L decreases.

βp

Γ=−1 Γ=1

L

D

−3 −2 −1 0 1 2
−3

−2

−1

0

1

2

3

β
p

β
v

β
p
=  

o35

β
v
=  

o−34

Figure 1: (a) (left) Initial configuration. (b) (right) sample trajectory and definitions.
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Figure 2: Vortex trajectories for decreasing values of D/L = 1.0π/4, 0.5π/4, 0.45π/4, 0.25π/4, as indicated.

VISCOUS FLOW

In the viscous case, we show that even in the simplest case of βp = π/2 (vertical plate) the no-slip boundary condition
creates a significant amount of opposite signed wall vorticity that merges with the vortices and alters the vortex trajectory
dramatically. The amount of wall vorticity depends only on the dipole induced velocity at the wall, and not on fluid viscosity.
Therefore, the change in trajectory does not vanish in the inviscid limit. The inviscid limit of the viscous Navier-Stokes flow
therefore interestingly does not equal the inviscid Euler flow.

CONCLUSIONS

We have studied a simple point vortex system using inviscid and viscous simulations. In the inviscid case, this simple
dynamical system has extremely rich structure. In the viscous case, the no-slip fluid velocity at the wall creates wall vorticity
that effects the flow significantly, in a manner independent of fluid viscosity. We are planning to complement these simulations
with outdoor experiments to study the effect of different surfaces with more or less slip at the wall on the vortex trajectory.
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A VORTEX SHEET / POINT VORTEX DIPOLE
Kevin O’Neil ∗1
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Summary Few steady (weak) solutions of the 2D Euler equations involving vortex sheets are known. In this paper a distribution of vorticity
is described analytically, consisting of one point vortex and one vortex sheet, that is an equilibrium in a uniformly translating frame. It can
be considered a partial nonlocal desingularization of the +/- point vortex dipole. The vortex sheet is found as the limiting distribution of
zeroes of a normalized modified Bessel function of the second kind, and can be described as the image under a conformal mapping of one
half of the unit circle. The method used to find the solution, a two-step application of the “method of polynomials,” may be more widely
applicable.

Exact vortex sheet equilibria and vortex dipoles
Singular distributions of vorticity are commonly used as simplifications of the full 2D Euler equations; zero- and one-

dimensional distributions are point vortices and vortex sheets, respectively. Many point vortex equilibria are known, including
completely stationary configurations (“vortex crystals”), uniformly translating configurations, and relative (steadily rotating)
equilibria. Many examples of the first two types have been found by the method of polynomials, where the vortex positions
are represented as roots of polynomials that consequently satisfy differential equations [1]. This gives an analytic description
of the complex potential of the flow. The well-known Adler-Moser and modified Adler-Moser polynomials are encountered in
this context. However, only a few stationary configurations involving vortex sheets have been found analytically (other than the
trivial parallel lines and concentric circles.) These include the straight line segment obtained as the limit of elliptical Kirchhoff
vortices (a relative equilibrium) and the Prantdl-Munk vortex sheet [2] associated with elliptical lift distribution on a finite
wing (a uniformly translating configuration.) Stationary vortex sheets in the presence of a flow due to fixed point vortices
can be found exactly in some circumstances [3]. On the other hand, many stationary states have been found numerically,
approximated by point vortex arrays, on the sphere as well as the plane [4,5]. These vorticity distributions can consist of only
vortex sheets, or a hybrid of vortex sheets and point vortices. Some hybrid configurations shrink while rotating, resulting in
rapid concentration of the one-dimensional vorticity [6].

In this paper a uniformly translating state consisting of one vortex sheet and one point vortex is described analytically.
This vortex sheet/ point vortex configuration can be thought of as a partial desingularization of the simple +1/ ◦ 1 point
vortex dipole that is nonlocal in the sense that the sheet extends over quite a long distance relative to its separation from the
point vortex. Alternatively, in the presence of a uniform external flow the vorticity distribution will be stationary and the fluid
velocity field can be interpreted as a separated flow past a one-dimensional barrier with a point vortex entrained in the flow.

The method of polynomials is used in two ways in the derivation of this flow. The vortex sheet appears as the limit of
point vortex distributions related to Bessel polynomials. First, the (reverse) Bessel polynomials satisfy a differential equation
related to uniformly translating point vortex configurations. Second, in the limit as the degree of the polynomials goes to
infinity, the properties of this differential equation have been used to find the limiting positions and distribution of the roots of
the polynomials. As a result the vortex sheet is described by a conformal mapping of the unit circle. It seems quite likely that
generalizations of this process will yield other stationary vortex-sheet configurations.

Reverse Bessel polynomials
The Bessel polynomials

yn(z) =
n!

k=0

(n + k)!

(n ◦ k)!k!2k
zk, n = 0, 1, 2, . . .

are a well-known sequence of orthogonal polynomials related to the Bessel functions [7]. The zeroes of yn are simple and
have negative real part. The reverse Bessel polynomial θn(z) = zn yn(1/z) satisfies the second-order differential equation
zθ′′n ◦ 2(z + n)θ′n + 2nθn = 0. The zeroes of θn(z) are the reciprocals of the zeroes of yn, and coincide with the zeroes
of the modified Bessel function of the second kind, Kn+1/2(z) [7]. Let fn(z) = θn(nz) be the normalized reverse Bessel
polynomial, so that fn satisfies the equation (z/n)f ′′

n ◦ 2(z + 1)f ′
n + 2nfn = 0. Consequently the rational function

1

n

f ′′
n

2fn
◦ (1 + 1/z)

f ′
n

fn
+

n

z
,

which has simple poles at the zeroes a1, . . . , an of fn, is identically zero and every residue vanishes. Using the identities

f ′
n(z)

fn(z)
=
!

j

1

z ◦ aj
,

f ′′
n (aj)

2f ′
n(aj)

=
!

k ̸=j

1

aj ◦ ak
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to calculate the residue at z = aj then yields the relation

!

k ̸=j

1/n

aj ◦ ak
◦ (1 + 1/aj) = 0.

Summing these relations over all j yields the additional relation 0 = n +
"

1/aj . Taken together, these relations show that
a configuration of point vortices consisting of one vortex of strength 1/n at each of the n points z = aj together with one
vortex of strength ◦ 1 at z = 0 will be at rest when in the presence of a constant external flow field. Without the external flow,
the entire configuration moves uniformly in the fluid plane with a constant velocity i/2π.

Shape and density of the vortex sheet
The zeroes of fn are the reciprocals of the zeroes of the normalized Bessel polynomial yn(z/n). In the limit n → ∞ the

zeroes of yn(z/n) are known to lie on a certain arc in the complex plane with a known limiting density [8, Theorem 7.1].
In terms of the the uniformly translating point vortex configurations mentioned above, the limit of the collection of n point
vortices of strength 1/n is a vortex sheet Γ of total strength 1. The location and shape of the sheet and the corresponding
linear vorticity density µ of the sheet can be derived from the information in [8], as follows. Let α(z) =

√
1 + z2 (principal

branch) and g(z) = z eα/(1 + α). Then:

Γ = {g−1(◦ eit), ◦ π/2 ≤ t ≤ π/2}, µ(z) = (1/π) |1 + z−2|1/2.

This curve extends from ◦ i to i to the left of the axis Re(z) = 0, passing through the real axis at z ≈ ◦ 0.663. The sheet very
nearly coincides with a circular arc. Indeed, the distance between any point on Γ and the nearest point on the circle with radius
1.086 and center 0.423 (that is, the circle that touches Γ at the center and two endpoints) is no greater than 0.024. (See also
Figures 2,3 of [2] showing the reciprocal of Γ.) It is also significant that the vorticity density µ is bounded and goes to zero
at the ends of the sheet, in contrast to the Prandtl-Munk vortex sheet [2]. The contribution of the vortex sheet to the velocity
field of the fluid is computed using the Cauchy transform of µ [9] since, as n→∞,

1

n

f ′
n(z)

fn(z)
→
#

Γ

µ(w)

z ◦ w
|dw|.

The magnitude of the discontinuity in the fluid velocity on either side of the sheet is proportional to µ, and the average of these
velocities is the velocity of the sheet at that point. In this case every point of the sheet has the same velocity, so that when
a uniform external flow is added to make the sheet motionless the fluid velocity on the two sides of the sheet are equal and
opposite, with magnitude proportional to µ. Vanishing of µ at the ends of Γ means that the flow has stagnation points at the
ends, i.e. satisfies a Kutta condition at both ends. If the vortex sheet is replaced by a barrier (a nearly circular arc extending
from i to ◦ i to the left of the origin) the flow can be visualized as separated flow around the barrier with an entrained point
vortex at the origin.
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HYBRID RANS-LES SIMULATION OF WINGTIP VORTICES OF AN AIRLINER
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Summary Numerical simulation of the wake of a realistic model of an airliner have been conducted using a hybrid RANS–LES approach.
Dynamics of the trailing vortices is analyzed and a simple analytical model is proposed that accounts for the turbulence in the wake.

INTRODUCTION

Modeling of aircraft wakes is an important component of many research areas in the aviation sector, including the pre-
diction of wake encounter hazard and the environmental impact of aviation. The latter has caught the attention of scientific
community because of its contribution to the general problem of climate change produced by anthropogenic activity [1]. Con-
trails, the ice crystals forming behind jet engines by condensation of water vapor onto exhaust soot particles are the most
uncertain contributors to the Earth radiative balance among all aircraft emissions. A good estimation of the radiative pertur-
bation depends partly on the accurate description of the long-time development of contrails, which is related to the dynamics
of trailing vortices past the wing tips [2]. Various hydrodynamic effects are involved in the process, such as generation of a
vortex sheet from the boundary layers, its subsequent roll-up in a pair of vortices, interaction with the jets and hydrodynamic
instabilities. In addition, chemical and micro-physics phenomena have to be considered such as formation and dispersion of
soot particles, ice crystal growth, evolution of their optical properties etc. In this work, we focus on the dynamics of the near
wake within the distance of about three wing spans downstream.

AIRLINER MODEL AND NUMERICAL METHOD

We consider a medium range twin-engine airliner and model its cruise flight at the altitude of 35000 feet, Mach number
M = 0.82 and lift coefficient cL = 0.5. The with wing span is b = 57.6 m, bilateral symmetry is assumed. Reynolds–
Averaged Navier–Stokes (RANS) and Large Eddy Simulations (LES) computations are performed in sequence. Averaged
quantities obtained form the RANS simulation are projected (using spline interpolation) on a uniform Cartesian grid at a
cross-section downstream from the trailing edge (figure 1a). The location chosen corresponds to the inflow boundary of the
LES domain. More information about our RANS–LES hybrid approach can be found in [3].

The LES simulations are performed using NTMIX [5], a research code developed for fundamental study of turbulent
reactive two-phase flows. The LES domain is a rectangular box located downstream from the wing. It spans Ly = 180 m
in the vertical direction, Lz = 90 m in the lateral direction and Lx = 192 m in the downstream direction. A Cartesian
discretization grid is used that consists of Nx×Ny ×Nz = 1280× 620× 852 points. It is stretched in the vertical and lateral
directions, but the volume that encompasses the wake is discretized uniformly with grid step 0.036 m. In the downstream
direction, the grid is uniform with step 0.15 m. The inflow boundary condition is supplied by a RANS computation (see
figure 1b). Conservative variables are sampled on a plane past the wing tip and extended inside the fuselage.

DISCUSSION

Figure 2 shows a visualization of the wake. The surface of the aircraft is shown in grey, for reference. The two distinctive
features clearly visible in this image are trailing vortices and turbulent jets. For the vortices, based on the results of our
numerical simulation, we propose a generalized Moore–Saffman model adapted to the turbulent regime. It yields a similarity
solution for the tangential velocity in a plane perpendicular to the inflow direction, in the laboratory reference frame,

vθ(r, τ) = Cθ
!
ν−1τα−1

" 1
4 V (◦ 1

4
r2ν−1τα−1), (1)

where r is the distance to the vortex core, τ is the time variable, Cθ, ν and α are the parameters of the model. The self-similar
profile is expressed in terms of the Kummer confluent hypergeometric function M as

V (η) = (◦ η) 1
2 M

#
1

2
+

b

α ◦ 1
, 2; (1 ◦ α)η

$
. (2)
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MOTION AND FLOW TOPOLOGY OF MULTIPLE HELICAL VORTICES
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Summary A set of equal, coaxial, symmetrically-arranged helical vortices translate and rotate steadily while the vortices preserve their
shape and relative position in an unbounded, ideal fluid (Joukowsky 1912). We obtained the corresponding linear and angular velocities (U
and Ω, respectively) as the sum of the mutually induced velocities found by Okulov (2004) and the self-induced velocities found by Velasco
Fuentes (2016). Numerical computation of the velocities with the Biot-Savart law, and numerical simulation of the vortex motion with a 3D
vortex-in-cell method verified that our theoretical results are accurate for any number of vortices and over the whole range of values of the
vortices’ pitch and radius. An analysis of the flow topology in a reference system that translates with velocity U and rotates with angular
velocity Ω served to determine the capacity of the vortices to carry fluid.

VORTEX MOTION

We study the motion of a system of N equal helical vortices in an unbounded, inviscid, incompressible fluid. Each vortex
is an infinite tube whose centerline is a helix of pitch L and whose cross-section is a circle of radius a, where the vorticity is
uniform and parallel to the centerline. The vortices’ centerlines intersect any polar plane on the vertices of a regular polygon
of N sides inscribed in a circle of radius R. Since the vortices’ circulations are assumed to be equal (Γ), the flow evolution is
determined by three non-dimensional parameters only: the number of vortices N , the vortex radius α = a/R and the vortex
pitch τ = L/2πR. Joukowsky (1912) deduced that this system translates and rotates steadily while the vortices preserve their
form and relative position: he found the approximate velocity of a single vortex of large pitch but made no attempt to compute
the motion of two or more vortices.

We determine the motion of the vortices by adding the self-induced velocity, defined as the velocity of the ith vortex in an
otherwise quiescent fluid, to the mutually induced velocity, defined as the velocity induced by the remaining N ◦ 1 vortices
on the ith vortex. Therefore the set of vortices has linear velocity U = US + UM and angular velocity Ω = ΩS + ΩM . To
obtain US and ΩS Velasco Fuentes (2016) assumed that the vortices have, to a first approximation, circular cross section and
uniform vorticity, and evaluated the cylindrical components of the velocity field at two diametrically-opposed points on the
vortex boundary using Boersma & Wood’s (1999) approximation to Hardin’s (1982) velocity field. The self-induced velocities
(made dimensionless by dividing them by Γ/4πR and Γ/4πR2, respectively) are given as follows:

U∗
S =

1

(1 + τ2)3/2

!
ln(2/ϵ) ◦ ln(

"
1 + τ2) + (1 + τ2)3/2W (τ)

#

Ω∗
S =

◦ τ
(1 + τ2)3/2

!
ln(2/ϵ) ◦ ln(

"
1 + τ2) + (1 + τ2)3/2(W (τ) ◦ 2/τ) + 2(1 + τ2)

#

where ϵ = a/R(1 + τ2) and W (τ) is an integral that cannot be evaluated in closed form (Boersma & Wood 1999). These
formulas are more accurate, over the whole range of values of the vortex’ pitch and radius, than any of those published in one
hundred years of research on the subject.
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Figure 1: Linear and angular velocities (U and Ω, respectively) of a set of helical vortices as functions of the number of
vortices (N ) and the vortex pitch (τ ), for a given vortex radius (α = 0.1).
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Okulov (2004) obtained UM and ΩM by a complicated but efficient evaluation procedure of the Kapteyn series appearing
in Hardin’s (1982) velocity field.

Thus, by adding the self- and mutually-induced velocities, we find that the set of helical vortices move with a linear
velocity U that grows with the number of vortices (N ) but decreases as their radius (α) and pitch (τ ) increase, whereas the
angular velocity Ω grows with N and α but has a minimum around τ = 1 for fixed values of N and α. Figure 1 shows a
comparison of the theoretical results with two numerical calculations: (a) the velocity evaluated at a single point using the
Rosenhead-Moore approximation to the Biot-Savart integral and (b) the velocities obtained with a three-dimensional, vortex-
in-cell model by computing the linear and angular displacements of fluid particles located within the vortex, dividing those
displacements by the elapsed time and taking the average over all the particles used in the simulation.

FLOW TOPOLOGY

We determined the capacity of the vortices to carry fluid by analysing the topology of the helical stream function in a
reference frame where the vortices are stationary; that is to say, in a frame that translates with linear velocity U and rotates
with angular velocity Ω. The steady stream function Ψ is given as follows

Ψ(r,φ) =
1

2

$
Ω ◦ U

l

%
r2 +

N&

i=1

ψi(r,φ)

where l = L/2π, (r,φ) are helical coordinates related to the cylindrical coordinates by (r,φ) = (r, θ ◦ z/l), and ψi is the
stream function of the flow induced by the ith vortex (Hardin, 1982).

We found that for all N there are three qualitatively different flow geometries depending on the vortices radius and pitch
(see figure 2, which shows the case N = 3): (I) large-pitch vortices move slowly but carry a large volume of fluid, (II)
thin small-pitch vortices move fast and carry a small volume of fluid, (III) thick small-pitch vortices move at intermediate
velocities, carry a moderate volume of fluid but push fluid forward along the helices’ axis. Two vortices of intermediate pitch
(N = 2, 1 < τ < 4) exhibit a fourth regime which is similar to regime I except for the flow relatively far from the vortices.
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Figure 2: Left panel: The flow regimes for three helical vortices in the parameter plane (τ,α): (I) large-pitch helices, (II) thin
small-pitch helices, and (III) thick small-pitch helices. Upper row: the helical stream function Ψ on the polar plane (r, θ) for
representative cases of each regime (I to III from left to right). Lower row: the corresponding stream function on meridional
planes (r, z)

References

[1] Boersma J., Wood D.: On the self-induced motion of a helical vortex. J. Fluid Mech. 384: 263-280, 1999.
[2] Hardin J.: The velocity field induced by a helical vortex filament. Phys. Fluids 25, 1949-1952, 1982.
[3] Joukowsky N.E.: Vihrevaja teorija grebnogo vinta, Trudy Otdeleniya Fizicheskikh Nauk Obshchestva Lubitelei Estestvoznaniya 16: 1–31, 1912. French
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A NONLINEAR TRIAD INTERACTION SOURCE TERM FOR WAVE FORECASTING
MODELS

Teodor Vrecica1 and Yaron Toledo ∗1

1School of Mechanical Engineering, Tel-Aviv University, Israel

Summary Quasi-2D deterministic and non-local stochastic evolution equations are derived for water waves up to quadratic nonlinearity.
The models include nonlinear shoaling and wave breaking effects. The work identifies that the stochastic model should be localized in
two different manners in order to account for two nonlinear resoant mechanisms related to intermediate and shallow water regimes. The
locallization process allows a 2D nonlinear triad source term (S3nl) fitting for implementation in wave forecasting models to be formulated
by locally using a quasi-2D approach. The derived formulation presents good agreements with deterministic ensembles, field measurements
and laboratory experiments.

Nonlinear interactions between sea waves and the sea bottom are a main mechanism for energy transfer between the dif-
ferent wave frequencies in the near-shore region. Nevertheless, it is difficult to implement this phenomenon in stochastic wave
forecasting models due to its mathematical complexity, which mostly consists of computing either the bi-spectral evolution or
non-local shoaling coefficients. Such an implementation is of great importance as it will allow extending the wave forecast to
the nearshore region.

In this work, quasi-2D stochastic energy evolution equations are derived for dispersive water waves up to quadratic nonlin-
earity based on the deterministic model of [1]. The bi-spectral evolution equations are formulated using the stochastic closure
of [2]. They are solved analytically and substituted into the energy evolution equations to construct a stochastic model with
non-local shoaling coefficients.

The nonlinear shoaling mechanism is investigated and shown to present two different behavior types. The first consists of a
rapidly oscillating behavior transferring energy back-and-forth between wave harmonics in deep water. Due to the contribution
of bottom components for closing the class III Bragg resonance conditions, this behavior includes mean energy transfer when
waves reach intermediate water depths. The second behavior relates to 1D shoaling effects in shallow water depths. In contrast
to the behavior in intermediate water depths, it is shown that the nonlinear shoaling coefficients refrain from their oscillatory
nature while presenting an exponential energy transfer. It is explained through the 1D satisfaction of the resonance conditions
by wave triads even without depth changes due to the non-dispersive propagation in this region. The energy evolution model
is localized using a matching approach to account for both behavior types.

A common assumption in formulating bi-spectral evolution equations is of slow changes of the wave spectrum. This
assumption causes very large discrepancies when the shoaling becomes significant or when breaking occurs. The present
work avoids this assumption by utilizing a perturbation approach. It shows that the stochastic closure of [2] does hold in the
above situation when and does not require the incorporation of additional nonlinear coefficients (i.e., to be extended to the
closure of [3]). The solution of the full 2D nonlinear interaction problem is addressed by using the quasi-2D formulation
locally in allignment with the local bathymetry gradient as a first approximation. This results in a nonlinear triad source term
(i.e., a 2D S3nl) that is fitting for implementation in wave forecasting models.

The derived formulation is evaluated with respect to deterministic ensembles, field measurements and laboratory exper-
iments while performing well in modeling directional monochromatic super-harmonic self-interactions, infra-gravity wave
generation from bi-chromatic waves and a realistic wave spectrum evolution. This lays physical and mathematical grounds
for constructing a formulation that consistently accounts for 2D nonlinear energy transfers from deep to shallow water in
stochastic wave forecasting models.

∗Corresponding author. Email: toledo@tau.ac.il



Figure 1: Evolution of a measured wave spectrum over a mildly sloping beach. The dot-dashed red line describes the field
measurements results of [4]; The thick black line represents the current localized stochastic model; The dashed blue line
describes the ensemble averaged results of the deterministic model of [1]; the dark green dotted line describes the linear
stochastic model solution. Results are plotted for the depths of 14(a), 10.4(b), 5.25(c) and 4.1(d) meters.
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TURBULENCE INDUCED BY SURFACE WATER WAVES 
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Summary Turbulence produced by orbital motion of surface water waves will be discussed. While important across a broad range of ocean 
engineering, oceanographic and air-sea interaction applications, this is also an outstanding topic of the fluid mechanics. Its theory will be 
revisited, numerical and experimental results presented, field observations outlined. 
 
 

INTRODUCTION 
 
   Breakthroughs in the potential wave theories in the 60s defined the development of analytical research and drove 
experimental research in water waves for decades to come. Series of spectacular works by Hasselmann, Zakharov, 
Benjamin and Feir, Longuet-Higgins, among other researches, allowed us to reveal and explain many details of wave 
dynamics such as resonant and quasi-resonant interactions, modulational instability; led to introducing and embracing the 
kinetic theory, Zakharov and Nonlinear Schrödinger Equations, concept of weak turbulence for surface waves. 
   In the meantime, rotational approaches and solutions for the waves have not been receiving such an attention or even 
forgotten. One can trace a setup of this problem back to 1920s [1], but Phillips [2], followed by an extended summary in the 
book [3], provided explicit solutions for infinitesimal one-dimensional surface waves in the water of non-zero viscosity. The 
solutions are rotational, but as the authors rightly foresaw the one-dimensional approach imposed limitations on their 
practical applicability. 
   Such applicability was greatly enhanced by the Benilov theory [4,5]. It describes instability of three-dimensional 
vortexes in response to forcing by one-dimensional orbital wave motion. The wave motion is regarded potential in this 
theory, and hence the turbulence has to be pre-existent. Then, it is unstable in the two planes perpendicular to the wave 
orbits, and this instability radically changes the outcomes by comparison with the Phillips theory which applied to the stable 
plane. The Phillips one-dimensional wave-induced turbulence, after being produced by the wave orbital motion, is 
constantly damped by viscosity, whereas the Benilov three-dimensional turbulence should grow on behalf of the wave 
energy. 
   The ocean is always turbulent and the turbulence away from thin boundary layers is always three-dimensional, and 
therefore in the oceanographic context it can be expected that the Benilov mechanism prevails. The Phillips mechanism, 
however, should not be disregarded as having only an academic value. Whatever is the source of turbulence generation in 
the ocean, for example, the popular these days Langmuir turbulence, any pre-existing turbulence will be enhanced in 
presence of the waves (see e.g. [6] for a review). 
   While being an input of energy for turbulence, the wave-turbulence interactions are a loss of energy for waves, and 
hence a dissipation mechanism which has to be taken into account in the ocean wave forecast, particularly in case of swell 
propagation. Extra source of turbulence is also of primary significance for the upper-ocean mixing and hence the large-scale 
air-sea interactions which can be altered essentially, for example, in case of tropical cyclones (large waves) or at climate 
scales. 
 

THEORY, NUMERICAL SIMULATIONS AND EXPERIMENTS 
 
   Introduction above explains how the Phillips and Benilov theories are different, and this implies that turbulence 
production/dissipation rates and their dependences should be different between the two. Laboratory experiments [7] and 
numerical simulations [8], however, found both the intensity of the turbulence and its dependence on wave amplitude being 
similar in the two circumstances. Therefore, there may be a connection between the two mechanisms. 
   Here, we consider a similarity theory of isotropic turbulence induced by waves on the water with free surface. Scaling is 
obtained from observations of dissipation rates for swell propagation in the ocean, and then used to estimate the turbulent 
viscosity and spectrum of the locally-isotropic turbulence. The estimates are compared with measurements and modelling. 
 

CONCLUSIONS 
 

   The paper discusses turbulence produced or enhanced by the orbital motion of surface water waves. Similarity theory is 
proposed based on the concept of Lomogorov-Obukhov locally isotropic turbulence and agrees well with estimates of the 
turbulence dissipation rates and estimates of the coefficient of turbulent viscosity for oceanic conditions. 
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Summary Under earth conditions, water surface waves of wavelength larger than few centimeters are usually dominated by gravity. We
present an experimental way to obtain steady levitated liquid puddles that can be used to observe quasi one-dimensional capillary waves at
the centimeter scale. Two modes of waves are observed: first linear and non-linear gravity-capillary waves, including capillary solitons, as
well as sloshing modes of the levitated puddle. Moreover, we show how various experimental geometry can be used to tune the influence of
gravity on the wave propagation.

INTRODUCTION

When water is deposited on a surface hotter than 200◦C, it breaks into small drops that roll over the substrate with very
little friction. The evaporation process lasts for a much longer time than expected. This effect is named after J.G. Leidenfrost
who discovered it in a spoon heated by a localized flame during the XVIII century. The presence of a thin vapour layer
supports the liquid weight by lubrication forces and the evaporation is drastically limited by the poor thermal conductivity
of the gas phase [1]. However, this Leidenfrost effect has long been limited to drop size, as larger volumes of liquid lead to
the formation of large gas pockets beneath which violently disturbs the liquid surface [1]. A few years ago we showed that
the drop size limitation can be circumvented by using a curved substrate to form a torus of liquid in levitation without any
specific limitation in length and volume [2]. The evacuation of vapour is then directed along the transverse direction, while
the length is no longer limited in the other direction. Using levitating liquids of larger dimensions, we study the propagation
of waves at the free surface. Figure 1 shows the two experimental configurations that have been used. One corresponds to a
linear channel (Figure 1a), the second is a toroidal channel (Figure 1c,d). In each geometrical configuration, we observe linear
and non-linear waves that can be characterized both from an experimental and theoretical point of view.

LINEAR WAVES

Figure 1a shows the one dimensional channel experimental setup, made of a dural plate with a transverse section of the
quarter pipe shape (figure1a and c). Once heated above 250◦C, 60mL of water poured into the substrate forms a cylinder of
water, levitating on its own vapor film. Using an external exciter, we observe the propagation of two types of gravity-capillary
waves. Their dispersion relations are displayed in Figure1b. Type I corresponds to a deformation of one interface (left interface
in Fig1a), and follow the usual gravity capillary wave dispersion relation :

ω2 = tanh(kHeff )(geffk +
γ

ρ
k3).

However, the usual water depth H and acceleration of gravity g are here replaced by effective depth Heff and gravity geff , that
can be derived theoretically from our particular geometry (solid line, Figure1b inset). In particular, we have geff = g sinα
where α is the angle between the substrate slope and the horizontal axis (defined either Fig1a of Fig1c). The angle α can
therefore be changed by inclining the substrate more or less. The dispersion relation can thus be tuned from waves propagating
on a horizontal interface as commonly encountered (α = 90◦), to an almost zero gravity situation for α → 0 (consequently,
geff → 0). One striking consequence is the variation of the minimum velocity of linear waves (Figure2b inset), that goes to
0 for α → 0. Close to α ≈ 0 quasi pure capillary waves are observed (dashed line) in a much larger range of wavelengths
the effective capillary length lc being greater than 1cm. Type II waves correspond to sloshing modes, associated to out of
phase oscillations of same amplitude for both interface. Their dispersion relation presents a frequency cut-off also dependent
on the geometry (i.e. α). Both dispersion relations can be rationalized by using a theoretical model based on a triangular
shape of the section. It predicts a good agreement with all the observed dispersion relations for linear waves. Type I and II
waves can also be observed in the toroidal geometry sketched in Figure1c. The linear channel has here been replaced by an
annular channel with an equivalent section profile (side view sketch of Figure 1c can be applied to each geometry). In this
case however the type I waves is amplified by a flow instability [2]. Indeed, a free surface toroidal flow turns out to be unstable
on its inner perimeter and the selected wavelength can be well predicted from a full hydrodynamic calculation [3]. It leads to
the formation of an asymmetric pattern, better describe by a non-linear wave equation (Figure 1d).
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NUMERICAL AND THEORETICAL ANALYSES
ON INTERFACE WAVE OF MAGNETIC FLUIDS

Yo Mizuta ∗

Division of Applied Physics, Faculty of Engineering, Hokkaido University, Sapporo, Hokkaido, Japan

Summary Interface profile of magnetic fluid is known to change abruptly when the intensity of the applied magnetic field H0 is increased.
It is considered that during this transition process between interface profiles many modes are generated once but converge into one mode
corresponding to the final regular profile. From this standpoint, this paper inspects the spectra for interfacial quantities changing in time, by
use of the fluid and magnetic analyses which are applicable for arbitrary interface profiles and applied magnetic field distributions. As the
time goes on, several prominent modes are generated other than the initial basic modes as the result of the nonlinear wave-wave interactions.
Among various nonlinear processes, three-wave interaction is considered in this paper. When H0 is close to the critical intensity HCL,
modes with a triad of wavenumber vectors of the same size compose the interface profile of hexagonal lattice, as experimentally observed.

EQUATION FOR INTERFACE MOTION

When we analyze the free surface phenomena of irrotational and inviscid magnetic fluid with all nonlinear effects but with
no limitations on the interface profile, we use the following equation for interface motion which is derived from Bernoulli’s
equation and the dynamic boundary condition on the interface [1]:

ρ
∂ϕ

∂t
+ S + p0 = 0, S ≡ D +G+ C + T, T = −

!
1

µj

"
{µ1µ2(h2

X + h2
Y ) + b2Z}

2
, (1)

where ρ, ϕ, D, G, C, T , p0 are the fluid density, velocity potential, dynamic pressure, gravity potential, surface tension,
magnetic stress difference and atmospheric pressure, respectively. In (1), ϕ is obtained from the vertical component of the
fluid velocity vz and the interface elevation ζ as ϕ=

# ζ
−∞ dzvz , Furthermore, T represents the action from the magnetic field

to the fluid, where µj denotes the permeability of the fluid (j=1) or the vacuum (j=2), [· · · ] the difference of the value across
the interface (2−1), respectively. The tangential magnetic field hX,Y and the normal magnetic flux bZ should be obtained
rigorously as well as efficiently under arbitrary interface profiles and applied magnetic field distributions [2].

The interface elevation ζ(R) and the sum of interface stresses S(R), as well as other interface quantities, are regarded
as the functions of the interface coordinate parameter R=(X,Y ), and they are expanded into series of periodic functions.
We rewrite (1) by the column vectors ζ̃≡

$
ζ̃µ
%

and S̃≡
$
S̃µ

%
composed of the expansion coefficients ζ̃µ, S̃µ belonging to the

wavenumber vector kµ. Then, the temporal evolution equation for ζ̃ is derived.

TEMPORAL EVOLUTION OF WAVENUMBER SPECTRA

This section shows a temporal evolution of the spectra |ζ̃µ|2 and |S̃µ|2 for the interface elevation and the sum of interface
stresses. We prepare initially an interface profile with hexagonal lattice as shown in Fig.1(a) for the magnetic fluid with the
density ρ=1.0×103 kgm−3, capillary coefficient γ=2.6×10−2 Nm−1, and relative permeability µ1/µ0=1.2 (µ2/µ0=1.0,
µ0=4π×10−7 H/m). Three basic modes with the wavenumber vector kµ=mµA+nµB, (mµ, nµ)=(2, 0), (0, 2), (2, 2) as
shown by open circles in Fig.1(b) compose this profile, where A, B are the basic vectors crossing each other with the angle
of 120◦. Amplitudes ζ0=0.10mm for these modes are same. The critical wavelength and the critical magnetic field intensity
for infinitesimal ζ0 are calculated as λCL= 2π/ kCL=1.02×10−2 m and HCL=3.75 ×104A/m. The position of the critical
wavenumber k=kCL is represented by an arc in Fig.1(b). Applied magnetic field is vertical and homogeneous, and its intensity
H0 is 0.60HCL or 0.90HCL for the upper or lower row in Fig.2.

(a) (b) (c)

-0.06 -0.04 -0.02  0  0.02  0.04  0.06
X [m]

-0.04
-0.02

 0
 0.02

 0.04

Y [m]

-5.00e-4
 0.00e+0
 5.00e-4
 1.00e-3
 1.50e-3

z [m]
 0  500  1000 1500 2000

ω2 [s-2]

 0  5  10  15  20
-20
-15
-10
-5
 0
 5
 10
 15
 20

kX/k0

k Y
/k

0

k

ω2
ABCA:H0/HCL<1

B:H0/HCL=1
C:H0/HCL>1

O

kCL

Figure 1: Interface profile of hexagonal lattice in (a) real space and (b) wavenumber space. (c) Dispersion relation for linear
interface wave.
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Figure 2: Spectrum |ζ̃µ|2 (a) and |S̃µ|2 (b) after 20.0×10−2 s. Temporal
change of ζ̃µ (red line in (c)) and − (kµ/ ρ) S̃µ (blue line in (c)) at basic
modes. H0 = 0.60HCL (upper row) and H0 = 0.90HCL (lower row).
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Figure 3: (a) Triad of wavenumber vectors
for three-wave interaction. (b), (c) Their res-
onance curves.

As shown in Fig.1(c), the dispersion relation for linear wave (LNDS) is {ω(k)}2=Gk+Ck3−Mk2, where k=|kµ|, ω
is the angular frequency, and G, C, M are the gravity, capillary and magnetic coefficients, respectively. Shaded squares in
Fig.1(b) show the value of {ω(k)}2 at H0=HCL. Modes as many as 18×18 in the wavenumber space cover those generated
by the nonlinearity of the surface tension and the magnetic stress difference.

Figure 2(a), (b) shows the wavenumber spectra after some time. Many spectral modes other than the initial basic modes are
generated due to the nonlinearity in C and T of (1), where several prominent modes are shown encircled and weak continuous
modes as hiding the basic plane. For the case of H0 closer to HCL (lower row in Fig.2), both of the prominent and continuous
modes increase, but the latter more. In addition, the interface elevation ζ̃µ and the interface force − (kµ/ ρ) S̃µ change more
slowly as in Fig.2(c) due to the close balance of the interface stresses around HCL, but their change become unstable gradually.

NONLINEAR WAVE-WAVE INTERACTION ON THE INTERFACE OF MAGNETIC FLUIDS

During the transition process between interface profiles, various nonlinear wave-wave interactions will occur. On the
interface of magnetic fluids, three-wave interaction is anticipated since the magnetic stress difference is second order in the
magnetic field. Three-wave interaction is known to exist for gravity-capillary waves though not for gravity waves in normal
monolayer fluids [3].

For a triad of wavenumber vectors k1,2,3 as Fig.3(a), the resonance condition is k3=k1+k2 and ω(k3)=ω(k1)+ω(k2),
where ω(k) is given by the LNDS in the previous section with k1,2,3=|k1,2,3|. These resonance condition and LNDS are
expressed as

k̄3 =
&
k̄21 + k̄22 + 2k̄1k̄2 cos θ, {ω(k)}2

'(
G3/C = k̄ + k̄3 − 2mk̄2 (2)

by the wavenumber k̄≡ k/ kCL and the magnetic coefficient m≡ M/MCL which are nondimensionalized by kCL=
(

G/C

and MCL=2
√
CG. If k̄3 is eliminated between two equations in (2) as F (k̄1, k̄2;m, θ)=0, we can draw k̄1–k̄2 resonance

curves with parameters m and θ, as in Fig.3(b),(c).
When H0<HCL (m<1) and k̄1=k̄2, θ increases with k̄1,2 but never exceeds 90◦, like the gravity-capillary waves [3].

However, when m≤1, there appears the resonance with θ ≥ 90◦. Especially when m=1, the resonance for θ=120◦ is at the
spot k̄1,2=1 instead of on a line. In this case, k̄3=k̄1,2=1 from the first of (2), and ω(k1,2,3)=0 from the second of (2).

The above discussion means that the modes with a triad of wavenumber vectors of the same size kCL, which compose
the initial profile as Fig.1(a),(b), are resonant and static, as experimentally observed (note that each point in (b) represents a
combination of modes symmetric with respect to the origin).
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ASYMPTOTIC ANALYSIS OF A ROTARY WAVE IN A CYLINDRICAL TANK

Herbert Steinrück∗1 and Lorenz Gusner2

1Institute of Fluid Mechanics and Heat Transfer, Technische Universität Wien, Vienna, Austria

Summary The free surface flow in a vertical, cylindrical, rotating container will be considered when axis-symmetric angular and radial shear
stress distributions are applied on the free surface. It is well known that in the inviscid case a rotary wave which can be described by a flow
potential exists. We want to determine the stability limit of the axis-symmetric base state with respect to the rotary wave for small Ekman
and Froude numbers. Under the above assumption, the critical flow conditions can be determined analytically. The results can be verified
experimentally using a vertical, cylindrical container partially filled with water where the top lid rotates with a given angular velocity. Thus,
the induced air flow will exert shear stresses in the angular and radial direction onto the water surface. Above a certain threshold, rotary
waves can be observed.

PROBLEM FORMULATION

Using a Francis turbine in phase condenser mode, the rotor sets the air above the water level in the suction pipe into a
rotation. If the angular speed of the rotor is above a critical value a rotary wave in the water forms. The angular wave speed is
almost independent of the rotor speed, and the amplitude of the wave can be considerably large. Thus, we want to explain the
excitation mechanism using asymptotic analysis of this wave. In particular, we want to determine critical conditions when the
axial-symmetric surface of the water becomes unstable, and the rotary wave develops. Since we are interested in an analytical
solution, we define a simplified model problem.

a)

rotating
lid

b)

z r

Ω0

z = −hW

θ

τθ
τr

c)

O(
√
EkW) O(

√
FrEkW)

O(
√
FrEkW)

O(Ek1/3
W )

z

r

−hW

O(Fr2)

Figure 1: a) Rotatry wave in a vertical, cylindrical container induced by a rotating lid, b) coordinate system and applied shear
stresses c) boundary-layers relevant for the stability analysis

Consider a vertical cylindrical tank with radius R partially filled with water. Assume that on the free surface shear stresses
in azimuthal τθ = τθ,0r/R and inward radial τr = τr,0r/R direction are applied. These stresses model the action of the
rotating air flow onto the water. The shear stress distributions are assumed to be axis-symmetric and depend linearly on the
distance from the axis of the container.

For an inviscid fluid, the rotary gravity wave given by the flow potential φ = J1(µ1r) sin(θ − ω0t)eµ1z is well known,
see figure 1a, where J1 is the Bessel function with index 1, µ1 is the smallest zero of its derivative, ω0 is the dimensionless
angular wave speed, see [1]. Here and in the following, r and z denote the dimensionless radial and vertical coordinate. They
are referred to the radius R of the container. The angular velocity is made dimensionless with

!
g/R, where, and g is the

gravity acceleration. All other quantities like time, velocity are scaled accordingly. For the definition of the coordinate system
and the boundary conditions, see figure 1b.

To facilitate a complete analytical solution, we assume that the container rotates with given angular velocity Ω0.Thus, we
define the following dimensionless numbers,

EkW =
ν

R2Ω0
, Fr =

Ω0!
g/R

δ =
!

EkW
τθ,0
ρνΩ0

, τ =
τr,0
τθ,0

.

where ρ, and ν are the density and the viscosity of the fluid, respectively. Assuming δ ≪ 1 and EkW ≪ 1 the base flow can
be obtained by linearizing the Navier-Stokes equation around the solid body rotation with angular speed Ω0. Thus, it is given

∗Corresponding author. Email: herbert.steinrueck@tuwien.ac.at



by a solid body rotation in the core (with a perturbed angular speed) and boundary-layers of width
√
EkW at the free surface

and the bottom of the container, see [2]

uB = Fr δrûB(η), vB = Fr r(1 + δ(v̄B + v̂B(η))), wB = Fr δ
!
EkW (w̄B + ŵB(η)), η = z/

!
EkW .

Here, uB , vB , WB denote the velocity components of the base flow in the radial, azimuthal, and vertical direction. Since the
boundary-layer of the base flow along the container wall does not play a role in the following asymptotic stability analysis,
the corresponding terms are omitted here.

ASYMPTOTIC STABILITY ANALYSIS

We linearize the governing equations (Navier-Stokes equations, the kinematic and dynamic boundary conditions, respec-
tively) around the base flow. We are looking for a rotary eigensolution in the double limit

EkW → 0, Fr → 0, δ << 1, τ = O(1). Thus, the asymptotic ansatz for the radial velocity component is of the form

u ∼
"#

u(s)
0 +

!
EkWFru(s)

G + Fru(s)
1 + Fr2 u(s)

2

$
sin(θ − ωt)+

#!
EkWFru(c)

G + Fru(c)
1 + Fr2 u(c)

2

$
cos(θ − ωt)

%
eg t

with the dimensionless angular wave speed ω = ω0 +
√
EkWFrωG + Frω1 + ..., and the dimensionless growth rate g =

−d
√
EkWFr + Frg1 + Fr2g2 + ....

Note that we have written in the ansatz only the order of magnitude of the terms needed for the discussion of the stability.

The terms u(s)
G , u(s)

1 , u2 have to be expanded with respect to EkW and δ and they may have boundary-layers of thickness√
EkWFr and

√
EkW, respectively. The leading order term is given by the inviscid rotary wave supplemented by boundary

layers at the wall. In the following we will shortly discuss the role of the terms in the expansion.
The inviscid rotary wave does not satisfy the no-slip boundary conditions at the container wall and bottom. Thus,

boundary-layers of thickness
√
EkWFr will develop along the wall, see figure 1c, and the bottom causing a velocity com-

ponent normal to the wall of the order
√
EkWFr at the outer edge of the boundary layer. Thus, a secondary flow of the same

order is induced in the core region. Applying the kinematic, and dynamic boundary condition in the normal direction at the
free surface yields a condition for the decay rate d and the shift of the angular velocity ωG.

At the free surface, the shear stresses are prescribed. The rotary wave displaces the free surface. Thus, a boundary-layer
correction of the radial and azimuthal component of the rotary wave of the order δFr3/2/

√
EkW is necessary. This, however,

induces a vertical flow velocity of order Fr2δ and depending on the sign a growth or decay rate of the wave of the same
order. A detailed analysis shows that this correction is positive (growth rate) if the radial component of the surface velocity is
negative.

In the core region of the flow, the rotary wave interacts with the base flow causing an additional correction to the wave
speed and the growth/decay rate. However, the corrections to the growth rate are only created in the boundary layer of the
base flow (width

√
EkW). It turns out that only the second order term g2 is different from zero. The contribution of this terms

of the same order δFr as the correction of the growth rate induced by the dynamic boundary condition in the radial direction.
Under the above assumptions all this contributions to growth/decay rate can be evaluated analytically yielding our main

result
g ∼ −

!
FrEkWd(hW ) + Fr

!
EkWg̃1 − Fr2δûB(0)g̃2(hW ),

where d, and g̃2 are positive constants depending only on the dimensionless water depth hW . Setting the growth rate equal to
zero, conditions for neutral stability are obtained. Thus, for neutral stability the radial surface velocity ûB(0) of the base flow
has to be negative.

NON-ROTATING CONTAINER AND EXPERIMENTAL VERIFICATION

In the case of a non-rotating container, see figure 1a, the main ideas of the present analysis hold. However, the equations
have to be solved numerically. Formally, we have to set δ = 1 and set Ω0 = (τ2θ,0/ρ

2νR2)1/3, a scale for the angular velocity
induced by the angular shear stress at the surface. The angular speed of the wave can be measured easily from a video. The
angular velocity of the core region can be estimated by the time an immersed particle needs for a complete revolution. The
ratio of the angular velocity of the flow in the core region to the angular wave speed is of the order Fr. In case of neutral
stability, we have Fr ∼ (EkW Fr)1/4 = ( ν

R2
√

g/R
)1/4 which is in agreement with experimental observations.
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EVOLUTION OF FARADAY WAVES BY RESONANT TRIAD INTERACTIONS OF
SURFACE–COMPRESSION WAVES

Usama Kadri∗1

1Department of Mathematics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA

Summary The propagation of wave disturbances over a vertically oscillating liquid may form standing waves, known as Faraday waves.
Here we present an alternative description of the generation and evolution of Faraday waves by nonlinear resonant triad interactions,
accounting for gravity surface effects and the slight compressibility of the liquid. To this end, we analyse a triad comprising an infinitely
long-crested compression mode and two oppositely propagating subharmonic surface waves.

INTRODUCTION

A surface wave disturbance over a fluid layer that is subject to sinusoidal vertical oscillation at frequency 2ω may excite
subharmonic standing field of waves of frequency ω known as Faraday waves. The wavelength of these waves is prescribed
by the standard dispersion relation [1]. For many applications the driven flow due to the interaction of the disturbance with
the oscillating bath is attributed to parametric instability ([5]) (or parametric resonance). Here, we introduce an alternative
approach to describe this energy share between the surface waves and the oscillating bath. We model the oscillating bath as
an infinitely long-crested compression wave that exchanges energy with surface waves via resonant triad interactions.

Special triad interactions between surface wave disturbances and compression modes associated with resonances were
noted by Longuet-Higgins [4]. More specifically, these comprise a standing compression mode at a cut-off frequency 2ω,
and two subharmonic surface waves with frequency ω and opposite wavenumbers k. Here, we consider the interaction of a
propagating radial surface wave disturbances and a standing compression mode in a deep fluid. Such resonance interaction
depends on the small parameter µ = gh/c2, (µ ≪ 1) (see [3]) that governs the effects of gravity relative to compressibility,
where g is the gravitational acceleration. Thus, free-surface wave disturbances feature vastly different spatial and/or temporal
scales from the compression mode. Specifically, the surface wavelength λ is much shorter than the vertical compression
lengthscale represented by the water depth (λ ≪ h), whereas the gravity timescale τ ∼ (λ/g)1/2 in keeping with the deep-
water dispersion relation. Then, taking τ to be comparable to the acoustic timescale h/c implies λ ∼ µh; hence, in the present
setting, the parameter µ may be interpreted as the ratio of the gravity to the (vertical) compression mode lengthscale.

PRELIMINARIES

Based on irrotationality, the surface–compression wave problem is formulated in terms of the velocity potential ϕ(r, z, t),
where u = ∇ϕ is the velocity field. Moreover, we shall use dimensionless variables, employing µh as lengthscale and h/c as
timescale. We shall also assume radial motion (∂θ = 0), far from the centre (1/r ≪ 1); then the field equation obeys

ϕtt ◦
1

µ2
(ϕrr + ϕzz) + ϕz + |∇ϕ|2t + 1

2u ·∇
!
|∇ϕ|2

"
= 0. (1)

On the free surface z = η(r, t), we consider the standard dynamic and kinematic conditions. Finally, the boundary condition
on the rigid bottom at z = ◦ 1/µ reads

ϕz = 0 (z = ◦ 1/µ). (2)

The velocity potential for the three interacting modes is expanded as follows

ϕ = ϵ ekz
#

S+(T )ei(kr−ωt) + S−(T )e−i(kr+ωt) + c.c.
$

+ α cosω(Z + 1)
#

C(T )e−2iω + c.c.
$

+ . . . . (3)

The first terms in (3) represent the two surface waves while the last represents the compression mode, that is scaled in the
vertical coordinate Z = µz. The surface wave amplitudes S± and the compression mode amplitude C depend on the ‘slow’
time T = µt, and space R = µr, where ϵ = αµ1/2 with α = O(1) ([3]).

∗Corresponding author. Email: ukadri@mit.edu
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understand qualitatively these solutions we consider approximations in the limit of small forcing and dissipation.
Assuming F << 1 and σ  ~ 0(F), an approximate dispersion relation can be found for the sub-harmonic response ω=Ω/2.
We obtain ωo/ω ≈ 1± (F/4)² - (σ/ω)². We note that two wavenumbers k± correspond to the same angular frequency ω=Ω
/2, and that both forcing and dissipation intervene in the relation of dispersion. Then, assuming |kA| << 1 and seeking an

approximation in the form  η (t) = Re{A(t)}cos(kx) + 0(A²), an amplitude equation can be derived in the form [6]  
dA
dt  +

(σ - iωo) A + 
iFΩ

8  eiΩtA* + 
iKΩk²

2  |A|²A = 0, with K = 
2 - 6s - 9s2 - 5s3

16(1+s)(1-s)²  (where s = sech(2kd)) [7]. A important fact is that

the sign of the nonlinear term (via the sign of K) depends on the depth: we have K >0 for short waves and  K<0 for long
waves [7]. This plays a key role for the stability of the solutions. In order to deal with an autonomous amplitude equation,

we define B = Aexp(iπ
4  - 

i
2
Ωt) and the previous equation is recast into 

dB
dt  = (iωo - 

i
2
Ω - σ) B + 

FΩ
8 B* - 

iKΩk²
2  |B|²B. Then,

looking for solutions of the form B=aexp(iπ/4 -iδ), we obtain ωo/ω ≈ 1 + (Ka)² ± (F/4)² - (σ/ω)². Clearly, only the rest
solution B=0 can exist if F<F↓= 4σ/ω. In the other hand, there are two possible nonzero solutions in the range F↓< F< F↑
= 4ω-1 (ωo- ω)² + σ². In order to study the stability of these solutions, we introduce a small perturbation into the
stationary solutions of the above amplitude equation and we look for the eigenvalues of the linearized system of equations
obeyed by the perturbation. The stability analysis that we conduct below resembles that carried out in [8] for the
parametric pendulum. However, major differences are that the eigenfrequency of a freely-oscillating pendulum is unique,
whereas free, unforced, water waves exhibit a continuous spectrum of mode frequencies and that the sign of the nonlinear
term depends here on the depth. We finally find that, for short waves (K>0), the only stable solutions are the rest one if
F< F↑, and a nonzero amplitude solution (with ω < ωo) if F > F↑. The bifurcation is here surcritical. In the other hand,
for long waves (K < 0), the only stable solution is the flat one if F < F↓, there are two stable solutions in the range F↓< F<
F↑  (the rest solution, and a nonzero amplitude solution with ω < ωo), and only one stable solution (a nonzero amplitude
solution with ω < ωo) if F> F↑. In the latter case of long waves,  the range F↓< F < F↑ corresponds to a hysteretical
region, with both the possibilities of having a zero or nonzero wave amplitude, according to the forcing history, and the
bifurcation is subcritical [9].

We are now in position to determine  the wave number selected at the instability onset. The minimal forcing
required to destabilize the free surface is F↑ = 4ω -1 (ωo- ω)² + σ², with ω=Ω/2. The first wave to emerge from rest is the
one requiring the smaller value of   F↑, and corresponding to the wavenumber such that ∂F↑ /∂k = 0. In the limiting case
of deep water  (i.e.  d = ∞,  ωo = gk, σ = 2υk², υ being the kinematic viscosity) the most unstable wavenumber k is given
by 2ωo= ω + ω² -16σ². In the opposite limit of long waves (i.e. kd << 1, ωo= gd k, σ=(gd)1/4  kυ/8d² ), the most
unstable wavenumber corresponds to  ωo=  ω - 16 υ /d²  [9].

CONCLUSIONS

We have shown that the dispersion relation of Faraday waves is modified compared to that of free, unforced waves:
forcing and dissipation play a key role in the relation of dispersion. We have also studied the nature of the bifurcation at
the instability onset, and we have shown that the transition is supercritical for short waves and subcritical for long waves.
We have determined the instability threshold, and the selected wavenumber in the two limiting cases of short and long
waves.
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Summary Metamaterials enable the emergence of novel physical properties due to the existence of an underlying structure. Here, we use
the Faraday instability to shape the fluid-air interface with a regular pattern. This pattern undergoes an oscillating secondary instability and
exhibits spontaneous vibrations that are analogous to transverse elastic waves. By locally forcing these waves, we fully characterize the
dispersion relation of these waves and show that a Faraday pattern presents an effective shear elasticity. We propose a physical mechanism
combining surface tension with the Faraday structured interface that quantitatively predicts the elastic wave phase speed, revealing that the
liquid interface can be considered as a mechanical metamaterial.

INTRODUCTION

An artificial material made of organized functional building blocks is called a metamaterial [1] when it exhibits properties
that differ greatly from that of the unit cell. These new physical properties are intrinsic of the presence of an underlying
structure. Here we propose to use pattern formation in non-linear physics to produce the underlying structure of a metamate-
rial. For this purpose, the Faraday instability is often used as a model system. This hydrodynamic instability appears at the
interface between two fluids (in our case an oil-air interface) subjected to a vertical oscillation [2]. Above a certain threshold
of acceleration ac, the surface shows a stationary deformation [Fig. 1(a)] that oscillates at half the excitation frequency. This
pattern is both stable in time and regular in space, with a Faraday wavelength λF defined by the inviscid gravity-capillary wave
dispersion relation ω2

0 = (gkF + σ
ρ k3

F ) tanh(kFh), where kF = (2π)/λF is the Faraday wavenumber, g is the acceleration
of gravity, σ is the surface tension of the fluid, h the fluid depth and ρ its density. For a square vessel it is most often a square
pattern that is obtained. It becomes unstable and oscillates [3] upon increasing the driving amplitude, and then destabilizes
into a chaotic state.

EXPERIMENTAL SET-UP, VIBRATION OF THE PATTERN

Experimental set-up
Our experimental set-up consisted of a square vessel filled with a thin layer of silicone oil of thickness h = 3 mm. The

vessel is mounted on a vibration exciter and we work with a sinusoidal acceleration a cos 2πf0t with frequency f0 ranging
from 72 Hz to 120 Hz. The pattern is about 25× 25 Faraday wavelengths. A top view of the stable pattern obtained is shown
in Fig. 1(a). Each white dot corresponds to an horizontal slope of the fluid interface, there are thus 4 white spots per Faraday
unit cell.

Spontaneous
Upon increasing the driving amplitude to about twice the threshold value, spontaneous oscillations of the square lattice

appear (Fig.1(d). These oscillations are in-plane modulations of the pattern along its two main directions. They exhibit a
spatial periodicity λ = 4 λF , corresponding to the white segment presented in this figure. We detect each point in-plane
position (x(t), y(t)) using a custom Matlab algorithm. Fourier spectra of the periodic oscillations show a peaked signal at
f = 1.35 Hz. These spontaneous oscillations of the pattern correspond to a supercritical Hopf bifurcation that takes place
close to the threshold of transition to chaos. The spontaneous oscillations occur at a frequency f much lower than the Faraday
frequency fF whereas their spatial wavelength λ ≃ 2.0 cm is 4 times larger than λF . In our experimental conditions and at
this frequency f , the gravito-capillary dispersion relation gives a wavelength of λgc = 23.26 cm much larger than λ. This
means that the transverse standing wave responsible for the pattern oscillations is governed by a different physical mechanism
that we identify by performing a new set of experiments.

Forced vibrations
We now investigate all the oscillating modes of the Faraday wave pattern by forcing the vibrations of stable square patterns.

We add to the vessel a custom-made forcing device consisting of a comb dipping into the liquid to a small depth [Fig. 1(c)].
The comb is set in motion by a second vibration exciter to oscillate horizontally in the reference frame of the container at
frequencies ranging from 0.5 Hz to 5 Hz. This allows us to generate a sinusoidal oscillation of the line of Faraday peaks
located below the forcing comb. We observe a transversal wave that propagates away from the forcing device at the forcing
frequency f . From the experimental data we extract its wavenumber kT for each value of f . We do the same analysis to extract
kT for waves propagating in the perpendicular direction. Fig. 1(c) presents the dispersion relations f(kT ) (blue triangles for
y direction and red triangles for x direction) that we obtain for f ranging from 0.5 to 10 Hz. We observe a linear increase of
f with kT . A linear fit gives the phase speed of the transverse waves vϕ = 4.60 cm.s−1.

∗Corresponding authors. Email: lucie.domino@espci.fr, antonin.eddi@espci.fr
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NONLINEAR ACOUSTICS IN BRASS INSTRUMENTS
James McTavish1 and Edward Brambley ∗1

1Department of Applied Mathematics and Theoretical Physics, University of Cambridge, Cambridge, United
Kingdom

Summary Since the work of Stokes in 1848 it has been well known that sound propagating over large distances begins to distort due to
the accumulation of small nonlinear effects. It can be shown that plane sound waves in a straight duct will eventually steepen to form
discontinuous shocks (in the absence of viscosity). More recently experiments have shown that this distortion and the resulting shock
waves may be responsible for the characteristic “brassy” sound of trombones and trumpets - especially when played at louder volumes [1].
The mathematics however, describing this nonlinear behaviour in ducts with curvature - such as the trombone resonator - remains little
understood. Our work extends the Multimodal Method of Félix and Pagneux [2] [3] with the introduction of a ‘nonlinear admittance’ term
coupling pressure and velocity modes to give a description of nonlinear behaviour in ducts with curvature.

METHOD OUTLINE

Beginning with the compressible Euler equations, we consider small perturbations of pressure, density and velocity about
a state of rest, where the perturbations are (in non-dimensional variables) of the order of the Mach number M < 1 which
is assumed to be small but finite. The mass and momentum conservation equations are then expanded correct to order M2

so that only quadratic nonlinearities are considered. A Taylor expansion of the equation of state at constant entropy is also
considered, relating the pressure and density (also correct to O(M2)). This is used to eliminate density terms from the
governing equations. The pressure and velocity perturbations are then expanded into a temporal Fourier series and a basis of
the transverse duct modes of a straight duct

p′ =
∞!

a=−∞

∞!

p=0

P a
p (s)ψp(r⊥)e−iaωt, u′ =

∞!

a=−∞

∞!

p=0

Ua
p(s)ψp(r⊥)e−iaωt

where we are using a coordinate system based on the arc-length s along the centreline of a general duct (including the
possibility of varying curvature) and transverse components perpendicular to the longitudinal direction. The transverse duct
modes satisfy the eigenvalue problem∇2

⊥ψp+a2
pψp = 0 subject to the no penetration condition on the duct wall n·∇⊥ψp = 0.

Following the work of Félix and Pagneux, the transverse velocity components are eliminated to obtain two equations - one
for the pressure modal amplitudes and one for the longitudinal velocity modal amplitudes as they vary through the duct. Due
to the presence of evanescent modes these equations are numerically unstable. To overcome this, a nonlinear relation between
pressure and velocity modes is defined in terms of the linear admittance Y a

pq(s) of Félix and Pagneux and a new nonlinear
admittance term Yab

pqr(s) representing the O(M2) correction

Ua
p =

∞!

q=0

Y a
pq(s)P

a
q +

∞!

b=−∞

∞!

q,r=0

P a−b
q P b

rYab
pqr

By taking derivatives, substituting the governing equations and considering orders of magnitude, separate equations for Y ′

and Y ′ can be found, and by applying a suitable boundary condition downstream the equations can be numerically solved to
the inlet and the admittance found everywhere along the duct. Using the admittance and the governing equations, an equation
for just the pressure can be found. By numerically integrating from a chosen source condition at the inlet, the pressure can be
found throughout the duct.

RESULTS

Numerical results of the nonlinear multimodal method have shown good agreement with the analytical Blackstock solution
[4] for a straight duct. Figure 1 shows a direct comparison of the modal amplitudes at various distances down the duct
(normalised in terms of the shock formation distance σ = x/xshock) for an initially sinusoidal planar waveform. Qualitative
results are also in good agreement with the non-planar or angled planar waveforms observed by Fernando et. al. [5]. Figure 2
shows the characteristic straight but angled shock fronts of a planar wave propagated at 84◦ degrees to the normal, at the point
of shock formation.

As an interesting aside, in certain cases the method may be used to tackle non-linear inverse problems. Figure 3 shows
the modal amplitudes of a waveform which propagates into a sinusoidal waveform (all the harmonics transfer their energy to
the fundamental) before steepening again. This initial waveform was found by applying the inverse method to a sinusoidal
waveform.

∗Corresponding author. Email: E.J.Brambley@damtp.cam.ac.uk
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OBSERVING AND UNDERSTANDING SHORT GRAVITY WAVES

Fabrice Ardhuin ∗1, Charles Peureux1, Pedro V. Guimaraes1,2, Alvise Benetazzo3, Filipo Bergamasco4, Fabien
Leckler5, and Vladimir Dulov6

1Laboratoire d’Oceanographie Physique et Spatiale (LOPS), UBO, CNRS, Ifremer, IRD, IUEM, Brest, France
2Ecole Centrale de Nantes, France

3ISMAR, Venezia, Italy
4Universita Ca’ Foscari, Venezia, Italy

5SHOM, Brest, France
6Marine Hydrophysics Institute, Sebastopol, Crimea, Russia

Summary The energy level and its directional distribution are key observations for understanding the energy balance in the wind-wave
spectrum between wind-wave generation, non-linear interactions and dissipation. Here, properties of gravity waves are investigated from a
fixed platform in the Black sea, equipped with a stereo-video system that resolves waves with frequency f up to 1.6 Hz, and wavelengths
from 0.3 to 12 m. We made observations during 3 experiments in 2009, 2011 and 2013, in conditions with wind speeds ranging from 2 to
17 m/s, from the deep water platform of Katsiveli, operated by the Sebastopol Marine Hydrophysics Institute, off the coast of Crimea in the
Black sea. The observations allow a measurement of the full frequency-wavenumber spectrum, revealing a strong variability of the shape
of the short wave spectrum. This variability is possibly related to the wind speed and effects of the dominant waves. Possible processes that
could reduce the input of energy from the wind or enhance the dissipation may explain the data and are under investigation.

SHORT WAVES GO IN MANY - BUT NOT ALL - DIRECTIONS

We take advantage of recent improvements in stereo-video processing [5, 4, 3] to investigate the properties of short gravity
waves, with wavelengths between 10 and 0.3 m, and young wave ages.

−. 5 −1 5 1 . 5

−. 5

−1

5

1

. 5

k
x

(rad/m)

k y
(r

ad
/m

)

−. 5 5 . 5
−. 1

−. 5

−1

5

1

. 5

. 1

-� 5

-� 1

-� 5

-. 1

-. 5

-1

5

−1 5 1
−8

−6

−�

−�

5

�

�

6

8

−1 5 1
−8

−6

−�

−�

5

�

�

6

8

−1 5 1
−1

5

1 ����������	
������

���������	
������

���������	
�������

���������	
������

���������	
�������

−� −� 5 � �
−�

−�

5

�

�
���������	
�������

Figure 1: Case with wind speed of 13 m/s and a dominant wave frequency fp = 0.33 Hz. Slices of the double-sided spectrum
for positive apparent frequencies 0.7, 0.8, 1.0, 1.2, 1.4 and 1.6 Hz. The energy appears in the direction from where it is
coming. For each panel the color scale spans 30 dB with the dark red corresponding to the power indicated on the figure (e.g.
-30 dB) relative to 1 m4/Hz. Note that 1.4 and 1.6 Hz are twice 0.7 and 0.8 Hz, so that the first harmonic of the components in
(a) and (b) appear at approximately twice the wavenumbers in panels (e) and (f). In each panel, the linear dispersion relation
without current is plotted in black, in white with a uniform current U = 0.15 m/s towards the trigonometric angle 99 degrees.
The white dashed line marks approximately the separation between the linear part of the spectrum and the faster non-linear
components.

The analysis of a first case recorded in 2011 was presented in [9] and illustrated in figure 1 revealed, as shown in figure
1, (1) a very strong bimodal distribution of the directional spectrum for frequencies above 3 times the dominant frequency
(2) a deep gap in the wind direction at these high frequencies, with a spectral density less than 25% of the peaks at the same
frequency (3) a significant amount of energy traveling in opposite directions, capable of generating acoustic and seismic waves
[1] (4) at frequencies above 4 times the dominant frequency, the energy is mostly contained in second order harmonics that
are well predicted by the full second order spectrum [7]

∗Corresponding author. Email: ardhuin@ifremer.fr



Figure 2: Sections of the 3D wave spectrum at frequencies 0.8 to 1.5 Hz and fitted linear dispersion relation with current (red
lines), compared to dispersion relation without current (black). This other event was recorded on 29 September 2013.

WHY?

How general are these features and how can they be explained? A particularly puzzling pattern is the very low energy in
the wind direction at high frequencies. Short waves can be influenced by longer waves in many ways. Banner and Phillips
[2] had observed and explained that in the laboratory, the wind produces a strong shear of the current near the sea surface that
can facilitate wave breaking and thus potentially reduce the energy in the downwind direction compared to other directions.
Using or data we can estimate the current that advects the different frequencies and, using wave dispersion theory for random
waves [8] we can estimate a likely vertical shear of the current.

Although the analysis is underway, preliminary results (figure 2) for cases with moderate winds (8 m/s and fp = 0.4 Hz
and measured in 2013) show that the current is almost constant for all wave frequencies, suggesting that there may actually be a
vertical shear of the Eulerian mean current that opposes the shear of the Stokes drift to produce a Lagrangian mean current with
nearly zero shear, yet the directional spectrum is again strongly bimodal. This may not be general and previous observations
with coarser data concluded otherwise [3]. There can also be effects of the long waves on the short wave interactions with
the wind, or short wave modulation by long waves. The spectrum is more narrow and less bimodal for strong wind cases (17
m/s).

CONCLUSIONS

Observations of the full frequency-wavenumber spectrum using stereo-video imagery are revealing new details on the
shapes and statistical properties. In real sea conditions the current shear appears to be minimal, at least compared to extrap-
olation from laboratory experiments, probably due to wave-induced breaking which is more intense for the more developed
waves found in field conditions. We are now looking for explanations for the very broad and strongly bimodal directional
distributions observed at low to moderate wind speeds. Numerical simulations (not shown here) of the 4-wave interactions do
produce a bimodal spectrum but the minimum in the wind direction is much less marked than in our field observations. We
suspect that some yet-to-be-indentified process is either enhancing the dissipation in the wind direction or reducing the source
of wind energy to the short waves.
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SPECTRAL EVOLUTION OF WEAKLY NONLINEAR RANDOM WAVE FIELDS: KINETIC
EQUATIONS VS DIRECT NUMERICAL SIMULATIONS

Victor Shrira1 and Sergei Annenkov ∗1

1Department of Mathematics, Keele University, Newcastle under Lyme, UK
Summary We examine how accurately the kinetic equations describe evolution of random weakly nonlinear waves in fluids and solids.
To this end we simulate numerically long-term evolution of wave spectra without forcing using three different models: (i) the classical
kinetic equation (KE); (ii) the generalised kinetic equation (gKE) valid also when the wave spectrum is changing rapidly; (iii) the DNS
based on the Zakharov integrodifferential equation for water waves (DNS-ZE). (DNS-ZE does not rely on any statistical assumptions.
As the initial conditions we choose two spectra with the same frequency distribution and different degrees of directionality. All three
approaches demonstrate very close evolution of integral characteristics of spectra. However, there are notable systematic differences (e.g.
the broadening of angular spectra is much faster for the kinetic equations), which suggests the presence and significance of coherent
interactions not accounted for by the established closure for the kinetic equations.

INTRODUCTION

The challenge of describing wave turbulence, i.e. evolution of random weakly nonlinear dispersive waves in fluids (and
solids) in various contexts is a major open fundamental problem despite being intensively studied theoretically and experi-
mentally for more than fifty years, e.g. [Nazarenko (2011)]. In contrast to the classical hydrodynamic turbulence, there is a
well-established general formalism for treating weakly nonlinear wave fields that exploits smallness of nonlinearity and subtle
assumptions about quasi-Gaussianity of a statistically homogeneous wave field. This approach leads to a closed equation for
the second statistical momenta of the field which we will refer to as the kinetic equation (KE). Although the theory based upon
the KE has been able to predict the major features of wave field evolution (e.g. [Annenkov and Shrira (2006)]) and is widely
used (e.g. [Zakharov et al 1992 ]). However the basic question — to what extent the theory corresponds to actual behaviour
of physical systems — remains open. Here we address it by performing a detailed comparison of predictions of the KE and its
generalization (gKE) with the results of direct numerical simulations (DNS) employing the algorithm specially designed for
long term evolution of random weakly nonlinear wave fields [Annenkov and Shrira (2013)]. For certainty and without much
loss of generality we perform these comparisons for weakly nonlinear water waves.

To make the comparisons maximally clean and simple and retain as much generality as possible we do the following. We
take as the starting point the equation of motion in the form of the ”four-wave” Zakharov equation

i
∂b0
∂t

= ω0b0 +

!
T0123b

∗
1b2b3δ0+1−2−3 dk123 , (1)

where the wave field is expressed in terms of canonical variables b(k) linked to the Fourier harmonics of the surface elevation

ζ(k) and potential ψ(k): b(k) = 1√
2

"#
ω(k)
k ζ(k) + i

#
k

ω(k)ψ(k)

$
+ O(ε), here asterisk means complex conjugation,

ω(k) =
%

g|k| is the linear dispersion relation, the compact notation used designates arguments by indices, e.g. ω0 = ω(k),
T0123 = T (k,k1,k2,k3), δ0+1−2−3 = δ(k + k1 − k2 − k3). Equation (1) is a generic equation describing dynamics of
weakly nonlinear waves with the fourth and higher order terms truncated. The specificity of each physical problem is only in
the dispersion relation ω(k) and the interaction coefficient T0123. We use the expressions for T0123 derived for water waves
by [Krasitskii(1994)]. Note that b(k) are not wave amplitudes in original variables, but appear as a result of a canonical
transformation (see [Krasitskii(1994)]). The statistical theory for waves is most naturally formulated in terms of b(k).

The wave field is taken to be statistically homogeneous in space, which implies ⟨b(k, t)b∗(k1, t)⟩ = n(k)δ(k − k1) ≡
nkδ01; here ⟨b(k, t)b∗(k1, t)⟩ means ensemble averaging. Under the key assumptions that wave field remains quasi-Gaussian
over the timescale of evolution the higher statistical moments can be expressed in terms of the spectra (the ”closure hypothe-
sis”) and spectral evolution can be described by a closed kinetic equation

∂n0

∂t
= 4π

!
T 2
0123f0123δ0+1−2−3δ(ω0 + ω1 − ω2 − ω3) dk123, (2)

where n0 is the second-order correlator, < b∗0b1 >= n0δ0−1, and f0123 = n2n3(n0 + n1) − n0n1(n2 + n3). This classical
kinetic equation (KE) in the derivation employs large time limit. The equation without this approximation allowing for much
faster evolution, the generalized kinetic equation (gKE), reads (see [Annenkov and Shrira (2013)])

∂n0

∂t
= 4Re

! "
T 2
0123

&! t

0
e−i∆ω(τ−t)f0123 dτ

'
− i

2
T0123J

(1)
0123(0)e

i∆ωt

$
δ0+1−2−3 dk123 . (3)

where ∆ω = ω0 + ω1 − ω2 − ω3 and the correlator J (1)
0123(0) = ⟨b∗0b∗1b2b3⟩ is specified by the initial conditions.

∗Corresponding author. Email: v.i.shrira@keele.ac.uk



SIMULATIONS AND RESULTS

We study numerically the long-term evolution of wave spectra without forcing using three different models. For the
KE simulations we employ the WRT code kindly provided by G. van Vledder. For the gKE simulations we use a novel
algorithm described in [Annenkov and Shrira (2015)]. The DNS based on the Zakharov equation with ensemble averaging (1)
employs the algorithm described in [Annenkov and Shrira (2013)]. To examine the role of focussin/defocussing nonlinearity
we consider two physical systems described by the the Zakharov equation (1) differing by the sign of the interaction coefficient
only, i.e. with focussing and de-focussing nonlinearity.

For initial conditions we choose two narrow-banded spectra with the same frequency distribution (a JONSWAP spectrum
with high peakedness γ = 6) and different degrees of directionality. These spectra are from the set of observations collected
in a directional wave tank by Onorato et al (2009). Spectrum A is very narrow in angle (corresponding to N = 840 in the
cosN directional model). Spectrum B is initially wider in angle (corresponds to N = 24). Short-term evolution of both
spectra (O(102) wave periods) has been studied numerically by Xiao et al (2013) using two other approaches (broad-band
modified nonlinear Schrödinger equation and direct numerical simulation based on the high-order spectral method). We use
these results to validate the initial stage of our DNS-ZE simulations. The advantage of the DNS-ZE method is that it allows
to study long-term spectral evolution (up to O(104) periods), which was previously possible only with the KE.

In the first 150 periods, we find a nearly perfect agreement between our DNS-ZE results and simulations by Xiao et al
(2013), both for the evolution of frequency spectra and for the directional spreading. Over larger times all three approaches
demonstrate very close evolution of integral characteristics of spectra, approaching at large times the theoretical asymptotes
of the self-similar stage of evolution. However, the detailed comparison of the spectral evolution shows certain notable
differences. Both kinetic equations give virtually identical evolution of spectrum B, but in the case of initially nearly one-
dimensional spectrum A the KE overestimates the amplitude of the spectral peak. The DNS-ZE results show considerably
wider spectra with less pronounced peak. There is a striking difference for the rate of spectral broadening, which is much
larger for the gKE and especially for the KE, than for the DNS-ZE. We show that the maximal rates of change of the spectra
obtained with the DNS-ZE are proportional to the fourth power of nonlinearity, corresponding to the dynamical timescale of
evolution, rather than the statistical timescale of both kinetic equations. The DNS shows that the spectral evolution does not
depend on whether the nonlinearity is focussing or de-focussing.

CONCLUSIONS

The results show the presence and significance of coherent interactions not accounted for by the established closure for
the kinetic equations, which implies that the fundamental issue of closure for random wave field has to be revisited.

References

[Annenkov and Shrira (2006)] Annenkov, S. Y. , Shrira V. I.:Direct numerical simulation of downshift and inverse cascade for water wave turbulence. Phys.
Rev. Letters, 96, 204501, 2006.

[Annenkov and Shrira (2013)] Annenkov, S. Y. , Shrira V. I.:Towards a new picture of wave turbulence. Advances in wave turbulence. World Scientific,
2013.

[Annenkov and Shrira (2015)] Annenkov, S. Y. , Shrira V. I.:Modelling the Impact of Squall on Wind Waves with the Generalized Kinetic Equation. J. Phys.
Oceanogr., 45, 807812, 2015.

[Krasitskii(1994)] Krasitskii, V. P. On reduced equations in the Hamiltonian theory of weakly nonlinear surface waves. J. Fluid Mech. 272, 1–20, 1994.
[Nazarenko (2011)] Nazarenko, S. V. Wave Turbulence. Lecture Notes in Physics, 825, Springer, 2011.
[Onorato et al 2008] norato, M., Cavaleri, L., Fouques, S., Gramstad, O., Janssen, P. A. E. M., Monbaliu, J., Osborne, A. R., Pakozdi, C., Serio, M.,

Stansberg, C. T., Toffoli, A. & Trulsen, K.: Statistical properties of mechanically generated surface gravity waves: a laboratory experiment in a three-
dimensional wave basin. J. Fluid Mech. 627, 235257, 2009.

[Xiao et al 2013 ] Xiao, W., Liu, Y., Wu, G., and Yue, D. K. P.: Rogue wave occurrence and dynamics by direct simulations of nonlinear wave–field
evolution. J. Fluid Mech. 720, 357392, 2013.

[Zakharov et al 1992 ] Zakharov, V. E., L’vov,V. S., Falkovich, G.: Kolmogorov Spectra of Turbulence I: Wave Turbulence. Springer Series in Nonlinear
Dynamics, 1992.



��;!.$;�-).%;�!&3)�


����	�������
��	����	���	����	�����
�����	�������
��������������������������

������� �(%.;7).$;34!243;4/;",/7;/6%2;!;15)%3#%.4;!)2�3%!;).4%2&!#%�;"/4(;#522%.43;!.$;352&!#%;7!6%3;!2%;).)4)!,,9;'%.%2!4%$�;�(%;).4%2�

!#4)/.;"%47%%.;4(%;7).$�$2)6%.;7!6%3;!.$;#522%.43;,%!$3;4/;4(%;'%.%2!4)/.;/&;�!.'-5)2;#)2#5,!4)/.3;����;#/.3)34).';/&;#/5.4%2;2/4!4).'

6/24)#%3;!,)'.%$;7)4(;4(%;7).$�;�(/24,9;4(%2%!&4%2�;�!.'-5)2;452"5,%.#%;�����;4(!4;)3;-5,4)0,%;3#!,%3;/&;���;!00%!2�;�.;4(%;�%,$�;��;,%.'4(

3#!,%3;2!.'%;&2/-;3%6%2!,;#%.4)-%4%23;7(%.;3(/24;#!0),,!29;7!6%3;�234;!00%!2;50;4/;4%.3;/&;-%4%23;7(%.;4(%;30%#425-;/&;7!6%3;"2/!$%.3�;�%

02%3%.4;2%35,43;&2/-;!;,!"/2!4/29;%80%2)-%.43;7(%2%;4(%;%6/,54)/.;#%.4)-%4%2�3#!,%;��;!2%;).6%34)'!4%$�;�%;02%3%.4;352&!#%;).&2!2%$;)-!'%29

!.$;35"352&!#%;�!24)#,%;�-!'%;�%,/#)-%429�;�%;3(/7;4(!4;%6/,54)/.;&2/-;/2'!.):%$;3-!,,;3#!,%;��;4/;��;,%!$3;4/;).4%.3%;352&!#%;-)8).'

4(%2%"9;$)32504).';4(%;.%!2;352&!#%;-/,%#5,!2;,!9%23�;�5"352&!#%;452"5,%.#%;-%!352%-%.43;!2%;02%3%.4%$;).;4(%;#/.4%84;/&;3#!,!2;�'!3�;�58

4(2/5'(;4(%;!)2�7!4%2;).4%2&!#%�


�������
�

�5##).#4,9�;7(%.;7).$;",/73;/6%2;!.;).)4)!,,9;15)%3#%.4;!)2�3%!;).4%2&!#%�;)4;�234;'%.%2!4%3;352&!#%;#522%.43�;4(%.;3(/24

#!0),,!29;7!6%3;7()#(;).;4)-%;#/%8)34;7)4(;,/.'%2;7!6%3;!3;0!24;/&;!;"2/!$;30%#425-;/&;7!6%3�;�(%;).4%2!#4)/.;"%47%%.;4(%

7).$�$2)6%.;7!6%3;!.$;3(%!2;#522%.4;,%!$3;4/;�!.'-5)2;452"5,%.#%;#(!2!#4%2):%$;"9;!;30%#425-;/&;�!.'-5)2;#)2#5,!4)/.;����

#/.3)34).';/&;#/5.4%2;2/4!4).';6/24)#%3;2/5'(,9;!,)'.%$;).;4(%;$)2%#4)/.;/&;4(%;7).$�;�.;4(%;�%,$�;4(%;490)#!,;,%.'4(;3#!,%;/&

4(%;6/24)#%3;2!.'%3;&2/-;3%6%2!,;#%.4)-%4%23;7(%.;3(/24;#!0),,!29;7!6%3;�234;!00%!2;50;4/;4%.3;/&;-%4%23;7(%.;4(%;30%#425-

/&;7!6%3;"2/!$%.3�;�.;4()3;,!"/2!4/29;345$9�;7%;&/#53;/.;4(%;#%.4)-%4%2�3#!,%;���;�(%3%;3-!,,;3#!,%;��;!2%;'%.%2!4%$;6%29

15)#+,9;7)4(;4(%;'534).%33;).;4(%;7).$;�%,$;�!.$;$)3!00%!2;6%29;15)#+,9;!3;7%,,��;4(%2%"9;02/6)$).'�;/6%2;).4%2-)44%.4;!.$

2%0%!4%$;'534;%6%.43�;6%29;).4%.3%;452"5,%.4;"52343;!4;4(%;352&!#%;7()#(;-!9;6%29;7%,,;$/-).!4%;4(%;!6%2!'%;352&!#%;2%.%7!,

02/#%33%3�;�(%3%;2%.%7!,;%6%.43;!2%;#2)4)#!,;4/;/52;5.$%234!.$).';/&;!)2�3%!;3#!,!2;�58%3�;�/;$!4%�;$)2%#4;.5-%2)#!,;3)-5,!4)/.3

�����;/&;3-!,,;3#!,%;��;!.$;4(%)2;%6/,54)/.;(!3;./4;"%%.;-!$%;!.$;-%!352%-%.43;/&;352&!#%;2%.%7!,;4)-%;3#!,%3;!.$;/4(%2

0!2!-%4%23;).�5%.#%$;"9;4(%3%;#/(%2%.4;3425#452%3;(!6%;./4;"%%.;0%2&/2-%$�

�(%;/6%2!2#().';'/!,;/&;4()3;345$9;)3;4/;#(!2!#4%2):%;4(%;%&&%#4;/&;3-!,,;3#!,%;�!.'-5)2;452"5,%.#%;/.;4(%;4().;-/,%#5,!2

"/5.$!29;,!9%23;"%.%!4(;4(%;!)2�3%!;).4%2&!#%�;�.;4()3;345$9�;7%;!2%;0!24)#5,!2,9;).4%2%34%$;).;4(%;%&&%#43;/&;4(%;��;/.;4(%;4(%2-!,

-/,%#5,!2;,!9%2;�)�%�;4(%;#//,;3+).�;!.$;/.;4(%;�58%3;/&;3,)'(4,9;3/,5",%;'!3%3;!#2/33;4(%;).4%2&!#%�;�##/2$).',9�;7%;3%4;/54;4/

0%2&/2-;!;,!"/2!4/29;345$9;4/;#!0452%;4(%;'2/74(;34!'%3;/&;��;!.$;42!.3)4)/.;4/;�!.'-5)2;452"5,%.#%;$52).';4(%;7!6%;'2/74(

02/#%33�

����;������;�
���;�5'534;�	
��;�/.42%!,�;�!.!$!

��������������������� �� �	� 
����
� �� ������
� ��

���
����������� �����
� ���������

�!"2)#%;�%2/.

������	��
����
����
�

�

��������	
���	����	�





�)'52%;
;�+%4#(;/&;4(%;7).$�7!6%;)-!').';3934%-�;0/3)4)/.%$;!4;!;&%4#(;/&;
	;-�;3(/7.;&/2;"/4(;4(%;!,/.'�7).$;!.$;#2/33�

7).$;3%4503�;�(%;���;3%450;#/.3)343;/&;���;#!-%2!3;2%#/2$).';5.$%27!4%2;-/4)/.�;!;352&!#%;$%4%#4)/.;#!-%2!�;!.$;#!-%2!3

&/2;4(%;/04)#!,;7!6%;'!5'%;3934%-�;�,,5-).!4)/.;)3;02/6)$%$;"9;47/;�!3(%$;�$� !';,!3%23;&/2;4(%;352&!#%;$%4%#4)/.;!.$;4(%

����;�/4(;352&!#%;$%4%#4)/.;!.$;/04)#!,;7!6%;'!5'%;!2%;53).';,!3%2�).$5#%$;�5/2%3#%.#%�

�; );�!

�




�/22%30/.$).';!54(/2�;�-!),;&6%2/.�5$%,�%$5

�;�!2#;�5#+,%9
�;�.$2%3;�%*!$!��!24).%:



�������������

�������������
������	������

������������
��������������

���

��

������

"0-C-@8-:15-6<;C?-:-C8-:.7:5-,C16C<0-C4):/-C?16,C?)>-C<)63C7.C<0-C#61>-:;1<AC7.C�-4)?):-�C"0-C<)63�;C7>-:)44C4-6/<0C1;

��C5C?1<0C)C�C5C476/C?7:316/C;-+<176�C�<C1;C�C5C?1,-C)6,C����C5C01/0�C%)<-:C,-8<0C?);C3-8<C)<C
���C5C<7C)447?C;=.�+1-6<

)1:C;8)+-C)*7>-C<0-C;=:.)+-�C"0-C:-+1:+=4)<16/C?16,C<=66-4C?);C+758=<-:�+76<:744-,C)6,C8:7/:)55-,C<7C)++-4-:)<-C<0-C?16,

.:75C:-;<C<7C)C�6)4C>)4=-C7.C�
C5	;C7>-:C<15-;C:)6/16/C.:75C
C;C<7C�
;�C"0-C5)16C,)<)C)+9=1;1<176C;A;<-5C+76;1;<-,C7.C;->-:)4

15)/16/C;A;<-5;C87;1<176-,C)<C)C.-<+0C7.C�
C5C��/=:-C���C"0-C5)16C ):<1+4-C�5)/-C$-47+15-<:AC� �$�C;-<=8C+76;1;<;C7.C �$

+)5-:);C:-+7:,16/C=6,-:?)<-:C>-47+1<A�C)C;=:.)+-C,-<-+<176C+)5-:)�C)6,C+)5-:);C.7:C<0-C78<1+)4C?)>-C/)=/-C;A;<-5�C �$C)6,
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Summary We propose a variant of the fully-nonlinear weakly-dispersive Serre–Green–Naghdi equations involving a free parameter that
can be chosen to improve the dispersion properties. Contrary to other models of this kind found in the literature, the one proposed here
conserves the energy, thanks to the approximation procedure based on a variational principle. In addition to improved dispersion properties,
the new model admits limiting waves with angular crests. Numerical comparisons with the Euler equations show that the new model is
substantially more accurate than the classical Serre equations, specially for long time simulations and for large amplitudes.

INTRODUCTION

Water waves in channels and oceans are usually described by the Euler equations. Due to their complexity, several
approximate models have been derived in various wave regimes. In shallow water, the main restriction comes from the ratio
between the characteristic wavelength and the mean water depth d. Many approximate equations have been derived for waves
in shallow water, such as the Korteweg–deVries (KdV) equation for unidirectional waves, the Saint-Venant equations (SVE)
for bidirectional non-dispersive waves and many variants of the Boussinesq equations (BE) for dispersive waves propagating
in both directions [1]. Considering long waves propagating in shallow water but without assuming small amplitudes, Serre
[2] derived a so-called fully-nonlinear weakly dispersive system of equations which, after further approximations, include the
KdV, BE and SVE as special cases. For 2D (1D horizontal) gravity waves over a horizontal bottom, these equations are

ht + ∂x[hu ] = 0, ∂t[hu ] + ∂x
!
hu2 + 1

2 g h
2 + 1

3 h
2 γ

"
= 0, (1)

where h is the total water depth (bottom to free surface), u is the depth-averaged horizontal velocity, g is the acceleration
due to gravity and γ = h(u 2

x − uxt − uuxx) is the fluid vertical acceleration at the free surface. Serre’s equations represent
a substantial improvement with respect to the Boussinesq theory, but many shallow water phenomena involve significant
dispersive effects that are not well described by Serre’s equations.

One possibility to improve the Serre model is by including higher-order terms. However, this modification yields higher-
order derivatives in the model equations, making its numerical resolution (and thus its applicability) rather challenging. Ac-
tually, the numerical resolution of these high-order Boussinesq-like equations is slower (and less accurate) than that of the
irrotational Euler equations, at least for simple (e.g. periodic) domains.

An alternative way of improving the classical model consists in introducing a free parameter into the model that can be
appropriately chosen to improve some of the desired properties, in particular the dispersion relation. This can be achieved, for
example, by replacing the depth-averaged velocity variable by the velocity of the fluid evaluated at a certain depth in the bulk
of the fluid. Another possibility to introduce a free parameter is obtained from arbitrarily-weighted averages of different (but
of same order) approximations of some quantities. All the improved models of this kind we are aware of (e.g. [3, 4, 5, 6]) have
a common drawback: they do not conserve the energy. Thus, one may improve the dispersive properties of the model but, on
the other hand, loses the energy conservation property. For many applications, specially in the case of long time simulations,
the disadvantages can crucially override all the advantages. In the present work, we address this issue, proposing a method for
deriving an improved version of the Serre equations that preserves the energy, like the original Serre model.

IMPROVED MODEL

The classical Serre equations can be obtained from a variational principle involving the Lagrangian density

L1 = 1
2 hu

2 + 1
6 h

3 u 2
x − 1

2 g h
2 + {ht + [hu ]x }φ, (2)

where φ is a Lagrange multiplier introduced to enforce the mass conservation. To the same order of approximation, an
alternative Lagrangian density can be introduced as [7]

L2 = 1
2 hu

2 +
#
1
6 + 1

4β
$
h3 u 2

x − 1
2 g h

2
#
1 + 1

2β h
2
x

$
+ {ht + [hu ]x }φ, (3)
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Figure 1: Random wave field.
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where β is a free parameter at our disposal. From L2, one can easily derive the improved Serre conservative equations

ht + ∂x[hu] = 0, (4)

qt + ∂x
!
uq − 1

2u
2 + gh−

#
1
2 + 3

4β
$
h2u 2

x − 1
2βg(h

2hxx + hh 2
x )
"
= 0, (5)

∂t[hu] + ∂x
!
hu2 + 1

2gh
2 + 1

3h
2Γ

"
= 0, (6)

∂t
!
1
2hu

2 + (16 + 1
4β)h

3u 2
x + 1

2gh
2
#
1 + 1

2βh
2
x

$"
+

∂x
!%

1
2u

2 + (16 + 1
4β)h

2u 2
x + gh

#
1 + 1

4βh
2
x

$
+ 1

3hΓ
&
hu+ 1

2βgh
3hxux

"
= 0, (7)

where q = φx = u −
#
1
3 + 1

2β
$
h−1

!
h3ux

"
x

and Γ =
#
1 + 3

2β
$
h
!
u 2
x − uxt − uuxx

"
− 3

2βg
!
hhxx + 1

2 h
2
x

"
. Thus, these

modified Serre’s equations conserve mass (4), tangential momentum at the free surface (5), momentum flux (6) and energy
(7), for all values of the parameter β.

To the linear approximation, the dispersion relation of the improved Serre equation is

c2

g d
=

2 + β (kd)2

2 + (23 + β) (kd)2
≈ 1 −

(kd)2

3
+

'
1

3
+
β

2

(
(kd)4

3
, (8)

that should be compared with the exact relation c2/gd = tanh(kd)/kd = 1− (1/3)(kd)2+(2/15)(kd)4+ · · · , where c is the
phase speed and k is the wavenumber. The parameter β can be chosen such that the dispersion relation matches the exact one
up to the highest possible order in its expansion around k = 0. Thus, we have to take β = 2/15 to ensure that the two relation
match up to k4. This choice of β improves significantly the model, specially when high frequencies are involved (Figure 1)
but also for large amplitudes.

CONCLUSIONS

An improved Serre-like equations model has been derived. In addition to better dispersion properties and energy conser-
vation, these equations represents a mild modification of the classical model. Therefore, they can be easily incorporated into
existing numerical codes.

Several properties of this new model will be discussed at the conference, as well as generalisations in 3D and varying
bottom. It should be noted that our approach is rather general and thus not limited to model waves in shallow water.
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Summary A multiscale asymptotic theory is constructed to explain the occurrence of strong acoustic streaming – with time-mean flow
velocities comparable to the instantaneous fluid velocities induced by a standing sound wave – as observed in high-intensity discharge
lamps. Neither the magnitude nor the orientation of the streaming velocity field in these lamps is correctly predicted by classical theories.
A new theory of acoustic streaming is developed here by analyzing two-dimensional flow of a density-stratified ideal gas in a channel in the
asymptotic limit of high-frequency acoustic waves. The analysis yields a novel wave/mean-flow interaction system that correctly predicts
the direction and magnitude of the streaming flow. The streaming is shown to be baroclinically rather than viscously driven.

INTRODUCTION

Acoustic streaming, the time-averaged, emergent Eulerian flow driven by time-periodic sound waves, is a classical topic
in wave/mean-flow interaction theory with a long and distinguished history in fluid dynamics [1]. Streaming flows have
been investigated extensively over the last century beginning with Rayleigh’s seminal work [2] and are crucial to a variety
of technologies ranging from the measurement of absorption coefficients in common fluids, to heat transfer enhancement to
or from oscillating particles, to mass transport in biomedical devices. In all these applications, streaming speeds are much
smaller than instantaneous velocities; i.e. the streaming is comparably weak. Indeed, in classical Rayleigh streaming theory,
which describes the streaming induced by the viscous retardation of standing sound waves in thin boundary layers adjacent to
channel walls, the ratio of the typical streaming speed to the maximum fluctuating wave-induced velocity is O(S−1), where
the Strouhal number S ≡ a∗/U∗ ≫ 1, a∗ is the sound speed and U∗ is a characteristic speed of a fluid parcel [3].

NON-CLASSICAL ACOUSTIC STREAMING IN HIGH-INTENSITY DISCHARGE LAMPS

Curiously, in high-intensity discharge (HID) lamps, strong acoustic streaming is observed. HID lamps are a highly energy-
efficient type of electrical gas-discharge arc lamp. The arc heats and evaporates metal salts added to the gas, forming a plasma
and thereby greatly reducing power consumption. Owing to the temperature variations within the gas, however, undesirable
buoyancy-driven flows are induced. Sound waves, selectively excited by modulating the frequency of the current running
through the gas, can nonlinearly interact to drive time-mean flows that are able to counteract the O(50) cm/s buoyancy-driven
flows – speeds that are comparable with the acoustic-wave velocity fluctuations. Crucially, Dreeben & Chini [4] demonstrate
via numerical simulations and theoretical arguments that neither the magnitude nor the orientation of the cellular streaming in
HID lamps is correctly predicted by classical (Rayleigh) theory.

A NOVEL WAVE/MEAN-FLOW INTERACTION ANALYSIS

To understand the fundamental mechanism governing acoustic streaming in HID lamps, an idealized system involving the
two-dimensional flow of a density-stratified ideal gas in a channel geometry (with x parallel and Y normal to the channel
walls) is investigated using multiple time-scale asymptotic analysis [5]. A time-independent, spatially-uniform volumetric
heat source is imposed to crudely model the hot arc region associated with the gas near the channel (lamp) centerline. The
compressible Navier–Stokes (NS) and energy equations are analyzed in the physically-relevant distinguished limit in which the
Reynolds number Re ≡ ρ∗U∗/(k∗µ∗) = O(S), where ρ∗ is a characteristic density , k∗ is the x-wavenumber of the standing
sound wave, and µ∗ is the viscosity coefficient; the channel aspect-ratio δ ≡ k∗H∗ = O(S−1/2), whereH∗ is the channel half-
height; and the ratio of the difference between the centerline and wall temperatures to the wall temperature itself Γ = O(1), as
S → ∞. Two time scales are introduced τ = t and T = S−1t so that generic dependent field f(x, Y, t;S) → f(x, Y, τ, T ;S),
and a slow/fast decomposition is performed: f(x, Y, τ, T ;S) = f(x, Y, T ;S) + f ′(x, Y, τ, T ;S). Finally, the following
asymptotic expansions are posited for the velocity vector (u,V ), pressure perturbation π, temperature perturbation Θ and
density ρ:

(u, V ) ∼ S−1(ū1 + u′

1, V̄1 + V ′

1) + . . . , π ∼ S−1π′

1 + S−2(π̄2 + π′

2) + . . . ,

Θ ∼ Θ̄0 + S−1(Θ̄1 +Θ′

1) + . . . , ρ ∼ ρ̄0 + S−1(ρ̄1 + ρ′1) + . . .

Substituting these expansions into the governing equations, collecting terms at various orders in S and parsing the results
into mean and fluctuation components yields a novel set of PDEs governing the evolution of the fast (essentially linear and
non-dissipative) acoustic waves and the slowly-evolving (possibly steady) streaming dynamics.
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Figure 1: Upper plot: Theoretically predicted streaming velocity field for Γ = 2, R = 10
!
7/3, specific heat-ratio γ = 3/2

and Prandtl number Pr → 0. (The streaming flow pattern obtained from DNS of the compressible NS equations, although not
shown here, is closely similar.) Lower plot: Comparison of the centerline streaming velocity ū1(x,Y= 1) predicted from the
asymptotic theory (solid curve) with the corresponding mean flow profile ū(x,Y= 1) extracted from the DNS (dashed line),
with Pr = 0.1 in the DNS.

RESULTS AND DISCUSSION

Unlike classical theories of acoustic streaming, the new wave/mean-flow interaction equations derived here exhibit fully
two-way coupling between the acoustic waves and the streaming flow; that is, not only do the waves drive streaming flows
but because the streaming is strong, the background temperature and density profiles induced by the imposed heat source are
modified, in turn altering the acoustic wave dynamics (i.e. through the occurrence of Θ̄0 and ρ̄0 in the fluctuation PDEs). To
make further analytical progress, it is possible to consider a small Prandtl number limit, in which case Θ0 = 0, making the
waves independent of the streaming. In this limit, the resulting streaming equations can be expressed as

ρ̄0
"
ū1∂xū1 + V̄1∂Y ū1

#
= −

1

γ
∂xπ̄2−∂x

$
ρ̄0u′2

1

%
− ∂Y

$
ρ̄0u′

1V
′

1

%
+

1

R
∂2Y ū1, ρ̄0 =

1

TB(Y )
,

J(Ψ̄, Ω̄)−

&
1

2ρ̄20

'

∂Y ρ̄0∂x[(∂Y Ψ̄)2] =
Γ

2
(1− Y ) sin (2x) +

1

R
∂2Y Ω̄, ∂Y

(

TB(Y )∂Y Ψ̄

)

= −Ω̄,

where Ω̄ ≡ −∂Y ū1, ρ̄0ū1 ≡ ∂Y Ψ̄ and ρ̄0V̄1 ≡ −∂xΨ̄. TB(Y ) = 1 + ΓY (2− Y ) is the background temperature profile main-
tained by the imposed heat source, and R ≡ Re/S is the ‘streaming Reynolds number’. Note that the streaming vanishes as
Γ → 0; thus, the streaming is baroclinically driven. More specifically, fluctuating baroclinic torques generated within the bulk
of the fluid, rather than viscous torques arising in thin Stokes (oscillatory) boundary layers, are responsible for generating the
vorticity fluctuations required to induce the strong streaming. Indeed, Fig. 1, which compares the results of the new theory
with those from DNS of the full compressible NS equations, confirms that the baroclinic mechanism is capable of correctly
capturing the magnitude and the orientation of the induced streaming. We conclude by suggesting that beyond applications in
lighting, there is the possibility that baroclinically-driven acoustic streaming may find future application in the quiet cooling
of electronic components [6].
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Summary Mean streaming is often observed in precessing cylinder flows, yet the exact mechanism of its creation remains obscure. By
Reynolds-decomposition of the Navier–Stokes equation for a rotating frame of reference, we identify two forcing terms which, when
applied to an axisymmetric simulation, generate a streaming flow identical to that obtained from a full three-dimensional simulation. These
terms are (i), the usual Reynolds-stress term, and (ii), a term originating from the Coriolis term. The latter accounts for most of the energy
of the streaming flow at small nutation angles.

Mean streaming flows (MSFs) are due to the quadratic nature of the nonlinear term in the momentum equation. When
amplitudes are small, the nonlinear term is a second-order correction evaluated by substituting the linear solution into it. The
time-average of a linear wave solution is zero, simply because the average of a sinusoidal function of time is zero. However,
the nonlinear term is the square of a sinusoidal function, so its time average is nonzero. This provides a stress, effectively
the Reynolds stress, that can drive time-mean flows at second order. The nonlinear term in contained rotating flows is known
to lead to a variety of time-dependent phenomena explicable by triadic resonances [1, 2, 3, 4, 5]. However, the origin of the
mean streaming remains unclear.

H

R
α

Ω1 Ω2

ẑ

Figure 1: Schematic
of the precessing flow.

In rotating flows, inertial waves can exist which drive the streaming flow, as is regularly observed
in experiments and simulations. Kelvin modes, the inviscid eigenmodes of solid body rotation flow,
are usually considered a good approximation for inertial waves contained in a cylinder, however,
prior theory [6] has been interpreted to suggest that Kelvin modes cannot create mean streaming. Our
ultimate aim is to explain the observed streaming flow.

We use precession to excite inertial waves in a set-up shown in figure 1(a). Characterised by
the Poincaré number Po = Ω2/Ω1, precession directly injects energy into a mode referred to as the
forced mode. Certain combinations of forcing frequency and aspect ratio H/R enable energy transfer
via triadic resonance from the forced mode to a pair of free modes. Triadic resonance represents the
system’s first bifurcation, found to be ubiquitous at low nutation angles α [5].

In order to synthesise the streaming flow, we first integrate the full 3D problem. Once forced
and axisymmetric modes are saturated, we extract the reference streaming flow and correlations from
which we compute a number of forcing terms, details of which will be given shortly. These forcing
terms are then used to drive an axisymmetric DNS, and we expect the resulting flow to match the
reference MSF. Computing the isolated response to individual forcing terms provides further insight.

We compute the flow in the cylinder frame of reference, which has time-dependent angular velocity Ω = [Ωz,Ωr,Ωϕ] =
[Ω1 + Ω2 cosα, Ω2 sinα cos(−Ω1t), Ω2 sinα sin(−Ω1t)]T . The rotating frame of reference is accounted for by Coriolis
terms in the incompressible Navier–Stokes equation

∂tu+ u ·∇u+ 2Ω × u+ ∂tΩ × x = −∇p+ Re−1∇2u, ∇ · ū = 0, (1)

where potential terms have been absorbed into the reduced pressure p, and the Reynolds number Re = RΩ1/ν. The walls are
at rest and the forced mode rotates at −Ω1. The streaming flow is defined as the time-averaged, axisymmetric component of
the flow. A comparison of numerical and experimental results showed excellent agreement [7].

The forcing terms are obtained by Reynolds-averaging the Navier–Stokes equation (1): decomposition of linear and an-
gular velocities and pressure into mean and fluctuating parts, a = ā + a′, a = (u,Ω, p), followed by averaging in time,
produces two additional terms through which higher azimuthal modes can generate the m = 0 mean streaming flow, where m
is the azimuthal wave number. First, the usual Reynolds-stress term R = ∇ · (u′u′), and, second, a term resulting from the
Coriolis force C = 2Ω′ × u′. Their respective axisymmetric part is used to force a steady, axisymmetric flow that satisfies

ū0 ·∇ū0 + 2Ω̄0 × ū0 + [∇ · (u′u′)]0 + [2Ω′ × u′]0 = −∇p̄0 + Re−1∇2ū0, ∇ · ū0 = 0, (2)

and boundary conditions ū0 = 0, where subscript 0 indicates m = 0. The Reynolds-stress term can be computed using all
azimuthal modes (referred to as R), just the (leading) forced m = 1 mode (R1), or either of the free modes (R5, R6), which
are known to participate in triadic resonances for these parameters [5].
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Figure 2: Contours of the streaming flow in a meridional semi-plane with the axis on the left, for a case below the threshold of
triadic resonance: (a) reference MSF, (b) relative error (wsyn/wref − 1) of the total synthetic MSF, (c) synthetic MSF due to
R-forcing, only, and (d) ditto due to C-forcing, only. All MSF plots use the contour levels given in (a). H/R = 1.62,Re =
7670,Po = −0.153,α = 0.4◦. (e) Kinetic energy of the total streaming flow, and of the response to individual forcing parts,
vs. nutation angle.

Figure 2 shows results for a case where α = 0.4◦ is below the threshold αc of triadic resonance instability (for the present
aspect ratio, weakly nonlinear theory [3] predicts αc = 0.63◦). Hence, the asymptotic state is quasi-steady and essentially
consists of a rotating forced mode and the streaming flow. The Fourier kinetic energy Em of any azimuthal mode is steady,
with E1/E0 ≈ 141 and E2/E0 ≈ 0.044. Figure 2(a) shows the azimuthal velocity component w of the reference streaming
flow. It is negative throughout the domain (i.e., it opposes the solid body rotation), has an hourglass-like structure with a
maximum in the end wall layers, and is about an order of magnitude larger than the axial and radial components. Since
a contour plot of the synthetic streaming flow would be indistinguishable from the reference in figure 2(a), we plotted the
relative error wsyn/wref − 1 in figure 2(b). The error is well below 1% for most of the domain, confirming we identified
all terms required for the production of the streaming flow. If we decompose the total forcing into R- and C-parts, we can
compute the corresponding flow response individually, which is shown in (c) and (d). The hourglass-like structure is created
by the R-forcing, whereas C-forcing produces a columnar structure. Also, R-forcing creates a streaming flow which is
positive in the outer region of the cylinder.

We applied this procedure to a range of nutation angles. In figure 2(e), we plotted the kinetic energy of the total synthetic
streaming flow (black). It matches the reference to within 0.1%. Also shown are energies of the individual responses to
C-forcing, to R-forcing, or to forcings due to the free modes (R5 and R6). Solid lines show results where triadic resonance
is absent and the flow appears stable, either because it in fact is (α < αc), or because it has not evolved for long enough for
the free modes to accumulate significant energy. For these “stable” cases, C- and R-parts account for about 75% and 20% of
the total energy, respectively (these figures do not have to add up, since the underlying decomposition is not orthogonal).

Once triadic resonance is active (dashed lines), the response to R5- and R6-forcing becomes significant. However, for tilt
angles just above critical (0.6◦ ≤ α ≤ 0.8◦), the total streaming flow decreases as compared to the non-resonant flow, because
the free modes drain energy from the forced mode which reduces the C-response, and because parts of the R/R5/R6-response
is positive and opposes the main streaming flow.

In an attempt to explain the origin of mean streaming in a precessing cylinder flow, we identified all relevant forcing terms.
When applied to axisymmetric simulations, these forcing terms create streaming flows virtually identical to those obtained
from full three-dimensional simulations. The forcing can be decomposed into contributions from Coriolis and nonlinear
(Reynolds stress) terms for cases below and slightly above the threshold of triadic resonance. For all cases 0.1◦ ≤ α ≤ 1.4◦

we considered, the Coriolis forcing term creates the largest response, however, the effect of the Reynolds stress term grows
quickly when triadic resonance becomes active.
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NONLINEAR VS. LINEAR SUPERCRITICAL DEAD WATER
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Summary Nonlinear calculations of the internal wave wake behind a moving ship – dead water – differ largely from the state-of-the-art
linear calculations, where the ratio between the ship draught and surface layer depth constitutes the nonlinearity parameter. The fundamental
differences come from the local finite excursions of the flow at the complex ship geometry. Assuming a two-layer model, it is shown that
linear theory overpredicts the wave wake excursions by 50 per cent, when the ship draught is comparable to the surface layer depth. The
nonlinear calculations fit with observations. The ship speed is supercritical. Evaluation of the surface velocity and strain rate may be used
for observational interpretation.

INTRODUCTION

Accurate calculations of the internal wave wake behind a moving ship – dead water – have been actualized by some recent
measurements in a Canadian sub-Arctic fjord (Bourgault, 2014, private communication). Improved modelling of internal
wave wakes are relevant in relation to construction of new infrastructure such as submerged floating tunnels, where the wave
loads should be accurately accounted for. Numerical predictions of the phenomenon are vital in relation to surveiance. We
present novel nonlinear calculations at supercritical speed which significantly improve the existing linear methods, where the
linear theory overpredicts the amplitudes of the wave wake by 50 per cent, for a ship draught comparable to the surface layer
depth.

Ship generated internal wave wakes occur in coastal waters where a surface layer of brackish water is overlaying the salty
sea water. The phenomenon is visible by its signature on the ocean surface, cause an additional resistance on the ship and
may even affect the maneuverability. Existing methods for the prediction of ship generated internal wave wakes, where the
actual geometry of the hull is accounted for, are linear, see e.g., Miloh et al. [1], Yeung and Nguyen [2]. Papers on simplified
methods assuming generation by pressure or source distributions are found in the references in these papers. A nonlinear
method assuming a pressure distribution was given by Parau et al. [3]. Requests for improved models of the wave wake and
its generation, more specifically accounting for the effects of nonlinarity, were requested by Watson et al. [4], discussing
observations carried out in the Loch Linnie experiment in UK. In the present paper, the internal wave wake at supercritical
speeds is analyzed, generalizing the subcritical strongly nonlinear calculations by Grue [5].

STRONGLY NONLINEAR MODEL

A two-layer model is assumed where to fluids of different densities are separated by an interface. The fluid motion is
driven by a ship moving at forward speed U along the upper boundary of the two-fluid system, where the Froude number is
given by Fr = U/c0, where c0 denotes the linear long wave speed of the two-fluid system. The ratio between the ship draught
(d0) and thinner upper layer depth (h0), i.e., d0/h0, defines the nonlinearity parameter and is varied up to d0/h0 = 1.2, where
the interface in the supercritical conditions is pushed downward right below the ship geometry. Essential differences between
the nonlinear and linear calculations stem from fundamental differences of the representation of the flow at the complex ship
hull. The interfacial excursions are comparable to the thinner upper layer depth.

Laplacian potentials in each layer are obtained by integral equations involving the potentials and their normal derivatives
along the interface and ship surface. Assuming a small density jump, the rigid lid condition at the free surface is justified.
Inversion of the integral equations are obtained by the method of successive approximations. This leads to rapid convergence
of the set of expansions. Use of Fourier transform, extensively applied in the inversion procedure, leads to fast evaluations of
the integrals. The prognostic equations, obtained by the kinematic and dynamic boundary conditions along the interface, are
used to integrate forward in time, the evolving interfacial wave system, driven by the ship geometry, starting from rest.

Results

Let (x1, x2) denote horizontal coordinates. The computational horizontal plane has length by width of L1 by L2 and is
discretized by 0.5 · 106 points. The ship geometry is specified lengthwise and sideways by sixth order polynomials. In the
computations, the ship length by width are 29.6 by 4 times the upper layer depth (h0), corresponding to an actual observation
of a large tanker causing an internal wave wake. Nonlinear and linear calculations show that the latter overpredict by 50
per cent, the amplitudes of the internal wave wake (figure 1a), when the draught is comparable to the upper layer depth, and
Fr = 4 and 8, see figure 1c-d. The overprediction is about 20 per cent for a moderate draught of d0/h0 = 0.5 and Fr = 4
(figure 1b).
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Bourgault (2014, personal communication, unpublished) measured, at a lateral distance of 133h0 from the ship track,
a train of about 8 internal waves of height of 1-2 m, moving laterally, along a pycnocline localized at an average depth of
h0 = 7.5 m in the actual fjord. The nonlinear computations of the trough amplitudes in figure 2, for Fr = 8 and d0/h0 = 1.2,
give wave heights of 0.2h0 = 1.5 m at x2 = 133h0, fitting very well to the observations. Linear calculations give wave
heights of 0.3h0 = 2.3 m which exceed the observations. By the nonlinear calculations we evaluate other quantities like
surface velocity and strain rate as requested by Watson et al. [4].
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Figure 1: a) Nonlinear interfacial elevation η/h0 of internal wave wake. Fr = 8. d0/h0 = 1. (x1, x2) scaled by h0. b)-d)
Nonlinear (red solid line) and linear (black dashed line) interfacial elevation η/h0 as function of the lateral coordinate, x2, at
fixed downstream positions x1−Ut in the wave wake, for increasing ship draught and Froude number. b)-c) (x1−Ut)/h0 =
370, Fr = 4, ship draught d0/h0 = 0.5, 0.9. d) (x1 − Ut)/h0 = 840, Fr = 8, ship draught d0/h0 = 1.2. Ship model of
length l0 = 29.4h0 and width w0 = 4h0.
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Figure 2: Amplitude of trough 1 (∗), trough 2 (•), trough 3 (✷), trough 4 (◦), trough 5 (∇) vs. lateral coordinate x2.
Solid/dotted lines: fitted algebraic decay. Fr = 8, d0/h0 = 1.2.
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RESULTS AND DISCUSSION 

 
The runup amplification coefficient of a solitary is defined as the ratio of the maximum runup to the wave amplitude 

R/H. The distance between the peaks of two successive VROLWDU\�ZDYHV�į/ LV�SURSRUWLRQDO�WR�WKH�SKDVH�GLIIHUHQFH�SDUDPHWHU�İ��
For the case of TWS with identical amplitude, the same referred amplitude is adopted to calculate the runup amplification. 
The measured runup amplification coefficients for individuals are presented in Fig. 3. 

It is found that influence of the leading solitary wave is obvious to the following wave due to strong swash current 
appearing in the stage of rundown of the first wave. The relationship between the runup amplification coefficient of the 
second waves and initial phase difference will change with the increase of the relative amplitude of incoming wave. 
However, the runup amplification coefficient of the third wave increases with the increase of initial phase difference and the 
relationship is independent of the relative amplitude of incoming wave. Basically, the runup amplification coefficient of the 
first waves is larger than that of the second wave, while the runup amplification coefficient of the third wave is larger than 
that of the second wave.    

 
Figure 3 Runup amplification of TSW Figure 4 Energy budget during run-up of waves 

                 
In order to understand the mechanism of the variation of the runnup amplification of individual waves, numerical 

simulations of runup of two successive solitary waves are carried out. Based on the computed velocity field and the wave 
profile by the RANS equations based numerical model, the kinetic energy and potential energy of the water in the 
computational domain can be obtained. Fig.4 depicts the time series of the kinetic energy, potential energy and total energy 
of two successive solitary waves with identical amplitude during the period of runup and rundown on a plane slope. Three 
different phase difference of initial linear superposition of waves are considered. There are three peaks in the time series of 
the potential energy and three troughs in that of the kinetic energy. The first and third peaks of the potential energy appear at 
the time when the first solitary wave and second solitary wave reach the maximum runup respectively. The highest peak of 
the potential energy appears when the second solitary wave propagating from left to right meets the first reflected solitary 
wave from the beach. The kinetic energy is basically equal to zero at the head-on collision time. When the initial position of 
WKHVH� WZR�VROLWDU\�ZDYHV� VHSDUDWH�ZLWK� ODUJH�GLVWDQFH�EHWZHHQ� WZR�SHDNV� IRU�FDVHV�RI� İ ����DQG������ WKH�YDULDWLRQ�RI� WKH�
energy budge of these two solitary waves in the process of each runup are identical with each other, which means that the 
influence of the first runup and rundown on the second runup can be ignored. If we look at the bottom panel of Fig. 4 for the 
case of İ 0.6, where the distance between two peaks is seventeen times as large as water depth, it can be seen that these two 
runup processes of the two successive solitary waves overlap partly and the maximum potential energy for the second runup 
is smaller than that of the first runup.  
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EXPERIMENTAL SET-UP

A rectangular test tank of size 80 × 17 × 42.5 cm3 is filled with a linearly salt-stratified fluid with a buoyancy frequency
N ≃ 1 rad·s−1. Internal plane waves are introduced into the system by an internal wave generator, consisting of stacked
moving plates. This wave maker is built so that the frequency, phase shift and amplitude of each plate can be controlled
independently. The gradient of density of the wave field is then observed using Synthetic Schlieren technique.

A quasi-2D granular column is formed by injecting polystyrene grains (d = 200 µm , ρp = 1.05 g·cm−3) at the surface.
After some time, a stationary homogeneous column (width dc ≃ 3 cm) is produced with a packing fraction φ ∼ O(10−2).

RESULTS

For the particle concentrations explored we do not detect a difference in the amplitude of the waves between the cases
with and without column of particles: the particles have no influence over the waves.

We observe that internal waves produce an oscillatory effect on the column as shown in figure 1(a). It oscillates with a
phase velocity equal to the phase velocity of the waves. It is remarkable that oscillations are observed outside the wave beam
as well. In addition, frequencies not contained in the wave spectra are measured within these oscillations, which could be
consequence of non-linear effects of the waves in the column or because of collective effects of the particles.

The column can also be displaced as a whole (see figure 1(b)). This displacement is observed to be always towards the
generator. It was measured for experiments presenting two different density gradients (in our case large density gradient
implies small sedimentation velocity). For the largest sedimentation velocity (figure 2(a)), the displacement is very small for
small amplitudes of the wave and is independent of the frequency. For larger amplitudes, it increases with the frequency. For
the case with smaller sedimentation velocity and larger amplitude, we observe a resonant behavior of the displacement with
the frequency (figure 2(b)).

CONCLUSIONS

We have developed a set-up capable of performing experiments to study the interaction between internal gravity waves
and particles in suspension. We observed two main effects produced by internal waves over the column: it oscillates around
an equilibrium position and it is displaced as a whole toward the source of the waves. The dependency of the displacement of
the column has been measured as a function of the density gradient and amplitude of the waves for a range of frequencies of
the incoming waves. In addition, a model which considers the drift produced by the internal waves [5] and the excursion time
of the particles in the wave beam achieves to explain the direction of displacement of the column.
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Figure 2: Displacement of the column after 500 seconds (δx < 0: the motion is towards the generator) normalized by the
width of the column dc as a function of the forcing frequency ω0 normalized by the buoyancy frequency N . (a) N = 0.8
rad·s−1 (large sedimentation velocity) and A = 0.4 cm, 0.6 cm, 0.8 cm and 0.9 cm. (b) N = 1.1 rad·s−1 (small sedimentation
velocity) and A = 0.9 cm.
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AIR ENTRAINMENT AND BUBBLE STATISTICS IN THREE-DIMENSIONAL BREAKING
WAVES

Luc Deike∗1, W. Kendall Melville1, and Stéphane Popinet2
1Scripps Institution of Oceanography, University of California San Diego, La Jolla, California

2Sorbonne Universités, UPMC Univ Paris 06, CNRS, UMR 7190 Institut Jean Le Rond d’Alembert, F-75005
Paris, France.

Summary We investigate air entrainment and bubble statistics in three-dimensional breaking waves through novel direct numerical sim-
ulations of the two-phase air-water flow. The dissipation due to breaking is found to be in good agreement with previous experimental
observations and inertial-scaling arguments. For radii r larger than the Hinze scale, the time-averaged bubble size distribution is consistent
with a N̄(r) ∝ r−10/3 scaling, as observed experimentally. Moreover, we find that the time dependent and time averaged bubble size
distribution scale linearly, respectively, with the time dependent and time averaged dissipation rate due to the breaking event. Based on
these numerical results, existing laboratory data, earlier models, and the balance between mechanical dissipation and work done against
buoyancy forces, we propose a phenomenological turbulent bubble break-up model, that describes both the bubble size distribution and the
total volume of entrained air, as a function of the external wave parameters.

CONTEXT

Surface wave breaking plays an important role in the coupling between the atmosphere and the ocean from local weather
to global-climate scales [1]. Wave breaking limits the height of surface waves, transfers momentum from waves to currents
and significantly enhances the transfer of heat, moisture, marine aerosols and gases between the atmosphere and the ocean.
Approximately 30% of the CO2 released into the atmosphere is taken up by the ocean, much from the entrainment and
dissolution of bubbles by breaking and the associated mixing. Moreover, large bubbles entrained by breaking rise back to
the surface and collapse, ejecting aerosols, which are transported into the atmosphere and ultimately evaporate leaving water
vapour and salt crystals that affect the radiative balance of the atmosphere and form cloud condensation nuclei. Therefore,
improvements in our understanding of the coupled ocean-atmosphere system and climate requires a detailed understanding
of the physics of air entrainment and subsequent bubble generation. Due to the complex nature of the breaking process, a
coupled two-phase turbulent flow, an understanding of the dynamical and statistical properties of the generated bubbles is still
elusive.

RESULTS

We present novel Direct Numerical Simulations (DNS) of breaking waves by solving the three-dimensional two-phase
air-water Navier-Stokes equations, using the open source solver Gerris [2]. These DNS resolve accurately the relevant length
scales for the bubble formation problem: the capillary length and the Hinze scale (the scale at which surface tension prevents
bubble break-up due to turbulence). These simulations permit tracking in space and time of both fluids, therefore accessing
the bubble and droplets size distributions, together with the local turbulent properties of the flow.

The dissipation due to wave breaking is found to be in very good agreement with previous experimental observations,
inertial-scaling arguments and with our previous two-dimensional DNS [3].

The air-entrainment properties and bubble-size statistics are investigated for various initial characteristic wave slopes.
An example of a plunging breaker is shown in Figure 1. We observe air entrainment through different mechanisms: the
entrapment of an air pocket when the jet reconnects with the water, entraining a large cavity and large bubbles; entrainment
around the jet impact site entraining smaller bubbles; entrapment by the subsequent splash events, and finally, entrainment
by the turbulent breakdown of the forward face of the wave. Entrainment of air also occurs when the jet impacts the surface,
during the subsequent splashing, and when high velocity droplets fall back into the water.

The time-averaged bubble size distribution for radii larger than the Hinze scale (the bubble radius for which surface tension
prevents break-up by turbulence, typically r ∼ 1mm) is found to scale initially as N̄(r) ∝ r−10/3, as observed experimentally
[4], and in agreement with a turbulent break-up scaling argument [5]. Moreover, we find that the time-dependent bubble size
distribution N(r, t) is linearly dependent on ϵ(t), the time dependent turbulent dissipation rate, and that the time-averaged
bubble size distribution N̄(r) scales with ϵl = ρAϵ̄(t), the wave dissipation rate per unit length of breaking crest, with
A = πh2/4, the area of the initial air pocket entrained by the breaking wave, and h the height at breaking. We propose
an extension of the existing turbulent break-up model [5], constraining the entrained volume of air to be proportional to the
dissipation rate.

∗Corresponding author. Email: ldeike@ucsd.edu
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A KINEMATIC CRITERION FOR THE BREAKING OF SHOALING WAVES 
 

Uri Itay1 a), Dan Liberzon1  
1Department of Civil and Environmental Engineering, Technion- Israel Institute of Technology, Haifa, Israel 

 
Summary An experimental study was conducted with the aim of validating the kinematic criterion introduced for breaking of shoaling waves, 
based on approach by Shemer and Liberzon (2014) [2]. Special attention was dedicated to the relation between the instantaneous horizontal water 
velocity U and the instantaneous propagation speed of the crest on a verge of breaking. It was found that the inception of a breaker occurs when 
the monotonically increasing water particle velocity on the crest exceeds that of the slowing steep crest. Additionally, an objective method of 
breaking detection was developed utilizing the Phase-Time Method [1]. These results' main expected contributions are the formation of an 
applicable criterion, accompanied by wave breaking detection method independent of human decision. Incorporation of these into existing waves 
prediction models will contribute significantly to marine projects efficiency and eventually reduce design, construction and operational costs.  
 
Introduction 

The energy balance in the ocean is maintained partially due to the mechanism of waves breaking. Part of the energy being 
transferred throughout the ocean is accumulated in steepening waves to the point of breaking, resulting in energy dissipation 
and redistribution. The complete understanding of the mechanism of waves' breaking has numerous applications in various 
scientific and engineering concerns. Besides directly affecting the energy balance, breaking process involves production of 
sea spray and influences the boundary layer of the wind flow through the coupled wind-waves system close to water surface, 
hence directly governing wind waves' growth/decay rates. Near the shore, breaking is a part of sediment transport and coastline 
formation, therefore being of high significance in engineering considerations. A structure that is present at a site of breaking 
should be planned to absorb the impact of breaking. An engineering project, such as a harbor, that relies on specific near shore 
characteristics, such as water depth and coastline, should consider wave breaking and its effects on local features.  

 
Hypothesis 

The most common rule of thumb for the inception of a breaker relates to the wave's steepness, meaning its geometric 
characteristics, but the determination of such in actual breaking wave is nontrivial. First, the wave profile close to breaking is 
highly irregular, which introduces ambiguity in the definition of local wave's parameters. Second, breaking waves are highly 
unsteady and they deform rapidly. Even with accepted definitions, the timing for the determination of the wave parameters 
by a direct spatial measurement of the surface profile is problematic. Through the last decades, progress has been made in 
numerous numerical and experimental studies of the topic, and various geometric, dynamic and kinematic criteria for waves 
breaking has been suggested and examined. Nevertheless, an applicable universal method for determination of the conditions 
required for breaking occurrence in the open sea is not yet available.  

Recently an applicable and potentially universal kinematic criterion was suggested [2]. Kinematic breaking criterion often 
involves the horizontal velocity on the crest U, while the phase or group speed (c) is taken to be constant along the examined 
wave, then wave breaking occurs when U exceeds c. However, application of such criterion should address the asymmetry of 
a nonlinear wave, hence the kinematic criterion for wave breaking should be applied to the relation between local 
instantaneous U and the instantaneous propagation speed of a steep crest on a verge of breaking. Such kinematic criterion 
addresses the high non-linearity of the near-breaking wave and therefore is a promising candidate to be universally valid for 
all types of breakers and breaking conditions (i.e. deep water waves groups, shoaling, and propagation over barriers, etc.). 

 
Methods 

A new kinematic criterion was recently suggested and tested for deep-water non-linear waves breakers [2], based on 
accurate measurements of Lagrangian water surface velocities at the wave's crest. Implementing similar methods, we have 
examined the feasibility of this kinematic criterion for the breaking of shoaling waves by staging measurements in a large 
wave tank. In order to simulate the process of shoaling, an artificial shore with changeable inclination angle was built and 
installed in the flume. Important parameters of mechanically generated waves, shoaling on the artificial beach, were obtained 
using a combination of flow visualization techniques (PTV) and traditional wave gauges. Comparing water surface velocity 
on the wave's crest with the instantaneous crest propagation speed up to and at the inception of a breaker allowed validating 
the kinematic criterion. 

The experiments were performed in a large, 30 m long and 2.5 m wide, wave tank, holding water at depth of up to 1.25 
m. An artificial, 6 m long shore, was built and installed at 15 m fetch, in order to allow mechanically generated waves to 
naturally shoal and break. 6KRUH¶V�frame allowed setting a desired inclination angle in the range between 2 and 20 degrees. 
To collect the experimental data acquiring both the velocities of the water parcels at waves' crests and the local near and 
breaking crest shapes a combination of several measuring instruments was used. Two fast 4 MPix resolution cameras were 
used. One camera was filming the motion of small buoyant particles on the water surface, following the motion of water 
parcels. Lagrangian velocity and acceleration values on the water surface were then obtained from these records by PTV. 
Simultaneously, the second camera filmed the motion of the wave profile, being pointed toward tank's wall.  



 
Results 

In the following images a record of a representative breaking wave is presented. 
 

 
Figure 1- Images from both high speed cameras of a wave on the verge of breaking. Left image: particles 

floating on water surface, right image: instantaneous wave profile 
 

Instantaneous fluctuations of water surface of the approaching and then shoaling waves' were recorded by several 
consecutive resistance type wave gauges, providing an independent measurement of various important waves' parameters 
such as height, steepness, and phase and group velocities. Besides the confirmation of waves' parameters along the flume, 
data acquired from the wave gauges were used to develop an objective method for breaking detection, based on the local 
frequency variations in the highly nonlinear wave. A PTM (Phase-Time Method) method of data processing, based on Hilbert 
transform [1], was implemented here to detect occurances of breakers. Deriving an expression for the instantaneous/local change 
in phase referred to as the local frequency, and examination of breaking waves' data allowed determining a specific pattern in 
the local frequency fluctuations associated with the appearance of a breaker. A linear pre-breaking part, and an exponential 
post-breaking part was recognized (Figs. 2 and 3), and an automatic algorithm for detection of breaking waves was developed. 

 
Figure 2- Hilbert frequency variation with relevant water level of breaking site 

 

 
Figure 3- typical exponential fits for Hilbert frequency before and after wave breaking 
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OPTIMAL DISTRIBUTION OF RIVERINE TURBINES IN A LINEAR ARRAY WITH
SYSTEMATIC FLOW MANIPULATION

Niall Mangan1 and Shreyas Mandre ∗2

1Department of Applied Mathematics, University of Washington, Seattle, Washington, USA
2School of Engineering, Brown University, Providence, Rhode Island, USA

Summary Hydrokinetic turbine arrays must be optimized not only to extract the maximum power from the fluid flow, but also to reduce
navigational and environmental impacts. We recently showed that an array with minimal footprint, oriented in-line with the river flow, could
extract an order of magnitude higher power by deflecting the flow through the array at angle α. Here we derive the optimal distribution of
turbines along such an array. For small α, corresponding to weak deflection, we find the turbines should ideally be distributed uniformly
between recirculation zones at the edge of the array. The size of the recirculation zones depends on the strength of deflection. For α above
≈ 45◦, the distribution deviates from uniform, with the downstream turbines generating almost twice the power per unit length compared
to those upstream.

OVERCOMING PRACTICAL LIMITATIONS ON ARRAY PLACEMENT THROUGH FLOW MANIPULATION

Practical considerations often constrain the placement of hydrokinetic turbines in an array away from the location where
they could collectively extract maximum power. The ideal configuration of a tidal or riverine turbine array is in the form of a
fence that spans the width and depth of the channel at its narrowest. However, navigation and environmental considerations
prohibit construction of such arrays (see ref. [1] and references within). Any alternative array arrangements, besides the
fence, suffer from a severe reduction in power conversion efficiency because placing turbines in the wakes of other turbines
deteriorates their performance. We re-frame the problem from organizing the turbines in a configuration with maximum power
to redirecting the flow to a the array, using deflectors within the array. Ultimately we would like to understand how to optimize
turbine and deflector placement in the array to maximize power density.
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Figure 1: (a) Arrangement of hydrokinetic turbines and deflector plates in a linear array aligned with the freestream. The
spacing between the turbines is non-uniform to maximize the extracted power. (b) The flow field resulting from optimal
operation of a deflector-turbine array in the continuum limit for the case α = 63◦. Light curves show streamlines, and the
bold curves show the streamtube intercepted by the array. An extreme value of α is chosen for demonstration of the important
features of the flow, namely the recirculation regions near the ends of the array. Also shown in red is a sample pillbox control
volume for energy balance. (c) The profiles of the power coefficient per unit length w along the array for the optimal flow
reduction factor as a function of the deflected-flow strength. The profiles are color coded with the deflected-flow strength
Q0/UL ranging from 0.02 to 20 depending on α.

Consider turbines placed along the centerline of a “river,” such that the length L of the array is parallel to the freestream.
Without flow redirection, there is negligible power incident on the turbines; the turbines are augmented with deflectors to
redirect the flow. In a recent paper [2], we developed an inviscid fluid dynamics framework for analyzing the energy conversion
by an idealized version of such a deflector-turbine array. Here we present results on the distribution of installed capacity in
this array for a given flow deflection.

∗Corresponding author. Email: shreyas mandre@brown.edu



Background: Improving limits on array power using deflection
The flow around the array is described in terms of bound and free vorticity. The bound vorticity is chosen such that the

fluid velocity u makes a constant angle α with the freestream at the array. The array also sheds free vorticity along the two
extreme streamlines, in the form of a vortex sheet. The magnitude of this shed vortex sheet is chosen such that, for a given
α, the power extracted by the array is maximized. The flow is solved by determining the shape of the vortex sheets, which
according to inviscid fluid dynamics, coincides with streamlines.

Using this framework we determine an upper bound on the array power. We predict that we could increase the power from
1.2× 10−2ρU3L for an array relying on natural turbulent fluctuations for recovering the wake deficit to 0.3ρU3L using state
of the art deflectors, achieving α ≈ 40◦.

TURBINE DENSITY DISTRIBUTION WITHIN ARRAY TO MAXIMIZE POWER EXTRACTION

Next we wish to gain insight about how to arrange turbines in the array to realize this optimum array power conversion.
To determine the arrangement of turbines, we calculate the power conversion per unit length as a function of the location
along the array and the angle of deflected flow α. Due to the confounding factors of non-local influence of deflectors and the
resistance offered to the flow by the turbines extracting power, the optimal profile of the power per unit length (and therefore
the distribution of turbines) is non-obvious.

Calculating power density distribution from flow field
The fluid mechanical energy flux is e = up0, where p0 is the stagnation pressure p∞ + 1

2ρ|u|
2. The mechanical energy is

conserved, and therefore it is divergence free, everywhere except on the array. On the array, the flux jumps discontinuously,
by an amount equal to the power extracted by the array. Furthermore, the Bernoulli principle for inviscid flow imply that the
stagnation pressure is one of two values; it is p∞ + 1

2ρU
2 outside the wake, and p∞ + 1

2ρV
2 within the wake. Therefore, the

power converted in a small pillbox (see Figure 1 (a)) of length ∆L along the array is Warray = 1
2ρ(U

2 ◦ V 2)u · n ∆L.
Since the jump in the stagnation pressure is uniform across the array, the variation of the power density with location

arises from the profile of normal component of the fluid velocity. We obtain the normal component from our calculations as
described in [2], and determine the profile of power density.

We use the deflected flow rate Q0, which occurs in the absence of any energy extraction, to non-dimensionalize the power
density. The dimensionless version we define is

w =
Warray

1
2LρU

2Q0
. (1)

CONCLUSIONS: NON-UNIFORM TURBINE DENSITY ENABLES OPTIMAL POWER EXTRACTION

The calculated power density distribution, w, is plotted in Figure 1, and shows the optimal distribution of turbines for
deflected-flow strength ranging from weak to strong. For weaker deflection, from 0◦ < α < 45◦ the normal velocity
component of the fluid across the array is approximately uniform, and therefore the corresponding density of turbines is
also uniform. However, with increasing deflected-flow strength, α > 45◦ the normal component of the fluid velocity becomes
larger at the far end of the array. The range along the deflector-turbine array where power density is significant (non-zero), also
decreases dramatically at the highest deflection strengths. This decrease in array efficiency, due to increasing recirculation
regions, is outweighed by the massive gain in increased flow strength.

The power density distribution for the highest deflection flow strength indicates an un-intuitive strategy for maximizing
power conversion in this type of array. If such deflection strengths were attainable turbines should be placed in only 1/5th of
the total array length at center of the array, and increase in density toward the back of the array. We estimate current airfoil
technology can achieve angles of α ≈ 40◦ without flow separation [2], which corresponds to a deflected flow strength of 1
(grey data in Figure 1 c). Therefore, for existing deflector technology, the turbines should be placed in the inner 2/5ths of the
array with slightly non-uniform optimal turbine distribution. To maintain the deflected flow strength, the deflectors will also
need to be optimized across the array, which is a topic of future research.
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WAVE MODULATION: THE GEOMETRY, KINEMATICS, AND DYNAMICS OF
SURFACE-WAVE PACKETS

Nick Pizzo∗and W.K. Melville
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Summary We derive a set of conserved quantities and moment evolution equations for the modified nonlinear Schrodinger equation (Dysthe
1979; MNLSE), with application to interpreting the geometry, kinematics, and dynamics of deep-water surface gravity wave packets. Our
theory predicts modifications to the group velocity and explains the asymmetric leaning forward of the wave packet as focusing occurs.

The theory is examined numerically for dispersive focusing wave packets, and these results are compared to numerical simulations of the
fully-nonlinear potential flow equations. It is found that the MNLSE models the bulk scale features of the focusing event, and that the
numerical results are consistent with the theoretical predictions.

INTRODUCTION

This paper reports on a theoretical and numerical study of the properties of weakly nonlinear narrow-banded deep-water
wave packets (i.e. compact wave groups). Weakly nonlinear Stokes waves are subject to the Benjamin-Feir instability (Ben-
jamin & Feir 1967), so that the subsequent nonlinear evolution of the wave field is of considerable interest from both a
mathematical and physical point of view.

Our model equation in this study is the spatial modified nonlinear Schrodinger equation (Dysthe 1979), subsequently
derived by (Lo & Mei 1985), and given by

∂A

∂χ
+ i

∂2A

∂τ2
+ i|A|2A + β0|A|2 ∂A

∂τ
+ iα0AH

!
|A|2τ

"
= 0, (1)

where A = A(ϵ2χ, ϵτ) is a slowly varying complex valued function, related to the lowest order coefficient of the first mode of
the velocity potential expansion, H is the Hilbert transform, χ = k0x, τ = ω0(2k0/ω0x ◦ t), β0 = 8ϵ,α0 = ϵ and ϵ = a0k0
is a small parameter for (a0,ω0, k0) the characteristic amplitude, angular frequency and wavenumber, respectively.

Equation (1) governs weakly nonlinear narrow-banded surface gravity waves and has been shown (Lo & Mei 1985) to
predict certain features of wave train evolution that are not apparent at lower order (i.e. for ϵ ↓ 0), including asymmetric wave
envelope growth, a better prediction of the modulation instability growth rate (Dysthe 1979), asymmetric spectral growth, and
the coupling of an Eulerian mean flow to the wave amplitude evolution. These asymmetries arise from the term in equation
(1) with coefficient β0, while the induced mean flow is related to the term with coefficient α0.

RESULTS

By employing Whitham’s method, we derive equation (1) from the Lagrangian for deep-water irrotational inviscid surface
gravity waves, making the variational structure of the equation manifest. Through Noether’s theorem, this allows us to deduce
conserved quantities of the MNLSE, connected to the symmetries of the action.

The first of these conservation laws, associated with the phase-shift invariance of the action, is shown to be

∂|A|2

∂χ
+

∂

∂τ

#
i (A∗Aτ ◦ AA∗

τ ) +
β0
2
|A|4

$
= 0. (2)

Note, if (A∗Aτ ◦ AA∗
τ ) is constant in τ , then equation (2) takes the form of the inviscid Burger’s equation in the variable

|A|2. This explains the asymmetric leaning of the envelope, which is commonly observed in laboratory experiments.
An example of a focusing wave packet is shown in figure 1, where the forward leaning of the wave packet is evident.

Here, dispersive focusing is used to induce wave packet focusing; that is, by generating longer waves before shorter waves,
the packet converges . As the packet focuses, we see that the forward face of the wave group steepens. As this steepening
occurs, dispersion begins to act more strongly, leading to a spreading out of the wave packet, arresting the self-steepening due
to the nonlinear term in equation 2 (i.e. ∂τ (β0|A|4/2)).

∗Corresponding author. Email: npizzo@ucsd.edu



Next, based on equation (2), we consider the evolution of the centroid of the energy density of a compact wave group. We
define the centroid as M =

%∞
−∞ τ |A|2 dτ/

%∞
−∞ |A|2 dτ , which serves as an unambiguous marker of the packet location.

Now, in the laboratory frame, the speed of the centroid, which we define as U , can be found via equation (2) to be

U =
ω0

2k0

#
1 ◦ ϵ

2

dM
dχ

$−1

=
ω0

2k0

!
1 ◦ 2k2

0K
"−1

, (3)

where K is a measure of the concentration of the linear energy density, and is defined as K =
%
|B|4 dt/

%
|B|2 dt, where

B = a0A. This equation says that changes in the speed of the centroid depend on the evolution of the distribution of linear
energy density in the wave group, and in particular on the integral term K = K(x). Recall, K is a measure of the focusing of
the linear energy density, so we expect it to increase as the packet focuses. Hence, wave packets speed up as they focus.

To examine the applicability of this asymptotic result, the MNLSE and the fully nonlinear potential flow equations are
integrated. The fully nonlinear equations are integrated using the scheme of Dold & Peregrine (1985: DP). Note, the initial
conditions are the same as those considered in figure 1.

Figure 1: The evolution of the modulus of the wave envelope,
|A|, in (χ, τ) coordinates. As the packet focuses, the enve-
lope becomes asymmetric with the face at larger τ leaning
forward.

Figure 2: The evolution of the speed of the centroid of
the potential flow theory (blue) and the MNLSE (red),
normalized by the linear group velocity cgs, versus
downstream position, compared to theoretical model
U , shown by the solid red line.

Figure 2 shows the normalized centroid velocity as predicted by the MNLSE, as well as the theory (equation 3). The
prediction of the fully nonlinear model is shown by the blue triangles, while the linear prediction is shown by the black dashed
line. There is good agreement between the predictions of the asymptotic model, i.e. the MNLSE, and the fully nonlinear
potential flow equations. Both sets of equations predict that the packet accelerates as it focuses, with a magnitude that is
around 4% larger than the linear prediction in the region of maximum focusing (which is denoted by xf ).
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Summary In classical dispersive wave equations, the solution is specified by a superposition of plane waves of the form exp(i(k ·x−ωt))
(with k and ω real valued) along with a dispersion relation G(ω,k) = 0. However, in many problems one needs to consider solutions of
the form exp(d · x + st), where d and s are complex and correspondingly related by G(is,−id) = 0. In these cases the classical theory
providing the speed and direction of the energy propagation no longer applies. In this paper we derive general energy propagation formulas
for generic complex exponential wave solutions. We show that: parallel to the direction of the exponential spatial envelope, the energy
propagation speed is ce∥ = −Re(s)/Re(d∥), while in the orthogonal directions it is cei⊥ = −∂Im(s)/∂Im(di⊥). In the classical limit
this is consistent with the standard group velocity.

BACKGROUND

Consider a linear, conservative, dispersive wave equation with classical dispersion relation G(ω,k) = 0. In many cases
the need to consider more general complex exponential wave solutions arises. These generalizations occur often when the
bulk medium is absorbing [1, 2], but can also be important for conservative media. These are solutions of the form ed·x+st,
where s and d are complex valued and satisfy the generalized dispersion relation G(is, ◦ id) = 0 — here G is the analytic
extension of the classical dispersion relation. Examples of these type of solutions arise naturally in problems that include
evanescent waves or absorbing boundaries [3], and through use of Laplace transforms.

THEORY

We present the derivation first for a one-dimensional problem, and then generalize it to the case of arbitrary dimension.

1D Group Velocity
In 1D the solutions of interest take the form edx+st, where d is a complex scalar and G(is, ◦ id) = 0. In the classical case,

where d = ik and s = ◦ iω, the group velocity (and therefore the energy propagation speed) is given by cg = ◦ Gk/Gω [4].
Now write d and s in terms of its real and imaginary parts, d = m+ik and s = σ◦ iω — where we use notation consistent

with the classical theory for the imaginary parts. The energy for the wave can be written in the form

E = e2mx+2σtΦ(x, t), (1)

where Φ is an oscillatory function in x and t. This follows because, in general, the energy in a conservative linear field is
quadratic in the field and its derivatives[4]. From this we see that the average velocity of the energy is given by

cg = ◦ σ
m

= ◦ Re(s)

Re(d)
, (2)

as long as m ̸= 0. Next we note that m = 0 with σ ̸= 0 is not allowed for a conservative system, while m = σ = 0 is the
classical case given above. A simple calculation shows that (2) yields the classical case in the limit m → 0. Note that, as
should be expected, evanescent waves, m ̸= 0 and σ = 0, have zero velocity.

Multi-Dimensional Case
In multiple dimensions, where the waves have the form ed·x+st, we can always change coordinates so that the real part

of the d vector is entirely in the first coordinate. Then the problem splits into calculating the group velocity in the envelope
direction (first component) and the orthogonal directions. In the envelope direction the 1D result still applies. In the orthogonal
directions (for a given σ and m) one can use either modulation theory or averaged Lagrangians [4], to show that a classical
wave packet can be constructed, with velocity

cei⊥ =
◦ ∂(Im(s))

∂(Im(di⊥))
=

∂ω

∂ki⊥
. (3)

Where the real derivative is evaluated at complex values d, s .
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APPLICATIONS

Evanescent Mountain Waves
As an interesting example, we investigate evanescent mountain waves, which are trapped modes of internal gravity waves

created over obstacles [5, 6]. Consider a constant profile wind with velocity U in the horizontal direction x, and stratification
N in the vertical direction z. Let the bottom boundary be a sinusoidal surface with wave number k1 and small amplitude. The
generated wave will have the form φ = Aeik1x+ik2z−iUk1t where k2 is given by the dispersion relation

k2 = ±k1

!
N2

ω2
◦ 1 = ±k1

"
N2

U2k2
1

◦ 1. (4)

When Uk1 > N , k2 is imaginary — since the solution must decay as z →∞, it must also be positive imaginary. We can now
use the formula in (3) to calculate the group speed in the x direction. This yields

cgx = U(1 ◦ U2k2
1

N2
) (5)

If Uk1/N >
√

2 then cgx < ◦ U . Thus some trapped evanescent waves may travel upwind along the lower boundary.

Laplace Transform Solutions
In terms of Laplace transforms, the (general) solution to a linear wave equation has the form [7]

u(x, t) =
1

2πi

#

Γ
U(x, s)estds (6)

where U(x, s) is the Laplace transform of u, and Γ is an appropriate contour in the complex plane. Here U(x, s) can often be
expressed as some integral over complex exponentials, resulting from solving the equation for U using Greens’ functions. This
results in u being expressed as a linear combination of waves of the form eκ(s)x+st where κ(s) = d is given by some branch
of the (complexified) dispersion relation. Which precise branch(es) should be used when solving for U , so that causality is
not violated, can then be determined using the theory presented here.

CONCLUSIONS

The theory here gives a tool for determining the group velocity and direction of energy propagation for plane waves with
complex-valued phase velocity and wave number. This is useful in itself for examining the energy propagation properties of
non-standard waves, and also as a tool for performing more advanced mathematical operations like Laplace transforms on
wave equations where energy propagation conditions matter. The results match up with intuition, and are shown to agree for
simple cases with current theory, such as evanescent waves.

This material is based upon work supported by the National Science Foundation Graduate Research Fellowship under
Grant No. 1122374, which funded A. Rzenzik. Any opinion, findings, and conclusions or recommendations expressed in this
material are those of the authors and do not necessarily reflect the views of the National Science Foundation. This work was
also partially supported by the NSF grant DMS-1318942, and by the Hertz Foundation.

References

[1] Gerasik V., Stastna M.:Complex group velocity and energy transport in absorbing media. Phys. Rev. E 81, 056602, 2010.
[2] Sonnenschein E., Rutkevich I., Censor D.: Wave packets, rays, and the role of real group velocity in absorbing media. Phys. Rev. E 57, 1005, 1998.
[3] Chumakova L.G., Rosales R.R., Tabak E.G.: Leaky Rigid Lid: New Dissipative Modes in the Troposphere. J. Atmos. Sci., 70, 31193127, 2013.
[4] Whitham G. B.: Linear and Nonlinear Waves. New York: Wiley, 1974.
[5] Holton J. R.: An Introduction to Dynamic Meteorology. New York: Academic Press, 1972.
[6] Durran, D.R.: Mountain Waves and Downslope Winds. In Atmospheric Processes over Complex Terrain. Meteorological Monographs, Vol 23, No. 45.,

1990.
[7] Evans L. C.: Partial Differential Equations. Providence, R.I.: American Mathematical Society, 1998.



� (03�#�3#.1�� � � � � ��$��

� � � �*'� &'1'/&'/5� 7#3+#$-'4� #3'� 5*'/� '91#/&'&� +/� 5'3.4� 0(� 108'34� 0(� �� �/� 1#35+%6-#3�� 5*'� /0/�&+.'/4+0/#-�� '/4'.$-'�

#7'3#)'&�463(#%'�*'+)*5�� ��+4�'91#/&'&�#4�(0--084��

� � � � � � � � �� � �	 �

�+-*'-.��%*/'+&'3�

�

#�

�

����#3,64��@--/'3

� � � �

�

	 � 

������������ ��������������������������
����� ����
���������������������� �������������������������

�

�
	������� �5'#&:� 580�&+.'/4+0/#-� 563$6-'/5� (3''�463(#%'� (-08� +/� #� %*#//'-� +4� %0/4+&'3'&���*'� 4-01'� 0(� 5*'� %*#//'-�$0550.� +4�

#446.'&�50�$'�4.#--��#/&�5*'�$0550.�306)*/'44�+4�#446.'&�50�$'�%0/45#/5���/�6/'7'//'44�0(�5*'�$0550.�+/�5*'�(03.�0(�#�$6.1�03�

#�3#.1�0(�-#3)'�-'/)5*��$65�7'3:�4.#--�*'+)*5��+4�5#,'/�+/50�#%%06/5���4:.1505+%�'91#/4+0/4�(03�-#3)'��':/0-&4�/6.$'34�#/&��306&'�

/6.$'34�%-04'�50�5*'�%3+5+%#-�7#-6'� 
��3'41'%5+7'-:��)+7'�#�45'#&:�45#5'�7'34+0/�0(�#/�'95'/&'&��035'8')�&'�3+'4�'26#5+0/�(03�5*'�

463(#%'� '-'7#5+0/���0� 563$6-'/%'�.0&'--+/)� +4� 3'26+3'&�� �/� %#4'� 0(� 3#.14�� 45#5+0/#3:� 40-+5#3:�8#7'4� 0(� 5*'� %-#44+%#-� 4*#1'� #3'�

0$5#+/'&�#4�1#35+%6-#3�40-65+0/4���03�$6.14��5*'3'�#3'�40-65+0/4�5*#5�&'4%3+$'�45#5+0/#3:�40-+5#3:�8#7'4�8+5*�#�<5#+-=��

�

��� � � � ���

�������������

�

�����4+.1-'�.0.'/56.�$#-#/%'�4*084�5*#5�45#5+0/#3:�40-+5#3:�8#7'4�%#//05�'9+45�+/�580�&+.'/4+0/#-�45'#&:�563$6-'/5�01'/�

%*#//'-�(-08�07'3�#�1-#/'�$0550.�0(�%0/45#/5�306)*/'44���08'7'3��45#5+0/#3:�40-+5#3:�8#7'4�8'3'�13'&+%5'&�(03�#�306)*/'44�

5*#5�7#3+'4� #-0/)� 5*'�1-#/'�$0550.� !
"�� #/&� 5*'�13'&+%5+0/4�8'3'� %0/(+3.'&�$:�.'#463'.'/54� +/� #�8#5'3� 56//'-� !�"�� �/� 5*'�

13'4'/5�1#1'3��+5�+4�+/7'45+)#5'&�8*'5*'3�%*#//'-�$0550.4�8+5*�$6.14�03�3#.14�0(�4.#--�*'+)*5�.#:�#-40�)+7'�3+4'�50�45#5+0/#3:�

40-+5#3:�8#7'4��

�

�
	�������	�����������

����*'�$#4+%�&+(('3'/5+#-� '26#5+0/4� #3'� 5*'� %0/5+/6+5:� #/&�.0.'/56.�'26#5+0/4��3'41'%5+7'-:�� (03� 5*'� '/4'.$-'�#7'3#)'&�

7#3+#$-'4�0(�45'#&:�580�&+.'/4+0/#-�(-08���-084�5*#5�&+(('3�0/-:�4-+)*5-:�(30.�(6--:�&'7'-01'&�(-08�#3'�%0/4+&'3'&���03�-#3)'�

�':/0-&4�/6.$'34�5*'�7+4%064�8#--�-#:'3�+4�,/08/�50�*#7'�6/+7'34#-�1301'35+'4�!�"���*64��+5�46((+%'4�50�%0/4+&'3�5*'�563$6-'/5�

$6-,�(-08��&'('%5�-#:'3���8*'3'�5*'�7+4%064�453'44'4�#3'�/')-+)+$-'��8*'3'#4�5*'��':/0-&4�453'44'4�#3'�0(�'44'/5+#-�+.1035#/%'��

�0/�&+.'/4+0/#-�7#3+#$-'4�#3'� +/530&6%'&��8+5*�5*'� (6--:�&'7'-01'&�(-08�(#3�61453'#.�4'37+/)�#4�5*'�3'('3'/%'�45#5'���*64��

5*'�#7'3#)'&�463(#%'�*'+)*5�+/�5*'�(6--:�&'7'-01'&�(-08�+4�5*'�3'('3'/%'�-'/)5*��8*+-'�5*'�70-6.'53+%�.'#/�7'-0%+5:�+4�%*04'/�

#4�5*'�3'('3'/%'�7'-0%+5:���*'�/'#3�%3+5+%#-�(-08�%0/&+5+0/4�#3'�%*#3#%5'3+;'&�$:�#�4.#--�1#3#.'5'3� ��8*+%*�+4�&'(+/'&�$:�5*'�

3'-#5+0/�

� � �



������� �
�
� ���

�


 � 	


���� 	 
��

����� ���� ��

	

� � �

� � �

��

� �� � � � � � �
��

8*'3'��3�+4�5*'��306&'�/6.$'3���#35'4+#/�%003&+/#5'4� #/&� �#3'�+/530&6%'&���+5*�5*'�#+.�0(�%0/4+&'3+/)�-0/)�8#7'4��5*'�

-0/)+56&+/#-�%003&+/#5'� *#4�$''/�453'5%*'&�8+5*� ��8*+-'�5*'�-#5'3#-�%003&+/#5'� �3'.#+/4�6/453'5%*'&��

� � � �5�5*'�(3''�463(#%'��5*'�%0/7'/5+0/#-�,+/'.#5+%�#/&�&:/#.+%�$06/&#3:�%0/&+5+0/4�#3'�13'4%3+$'&���0/%'3/+/)�5*'�$06/&#3:�

%0/&+5+0/4�#5�5*'�$0550.��5*'�4*#1'�0(�5*'�$0550.�5*#5�'9*+$+54�#�$6.1�03�#�3#.1�+4�)+7'/�#4� ���*'�5#/)'/5+#-�(-08�

%0/&+5+0/�+4�5*'/�#11-+'&�#5�5*'�$0550.���635*'3.03'��.#5%*+/)�0(�5*'�&'('%5�-#:'3�#/&�5*'�7+4%064�8#--�-#:'3�+4�#%%0.1-+4*'&�

$:�.#,+/)�64'�0(�5*'�8'--�,/08/�-0)#3+5*.+%�07'3-#1�-#8��>-#8�0(�5*'�8#--?�� !�"��.0&+(:+/)�5*'�130%'&63'�16346'&�+/�!
"�#4�

(0--084���*'� 5+.'�&'1'/&'/%'� +4�&3011'&�� 5*'�306)*/'44� +4� 5#,'/� #4� %0/45#/5�� #/&� 5*'�.#5%*+/)� %0/&+5+0/4� #3'� #11-+'&� (03�

� +/45'#&�0(� ���*+4�+.1-+'4�5*#5�5*'�5*+%,/'44�0(�5*'�7+4%064�46$-#:'3�.645�$'�.6%*�4.#--'3�5*#/�5*'�*'+)*5�0(�

5*'�$6.1�3#.1��+�'��5*'��':/0-&4�/6.$'3�+/�5'3.4�0(�5*'�3'('3'/%'�(3+%5+0/�7'-0%+5:��

� �

� �

� ��*#4�50�$'�46((+%+'/5-:�-#3)'�50�4#5+4(:�

5*'�%0/&+5+0/� � �� ��� � ��� �
� � �

�

� � � �5�8#4�0$4'37'&�+/� !
"�5*#5�5*'�#/#-:4+4�%#/�$'�,'15�(3''�0(�563$6-'/%'�.0&'--+/)�+(�5*'�4-01'�0(�5*'��6/&+4563$'&��1-#/'��

$0550.�� ��+4�#4�4.#--�#4�

������������������������ ������

� ����635*'3.03'��#/�#/#-0)064�3'#40/+/)�(03�5*'�*'+)*5�0(�5*'�$6.1�03�3#.1�-'#&4�50�5*'�%0/&+5+0/�
5*#5� 06)*5�50�$'�0(�5*'�03&'3�0(��� � �� � 03��'26+7#-'/5-:�� �� �� ���*64��8'�+/530&6%'�#�$0550.�4*#1'�(6/%5+0/� � #%%03&+/)�

50�5*'�3'-#5+0/�

� � � � � �

� 	

� �

� �

� � �� � 	
� 	

��� 	�� �
��� 	����� �

� ����
� � ������

������� �

������� ��

�

� � � �

�

� � � � � � ����

8*'3'� � #/&�4#5+4(+'4�5*'�(0--08+/)�%0/&+5+0/4�(#3�61453'#.�#/&�(#3�&08/453'#.��3'41'%5+7'-:��

� � � � � � � �� � � � � � � � � (03�#�$6.1�� � � � � ��#��

� � � � �

#�

�

��033'410/&+/)�#65*03���.#+-� 8+-*'-.�4%*/'+&'3�568+'/�#%�#5 �

� 	�� �


�
� 	  �

� �

������� �

� 
 � �����

�

  �����������
�����6)645��	
����0/53'#-���#/#&#� �

���������������������������������������������

� �������������������
�����������

�



� �
������� �	�

��

�

	

	
	 	

�

� �� � � � � ����

1�-��<0-�+4);;1+)4�;741<):A�?)>-�;74=<176�.7:�16>1;+1,�.47?��"16+-�<0-�:1/0<�0)6,�;1,-�7.�����1;�1,-6<1+)44A�B-:7�16�<01;�8):<1+=4):�

+);-��<0-�;74=<176�����0);�<0-�:-5):3)*4-�8:78-:<A�7.�*-16/�>)41,�.7:�)6A�>)4=-�7.�<0-�,1;;18)<176�8):)5-<-:� ��

� � � �6�+);-�7.�)�*=58��<0-�*7=6,):A�+76,1<176;��
)��)884A��)6,�1<�1;�7*>17=;�<0)<�<0-�16<-/:)4�:-4)<176�����+)667<�*-�;)<1;.1-,�

?1<0� )� ;74=<176� :-;-5*416/� ����� 1�-�� )� ;<)<176):A� ;741<):A�?)>-� 7.� <0-� +4);;1+)4� <A8-���7?->-:�� <0-� 16<-/:)4� :-4)<176� +)6�*-�

;)<1;.1-,� .7:�)�;<)<176):A�;741<):A�?)>-�?1<0�)�<)14���7:�;5)44�>)4=-;�7.� ��<0-�6-/)<1>-� ;=:.)+-�-4->)<176�16�<0-�<)14�1;�7.�<0-�

7:,-:�7.� ��?014-�<0-�4-6/<0�7.�<0-�<)14�1;�);�4):/-�);� ����;1584-�-@)584-�.7:�)�;741<):A�?)>-�?1<0�)�<)14�1;�8:7>1,-,�*A�)�

*=58�?1<0�<:1)6/=4):�+:7;;�;-+<176��1�-��81-+-?1;-�+76;<)6<�>)4=-;�7.� ���;--��1/������7<-�<0)<�<0-�16+416)<176�)6/4-�7.�<0-�.4)63�

7.�<0-�*=58�1;�);�;5)44�);� 
����7:�16>1;+1,�.47?��)�*=58�?1<0�<:1)6/=4):�+:7;;�;-+<176�?);�+76;1,-:-,�16�'�(��
�

�

�

�

�

�

�

� � � �1/�� ��� �� ;741<):A� ?)>-� ?1<0� )� <)14� )*7>-� )� ;A55-<:1+�

<:1)6/=4):� *=58�� #0-� *=58� 1;� 16� <0-� :-/176� ��

?014-� 1<;� 5)@15=5� 0-1/0<� 1;�

� �����
� �


	 �	
���  � �

�
	

���
��� ��
��

����

�� ?1<0�

�� �=5-:1+)4� ;74=<176� 7.� ���� ?1<0� *7=6,):A�

+76,1<176;����� ��

�

�


�
�������

�

����<�0);�*--6� ;07?6�<0)<� )�>-:A� ;5)44�=6->-66-;;� 16� <0-� +0)66-4�*7<<75�+)6�8:7,=+-�5=+0� 4):/-:� ;=:.)+-� -4->)<176;� 16�

;<-),A�6-):�+:1<1+)4�<=:*=4-6<�78-6�+0)66-4�.47?���7:�)�:)58�7.�)�8):<1+=4):�;0)8-��<0-�;0)8-�7.�<0-�;=:.)+-�-4->)<176�0);�*--6�

.7=6,�<7�*-�<0)<�7.�<0-�+4);;1+)4�;741<):A�?)>-�7.�16>1;+1,�.47?���6�+);-�7.�*=58;��<0-�;74=<176;�+)6�*-�16<-:8:-<-,�);�;<)<176):A�

;741<):A�?)>-;�?1<0�)�<)14���<�?144�*-�7.�16<-:-;<�<7�+758):-�<0-�)6)4A<1+)4�:-;=4<;�?1<0�6=5-:1+)4�;74=<176;�7.�<0-�.=44�-9=)<176;�

7.�57<176�?1<0�57,-44-,�!-A674,;�;<:-;;-;��-�/��*A�)884A16/�<0-�1<-:)<176�5-<07,�,-;+:1*-,�16�'�(�� � � �

�

'�(

�����������

�

� "+06-1,-:�%���"741<):A�%)>-;�16�#=:*=4-6<� 8-6��0)66-4��47?� ��
�������	��
���� ��������	����	��

'	(� "+06-1,-:�%���&);=,)� &��� "<)<176):A� "741<):A�%)>-;� 16� #=:*=4-6<�  8-6��0)66-4� �47?���6)4A;1;� )6,� �@8-:15-6<)4� $-:1.1+)<176� ��� � �� ������ ����� ���� �

� � � #0-� -@8)6;176� 7.� <0-� /7>-:616/� -9=)<176;� 1;�8-:.7:5-,� .7447?16/� '�(���;� <0-� 4);<� ;<-8�� )� ;74>)*141<A� +76,1<176� .7:� <0-�

;-+76,�7:,-:�8-:<=:*)<176�-9=)<176;�/1>-;�<0-� .7447?16/�7:,16):A�,1..-:-6<1)4� -9=)<176� .7:�<0-� .1:;<�7:,-:� ;=:.)+-�-4->)<176��

������
���	����

��� ��
�

��

� � � � � � � � � � �
��� � �

'
(

�

�

�

"+041+0<16/������-:;<-6������7=6,):A��)A-:�#0-7:A���<0��,���"8:16/-:���-:416��-1,-4*-:/��-?�&7:3�	�����

'�(� �1);�����$)6,-6��:7-+3�������� 8-6�+0)66-4�.47?;�?1<0�;=*5-:/-,�7*;<:=+<176;�� �������������������������	����

� �

���

�� �
�  �	 �� ��

�

'�(

�
���� 
�

�

� �� � � � � � � � � � � ����

?1<0�

"+06-1,-:�%����=:1;1<;�!����)-�&��"����6�);A58<7<1+�1<-:)<176�5-<07,�.7:�<0-�6=5-:1+)4�)6)4A;1;�7.�6-):�+:1<1+)4�.:--�;=:.)+-�.47?;��

� � �������	���	����� �

������ ���
����������

���� �� �

	 � �
�� � �
��

�

��

�

�<� +)6�*-� ;07?6� <0)<� � 1;�8:787:<176)4� <7� <0-� ;9=):-� 7.� <0-� .:1+<176�>-47+1<A�� 1�-�� 1<� +0):)+<-:1B-;�

,1;;18)<176��#0-�4151<16/�+);-� +7::-;876,;�<7� 16>1;+1,� .47?�� .7:�?01+0� ����:-,=+-;�<7�<0-� ;<-),A�;<)<-�>-:;176�7.�<0-�

�7:<-?-/�,-$:1-;�-9=)<176���7:�<=:*=4-6<�.47?��07?->-:�� ��<07=/0�1<�1;�9=1<-�;5)44�16�+);-;�7.�8:)+<1+)4�16<-:-;<��+.��'	(�� �

� � � �9�����1;�<7�*-�;74>-,�;=*2-+<�<7�<0-�*7=6,):A�+76,1<176;�

� � � � � � � � � � � � � � �

	
	

	��

�� � ��� �
�� �

� �

��������� �
�

�

� �� � � � � ���

� � � �6<-/:)<16/� ���� .:75� � <7� � )6,� )++7=6<16/� .7:� <0-� *7=6,):A� +76,1<176;� ���� <0-� .7447?16/� 16<-/:)4� :-4)<176��

:-8:-;-6<16/�<0-�+76;-:>)<176�7.�575-6<=5��1;�7*<)16-,��

� � � � � � � � � � �
��

��
���� ��

� � ��� ����������� �	��

�

� � �

�

� �� � � � � ����

�

� � � �

� � � �7:�)�:)58�7.�<0-�;0)8-�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ����

)6�-@)+<�;74=<176�7.�����?1<0�*7=6,):A�+76,1<176;����1;�

� � � � � � � � � �

���������



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

ANALYTICAL SOLUTION OF A SHOCK WAVE IN GAS SPHERE IN LAGRANGIAN
COORDINATES

Valentin Kuropatenko1,2 and Elena Shestakovskaya ∗2

1 Theoretical Department, Russian Federal Nuclear Center–Zababakhin All–Russia Research Institute of
Technical Physics, Snezhinsk, Chelyabinsk region, Russian Federation

2Department of Computational Continuum Mechanics, South Ural State University (National Research
University), Chelyabinsk, Russian Federation

Summary An exact solution of the problem of a convergent shock wave and dynamic compression of the gas in a spherical vessel with
an impermeable wall has been constructed in Lagrangian coordinates. At the initial time a negative velocity is set at the gas border; when
t > t0 the shock wave spreads in the gas. The boundary of the ball will move under the certain law, which is agreed with the motion of
the shock wave. The trajectories of the gas particles in Lagrangian coordinates are straight lines. The equations determining the structure of
the gas flow between the shock front and gas border have been found as a function of time and the Lagrangian coordinate; the dependence
of the entropy on the speed of the shock wave has been found too. In Lagrangian coordinates the problem is solved for the first time, and
it is fundamentally different from previously known formulations of the problem of the self-convergence of the shock wave to the center of
symmetry and its reflection from the center, in which there is no boundary of the gas.

Attempts to construct analitical solutions in order to create the conditions for energy cumulation were made for more than
half a century. The solutions were usually constructed for an infinite region in Euler coordinates. In contrast to [1-5], we
consider the solution of the problem of dynamic compression of the gas sphere with finite size in Lagrangian coordinates
in the following formulation. At the time t0 in a spherical region with Lagrangian coordinate m0 the cold ideal gas with
parameters ρ0 = const, P0 = 0, u0 = 0 is located (ρ0 is the density, P is the pressure, u is the velocity). At the point t = t0,
m = m0 a negative velocity of the ball boundary is given. When t > t0 the shock wave spreads from this point to the gas.

The flow of gas between the shock wave and the boundary of the ball is determined by the equation of the trajectory, the
law of mass conservation and the equation of motion:

"
∂r

∂t

#

m

= u, (1)

"
∂ρ

∂t

#

m

+ 4πρ2
∂(r2u)

∂m
= 0, (2)

"
∂u

∂t

#

m

+ 4πr2
∂(Fργ)

∂m
= 0. (3)

The condition of constant entropy along the path is considered instead of the energy equation. We pass on from the old
functions r, u, ρ to the new functions

R = r3, ρ, C = r2u. (4)

In the new variables the equations (1) – (3) take the form:
"
∂R

∂t

#

m

◦ 3C = 0, (5)

"
∂ρ

∂t

#

m

+ 4πρ2
∂C

∂m
= 0, (6)

"
∂C

∂t

#

m

+ 4πR
4
3
∂(Fργ)

∂m
◦ 2C2R−1 = 0. (7)

Equations (5) – (7) are essential for finding the R, C, ρ in the area of integration: 0 ≤ m ≤ m0, t0 ≤ t ≤ tf .
To solve the problem we pass on from the variables t, m to the new variables t, ξ(t, m). As a result of the transition we

consider the following equation instead of equations (5) – (7)
"
∂R

∂t
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ξ

+

"
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t

"
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◦ 3C = 0, (8)
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"
∂ξ
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$
= 0. (10)

We define the relationship ξ(t, m) so that it would be a constant across the shock wave. The easiest way is to take it in the
form

ξ =
m

m0

"
tf ◦ t

tf ◦ t0

#−n

To find the solution of (8) – (10) we use the method of separation of variables, which is based on the following representation
of functions

ρ = αρ(t)δ(ξ), R = αR(t)T (ξ), C = αC(t)Z(ξ). (11)

On the shock wave at ξ = 1 these functions are of the form

αρ = ρ0, δw(1) =
γ + 1

γ ◦ 1
,αR =

"
tf ◦ t

tf ◦ t0

#n

,

Tw(1) = R0,αC =

"
tf ◦ t

tf ◦ t0

#n−1

, Zw(1) = C0.

(12)

Using relations (11), (12) we transform the system of equations (8) – (10) to the form

A1T
′ = A4, B2Z

′ + ξB3δ
′ = 0, ξC2Z

′ + C3δ
′ = C4, (13)

where

A1 = ξ, A4 = T ◦ 3Zm0

W0
, B2 = 1, B3 = ◦ W0

4πρ0δ2
,

C2 = ◦ W0

m0
, C5 =

4πργ0F0

m0
, C3 = C5γξ

2n−6
3n T

4
3 δγ−1,

C4 =
2Z2

T
◦ (n ◦ 1)W0Z

m0n
◦ C5

"
2n ◦ 6

3n

#
ξ

−n−6
3n T

4
3 δγ .

Equations (13) are the system of linear inhomogeneous equations regarding to the T ′, δ′, Z ′. The determinant of the system
is the following

∆ = A1(B2C3 ◦ ξ2B3C2) ̸= 0.

We can write the solution of the system (13)

T ′ =
A4

A1
, δ′ =

B2C4

∆
, Z ′ = ◦ A1B3C4

∆
. (14)

Functions T (ξ), δ(ξ), Z(ξ) are found by integrating the equations (14) in 1 ≤ ξ ≤ ∞. Next, using the relations (11) and (4),
the dimensional quantities can be found.

Thus, an analytical solution of the problem of converging shock wave in the collapsing gas has been constructed in
Lagrangian coordinates.
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ANALYSIS OF NEARSHORE TSUNAMI WAVE PATTERNS: SOLITARY WAVES, N-WAVES
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Summary Numerical simulations of tsunami propagation on various sloping beaches are carried out based on the fully nonlinear and highly
dispersive Boussinesq model. Different wave patterns near the shoreline are obtained. The characteristics of the nearshore tsunami waves
including solitary waves, N-waves and undular bores are discussed. Scenarios of real and hypothetic tsunamis are simulated and different
tsunami patterns in the nearshore regions are compared with the field observation. The impacts of the topographies on the nearshore tsunami
waveforms are analyzed.

INTRODUCTION

Usually, the submarine earthquakes occur in the pressure zone of two plates, so a seabed deformation with an uplift zone
and a subduction zone motivates an N-shape tsunami wave. This type of tsunami wave was observed in the recent tsunami
events, for example, Chile tsunami[1] in 1960, Okushiri tsunami[2] in 1993 and Indian Ocean tsunami[3] in 2004, etc. It was
shown that tsunami waves with N-shape are stable over transoceanic propagation distances in deep ocean. Models based on
the KdV equations and the Boussinesq equations can well catch this specific phenomenon[4,5].

Though tsunami waves propagate long distance without deformation in the deep ocean, they will develop into different
types of waveforms in the nearshore region. When they propagate on the shallow continental shelf, solitary waves or undular
bores may emerge in the wave front. In this paper, the enhanced fully nonlinear and highly dispersive Boussinesq model is
used. Numerical simulations of tsunami propagation on various sloping beaches are carried out. The tsunami waveforms near
the shoreline are quite different on steep and mild sloping beaches, which could not be predicted by the analytical solution
of the nonlinear shallow water equations. N-shape tsunami waves develop into long wave trains on the steep sloping beaches
and form undular bores on the mild sloping beaches. Due to the emergence of undulations, the wave heights increase a lot,
which is quite different comparing with the linear theory. Several scenarios of real and hypothetic tsunamis are presented.
Different tsunami wave patterns in the nearshore regions are obtained. The impacts of the topographies on the nearshore
tsunami waveforms are analyzed.

NUMERICAL SIMULATIONS

The tsunami propagation model used in this paper is based on the horizontal one-dimensional fully nonlinear and highly
dispersive Boussinesq equations which developed by Madsen et al.[6]. In order to compute the fifth-derivatives numerically,
seven points difference stencil is introduced. For time integration, the fifth-order Cash-Karp-Runge-Kutta scheme is used.
The dispersion effect of the model makes it possible to describe the dispersive waves or the undulations well.

The numerical simulations are carried out on sloping beaches where the slopes are from 1:20 to 1:6000. It covers large
scale of the real undersea slopes basically. For example, the continental shelf in the East China Sea is extremely gentle, the
mean slope is only 1:6000 there. The slope of the seabed in the South China Sea is between 1:300 to 1:800.

Obvious differences of wave profiles near the shoreline can be found. Small undulations appear at the crests and the
troughs of the N-shape waves in the numerical results on milder slopes. However, these undulations cannot be obtained by the
analytical solution of the nonlinear shallow water equations. Because of the emergence of the undulations, the wave heights
of the numerical results are larger than the analytical solution. When the slopes become steeper, the waves disperse into long
dispersion waves. The wave trains extend much longer on the steep sloping beaches, which indicates that the dispersion effect
is more obviously for the steeper sloping beaches.

NEAR SHORE TSUNAMI PATTERN ANALYSIS

The waveforms of tsunamis in the nearshore region may appear to be solitary waves, undular bores, N-shape waves and
long wave trains. The tsunami waves have the chance to develop into leading solitons if the shoaling distance is long enough.
Meanwhile, the water depth and the dispersion are also important factors. Wave shoaling on very shallow water leads to the
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accumulation of dispersion. Proper numerical model with dispersive terms can perform the dispersion effect of wave shoaling.
If the propagation distance of tsunami waves on the shallow and gentle sloping beach is not long enough, the undular bores
may appear. Besides, if the epicenter is quite near the shore and the propagation distance of the tsunami wave is short. Maybe
there is not enough time to form undulations. So a typical N-shape wave or long wave trains will be observed in the nearshore
region.

SCENARIOS OF TSUNAMI ON REAL TOPOGRAPHIES

Several tsunamis are simulated by the numerical model. The real cases are Indian Ocean tsunami in 2004, Chile tsunami
in 1960 and Sendai tsunami in 2011. The hypothetic tsunamis are from the Manila trench to the South China Sea and from
the Okinawa trench to the East China Sea. The nearshore tsunami patterns are quite different due to the diverse topographies.
It appears to be solitary waves, N-waves or undular bores. The numerical results are also compared with waveforms from
the field observation. In the Indian Ocean tsunami, the tsunami waves are leading-depression N-waves near Banda Ache of
Sumatra. However, undular bores are observed in the nearshore region of Thailand. The numerical simulations indicate that
N-shape tsunami waves develop into solitary waves after shoaling on the long gentle continental shelf in the East China Sea
and form undular bores in the South China Sea.

CONCLUSIONS

In this paper, we study the tsunami waveforms in the nearshore region after a distance of propagation numerically. The
numerical model is the fully nonlinear and highly dispersive Boussinesq model which can perform the nonlinearity and
dispersion characters of water waves quite well. The numerical simulations are carried out on various sloping beaches. N-
shape tsunami waves will develop into long wave trains on the steep sloping beaches and form undular bores on the mild
sloping beaches. As tsunamis propagate on the real topographies, different waveforms in the nearshore regions are obtained.
The N-shape tsunami waves evolve into long wave trains, undular bores or solitons in the coastal area. The circumstances of
formation of different waveforms are discussed.
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ONE-DIMENSIONAL FLOW OF HEAT CONDUCTIVE GAS
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Summary One-dimensional mathematical model of a confined gas flow is developed on the basis of uniform pressure approximation. Com-
pressibility, heat conduction, boundary displacement and mass sources are taken into account. General solution is obtained for perfect gas
in case of negligible convective heat transfer thanks to decoupling of energy equation. Explicit analytic solutions are found for a set of
particular statements in planar, axial and central symmetries. The validity of the obtained solutions is demonstrated by comparison to cor-
responding numerical solutions of the full system of conservation equations. The approach is efficient for obtaining exact and approximate
analytic solutions in terms of integral calculus.

Due to compressibility, the confined gases can flow with velocity normal to the vessel boundaries, unlike confined non-
compressible liquids forming circulating flows. One-dimensional gas flows frequently appear, for example, in microgravity
experiments for measurement of particle transport properties in planar, cylindrical or spherical cells. We assume that the gas
density perturbations are slow enough to consider the pressure uniform in the cell, in other words the flow Mach number is
low. In one-dimensional geometry it excludes momentum equation from the consideration allowing obtaining velocity from
the mass and energy conservation laws. This approximation excludes acoustic and thermoacoustic waves from the solution. In
[1] numerical solutions are obtained for the processes where the gas compressibility plays important role causing significant
convective heat transfer. In the present work we consider processes with negligible influence of the convective heat transfer.
We found analytic solutions for the pressure and velocity in flows driven by possible boundary heating, boundary motion and
mass sources: both boundary and distributed.

Consider an inert compressible gas confined between two boundaries r2(t) ≥ r ≥ r1(t) ≥ 0, where t denotes time. The
boundary motion laws ri(t) should be known as well as functions of distributed mass production rate J(r, t) and matter fluxes
ji(t) at the boundaries. Combining total mass conservation law with the equation of state of perfect gas and factoring the
pressure p(t) out of the space integral, we get:
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where n is the geometry-dependent exponent (n = 0 in planar, n = 1 in axial and n = 2 in central symmetry), R is the
specific gas constant, T (r, t) is the gas temperature, and ji(t) is r-projection of ji(t). Subscript “0” stands for the initial value
of a variable.

Integrating the continuity equation, the local gas velocity is found as the motion law of a virtual surface containing constant
gas mass of the reference volume:
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where Ti designates the temperature on the i-th boundary. Here the reference volume is confined between the first boundary
r = r1(t) and the imaginary moving surface with coordinate r. The influence of the rest of the volume and of the second
boundary is represented by the multiplier ṗ/p, which we did not expand for brevity.

The assumption of the negligible convective heat transfer allows writing partial differential equation with respect to the
temperature in the form close to the standard heat equation:
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The heat diffusivity χ is taken constant, γ is the specific heat ratio and Q(r, t) represents heat sources. Expression (3)
differs from the heat equation by the integral containing term, which defines the pressure work. At high Fourier number
Fo = χt

,
(r2 ◦ r1)2 ≪ 1 this term as well as the term with time derivative can be omitted. In case of low Fourier number,

neglecting the pressure work underestimates the temperature variation out of the region influenced by the heat diffusion.
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Figure 1: Example solution for a gas in a planar gap with periodic temperature variation on the right boundary. Dimensionless
temperature and velocity profiles at Fo = 0.01 (a, c) and Fo = 100 (b, d). The oscillation phases are next to the curves in
terms of ωt/π. Analytic profiles are shown by solid lines; diamonds represent numerical solutions.

As an example, we consider here gas motion between two planar rigid non-moving walls at temperatures T1 = T0 and
T2 = T0 + A sin(ωt) and in absence of mass and heat sources, J = 0, ji = 0, Q = 0. Known analytic solution [2] of (3)
without the last term is used to find the velocity from (2). Calculations are done for N2 at T0 = 300K and two pressure values:
p0 = 1atm (Fo = 0.01) and p0 = 10−4atm (Fo = 100). Temperature oscillation parameters: A/T0 = 0.1, ω/2π = 20Hz.
The velocity is normalized by maximal value umax = A(r2 ◦ r1)ω/8T0 corresponding to Fo→∞.

As it is seen on figure 1, the analytic solution well corresponds to the numerical solution of full conservation equation
system. The numerical sulution is obtained by the ANSYS Fluent software. The discrepancies at low Fo are caused by
neglecting pressure work term in (3). It was found that at Fo≫ 1 no velocity zeroes appear in the domain, and at Fo < 1 one
velocity zero can appear as well as one inflection point. Generally, velocity extreme value drops with decreasing Fo.

Analytic solutions for the flows driven additionally by the motion of walls, boundary and distributed mass sources are also
obtained and verified by comparison to numerical simulation. The results are generalized for all three type of symmetries
when it is possible.

The analytic solutions obtained are applicable as reference solutions for validation of numerical methods in compressible
fluid dynamics at low Mach number. A possibility to estimate gas creep at non-stationary thermal conditions is demanded
for accurate processing of experimental measurements of the kinetic coefficients and particle transport properties. The results
can be of interest for specialists in bubble dynamics, aerosol physics, condensation/evaporation experiments, especially in
microgravity. Proposed methodology should be valuable in university coursework in fluid dynamics as it allows obtaining
exact solutions and approximations for large variety of tasks using integral calculus.

European Space Agency PRODEX program and Belgian Federal Science Policy Office are kindly acknowledged for their
support.
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Summary Turbines harvesting energy from the motion of flapping foils have attracted significant research attention in the last 10 years.
Several numerical and experimental studies have shown that a leading edge vortex (LEV) can provide lift enhancement and improve the
performance of a flapping foil turbine. To overcome the obstacle for optimization and engineering design due to the substantial resources
required for computational fluid dynamics (CFD) methods, a discrete vortex method (DVM) which incorporates motions of LEVs with
computational time at least two orders of magnitude less than that for CFD is modified for flapping foil simulations. Semi-empirical
functions are introduced to account for the effects of the trailing edge flow separation. Instantaneous power coefficients from the DVM with
trailing edge flow separation corrections are compared against those from a dynamic stall model and CFD method. Results from the DVM
shows good agreement with CFD simulations.

INTRODUCTION

Studies on flapping foil power generators indicate that the formation and evolution of the LEV plays a significant role in
improving the performance of a flapping foil[1]. While advances in CFD methods have improved our understanding of vortex
shedding, exploring the applications of reduced order models for predictions is worthwhile because of their low computational
expenses.

Studies of unsteady aerodynamics accounting for the LEV formation are motivated by the phenomena of dynamic stall
in the analysis of helicopter blades from 1970s. Some semi-empirical models, for example, Office National D’Etudes et
de Recherches Aerospatiales (ONERA) and Leishman-Beddoes (LB) model[2] have been developed for analysing unsteady
aerodynamic loads on helicopter blades. To extend the application of the ONERA model for flapping foil simulations, Bryant
et al[3] have tuned constants with respect to unsteady effects using the CFD results of Kinsey and Dumas[4]. Another approach
to model unsteady flows with LEV formation is the discrete vortex method (DVM) [5]. However, models based on the DVM
assume that the flow separates at the leading edge, neglecting the influence of the trailing edge flow separation.

In this study, empirical functions used in the LB model are introduced into the DVM to account for the influence of the
trailing edge flow separation. The aim of this study is to examine the feasibility of using a surrogate method to reduce the
computational cost in the optimization and engineering design of a flapping foil power generator.

METHODOLOGY

Kinematics
In this study, a two-dimensional NACA0015 foil undergoing prescribed pitch and plunge motions in a uniform flow with

velocity U is considered:

θ (t) = θ0 sin (2πf0t) , h (t) = h0 sin (2πf0t+ ϕ) (1)

where θ (t) and h (t) are the instantaneous angular and plunge positions respectively; θ0 and h0 are the angular and plunge
amplitude; f0 is the frequency; and ϕ is the phase angle between the pitch and plunge motion.

Dynamic Loads
In the LB model, Theodorsen’s theory is used to predict the lift when the flow is fully attached to the foil. However, this

classical method is limited by assumptions of planar wake and small amplitudes and is unsuitable for flapping foil motions.
Here, the DVM developed by Katz and Plotkin[6] which eliminates small amplitude approximations is used.

To predict the initiation of the LEV formation, a leading edge suction parameter (LESP) determined by the aerofoil profile
and Reynolds number (Re) regardless of kinematic parameters is introduced. LESP=0.19 (NACA0015 foil, Re = 1100)
given by Ramesh et al[5] is used here. Since the separation point is fixed at the leading edge, the DVM with LESP cannot take
into account the influence of the trailing edge flow separation. Here, Kirchhoff flow approximation is used for trailing edge
flow separation corrections (TEFSC). This simple model has been extended for unsteady flow predictions in the LB model[2].
With the use of the DVM incorporating the TEFSC, the lift coefficient (CL) is given as
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where φ is the potential; γ is the chordwise circulation; x is the chordwise position; xpiv is the pivot location; and f represents
the position of flow separation. The integrals for the moment coefficient (CM ) calculation are similar to those treated in Eq.(2).

RESULTS

The DVM with the TEFSC is validated against CFD results from Kinsey and Dumas’ work[4] for non-dimensional plunge
amplitude h = h0/c = 1 and φ = 90◦. The dimensionless frequency f∗ is defined as f∗ = f0c/U , where c is the chord
length. To evaluate the power extracted from the flow, the power coefficient CP = (CLḣ + CM θ̇c)/U is used.

(a) (b)
Figure 1: Predictions of power coefficients with (a)f∗ = 0.14, θ0 = 76.3◦ and (b) f∗ = 0.18, θ0 = 60◦

To assess CP predicted by the DVM, two cases are selected for comparison because strong LEVs are predicted in the
first case (f∗ = 0.14, θ0 = 76.3◦) and no LEV is observed in the second case (f∗ = 0.18, θ0 = 60◦)[4]. In the first case
(Figure 1a), the time history of CP predicted by the DVM with TEFSC agrees with the CFD results[4] much better than the
DVM without TEFSC and Bryant model[3]. The averaged CP for DEVM with TEFSC and without TEFSC are 0.86 and
1.12 respectively, compared with 0.86 of Kinsey & Dumas[4] and 0.87 of Bryant model[3]. In the second case (Figure 1b),
although the time history of CP predicted by the DVM without TEFSC follows similar trend as that of Kinsey & Dumas[4],
its magnitude is almost double for most part of the cycle, but the results of the DVM with TEFSC are much closer to [4].
The averaged CP for DEVM with TEFSC and without TEFSC are 0.37 and 0.41 respectively, compared with 0.27 of Kinsey
& Dumas[4] and 0.24 of Bryant model[3]. In these two cases, the DVM provides better approximations of the time history
to the CFD method compared with the Bryant model[3]. Furthermore, empirical constants used in the DVM with TEFSC
are determined only by the flow condition and the foil profile, whereas constants tuned to match CFD results in the Bryant
model[3] are determined by both the geometry and kinematic parameters which limit the application of the Bryant model[3].

CONCLUSIONS

In this paper, a reduced order model based on the Discrete Vortex Method (DVM) to capture the complex aerodynamic
effects of a flapping foil power generator at a Reynolds number of 1100 has been presented. Results of the DVM incorporating
the trailing edge flow separation correction show reasonable agreement with the CFD results in terms of the power coefficient
amplitude, trend and phase. The computational time required is only 40 minutes compared to over 100 hours for the CFD
method on a single P4/3.2-GHz processor [4]. This study demonstrates the potential of using DVM with TEFSC to explore
the optimization and design of a flapping foil power generator.
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INVISCID COUNTERFLOW JETS FROM ALIGNED NOZZLES

Adam D. Weiss∗, Stefan Llewellyn Smith, Antonio L. Sánchez1

1Department of Mechanical and Aerospace Engineering, UCSD, USA

Summary This paper examines the inviscid interaction of two planar counterflowing streams of different gases issuing from two aligned
nozzles of equal radius R separated a distance H . The problem is relevant in connection with the counterflow burners used in laboratory
experiments to characterize flame response to strain. The computation of the inviscid flow involves integration of the Euler equations, with
the outer jet boundaries and the interface separating the two jets appearing as free surfaces, to be obtained as part of the solution. It is
shown how introduction of a single density-weighted stream function facilitates the description. While conformal mapping can be used
to determine the solution for irrotational flow, numerical integration is required in general, with simplified limiting solutions arising in the
limiting cases H/R ≪ 1 and H/R ≫ 1.

A canonical problem of interest in connection with the high-Reynolds-number flows typically encountered in burners is
that of counter-flowing jets. Counterflow structures that move with the mean velocity can be abstracted from the interface
dynamics of shear and mixing layers [1]. Similarly, local counterflow configurations emerge in typical combustion chambers
around the stagnation point that forms near the injector exit as a result of vortex breakdown of the swirling air-feed stream [2].
Both axisymmetric and planar counterflow configurations have been widely employed in laboratory experiments for studying
reacting and non-reacting flows [3] as well as in numerical simulations to address the effects of strain on flames [4].

Consider the planar flow of two gaseous jets impinging from opposed aligned nozzles of semi-width R separated a distance
2H , as sketched in Fig. 1(a), corresponding to a typical counterflow arrangement employed in combustion experiments. The
velocity profiles in the feed streams are given by vx = (Q1/R)U1(y) and vx = ◦ (Q2/R)U2(y). Here, 2Q1 and 2Q2

denote the volume fluxes for the two streams and U1(y) and U2(y) represent nondimensional shape functions, such that! 1
0 U1dy =

! 1
0 U2dy = 1, with y being the distance from the center line scaled with R (i.e. U = 1, U = 2(1 ◦ |y|), and

U = 3
2 (1 ◦ y2) for uniform flow, Couette flow, and Poiseuille flow, respectively).
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Figure 1: (a) Sketch of the counterflow configuration investigated here (b) sample distributions of stream function for Couette
jets with H/R≪ 1 and Λ = 1.

In applications, the Reynolds numbers Q1/ν1 and Q2/ν2 based on the kinematic viscosities of the two fluids ν1 and ν2 are
typically moderately large, so that the flow in the impinging region is laminar and inviscid. Since the Mach number is assumed
to be small, the flow in each of the impinging jets is effectively incompressible, although the corresponding densities ρ1 and
ρ2 are in general different. For this ideal planar flow, both the vorticity ω and the stagnation pressure remain constant along
each stream line. In principle, the problem involves integration of the incompressible Euler equations for the two gas jets,
including as free boundaries the vortex sheets separating the jets from the ambient stagnant air and the vortex sheet separating
the two gases. Because of symmetry, only the semi-space y ≥ 0 needs to be considered in the description.

The existence of two different fluids requires in principle introduction of two different stream functions ψ1 and ψ2 in
the description, with the condition of equal pressure on both sides of the separating surface yielding ρ1|∇ψ1|2 = ρ2|∇ψ2|2,
to be used as matching condition in determining the location of the separating surface. This last condition suggests that
one can simplify the description, removing the need for treating the separating surface as a free boundary, by introducing a
renormalization factor (ρ2/ρ1)1/2 in the definition of new kinematic variables (i.e. velocity, vorticity, and stream function)
for the gas of density ρ2, resulting in a single stream function ψ = ψ1 = (ρ2/ρ1)1/2ψ2 satisfying

∂2ψ

∂x2
+
∂2ψ

∂y2
= ◦ ω(ψ), (1)
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as follows from the definition of the vorticity, with R and Q1/R used as length and velocity scales. The associated boundary
distributions of stream function and vorticity in the feed streams are

ψ =

" y

0
U1dy and ω = ◦ dU1

dy
as x→ ◦ ∞ for 0 ≤ y ≤ 1 (2)

and
ψ = ◦ Λ

" y

0
U2dy and ω = Λ

dU2

dy
as x→∞ for 0 ≤ y ≤ 1, (3)

where Λ = (ρ2/ρ1)
1/2 (Q2/Q1) is a measure of the ratio of the momentum fluxes of both jets. The distribution of vorticity

ω(ψ) is different in both jets (i.e. for ψ > 0 and for ψ < 0), with corresponding expressions following from the boundary
values of ψ and ω given in (2) and (3). For example, for Poiseullie flow one obtains

! y
0 Udy = (3◦ y2)y/2 and dU/dy = ◦ 3y,

yielding

ψ =
ω

6

#
3 ◦

$ω
3

%2&
for 0 ≤ ψ ≤ 1 and ψ =

ω

6

#
3 ◦

$ ω
3Λ

%2&
for ◦ Λ ≤ ψ ≤ 0 (4)

as an implicit representation for ω(ψ), whereas for Couette flow one finds

ω = 2 for 0 ≤ ψ ≤ 1 and ω = ◦ 2Λ for ◦ Λ ≤ ψ ≤ 0. (5)

The problem reduces to that of integrating (1) with the boundary distribution given in (2) and (3) as x±∞ and the additional
boundary conditions ψ = 0 at y = 0 for ◦ ∞ < x < +∞, ψ = 1 at y = 1 for ◦ ∞ < x ≤ ◦ H/R, and ψ = ◦ Λ at y = 1
for H/R ≤ x < +∞, with the condition of constant pressure on the jet surfaces ψ = 1 and ψ = ◦ Λ written in the form
(∂ψ/∂x)2 + (∂ψ/∂y)2 = constant.

It will be shown that, while conformal mapping can be employed to determine the solution for U1 = U2 = 1 [5],
numerical integration is needed in general for rotational flow. Results will be obtained for different values of H/R and
different profile shapes U1(y) and U2(y), with particular attention given to the important case of Poiseuille flow, corresponding
to long injectors. The solution will be seen to simplify in the limit H/R ≫ 1, when the collision region appears near the
exit of the jet with lower momentum flux, the other stream approaching as a free jet of constant radius, and also in the limit
H/R≪ 1, where the opening acts as an annular sink for the flow in the pipe. In the latter limit, the solution can be facilitated
by expressing ψ as the sum of a potential stream function

ψp = y ◦ 1 + Λ

π
arctan

#
eπx sin(πy)

eπx cos(πy) + 1

&
, (6)

carrying the mass flux of the two streams, and a vortical stream function ψv , with associated zero mass flux, determined by
integration of

∂2ψv

∂x2
+
∂2ψv

∂y2
= ◦ ω(ψ) (7)

with boundary conditions ψv = 0 at y = 0, 1 for ◦ ∞ < x < ∞ and far-field distributions for 0 ≤ y ≤ 1 given by
ψv =

! y
0 (U1 ◦ 1)dy as x→ ◦ ∞ and by ψv = ◦ Λ

! y
0 (U2 ◦ 1)dy as x→∞. The function ω(ψ) must be evaluated in terms

of ψ = ψp + ψv with ψp obtained from (6). Sample distributions of ψp and ψv obtained with Λ = 1 for the Couette vorticity
distribution given in (5) are shown in Fig. 1(b).
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FLOWS IN CHANNELS WITH VIBRATING WALLS 
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Summary Analysis of flows in channels with vibrating walls has been carried out as a part of search for the new drag reducing strategies. 
Vibrations in the form of waves travelling up- and down-stream have been considered. Their effect is assessed by evaluating the pressure 
gradient correction required to maintain the same flow rate in the stationary and vibrating channels with the same mean opening. It is 
shown that drag reduction can be achieved using waves travelling in the downstream direction. 
 

INTRODUCTION 
 
   It is known that deformed channel walls have significant effects on drag changes. It has been recognized that stationary 
transverse grooves always increase drag; however, some types of longitudinal grooves may result in drag reduction [1]. In 
this work effects of vibrating surfaces on channel flow are investigated. Vibrating boundaries can be found in many 
engineering and biological applications. Design of roller pumps for fluid pumping without pump components coming into 
contact with the fluid represents one example. Another example is the use of these boundaries to push urine from the kidney 
to the bladder. These boundaries also help to push food forward through the gullet. In addition, bile moving from the gall-
bladder to the duodenum is caused by moving boundaries as well as ovum movement in the fallopian tube. In the present 
study, pressure losses in channels with vibrating walls have been analyzed. Surface vibrations were assumed to have the 
form of travelling waves. The spectrally accurate immersed boundary conditions (IBC) method based on the Fourier 
expansions in the flow direction and the Chebyshev expansions in the transverse direction has been developed [2]. The 
results show dependence of the pressure losses on the phase speed of the waves.  
 

PROBLEM FORMULATION AND RESULTS 
 
   Consider steady, two-dimensional flow of a fluid confined in a channel bounded by two parallel walls extending to rf  
in the ܺ-direction and placed at a distance ʹ݄ apart as shown in Fig.1. The flow is driven in the positive ܺ-direction by a 
pressure gradient. This flow is modified by wall vibrations in the form of travelling waves. The resulting time-dependent 
channel geometry is described as 
 

 
 

Figure 1. Physical domain with vibrating boundaries. 
 
ܻ�ሺݐǡ ܺሻ ൌ �ͳ��݄ ሺܺ െ ǡݐሻǡ                    ܻ�ሺݐܿ ܺሻ ൌ െͳ��݄ ሺܺ െ  ሻǡ                                     (1a,b)ݐܿ

where ݄  and ݄  describe the known wave shapes, the subscripts ܮ  and ܷ  refer to the lower and upper walls, 
respectively, and ܿ�denotes the wave phase speed. Our interests are in the waves that do not affect the mean channel 



opening. The system response is described by the Navier-Stokes and continuity equations subject to boundary conditions of 
the form 
ǡݐ�൫்ݑ ܺǡ ܻሺݐǡ ܺሻ൯ ൌ �Ͳǡ ǡݐ�൫்ݒ������� ܺǡ ܻሺݐǡ ܺሻ൯ ൌ�డೆሺ௧ǡሻడ௧ �ൌ െ�ܿ ݄ᇱሺܺ െ  ሻǡ                                 (2a)ݐܿ

ǡݐ�൫்ݑ ܺǡ ܻሺݐǡ ܺሻ൯ ൌ �Ͳǡ ǡݐ�൫்ݒ�������� ܺǡ ܻሺݐǡ ܺሻ൯ ൌ డಽሺ௧ǡሻ
డ௧ �ൌ െ�ܿ ݄ᇱሺܺ െ  ሻ                                           (2b)ݐܿ

where subscripts ݐǡ ܺ�and ܻ denote the arguments of partial differentiations and prime denotes differentiation with respect 
to the argument. The system is subject to the mass flow rate constraint of the form   
ܳሺݐǡ ܺሻȁ ൌ ቀ ǡݐሺݑ ܺǡ ܻሻೆሺ௧ǡ௫ሻ

ಽሺ௧ǡ௫ሻ ܻ݀ቁቚ


ൌ ସ
ଷǡ                                                        (2c) 

i.e. the flow rate through the vibrating channel must be the same as the flow rate through the stationary reference channel. 
The additional pressure gradient required to maintain such flow rate is represented in the form of 
డ
డ ቚ

ൌ ିଶ
ோ 

డభ
డ ቚ

                                                                            (3) 

where ்  stands for the complete pressure and the second term on the right hand side represents the correction. Positive 
values of this correction signify the vibrations-induced drag reduction. Detailed results are presented for a sinusoidal wave 
propagating along the lower wall resulting in the shape of the flow domain of the form 
ܻ ൌ ͳǡ���������ܻ  ൌ െͳ  ܣ ���ሾߙሺܺ െ  ሻሿ                                                               (4)ݐܿ

where ܣ and ߙ are the amplitude and the wave number of the wave, and ܿ�denotes its phase speed. An explicit solution 
determined in the limit of small wave amplitude ሺܣ ՜ Ͳሻ demonstrates that drag change increases proportionally to ܣଶ 
[3]. Figure 2 illustrates variations of ሺܴ݁Ȁܣଶሻ כ ሺ݀ଵ Τݔ݀ ሻ as functions of the wave speed for selected wave and Reynolds 
numbers. In general, waves propagating in the downstream direction lead to drag reduction with its magnitude increasing 
with ܿ. The trend is different for the short wavelength waves and depends on ܴ݁ as such waves propagating in the 
upstream direction result in drag decrease if ܴ݁ is large enough.   
 

 
         (A)                    (B)                 (C)                    (D) 
 
Figure 2. Variations of ሺܴ݁Ȁܣଶሻ כ ሺ݀ଵ Τݔ݀ ሻ for small-amplitude sinusoidal waves as functions of the wave speed ܿ for: 
(A)ߙ ൌ ͲǤͳ; (B)ߙ ൌ ͳ; (C)ߙ ൌ ͷ; (D)ߙ ൌ ͳͲ. Solid, dashed and dash-dotted lines correspond to ܴ݁ ൌ ͳ, ܴ݁ ൌ ͳͲͲ, and 
ܴ݁ ൌ ͷͲͲ, respectively.     
 

CONCLUSIONS 
 
   The pressure losses in a pressure-driven flow in a vibrating channel have been analyzed. The results show dependence 
of the pressure losses on the phase speed of the waves, with the waves propagating in the downstream direction reducing 
these losses. This argument is not always correct in the limit of small wave amplitude. As it can be seen in Fig.2 (D) when 
 and ܴ݁ are large enough, waves which propagate in downstream direction with the phase speeds higher than a certain ߙ
critical speed result in a significant drag increase while similar waves propagating in upstream direction lead to drag 
reduction.   
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THE BIO-CHEMO-MECHANICAL MODEL 
 

   We summarize the model as given by Vigliotti et al. [3] where the rate at which sarcomeres are added in parallel is 
given by 
 

 

!ξ = nu

n
ω n exp −

n µt − µu( )
kbT

⎡

⎣
⎢

⎤

⎦
⎥ − ξω n exp −

n µt − µb( )
kbT

⎡

⎣
⎢

⎤

⎦
⎥

        (1) 

 
where ξ  is the number of parallel stress fibers in a cardiomyocyte, the superposed dot indicates differentiation with respect 
to time, nu  is the number of unbound sarcomeres collectively in the cytosol of the cardiomyocyte, ω n  is the frequency at 
which sarcomeres/stress-fibers attempt to cross the transition energy barrier, µb  is the standard free energy of a sarcomere 
when bound in a stress-fiber, µu  is the collective standard free energy of the proteins making up a sarcomere when they 
are unbound in the cytosol, µt  is the standard free energy of a functional unit at the transition barrier, kb  is a 
Boltzmann’s constant representative of a unit, and T is the absolute temperature.  The standard free energy of a bound 
sarcomere is given by 
 
µb = µbo 1 + βε 2( )−σ f 1 + ε( )Ω           (2) 

 
where µbo , β  and Ω  are constants, ε  is the strain of the myocardium and σ f  is the sarcomere stress, given by a Hill-
like behavior that depends on strain and strain rate [4].  These equations are augmented by the rate at which sarcomeres are 
added in series, given by solving 
 

 
!n = −

µbonu
2 1 + βε 2( )

qΩξ 2n
           (3) 

 
as long as  !n  > 0, and where q is a rate constant.  We note that a different result is used when sarcomeres are being 
removed and  !n  < 0. 
 
   These 3 coupled equations, along with the expressions stating the Hill-like dependency of sarcomere stress on strain and 
strain rate [4], are integrated numerically in time subject to 

 
ε t( ) = ε o + Δε t( )             (4) 
 
when displacement boundary conditions are imposed and subject to 
 
σ f t( ) = σ f

o + Δσ f t( )            (5) 
 
when traction boundary conditions are imposed.  In each of these equations the superscript zero indicates a mean value and 
the term containing Δ  is cyclic in time, with the simplest case being simply a sawtooth.  Initial conditions are chosen to 
represent cardiomyocytes in normal, healthy condition.  The outcome of the integration is then a prediction of how the 
myocardium thickens by increase of ξ  or lengthens by increase of n. 
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EXPERIMENTAL AND COMPUTATIONAL ANALYSIS OF AORTIC DISSECTION
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Summary We elaborate on the mechanical strength of human thoracic aortas, in particular of harvested tissues in which a dissection oc-
curred. Results suggest that the media has a much lower resistance to rupture under in-plane than under out-of-plane shear loading, while
the tensile strength is lowest in the radial direction. A phase-field approach was used to computationally capture the obtained data, whereby
an energy-based anisotropic failure criterion was developed to drive the crack phase-field. Finite element results of a simple shear test are
shown and in favorable agreement with experimental data.

EXPERIMENTAL TESTS AND COMPUTATIONAL ANALYSIS OF HUMAN THORACIC AORTAS

Tissue dissection has been observed in several arterial branches including the thoracic aortas. Frequently, aortic dissection
initiates from an intimal defect, may continue to propagate in the radial direction, then through the media, and may cause
delamination of the aortic layers. One clinical consequence may be the creation of a false lumen (decrease of lumen and
oxygen supply, see insert in Fig. 1(a)) that influences the hemodynamics with the consequence that the mechanical properties
and the structural stability of the aortic wall might alter. Dissection is fatal when it propagates, in particular, by running to the
adventitial side to cause an acute rupture of the aortic wall. For a review of the knowledge up to 2011 and available evidence
surrounding some of the most important aspects of the disease see [1].

Mechanical strength of dissected human thoracic aortas
Among other diseased aortic tissues, in [2] we have investigated dissected human thoracic aortas using triaxial shear and

uniaxial tensile tests; ultimate stress values were determined. One key finding is that the aortic media has a much lower
resistance to rupture under in-plane than under out-of-plane shear loading, and under different shear loadings the aortic tissues
revealed anisotropic failure properties with higher ultimate shear stresses and amounts of shear in the longitudinal than in
the circumferential direction. In addition, the tensile strength is lowest in the radial direction. In-plane shear responses of
dissected specimens are given in Fig. 1.

media+intima

adventitia

thrombus

Figure 1: Cauchy shear stress vs amount of shear during ‘in-plane’ shear tests of dissected human thoracic aortic tissues:
(a),(b) ‘in-plane’ shear behavior of dissected tissues tested in the circumferential and longitudinal directions, respectively [2].

A modeling approach to capture aortic failure
We use the phase-field approach to model aortic dissection. A regularized crack surface is used to overcome the problems

inherent in a sharp crack discontinuity [3, 4]. In particular, to approximate the sharp crack topology we use an exponential
function of the crack-field variable d according to

d(x) = e−|x|/l, (1)

with the conditions d(0) = 1 and d(±∞) = 0, and the regularizing length-scale parameter l (sharp crack topology is restored
with vanishing l), where l ≥ 2h for the crack zone to be resolved properly (h is the minimum finite element size) [3].

∗Corresponding author. Email: holzapfel@tugraz.at
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EXPERIMENTAL AND THEORETICAL ANALYSES

To address the above mentioned problem of inter-sample variability a strategy is presented that allows quantifying the
energy of tearing from a single, notched strip-biaxial tension sample in a mode I tear test by use of optical methods (Fig. 1a).
FE simulations based on a recently proposed continuum model [10] indicated a very rapid transition to a state of plane strain
with increasing distance from the tip of the cut (Fig. 1b). Strain is therefore quantified by image analysis in an appropriate
region, and from the same pictures the initiation of crack growth close to the tip is detected by a custom algorithm (Fig. 1c).
An analytical correction to account for sample slippage is included and the methodology is applied to different membranes
including amnion and bovine liver capsule. These tissue-scale experiments are supplemented by in-situ investigations of
pre-cut membranes under the multiphoton microscope, imaged by means of the second harmonic generation signal provided
by collagen [9]. For the computational analysis a bi-phasic continuum model is used and combined with a discrete network
approach [11] allowing for higher resolution in the vicinity of the cut and thus for investigations of the localized behaviour in
this region. Eventually, based on the results provided by these experimental and theoretical tools, the fracture behaviour of
different membranes is compared.
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Abstract  Investigation of the mechanical behavior of biological tissues requires efficient computational tools to provide a 
reliable prediction of their response. Hence there is a pressing need for models that based on realistic representation of tissues 
from their microstructure up to the macroscopic level. Presently, the number of models available in the literature which thoroughly 
capture the structure of biological tissues is fairly small. Here, we propose a novel micromechanically-based model for biological 
tissues that accounts for the properties of the constituting components, their spatial distribution and morphology. To this end, a 
3D periodic representative volume element of the tissue is constructed and its average response is determined. The model reveals 
that crimped collagen fibers are recruited such that the mechanical response admits stiffening under tension versus a much softer 
response under compression. This model is useful to determine the mechanical response of tissues while reducing experimental 
labor.  

INTRODUCTION 
 
 Collagenous tissue is an abundant construction in various tissue types, e.g., blood vessels, skin, tendons, and ligaments 
and thus play a crucial role in physiological and pathological conditions. It is well known that the functionality of tissues and 
progress of diseases are affected by the mechanobiology at the ultrastructure tissue scale [1]. Moreover, many methods of 
clinical interventions rely on mechanical stimulus such as balloon angioplasty which enlarge a narrowed coronary artery. 
Taken together, there is a crucial need to investigate the mechanics of tissues and of a collagenous tissue in particular. 
 Recently it is commonly accepted that computational models of tissue microstructure are necessary to obtain a reliable 
description of the mechanical response, specifically when dealing with soft tissues. Broadly speaking, models of tissues belong 
to one of the classes: phenomenological or structural. In recent decades, most of the proposed models were phenomenological 
with the incorporation of several structural elements [2]. In order to reliably describe the material behavior these models 
require distinctive tuning and calibration against large sets of costly experimental measurements. To overcome this shortening, 
we propose here a micromechanically-based model of soft collagenous tissues [3] which is based on structural information 
from microscopic images of collagenous tissues (Fig.1). Image-based structural description of fibrous tissue microstructure 
further leads to a better understanding of the mechanical behavior by enabling information regarding the heterogeneous 
microstructure of the tissue. 
 
Methods 
 
 In this study we examine the behavior of fibrous tissues by application of periodic homogenization using finite element 
method (FEM). We define 3D representative volume element (RVE) of collagenous tissue (Fig.2). Our model is based on 
geometrical and histological parameters of collagen fibers such as diameter, contour length, wave length, volume fracture, 
waviness, spatial distribution, amplitude etc. Numerical simulations using FEM are performed to analyze the recruitment 
process of crimped collagen fibers and to predict the overall mechanical behavior of fibrous biological tissues. Average energy 
and stresses are computed for the RVE in accordance with the periodic boundary conditions.  
 
 
 
 
 
 
 
 
 
 
 

Figure 1. Crimped collagen fibers embedded in adventitial layer obtained from a human abdominal aorta.                    
Courtesy: Institute of Biomechanics, TU Graz (JA Niestrawska). 

 
 



 
 
 
 
 
 
 
 
                

Figure 2. (a) 3D representative periodic RVE. (b) 3D periodic media of collagenous tissue; 
 isometric view (top) and front view (bottom). 

 
Results 
 Stored energy and stress in the fiber direction are computed and average quantities over the RVE are extracted (Fig.3, 4). 
We note that while simple neo-Hookean models were assigned to both the fibers and the matrix constituents, the overall 
response admits stiffening of the tissue under tensile loads versus a much softer response under compressive loads. This 
behavior stems from straightening of the fibers under tension.  
 
 
 
 
 
 
 
 
 
 

Figure 3. Deformed configuration at 30% compression (left) and tension (right) along the fibers. 
 
 
 
 
 
 
  
 
   
 
 
 
 

Figure 4. Stored energy (left) and Cauchy stress (right) versus stretch of a collagenous tissue RVE. 
 

 
CONCLUSION 

 
 In summary, we propose a 3D micromechanically-based model which considers structural parameters of fibrous biological 
tissues and thus can predict the mechanical response of collagenous tissues. As expected, the crimped collagen fibers are 
recruited up to a pre-defined locking (recruitment) stretch. At this deformation state the collagen fibers start to exhibit linear 
stress-stretch relationship indicating overall stiffening of the tissue at the macroscale. 
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THE IMPORTANCE OF PHYSIOLOGICALLY AND ANATOMICALLY REPRESENTATIVE
LIGAMENTS IN KNEE MODELS
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Summary The mechanical responses of soft tissues are complex, potentially incorporating components of nonlinearity, anisotropy, and vis-
coelasticity. The constitutive intricacies are augmented by challenges associated with the construction of accurate geometric representations
of soft tissues, particularly in computational models of whole knee biomechanics. This work investigates the role of ligament structure and
constitutive form in the evolution of strain within soft tissues during active joint motion including effects related to ligament prestrain.

ABSTRACT

The anterior cruciate ligmanet (ACL) is a critical lower limb stabilizing ligament. Its integrity is paramount in maintaining
joint health and performance. Yet, ACL tears and ruptures are among the most common injuries in sport, contributing to over
200, 000 ligament reconstruction procedures annually just in the United States. While the high incidence of ACL injury is
alone troubling, the frequency of rupture is markedly increasing [2]—the number of reconstructions is projected to increase
by 4 ◦ 5% annually over the next 5 years—while the median age of those affected is decreasing [1]. This combination is
particularly problematic due to the potentially significant long-term complications linked to surgical interventions involving
ligament reconstruction. Osteoarthritis (OA) is a degenerative soft tissue disease that is characterized by declining articular
cartilage integrity. OA, a tremendously prevalent and debilitating disease affecting over 15% of the adult American population
[3], has been hypothesized to manifest from fundamental alternations in the biomechanics of the knee resulting from either
ACL deficiency or reconstruction. Therefore, by understanding the role of the ACL in preserving the natural operating con-
ditions of the joint and by determining the corresponding contribution of reconstructive procedures it is possible to construct
individual-specific treatments optimized for positive patient outcomes, potentially reducing the risk of detrimental secondary
effects like OA or graft failure.

This work explores the complex anatomy and constitutive behavior of the native ACL. Structurally the ACL is an ag-
gregate of two independent fiber bundles, the anteromedial (AM) and posterolateral (PL); each of these fiber bundles has
unique mechanical properties, which include elements of nonlinearity, viscoelasticity, and anisotropy, driven by the underly-
ing macromolecular composition of the ACL—which is composed primarily of oriented collagen fibrils within a compliant
extracellular matrix. While both the AM and PL bundles emanate proximately on the lateral femoral condyle and terminate
distally on the anterior tibial plateau, the fiber bundles interact with each other and collateral tissues within the joint capsule to
yield a geometrically complex, prestrained double bundle structure. This prestrained complex is characterized at the femoral
enthesis by the AM bundle covering the PL bundle, attaching proximally on the femoral condyle, and along the ligament
bulk by the AM bundle wrapping around the perimeter of the PL bundle in a slightly compressed configuration. Due to the
substantial interaction between bundles and the spatial constraints imposed by the physics of normal joint motion there exists
no physiological configuration in which the AM and PL bundles are stress free. Limitations imposed by traditional imaging
and segmentation techniques further complicate modeling the interaction between fiber bundles, especially in the context of
whole joint computational models. In this work we extract approximate representations of each fiber bundle by computa-
tionally manipulating the joint in a nonphysical manner to orient the joint such that the effects of the structural interaction
between the bundles is minimized. Once the bundles are extracted, the deformations associated with the manipulations are
removed and, starting from that stress free configuration, the joint is restored to its natural configuration. This operation yields
unique, inhomogeneous strain distributions in each fiber bundle at every knee flexion angle. The effect of the a priori strain
distributions was quantified by examining the response of the joint to both normal, everyday activities (gait) and potentially
injury causes events (simulated landing).
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NONLINEAR ELASTICITY OF BIOPOLYMER GELS UNDER COMPRESSION  
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Summary Biopolymer gels, comprised of cross-linked semiflexible filaments, show nonlinear elasticity at small tensile strains (above 
some characteristic value) as well as softening for compressive strains. Here we predict an unusual elastic response to uniaxial 
compression. We focus on two competing mechanisms that contribute to the elasticity of biopolymer gels upon compression: (i) 
Stiffening, due to polymer densification by out-going water flow. (ii) Softening, due to polymer buckling under compression. We predict 
three generic types of behavior in different regions of the stress-strain curve: (1) Densification region at small strains, before the onset of 
polymer buckling, (2) Intermediate region where a fraction of the polymer segments are buckled which tends to counteract the 
densification effect, and (3) Buckled region where all the polymers are buckled and the modulus tends to very small values.  
 

Biopolymer hydrogels comprise crosslinked, semiflexible filaments (e.g., actin, collagen, and fibrin) [1]. They are 
important constituents of both the cellular cytoskeleton and extracellular matrix of tissues [2]. Unlike most synthetic gels, 
biopolymer gels often exhibit highly nonlinear elastic responses to applied tensile forces above some small strain or 
compressive forces at small strain [1, 3-6], e.g., fibrin gels stiffen at small shear strains above 10% [1, 3] and soften at 
compressive strain about 5% [5, 6]. The strain stiffening nonlinearity of biopolymer gels has been identified to be of great 
biological importance [1, 3] since it impacts force transmission by cells in such gels and many studies have aimed to 
understand its physical origin [1, 3]. However, relatively less attention has been paid to the elastic responses of biopolymer 
gels under compression [6, 7]. This nonlinear elastic response is also critical for the physiological function of animal cells 
and some tissues [1, 4, 7, 8]. For example, in recent work [4], we have shown that the nonlinear (asymmetric) responses of 
biopolymer gels to both tension and compression can together significantly increase the range of force transmission and are 
hence critical for the long-range cell-cell and cell-matrix communication. Moreover, recently it has been shown [7] that the 
understanding of the elastic responses of biopolymer gels to compression is a key feature of the self-contraction dynamics 
of cellular cytoskeleton at subcellular scale. In this paper, we investigate the elastic responses of biopolymer gels to uniaxial 
compression. We propose that the balance of two competing mechanisms contribute to the nonlinear elasticity of 
biopolymer gels upon compression (as schematic shown in Fig. 1): (i) Stiffening due to polymer densification by out-going 
water flow: Compression applied to biopolymer gels induces water to flow out of the gels and hence increase the density of 
polymer segments within the gel. This densification results in an increase in the elastic modulus of the gel which scales with 
the energy per unit volume per crosslink. (ii) Softening due to polymer buckling: Compression can also induce the buckling 
[1, 5, 6] of the polymer segments between cross-linkers. The buckled polymers lose resistance to the applied forces and this 
tends to decrease the elastic modulus of the gel. 
 

        
 

For simplicity, we first consider the case of affine deformations (strains), a uniform length distribution of the polymers, 
and zero Poisson ratio (due to water flow). We later briefly discuss the effects of various length distributions and that of 
non-affine deformation by considering the case where equal forces applied to each polymer segments. This is in contrast to 
most previous studies [1, 6, 7] where the lengths of polymer segments were assumed to be identical and the length 
polydispersity is neglected completely. Here we show how the polydispersity of the polymer length has an important effect 
on the elastic modulus of biopolymer gels under uniaxial compression. We have identified three limiting regimes that are 
functions of the concentration of semiflexible polymers and the degree of polydispersity (as schematic shown in Fig. 2a): (i) 
Dilute regime, where polymer segments are independently compressed and buckle when the force exceeds a critical value. 
(ii) Gas regime for large polydispersity, where the gels have high configurational entropy that is a function of the polymer 
concentration, analogous to the translational entropy of gases. (iii) Semidilute regime, where excluded volume interactions 



between the polymers becomes important. We predict that corresponding to each of the three regimes, there exist three 
regions in the stress-strain curve (as schematic shown in Fig. 2b) whose derivative yields the elastic modulus of the system: 
(1) Densification region where none of the polymers have yet buckled; here the elastic modulus increases with strain. (2) 
Intermediate region where a fraction of the polymer segments are buckled and the densification effect is moderated by the 
softening due to buckling and (3) Buckled region where all the polymers are buckled and the elastic modulus can be very 
small. We will relate these theoretical predictions to recent experiments [5-7]. 
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&XLUX�6XQ���*XDQJZHL�/X����9LFWRU�<DQJ�����-LQORQJ�&KHQ��

1 Department of Mechanical Engineering, Tianjin University, Tianjin, China 
2Department of Electrical and Computer Engineering, Ryerson University, Toronto, Ontario, Canada 

3 Division of Neurosurgery, Sunnybrook Health Sciences Centre, Toronto, Ontario, Canada  
�
Summary� � %LRPHFKDQLFDO� SURSHUWLHV� RI� DUWHULHV� DUH� VWURQJO\� UHODWHG� WR� YDVFXODU� GLVHDVH�� 7KHRUHWLFDO� DQDO\VLV� RU� QXPHULFDO�
VLPXODWLRQ�EDVHG�RQ�VLPSOLILHG�PRGHOV�FDQ¶W�SURYLGH�DFFXUDWH�LQIRUPDWLRQ�DERXW�WKH�GHIRUPDWLRQ�RI�WKH�EORRG�YHVVHO��,Q�WKLV�SDSHU��
KLJK�UHVROXWLRQ�LQWUDYDVFXODU�RSWLFDO�FRKHUHQFH�WRPRJUDSK\��,92&7��LPDJLQJ�LV�LQWHJUDWHG�ZLWK�QXPHULFDO�VLPXODWLRQ�WR�VWXG\�
WKH�WUDQVPXUDO�VWUHVV�GLVWULEXWLRQ�RI�DUWHULHV���'�VWUXFWXUH�DQG�IORZ�SURILOH�ZDV�REWDLQHG�WKURXJK�LPDJLQJ�RI�D�SRUFLQH�FDURWLG�
DUWHU\ in vivo���'�FDURWLG�PRGHO�ZDV�FUHDWHG�EDVHG�RQ�WKH�LPDJHV�DQG�WKH�EORRG�IORZ�YHORFLW\�ZDV�LQFRUSRUDWHG�IRU�VLPXODWLRQ��
3UHOLPLQDU\�UHVXOWV�VKRZ�WKDW�WKH�9RQ�0LVHV�VWUHVV�GLVWULEXWLRQ�DFURVV�WKH�YDVFXODU�ZDOO�WKLFNQHVV�LV�FLUFXPIHUHQWLDOO\�XQLIRUP��
7KLV�LV�WKH�ILUVW�FDURWLG�ZDOO�VWUHVV�DQDO\VLV�EDVHG�RQ�in vivo�,92&7�LPDJLQJ��,W�PD\�SDYH�WKH�URDG�IRU�YDVFXODU�PHFKDQLFV�
VWXGLHV�E\�LQWHJUDWLQJ�KLJK�UHVROXWLRQ�LPDJLQJ�DQG�QXPHULFDO�VLPXODWLRQ��ZKLFK�ZLOO�SURYLGH�LPSRUWDQW�LQIRUPDWLRQ�IRU�WKH�
VWXG\��GLDJQRVLV�DQG�WUHDWPHQW�RI�YDVFXODU�GLVHDVHV�� �

,1752'8&7,21�
$WKHURVFOHURVLV�KDUGHQLQJ�DQG�QDUURZLQJ�RI�WKH�DUWHULHV�LV�WKH�PDLQ�UHDVRQ�IRU�YDVFXODU�GLVHDVH��IRU�H[DPSOH��FDURWLG�

DWKHURVFOHURVLV�FDQ�FDXVH�VWURNHV�DQG�OHDG�WR�EUDLQ�GDPDJH�>�@��+HPRG\QDPLF�IDFWRUV�LQ�WKH�FDURWLG�DUH�LPSRUWDQW�
GHWHUPLQDQWV�RI�WKH�GHYHORSPHQW�RI�WKH�SODTXHV�>�@��$OWKRXJK�JUHDW�SURJUHVV�KDV�EHHQ�PDGH�LQ�YDVFXODU�PHFKDQLFV�E\�ERWK�
VROLG�DQG�IOXLG�WKHRUHWLFDO�DQG�QXPHULFDO�DQDO\VLV��PRVW�RI�WKH�VWXGLHV�DUH�EDVHG�RQ�LGHDOL]HG�PRGHOV�DQG�XQYHULILHG�
DVVXPSWLRQV��7KHUH�LV�OLWWOH�ZRUN�SHUIRUPHG�E\�HPSOR\LQJ�UHDO�YDVFXODU�DQDWRP\�DQG�EORRG�IORZ�SURILOH��%ORRG�YHVVHOV�VWD\�
LQ�D�FRPSOLFDWHG�ORDGLQJ�HQYLURQPHQW�LQ�KXPDQ�ERG\��6XEWOH�FKDQJHV�LQ�JHRPHWU\�RI�EORRG�YHVVHOV�FDQ�DIIHFW�WKH�IORZ�ILHOG�
VLJQLILFDQWO\�>�@��,W�LV�FUXFLDO�WR�REWDLQ�UHDOLVWLF�YDVFXODU�PRGHOV�DQG�EORRG�IORZ�SURILOHV�� �
� � ,QWUDYDVFXODU�RSWLFDO�FRKHUHQFH�WRPRJUDSK\��,92&7�>�@�KDV�EHHQ�SOD\LQJ�DQ�LPSRUWDQW�UROH�LQ�FRURQDU\�LPDJLQJ�VLQFH�LWV�
DSSURYDO�E\�WKH�86�)'$��IRRG�DQG�GUXJ�$GPLQLVWUDWLRQ��WKUHH�\HDUV�DJR��,92&7�SURYLGHV�KLVWRORJLFDO�UHVROXWLRQ�LPDJHV�RI�
WKH�YDVFXODU�ZDOO��ZKLFK� LV� JUHDWO\� IDFLOLWDWHG� DWKHURVFOHURWLF�SODTXH� LPDJLQJ� DQG� VWHQWLQJ� WUHDWPHQW��:H�KDYH�GHYHORSHG�
PHWKRG�WR�REWDLQ�WKH�EORRG�IORZ�SURILOH�VLPXOWDQHRXVO\�ZLWK�WKH�YDVFXODU�ZDOO�VWUXFWXUH�>�@��,Q�WKLV�PDQXVFULSW��in vivo�,92&7�
LPDJLQJ�RI�SRUFLQH�FDURWLG�LV�LQWHJUDWHG�ZLWK�ELRPHFKDQLFDO�VLPXODWLRQ�WR�VWXG\�WKH�GHIRUPDWLRQ�DQG�VWUHVV�GLVWULEXWLRQ�ZLWKLQ�
WKH�ZDOO�WKLFNQHVV��7KH�UHVXOWV�ZLOO�SURYLGH�QHZ�LQVLJKWV�WR�DUWHULDO�PHFKDQLFV�DQG�WKH�GHYHORSPHQW�RI�DWKHURVFOHURWLF�SODTXHV�� � �

0(7+2'6� �
� � $�SRUFLQH�FDURWLG�DUWHU\�ZDV�LPDJHG�E\�DQ�LQWUDYDVFXODU�2&7�V\VWHP��&��;5��6W��-XGH�0HGLFDO�,QF��6W��3DXO��0LQQHVRWD��
86$��in vivo>�@��$V�GHVFULEHG�LQ�>�@��DQ�2&7�LPDJLQJ�FDWKHWHU�ZDV�LQVHUWHG�WKURXJK�WKH�IHPRUDO�DUWHU\�WR�WKH�FRPPRQ�
FDURWLG��ZKHUH�D�SXOO�EDFN�RI�WKH�FDWKHWHU�ZDV�UXQ�WR�REWDLQ�D�VHULHV�RI�LPDJHV�DORQJ�WKH�OHQJWK�RI�WKH�DUWHU\��7KH�VWUXFWXUDO�
LPDJHV�FRXOG�EH�UHFRQVWUXFWHG�WR�D��'�LPDJH�RI�WKH�FDURWLG�DUWHU\�XVLQJ�LPDJH�SURFHVVLQJ�VRIWZDUH��:H�GHYHORSHG�
DOJRULWKPV�WR�REWDLQ�WKH�EORRG�IORZ�SDWWHUQ�VLPXOWDQHRXVO\�ZLWK�WKH�DUWHULDO�ZDOO�VWUXFWXUH�>�@��7KH�FDURWLG�VWUXFWXUH�DQG�
EORRG�IORZ�DUH�WKHQ�XVHG�IRU�QXPHULFDO�VLPXODWLRQ�WR�VWXG\�WKH�FDURWLG�ZDOO�VWUHVV��%ORRG�LV�PRGHOOHG�DV�DQ�LQFRPSUHVVLEOH�
1HZWRQLDQ�IOXLG��7KH�FDURWLG�YDVFXODU�PRGHO�LV�PRGHOOHG�DV�1HR�+RRNHDQ�K\SHUHODVWLF�PDWHULDO��$���OD\HU�PRGHO�RI�WKH�
EORRG�YHVVHO�LQFOXGLQJ�WKH�LQWLPD��PHGLD�DQG�DGYHQWLWLD�LV�EXLOW�LQ�&2062/��&2062/������6WRFNKROP��6ZHGHQ��EDVHG�RQ�
WKH��'�,92&7�LPDJH��%ORRG�LV�PRGHOOHG�DV�D�1HZWRQLDQ�IOXLG�ZLWK�GHQVLW\�U� ������NJ�P��DQG�G\QDPLF�YLVFRVLW\�
P ����(���NJ�PV��7KH�EORRG�IORZ�ZDYHIRUP�RI�D�SRLQW�VKRZQ�DV�WKH��LQ�)LJXUH���F��DQG�G��LV�SORWWHG�RXW�ZLWK�WLPH�DQG�LV�
VKRZQ�LQ�)LJXUH���E���ZKLFK�LV�XVHG�IRU�VLPXODWLRQ��2QH�ZD\�IOXLG�VWUXFWXUH�FRXSOLQJ�LV�DSSOLHG�ZKHUH�WKH�FKDQJH�RI�WKH�
VKDSH�RI�WKH�YHVVHO�ZDOO�LV�DVVXPHG�QRW�WR�LQIOXHQFH�WKH�EORRG�IORZ�WR�DQDO\VH�WKH�GHIRUPDWLRQ�DQG�VWUHVV�GLVWULEXWLRQ�RI�WKH�
FDURWLG�ZDOO�� �

� 5(68/76� �
�'�VWUXFWXUH�RI�WKH�SRUFLQH�FDURWLG�VKRZQ�LQ�)LJ����D��ZDV�FRQVWUXFWHG�LQ�2VLUL[�E\�LQSXWWLQJ�D�KXQGUHG�IUDPHV�RI�SXOO�

EDFN�2&7�LPDJHV��)LJ����E��LV�RQH�IUDPH�RI�WKH�2&7�LPDJHV�RI�WKH�FURVV�VHFWLRQ�RI�WKH�SRUFLQH�FDURWLG��ZKHUH�WKH�2&7�
LPDJLQJ�FDWKHWHU�DQG�JXLGH�ZLUH�FDQ�EH�VHHQ�DV�FLUFOHV�DQG�D�EULJKW�FXUYH�ZLWK�VKDGRZ�EHKLQG��)URP�)LJ����D��DQG�E��WKH�
OD\HUV�RI�LQWLPD��PHGLD�DQG�DGYHQWLWLD�FDQ�EH�LGHQWLILHG��%ORRG�IORZ�LV�LPDJHG�ZKHQ�WKH�2&7�FDWKHWHU�LV�SDUNHG�DW�D�
SRVLWLRQ��)LJ����F��DQG�G��DUH�LPDJHV�RI�WKH�'RSSOHU�SKDVH�FKDQJH�LQGXFHG�E\�EORRG�IORZ�DW�WZR�GLIIHUHQW�WLPHV��7KH�'RSSOHU�
SKDVH�FKDQJH��ZKLFK�LV�LQ�SURSRUWLRQ�WR�WKH�EORRG�IORZ�YHORFLW\�GHPRQVWUDWHV�WKH�FRQWRXU�RI�WKH�YHORFLW\��7KH�FDURWLG�PRGHO�
FUHDWHG�LQ�&2062/�EDVHG�RQ�)LJ����D��DQG�E��LV�VKRZQ�LQ�)LJ����D���%ORRG�YHORFLW\�ZDYHIRUP�H[WUDFWHG�IURP�WKH�SRLQW�$�
VKRZQ�RQ�)LJ����F��DQG�G��LV�SORWWHG�LQ�)LJ����E���$�TXDGUDWLF�FXUYH�ILWWLQJ�ZDV�DSSOLHG�WR�WKH�YHORFLW\��ZKLFK�ZDV�WKHQ�LQSXW�
WR�&2062/�IRU�WKH�IOXLG�VLPXODWLRQ��7KUHH�FURVV�VHFWLRQV�RI�WKH�YHORFLW\�GLVWULEXWLRQ�DW�����V�DUH�SORWWHG�LQ�)LJ����F���ZKLFK�
VKRZ�VLPLODU�SDWWHUQ�DV�WKRVH�LQ�)LJ����F��DQG�G���7KH�YDVFXODU�ZDOO�VWUHVV�ZHUH�WKHQ�DQDO\VHG��7KH�9RQ�0LVHV�VWUHVV�LV�



VKRZQ�LQ�)LJ����G��ZKHUH�WKH�GLVWULEXWLRQ�LV�FLUFXPIHUHQWLDOO\�XQLIRUP�GHVSLWH�WKH�HFFHQWULF�DQQXOXV�FUHDWHG�E\�WKH�,92&7�
FDWKHWHU�� � � � �
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� �  

�

�
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',6&866,21�$1'�&21&/86,216�
%ORRG�IORZ�YHORFLW\�DQG�EORRG�YHVVHO�VWUXFWXUH�ZLWK�DQ�HFFHQWULF�FDWKHWHU�REWDLQHG�WKURXJK�,92&7�DUH�LQWHJUDWHG�ZLWK�

&2062/�VLPXODWLRQ�IRU�FDURWLG�VWUHVV�DQDO\VLV��)URP�)LJ����DQG����LW�FDQ�EH�VHHQ�WKH�FXUUHQW�VLPXODWHG�IORZ�SDWWHUQ�
PDWFKHV�ZHOO�WR�WKH�H[SHULPHQWDO�UHVXOWV�ZKHQ�WKH�IORZ�YHORFLW\�LV�VPDOO�DV�VKRZQ�LQ�)LJ����F���:KHQ�WKH�YHORFLW\�EHFRPHV�
JUHDWHU�VXFK�DV�)LJ����G���XPELOLFDWH�FRQWRXU�OLQHV�DSSHDU��ZKLFK�GRQ¶W�VKRZ�LQ�WKH�VLPXODWLRQ��7KXV��WKH�YHORFLW\�SURILOH�
REWDLQHG�IURP�,92&7�LPDJLQJ��LQVWHDG�RI�WKH�YHORFLW\�RI�D�SRLQW�ZLOO�EH�LQWHJUDWHG�ZLWK�QXPHULFDO�VLPXODWLRQ�LQ�RXU�
IROORZLQJ�VWXGLHV��,Q�DGGLWLRQ��KRZ�WKH�LPDJLQJ�FDWKHWHU�ZLOO�LQIOXHQFH�WKH�IORZ�DQG�WKH�ZDOO�VWUHVV�ZLOO�EH�VWXGLHG�IXUWKHU��,Q�
FRQFOXVLRQ��WKLV�LV�WKH�ILUVW�FDURWLG�ZDOO�VWUHVV�DQDO\VLV�EDVHG�RQ�in vivo�,92&7�LPDJLQJ��7KLV�VWXG\�GHPRQVWUDWHG�WKH�
SRVVLELOLW\�RI�LQWHJUDWLQJ�,92&7�LPDJHV�ZLWK�QXPHULFDO�VLPXODWLRQ�WR�VWXG\�YDVFXODU�PHFKDQLFV��%DVHG�RQ�WKH�KLJK�
UHVROXWLRQ�in vivo�LPDJHV��WKH�PRVW�UHDOLVWLF�PRGHO�XS�WR�GDWH�ZDV�FUHDWHG��,QWHJUDWHG�ZLWK�QXPHULFDO�VLPXODWLRQ��WKH�EDVLF�
FDURWLG�ZDOO�VWUHVV�ZDV�DQDO\VHG��7KLV�VWXG\�ZLOO�SDYH�WKH�URDG�IRU�YDVFXODU�PHFKDQLFV�VWXGLHV�E\�LQWHJUDWLQJ�KLJK�UHVROXWLRQ�
LPDJLQJ�DQG�QXPHULFDO�VLPXODWLRQ��ZKLFK�ZLOO�SURYLGH�LPSRUWDQW�LQIRUPDWLRQ�IRU�WKH�VWXG\��GLDJQRVLV�DQG�WUHDWPHQW�RI�
VWURNHV�DQG�RWKHU�YDVFXODU�GLVHDVHV�� �
�
5HIHUHQFHV�
�� 5RVHQIHOG��0�(���$Q�RYHUYLHZ�RI�WKH�HYROXWLRQ�RI�WKH�DWKHURVFOHURWLF�SODTXH��IURP�IDWW\�VWUHDN�WR�SODTXH�UXSWXUH�DQG�
WKURPERVLV��Z Kardiol����������������
�� 0DOHN��$�0���$OSHU��6�/���DQG�,]XPR��6���+HPRG\QDPLF�VKHDU�VWUHVV�DQG�LWV�UROH�LQ�DWKHURVFOHURVLV��Jama-J Am Med 
Assoc�����������������������������
�� 3HUNWROG��.���DQG�5HVFK��0���1XPHULFDO�)ORZ�6WXGLHV�LQ�+XPDQ�&DURWLG�$UWHU\�%LIXUFDWLRQV���%DVLF�'LVFXVVLRQ�RI�
WKH�*HRPHWULF�)DFWRU�LQ�$WKHURJHQHVLV��J. Biomed. Eng.�������������������������
�� 6XWHU��0���1DGNDUQL��6���:HLV]��*���7DQDND��$���-DIIHU��)���%RXPD��%���DQG�7HDUQH\��*���,QWUDYDVFXODU�RSWLFDO�LPDJLQJ�
WHFKQRORJ\�IRU�LQYHVWLJDWLQJ�WKH�FRURQDU\�DUWHU\��JACC. Cardiovascular imaging��������������������������
�� 6XQ�� &��� 1ROWH�� )��� &KHQJ�� .�+�<��� 9XRQJ�� %��� /HH�� .�.�&��� 6WDQGLVK�� %�$��� &RXUWQH\�� %��� 0DURWWD�� 7�5���
0DULDPSLOODL��$���DQG�<DQJ��9�;�'���,Q�YLYR�IHDVLELOLW\�RI�HQGRYDVFXODU�'RSSOHU�RSWLFDO�FRKHUHQFH�WRPRJUDSK\��Biomed Opt 
Express���������������������������
�� .HQQHWK�.��&��/HH��$GULDQ�0DULDPSLOODL��-RH�;��=��<X��'DYLG�:��&DGRWWH��%ULDQ�&��:LOVRQ��%HDX�$��6WDQGLVK��DQG�
<DQJ��9�;�'���5HDO�WLPH� VSHFNOH� YDULDQFH� VZHSW�VRXUFH� RSWLFDO� FRKHUHQFH� WRPRJUDSK\� XVLQJ� D� JUDSKLFV� SURFHVVLQJ�XQLW��
Biomed. Opt. Express �������������������

�

)LJ����2&7�LPDJLQJ�RI�SRUFLQH�FDURWLG�DUWHU\��D��
2&7��'�LPDJH�RI�WKH�DUWHU\��E��2&7�VWUXFWXUDO�
LPDJH�RI�D�FURVV�VHFWLRQ�RI�WKH�DUWHU\��F��DQG�G��
EORRG�IORZ�SURILOHV�DW�WZR�GLIIHUHQW�WLPHV�GXULQJ�

IOXVK��6FDOH�EDUV�UHSUHVHQW���PP� 

)LJ����6WUHVV�DQDO\VLV�E\�&2062/�VLPXODWLRQ��D��JHRPHWULFDO�
PRGHO�EXLOW�EDVHG�RQ�)LJ����D���E��YHORFLW\�SURILOH�EDVHG�RQ�)LJ��
��F���F��YHORFLW\�ZDYH�IRUP�RI�SRLQW�$�LQ�)LJ����F���G��YRQ�PLVHV�
VWUHVV�GLVWULEXWLRQ�RI�D�FURVV�VHFWLRQ 
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A MODEL FOR MECHANICALLY DRIVEN MORPHOGENESIS
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Summary After drawing a clear distinction between various kinds of processes of material evolution encountered in biological tissues,
processes of morphogenesis are identified as those for which material symmetry breaking occurs. Assuming that long molecules embedded
in an extracellular matrix have a degree of freedom so that they can interlock in at least two different arrangements, a bi-modal energy
density can give rise to morphogenesis purely driven by histories of deformation.

MATERIAL EVOLUTION

Assume a solid material with a constitutive equation of the form

W = W (F; t). (1)

In this equation, W can be interpreted as the free-energy density per unit spatial volume. The deformation gradient F is
measured with respect to a fixed reference configuration. For simplicity, we assign a zero energy to a natural state, assumed to
exist and to be defined within an arbitrary rigid body rotation. The appearance of the time variable t will permit us to describe
phenomena of material evolution. Naturally, although not explicitly shown by the notation, it is implicitly assumed that time
is measured from some defining event such as a chemical reaction or a fabrication procedure that took place at t = 0.

The time dependence of the constitutive law (1) can be either explicitly stated or, more commonly, mediated by the
presence of internal variables. In this case, the time evolution of these internal variables is governed by further evolution
equations (usually, first-order ODEs) that provide a coupling with constitutive variables such as deformation and stress.

Processes of material evolution can be classified into various distinct categories, as done in detail in [2]. This classifica-
tion is particularly relevant in biological applications[1, 4], particularly to determine whether a process of evolution can be
canonically decomposed into remodeling, growth and aging components so as to attribute each component to a definite causal
law. We say that a material point with constitutive law (1) undergoes a process of remodeling within a time interval T if, and
only if, the time dependence is mediated by a non-singular time-dependent linear transformation P as follows

W = W (FP(t)). (2)

An equivalent way to express the concept of pure remodeling is by saying that throughout a process of remodeling a material
point remains materially isomorphic, a term introduced by Noll [5]. Indeed, if (without loss of generality) we impose the
initial condition

P(0) = I, (3)

where I is the identity tensor, we can write
W (F; t) = W (FP(t); 0), (4)

which means that the constitutive equation at any fixed time t > 0 can be regarded as identical to the constitutive equation at
time t = 0, except for a change of local reference configuration, represented by P. We may say that a small neighborhood
of material at time t = 0 has been cut out, deformed by P and thereafter grafted back, as it were, at time t. We call this
operation a material transplant [3]. This kind of material evolution is essentially the one considered in the pioneering paper
by Rodriguez et al [6]. An intuitive way to visualize it is to imagine that the constitutive properties can be boiled down to a
linear spring with stiffness k and rest length L0. In a process of pure remodeling, the stiffness coefficient k remains constant,
while the rest length L0 changes with time.

Any material evolution process of the form (1) that is not expressible in the form (2) is, by definition, an aging process.
This definition and the attendant terminology require some justification. Clearly, if the constitutive equation is not expressible
by Equation (2), the instantaneous material response does not remain at all times materially isomorphic to its initial response,
which means that some of its constitutive properties are changing in time. We refer to this fact by saying that the material has
aged, although the term ‘rejuvenation’ would be equally acceptable.
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A material point may undergo a radical process of aging by moderate or drastic changes of its properties, such as the
modulus of elasticity in the case of a linear elastic isotropic material. A process of aging may result, for example, in the
weakening of the stiffness of mineralized bone due to hormonal deficiencies. If, however, the weakened bone mineral is still
isotropic, there has not been a qualitative change of material response. This observation leads us to identify an aging process
as a process of morphogenesis if it entails a sudden change in the material symmetry type, as when the material changes from
fully isotropic to orthotropic. The symmetry groups at different times in a morphogenetic process are no longer necessarily
conjugate. This symmetry breaking is indeed considered as essential for pattern formation in plants and animals, as already
envisioned in the epoch-making article by Turing [7]. Point-wise morphogenetic evolution can give rise to non-uniformity
resulting in pattern formation.

In biological contexts, a situation of this kind may arise at early stages of development whereby long molecules are
relatively free to move within a material matrix and to form branches and more or less stable cross-links before settling in
a less permissive environment. Assume, for example, a thin membrane of isotropic matrix material in which identical long
molecules or fibres are initially arranged in a regular orthogonal lattice, thus resulting in an initially transversely isotropic
composite material. The molecules are assumed to be all parallel to the plane of the membrane. The corresponding free-
energy density function will, accordingly, enjoy all the symmetries provided by the group of rotations about the axis normal to
the plane of the membrane. We may assume, moreover, that there is a single alternative local arrangement of the molecules in
which they are all mutually parallel, such as the case of two identical helices side by side. This arrangement will be assumed
to be permanent once it has taken place, on the basis that the bond is stronger than in the original orthogonal counterpart. The
free-energy density of the parallel arrangement will, naturally, enjoy less symmetries than the original. We obtain, in fact,
an orthotropic material. In going from the orthogonal to the parallel arrangement there is, therefore, a symmetry breaking
mechanism at play. Both alternative energy densities are functions of the local value of the deformation gradient (or strain).
For a given state of strain the material will choose to transform itself to the lower energy mode, provided it was in the
transversely isotropic mode. The reverse passage is forbidden, as already pointed out, due to the strength of the parallel bond.
Naturally, the mechanism just described is a point-wise affair governed by the local value of the strain. The reorientation of
the molecules in those parts where it has taken place will manifest itself macroscopically by a change in color or texture of the
membrane and a pattern will emerge. Several examples will serve to illustrate this kind of purely mechanically driven pattern
formation.
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ON DEFORMATION AND FRACTURE OF TOOTH ENAMEL  
 

Herzl Chai1  
1School of Mechanical Engineering, Tel-Aviv University, Tel-Aviv, Israel  

  
Summary Tooth enamel, although having nominal material properties similar to glass, is able to sustain repeat contact loading 
under harsh conditions from food processing, a critical function for survival. To understand how individual material phases 
of enamel are combined to impart tooth resilience, a robust characterization of material properties under actual loading 
conditions and valid failure and fracture analyses need be conducted. In this work, some basic macro scale deformation and 
fracture characteristics of tooth enamel under occlusal loading are established. This information is then used in a fracture 
mechanics analysis to produce critical loads for tooth failure. The results show that the most critical strength factors are enamel 
thickness and enamel material nonlinearity. 
 

Introduction 
Tooth enamel, although having nominal material properties similar to glass, is able to sustain repeat contact loading under 

harsh conditions from food processing, a critical function for survival. This remarkable performance is accomplished by a 
unique, natural design of material microstructure and geometry [1]. Enamel is composed of rods made of crystallite platelets 
which are held together by thin layers of organic matrix. Rods are grouped into bundles called Hunter-Schreger bands (HSB) 
which orientations change in space. To understand how these individual characteristics combine to impart tooth resilience 
necessitates a robust characterization of material properties under actual working conditions and valid failure/fracture 
analyses. Most material characterization works on this subject are concerned with basic quantities such as elastic modulus, 
hardness, fracture toughness and stress-strain response, typically generated using nano or micro indentation testing techniques. 
It remains to be seen, however, how such properties are combined together to impart the unique fracture resistance of tooth 
enamel. The main purpose of this work is to establish the basic deformation and fracture characteristics for tooth enamel under 
occlusal loading in the macro scale and gain insight into how material architecture quantitatively affect the fracture resistance 
under such loading.  

 
Testing and Analysis 

Indentation tests using W/C balls of various radii are performed on extracted human molar teeth. The balls are placed at 
the tooth center or on the flat surfaces of polished prominent cusps and then they are pressed down to predetermined load 
values. After unloading, samples are sectioned transversely or longitudinally, and the internal as well as external damage 
observed and quantified with the aid of optical and scanning electron microscopy. Of special interest in these are the 
quantification of the stress-strain response and failure stress of enamel, and the initiation and growth of damage or cracks in 
the enamel. The stress-strain behaviour of enamel is established analytically with the aid of a FEA which makes use of 
experimental plots of mean stress vs. indentation strain. A fracture mechanics analysis in conjunction with the Finite Element 
(FEM) technique is employed to determine the load needed to initiate radial cracks at the dentin/enamel junction (DEJ) or to 
propagate median radial cracks under the contact to the DEJ.  

 
Results 

   The indentation tests revealed that enamel is a highly nonlinear material exhibiting a pronounced strain hardening. This 
response is influenced by the damage induced by indentation, which is dependent on ball radius. It is found that the constitutive 
behavior of enamel is well represented by a Ramberg-Osgood constitutive law, obtained by a best fit to the experimental data, 
of the form  
 
ε/εY  = σ/σY + 0.12 (σ/σY)1.3, σY = 330 MPa,                                                                    
 
where σY and εY are the true yield stress and true yield strain in a uniaxial tension test.   

Figure 1 shows a representative longitudinal section of a tooth loaded by a W/C ball placed at the central fossa. The plane 
of the cut intersects the tip of two diagonal tooth cusps. As shown, the enamel layer suffered considerable damage. The image 
plane in Fig. 1a contains two (I and II) contact spots. A few cracks marked R extend from these spots, typically normally to 
the occlusal surface, some of which reach the DEJ. This form of damage is consistent with a radial crack pattern on a surface 
intersecting a contact circle. Several small cracks also emanate from the DEJ, typically from tufts [1]. A relatively large one 
is seen in region III across from spot II. The magnified view of spot I shown at the right side reveals additional thin, surface 
normal cracks marked C that are confined to an annulus ring bounded by the contact circle. These cylindrical cracks, the 
analogue of shallow cone cracks in homogeneous materials, are constrained to grow in the weak interrod material between 
enamel rods [2].  
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FORCE-INDUCED INTERNALIZATION OF MAGNETIC NANOPARTICLES  
FOR DRUG DELIVERY AND CELL TRACKING 
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Summary We have systematically studied the use of applied magnetic force to facilitate the cellular internalization of magnetic 
nanoparticles. The magnetic nanoparticles have uniform core sizes and coated with phospholipid-PEG. We investigated the pathway of 
nanoparticle internalization into different cell types under an applied magnetic field and determined the dependence of cellular uptake on 
nanoparticle size and concentration, substrate stiffness, temperature, and changes of the cytoskeletal structure. Our results shed light on 
force-induced endocytosis of nanoparticles and provide a means to remotely control vascular permeability, thus having the potential to 
shift the paradigm of targeted drug delivery and open up new opportunities for the application of nanotherapeutics. 
 

 
INTRODUCTION 

 
   Magnetic nanomaterials are being extensively exploited for magnetically guided delivery of therapeutic agents and cells, 
focused hyperthermia and remote triggering of molecular and cellular events. A process fundamental to these therapeutic 
paradigms is the cellular uptake of magnetic nanomaterials under an applied magnetic field. Here we dissect magnetically 
guided internalization of magnetic nanoparticles by primary cells and cancer cells in a semi-homogeneous magnetic force 
field. Our study indicates that the magnetic nanoparticle were internalized by cells through energy-dependent endocytic 
pathways. The rate of endocytosis increases with the magnetic force in a cell type-independent manner, but is not sensitive 
to the concentration of nanoparticles on cell surface. 
 
 

RESULTS AND DISCUSSION 
 
   To obtain a mechanistic understanding, we quantified endocytosis of magnetic nanoparticles ranging from 
superparamagnetic to ferromagnetic regimes by cells grown on substrates with different stiffness. The magnetic 
nanoparticles have uniform core sizes of 10, 15, 25 and 40 nm respectively, coated with DSPE-PEG2000 copolymers, and 
their cellular internalization was quantified using HeLa, HUVEC and HDF cells at both 37oC and 4oC.  We also 
determined the dose-dependence of nanoparticles and the effect of different drug concentrations in disrupting actin stress 
fibers. 

We found that magnetic nanoparticles are internalized through endocytic pathways. The applied magnetic force 
increases the accumulation of magnetic nanoparticles on cell surface, and there is a clear dependence on nanoparticle core 
size and magnetization. Our experimental and modeling results suggest a vesicle packing model for the endocytosis of 
magnetic nanoparticles, whereas magnetic forces increase the packing density of nanoparticles in pre-formed endocytic 
vesicles on the cell surface, which promote the invagination of vesicles by overcoming membrane tension. Our studies also 
indicate that magnetic nanoparticles can be internalized into vascular endothelial cells under applied magnetic forces and 
accumulate in perinuclear lysosomes. We found that magnetic force applied to intracellular magnetic nanoparticles can 
induce the formation of actin stress fibers. Using a microfluidic device, we show that the intracellular magnetic force can 
induce rearrangements of stress fibers, which in turn leads to a reversible disruption of the tight junctions among endothelial 
cells. 
 
 

CONCLUSIONS 
 

   Our studies shed light on the endocytosis of nanoparticles and provide a means to remotely control vascular 
permeability, thus having the potential to shift the paradigm of targeted drug delivery and open up new opportunities for 
nanotherapeutics 
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UNIVERSAL CORRELATION BETWEEN STIFFNESS AND VOLUME FOR CELLS 
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Summary The stiffness of cells is commonly assumed to depend on the stiffness of their surrounding: bone cells are much 
stiffer than neurons, and each exists in surrounding tissue that matches the cell stiffness.  In this talk, I will discuss new 
measurements of cell stiffness, and show that that cell stiffness is strongly correlated to cell volume.  This affects both the 
mechanics and the gene expression in the cell, and even impacts the differentiation of stem cells.  To probe the effects of 
gene expression, I will discuss lab-on-a-chip developments, using drop-based microfluidics, that provide a full gene 
expression analysis at the level of individual cells. 
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Summary An Eulerian formulation of soft tissue growth has been developed. In contrast with standard Lagrangian formulations of growth that 
use multiplicative forms connecting total, elastic and growth deformation tensors, this Eulerian formulation uses evolution equations for elastic 
deformation measures. These evolution equations model homeostasis as an inelastic process causing the elastic deformation measures to 
approach their homeostatic values.  An advantage of the Eulerian approach is that it is not influenced by unphysical arbitrariness of 
specifications of reference and intermediate configurations. 
 

EVOLUTION EQUATIONS 
 
   An Eulerian formulation of growth in soft tissues is proposed which is based on the work in [1]. The tissue is modelled 
as a composite of a matrix and additional components that model the response to elastic stretching of the area of a material 
surface, the elastic stretching of material fibers and elastic shearing in a material direction in a material surface. These 
additional components introduce anisotropy in both the elastic and inelastic response of the tissue. The balance laws model 
an open system with a rate of mass supply and the constitutive equations are thermodynamically consistent. In contrast with 
other formulations, evolution equations are proposed directly for elastic deformation measures. This approach has the 
advantage that the material response is not influenced by arbitrariness of the choice of reference and intermediate 
configurations. Specifically, the elastic dilatation !" and a symmetric positive-definite unimodular second order tensor #"$ 	 
det #"

$ = 1  that characterizes elastic distortions of the tissue are determined by the evolution equations 
 

!"
!"
= + ⋅ - − Γ0 ln

!"
!3

		, 

 

#"
$ = 5#"

$ + #"
$ 57 −

2

3
+ ⋅ - #"

$ − Γ	 #"
$ −

3

#"$:; ⋅ <$ <$ 		. 

 
In these equations, 5 is the velocity gradient, + = 5 + 57 /2 is the total deformation rate, - is the unit tensor, ? ⋅ # =
tr(?#7) denotes the inner product between the second order tensors ?,#  and a superposed dot denotes material time 
differentiation. Also, Γ0, Γ  are non-negative scalar-valued functions that characterize the rate of homeostasis, which is 
the inelastic process causing !", #"

$  to approach their homeostatic values !3, <
$ , with <$ being a symmetric positive-

definite unimodular tensor. The constitutive equations for the Cauchy stress tensor C are defined so that C vanishes when 
the elastic dilatation !"  equals 1 and the elastic distortional deformation tensor #"$  equals -. Since !3, <

$  can be 
different from 1, - , the homeostatic state of the tissue can have non-zero residual stresses. 
  When the homeostasis rates Γ0, Γ  are positive, homeostasis occurs simultaneously with loading 5 ≠ 0  and nonzero 
stress. When Γ0, Γ  are positive and loading vanishes 5 = 0 , the elastic deformation measures !", #"

$  approach their 
homeostatic values !3, <

$  with non-zero stress. To model growth at zero stress it is convenient to take <$ in the form 
 

<$ = det	(<):; F<		,			< = - + <$$		,			<$$ ⋅ - = 0		, 
 

where <$$ is a symmetric deviatoric tensor which is restricted by the condition that < is positive definite. It then follows 
that homeostasis can cause growth at zero stress with 
 

5 = + = −
1

3
	Γ0 ln !3 - −

1

2
	Γ	<$$		,			+ ⋅ - = −	Γ0 ln !3 			,			+$$ = −

1

2
	Γ	<$$		, 

 
	for			C = 0			with			!" = 1			and			#"

$ = -			, 
 
where +$$ is the deviatoric part of +. Thus, for zero stress, the logarithmic rate of total volume growth is determined by 
the product Γ0 ln !3  and the rate of total distortional deformation is determined by the product Γ	<$$ , which 
emphasizes the importance of the deviatoric tensor 	<$$ . Consequently, within the context of this theory, it is possible to 
control the rate of growth due to homeostasis with the scalars Γ0, Γ  separately from the value of the stress in the 
homeostatic state of the tissue with the homeostatic values !3, <

$ . 



  Most formulations of finite growth of tissues are based on a Lagrangian model [2], which is an adaptation of models for 
finite deformation plasticity, with the total deformation gradient M expressed in a multiplicative form using an elastic 
deformation tensor M" and a growth tensor MN 
 

M = M"MN		. 
 
A model using multiplicative forms of a number of deformation tensors from the reference configuration and a number of 
intermediate configurations was proposed for residual stresses in biomaterials in [3]. Removal of unphysical arbitrariness of 
multiplicative formulations of these kind has been discussed in [4]. In contrast with these formulations, the proposed 
Eulerian formulation does not introduce a total deformation or a growth tensor and does not have unphysical arbitrariness.  
 

EXAMPLES 
 
  Shi et al. [5] have studied the morphogenetic process of c-looping of the heart using a simplified model of an 
inhomogeneous circular cylindrical tube as well as using realistic anatomically based geometry of the heart tube. 
Specifically, they used a multiplicative model similar to that described in [2] and specified the growth deformation tensor by 
a series of growth mechanisms which characterize the c-looping process. 
  A robust, strongly objective numerical integration algorithm for the evolution equations in the Eulerian formulation of 
soft tissue growth has been developed and is being implemented into ABAQUS together with a consistent tangent stiffness. 
Examples of the c-looping growth process of the heart are considered using the simplified circular cylindrical tube model. 
Differences between the growth process in the Eulerian model [1] and that in the Lagrangian model [2] used in [5] will be 
discussed. 
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MECHANICAL CONSIDERATIONS ON TRACTION FORCE MICROSCOPY

Manuel Zündel∗1, Alexander E. Ehret1,2, and Edoardo Mazza1,2

1ETH Zürich, Institute of Mechanical Systems, Switzerland
2EMPA. Materials Science and Technology, Dübendorf , Switzerland

Summary In the present contribution we present a study on critical factors that should be considered to fully exploit the great potential
provided by non-linear traction force microscopy approaches. To this end, various influencing factors are studied numerically in benchmark
examples based on experimentally observed cellular traction fields using a custom, finite element based framework to analyze traction force
microscopy experiments on highly deformable substrates.

TRACTION FORCE MICROSCOPY

Mechanical stimuli play an important role for cell differentiation and the regulation of cellular processes [1, 2]. The
quantification of the mechanical interactions between cells and their environment is thus an important topic in the field of
mechanobiology. Traction Force Microscopy (TFM) refers to a set of methods that base on inferring the forces exerted by
cells from the observed motion of a deformable substrate with known material properties [3]. This includes, for example,
the use of very thin films allowing the reconstruction of cellular tractions by analysing the induced wrinkling pattern [4], or
structured substrates such as nano-pillar arrays. The latter bend upon cellular loads, so that the forces can be calculated from
measuring tip displacements and beam theory [5]. While the mechanical problem is straightforward, the method does not
allow quantifying out-of-plane forces and, moreover, the particular substrate topology is known to affect the cell behaviour
[6]. The latter can be circumvented by placing the cells on continuous and deformable substrates equipped with fluorescent
markers inside or on the surface of the material [7]. Tracking these markers in a laser microscope provides the displacements
in two or even three dimensions caused by the cells’ tractions on the surface, and with the material properties of the substrate
given, these tractions result from solving the inverse mechanical problem [8]. For the solution of this inverse problem, different
approaches have been developed in the past based on the Boussinesq-Green solution for the elastic half-space [9]. Since these
methods invoke the principle of superposition, their applicability is limited to materially and geometrically linear cell-substrate
systems, i.e. with small deformations and linear-elastic substrates. While the former requirement limits the sensitivity of the
method, the latter significantly restricts the choice of the substrate materials. To overcome these limitations TFM approaches
were proposed that use finite element analysis (FEA) to compute the inverse problem. Such non-linear approaches bear
great potential but they come along with a number of challenges relating to the discretisation of the substrate domain into a
finite element mesh, the according interpolation of the displacement field, the handling of experimental noise and a thorough
characterization of the substrate material. In the present contribution these essential aspects are studied by use of benchmark
examples along with relevant questions related to the interpretation of numerical TFM results.

NUMERICAL ANALYSES

Applying a newly developed FEA-based TFM approach for the three-dimensional analysis of cellular traction forces on
continuous, highly deformable substrates to benchmark test-cases, we discuss the influence of resolution and noise of the
displacement field, the quality of the finite element discretization, the type of interpolation scheme and the choice of the
substrate material law on the accuracy of the computational traction field reconstruction. The benchmark test-cases are based
on traction fields observed from the TFM analysis of different cells (HeLa cells and Fibroblasts) on very soft silicone substrates
with an equivalent elastic modulus of 10-15 kPa.

RESULTS

The regularisation strategies used to account for noise in the Green-Boussinesq approaches to TFM, see e.g. [10] are not
directly applicable to the non-linear framework. In addition, since the majority of elastomeric substrates are characterised by
incompressible behavior, already very small inaccuracies in the experimentally determined displacements can lead to spurious
behavior if these errors violate the volumetric constraint.

While a finite element discretization that is finer than the grid of measurement points improves the quality of the numerical
calculation and is in many cases mandatory to obtain convergent solutions, it brings about the necessity to interpolate between
these points, and it is shown that both the refinement of the mesh but also the method for interpolation strongly affect the result
if not appropriately interpreted. The influence of the interpolation on the traction field reconstruction of a simple benchmark
example is shown in figure 1.

∗Corresponding author. Email: zuendel@imes.mavt.ethz.ch
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BIOMECHANICS OF HEPATIC CELLS AND ENGINEERED CONSTRUCTION OF LIVER

Mian Longa), Ning Li, Yan Zhang, Dongyuan Lü, and Shouqin Lü
Center of Biomechanics and Bioengineering and Key Laboratory of Microgravity (National Microgravity 

Laboratory), and Beijing Key Laboratory of Engineered Construction and Mechanobiology, Institute of Mechanics, 
Chinese Academy of Sciences, Beijing 100190, China.

Summary Based on the unique sinusoidal structure of liver microcirculation and its essential biological function, we evaluated systematically 
the multi-scale biomechanics and mechanobiology of liver at molecular, cellular, or tissue level, which included the contribution of !2-integrin-
ICAM-1 ligand interactions to the cell-cell adhesion, flow-induced crawling of mouse PMN on LSEC monolayer, the impact of substrate 
stiffness and microtopography on hepatic differentiation of embryonic stem cells (ESCs) , as well as the impact of a in-house built 3D in vitro
sinusoidal model and engineered liver bioreactor in implementing hepatic functions. This work provides an insight for quantifying the intrinsic 
binding kinetics and the blood flow-induced crawling features of hepatic cells, and also proposes a novel 3D supporting system for liver 
function with well defined blood hemodynamics. 
    

Liver microcirculation is unique due to its complexity of sinusoidal structure, in which multiple types of hepatic and/or hemapoietic cells 
interact with each other under blood flow in a three-dimensional (3D) environment. Adhesion of flowing leukocytes to liver sinusoidal 
endothelial cells (LSECs) or Kupffer cells (KCs) is crucial in liver immune responses. While it is known that two !2-integrins LFA-1 and Mac-
1 play distinct roles in the most of organ-specific microcirculations, Mac-1 seems to be predominant in neutrophil (PMN) adhesion and 
crawling in localized inflammation while the role of LFA-1 is controversial in liver.  

   We combined the probabilistic model of small system kinetics with the mechano-chemical coupling theory to quantify the cell-cell adhesion 
mediated by !2-integrin-ICAM-1 ligand interactions. Upon these models, we compared experimentally the binding kinetics of LFA-1 and Mac-
1 to ICAM-1s on mouse LSECs or KCs and found that the binding kinetics between these two integrin molecules is different when ICAM-1s 
were expressed on distinct cells, supporting that Mac-1 predominantly mediates the adhesion between leukocytes and LSECs and KCs. Next, 
we tested the flow-induced crawling of mouse PMNs on LSEC monolayer and indicated that PMNs tend to migrate along the direction of shear 
flow and yield high crawling velocity and moving displacement than those under static case, mainly mediated by LFA-1. We also quantified the 
impact of substrate stiffness and microtopography on hepatic differentiation of embryonic stem cells (ESCs) and demonstrated that substrate 
microtopography (grooved, pillar, or hexagonal configuration) works cooperatively with its stiffness to manipulate ESC stemness and hepatic 
differentiation. Finally, a 3D in vitro sinusoidal model and engineered liver bioreactor were in-house built, in which physiologically-mimicking 
microenvironment is critical for implementing hepatic functions. 

 Multi-scale biomechanics and mechanobiology of liver at molecular, cellular, or tissue level were systematically evaluated, which provides 
an insight for quantifying the intrinsic binding kinetics and the blood flow-induced crawling features of hepatic cells. This work also proposes a 
novel 3D supporting system for liver function with well defined blood hemodynamics. 

   This work was supported by National Natural Science Foundation of China grants 31230027 and 31110103918 and Strategic Priority 
Research Program of Chinese Academy of Sciences grant XDA01030102. 
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MECHANICS OF STEM CELL MYOGENESIS 
 

Alexander Spector1a), Rajiv Deshpande2 & Warren Grayson 2 
1 Departments of Biomedical Engineering and Mechanical Engineering, Johns Hopkins University, Baltimore, 

Maryland, USA 
2Department of Biomedical Engineering, Johns Hopkins University, Baltimore, Maryland. USA 

 
Abstract  Myogenesis of stem cells is the process of their conversion into skeletal muscle cells. The mechanical factors play a 
key role in this process, and they can be used to maximize the stem cell myogenic output. Our goal here is a better understanding 
and use of this effect. We interpret stem cell myogenesis as a progression through several key stages where each of them is 
characterized by the expression of specific proteins (myogenic factors). The cell stage-to-stage progression is affected by the 
magnitude and time course of the applied strain through the intracellular signalling. The model of this mechanism is described in 
terms of nonlinear ODEs and applied to the analysis of stem cell myogenesis under the action of cyclic uniaxial strain. The 
model parameters are adjusted based on a parallel experiment, and the results are used for the optimization of the amplitude, 
frequency, and duration of the applied strain.       
 

INTRODUCTION 
 
   Under physiological conditions, skeletal muscle regeneration is provided by specialized stem cells, called satellite cells 
whose differentiation has typical stages of expression particular proteins and morphological transformations. This 
mechanism fails under pathological conditions, such as muscular dystrophy, ageing, or severe muscle trauma. Other stem 
cells are now used in muscle therapies, and these cells (if transplanted) should follow the time course of satellite stem cell 
differentiation, it is, however, associated with a number of limitations. One medically promising approach is related to 
adipose-GHULYHG�VWHP�FHOOV�WKDW�DUH�HDVLO\�DFFHVVLEOH�LQ�WKH�SDWLHQW¶V�ERG\�DQG�GHPRQVWUDWH�SRWHQWLDO�RI�GLIIHUHQWLDWLRQ�LQWR�
skeletal muscle cells. The output of this differentiation is low, but it has been recently shown in the experiment that the 
results can be significantly improved by the application of mechanical strains [1]. The time course of application of such 
strains (cyclic following periods of rest) is similar to that experienced by the muscle cells under physiological conditions. 
The mechanism of the strain effect on cell differentiation has not been fully understood: such mechanism was actively 
studied in other adherent (non-stem) cells but in stem cell myogenesis it has different features, such as cell fusion. The goal 
of our study is to develop a model to better understand the mechanism of strain effect on stem cell myogenesis with a 
further purpose to estimate the optimal parameters of the applied strain. 
 

KINETIC MODEL  
 

   We follow four key factors of stem cell myogenesis and define five major stages of this process, starting from the 
original stem cells ZKHUH�QHLWKHU�IDFWRU�LV�H[SUHVVHG�WKURXJK�WKH�ILQDO��³PDWXUH´��VWDJH�RI�PXVFOH-like cells where all (but 
one) factors are expressed. The expression of this exceptional factor (PAX7) increases to push stem cells out of its initial 
state and then decreases because the factor becomes an obstacle to the late stages of cell differentiation. After the definition 
of the main stages, we specify the biological mechanisms of cell progression from stage to stage. One such mechanism is 
asymmetric cell division where cells in a particular stage partially reproduce the parent cells (self-renew) and partially 
express a new factor (move to the next stage). This concept has been supported by our experiment showing that stem cells 
do divide in the early stages of their myogenesis [2]. Such a mechanism of differentiation changes in the late stages when 
the late factors are expressed by transcription without cell division. Thus, in each stage, cells self-renew, differentiate (either 
through division or directly) and dye with certain rates which are characteristics of our model. These rates are affected by 
the applied strain resulting in the strain-dependent stem cell kinetics. How to determine the strain dependence of the model 
rates? For the late stages of differentiation by the transcription mechanism, the strain dependence of the differentiation rate 
can be derived by assuming that the strain effect occurs via a signalling molecule which binds the transcription factor as its 
activator. This binding occurs much faster than the protein production which simplifies the kinetic equations and results in a 
sigmoidal (saturating for large strains) multiplicative term [3] in the differentiation rate. Then, we use a similar sigmoidal 
terms for the strain dependence of the rates in the early stages. In addition to the signalling associated with the strain effect 
(which is due to the cell-extracellular matrix interaction), we also introduce a feedback signalling which is due to the cell-
cell interaction. It is characterized by a feedback factor dependent on the cell density and expressed in terms of the total cell 
number. These and other features make the problem nonlinear. Computationally, the problem reduces to a system of 
QRQOLQHDU�2'(¶V�ZKLFK�LV�LQWHJUDWHG�DVVXPLQJ�WKDW�LQLWLDOO\�DOO�FHOOV�DUH�WKH�RULJLQDO�VWHP�FHOOV��DQG�FHOOV�LQ�RWKHU�VWDJHV�are 
absent. 
 

 



 
Fig. 1 Time course of cell 
numbers in stages 1-4 (A-D) and 
of the total cell number (E) . The 
computed results are presented vs. 
experimental data.  
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EXPERIMENT 

 
   In the experiment, adipose-derived stem cells are seeded on a flexible membrane substrate subjected to uniaxial strain 
(the Flexcell system). The daily-applied strain consists of a cyclic (tensile) component following by a period of rest. Such 
dynamic conditions are compared with control static (no-strain) condition of myogenesis. The myogenic markers are 
analysed by using immunofluorescent staining, and the brightness of images is converted into the numbers of cells 
expressing particular factors. We also estimate the number of proliferating (dividing) cells at different times. 
 

RESULTS 
 
We compute the numbers of cells in each of the five stages of myogenesis as functions of time for the dynamic and static 
conditions. We use a particular dynamic case (strain amplitude of 10%) to adjust the model parameters, and the resulting 
kinetics is presented in Fig. 1 along with the data for the static case. The number of the original stem cells is not shown but  

 
it can be extracted based on the data for the total number of cells (Fig. 1E). We use the model with the adjusted parameters 
to predict the kinetics of stem cell myogenesis for strains of other amplitudes. We found that the dynamic-case myogenesis 
follows a path where the original stem cells gradually disappear and are replaced with the cells expressing the late myogenic 
factors. This is opposite to the static case where the number of stem cells continues to rise, and the late factors are not 
expressed during the time of the experiment. Interestingly, there is a border-line case of the strain amplitude of about 2% 
where a transition between the dynamic and static patterns of kinetics occurs. Next, we consider the effect of the time 
course of the applied strain. We assume that the process of stem cell myogenesis depends on a ³signal´ reflecting the time 
course of the strain. The signal is considered as constant during the part of the day when the strain is applied. This constant 
is determined by the amplitudes of the strain and strain rate (strain frequency). During the rest of the day, the signal 
exponentially relaxes. We re-computed the kinetics of myogenesis taking into account the time course of the strain. Finally, 
we apply our model to the optimization of the strain daily time course varying the strain amplitude, frequency, and duration. 
The proposed model can be applied to different stem cells, it can also be extended to take into account 3-D spatiotemporal 
conditions, and the obtained results can lead to a better understanding of stem cell myogenesis 
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Summary We investigate the effects of line tension at the lipid-protein domain interface on membrane budding formation which is assumed
to be induced by surface diffusion of the trans-membrane proteins. The theoretical model for the mechanics of membrane shape transfor-
mation is described by a modified formulation of the Helfrich model in order to accommodate any nonlinear response of the membrane due
to the diffusion of the trans-membrane proteins. The resulting shape equation is numerically solved for Non-Monge or general membrane
surface representation. Our results show that line tension at the domain interface makes a significant contribution on a spherical-shape-like
budding formation on weakly curved or flat lipid membrane. We show numerically that increasing the line tension facilitates the reduction
of the interface diameter between the flat membrane and generated spherical bud, thus increasing the potential to pinch off the bud. Full
details can be found in [1].

INTRODUCTION

Lipid bilayer membranes are negligibly thin (typically 5-10nm) but they represent a critically important interface within
biological cells mediating all interactions between cells and their surrounding environment through the involvement of a
variety of proteins. These proteins can aggregate into clusters or domains on the membrane surface. In particular, so-called
’trans-membrane proteins’ domain can induce local curvature [2] and hence assist morphological aspects of cellular processes
such as fission, fusion and budding [3, 4, 5] regulated by membrane forces. Specifically, membrane budding, which are
spherical protrusions emerging out of a flat or curved bilayer membrane, is one particular phenomena and is an important
step in cellular exocytosis and endocytosis processes. Consequently, extensive studies have been made on the influence of
trans-membrane proteins on membrane budding formation ( see [6] and references therein). However, in most cases, the
derived shape equations of the membrane are solved by linear geometric approximation in the Monge representation of the
membrane surface. The work described here is motivated by the approach in [6] to consider the use of surface diffusion of
trans-membrane proteins on the membrane as one possible driving mechanism for the membrane budding. However, line
tension is suppressed in [6]. Here we find the effect of line tension at the domain interface to be non-negligible but making a
significant contribution to the shape transformation (budding formation) of the lipid membrane.

PROBLEM FORMULATION

In the absence of lateral pressure, the membrane shape equation is obtained as [1, 6]

L′ = 2r [H (k(H − C )2 + (ασ − β)2 + λ)− k(H − C )(H 2 + (H − sinψ(s)/r)2)], (1)

where
L = kr(H ′ − µϕσ′), (2)

is a transverse shear force. Here, r measures the radial distance of a point from the axis of symmetry of an axisymmetric
membrane surface, k is bending rigidity which pertain to lipid membranes with nonuniform properties, H is the mean cur-
vature of the membrane surface ω, σ is protein density and ψ(s) is an angle that the membrane makes from the horizontal
axis. The spontaneous curvature ,C = (µϕ)σ, is proposed in order to account for the asymmetry of the bilayer induced by
the diffusion of the trans-membrane proteins on the lipid bilayer membrane surface [6]. In this proposal, (µϕ) is a constant
of proportionality where µ being a positive constant and ϕ the angle made by the meridian of the protein geometry (in this
case assumed as a conical shape) with the surface normal n. In addition, α and β are positive constants which conforms to the
conventional theory of bending elasticity in the absence of protein diffusion. The Lagrange multiplier λ in Eq. (1) satisfies [6]

λ′ = 2[kµϕ(H − C )− α(ασ − β)]σ′. (3)

The edge conditions (e.g. boundary forces f and moments M on a smooth boundary ∂ω) are obtained as

f = Fυυ + Ftt+ Fnn, M = k(H − C ), (4)

where Fυ = (ασ − β)2 + k[H − C]2 + λ− ψ′M + γ
cosψ(s)

r
, Ft = 0, Fn = −L

r
+ γ

sinψ(s)

r
, (5)
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Figure 1: (a) Sequence of membrane shape-changes as the protein diffuses into the domain with (γ = 0), and weak membrane
tension of (f = 0.001), (b) sequence of membrane shape-changes as the protein diffuses into the domain with (γ = 0.1), and
weak membrane tension of (f = 0.001), (c) 3D contour plot of membrane budding formation without the effect of line tension
at the interface domain, (d) 3D contour plot of membrane budding formation with the effect of line tension at the interface
domain.

are, respectively, the υ-,t- and n-components of distributed forces per unit length applied to ∂ω and γ is line tension at the
domain interface. (We note here the use of the primes to also denote the partial differentiation with respect to an arclength
surface coordinates s , i.e. (·)′ = ∂(·)

∂s ). The force applied to the membrane at the i th corner of ∂ω is zero. Finally, the normal
and tangential velocities of the surface as well as the trans-membrane protein diffusion law are given below [6]

un = rt , (rv)′ = 2Hu, σt + vσ′ =
2c

r
[r((α2 + kµ2ϕ2)σ′ − kµϕH ′)]′. (6)

NUMERICAL EXAMPLES AND CONCLUSIONS

We non-dimensionalize all the equations by introducing suitable reference scales. Finally, the Matlab routine bvp4c [7]
was used to solve the boundary value problem by applying suitable boundary conditions from the derived edge conditions.
Figures (1a) and (1c) indicate that the membrane shape-changes at a succession of times starting with a planar configuration.
The succession of shape-changes in the membrane is characterized by a gradual increase in protein concentration over the
domain. It should be noted that the protein diffusion destabilizes the weakly curved or flat membrane and as a result, the
sequence of shapes is seen to become more curved as time advances due to gradual increase in protein concentration over
the domain. Hence, this process leads to the formation of budding on the membrane. However, as clearly indicated in Figs.
(1b) and (1d), increasing the line tension facilitates the reduction of the interface diameter between the flat membrane and
generated spherical bud, thus increasing the potential to pinch off the bud. This suggests that the contribution of line tension
energy in the membrane budding formation is very significant and therefore can not be ignored. It also suggested that the
membrane cells may utilize the membrane line tension energies to control the budding process.
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Summary Cytokinesis is the last stage of eukaryotic cell devision. During this process, an actin-myosin contractile ring constricts the cell
membrane at the equator, until the cell partitions in two. We study this process by modeling the cell membrane as a two-dimensional,
inextensible fluid membrane, with curvature elasticity, and subject to a contractile force field distributed along an equatorial curve. The
membrane dynamics equilibrates the dissipative and energetic forces subject to an inextensibility constraint. The theory enables us to
estimate the energy consumed for conformational change of the cells during cytokinesis process. A numerical simulation of the process is
developed based on this theory.

Introduction
Cytokinesis is the mechanical process that finalizes cell division by cleaving the mother cell into two daughter cells. At

the onset of this process, the cell rounds up into a nearly spherical shape and a thin (0.10.2 ?m) layer of cross-linked protein
filaments assemble a contractile ring around the cell equator and beneath the plasma membrane. Afterwards, this actomyosin
ring contracts plasma membrane in a string-purse effect. We provide a simple mechanical theory to model this process. There
is a long literature on modelling the cell membranes as 2D inextensible fluid membranes. We build on that frame work, and
obtain insight on the energies required for cytokinesis and the dynamics of the process. We start by considering an arbitrary
geometry for the cell and the contractile ring and develop the general form of governing equations. Next, motivated by
experiments, numerical solutions are obtained for the case of a spherical-shaped cell, contracted along an equatorial circle.

FORMULATION
Consider an evolving fluid membrane to be identified by a smooth, orientable surface St and let xt present an arbitrary

parametrization of it at a given instant t. For simplicity we drop the dependence of all quantities on time from now on. Denote
the total area of surface S by A and define the velocity field v = ẋ on S , where a superposed dot denotes the material
time-derivative. The elastic energy ψ of the system is given by integrating the Helfrich-Canham functional on the surface:

ψ =

!

S

1
2µ(H ◦ H◦)

2 + µ̄K, (1)

with H and H◦ being the mean curvature and spontaneous mean curvature, K the Gaussian curvature, and where µ and µ̄
represent the splay and saddle-splay modulus respectively. Consider there is a closed curve C on surface S , on which a uniform
force field f normal to the surface is distributed. The power P expended by this force is

P =

!

C
f .v (2)

By the principle of virtual power, the power expended on the system equates the energy release rate and the dissipative energy
rate. The system evolves such that this balance holds, subject to the volume and areal inextensibility constraints, according to

ψ̇ = P + Ḋ + σȦ, (3)

where Ḋ is the dissipative energy rate, and P and σ are the Lagrange multipliers associated with the volume and area inex-
tensibility constraints. The explicit forms of quantities ψ̇ and Ȧ are given by Biria et. al. [1], while Ḋ is provided by Arroyo
and DeSimone [2]. Substituting those explicit forms in (3) leads to Euler–Lagrange equations for the membrane.

RESULTS
REQUIRED ENERGY FOR CELL DEFORMATION DURING CYTOKINESIS
As experiments suggest, the cells round up into a spherical shape in the beginning of cytokinesis. For a spherical confor-

mation, the elastic energy of the plasma membrane given by (1) is 8πµ + 4πµ̄. Notice that this energy is independent of the
size of the cell, and so, as the cell divides in two almost-identical daughter cells, the elastic energy of the system increases by
8πµ + 4πµ̄. This is the minimum required energy that has been expended by the protein motors of the cell. The actual energy
expense can be more due to dissipative effects, and any resistant to conformational change by the cytoplasm.

∗Corresponding author. Email: aisa.biria@yale.edu
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SEQUENTIAL STRAIGHTENING AND LOADING VISCOELASTICITY
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Summary Collagenous soft tissues exhibit complex viscoelastic behaviour, such as strain-rate dependence, hysteresis and strain-dependent
relaxation. Many existing theories, such as quasi-linear viscoelasticity, fail to capture some of these features. In this paper, a model for
soft tissue viscoelasticity that is based on the notion of “sequential straightening and loading”, whereby fibrils contribute to tissue stiffness
only when taut, is presented. Each fibril is modelled as linear viscoelastic and has an associated critical strain at which it becomes taut. We
show that, even given such simple constitutive behaviour, all of the desired viscoelastic features occur as a consequence of there being a
distribution of such critical strains. The model is used to fit mechanical tests on three different rat tail tendon fascicles and we show that
they can be reproduced with a single set of constitutive parameters, with the only difference being the distribution of the critical strains in
each case.

THE MODEL

Configuration and parameters
We model the fascicle as a two-phase inhomogeneous medium consisting of a background extracollagenous matrix and a

large number of individual fibrils, each of which is initially crimped in the rest state of the fascicle. Our approach is based on
the ideas of Kastelic et al. (1980) and their “sequential straightening and loading” (SSL) model and the low density crosslink
(LDCL) model described by Lanir (1980). As the fascicle is stretched, the shortest fibrils are the first to become taut and start
contributing to its stiffness. As the stretching continues, more fibrils straighten, and the stiffness of the fascicle increases,
accounting for its exponential-shaped stress-strain curve. In our model, we additionally take into account the contribution to
the macroscopic stress of the matrix phase. The fibrils are assumed to reside within the matrix and it is assumed that it is their
interactions with each other and with the matrix that cause the effective viscosity in each phase. We write the total volume
fraction of (crimped and uncrimped) fibrils as φ so that the volume fraction of the matrix phase is 1 ◦ φ. We model both the
fibrils and the matrix as linear viscoelastic. In addition to the fibril volume fraction we also need the following parameters:
the instantaneous and long-time fibril Young’s moduli, E0 and E∞, the fibril relaxation time τr and the corresponding matrix
parameters: Em

0 , Em
∞ and τmr . We define the fibril and matrix stress and strain as σf , ef and σm, em respectively. We also

denote the imposed macroscopic (fascicle) strain as e and the resulting macroscopic (fascicle) stress as σ.

Matrix response
First we consider the response of the extracollagenous matrix to an applied fascicle load. The matrix strain is equal to the

applied fascicle strain and we model the matrix as a linear viscoelastic material, so that we have:

em(t) = e(t), σm(t) = E(0)em(t) +

! t

0
E′

m(t ◦ s)em(s)ds, Em(t) = Em
∞ + (Em

0 ◦ Em
∞)e−t/τm

r , (1)

where Em
0 and Em

∞ can be identified as the instantaneous and long-time Young’s moduli of the matrix, respectively, and τmr
is its relaxation time.

Single fibril response
Next, we consider the response of a single fibril to an applied fascicle strain. The strain in a given fibril depends on the

critical fascicle stretch ec at which it first becomes taut:

etf (t) =
1

1 + ec
(e(t) ◦ ec). (2)

As with the extracollagenous matrix, the fibril will be modelled as linear viscoelastic so that

σf (t) = E(0)ef (t) +

! t

0
E′(t ◦ s)ef (s)ds, E(t) = E∞ + (E0 ◦ E∞)e−t/τr , (3)

where E0 and E∞ can be identified as the instantaneous and long-time Young’s moduli of the fibril, respectively, and τr is its
relaxation time.
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Total fascicle response
Now that we have expressions for the stresses in the matrix and in a fibril that tautens at critical fascicle strain ec, it is

simple to obtain the homogenised response of a fascicle containing fibrils with a range of crimp lengths. The total fascicle
stress is equal to the average of the stresses in the fibrils and matrix in proportion to their volume fractions; i.e. (1 ◦ φ) times
the matrix stress plus φ times the average fibril stress. Since each fibril has its own associated critical strain, the average
fibril stress is determined by integrating over the individual fibril stresses multiplied by a critical strain distribution function.
Considering a unit volume of fascicle we have

σ(t) = (1 ◦ φ)σm(t) + φ

! ∞

0
p(ec)σf (e(t), ec)dec, t ∈ [0,∞), (4)

where p(ec) is the initial distribution of critical strains and the notation σf (e(t), ec) is used to emphasise the fact that the stress
in each individual fibril is dependent on both the imposed fascicle strain, e(t), and the critical fascicle strain, ec, at which that
fibril first becomes taut. We note that any continuous function may be chosen for the imposed fascicle strain, provided it
satisfies e(0) = 0.

EXPERIMENTS AND MODEL PREDICTIONS

To test the model, we used it to fit three experiments on rat tail tendon fascicles: two relaxation tests and a cycle test. The
constitutive parameters were kept the same when modelling each experiment:

E0 = 1 GPa, E∞ = 250 MPa, τr = 90 s, φ = 0.8, (5)

Em
0 = 30 MPa, Em

∞ = 10 MPa, τmr = 6000 s, (6)
and the only difference between the three fascicles being modelled was their assumed critical strain distribution. A beta
distribution was used for all three experiments:

p(ec) =
(ec)α−1(1 ◦ ec)β−1

B(α,β)
, (7)

where α and β are the distribution parameters (which both must be greater than 0), and B(α,β) is the beta function; however,
the distribution parameters were allowed to vary in each case. The results and the critical strain distributions used are plotted
in the figures below.

Theoretical (black) and experimental (red) fascicle stress as a function of time. Distribution parameters: left - α = 12,
β = 135, middle - α = 12, β = 200, right - α = 4, β = 41.

Critical strain distributions used to model Relaxation Test 1 (black), Relaxation Test 2 (blue) and the Cycle Test (red).
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Summary: Flexible natural armors from fish or snakes are attracting an increasing amount of attention from their unique combination of hardness, 
flexibility and light weight. In particular, the extreme contrast of stiffness between the hard scales and the surrounding soft tissues give rise to 
unusual and attractive mechanisms, which now serve as model for the design of bio-inspired armors. There is however little guidelines as to the 
choice of materials, optimum thickness, size, shape and arrangement for the protective scales. In this paper, we present recent experiments and 
models to explore and characterize the different failure modes of flexible skins reinforced by hard scales and subjected to puncture: flexural and 
contact fracture, unstable tilt, interactions between scales. We optimized the size, shape and arrangement of the scales which govern these 
mechanisms to produce synthetic bioinspired armor with optimum combination of resistance to sharp puncture and flexural compliance.  
 
 

INTRODUCTION 
 
   Over millions of years of evolution, high-peUIRUPDQFH�SURWHFWLQJ�PDWHULDOV�DQG�V\VWHPV�KDYH�HPHUJHG� IURP�DQ�³DUP¶V�
UDFH´�EHWZHHQ�SUHGDWRUV�DQG�SUH\V��7KHVH�QDWXUDO�DUPRUV��ZKLFK�LQFOXGH�PROOXVN�VKHOOV��WHVWXGLQHV�FDUDSDFH�DQG�DUWKURSRGV�
exoskeleton, display a wide range of compositions, architectures and sizes to resist a variety of threat including sharp puncture, 
laceration or crushing. The armor of animals with fast locomotion presents particularly interesting features. These protective 
materials must be hard to resist puncture and lacerations, yet sufficiently compliant and light to allow unimpeded movement. 
In natural organisms this design contradiction is often resolved by segmentation of the hard protective layer into scales of 
finite size (Fig.1). Typical examples of segmented armors include the scaled skins of fishes and snakes or the osteoderms of 
armadillos and crocodiles. These natural dermal armors are light, locally hard to resist puncture, yet flexible at larger length 
scales to allow for motion [1]. A 
characteristic common to these natural 
protective systems is the extreme contrast of 
stiffness between the protective material 
and the soft underlying tissues. For 
example, teleost fish scales are five orders 
of magnitude stiffer than the underlying 
skin (stratum compactum) and the soft 
underlying tissues (muscles, other organs) 
[2]. In terms of mechanics, large contrasts 
of stiffness between the scales and their 
substrate lead to a rich set of deformation 
and failure modes, which we explore and 
characterize in details in this work. The 
findings can inspire and guide the design of 
better synthetic protective systems, which 
we also discuss.  
 

MECHANICS OF HARD SCALES ON SOFT SUBSTRATES 
 
   Depending on the relative stiffness of a hard plate (scale) and its substrate, sharp indentation on a stiff scale resting on a 
soft substrate may lead to ring cracks initiated by contact stresses, or radial cracks initiated by flexural stresses. The transition 
between the two modes is of high importance for a variety of applications, and can be captured using relatively simple models 
[3]. For high contrast of stiffness between scales and substrate and for the case where the failure of the scales is governed by 
flexural stresses, we found that segmented scales increase the resistance to puncture compared to continuous coatings of the 
same materials (Fig. 2). It therefore appears, interestingly, that segmenting the hard layer not only makes the system more 
compliant in flexion, but also increases the resistance to sharp puncture. Our experiments of sharp puncture on segmented 
glass plates on elastomeric substrates also highlighted a third failure mode [4] where the tablet suddenly tilts, leading to the 
sliding of the indenter onto its surface and into the substrate (Fig. 2). This failure mode does not involve any damage to the 
tablet, but it is highly detrimental, since the unstable tilting of the tablet exposes the soft and fragile substrate to the tip of the 
indenter. This failure mode was also observed on the hard and bony scales of gar fish indented with a sharp needle. Individual 



scales do not fracture. 
Instead, at a critical puncture 
force the indented scale 
suddenly tilts, the needle 
slides on their surface finds 
its way between the scales 
and into the softer skin and 
other soft underlying tissues. 
Using stress analysis, finite 
elements and contact 
mechanics, we constructed a 
failure map for stiff scales on 
soft substrates which captures 
the effects of material 
properties and geometry of 
the scales on failure mode 
transitions between contact 
fracture, flexural fracture and unstable 
tilting. 
   Direct interaction between 
adjacent scales can also increase their 
stability. To explore this aspect of the 
design we 3D printed stiff scales of 
ABS on a silicone substrate. Enriching 
the geometry of the scale by 
incorporating slanted sides and other 
features can generate overlaps and 
interlocking between scales, which 
greatly increases their stability while 
maintaining a high flexural 
compliance.  
    

 BIOINSPIRED FLEXIBLE ARMOR 
 
   The main outcome of this work is a rigorous set of guidelines for the design and optimization of bioinspired flexible 
armors. Here we also report a new technique to fabricate fish skin-inspired flexible protective layers. We demonstrated that 
the scalation pattern can be easily and accurately controlled through a simple combination of laser engraving and stretchable 
tape transfer process. This approach can produce scaled structures with high morphological control over the shape, 
arrangement and overlap of the scales (Fig. 4). The as-
produced protective system presents a specific puncture 
resistance higher than the one of the continuous 
ceramic plate, yet preserving a high compliance. The 
approach is versatile since it can be adapted to form 
scaled structures with different materials and on 
different flexible substrates. Extended surfaces can be 
covered with a staggered configuration of scales that 
allows the protective system to bend in different 
directions, for various applications.  
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Summary We study computationally, using a finite element method, plastic deformations and strength of trabecular bone. We represent the 
trabecular bone as a material with hierarchical structure and consider four structural scales: the nanoscale (mineralized collagen fibril), the sub-
microscale (single lamella consisting of mineralized collagen fibrils), the microscale (trabecular bone tissue), and the mesoscale (trabecular 
cellular network). At each scale we model the elastic and inelastic responses of bone until failure. We account for the experimentally observed 
failure mechanisms. Theoretical results are in good agreement with experiments conducted on cylindrical porcine trabecular bone samples. 
 

INTRODUCTION 
 
   Bone consists of a cortical (dense) bone forming an outer shell and trabecular 
(spongy) bone filling space within bone. Such structure is optimized so bone can 
effectively resist loads while being lightweight. The cortical bone provides 
resistance to axial as well as bending and torsional loads while the trabecular bone 
redistributes loads and absorbs energy. Bone has excellent mechanical properties, 
including high strength and fracture toughness, when healthy. However, bone 
diseases such as osteoporosis make bones brittle and prone to fracture. Bone 
fractures often take place in regions dominated by trabecular bone such as in 
femoral neck. Thus, study of plasticity and fracture of trabecular bone is of high 
clinical importance. Predictions of the trabecular bone strength can be used as 
inputs for models of whole bone, which can provide patient specific predictions 
of bone quality and its susceptibility to fracture. 
    Bone is a biological composite material in which soft and deformable 
proteins (mainly collagen), stiff but brittle hydroxyapatite (HA) minerals, and 
fluids fillings pore spaces, are combined together. Proteins and minerals self-
assemble to form a complex structure of bone spanning from the atomic level to 
the macroscale. Superior properties of bone are due to this composite, spatially 
heterogeneous, and hierarchical structure. The apatite crystals are in the shape of 
irregular platelets, 20-50 nm in length and width and few nm in thickness. Cross-
linked collagen molecules, which are triple helical protein chains about 1.5 nm in 
diameter and 300 nm in length with 40 nm gaps between ends, are staggered to form collagen fibrils about 50-100 nm in 
diameter. Crystals are located both within and around collagen fibrils but their exact arrangement is still not fully understood. 
The fibrils reinforced by crystals form a mineralized collagen fibril which is a building block of bone. These mineralized 
collagen fibrils are preferentially aligned and arranged into lamellar sheets (3-7 Pm in thickness). These are stacked at different 
orientations in crescent-like trabecular pockets which form a complex network of cylindrical (or platelike) struts called 
trabeculae, which are about 0.1 mm in diameter and 1 mm long. This gives trabecular bone a porous appearance. Porosity of 
trabecular bone ranges from 70 to over 90%. In osteoporotic bone this porosity is higher than in healthy bone and some struts 
are missing connectivity. Thus, the trabecular bone has a complex hierarchical structure in which different geometrical 
features occur on different length scales. We identify these scales as follows: a) nanoscale (mineralized collagen fibril), b) 
sub-microscale (single lamella level), c) microscale (trabecular pockets, single trabecula level), and d) mesoscale (random 
network of struts or plates). The next structural level, macroscale, represents the whole bone, which includes both trabecular 
(porous) and cortical (solid) bone types. Bone¶s hierarchical structure is illustrated in Figure 1 [1]. 
    In this paper we model bone plasticity and strength at these different structural scales. Inelastic behaviour and failure of bone 
has been studied computationally by many researchers but there are limited multiscale models of bone plasticity and strength [2]. 
 

METHODS 
 
   We model bone at the nanoscale by considering several different geometric configurations of collagen and crystals. They 
include geometries when crystals are forming an interpenetrating phase, following the experimental observations reported in 
[3]. Other arrangements are also considered including the one proposed in [4] which assumes that the HA phase is embedded 
in the collagen and not interpenetrating. The volume fraction of HA is assumed to be around 45% in both cases. The analysis 
is performed using a finite element method and assigning cohesive laws between different interfaces. Modeling of bone at the 
sub-microscale (single lamella level) and the microscale (trabecular bone tissue level) is summarized in our recent study [1]. 

 
Fig. 1 Hierarchical structure of bone [1].    



Modeling of bone at the mesoscale level (trabecular network) is based on micro-computed tomography (CT) images of porcine 
trabecular bone (6 months) which are used to create a finite element mesh. Several different yield criteria have been used in 
the literature to model trabecular bone such as eccentric von Mises, principal strain-based, Drucker-Prager, cast iron, and 
Drucker-Lode [5-9]. Although it is well agreed that the behavior is un-symmetric under tension and compression, a consensus 
has not been yet reached yet on which constitutive model is best [6]. In this study a bi-linear elastic-plastic law is used based 
on Niebur et al. [10] with a Drucker-Prager yield criterion [6] to capture the un-symmetric behavior of the trabecular bone 
tissue. Elastic modulus and PoLVVRQ¶V�UDWLR�RI�WLVVXH�OHYHO�Dre taken as 12 GPa and 0.3 [6, 10], respectively. As mechanical 
properties of porcine bone at a bone tissue level are not available, the strain at onset of plasticity and hardening modulus are 
calibrated to match experimentally obtained stress-strain curve at the mesoscale.  
 

RESULTS 
 
Von Mises stress distribution under compressive load is shown in Fig. 2-a while Fig. 2-b shows a comparison between 
experimental and finite element stress-strain curves for a representative trabecular bone sample at the mesoscale. Good 
agreement was found between experimental and computational results.  
  

  

(a) (b) 
Fig. 2 ± a) Mises stress distribution in a representative trabecular bone sample (mesoscale level), b) Stress-strain curve obtained from 

micro-CT finite element simulations (solid line) compared with experimental results (dashed line). 
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MECHANICAL RESPONSE SURFACES OF A PERIODIC POROUS BIOMATERIAL FOR
ORTHOPAEDIC IMPLANTS : AN EXPERIMENTAL AND COMPUTATIONAL STUDY

Z. Shaghayegh Bagheri1, David Melancon1, and Damiano Pasini ∗1

1Department of Mechanical Engineering, McGill University, Montreal, Quebec, Canada

Summary A previous study on high strength porous biomaterials proposed a methodology to systematically elucidate the interplay between
their morphological parameters and mechanobiological properties. This work extends that method to investigate the impact of manufacturing
errors on the mechanical properties of Ti-6Al-4V Octet lattice for use as load-bearing orthopaedic material. Via a combined approach
of experiments and simulations, we generate response surfaces that illustrate the mechanical properties as a function of the geometric
parameters defining the unit cell of the Octet cell. The results reveal the impact of manufacturing imperfections on the compressive elastic
modulus of as-manufactured samples when compared to their as-designed counterpart. This study contributes to forge essential tools to
systematically design porous orthopaedic implants.

INTRODUCTION

High-strength porous biomaterials, through Additive Manufacturing (AM), are particularly suited for orthopaedic appli-
cations that impose severe load-bearing requirements [1]. One of their advantages is that their morphological parameters can
be tailored to maintain high mechanical performance, without compromising their ability to meet bone ingrowth requirements
and provide effective stiffness locally close to that of the surrounding bone tissue. Morphological parameters that control their
mechanobiological response include topology, pore size, porosity, strut thickness and cell size. In a previous work [2], we
proposed a methodology to systematically elucidate the relation among the parameters of the unit cell and the constraints that
enables bone ingrowth and allow additive manufacturing. This paper further extends that methodology to generate properties
response maps that show the impact of manufacturing deviations on the mechanical properties (elastic modulus, yield strength
and first maximum strength) of periodic porous biomaterials with Octet-truss cell topology.

METHODS

Figure 1 shows a map illustrating the main geometric relationships among the parameters defining the Octet cell topology.
The x-axis and y-axis represent respectively pore size and strut thickness, while the cell size and porosity are represented
by isoperformance lines. From the chart, a triangular domain, namely the admissible design space, emerges bounded by
bold lines defining the requirements imposed by bone ingrowth (pore size between 50-650 µm and porosity above 50%) and
manufacturing constraints (minimum manufacturable strut thickness of 200 µm).
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Figure 1: Design space (dark gray) for Octet-truss topology, with imposed constraints of manufacturing, pore size, and
porosity. Solid and hollow points represent respectively designed and manufactured samples of this study.
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Figure 1. Static pressure-deflection curve. The abscissa shows central deflection. 

 
Figure 2. Frequency response of empty shell vibrations around pre-loaded configuration (adventitial material). Principal 

bending mode amplitude vs. frequency. Frequency response (thin line) and backbone curve (thick line). 
 

CONCLUSIONS 
 
   The method for the analysis of nonlinear vibrations of arteries is presented. The method is able to deal with hyperelastic, 
viscoelastic, multilayered, fiber-reinforced shells that model blood vessels. The method is tested on the human aortic segment 
model. Under the static pressure initially soft shell becomes much stiffer with the pressure growth, which is the common 
feature for soft biological tissues. The dynamic nonlinearity is not very strong, but still nonlinear effects, like change in 
stiffening type, are observed.  
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Abstract Understanding the total complexity of biomechanical/mechanical properties of the human skin and developing an

advance  computational  model  (e.g.  the  Finite  element  skin  models)  that  do  not  differ  (or  not  so  much differ!)  from

experimental data would provide information which could be very useful for surgical training and practical use (special in

this project, the goal is to inform the development of optimized device which can be used for effective and reproducible skin

penetration in the clinical setting. This project will also provide clear definition of underlying mechanisms of penetration

and cutting and make it possible of generating a robust computational and physical model and an excellent technique for

measuring  skin  deformation  and  in  combination  with  advanced  computational/mechanical  methods  it  will  offer  many

possibilities for in vivo measurements).

INTRODUCTION/LITERATURE REVIEW

   Various theoretical and numerical formulation of the Cutting and needle insertion have been widely studied and applied

for the different problem classes using  the (traditional) finite element methods.

  

   Using a  combination  of  digital  image  correlation and  advanced  Finite  element  modeling and  explicitly taken  into

consideration the complexities of the algorithms due to the complexity of non-linear mechanical behavior of human skin,

after a series of Experimental Measurements on human skin and related computational modeling, S Evans and C A Holt [4]

found evidence to suggest the application of stochastic optimization algorithms (due to the reduction of the errors).       

   

   In other study, in order to design optimised micro-needle device which completely depends on understanding of human

skin biomechanics under small deformations, after doing a series of optimized laboratory developed tests and using much

more precise model (considering the skin as a multilayer composite) by applying multilayer finite element model (with the

results of which show a remarkable degree of success), R.B. Grovesa, S.A. Coulmanb, J.C. Birchallb and S.L. Evans[2,3]

argue that,  the problem with the precise approach and optimum development of numerical-experimental  procedure and

modelling  of  very  complex  mechanical  behaviour  of  human  skin   would  require  first  the  perfect  understanding  of

dependency and in-dependency of parts or elements of skin combined with mechanical description which can be used later

for computational modelling. 

   

   Naturally all  these studies  were  carried  out in  laboratory conditions with parallel  load (Evans and Holt  2009) and

perpendicular load (Grovesa, Coulmanb, Birchallb and Evans 2011) to the human skin surface. 

    

   At this point it is worth adding that, there were two main studies which aim to help us develop this project. The first one

was the study by Oliver A.Shergold and Norman A. Fleck[1] about the development of the deep penetration of a soft solid

by a flat-bottomed and by a sharp-tipped cylindrical punch with application of  one term Ogden strain energy function and

consideration  the  skin as  an  in-compressible  hyper-elastic  isotropic solid.  The second one was  the study by Vincent

Hayward and Mohsen Mahvash[5] about the development of the haptic-rendering of cutting with the clarification of the

geometry and the mechanism of the interaction of the tools and the sample.

   

   Without being affected by the complex nature of soft solid penetration, it is worth noting that the existing literature

unfortunately provides little insight into Underlying Mechanisms of the penetration and cutting. Generally they indicate the

deep penetration involves deformation and cracks and in most case without taking the existence of (sliding) friction into

account.  Therefore,  this  Project  goals  keep  the  focus  on  what  is  most  important;  namely  mathematical  and  physical

clarification of the mechanisms of the penetration and cutting processes following the related algorithms and computational

implementation of the theory.

*Corresponding author. Email: kbronik@gmail.com  or BronikK@cardiff.ac.uk 



  

METHODOLOGY

   In order to process the development of this project, the first step was the

classification  of  computational  and  mechanical-mathematical  problems

related  to  modelling  which  were  clearly  separated  into  those  with  the

implementation of the clarified underlying theory and those problems with

optimization  using  advanced  computational  and  mechanical  optimization

algorithms and methods. Then the accuracy of the implemented algorithms

has been practically and experimentally verified.

   The  numerical  computation  part  done  by  using   the  algorithm  of

modified contact, optimized with inequality constraints: the Kuhn-Tucker

conditions which enforces  the contact  constrains within a strong Mixed

Mode  Cohesive  Law  formulation  by   clearly  taking  the  place  of  the

classical  contact  constrains  formulation and in the case  of  the physical

requirement of impenetrability and compressive interaction between two

bodies,  enforces  the  classical  contact  constrains.  The  numerical

implementation  of  the  theories  (the  theoretical  framework  used  in  this

project) has been performed in the open source code FEBio (Non-linear finite element solver for biomechanical applications

http://febio.org/febio/) by the modification of the existing contact algorithm. 

                                                                                         CONCLUSION

   In this study it has been shown that the development of  computation model, in this way, by using the Modified Contact

fulfils  the  strong  condition  of  the  cohesive  zone  law  and  additionally  supports  the  physical  ideas  and  mathematical

structures of the Classical Contact, allowing us a significant degree of flexibility and success in the deployment of robust

models for engineering analysis.
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Summary Using a motion capture system, a human walking with the crutches can be registered. After this, using obtained trajectories, the 
variations of the angles in the joints of human as functions of time can be calculated. We use also the force platforms to measure the 
support reactions applied to tKH�KXPDQ¶V�IHHW�DQG�WKH�FRRUGLQDWHV�RI�WKH�SRLQWV��ZKHUH�WKHVH�IRUFHV�DUH�DSSOLHG��$�SODQDU�PHFKDQLVP�ZLWK�
five heavy links ± body, two thighs and two shins ± and attached weightless feet and weightless crutches is studied as the mathematical 
model of the human with crutches. By solving the inverse dynamics problem, we find the torques developed at the joints and creating 
power torques. They can be used for choosing actuators for the joints of medical exoskeleton. The inter-link angles obtained 
experimentally can be used as tracked programmed trajectories for the organization of the motion of an exoskeleton put on a paraplegic.  
 

INTRODUCTION 
 
   A difficult problem of modern society is the rehabilitation of wheelchair-bound disabled persons who partially or 
completely lost the ability to walk. In last two decades, devices combining the functions of rehabilitation and motion started 
to be developed ± these are medical exoskeletons. The idea of creating a medical exoskeleton appeared much earlier ± it was 
propRVHG�E\�0��9XNREUDWRYLF�>�@��%\�WKH�SUHVHQW�WLPH��VXFK�PHGLFDO�H[RVNHOHWRQV�DV�³5H:DON´�>�@��³,QGHJR´�>�@��³5H[´�
>�@��³([RELRQLFV´�>�@�KDYH�EHHQ�FUHDWHG��7KH�DLP�RI� WKHVH�GHYLFHV�LV�WR�JLYH�WR�VXFK�GLVDEOHG�SHUVRQV�WKH�DELOLW\�WR�ZDON��
Even though the first exoskeletons are already on sale, there are a lot of issues that need improvement and modification.  
   A key issue in the development of medical exoskeleton is the specification of programmed motions and the creation of a 
control system. Programmed motions provide a basis for the organization of walking in the exoskeleton. In the general case, 
this problem can have many solutions because the gaits of even healthy people are considerably different. An ideal solution 
would be the organization of walking that reproduces a gait of a healthy person. The construction of walk of a medical 
exoskeleton is a very difficult problem and the resulting gait can be unsafe to the exoskeleton user due to the instability of 
WKH� V\VWHP�³SHUVRQ-H[RVNHOHWRQ´��$Q�DSSURDFK� WKDW received widespread use assumes that the person in exoskeleton uses 
crutches. In this case, the exoskeleton user can actively participate in maintaining the equilibrium. The resulting gait is more 
stable due to four supporting points of which two are controlled by the walker.  
   7KH�H[RVNHOHWRQ�XVHU�FDQQRW�PRYH�KLV� �KHU�� ORZHU�H[WUHPLWLHV�RQ�RQH¶V�RZQ� ± this is done by the exoskeleton, which 
DFWXDOO\�PRYHV�WKH�SHUVRQ¶V�OHJV��7KHUHIRUH��WKH�H[RVNHOHWRQ�PXVW�EH�DEOH�WR�H[HFXWH�SURJUDPPHG�PRWLRQV�WKDW�PXVW�Uealize 
the walking of the human-exoskeleton man-machine system. The first step in the construction of programmed motions is the 
study of crutch walking. It is hardly possible to construct such a motion with the help of a paraplegic. Therefore, here we 
propose to construct the programmed motion using the gait of a healthy person walking on crutches. This person must 
adhere to some rules: 

to maintain equilibrium, he or she must use not only the legs, but also the crutches; 
the motions in the frontal plane must be small because the side motions of the legs are supposed to be limited.  

 
SPECIFIC FEATURES OF CRUTCH WALKING 

 
   The walk of a healthy person consists of two alternating phases ± single-support and double-support ones. The single-
support phase is much easier to model than the double-support phase. There are a lot of problems related to the double-
support phase modeling caused by dynamic indeterminacy. The solution of the inverse dynamics problem and the 
determination of WKH�IRUFHV�DQG�WRUTXHV�DW�WKH�KXPDQ¶V�MRLQWV�DQG�UHDFWLRQV�RI�WKH�VXSSRUW�DUH�LPSRVVLEOH�IRU�GRXEOH-support 
phase without introducing additional constraints or making additional measurements. 
   A distinctive feature of crutch walking is the complete or almost complete absence of the single-support phase and the 
presence of double-, triple-, and quadruple-support phases. Therefore, the approaches used for the study of ordinary walk 
cannot be directly applied and must be modified for the study of crutch walking.  
 

KINEMATICS. MOTION PHASES 
 
   It is reasonable to begin the study of crutch walking by dividing the step cycle into phases. The division is based on the 
H[SHULPHQWDO�GDWD�REWDLQHG�XVLQJ�WKH�PRWLRQ�FDSWXUH�V\VWHP�³9LFRQ´�>�@�DQG�WZR�WKUHH-component IRUFH�SODWIRUPV�³$07,´�
[7] placed one after the other. The output data of ³Vicon´ are the trajectories of the hip and ankle joints needed to 
UHFRQVWUXFW�WKH�OHJV¶�PRWLRQ��WKH�WUDMHFWRULHV�RI�WKH�VKRXOGHU�MRLQWV��DQG�WKH�FUXWFKHV
�VXSSRUW�SRLQWV�QHHGHG�WR�Falculate the 
body and crutches angles of inclination. The force platforms provide the reaction forces for each leg and the location of the 
zero moment point [1]. The second author of this paper took part in the experiments described below (his mass is 70 kg and 
his height is 170 cm). Based on the experimental data, the gait diagram (stick diagram) of crutch walking (sequence of 



configurations) was composed. In the gait considered here, the crutches move synchronously, for this reason, they are 
treated as a single crutch (with the arm holding it). Figure shows the gait diagram of crutch walking in the course of a half 
step from the time when one foot looses contact with the support until the time when the other foot looses the support.  
 

       First phase 
                         Second phase   Third phase 

 
 
   The first phase is the leg transfer. The second phase is the full stance. The third phase is the crutch transfer. 
 

EQUATIONS OF MOTION 
 

   The model of a crutch walker can be considered as a planar mechanism with five heavy links, two weightless feet, and a 
weightless crutch (see Figure). We use the motion equations from [8, 9] as a mathematical model of our mechanism; only 
the forces applied at the shoulder-joint where the crutch is fastened to the body and the torque created at this joint must be 
added. This model also must be complemented with equilibrium conditions of the weightless feet and crutch.  
 

SOLUTION OF INVERSE PROBLEM OF DYNAMICS 
 

   After calculation variations of the angles in the human inter-link joints and their first and second derivatives we 
substitute them in the motion equations in order to find the torques applied in these joints, solving the inverse problem of 
dynamics.  
   Considering the first phase (leg transfer), we obtain nine non-autonomous linear equations with eight unknowns (two 
torques in the hips, two in the knees, one torque in the ankle of the stance leg, one in the shoulder-joint, and two 
components of the ground reaction, applied to the crutch). Thus, this system of nine equations is over-determined. We solve 
this system at each instant by the least squares method, using the pseudo-inverse matrix.  
   For the second phase (full stance), we obtain ten equations with nine unknowns (two torques in the hips, two in the 
knees, two in the ankles, one torque in the shoulder-joint, and two components of the ground reaction, applied to the crutch). 
We solve this over-determined system, also using the least squares method.  
   For the third phase (crutch transfer), we obtain seven equations with six unknowns, these are two torques in the hips, 
two in the knees, and two torques in the ankles. Again, we solve this system, using the least squares method.  
 

CONCLUSIONS 
 

   A procedure for the experimental determination of angles in the leg joints of a crutch walker is considered, which can 
be used for constructing the programmed motion of an exoskeleton. A mathematical model of the crutch walker is 
constructed. An approach for estimating the torques that must be developed by the exoskeleton actuators for the realization 
of the desired programmed trajectories is proposed. To realize the gait considered in this paper in a real-life exoskeleton, the 
actuators in its hinges must develop the torque and power not less than 39 1ÂP and 23 W at the ankle joint, 46 1ÂP and 22 W 
at the knee joint, 44 1ÂP and 27 W at the hip joint.  
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SUMMARY 
 

Meshed titanium plates for bone graft applications have improved with excellent three dimensional flexibility, lower elastic modulus 
and higher strength in previous studies. In this study, mesh structure application on gum metal plates with high biocompatibility was carried 
out and the fatigue properties of such meshed gum metal plates were investigated through experimental and analytical approach for bone 
graft applications like the intervertebral disc defections. Based on two kind of designed mesh shape, sample meshed gum metal plates were 
made by laser cutting process for experimental and analytical approaches on the fatigue property evaluations and the results are reported 
here. 
 

INTRODUCTION 
 
   Meshed titanium plates having higher 3-dimensional flexibility were designed with different fundamental mesh shapes 
and line-up patterns using 3D CAD tool from the light-weight, higher flexibility and durability view points [1]. In this study, 
mesh structure applications on gum metal plates with high biocompatibility are carried out and the tensile fatigue properties 
of such meshed gum metal plates are investigated through experimental and analytical approach for bone graft applications 
like the case of intervertebral disc defections as shown in Fig.1. 

(a)  (b) 
Fig.1 Fixation methods on spine for hernia of intervertebral disk (a: current implants; b: meshed gum metal plates) 

Based on two kinds of designed mesh shape, sample meshed gum metal plates are made by laser cutting process for 
experimental approaches on the tensile fatigue property evaluations. On the other hand, analytical approach on the static 
tensile property evaluation of sample meshed gum metal plates are also executed based finite element analysis method [2] to 
compare with the fatigue experimental results. 
 

FUNDAMENTAL MESH SHAPE DESIGNS FOR MESHED GUM METAL PLATES 
 

Fundamental mesh shapes are considered under the following structural design conceptions.  
(1) Single fundamental mesh shape construction for simplification of manufacturing processing and cost-down purpose 
(2) Higher three-dimensional flexibilities including expansion/contraction, bending and torsion for possibility of 

handily shape changes during surgery   
(3) Easy-controllable mechanical properties like elastic modulus, bending stiffness etc. for approachability to natural-

ERQH¶V�PHFKDQLFDO�SURSHUWLHV 
(4) Uniform mesh line width and non-angle smooth shape desired to avoid the stress concentrations and lead for higher 

strengths and longer operating life 
(5) Ensured optional spaces for screw fixing 

   Based on the above mentioned design conceptions, two 
basic mesh shapes are designed as shown in Fig.2. Then 3-
deimensional meshed plate models using the designed mesh 
shapes with mesh line width of 0.8 mm are obtained and the 
CAD models are shown in Fig.3. From these models, one can 
see that the meshed plates have uniformed mesh line widths 
and smooth shapes just along the requirements of design 
conceptions. Then sample meshed gum metal plate specimens 
with 0.6 mm plate thickness are fabricated for experimental evaluations by laser cutting process as shown in Fig.3. 

Autologous 
Bone 

 
90° axisymmetric      60° axisymmetric 

Fig.2 Basic mesh shapes with 0.8 mm mesh line width 



TENSILE FATIGUE TEST OF MESHED GUM METAL PLATES 
 
   Tensile fatigue tests of sample meshed gum metal plate specimens 
shown in Fig.3 are executed based on the JIS Z 2273 [3] standard testing 
method. Fig.4 shows the experimental results of two kinds meshed gum 
metal plate specimens.  

    
 
 

 
 
 
 
 
 
 
 
 

Fig.4 Experimental results of two sample meshed gum metal plate specimens (Left: tensile load; Right: fractured specimen) 
 

ANALYTICAL APPROACH ON TENSILE TESTS OF SAMPLE MESHED GUM METAL PLATES 
 

Because of the mesh structure configuration, cross-sectional area changes very well and it is difficult to evaluate the 
tensile stresses from experimental evaluation. Here analytical approaches on tensile tests of sample meshed gum metal plates 
are carried out using Solidworks CAD software and ANSYS finite 
element analysis code. 3D meshed plate models with the same 
shapes and sizes of specimens on tensile fatigue tests are modeled 
and material properties of gum metal plate shown in Table 1 are 
used for analytical inputs. Fig.5 shows the analytical results of two 
kinds meshed gum metal plate specimens. Fig.6 shows the 
analytical stress results with the maximum stress locations coincident with 
experimental fractural locations as shown in Fig.4. endurance. 

 
Fig.5 Analytical results of two sample meshed gum metal plate specimens 

 
CONCLUSION 

 
   From the tensile fatigue property evaluation of sample meshed gum metal plates,  

(1) 90° axisymmetric meshed specimens have more endurance than 60°axisymmetric specimens. Further experiments 
on the same specimens with same and lower tensile loading could be done. 

(2) Same behaviors between experimental and analytical results are obtained and Goodman fatigue analysis could be 
used to predict both the location and fatigue life of the meshed plate in the future study. 
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(a) CAD models         (b) Sample specimens 

Fig.3 Meshed plate models and sample specimens 

Table 1 Material property input for analysis 
Material Elastic modulus 

(GPa) 
3RLVRQ¶V�

ratio 
Density 

(kg/mm3) 
Gum metal 75 0.32 5.6 
 

Fig.6 Stress results of meshed specimens 
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DAMAGE MODEL FOR BIOLOGICAL TISSUES
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Summary The mechanical behaviour of soft biological tissues is heavily influenced by the presence of the collagen fibres. In this study, we
introduced a constitutive damage model for a single fibre. The model is based on the progressive recruitment and failure of the fibrils of
which the fibre is mainly comprised. We employed distribution functions to model the progressive recruitment and failure of the fibrils. The
recruitment-damage model has been implemented into Finite Elements (FE) and was able to reproduce several aspects of the experimentally
observed behaviour of soft biological tissues.

INTRODUCTION

From the perspective of mechanics, biological tissues are non-linear, anisotropic, inhomogeneous, time-dependent mate-
rials which are responsive to external stimuli such as mechanical forces. The unique behaviour of biological tissues stems
from their hierarchical structure. Collagen fibres are one of the main constituents of biological tissues [1]. Collagen fibres are
comprised of bundles of collagen fibrils. The failure and damage mechanisms of soft biological tissues strongly depend on
the tissues microstructure, but the irreversible phenomena related to the failure of soft tissue have not been fully understood.
In this paper we introduced a constitutive damage model for a single fibre based on [2].

GENERAL ASSUMPTIONS

We assume that: a) the non-collagenous matrix and the collagen fibres are both non-linearly elastic; b) each fibre is a one-
dimensional element bearing only tension along its axis; c) each fibre is comprised of bundle of fibrils that are connected by
means of proteoglycan (PG) cross-bridges. These bridges transmit the load between fibrils, forming an integrated structure,
which can elongate significantly. The fibrils are crimped in the reference configuration and each of them is recruited at
different stretch denoted λs (see Figure 1).

M

m

λe

CR χ(CR)

Cs

BR χ(BR)

λ = λe λs

λs

Figure 1: Intermediate Configuration for a Single Fibril [2]

All fibrils are assumed to fail at the same stretch λf calculated with respect to the straightened configuration Cs, so that,
with respect to the reference configuration, the failure stretch of each fibril is λsλf (See Figure 2).

CR Cs Cf

λs λf

Figure 2: Recruitment and failure of a typical fibril; Cf is the configuration at which the fibril fails
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CONSTITUTIVE EQUATIONS FOR A SINGLE FIBRE

In order to describe progressive recruitment and failure in a fibre, we use a triangular distribution function [2], and derive
an expression for both recruitment and damage processes (Figure 1). To find the first Piola-Kirchhoff (P-K) stress in the
fibre, we adopt a linear constitutive relation for each fibril between the first (P-K) stress and the logarithmic strain. Using this
constitutive relation, we can find the stress in the fibre by integration over the distribution functions (See Figure 3). For the
unloading part, we neglect the portion of fibrils that have already failed and integrate over the remaining portion of the prob-
ability distribution functions. Figure 4 shows a typical stress-stretch curve for a single fibre, as well as the unloading profiles
for different unloading stretches (λu). The theoretical model has been implemented into the Finite Element package FEAP,
including the unloading feature. Despite the simple assumptions at the collagen fibril level, the macroscopic tissue proper-
ties showed many typical properties observed from experimental tissue testing [1]. Most interestingly, although no plastic
deformation mechanisms were introduced at the micro-scale, macroscopic plastic-like effects could clearly be observed.
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Figure 3: Probability Functions for Recruitment and Damage, First P-K stress
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Figure 4: Stress-stretch curve for P (λ) and Pu(λ,λu)

SUMMARY

We proposed a one-dimensional constitutive model for a single fibre using triangular probability distribution functions in
order to account for the progressive recruitment and damage of individual fibrils.
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Summary For biological tissues reinforced by statistically oriented collagen fibres (such as articular cartilage), a probability distribution
function is used to describe the orientation of the fibres. In evaluating the material response, the overall effect of the fibres is accounted
for via the evaluation of averaging integrals over all possible directions in space. The averaging integral of the structure tensor (tensor
product of the unit vector describing the fibre direction by itself), or the averaged structure tensor, is of high significance. Higher-order
averaged structure tensors feature in several models and carry similarly important information. However, the computational cost associated
with their evaluation is very high. This work proposes to introduce mathematical techniques to minimise the computational cost associated
with the evaluation of higher order averaged structure tensors, for the case of a transversely isotropic distribution of orientation. Tensor and
component expressions are presented.

INTRODUCTION

For a given direction, described by the unit vector M , the structure tensor is defined as A = M ⊗M . The averaged
structure tensor is defined as the weighted average of the structure tensor associated with each fibre family, and the weight is
the probability distribution function Ψ(M), i.e., the probability of finding a fibre in direction M . The integral is evaluated
over the set of referential unit vectors, the “material unit sphere” S2B, and, in our notation, it reads

H1 ≡H =

!

S2B
Ψ(M)A. (1)

This integral was introduced by Gasser et al. [1] (who called it generalised structure tensor and denoted it by H) for the
evaluation of the overall effect of the fibres. Vasta et al. [2] introduced a representation involving the average of the fourth-
order tensor A⊗A = M ⊗M ⊗M ⊗M , which, in our notation, reads

H2 =

!

S2B
Ψ(M)A⊗A. (2)

In a recently proposed scheme [3], a constitutive function for a biological tissue can in general be represented by a
polynomial in A, and therefore contains terms of the type A ⊗ ... ⊗ A (k times), which, once averaged, give rise to the
averaged structure tensors of order 2k:

Hk =

!

S2B
Ψ(M) A⊗k. (3)

In general, the determination of the components of the averaged structure tensor Hk of order 2k requires the evaluation of 32k

integrals.
For a probability distribution Ψ which is transversely isotropic with respect to a given direction M0, i.e., ϱ(Θ) =

Ψ(M(Θ,Φ)) (where Θ is the co-latitude angle with respect to M0 and Φ is the longitude angle), the integrals in Equa-
tion (3) will also be transversely isotropic with respect to M0, and will also be completely symmetric, i.e., symmetric with
respect to any permutation of the indices.

Gasser et al. [1] showed that, for a transversely isotropic probability distribution, the average H of the structure tensor A
is given (in our notation) by

H ≡ H1 = κ1 G−1 + (1 ◦ 3κ1)A0, (4)

where A0 = M0 ⊗M0 is the structure tensor associated with the axis of symmetry M0, G−1 is the material inverse metric
tensor (i.e., the “contravariant identity tensor”) and

κ1 = π

! π

0
ϱ(Θ) sin3 Θ dΘ (5)

is the dispersion about the axis of transverse isotropy. Only one integral is required to evaluate the components of H1.

∗Corresponding author. Email: salvatore.federico@ucalgary.ca



OBJECTIVE

For the case of fibres obeying a transversely isotropic probability distribution, we aim at minimising the computations
necessary to determine the higher-order averaged structure tensors Hk by introducing higher-order dispersion parameters κk.

METHODS

If we define a higher-order dispersion parameter κk as

κk =
π

4(k−1)

! π

0
ϱ(Θ) sin(2k+1) Θ dΘ, (6)

we want to represent a higher-order averaged structure tensor Hk in terms of the dispersions κk.
We take advantage of the full symmetry of averaged structure tensors to write a general expression for any component by

using only 3 parameters (the dimension of the physical space). Let p, q, and r indicate the number of repetitions of the values
1, 2 and 3 respectively, where p + q + r = 2k and let Hk|p,q,r refer to all entries with these repetitions. Since the probability
distribution is independent of Φ we can write components of Hk as the product of an integral in Θ and an integral in Φ, i.e.,

Hk|p,q,r =

! π

0
ϱ(Θ) sin(q+r+1) Θ cosp Θ dΘ

! 2π

0
sinr Φ cosq Φ dΦ. (7)

We also propose to express the averaged structure tensors in terms of the second-order basis tensors for transverse isotropy
with respect to M0, i.e., the tensors {T0,A0}, where T0 = G−1 ◦ A0 is the projection tensor (see, e.g., [3]). Here, we
also take advantage of the full symmetry of averaged structure tensors, and rewrite them using fully-symmetric basis tensors,
which are expressed in terms of the fully-symmetric parts of all the possible tensor products of the second-order basis tensors
for transverse isotropy.

RESULTS

After some manipulations in Equation (7), we obtain the expression

Hk|p,q,r = αqr

p/2"

i=0

#
p/2

i

$
(◦ 1)i 4k+i−p/2−1

π
κk+i−p/2, (8)

where αqr are constants obtained by induction with α20 and α02 known. Moreover, a general expression for Hk is

Hk = βl
(2k)!

2(2l)!((k ◦ l)!)2
sym(T⊗(k−l)

0 ⊗A⊗l
0 ) + βkA

⊗k
0 , (9)

where

βl =
l"

i=0

#
l

i

$
(◦ 1)i4iκ(i+k−l). (10)

CONCLUSION

Our goal was to minimise the computational cost of the evaluation of the higher-order averaged structure tensors for the
case of transverse isotropy. The averaged structure tensors Hk were expressed in terms of the dispersion parameters and each
Hk has k independent parameters {κ}ki=1 and k + 1 independent components. Component expressions and component-free
expressions were provided.
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Summary Zona pelucida (ZP) is the most outer structure of mammalian oocytes and is important for gamete recognition, fertilization and 
integrity of the embryo. ZP is highly sulfated and glycosylated polymer gel that exhibit visco-elastic properties. Temperature, pH, ionic 
strength influences its biological function and aggregate state. We consider ZP as mechano-responsive polymer and proposed a new 
theory of fertilization based on coupled chemical²electrical fields and modeled ZP as a non-linear oscillatory reactive system. Analysis 
of its oscillatory states regarding external force is discussed. 
 

INTRODUCTION 
 

   The ZP can be considered as an oscillatory structure that exhibits transition in oscillatory behavior before and after 
fertilization [1, 2, 3]. Fertilization is a process of reunion of a single oocyte and single sperm cell. The process requires 
certain amount of functionally capable spermatozooa, although only one sperm will fertilized the oocyte ensuring the 
constant quantity of genetic material in each generation. In in vivo conditions there are constant decline of sperm number 
from the moment when they enter the female reproductive tract. In in vitro conditions the huge amount of spermatozooa are 
also required, partially due to huge differences in cell masses between spermatozoa and oocyte (in range of 107). In this 
system oocyte is reacting as inert body. Fertilization on the cellular level begins with receptor recognition but still some 
details of the fertilization process remain unknown. From the oscillatory theory of fertilzation [4] ZP changes its oscillatory 
states after fertilization [1, 2] as well as mechanical properties [4]. Changing in mechanical and electrical properties after 
fertilization allows attaching of silicon nano chip [5]. ZP is a polymer with highly sulfated glycoproteins interconnected 
with non covalent bonds, so it is easily dissolved by mild heating, low pH, low ionic strength [6]. 
 
 

BASIC CONCEPT OF THE MODEL 
 
   In this model ZP is considered as a mechano-responceive but also electroactive ± polymer analog to [7, 8]. Using 
phenomenological mapping [9,10], concept of controlling chemical oscillations in mechano reactive gels [11,12] and 
consequent rhythmical soluble-insoluble changes of the gel [13] the new mechano-chemical fertilization concept is 
proposed. The system (ZP) is considered to be incompressible. 
   Oscillations in chemical reactions are possible to control via mechanical strain [11, 12]. 
   Basic assumptions: Sperm penetration area is determined by local parameters acting upon ZP surface. ZP surface is 
negatively charged due to content of sulfated glycoproteins. Numerous sperms with different velocities and different sperm 
impact angles act upon ZP surface in a form of periodic impulsive forces transferring a part of their kinetic energy to the ZP 
structure. This external mechanical influence (time dependent force intensity and pressure changings) of spermatozoa cause 
changing in chemical reaction (analog to [11,12] that change local pH of ZP causing local changes of its aggregate state 
(analog to [13]) from solubile to insoluble or causing the state of plastic flow of ZP. The area of ZP where the plastic flow 
persists long enough wilO� EH� WKH� ³ZHHN� VSRW�DUHD´� IRU� VSerm penetration. The spermatozoon that is in range of this area 
could easily swim trough ZP. By changing the local parameters of external mechanical force (stress intensity, pressure, 
VSHUP� DUUDQJHPHQW«�� LW� LV� SRVVLEOH� WR� FRQWUol local chemical oscillatory processes [11]. Further, receptor recognition 
between sperm and oocyte changes locale potential of cell membranes. According to proposed model of fertilization 
process, ZP has area of coupled mechano-elekttro-chemical fields. The approximation is that this phenomenon has a local 
character and that it is not uniform through the entire ZP.  
 

 
 
 
 

   
 
 el FH ionu u u u � �        (1) 

Where elu is rubber elasticity of cross linked polymer chains contribution to the gel energy density, FHu -contribution 

from interaction between the polymer and solvent units, ionu - contribution to gel energy density that comes from ions [9]. 
The basic equation that couples mechanical stress and strain in ZP polymer could be in form: 

 

Figure 1.Part of the oocyte with a. spermatozoa acting upon ZP b. Changing the local 
electro-mechanical properties of ZP c. Sperm penetration in the area of local change of 
aggregate stat. CG-cortical granules. Co-cytoplasm of the oocyte.  
 
   The changes of oscillatory states of ZP as a gel polymer could be described 
by gel energy density. The gel energy density could be described by equation: 
  



 1
0 0 0( )P I c v BV I I I

� � �
� � �    (2) 

Where V
�

 is stress tensor, ( )P I -pressure, I
�

- is unit tensor, 0c - crosslink density-the number density of elastic strands 

in undeformed polymer network, 0v -velocity of the polymer network at the given network deformation, 0I -volume 

fraction of the polymer, I , B
�

-strain tensor in the swollen polymer gel. (taken from [9])��:KHQ�WKH�³FKRVHQ�VSHUPDWR]RD´�
swim through ZP, and its plasma membrane merge with oocyte plasma membrane, oocyte plasma membrane change its 
electrical potential and the cortical granules (CG) release will occur. According to the biochemical theory CG release is 
followed by structural changes and changes of mechanical properties of ZP resulting in polyspermy block. The exact roles 
of the content of CG are still not known. In light of coupled field theory we suggest possible role of CG: content of CG 
(mostly enzymes) are acting like catalyst to chemical reactions in sense they change pH of the local environment. Changed 
pH than change the conformation of the ZP glycoproteins and disclosed additional bounding sides on ZP glycoproteins 
leading to its structural reorganization.  
 

CONCLUSIONS 
 

   Using mathematical analogies and phenomenological mapping ZP was considered as an responsive gel that respond on 
external mechano-electrical stimuli that originate of numerous spermatozoa impacting its surface in process of fertilization. 
Oscillatory changing of external mechano-electrical stimuli upon ZP surface lead to local oscillatory phenomenon of rhythmical 
soluble-insoluble changes of ZP resulting in sperm spermatozoa penetration via mechanism of oscillations of relaxation if 
the soluble ZP state lasts long enough. Local chemical oscillations of ZP gel could be control via external mechanical strain. 
The proposed model brings new light to understanding the process of fertilization. 
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MECHANICAL STATUS WITHIN CIRCULARLY MICROPATTERNED CELL MONOLAYER 
DECIDES THE FUSION OF OSTEOCLAST PRECURSORS 

 
Bo Huoa, Chenglin Liu, Xue Bai 

Department of Mechanics, School of Aerospace Engineering, Beijing Institute of Technology, Beijing, China 
 
Summary It is always a confusing issue why bone resorption occurs at the site of microdamage within bone, where osteoclast precursors 
aggregate and finally fuse into osteoclasts. We hypothesize that the mechanical status within cell monolayer correlating with its morphology 
decides the cell fusion. In this study, the micro-contact printing technology was adopted to build multicellular monolayer with circular pattern. 
Traction force observations showed that the cell-substrate interaction reached its maximum value at the outer edge, interestingly, where the 
expression of force-transferring proteins, F-actin (intracelluar tension), vinculin (cell-substrate interaction), !-catenin and E-cadherin (cell-cell 
connections), were also highest. Probably responding to this high-level in-plane shear stress, the cell fusion was lowest at the outer edge of circular 
patterns. These results indicate that the mechanical microenvironment within the cell monolayer plays an important role in the fusion of osteoclast 
precursors and provide insight into the molecular mechanism. 
 

INTRODUCTION 
    
Osteoclasts are highly specialized multinucleated cells that are uniquely capable of resorbing bone matrix. The formation of 
mature osteoclasts is characterized by the fusion of mononuclear phagocytes (i.e. osteoclast precursors) originating from 
hematopoietic stem cells. There are lots of microdamages within bone due to fatigue. It has been found that bone resorption 
usually occurs around microdamage, especially at the leading edge of the cutting zone, which is called targeted bone resorption 
or bone remodelling [1]. But it is still unknown how mononuclear osteoclast precursors locating in this specific area fuse into 
multinucleated osteoclasts. By using the micropatterning technique, a large number of studies demonstrated that adhesion 
morphologies regulates the differentiation of stem cells through cell-matrix interactions. For example, one study found that 
after having been cultured on circular patterns, the human mesenchymal stem cells locating at the edges tended into 
osteogenesis, whereas those at the center differentiated into adipocytes [2]. The traction force analysis revealed that the regions 
of high cell-matrix shear stress resulted in osteogenesis, while stem cells in the regions of low shear stress differentiated into 
adipocytes. Nelson et al. found that cell proliferation occurred at the edge of a circular pattern or the corner regions of a 
rectangular pattern, where high traction stress was generated within the cell sheet [3]. When the cell-cell interaction was 
inhibited by blocking the binding of E-cadherin to !-catenin, the concentrated proliferation was substantially reduced. The 
above studies indicated that cell adhesion may influence the cell-matrix interaction or cell-cell interaction, and in turn regulate 
the differentiation of stem cells, but few studies focused on osteoclasts. In the present work, we analyzed the effect of cell 
monolayer morphology on the fusion of osteoclast precursors RAW264.7 monocytes. 
 

MATERIALS AND METHODS 

Micropatterned cell monolayer. The micropatterned substrate was made by using the technology of soft 
photolithography. Briefly, a mask with designed geometric features was first fabricated, which were replicated on the layer 
of photoresist and then on the PDMS stamp. This stamp with the comb-polymer inadhesive to proteins was immediately 
impressed onto a slide with pre-coated type I collagen. The mononuclear RAW264.7 cells were seeded on the micropatterned 
substrate and induced for 4 d or 6 d to fuse or differentiate into multinucleated osteoclasts with the 1:1 mixture of fresh DMEM 
medium with the conditioned medium from osteoblast-like MC3T3-E1 cells.  

Traction force. The cells were seeded on the gel surface and cultured for 24 h until they get confluent. For a specific 
location, a phase contrast image of the cells on the substrate surface and a fluorescent image of the beads embedded within 
the substrate were recorded. Then the cell layer was dissociated from the gel substrate with trypsin and another fluorescence 
image for the beads were recorded again. Basing on two fluorescent images, the displacement fields in the substrate were 
calculated using digital image correlation method, and the corresponding traction stress field was computed using Fourier 
transform traction microscopy.

Inhibition and fluorescent staining. To block the calcium-dependent cell-cell connection, DMEM medium was 
replaced by calcium-free DMEM medium or anti-E-cadherin antibody was kept in the induction medium. In addition, the 
force-transferring proteins, i.e. F-actin (intracelluar tension), Vinculin (cell-substrate interaction), !-catenin and E-cadherin 
(cell-cell connections), were fluorescently stained by using phalloidin or the corresponding immunohistochemistry assays. 

Identification of cell fusion. Cells were washed with PBS twice after removing the culture medium, and fixed with 
citrate-acetone solution for 30 s at room temperature. The cells were incubated with TRAP staining kit reaction solution at 
37°C for 1 h. The cells were washed with deionized water three times, and incubated with 0.2 mM Hoechst for 10 min, 
followed by being washed with PBS twice.  

Statistical analysis. All experiments were performed at least six times, and more than 1500 cells were measured for 
each group. The data were presented as mean ± standard deviation (SD) if not specifically claimed. One-way analysis of 



variance (ANOVA) with Bonferroni’s post hoc analysis was performed to determine the statistical significance of the 
differences between the mean values of different groups (p < 0.05). 
 

RESULTS 

The fusion of osteoclast precursors depends on the location in cell monolayer 
RAW264.7 monocytes were seeded on the circular adhesive pattern and gradually formed a cell monolayer, then some 

cells fused as multinucleated ones, which revealed TRAP-positive staining and were regarded as osteoclasts. The proportion 
of multinucleated cells in the center region was 7.1%-8.3%, which is significantly higher than 4.8% in the outer region. The 
average density of multinucleated cells showed a region-dependent manner after 4-d culture. For cells with 2-4 nuclei, the 
density (167-183 cells/mm2) is larger than that at the outer edge (77-104 cells/mm2); for cells with 5-7 nuclei, the density 
exhibits a same region-dependent behaviour, i.e., the density is 57-77 cells/mm2 in the middle region, while that at the edge 
is 17-20 cells/mm2. Interestingly it was found that nuclear density, i.e. the number of nuclei per unit area, did not reveal 
significant difference within the entire region in the pattern for 4-d or 6-d culture. This result suggests that the higher fusion 
ratio of osteoclasts in the center region is not due to the overcrowding of cells, but due to the local mechanical status of this 
region in cell monolayer which is different from that in the outer edge. 
 
Cadherin-related cell-cell interactions regulate the region-dependent fusion 

The low calcium medium was prepared using calcium free DMEM medium 1:1 mixed with the conditioned medium 
from MC3T3-E1 osteoblasts. After RAW264.7 monocytes were seeded on the circular pattern for 4 d with this low calcium 
induction medium, the percentage of multinucleated cells was greatly decreased, but that in the center region was still higher 
than the outer edge. The multinucleated cells density with 2-4 nuclei was suppressed to about 50-100 cells/mm2, which was 
significantly lower than the control group of about 100-200 cells/mm2. The multinucleated cells density with 5-7 nuclei 
decreased to 10-20 cells/mm2. When maintaining 1 "g/ml anti-E-cadherin antibody in the induction medium during 4-d culture, 
the data showed that the percentage of multinucleated cells was greatly decreased, and the region-dependent fusion vanished. 
The multinucleated cells density with 2-4 nuclei was suppressed to about 50-100 cells/mm2 and that with 5-7 nuclei decreased 
to 6-16 cells/mm2. If there was no conditioned medium added in the culture medium, only less than 1% multinucleated cells 
formed, and no significant difference along the radial direction was found. The analysis of nuclear number showed that the 
multinucleated cells density with 2-4 nuclei was significantly suppressed to about 20-40 cells/mm2 and that with 5-7 nuclei 
decreased to less than 10 cells/mm2. 
 
Force distribution within cell monolayer is consistent with the region-dependent fusion 

The in-plane stresses were obtained based on the measured traction force. The results showed that the traction force was 
generally along the radial direction, and its radial component increased as a function of the distance to the pattern center. 
There was generally a linear relationship between the traction force and the distance to the ring center for the soft substrate, 
whereas the traction force concentrated at the outer edge. The distribution of the traction force is consistent with theoretical 
predictions in this work and with those of our previous study. The maximal principal stress was in general along the 
circumferential direction, and the minimal principal stress was along the radial direction. The in-plane maximal shear stress 
on the pattern localized at the outer edge. This measurement of the in-plane principal stress and maximal shear stress was also 
consistent with our observation on the expression of force-transferring proteins, i.e. F-actin (intracelluar tension), Vinculin 
(cell-substrate interaction), !-catenin and E-cadherin (cell-cell connections). The results showed that the fluorescent intensity 
of these four types of proteins were significantly higher than those in the center regions. 
 

CONCLUSIONS 
    

Our present study suggests that the pattern of substrate on which cell monolayer adheres may influence the organization of 
cytoskeleton and the cell-cell connection, which then leads to the region-dependent fusion phenomenon of osteoclast precursors. 
But the detailed mechanism about the force transmitting between cell-substrate, cell-cell and intracellular cytoskeleton still needs 
further investigations. The corresponding studies are ongoing in our lab.. 
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DAMAGE OF MUSCLE CELLS UNDER MECHANICAL AND OXIDATIVE STRESSES 
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Summary Deep tissue injury due to prolonged excessive loadings can lead to clinical pressure ulcers. We assess the duration-dependent 
damage thresholds of muscle cells in compression and shear using myoblasts in-vitro, and study the effects of oxidative stress on such 
thresholds. We study the effects of oxidative stress on cytoskeletal polymerization and use AFM to study the corresponding changes in cell 
stiffness. We use femtosecond laser to evaluate how oxidative stress affects the pre-tension in the cytoskeletal fibers and the ability of cells to 
repair submicron-pores on their plasma membranes. Our findings suggest interesting implications of damage vulnerability under prolonged 
oxidative exposures, such as during chronic inflammation. Using a mouse model, we examine the damages incurred by a prolonged exposure to 
epidermal pressure and how a surfactant cell membrane stabilizer poloxamer-188 and intermittent vibration may alleviate these damages.   
 

MYOBLAST COMPRESSIVE & SHEAR DAMAGE THRESHOLDS IN-VITRO 
 
Spherical indentation was applied onto a 3mm thick agarose gel covering a monolayer of C2C12 myoblasts. Cell damage 
was recognized using propidium iodide (PI). The spatial profile of the measured percentage cell death was correlated with 
the radially varying stress field as determined by finite element analysis to estimate the compressive stress threshold for cell 
death (Yao et al., 2015). To measure the damage threshold in shear, a flat plate was used to apply a uniform compressive 
strain and a radially increasing shear strain on discs of GelMA hydrogel with myoblasts encapsulated within. The 
percentages of cells damaged were estimated with PI and calcein AM staining. Results suggested that cell damage depended 
on both the level and duration of the applied strains. There seemed to be a non-linear coupling between compression and 
shear. The experiments were conducted on myoblasts after oxidative exposure of various intensities and durations, as 
compared to the control in regular culture media. Results supported the hypothesis that chronic exposure to high-dosage 
oxidative stress could compromise the capability of muscle cells to withstand compressive and shear damages, while short 
exposure to low-dosage oxidative stress could enhance such capability.  
 

ACTIN CYTOSKELETON IN OXIDATIVE ENVIRONMENTS 
 
H2O2 was applied as an extrinsic oxidant to C2C12 myotubes. Atomic force microscopy results showed that short exposures 
to H2O2 apparently increased the stiffness of myotubes, but that long exposures made the cells softer. The turning point 
seemed to take place somewhere between 1hr and 2hrs of H2O2 exposure. We found that the stiffness change was probably 
due to actin filaments being favoured for depolymerization after prolong H2O2 treatments, especially when the exposure 
duration exceeded 1 hour and the exposure concentration reached 1.0mM. Such depolymerization effect was associated with 
the down-regulation of thymosin beta 4, as well as the up-regulation of both cofilin2 and profilin1 after prolong H2O2 
treatments (Wong et al, 2015). Utilizing a femtosecond (fs) laser to sever single stress fibres (SF) inside living C2C12 
myoblasts, we investigated the retraction rheology of the severed single SF to probe into the mechanical conditions of the 
cells and the effect of H2O2 on them. The initial gap between the two severed ends of the SF immediately after fs laser 
severing was larger in the H2O2-treated groups, suggesting that H2O2 exposure could promote the pre-stress in individual SF 
(Ma et al., 2015). The results were consistent with cell stiffness measured on single myoblasts under oxidative stress. A 
confocal-based cell specific finite element model was built to study the effects of stress fiber density, fiber cross-sectional 
area, tensile pre-strain in the fibers, elastic moduli of SF, actin cortex, actin cytoskeleton (including both actin SF and actin 
cortex), nucleus and cytoplasm. The results supported that a decrease in actin cytoskeletal elastic modulus could increase 
the average tensile strain on the actin cortex-membrane structure and reduce the elastic modulus of the cell. Assuming the 
cell would die when a certain percentage of membrane elements was strained beyond a threshold, lower elastic modulus of 
actin cytoskeleton would compromise the compressive resistance of a myoblast and lead to cell death more readily. 
 

CELL MEMBRANE REPAIR AFTER FEMTOSECOND LASER POTOPORATION 
 
A femtosecond (fs) laser mounted on a confocal microscopic platform was used to generate a highly focused hole at a 
targeted site of the myoblast plasma membrane. With the same laser power and irradiation duration, photoporation invoked 
bigger holes in the myoblasts after oxidative treatments than those in the control. Myoblasts showed difficulty in repairing 
holes with initial size beyond certain threshold. Within the threshold, holes could apparently be resealed within 100 seconds 
under the normal condition; while in oxidative condition, the resealing process even if successful could take 100-300s. A 
significantly higher percentage of myoblasts in chronic oxidative conditions could not have their holes resealed within the 
entire period of observation. It is interesting to note that brief exposure to oxidative stress apparently could promote 
resealing in myoblasts (Duan et al., 2015). 
  



POLOXAMER-188 TO PROTECT MUSCLE CELLS AGAINST DAMAGES   
 
We investigated the preventive effect of poloxamer 188 (P188) on muscle cells against extrinsic oxidative challenges. It was 
found that with 1mM P188 pre-treatment for 1 hour, skeletal muscle cells could maintain their compressive damage 
threshold, actin polymerization dynamics, and membrane sealing ability after H2O2 insults. These findings suggested that 
P188 pre-treatment can help skeletal muscle cells retain their normal mechanical integrity in oxidative environments, adding 
a potential clinical use of P188 against the combined challenge of mechanical-oxidative stresses. We used a mouse model to 
investigate the protective effect of P188 on muscle compressive injury in-vivo. Three concentrations of P88 (200mg/kg,  
400mg/kg and 800mg/kg) were administered to the mice through intraperitoneal injection. 100mmHg static pressure was 
delivered to the PLFH¶V�biceps femoris for 6 hours. Extracted tissues were examined using creatine kinase (CK-MM) ELISA 
and immunohistochemistry (IHC) analysis. Preliminary results showed that the P188 treatment groups reduced the CK-MM 
level in mice serum as well as the amount of TNF-alpha in the muscle tissue sample after compression. 

 
MECHANICAL VIBRATION TO ALLEVIATE MUSCLE DAMAGES FROM STATIC COMPRESSION 

 
We tested the hypothesis that intermittent vibrations (iV) can reduce apoptosis in tissues under prolonged compression. 
Senescence accelerated (SAMP8) mice were subjected to static loading on the biceps femoris of the right limb for 6 hrs. A 
10-minute of iV at 0.25g and 35Hz was applied vertically to the loading site once every 30 minutes throughout the 
compression period. iV and the compression force were real-time monitored using a single axial accelerometer and a three-
axial force transducer respectively. The compressed tissues were collected for immuno-histochemical analysis, creatine 
kinase-MM (CK-MM) ELISA and western blot analysis. Up-regulations of cleaved caspase-3 and TNFD in the compressed 
group validated our compression protocol in inducing tissue injury. Preliminary findings suggested that these apoptotic 
factors were evidently down-regulated in the vibration group when compared with the group under only static compression 
group. This suggested that apoptotic activity might be reduced with iV applied on the compressed tissue. 
 

CONCLUSIONS 
 

Muscle cells in-vivo need to serve their biomechanical functions even in challenging conditions such as in oxidative stresses 
under chronic inflammatory situations. We have provided in-vitro and in-silico evidences that under prolonged oxidative 
environment, the capacity of muscle cells to resist and repair physical damages could be significantly compromised. We 
hypothesize that oxidative stresses and/or a compromised anti-oxidative defence could be involved in the development of deep 
tissue ulcers. Preliminary findings on the use of P188 and intermittent vibration were encouraging with regard to alleviating the 
apoptotic factors associated with the damaging processes. 
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Summary The paper deals with the strength aspects of catastrophic vertical root fractures, which is the most common reason of tooth loss 
after the endodontic treatment, what with regards to the American Association of Endodontists is described with the term Cracked Tooth 
Syndrome. Numerical strength analyses were done for the two basic clinical cases: MOD (mesial-occlusal-distal) reconstruction and  
total crown overlay. In conclusion, the reconstructions with variant number of post of different material and depth of insertion were 
chosen to play a protective role in preventing the root and the whole crown against catastrophic fractures.       
 

INTRODUCTION 
 

Cracks formed in the teeth are considered as one of the biggest problems in modern dentistry; They are recognized as the 
third leading cause of tooth loss after the dental caries and periodontal diseases [1]. The case of a particularly importance is 
the so-called catastrophic, irreparable fracture, which is one of the most common cause of tooth loss after endodontic 
treatment. Biomechanical features of teeth after endodontic treatment are considered by majority of dentists as weaker when 
comparing with so called health teeth. Their experience prove that those teeth become more stiff and seem to be more 
susceptible to break or fracture what essentially influence their further reconstruction. The worst catastrophic fractures, 
which result in serious teeth mechanical strength weakening, are in particular vertical root fractures. They always lead to the 
tooth extraction. The case of the partial or total vertical root fracture in majority concern the teeth after endodontic 
treatment. The way of the destruction always starts at the area of the apical part of the root channel or alternatively at the 
bifurcation roots area and then comes to the tooth crown ± Fig. 1. Those features become the most often factors of teeth loss 
after endodontic treatment and statistically concern 2 ± 5% of all cases [2].     

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1. Vertical root fractures schemes and their respective clinical cases  

The total and partial root cracks are generally difficult to diagnose in the early stages, and therefore they become a serious 
problem for both the dentist and the patient. When properly recognized, usually extraction is the only solution. 

The aim of the paper was to check and analyze, from the strength point of view, the influence of the number and depth 
of posts insertion in the root channels on the risk of catastrophic vertical root fractures in lateral teeth after endodontic 
treatment.  
 

METHODS 
 

Numerical strength analyses were done for the following basic clinical cases: MOD (mesial-occlusal-distal) 
reconstruction and a total crown overlay, for three models simulated root canal treated teeth followed by reconstruction with 
the use: only the composite material, the composite material and one glass-polymeric post inserted in a buccal root channel, 
the composite material and two glass-polymeric posts inserted in both (buccal and lingual) root channels. Additional variant 
numerical simulations were also done for the cases of the tooth reconstructions with one post inserted in the lingual channel 
and two posts with mutually different insertion depth in both buccal and lingual root channels. The strength analyses were 
done with regards to the various post materials (stainless steel, titanium alloy, ceramic and glass fiber reinforced polymer). 
Numerical modeling and stress analyses were done in a CAD CATIA and FEM ANSYS programs [3]. The model of tooth was 



embedded in a periodontium, surrounded by bone structure. A special attention was paid to the areas of stress concentration 
within the area of the roots bifurcation, around the apical region of a root and in the area of the gingival line.  

 
RESULTS 

     

The numerical calculations were done for normal occlusion of the value 150 [N] for all materials of the structure taken 
as elastic and isotropic. As an example Fig. 2 presents the von Mises reduced stress distributions in roots bifurcation area 
for one glass fiber reinforced polymer post in buccal root channel for the various depth of insertion. 

 

 

 

 

. 

 
 
 
 
 
 
 
 
 
 

 

Fig. 2. The risk of the vertical root fracture with regards to the von Mises reduced stress distributions in roots bifurcation 
area for one glass fiber reinforced polymer post in buccal root channel for the various depth of insertion in MOD case 

reconstruction 

 
CONCLUSIONS 

 
 The main conclusions which can be withdrawn from the number of simulations and calculations can be formulated as 
following:  

� the posts with the higher elastic modulus, taking over the biggest loads, produce the stress concentration in the 
dentin around the apical top of the root; this can lead to the catastrophic fracture of the whole tooth structure,  

� in the case of two post application in MOD cavities, von Mises stress analysis revealed more favorable stress 
distribution in roots bifurcation area, which can play protective role in preventing the root fracture,  

� for the total overlay of crown reconstruction the application of one root post seems to be the most advantageous; in 
this case the maximal stress effort in the dentine at the bifurcation area was about 14% less when comparing with 
the reconstruction with the use of two posts,  

� assessment of the posts depth insertion, for both the MOD and overlay reconstruction cases, proves that decreasing 
insertion depth increases the stress concentration in the root dentine at the bifurcation area, respectively by 9 and 
17%, what may also result in vertical root fracture.   
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The maximum values of the von Mises reduced stresses [MPa]  
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The coupling mechanism serves to modulate the fin’s elastic stiffness as a function of θ. As an intuitive guideline to show
this relation, we apply point-force loadings F at the tip of each ray, along w, and define the stiffness to be R = F/w evaluated
x = L. By treating the rays as elastic beams and membranes as one-dimensional springs, the governing equations for the
coupling mechanism are the Euler-Bernoulli equations and are given as

Bnw′′′′ = ksinθϵ, Btv
′′′′ = kcosθϵ, (1)

ϵ = 2cosθw + 2sinθv (2)

where the primes are derivatives with respect to x, k is the membrane spring constant, and where Bn and Bt are the bending
moments along w and v, respectively. We imposed clamped conditions at the fin base and point-force loadings on the opposite
end; these are boundary conditions for which (1 - 2) have analytical solution and show how R, fin stiffness, modulates with θ,
the geometric constraint.

r1 =
3Bn

L3
, r2 =

3Bn

L3

!
1 +

Btsin2θ

Bncos2θ

"
(3)

1

l4
=

!
2ksin2θ

Bn
+

2kcos2θ

Bt

"
(4)

R interpolates between the two limits shown in (3). In one limit, the ray stiffness, r1, dominates over the membrane
stiffness, k, and R takes the stiffness of individual rays. In the opposite limit, the membrane stiffness dominates and the rays
are restricted to bend entirely normal to the membrane. Here, R takes a higher, θ-dependent value, r2. Between the limits, R
depends on the ratio of ray and membrane stiffnesses. This is captured with L/l, where L is the ray length and where l is a
length scale given in (4) and arises from nondimensionalizing (1-2). We plot the nondimensional scaling of R/r1 with L/l in
Figure 1c for different values of θ. It shows the stiffness of a 2-ray fin increases with θ but only appreciably if L/l is at least
unity.

CONCLUSIONS

Intuitively, a transversely curved fin is stiffer than a flat fin because the curved geometry adds the membrane as an addi-
tional elastic force to resist ray bending. To show this geometric coupling quantitatively, we use a simplified model of beams
and springs to approximate the fin rays and membranes. We show that the intuition is correct for a 2-ray fin system, i.e, the fin
stiffness increases with curvature. In future works, we will show that this result is essentially valid for a discrete N-ray system
and for a continuous fin surface.
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ABSTRACT 

   Present metal-alloy artificial bones for bone grafts like herniated intervertebral disc applications have the problems like too heavy, excessive 
elastic modulus and stiffness compared with natural bones. In our study, meshed gum metal plates are introduced having light-weight and high 
three-dimensional flexibility in order to solve such kind of problems. Different basic mesh shapes were designed using 3D-CAD tools from the 
viewpoints of light-weight, higher flexibility and durability. Evaluations of mechanical properties on such meshed gum metal plates were 
executed experimentally and analytically by comparisons with the natural bones¶ mechanical properties and the results are reported in this study. 
 
Keyword: Meshed gum metal plates, Mechanical properties, 3D flexibility, Experimental and analytical approaches 
 

INTRODUCTION 
 
Present titanium implants for bone graft applications like hernia of intervertebral disc shown in Fig.1 have the problems 

like too heavy, mismatch-elasticity and excessive-strength compared with natural bones [1]-[4]. In this study, meshed gum 
metal plates with higher 3-dimensional flexibility [5] were interested to solve such kind of problems. Gum metal is one kind 
of titanium alloy with higher biocompatibility, lower elastic modulus and excellent elastic deformability [6]. 

      
Fig.1 Fixation methods on spine for hernia of intervertebral disks using titanium implants 

Fundamental mesh shapes were designed using three dimensional CAD tool from the light-weight, higher flexibility and 
longer life viewpoints. Based on the designed mesh shapes, sample specimens of the meshed titanium plates having 
different plate thickness and line-up patterns were manufactured through the laser beam machining. Mechanical properties 
of sample manufactured meshed titanium plate specimens like volume density, tensile and compressional elasticity and 
bending stiffness were experimentally evaluated. On the other hand, analytical approaches on mechanical properties of 
meshed titanium plates are also carried out using ANSYS finite element analysis code. Comparisons between experimental 
and analytical results are used to validate the analytical approach method. 

 
BASIC MESH SHAPE DESIGN FOR MESHED GUM METAL PLATE APPLICATION 

 
Design concepts of basic mash shapes 
   Basic mesh shape designs are carried out under the following design conceptions. 

(1) Single fundamental mesh shape construction for simplification of manufacturing processing and cost-down purpose 
(2) Higher three-dimensional flexibilities including expansion/contraction, bending and torsion for possibility of 

handily shape changes during surgery 
(3) Uniform mesh line width and non-angle smooth shape desired to decrease stress concentrations and lead for higher 

strengths and longer operating life 
(4) Ensured optional spaces for screw fixation 

 
Meshed plates with different basic mesh shapes for sample experimental investigations 

3-dimensional meshed plate models using the designed basic mesh shapes with 1.0 mm mesh line widths are obtained 
and CAD models for sample meshed gum metal plates are shown in Fig.2 with the specimen size. 

                 
          120° axisymmetric specimen       90° axisymmetric specimen      60° axisymmetric specimen 

Fig.2 Meshed plate shape models for sample specimen evaluations 



EVALUATION ON MECHANICAL PROPERTIES OF SAMPLE MESHED GUM METAL PLATES 
 
Tensile, compressional and bending property characteristics of sample meshed gum metal plates 

Based on the mesh shapes shown in Fig.2, sample meshed gum metal plates with 1.0 mm thickness are fabricated by 
laser cutting process for experimental evaluations and specimen photos are shown in Fig.3. Based on JIS Z 2241, JIS K 7076 
and JIS Z 2248 [7], tensile, compression and bending experiments are executed for mechanical property evaluation of these 
sample meshed gum metal plates. Table 1 shows the experimental results of mechanical properties of sample meshed gum 
metal plates. 

Table 1 Experimental results of mechanical properties of sample meshed gum metal plates 
Mechanical 
properties 

Elastic stiffness Approximated elastic modulus [MPa] Volume density [kg/mm3] 
120° 90° 60° 120° 90° 60° 120° 90° 60° 

Tensile [N/mm] 483.0 204.0 191.6 1067.4 409.0 394.3 
2.35 3.13 2.92 Compression[N/mm] 645.0 527.0 455.3 1823 1183 1062 

Bending[N࣭mm2] 10734.5 13189.8 9373.2  

Analytical approaches on mechanical property evaluation of sample meshed 
gum metal plates 

Analytical approaches on mechanical properties of meshed gum metal plates 
are carried out here using 3D Solidworks CAD software and ANSYS finite 
element analysis code. 3D meshed plate models with the same shapes and sizes of 
specimens on experimental evaluations are modeled as shown in Fig.4 and material 
properties of gum metal plate shown in Table 2 are used for analytical inputs. 

 
Fig.4 3D model of tensile, compression and bending tests 

Table 2 Analytical results of mechanical properties of sample meshed gum metal plates 
Mechanical properties Elastic stiffness [N/mm] Approximated elastic modulus [MPa] Deviation from experimental results [%] 

120° 90° 60° 120° 90° 60° 120° 90° 60° 
Tensile [N/mm] 370.9 195.8 175.6 1048.5 439.4 409.7 -0.99 -0.48 -1.81 

Compression [N/mm] 624.0 506.5 449.63 1764.1 1136.7 1049.0 3.36 4.05 1.26 

Bending [N࣭mm2] 8707.4 12122.8 8458.6  -2.30 -0.85 -4.73 

 
CONCLUSIONS 

 
   Tensile, compression and bending properties of sample meshed gum metal plate specimens were experimentally and 
analytically evaluated with designed basic mesh shapes under light-weight, high flexibility and durability viewpoints. From the 
experimental and analytical approaches, the following conclusions are obtained. 
(1) Experimental results indicated first that volume densities of the meshed gum metal plates can be controlled to close to 

natXUDO�ERQH¶V�GHQVLWLHV� 
(2) From three basic mesh shapes, 60° axisymmetric specimen shows the most flexibility from tensile, compression and 

bending performances. 
(3) Analytical approach methods for mechanical property evaluations are introduced and the comparisons between 

experimental and analytical results indicate that analytical approach method is valid. 
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Summary Pedestrians represent one of the most vulnerable road users. Impact simulations using finite element (FE) pedestrian models could 
help to better understand the injuries recorded in pedestrian accidents and design pedestrian-friendly vehicles. A high biofidelity finite element 
pedestrian model corresponding to anthropometry of a 5th percentile female (F05) in standing posture was developed and preliminarily validated 
in this study. The model was validated at component level and then verified in a car-to-pedestrian simulation. Overall, the model showed 
promising results and a good capability to predict the injury risk of the pedestrian during lateral car impact. 
  

INTRODUCTION 
 
   Pedestrians represent one of the most vulnerable road users and comprise nearly 22 percent of the road crash related 
fatalities in the world [1]. Therefore, protection of pedestrians in car-to-pedestrian collisions (CPC) has recently generated 
increased attention with vehicle regulations (in Europe, Asia, and recently US) which involve three subsystem tests for adult 
pedestrian protection (leg, thigh and head impact tests). In addition to these physical tests, the development of finite element 
pedestrian models could be a complementary alternative that characterizes the pedestrian¶V whole-body response during CPC 
impact and assesses more specifically the risk of pedestrian injuries. 
   The primary goal of this study was to develop and preliminarily validate a finite element model corresponding to a 5th 
percentile female anthropometry. This new pedestrian FE model could be useful to evaluate pedestrian injuries in lateral 
vehicle accident. 
 

METHODS 
 
   The mesh of pedestrian finite element model have been developed by morphing the mesh of a 50th percentile male 
pedestrian FE model [2] on the scanned surface of a 5th percentile female having 149.9 cm height and 48.6 kg weight [3]. The 
material properties were defined as the same material properties of 50th percentile male FE model. To validate the FE model 
at a component level, impact simulations were performed on knee joint, lower extremity and upper body based on literature 
data [4-6]. Simulation setups for each impact test were modelled and implemented in the FE software (LS-Dyna, LSTC, 
Livermore, CA). The lower extremity was impacted by a 6.25 kg impactor under the knee joint in the shearing test and near 
the ankle bone for the bending test (Figure 1. a). Upper body validations were also performed by impact simulations to the 
abdomen, pelvis and thorax. Then, the whole body FE model was verified in a CPC simulation (Figure 1. b) [7]. The kinematic 
trajectories of head¶V centre of gravity (CG), first thoracic vertebra (T1) and sacrum relative to the car were recorded in a CPC 
simulation and compared to the Post Mortem Human Surrogate (PMHS) test data.  
 

 
 
 

Figure 1. Schematic simulation setups of a) lower extremity and b) full body validation. 

a) 
b) Head CG marker 

T1 marker 
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RESULTS AND DISCUSSION 
 
   Overall, the model showed promising results and a good capability to predict the injury risk of pedestrians during lateral 
car impact. Due to the lack of PMHS data for 5th percentile female, the impact responses of the pedestrian model were 
compared to scaled test corridors corresponding to 50th percentile male. Therefore, the force time histories predicted by the 
FE model were usually close to the lower boundaries of test corridors (Figure 2. a). Similarly, the trajectory of F05 head CG, 
obtained from the CPC simulation, was close to the trajectories recorded on shorter PMHS (Figure 2. b). In terms of injury 
predictions, the model predicted initial MCL/ACL ruptures in the right knee (the first one impacted by the car) followed by 
LCL/ACL ruptures in the left knee. These types of injuries were observed in the PMHS impacted in CPC tests. Future work 
will be focused on improving the model¶V responses and on adding more details to the current model. 
 

 
 

CONCLUSIONS 
 
   A 5th percentile female pedestrian finite element model was developed and preliminarily validated in this study. The model 
showed relatively accurate results against PMHS test data recorded in components and CPC tests. Generally, the validated 
pedestrian model will be used by safety researchers in the design of front ends of new vehicles in order to increase pedestrian 
protection. 
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Summary Cancer represents one the most challenging problems in medicine and biology nowadays. Recently, it has been shown that
stresses affect tumor patho-physiology. In fact, we believe that a better understanding of the state of stress present in growing tumors is
needed to develop new therapies and further improvement in treatments. This work represents an extension of the study made by Ngwa and
Agyngi 2012 [3] in three major aspects: the introduction of anisotropic growth, the construction of a growth law depending of the stress
levels and the effect of the parameters representing these contributions in stress and growth.

BACKGROUND

Tumor growth involves the generation of mechanical forces both within the tumor and between the tumor and the host
tissue. These mechanical forces, coupled with neovascularization, induce abnormal solid and fluid stresses that facilitate tumor
progression and hinder response to various treatments (Jain et al. 2014 [2]). In the way of looking for a solution, mathematical
models arise as a tool in order to understand this phenomenon. In particular, some works are focused on the macroscopic scale
using a mechanical approach. For example, Araujo and McElwain 2005 [1] and Ngwa and Agyngi 2012 [3], assumed a
constitutive equation from linear elasticity theory in order to relate growth with deformation. The present paper is based on a
previously reported simpler model by Ngwa and Agyngi 2012 [3], where the authors modeled the evolution of growth-induced
stresses in an spherical growing tumor surrounded by an external medium and exhibiting isotropic properties. Following their
analysis, we extend the model by incorporating the effect of anisotropic growth and an improved growth law depending on
stresses. Furthermore, it is explored the effect of the parameters representing anisotropy and growth-stress dependence, in the
tumor evolution.

MODEL FORMULATION

In the following, we assume that tumor cells form a homogeneous population which is considered as a continuum;
moreover, the tumor is modeled as a sphere and its spherical symmetry is maintained at all times; in particular, the tumor
material is supposed incompressible and responds to stress in a purely elastic and isotropic form. Furthermore, the nutrient
concentration variation is determined by nutrient diffusion through the tumor boundary and its consumption by tumor cells in
the interior. Additionally, there is a constant nutrient concentration in the tumor boundary and it is assumed the existence of
an elastic, isotropic and incompressible external medium. Now, according to Araujo and McElwain 2005 [1], linear elasticity
models which just consider isotropic growth are insufficient to describe the stresses evolution in a growing tissue, because
it does not reflects the stresses relaxation effect. In this sense, we incorporate the effect of anisotropic growth to the model
proposed by Ngwa and Agyngi 2012 [3] following the ideas of Araujo and McElwain 2005 [1]. Specifically,

eij = g(δ1iγr + (δ2i + δ3i)γθ)δij +
1 + ν
E

σij −
ν
E
δijσkk, with i, j, k = r, θ,φ, (1)

where eij represents the material strain, δij is the Kronecker delta, σij denotes the Cauchy stress tensor, ν is the Poisson
ratio, E the Young modulus, g is the growing factor and the constants γr, γθ ∈ R∗

+ with the constraint γr +2γθ = 1, promote
the anisotropic behavior. Now, like it was mentioned above, from a mechanical point of view, the stresses are a determining
factor in the regulation of cellular proliferation and death. In this sense, we propose the following law

∂ρ
∂t

+∇·(vρ) = αcρ(1 + η1tr(σ))− kρ(1− η2tr(σ)), (2)

where v is the tumor cell displacement velocity, ρ is the cell density, c symbolizes the nutrient concentration, α and k
are positive numbers representing proliferation and death rates, respectively and η1, η2 ∈ R+ are constants representing the
dependence of cellular proliferation and death from stresses. The positive sign in η1 is for that in the presence of compressive
stresses (negative stresses) the cellular division is inhibited, and the negative sign of η2 means that compressive forces promote
cellular death. In particular, we take η2 depending on η1.

∗Corresponding author. Email: reinaldo@matcom.uh.cu



Mathematical model
To summarize, the dimensionless model equations are given by

dR(r, t)
dt

= vr(R, t), (3)

∂vr
∂r

(r, t) =
R sinh(r)
r sinh(R)

[1 + η1E(3σrr(r, t)− 2β(r, t))]− ϵ[1 + η2E(2β(r, t)− 3σrr(r, t))]− 2
vr(r, t)

r
, (4)

∂σrr

∂r
(r, t) = −2β

r
, (5)

!
∂
∂t

+ vr(r, t)
∂
∂r

"
β(r, t) = 2γθ

!
R sinh(r)
r sinh(R)

[1 + η1E(3σrr(r, t)− 2β(r, t))]− ϵ
#
1 + η2E(2β(r, t)− 3σrr(r, t))

$"
+

+
∂vr(r, t)

∂r
, (6)

where r ∈ [0, R), t ∈ R∗
+, R is the tumor radius, vr is the radial component of v and β = σrr − σθθ.

RESULTS

In the following, it is shown the relevance of the new parameters γθ (contributes to the anisotropy) and η1 (contributes to
the growth-stress dependence) in the solutions of the mathematical model.
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Figure 1: Influence of the anisotropy parameter in the growth pattern (A). Radial stress distribution at different time instants
for the radius associated to γθ = 0.1 (B). Dependence of the final radial stress on parameters γθ and η1 (C). Dependence of
the final tumor radius on parameters γθ and η1E (D).
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CONCLUSIONS

The presented model is considered an extension of the work of Ngwa and Agyngi 2012 [3]. With the considerations of
anisotropic growth and the dependence of the growth from the stresses. Given the fact that the actual treatment situation
still needs to develop. A systematic theoretical study of mathematical models modeling tumor growth will contribute to the
generation of new approaches for cancer diagnosis and therapies.
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Summary The eardrum plays an important role in transferring sound energy to the cochlea. Several recent studies have used inverse finite 
element (FE) methods to estimate the mechanical properties of the eardrum. However, the non-uniformity of the mechanical properties over the 
surface of the eardrum has not yet been reported. Our objective was to develop an approach to investigate the spatial non-uniformity of the 
<RXQJ¶V�PRGXOXV��(��RI�WKH�HDUGUXP��,Q�WKLV�ZRUN��WKH�VKDSH�RI�WKH�HDUGUXP�EHIRUH�DQG�DIWHU�SUHVVXUL]DWLRQ�was imaged and compared with FE 
model simulations for optimization purposes. A modified Nelder-Mead optimization technique was used in this study. The effects of two types 
of eardrum partitioning on the optimization were studied and compared. Results showed that partitioning of the eardrum into 4 quadrants produces 
a closer match between simulated and experimentally measured deformations compared with the assumption of uniformity or with partitioning 
into concentric regions. 
 

INTRODUCTION 
 
 The eardrum has a significant role in hearing. Sound in the environment is collected by the auricle (outer visible part of 
the ear) and is focused down the ear canal where it vibrates the eardrum, a thin conical membrane. Vibration of the eardrum 
causes a chain of three tiny bones (malleus, incus and stapes) to vibrate and transfer the sound energy to the inner ear, 
specifically the cochlea, where mechanical vibrations of the cochlear fluids are transduced to sensorineural signals for 
processing and perception. Common hearing tests, such as tympanometry, involve measurement of the acoustic properties of 
the air in the ear canal under specific conditions including both static pressurization and dynamic acoustic stimulation. Finite 
element (FE) modelling of these tests could potentially improve the diagnosis and treatment of hearing diseases1. 
 Accurate values for the mechanical properties of the eardrum are crucial for FE modelling. For physiological sound 
pressure levels, a linear elastic material model FKDUDFWHUL]HG�E\�WKH�<RXQJ¶V�PRGXOXV��(��FDQ�EH�XVHG. In current models, it is 
assumed that E is either constant over WKH�HDUGUXP¶V�surface or E changes concentrically over the surface. The objective of 
this work is to develop and evaluate an approach to estimate the spatial non-uniformity in <RXQJ¶V�PRGXOXV of the human 
eardrum with the aim of improving the accuracy of FE models. 
 

MATERIALS AND METHODS 
 

Previously, we introduced an in situ estimation technique in which an FE model was optimized to match experimental 
data acquired during eardrum pressurization in a rat model2. We have adapted this approach and applied it to a freshly frozen 
cadaveric human ear. The middle-ear cavity was pressurized to 500 Pa and the deformed shape of the eardrum after 
pressurization was imaged using a Fourier transform profilometer (FTP). To simulate the pressurization experiment, a 
specimen-specific FE model of the eardrum at rest was defined from a 3D micro-computed tomography (micro-CT) image 
(Figure 1a). E was then estimated using Nelder-Mead optimization, by minimising the cost function comparing the deformed 
FE model shape to the measured shape after pressurization. The cost function is based on the differences in measured and 
simulated eardrum height values (Z) relative to the XY-plane defined by the plane of the eardrum boundary at multiple points 
over the eardrum. Figure 2 shows a schematic representation of the optimization technique.  

  
Figure 1 ± Imaging and modeling of the eardrum. (a) 
3D micro-CT image of human middle ear. (b) FE 
mesh of the eardrum and malleus. 
 

Figure 2 ± Flowchart of the estimation algorithm. ܥ  is the cost 
function to be minimized in which  ܼி்  and ܼ௦  denote the 
measured and simulated Z coordinates, respectively, for point ݅. 
 



In this work, we assumed a uniform thickness of 110 um for the eardrum. The eardrum was modelled using triangular 
shell elements, and the malleus was modelled using tetrahedral solid elements. All FE modelling was performed in COMSOL 
Multiphysics® (Version 5.1) and optimizations were performed in MATLAB® (Release 2015a). In order to investigate the 
spatial non-uniformity of E over the surface of the eardrum, results from two types of partitioning of the eardrum were 
compared with results from the uniform E assumption. The two types of partitioning considered in this study included dividing 
the eardrum into 4 quadrants or into 4 concentric regions; the values of E were permitted to vary from quadrant to quadrant 
or from region to region when performing optimization, thus simulating non-uniformity.  
 

RESULTS 
 

Optimal E values for this specimen were obtained under the asumption of a single uniform E value and the two types of 
partitioning and are summarized in Table 1. Figures 3a-c show the difference (i.e., error) between the simulated and measured 
shapes at a pressure of 500 Pa when using the optimal E values for the simulations. 
 

 
Table 1 ± E estimates for each partitioning type. E_PI, E_PS, 
E_AI and E_AS are the values of E in each quadrant shown in 
Figure 3b. Similarly, E_1, E_2, E_3 and E_4 are E values in each 
concentric region shown in Figure 3c. 

 

 Partitioning Type 
Single Quadrants Concentric 

E (MPa) 5.39 

E_PI 9.7 E_1 16.5 
E_PS 5.4 E_2 6.7 
E_AI 2.4 E_3 3.6 
E_AS 4.3 E_4 3.5 

Cost Function 0.96 0.79 0.89 
 

 
 

 
Figure 3 ± Error maps between simulated and measured shape at a pressure of 500 Pa with simulations done using optimal 
E values from Table 1. Dotted line represents the boundary of the entire eardrum obtained from micro-CT image. Colored 
areas are regions within the field of view of the FTP apparatus. Simulations were performed under the following 
assumptions: (a) uniform mechanical properties, (b) properties varying over 4 quadrants, and (c) properties varying over 4 
concentric regions. 

  
DISCUSSION AND CONCLUSION 

 
Estimation of E using a pressurization technique has the advantage of being non-destructive and is easier to model 

compared with tensile testing on eardrum strips or indentation testing. Results from the single-E assumption are comparable 
to recent literature using indentation techniques3. The cost function decreases by 18% after partitioning into 4 quadrants, while 
the reduction was only 7% with concentric region partitioning. Therefore, partitioning of the eardrum into four quadrants and 
allowing E to vary from quadrant to quadrant improves the match between simulated and measured deformations.  
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ASSESSMENT OF MATERIAL AND GEOMETRICAL PARAMETERS INFLUENCE ON IOP
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Summary In this work we present mathematical models for the intraocular pressure (IOP) simulations after intravitreal injections. We
developed models of IOP changes for the ellipsoidal form of the eye, considering its coat to be transversally isotropic. We simulated the
relationship between the IOP and the inner volume of the eye with the help of the refined theory of thin shells and using Comsol Multiphysics
FEM package. Global sensitivity analysis was performed to quantify the relative importance of material and geometrical parameters of the
eyeball on the IOP elevation. The results showed that the axial length and elastic modulus affect the IOP changes significantly and the effects
of Poisson’s ratios are almost neglectable. However, when we introduced the relative volume, it became the most influential parameter: the
magnitude of its effect was 50% of the total response.

INTRODUCTION

Intravitreal injections are performed for a variety of ocular diseases by adding the amount of fluid (drug) into the eye. Due
to a short-time increase of the inner volume of the eye, the intraocular pressure (IOP) elevates after such an injection and can
cause undesired effects [1]. From mechanical point of view this is the problem of estimation of the internal pressure changes
in a closed shell filled with an incompressible fluid when an additional volume of incompressible fluid is introduced into the
shell cavity. The change in pressure causes the deformation of the eyeball shell and the new inner volume can be calculated
from a biomechanical simulations ∆p = Φ(∆V, V0, E, ν), where ∆V is a volume of a medicament; V0, V are the inner
volumes of the eyeball before and after the injection, respectively; ∆p – the change in IOP; and E, ν are parameters related
to the properties of the eyeball tissues.

Natural variations in the model input parameters, e.g., stiffness of the eye tissues, the diameter and the length of the
anterior-posterior axis (APA), can affect the model output. Global sensitivity analysis (GSA) has been performed to determine
the effect of variation of each input model parameter on the assigned output variable [2].

MATHEMATICAL MODELS OF THE IOP CHANGE

The sclera composes more than 90% of the external coat of the eye and it is the principal load-bearing tissue of the
eye. People with normal vision have nearly spherical shape of the eyeball, while for people with refractive errors (short- or
longsighted) the eyeball shape is close to ellipsoidal one.

The first model adopted in this paragraph was introduced and discussed in [3]. We modeled the corneoscleral shell of
the eye as an axisymmetric ellipsoidal shell of revolution subjected to inner pressure and treated the sclera as an transversally
isotropic material with principal axes in meridional and circumferential directions. The aspherical geometry of the corneoscle-
ral shell can be expressed, for example, by the following equation r2 + z2/κ2 ◦ κ2R2

0 = 0, where the z-axis is the axis of
revolution of ellipsoid as well as the optical axis of the eye, r is the radial distance from the APA axis, and R0 = R2

a/Rb is the
apical radius of curvature. A value of shape parameter κ = Rb/Ra < 1 corresponds to a prolate ellipsoidal shape modelling
the hyperopic eye, κ > 1 — to an oblate ellipsoidal shape (the myopic eye), κ = 1 — to a spherical surface (the eye with
normal vision). Here we denote the length of the optical axis as 2Rb, and 2Ra is the eyeball diameter at the equator.

We calculated the displacements of the shell subjected to the inner pressure p with the help of a linear high-order theory
of anisotropic shells presented in [4]. To find all quantities of interest, i.e. strains, stresses and deformations, the expansions
into series in the thickness directions were used.

Assuming that after deformation the shell keeps the ellipsoidal shape, the change of the inner volume can be written

∆V =
4

3
π(Ra + ua)

2(Rb + ub) ◦
4

3
πR2

aRb, ua = ∆p

!
R2

0(1 ◦ ν12)
2E1h

+
R0ν13
2E1

+
h

4E33

"
, (1)

ub = ∆p

!
κ2

R2
0(2 ◦ ν12 ◦ 1/κ2)

2E1h
+ κ

R0ν13(2 ◦ 1/κ2)

2E1
+

h

4E33

"
, E33 =

E1E3(1 ◦ ν212)
(1 + ν12)(E1(1 ◦ ν12) ◦ 2E3ν213)

,
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and a relationship between ∆p and ∆V can be derived. Here, Ei, i = 1, 2, 3 — moduli of elasticity, νij — Poisson’s ratios.
We also generated the finite element model (FEM) of the eye using Comsol Multiphysics software (v. 5.0). To simulate

the enclosed inner volume containing the fluid, we added an additional equation for the pressure needed to maintain a volume
change. The differential pressure was computed and applied as a load to the interior of the simulated eyeball.

We conducted a GSA to assess the effect of each model parameters using Sobol’ approach [2]. The global sensitivity
indices Sy were calculated using ANOVA-decomposition of the function f(x) describing the mathematical model. If Sy is
close to zero we can consider that f(x) does not depend on the variables from the y subset. The function f(x) mainly depend
on y variables if Sy is almost equal to 1. Since f(x) is not always analytically integrable, a quasi-Monte-Carlo algorithm is
chosen for numerical evaluation of the Sobol’ indices.

RESULTS AND DISCUSSION

The model response was investigated to the material (E1, E3, ν12, ν13), geometrical (Ra
1 , Rb

1, h) parameter variations
and to the absolute ∆V and relative ∆V/V0 injection volume fluctuations. Parameters regions and distributions were taken
from the literature and the data of the clinical trials.

Results for the ellipsoidal model (Eqs. 1) are presented in Fig. 1. One can see that the impact of the axial length (Rb)
and Young’s modulus E1 were comparable: Sobol’ indices differ only by about 10% from each other. At the same time
dependence of the IOP changes on the equatorial radius Ra is smaller that dependence on the axial length.

Figure 1: Sensitivity indices for the ellipsoidal model with fixed value of ∆V = 0.1 ml

This study is subject to several limitations. Representation of the eye as an ellipsoidal shell of uniform thickness with
linear material properties for the tissues is a significant simplification from physiological reality. However, these simplest
models can help to find unessential parameters and fix them in future studies.

CONCLUSION

We have developed models of IOP changes for the ellipsoidal form of the eye, considering its coat to be transversally
isotropic. The results showed that the axial length Ra and elastic modulus E1 affect the IOP changes significantly and the
effects of Poisson’s ratios ν12 and ν13 are almost neglectable. However, when we introduced the relative volume, it became
the most influential parameter: the magnitude of its effect was 50% of the total response.

The two region shell and nonlinear material properties can be incorporated into future models.

ACKNOWLEDGMENT

The reported study was partially supported by RFBR research project No. 15-01-06311 and was performed at the Obser-
vatory of environmental safety of St. Petersburg State University.

References

[1] Fuest M., Kotliar K., Walter P., Plange N.: Monitoring intraocular pressure changes after intravitreal ranibizumab injection using rebound tonometry.
Ophthalmic and Physiological Optics 34:438-444, 2014.

[2] Sobol’ I. M.: Global sensitivity indices for nonlinear mathematical models and their Monte Carlo estimates. Mathematics and Computers in Simulation
55:271-280, 2001.

[3] Bauer S. M., Voronkova E. B.: Models of shells and plates in the problems of ophthalmology. Vestnik St. Petersb. Univ. Math. 47:123-139, 2014.
[4] Rodionova V. A.,Titaev V. F., Chernykh K. F.: Applied Theory of Anisotropic Plares and Shells. St. Petersburg, Russia 1996, (in Russian).



�

�

!�
��.11%2/.-$)-'�!43(.1���,!)+� �.-'8!- 84!-41)�%$4 �

�

� �


�������
��

�

���	����

�

�

�

� � � �%++� ,)'1!3).-� /+!82� !-� %22%-3)!+� 1.+%� )-�,!-8� ").+.')#!+� /1.#%22%2� 24#(� !2� 3)224%�,.1/(.'%-%2)2�� 34,.1�,%3!23!2)2��

!-').'%-%2)2�� !-$�6.4-$�(%!+)-'�� �-� 1%#%-3� %7/%1),%-32��,%#(!-)#!+� 231%22%2� '%-%1!3%$�"8� #83.2*%+%3.-� #.-31!#3).-�(!5%�

"%%-� 2(.6-� 3.� -.3� .-+8�,.5%� 3(%� #%++� ".$8� &.16!1$� "43� !+2.� /+!8� !-� !#3)5%� 1.+%� )-� 1%'4+!3)-'� .3(%1� #.,/.-%-32� .&� #%++�

,)'1!3).-�24#(�!2�/1.3142).-��#%++�,!31)7�!-$�#%++�#%++�!$(%2).-2��!-$�#83.2*%+%3!+�.1'!-)9!3).-� ���
����41�4-$%123!-$)-'�.&�

3(%�").#(%,)#!+�!2/%#32�.&�#%++�,)'1!3).-�(!2�!$5!-#%$�'1%!3+8�.5%1�3(%�/!23�$%#!$%2���.6%5%1��6%�*-.6�+)33+%�!".43�(.6�

,%#(!-)#!+� !-$� ").#(%,)#!+� 2)'-!+2� !1%� )-3%'1!3%$� 2/!3)!++8� !-$� 3%,/.1!1)+8� !#1.22� 3(%� #%++�� �-� 3(%� /1%2%-3� 6.1*�� !�

,!3(%,!3)#!+�,.$%+� &.1�#%++�,)'1!3).-�(!2�"%%-�$%5%+./%$�3.� 234$8�(.6�3(%�,%#(!-)#!+� 231%22%2�%7/%1)%-#%$�"8�!�#%++� !1%�

)-3%'1!3%$�6)3(�").#(%,)#!+�!#3)5)3)%2�&.1�#%++�,)'1!3).-��

� � � �%�(!5%�&.1,4+!3%$�,!3(%,!3)#!+�%04!3).-2�3.�$%2#1)"%�5!1).42�#%++�!#3)5)3)%2�)-#+4$)-'�#%++�#.-31!#3).-��#%++�/1.3142).-�

!-$� 1%31!#3).-�� #%++�,!31)7� !-$� #%++�#%++� )-3%1!#3).-2���.-3)-44,�,%#(!-)#2� 3(%.18� !-$� &)-)3%� %+%,%-3�,%3(.$� !1%�42%$� &.1�

#!+#4+!3)-'� #%++4+!1� 231%22� !-$� 31!#3).-� 231%22� �2%%��)'41%� �����4,%1)#!+� !+'.1)3(,� 2),)+!1� 3.� #%++4+!1� !43.,!3.-� )2�42%$� 3.�

2),4+!3%� #%++� /1.3142).-� !-$� 1%31!#3).-�� �%!#3).-�$)&&42).-� %04!3).-2� !1%� 42%$� 3.� $%2#1)"%� 2/!3).3%,/.1!+� %5.+43).-� .&�

/1.3142).-�!-$�1%31!#3).-� 2)'-!+2��!-$�1!3%�%04!3).-2�!1%�42%$�3.�$%2#1)"%�3(%�$8-!,)#�1%,.$%+)-'�.&�,%#(!-)#!+�/1./%13)%2�

.&�#83.2*%+%3.-�!-$�#%++�,!31)7�!-$�#%++�#%++�!$(%2).-2���%#(!-.").#(%,)#!+� )-3%'1!3).-�6)++�"%� ),/+%,%-3%$�"8�#.4/+)-'�

3(%�/!1!,%3%12�)-�3(%2%�%04!3).-2��2%%��)'41%�	���

�

�
�)'41%���� � �)-)3%�%+%,%-3�,.$%+�.&�	��#%++�,)'1!3).-�)-�!�,4+3)#%++4+!1�%-5)1.-,%-3��

�

������������	��	���4'423�	������.-31%!+���!-!$!� �

��������
����
��������
������
���	�����	�
�����������������
��

������
���
�	��
��	��
�����
�����

�
�.-'8!-��4!-

�!��
�
�������������� ��������������������������
��������������������������������� �	�����������������������	����������


������

�

��������-�3(%�/1%2%-3�6.1*��!�,!3(%,!3)#!+�,.$%+�&.1�#%++�,)'1!3).-�(!2�"%%-�$%5%+./%$�3.�234$8�(.6�3(%�,%#(!-)#!+�231%22%2�%7/%1)%-#%$�

"8�!�#%++�!1%�)-3%'1!3%$�6)3(�").#(%,)#!+�!#3)5)3)%2�&.1�#%++�,)'1!3).-��



 
 

Figure 2:  A flow diagram showing the assumptions of mechanobiochemical coupling and integration in cell migration. 
 

RESULTS AND DISCUSSION 
 
   The finite element simulation results show that the mechanical stresses alone are sufficient to initiate the spatial pattern 
formation for actomyosin stress fiber organizations, focal adhesion distributions, and lamellipodia extension from an 
isotropic and homogeneous initial condition. The simulation results suggest that mechanobiochemical couplings at the 
whole-cell level enable cells to sense their shape. It has been demonstrated that this model can simulate durotaxis in which 
cell migration direction is guided by the rigidity of the substrate. Furthermore, by adding a cell-cell adhesion component to 
the single-cell migration model, cell-pair morphogenesis when the shape of the microtissue is constrained was simulated 
and compared with previous experiments involving cardiac microtissues. 
   This whole-cell level model for cell migration can help understand how the interior activities of a cell are merged with 
active sensing of mechanical cues of the external microenvironment. It can be used to study the effect of mechanical 
microenvironments in many biological problems such as tissue formation, cancer metastasis, would healing. 
  
 
 
References 
 
[1]! Parker, K. K. et al. Directional control of lamellipodia extension by constraining cell shape and orienting cell tractional forces. Faseb J 16, 1195–1204 

(2002). 
[2]! Parker, K. K., Tan, J., Chen, C. S. & Tung, L. Myofibrillar architecture in engineered cardiac myocytes. Circ Res 103, 340–342 (2008). 
[3]! Grosberg, A. et al. Self-Organization of Muscle Cell Structure and Function. PLoS Comput Biol 7, e1001088 (2011). 

Baseline contraction 

Cytoskeleton Cell-matrix linkage Cell-cell linkage 

Cytoskeletal 
remodeling 

Focal adhesion 
dynamics 

Cell junction 
dynamics 

•  Constitutive law 
•  Loading  

•  Boundary condition 
•  Interior interface 

Protrusion 
signal 

Continuum mechanics of 
microtissue 

Shape of 
the domain 



 

 

a) Contact person. Email: lzhang@ualberta.ca 
 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada  

A STUDY ON IMPERFECTION SENSITIVITY  
OF PRESSURED BUCKLING OF SPHERICAL VIRUS SHELLS 

 
Lei Zhang1a), C Q Ru2 

1Department of Mechanical Engineering, University of Alberta, Edmonton, Alberta T6G 2G8, Canada 
2Department of Mechanical Engineering, University of Alberta, Edmonton, Alberta T6G 2G8, Canada 

 
Abstract Motivated by the geometric heterogeneity inherent in spherical viruses, an imperfection sensitivity analysis is conducted based on a 
refined elastic shell model recently developed for spherical virus shells of high structural heterogeneity. The influence of key parameters of the 
refined model on imperfection sensitivity is examined. Our results show that the ratio of effective bending thickness to average shell thickness 
has a major effect, while the ratio of transverse shear modulus to in-plane shear modulus has a negligible influence on the imperfection 
sensitivity. In particular, with relevant parameters for typical imperfect spherical virus shells, the predicted buckling pressure could be roughly 
reduced to 55-65% of that of a prefect spherical virus shell. 
 

INTRODUCTION 
 
   A nano-sized spherical virus is essentially spherical VKHOO��NQRZQ�DV�³FDSVLG´) that encloses viral genetic material (RNA 
or DNA) [1]. It is of great significance to study buckling instability of spherical virus shells under external radial pressure 
and the influence of such pressured buckling on their biological functioning (e.g. protect, deliver and release genetic 
materials [1]). A common key feature of virus spherical shells is their high geometric heterogeneity. For example, Wan [1] 
shows that the existence of geometrical defects in spherical crystalline VKHOOV� DIIHFW� WKH� VKHOOV¶� DELOLW\� WR� VXVWDLQ� H[WHUQDO�
hydrostatic pressure. Therefore, no doubt, the study on the effect of geometrical imperfection on pressured buckling 
behavior of virus spherical shells is vital in understanding some of their biological functions. The present work aims to 
examine imperfection sensitivity of geometrically heterogeneous spherical virus shells using the refined elastic shell model 
developed in [3]. The methods developed in previous seminal works on buckling of elastic shells, e.g. by Koiter [4] for 
spherical shells, are employed to study the imperfection sensitivity of geometrically heterogeneous spherical virus shells 
defined by the refined model [3] (the detailed formulation and analysis are omitted in the present abstract). 
 

THE REFINED SHELL MODEL 
 
   In view of the fact that virus spherical shells are characterized by high geometrical heterogeneity and thickness non-
uniformity, a refined elastic spherical shell model was developed in [3] which was recently used to study the rupture of 
ultrasound contrasts agents (UCAs) by Chitnis et al. [5]. The effect of geometrical heterogeneity and thickness non-
uniformity on the critical pressure Pcr for buckling of a prefect spherical virus shell is given by 
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               (1) 

where E LV�<RXQJ¶V�PRGXOXV��v LV�3RLVVRQ¶V�UDWLR�RI�WKH�YLUDO�VKHOO��ks is the shear coefficient, R is the average radius, G* is 
the transverse shear modulus, G is the in-plane shear modulus, h0 is the effective bending thickness and h is the average 
thickness. It is known that for microtubules transverse shear modulus can be lower than in-plane shear modulus, and 
transverse shear becomes significant for shorter-wavelength deformation. For spherical viral shells, because wavelengths 
are always shorter as compared to the diameter, it is expected that the transverse shear could be relevant for viral shells. In 
particular, in view of similar thickness non-uniformity and structural heterogeneity of microtubules and viral shells, it is 
assumed here that transverse shear modulus of viral shells G* could be lower than the in-plane shear modulus G and h0 can 
be different from h. Therefore, the physically realistic range of G*/G for spherical virus shells could be smaller than one. 
   In this work, the effect of these three key parameters on the imperfection sensitivity is examined within the framework 
Koiter¶s general theory of post-buckling of pressured elastic spherical shells. Some numerical results are obtained with the 
aid of Mathematica software, as shown below. 
 

NUMERICAL RESULTS AND CONCLUSIONS 
 
   First of all, a comparison of the present results with the well-NQRZQ�.RLWHU¶V� UHVXOWV� LV� Gemonstrated in fig.1-a) for 
classical elastic spherical shells (with G*/G=f, h0/h=1). Furthermore, how the three key parameters (R/h, G*/G and h0/h) 
influence the imperfection sensitivity of an imperfect spherical virus shell is shown in fig.1-a), b) and c). And fig 1-d) shows 
the imperfection sensitivity with relevant parameters for some typical imperfect spherical virus which are listed in table 1 
and obtained from [6]. Here the knockdown factor O is defined by the ratio of the maximum pressure of an imperfect virus 



shell to the maximum pressure of a perfect virus shell (the latter is actually given by Eq. (1)), and P is dimensionless 
imperfection amplitude normalized by the average thickness h. It is concluded from figure 1 that: 

1) From fig 1 a), our results are validated by the well-NQRZQ� .RLWHU¶s results of imperfection sensitivity for the 
classical spherical shells (with G*/G=f, h0/h=1, for which the present refined model reduces to the classical model). 
In this classical case, it is seen from fig.1-a) that the knockdown factor O decreases with the increasing ratio of 
radius to average shell thickness. 

2) From fig 1 b), it is concluded that the effect of transvers shear modulus of a spherical virus shell on the 
imperfection sensitivity is negligible when the ratio G*/G varies within a physically realistic range for spherical 
virus shells. 

3) From fig 1 c), it is concluded that the knockdown factor O decreases quickly with decreasing ratio of the effective 
bending thickness to the average shell thickness, which predicts that the effective bending thickness has a greater 
effect on the imperfection sensitivity and the thickness non-uniformity of spherical virus shells could be mainly 
responsible for the imperfection sensitivity. 

4) From fig 1 d), it is concluded that with the relevant parameters for some typical imperfect spherical virus shells, the 
maximum pressure of an imperfect spherical virus shell could reduce to 55-65% of the maximum pressure of a 
perfect spherical virus shell with the ratio R/h ranging from 3 to 5, h0/h ranging from 1.15 to 1.45 and the 
dimensionless imperfection amplitude P ranging from 0.08 to 0.21. As stated above, the ratio G*/G has negligible 
effect on the imperfection sensitivity when it varies within a physically realistic range. 

   
a)  G*/G=f  h0/h=1 b)  R/h=15  h0/h=1 c)  R/h=15  G*/G=f 

                      Table 1 (unit: nm) 
No. Virus R h h0 R/h h0/h G*/G P=°h0-h°/2h 

1 cowpea chlorotic 
mottle virus 11.8 2.9 4.2 4 1.45 0.5 0.21 

2 tobacco necrosis 
virus 12.9 2.5 3.1 5 1.25 0.5 0.11 

3 flockhouse virus 13.7 4.3 5.2 3 1.21 0.5 0.12 

4 norwalk virus 15.8 6.2 7.1 3 1.15 0.5 0.08 
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Fig. 1 The dependence of the knock down factor O on 
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SLIP-WEAKENING LAWS AND APPARENT STATIC FRICTION COEFFICIENT
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Summary Solutions are described for tangentially loaded contact problems in which the coefficient of friction transitions from a static to a
dynamic value over some small but finite slip displacement. Numerical and analytical result for a Hertzian geometry show that the maximum
tangential force occurs before all the contact slips, and that the maximum macroscopic friction coefficient is lower than the pointwise value.
If the transition occurs over a small slip distance, the assumed behaviour is mathematically analogous to a mode II fracture criterion.

FRICTION LAWS

It has been observed in many contexts that the force required to initiate relative tangential motion at a frictional interface
exceeds that required to perpetuate motion [1]. This is often characterized by defining a static coefficient of friction fs and
a dynamic, or kinetic, coefficient fd such that fs > fd. However, this distinction is lost if the friction law is applied in a
pointwise sense to a typical elastic contact problem. For example, suppose two elastic bodies that can be modelled by half
spaces are pressed together by a normal force P after which a tangential force Qx is gradually applied in the x-direction. If
the materials of the two bodies are the same, the normal tractions p(x, y) and the extent of the contact area A are independent
of Qx, so the tangential contact problem is defined by the boundary conditions

ux(x, y) = 0 ; qx(x, y) < fsp(x, y) ; (x, y) ∈ S
qx(x, y) = fdp(x, y) ; (x, y) ∈ (A− S) ,! !

A
qx(x, y)dxdy = Qx

where qx, ux are the tangential traction and the slip displacement respectively, and S is the ‘stick’ area. Intuitively, we would
expect that increasing fs should increase S for a given Qx, but any such assumption can be shown to lead to a singular traction
at the boundary of S. Thus, the only solution of the problem is identical to that which would be obtained were fs equal to
fd. Furthermore, it is easily shown that the maximum value of Qx occurs at incipient sliding, and hence that the resulting
macroscopic friction force is predicted by a simple Coulomb law with only the dynamic coefficient of friction fd.

SLIP WEAKENING

A more realistic friction law would recognize that the transition from fs to fd should occur over a finite slip displacement,
rather than instantaneously. In other words,

qx = {fd + F (ux)}p
where F (0) = fs − fd and F (u) → 0 as u → ∞. Such a law can be regarded as a special case of the rate-state law [2]
and is also related to the shear failure law proposed by Abercrombie & Rice [3]. Rabinowicz [1] describes some elegant
experiments designed to determine the function F (u), but the results are based the macroscopic tangential force Qx and
rigid-body tangential displacement and hence we might anticipate significant differences from the conditions that apply to the
pointwise tractions, where microslip occurs.

In a recent paper [4], laws of this form have been applied to the two-dimensional Hertzian contact geometry in which
a cylindrical body of radius R is first pressed into a half plane, establishing a contact area of width 2a and then sheared.
Numerical results were obtained by the finite element method, using the ramp function F (ux) = (fs − fd)(1 − ux/∆) for
0 < ux < ∆ and F (ux) = 0 for ux > ∆, where ∆ defines a slip-displacement length scale over which the transition occurs
from static to dynamic friction. The traction distributions showed generally good agreement with an approximate analytical
solution based on the superposition of two Cattaneo-Mindlin traction distributions [5].

In these solutions, we can distinguish three regions in the contact area, a central stick region |x| < c in which there is no
slip displacement and qx < fsp, a transition region c < |x| < b in which the slip displacement ux < ∆ and hence qx > fdp,
and if the applied force Qx is sufficiently large, a region b < |x| < a in which ux > ∆ and the dynamic friction coefficient
is fully established. When Qx = 0 the entire contact area is in a state of stick, so c = a, but as Qx is increased, c decreases
monotonically. Figure 1 shows a plot of Qx as a function of c for various values of the dimensionless parameter

Ψ =
"

fs

fd
− 1

#
χ where χ =

R∆
fda2

.

∗Corresponding author. Email: jbarber@umich.edu



Figure 1: Dimensionless tangential force Qx/fdP as a function of the semi-width of the stick zone c.
Notice that in general a maximum value is achieved before the stick zone has shrunk to zero. Under force control, the

system would then jump from this maximum to a state of sliding with Qx = fdP . More significantly, experiments conducted
on such a system would predict a ratio fs/fd equal to the maximum in the figure. This is always smaller than the pointwise
ratio and often very significantly smaller, as shown in Figure 2.

Figure 2: The apparent static friction coefficient.
When χ ≪ 1, the transition zone c < |x| < b is a small proportion of the contact area and the solution in the limit tends to

a state where the shear tractions exhibit a singularity at the stick-slip boundary analogous to that in mode II fracture problems.
In this case, the equivalent of the fracture energy release rate is

W =
! ∞

0
F (ux)pdu

Mathematically, the tangential contact problem then has the same form as the classical JKR solution for adhesive forces under
normal contact, with W playing the rôle of the surface energy γ. Notice however that W is proportional to the contact pressure
local to the transition from stick to slip.

CONCLUSIONS

A slip weakening friction law is shown to be equivalent in a certain limit to a fracture-based shear criterion. Also, the
static coefficient of friction can be significantly underestimated from experiments based on macroscopic geometries.
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UNLOCKING DYNAMIC FRICTION: THE FRICTIONAL FREQUENCY RESPONSE  
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Summary Constitutive laws for dynamic friction are discussed, by following two interconnected routes. The first route is experimental, based 
on systematic measurements of the frictional frequency response function up to mid-high frequencies, which is the required input to perform 
stability analysis of mechanical systems under steady sliding. It is worth mentioning that previous efforts to explain such measurements from a 
theoretical model have failed. The second route describes an enhanced rate-and-state model that takes the contact stiffness into account. The 
described results show that the model can predict the measured dynamic frictional response remarkably well for a range of sliding speeds, 
normal forces and frequencies, and a systematic methodology to identify the model parameters is described.  
 

PROBLEM STATEMENT AND NEW MEASUREMENTS OF DYNAMIC FRICTION 
 
   The prediction of self-excited vibration requires an accurate description of the frictional interface, where the level of 
such accuracy is driven by the required target. For example, the quickest method to predict friction-induced vibration relies 
on a linearised stability threshold analysis, for which the friction force needs to be described by a linearised constitutive law 
of dynamic friction. The most common friction laws used are usually deduced from tribological tests that involve measuring 
the friction force under different velocities and normal loads. Naively, such identified velocity-dependent laws are then used 
to predict the dynamic friction behaviour at mid-high frequencies where friction-induced vibration commonly occurs. This 
approach often leads to erroneous results and has been challenged in previous works [1-3]. In fact, it has been shown in 
[1,3] that the actual frictional response measured by inducing a small velocity fluctuation at a given frequency highlights a 
deep difference in the physics, compared to the one predicted by using only velocity-dependent dynamic friction laws. The 
new measurement takes the form of a frequency response function, ȕ�Z) (Fig. 1b), constructed by measuring the 
perturbation in the frictional force F' divided by the perturbation of the sliding speed v' as a function of frequency. The 
measurements so far are found to be complex and to vary with frequency as shown in Fig. 1c and Fig. 2.      
   The test machine is a pin-on-disc device (Fig. 1a). A piezo actuator is used to superimpose a small fluctuation in sliding 
speed. The disc is made of glass and three different sample pins are used: nylon, polycarbonate and tufnol. The pin is held 
by a dynamometer unit that hosts a package of sensors close to the contact region, allowing force and velocity to be 
measured in the frictional and normal directions. The actuator is driven with band-limited random noise. 

a) 

 

b) 

 

c) 

ሺ߱ሻߚ  ൌ Ԣሺ߱ሻܨ
 Ԣሺ߱ሻݒ

Fig. 1 - a) Pin-on-disc device ; b) dynamometer unit scheme and measured quantities; c) typical E�Ȧ ) measurement obtained for a Nylon pin on a glass disc; the 
normal force was kept constant at 30 N and the sliding speed was varied between 1, 2, 4, 6, 8 and 10 mm/s. 

 
CONSTITUTIVE FRICTION LAW: ENHANCED RATE -AND-STATE MODEL 

 
   In [3, 4] it has been found that a dynamic model of the rate-and-state type, enhanced to take into account the contact 
stiffness, can fit the ȕ�Z) measurements remarkably well. A model of this kind can be generally defined by a pair of 
equations (1), which after linearization leads to the expression (2) for the frictional frequency response function ȕ�Z): 

ܨ ൌ ݂൫ݒ െ ሶܨ ݇௧ǡ ߶Τ ൯     ߶ሶ ൌ െ݃ሺݒǡ ߶ሻ (1) 

ሺ߱ሻߚ ൌ െ ቈ ǡ݃థ݂ᇱ
௦௦  ݅߱ ǡ݂௩

ǡ݃థ  ݅߱ �ቈ ͳ
ͳ  ݅߱ ǡ݂௩ ݇௧Τ  (2) 

in which v is the interfacial slip rate, f'ss is the slope of the steady-state frictional force, I is the internal state variable, and f,v 
and g,I are the partial derivatives of the frictional force and state evolution law with respect to the slip rate and state 
variable, respectively. The contact stiffness kt is modelled by using a power law of the normal force. In order to get the 



partial derivatives, a mathematical expression for the frictional force and the state evolution law is needed. In [3], a 
systematic optimization methodology is presented to identify the model parameter values and discriminate among possible 
variants of enhanced rate-and-state models of the Dieterich-Ruina type. This provides "the best" model for the measured 
data. 
 

IDENTIFICATION OF FRICTION MODEL PARAMETERS FROM THE E(Z) MEASUREMENTS 
 
  Compared to the previous work [3], a further set of material combination have been systematically tested in order to 
investigate the application range of the proposed model. In Fig. 2, some samples of these new ȕ�Z) measurements are 
shown. Specifically, sets of Nyquist plots for three material combinations are plotted: a) Nylon-Glass; b) Polycarbonate-
Glass; c) Tufnol-Glass (see caption in Fig. 2 for more details). The proposed model in [3] succeeds well in reproducing the 
effect of variation of the normal load. Further measurements have been performed by changing also the sliding speed. The 
fitting methodology proposed in [3] has been used then to systematically identify all the model parameters. In this context, 
special attention has been devoted to the identification of the contact stiffness, which needs to be treated somewhat 
differently from the other fitting parameters. Concurrently, the larger data set has allowed more detailed investigation of 
some peaks, corresponding to system antiresonances, that often appear in the measurement results.     

a) 

 

b) 

 

c) 

 
Fig. 2 - Measurement of E�Ȧ� and fitting performance of the rate-and-state model: a) Nylon-Glass; b) Polycarbonate-Glass; c) Tufnol-Glass. The Nyquist curves 

increase by increasing the normal force that are assumed to be approximately: 10-20-30-40-50 (N).    
 

CONCLUSIONS 
 

   It is shown that the frictional frequency response reveals new dynamic features of the frictional interface for a perturbed 
steady-sliding contact. A measurement of this type turns out to be the required input for predicting friction-induced 
vibration by using linearised stability analysis. Concurrently, a rate-and-state model that takes into account the contact 
stiffness has been shown to give excellent agreement with the measurements. The application range of this type of friction 
model has been successfully tested by comparing the prediction performance with a range of material combinations. The 
results suggest that the validity range of the enhanced rate-and-state model can be extended up to mid-high frequencies.    
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SURFACE LOADING OF LAYER-SUBSTRATE SYSTEM UNDER PLANE-STRAIN
CONDITION WITH SURFACE EFFECTS

Thamarai Selvan Vasu and Tanmay K Bhandakkar ∗

Department of Mechanical Engineering, Indian Institute of Technology, Powai, Mumbai, India

Summary Layered-substrate system subjected to arbitrary normal and tangential surface loading with surface effects based on Gurtin-
Murdoch model is solved semi-analytically through the combination of Airy stress function and Fourier integral transforms under plane
strain condition. The obtained solution is applied to study the influence of layer thickness, modulus mismatch between layer and substrate,
surface parameters on stresses in layer-substrate system. Lastly a map is presented which indicates whether a layer-substrate system analysis
is required or a homogeneous analysis based on layer properties is enough for a given shear modulus mismatch ratio and layer thickness.

INTRODUCTION

Recent years have seen tremendous improvement in material processing and fabrication methods leading to develop-
ment of layered coatings made up of various combination of materials and having thickness in the range of micrometer to
nanometer[1]. Nano-indentation is one of the important process of practical interest, which is used to obtain the elastic prop-
erties of thin layer materials. The very first step involved in modeling an indentation problem is to obtain the Green’s function
relating surface displacement to contact pressure in the contact region by solving the boundary value problem where stresses
and displacement are calculated when a known specified load is acting on a given part of surface. In the present study, the
problem of elastic layer bonded to an elastic substrate subjected to specified normal and tangential load at the surface under
plane-strain condition with surface effects represented using Gurtin-Murdoch (GM) model is solved through the combination
of Airy stress function approach and method of Fourier integral transforms.

MODELING AND SOLUTION

Figure 1 shows the schematic of layer-substrate system with the layer having thickness t and adhering perfectly to the
substrate. The part |y| ≤ y0 of the surface x = 0 is subjected to quasi-static normal load p(y) and tangential load q(y) which
are assumed to be symmetric about x-axis. The deformation in the layer-substrate system is assumed to be infinitesimal and
obeying plane strain condition. The layer and substrate are modeled as a linear elastic isotropic material with Lame’s constants
µn and λn with subscript n taking values of 1 and 0 for layer and substrate respectively. This subscript representation will be
used here onwards to differentiate whether any material property or field variable like displacement or stress corresponds to
layer or substrate. The component of displacement along x and y direction in the bulk are denoted by uxn and uyn respectively
while the normal and shear component of stresses are represented as σan and τabn respectively where a and b can denote x, y
or z co-ordinates and a ̸= b. The surface equilibrium conditions relating the surface and bulk stresses with the applied loading
is as follows [2],

σx1 + τ sux1,yy + p(y) = 0, τxy1 + κsuy1,yy + q(y) = 0, |y| ≤ y0, (1)

where, τ s and κs = 2µs + λs are residual surface energy parameter and surface elasticity parameter respectively. The perfect
bonding between the layer and substrate interface (x = t) provides the continuity of displacements and tractions,

ux1 (t, y) = ux0 (t, y) ; uy1 (t, y) = uy0 (t, y) ; σx1 (t, y) = σx0 (t, y) ; τxy1 (t, y) = τxy0 (t, y) . (2)

The stresses and displacements are represented in terms of Airy stress function and the method of Fourier integral transform is
applied to the boundary and interface conditions in Equations (1-2) along with the condition that the stresses and displacements
in the substrate should vanish far away from the loaded region (x→∞), leading to the six simultaneous equations needed to
be solved for the six unknowns A0, B0, A1, B1, C1 and D1 as given below,
⎡

⎢⎢⎢⎢⎢⎢⎣

◦ eξ ◦ 2 ◦ ea eξ ◦ 2 ◦ ea 0 0
ξ (fξ + 2) (bfξ + 2) ◦ ξ (fξ ◦ 2) (◦ bfξ + 2) 0 0
ξe−2ξt (ξt ◦ b) e−2ξt ξ ξt + b ◦ ξαe−2ξt ◦ α (ξt ◦ d) e−2ξt

ξe−2ξt (ξt + a) e−2ξt ◦ ξ ◦ ξt + a ◦ ξαe−2ξt ◦ α (ξt ◦ c) e−2ξt

e−2ξt te−2ξt 1 t ◦ e−2ξt ◦ te−2ξt

◦ ξe−2ξt (1 ◦ ξt) e−2ξt ξ ξt + 1 ξe−2ξt (ξt ◦ 1) e−2ξt

⎤

⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎣

A1

B1

C1

D1

A0

B0

⎤

⎥⎥⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎢⎢⎣

2p̄(ξ)/ξ2

◦ 2iq̄(ξ)/ξ
0
0
0
0

⎤

⎥⎥⎥⎥⎥⎥⎦

(3)
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where, p̄(ξ) and q̄(ξ) are the Fourier transform of the applied traction p(y) and q(y) respectively in the loading region and

α =
µ1

µ0
; a =

µ1

µ1 + λ1
; b =

2µ1 + λ1
µ1 + λ1

; c =
µ0

µ0 + λ0
; d =

2µ0 + λ0
µ0 + λ0

; e =
τ s

µ1
; f =

κs

µ1
, (4)

α is the shear modulus ratio and along with the ratio λn/µn represent the mismatch in elastic properties of layer and substrate
in the present formulation. e and f denote the ratio of surface to bulk elastic constants and provide an inbuilt length scale in the
present problem. The unknowns A1, B1, C1, D1, A0 and B0 are found by solving Equation (3) in Maple c⃝ and the solution
for stresses and displacements in layer and substrate can be obtained using the Airy stress function based on these constants.

RESULTS AND CONCLUSIONS

Figure 1: Schematic of layer-substrate
system subjected to prescribed normal
load p(y) and tangential load q(y) act-
ing in the region |y| ≤ y0 under plane-
strain condition, where y0 is referred to
be semi-loading length.
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Figure 3: Map of shear modulus ratio α
and normalized thickness t/(e+f) with
normalized semi-loading length y0/(e+
f) = 10.

The obtained solution is used to analyze the combined effect of mismatch in elastic properties of layer with respect to
substrate, layer thickness and the surface parameters on the stress and displacement fields in layer and substrate by considering
the normal load p(y) = (p0

√
y2
0 ◦ y2)/y0 and tangential load q(y) = 0. Without loss of generality, in all of the numerical

results presented in this study, the ratio between the Lame’s constants λn/µn of layer and substrate is taken same and equal
to 1.5 and in fact the mismatch in the ratio λn/µn doesn’t affect the results significantly. The loading length y0 is chosen
equal to 10(e + f) just to study the results effectively. From the study it’s observed that in the presence of surface effects,
higher the value of shear modulus ratio α, greater is the deviation of stresses from the classical result where surface effects
are not considered. It can be seen from Figure 2 through normal stress component σx (0,0), that for smaller layer thickness,
the deviation in stresses closer to the surface in the presence of surface effects increases compared to the classical solution (no
surface effects), as the layer becomes more and more stiffer compared to the substrate. Further the study is used to propose
a map as shown in Figure 3 which identifies combination of shear modulus ratio of layer and substrate and layer thickness
where the homogeneous analysis based on the layer elastic properties is not sufficient and layer and substrate both should be
modeled as done in the present work. The Green’s function relating surface displacement to contact pressure is one of the
important outcome of present study, which can be used to solve the contact problem.
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ANALYTICAL SOLUTIONS OF CONTACT PROBLEMS FOR BODIES WITH
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Summary We suggest a solution method for some plane and axisymmetric contact problems of linear elasticity, thermoelasticity
and electroelasticity involving half-infinite bodies with functionally graded isotropic or transversally isotropic coatings. The
method is based on analytical approximation of kernel transforms of integral equations of corresponding problems. By using this
method, approximate analytical solutions can be obtained, effective for a wide range of values of physical and geometric
parameters of such problems.

INTRODUCTION

   Tribological characteristics of friction units depends on a stress-strain state at a contact interface and in thin subsurface
layers. Localization of external friction in subsurface layers stipulates wide usage of functional coatings. Coating deposition
can be performed by various methods and for different purposes. Substantial amount of modern functional coatings have
inhomogeneous structure. Investigation of stress-strain state of coated bodies is carried out within framework of elastic
contact problems. Most of analytical solution methods for contact problems are based on 1950-60th results and are effective
only in limited ranges of geometrical and physical parameters [1-4].
   Well-known solutions to contact problems are obtained mainly for particular cases of inhomogeneity, allowing to
construct exact analytic solutions for systems of differential equations [5,6]. Very few authors considered arbitrary
variations of elastic properties by depth of the coating. For example, Wang and Ke et al. used partially linear functions
approximation for arbitrary variation of elastic properties by coating depth, but they solved obtained integral equations
numerically by collocation method [7].
   We constructed and further developed bilateral asymptotic method for solution of dual integral equations, to which wide
class of mixed boundary value problems of continuum mechanics can be reduced. Important advantage of the method is its
applicability for modeling coatings of any thickness; solutions are proven to be asymptotically exact both for thin and thick
coatings. Method can be applied to problems for functionally graded or layered, soft or rigid coatings. Here softness means
significant difference in elastic moduli of coating and substrate at their interface; cases of up to 1000 times difference were
considered.

BILATERAL ASYMPTOTIC METHOD AND ANALYTICAL SOLUTIONS OF SOME CONTACT PROBLEMS

   It is known that some plane and axisymmetric static contact problems of elasticity for inhomogeneous coatings by using
integral transforms method are reduced to dual integral equations of a kind
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where )(+(L  is a kernel transform of the integral equation; )((T is an image of integral transform for unknown function
of contact stresses; )cos()(0 (&( xxR , ((&( )cos()(1 xxR  for the plane punch indentation problem, )()( 00 ((&( rJxR ,

)()( 01 (&( rJrR for the axisymmetric punch indentation problem; )(lf  defines elastic displacements of the surface under
the punch; aH&+  is the dimensionless geometric parameter of the problem, where H is thickness of the
inhomogeneous coating, a  is half-width or radius of the contact area; )0(*  is real constant dependent on values of
elastic moduli on the coating surface.
   In general case, kernel transforms of such integral equation can be constructed only numerically. Study of properties of
kernel transforms for continuously inhomogeneous half-space and half-plane shown [8] that if elastic moduli don’t turn to
zero in any point inside the media and kernel transforms have following properties
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then the kernel transforms can be approximated with high accuracy by analytic expressions of the following form:
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   Substituting (3) into the initial dual integral equation (1) one can construct analytic expression for the corresponding
right-hand side.
   Below we provide solutions for some axisymmetric and plane punch indentation problems:

1. Plane problem on a flat punch indentation into an inhomogeneous elastic strip on a homogeneous elastic half-
plane:
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2. Plane problem on a parabolic punch indentation into an inhomogeneous elastic strip on a homogeneous elastic
half-plane:
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3. Axisymmetric problem on a parabolic (spherical) punch indentation into an inhomogeneous elastic layer lying on
an elastic half-space:
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In the obtained solutions, constants iC  are determined from the conditions of satisfying solutions to initial dual integral
equation (1), P  is the indentation force, R  is the radius of punch curvature.

   Method was also applied to solution of thermoelasticity problems (e.g. hot punch indentation [9]) and electroelasticity
problems (for piezoelectric bodies and coatings [10]).
   Solutions in analytic form allow to conduct qualitative analysis of different applied problems of tribology, including
lubrication theory [11,12]. Numeric examples are given.

   The authors acknowledge !nancial support of the Russian Science Foundation (grant 15-19-10056).
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AN INITIALLY CYLINDRICAL ELASTIC MEMBRANE
WRAPPED AROUND A RIGID CYLINDER

Alexey M. Kolesnikov ∗

Institute of Mathematics, Mechanics and Computer Science, Southern Federal University,
Rostov-na-Donu, Russian Federation

Summary We consider finite axisymmetric deformations of an initially cylindrical membrane made of an incompressible, homogeneous,
isotropic elastic material. We use a strain energy function of Bartenev–Khazanovich (Varga). A part of the membrane is placed over an end
of a fixed rigid cylinder. The other end of the membrane is free or is subjected to a tensile force. We use Coulomb’s friction law of dry
friction in a contact area. We study a length of the membrane wrapped around the rigid cylinder, which is needed for the equilibrium of the
membrane.

FORMULATION

Shells and membranes often interact with solid bodies. For hyperelastic membranes, such studies are few. In his pioneer
work Kydoniefs [2] studied the finite axisymmetric static deformations of a cylindrical membrane that contains a rigid body.
Using similar approach the dynamics of a rigid body was simulated in the work [3]. The contact problem of the balance
and movement of a rigid body into an elastic tube has applications in biomechanics [5, 6, 7]. Other contact problem of the
interaction a rigid body and an elastic cylindrical membrane is investigated in [4, 8]. In these works a rigid tube contains an
inflated cylindrical membrane. In the works [2, 4, 5] the contact problem of a membrane with a rigid frictionless body has
been considered. In [8] an adhesive and frictionless contact has been considered. The adhesive contact was modelled as a
perfectly sticking contact without slip. In [6, 7] dry and viscous frictions has been considered.

In this work we study the equilibrium of a thin-walled elastic tube wrapped around a rigid cylinder (Fig. 1). The tube is
modeled by a semi-infinity cylindrical membrane of initial radius r0 with uniform thickness h (Fig. 1a). Let R0 > r0 be a
radius of the rigid cylinder (Fig. 1b). The end of the membrane is placed over the rigid cylinder (Fig. 1c, d). We assume that
Coulomb’s law holds for the frictional stresses between the membrane and the cylinder. We denote by f the coefficient of static
friction. Also note that the equilibrium of the membrane wrapped around the rigid cylinder is impossible for a frictionless
contact. It is clear that there is a minimum length L at which the membrane does not slide off the rigid cylinder. The main
goal of this study is the calculation of this minimal length L. We consider two problems. In the first problem the membrane is
free at infinity (Fig. 1c). In the second problem the membrane is subjected to a tensile force at infinity (Fig. 1d).

R

Z

R0

r0

r

z

L

a) b) c)

R

Z
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d)

Q

Figure 1: a) The initially cylindrical membrane with radius r0, b) the rigid cylinder with radius R0, c) the membrane wrapped
around the rigid cylinder, d) the membrane wrapped around the rigid cylinder and subjected to a tensile force.
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Figure 2: The minimal length L of the membrane wrapped around the rigid cylinder, which is needed for the equilibrium of
the membrane, vs a) the radius R0 of the rigid cylinder for different friction coefficients f b) the friction coefficient f for
different radii R0 of the rigid cylinder.

RESULTS

Here, we present a solution of the first problem. Using the equilibrium equations of elastic membranes [1] it can be shown
that the deformed membrane has the shape presented in Fig. 1c. The first part of the membrane is stretched over a side surface
of the cylinder. The second part of membrane is a circular annulus. The third part is undeformed.

For the membrane made of Bartenev–Khazanovich material we have a solution in explicit form. We obtain the minimal
length L as the function of r0, R0 and f in the following form

L =
2r0ρ0

f
ln

!
3ρ0 (ρ0 ◦ 1)

2
"
ρ20 ◦

√
ρ0
#
$

, ρ0 =
R0

r0
.

The dependence of f on L is inversely proportional. The effect of the friction coefficient f on the minimal length L is
observed for r0 = 1 and for the different radii R0 of the rigid cylinder in Fig. 2b. It is clear that if f → 0 then L→∞.

The dependence of R0 on L is more complex. But it is close to linear law. The effect of the radius R0 of the rigid cylinder
on the minimal length L is observed for r0 = 1 and for the different friction coefficients f in Fig. 2a. Increasing the radius
R0 leads to growth of the length L.
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Fig. 3 displays the equilibrium � െ � curves in the present D-H model under various values of Ɋ. The corresponding 
Hertz, JKR and M-D solutions are also included for comparison. It can be seen that the D-H curves nearly coincide with the 
M-D solution and they approach the Hertz solution as Ɋ is reduced to zero. For sufficiently large Ɋ, the JKR curve is 
readily approached. 

The pull-off force as a function of the transition parameter Ɋ is shown in Fig. 4, together with the corresponding M-D 
curve. It can be seen that the magnitude of the pull-off forces predicted by these two cohesive zone models increase 
smoothly from zero for small Ɋ to the JKR value for large Ɋ. As a consequence, the Hertz and JKR models for cylindrical 
contacts are unified in the present double-Hertz model. 

 

     
Fig. 3 Equilibrium ܲ െ ܽ curves for various values of ߤ.    Fig. 4 Pull-off forces predicted by the D-H and M-D models 
 

CONCLUSIONS 
 

   A cohesive zone model for two-dimensional adhesive contact between elastic cylinders is developed by extending the 
classical double-Hertz model. Closed-form analytical solutions are obtained for the interfacial traction, deformation field 
and the equilibrium relation among applied load, contact half-width and the size of cohesive zone. Based on these results, a 
complete transition between the JKR and the Hertz type contact models is captured by defining a dimensionless transition 
parameter. 
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METHODS

To study the effect of roughness, we use synthesized [1] self-affine surfaces with truncated spectra and controlled Gaus-
sianity, isotropy and fractal dimension. Some results are presented for engineering surfaces, metallic surfaces used in metal-
to-metal water seals [3] and electroplated surfaces for electric applications [2]. To solve the mechanical contact problem
for two linearly elastic half-space with periodic roughness, we use an FFT-based boundary element method [4]. To solve
the linear transport problem (viscous flow of incompressible fluid and electro-static problem) as well as the geometrically
nonlinear elastic-plastic mechanical contact problem, a finite element method was used: penalty, augmented Lagrangian and
Partial Dirichlet-Neumann methods were used to incorporate contact terms in variational framework [5]. The finite element
method was also used to simulate contact interaction for the Cosserat continuum. To represent large surface spectra, fine mesh
discretizations were used (up to 4096×4096 surface nodes in FFT-based methods and up to 1024×1024 surface elements
in finite element simulations). All considered problems are three-dimensional. Low level multi-threading and FETI-based
domain decomposition strategy were used to solve large nonlinear finite element problems on distributed memory parallel
architectures.

RESULTS

A link between geometrical characteristics of the effective roughness (lower, upper wavelength cutoffs in the surface spec-
trum, fractal dimension and standard deviation of the surface gradient), elastic properties and the contact area was established
for the entire range of pressures: from the infinitesimal to full contact [6] (see Fig. 1,a). This rather universal result was
compared with predictions of asperity based models [7, 8] for small contact areas and with Persson’s model [9] for the entire
range. Particularities due to elastic-plastic material behavior were also investigated. In addition, the effect of introducing
characteristic length via the Cosserat continuum was studied for the indentation of elastic-plastic contact, which enables to
take into account size dependent rough contact behavior.

Free interface volume between contacting surfaces, extracted from mechanical simulations, was used to study the sealing
properties with the objective to establish a link between mechanical, roughness and fluid properties and the contact transmis-
sivity (see Fig. 1,b) which is of great importance for the sealing engineering as well as for natural and engineering geophysical
problems. In the finite element framework, this coupled fluid-solid problem was enhanced to account for strong coupling, i.e.
the hydrostatic fluid pressure influences the mechanical solution and vice versa.

Electro-mechanical contact problem for a sphere-plane setup is solved for a synthesized and real roughness under assump-
tion of weak currents (no Joule heating) (see Fig. 1,c). A weak coupling was used for elastic-plastic mechanical model for a
plated solid and for electro-static problem. These results are compared with simplified models [2].

CONCLUSIONS

The discussed results, being in good agreement with analytical models and also, for some of them, with experimental
data, cannot be considered general as in reality the macroscopic behavior emerges from the interplay of multiple microscale
phenomena. Further extensions and improvements of mathematical and computational models will be considered in this light.
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Summary Sliding contacts of a system of indenters, or the indenter in the presence of additional loads outside of the contact regions, over a 
viscoelastic half space are considered. The solutions of the formulated 3-D contact problems are based on BEM and iteration procedure. The 
results of numerical calculations are used to analyse the influence of the distance between the contact sports and sliding velocity on pressure 
distribution and on the friction force. 
 

PROBLEM FORMULATION 
 
   In studies of contact characteristics and friction of bodies with rough surfaces it is very important to take into account 
the mutual effect of contact spots. Solutions of the contact problems for a system of indenters and periodic contact problems 
are widely used to analyse this effect [1]. 
This paper presents two types of 3-D contact problems for the viscoelastic half-space taken into account the interaction 
between indenters. The mechanical behavior of the viscoelastic half-space for both cases is described by the following 
constitutive equation: 
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Here, )(t  and )(t are the shear deformation and shear stress components, respectively, G  is the instantaneous shear 
modulus,  is the retardation time and k  is the return value of relaxation time. 
 

 

 
Fig.1 Schemes of the contacts. 

Problem 1. 
Two solid indenters with fixed distance l  between them slide with a constant velocity V  over the viscoelastic half-space 
in direction of the 0x-axis (Fig.1 left side). The line between centers of indenters is parallel to 0x. The indenters are of the 
same shape described by the given smooth function ),( yxf . Both sliders are loaded with vertical force Q ; the shear stress 
within the contact region is described by Amonton law. The coordinate system is associated with the rear moving indenter.  
Problem 2. 
One solid indenter of the given shape ),( yxf , loaded by the vertical force Q , and two concentrated normal loads Q  
located ahead and behind the indenter at the fixed distances along the axis Ox, move with a constant velocity V  over the 
viscoelastic half space in direction of the 0x-axis (Fig.1 write side).  
 

METHOD OF SOLUTION 
   Both problems are solved with the BEM method. The mesh of square elements covers the unknown contact region. The 
pressure is assumed to be constant in each element. A normal displacement of the surface in the centre of an arbitrary 
element is obtained by summation of displacements caused by the pressure applied to each element (influence coefficients). 
The influence coefficients are determined from the solution of the problem for one concentration force moving along the 
boundary of the viscoelastic half-space with a constant velocity V [2]. For problem 1 iW¶V�necessary to obtain contact area 
and pressure distribution for the case of isolated slider (for example the front slider) using method described in [3]. Then the 
function ).(1 yx  of normal displacements  under the rear slider caused by the front one is calculated. Boundary and 
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equilibrium conditions for the rear slider are written below using influence coefficients j
ik  and normal displacements 

).(1 yx : 
 

2 2
1,1

1 1
1,1 1,11

1,

1, 1,11

0
1

(1)

1

N

N
N N

N NN

Qp
fk k

p
fDk k

 

Here ip ,1  is the pressure in the element i ,  is the size of element, 1D  is the indentation depth of the rear indenter. 
Contact area and pressure distribution is found with iterative procedure that solves system (1) and excludes elements that 
appear to have negative pressure in each step. Therefore the normal displacements caused by the rear indenter under the 
front one may be calculated. This two-level iterative procedure continues until the changes in contact areas and pressure 
distributions for both sliders become insignificant. Problem 2 is solved with one level iterative procedure. 
 

RESULTS AND DISCUSSION 
The calculations were performed in the dimensionless variables and functions. Fig.2 represents the pressure distributions 
under the indenters described in problem 1. The results indicate that if the distance between indenters decreases two local 
maxima of pressure arise under the rear indenter. It was established that contact region under the rear indenter may be 
separated into two sub regions under certain conditions. It was estimated that sliding velocity and distance between 
indenters (problem 1) or an indenter and additional loads (problem 2) effect sufficiently on contact characteristics, and 
therefore on the mechanical component of the friction force. The mutual effect of indenters leads to a decrease of 
mechanical component of the friction force for the rear indenter and an increase for the front one. 

 
Fig.2 Pressure distributions for the front and rear indenters. 

 
 

CONCLUSIONS 
The elaborated solution method is suitable for a large number of contact problems considering indenters with different shapes 
sliding on viscoelastic half space.The presented results may be used for estimation of contact characteristics and mechanical 
component of the friction force in sliding contact of elastomers and bodies with rough surfaces. 
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MULTISCALE MODELLING OF DYNAMICAL SYSTEMS WITH FRICTION BETWEEN
RANDOMLY ROUGH SURFACES

Carsten Proppe∗1

1Institute of Engineering Mechanics, Karlsruhe Institute of Technology, Karlsruhe, Germany

Summary Friction induced vibrations are present in many engineering systems, e.g. in brakes and cam follower systems. In these systems,
self-excited oscillations may occur. Surface roughness is an important source of uncertainty in friction systems.

We present a multi-scale approach to the modeling and simulation of dynamical systems with friction between randomly rough surfaces.
In a first step, a stochastic model for the rough surface is identified based on observations obtained directly by a white light interferometer,
from which statistical characteristics such as the probability density function, the correlation function and the spectral density of the surface
heights are estimated. From these characteristics, sample surfaces can be simulated by Karhunen-Loève expansion or a spectral approach.

In a second step, the normal contact problem for samples of the rough surface is solved, where the contact pressure is represented by a
polynomial chaos expansion. By repeated solution of the normal contact problem, the coefficients of the the polynomial chaos expansion
can be estimated by regression.

From the polynomial chaos expansion of the contact pressure and area, a stochastic friction coefficient can be identified by application of
the Bowden-Tabor approach. In this way, a stochastic process for the friction coefficient is obtained from the statistical properties of the
surface roughness.

Finally, on a structural level, vibration systems with friction between randomly rough surfaces are studied, where the classical friction
coefficient is replaced by the stochastic process that has been identified previously. As an example, the classical mass on a belt system is
considered, where stick-slip vibrations occur. The influence of the stochastic process for the friction coefficient on the limit cycle is studied.

STOCHASTIC DESCRIPTION OF THE ROUGH SURFACE

A rough surface can be represented by a random field z(x, θ). In general, two stochastic descriptions of rough surfaces
are widely used in the literature:

• A fractal approach, where z(x, θ) is represented by the Weierstrass-Mandelbrot function

z(x, θ) =
∞!

j=−∞
γ(D−2)j

"
cos ξj(θ) − cos

"
γjx + ξj(θ)

##
, (1)

where 1 < D < 2 denotes the fractal dimension of the surface, γ determines the density of frequencies and the random
variables ξj(θ) represent random phase shifts.

• A Karhunen-Loève expansion

z(x, θ) = E [z(x, θ)] +
∞!

j=1

ξj(θ)
$

λjϕj(x) (2)

where (λj ,ϕj(x)) are the eigenvalues and eigenvectors of the covariance function of z(x, θ). In practice, this series is
truncated at a given order M . If z is Gaussian, ξj(θ) will be independent standard Gaussian random variables. If the
random field does not follow a Gaussian distribution, an isoprobabilistic transformation can be used to transform the
Gaussian field into another field which follows a given probability density function.

Both descriptions can be generalized to the multivariate case.

SOLUTION OF THE STOCHASTIC NORMAL CONTACT PROBLEM

The resulting pressure field is a random field whose characteristics have to be determined from a stochastic normal contact
problem.

In principle, its properties could be determined by Monte Carlo simulation. To this end, the series representation of the
surface roughness is truncated and sample surfaces are generated from samples of the random variables ξj , j = 1, . . . , M .
Then, the elasto-plastic normal contact problem is solved for each sample surface to determine the pressure field. However, in
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order to describe precisely the cumulative density function of the pressure, a huge number of Monte Carlo simulations has to
be performed. This is not suitable for large size problems.

In the following, an approach based on regression and polynomial chaos expansion is introduced that permits to approx-
imate the cumulative density function without drastically increasing the problem size. To simplify the explanation, we limit
our approach to the determination of the pressure field at a given position x which is a random variable p̃x(θ). The approach
can be easily extended to the determination of the complete pressure field. We will distinguish the pressure when contact
occurs (i.e. when p̃x(θ) > 0, denoted px(θ)) and probability of contact at a position x which is given by 1 − ρp̃(0) where ρp̃

is the cumulative density function of p̃x(θ).
We seek to express the pressure using a PC basis:

px(θ) =

%
P!

i=1

px
i Γi(ξ(θ))

&+

(3)

where Γi(ξ(θ)) are multi-dimensional orthogonal polynomials and where (•)+ denotes the strictly positive part. As the
functions Γi and the M random variables ξ(θ) = {ξi(θ)}i=1..M are known, the solution is fully determined by the coefficients
px

i .
The regression approach [1] consists of estimating the unknowns from a minimization of least square error between

polynomial representation and realizations of the field. The coefficients px
i is estimated by minimizing:

∆(px) =
Kt!

k=1

'

p(k)
x −

P!

i=1

px
i Γi

(
ξ(k)(θ)

)
*2

(4)

where Kt denotes the total number of observation points, p(k)
x is the pressure obtained solving the deterministic problem

between the smooth rigid plane and the rough surface defined by z(x, ξ(k)(θ)). Keeping only K realizations which induce a
strictly positive pressure p(k)

x , the coefficients read:

{px
i } =

"
ΓT Γ

#−1
ΓT Ui (5)

where Γ is a P×K matrix such that (Γ)ij = Γi(ξ(j)). To ensure the well-posedness of the problem, the number of realizations
K has to be greater than P . By selecting a Latin Hypercube Sampling scheme, one needs few realizations to estimate the
unknown coefficients.

After estimating the unknowns px
i , the cumulative density function ρp of the pressure field when contact occurs can be

represented. Given a large number Nt of initial realizations for ξ(θ), we keep only those which lead to a strictly positive
pressure px(θ) (Np realizations). From this, we are able to construct Nt realizations of p̃x whose Np realizations are those
obtained previously, whereas the remainder are let at zero. From this final set of Nt realizations, the cumulative density
function ρp̃ can be estimated, as well as the probability of contact at position x.

COMPUTATION OF A STOCHASTIC FRICTION COEFFICIENT

From the random pressure field, the Bowden Tabor approach allows to determine a stochastic processes for the friction
coefficient µ. For a given test surface and under assumption of a shear dominated friction force, the friction ooefficient is
computed from µ = Acτmax/N , where τmax is the shear strength of the material. The contact area Ac and the normal force
N are obtained by averaging the pressure field on the test surface. The autocorrelation function of µ can be obtained by
comparing the results for two test surfaces centered at different coordinates. The properties of the stochastic process for µ
depends on the size of the test surface and become invariant, if the size of the test surface is large.

MACROSCOPIC LEVEL

On a structural level, vibration systems with friction between randomly rough surfaces are studied, where the classical
friction coefficient is replaced by the stochastic process that has been identified previously. As an example, the classical
mass on a belt system is considered, where stick-slip vibrations occur. The influence of the stochastic process for the friction
coefficient on the limit cycle is studied.
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FRICTIONAL CONTACT, NUMERICAL APPROXIMATION AND ALGORITHMS
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Summary In this presentation we will propose an iterative approach for solving three-dimensional frictional contact problems, that is
frictional contact between elastic bodies, including contact with a rigid body, contact between two or more bodies and also self contact.
Since the precise formulation of the elastic part is irrelevant for the description of the algorithm we shall consider a generic case. In practice,
however, we will have to deal with a non linear material (for instance Mooney-Rivlin model).

INTRODUCTION

We are interested in solving a finite element discretization of the problem, leading to large-scale non linear discrete
problem. Solving large-scale problem means dealing with large linear systems and ultimately calculations needing iterative
methods. This also implies that penalty methods, and therefore augmented Lagrangian method, are to be banned because
of their negative effect on the condition number of the underlying discrete systems and thus on the convergence of iterative
methods. This is in rupture to the mainstream of methods for contact in which augmented Lagrangian is the principal tool.
We shall first present the problem and its discretisation, this will lead us to describe a general solution algorithm relying on a
preconditionner for saddle-point problems which we shall describe in some detail as it is not entirely standard.

THE CONTACT PROBLEM ANS ITS DISCRETISATION

The discrete problem employs a Lagrange multiplier for the contact condition. We denote λn and λT its normal and
tangential part. In practice, we use quadratic elements for the displacement and linear elements for the multipliers. The
quasi-static formulation leads to a saddle-point problem, with a Tresca friction condition, coupled with an equation for the
threshold s to obtain the Coulomb law. We impose the constraints λn ≥ 0 and |λT | ≤ s at the nodes and we denote these
Tresca conditions by λ ∈ T ⊆ Λ. We thus solve the problem

inf
v∈V

sup
λ∈T

L(v,λ) =
1

2
⟨Av, v⟩+ I(λn, v̂n ◦ ĝn) + I(λT , v̂T ◦ ĝ

T
) ◦ ⟨f, v⟩, (1)

s = µλn,

where I(·, ·) denotes some numerical integration and where v̂ is a projection of v on the space of multipliers. We can then
write the optimality conditions on the multipliers.

• For the normal part, we have the Kuhn-Tucker conditions.

λn ≥ 0, ⟨µn, ûn ◦ ĝn⟩ ≤ 0 ∀µn ≥ 0, ⟨λn, ûn ◦ ĝn⟩ = 0. (2)

• For the tangential part, we impose |λT | ≤ s and we have for adherent nodes

BTu ◦ g
T

= 0 if |λT | < s, (3)

while for sliding nodes we have the non linear condition

(ûT ◦ ĝ
T
)⊥ = 0, ⟨ûT ◦ ĝ

T
,λT ⟩ ≥ 0, (4)

where, for r ∈ Λ we define, pointwise, the angular component as

r⊥T = rT ◦
⟨rT ,λT ⟩
|λT |2

λT . (5)

For two-dimensional problems, the condition on the angular component disappears and only the second condition of (4)
remains, leading to a much simpler problem.
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THE ALGORITHM

The algorithm that we introduce contains three imbedded iteration :

1. A Newton method more precisely a sequential quadratic programming method in u to take into account the eventual
non linearity of the material, and the change in geometry, that is the normals and the gaps.

2. Given a displacement and the associated geometry, we solve for the multiplier λ, solving the non linear condition (4)
by a Newton method.

3. A preconditioned solver for solving the linearised equation in λ.

In our implementation, we use a GCR (Generalized Conjugate Residual) iteration to solve the linearised equation in λ. The
condition s = µλn is imposed exactly by the preconditionner, avoiding another iteration on the Tresca treshhold which is
often present in algorithms for frictional contact.

Finally, for the displacements component of the system, the GCR algorithm could use a direct method (leading a factoring
of the tangent matrix) but this becomes impossible for large problems. Therefore we rely on an iterative methods for this part
also, leading to a flexible and powerful solver for large-scale frictional contact problem.

CONCLUSIONS

The purpose of this presentation is to introduce the algorithm and present some numerical results.
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AN LCP BASED APPROACH FOR THE CONTACT MECHANICS OF ELASTIC HALF

SPACES

Andreas Almqvist∗and Francesc Perez Rafols
Machine Elements, Luleå University of Technology, Luleå, Sweden

Summary The Contact Mechanics (CM) problem can be considered a complementarity problem. If assuming linearly elasticity of the
contacting bodies, the discretised system of equations as a Linear Complementarity Problem (LCP). The contact mechanics model is first
formulated in continuous form by posing a complementarity relation between the gap of the deformed surfaces and the contact pressure.
The LCP is then obtained after a linearisation and discretisation of the equations. An advantage of posing the CM problem as a strict LCP
formulation, is that this allows for the application of well-established numerical solution techniques, such as Lemke’s pivoting algorithm. In
addition, Lemke’s pivoting algorithm has the advantage that it finds the numerically exact solution, within a finite number of iterations. This
type of LCP based contact mechanics approach is applied here to solve the Hertzian line contact problem, with and without the addition of
surface roughness, to demonstrate it’s applicability.

INTRODUCTION

The Contact Mechanics (CM) problem can be formulated in at least two different ways. It can for instance be as variational
problem expressing the total complementary potential energy, see Kalker [1] for the linear elastic case and Almqvist et al. [2]
for a later development including a linear elastic – perfectly plastic material model. Another way of formulating the CM
problem is by considering it as a complementarity problem, e.g., as presented in Sahlin et al. [3]. If the material of the
contacting bodies is assumed to behave linearly elastically, it is possible to state the discretised system of equations as a
Linear Complementarity Problem (LCP), see e.g. the book by Cottle et al. [4]. In this particular case, the complementarity
originates in that contact (between two bodies) means that at locations where the contact pressure is positive (non-zero) the
gap must be zero and vice versa. The contact mechanics model is first formulated in continuous form through mathematically
modelling of the aforementioned complementarity relation. The LCP can then be obtained after linearisation and discretisation
of the continuous model. An advantage of posing the CM problem as a strict LCP formulation, is that it lends itself to the
application of well-established numerical solution techniques such as Lemke’s pivoting algorithm. This particular numerical
solution procedure also has the advantage that it within a finite number of iterations, finds the numerically exact solution. An
implementation of a contact mechanics model problem in MATLAB code is made available for the reader, see [5]. In the
present work, this LCP based contact mechanics solution procedure is applied to solve the Hertzian line contact problem. The
numerical solution is validated against the analytical Hertzian solution for the line contact problem between two perfectly
smooth cylinders. In addition, surface roughness is included in order to demonstrate the applicability of the proposed method.

METHOD

The gap between the (deformed) surfaces, h, includes three parts. That is,

h = h0 + g + u, (1)

where h0 the rigid body separation, g the geometry/topography of the contact (cylinder and roughness) and u the elastic
deformation/deflection. In continuous form, the contact mechanics model expressing the complementarity relation between
the gap h and the contact pressure p may be stated as

h = 0, p ≥ 0,
h ≥ 0, p = 0.

(2)

If the contacting bodies are approximated as linear elastic half spaces, the Boussinesq-Cerruti integral equation solution can
be applied to express the deformation (u) as a function of the contact pressure (p), i.e.,

u =

!
∞

−∞

K (x− s) p(s)ds, (3)

where

K =
4

πE′
ln |x− s| , (4)
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in 1D and

K =
2

πE′

1
"
(x1 − s1)2 + (x2 − s2)2

, (5)

in 2D and where 2/E′ = (1 − ν21)/E1 + (1− ν22 )/E2.
This means that a discretisation of the linear elastic contact mechanics problem may be posed on the form of a standard

linear complementarity problem reading
h = h0 + g +Cp,

h · p = 0, p ≥ 0, h ≥ 0,
(6)

where C is a matrix, whose elements are so called influence coefficients relating the contact pressure and the deformation.
The strict LCP formulation of the CM problem presented in (6), allows for direct application of well-established numerical

solution techniques such as Lemke’s pivoting algorithm. The Lemke algorithm has the advantage that it finds the numerically
exact solution within a finite number of iterations. In this work the MATLAB implementation presented by Almqvist in [5] is
employed to solve the problem numerically.

NUMERICAL EXAMPLES

The LCP based contact mechanics solution procedure was applied to solve the Hertzian line contact problem. In Fig. 2,
the dimensionless numerical solution for the smooth Hertzian problem (left) and for the same case but with the addition of
surface roughness (right) are presented. The surface roughness signal added to the smooth cylinder is depicted in Fig. 1 (in
dimensionless form). In the case of smooth cylinders the problem was discretised using 512 grid nodes and the relative error
in Hertzian contact radius; b =

"
8WR/(πE′), where W is the applied load (in N/m) and R is the reduced radius of the two

contacting cylinders, was < 9 × 10−4. In terms of the Hertzian pressure; ph =
"
WE′/(2πR) the relative error was found

to be < 4× 10−6. The dimensionless rigid body separation h0/(b2/R) was specified as −5.06 and the case including surface
roughness was resolved using 1024 grid nodes.
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Figure 1: The surface roughness signal added to the smooth cylinder to achieve the solution depicted in Fig. 2 (right).
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Figure 2: Smooth problem (left), Including surface roughness (right).
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A CLASS OF SLIP DEPENDING SURFACE INTERACTIONS

Marius Cocou ∗

LMA, Aix-Marseille University, CNRS, UPR 7051, Centrale Marseille, France

Summary The aim of this work is to study a class of nonsmooth dynamic viscoelastic contact problems that constitutes a unified approach
to describe some complex interface behaviors, including relaxed unilateral contact, adhesion and slip depending Coulomb friction. The
classical formulations of the problems are presented and the variational formulations are given as two and three-field problems. Based on
some approximation results, we analyze these variational formulations, written as evolution implicit variational inequalities. Finally, several
examples are presented to illustrate the capability of the proposed model.

INTRODUCTION

This work is concerned with the study of some nonsmooth dynamic contact problems which describe various interac-
tions between the boundaries of two Kelvin-Voigt viscoelastic bodies, including some relaxed unilateral contact, adhesion or
pointwise friction.

Quasistatic elastic problems with unilateral contact conditions and Coulomb friction law have been analyzed in [1, 14] and
in [13, 5], where an adhesion law based on the evolution of the intensity of adhesion was also proposed.

The normal compliance model, which is a particular regularization of Signorini’s conditions, has been investigated by
several authors, see e.g. [8, 15] and references therein. A recent unified approach, which can be applied to various qua-
sistatic problems, including unilateral and bilateral contact with nonlocal friction, or normal compliance conditions, has been
considered in [2].

Dynamic viscoelastic problems with nonlocal friction laws, obtained by suitable regularizations of the normal component
of the stress vector appearing in the Coulomb friction law, were analyzed in [9, 6] and dynamic problems coupling unilateral
contact, recoverable adhesion and nonlocal friction were studied in [7].

A static contact problem with relaxed unilateral conditions and Coulomb friction was studied in [12], based on new
formulations and on a fixed point method. The extension of these results to dynamic viscoelastic contact problems with
Coulomb friction was investigated in [3, 4].

The results presented here constitute a generalization of the contact condition considered in [3, 4] to the case of a contact
condition that contains not only the gap function but also the normal velocity.

Using the Clarke subdifferential, the variational formulations of these contact problems can be given as hemivariational
inequalities, see [10, 11], but our results enable a direct and simpler approach to study some complex surface interactions,
including normal compliance, adhesion, local and nonlocal friction laws.

CLASSICAL AND VARIATIONAL FORMULATIONS

Let Ωα be the reference domains of Rd, d = 2 or 3, occupied by two viscoelastic bodies, characterized by a Kelvin-Voigt
constitutive law. Suppose that the bodies have Lipschitz boundaries Γα = ∂Ωα, α = 1, 2, and let ΓαU , ΓαF and ΓαC be three
disjoint parts of Γα such that Γα = Γ

α
U ∪ Γ

α
F ∪ Γ

α
C , α = 1, 2. Let f1 = (f1

1,f
2
1) denote the given body forces in Ω1 ∪ Ω2

and f2 = (f1
2,f

2
2) denote the tractions on Γ1

F ∪Γ2
F . Let σα and ε(uα) be the stress tensor and the infinitesimal strain tensor

corresponding to the displacement vector field uα in Ωα, α = 1, 2. Suppose that the solids can be in contact between the
potential contact surfaces Γ1

C and Γ2
C which are parametrized by two C1 functions defined on a subset Ξ of Rd−1.

We consider the following dynamic viscoelastic contact problem.
Problem Pc : Find the displacement vector u = (u1,u2) such that u(0) = u0, u̇(0) = u1 and, for all t ∈ (0, T ),

üα ◦ divσα(uα, u̇α) = fα1 , σα(uα, u̇α) = Aαε(uα) + Bαε(u̇α) in Ωα, α = 1, 2,

uα = 0 on ΓαU , σαnα = fα2 on ΓαF , α = 1, 2, σ1n1 + σ2n2 = 0 in Ξ,

κ([uN ], u̇N ) ≤ σ1
N ≤ κ([uN ], u̇N ) in Ξ,

|σ1
T | ≤ µ(u̇T ) |σ1

N | and u̇T ̸= 0⇒ σ1
T = ◦ µ(u̇T )|σ1

N | u̇T

|u̇T |
in Ξ,

where uN , uT , σ1
N , σ1

T denote the normal and tangential components of the relative displacement field and of the stress
vector σ1n1, respectively, [uN ] is the corresponding gap, κ, κ are two given mappings depending on the gap and on the
normal velocity, and µ = µ(u̇T ) is the slip dependent coefficient of friction.

The variational formulation is a two-field problems that consists in an evolution implicit variational inequality having as
unknowns the displacement field and a Lagrange multiplier corresponding to σ1

N .
∗Email: cocou@lma.cnrs-mrs.fr



ANALYSIS OF THE VARIATIONAL PROBLEM

We focus on an equivalent three-field variational problem, obtained by an appropriate decomposition of the initial Lagrange
multiplier.

A more general evolution variational inequality is analyzed by using an equivalent fixed point problem, some auxiliary
approximation results and a fixed point method for set-valued mappings.

These results enable to prove the existence of variational solutions of the dynamic contact problems.
Using some established estimates of the variational solutions we compare different particular cases, including the relaxed

contact formulation, the normal compliance and the unilateral contact conditions with friction.
Finally, several examples are presented to illustrate the generality and the capability of this surface interaction model.

References

[1] Andersson L.E.: Existence results for quasistatic contact problems with Coulomb friction. Appl. Math. Optim. 42:169-202, 2000.
[2] Badea L., Cocou M.: Internal and subspace correction approximations of implicit variational inequalities. Mathematics and Mechanics of Solids

20:1026-1048, 2015.
[3] Cocou M.: A class of dynamic contact problems with Coulomb friction in viscoelasticity. Nonlinear Analysis: Real World Applications 22:508-519,

2015.
[4] Cocou M.: A variational analysis of a class of dynamic problems with slip dependent friction. Annals of the University of Bucharest (mathematical

series) 5 (LXIII):279-297, 2014.
[5] Cocou M, Rocca R.: Existence results for unilateral quasistatic contact problems with friction and adhesion. Math. Modelling and Num. Analysis

34:981-1001, 2000.
[6] Cocou M., Scarella G.: Analysis of a dynamic unilateral contact problem for a cracked viscoelastic body. Z. Angew. Math. Phys. 57:523-546, 2006.
[7] Cocou M., Schryve M., Raous M.: A dynamic unilateral contact problem with adhesion and friction in viscoelasticity. Z. Angew. Math. Phys. 61:721-

743, 2010.
[8] Kikuchi N., Oden J.: Contact Problems in Elasticity : A Study of Variational Inequalities and Finite Element Methods, SIAM Studies in Applied

Mathematics. SIAM, Philadelphia, 1988.
[9] Kuttler K.L., Shillor M.: Dynamic bilateral contact with discontinuous friction coefficient. Nonlinear Analysis: Theory, Methods & Applications

45:309-327, 2001.
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Abstract: In the present work, a model for sliding and rolling friction in adhesive particles has been developed by extending the JKR model. 
The results predicted by the model are consistent with experiments. It has been found the friction duality in particles may arise from the 
different modes of motion onset and under proper conditions rolling friction may be larger than sliding friction, which is contrary to what has 
been found at macroscopic level.  
 

INTRODUCTION 
 

   Nanotribology has become a field of growing interest in the recent years due to the requirement for understanding the 
basic physical laws of friction and the challenges involved in MEMS and NEMS technology. In particular, friction 
behaviour of small sized particles has been probed experimentally[1-3], which reveals some poorly understood peculiar 
behaviours such as friction duality or inconsistent scaling between friction force and the particle¶s radius. In spite of the 
possible mechanisms involved, the interaction modes between probes and the particles may be variable that may result in 
different modes of motion onset, e.g., by sliding or rolling. In the present work, it is attempted to develop models for friction 
of rolling and sliding in adhesive particles of spherical shape. 
 

MODEL DEVELOPMENT AND RESULTS 
 

For small sized particles under a normal force P  and a tangential force T , the non-slipping adhesive contact can be 
well characterized by extending the JKR model[4, 5]. So the contact tractions at the interface may be expressed as 

])(2/[)(/)(*2)( 2/122
1

2/122 raaPPRraErp ���� SS , ])(2/[)( 2/122 raaTr � SW                        (1) 

where RaEP 3/*4 3
1  , *E  is the composite modulus for the contacting bodies, R  the effective radius for the two 

contacting bodies, a  the contact radius. Since the stresses are singular of square root at the contact edge, one may define 
stress intensity factors as 

]2/[)( 1 aaPPKI S� , ]2/[)22/()2( aaTvvKII S��                                                 (2) 
with v  being the Poisson¶s ratio. By analogy with fracture mechanics theory, i.e., the equilibrium contact size is governed 
by equating the energy release rate 22

III KKG �  to the work of adhesion w , one may obtain the relationship between 
the contact size and the applied force as follows 

)22/()2(23/*4 223 vTvPPPPPRaE ccc ������                                                 (3) 
with 2/3 wRPc S . From Eq.(3), it is found that the tangential force reduces the contact radius as compared to that under 
purely normal forces. Such an effect has been referred to as shear induced peeling. Nevertheless, for Eq.(3) to be valid, 

0)22/()2(2 22 t���� vTvPPP cc should be satisfied. What happens otherwise remains controversial. Some researchers 

argued that when 22)2/()22( ccc PPPvvTT ���  , the onset of sliding may occur, which lacks physical implications. 
Here we assume that the sliding onset may take place through nucleation of a dislocation loop which by analogy with that in 
crack problem can be determined by *2 EK usII J [6]. Here, usJ  is the unstable stacking fault energy. Thus, one can 
obtain the friction force as 

)1)(1/2(1/)2/()22(2/ EEEE �������� cccs PPPPvvPT , wus /JE  .                             (4) 
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Fig.1 Sliding friction as a function of the normal force      Fig.2 Sliding and rolling friction as a function of R  



 
By taking 25.0 v and different values of E , cT  and sT  as functions of P  have been plotted Fig.1a. It can be seen 

they behave similarly but sT  is smaller than cT . Since Thorton once found that some experimental results on friction can 
be approximated by cT  [4], one may expect that the present cT  can predict the friction well. 

On the other hand, if the tangential force is applied after the normal force and acts such that a moment nTRM   is 
induced at the interface, one may expect the possibility of relative motion through rolling. In such context, we take the 
assumption by Krijt et al [7] to obtain the critical tangential force. Specifically, the moment is balanced by the normal 
traction whose distribution can be written as 

2/122
1

22
1 )/()2(*)( raRraErp ��� G , 2/122

2
22

2 )/()2(*)( raRraErp ��� G                            (5) 
at which G  is the indentation depth, 1a  and 2a  respectively the radius of the left half and the right half circular areas. It 
is assumed they are only slightly different from the equilibrium radius a  before the tangential force is applied. Hence a  
can be obtained by setting T  to zero in Eq.(3). The tangential traction in the two half circles is obtained by replacing a by 

1a  and 2a  in Eq.(1). The normal force and the moment can be related to 1a  and 2a  as 

RaaaaREP /]3/)()([* 3
2

3
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with 2/)( 12 aa � K . And the energy release rate at the trailing and the leading edges can be written as 

3
1
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1
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22
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22

22 *4/2/)(* aETRaRaEG SSG ��                         (7) 
For the rolling initiation, 11 wG   and 22 wG   should be satisfied. Here 1w  is larger than 2w , which implies that 
rolling depends on the adhesion hysteresis 21 www � ' . In the case of vanishing normal force, one may explicitly obtain 
the critical tangential force for rolling onset as 

3/1123/121 ])4(2[)]4(2[2/ �� ����� aaaaPT cR , nwRwaa 2/'                                       (8) 

   Taking 25.0 v , MPa10*  E , 2J/m1.0 w  and 1 n , we have calculated the friction force due to rolling as a 
function of R  for w'  equal to 0.01 and 0.001 J/m2, respectively. The results are presented in Fig.2. The friction due to 
sliding for 8.0 E  has also been demonstrated in the figure. One can find that the scaling between friction and the radius 
is different for sliding and rolling. If the adhesion hysteresis is very small, behaviour of the rolling friction and the sliding 
friction is very similar to the friction duality observed in small-sized particles. Thus the friction duality may also arise from 
different modes of motion onset. In addition, one can also see that rolling friction may be larger than the sliding friction if 
the size of the particles is small enough, which is contrary to that at macroscopic level. Such a prediction depends on the 
adhesion hysteresis, and is interesting for further experimental verification. 

 
CONCLUDING REMARKS 

 
In summary, we have proposed models for sliding and rolling friction in small sized particles where adhesive interaction 

has been taken into account by extending the JKR model. The results thus predicted are consistent with experiments. In 
addition, a novel finding is that it may be easier slide than to roll for some small sized particles which nevertheless remain 
for future verification.  
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Summary�7KLV�SDSHU�SURSRVHV�QRYHO�DQDO\WLFDO�IRUPXODWLRQ�DQG�LWV�QXPHULFDO�VROXWLRQ�WR�HYDOXDWH�WKH��'�QRQOLQHDU�UHVSRQVH�RI�UH�FHQWHULQJ�
IULFWLRQ�EDVHG� LVRODWLRQ� V\VWHPV� VXEMHFWHG� WR�PXOWL�FRPSRQHQW� G\QDPLF� H[FLWDWLRQV�� 7KH� IXQGDPHQWDO� HTXDWLRQV� RI� WKH� IRUPXODWLRQ� DUH� ILUVW�
SUHVHQWHG��DQG�WKHQ�SURJUDPPHG�WR�REWDLQ�PXOWL�GLUHFWLRQDO�QRQOLQHDU�UHVSRQVH�VROXWLRQV�RI�WKH�LVRODWHG�VWUXFWXUH�LQFUHPHQWDOO\�DW�HDFK�WLPH�VWHS�
RI� WKH�G\QDPLF�H[FLWDWLRQ�UHSUHVHQWLQJ�PXOWL�FRPSRQHQW�JURXQG�PRWLRQV��6LPSOH�FDVH�VWXGLHV�DUH�SURYLGHG�WR�LOOXVWUDWH�WKH�SHUIRUPDQFH�DQG�
HIILFLHQF\�RI�WKH�SURSRVHG�WHFKQLTXH�DQG�KLJKOLJKW�LWV�DGYDQWDJHV�RYHU�FRQYHQWLRQDO�ILQLWH�HOHPHQW�VROXWLRQV���
�

,1752'8&7,21�
�
���6HLVPLF�LVRODWLRQ�LV�ZLGHO\�XVHG�WR�PLWLJDWH�HDUWKTXDNH�GDPDJLQJ�HIIHFWV�RQ�VWUXFWXUHV�>���@��,VRODWRUV�DUH�RIWHQ�SODFHG�DW�
WKH�EDVH�RI�D�VWUXFWXUH��RU�EHWZHHQ�D�EULGJH�GHFN�DQG�LWV�SLHUV��GHFRXSOLQJ�WKH�JURXQG�PRWLRQ�IURP�WKH�PRWLRQ�RI�WKH�VWUXFWXUH��
7KLV�SUHYHQWV�GDPDJH�E\�FDXVLQJ�WKH�VXSHUVWUXFWXUH�WR�PRYH�DV�D�ULJLG�ERG\�RU�E\�PLQLPLVLQJ�G\QDPLF�DPSOLILFDWLRQ��)ULFWLRQ�
EDVHG�LVRODWLRQ�V\VWHPV�DUH�SRSXODU�IRU�WKHLU�GHFRXSOLQJ�FDSDFLW\�DV�ZHOO�DV�WKHLU�DELOLW\�WR�GLVVLSDWH�HQHUJ\�WKURXJK�IULFWLRQ��
7R�DFFXUDWHO\�SUHGLFW�WKH�EHKDYLRXU�RI�IULFWLRQ�EDVHG�LVRODWRUV�IRU�GHVLJQ�RU�HYDOXDWLRQ�SXUSRVHV��UREXVW�QRQOLQHDU�WLPH�KLVWRU\�
DQDO\VHV�DUH�UHTXLUHG��7KHVH�DQDO\VHV�DUH�RIWHQ�SHUIRUPHG�XVLQJ�ILQLWH�HOHPHQWV��ZKLFK�FDQ�EH�WLPH�FRQVXPLQJ�GXH�WR�WKH�VL]H�
RI�WKH�PRGHOV��FRPSOH[LW\�RI�WKH�DQDO\VHV��DQG�WKHLU�ODUJH�QXPEHU�ZKHQ�RSWLPL]DWLRQ�RU�IUDJLOLW\�DVVHVVPHQWV�DUH�UHTXLUHG��
,Q�WKLV�SDSHU��D�QHZ�DQDO\WLFDO�IRUPXODWLRQ�LV�SURSRVHG�WR�FRQVLGHUDEO\�HQKDQFH�VXFK�QRQOLQHDU�G\QDPLF�DQDO\VHV��
�

352326('�)2508/$7,21�
�
���$�IULFWLRQ�EDVHG�LVRODWRU�FDQ�EH�PRGHOOHG�DV�WKH�WZR�VOLGLQJ�LQWHUIDFHV�VKRZQ�LQ�)LJ�����,VRODWRU�UHVWUDLQHUV�IRU�UH�FHQWULQJ�
FDSDFLW\�FDQ�EH�PRGHOHG�DV�VSULQJV�OLQNLQJ�ERWK�VOLGLQJ�LQWHUIDFHV��7KH�XSSHU�EORFN��UHSUHVHQWLQJ�WKH�LVRODWHG�VWUXFWXUH��LV�
FKDUDFWHUL]HG� E\� D� PDVV�݉�� LQLWLDOO\� DW� UHVW� RQ� D� VOLGLQJ� VXUIDFH� FKDUDFWHUL]HG� E\� IULFWLRQ� FRHIILFLHQW� ��ߤ ,I� WKH� DSSOLHG�
DFFHOHUDWLRQ�LV�VXIILFLHQW�WR�LQLWLDWH�VOLGLQJ�PRWLRQ��WKH�EORFN�PD\�VOLGH�DQG�RU�URFN�RQ�WKH�VXUIDFH��GHWDFK�HQWLUHO\�LQ�D�SXUH�
XSOLIW�PRGH��RU��GHPRQVWUDWH�D�FRPELQDWLRQ�RI�WKHVH�PRGHV��,I�WKH�YHUWLFDO�DFFHOHUDWLRQ�RI�WKH�EORFN�LV�OHVV�WKDQ�D�XQLW�JUDYLW\�
DFFHOHUDWLRQ��L�H���݃��WKH�EORFN�ZLOO�QRW�GHWDFK�HQWLUHO\�EXW�PD\�URFN��3URYLGHG�WKH�GLPHQVLRQV�RI�WKH�EORFN�VDWLVI\�WKH�URFNLQJ�
HTXLOLEULXP� >�@�� WKHQ� WKH� EORFN�ZLOO� QRW� URFN� EXW� HQWHU� D� VWLFN�VOLS�PRGH��8QGHU� WKHVH� FRQGLWLRQV� DQG�XVLQJ� WKH� QRWDWLRQ�
GHVFULEHG� LQ�)LJ����� WKH�HTXDWLRQV�JRYHUQLQJ� WKH�ELGLUHFWLRQDO�G\QDPLF� UHVSRQVH�RI� WKH� LVRODWRU�XQGHU� D�KDUPRQLF�JURXQG�
PRWLRQ�ZLWK�IUHTXHQF\�߱ ሷ �FDQ�EH�ZULWWHQ�DV�
ሷݑ  ߱�ଶ ݑ  ���ሺݑሶ ሻݑ�ሷ  ൌ െݑሷ �����DQGݒ�����ሷ  ߱ଶݒ�  ���ሺݒሶ ሻݒ�ሷ ൌ െݒሷ� � � � � � ����
ZKHUH� ���� GHQRWHV� WKH� VLJQXP� IXQFWLRQ�� FRUUHVSRQGLQJ� WR� �� DQG� ���ZKHQ� WKH� EORFN�PRYHV� DORQJ� SRVLWLYH� DQG� QHJDWLYH�
GLUHFWLRQV��UHVSHFWLYHO\��DQG��
ሷݑ  ൌ ��ȁߤ�� ȁ�݃ߠ  ��ȁߤ�� ȁ�߱ߠ ሷ ��ሷݒ������ ൌ ����ȁߤ ȁ�݃ߠ  ����ȁߤ ȁ�߱ߠ ሷ � DQGߠ��� ൌ ����൫ݒሶȀݑሶ൯� � � ����

�

)LJXUH����0RGHO�RI�WKH�VWXGLHG�IULFWLRQ�EDVHG�LVRODWLRQ�V\VWHP�ZLWK�UH�FHQWHULQJ�VSULQJV��

��$VVXPLQJ�LQLWLDO�GLVSODFHPHQWV�DQG�YHORFLWLHVݑ�ݑ��ሶ ݒ���DQGݒ�ሶ��DORQJ�D[HVݑ��DQGݒ���UHVSHFWLYHO\��ZH�VKRZ�WKDW�WKH�FORVHG�
IRUP�DQDO\WLFDO�VROXWLRQV�RI�WKH�DFFHOHUDWLRQ�RI�WKH�LVRODWHG�EORFN�DUH�JLYHQ�E\�IROORZLQJ�HTXDWLRQV�����DQG�����ZKHQ�WKH�EORFN�
VOLGHV�DORQJ�SRVLWLYH�DQG�QHJDWLYH�GLUHFWLRQݑ���UHVSHFWLYHO\�
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Summary a solution is found to a non-stationary contact problem of impact of a thin-walled elastic round cylindrical shell filled with elastic 
medium on elastic semi-space. By virtue of principle of superposition and boundary conditions the problem is converted into a system of 
functional resolving equations. In order to resolve such system, a numerical and analytical quadrature-based algorithm was developed. 
 

PROBLEM DESCRIPTION 
 

At an initial moment 0W  a thin elastic round cylindrical shell of radius R and of h thickness filled with homogeneous 
elastic medium, at 0V  of initial velocity, contacts elastic semi-space 0z t with its element of cylinder. Assuming that the 
contact between the shell and semi-space as well as between the shell and the filling is friction free. The shell is described 
by Timoshenko model equations in displacements [1]. In a cylindrical coordinate system with center at shell axis and polar 
angle � @,D S S� �  they are represented as follows (hereinafter dots above a value mark time derivatives): 
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Here ,  u w  are tangent and normal displacements of shell; F  is angle of rotation from normal to middle surface until 
deformation of fiber due to shear deformation, p  is contact pressure. 

The motion of elastic mediums (semi-space and filling) is described by equations of motion of plain theory of elasticity 
in potentials of elastic displacements (hereinafter the values with index 0k   belong to semi-space while 1k  , to 
filling): 
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Here kM , k\  are scalar and non-zero component of vector potential. The motion of the medium which the semi-space is 
filled with is considered in relation to rectangular Cartesian coordinate system Oxz , the motion of the filling, polar 
coordinate system 1O rD  with the center at the axis of the shell. 

The links of displacements with elastic potentials are defined by the following equations: 
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where u , w are displacements of the semi-place along axes Ox  and Oz ; ru , uD are radial and angle displacements of 
the filling. 

Non-zero components of the semi-space deformation tensor []H  � �, ,x z[ ]   and the filling []H  � �, ,r[ ] D  are 
connected with the displacements by Cauchy equations: 
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Non-zero components of the semi-space deformation tensor []V  � �, ,x z[ ]   and the fillings []V  � �, ,r[ ] D  are 
FRQQHFWHG�ZLWK�GHIRUPDWLRQV�E\�WKH�+RRN¶V�ODZ: 
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The area of contact is changing in the course of the interaction, and it is described by semi-width � �b W  which in zero 
approximation is defined by condition of crossing of non-deformed boundaries of the semi-space with the shell: 

� �sin 2 ,s sb w wD  �      (6) 



where sw  is the depth of penetration of the shell as perfectly solid body defined by the solution of the Cauchy problem 
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where P  is the resultant of contact pressure p ; 1R  is response of the elastic filling; m  bulk weight of the shell. 
The boundary conditions are represented as follows: 
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Supposedly, at the center of the impact and at an infinity point of the semi-space perturbations are limited. 
Initial conditions: 
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All values and parameters have a dimensionless form. 
 

SOLUTION EQUATIONS AND METHOD 
Boundary conditions (8) and the principle of superposition and reduction of initial conditions (9) to zero result into the 

following integral equation: 
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where the koernels of integral operators � �,G x W , � �0 ,G x W  represent dominant functions for the shell and semi-space [1, 
2]. 

It turns into a closed system by problem (7) and kinematic proportion (6).  
The dominant function for the shell with the filling is the solution of problem (1) ± (5) (if 1k  ) with zero initial 

conditions and pressure � � � � � �,rp G D G W V D W � , where � �zG is Dirac delta-function. This dominant function is 
constructed by use of Fourier expansions and integral Laplace time transformation. 

For finding solutions of the system of resolving equations an original quadrature based algorithm was developed. In 
doing so, integrals (10) and (7) are substituted with their numerical analogues by making use of special quadrature formulas 
adapted for specificities of kernels of integral operators  

This study was performed with financial support of the Russian Foundation for Basic Research (project 14-49-00091). 
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Summary CHAP3D code is a three-dimensional Lagrangian program developed by IAPCM. The parallel contact algorithm used in this 
program for the Clusters of Multi-Processors computers is introduced in this paper. The dual domain decomposition method is applied and two 
methods of the contact surfaces decomposition are provided in this parallel contact algorithm. One is to distribute a whole contact surface 
to a processor and the other is to divide the master surface into each processor. In each processor, the contact search methods are adopted 
to determine whether and where the nodes are contact with a surface segment, and the distributed parameter method and penalty method 
are optional to calculate the contact constrains. The numerical example illustrates that CHAP3D has the ability to simulate the different 
types of contact problems such as contact with sliding only interfaces, sliding with closure and separation interfaces, contact with tied 
interfaces and self-contact. 
 

THE INTRODUCTION TO CHAP3D 
 
   CHAP3D (Compatible Hydrodynamics Analysis Program 3D) code is a three-dimensional Lagrangian program 
developed by IAPCM. It is based on Compatible Lagrangian hydrodynamics numerical method [1], [2], which preserves total 
energy conservation by compatible differential operator discretization. So CHAP3D code is fit for the numerical simulation 
of the problems that request the accurate calculations of the energy transition and the total energy conservation such as high 
velocity impact, explosion and implosion. 
. 

THE PARALLEL CONTACT ALGORITHM 
 
   Contact between moving surfaces and/or moving bodies is one of the most crucial parts of the whole simulation in 
Lagrangian formulations. The parallel contact algorithm is one of the most important parts of CHAP3D code. The dual 
domain decomposition method is adopted by the parallel contact algorithm in CHAP3D code. 
   The essential idea of the parallel contact algorithm is to divide a large contact problem into some smaller subsets such 
that the computation of each subset will be conducted on a single computer processor. The METIS [3] is used as the tool to 
decompose the computational domain for the Clusters of Multi-Processors computers. However the computational domain 
decomposition will divide the whole contact surface into several processors, and the computation of this contact surface 
need lots of communications between processors. So another decomposition of the contact domain is appealed to reduce the 
FRPPXQLFDWLRQV�DQG�SURPRWH�WKH�HIILFLHQF\��7KLV�LV�FDOOHG�³'XDO�'RPDLQ�'HFRPSRVLWLRQ´� 
The strategy of the parallel contact algorithm with dual domain decomposition is: 

1. ³7KH�ILUVW�GRPDLQ�GHFRPSRVLWLRQ´��GLYLGH�WKH�PDLQ�FRPSXWDWLRQDO�GRPDLQ�LQWR�SURFHVVRUV� 
2. ³7KH�VHFRQG�GRPDLQ�GHFRPSRVLWLRQ´��GLYLGH�WKH�FRQWDFW�FRPSXWDWLRQDO�GRPDLQ�LQWR�SURFHVVRUV� 
3. Parallel calculate the node force. 
4. Parallel calculate the nod contact force. 
5. Update the acceleration, velocity, coordinate of node 
6. Return to 3. 
In the second domain decomposition, two methods of contact surface division are provided in CHAP3D. One is to 

distribute a whole contact surface (include the master surface and the slave surface) to a single processor. This contact 
surface could be calculated by using the serial contact algorithm in a processor, and there is not any communication in 
calculation. This method is likely to make some processors to be vacant. The other method is to divide the master surface 
into the all processors and distribute the whole slave surface to every processor. A part of contact surface could be 
calculated in a processor by using the serial contact algorithm. The communication is only recalled to get the whole contact 
surface when the calculations in all the processors are finished. 
 

THE CONTACT SEARCH ALGORITHM 
 
   In each processor, the contact search process in CHAP3D is categorized into the global contact searching and the local 

contact searching. The global search is about to find all the possible candidate surface segments of a particular node. The 

bucket-sorting algorithm 
[4]

 is the main global search method and the face-tracking algorithm and the brute force search 

method are the supplementary ones. The local search is used to determine precisely whether and where the node is in 

contact. The node-to-segment algorithm, one of the most popular methods, is employed in CHAP3D. The Newton-Raphson 



iteration is usually used to solve the contact point parameter coordinates. Moreover the inside-outside search algorithm 
[5] 

is 

introduced in CHAP3D as the complementary one. 

 
THE CONTACT ALGORITHM 

 
   The distributed parameter method

 [4]
 and the penalty method

 [4]
 are applied to calculate the contact constrains on the 

contact nodes. The distributed parameter method is used for contact pressure in the megabar regime such as sliding 

explosive and the penalty method is used for the impact-contact problems.  
 

NUMERICAL EXAMPLE  
 

The Fig. 1- Fig.2 are the results of the numerical simulation of the HR-2 steel tube expansion induced by inside head-
on hitting two detonation waves[6]. The simulated contours of deformed HR-2 steel tubes are in agreement with the results 
measured by flash X-ray cineradiography. 

                    
Fig. 1 The model of calculation       Fig. 2 the contours of the metallic tubes by numerical simulation 
                                           and flash X-ray cineradiography 

 
 

CONCLUSIONS 
 

   CHAP3D has the ability to simulation the different types of contact problems such as contact with sliding only 
interfaces, with closure and separation interfaces, with tied interfaces and with self-contact interfaces 
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Summary The nonlinear thermal problems of friction have been formulated for two semi-spaces, compressed by time dependent pressure and 
sliding with a speed that changes in time. Due to friction at the contact surface the heat is generated. It is assumed that the thermal contact of the 
bodies is imperfect, and the materials are thermal-sensitive, i.e. their thermophysical properties are temperature dependent. This problem allows 
to determine temperature fields in such elements of brakes, as a pad and a disk. As a consequence of the assumption, linearization of 
a corresponding boundary-value heat conduction problem using the Kirchhoff transformation has been incompleted. Depending on the type of 
nonlinearity of friction bodies material (simple or arbitrary), the various methods of linearizing the final task have been suggested. The 
effectiveness of these methods has been illustrated by the numerical analysis of the friction materials for couples with a linear or nonlinear 
temperature dependence of thermal properties. 
 

INTRODUCTION 
 
   Analytical models of frictional heating of heavily loaded friction nodes in many cases should take into account the 
change in temperature of the thermal properties (coefficient of heat conductivity and diffusivity, specific heat) of materials 
they are made from. When in the formulation of the frictional heat problem we take into consideration the change of these 
properties with temperature, the problem becomes nonlinear. One of techniques used for solving nonlinear problems is to 
reduce those problems to linear ones, using the substitution methods. The most common substitution method is Kirchhoff 
[1] integral transformation. It either linearizes the problems fully (after substitution to the basic equations and to the 
boundary conditions), or reduces to a nonlinear equations of such a class which methods of solutions are known. Reviews of 
the application of substitutions methods used to solve the nonlinear boundary-value heat conduction problems are in the 
monographs [2, 3]. The review of analytical methods of solving the thermal problems of friction have been presented in 
paper [4]. 
   A solution to the thermal problem of friction during braking with a constant retardation, when thermosensitive materials 
of a pad and a disk have simple nonlinearity (materials in which coefficients of heat conduction and specific heat depend on 
the temperature, and their ratio – a coefficient of thermal diffusivity – is constant), have been obtained by means of the step-
by-step linearization method or method of linearizing parameters in articles [5, 6]. A solution to the arbitrary (i.e. with the 
coefficients changing independently of each other) nonlinear thermal problems of friction for two semi-spaces in case of 
sliding with a constant speed has been obtained by method of successive approximations in the article [7], and the same 
iterative scheme for solving thermal problems of friction at braking has been proposed in the paper [8]. 
   The main aim of this article is to obtain, using different analytical and numerical methods, solutions to the thermal 
problems of friction for the two semi-spaces with materials characterized simply or arbitrary nonlinearities, and with taking 
into account thermal resistance of bodies, increase in time contact pressure and nonlinear velocity of sliding. 
 

DESCRIPTION OF NONLINEAR MODELS AND NUMERICAL ANALYSIS 
 
   In this paper the solutions to nonlinear boundary-value problems of thermal conductivity have been presented for the 
two semi-infinite (semi-spaces) bodies. Materials of the bodies are thermosensitive, ie. their coefficients of thermal 
conductivity and specific heat change with temperature. Thermosensitive materials are divided into two types; one with 
simple nonlinearity, when coefficients of thermal conductivity and specific heat depend on the temperature, and their ratio – 
a coefficient of thermal diffusivity – is constant. Another type is the one with an arbitrary nonlinearity, when the thermal 
coefficients change with temperature independently of each other. 
   Semi-spaces, in the most general case that has been considered, are pressed at infinity by pressure increasing in time 
from zero to nominal value. At the time adopted as the initial (t = 0) the bodies begin to slide relatively to each other at a 
speed decreasing with time. In another considered case, with the constant pressure, when the time of increase of pressure to 
the nominal value tends to zero, the sliding velocity decreases linearly (braking with uniform delay). Under the influence of 
the friction forces on the contact surface the heat is generated, which warms both bodies. It is assumed that the thermal 
contact between bodies is imperfect, ie. the heat transfer takes place with a constant coefficient of thermal conductivity of 
contact. 
   In accordance with the above assumptions, the nonlinear boundary-values heat conduction problems have been 
formulated. In order to obtain analytical solutions the problems must be linearized. As a first step, the Kirchhoff substitution 
has been used, but only the partial linearization of problems was achieved. The boundary condition of imperfect thermal 
contact was nonlinear. 



   In order to complete linearization of problems, depending on the type of material with simple or arbitrary nonlinearity, 
various methods for the final linearization have been applied. 
   For a simple nonlinearity of materials: 

- expansion of the nonlinear function in a power series, 
- linearizing parameters method, 
- spline-approximation method, 

and for arbitrary nonlinearity of materials: 
- method of successive approximations, 
- method of lines. 

   On the basis of the obtained solutions numerical analysis has been carried out for various frictional pairs made from 
such materials, that its thermal properties’ changes with temperature are characterized by simple or arbitrary nonlinearity. 
We have examined how the thermosensitivity of material influences the evolution and the temperature distributions in the 
frictional systems. The results have been compared with calculations of temperature conducted at the constant thermal 
properties. The effect of pressure increase and oscillations, sliding velocity and thermal resistance of contact on the 
evolutions of the temperature on the frictional elements working surfaces have been investigated, too. Additionally, the 
results of temperature calculations obtained by linearizing methods described above, have been compared as well. The 
calculation results are presented in graphs and tables. 
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Summary Evolution of tribocontact, forecasting of friction and wear of tribopair materials are one of the main tasks of the tribology. 
In this paper the problems of external friction dynamics were explored, in particular investigations of dynamic characteristics of 
tribological objects. In the context of automatic control theory, the system of this type is object of parametric identification, wherein in the 
simplest case, the parameters are damping coefficient and unit speed of rotation. 
This approach allows to use amplitude-frequency characteristics for evaluating the dynamic coefficients of friction interaction. The 
proposed method is the basis of the investigations of processes of evolution tribological characteristics. The suggested approach provides 
the measuring instrument Tribal-T, whereon the investigated tribopairs, which have a slip-step scheme of friction process, are fixed. 
 

DESCRIPTION OF THE INSTRUMENT TRIBAL-T AND HOW IT WORKS 
 
   The experimental device "Tribal-T" for determining the tribological and mechanical properties of materials was 
developed on the basis of Chair of Mechatronics of ITMO University. As an analogy was used device for rub testing, which 
was described in the inventor's certificate [1]. The idea of reciprocating motion of testing samples relative to each other was 
applied in this machine [2]. 
In Fig. 1 shown the exterior of the measuring instrument Tribal-T and its main components. 

 
Figure 1 - The measuring instrument Tribal-T: 

1 - specimens; 2 - displacement sensor; 3,4 - sensors of normal load and circumferential load; 5 - precision guideways; 6,7 - 
equipment control board of load and velocity; 8 - actuator of cyclic displacement; 9 - actuator of load 

    
   Driven by the external actuator, one of the tribopairs is in cyclic reciprocating motion. Due to impact of frictional force, 
the second tribopair is in cyclic constrained motion. The device is equipped with sensors of displacement and pressure, 
which allow to track the absolute movement of tribopairs, and the measured signals are the inputs and outputs of the system. 
 

IDENTIFICATION MODEL 
 
   In the paper, as test specimens was selected a friction couple Aluminum - Aluminum. 
   At the first stage of research tribological characteristics of dynamic objects have been carried out a series of experiments 
using the Tribal-T. In the course of the experiment were obtained signals characterizing the absolute displacement of the 
lower pattern (input signal) and the top of the sample (output signal). 
   Then, a discrete model in the state space (which describes the behavior of dynamic systems of tribological pair) was 
received by dint of the MATLAB application package. The following (in Fig. 3) is model parameters in the initial moment 
of experiment. 

 
Fig. 3 - Model parameters in the initial moment 

 
 
 



STEP RESPONSE 
 
   Dynamic properties of linear mechanical objects and automatic control systems can be described by equations and 
characteristics curve. In automatic control theory it is used two types of characteristics - transient characteristic and 
frequency. 
   These characteristics can be calculated from the experimentally obtained data in the generation of equation of a dynamic 
object. Furthermore, these characteristics help to define the object response to any impact arbitrary species. Thus, transient 
and frequency characteristics are uniquely related to the equation of dynamic object and at the same time they are a 
comprehensive description of the dynamic properties of the friction process [3]. 
   The transition function (or transient response) is a time based historical graph of output value of the dynamic object, at 
the time of action input step disturbance. 
   Reaction of the output when action such an impact - this is the transition function (shown in Fig. 4). We used the 
function step in MATLAB for determining of transition function. 

 
Fig. 4 ± Transition function curves for different moments of experiment 

 
FREQUENCY RESPONSE 

 
   The most important characteristic of a dynamic object is frequency transfer function. Frequency characteristics describe 
the steady-state oscillations at the output of the object caused by harmonic influence on input [4]. 
If amplitude of input vibrations is detented then amplitude and phase of the output waveform depends on the frequency. 
For estimation of phase-frequency characteristic and frequency-response characteristic we used Bode function, which 
provides logarithmic frequency response. Graphs of the phase-frequency characteristic (right) and frequency-response 
characteristic (left) are shown in Fig. 5. 

 
Fig. 5 ± Dependencies of frequency-response characteristic and phase-frequency characteristic 

 
CONCLUSIONS 

 
   In the paper it was reviewed and used the method for estimate of dynamic coefficients of friction interaction and monitoring 
of the evolution of tribological characteristics in friction process. 
   In operation, the identification model, which describes the dynamic processes of friction was built based on the input - output 
data obtained experimentally by dint of the machine Tribal-T. 
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Summary Up to now, when the fracture of ductile sheet materials is studied, the interaction between plasticity and damage (e.g. flat-to-slant
transition) is still a matter of active debate. The fundamental question can be phrased as: Which mechanism is responsible for localized
phenomena leading to the final failure? To address this issue, mechanical tests have been conducted on notched plates made of 2198 T8
aluminum alloy and imaged via synchrotron laminography at micrometer resolution. Ductile damage is analyzed via the reconstructed
volumes and the correlation residuals associated with digital volume correlation. The latter allows displacement fields to be measured and
strain fields to be estimated in the bulk of the material during the test. The development of plasticity and damage can therefore be studied
during the loading history.

While ductile fracture of metallic engineering materials at high stress triaxiality is fairly well-established, failure at lower
levels of stress triaxiality (i.e. below 1) is less understood. An example of poorly understood localized failure phenomena
is the flat-to-slant crack transition. During this process, fracture typically initiates at crack-like features with an initial flat
crack forming normal to the loading direction, which evolves into a slant crack by so-called localized “fast-shear” decohesion
(i.e. flat-to-slant transition). These phenomena are also found in thick specimens close to their external surface in the form of
“shear lips.”

In this work, high-resolution in-situ synchrotron X-ray laminography [1] combined with global digital volume correlation
(i.e. C8-DVC [2]) is used to measure the damage and plastic strain fields ahead of a notch introduced within a 2198 Al-Cu-Li
alloy sheet. Synchrotron laminography is a technique specifically developed for three-dimensional (3D) imaging of laterally
extended sheet specimens with micrometer resolution. DVC is carried out by registering the 3D image contrast caused by
iron-rich intermetallic particles present in the alloy. The alloy is recrystallized and tested in T8 artificial ageing condition
involving relatively low work hardening.

Incremental loading steps are especially interesting in terms of plastic activity. Sections normal to the crack propagation
direction (L) of von Mises equivalent strain fields for loading step (0)-(1) are shown in Figure 1. Starting from 110 µm ahead
of the notch root, the section planes are chosen as regularly spaced with a mutual distance of 140 µm. The magnitude of
the equivalent strain close to the notch root is significantly higher than in the remainder of the analyzed region. To capture
interesting features, the color bar range is limited to 0.1 for all displayed sections. Strained bands are observed starting at a
distance of 250 µm from the notch root.

Figure 1: Sections normal to the crack propagation direction showing von Mises equivalent strain maps for loading step (0)-(1)

Figure 2 shows isometric views of the microstructure voids (obtained by thresholding gray levels) inside the same region
of interest and corresponding equivalent incremental strain fields. Strained bands occur from the very beginning of the loading
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process. The undeformed microstructure state (0) shows very small amounts of porosity without any pattern distribution. The
first loading step (1) already reveals strained bands (Figure 1). This localized strain pattern did not cause explicit damage
growth inside the bands, which is seen for microstructure state (1). Void nucleation and growth are very limited, except for
loading step (2)-(3), where the damage activity is more developed mainly in the zone close to the notch root due to higher
strain and stress levels. Significant damage does not occur immediately after the onset of heterogeneous plastic flow, which
appears to be the prevalent mechanism explaining the flat-to-slant transition in the studied aluminum alloy. During the loading
process very high plastic strains develop within the bands and in the bulk, which induce at a later stage damage nucleation and
limited growth leading to the final failure. The final fracture path is explained by the measured incremental strain patterns.
Therefore, in an area close to the notch root the onset and development of slanted strain bands precede damage. The activity of
the different strained bands at the notch root is alternating between different locations over the loading history [3]. However,
the band leading to final rupture is always active.

Figure 2: Isometric views of the void (damage) distribution together with the von Mises equivalent strain distribution for the
evaluated incremental loading steps

Less numerous inclined strained bands also develop 800 µm from the notch prior to the onset of damage [4]. Damage in
this region mainly results from the nucleation of voids on micrometer intermetallic particles and occurs at an even later stage
of deformation, again followed by very limited void growth.
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Summary A poro-mechanical model of a damaging material under overall compression state is presented. The damage is characterized by the 
formation of microstructures in the form of equi-distant parallel faults and characterizes the evolution of the permeability of the material. The 
model is particularly suitable for engineering applications in soil and rock mechanics. 
 

INTRODUCTION 
 
   Deterioration of mechanical and hydraulic properties of rock masses and subsequent problems are closely related to 
changes in the stress state, formation of new cracks, and increase of permeability in porous media saturated with freely moving 
fluids. In fully saturated rocks, fluid and solid phases are interconnected and the interaction between fluid and rock is 
characterized by coupled diffusion-deformation mechanisms that convey an apparent time-dependent character to the 
mechanical properties of the rock. The two governing equations of the coupled problem are the linear momentum balance and 
the continuity equation (mass conservation). The kinematic quantities that characterize this picture are the solid displacement 
and the rate of fluid volume per unit area. Hydro-mechanical coupling arises from the influence of the mechanical variables 
(stress, strain and displacement) on the continuity equation, where the primary variable is the fluid pressure, and from the 
influence of the hydraulic variables (pore pressure and seepage velocity) on the equilibrium equations, where the primary 
variables are the displacements. In the present talk, we describe a coupled approach to model damage induced by hydro-
mechanical processes in low permeability solids. Classic methods can be applied to describe the porous-mechanical behaviour 
of the solid to estimate the flow of fluids across the medium according to the presence of a fluid pressure gradient. 
 

THE BRITTLE DAMAGE MODEL OF DRY SOIL 
We describe the solid as an anisotropic brittle continuum where the damage is characterized by the formation of nested 
microstructures in the form of equidistant parallel faults [1], characterized by distinct orientation ୩�and spacing ܮ. Faults 
bound otherwise elastic matrix material. We refer to this mode of deformation as recursive faulting, and the resulting 
microstructures as recursive faults. The assumption of faulting separates the requisite constitutive relations into two 
independent components: the behaviour of the matrix, assumed to be elastic for simplicity; and the behaviour of the faults, 
governed by a cohesive relation in the fault initiation stage, and by Coulomb friction and contact henceforth. The faulting 
construction can be applied recursively in order to generate complex fault patterns; moreover, to model more realistic 
materials, the elasticity of the matrix can be replaced by other dissipative behaviours, such as viscoplasticity.  
 

ANALYTICAL EXPRESSION OF DAMAGE INDUCED POROSITY AND PERMEABILIY 
The fractured medium can be regarded as an anisotropic porous material. Pores in the form of planar parallel voids form when 
faults undergo a normal opening displacement ο�. The particular geometry of the faults allows for the analytical derivation 
of the porosity of the medium, as the sum of the original porosity ݊୫ୟ୲୰୧୶ of the matrix and of the contribution of the Q sets 
of faults,  

݊ ൌ ݊୫ୟ୲୰୧୶ ο
݇ܮ

ܳ

݇ൌͳ
 

and the analytical derivation of the anisotropic permeability  of the medium, as sum of the original permeability of the 
matrix ୫ୟ୲୰୧୶ and of the contribution of the Q sets of faults, 

 ൌ ୫ୟ୲୰୧୶ ο
݇ܮ

ܳ

݇ൌͳ
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COUPLED PROBLEM 

According to standard approaches used in poro-mechanical problems, upon space discretization the continuity and equilibrium 
equations assume the following matrix form: 

ሶ்   ൌ ሻݐ௫௧ሺ
  ሻ௧ሺ ൌ  ሻݐ௫௧ሺ



Where the array ሶ  collects the unknown discrete velocities and  the unknown discrete pore pressures. ௫௧ሺݐሻ contains 
the discrete external (imposed and known) fluxes, and  represents the hydraulic conductivity matrix. ௫௧ሺݐሻ contains the 
discrete external forces (imposed and known) and ௧ሺሻ�contains the discrete internal forces, dependent on the unknown 
displacements through the constitutive law of the material. Finally, the rectangular matrix �is a coupling matrix, dependent 
only on the shape functions used for the discretization of the domain. The solution of the coupled system can be achieved 
through a staggered approach, by alternating the solution of first and second systems. 
 

APPLICATIONS 
The material model has been validated against experimental triaxial tests conducted in permeable rocks [2]. The coupled 
approach can be used for a wide range of engineering problems, ranging from the prevention of water or gas outburst into 
underground mines to the prediction of the integrity of reservoirs for underground CO2 sequestration or hazardous waste 
storage. As an example of application of the dry model, we consider the progressive damaging induced in a rock mass by the 
drilling of a borehole with an increasing diameter. The initial stress state of the rock mass anisotropic, and the material 
surrounding the borehole fail creating a typical fracture pattern that is nicely reproduced by the numerical simulations, see 
Fig. 1. 
 

 
 

 
 

 
 
Fig. 1. Distribution of faults around a borehole drilled in a rock mass characterized by an anisotropic stress state. Three different 

stages corresponding to different diameters of the borehole. 
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Summary The paper deals with an anisotropic continuum damage and failure model for ductile metals. The approach takes into account
the effect of stress state on damage and failure criteria. Different branches of these conditions are considered corresponding to various
microscopic mechanisms depending on stress states. To validate the proposed framework experiments with biaxially loaded specimens
and corresponding numerical simulations have been performed. Geometries of different specimens are discussed to analyze a wide
range of stress triaxialities and Lode parameters. Digital image correlation technique has been used to analyze current strain states in
critical regions of the specimens. Combination of experiments and numerical simulations greatly enriches understanding of damage
and fracture processes of ductile metals.

CONTINUUM DAMAGE AND FAILURE MODEL

Caused by fast technological developments damage and failure prediction is one of the most important issues in anal-
ysis and design of metal forming processes. Therefore, a thermodynamically consistent anisotropic damage and failure
model is presented. It is based on kinematic definition of damage leading to definition of damage strain tensors [1]. These
tensors take into account isotropic as well as anisotropic effects providing realistic representation of ductile material degra-
dation. The phenomenological approach is based on free energy functions defined in damaged and corresponding fictitious
undamaged configurations, respectively, leading to elastic material laws which are affected by increasing damage. In ad-
dition, a hydrostatic-stress-dependent yield condition and a non-associated flow rule are introduced in the undamaged
configurations adequately describing the plastic behavior of ductile metals. Furthermore, considering the damaged con-
figurations a damage condition and a damage rule are formulated in stress space characterizing onset and evolution of
damage. They are based on experimental observations and mainly on various numerical calculations on the micro-level
studying the deformation and failure behavior of void-containing unit cells [2]. Different branches of the damage criteria
are considered corresponding to different damage and failure mechanisms acting on the micro-scale depending on stress
triaxiality and the Lode parameter: for high positive stress triaxialities damage is mainly caused by nucleation, growth
and coalescence of micro-voids and for small positive or negative ones the prevailing damage mechanism is formation and
growth of micro-shear-cracks whereas combination of both mechanisms is active for moderate positive stress triaxialities
[3, 4, 5].

EXPERIMENTS AND NUMERICAL SIMULATIONS

An experimental program will be presented analyzing the effect of stress state on inelastic behavior, damage and
fracture in ductile metals. The experiments are performed using a biaxial test machine allowing individual loadings in
two different directions. Digital image correlation technique has been used to analyze current strain states in critical
regions of the specimens. Corresponding numerical simulations are carried out to get detailed information on amounts
and distributions of stress and strain measures especially in critical regions of the specimens where localized inelastic
deformations and failure will occur.

Ideas for development of geometries of suitable specimens covering a wide range of stress triaxialies and Lode pa-
rameters are discussed. For example, two possible geometries and loading conditions of flat specimens are shown in
Fig. 1. During the experiments, the specimens are simultaneously loaded in horizontal and vertical direction by F1 and
F2. The load F2 leads to shear mechanisms in the center of the specimen whereas F1 leads to superimposed tension or
compression modes. Therefore, with variation of load ratios and of geometries in the critical parts different combined
shear-tension and shear-compression modes and corresponding failure mechanisms will occur.

Furthermore, performing numerical calculations of the respective experiments allows detailed analysis of stress and
strain quantities especially in the critical parts of the specimens. For example, the stress invariants I1 and

√
J2 as well

as the stress triaxiality η characterize the state of stress (Fig. 2). This corresponds to different damage modes like void
growth (1), occurrence of micro-shear-cracks (3) or mixed modes (2). Their distributions are shown in Fig. 2 in the central
part of the specimen (Fig. 1(a)) for the load ratio F1 : F2 = ◦ 1 : 1. In addition, the numerically predicted equivalent

∗Corresponding author. Email: michael.bruenig@unibw.de



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

F2

F1

x

y

F2

F1

F2

F1

(a) (b)

F2

F1

x

y

Figure 1: Specimens and loading conditions

Figure 2: First stress invariant I1 [MPa], second deviatoric stress invariant
√

J2 [MPa], stress triaxiality η, damage mode,
equivalent damage strain µ, experimental fracture line (F1 : F2 = ◦ 1 : 1) for the specimen shown in Fig. 1(a)

damage strain measure µ is visualized. The band of moderate equivalent damage strain indicating the weakest points of
the material corresponds to the fracture line of the tested specimen. Further results for other specimens will demonstrate
the efficiency of the experimental program and the corresponding numerical simulations.

CONCLUSIONS

The presented experimental program allows biaxial loading of different specimens covering a wide range of stress
states even in the shear-tension and shear compression regime. Combination of experiments and numerical simulations
allows validation of the proposed continuum damage and failure model and has greatly enriched understanding of damage
and fracture processes of ductile metals.
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Summary Bond fracture greatly affects the strength and damage progression of many non-wovens. Here we present a novel combined
experimental and simulation approach to extract the bond strength of a particular non-woven. The approach was implemented for a com-
mercial polyprolylene non-woven. A small non-woven specimen was imaged by micro computed tomography (µCT) and then subjected to
uniaxial tensile loading through complete failure. The geometry of the non-woven was imported from the µCT data into a discrete finite
element model. Using known fiber properties, the bond properties were then determined by comparing the simulated load-displacement
curve with the experimental load-displacement curve. The sensitivity of the load-displacement curve to bond strength distribution will also
be presented.

INTRODUCTION

Non-wovens are fibrous materials manufactured without a weaving or knitting process. Due to versatile manufacturing
methods, high porosity and high damage tolerance, non-wovens constitute a rapidly growing portion of the textile industry.
A typical non-woven consists of a set of randomly oriented fibers bonded at fiber-fiber crosslinks. The deformation of non-
wovens at finite strain is complex, including fiber stretching, fiber bending, structural change, and bond fracture. Bond fracture
is a key material property since it directly contributes to material degradation [1] and leads to a change of network connectivity.
Experimental determination of bond strength distribution within a non-woven remains a difficult task. Individual fiber-fiber
bonds can be prepared and then tested (for example, by atomic force microscopy [2]), but the bonding conditions within the
non-woven may not be accurately replicated and these experiments are time and labor intensive. Here we present a method
that combines experimental characterization and numerical simulation to determine bond strength throughout a non-woven.
This approach carries the dual advantage of characterizing actual bonds within a non-woven and characterizing dozens to
hundreds of bonds simultaneously.

Figure 1: (a) The 3D microstructure of one non-woven specimen. (b) The corresponding extracted fiber network.

EXPERIMENTAL AND NUMERICAL METHODS

A commercial polypropylene-based non-woven (Dupont Typar series) is used for this investigation. The fibers in this
non-woven are bonded into a sheet by simultaneously application of pressure and heat. To create specimen for testing, a 2 mm
wide strip is cut from a bulk sheet, and attached to a sample holder spanning across a 2 mm gage length. The microstructure of
the specimen is imaged using micro computed tomography (µCT). The specimen is then tested under uniaxial tensile loading
until failure while the load-displacement curve is recorded.

The reconstructed 3D image from the µCT of the specimen is used to extract fiber coordinates and bond locations using
the software FNXCT [3]. The network geometry is discretized and imported into the finite element software ABAQUS. Both

*Corresponding author. Email: ms2682@cornell.edu



fibers and bonds are explicitly represented in the model, with fiber properties constitutively prescribed according to prior
single fiber experiments. The bonds are modeled as connector elements with a failure criterion. Each bond strength value
is an independent parameter and a change of its value affects the overall damage propagation process and the macroscopic
mechanical response. Individual bond strengths are tuned so the simulated load-displacement curve fits to the experimental
one. This multivariable optimization problem is solved by gradient decent method.

RESULTS AND DISCUSSION

The 3D microstructure of one non-woven specimen is shown in Figure 1a. The constituent filaments are much longer than
the specimen size. The corresponding extracted fiber network is shown in Figure 1b. Good agreement is achieved between
these two geometries. The experimental load-displacement data (blue line in Figure 2a) shows that the non-woven has a short
elastic region followed by a gradual roll over yield region. The curve becomes jagged at around the peak load indicating
significant damage. Such damage is a combination of bond fracture and fiber fracture. Three simulated load-displacement
curves are overlaid on the experimental results in Figure 2a. In the simulations used to produce this plot, all bonds were
assumed the same and the strength values were assigned to infinity (rigid bond), 0.5N and 0.001N. The network with rigid
bonds has the highest macroscopic strength (peak load) among the three. The damage comes solely from fiber fractures and
the damage progression is more drastic and occurs at smaller strains than the other two cases. The network with really weak
bonds (b = 10−3N) has a smooth curve. The shape of the curve is similar to that of a single fiber under uniaxial tension. This
shape similarity is consistent with our expectation since most of the bonds break at small strains and only the longitudinal
fibers connected to both ends of the grips carry the load. The simulation with 0.5N bond strength has the best fit of these three
cases, however the fit is still poor (R2 = 0.20) indicating that a bond stregth distribution exists in the network. The percentage
of fractured bonds with deformation (Figure 2b) shows that bond fracture initiates at the beginning of the test and increases
monotonically since no healing is allowed. The drops in the load-displacment curve are associated with large numbers of bond
fracture. Moreover, not all bonds are broken before the end of the test even for the weakest bonds, indicating that some bonds
do not participate in the load transmission throughout the network. These strength of these non-transmitting bonds cannot be
obtained through this experimental methods.
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Figure 2: (a) Experimental and simulated load-displacement curves. b is the bond strength. (b) Percentage of fractured bonds
with deformation.

CONCLUSIONS

A method to determine non-woven bond properties is presented. The microstructure and macroscopic behavior of a non-
woven specimen is first characterized through experiments. A finite element model is then applied to fit individual bond
strengths. The presented method prevails in its efficiency in dealing with scattered bond strength distribution, and also is able
to provide insights on the damage progression process of non-wovens.
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required for the reversion. This value is much larger than the usual stresses applied during experimental cyclic loadings 
which are only from several to hundreds of MPa. If the previously created steps are reconstructed, they are not reversible, 
even under a shear stress of at least 2GPa or more. When there are arrivals of opposite sign dislocations located in direct 
neighbor plane with respect to the previous dislocations, it is obvious that non-reconstructed surface steps can be erased. A 
reconstructed step cannot be fully erased by an opposite sign dislocation at low temperature and there is a remaining surface 
KROH� GHIHFW�� <HW�� LI� WKH� WHPSHUDWXUH� LV� KLJK� HQRXJK� DQG� WKH� µVXUIDFH� GLIIXVLRQ� DFWLYDWHG� UHFRQVWUXFWLRQ¶� FDQ� WDNH� SODFH��
diffusing surface atoms can eventually fill the small hole of the surface and the step is finally completely erased. It is 
possible of course that opposite sign dislocations do not appear at immediate neighbouring planes. Simulations are thus 
carried out for cases where there is one, two, three or four atomic planes between the planes of insertion of the opposite sign 
dislocations. It is observed that in these cases, surface steps cannot be fully erased and a micro-notch is initiated and grows 
deeper cycle by cycle, as shown in Figs. 1c. 
 
 
 

                                 
Fig.1. Surface step reconstruction (a, b) and micro notch initiation (c) in Al at 300K. Mechanisms are the same in Cu, Ag and Ni. 

 
   Similar simulations are carried out in oxygen environment. Oxygen molecules are adsorbed on metal surface and dissociate 
into oxygen atoms which are absorbed. This locally generates high-temperature areas. The temperature and the oxygen gas 
pressure have effects on the surface oxygen diffusion depth. Yet, probably because oxygen atoms are very lightweight compared 
to metal atoms, absorption of oxygen has no significant effect on the surface step reconstruction and does not impede the gliding 
of dislocations towards the surface as shown in Figs. 2. Oxygen will thus not increase the step irreversibility and has no major 
effect on the surface roughness. This holds only for surface relief evolution and agrees with experimental observations [3].  
 

                                     
                                   0 picosecond                    20 picoseconds    

Fig.2. Oxygen effect for the gliding of dislocations towards the surface at 300K in Ni. 
 

DISCUSSIONS 
 
   The atomistic simulations carried out in this work show a strong irreversibility of surface slips. A simple estimation of the 
irreversibility gives an irreversibility fraction between 0.5 and 0.75 in copper for pure edge dislocations and this value is 0.62 for 
screw dislocations combining bulk and surface mechanisms. The value of p that we evaluated is much larger than the value 
estimated by the EGM II model where a value of 0.4 was found considering pure screw dislocations, and even smaller for edge 
dislocations. Our value is much closer to the experimental AFM carried out on nickel in air where p is about 0.8 [2].  
   The irreversibility factor p estimated in this MD study in inert environment is almost at its maximum value and it is observed 
that oxygen environment does not increase surface irreversibility in nickel and copper. This is indeed in agreement with 
observations made by several workers who found that the PSB surface relief is the same for fatigue in inert environment and in 
air [3]. This shows that old sketches proposed in literature concerning effect of adsorbed atoms on slip irreversibility [4] are not 
valid for Ni and oxygen. Two more questions remains: how is surface slip irreversibility affected as surface crystalline oxide film 
is formed and how may we explain the large effects of environment on cyclic propagation [4]. Computations are in progress for 
answering questions. 
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Summary 7KH� ³LPSOLFLW´� JUDGLHQW� HQKDQFHPHQW� LV� ZLGHO\� XVHG� LQ� OLWHUDWXUH� WR� UHJXODUL]H� WKH�material response during strain 
softening. The conventional approach with a constant length scale parameter, however, may result in spurious damage growth at 
high deformation levels. This partial regularization phenomenon is also encountered with the integral averaging method. In this 
contribution, a gradient damage model is formulated based on the generalized micromorphic framework, with only the 
undamaged regions contributing to the micro-macro coupling driving the damage mechanisms. The resulting governing balance 
equation recovers a similar form as the implicit gradient equation, albeit with a nonlocal interaction that is of a transient nature. It 
is shown that a fully regularized solution is obtained during strain softening, with the damaged region localizing towards a 
macroscopic crack.   
 

INTRODUCTION 
It is well documented that standard damage models become ill-posed during strain softening, leading to numerical 

results which are mesh dependent. One remedy is to adopt the so-called implicit gradient enhancement to regularize the 
softening behavior, with the associated length scale parameter collectively characterizing the various micro-processes 
underlying the localized deformation. The conventional approach adopts a constant length scale parameter, which may 
result in spurious damage growth at high deformation levels. Instead of localizing into a single crack, the damage region 
expands with deformation, as shown in Fig 1. 

 
Fig 1: (left) 1D problem with imperfection at the shaded region; (right) Damage evolution profile along the bar with the 
conventional implicit gradient damage enhancement. At complete structural failure, the damaged region spreads throughout 
the entire bar, a non-physical behavior. Figure from [1]. 

 
In view of this anomaly, a strain-based transient gradient damage model was proposed in [1], where the nonlocal 

interaction is controlled by a gradient activity parameter through a proposed evolution law. However, it was reported that at 
large deformations (e.g. with exponential type damage evolution law) the spurious damage growth is delayed, but not fully 
eliminated, with the strain-based transient damage model [2]. 
 

GRADIENT DAMAGE MODEL WITH TRANSIENT NONLOCAL INTERACTIONS 
   In this contribution, a higher-order damage model is formulated within the generalized micromorphic framework in [3]. 
Departing from the standard framework, the energy exchange between the micro and macro RVEs are limited only to the 
undamaged material. The governing equations and constitutive relations are next extracted as per standard thermodynamics 
procedure. The resulting micro-macro force balance equation resembles closely the Helmholtz expression in conventional 
implicit gradient models, though the nonlocal interaction is now of a transient nature, which vanishes when the material is 
fully damaged. A 1D spectral analysis reveals that the softening response is well-regularized, with a vanishing localized 
bandwidth at complete failure.  
 
   The full regularization property of the damage model is further demonstrated by considering the same uniaxial tension 
problem in Fig 1. At the structural level, the softening response converges upon mesh refinement as depicted in Fig 3, 
despite the localizing damage profile at failure. It is also easily observed from Fig 4 that non-local damage strain localizes 
with deformation, hence remedying the spurious damage growth encountered in conventional gradient models. 
   
 
 
 
 



 
 
 
 
 
 
  
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig 3: Convergence of the force displacement curve with respect to mesh refinement. 
 
 

 
 
Fig 4: The non-local damage strain localizes at complete structural failure, which remedies the non-physical response 
obtained in conventional gradient damage models. 
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Summary Damage process in composites subjected to low-velocity impact is investigated both experimentally and numerically. 
Drop-weight impact experiments are carried out, in which a model unidirectional [0/90]s carbon fiber reinforced polymer 
(CFRP) laminate beam is impacted by a cylindrical head creating an almost uniform two-dimensional loading condition. 
Damage sequence is visualized in real-time via ultra-high-speed camera and the resulting final failure patterns are characterized 
by a digital microscope. In the computational part, a three-dimensional finite element analysis is performed in 
ABAQUS/Explicit with the intraply matrix and delamination models. Damage initiation time, location and the interaction of 
failure modes are compared with the experimental data. A very good overall agreement between experimental and numerical 
results is observed. 
 
 

INTRODUCTION 
 
Impacts occurring at speeds 1 to 10 m/s are usually produced by accidental stepping, hail storm and tool drops, and are 
classified as low-velocity impact (LVI) [1]. Under LVI, barely visible impact damage (BVID) that creates internal 
delamination without any noticeable damage on the surface is the primary damage form. In literature, damage mechanism of 
[0/90]s laminates is studied both experimentally and numerically [2]. The failure sequence is predicted to be unstable shear 
matrix cracks, leading to delamination, however this sequence has not been fully verified by experiments. In the current 
study, a 2D line-loading impact proposed by [3] is applied on a simple beam laminate. During the event, progression of 
damage is captured from the side of the specimen at 60,000 frame per second. This high-speed camera footage is then 
quantified by a Digital Image Correlation (DIC) analysis. Furthermore, the characteristics of failure are studied in detail by 
microscopy of post-mortem specimens. The strain history and failure sequence is compared to finite element simulations 
and the effect of inherent asymmetry on the computational model is further discussed.  
 

RESULTS 
 
Finite element simulations are conducted in ABAQUS/Explicit in which intralaminar ply damage in middle 90° layer and 
interlaminar delamination damage in cohesive layers are considered. LaRC04 failure criterion proposed by [4] is employed 
for the intralaminar ply damage and a cohesive zone method (CZM) with a triangular bilinear response is used for the 
interlaminar damage (delamination). Digital image correlation (DIC) analysis on high-speed camera imaging revealed a 
close correlation between experiments and the simulations for undamaged elastic loading state as seen in Figure 1(a) and 
(b).  
 

 
Figure 1 Transverse shear strain contours obtained from (a) DIC analysis just before the initiation of failure (b) FE  

simulations just before the initiation of failure, (c) FE  simulations just after the initiation of failure. Scale is in mm. 
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��$0-�81+<=:-;�7*<)16-,�

.:75� ;15=4)<176;� ):-�8:-;-6<-,�76� <0-� 4-.<� ;1,-�7.��1/=:-�
���<�
�
� �� )� +4-):�81+<=:-�7.� <0-� 161<1)4� .7:5)<176�7.� ,1)/76)4�

5)<:1@� ,)5)/-� 16�51,,4-� ��D� 4)A-:� +)6�*-� ;--6� .7447?-,�*A� 1<;�8:7/:-;;176� <7� ,-4)516)<176� )<� 
��� �� $0-� -@8-:15-6<)4�
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���<�<15-�
	�� ��)�

,1)/76)4� 416-� .7:5;�6-):� <0-� 4-.<� -6,� 7.� <0-�81+<=:-� /1>16/� )� +76+4=;1>-� ->1,-6+-� .7:�5)<:1@� +:)+3� 161<1)<176�=6,-:� 158)+<�

47),16/���<�<15-�
��� ��?01+0� 1;�<0-�6-@<� .:)5-�<15-��+4-):�->1,-6+-�7.�,-4)516)<176� .:75�<0-�<18;�7.�<0-�5)<:1@�+:)+3�)<�

<0-�<78�)6,�*7<<75������16<-:.)+-;�1;�8:-;-6<-,��$0-�5-+0)61;5�1;�+4-):4A�7*;-:>-,�16�-@8-:15-6<;�)6,�;15=4)<176;�<7�*-�<0-�

161<1)<176�7.�5)<:1@�+:-)3;��8:78)/)<16/�<7?):,;�<0-�16<-:.)+-�)6,�+:-)<16/�)�,-4)516)<176��$0-�?074-�.)14=:-�->-6<�7++=:;�)<�
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$0-�,A6)51+� .)14=:-�8:7+-;;�7.� +7587;1<-� 4)516)<-;�=6,-:� 47?�>-47+1<A� 158)+<� 1;� ;<=,1-,�=;16/�)� +75*16-,�-@8-:15-6<)4� )6,�

6=5-:1+)4�)88:7)+0���58)+<�-@8-:15-6<;�):-�+76,=+<-,�76�)�<01+3� '�

�071�����&���%=�����&��$��)6,��0)6/�������� � ��6-?�)88:7)+0�<7?):,�=6,-:;<)6,16/�,)5)/-�5-+0)61;5;�)6,�5-+0)61+;�7.�4)516)<-,�+7587;1<-;�,=-�<7�
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!1607�#��$����C>14)���������)5)607�!��!��� �)66=++1�����"7*16;76�!���)14=:-�57,-4;�)6,�+:1<-:1)� .7:��"!�=6,-:� 16�84)6-�7:�<0:--�,15-6;176)4� ;<:-;;� ;<)<-;�
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����(;���"!�*-)5�4)516)<-�)6,�,)5)/-�8:7+-;;�1;�;<=,1-,�

*A�)�01/0�;8--,�+)5-:)�15)/16/���1/1<)4��5)/-��7::-4)<176�������)6)4A;1;�)6,�51+:7;+78A���6�-@841+1<����;15=4)<176;�16<:)84A�

5)<:1@� +:)+316/� 1;� +76;1,-:-,� 16� )� ��� �76<16==5� �)5)/-� �-+0)61+;� ������ .:)5-?7:3� )6,� ,-4)516)<176� 1;� +76;1,-:-,�

<0:7=/0�+70-;1>-�-4-5-6<;�� =:�5)16�+76+4=;176;�):-�;=55):1B-,�);�.7447?;�� �

�

E� �1:;<� -@8-:15-6<)4� ->1,-6+-� 7.� <0-� .)14=:-� ;-9=-6+-� 16� ������� 4)516)<-;� 1;� 8:-;-6<-,� +76;1;<16/� 7.� ,1)/76)4� 5)<:1@� +:)+3;�

.7447?-,�*A� ,-4)516)<176��$0-� :1/0<� )6,� 4-.<�5)<:1@� +:)+3;� ):-� ;07?6� <7� 7++=:� ;-9=-6<1)44A�� #15=4<)6-7=;� .7:5)<176� 7.� <?7�

;A55-<:1+�5)<:1@�+:)+3;�1;�6->-:�7*;-:>-,�16�<0-�-@8-:15-6<;��

�

E��@8-:15-6<)4�;+)<<-:�16�<0-�47+)<176�7.�.1:;<�5)27:�5)<:1@�+:)+3�1;�)<<:1*=<-,�<7�<0-�160757/-6-1<A�7.�5)<-:1)4�8:78-:<1-;�)6,�<0-�

,A6)51+�<:)6;4)<176�7.�;<:-;;�.1-4,;��$01;�*-0)>17:�1;�)4;7�+)8<=:-,�16�7=:����;15=4)<176;�� �

�
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� �)6<?-44�%�%�����7:<76����$0-�158)+<�:-;1;<)6+-�7.�+7587;1<-�5)<-:1)4;�)�:->1-?���7587;1<-;� �����
��	��	����
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"$$6.6-"5*0/=*4=646"--:=#"4&%=0/=$:$-&�$06/5*/(�=8)*$)=.",&4=5)&*3=64&=26&45*0/"#-&=6/%&3=$0.1-&9=-0"%=)*4503*&4= 
�=�!�

�=%*''&3&/5=453"5&(:='03=)*()�$:$-&='"5*(6&=.0%&--*/(=8"4=130104&%=#:=�5504&/=&5="-�= 
!�=�/=5)*4="1130"$)�=8)*$)=$06-%=#&

$-"44*<&%="4=&70-65*0/"3:�=5)&=$0/$&15=0'="=.07*/(=&/%63"/$&=463'"$&=*/=5)&=453&44=41"$&=*4=10456-"5&%=50(&5)&3=8*5)="=%"."(&

&70-65*0/=&26"5*0/�=�)&=&/%63"/$&=463'"$&=*4=&913&44&%=*/=5&3.4=0'=5)&=<345=453&44=*/7"3*"/5="/%=5)&=4&$0/%=*/7"3*"/5=0'=5)&

3&%6$&%=%&7*"503*$=453&44=5&/403=8)&3&=5)&=$&/5&3=0'=5)&=463'"$&=*/=5)&=%&7*"503*$=1-"/&=*4=%&</&%=#:="=%&7*"503*$=#"$,=453&44

5&/403�="4=*4=%0/&=4*.*-"3-:=*/=,*/&."5*$=1-"45*$*5:=.0%&-4�=�)&3&'03&�=5)&=-0"%=)*4503:=*4=.&.03*;&%=#:=5)&=#"$,�453&44=5&/403�

�/=5)*4=.0%&-�="3#*53"3:=453&44=45"5&4="3&=53&"5&%=*/="=6/*<&%=."//&3='03=%*''&3&/5=-0"%*/(=)*4503*&4�=5)64="70*%*/(=$:$-&�$06/5*/(

5&$)/*26&4�

�)&=,&:=*/(&%*&/54=0'=5)&=$0/5*/66.=#"4&%='"5*(6&=.0%&-="3&=5)&="446.15*0/=0'=5)&=&9*45&/$&=0'="/=&/%63"/$&=463'"$&

%&</&%=*/=5)&=453&44=41"$&="/%=5)&=&70-65*0/=&26"5*0/4=%&4$3*#*/(=5)&=%&7&-01.&/5=0'=%"."(&="/%=*/5&3/"-=7"3*"#-&4=/&&%&%=*/

5)&=.0%&-�=�='6/$5*0/ 5)"5=%&1&/%4=0/=5)&=453&44=5&/403="/%=40.&=*/5&3/"-=7"3*"#-&4=*4=&45"#-*4)&%="/%=5)&=&/%63"/$&=463'"$&

*4=5)&/=%&</&%="4

1"3".&5&34 ���

8)&3& *4=5)&=453&44=5&/403="/% %&/05&4=5)&=4&5=0'=*/5&3/"-=7"3*"#-&4�=�70-65*0/=0'=5)&=*/5&3/"-=7"3*"#-&4="/%=5)&=%"."(&

"3&=%&4$3*#&%=#:=5)&=&70-65*0/=&26"5*0/4

"/% ���

�)&='03.=0'=5)&='6/$5*0/4 "/% "3&=*.1035"/5='03=.0%&--*/(=5)&=</*5&=-*'&=%63"#*-*5:�=8)*-&=5)&=&/%63"/$&=463'"$&=%*$5"5&4

5)&=*/</*5&=-*'&=3&4*45"/$&�=�/=$0/53"45=50=1-"45*$*5:=5)&=453&44=45"5&=$"/=-*&=0654*%&=5)&=&/%63"/$&=463'"$&="/%=5)&=&70-65*0/=0'

5)&=*/5&3/"-=7"3*"#-&4="/%=5)&=%"."(&=5",&=1-"$&=0/-:=8)&/ "/% �

�)&=03*(*/"-=7&34*0/=0'=5)&=.0%&-=8"4=%&7&-01&%='03=*405301*$=)*()�$:$-&='"5*(6&= 
!=8)&3&=5)&=&/%63"/$&=463'"$&=8"4

(*7&/=*/=5&3.4=0'=580=453&44=*/7"3*"/54

���	����� �������� ����� ��������
 ������� 
���	�

��������� �������

�

� � �

� � � � ���

�

� ���

	

� � ��	��

	 � � � � 	 � � �

� � �

� �

� �

� �

� �

� �

� � � � � �

�

� �

�

� 	�� 	 �� "/% � 


����=������=�����=�6(645=�����=�0/53&"-�=�"/"%"

�


���		��� �� ���������� �������

�

�".*=�0-01"*/&/

� ��	 �� ��� � � �

��� �

�

� � �

�=�&*+0=�06)*"

� � �

�

� � �

��=�*&-4=�""#:&=�5504&/��=�"55*=�*45*/.""

�

�
� �

� �=�03=5)&=#"$,=453&44

&70-65*0/�=5)&=�*&(-&3=5:1&=.0%&-=8"4=$)04&/="/%='03=5)&=%"."(&=&70-65*0/=&26"5*0/=5)&='6/$5*0/ 1301035*0/"-=50

)"4=1307&/=50=#&=46$$&44'6--�=�)&=&/%63"/$&=463'"$&=$0/5"*/4=0/-:=580=."5&3*"-=1"3".&5&34�=8)*$)=$"/=#&=%&5&3.*/&%='30.

580='"5*(6&=5&454='03=*/</*5&=-*'&�=�/=5)&=&70-65*0/=-"84=5)3&&="%%*5*0/"-=."5&3*"-=1"3".&5&34="3&=/&&%&%�

�/="-5&3/"5*7&='03.6-"5*0/=65*-*;*/(=5)&=*%&"=0'= 
!='03=5)&=&/%63"/$&=463'"$&=8"4=13&4&/5&%=#:=�3*()&/5*=&5="-�= �!=$0/5"*/�

*/(="--=5)&=5)3&&=453&44=*/7"3*"/54=0'=5)&=*405301:=(3061�

�

�

�="/%=�*.0=�",4"-"

�033&410/%*/(="65)03�=�."*-=3&*+0�,06)*"�565�<

�

����� �� �������� ����������� ��� ���������� ������� 
������ ���������� �� 
��������� 
������� �������
����� �� 	���� �������� ���� ����������� ����� 	�����

	������ �=$0/5*/66.="1130"$)='03="/*405301*$='"5*(6&=*4=%&4$3*#&%�=�)&="1130"$)=*4=#"4&%=0/=5)&=*%&"=0'="=.07*/(=&/%63"/$&=463'"$&=*/

5)&=453&44=41"$&=8)&3&=5)&=.07&.&/5=*4=%&4$3*#&%=#:="=#"$,�453&44=5:1&=5&/403�=�)&=&70-65*0/="440$*"5&%=8*5)=5)&=.07&.&/5=*4=%&4$3*#&%=#:

"=3"5&=5:1&=&26"5*0/�=�/="%%*5*0/�=%"."(&="$$6.6-"5*0/=*4=(07&3/&%=#:="=3"5&=5:1&=&70-65*0/=&26"5*0/�=5)64='"$*-*5"5*/(=*54=64&=6/%&3="3#*53"3:

$0.1-&9=-0"%*/(=$0/%*5*0/4�=�)&=."*/=&.1)"4*4=0'=5)*4=1"1&3=*4=50=%*4$644=5)&=1044*#-&='03.4=0'=5)&=&/%63"/$&=463'"$&="/%=1&35*/&/5

&70-65*0/=&26"5*0/4=50=.0%&-=)*()�$:$-&="/*405301*$='"5*(6&�=�6((&45*0/4=508"3%4="=6/*<&%=.0%&-=$"1563*/(=5)&=-08�$:$-&=3&(*.&="3&="-40

(*7&/�

������������

�"5*(6&=0'=."5&3*"-4=6/%&3=7"3*"#-&=-0"%4=*4="=$0.1-*$"5&%=1):4*$"-=130$&44=8)*$)=$"/=&7&/=3&46-5=*/=$"5"45301)*$='"*-63&

0'=&/(*/&&3*/(=$0.10/&/54�=�5=*4=$)"3"$5&3*;&%=#:=/6$-&"5*0/�=$0"-&4$&/$&="/%=45"#-&=(3085)=0'=$3"$,4�=�6$-&"5*0/=0'=$3"$,4

45"354='30.=453&44=$0/$&/53"5*0/4=/&"3=1&34*45&/5=4-*1=#"/%4�=(3"*/=*/5&3'"$&4="/%=*/$-64*0/4= ��=��=	!�

�/=)*()�$:$-&='"5*(6&�=5)&=."$304$01*$=#&)"7*03=0'=5)&=."5&3*"-=*4=13*."3*-:=&-"45*$�=8)*-&=*/=5)&=-08�$:$-&='"5*(6&=3&(*.&

$0/4*%&3"#-&=."$304$01*$=1-"45*$=%&'03."5*0/4=5",&=1-"$&�=�3"/4*5*0/=#&58&&/=-08�="/%=)*()�$:$-&='"5*(6&=0$$634=#&58&&/

��� � ��



�

�
���� � � �� �

�

�
���

�

�

�

� � �

�

�

�

��

#0-F-6,=:)6+-F;=:.)+-F.7:F<:)6;>-:;-4AF1;7<:781+F.)<1/=-F/1>-6F16F'�(F+)6F*-F+76;1,-:-,F);F<0-F;1584-;<F87;;1*4-F-@<-6;176

7.F<0-F->74=<176F-9=)<176F*);-,F.)<1/=-F57,-4F<7F<:)6;>-:;)44AF1;7<:781+F+);-�F�64AF<?7F),,1<176)4F8):)5-<-:;F):-F6--,-,F16

+758):1;76F<7F<0-F1;7<:781+F57,-4F16F'�(�

�6 <01; 8)8-: ,1..-:-6< .7:5; 7. <0- -6,=:)6+- ;=:.)+- 16 <-:5; 7. 16>):1)6<;
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;A55-<:AF/:7=8�F�4;7F<0-F6-+-;;1<AF<7F0)>-F)6F)61;7<:781+F,-;+:18<176F.7:F<0-F,)5)/-F>):1)*4-F1;F,1;+=;;-,�
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DAMAGE MODEL OF A PARTICLE REINFORCED TRIP-STEEL MATRIX COMPOSITE
Andreas Seupel1 and Meinhard Kuna ∗1

1TU Bergakademie Freiberg, Institute of Mechanics and Fluid Dynamics, Freiberg, Germany

Summary The paper considers a particle reinforced metal matrix composite based on a steel exhibiting TRansformation Induced Plasticity
(TRIP-effect). The main focus is on deriving a macroscopic, phenomenological model for the material. On the one hand, strain hardening
mechanisms due to particle reinforcement and TRIP-effect have to be included. Otherwise, different damage mechanisms are primary
influencing factors on the material’s performance. With help of cell model simulations, the influence of stress state on the mentioned
mechanisms is investigated. The resulting data sets are used to specify and calibrate the proposed macroscopic damage model. A good
agreement between the cell model simulation and the calibrated macroscopic model is found in terms of macroscopic stress-strain response.

INTRODUCTION

TRansformation Induced Plasticity (TRIP-effect) is a deformation mechanism due to mechanical induced martensite for-
mation observed for metastable austenitic steels. These TRIP-steels exhibit special deformation and strain hardening mecha-
nisms leading to excellent mechanical properties. Recently, highly alloyed TRIP-steels have been proposed as basis of particle
reinforced Metal Matrix Composites (MMC) [1]. The MMCs are used to process honeycomb structures, e.g. for crash ab-
sorption applications [1]. From experiments, a strongly asymmetric plastic flow behavior is found for the material, see [1].
This phenomenon is due to particle based damage mechanisms (particle cracking, interface failure) and their impact on the
composite’s overall plastic flow behavior. The present paper is devoted to the phenomenological modeling of TRIP-matrix
composites in the continuum mechanics framework. The aim is to incorporate the effects of damage mechanisms and marten-
sitic transformation. But primarily, the model should be able to describe the overall stress-strain response of the composite.

MODELING APPROACH

Starting point of the MMC’s material modeling is the proposal of Seupel and Kuna [2], which was initially developed to
describe TRIP-steels undergoing ductile damage due to growth and coalescence of preexisting microvoids. Therein, Rousse-
lier’s model [3] for ductile damage of metals is extended by a criterion to capture martensitic phase transformation originally
proposed by Hallberg et al. [4]. The macroscale TRIP-MMC model rests on the idea of considering failed particles as effective
voids (effective void volume fraction feff), which later on grow by plastic deformation. The general structure of the model is
explained in [2]. In the following, important new features for the desired MMC application are discussed in detail.

The final yield function y of the elastoplastic material response and the martensite transformation function p read

y = τ y
eq (J2, J3) + feffK1 exp

!
I1
3σ1

"
◦ R (εeq) ◦ τz (z) ≤ 0, (1)

p = Mτ p
eq (J2, J3) +

1

3
∆vI1 ◦ T̄ (z) ≤ 0. (2)

To proceed a step further, a dependency of the plastic yield function y on the third invariant J3 of the Kirchhoff-stress deviator
τ is added to take the observed tension-compression asymmetry of the TRIP-steel into account (see experimental results in
[1]). One recognizes, that all three invariants of the Kirchhoff-stress tensor (I1, J2, J3) are now included in the yield function
y as well as in the transformation function p. The damage influence is controlled by the exponential term containing the
hydrostatic stress state I1 and the effective void volume fraction, where K1 and σ1 denote model parameters. The particle
reinforcement effect on strain hardening is cast into an overall isotropic hardening function R (εeq) driven by the equivalent
strain of deviatoric plastic deformation εeq. The hardening contribution of the evolving martensite volume fraction z is also
considered as a phenomenological term τz (z). The martensite evolution is coupled to the criterion p, where T̄ (z) denotes a
barrier function against transformation. M as well as ∆v are additional model parameters to be determined.

The effective void volume fraction develops due to void growth ḟgrowth and nucleation of effective voids ḟnuc:

ḟeff = ḟgrowth + ḟnuc = (1 ◦ feff) tr [dpl] + cpḋ (εeq) . (3)

The void nucleation is assumed to be mainly driven by plastic deformation. Therefore, an indicator function d (0 ≤ d ≤ 1)
is introduced representing the progress of particle based damage, e.g. averaged interface debonding. The nucleation shall be
limited by the initial particle volume fraction cp. The following evolution for the microdamage d is proposed:

ḋ = (1 ◦ d)

#
εeq

Pn

$sn sn

εeq
ε̇eq, d (0) = 0. (4)

∗Corresponding author. Email: Meinhard.Kuna@imfd.tu-freiberg.de
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DAMAGE GROWTH IN COMPRESSIVE LOADED FIBRE REINFORCED COMPOSITES

Ragnar Larsson∗1, Renaud Gutkin2, and Mohammad Rouhi2

1Dept of Applied Mechanics, Chalmers University of Technology, S-412 96 Göteborg, Sweden
2Swerea SICOMP, P.O. Box 104, 431 22 Mölndal, Sweden

Summary We propose a new and computationally efficient continuum damage based model that is able to predict the compressive response
in the fibre direction. Instead of invoking the geometric instability into the material model, a key feature is to consider the geometrical fibre
kinking instability on the macro-level based on a finite strain formulation. To represent the proper energy dissipation, an elastic damage
model is formulated in the invariants of fibre shear and fibre compression. As opposed to the rotating crack modeling commonly used for
this problem, we propose a different approach to the UD–ply fracture based on continuum gradient damage, cf. [1]. Two models are defined;
one model based on the non–local continuum damage theory and another local one, cf. ref. [2]. The numerical results indicate the predictive
capabilities of the modeling.

INTRODUCTION

Bearing failure and crash simulations involving structural polymeric composites are a few examples where it is crucial to
account for the longitudinal compressive response of Carbon Fibre Reinforced Plastics (CFRP). The ultimate goal our activity
in this field is to facilitate the predictive modeling/simulation of 3D structural composites; a major issue is to account for the
intra-laminar failure mechanisms within a UD–ply, used to form a laminate as a stacked sequence of plies. Our knowledge of
the mechanisms behind longitudinal compressive failure has been under development for quite some time. In particular, the
failure mechanisms in compression are difficult to model, since they involve both matrix-shear induced failure combined with
fibre crushing and kink-band formation within the same failure scenario.

The behavior of a UD-ply at fibre shearing under compression has been considered based on micromechanically motivated
models. In particular, micro-buckling (or fibre kink) phenomena has been studied, cf. ref. [3] with simplified the matrix and
fibre response. It has been realized [4] that the compressive failure mechanism is attributed to geometrical instability combined
with fibre shearing under compression as induced by misaligned fibres; hence, the importance of modeling the degrading ply
behavior under fibre shearing is underlined. However, for computational efficiency in the context of 3D laminates failure
modeling and simulation, phenomenological models that are micromechanically motivated are needed. Recently, Gutkin et al.
[5] presented a model accounting for fibre kinking in a mechanistic fashion directly in the material model describing a fixed
crack band.

REPRESENTATION OF INTRA-LAMINAR DAMAGE DEGRADATION IN COMPRESSION

A continuum damage model with special emphasis on the representing degradation in compression is proposed upon
introducing an isotropic damage variable α with respect to intra-laminar damage evolution. We then introduce the damage
function f [α] for the degradation of the matrix and fibre shear responses and the function g[α] representing the compressive
fibre response due to crushing. These functions are defined in terms of a degradation “1 ◦ α” raised to the exponents βf and
βg defined as f [α] = (1 ◦ α)β

f

and g = (1 ◦ α)β
g

. Please note that the rate of the degradation becomes different depending
on the βf◦ and βg–exponents. In particular, the rate of damage degradation is much faster in the matrix and fibre shear
responses as compared to the fibre crushing in the beginning of the damage progression. In view of the discussed scenario for
the degradation of the UD fibre reinforced material, we formulate the degraded free energy function as

ψ = f [α]
!
ψ̂dev + ψ̂vol

+ + ψ̂fs
"

+ g[α]ψ̂f + ψ̂vol
− ⇒ S =

∂ψ

∂E
= f [α]

!
Ŝ

dev
+ Ŝ

vol
+ + Ŝ

fs"
+ g[α]Ŝ

f
+ Ŝ

vol
− (1)

whereby the rate of energy dissipation per unit volume becomes

D = Aα̇ ≥ 0 with A = ◦ f ′[α]
!
ψ̂dev + ψ̂vol

+ + ψfs
"
◦ g′[α]ψf (2)

In view of the reduced dissipation (2), the non-local damage evolution model is obtained from a maximum dissipation
principle in terms of a damage threshold defined as

φα[A,α,∆α] = A ◦ gc
l

#
α ◦ l2∆α

$
⇒ D =

sup
A, µ

Aα̇ ◦ µφα ≥ 0 = gc
∂γ

∂α
α̇ ≥ 0 (3)

∗Corresponding author. Email: ragnar@chalmers.se
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MODELLING OF SHEAR FAILURE CAUSED BY ADIABATIC SHEAR BANDING AND 
SUBSEQUENT MICROVOIDING 
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Summary An enlarged finite strain modelling is presented aiming at reproducing the loss of structural material resistance induced by the 
formation and growth of dynamic strain localisation bands known as adiabatic shear bands. In the modelling at stake, the adiabatic shear bands 
are embedded within the representative volume element and their kinematic and material effects are described using a specific velocity gradient 
and an anisotropic damage-like state variable, respectively. Criteria for adiabatic shear banding occurrence are discussed regarding the nature of 
the viscoplastic materials considered. At an advanced stage of deformation, micro-voids develop and grow within the adiabatic shear bands 
leading to the formation of micro-void sheets in the wake of the adiabatic shear bands. The kinematic consequences of this second softening 
mechanism – the first one being the adiabatic shear banding properly speaking - are accounted for by modifying the yield function/plastic 
potential within a unified large deformation modelling. 
 

INTRODUCTION 
 
   Strain localisation provokes a local material softening resulting in a global structural resistance loss making accordingly 
premature the failure of the whole structure. Whereas during the past decades strain localisation in ductile materials has 
been considered as a consequence of advanced microvoiding-induced softening (due notably to microvoid coalescence), 
recent experimental works [1] have shown that strain localisation may actually precede microvoiding and that the latter may 
thus result from an advanced stage of strain localisation – and not the opposite. We are here interested in the second 
scenario. 
   While the approach developed further may apply to any strain localisation-induced post-microvoiding failure, we are 
here focusing on strain localisation occurring under dynamic loading involving (quasi) adiabatic conditions in the form of 
adiabatic shear bands, see Fig.1 and [2]. Generally speaking, materials with high strength and/or low thermal conductivity 
and/or low hardening capability, are more susceptible to adiabatic shear banding, including a wide class of structural 
materials such as steels, aluminium alloys, titanium alloys, and so on. 
   An enlarged finite strain modelling is presented herein aiming at reproducing the loss of structural material resistance 
induced by the formation and growth of adiabatic shear bands. In the modelling at stake, the adiabatic shear bands are embedded 
within the representative volume element and their kinematic and material effects are described using a specific velocity gradient 
and an anisotropic damage-like state variable, respectively. Criteria for adiabatic shear banding occurrence are discussed 
regarding the nature of the viscoplastic materials considered. At an advanced stage of deformation, micro-voids develop and 
grow within the adiabatic shear bands leading to the formation of micro-void sheets in the wake of the adiabatic shear bands. The 
kinematic consequences of this second softening mechanism – the first one being the adiabatic shear banding itself - are 
accounted for by modifying the yield function/plastic potential within a unified large deformation modelling. 
 

METHODOLOGY 
 
   In the approach developed, instead of a fine description involving a small representative volume element (RVE), whose 
length scale would have been lower than the bandwidth (l<λ), a more global insight is preferred, employing a ‘large’ RVE, 
i.e. the one whose length scale is greater than the bandwidth (l>>λ). To distinguish the dissipation process relevant strictly 
to the band deformation mechanism from the process non-relevant to the bands (relative to adjacent sound material), the 
first is henceforth called ‘singular’ while the second is called ‘regular’ one. In this aim in view, all the set of singular 
variables Vsing and respective dissipation effects are incorporated in the density da of the 2nd order damage-like state variable 
D introduced in (1) below, n representing the band orientation and α a family of bands with the same orientation. The 
evolution of TrD along the shearing process is schematically plotted in Fig.2. The kinematic consequences of the presence 
of the shear band pattern are viewed as those of a ‘super-dislocation’ (or a super-gliding system). By generalizing, for the 
RVE considered, the kinematics of the crystalline plasticity, an ASB-induced supplementary velocity gradient Ld in addition 
to the one relevant to regular plastic deformation outside the band, designated Lp, is introduced as the result of the glide 
velocity αγ&  in the direction of a unit vector gα relative to the band pattern α of the normal nα, see (2). 

(1) ∑=
α

α αND d ; ( ) ( )*,...*,*,*,,, sing δξκλλ ααα TdVdd == ; ααα nnN ⊗=  

(2) 
dpdpin LLLL +== ; ∑ ⊗∝

α

αγ αα ngL &d ; ∑∝=
α

αγ αMLd &dd sym ; [ ]αα ngM ⊗= symα  
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VIRTUAL MATERIALS TESTING

Karel Matouš ∗1, Matthew Mosby1, and Andrew Gillman1

1Department of Aerospace and Mechanical Engineering, University of Notre Dame, Notre Dame, Indiana, USA

Summary We present extreme multiscale simulations in terms of both physical length scales and computational resources. In this paper,
we delineate a hierarchically parallel computational homogenization (CH) solver that employs hundreds of thousands of computing cores
and resolves material length scales from O(cm) to O(100 nm). Simulations of this kind are important in understanding multiscale behavior
of many natural and synthetically made materials. When combined with image-based modeling concepts and co-designed simulations and
experiments, these predictive computations are an important step towards Virtual Materials Testing and can aid in development of new
material formulations.

INTRODUCTION

With concentrated efforts from the material science community to develop new multifunctional materials using unique
processing conditions, the need for modeling tools that accurately describe the physical phenomena at each length scale has
only further been emphasized. For example, additive manufacturing and shock synthesis lead to unique material morphologies
that need to be understood for reliable engineering analysis and product safety assessments. Considering these material
complexities, Direct Numerical Modeling (DNM) is accessible only for moderate system sizes. Thus, a multiscale strategy
must recognize that just a relatively small part of the material will typically be instantaneously exposed to rapid material
transformations. The rest of the material may be adequately described by macroscopic constitutive models, obtained from
homogenization of the complex but slowly-varying microstructure [5, 6]. Nonlinear model reduction, pattern recognition and
data-mining are key to future on-the-fly modeling and rapid decision making [8].

IMAGE-BASED MULTISCALE MODELING

To address these challenges, we present an image-based (data-driven) multiscale framework for modeling the chemo-
thermo-mechanical behavior of heterogeneous materials while capturing the large range of spatial and temporal scales [2].
This integrated computational approach for predicting the behavior of complex heterogeneous systems combines macro- and
micro-continuum representations with statistical techniques, nonlinear model reduction and high performance computing.
Our approach exploits knowledge of the instantaneous localization to decide where more advanced computations are required.
Simulations involving a wide range of scales, O(106) from nm to mm, and billions of computational/discretization cells (e.g.
finite elements) are inherently expensive, requiring the use of high-performance computing. Therefore, we have developed a
hierarchically parallel high performance computational framework that executes on hundreds of thousands of processing cores
with exceptional scaling performance [1, 3].
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Figure 1: Fully coupled multiscale simulation of progressive mode-I failure of a DCB. The material cells are each discretized
with 249k finite elements, and the total multiscale simulation contains 80M finite elements and 42.5M nonlinear degrees of
freedom. (a) The macroscale response. (b) Extent of damage in the microscale at the marked points in (a). (c) Multiscale
force-displacement curves. Broken lines denote the LFM theory response for Gmin

c = 141 J/m2 (dashed), Gmax
c = 175 J/m2

(dash-dot), and Gmean
c = 162 J/m2 (dotted).
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To demonstrate the ability of the CH solver to predict multiscale failure, we compute the response of a dual cantilever beam
(DCB) using an isotropic viscous damage model at the microscale [3]. Figure 1(a) shows the non-planar progressive failure
of the interface governed by the microscale damage as well as the crack tunneling. The extent of damage in the microscale
at the marked points along the macroscale interface (point 1 and point 2) is displayed in Figure 1(b). The CH solver predicts
that the fracture toughness of the interface is Gc ∈ [141, 175] J/m2 due to varying local strain rates. The mean toughness
of the interface is Gmean

c = 162 J/m2. The critical interface traction is predicted as tc = max ∥t⃗M∥ ∈ [61, 68.2] MPa, with
tmean
c = 65.6 MPa. Figure 1(c) shows that the multiscale response of the DCB, loaded in mode-I, is bounded by the Linear

Fracture Mechanics (LFM) theory (broken lines). The multiscale response is computed using up to 128k cores on the Mira
supercomputer at Argonne National Laboratory.

MATERIAL MORPHOLOGY

Any serious attempt to model a heterogeneous system must also include a strategy for constructing a complex computa-
tional domain. This work follows the concept of data-driven (image-based) modeling. We will delineate a procedure based
on topology optimization and machine learning to construct a Representative Unit Cell (RUC) with the same statistics (n-
point probability functions) to that of the original material [7]. Our imaging sources come from micro-computed-tomography
(micro-CT), focused ion beam (FIB) sectioning, and advanced photon source nano-tomography at the Argonne National Labo-
ratory. We show that fully coupled computational homogenization of these statistically meaningful RUCs is possible utilizing
high-performance computing. With this framework, well-resolved microstructure-statistics-property (MSP) relationships can
be obtained [4].

MULTISCALE MODEL VALIDATION, VERIFICATION AND UNCERTAINTY QUANTIFICATION

Finally, the integrated V&V/UQ program with co-designed simulations and experiments provides a platform for compu-
tational model verification, validation and propagation of uncertainties.

CONCLUSIONS

We present extreme scale computations, in terms of both physical scales and computing resources. Our image-based
modeling concept is applied to construct statistically Representative Unit Cells of heterogeneous materials. We show that
statistically optimal unit cells yield improved predictions of material response. This leads to smaller standard deviations for
physical quantities as compared to previous studies. Results in this presentation show the impact of extreme scale simulations
in predicting and better understanding mechanics across vast spatial scales during the complex rate-dependent physical pro-
cesses. With co-designed experiments and properly validated constitutive models, such large predictive simulations can be the
basis of Virtual Materials Testing standards, and aid in development of new material formulations.
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MODELING PLASTICITY-DAMAGE COUPLING IN ANISOTROPIC TITANIUM &
VALIDATION BY XCMT

Benoit Revil-Baudard *1, Oana Cazacu 1, and Nitin Chandola1
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Summary A comprehensive experimental study on plastic deformation and damage in titanium was conducted. The ex-situ and in-situ
X-ray tomography measurements conducted reveal that damage distribution and its evolution in titanium is markedly different than in a
typical FCC material such as copper. Theoretically, it is shown that only by modeling both the anisotropy and the tension-compression
asymmetry in plastic behavior it is possible to realistically predict Ti behavior. Specifically, for a smooth axisymmetric specimen subject to
uniaxial tension, the model developed predicts that damage initiates at the center of the specimen, and is diffuse; the level of damage close
to failure being very low. On the other hand, for a notched specimen subject to the same loading the model predicts that damage initiates
at the outer surface of the specimen, and further grows from the outer surface to the center of the specimen, which corroborates with the
in-situ tomography data.

Significant progress has been made in understanding and modeling the micro-mechanics of ductile fracture in porous poly-
crystalline materials. Most of the available theories of dilatational plasticity and viscoplasticity make use of the assumption
that the matrix (void-free material) is incompressible and displays the same response in tension and compression. However,
titanium materials are strongly anisotropic [1]. Indeed, the mechanical tests on a Ti plate, which were done as part of the study
reported here, reveal a strong anisotropy in Lankford coefficients, with the r-value along the rolling direction (RD) being much
larger than in the 45°and 90°orientations from RD. It was also found a marked difference between the stress-strain response in
the normal direction (ND) and that in the in-plane directions of the plate. Furthermore, irrespective of the loading orientation,
the material studied is harder in compression than in tension (for these test results, see [2]). To account for the influence of
these particular features of the plastic behavior on damage, the following plastic potential, which depends on the mean stress
and the mixed invariants of stress and symmetry tensors associated with orthotropy, namely Mi = xi ⊗ xi,i = ¯1, 3, xi being
the orthotropy axes, is considered:

φ(σ, f) = m2

3!
i=1

(|σ̃i| ◦ kσi)2

σ̄T
x

+ σ̄T
x

"
2f cosh
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x

#
◦
$
1 + f2

%#
= 0, (1)

where k is a parameter describing the tension-compression asymmetry of the matrix; f is the void volume fraction, and
σ̃i are the principal values of the transformed stress tensor σ̃ = L : σ′, σ′ being the deviator of the Cauchy stress tensor and
L a fourth-order symmetric tensor describing the anisotropy of the matrix. Specifically, the two constants m amd h depends
on the anisotropy coefficients Lij (for more details, the reader is referred to [3]). Note that all the parameters involved in
the criterion have a clear physical significance, being related to plastic properties. These parameters were identified based on
data from a few mechanical characterization tests: uniaxial tension tests on specimens of rectangular cross-section for three
orientations, and uniaxial compression tests. In this paper, we present only model predictions for loading conditions that were
not used for parameter identification. These validation tests are uniaxial tensile tests on smooth and notched specimens of
circular cross-section.

Moreover, to further the understanding of the plasticity-damage couplings of the material, and assess the predictive capa-
bilities of the model, both ex-situ and in-situ XCMT measurements were done. The XCMT measurements on axisymmetric
smooth specimens reveal the drastic difference in damage evolution between the hcp α-Ti material studied and a typical cop-
per material for which the plastic deformation is governed by von Mises criterion. Note that for the same axial displacement
and similar levels of plastic deformation, the copper material is very damaged while the titanium material shows very little
damage (see Fig.1).

Fig.2 shows a comparison between the XCMT data on Ti and the F.E. isocontours of the void volume fraction of a smooth
specimen corresponding to the same axial displacement. Note that both the anisotropy of plastic deformation (i.e. ellipticity
of the deformed cross-section) and damage distribution are correctly described. Specifically, it is predicted that for a smooth
axisymmetric specimen subject to uniaxial tension, damage initiates at the center of the specimen and is diffuse; the level of
damage close to failure is very low.

The average porosity in the minimal cross-section (root of the neck) is of 0.25%. It is worth noting that the Stewart and
Cazacu [3] model also predicts that in the minimal cross-section the maximum void volume fraction is of 0.22% (see Fig. 2a).
Likewise, for the other views, most of the voids observed by XCMT are inside the region of maximum void volume fraction

*Corresponding author. Email: revil@ufl.edu
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tolerance. The effect of five variables was studied: interface cohesive strength, fiber cohesive strength, interface fracture
energy, fiber fracture energy and fiber volume fraction. The study also includes different loading conditions ranging from a
macroscopic pure mode I to pure mode II. Typical simulations are shown in Fig. 1, which illustrate the formation of microc-
racks that eventually generate a macroscopic crack.

MACROSCOPIC CRACK NUCLEATION, ORIENTATION AND TRACTION-SEPARATION RELATION

For each combination of fracture properties, fiber volume fraction and loading conditions, an effective traction-separation
relation was obtained by averaging the material response over the RVE. In addition, an effective crack orientation was obtained
by averaging the micro-crack orientations. A typical effective traction-separation relation is shown in Fig. 2a. In order to
mitigate the error due to the discreteness of the volume element (particularly for the fracture energy), the effective traction-
separation relation was obtained as the average of four different realizations, i.e. fiber distributions, as shown in Fig. 2b.
The procedure was repeated for distinct material properties, volume fractions and loading conditions. For each case, an
equivalent bilinear relation was used to approximate the corresponding effective traction-separation response [4]. Furthermore,
a functional relation was established between the effective crack normal vector and the average separation of the RVE. The
parameters for the bilinear traction-separation relation, both for the normal and tangential components, consist of an initial
slope K , a cohesive strength tu and a fracture energy Gf . A further correlation was carried out to establish the dependency
of K, tu and Gf on the fracture properties of the phases, the bonding strength, the fiber volume fraction and the mode mixity.
As a result of this procedure, simple closed-form expressions can be established to compute the effective fracture properties
using the basic microscale properties as input. In addition, a criterion can also be established to predict the crack orientation
based on macroscopic quantities, which is useful for implementations using the extended finite element method. The validity
of these expressions, which essentially predict the response for cases not included in the calibration procedure, was tested by
carrying out an independent set of simulations. The agreement with the effective strength was validated while the interpolated
fracture energy was predicted within an acceptable discrepancy.

Fiber

Matrix

Interface

Effec"ve trac"on-

separa"on rela"on

Effec"ve normal component

Effec"ve tangen"al component

Averaged effec"ve trac"on-

separa"on rela"on 

(averaged over four realiza"ons)

Bilinear approxima"on

(a)                                                                                                                             (b)

Figure 2: (a) Effective traction-separation relation. (b) Bilinear approximation of effective relation

CONCLUSIONS

The methodology developed in the present contribution demonstrates that it possible to obtain simple macroscopic models
that implicitly account for complex microscale fracture behavior. The relevant macroscopic fracture properties can be ex-
pressed as simple functions of the constituent’s properties, which is particularly useful for design purposes in structures that
employ CRFPs. The procedure is a computationally-attractive alternative to fully-coupled multiscale simulations.
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PREDICTING DYNAMIC FAILURE IN ARMOR CERAMIC USING EFFICIENT INITIAL
FLAW STATISTICS

F. Huq1 and L. Graham-Brady ∗2

1Department of Civil Engineering, Johns Hopkins University, Baltimore, MD, USA
2Department of Civil Engineering, Johns Hopkins University, Baltimore, MD, USA

Summary The failure process in armor ceramic under an impact event is fundamentally linked to the type and distribution of subscale
defect population in the material. For many armor ceramics the controlling defects that causes significant microcracking are crack-like
defects or flaws. The current modeling framework uses micromechanics damage models with an input statistical samplings from the parent
flaw distribution of the material to represent the subscale processes (e.g. microcracking) and a conventional continuum mechanics code is
used for the macro-scale problem. The initial input flaw statistics is divided into a smaller number of groups or bins and each bin has its
characteristic flaw size and fraction of flaws associated with it. An efficient numerical method has been used to obtain the characteristic flaw
size and flaw fraction associated with each group or bin in order to increase the computational efficiency while retaining the desired level of
accuracy.

INTRODUCTION

The failure of armor ceramic which are mostly brittle in nature under an impact event is a complex phenomenon. There
are a number of physical processes (microcracking, granular flow, pore collapse etc.) that occur within the material specimen
under dynamic loading. One major mechanism that is observed in brittle ceramics under high strain rate loading is microc-
racking from preexisting crack-like defects or flaws. The microcracks continue to grow and intersect with each other creating
numerous fragments at some stage of loading. This existing multi-scale Tonge-Ramesh (T-R) material model incorporates a
number of microscale mechanisms along with the key microcracking mechanism. To capture the effect of micro-scale crack-
ing micromechanics-based analytical damage models are used here. This micromechanics model incorporates a distribution of
crack-like flaws as the key microstructural feature. The distribution of crack-like flaws also represents the inherent statistical
nature of the brittle ceramic. The point-to-point variability in the material is described by assigning a local flaw population
at each point in a discretized material domain. At each material point, the damage evolution for the local flaw population is
calculated using the micromechanics model. The flaw population have flaws with both size and orientation distribution. For
this work, only the flaw size distribution is considered. For a three dimensional material domain, the damage is defined within
each discretization volume Vo as the sum of the cubed flaw sizes si over all N flaws in the volume Vo divided by Vo:

Ω =
1

Vo

N!

i=1

s3i (1)

For a large flaw population, computing the damage Ω for all the flaws and also repeating the procedure of damage calculation
for each material point is computationally extensive. To reduce the computational burden, the flaw population for a material
point is divided into smaller number of groups or bins. Each bin is characterized by a characteristic size and a fraction of flaw
population associated with that bin. The damage is then calculated for those selected flaw sizes representing each bin. The
damage for each bin is calculated as:

Ω =
Nb!

k=1

Nk

Vo
s3k (2)

where Nb is the number of bins, Nk is the number of flaws within each bin and sk is the representative flaw size of that bin.
The details of the damage model is descibed in [1]. To select the critical characteristic flaw size and the fraction of flaws
associated with each bin, a novel binning technique is developed in [2]. The binning technique is used in the current T-R
model to predict the constitutive response of the armor ceramic under different loading scenario.

BINNING METHODOLOGY

The current T-R multi-scale framework incorporated various binning techniques to increase the computational efficiency
in calculating the damage due to microcracking. To enhance the capability of the current model, another generalized binning
technique is integrated into the current unified model framework. This novel binning technique can take any random bounded
or unbounded flaw size distribution as an input. The binning is done using the probability space (ranging between 0 ∼ 1 ) to

∗Corresponding author. Email: lori@jhu.edu



ensure binning in a finite space and capture the upper bin (larger flaw size) accurately. To select the characteristic flaw sizes
for each bin, a one dimensional grid is laid out in probability space. Uniformly distributed random numbers representing the
flaw sizes are generated on the probability space. These random numbers are transferred to nodes and associated Gauss points
of the probability space. The locations of the Gauss points are the bin locations which represent the characteristic flaw size
(in realization space) for the bins and the weights associated with each Gauss points are the fraction of the flaws associated
with each bin. The actual flaw size is then obtained through an inverse mapping from the probability space to the flaw size
space. In addition, different mesh density on the probability space is used to obtain the optimal number of bins. This mesh
density is obtained by using a zooming function which is developed based on the criterion that each bin contributes equally to
the damage.

RESULT

An example problem with efficient binning scheme and T-R binning scheme is provided here. The loading condition for
the simulation problem is uniaxial strain with a rate of 103s−1. The axial stress (stress in 11 direction) is compared with
axial strain (strain in 11 direction) for both efficient binning and an existing binning technique against a solution that has a
population of 500 cracks. The T-R binning scheme and the efficient binning scheme tracks the 500 crack solution accurately

strain11
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Figure 1: Stress-strain comparison for different number of bins for each binning scheme. The T-R binning represents the
existing binning scheme in the Tonge-Ramesh multiscale model which requires random sampling within each bin. Both the
binning schemes suggests non-uniform bin width in flaw size space.

using 24 bins. The same trend is observed in case of using 16 bins. The efficient binning scheme shows better results in case
of 10 bins.

CONCLUSION

The micromechanics based damage model with an efficient statistical input flaw sizes incorporates the physically based
variability into the constitutive response. In addition to that, the spatial variability also provides localized initiation sites
for damage to predict realistic fragmentation of the material. Selection of efficient initial flaw statistics is very important in
capturing the damage and fragmentation in the material. The efficient flaw statistics is obtained by the characteristic flaw
size and fraction of flaws for each bin. This is achieved by implementing the efficient binning scheme into the T-R model.
The binning scheme captures the constitutive response accurately with the same number of bins as suggested by T-R binning
scheme. The efficient binning scheme shows better result over T-R binning scheme with a relatively low margin of errors when
compared with 500 crack (assumed to be exact solution) solution. In addition to that, the efficient binning scheme eliminates
the need for random selection of flaw sizes in each bin as suggested by the existing T-R binning scheme. The efficient binning
scheme can also use any bounded or unbounded flaw size distribution and capture the largest flaw size (upper bound) without
the prior knowledge on the upper bound of the flaw sizes which was the limitation of the T-R binning scheme.
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NUMERICAL TWO-SCALE SIMULATIONS WITH APPLICATION TOWARDS
REFRACTORIES
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Summary Numerical results of damage evolution are reported of thermoshock processes on refractory ceramics. Damage patterns have
been generated using a two-scale approach for brittle materials, implemented in a finite element framework. For this purpose, so-called
cell models are employed, incorporating either microcracks or cohesive grain boundaries on a microscopic level. The impact of these
discontinuities on macroscopic material properties and damage evolution is determined with the help of homogenization techniques. Finally,
the potential of the numerical tool is demonstrated by means of refractory bricks, being imposed by thermomechanical loading.

INTRODUCTION

Refractory materials are commonly used to protect metallic structures against high input of heat, which is for instance the
case in iron and steel industry. A thermoshock, where the surface of a structure is subjected to high temperature loads within
a very short time span, is considered as the most critical event in possible processes. In addition to typical thermomechanical
material properties such as strength, density, thermal conductivity, and thermal expansion behavior, the resistance to tem-
perature changes depends on the characteristics of the microstructure. After fabrication, refractory materials contain voids,
microcracks, grain boundaries, and inclusions of other phases. These heterogeneities have an impact on the damage evolution
during instantaneous thermoshocks and affect the material properties, moreover.

In this investigation, both effects are reproduced within a two-level continuum damage approach. Cell models are devel-
oped, taking microstructural features into account. Both models crystallize in an internal damage variable which is directly
related to the effective stiffness of the brittle material.

TWO-SCALE MODELING AND IMPLEMENTATION

In general, the solution is sought for the thermomechanical initial boundary value problem governed by
σij,j = 0, (1)

ρcθ̇ = λθ,ii, (2)

with prescribed temperatures θ, displacements ui, stresses ti and heat fluxes qi as suitable boundary conditions. The para-
meters of the energy balance, i. e. mass density ρ, specific heat capacity c, and thermal conductivity λ, are allowed to be
temperature dependent. The stresses σij and the temperatures in equations (1) and (2) are valid on the macroscopic level of the
two-scale concept displayed in Fig. 1. The microscopic level is defined by a Representative Volume Element (RVE) which is
intended to describe the properties of the particular microstructure and is associated with a point P at a macroscopic coordinate
xm
i . On the one hand, an RVE is required to be sufficiently small in order to allow this punctual allocation, on the other hand,

it must be large compared to the dimensions of the microstructural features: l≪ d≪ L. For ceramics, an appropriate choice
is d ≈ 0.1 mm. The heterogeneities taken into account in this study are either microcracks of arbitrary orientation or grain
boundaries in a polycrystal. Owing to these discontinuities, both stresses and strains are field variables, depending on the
microscopic coordinate xi. In the process of homogenization, these fields are averaged within the respective volume V of the
RVE. A constitutive law in this thermomechanical framework relates macroscopic values according to Hooke’s law including
thermal expansion:

⟨σij⟩ = C∗
ijkl (⟨ϵkl⟩ ◦ αδkl∆Θ) , (3)

where the brackets ⟨·⟩ indicate volume averaged quantities henceforth. In a state of plane stress, assuming a dilute microcrack
distribution in a linear elastic matrix, an appropriate expression of the effective stiffness C∗

ijkl is derivable analytically [1]:
⎡

⎣
⟨ϵ11⟩
⟨ϵ22⟩
2⟨ϵ12⟩

⎤

⎦ =
1

E

⎡

⎣
1 + f0π

4 ◦ ν 0
◦ ν 1 + f0π

4 0
0 0 2(1 + ν) + f0π

2

⎤

⎦

⎡

⎣
⟨σ11⟩
⟨σ22⟩
⟨σ12⟩

⎤

⎦ (4)

reflects an isotropic behavior according to a distribution of arbitrarily oriented cracks and is used as the starting point in
simulations, whereas ⎡

⎣
⟨ϵ11⟩
⟨ϵ22⟩
2⟨ϵ12⟩

⎤

⎦ =
1

E

⎡

⎣
1 ◦ ν 0
◦ ν 1 + fπ

2 0
0 0 2(1 + ν) + fπ

2

⎤

⎦

⎡

⎣
⟨σ11⟩
⟨σ22⟩
⟨σ12⟩

⎤

⎦ (5)
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Figure 1: Thermomechanical two-scale problem and concept of homogenization.
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Figure 2: Refractory bricks exposed to cyclic thermoshocks. In (a) the analytical microcrack-based cell model is applied, (b)
represents the numerical model incorporating grain boundaries.

corresponds to an RVE which is already damaged and therefore more compliant perpendicular to the particular crack face
orientation. In expressions (4) and (5), E denotes Young’s modulus, ν Poisson’s ratio, and f = 4a2

A represents, as ratio between
quadratic crack length and size of the RVE, the internal damage variable. If f reaches unity, a crack has proceeded through the
entire volume element. Considering grain boundaries, the damage is evaluated numerically, regarding the interaction between
grains which are connected with a bilinear cohesive law (cf. [2]).

NUMERICAL EXAMPLE

The model in Fig. 2(a) displays the typical shape of a refractory brick with a concavely curved top edge, exposed to a
thermal shock heat flux q̄ = 30 MW/m2. Width and height of the model have been chosen as 100× 80 mm, the bottom edge
is mechanically supported allowing for unconstrained extension and the three edges (only a shortened extract of the whole
brick is shown), not being exposed to the heat flux, are adiabatic. Simulations for three thermal load cycles, as depicted in the
plot, are presented, each with a heat flux kept constant for 30 seconds, intercepted by 10 seconds of rest. The damage zones
or cracks, outlined in red, are shown at the ends of the heating periods and indicate a damage value of f = 1. A network of
cracks develops, nucleating underneath the surface and growing with increasing number of thermal shocks. The largest effect
on the damage is observed for the first two shocks, while the crack pattern moderately develops with further load cycles.

In Fig. 2(b) the geometry and boundary conditions are the same as in (a) including an identical thermal loading scheme
and results taken at the same instants of time. The simulations, however, are based on the numerical cell model accounting for
grain boundaries and intercrystalline crack growth. Comparing both results, the damage patterns are similar, showing four to
six isolated branches, which could be interpreted as macroscopic cracks or crack networks. All of them tend to diverge from
the axis of symmetry, both with analytical and numerical cell models. The relative areas of damaged zones are slightly larger
for the polycrystalline two-scale FE approach than for the analytical crack model.
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VOID GROWTH AND COALESCENCE IN IRRADIATED MATERIALS

Jérémy Hure∗1, Pierre-Olivier Barrioz1, and Benoı̂t Tanguy1

1CEA, Université Paris-Saclay, DEN, Service d’Études des Matériaux Irradiés, 91191 Gif-sur-Yvette cedex,
France

Summary Irradiation with high energy particles induces crystalline defects in metallic materials. These microstructural changes strongly
modify the mechanical properties, leading in particular to significant hardening and strain localization at the grain scale. The effects of
irradiation on the mechanisms of ductile fracture - void growth and coalescence - are assessed in this study based on model experiments.
Pure copper thin tensile samples have been irradiated with ions, showing a strong increase of hardness. Micron-scale holes drilled through
the thickness of these samples subjecting to uniaxial loading conditions allow a detailed description of void growth and coalescence. Results
are compared to those obtained on unirradiated materials, as well as to theoretical and numerical predictions.

BACKGROUND

Materials used in the nuclear field undergo significant microstructural changes due to ballistic damages of high energy
particles such as neutrons, ultimately leading to the formation of crystalline defects [1]. Typically observed defects are
faulted dislocation loops, cavities and stacking fault tetrahedron. These microstructural changes lead to the degradation of
mechanical properties such as increase of yield stress and decrease of strain hardening capabilities at the macroscopic scale,
but also changes in deformation modes at the microscopic (grain) scale - from rather homogeneous deformation to localization
in bands. One key ingredient for structural analysis of nuclear power plant core components is the fracture behavior of the
materials. The aim of this study is thus to assess the ductile fracture mechanisms of irradiated metallic materials, based on
model experiments of void growth and coalescence.

MATERIALS AND METHODS

Pure copper films (75 µm thick) are used in this study as a model material to study the effect of irradiation on ductile
behavior, both at the unirradiated and irradiated states. Proton-irradiation have been performed to emulate neutron irradiation
at the JANNuS facility [2], leading to the formation of crystalline defects. Increase of yield stress and decrease of strain-
hardening capabilities have been quantified post to irradiation. 20 µm diameter voids were drilled through the thickness of
tensile samples machined from the thin films using Focused Ion Beam (FIB) atomic milling (Fig. 1). Tensile samples were
subjected to uniaxial loading conditions, and the evolution of the voids dimensions was measured using Scanning Electron
Microscope (SEM) as a function of applied strain (Fig. 2). Such model experiment - first proposed in [3] - allows a detailed
characterisation of the ductile fracture mechanisms of void growth and coalescence.

RESULTS AND DISCUSSION

For both unirradiated and irradiated materials, the evolution of voids dimensions and coalescence strains are shown to
be in rather good agreement with theoretical predictions (McClintock growth model, Coalescence models) and in very good
agreement with finite element simulations accounting for the evolution of mechanical properties with irradiation. Irradiated
material exhibits a higher void growth rate compared to unirradiated material. For the void size used in this study, only the
increase of yield stress and the decrease of strain-hardening capabilities - and not the change in deformation modes promoting
localization - are thus sufficient to describe the effect of irradiation of the ductile behavior of irradiated materials. Lower void
sizes are finally used to assess the potential effect of localized bands on void growth and coalescence.
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Figure 1: Tensile sample geometry and holes (20 µm diameter) drilled by FIB (Focused Ion Beam) through the thickness of
the samples to assess void growth and coalescence.

Lo� d�ng � x��

Figure 2: Typical SEM (Scanning Electron Microscope) observations of void growth and coalescence in pure copper in
uniaxial loading conditions, as a function of macroscopic plastic strain.
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MICROMECHANICAL MODELING OF DAMAGE AND FRACTURE IN MAGNESIUM
ALLOYS

Babak Kondori ∗1 and A. Amine Benzerga1,2

1Department of Materials Science & Engineering, Texas A&M University, College Station, TX
2Department of Aerospace Engineering, Texas A&M University, College Station, TX

Summary Processes of damage and fracture in magnesium alloys are modeled using a micromechanics-based framework. The formulation
has two main components (i) a void growth model; and (ii) a criterion for the onset of void/crack coalescence. Application to two magnesium
alloys shows that their fracture loci are well predicted using only one fitting parameter. The analysis suggests that the ductile fracture of
magnesium alloys involves limited void opening/blunting and is controlled by void coalescence. The results provide the groundwork for
understanding the effects of microstructural and loading variables on damage and fracture in these materials.

BACKGROUND

Fundamental understanding of the processes of damage and fracture in Mg alloys over a wide range of stress states is
still lacking. Recent notched bar experiments revealed that unlike most materials, magnesium (Mg) AZ31 notched bars with
pronounced rolling texture exhibit higher ductility than their uniaxial bars, an unconventional dependence to stress triaxiality.
Also, the damage initiation mechanism in this alloy changed from deformation twin related cracks to void nucleation at
second phase particles upon going from uniaxial to triaxial loadings [1]. On the contrary, the ductility of isotropic WE43
Mg alloy dropped significantly as the acuity of the notch increased (higher triaxiality) [2]. This is while both alloys have
comparable strain to failure under uniaxial loading. Identification of the mechanisms controlling the ductility in Mg alloys
across a wide range of stress states is key to understanding their overall mechanical behavior. Here, a micromechanics-based
continuum damage model is used to rationalize the main experimental trends in [1, 2] and correlate the macroscopic behavior
with microscopic variables.

GENERAL FRAMEWORK

The formulation, which is in the spirit of the local approach [3] and top-down approaches [4] to fracture, relies on three-
dimensional finite strain constitutive relations in which anisotropic plasticity is coupled with anisotropic damage. The matrix
is assumed to contain pre-existing voids. This is a reasonable assumption considering the fact that brittle second phase
particles in Mg are susceptible to breaking after limited plastic strain. To account for relevant ductile fracture mechanisms,
the model evaluates criteria for growth and coalescence of voids inside an anisotropic matrix. Void growth is described using
a Gurson-like model that accounts for both void shape and anisotropy of the matrix [5]. Evolution laws of internal parameters
(porosity, void shape and orientation) represent the microstructural evolution relevant to fracture. The rate of change of void
shape is heuristically modified using a multiplicative factor k, which is used as a fitting parameter. Void coalescence is
described using recently developed criteria for plastically isotropic materials [6, 7]. The implementation used here uses a
co-rotational formulation with a hypoelastic law, power-law strain hardening and a Hill-type plastic anisotropy. Obviously,
such representation is not ideal for Mg but is shown to be adequate for the purposes of modeling damage accumulation to
fracture.

A triaxiality range close to that accessible via notched bar experiments is explored here (0.3 < T < 1.5). In each
calculation, the stress triaxiality is kept constant. At each loading step, both yield criteria for void growth and coalescence
are evaluated and an increment of plastic strain is calculated utilizing the normality rule for one material point. Using the
evolution laws, the change in microstructural variables, corresponding to the plastic strain increment, is determined. The
loading continues up to the point where the yield function for coalescence is equal to that of void growth. This point, which
corresponds to the onset of micro-scale localization, is identified as the failure criterion. An equivalent measure εf of the
accumulated strain at the onset of coalescence is identified as the strain to fracture.

RESULTS

The proposed framework for void growth and coalescence, supplied with a characterization of plastic anisotropy and proper
material parameters (initial values of the internal variables, extracted from metallography and image analysis) is employed
to predict the fracture loci of AZ31 and WE43. Figure 1 compares the experimentally measured fracture loci with their
corresponding predictions. When a single fitting parameter k = 0.43 is used to modify the evolution of void shape, a close

∗Corresponding author. Email: bkondori.13034@tamu.edu



match with the experimental results of the two alloys is achieved. There can be a scatter in the predictions if alternative
assumptions are made or different material parameters are chosen. Our sensitivity analysis shows that experimental results
reside in this scatter range. The mismatch between predictions and experimental results is more significant in the case of
AZ31. It should be noted that these predictions are not solutions for a boundary value problem (BVP) and therefore do not
account for spatial variations in the mechanical and internal variables.
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Figure 1: (a) Comparison between the experimentally measured fracture loci of AZ31 and WE43 against model predictions.
(b) The heuristic parameter, k = 0.43, does not affect the evolution of porosity, f whereas it significantly changed the ligament
ratio, χ as presented in (c). The predicted void aspect ratio matches perfectly with the experimentally acquired ones using
traditional metallography and high resolution tomography (shown by blue diamonds).

The parameter k controls the rate at which voids open up during loading. The value of k = 0.43 indicates that fracture
in both Mg alloys is controlled by limited void opening. In case of WE43, the limited void opening along with the spatial
arrangement of second phase particles lead to early coalescence of voids at high triaxialities. Figure 1b and c illustrate that
while introduction of the heuristic parameter k does not affected the evolution of porosity, it significantly alters the ligament
ratio. This influence of limited void opening over the evolution of ligament ratio controls the fracture loci of Mg alloys in this
study. Finally, the void shape data from metallography of the interrupted specimens and high resolution micro-tomography
of deformed AZ31 specimens showed that the predicted void shapes match the experimental ones with good accuracy, see
Figure 1d.

CONCLUSION

A micromechanics-based framework was used to model damage and fracture in Mg alloys and predict their fracture loci.
Using only one fitting parameter, k, and pertinent materials properties, the fracture loci of two alloys were predicted with good
accuracy. It was concluded that limited void growth and early coalescence of voids control the fracture loci of Mg alloys.
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MICROSCOPIC CORROSION ELECTRIC FIELD ANALYSIS  
WITH DAMAGED PASSIVE FILM OF STAINLESS STEEL 

 
Osamu Kuwazuru1a), Makoto Yamada1, Kazuhiro Ode1 & Wenli Liu1 

1Department of Nuclear Power & Energy Safety Engineering, University of Fukui, Fukui, Japan 
 
Summary The electrochemical property of stainless steel subjected to a stress in a corrosive environment is addressed through the 
experimental and numerical investigations. The polarization curves of stainless steel under some constant tensile stresses were 
measured by the potentio-galvanostat. To clarify the effect of stress on the polarization curve, the electric field around the 
damaged passive film was simulated by the boundary element method. The passive film is broken by the plastic strain and defect 
surface appears. However its electrochemical property was unknown in general, so approximately replaced by the property of 
carbon steel. The defect area fraction can be associated with the plastic strain. From such viewpoint, the defect area fraction was 
fixed at some levels, and the macroscopic polarization curve was estimated by the microscopic electrostatic analysis. The 
numerical results were compared with the experimental results, and the effect of plastic strain was examined.  
 

INTRODUCTION 
 
   The stress-affected corrosion is a theoretically unresolved problem. The mechanism of stress corrosion cracking has 
been elucidated by experimental approaches [1], however its quantitative evaluation such as corrosion rate or cracking life 
is still impossible due to the lack of mathematical models for corrosion. In this study, we tried to make a numerical method 
to evaluate the microscopic electric field around the damaged passive film of stainless steel in a sodium chloride solution. 
This simulation reveals the current density distribution on the material surface which leads to the dissolution rate of metallic 
ions into the solution. Focused here is the effect of broken passive film on the macroscopic polarization curve. The damaged 
passive film by external stress is represented by the intact part and defect part. The defect part is considered to be newly 
generated by the local plastic strain and exposed without the passive film. These two types of surface lead to the local 
galvanic corrosion. The boundary element method (BEM) is used for the electrostatic simulation since it is advantageous to 
the rearrangement of mesh following to the metal dissolution corresponding to the current density [2]. The relationship 
between the area fraction of defect surface and the macroscopic polarization curve is examined by the BEM electrostatic 
simulation, and the result is compared to the experimental results. From this comparison, we discuss the validity of damaged 
passive film model of stainless steel.  
 

EXPERIMENTAL AND NUMERICAL METHODS 
 
Materials and environment 
   The material used is 304 austenitic stainless steel. The damaged passive film model consists of intact part and defect 
part. The electrochemical property of the intact passive film was obtained from the experiment of the stainless steel without 
stress. On the other hand, it is difficult to measure the electrochemical property of the defect part, so we use the property of 
a JIS S50C carbon steel. The NaCl solution of 0.1 mass% is employed as the corrosive environment.  
 
Measurement of polarization curve 
   We have developed a mechanical and electrochemical measurement system consisting of the hydraulic fatigue test 
machine with the corrosion chamber. For electrochemical measurement, the counter and reference electrodes are inserted to 
the chamber. The working electrode is the tensile specimen, which is coated by a nail polish except for the corrosion 
window of 3×3 mm2 located on the center of specimen. Polarization curves were measured for both the stainless and carbon 
steels in unstressed state. For the electrostatic simulation, the obtained polarization curves were approximated by the 
empirical formula as follows, 

 
> @0

01 exp ( )
Dp p Rq
q q B

 � �
� � �

 (1) 

where p0, R, D, and B are the fitting parameters which is determined by the least squares method. Next, the polarization 
curves in stressed state were measured for the stainless steel at several levels of constant tensile stress.  
 
Corrosion electric field analysis 
   The analysis domain : is illustrated in Fig. 1, where *p is the constant potential boundary, *q is the constant current 
density boundary, and *A and *C are the anodic and cathodic boundaries corresponding to the defect surface and intact 
passive film, respectively. In the after-mentioned simulations, the repetitive arrangement of intact and defect surfaces are 
assumed. The galvanic corrosion is a simple potential problem described by the Laplace equation: 
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Summary The fracture toughness of elastomers is known to depend on the rate of crack propagation. It has been proposed that rate 
dependent chain scission, where bonds on the polymer chains are ruptured under mechanical stress, is a contributing factor to this rate 
dependence. To model this process we introduce chain scission, predicted using concepts of mechanochemistry, into a hyperelastic constitutive 
model (Arruda-Boyce as an example). The result is a model capable of handling large strain and rate dependent damage. Additionally, 
polydispersity is incorporated by considering a distribution of chain lengths, which gives the model the capability to predict progressive 
material damage. To demonstrate the application of the model, uniaxial tensile deformation with constant extension rates is examined. The 
tensile stress is found to first reach a peak and then decrease due to scission, and faster rates of deformation result in larger peak stress. The 
model has also been implemented in a finite element subroutine to demonstrate its application to crack initiation.   
 

INTRODUCTION 
Elastomers exhibit rate dependent fracture behavior which is not yet fully understood [1]. 7KH� NLQHWLFV� RI� ³VFLVVLRQ�´�

rupture of polymer chains, contributes to this rate dependency.  Previously, this process has been modelled by using 
³0HFKDQRFKHPLVWU\´�to predict the rate of rupture of covalent bonds under tensile stress, on chains in a cohesive zone [2].  
However, recent experiments have mapped bond rupture events using light emitting photophores [3] and have shown that 
the scission is not localized to fracture plane, as is assumed in cohesive zone modelling.  To capture such behavior it is 
necessary to model damage due to scission in the material model.   

Numerous models exist in the literature to describe damage of elastomers. A classical family of these models consider the 
0XOOLQ¶V�HIIHFW��VHH�IRU�H[DPSOH�2JGHQ�DQG�5R[EXUJK�>4]; these models are rate independent since their damage functions 
depend only on the maximum deformation previously experienced by the material. Another family of models treats damage 
as a rate dependent process where the volume fraction of undamaged material evolves temporally instead of being 
determined by deformation; the application of these models to describe elastomers undergoing scission has been reviewed 
by Wineman [5]. In all these damage theories, the actual stress sustained by the damaged elastomer network is calculated by 
multiplying the volume fraction of undamaged material by the stress in the undamaged virgin network under the same 
deformation as the damaged network. However, these damage functions must be determined empirically. We propose that 
these damage functions can be determined by using mechanochemistry to predict the rate of scission in the material. This 
scission model can be readily incorporated into hyperelastic models that are based on a polymer chain force-extension 
relationship and volumetric density of chains. We demonstrate the procedure using the Arruda-Boyce model [6].   

Also important is the effect of non-uniform polymer chain lengths within the material. The single characteristic chain 
length in the Arruda-Boyce model [6], is approximate and does not completely reflect the nature of real polymers where 
there should exist a distribution of chain lengths (polydispersity). For small deformations without damage a characteristic 
chain length is often adequate to characterize the mechanical response of the material. Mechanochemistry predicts 
accelerated rupture of bonds when they are activated by large tension forces, and if all chains were the same length this 
would result in catastrophic rates of scission within a small range of chain extension. This is inconsistent with experimental 
observations [3] that scission occurs over a larger range of deformations. Introducing a distribution of chain lengths allows 
for the model to accommodate this observation since chains of different lengths will experience different tensile forces for 
the same macroscopic deformation.   

METHODOLOGY 
Reinterpreting the mechanochemistry based models for scission of chains in a polymeric interface [2] for volumetric 

scission the following rate equation can be written: 

TkFLm BaeNn
dt
dN /

�

 �
W

, (1) 

where N is the number of surviving load-bearing chains per unit volume, W- and La are fixed parameters respectively 
representing the relaxation time and activation length for bond dissociation, F is the tensile force on a polymer chain, kB is 
the Boltzmann constant and T is the absolute temperature. The number of monomers per chain, nm, appears here since 
UXSWXUH�RI�D�VLQJOH�ERQG�RQ�WKH�FKDLQ¶V�EDFNERQH�LV�VXIILFLHQW�WR�EUHDN�WKH�FKDLQ��  

Numerous models exist which relate the tensile force of a polymer chain F, to its fractional extension r/Lc where r is the 
end to end distance of a chain and Lc is the contour (fully extended) length of the chain. To demonstrate how to introduce 
scission we consider the Arruda-Boyce constitutive model which is based on Langevin chain statistics [6]; the tensile force 
on a polymer chain is given by F = kBTE/A, where A is the Kuhn length the polymer chains. E� is the inverse Langevin 
function defined so that r/Lc = cothE� �� E��, Lc = nA is the contour length of the polymer chains, n is the number of Kuhn 
segments per polymer chain. The force (F) - fractional extension (r/Lc) relationship is highly nonlinear because the stiffness 



of the chain dramatically increases as the fractional extension approaches unity. Integrating F with respect to extension 
gives the stored energy in a single chain and multiplying by N, the number of load bearing polymer chains per unit volume, 
gives the strain energy density [6] 
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where c is a constant to ensure that the strain energy is zero at undeformed state. Assuming an affine network implies that 
the deformation of a chain is the same as the macroscopic deformation of the material which gives nILr c 3// 1  [6], 
where I1 is the first invariant of the left Cauchy-Green deformation tensor.  

To implement this model the decrease in chain density is calculated using Eq. (1) which decreases the strain energy (Eq. 
(2)) and results in a loss in both stress and stiffness compared with an undamaged material. In addition polydispersity is 
considered by allowing the strain energy to be determined as the sum of strain energies from a distribution of chains of 
different lengths.  

 
RESULTS 

Uniaxial Extension 
Eqs. (1) and (2) are used to evaluate the stress for uniaxial extension under a variety of different stretching rates (R). The 

stress is plotted against the stretch (O) in Figure 1a). In each case the stress increases, reaches a peak and decreases due the 
accumulation of damage. Faster rates of extension result in larger peak stresses; since scission is a rate process on average 
faster deformation results in chains achieving larger extensions before rupture. The distribution of chain lengths results in 
the gradual decline in stress in Figure 1a).   

 
Crack Initiation 

The model presented was implemented in an Abaqus user material subroutine. This user subroutine has been applied to 
study crack initiation for a hyperelastic region with a circular hole. The calculated dissipation is shown in Figure 1b).  Here 
the concentration of deformation at the edge of the hole results in increased scission and hence dissipation. The dissipation 
in Figure 1b) occurs in a finite sized region in stark contrast to the idealization of a cohesive zone model.   

 
Figure 1. a) Nominal stress, TkNPP B)0(/*  , obtained by varying the stretch O while holding JL = 1/3. A Maxwell-Boltzmann 
distribution with navg = 17.42 specified the initial chain length distribution. Each curve represents a different stretching rate (

� WRR* ). 
b) Preliminary FEA results showing calculated dissipation for crack initiation at a circular hole.  
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where EB is the bridging domain total energy; nc is the number of cells in the bridging domain, Rij is the ratio of the distance 
between atom i and j within the cell, and wc is a weighting function. Having all the energy contributions calculated, the 
stiffness matrix of each domain is achieved by getting the second derivative of the energy with respect to displacements, 
and the general finite element framework is implemented to find the forces as a product of the stiffness and displacement.  
 
BCM Model Description 

The effect of the Mg impurities was investigated for C-plane or <0001>, containing 124904 atoms, by substituting 5ppm 
Mg atoms with Al atoms. The dimension of the model was 200x80x200Å. Z direction represents [0-110] orientation, and X 
direction represents [-2110] orientation. Biaxial tensile load was exerted in the X and Z directions at 300K and 1400K and 
results in terms of stress distribution and tensile strength were used to investigate the effect of the Mg impurities. 

 
RESULTS 

 
Figure 1 shows the stress distribution and resulted stress-strain plot of the C-plane sapphire in presence of Mg impurities 

in the structure, at 300K and 1600K. As shown in Figure 1a and 1b, the atomistic domain is under stresses higher than 
15GPa at 300K, where the graphs of the stress distribution in the Z direction (SZ) or [0-110] orientation, and X direction 
(SX) or [-2110] orientation are symmetric. These stresses are considerably increased throughout the domain at 1600K as 
shown in Figure 1c and 1d, especially around the Mg impurities; which is in agreement with Schmid [2] and Zhang [3]¶V 
experimental results.  

Figure 1e shows the stress-strain plots at 300K and 1600K. The UTS of the C-plane in presence of Mg impurities at 
300K is 23GPa, occurring at relatively high strains of 6.25%; and as the temperature rises to 1600K, the failure strain 
decreases to 6% and the strength drops to 20GPa. In addition, the initial calculated UTS of the defect-free C-plane of this 
model is about 28GPa. Thus, while the UTS of C-plane decreases as the temperature elevates, it is only dropped 18% 
compared to the defect-free UTS of C-plane sapphire showing that C-plane is so resistant to the structural defects and does 
not easily lose its strength even at high temperatures; which is consistent with previous works in literature [2], [3]. 

 
 

Figure 1. Stress distribution for C-plane with Mg impurities ± a) in X direction or [-2110] orientation at 300K, b) in Z direction or [0-110] 
orientation at 300K, c) in X direction at 1400K, d) in Z direction at 1600K; e) Stress-strain plot 

 
CONCLUSIONS 

 
BCM was successfully applied to simulate the effect of Mg impurities in C-plane sapphire structure at two finite 

temperatures. Results showed that temperature elevation increases the critical stress concentration areas around the Mg 
impurities within the structure, and reduces the UTS of the system. However, the overall reduction in UTS of C-plane which is 
less than 20%, confirms that it is resistant against structural nanodefects. 
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Summary A fully non-linear shear-lag model of a unidirectional metal-matrix composite, which accounts for fibre and matrix breakage,
matrix plasticity, and fibre-matrix interfacial debonding and slippage has been developed in a deformation theory framework. A computa-
tionally light solution procedure based on the pseudospectral method has been developed. This approach allows the analysis of realistically
sized composites. One such specimen level analysis of the Ti/SiC composite material studied by Hanan et al. [2] has been performed. The
present model predictions accurately match the load recovery and stress distribution measured using neutron diffraction near a small crack.

INTRODUCTION

Metal matrix composites (MMCs) made of high temperature titanium (Ti) alloy reinforced with continuous unidirectional
silicon carbide (SiC) fibres are potential weight-saving replacements for conventional alloys in jet engines. Ti/SiC possess
excellent strength, stiffness and damage resistance when loaded along fibre direction. However, unlike monolithic materials
the damage and failure modes in MMCs are quite complex. Damage starts at the microscopic fibre length scale in form of
fibre breaks, matrix crack, fibre-matrix interfacial slippage. Under monotonically increasing load, damage propagates until the
point of the composite rupture. A reliable model for simulating this process must account for the non-linearities intrinsic to
the damage modes. A number of presently available models are based on restrictive assumptions on the type of non-linearity
allowed, or on linear superposition of non-linear elastostatic solutions around a small number of breaks. The present work
aims to develop a model of the composite, which can not only fully capture the nonlinearity of the failure modes, and material
constitutive response, but also be amenable to quick computational solution.

SHEAR LAG MODEL

MMC geometry is idealised as shown in Fig. 1. Model elements are fibres, tensile matrix, shear matrix, and interfacial
sliders. The physical matrix bay is subdivided into tensile and shear matrices. Fibres, and tensile matrices are assumed
to deform in axial tension, while the shear matrix is assumed to deform in simple shear. The interfacial sliding element is
assumed to undergo frictional sliding.

Fibres are assumed linear elastic and brittle. The tensile matrix is assumed to follow the law

σtm = σY tanh

!
(E1 − E2)εtm

σY

"

+ E2εtm. (1)

Here, σtm and εtm denote the stress and strain at a point in the tensile matrix. σY denotes its yield strain, E1 its Young’s
modulus, and E2 its hardening modulus. A similar law applies to the shear matrix. The frictional sliding elements are taken
to satisfy

ws = ws0

# τs

τ∗

$2n+1

. (2)

tensile matrix

shearing matrix

fibre
interfacial slider

σc

σc

x

z

Figure 1: The model metal matrix composite. Fibres are shown shaded dark. The matrix domain is divided into two parts:
The ‘shear matrix’ is assumed to deform exclusively by shear, and the ‘tensile matrix’ in tension (dashed lines). Sliding dis-
placements at the fibre matrix interface is permitted (dotted lines). A fibre break and matrix shears around it are schematically
shown.
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Figure 2: Stress concentration predicted by model (solid lines) compared with the experimental data reported by [2] in a
Ti/SiC composite. Reduced linear form of the present model (dashed lines) are also plotted to show the effect of non-linearity
in the model.

Here, ws and τs denote the sliding displacement, and shear stress at a slider element, respectively. τ∗ denotes the slipping
threshold, a material parameter. The governing equations of the model are obtained from equilibrium considerations of the
various axial elements. They turn out to be second order non-linear differential equations.

SOLUTION STRATEGY AND RESULTS

Finite difference method based solutions schemes are found to be grossly inadequate to provide accurate solutions for the
present model. A pseudo-spectral scheme is therefore employed. The formulated differential and algebraic equations are first
non-dimensionalised and consolidated in terms of five independent characteristic constants. The governing differential equa-
tions are then converted into non linear algebraic equations discretised on Chebyshev grid points. Differentiation matrices are
used to approximate derivatives in the governing equations [1]. The discretised equations are non-linear algebraic equations,
which are solved using a trust-region method.

Hanan et al. [2] used neutron diffraction to measure the stress state in a metal matrix composite comprised of 29 fibres
with guage length of 26 mm. Two fibres and the in-between tensile matrix bay were broken in a plane normal to the fibre
direction in their composite. They measured the load recovery in the broken fibres and the overload in the next adjacent fibre.

The present model was employed to simulate the stress state in this specimen at far-field load 850 MPa. Fig(2) compares
the presently predicted values of the stress concentration factor (SCF) near first intact fibre and in one of the broken fibre with
the experimental value [2]. The good comparison indicates that the present model is capable of capturing all the significant
mechanical and material aspects of load transfer near the fibre breaks. Lines corresponding to the “reduced linear model”
suggests that accounting for non-linear effects is important for accurately capturing load transfer near fibre break clusters.

CONCLUSIONS

We have briefly described a fully non-linear, realistic and computationally light model of a metal matrix composite. We
expect to use this model in reliability studied of MMCs in the future.
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Summary This study investigates the compression-after-impact (CAI) failure in non-crimp fabric (NCF) reinforced composites. 
A numerical damage model based on continuum damage mechanics was applied to simulate the failure mechanisms of impacted 
NCF glass/epoxy composite subjected to compressive loading and to estimate the residual CAI strength. 
 

INTRODUCTION 
   Non-crimp fabrics (NCF) are textile preforms increasingly used as reinforcement in composite materials. Compared to 
the uni-directional laminates, NCF offer an attractive alternative especially in terms of low-cost manufacturing processes 
[1]. One major concern with composite structures consists on the low damage tolerance. Many researchers have addressed 
issues related to the CAI behaviour and numerous damage models have been proposed to estimate the CAI strength of the 
composite laminates. Furthermore, there exist some studies dealing with the failure mechanisms leading to the ultimate 
failure of structures. Some researchers reported that the residual compressive strength of an impacted composite is strongly 
governed by the delamination growth [2, 3]. Whereas, others highlight two phenomena that play an essential role in the final 
failure: delamination growth and crack growth besides the impact point [4, 5]. Rivallant et al. [5] have reported that it is 
crucial to consider the crack growth in numerical simulations to accurately predict the CAI strength. Edgren et al. [1] 
demonstrated that the propagation of kink-bands was the main failure mechanism responsible for collapse of the NCF 
laminate under compression. There was not clear consensus on the failure mechanisms responsible for the final failure of 
composite structures in CAI test. 
   This paper focuses on CAI test simulations performed on a NCF glass/epoxy laminate impacted at 30J impact energy. A 
physically based damage model was developed to predict the failure mechanisms such as: matrix cracking, fiber failure and 
delamination growth. The impact-induced damages were introduced in the numerical model through considering the 
presence of artificial delaminations and matrix cracks inside the impacted zone. The damage propagation in the NCF 
composite laminate was analysed for a better comprehension of the mechanisms of failure under compressive loading. 
 

NUMERICAL MODELING OF CAI 
   The specimen geometry, boundary conditions and impact-induced damage considered into the numerical analyses are 
shown in Fig. 1. A 150 mm × 100 mm × 4 mm rectangular plate impacted with 30J was modelled to investigate damage 
tolerance in six layers NCF glass/epoxy laminates. Then, the damage morphologies of delamination and matrix cracks 
induced by a low-velocity impact were considered in the CAI model. A longitudinal compression displacement was applied 
on the upper plate while the bottom plate was clamped as shown in Fig. 1. An anti-buckling knife-edges condition was 
reproduced on both longitudinal sides of the plate. 

 
Fig. 1. a) Impact-induced damage, b) Impact delamination through-the-thickness, c) FEM model and boundary 
conditions 

 
   The zone of the impact-induced delamination is approximately of circular shape[3]. The delamination zone between the 
three bottom plies interfaces is larger than that at the upper plies interfaces. Therefore, delamination was considered only 
between the three bottom plies interfaces. Further than delamination, the matrix cracking was observed in the damage zone 
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as shown in Fig. 1b. In this paper, it was assumed that the plies, in the conical damage zone, have negligible residual 
transverse strength. The intra-laminar damage in each ply were simulated using a physically-based constitutive damage 
model which is developed based on Donadon work [6] and implemented via UMAT in LS-DYNA/Explicit finite element 
software. The maximum stress criterion was adopted to predict the fiber failure combined to the Puck failure criterion to 
simulate matrix cracking and crushing. The inter-laminar damage initiation and propagation was modelled here using the 
cohesive zone model where cohesive elements were introduced between two neighboring plies with different fiber 
orientations. The elastic material properties used in the FE simulation are as following: E11=34.4 GPa, E22=E33=6.98 GPa, 
v12=v23=v13=0.28, G12=G23=G13=3.2 GPa and the interfacial properties are as following: GIC=800J/m2, GIIC=1200J/m2, N=30 
MPa, S=T=45 MPa, kI=13.93GPa/mm, kII=1.43GPa/mm, Ș=1.4 [3]. 
 

RESULTS AND DISCUSSIONS 
   Fig. 2 illustrates the stress-strain response of NCF laminates under compression loading. This figure depicts the 
numerical results for three studied cases: (1) a plate without impact damage, (2) a plate with impact-induced delamination, 
and (3) a plate with both impact-induced delamination and matrix cracks in conical zone. The slope of the strain-stress 
curve of the undamaged and damaged plate is the same which means that the presence of impact-induced damage does not 
have effect on the plate membrane stiffness. However, as expected, the compressive strength is sensitive to impact damage. 
The results show that compared with the undamaged plate, the CAI strength of an impacted plate decreases by 27% at 30J 
impact energy. For all the studied cases, the numerical results reveal that the buckling is the main mechanism responsible 
for the compressive failure of NCF laminates. Nevertheless, it was found that the buckling mode is different from one case 
to another. Indeed, for a plate with impact-induced delamination, it is found that the local buckling of the sub-laminates 
around the impact point leads to structural instability and thus the final failure of the plate. However, for the two other 
cases, the global buckling triggers structural collapse. Finally, a comparison between the two impact-induced damage 
scenarios shows that the matrix cracks in the conical damage zone have a little effect on the CAI strength, however, the 
initiation and propagation of delamination plays a primary role in the CAI strength reduction. 

 
Fig. 2. The stress-strain response of NCF under compressive loading 

 
CONCLUSION 

   This paper presents a numerical analysis aimed at understanding the failure mechanisms responsible for the compressive 
failure of impact damaged NFC glass/epoxy laminates. To this end, two CAI damage models were developed: (i) a CAI model 
with only impact induced delamination and (ii) a CAI model with both impact-induced delamination and matrix cracks. The 
obtained results show that the matrix cracks inside the conical damaged zone have a little effect on the residual compressive 
strength of the impacted NCF laminates. However, the local and global buckling appeared to be the main phenomena which 
cause structural instability and collapse. Moreover, it is found that the delamination growth occurred before matrix cracking and 
fiber failure. 
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Summary In this work, an experimental investigation of the fracture mechanism of advanced high strength steels (AHSS) during the 
edge stretching was conducted to identify the microstructural parameters influencing formability. To account for the sheared edge 
condition, the accumulated void damage and work hardening due to the shearing process was determined. The relevant microstructural 
paramaeters were implemented into a damage-based model to predict sheared edge fracture. 
 
 

INTRODUCTION 
 

Advanced high strength steels (AHSS) such as ferritic-martensitic dual-phase (DP) steels are gaining 
importance in the automotive industry due to their combination of high strength and good formability. In the 
automotive industry, shearing operations are widely used for blank trimming and for the introduction of holes and 
feature cutouts. However, the shearing process introduces severe work-hardening and nucleates voids within the so-
called shear-affected zone (SAZ) behind the sheared edge [1]. This residual damage leads to abrupt and premature 
failure at the sheared edge during a subsequent forming operation. Advanced high strength steels are especially 
prone to sheared edge cracking due to the large strength differential between the constituent phases [2]. 
Consequently, this limitation has led to the development of ferritic-bainitic stretch-flangeable (SF) steels with a 
minor fraction of martensite to enhance the performance of AHSS in forming operations requiring good local 
formability as in stretch flanging and tight radius bending. The performance of a sheared edge in stretch-flanging 
operations is strongly related to the microstructure of material. For a material designer seeking to optimize the 
microstructure and thermal processing/chemistry, further insight into the mechanism controlling the fracture process 
is necessary. Therefore, the overall objective of this work was to characterize damage evolution and the fracture 
mechanism during edge stretching to develop a micromechanics-based model that can predict failure in simulations of 
sheet metal forming operations. A fracture study on interrupted hole tension specimens with different edge conditions 
was conducted to characterize the void shape, nucleation and distribution.  To characterize the sheared edge, several 
experimental techniques are proposed to estimate the work-hardening and damage within the SAZ. The estimated shear 
strain and damage distribution behind the sheared edge coupled with the microstructural measurements is 
implemented in finite element modeling to predict fracture in different edge conditions. The experiments and 
simulations show that void evolution within the SAZ are strongly related to the microstructure and strength 
differential between the constituent phases.   

 
 

DAMAGE CHARACTERIZATION DURING EDGE STRETCHABILITY 
 

Traditionally, hole expansion tests are used to characterize edge failure and consist of expanding a hole with a 
conical punch until failure. The hole expansion test poses challenges for relating the damage mechanism to the 
microstructure since it has tooling contact and friction,  is sensitive to the punch geometry and burr orientation and 
cannot directly account anisotropy. As an alternative to the hole expansion test, a hole tensile test specimen was 
employed in the present work to evaluate the edge sensitivity of stretch-flangeable and dual phase steels with similar 
ultimate tensile strengths of 800 MPa. Hole tensile specimens are simply tensile specimens with a hole processed in 
the center of the sample and avoids the sensitivities of the hole expansion test. Void initation and evolution within 
the SF and DP steels were systematically characterized during the edge stretching by interrupting the hole tension 
experiments at different strain levels. The DIC was used to measure the strains at six different sections along the 
edge as shown in Figure 1. The interrupted samples were observed under a scanning electron microscope (SEM) to 
observe the ductile fracture mechanism in the SF and DP steels. To quantify void nucleation and evolution, the void 
morphology was characterized at the different strain levels and edge conditions using the void density, area fraction, 
spacing and aspect ratio. Void nucleation was measured using the void density and is strongly related to the edge 
condition as shown in Figure 2. A procedure for quantifying damage during the edge stretching of SF and DP steels 
was developed to identify the microstructural parameters governing void nucleation and coalescence in an advanced 
damage-based constitutive model. In addition to characterizing void evolution in these steels, the residual strain field 



within the SAZ must also be characterized as these residual strains drive void nucleation and fracture in subsequent 
edge stretching operations.  

                    
 
 

 
 

SHEARED EDGE CHARACTERIZATION 
 
The evaluation of the sheared edge formability of a material is not straight-forward due to the shearing process 

that alters the local microstructure. A sheared edge stretching operation is essentially a two-stage non-proportional 
forming operation where through-thickness shearing is followed by in-plane uniaxial tension. To characterize the 
residual strains and work hardening within the SAZ, a novel experimental technique was developed involving 
micro-hardness measurements and interrupted shear tests.  Correlations were established between the microhardness 
and plastic strain in shear deformation. With these correlations, hardness measurements from the SAZ can be 
converted to plastic strains and then mapped into a finite-element model to account for work hardening and void 
damage to accurately predict edge fracture in a forming operation.  

 
CONCLUSION 

 
An experimental investigation of the fracture mechanism of SF and DP steels was conducted using the reamed 

and sheared to identify the relevant microstructural parameters influencing void nucleation and edge fracture. It was 
found that the work-hardening introduced during the shear process significantly alters the void nucleation rate in the 
secondary stretching operation. The residual strain and void distributions at the sheared edges can be mapped into 
the finite-element models to simulate sheared edge fracture. 
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Figure 1: Contour plot of the equivalent strain and divided into 
six different strain levels along corresponding optical image 
 

Figure 2: The plot of void density versus equivalent 
strain for the DP780 reamed and sheared edges 
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Summary In the present work damage evolution in two ± phase material is considered where the volume fraction of each phase exhibits 
different mechanical properties, and also the volume fraction of each phase in the representative volume of the material is subjected to 
evolution. The model is derived within the framework of thermodynamics of irreversible processes with internal state variables and continuum 
damage mechanics, where the concept of total energy equivalence, classically used to describe damage evolution in constitutive model, is 
generalized also to other dissipative phenomena. A numerical algorithm is also proposed in order to implement the constitutive model in the 
finite element software Abaqus/Explicit by means of the user subroutine VUMAT. A uniaxial tension test was simulated in Abaqus/Explicit to 
compare experimental and numerical results. 
 

INTRODUCTION 
 
   In Continuum Damage Mechanics the phenomenon of damage softening is described by the use of so-called effective 
state variables of a pseudo-undamaged quasicontinuum. To define these damage-effective state variables various 
equivalence hypotheses are formulated: (a) strain equivalence hypothesis, (b) stress equivalence hypothesis, (c) strain 
energy or complementary energy equivalence hypotheses, or finally, (d) total energy equivalence hypothesis. According to 
these hypotheses, the effective state variables are defined in such a way that respectively strains, stresses, strain energy or 
complementary strain energy, or total energy for both real (damaged) and fictitious (pseudo-undamaged) materials are the 
same.  

In the present work we consider a material that is subjected not only to damage, but also to other dissipative 
phenomena, for example: plastic slips, phase transformation from the primary ductile matrix material to the secondary 
brittle inclusion material, and damage development in both phases [1,2]. The constitutive description of such 
multidissipative material will be derived on the basis of total energy equivalence hypothesis, extended to all the dissipative 
phenomena regarded. 
 

CONSTITUTIVE MODEL 
 

 The rearrangements of a material microstructure affect its global mechanical properties either causing softening 
(damage) or hardening (transformation from soft to hard phase). This means that material behavior (both elastic and 
inelastic) is influenced by the microstructural mechanisms. To account for the influence of the dissipative phenomena on the 
global mechanical properties the so-called effective state variables can be used in the state and dissipation potentials, instead 
of the classical state variables. The definitions of effective state variables are related to different fictitious configurations 
introduced in the model (see Fig. 1���/HW¶V�FRQVLGHU�D� UHDO��GLVFRQWLQXRXV�DQG�KHWHURJHQHRXV�FRQILJXUDWLRQ��5��RI�HODVWLF-
plastic-damage two phase material, subjected to ductile damage of matrix and brittle damage of inclusions. Its mechanical 
state is represented by couples of state variables and conjugated forces. We introduce a fictitious quasi-continuous 
configuration (F), characterized by the couples of effective state variables and effective thermodynamic forces defined on 
the basis of the total energy equivalence hypothesis. The total energy equivalence hypothesis (H1) we formulate in the 
following way [3]: At any time (t), to an RVE in its real (deformed, damaged and phase transformed) configuration, 
described by the set of state variable pairs, we associate a safe (undamaged) and untransformed equivalent fictive 
configuration, the state of which is described by the effective state variables ± in such a manner that the total energy defined 
over the two (real and fictive) configurations is the same. 

Mapping from configuration (R) to (F) may be equivalently performed with the use of two intermediate 
configurations: (UT), which is idealized undamaged but phase transformed, and (DU), which is damaged but idealized 
untransformed configuration (see Fig. 1). Each intermediate configuration is characterized by the proper pairs of effective 
variables, defined on the basis of the total energy equivalence applied to the real configuration (R) and the intermediate 
configuration considered. 

To derive state and evolution equations we adopt another hypothesis (H2) [3]: The mechanical behavior of the 
damaged medium may be derived from the same state and dissipation potentials as a fictitious undamaged untransformed 
medium in which the state variables are replaced by the effective variables. 



 
Figure 1. Schematic representation of the total energy equivalence concept. 

 
PARAMETRIC STUDIES 

 
Numerical algorithm is proposed where the Newton-Raphson scheme is employed to solve the set of nonlinear 

differential equations, while backward Euler method was used to numerically integrate the equations. The numerical 
procedure was also built with the use of AceGen program. AceGen was used to generate highly optimized and efficient 
compiled code in FORTRAN language what allowed to build user subroutine VUMAT. In the next step VUMAT procedure 
was used in Abaqus/Explicit to simulate uniaxial tension tests in order to validate the model (see Fig. 2). 

 

 
Figure 2. Experimental and numerical results of stress ± strain relations and damage evolution 
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Abstract This work is concerned with numerical modeling of ³3HHOLQJ-RII´�RU�³&RQFUHWH�FRYHU�VHSDUDWLRQ´�ZKLFK�LV a premature failure mode 
in FRP strengthened reinforced concrete (RC) beams. 3D Finite element simulations are made using the commercial program Abaqus. Four-
point bending loading is applied on non-strengthened and FRP strengthened beams. A damaged plasticity constitutive law is used for the 
modeling of concrete. The asymmetric behavior of concrete in compression and tension, and the tension stiffening phenomenon are taken into 
account. The results of the numerical simulations are compared with some experimental results available in the literature. The flexural and the 
Peeling-off failure modes are well obtained in the simulations. Comparisons between the numerical predictions and test results illustrate a very 
good agreement and it is found that the proposed model is able to closely predict the ultimate load, the beam behavior and its failure mode.  
 

INTRODUCTION 
 
   An efficient solution to rehabilitate civil engineering structures is the use of Fiber Reinforced Polymers (FRP) sheets 
which can be bonded onto external surfaces. The main advantages of FRP plates are their high tension strength to density 
ratio, low sensitivity to corrosion and a long fatigue life. As a simple application, the flexural strength of reinforced concrete 
beams can be increased by bonding a FRP sheet to their tension faces. Although this method increases considerably the 
flexural capacity of tKH�VWUHQJWKHQHG�EHDP��LW�PD\�FDXVH�D�SUHPDWXUH�IDLOXUH�PRGH�FDOOHG�³3HHOLQJ-RII´�RU�³&RQFUHWH�FRYHU�
VHSDUDWLRQ´ (Figure 1). This work tries to model this premature failure mode via a damage-plasticity finite element 
approach. 

    
Figure 1: Concrete cover separation (Peeling-off) 

 
BEAMS CONFIGURATION AND EXPERIMENTS 

 
   A series of FRP strengthened and non-strengthened reinforced concrete beams were tested to failure under four-point 
bending load tests [1]. All of the beams have a length of 1000mm, a width of 100mm and a height of 150mm. The failure 
mode of normal beams was flexural cracking while all of the beams strengthened with FRP sheets at the bottom collapsed 
by Peeling-off. It is noted that mechanical characteristics of concrete, steel and FRP have been identified by experiments.  
 

FINITE ELEMENT MODELING 
 
   Three dimensional finite element (3D-FE) non-linear simulations have been done by means of the commercial program 
Abaqus. The steel rebars are modeled by beam (1D) elements with an elasto-plastic behavior. For the concrete part, 
quadratic tetrahedral solid (3D) elements are used with a damage-plasticity formulation based on Lubliner¶V and Lee¶V 
formulations [2, 3]. The asymmetric behavior of concrete in compression and tension are taken into account. The post 
cracking softening behavior of concrete in tension is modeled with tension stiffening taking into account the effects of the 
reinforcement interaction with concrete. In order to avoid the mesh dependency problems, the Hillerborg¶V�fracture energy 
proposal [4] is adapted and the post-failure behavior is characterized by a stress-displacement response rather than a stress-
strain response. Concerning the FRP flexural sheet, consist of carbon epoxy composite laminates, shell elements (2D) with 
an orthotropic elastic behavior are used. In order to reduce the size of the model, the two symmetry planes of the problem 
were applied to model just a quarter of the specimens. 
 
   Figure 2 illustrates the damage patterns for a normal RC beam (left) and a strengthened FRP one (right). For the normal 
RC beam, the flexural cracks in the region of maximum bending moment lead to the failure of the beam (bending failure 
mode). However, if the beam is strengthened by a FRP sheet on its bottom face, the failure mode will be different. The 
failure of such a beam does not occur at bending and its ultimate capacity is very superior. We will have several small 
bending cracks in the concrete cover region (i.e. between the bottom face of the beam and the rebar position). These cracks 
are not sufficient to produce a failure. By increasing the applied load, a relatively brittle crack starting from the bonded FRP 
edge appears. The coalescence of this crack and the existing small flexural cracks leads to a large crack located at the 



reinforcement layer position. The propagation of this crack is relatively fast and causes the concrete cover separation which 
leads to the total failure of the beam. 
 

 
Figure 2: Flexural failure (Left) - Peeling-off failure (Right) 

 
   Figure 3 plots the total applied load versus the midspan deflection for the both normal and strengthened configurations. 
The rigidity of the reinforced beam in the propagation phase (corresponding to the second slope of the curve) is much 
higher than the normal beam. As seen, the presence of FRP sheet increases the ultimate load capacity by about 100% (50kN 
against 25 kN). However, the concrete cover separation is a premature mode of failure in the FRP strengthened beam and 
does not allow us to use all the bending capacity of the beam. It is noted that the failure mode of the normal beam is ductile 
and there is third phase before the failure which corresponds to the plasticity of steel rebars. By contrast, the failure mode of 
the FRP reinforced beam (i.e. concrete cover separation) is brittle without any steel plasticity phase.  
 

 
Figure 3: Comparison between FE model and experiments ± Normal and FRP strengthened beams 

 
CONCLUSIONS 

 
   The nonlinear damage-plasticity FE model proposed herein can be used by researchers and designers as a computational tool 
for FRP strengthened beams. Comparisons between the FE and experimental results illustrate that the model is capable of 
predicting the behavior of FRP strengthened RC beams. Very good agreements are found between the FE model and 
experiments in terms of crack zones, failure mode and ultimate failure load. Consequently, the proposed model can be used to 
improve the design procedure of FRP plated RC beam and find a better repair/strengthening scheme. 
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Summary Ceramics are hard, relatively light and brittle materials which are used in armour systems. Design of these armour systems
typically requires a high number of ballistic experiments to be performed. Finite Element (FE) simulation of ballistic loading on ceramics
provides an alternative and reduces the required number of experiments. Unfortunately current material models fail to properly capture
behaviour of ceramic materials. A number of improvements on current material models are proposed.

In FE simulations on ballistic impact the Johnson-Holmquist (JH) material models [1, 2] are often used to model ceramic
materials. These (softening) plasticity models (Figure 1) require calibration through impact experiments. Model properties
related to intact material strength can directly be obtained from experiments. Other properties such as softening related
material properties can currently only be obtained through inverse modelling.

A promising experimental technique to study damage in ceramic materials is quasi-static indentation. Under indentation a
ceramic will experience ‘controlled’ failure, allowing to calibrate damage or softening related quantities for material models.
This requires a ceramic material model suited for quasi-static FE simulations of damaging or softening material under inden-
tation. The current JH models predict the ceramic material behaviour in the so called ‘quasi-plastic’ zone directly underneath
the indentor relatively well. Using the JH models for indentation simulations does however introduce three problems. The
first problem is mesh-sensitivity, an inherent property of softening-plasticity models such as the JH models. A second problem
is that the current model formulations are not suited for quasi-static simulations. As a third problem the JH models fail to
properly capture intergranular cracking/sliding in the ‘quasi-plasticity’ zone and the models fail to properly capture brittle
tensile failure.

A modification of the JH material models is proposed, addressing the three previously mentioned problems. The modified
model includes a damage formulation to the existing plasticity formulation and an adequate regularization for mesh-objective
failure prediction. Furthermore, the new formulation allows for quasi-static FE simulation. Future work will contain validation
of the new model to quasi-static and dynamic indentation experiments.
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uniaxial compression

Figure 1: Johnson-Holmquist material model, pressure-equivalent stress relation for intact and residual strength.
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Summary In the present research, mechanical behaviors of the nanocrystalline materials considering the damage developing on the grain 
boundaries are investigated systematically. A mixed-mode cohesive interface model is used to describe the damage and failure process of 
the materials. Based on the mixed-mode cohesive interface model, the grain boundary damage are defined and characterized. In order to 
describe the size effect, the strain gradient plasticity theory is used for grain materials and the interface energy effect is considered along 
grain boundary. In the present results, the overall stress-strain relations and corresponding damage evolution curves are obtained and as 
the functions of several independent parameters. The present results show that both the overall strength and ductility of the 
nanocrystalline materials are closely depended on the grain boundary damage evolution and the overall stress-strain curve displays a 
catastrophic feature. Further discussions on the cell representativity and damage of nanoscale particle-reinforced materials are carried out. 
 

INTRODUCTION 
 
    Investigations on the mechanical behaviors of polycrystalline materials with grain sizes typically less than 100 nm 
(nanocrystalline (nc) metals) or within 100-1000 nm (ultra-fine crystalline (ufc) metals) have been the key subjects 
worldwide over the past two decades [1]. The nc/ufc metals exhibit the higher yield strength, tensile strength, and hardness, 
but the lower tensile ductility relative to their bulk counterparts. In the present research, the strain gradient plasticity theory 
[2] is used to describe the size effects of the inelastic deformation in grain interiors, and a cohesive interface model is used 
to describe the damage of the grain boundary. Particular attention is focused on the influence of damage on the overall 
strength and ductility of the nc/ufc metals. Further discussions on the cell representativity and damage of nanoscale particle-
reinforced materials are carried out. 
 

MODEL AND DESCRIPTIONS 
 

To particularly study the mechanical behaviors of the nc/ufc materials, and to investigate how the competition of grain-
boundary damage with that of grain interior determines the observed overall stress-strain response and the overall ductility 
of polycrystalline aggregates by various properties of grain boundary and grain interiors, a regular quasi-three-dimensional 
representative volume element with taking into account of three dimensional effects is presented here. Fig. 1 shows the 
schematic figure of representative calculation model. The calculation model is consisted of twelve regular hexagon grains. 
The diameter of grain, d is the diameter of the circumcircle of regular hexagon. 
 

 
                (a)                                 (b)                           (c) 
Fig. 1 Representative cell model (a) for nano- or ultra-fine polycrystalline metal (c)[1] with periodic boundary conditions of 

xy plane and z direction. (b) Damage definition on GB based on cohesive model [3]. 
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Summary Fracture behavior of thermal barrier coatings (TBCs) subjected to thermal and/or mechanical loading is investigated using an 
acoustic emission (AE) method. The crack mode is only dependent on frequency spectrum of AE signal, which phenomena is proved by 
clustering analysis of AE parameters. Based on this result, intelligent discrimination of crack modes are realized by using wavelet packet 
transformation and neural network analysis of AE. The quantitative correlations of damage in TBCs and AE parameters are established, 
including surface crack density and interface crack length, which are well agreement with experimental results. 
 

INTRODUCTION 
 
   The application of thermal barrier coatings (TBCs) has facilitated a steep increase of the turbine entry temperature and 
the associated increase in performance and efficiency of gas turbine [1]. Unfortunately, the complex shape, structure, and 
harsh operating conditions make the failure behavior of TBCs much more complicated than that in metallic, ceramic 
components or other coating systems, and thus the failure assessment of TBCs is very difficult by using traditional strength 
theories or experimental mechanics methods [2]. There has been a growing interest in bringing together experiments under 
destructive load with ideas from in-situ or real time nondestructive tests [2-3], such as acoustic emission (AE) [2]. However, 
crack mode discrimination, quantitative assessment of damage evolution in TBCs are challenges in AE monitoring, which 
are necessary for the real time testing of TBC failure. In this study, an acoustic emission method to realtimely monitor 
failure behavior is built up to intelligently distinguish crack mode, quantitatively assess damage evolution, and predict 
ultimate spallation. The main process of investigation comprise: first, AE behavior of TBCs is recorded under loading, 
which can form main failure types at service condition. Then, all AE parameters are analyzed by clustering to find key 
parameter of crack mode, and four crack types of TBCs as well as their AE character are obtained. Third, intelligent 
discrimination method is established by combinating wavelet packet transform and neural network, the fracture behavior, 
therefore, can be understood through the distribution feature of different failure modes in TBCs. Finally, surface crack 
density, interface crack length are theoretically calculated to establish quantitative correlation with AE, which can be used 
to estimate damage degree of TBCs under service condition. 
 

RESULTS AND DISCUSSION 
 
   Although TBCs are generally operated under thermal loading, the main factor on their failure is tensile/compressive 
stress in coatings or at interface due to thermal and mechanical mismatch. Therefore, tension and compression tests are 
separately applied at room temperature by an RG2000 universal machine with a loading rate of 0.3 mm/min, 250 N/min, 
respectively. TBCs failure processes were monitored by an AE system (PCI-2) with the threshold of 38 dB, pre-amplifier of 
40 dB, and sampling frequency of 2 MHz, respectively. TBC specimens were made by typical atmospheric plasma spraying, 
including a Ni-EDVHG� VXSHUDOOR\�*+����� VXEVWUDWH�� D� ����ȝP�&R1L$O<�ERQGLQJ� DQG� D� ����ȝP�=U2�-8%Y2O3 ceramic 
coatings. The thickness of substrate is 3 mm in tension and 5 mm in compression. The length and width of TBC specimens 
in tension are 80 and 8 mm, and those in compression are 20 and 5 mm, respectively. 

The distributions of four clusters of AE signals (labeled as A, B, C and D, respectively) form tension in various 
parameter spaces are shown in Fig. 1. AE signals of clusters A, B and C are hard to classify from their amplitudes (see Fig. 
1(a)), duration and rise time (see Fig. 1(b)), showing nearly same ranges, i.e, 38-���G%�LQ�DPSOLWXGH����WR�����ȝV�LQ�GXUDWLRQ���
+RZHYHU��FOXVWHUV�$��%�DQG�&�SUHVHQW�WKHLU�GLVWLQFW�IUHTXHQF\�EDQGV�LQ�WKH�UDQJH�RI����í��������í����DQG���í����N+]��
respectively. Similar clustering analysis is conducted to compressive fracture behavior of TBCs, presenting five clusters. 
2QO\�LQ�SHDN�IUHTXHQF\��ILYH�FOXVWHUV�FDQ�EH�VHSDUDWHG�IURP�HDFK�RWKHU��ZLWK�WKHLU�IUHTXHQF\�EDQGV�LQ�WKH�UDQJH�RI����í�����
���í������í����DQG����í����N+]��UHVSHFWLYHO\��&RPELQDWLRQ�ZLWK�PLFURVWUXFWXUH�REVHUYDWLRQ��FOXVWHU�$�$¶���%�%¶���&�&¶���
(¶�DUH�LQGHQWLILHG�DV�VOLGLQJ�LQWHUIDFH�FUDFN��VXUIDFH�FUDFN��VXEVWUDWH�GHIRUPDWLRQ�DQG�RSHQLQJ�LQWHUIDFH�FUDFN��UHVSHFWLYHO\. 
,W�LV�ZRUWK�QRWLQJ�WKDW�FOXVWHU�'�DQG�'¶�ZLWK�KLJKHU�DPSOLWXGHV�DQG�ORQJHU�GXUDWLRQV��EXW�QR�REYLRXV�IUHTXHQF\�band, is from 
ultimate spallation of coating. 

Based on key parameter of frequency, AE signals are analyzed by wavelet packet transformation and a back-propagation 
neural network. By using the energy coefficient vector as input, the back-propagation neural network exhibits a powerful 
self-learning ability to cluster signals with the same order features.  Four classes of AE signals, corresponding to the four 
types of failure mechanisms in TBCs, can be successfully identified. Then failure mechanisms of TBC are clearly 
understood by distribution of four clusters AE signals with loading. The fracture process of TBCs under tension is divided 



into surface cracking, sliding cracking and spallation, that for compression is opening interface cracking, surface cracking 
and sliding interface cracking. These are in good agreement with experimental result. 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1 The distribution of AE clusters in (a) an amplitude-peak frequency space, (b) an amplitude-duration space 
For a brittle film on a ductile substrate under tensile loading, a traditional shear-lag model [4] is commonly accepted to 

evaluate the surface crack density U , which is defined as the ratio of multiple crack numbers to the length of a specimen. 
The model includes an elastic-plastic interlayer, in which the load transfer from thick ductile substrate to thin brittle film 
can be described. The structure of TBCs is consistent with the shear-lag model except that coating is thicker than that in the 
model. Therefore, such a model is modified by considering the strain gradient in coating, and if substrate is in the elastic-
plastic state, the crack density U of coating can be expressed as 122
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parameters can be referred to reference [4].  
Naturally, AE is the release of strain energy of cracking, so there is a proportional relationship between the AE energy 

and the released energy from cracking. Therefore, the interface energy release rate for interface crack is calculated, and then 
linearly correlated with AE energy as,  � � � � � � »
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the parameters can be referred to reference [4]. 
Figs. 2 and 3 show the correlation of surface crack and interface crack length with AE, respectively. Obviously, a linear 

relationship presents between surface crack density and the logarithm of AE events, which well coincides with experimental 
results. Fig. 3 showed that the maximum error of AE energy between Eq. (2) and experimental results is about 20%, 
indicating the theoretical results are well consistent with those from experiment. Obviously, the AE energy increases with 
the increase of crack half length. 
 
 
 
 
 
 
 
 
 
 

Fig.2 The correlation of surface crack density and AE   Fig.3 The correlation of interface crack length with AE 
 

CONCLUSIONS 
 

   In this paper, a real-time acoustic emission testing method has been established to distinguish crack mode, quantitatively 
assess damage evolution in TBCs. The main results can be summarized as follows: (1) frequency is the key parameter to crack 
mode discrimination. (2) fracture mechanism can be clearly understood according to intelligent crack mode discrimination 
results of AE behavior. (3) The surface crack density show a linear relationship with the logarithm of AE events, that for 
interface crack is also indentified. 
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EFFECTS OF COMPRESSIVE LOADING HISTORY ON MECHANICAL PROPERTIES OF 
HDPE 
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Abstract This paper examines the influence of compressive loading history on mechanical properties of high-density polyethylene (HDPE) 
using specimens prepared from HDPE pipe. The examination consists of two tests. Compressive loading history was introduced in the first test, 
to generate five prestrain levels at crosshead speeds of 0.01, 1 and 50mm/min, corresponding to strain rates of 1.85×10-5, 1.85×10-3 and 
9.26×10-2 respectively. The second compressive test was carried out two months later, to characterize mechanical properties of specimens 
including elastic modulus and yield stress, at crosshead speed of 0.01mm/min. Variation of the elastic modulus is used to establish the damage 
evolution under the compressive loading condition. The results indicate that both yield stress and elastic modulus decrease with the increase of 
the prestrain. The results also suggest that the extent of decrease of yield stress and elastic modulus, thus the damage evolution, depend on the 
crosshead speed applied in the first test. 
 

INTRODUCTION 
  
   Semi-crystalline polymers are increasingly used in a broad range of applications such as pressure tubing, pipeline 
systems and parts in nuclear power plant. Nowadays, majority of low-pressure natural gas pipes with a 50-year service life 
are made of polyethylene (PE). However, there are many loading scenarios [1, 2] in which the pipelines can be subjected to 
plastic deformation. This loading history affects further load-carrying capability of the pipe, and thus its lifetime is affected. 
Although several experimental investigations have been conducted to evaluate the effect of loading history on mechanical 
properties of HDPE [3-5], none of them was focused on the damage characterization based on compressive loading history. 
In addition, our recent test results suggest degradation of mechanical properties for HDPE, generated during a squeeze-off 
process for pipe maintenance, is surprisingly insensitive to deformation speed. As a result, a preliminary investigation has 
been conducted on the possibility of generating compressive damage in HDPE, with a focus on the effects of strain rate (by 
varying the crosshead speed). This paper summarizes the results obtained from the study.   
 

EXPERIMENTAL DETAILS 
 
Materials 
   All specimens used in this study were prepared from commercial PE4710, Cell classification 445576C HDPE pipe of 2 
inches in diameter. Resin for the HDPE pipe is known as PE-80 which is for a grade of PE which has to have the Minimum 
Required Strength (MRS) of 8MPa. Dimensions of arc-shaped specimens, loading direction and compressive test setup are 
shown in Fig. 1. 

 
Figure 1 Arc-shaped specimens (a) and compressive test setup (b)  

Test Conditions 
   The strain was determined based on the variation of thickness along the radial direction, measured using an 
extensometer made in-house. Load is applied in the longitudinal direction of the pipe, as shown in Fig. 1. A preliminary test 
to minimize the end constrain on the test result has suggested that most of the friction at the contact point can be removed 
by applying lubricating grease between specimen and test fixture. The first tests were to apply monotonic compressive 
loading to five prestrain levels (10%, 20%, 30%, 40% and 45%) at crosshead speeds of 0.01, 1 or 50mm/min. In contrast, 
condition used for the second test was monotonic compressive loading at the crosshead speed of 0.01mm/min. Yield stress 
and elastic modulus were determined from the second tests, to evaluate influence of the prestrain level and crosshead speed 
applied in the first tests on variation of their values. 



 
RESULTS AND DISCUSSION 

 
   Yield stress and elastic modulus determined from the second tests are summarized in Fig. 2(a) and 2(b), respectively, as 
a function of prestrain introduced in the first tests. Note that values for specimens without any loading history are also 
included in the figures, at prestrain of 0. The figures suggest that yield stress increases slightly with small prestrains and 
then decreases with further increase of the prestrain, while elastic modulus decreases monotonically with the increase of the 
prestrain. Damage parameter (D) is determined based on the variation of elastic modulus, as shown below [6]: 

 
0

1 ED
E

 �   (1) 

where E and 0E are elastic moduli of the specimens with and without the prestrain, respectively.   
   Fig. 2(c) presents variation of D value as a function of the prestrain introduced in the first test. The figure also includes 
curves generated using Equation (2) [7], with values for A and B determined by fitting the curves to the trend of change of 
measured values. Fig. 2(c) indicates that both prestrain and crosshead speed have a significant effect on the change of D 
values. 
 � �1 expD A BH � �ª º¬ ¼   (2) 

 
Figure 2 Effects of prestrain applied in the first test on the yield stress (a), elastic modulus (b) and the damage parameter D determined based on 

the variation of elastic modulus (c) 
 

CONCLUSIONS  
 
  Effects of compressive loading history on mechanical properties of HDPE have been assessed using the two-test method, 
on specimens prepared from the HDPE pipe. The results show that mechanical properties of HDPE are strongly affected by 
the loading conditions used in the first test. In particular, elastic modulus from the second test, measured at the strain of 
0.5%, decreases significantly with the increase of prestrain applied in the first test. Damage evolution in the first test is 
established using a phenomenological damage model based on the variation of the elastic modulus measured from the 
second test. The results suggest that increase of the crosshead speed, i.e., increase of the strain rate, causes acceleration of 
the damage evolution, thus increasing the extent of damage in the HDPE pipe. Further investigation will be conducted to 
ascertain the existence of the compressive damage in HDPE, and the results will be presented in the conference. 
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A FRAMEWORK FOR FREQUENTLY OCCURRING NON-GENERIC DEGENERACIES
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Summary The occurrence of generic degeneracies in physical systems is closely related to underlying symmetries of the governing equa-
tions. The occurrence of additional non-generic degeneracies which cannot be accounted for by symmetry arguments is usually termed
accidental. In this work, we develop a framework that helps identify and investigate a particular class of degeneracies associated with
equivariant systems under certain common symmetry groups. We show that the existence of a first-integral for such systems (i.e., a potential
function or energy functional) guarantees generically that non-generic degeneracies in the spectrum of the Jacobian (and other system prop-
erties) occur. We describe concrete examples of physical systems exhibiting these types of degeneracies and comment on the ramifications.

INTRODUCTION
Symmetry plays a very important role in the formulation of physical theories in different branches of science and engi-

neering. In the mechanics of materials for example, the presence of symmetry is usually associated with the occurrence of
interesting material properties, or sometimes, symmetry provides an explanation for the lack of such properties. The most
widely studied structures in materials science and solid state physics are crystals, whose wide variety of interesting material
properties are usually directly related to their underlying space group symmetries [6, 3]. Indeed, physical symmetry alone
has been used to motivate and inform the search for novel materials and structures possessing unprecedented properties, with
anticipated applications of such materials in various branches of science and engineering [1].

The presence of symmetry in physical systems often manifests itself through the occurrence of degeneracies. Specifically,
the governing equations of physical systems often exhibit the mathematical property of equivariance from which, for example,
the occurrence of multiple solutions (corresponding to degenerate physical states) or low dimensional parameterizations of
the solution space can be inferred [2, 8, 3, 7, 5]. In practice, this mathematical procedure is almost always used in conjunction
with the additional assumption of generic behavior – this says that the observation of degeneracies in a physical system are
always due to the underlying symmetries – and to repeatedly use this assumption in the derivation and proof of theorems for
such systems [7, 3]. Indeed, the results of equivariant bifurcation theory [4, 2] for example, are based on the assumption
that the Jacobian of the equilibrium equations will generically have exactly the degenerate spectrum that is dictated by the
symmetry of the governing equations. In particular, the generic behavior argument is used to explicitly exclude the possibility
of additional non-generic (or accidental) degeneracies in the spectrum of the Jacobian.

In this work, we formulate a framework which helps identify and investigate a particular class of degeneracies. This
class of degeneracies cannot be expected to occur based on physical symmetry arguments alone (and so, these degeneracies
might be considered accidental) but nevertheless they occur generically enough in the sense that numerous examples of their
occurrence in various branches of science and engineering can be identified through this framework. Specifically, we show that
for equivariant systems under certain common symmetry groups, the existence of a first-integral for the system (i.e., a potential
function or energy functional) guarantees generically that non-generic degeneracy of the Jacobian (and other properties of the
system) occurs. We apply our theory to common physical systems and show that it successfully explains the accidental
degeneracy found in problems involving truss structures with cyclic symmetry, periodic crystals without inversion symmetry
and the well-known degeneracies of the elastic constants matrix in the theory of linear elasticity.

THEORETICAL FRAMEWORK
From a mechanics perspective, it is natural to describe a physical system as a subset B ⊆ Rm, with m ∈ {1, 2, 3} and

to ascribe to it a degree of freedom field by means of a map of the form F ∋ y : B → SF ⊆ RnF (nF ∈ Z+). The degree
of freedom field y ∈ F induces an appropriate response M ∋ χ : B → SR ⊆ RnR ( nR ∈ Z+) over the body. The
degree of freedom field and its associated response are linked via a constitutive relation Ξ : F → M. An example from
classical continuum mechanics would consider a material body B and associate the set B with a domain in Rm: the reference
configuration. The degree of freedom field would be a deformation mapping of the reference configuration into the current
configuration SF . The stress field resulting from the deformation would be identified as a response field.

An energy functional for the body B is simply a map EB : F ×M → R. This definition sets up the degree of freedom
field and its associated response field as energy conjugates. If the functional EB has an integral representation, then f ∈ F
and χ ∈M can possibly be related as functional derivatives. The search for zeros of suitable response functions GB : F→ S
can be interpreted as solving the governing equations for the physical system. For systems with energy functionals, one can
arrive at governing equations by using the principle of stationary potential energy.

∗Corresponding author. Email: relliott@umn.edu



(a) Truss structure with three fold cyclic symmetry. The
center node is assumed fixed. The energy functional for
this system is invariant under the group C3.
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(b) The truss structure’s block circulant stiffness matrix (left) is expected to
diagonalize with all distinct eigenvalues due to cyclic symmetry (top-right), but
it is actually found to contain unexpected degeneracies (bottom-right).

Figure 1: Non-generic degeneracies arising in a elastic truss system with cyclic symmetries
In order to bring symmetry into this framework, we suppose that a group G acts on the physical system and that the group

action on points in B is denoted as �. For g ∈ G, we introduce the notation g �B to denote the set {g � p : p ∈ B}. Then, G
is a geometric symmetry group of B provided that for each g ∈ G, we have g �B = B. The notion of physical symmetry is
associated with the governing equations of the physical system and it is usually expressed through equivariance: A governing
response function GB : F→ S is equivariant for every g ∈ G and every f ∈ F, if we have: GB(f) = g � GB(g−1 • f), i.e.,
GB(g • f) = g � GB(f). Here, the action of the group G on F and S have been denoted as • and � respectively.

Invariance of the energy functional is the condition ÊB(f) = ÊB(g • f) for every f ∈ F and g ∈ G. If we suppose the
action of G on F can be characterized using unitary representations then energy invariance can be used to imply equivariance
of the first derivative of the energy. Further, we can show that the second derivative of the energy (the stiffness operator;
also the Jacobian of the governing equations) commutes with unitary representations of the group G. Under some hypotheses
on G this can be used to further imply that the stiffness operator admits a block diagonal structure commensurate with the
irreducible subspaces of G. However, we can show that under certain circumstances, additional operators commuting with the
stiffness operator may be found as a result of which non-generic degeneracies are observed frequently in practice.

EXAMPLE SYSTEMS
We consider first, the case of the truss structure shown in Fig. 1a. We may choose the set B to be the collection of six nodal

positions {xi ∈ R2 : i = 1, 2, . . . , 6} of the truss and we can let SF = {ui ∈ R2 : i = 1, 2, . . . , 6} denote the corresponding
set of nodal displacement vectors. It is easy to check that the system has an energy invariant under the three-fold cyclic
symmetry group C3. The stiffness matrix however admits a representation commensurate with a larger symmetry group D3

(Fig. 1b). The existence of these accidental degeneracies in the structure of the stiffness matrix is naturally explained by our
framework. Two further examples are as follows: First, for the single electron model of a periodic solid, the action of the
translation group can be used to justify the fact that the eigenstates of the Hamiltonian can be decomposed in terms of Bloch
states. The fact that this calculation deals with the Hamiltonian (which has an energy structure) results in extra degeneracies
for the Bloch states, i.e., degeneracies which cannot be expected based on the translation symmetry alone. Secondly, the elastic
constants matrix in the theory of linear elasticity often shows additional degeneracies – for example, the 11 crystallographic
Laue groups produce only eight distinct forms for the stiffness matrix, so that some Laue groups lead to non-generic degenerate
stiffness matrices. These examples are discussed in detail in a forthcoming paper by the authors.
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Summary This paper presents a finite-strain shell theory, which is consistent with the principle of stationary three-dimensional (3-D)
potential energy. Based on 3-D finite elasticity and by a series expansion, we deduce a vector shell equation with three unknowns. The
success relies on deriving exact recursion relations for the expansion coefficients from the 3-D system. Appropriate 2-D boundary conditions
and associated 2-D weak formulations are also proposed. As an example, the axisymmetric deformation of a spherical shell is considered,
and the shell theory produces second-order correct results by comparison with the exact solution. The advantages of the present shell theory
include consistency, high accuracy, without higher-order stress resultants and its applicability to general loadings.

INTRODUCTION

Shell theory is a classical research field, which can be dated back at least 120 years ago. Early attempts on shell theories re-
lied on a priori hypotheses, mostly motivated by engineering intuition. The well-known shell theories include Kirchhoff-Love
(1888), Reissner (1974), Koiter (1966) and Donnell (1976) theories, and we refer to [1] for a more detailed review. Although
these theories have found a huge success in engineering applications, due to the hypotheses involved their consistency with
the 3-D theory cannot be expected under general loadings.

In recent decades, some consistent mathematical methods, such as asymptotic method and method of Gamma convergence,
have been employed to derive or justify the above theories. Many works are able to establish certain convergence results, but
they rely on a priori scalings between applied loads and shell thickness, which restricts the wide application of such theories.
Recently Steigmann [2] derived a shell theory which incorporates both bending and stretching effects, nevertheless he mainly
focused on the traction-free case. This work intends to generalize previous plate theory [3] to a finite-strain shell theory, which
is consistent with the 3-D weak formulation and with no special restrictions on applied loads.

THE 3-D FORMULATION

We consider a homogeneous thin shell of constant thickness 2h composed of a hyperelastic material. A material point in
the reference configuration Ω × [0, 2h] is denoted by X. Curvilinear coordinates θα (α = 1, 2) are used to parameterize the
base surface Ω.The deformed position is denoted by x = x(θα, Z). Accordingly, the deformation gradient is given by

F =
∂x

∂X
= (∇x)(1 − Zκ)−1 +

∂x

∂Z
⊗ n, (1)

where ∇ is the in-plane (surface) 2-D gradient, κ is the curvature tensor, 1 is the 2-D identity tensor within the tangent plane,
and n is the unit outward normal to Ω. The nominal stress S can be readily obtained from the energy function Ψ(F) by the
formula S = ∂Ψ/∂F. For the case of dead-loading and in the absence of body forces, the 3-D differential system dictates

DivS = 0, in Ω× [0, 2h], STn
!
!
Z=0

= −q−, STn
!
!
Z=2h

= q+, in Ω

x = b(s, Z), on ∂Ω0 × [0, 2h], STN = q(s, Z), on ∂Ωq × [0, 2h],
(2)

where q±,q and b are the prescribed data on the 3-D boundaries, and N is the unit outward normal to the edge.

THE 2-D SHELL THEORY

Derivation of vector shell equation
First, we adopt a series expansion of the deformed position from the bottom surface

x(θα, Z) =
4"

n=0

1

n!
Znx(n)(θα) +

1

5!
Z5x(5)(θα, Z∗), 0 ≤ Z ≤ 2h, x(n)(r) =

∂nx

∂Zn

!
!
!
!
Z=0

. (3)

Similarly, F and S can be expanded in series like (3). It follows from (1) and the definition of S that the expansion coefficients
F(n) and S(n) are linked up to x(n+1), and depend linearly on x(n+1). Note that the above general series is expanded from the
bottom surface rather than from the middle surface of the shell as in classical shell theories. Based on such a new expansion
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and together with strong-ellipticity condition, the coefficient x(1) can be uniquely solved in terms of x(0) from the bottom
traction condition (2)2. Furthermore, substituting these expansions into the field equation (2)1, we obtain a sequence of
equations. The first three can be utilized to derive the recursion relations for x(n) (n = 2, 3, 4). In brief, all these coefficients
are expressible in terms of x(0). Finally, the top traction condition (2)3 furnishes the 2-D vector shell equation in the form

∇ · (1S̃+ hκŜ) + h(1Ŝ)T [2∇H −∇ · κ] = −q̃, q̃ =
1

2h

#
(1− 4hH + 4h2K)q+ + q−

$
, (4)

where H and K are the mean and Gaussian curvatures, and

S̃ = (1 − 2hH)S(0) + h(1−
8

3
hH)S(1) +

2

3
h2S(2), Ŝ = S(0) +

4

3
hS(1). (5)

This system is a fourth-order differential equation for the vector x(0). We point out that the previous plate equation in [3] can
be recovered by setting κ = 0, and this shell equation contains certain extra balancing effects due to the presence of curvature.

The 2-D boundary conditions and weak formulations
To complete the shell theory, two boundary conditions concerning x(0) or its derivatives are needed either on position

boundary ∂Ω0 or the traction boundary ∂Ωq . We propose them in an average sense, i.e,

x(0) = b(0),
1

2h

% 2h

0
xdZ = b̄, on ∂Ω0,

1

2h

% 2h

0
{1, Z − h}STN

√
gτdZ = {q0,m} on ∂Ωq, (6)

where b̄,q0,m are the averaged position, traction and moment vectors, and √
gτ is a factor related to the local curvatures. It

can be shown that the 2-D shell equation (4) and boundary conditions (6) are consistent with the 3-D variational principle.
The associated 2-D weak formulation can be derived by multiplying (4)1 by ξ = δx(0) and integration by parts,

%

Ω
(W − q̃ · ξ) dA =

%

∂Ωq

(q0 · ξ − 2m · η) ds, or

%

Ω
(W − q̃ · ξ) dA =

%

∂Ω
(q̂ · ξ + m̂ · ξ,ν) ds, (7)

where η = δx(1), W involves S(n), and q̂, m̂ are generalized traction and moment vectors. The former one is suitable for the
boundary conditions (6), while the latter one can accommodate various practical edge conditions (e.g. clamped edge).

AN EXAMPLE: AXISYMMETRIC DEFORMATION OF A SPHERICAL SHELL

In this section, we examine the axisymmetric deformations of a spherical shell (cf. [4]), with the strain-energy function
for harmonic materials Ψ = 2

27νI
3
1 −νI2+ν where I1, I2 are the first two principal invariants of the stretch tensor, and ν ≥ 0

is a material constant. The deformation is determined by scalar function r(R) according to x = re
R

. As an example, we set
q− = 0,q+ = q+e

R
, and the exact solution given in [4] is:

r(R) =
1

2

&
1 +

'
(B3(2q+ + ν)−A3ν)/(B3 −A3) ν

(
R+A3B3q+/[2

)
B3 −A3

*
νR2], A ≤ R ≤ B. (8)

In our shell theory with Z = R−A, we first expand r(R) as r =
+4

n=0
1
n!rnZ

n+ · · · . From recursion relations, coefficients
rn (n = 1, .., 4) can be expressed by r0. The shell equation reduces to an algebraic equation of r0, which yields

r0 =
1

4
A
,
1 +

'
1 +A(A+ 2h)2q+/(4h3 + 3A2h) ν

-2
. (9)

By using Taylor expansions (with scale q+ = O(hν/A) for finite deformations), one can easily verify that all the coefficients
rn are correct to O(h2), and hence the shell theory produces an O(h2)-correct solution for r(R). This conclusion is also true
for the general dead-load case and the internally pressurized case.

CONCLUSIONS

In this paper, a consistent finite-strain shell theory is developed with no special restrictions on external loadings (like
scalings with thickness), thus can be potentially applied to various practical situations.
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Summary An accurate analytical three-dimensional piezoelasticity solution is presented for the free edge stress field in smart piezoelectric
laminated plates, using the recently developed mixed-field multiterm extended Kantorovich method (MMEKM). The formulation considers
the two-way electromechanical coupling, and the solution satisfies all traction-free boundary conditions and interlaminar continuity con-
ditions exactly and point-wise. The solution is employed to accurately determine the transverse shear and peel stresses developed at the
actuator-host plate interfaces, and to predict the actuation potential required to control the free edge stresses caused by extension loading.

INTRODUCTION

The well known free edge effect [1] in composite laminated structures becomes further complex in case of hybrid laminates
featuring integrated piezoelectric layers, due to electromechanical coupling. The development of localized three dimensional
(3D) interlaminar stresses near the free edges in laminates subjected to various loadings is known to be the main cause for
initiation of delamination damage in such laminates. In smart laminates, these stresses may be controlled by the application
of electric field across the piezoelectric layers. Compared to elastic laminates, the prediction of free edge stress field in
hybrid laminates has been less attempted due to its inherent complexity. Recently, Huang and Kim [2] have proposed a
stress function based approach for the free edge stress analysis of symmetric piezo-bonded laminates, without considering the
full electromechanical coupling. Being a stress based approach, it fails to satisfy the point-wise interlaminar displacement
continuity conditions and showed unwanted oscillations of the stress variations across the thickness. In the present work, the
mixed-field multiterm extended Kantorvich method (MMEKM) developed recently by the authors’ group for the 3D elasticity
solution of free edge stresses in elastic laminates [3] is extended to analyze hybrid laminates under electromechanical loading.

GOVERNING EQUATIONS FOR PIEZOLAMINATED PANEL

Consider an infinitely long (y-direction) hybrid angle-ply laminated panel with free edges at x = 0 and x = a, and
thickness h along z-direction. Some of the layers can be of monolithic piezoelectric or piezoelectric fibre reinforced composite
(PFRC) materials with poling along the thickness direction. The panel is subjected to uniform axial strain ε0 along the y-
direction. At the bottom and top surfaces (z = ∓h/2), either electric potential φi or charge Di is prescribed. The problem
falls under the state of generalized plane deformation as the stresses and strains are independent of y-coordinate. The Reissner-
type variational principle for such problem with no body force and internal charge source can be expressed as [4]!

V
[σij,jδui +Di,jδφ+ (εij − εGij)δσij − (Ei − EG

i )δDi] dV −
!

AT

(Tn
i − T̄n

i )δuidA

−
!

Au

Tn
i δui dA−

!

AD

(Dn − D̄n)δφ dA−
!

Aφ

Dnδφ dA = 0, ∀ δui, δσij , δφ, δDi (1)

where V denotes the volume per unit length. A subscript comma denotes partial differentiation. εij and Ei denote the strain
and electric field components respectively, obtained from the constitute equations, and superscript G is used to denote the
same when obtained from the strain-displacement and electric field-potential relations, respectively. Substituting εy = ε0 in
the corresponding constitutive equation, σy can be eliminated from all other strain components in Eq. (1). The area integrals
in Eq. (1) vanish as all surface boundary conditions are sought be to satisfied exactly. Apart from the traction free boundary
conditions, the following continuity conditions also are to be satisfied at any kth interface:

[(u, v, w, σz, τyz, τzx, φ, Dz)|(k)z=zk = [(u, v, w, σz, τyz, τzx, φ, Dz)|(k+1)
z=zk (2)

except for Dz for the interfaces between piezoelectric and elastic layers, where it is grounded (φ = 0) for effective actuation.

MMEKM SOLUTION

In the MMEKM, both displacements/electric potential and stress/electric displacement variables are taken as primary
variables. The solution for X = [u v w σx σz τxy τyz τzx φ Dx Dz ]

T is expressed as an n-term series of
the product of separable functions in the inplane and thickness directions as Xl(ξ, ζ) =

"n
i=1 fl(ξ)

igil (ζ) + δl9ḡ9 for l ∈
[1, 11], where δl9 = 1 for l = 9 and else δl9 = 0, ḡ9 = φ1(1− ζ) for k = 1 and ḡ9 = φ2(ζ) for k = L. Here ξ and ζ are the
normalized inplane and local thickness coordinates, varying from 0 to 1. Functions f i

l (ξ) and gil(ζ) are determined iteratively.
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In the first step of any iteration, functions f i
l (ξ) from the previous iteration are considered to be known. By substituting the

variables Xl and its variations δXl in the variational equation (1), integrating over ξ-direction, and equating the coefficients
of δgil individually to zero, a system of first order ordinary differential (ODEs) and algebraic equations are obtained for gil :

MḠ,ζ = ĀḠ+ ÂĜ+ Q̄e; KĜ = ÃḠ+ Q̃e (3)

where Ḡ is a column vector containing gil ’s corresponding to the eight variables which appear in the boundary and continuity
conditions in z direction [Eq. (2)] and Ĝ consists of those for the remaining three variables.The elements of the coefficient ma-
trices and electromechanical load vectors Q̄e and Q̃e are evaluated in closed-form, and the ODEs are solved analytically [3].
In the second step, the last determined gil (ζ) are considered as known, and a system of differential-algebraic equations are
obtained for f i

l (ξ) and solved analytically. The iterations over the two directions are continued until the desired convergence
is achieved. The mixed-field approach allows for the exact satisfaction of all the boundary and interlaminar conditions and
also ensures the same order of accuracy for all variables. A quadruple precision (128 bit) program has been used to obtain the
numerical results, considering the singular nature of free edge stress field.

NUMERICAL RESULTS

Numerical results are presented for a cross-ply composite panel integrated with PFRC actuator layers (Fig. 1a). The
material properties of the elastic substrate and PFRC layers are taken from [3] and [4], respectively. The convergence of the
series solution for uniform actuation potential loading (φ1=−φ0, φ2=φ0) is shown in Fig. 1b. The longitudinal distributions
of τzx and σz show fast convergence within four to five terms, and are in good agreement with full-field 3D finite element
(FE) solution. The solution captures the singularity in τzx (peak increases with n). It is shown in Figure 1c that the free edge
interlaminar stresses in the laminate caused by uniform extension (Ēz = 0 case) can be reduced to the desired level by the
proper application of an electric field to the actuators.

Figure 1: (a) Laminate configuration, (b) distributions of interlaminar stresses under electric potential loading, (c) control of
stresses through actuation

CONCLUSIONS

The analytical series solution based on 3D piezoelasticity presented here employing the MMEKM for the free edge stress
field in hybrid panels under electromechanical loading shows rapid convergence and good agreement with 3D FE results, and
also captures the stress singularity. The solution is useful not only for accurate prediction of free edge interfacial stresses, but
also in determining the actuation potential required for controlling the stresses caused by mechanical loading.
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Summary We outline a variational procedure to derive geometrically nonlinear theories for lower dimensional elastic bodies. We emphasize
a geometric viewpoint and employ general curvilinear coordinates for describing the reference (or undeformed) and current (or deformed)
configurations. It is observed that the local elastic strain (or change of length of an infinitesimal segment) is precisely characterized by the
metric tensors of two configurations induced by the ambient 3D Euclidean space. Upon assuming small elastic strains and linear stress-
strain laws, we immediately obtain the strain energy associated with deformations. The equilibrium configuration can then be found as the
energy-minimizing state of the total free energy. This framework recovers a number of classic simplified theories for beams and shells if
appropriate kinematic assumptions are made.

It is of great interest to study lower-dimensional structures such as 1D rods and 2D shells because of their adaptivity to
geometric constraints and ease of deformation. Most of classic theories for beams and shells are based on some a priori
kinematic assumptions: the kinematic variables, typically, the displacements, are assumed to be small and admit a certain
ansartz, from which the elastic strain can be directly computed [1, 2]. Such approach in general cannot be used to address
structures undergoing large deformations, which motivates our variational approach to geometrically nonlinear theories for
curved beams and shells. We consider 1D space curved beams and 2D shells in the subsequent two sections, respectively.

A geometrically nonlinear theory for space curved bemas
Consider a space curved beam. In the reference configuration B0 (resp. deformed or current configuration B), the centroid

line of the beam is a space curve with arc-length parameterization given by {c0(ξ1) : 0 ≤ ξ1 ≤ L} ⊂ R3 (resp. {c(ξ1) : 0 ≤
ξ1 ≤ L} ⊂ R3). For simplicity, we assume the centroid curve remains to be of C3-class. Let (ξ1, ξ2, ξ3) be the coordinates
such that a material point x ∈ B0 can be represented as x = c0(ξ1)+ξ2ẽ2+ξ3ẽ3, where ẽ1(ξ1) = c0′(ξ1), ẽ2(ξ1) = c0

′′(ξ1)
|c0

′′(ξ1)|
and ẽ3(ξ1) = ẽ1(ξ1) × ẽ2(ξ1) are the local Frenet frame associated with the centroid curve c0. Then the distance between
two material points (ξ1, ξ2, ξ3) and (ξ1, ξ2, ξ3) + d(ξ1, ξ2, ξ3) in the reference configuration is given by

ds20 = g̃ijdξ
idξj , g̃ij =

∂x

∂ξi
· ∂x
∂ξj

=

⎡

⎣
|1 ◦ κ0ξ2|2 + |ξ2τ0|2 + |ξ3τ0|2 ◦ ξ3τ0 τ0ξ2

◦ ξ3τ0 1 0
τ0ξ2 0 1

⎤

⎦ , (1)

where κ0(ξ1) = ẽ2(ξ1) · ẽ′1(ξ1) and τ0(ξ1) = ẽ′2 · ẽ3(ξ1) is the curvature and torsion of the undeformed centroid curve
c0, respectively, and g̃ij is referred to as the metric tensor associated with the undeformed configuration. In addition to
the deformed centroid curve c = c(ξ1), we introduce the relative twist angle ϕ : (0, L) → R to describe the deformed
configuration B. Then according to the Bernoulli-Euler kinematics, the deformation y : B0 → B is given by y = c(ξ1) +

Q(ξ2ẽ2 + ξ3ẽ3), where e1(ξ1) = c′(ξ1)
|c′(ξ1)| , e2(ξ

1) = e′
1(ξ

1)
|e′

1(ξ
1)| and e3(ξ1) = e1(ξ1) × e2(ξ1) are the local Frenet frame

associated with the deformed centroid curve c(ξ1), and the rigid rotation matrix Q is determined by Qẽ1 = e1, Qẽ2 =
cosϕe2 + sinϕe3, and Qẽ3 = ◦ sinϕe2 + cosϕe3. Therefore, the distance between the two material points (ξ1, ξ2, ξ3) and
(ξ1, ξ2, ξ3) + d(ξ1, ξ2, ξ3) in the deformed configuration is given by

ds2 = gijdξ
idξj , [gij ] = [

∂y

∂ξi
· ∂y
∂ξj

] =

⎡

⎣
ζ21 + ζ22 + ζ23 ζ2 cosϕ+ ζ3 sinϕ ◦ ζ2 sinϕ+ ζ3 cosϕ

ζ2 cosϕ+ ζ3 sinϕ 1 0
◦ ζ2 sinϕ+ ζ3 cosϕ 0 1

⎤

⎦ , (2)

where γ′ = |c′|, ζ1 = γ′(1 ◦ ξ2κ cosϕ+ ξ3κ sinϕ), ζ2 = (ϕ′ + τγ′)(◦ ξ2 sinϕ ◦ ξ3 cosϕ) and ζ3 = (ϕ′ + τγ′)(ξ2 cosϕ ◦
ξ3 sinϕ). Therefore, we find that ds−ds0

ds0
≈ ds2−ds20

2|ds0|2 = 1
2 (gij ◦ g̃ij)

dξi

ds0
dξj

ds0
≈ ϵij(ξ1, ξ2, ξ3)

dξi

ds0
dξj

ds0
, where the linearized

strain tensor is given by

ϵij =

⎡

⎣
ϵ11 ξ3(τ0 ◦ ϕ′ ◦ τγ′)/2 ξ2(ϕ′ + τγ′ ◦ τ0)/2

ξ3(τ0 ◦ ϕ′ ◦ τγ′)/2 0 0
ξ2(ϕ′ + τγ′ ◦ τ0)/2 0 0

⎤

⎦ ,

ϵ11 = γ′ ◦ 1 + ξ2(◦ κγ′ cosϕ+ κ0) + ξ3κγ′ sinϕ.

(3)
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For isotropic materials with Young’s modulus E and Poisson’s ration ν (shear modulus G = E
2(1+ν) ), we obtain the strain

energy associated with the deformation y : B0 → B as a functional of kinematic variables (c,ϕ) as

Ue[c,ϕ; c0] =
1

2

∫ L

0

{
EA(γ′ ◦ 1)2 + GJ(ϕ′ + τγ′ ◦ τ0)2 +

EI3
2

(◦ κγ′ cosϕ+ κ0)
2 +

EI2
2

(κγ′ sinϕ)2dξ1. (4)

Let P [c,ϕ; c0] be the potential energy functional due to external loadings and C be the admissible space of the kinematic
variables (c,ϕ). Then the equilibrium configuration can be determined by the principle of minimum free energy:

min
{

F [c,ϕ; c0] ≡ Ue[c,ϕ; c0] + P [c,ϕ; c0] : (c,ϕ) ∈ C
}

, (5)

which completes the geometrically nonlinear theory for space curved beams. The interested reader is referred to [3] for full
details.

A geometrically nonlinear theory for elastic shells
We consider a shell of thickness h and mid-surface S0. Let (ξ1, ξ2) : S0 → R2 be a local parametrization of S0 and

ξ3 ∈ (◦ h/2, h/2) so that a point in the reference (or undeformed) shell B0 can be represented as x = ξ3ñ+ r̃(ξ1, ξ2), where
ñ(ξ1, ξ2) =

r̃,ξ1×r̃,ξ2
|r̃,ξ1×r̃,ξ2 |

. Then the distance between two material points (ξ1, ξ2, ξ3) and (ξ1, ξ2, ξ3) + d(ξ1, ξ2, ξ3) in the

reference configuration is given by (g̃αβ = r̃,α · r̃,β ; ñ,α = h̃ναr̃,ν , h̃αβ = h̃ναg̃νβ)

ds20 = g̃ijdξ
idξj , g̃ij =

∂x

∂ξi
· ∂x
∂ξj

=

[
g̃αβ + ξ3(h̃αβ + h̃βα) + (ξ3)2h̃ναh̃µ

β g̃νµ 0
0 1

]
. (6)

To describe the deformed configuration B, we denote the deformation of mid-surface by ϕ : S0 → S and the induced
parametrization of S by r(ξ1, ξ2) = ϕ(r̃(ξ1, ξ2)). Let n(ξ1, ξ2) =

r,ξ1×r,ξ2
|r,ξ1×r,ξ2 |

be the unit normal. Then the deformation

y : B0 → B is given by y = r(ξ1, ξ2) + ξ3n(ξ1, ξ2), and hence the distance between the two material points (ξ1, ξ2, ξ3) and
(ξ1, ξ2, ξ3) + d(ξ1, ξ2, ξ3) in the deformed configuration is given by (gαβ = r,α · r,β ; n,α = hναr,ν , hαβ = hναgνβ)

ds2 = gijdξ
idξj , gij =

∂y

∂ξi
· ∂y
∂ξj

=

[
gαβ + ξ3(hαβ + hβα) + (ξ3)2hναhµ

βgνµ 0
0 1

]
. (7)

Therefore, we find that ds−ds0
ds0

≈ ds2−ds20
2|ds0|2 = 1

2 (gij ◦ g̃ij)
dξi

ds0
dξj

ds0
≈ ϵij(ξ1, ξ2, ξ3)

dξi

ds0
dξj

ds0
, where the linearized strain tensor

is given by ϵαβ = 1
2 [gαβ ◦ g̃αβ + ξ3(hαβ +hβα ◦ h̃αβ ◦ h̃βα)+ (ξ3)2(hναhµ

βgνµ ◦ h̃ναh̃µ
β g̃νµ)]. By the constitutive relations,

the strain energy associated with mid-surface deformation ϕ is given by (Cαβνµ is the stiffness tensor)

Ue[ϕ; r̃] =
1

2

∫

S0

∫ h/2

−h/2
Cαβνµϵαβϵνµdξ3dS ≈ 1

8

∫

S0

Cαβνµ
[
h△gαβ△gνµ +

h3

12
(2△gαβ△mνµ + △hαβ△hνµ)

]
dS, (8)

where △gαβ = gαβ ◦ g̃αβ , △hαβ = hαβ ◦ h̃αβ , and △mαβ = hναhµ
βgνµ ◦ h̃ναh̃µ

β g̃νµ. Let P [ϕ; r̃] be the potential energy
functional due to external loadings and D be the admissible space of the kinematic variables ϕ. By the principle of minimum
free energy, the equilibrium configuration of the shell is determined by

min
{

F [ϕ; r̃] ≡ Ue[ϕ; r̃] + P [ϕ; r̃] : ϕ ∈ D
}

, (9)

which completes the geometrically nonlinear theory for space curved beams. In particular, we can obtain: (i) the classic
membrane theory if the second term in (8) is neglected, (ii) the Love-Kirchhoff plate/shell theory if the constraint △g = 0 is
enforced, and (iii) the Von Kármán plate theory if both terms in (8) are kept and g̃ = h̃ ≡ 0 (i.e., the reference configuration
is planar).
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MATHEMATICAL MODELING OF THIN LINEARLY QUASICRYSTALLINE PLATES
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Summary We derive a theory of thin linearly quasicrystalline plates by studying the limit behavior of a three-dimensional flat body as its
thickness tends to zero. We exhibit the existence of a surprisingly high number of models, each of them linked to a specific set of boundary
conditions. As such, these results show that quasicrystals behave as smart materials.

INTRODUCTION

Here we perform an asymptotic modeling of linear quasicrystalline plates by regarding its thickness as a small parameter
denoted by ε. We study the behavior of the solution of the physical problem when ε tends to 0. We show that depending
on the type of boundary conditions, 26 different models indexed by a triplet p = (p1, p2, p3) ∈ {0, 1, 2}3 appear at the
limit. Comparing to our previous studies devoted to the mathematical modeling of thin plates in the framework of multi-
physical couplings [1]-[3], this number is stunning. This multiplication of models, however, has its roots in the very structure
of quasicrystals. As shown in [4], the constitutive law of quasicrystalline media present a coupling between two different
kinds of displacement fields: the phonon field, denoted by u, and the phason field, denoted by w (see (1) below). Whereas
phonons are related to translation of atoms and therefore to classical elastic displacements, phasons are associated with atomic
rearrangements and appear in the constitutive equations only through their (noon symmetrized) gradients. This is the main
cause of the huge amount of models we obtain for a single quasicrystalline thin plate. Provided that we manage to control
and/or measure the phason fields, quasicrystals may be used to design new kinds of smart structures.

SETTING THE PROBLEM

We will denote phonon fields by the letters u, v and v′ while the phason fields will be denoted by w, ψ and ψ′. Depending
on the nature of our formulation, these letters and some other symbols may be indexed by ε which stands for the thickness of
the plate, seen as a parameter. The reference configuration of a linearly quasicrystalline thin plate is the closure in R3 of the
set Ωε = ω×(◦ ε, ε) whose outward unit normal is nε and where ω is a bounded domain of R2 with a Lipschitz boundary ∂ω.
Used as indices, letters i and j take their values in {1, 2, 3} while α and β take their values in {1, 2}. With classical notations
and a suitable partition of the plate (see [5] and [6]), the equations determining the physical state sε = (uε, wε) at equilibrium
are:

P(Ωε)

⎧
⎪⎨

⎪⎩

div σε + fε = 0 in Ωε, σεnε = F ε on ΓεuN , uε = 0 on ΓεuD,

div τ ε + gε = 0 in Ωε, τεijn
ε
j = Gε

i on ΓεwN,i, wεi = wε0i on ΓεwD,i, i = 1, 2, 3,

(σε, τε) = Qε(x)(e(uε),∇wε) in Ωε,

where uε, wε, σε and τ ε respectively stand for the phonon field, the phason field, the phonon stress tensor and the phason
stress tensor and where the operator Qε is such that:

σεij = Cε
ijkl ekl(u

ε) + Rε
ijkl (∇wε)kl, τεij = Rε

klij ekl(u
ε) + Kε

ijkl (∇wε)kl. (1)

In these constitutive equations, Cε
ijkl, Kε

ijkl and Rε
ijkl stand for the phonon, phason and phonon-phason coupling coefficients,

respectively.
Without specifying the functional framework, we introduce a bilinear form mε:

mε(ξ, ζ) = mε((v,ψ), (v′,ψ′)) =

∫

Ωε

Qε(e(v),∇ψ) · (e(v′),∇ψ′) dxε, (2)

and a linear form Lε:

Lε(ξ) = Lε((v,ψ)) =

∫

Ωε

(fε · v + gε · ψ) dxε +

∫

Γε
uN

F ε · v dsε +
3∑

i=1

∫

Γε
wN,i

Gε
i ψi dsε. (3)

∗Corresponding author. Email: thibaut.weller@umontpellier.fr



The coupled physical problem then takes the form

P(Ωε) : Find sε = (uε, wε) such that mε(sε, ξ) = Lε(ξ), ∀ ξ.

With the classical assumptions of regularity of the loading and of uniform ellipticity and boundedness of elastic operators, it
is possible to show that this problem has a unique solution. To derive simplified and accurate models, the true question is to
study the behavior of sε when ε, regarded as a parameter, tends to zero.

THE MODELS

It is possible to show that 26 different limit behaviors (indexed by a triplet p = (p1, p2, p3) of {1, 2, 3}3 \{0, 0, 0}) appear,
according to both the type and magnitude of the boundary conditions in P(Ωε). Classicaly (see [7]) we come down to a fixed
open set Ω = ω × (◦ 1, 1) through the mapping πε:

x = (x1, x2, x3) ∈ Ω &→ πεx = (x1, x2, εx3) ∈ Ω
ε
. (4)

To get physically meaningful results, we have to make various kinds of assumptions. The more significant deals with the
magnitude of the electromechanical loading:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

fεα(πεx) = ε fα(x), fε3 (πεx) = ε2 f3(x), ∀x ∈ Ω,

F ε
α(πεx) = ε2 Fα(x), F ε

3 (πεx) = ε3 F3(x), ∀x ∈ ΓuN ∩ Γ±,

F ε
α(πεx) = εFα(x), F ε

3 (πεx) = ε2 F3(x), ∀x ∈ ΓuN ∩ Γlat

gεi (π
εx) = ε2−pi gi(x), ∀x ∈ Ω,

Gε
i (π

εx) = ε3−pi Gi(x), ∀x ∈ ΓwN,i ∩ Γ±,

Gε
i (π

εx) = ε2−pi Gi(x), ∀x ∈ ΓwN,i ∩ Γlat

wε0i(π
εx) = εpi w0i(x), ∀x ∈ Ω.

Also, with the true physical state sε = (uε, wε) defined on Ωε, we associate a scaled physical state sp(ε) = (u(ε), wp(ε))
defined on Ω by:

uεα(xε) = εu(ε)α(x), uε3(x
ε) = u(ε)3(x), wεi (x

ε) = εpi wp(ε)i(x), ∀xε = πεx ∈ Ω
ε
, (5)

We therefore build a family of variational problems indexed by ε. The asymptotic analysis of this family is processed clas-
sically: a priori estimates, week convergence, strong convergence. Without spelling out the topology, one of the main strong
convergence result of this analysis is:

sp(ε) ◦→
ε→0

sp. (6)

To get physically meaningful results it is necessary to define a physical state sεp over the genuine plate Ωε through the descaling
sεp(π

εx) = sp(x), for all x in Ω. This physical state living in the genuine quasicrystalline plate is the unique solution of a
problem posed over the reference configuration, namely:

P(Ωε)p : Find sεp such that
∫

Ωε

Q̃ε
p(x) k(sεp)

0
p · k(ξ)0p dx = Lε(ξ), ∀ ξ.

The detailed definition of k(sεp)
0
p cannot be given here. However, it corresponds to the effective components of the linearized

tensor of small phononic strains and of the gradient of the phason field. The algebraic operations that are associated with these
components lead to the explicit expression of Q̃ε

p which gives the limit constitutive law.
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62.24\ | q . (c) Analytical and FEM predicted force-displacement curve under axial loading for 1=45D q , 2=60D q  and init 10\  q , 35q  
and 60q , respectively. Load softening appears at small initial folding angles. 
 

MIURA-INSPIRED ORIGAMI ASSEMBLAGES 
 
   Rigid-foldable Miura-ori possesses only one deformation mode, which is in-plane compression (folding) or tension 
(unfolding), and the exerting forces are often in-plane or out-of-plane isometric loadings. While in many practical engineering 
problems such as micro/nano functional devices, large scale bending or other out-of-plane deformations are needed. Based 
on the geometric characteristics of Miura pattern and its derivatives [5], a class of origami structures is proposed to realise 
morphological assemblages in 3D space. One of the assemblages is the auxetic cylindrical shells, as mentioned above. 
Figure  2 shows the tunable elastic properties of a large-scale bendable origami structure with varying radius of the connection 
arc. Analytically, we present the elastic deformation characteristics with multiple varying geometric parameters. The existence 
of the critical folding state cM  (M  in Fig. 1a is used as the folding angle.) is dictated by 1m , 2m , D  and E . Combined with 
other parameters, the elastic behavior is fully tunable. Besides, a class of origami-inspired reconfigurable structures are also 
studied and developed, in which different kinematics and mechanics can be realized for specific applications. Note that 
although relatively complex morphological transformation is conducted, the DOF of the system is limited according to the 
geometric compatibility. As a result, the difficulty of controlling the DVVHPEODJHV¶ mobility and mechanics is decreased. On 
the other hand, in the conceptual design of our origami-inspired reconfigurable metamaterials, stiffness of the plates is much 
higher than that of the elastic hinges, so the structural kinematics are decoupled from deformation of the plates. 
   Mechanics of origami structures is experiencing a rapid development, in the aspects from mathematic modeling such as 
curved creases and thick origami, to more practical engineering applications such as multi-stability, architecture and micro 
assembly [6]. Our study of origami-inspired morphological assemblages broaden the research points and design space of 
mechanical metamaterials. It is expected that such structures may provide a wide range of applications in science and 
engineering. 

 
 

Figure 2. Crease pattern and tunable elastic responses of the assembled bendable structure. (a) Crease pattern of the tapered connection arc. 
We character the structure with 3 odd numbers 1m , 2m  and n , where 1m  and 2m  are the number of straight lines of the Miura and 
tapered pattern, respectively; n  is the number of zig-zag lines of the 2 patterns [5]. (b) Illustration of the folding process of the structure, 
in which 2 same Miura-ori are connected by a tapered pattern to realize bending. (c) Tunable elastic properties of the bendable structure, 
with 2 set of determining factors (DF). i.e., DF 1: 1 5m  , 2 7m  , 70D  q  and 40E  q  and DF 2: 1 11m  , 2 5m  , 70D  q  and 

40E  q . In DF 1, there exists a critical folding state despite of the initial folding angles initM , while in DF 2 there does not. 
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APPLICATION OF THE TENSORIAL POLAR DECOMPOSITION
TO 2D MEDIUM WITH OPEN AND CLOSED CRACKS
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2LMT-Cachan (ENS Cachan, CNRS, Université Paris Saclay), 94235 Cachan, France

Summary Using the recently published tensorial polar decomposition, we investigate the induced anisotropy due to the presence of (non-
interacting) cracks in an initially isotropic linear elastic material. Three new results are presented in the case of closed cracks: the micro-
cracking state is represented by a single 2nd order crack density tensor, the compliance tensor is square symmetric, and two cracks arrays
allow to represent the effects of any arbitrary closed microcracks systems, the angle made by the two cracks arrays being π

4 .

TENSORIAL POLAR DECOMPOSITION

Considering the structure of 2D symmetric fourth-order tensors, i.e. having both minor and major indicial symmetries,
Verchery polar decomposition [1, 2] is rewritten in a tensorial form entitled Tensorial Polar Decomposition [3]. The main
result is that any 2D symmetric fourth-order tensor TTT can be written in terms of second-order tensors only in the form

TTT = 2t0JJJ + 2t1111⊗ 111 + 2r0
[
R′

0 ⊗R′
0 ◦ JJJ

]
+ 2r1 (111 ⊗ R′

1 + R′
1 ⊗ 111) (1)

in which R′
0 and R′

1 are deviatoric second order tensors of unit J2-norm ( (.)′ denotes the deviatoric part of a second order
tensor). This decomposition that makes explicitly appear invariants t0, t1, r0, r1 and R′

0 : R′
1, and symmetry classes as

orthotropy is R′
0 : R′

1 = ±1 or 0, r0-orthotropy is r0 = 0, square symmetry is r1 = 0 and isotropy is r0 = r1 = 0.

SYMMETRY ANALYSIS OF OPEN AND CLOSED CRACKS CONTRIBUTIONS

Considering a 2D isotropic uncracked material with a compliance tensor SSS0, the induced anisotropy in the 2D cracked
material will result from anisotropy of the change of compliance tensors with open cracks ŜSSopen, closed cracks ŜSSclosed or with
both open and closed cracks. We investigate the type of induced anisotropy using the polar method in the standard framework
of elastic effective properties of solids with non-interacting cracks expressed in terms of compliance tensor [4], so that the
effective compliance tensor SSS reads:

SSS = SSS0 + ŜSSopen + ŜSSclosed (2)

The polar parameters of the change of compliance tensor defined for open cracks ŜSSopen are found to be

t̂ o0 =
1

2E0

∑

open p

d(p) r̂ o
0 = 0

t̂ o1 =
1

4E0

∑

open p

d(p) r̂ o
1 =

1

4E0

∣∣∣∣∣
∑

open p

d(p)e2iϕ
(p)

∣∣∣∣∣ ϕ̂ o
1 =

1

2
arg

(
∑

open p

d(p)e2iϕ
(p)

) (3)

Previous equation shows that the change in compliance tensor for open cracks is r0◦ orthotropic. This symmetry presents all
the properties already discussed in [4] for cracked media.

The polar parameters of the change of compliance tensor defined for closed cracks ŜSSclosed are found to be

t̂ c0 =
1

4E0

∑

closed p

d(p) r̂ c
0 =

1

4E0

∣∣∣∣∣∣

∑

closed p

d(p)e4iϕ
(p)

∣∣∣∣∣∣
ϕ̂ c
0 =

1

4
arg

⎛

⎝
∑

closed p

d(p)e4iϕ
(p)

⎞

⎠+
π

4

t̂ c1 = 0 r̂ c
1 = 0

(4)

Previous equation (4) shows that the change in compliance ŜSSclosed in the case of multiple arrays of closed cracks is square
symmetric.

∗Corresponding author. Email: boris.desmorat@upmc.fr



REWRITING WITH SECOND ORDER CLOSED CRACK DENSITY TENSOR

In case of open cracks, the fact that the knowledge of only one second order crack density tensor is needed to represent for
the effects of any arbitrary open microcracks systems is a standard result [4].

For closed cracks, we proove that such a result is also true. Rewriting equation (4) using the tensorial polar decomposi-
tion (1), the change in compliance tensor for closed cracks ŜSSclosed reads

ŜSSclosed =
1

E0

[
δ c
mJJJ + δ c

eq

(
δ c′

δ c
eq

⊗ δ c′

δ c
eq

◦ JJJ
)]

(5)

with δ c
m = 2E0t̂ c0 , δ c

eq = 2E0r̂ c
0 , δ c′/δ c

eq = 2(N c
δ ⊗ N c

δ )
′ and N c

δ = cos(ϕ̂ c
0 ) e1 + sin(ϕ̂ c

0 ) e2. This allows for the definition
of second order closed crack density tensor

δ c =
1

2
tr δ c 111 + δ c′

{
δ c
m = 1

2 tr δ c

δ c
eq =

√
1
2δ

c′ : δ c′ (6)

REPRESENTATION OF ANY ARBITRARY CLOSED CRACKS SYSTEM BY TWO NON ORTHOGONAL
FAMILIES OF MICROCRACKS

In case of open cracks, the fact that only two arrays of open cracks are needed to represent for the effects of any arbitrary
open microcracks systems is a standard result [4].

Let us consider multiple arrays of closed cracks. The non zero polar parameters of the change in compliance tensor are
t̂ c0 , r̂ c

0 and ϕ̂ c
0 , see equation (4). Let us then consider two unknown arrays of closed cracks with densities d(1) and d(2) and

angles ϕ(1) and ϕ(2). In order to retrieve the same change in compliance tensor by means of only those two arrays of closed
cracks, one has to solve

1

4E0

(
d(1) + d(2)

)
= t̂ c0

1

4E0

(
d(1)e4i(ϕ

(1)+π
4 ) + d(2)e4i(ϕ

(2)+π
4 )
)

= r̂ c
0 e4iϕ̂

c
0 (7)

with unknowns d(1), d(2), ϕ(1) and ϕ(2) at given values t̂ c0 , r̂ c
0 and ϕ̂ c

0 . By doing so, one shows that two arrays of closed
cracks with densities and angles

d(1) = 2E0(t̂
c
0 ◦ r̂ c

0 ) ϕ(1) = ϕ̂ c
0 d(2) = 2E0(t̂

c
0 + r̂ c

0 ) ϕ(2) = ϕ̂ c
0 +

π

4
(8)

allow to represent the effects of any arbitrary closed microcracks systems. The angle between the to equivalent families of
closed cracks is not π2 as in the open cracks case, it is ϕ(2) ◦ ϕ(1) = π

4 .

CONCLUSIONS

The main conclusions of the present work are:

• with open cracks only , the microcracking state is represented by a single 2nd order crack density tensor do and the
compliance tensor is (r0-) orthotropic (standard results),

• with closed cracks only , the microcracking state is represented by a single 2nd order crack density tensor and the
compliance tensor is square symmetric (new result),

• with open and closed cracks, the microcracking state is represented by the two second order tensors and the compliance
tensor can be fully anisotropic (new result),

• two families of cracks allow to represent the effects of any arbitrary open or closed microcracks systems, the angle made
by the two families of cracks being π

2 for open cracks (standard result) and π
4 for closed cracks (new result).
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�
Summary� 0DWHULDOV� DW� VPDOO� VFDOHV� PD\� H[KLELW� GLIIHUHQW� SURSHUWLHV� WKDQ� WKHLU� PDFURVFRSLF� FRXQWHUSDUW�� DQG� QHZ� WHFKQLTXHV� QHHG� WR� EH�
GHYHORSHG� DQG� XVHG� IRU� WKH� FKDUDFWHUL]DWLRQ� RI� PLFUR�QDQR� PDWHULDOV�� 1DQRLQGHQWDWLRQ� LV� VXFK� D� QHZ� WHFKQLTXH�� ZKLFK� KDV� EHHQ� ZLGHO\�
HPSOR\HG�VLQFH�LWV�GHYHORSPHQW��7KH�WHFKQLTXH�KHDYLO\�UHOLHV�RQ�WKH�FODVVLFDO�+HUW]�FRQWDFW�WKHRU\�IRU�HODVWLF�PDWHULDOV��,W�KDV�EHHQ�H[WHQGHG�WR�
SLH]RHOHFWULF�PDWHULDOV�DQG�PXOWLIHUURLF�PDWHULDOV�DV�ZHOO��,Q�WKLV�ZRUN��ZH�IXUWKHU�WDNH�WKH�VXUIDFH�HQHUJ\�LQWR�WKH�DQDO\VLV�E\�H[WHQGLQJ�WKH�
-.5�FRQWDFW� WKHRU\�IRU�HODVWLF�PDWHULDOV��7KXV��DQ�H[DFW�DGKHVLYH�FRQWDFW� WKHRU\�IRU�PDWHULDOV�ZLWK�PXOWL�ILHOG�FRXSOLQJV� LV�HVWDEOLVKHG��
ZKLFK�PD\�VHUYH�WKH�EDVH�RI�WKH�QDQRLQGHQWDWLRQ�WHFKQLTXH�IRU�PXOWLIHUURLF�PDWHULDOV�� �
�

,1752'8&7,21�
�
� � � ,QVWUXPHQWHG�LQGHQWDWLRQ�WHFKQLTXH�� LQ�ZKLFK�WKH�ORDG�DQG�LQGHQWDWLRQ�GHSWK�DUH�FRQWLQXRXVO\�PHDVXUHG�DQG�UHFRUGHG��
KDV�EHFRPH�RQH�W\SH�RI�WKH�PRVW�XVHIXO�DQG�FRQYHQLHQW�PHWKRGV�WR�FKDUDFWHUL]H�PHFKDQLFDO�SURSHUWLHV�RI�FRQYHQWLRQDO�DV�
ZHOO�DV�DGYDQFHG�PDWHULDOV��7KH\�DUH�SDUWLFXODUO\�XVHIXO�ZKHQ�WKH�WHVWHG�PDWHULDOV�DUH�DW�D�PLFURVFDOH�RU�QDQRVFDOH��ZKLFK�
PD\� H[KLELW� GLIIHUHQW� SURSHUWLHV� WKDQ� WKHLU�PDFURVFRSLF� FRXQWHUSDUW�� 7KH� VXFFHVV� RI� WKH� WHFKQLTXH� UHOLHV� RQ� WKH� FODVVLFDO�
WKHRU\�RI�HODVWLF�FRQWDFW�HVWDEOLVKHG�E\�+HUW]��SOXV�D�IHZ�QHFHVVDU\�PRGLILFDWLRQV�>�@��
� � � ,QGHQWDWLRQ�WKHRULHV�IRU�VRPH�DGYDQFHG�PXOWLIXQFWLRQDO�PDWHULDOV�KDYH�DOVR�EHHQ�GHYHORSHG��*LDQQDNRSRXORV�DQG�6XUHVK�
GHULYHG�DQDO\WLFDO�FRQWDFW�UHODWLRQV�IRU�W\SLFDO�FLUFXODU�ULJLG�LQGHQWHUV�FRQWDFWLQJ�ZLWK�SLH]RHOHFWULF�PDWHULDOV�XVLQJ�+DQNHO�
WUDQVIRUP�>�@��$OPRVW�VLPXOWDQHRXVO\��&KHQ�HW�DO��>���@�REWDLQHG�H[DFW�WKUHH�GLPHQVLRQDO�FRQWDFW�VROXWLRQV�IRU�SLH]RHOHFWULF�
PDWHULDOV� E\�PDNLQJ� XVH� RI� WKH� QHZ� UHVXOWV� LQ� SRWHQWLDO� WKHRU\�� ,Q� WKHLU� VROXWLRQV�� WKH� H[DFW� H[SUHVVLRQ� IRU� DQ\� SK\VLFDO�
TXDQWLW\�DW�DQ\�SRLQW�LQ�WKH�SLH]RHOHFWULF�KDOI�VSDFH�LV�DQDO\WLFDOO\�JLYHQ�LQ�WHUPV�RI�HOHPHQWDU\�IXQFWLRQV��7KH�PHWKRG�ZDV�
IXUWKHU� H[WHQGHG� WR� PDWHULDOV� ZLWK� PXWXDO� FRXSOLQJV� EHWZHHQ� HOHFWULF�� PDJQHWLF�� DQG� HODVWLF� ILHOGV� WR� HVWDEOLVK� WKH�
LQGHQWDWLRQ�WKHRU\�IRU�PXOWLIHUURLF�FRPSRVLWH�PDWHULDOV�>�@��$�UHFHQW�VXUYH\�RQ�WKH�PHWKRG�LV�JLYHQ�LQ�5HI��>�@�
� � � :KHQ�WKH�PDWHULDOV�DUH�DW�D�PLFUR�QDQRVFDOH��WKHLU�SURSHUWLHV�PD\�EH�GLIIHUHQW�IURP�WKDW�PHDVXUHG�DW�D�PLFURVFDOH��7KH�
QDQRLQGHQWDWLRQ�EHKDYLRXU�RI�VPDOO�VFDOHG�PDWHULDOV�PD\�WR�D�ODUJH�H[WHQW�DOVR�EHFRPH�GLIIHUHQW��,Q�WKLV�VWXG\��ZH�WDNH�WKH�
HIIHFW� RI� VXUIDFH� HQHUJ\� LQWR� FRQVLGHUDWLRQ�� LQ� DGGLWLRQ� WR� WKH� PXOWL�ILHOG� FRXSOLQJ� FKDUDFWHULVWLF� WKDW� LV� LQWULQVLF� IRU�
PXOWLIHUURLF�PDWHULDOV��7KH�ZRUN�LV�DQ�H[WHQVLRQ�RI�WKH�ZHOO�NQRZQ�-.5�DGKHVLYH�FRQWDFW�WKHRU\�IRU�HODVWLF�VROLGV�>�@�DQG�
WKH�&KHQ�<X�WKHRU\�IRU�SLH]RHOHFWULF�PDWHULDOV�>�@�� �
�

*(1(5$/�62/87,21�
�
� � � :H�EDVH�RQ�RXU�DQDO\VLV�RQ�SRWHQWLDO�WKHRU\�DQG�HPSOR\�WKH�IROORZLQJ�JHQHUDO�VROXWLRQ�IRU�PXOWLIHUURLF�PHGLD��
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ZKHUH�ui� DUH�GLVSODFHPHQW�FRPSRQHQWV��w� uz��w� I�� DQG�w� \��ZLWK�I� DQG�\� EHLQJ� WKH�HOHFWULF� DQG�PDJQHWLF�SRWHQWLDOV�
UHVSHFWLYHO\� � Eik� DUH� UHODWHG� WR�PDWHULDO� FRQVWDQWV�RI� WKH�PXOWLIHUURLF�PDWHULDO�� DQG�<i� �i �����«�����DUH� �TXDVL���KDUPRQLF�
IXQFWLRQV�VDWLVI\LQJ��
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ZKHUH�zi siz��ZLWK�si�EHLQJ�WKH�FKDUDFWHULVWLF�PDWHULDO�LQGLFHV�VROHO\�GHWHUPLQHG�E\�WKH�PDWHULDO�SURSHUWLHV��
� � � 7KH�DERYH�JHQHUDO�VROXWLRQ��H[SUHVVHG�LQ�WHUPV�RI�KDUPRQLF�IXQFWLRQV��FRXOG�EH�REWDLQHG�IURP�D�PRUH�JHQHUDO�RQH�ZLWK�
WKHUPDO�HIIHFW�>�@��,W�LV�YDOLG�IRU�PXOWLIHUURLF�VROLGV�ZLWK�WUDQVYHUVH�LVRWURS\��WKH�PDWHULDO�D[LV�SHUSHQGLFXODU�WR�WKH�x�y�SODQH��
ZKHQ�WKH�PDWHULDO�LQGLFHV�si �i �����������DUH�GLVWLQFW�IURP�HDFK�RWKHU��)RU�PRUH�GHWDLOV��WKH�UHDGHU�LV�UHIHUUHG�WR�5HI��>�@��
�

327(17,$/�7+(25<�0(7+2'�
�
� � � )RU�D�FLUFXODU�ULJLG�LQGHQWHU�FRQWDFWLQJ�ZLWK�D�PXOWLIHUURLF�KDOI�VSDFH�ZLWK�VXUIDFH�z ���ZH�PD\�DVVXPH�
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ZKHUH�cik�DUH�FRQVWDQWV� WR�EH�GHWHUPLQHG��DQG� � � � � OQ> � � � @ � �Gk kS
H z R M N z N SU I V �³³ � DUH�SRWHQWLDOV��ZLWK�R�EHLQJ�WKH�

GLVWDQFH�EHWZHHQ�DQ\�LQWHULRU�SRLQW�M�DQG�D�VXUIDFH�SRLQW�N�ZLWKLQ�WKH�FRQWDFW�DUHD�S��V� Vz��V� Dz��DQG�V� Bz��+HUH�Vz��Dz�
DQG�Bz�DUH�WKH�QRUPDO�VWUHVV��HOHFWULF�GLVSODFHPHQW�DQG�PDJQHWLF�LQGXFWLRQ��UHVSHFWLYHO\��DOO�EHLQJ�LQ�WKH�z�GLUHFWLRQ�� �
� � � 6XEVWLWXWLQJ�(T������LQWR�(T�������PDNLQJ�XVH�RI�WKH�FRQVWLWXWLYH�UHODWLRQV��ZH�FDQ�REWDLQ�DOO�SK\VLFDO�TXDQWLWLHV�LQ�WHUPV�
RI�WKH�WKUHH�SRWHQWLDOV�Hk��)URP�WKH�FRQWDFW�FRQGLWLRQV�RQ�S�DQG�WKH�ERXQGDU\�FRQGLWLRQV�RXWVLGH�S�DW�z ���ZH�FDQ�GHWHUPLQH�
WKH�FRQVWDQWV�cik�LQ�(T������DV�ZHOO�DV�GHULYH�WKH�IROORZLQJ�LQWHJUDO�HTXDWLRQV�
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  ¦ �� 7KH�PDWKHPDWLFDO� VWUXFWXUH� RI� WKH� DERYH� LQWHJUDO� HTXDWLRQV� LV� LGHQWLFDO� WR� WKDW� IRU�

HODVWLF� FRQWDFW�� DQG� KHQFH� ZH� FDQ� UHDGLO\� REWDLQ� WKH� H[DFW� VROXWLRQV� RI� � � � �� ����k N kV  � IRU� WKUHH� W\SLFDO� FLUFXODU�
LQGHQWHUV��L�H��VSKHULFDO��IODW�HQGHG��DQG�FRQLFDO���0RUHRYHU��E\�VXEVWLWXWLQJ� � �k NV � EDFN�LQWR�WKH�SRWHQWLDOV�LQ�(T�������ZH�
FDQ�REWDLQ�DQDO\WLFDO�H[SUHVVLRQV�RI�WKH�IRXU�KDUPRQLF�IXQFWLRQV�DOO�LQ�WHUPV�RI�HOHPHQWDU\�IXQFWLRQV�>�@��
�

$'+(6,9(�&217$&7�$1$/<6,6�2)�$�63+(5,&$/�,1'(17(5�
�
� � � 7R� VKRZ� WKH� SURFHGXUH� RI� DGKHVLYH� FRQWDFW� DQDO\VLV�� ZH� FRQVLGHU� IRU� LOOXVWUDWLRQ� DQ� HOHFWULFDOO\� DQG� PDJQHWLFDOO\�
FRQGXFWLQJ�VSKHULFDO�LQGHQWHU�ZLWK�]HUR�HOHFWULF�DQG�PDJQHWLF�SRWHQWLDOV�SUHVFULEHG�RQ�LW��$VVXPLQJ�WKH�FRQWDFW�UDGLXV�LV�a��
ZH�FDQ�REWDLQ�WKH�HQHUJ\�UHOHDVH�UDWH�G�DW�WKH�FRQWDFW�HGJH�DV�
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 � � ZKLFK�FDQ�EH�REWDLQHG�IURP�WKH�DQDO\WLFDO�H[SUHVVLRQ�RI�V� Vz��DQG�K�DQG�K���FDQ�

EH�GHWHUPLQHG�IURP�WKH�PDWHULDO�SURSHUWLHV�>�@��$FFRUGLQJ�WR�WKH�-.5�WKHRU\��ZH�VKRXOG�VHW�
�
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ZKHUH� �K LV�WKH�VXUIDFH�HQHUJ\��(TXDWLRQ�����SOXV�WKH�IROORZLQJ�UHODWLRQ�
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ZKHUH�R��LV�WKH�UDGLXV�RI�WKH�VSKHULFDO�LQGHQWHU��FRPSOHWHO\�GHWHUPLQH�WKH�UHODWLRQ�EHWZHHQ�WKH�ORDG�P�DQG�WKH�LQGHQWDWLRQ�
GHSWK�G�RU�WKDW�EHWZHHQ�P�DQG�WKH�FRQWDFW�UDGLXV�a��1RWH�WKDW�(T������LV�REWDLQHG�E\�LQWHJUDWLQJ�V��RYHU�WKH�FRQWDFW�DUHD��
� � � :LWK� WKH� H[DFW� FRQWDFW� UHODWLRQV� WKXV� REWDLQHG�� WKH� DGKHVLYH� FRQWDFW� WKHRU\� RI� PXOWLIHUURLF� PDWHULDOV� LV� FRPSOHWHO\�
HVWDEOLVKHG��,W�LV�ZRUWK�VWUHQJWKHQLQJ�WKDW�DOO�UHVXOWV�DUH�JLYHQ�LQ�WHUPV�RI�HOHPHQWDU\�IXQFWLRQV�E\�RXU�DQDO\VLV�� �
�

$&.12:/('*(0(176�
�

� � � 7KH�ZRUN�ZDV�VXSSRUWHG�E\�WKH�1DWLRQDO�1DWXUDO�6FLHQFH�)RXQGDWLRQ�RI�&KLQD��1R������������DQG�WKH�6SHFLDOL]HG�5HVHDUFK�
)XQG�IRU�WKH�'RFWRUDO�3URJUDP�RI�+LJKHU�(GXFDWLRQ��1R�������������������
�
5HIHUHQFHV�
�
>�@� 2OLYHU� :�&��� 3KDUU� *�0��� ,PSURYHG� 7HFKQLTXH� IRU� 'HWHUPLQLQJ� +DUGQHVV� DQG� (ODVWLF� 0RGXOXV� 8VLQJ� /RDG� DQG� 'LVSODFHPHQW� 6HQVLQJ� ,QGHQWDWLRQ�

([SHULPHQWV��J. Mater. Res.���������������������
>�@� *LDQQDNRSRXORV�$�(���6XUHVK�6���7KHRU\�RI�,QGHQWDWLRQ�RI�3LH]RHOHFWULF�0DWHULDOV��Acta Materialia����������������������
>�@� &KHQ�:�4���'LQJ�+�-���,QGHQWDWLRQ�RI�D�7UDQVYHUVHO\�,VRWURSLF�3LH]RHOHFWULF�+DOI�6SDFH�E\�D�5LJLG�6SKHUH��Acta Mech. Solida Sin.��������������������
>�@� &KHQ�:�4���6KLR\D�7���'LQJ�+�-���7KH�(ODVWR�(OHFWULF�)LHOG�IRU�D�5LJLG�&RQLFDO�3XQFK�RQ�D�7UDQVYHUVHO\�,VRWURSLF�3LH]RHOHFWULF�+DOI�6SDFH��J. Appl. Mech.�

����������������������
>�@� &KHQ�:�4���3DQ�(�1���:DQJ�+�0���=KDQJ�&�=���7KHRU\�RI�,QGHQWDWLRQ�RQ�0XOWLIHUURLF�&RPSRVLWH�0DWHULDOV��J. Mech. Phys. Solids����������������������
>�@� &KHQ�:�4���6RPH�5HFHQW�$GYDQFHV�LQ��'�&UDFN�DQG�&RQWDFW�$QDO\VLV�RI�(ODVWLF�6ROLGV�ZLWK�7UDQVYHUVH�,VRWURS\�DQG�0XOWL�ILHOG�&RXSOLQJ��Acta Mech. Sin.�

�������������������
>�@� -RKQVRQ�.�/���.HQGDOO�.���5REHUWV�$�'���6XUIDFH�(QHUJ\�DQG�WKH�&RQWDFW�RI�(ODVWLF�6ROLGV��Proc. Royal Soc. Lond.�$��������������������
>�@� &KHQ�=�5���<X�6�:���0LFUR�6FDOH�$GKHVLYH�&RQWDFW�RI�D�6SKHULFDO�5LJLG�3XQFK�RQ�D�3LH]RHOHFWULF�+DOI�6SDFH��Compos. Sci. Tech.����������������������
>�@� &KHQ�:�4���/HH�.�<���'LQJ�+�-���*HQHUDO�6ROXWLRQ�IRU�7UDQVYHUVHO\�,VRWURSLF�0DJQHWR�(OHFWUR�7KHUPR�(ODVWLFLW\�DQG�WKH�3RWHQWLDO�7KHRU\�0HWKRG��Int. J. 
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VARIATIONAL PHASE FIELD MODELS FOR DUCTILE FRACTURE AT FINITE STRAIN:

A GRADIENT-EXTENDED PLASTICITY-DAMAGE THEORY

AND ITS MICROMORPHIC REGULARIZATION

C. Miehe∗, S. Teichtmeister, F. Aldakheel 1

1Institute of Applied Mechanics (CE), University of Stuttgart, Stuttgart, Germany

Summary A novel variational-based theory [7, 9] for the phase field modeling of ductile fracture in elastic-plastic solids at large strains is
outlined. The phase field approach, which regularizes sharp crack surfaces within a pure continuum setting by a specific gradient damage
modeling, is linked to a formulation of gradient plasticity. The framework includes two independent length scales which regularize both the
plastic response as well as the crack discontinuities. This ensures that the damage zones of ductile fracture develop inside of plastic zones,
and guarantees on the computational side mesh objectivity in postcritical ranges.

DIFFERENT PHASE FIELD APPROACHES TO FRACTURE

Ductile fracture is a phenomenon that couples at the macroscopic level plastic deformations with the accumulation of dam-
age and crack propagation. Damage is caused by deformation mechanisms at the microscopic level, such as void nucleation,
growth and coalescence, the formation of micro-shear-bands and micro-cracks. A large number of phenomenological and
micro-mechanically approaches exists for the continuum modeling of ductile fracture, see e.g. Besson [3] for an overview.

From a computational point of view, the tracking of sharp crack surfaces provides substantial difficulties and is often
restricted to simple crack topologies. This difficulty can be overcome by recently developed phase field approaches to fracture,
which regularize sharp crack discontinuities within a pure continuum formulation. This geometrically motivated diffusive

crack modeling allows the resolution of complex failure patterns. For Griffith-type brittle fracture, a Γ-convergent variational
structure based on the Mumford-Shah functional steming from image segmentation is presented in Bourdin et al. [4]. For
this model, a typical temporal development of the fracture phase field is depicted in Figure 1a). Here, irreversibility of the
cracking process is modeled by evolving Dirichlet-type boundary conditions and does not constrain the fracture phase field
locally. The phase field approach presented by Miehe et al. [6] is a gradient damage theory with constitutive structures rooted
in fracture mechanics, which bases on the incorporation of a regularized crack surface density function motivated by geometric
considerations. Here, a local irreversibility constraint on the fracture phase field is included, which, in contrast to the first
mentioned formulation, allows the phase field variable only to grow. Figure 1b) depicts a typical evolution of the fracture
phase field for a gradient damage theory with threshold, as considered in Pham et al. [10] and Miehe et al. [8]. Note, that both
approaches result in a distribution of the phase field with a non-differentiable point at the cracked point and are hence suitable
to reproduce a sharp crack limit for a vanishing length scale.
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Figure 1. Evolution of the fracture phase field d for formulations a) without and b) with local irreversibility.

COUPLING OF GRADIENT PLASTICITY AND GRADIENT DAMAGE

Extensions to the phase field modeling of ductile fracture are exclusively related to the second approch, representing
conceptually a coupling of gradient damage mechanics with models of elasto-plasticity, see Alessi et al. [1] and Ambati et
al. [2]. However, these settings combine models of local plasticity without inherent length scales to the gradient-damage-
type phase field modeling of fracture. This does not meet the demand of related plastic and damage length scales, keeping
regularized fracture zones inside of plastic zones, and does not guarantee on the computational side mesh objectivity in
postcritical ranges. This is achieved in the recent work Miehe et al. [7] that couples gradient plasticity to gradient damage. A
characteristic computational result is depicted in Figure 2.

∗Corresponding author. Email: cm@mechbau.uni-stuttgart.de
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Figure 2. Ductile fracture of a V-notch bar in tension. Contours of equivalent plastic strain α and fracture phase field d for
different combinations of fracture lf and plastic length scale lp > lf .

However, the implementation of coupled gradient plasticity-damage by the finite element method is demanding. Especially
on the plastic side, the realization of sharp plastic boundary induces substantial difficulties. An alternative is conceptually
provided by the micromorphic approach to gradient-extended models in the sense of Forest [5], which was applied in Miehe et
al. [9] as a regularization of the canonical theory developed above. Here, the key idea is the introduction of dual local-global
field variables {d̄, d} and {ᾱ,α} linked via a penalty method, where only the global fields α and d are restricted by boundary
conditions. With these extensions at hand the evolution problem of gradient damage coupled with gradient plasticity is shown
to be governed by the pure minimization principle

{ϕ̇, α̇, ḋ, ˙̄α, ˙̄d, ε̇p} = Arg{ inf
ϕ̇,α̇,ḋ, ˙̄α, ˙̄d,ε̇p

Π(ϕ̇, α̇, ḋ, ˙̄α, ˙̄d, ε̇p) } ,

the existence of which accounts for inherent symmetries of the coupled problem.
In summary, the basic ingredients of the proposed formulation are three aspects: (i) A phase field model for ductile fracture

that combines ingredients of gradient plasticity and gradient damage. (ii) A thermodynamic framework that is fully variational
in nature, based on a split of a work density function W into energetic and dissipative parts, and a dissipation function V with
separate thresholds for plasticity and damage. (iii) The micromorphic regularization of the variational principle of gradient-
enhanced plasticity-damage, allowing a convenient and robust numerical implementation. The modeling capacity of the
formulation is underlined by representative numerical simulations.
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THE VARIATIONAL PRINCIPLE FOR PROBABILISTIC MEASURE, HASHIN-SHTRIKMAN 

BOUNDS AND BEYOND 
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Summary Numerical studies reveal the enormous complexity of local fields in composites with random microstructures. There is no 
doubt that the local fields can be described adequately only in probabilistic terms. Such description is needed not only for characterization 
of the state of a composite, but also for prediction of  microstructure evolution due to plasticity, fatigue, or fracture, where the path of 
evolution is controlled by the local fields. At the moment, the probabilistic characteristics of local fields are sought by statistical analysis 
of a huge number of numerical simulations conducted for different realizations of microstructures. Apparently, a more practical way is 
desirable. In this talk it is discussed the possibility of using for such purposes the variational principle for probabilistic measure 
constructed in (Berdichevsky, J. Appl. Math. Mech., 1987). We derive classical results of homogenization theory and obtain statistical 
characteristics of local fields which were not available previously.     
 
Numerical studies reveal the enormous complexity of local fields in composites with random microstructures. There is no 
doubt that the local fields can be described adequately only in probabilistic terms. Such description is needed not only for 
characterization of the state of a composite, but also for prediction of the evolution of microstructures due to plasticity, 
fatigue, or fracture, where the path of evolution is controlled by the local fields. At the moment, the probabilistic 
characteristics of local fields are sought by statistical analysis of a huge number of numerical simulations conducted for 
different realizations of microstructures. Apparently, a more practical way is desirable. In this talk the possibility of using 
for such purposes the variational principle for probabilistic measure [1-3] is discussed. 
    The variational principle for probabilistic measure states that the true probabilistic characteristics of local fields u give 
minimum value to the mathematical expectation of energy, 
 

                                     
                             
where a denotes the set of material characteristics, u the set of field gradients (electric field, strains, etc), ȁ(a,u) energy 
density, f(a,u) one-point joint probability density of material characteristics a and field gradients u. The admissible functions 
f(a,u) satisfy an infinite chain of constraints, which include all n-point probability densities of fields a and u. The variational 
principle was proved in [1] and discussed in detail in [2]. The major difficulty in applications of the variational principle is 
to understand how to properly truncate the infinite chain of constraints. The first advancement in this direction was made in 
[3], where approximate solutions for probabilistic characteristics of local fields were obtained for lognormal composites and 
some two-phase composites. In this talk it will be shown that 
    1) the basic approximations of probability density for two-phase composites with random microstructures (Reuss, 
Hashin-6KWULNPDQ��FRUUHVSRQG�WR�į-functions concentrated at two points; the corresponding fields u are not potential, 
    2) if probability density is concentrated at a number of points, then the minimum number of points that are necessary to 
satisfy the potentiality condition is three, 
    3) the approximate solutions for probability density concentrated at three points and obeying the potentiality constraint 
are obtained for heat conduction and elasticity of two-phase composites; the corresponding effective moduli are within 
Hashin-Shtrikman bounds while local fields get more accurate description, 
    4) an iteration procedure is developed for further rectification of the local field description. 
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RANDOM STRUCTURE COMPOSITES WITH NONLOCAL THERMOELASTIC
PROPERTIES OF CONSTITUENTS

Valeriy Buryachenko ∗

Micromechanics & Composites LLC, Dayton, Ohio 45459, USA

Summary A theory of thermoelastic composite materials (CMs) with nonlocal properties (either strongly nonlocal or peristatic) of con-
stituents is analyzed for multiphase statistically homogeneous elastic solids of arbitrary geometry and material symmetry subjected to the
homogeneous boundary conditions. One obtains the new representation of the effective modulus and compliance through the mechanical
influence function which does not explicitly depend (as opposed to its local counterpart) on the elastic operators of constituents. A gener-
alization of the Hill’s [1] equality to the composites with nonlocal properties (either strongly nonlocal or peristatic) is proved. However,
the representations of the effective eigenfields through the mechanical influence functions generalizing Levin’s [2] representation does not
in general hold for thermoperistatic CMs. The general integral equations (GIEs) connecting the displacement fields in the point being con-
sidered and the surrounding points are proposed without any auxiliary assumptions which are implicitly exploited in the known centering
methods.

CM WITH NONLOCAL THERMOELASTIC PROPERTIES OF CONSTITUENTS

The current interest in nonlocal simulation is driven largely by a practical need in the design, fabrication and characteriza-
tion of nanocomposites containing heterogeneities with at least one size of nano length scale. The general results establishing
the links between the effective properties (effective elastic moduli, effective thermal expansion, and effective specific heat) and
the corresponding mechanical and transformation influence functions are worthy of notice. The works of this general direc-
tion were inspired by Hill [1] and Levin [2], who obtained the classical representations of effective elastic moduli and thermal
expansion through the mechanical influence functions. In the current presentation, we formulate a theory of thermoelastic
composites with nonlocal properties of constituents at the similar level of generality as [1, 2] whose micromechanical theories
for composites contain only constituents with local elastic properties. We restrict our consideration to thermostatics, so that we
analyze systems at uniform temperature. Due to their generality, we will use the nonlocal integral models because the gradient
models are usually derived as approximations of corresponding integral models in the immediate (infinitely closed) vicinity
of the point being considered. One explores a simplified theory for linear elasticity (”strongly nonlocal”, see for references ),
which differs from the classical local theory in the stress-strain constitutive relation only σ(x)L ∗ ε(x) +α(x), whereas the
equilibrium and compatibility equations remain unaltered; here the elastic integral operator L is defined by the kernel L(x,y)
depending on the scalar attenuation function L(x,y) = L(x)λ(x,y).

One [3] obtains the new representations of the effective modulus and compliance through the mechanical influence func-
tion which does not explicitly depend (as opposed to its local counterpart) on the elastic operators of constituents. These
representations yield the symmetry of local effective properties K∗ [K∗ = L∗,M∗ = (L∗)−1] inside the index pairs. The
symmetry of K∗ between the index pairs (K∗)⊤ = K∗ was prowed from the new energetic representations of K∗. One also
prowed that the effective elastic operator (which is the tensor L∗ in our case) is self-adjoint if the nonlocal elastic operator at
the fine scale is self-adjoint. The representations for the effective eigenstrains and eigenstresses through either the mechanical
influence functions or transformation influence functions are presented. The effective strain energy and potential energy are
expressed in terms of only average values of the state variables and the effective properties. Representations of both the first
and second statistical moments of stress and strain fields in the constituents are also performed. Many of the results were
obtained as the straightforward generalizations of their local counterparts because the methods used for obtaining the men-
tioned results widely exploit the Hill’s [1] condition which holds for any compatible strain field and equilibrium stress field
not necessarily related to each other by a specific stress-strain relation.

In spite of a variety of nonlocal models for a single heterogeneity in an infinite matrix (first problem), these solutions are
usually incorporated in a generalized Mori-Tanaka scheme (second problem) although the use of any other micromechanical
method based on the effective field hypothesis (EFH, see for references [4]) presents no difficulties. However, the Mori-
Tanaka scheme is just a particular case of a one particle version of the effective field method (EFM) which is based on
both the hypothesis of effective field homogeneity and quasi-crystalline approximation (see for details [4]). However, the
nonlocal nature of constitutive law necessarily leads to inhomogeneity of stress distribution inside homogeneous ellipsoidal
inclusion that in turn leads to a drastic inhomogeneity of the effective fields (it will be qualitatively demonstrated in the
current presentation) that makes validity of the classical micromechanical approaches to be questionable. A solution of a
volume integral equation for one heterogeneity inside an infinite matrix is presented by the iteration method. The operator
representation of this solution is incorporated into the new general integral equations (GIE, see [5-7]) of micromechanics
proposed without exploiting basic hypotheses of classical micromechanics such as the EFH and the “ellipsoidal symmetry”
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assumption. New GIEs present in fact the new (second) background of multiscale analysis offering the opportunities for a
fundamental jump in multiscale research of random heterogeneous media with drastically improved accuracy of local field
estimations (with possible change of sign of predicted local fields). These new GIEs are obtained by centering procedure
of subtraction from both sides of a new initial integral equation their statistical averages obtained without any auxiliary
assumptions which are implicitly exploited in the known centering methods. Numerical results are presented in [8].

TERMOPERISTATIC COMPOSITES

In contrast to the classical local and nonlocal theories, the peridynamic equilibrium equation introduced by Silling [9] is
free of any spatial derivatives of displacement and presented in the form of a Fredholm equation of second kind (bond-based
approach, see for the notations and details [1]): L̂(u)(x) + b(x) = 0, where L̂(u)(x) =

!
f(u(x̂)− u(x), x̂− x,x)dx̂ and

f is a pairwise force function (called also a bond force). In opposite to micromechanics of thermoelastic composite materials
(CM, [1, 2]), the general theory of peristatic CM is not nearly developed. Because of this even the background concepts of
micromechanics (see for details, e.g., [10, 11]) such as the effective moduli and effective eigenfields are not yet defined in
the theory of random structure peristaltic CMs. The current work is dedicated to closing this gap between micromechanical
approaches and perydynamic models and to generalization of the mentioned general results for thermoelastic CMs to its
peristatic counterparts.

For statistically homogemneous thermoperistatic media subjected to homogeneous volumetric boundary loading, one
proved that the effective behaviour of this media is governing by conventional effective constitutive equation which is in-
trinsic to the local thermoelasticity theory. A generalization of the Hill’s equality to the peristatic composites is proved. The
general results establishing the links between the effective properties (effective elastic moduli, effective thermal expansion)
and the corresponding mechanical and transformation influence functions are obtained by the use of decomposition of local
fields into the load and residual fields. A detected similarity of results for both the locally elastic and peristaltic composites is
explained by the fundamental reasons because the methods used for obtaining of the mentioned results widely exploit the Hill’s
[1] condition (generalized to the peristatic CMs in this work) and the self-adjointness of the stress operator Lσ defined by the
equation σ(x) = Lσ(u)(x), Lσ(u)(x) := Lσ(C,α,u)(x). Effective moduli L∗ end effective eigenstrain β∗ of termoperi-
static CM are expressed through the introduced new concept of the local stress polarisation tensor τ (x) = Lσ(C1,α1,u)(x)
averaged over the extended inclusion phase rather than in an entire space. Here C1 and α1 are the jump of the micromodulus
and microeigenstress, respectively, inside the inclusion with respect to the matrix. pectations. However, the representations of
the effective eigenfields through the mechanical influence functions generalizing Levin’s [2] representation does not in general
hold for thermoperistatic CMs (see for references and details [11]).

For thermoperistatic CMs, the new general integral equations (GIE) connecting the displacement fields in the point being
considered and the surrounding points is proposed in the operator form of perturbators expressed through the local stress
polarisation tensor τ (x) and generalizing their thermoelastic counterpart [10]. The mentioned analogy instills confidence in
ease of straightforward generalizations of well known methods of micromechanics of thermoelastic media (see for references
[6, 7]) to its thermoperistatic counterparts. The numerical results are presented in [10, 12, 13] for 1D examples demonstrate
a convergence of effective properties estimations obtained for peristatic composite bar to the corresponding exact evaluations
for the local thermoelastic theory.

The author acknowledges the support of the US Office of Naval Research.
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MICROMECHANICS OF MAGNETO- AND ELECTRO-ACTIVE SOFT COMPOSITES
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Summary In this work, we analyze the nonlinear coupled behavior of magnetoactive elastomer (MAE) composites undergoing finite de-
formations in the presence of a magnetic field. The responses of MAEs with periodically distributed active particles embedded in a soft
matrix are determined numerically. These numerical results together with analytical estimates for random distributions of particles illustrate
the strong sensitivity of the magnetomechanical coupling to changes in microstructures. Based on an exact solution for magneto-active
laminates, we propose a model for anisotropic MAEs with chain-like structures induced during the curing process in a magnetic field. Next,
stability of the anisotropic MAEs is analyzed, and explicit expressions for critical magnetic field are derived in terms of constituents’ volume
fractions and material properties. Finally, a new distinct mode of instabilities is found for the composites with high concentrations of the
active phase. Thanks to the mathematical analogy, the findings also apply to dielectric elastomer composites.

INTRODUCTION

Magneto-active elastomers (MAE) are soft responsive materials that can change their effective stiffness and undergo finite
deformations when subjected to an external magnetic field. Thanks to MAEs’ abilities to remotely, rapidly and reversible
change their properties and shape, many potential applications have been proposed ranging from vibration and acoustic control
devices to actuators and biomedical applications. These active composite materials usually comprise magnetizable particles
embedded in a soft elastomeric magnetically inactive matrix. Thus, the magneto-active properties are due to the interactions
of the magnetizable particles, while the ability to deform is provided by the soft magnetically inactive matrix. The distribution
of the active particles can be characterized by different statistics, however, it depends on the MAE fabrication process. For
example, an application of a magnetic field during the curing process leads to the alignment of the particles with the applied
magnetic field, forming the so-called chain-like structures. Indeed, the effect depends strongly on the intensity of the applied
field. Moreover, recent advances in fabrication (including additive manufacturing and 3D printing) may allow realizations of
highly structured composites. Motivated by this, in this work, we examine the influence of various microstructures of MAEs
on the magneto-mechanical coupling and actuation. The heterogeneity can be an origin for MAEs’ instabilities, reminiscent
of the purely elastic bifurcations. Here, we analyze this important aspect of MAEs behavior, and make use of the obtained
effective properties to estimate the onset of instability on the macroscopic level. However, coupled instabilities may develop
earlier at a smaller length-scales. To predict these so-called microscopic instabilities the Bloch-Floquet analysis is utilized as
described below.

MODELING COUPLED BEHAVIOR OF MAGNETO-ACTIVE ELASTOMERS

To analyse the magnetomechanical coupling in MAEs with periodic microstructures, we employ the finite element (FE)
method. We construct representative volume elements (RVE) and apply the corresponding periodic boundary conditions. The
magneto-static problem is solved separately in the deformed configuration provided by the solution of the equilibrium state.
The resulting magnetic field is used to calculate the magnetically induced stress tensor, which is added to the equilibrium
equations. Thus, the two-way magnetomechanical coupling is established in the numerical solver.

We examine the periodic structures with rectangular and hexagonal RVEs subjected to finite strains in the presence of a
magnetic field. To analyse the behavior of these periodic composites, we defined the effective magneto-mechanical coupling
coefficient and calculate the actuation strain in response to a magnetic excitation. These quantities are found to be very
sensitive to variations of the concentrations and shape of the active particles. For example, the magnetomechanical coupling
can be of different sign for the hexagonal and rectangular periodic MAEs with identical volume fractions and shapes of the
particles. As a result, these composites exhibit very different actuations [1].

We compare the responses of the periodic composites and MAEs with random distribution of the particles. The estimates
for MAEs characterized by random distributions are obtained from the model of Ponte-Castañeda and Galipeau [2]. We
find that periodic and random MAEs exhibit a very similar behavior in the range of small strains and weak (particle shape
induced) anisotropy. However, the magnetomechanical coupling becomes rather different for large strains and more compli-
cated shapes of inclusions. This sensitivity allows us to enhance the magnetomechanical coupling and actuation by tailoring
the microstructure of the periodic MAEs according to the range of operational strains and magnetic fields.

Finally, we introduce a compact model for anisotropic MAEs with chain-like structures induced during the curing process
[3]. The model is based on an exact analytical solution for layered MAEs. Thanks to the built-in anisotropy, the idealized
model allows the modeling of MAEs with chain-like structures aligned along a preferable direction. The availability of such
solutions can be used to estimate and predict the onset of instabilities in the corresponding MAEs, as described next.
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MACROSCOPIC AND MICROSCOPIC MAGNETO-MECHANICAL INSTABILITIES

To analyze the macroscopic instabilities, we derive a condition based on the effective magneto-elastic moduli for the
general 3D magnetomechanical loadings. The macroscopic stability criterion is further specialized for 2D problems, and it is
written in terms of sixth order polynomial with coefficients comprising combinations of magneto-mechanical moduli. Then,
we apply this condition to study the stability of anisotropic MAEs characterized by the idealized laminate model. We identify
the corresponding stable and unstable domains in terms of magneto-mechanical loadings, volume fractions and contrasts in
the material properties of the constituents [3, 4]. Remarkably, compact explicit expressions are derived for critical magneto-
mechanical loadings in terms of the volume fractions and material properties of the consentient.

To identify the onset of possible instabilities on smaller length-scales, we employ the Bloch-Floquet technique for the
instability analysis superimposed on the finitely deformed state in the presence of a magnetic field. For the finitely deformed
state, we utilize the exact analytical solution obtained for the active laminates. We find that for a large range of moderate
volume fractions and magneto-mechanical loadings, the microscopic and macroscopic instabilities appears at very close levels
of magneto-mechanical loadings. However, for small concentrations of the active phase, the microscopic instabilities occur
first and they are significantly different from the macroscopic ones. This is similar to the elastic instabilities reported for
purely mechanically loaded laminates [5]. Remarkably, at high concentrations of the active phase, the analysis predicts the
existence of a distinct mode of coupled instabilities [6], which does not appear in the purely mechanical case.

CONCLUSIONS

We studied the behavior of MAE undergoing finite deformations in the presence of a magnetic field. Through the FE
based numerical simulations, we find that MAE composites with similar microstructures (periodic hexagonal and rectangular
arrangements of active particles) and identical volume fractions and particle shapes exhibit very different magneto-mechanical
behavior for various ranges of magnetomechanical loadings. Moreover, the comparison with the analytical estimate of Ponte-
Castañeda and Galipeau for isotropic MAE with random distributions of particles shows that the periodic microstructures can
be tailored to enhance the magnetomechanical coupling. The behavior of the anisotropic MAEs with chain-like alignments
of the particles was analyzed by means of the compact analytical model based on an exact solution for soft magneto-active
laminates. This solution is used to analyze the stability of the magnetoactive composites on macroscopic and microscopic
length-scales. A new distinct type of coupled instabilities, which does not appear in the purely mechanical case, is revealed
in composites with high concentration of the active phase. Thanks to the mathematical analogy, the findings also apply to
another class of soft active materials, namely, dielectric elastomer composites.
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Summary We consider linear elastic deformation of the two-dimensional triangular lattice with multiple vacancies. For the lattice with
doubly periodic system of vacancies we derive closed-form analytical expressions for displacement field, and calculate effective elastic
moduli. Molecular dynamics simulations of a lattice with random distribution of vacancies are carried out, and we compare the obtained
elastic moduli with the analytical results. If the vacancy concentration is less than 4%, random and periodic distributions of vacancies
produce the same effect on elastic moduli. We examine the possibilities and limitations of modeling of the lattice with vacancies by an
elastic continuum with holes. We conclude that it is possible to model the effective elastic properties adequately, if the shape of the holes is
chosen appropriately. Nevertheless, the strain field, in particular, strain concentration differs significantly.

The influence of point defects on physical properties of crystals is a long-standing problem in mechanics and physics
of solids. Foundations of continuum theory of lattice defects have been developed in pioneering works of Eshelby [1, 2].
In continuum mechanics, such defects are modeled as pores in a homogeneous elastic medium, and continuum mechanics
tools are used for calculation of displacement fields, elastic interaction of defects, effective properties of imperfect crystals,
etc. Although the continuum mechanics modeling is expected to be appropriate for the effective properties, it may become
inadequate at microscale, in particular, near vacancies, where the discreteness plays important role [3, 4].

One of the first attempts to solve the problem in the discrete formulation was made by Kanzaki [5], where foundations of
the so-called lattice statics method have been developed. The effect of vacancy is simulated by applying forces to atoms that
simulate interatomic interactions with both the nearest and farther lying atoms. Then equations of lattice statics in harmonic
approximation are solved using discrete Fourier transform. An alternative discrete approach based on lattice Green’s function
has been proposed by Tewary [6] who showed that this approach is equivalent to Kanzaki one, but is computationally simpler.

The two dimensional modeling taken in the present work is relevant for a variety of 2-D materials that have become
available due to recent advances in technology, such as graphene, 2-D colloids, etc. Displacement fields caused by point
defects in two-dimensional colloidal crystals were studied in [7, 8]. Authors have adopted Ewald summation technique for
solution of continuum elasticity problems with periodic boundary conditions. It has been demonstrated that the continuum
theory looses accuracy in close vicinity of defects. However, displacement fields around vacancies have not been given.

The present work focuses on elastic deformation of a triangular lattice with periodic array of vacancies. Firstly, the
displacements of all particles are expressed in terms of a mean strain; secondly, using Hooke’s law and defining the mean
traction as the mean force acting on the cell boundary (that, in turn, is a function of displacements), the effective moduli are
calculated that can be used further to find the relation between displacements and stresses applied at infinity. This approach
differs from Kanzaki and lattice Green’s function approaches, where the displacements are expressed in terms of interatomic
forces. Note that our approach constitutes a discrete analog of doubly periodic problem in continuum elasticity [9, 10, 11].
Analytical treatment of the discrete doubly periodic problem is based on the exact solution of corresponding partial difference
equations. Closed form expressions for particle displacements in the mentioned discrete doubly periodic problem are obtained
by the use of discrete Fourier transform.

We examine the following issue: “to what extent a vacancy in triangular lattice can be modeled by a pore (hole) in
elastic continuum media and what the pore shape should be?” The equivalence is considered from two points of view: (i)
displacement field around a vacancy and (ii) effective elastic properties of a lattice with vacancies. Effective elastic moduli of
a triangular lattice with doubly-periodic system of vacancies are calculated analytically. Afterwards, the results are compared
with molecular dynamics simulations for a crystal with random distribution of vacancies. Then, the effective elastic moduli
obtained in the discrete formulation are compared with prediction of continuum elasticity theory for porous medium, and the
question of the pore shape is discussed. Figure 1a shows that, from the viewpoint of the effective elastic properties, a lattice
with vacancies can be modeled in the framework of 2-D elasticity (plate with holes). In continuum elasticity models, the
effective elastic moduli depend on pore shapes, with the circular shape being the stiffest one among all shapes of given area.
However, in this case the circular pore shape assumption results in poor agreement with discrete models: the discrete system is
softer. The difference between circular and best-fit shapes is even larger for the effective Poisson’s ratio. Note that hole shape
factors required for the best fit are substantially different from the ones for a circle, and the geometrical shape corresponding
to the mentioned shape factors is not easily identifiable (and may even be non-unique).
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A NOVEL MICROSTRUCTURALLY-BASED MATERIAL MODEL

TO DESCRIBE PASSIVE SKELETAL MUSCLE TISSUE
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Summary Like for many biological materials, the elastic properties of skeletal muscle tissue can vary quite significantly between different
specimen, for example, from person to person or due to different muscle fibre types. This is mainly due to alterations of the properties or the
arrangement of microstructural elements, such as, for example, sarcomeres or connective tissue. Further, these microstructural variations
also influence the anisotropic properties of the material. Current state-of-the-art muscle models often lack the ability to take into account
such variations in a natural way. They assume a phenomenological behaviour for the overall material properties. To overcome this issue, we
propose a novel, homogenised material model, which predicts the anisotropic behaviour of muscle tissue by incorporating the arrangement
of the underlying microstructures.

MOTIVATION

Inside the strictly hierarchically organised microstructure of skeletal muscle tissue, there are two parts that can be identified
to be responsible for the overall mechanical properties: the muscle fibres and the extracellular matrix. Muscle fibres contain
the contractile units (sarcomeres) and therefore mainly account for the active behaviour of the muscle and only contribute little
to the material’s passive elasticity. Skeletal muscle’s elastic stiffness is mainly due to the existence of collagen fibres inside
the extracellular matrix. As illustrated in Figure 1, the collagenous structures are arranged around the muscle fibre in a helical
fashion, which is typical for fibre reinforcements in biological tissue. Therefore, the alignment of muscle fibres in preferred
direction a0 also constitutes the transversely isotropic behaviour of the overall muscle. State-of-the-art phenomenological
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microscale macroscale
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Figure 1: Illustration of the collagenous structure around the muscle fibre and the representative elementary volume (REV)
for the homogenised material model.

muscle models, which consider only fibre reinforcement during tension in the preferred direction, are not able to appropriately
describe the mechanical response of such a microstructure. For instance, the transversely isotropic effects of muscle tissue
during compression in direction a0 cannot be appropriately addressed with phenomenological material models, see [2]. Thus,
the arrangement of the decisive collagenous structures, which govern the direction-dependent properties of skeletal muscle
tissue, should be incorporated in an appropriate material model.

MODELLING AND METHODS

We propose a novel material model to describe the elastic behaviour of skeletal muscle tissue based on an analytical,
second-order homogenisation method (cf., e. g., [4]), consisting of two constituents: (i) muscle fibre ϕF and (ii) extracellular
matrix ϕM . The two constituents are superpositioned in the macroscopic material point P and constitute an effective overall
material

ϕ =
⋃

α

ϕα with α ∈ {F,M} . (1)

The microstructure is considered via the hyperelastic strain energies Wα of the constituents and statistical quantities, such as,
for example, the volume fractions nα. The homogenisation procedure leads to a transversely isotropic formulation with an
effective strain-energy function

W̃ = stat
F∈K(F̄ )

{
nF ⟨WF (F )⟩F + nM ⟨WM (F )⟩M

}
(2)
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for the overall muscle material ϕ. This is achieved by applying the principle of stationary energy with respect to a set K of
kinematically admissible deformation gradients and assuming statistical uniformity of the microstructure and the separation
of length scales. In (2), the operation ⟨·⟩α denotes the average over the constituent’s volume and F̄ is the macroscopic
deformation gradient. The overall muscle material is considered as incompressible, hence, det F̄ = 1. The average first
Piola-Kirchhoff stress is derived by

P̄ =
∂W̃

∂F̄
. (3)

Microstructural data about the shape of the constituents inside the overall material is included into the model during the
evaluation of the variational statement (2). Here, the model accounts for the transversely isotropic structure of the muscle
fibres ϕF and the surrounding matrix ϕM . The strain energies of the constituents are composed of an isotropic, an anisotropic,
and a volumetric part and take the general form

Wα = Wα
iso(I

α
1 ) + Wα

aniso(I
α
1 , J

α
4 ) + Wα

vol(J
α) , (4)

with the first strain invariant Iα1 = tr[F T
α Fα], the Jacobian Jα = detFα, and the mixed invariant Jα

4 = tr[(a0 ⊗ a0)F T
α Fα].

Further, Fα denotes the partial deformation gradient. The preferred direction a0 is the same for both of the constituents as
well as for the overall muscle material. Carrying out the homogenisation, the volumetric part Wα

vol is further decomposed

to derive an incompressible formulation of the effective energy W̃ , see [1]. The general, transversely isotropic form (4) for
the constituent’s strain energies allows to describe the mechanical behaviour of the constituents in a very detailed manner.
For instance, the arrangement of the collagen fibres in the extracellular-matrix-constituent ϕM is included by introducing an
orientation distribution function pθ(θ0) (cf., e. g., [3]), which describes the distribution of the collagen fibres around a mean
angle θ0 with respect to the preferred direction a0 (cf., e. g., [5]). The anisotropic strain-energy part of the matrix-constituent
ϕM is then given by

WM
aniso(I

M
1 , JM

4 ) =

∫ π

0
pθ Wf (I

M
1 , JM

4 ) sin θ dθ , (5)

where Wf is associated with the strain energy of the collagen fibres. This energy can be obtained by directly adopting data
of collagenous tissue and using suitable strain-energy approaches. Another possibility is to consider a further upscaling step
from the level of single collagen fibres to the level of collagenous tissue, leading to an even more detailed model for the
overall muscle behaviour. Some of the ingredients and the basic idea of the homogenisation-based material model can be
schematically depicted as follows:

• elastic properties of muscle fibres → WF

• elastic properties of collagen
• distribution of collagen fibres

}

→ WM

• composition of the muscle material → nF , nM

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

→ W̃ ⇒ overall muscle model.

Concluding, this study presents a novel, hyperelastic muscle model, which includes microstructural data in order to ob-
tain the effective response of the overall muscle tissue. The direction-dependent properties of the macroscopic tissue are
direct consequences of the arrangement and the mechanical properties of the micro-constituents. This is in contrast to stan-
dard continuum-mechanical muscle models, which require that experimentally observed material behaviour is included phe-
nomenologically into the model. Thus, the novel model provides deeper insights into the mechanical behaviour of skeletal
muscles and helps us to understand the elastic characteristics of muscle tissue. Further note that the presented model serves as
a general framework and can be modified or extended for further needs. For instance, the description of the muscle-fibre con-
stituent ϕF can be extended by incorporating the active behaviour of the sarcomeres and electro-chemo-mechanical effects,
see, for example, [6].
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PROBLEM SETTING AND RESULTS

The Freedericksz transition in a fully anchored TND is modeled here as a bifurcation problem for the finite thickness
liquid crystal with a Frank-Oseen energy, where the loading parameter is the magnitude of the applied transverse electric field
(dimensionless parameter ζ). The continuum mechanics model uses a novel coupled electromechanical variational principle
for nematic elastomers proposed by [2], where the Euler-Lagrange equations are the mechanical equilibrium equations plus
the Faraday law for the electric field. The stability of the TND is based on the loss of positive definiteness of the second
functional derivative of the energy evaluated on the principal solution.

For the special case of zero twist angle, we derive the analytical solution for the the fully 3D boundary value problem and
use this solution as a highly nontrivial check for the numerical algorithm developed for the general case. For arbitrary values
of the TND’s twist angle, no analytical solution can be found and a mixed analytical/numerical technique, combining an
FEM discretization for the thickness coordinate with a Fourier transform for the remaining coordinates (wavenumbers ω1,ω2

respectively). By scanning a wide range of the liquid crystal’s material parameter space (the splay k1, bend k2 and twist k3
constants of the Frank-Oseen energy plus the electric susceptibility constants χ and χn – perpendicular and parallel to the
director direction), we establish whether the Freedericksz transition corresponds to a global mode ((ω1,ω2) = (0, 0), with
an eigenmode depending solely on the layer thickness coordinate, or to a local one (termed periodic Freedericksz transition),
with an eigenmode that has finite wavelengths ((ω1,ω2) ̸= (0, 0) in one or both directions parallel to the plate.

Our calculations show that a device with a global critical mode for low values of twist, invariably shows a local critical
mode once the twist exceeds a certain level, depending on constitutive parameters of the liquid crystal. Also a monotonically
increasing critical electric field as a function of the twist angle is not always the case, as our calculations have shown for liquid
crystals with low twist Frank-Oseen constant.

ζc ω1

ω2

Figure 2: Dependence of the dimensionless critical electric field ζc (left) and the corresponding dimensionless eigenmode wavenumbers ω1, ω2 (right) on
the twist angle ∆φ. Notice that above a certain value of ∆φ, the critical eigenmode changes from global to local (from infinite to finite wavelengths) for the
base case of 5CB liquid crystal
.

The systematic investigation, based on 3D analysis, presented above for the influence of the Frank-Oseen and electric
susceptibility constants of TND’s on the critical (lowest) electric field and corresponding eigenmode gives the range of these
parameters where the onset of bifurcation in these devices (Freedericksz transition) is global or local in nature and calculates
the associated wavelengths for the latter case. These results could be useful in guiding liquid crystal selection for applications,
since lowering the critical electric field reduces the energy consumption of the device, but the presence of a short wavelength
mode might need to be taken into account in the design. Moreover, the continuum mechanics-based methodology introduced
here is applicable to a wider class of problems involving the stability of devices involving liquid crystals (methodology that
can be generalized to include nematic elastomers, see [2]), problems that besides their theoretical interest are at the heart of
exciting new technological developments.
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CONVERTING STRAIN MAPS INTO ELASTICITY MAPS
FOR MATERIALS WITH SMALL CONTRAST

Cédric Bellis∗and Pierre Suquet
Laboratory of Mechanics and Acoustics, CNRS, Marseille, France

Summary This study focuses on the quantitative reconstruction of heterogeneous distributions of isotropic elastic moduli from full strain
field data. A local reconstruction procedure is developed here for materials with small contrast. Within the framework of the integral formu-
lation of the linear elasticity problem, first-order asymptotics are investigated. Properties of the featured infinite-body Green’s operator are
studied to characterize its local and non-local contributions to the volume integral equations considered. On this basis, the combination of
multiple strain field solutions corresponding to well-chosen applied macroscopic strains yields a set of local and uncoupled equations relat-
ing, respectively, bulk and shear moduli to the spherical and deviatoric components of the strain fields. Valid for any material configuration
at first-order in the small contrast limit, such relations permit pointwise conversions of strain maps into elasticity maps. A set of examples
illustrates the use of these local equations for parameters identification from full-field data.

CONTEXT AND MOTIVATIONS

Imaging the mechanical properties of a solid body from displacement or strain field measurements is an ill-posed inverse
problem with applications to material characterization, non-destructive testing or medical diagnosis. Motivated by the flour-
ishing development of kinematic full-field measurement techniques [1, 2], the starting point for this study is the availability of
full strain field measurements from which we aim at inferring quantitatively bulk and shear modulus distributions.

The approach investigated in this paper revolves around explicit reconstruction formulae which derivation is sought based
on the integral formulation framework of the linear elasticity problem. The latter allows to express a given strain field as the
solution of a volume integral equation commonly referred to as the Lippmann-Schwinger equation [3]. Focusing on materials
with small contrast then the governing integral equations are expressed in terms of the Green’s operator for the infinite medium
and expanded at the first-order in the material parameter perturbations. Upon characterizing the geometrical properties of the
featured Green’s tensor it is shown that specific experiments, associated with either purely hydrostatic or deviatoric applied
macroscopic strains, can be combined to yield pointwise identities relating the sought moduli to the corresponding strain field
solutions. Thus, it is demonstrated that explicit formulae can be obtained at the first-order for a set of well-chosen experiments
so that it makes it possible to reconstruct the unknown elastic moduli at a given point from strain field data at this point.

INTEGRAL FORMULATION

Consider a heterogeneous linear elastic medium V ⊂ Rd, with d = 2 or 3. The static governing equations reads

ε(x) =
!
∇u + (∇u)t

"
/2, σ(x) = L(x) : ε(x), ∇ · σ(x) = 0,

with displacement field u, second-order strain and stress fields ε, σ and isotropic constitutive elasticity tensor field L given
by bulk and shear modulus distributions κ, µ ∈ L∞(V,R∗

+) as L(x) = dκ(x)J + 2µ(x)K where J , K ∈
2

⊗s

# 2

⊗s Rd
$
.

The characteristic length-scale of the inhomogeneities are considered to be small compared to this of the domain V . The
mechanical loading applied on ∂V is assumed to be compatible with a uniform macroscopic strain ε̄ ∈

2

⊗s Rd, i.e. ⟨ε⟩ = ε̄.
Introducing a reference homogeneous elasticity tensor L0 and owing to a perturbation approach, then the solution ε to the
elasticity problem considered is known to satisfy the following Lippmann-Schwinger equation [3, 4]:

ε(x) = ε̄ ◦
!
Γ (δL : ε)

"
(x) (1)

where δL = L ◦ L0 and Γ is the linear integral operator such that ε′ = Γτ is a compatible strain field solution in V
associated with zero displacements over ∂V and such that the divergence of the stress field defined as σ′ = L0 : ε′ + τ
is zero. Assuming that V is large compared to the length-scale of the inhomogeneities, we henceforth make the translation-
invariant approximation in (1) for x distant from ∂V:

!
Γτ
"
(x) =

%

Rd

Γ∞
0 (x ◦ y) :

!
τ (y) ◦ ⟨τ ⟩

"
dy

with Γ∞
0 : V →

2

⊗s

# 2

⊗s Rd
$

being the fourth-order infinite-body Green’s tensor associated with L0 and vanishing displace-
ments at infinity. The results presented in this paper are based on key properties of the tensor Γ∞

0 , namely, that the Green’s
operator Γ can be decomposed into a local part and a non-local operator as

!
Γτ
"
(x) = Λ0 :τ (x) +

!
Π0 ∗ τ

"
(x),

∗Corresponding author. Email: bellis@lma.cnrs-mrs.fr
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of boundary value problems which deliver the network-level displacement fluctuations due to mechanical as well as
hygroscopic loading. Equivalent, homogenised elastic moduli and hygro-expansivities can finally be computed from
these fluctuation functions.

2. An extremely idealized model is considered, in which the fibrous network is assumed to consist of infinitely long fibres
which are organised in a square, periodic pattern – see the sketch in Figure 1 (right) for a unit cell of this periodic
pattern. Crucially, the model does distinguish between free-standing fibre parts and bonded areas. The anisotropy of the
network is reflected in the fact that the ‘fibre bundles’ in the two directions have a different thickness. The ratio of these
thicknesses is established by lumping the fibre orientation distribution into two perpendicular contributions. The model
can be solved analytically, allowing one to determine its anisotropic hygro-mechanical response as an explicit function
of its parameters [1, 2].

RESULTS AND CONCLUSIONS

Comparison of results obtained by the two models (not shown here) demonstrates that the analytical, highly idealised
model qualitatively captures the trends predicted by the more detailed numerical model. In fact, a good quantitative agreement
is also observed in the range of realistic parameters values.

Figure 2 shows a comparison of predictions made by the simple, analytical model with experimental data reported by
Uesaka [3]. Shown are the hygro-expansive coefficients in machine direction and cross direction as a function of the degree of
anisotropy of the fibre orientation distribution. The latter is characterised by the ratio of the elastic moduli in machine direction
and cross direction – which were measured in the experiments and are obtained as a by-product of the model. The solid and
dashed curves represent the model prediction for the two different paper grades considered in the experiments and the square
and circular markers indicate the respective corresponding experimental data. The trends exhibited by the experimental data
are captured quite accurately by the model – despite the fact that no effort was made to fit the model specifically to this data
set. In the model, the dependence on the fibre network’s anisotropy can be traced back to the fibre bonds, which are thus
shown to play a crucial role.

for the low density material. The general formulas for the hygro-
expansive coefficients presented in Uesaka (1994) offer a good
description of the experimental results. The model proposed in

the present paper provides a step forward. Rather than only fitting
the experiments, the effective hygro-expansive coefficients can be
predicted beforehand, based on the knowledge of the micro- and
meso-scale properties, such as hygro-mechanical properties of
fibres, fibre geometry and network structure. Results shown here
are made without any optimization of the meso-scale parameters
to obtain a better match between the macro-prediction and exper-
iments. Nevertheless, despite the high degree of idealization of the
network’s geometry and large uncertainty in the input parameters
at the fibre level, the overall material behavior is well captured.

3.3. Influence of paper density

In Section 3.2, the effective elastic and hygro-expansive proper-
ties have been shown for two values of paper density, qð1Þ and qð2Þ.
The direct influence of the paper density on the effective material
response can also be investigated. The effective mechanical and
hygro-expansive properties are shown as a function of the paper
density q normalized with respect to the fibre density qf in
Fig. 6(a) and in Fig. 6(b), respectively. The values are referred to
two cases: the green dashed lines denote the isotropic case, i.e.
q ¼ 0; the red solid lines indicate the situation in which q ¼ 0:5.
As for mechanical properties, both the elastic moduli increase as
a function of the normalized paper density; in particular, the cross
direction modulus grows with a larger rate for high density paper.

Fig. 3. (a) Effective elastic constants Exx; Eyy of paper as a function of the fibre orientation in machine direction. Solid magenta lines denote high density paper (qð1Þ) and
dashed blue lines refer to low density paper (qð2Þ). (b) Comparison between the values of Gxy obtained with the proposed model- solid magenta lines for qð1Þ and dashed blue
lines for qð2Þ) and with the estimate G$

xy of Baum et al. (1981), shown in red (qð1Þ) and cyan (qð2Þ) dash-dotted lines. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

Fig. 4. (a) In-plane effective hygro-expansive coefficients of paper as function of the fibre orientation in machine direction. Solid magenta lines and dashed blue lines
represent the coefficients for high (qð1Þ) and low (qð2Þ) density paper, respectively. (b) Extension of subfigure (a) with the out-of-plane hygro-expansive coefficient bzz , shown
with the black dash-dot, solid and dotted line depending on the assumptions made for mzt . (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Fig. 5. Comparison between the obtained coefficients bxx and byy as functions of the
effective stiffness ratio and the experimental data presented in Uesaka (1994). Solid
magenta and dashed blue curves indicate low and high density paper. The
experimental values are illustrated through magenta squared dots and circular
blue dots. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

E. Bosco et al. / International Journal of Solids and Structures 56–57 (2015) 43–52 49

Figure 2: Hygro-expansive coefficients in machine direction, βxx, and cross direction, βyy , as a function of the degree of
(mechanical) anisotropy. The curves represent the prediction of the simplified model for two paper grades; the markers are
the experimental data for these grades as reported in [3].
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Summary We find that the frequency spectra of layered phononic and photonic composites admit a universal structure, independent of the
geometry of the periodic-cell and the specific physical properties [1]. In certain cases, this representation extends to highly deformable and
multi-physical materials of tunable spectra. The structure is employed to establish universal properties of the corresponding band-gaps, and
to rigorously determine their statistical and optimal characteristics. Specifically, we investigate the density of the gaps, their maximal width
and expected value. As a result, rules for tailoring the laminate according to desired spectra properties follow. Our representation further
facilitates characterizing the tunability of the band-structure of soft and multi-physical materials.

Wave propagation in heterogeneous media has fascinated the scientific community for decades. The inhomogeneity causes
multiple scattering, and, in turn, wave interferences that give rise to intriguing phenomena in various fields. Of particular
interest are the transition of conducting to isolating behavior of electronic crystals, localization of electromagnetic waves
in dielectrics, and attenuation of mechanical motions in elastic media [2]. Layered media have been extensively studied
by virtue of their relative simplicity of fabrication and theoretical modeling. In what follows, we provide new insights on
the relation between their geometry, physical properties, and frequency spectrum. We find a universal representation for the
spectrum, independent of the unit-cell geometry and specific constituents properties. This structure reveals a universal property
of the gaps-density, namely, its invariance under the change of various geometric and physical properties. We utilize this
representation to determine exactly the density of the gaps, and their expected and maximal widths. These results are identified
with classes of compositions, hence provide rules for tailoring the laminate according to desired spectra characteristics.

The canvas upon which the analysis is presented is of phononic crystals. The conclusions we draw, however, extend to
additional systems. By virtue of the similarity between electromagnetic and elastodynamics wave equations for the considered
geometry, our insights apply to one-dimensional (1D) photonic crystals as well. Our analysis further applies in certain cases
to soft non-linear media and multi-physical composites, whose physical properties are changed upon application of external
stimuli.

We begin by considering a 1D crystal made out of two alternating layers. We denote the layers with 1 and 2, and their
associated quantities with superscript (p), p = 1 and 2, respectively. The dispersion relation governing the propagation of
waves in the crystal is [3]

η = cos kBh, (1)

where

η = cos
ωh(1)

c(1)
cos

ωh(2)

c(2)
− γ sin

ωh(1)

c(1)
sin

ωh(2)

c(2)
. (2)

In the above, ω is the frequency, kB is the Bloch-parameter, h(p) is the thickness, and h = h(1) + h(2). The parameter
c(p) corresponds to different velocities, depending on the type of media and waves considered. Specifically, when the crystal
is photonic, c(p) is the velocity of light in the layer; when the crystal is phononic, c(p) is the velocity of either transverse
waves or longitudinal waves, propagating in a bulk. The parameter γ = 1

2

!
αc(1)/c(2) + α−1c(2)/c(1)

"
quantifies the contrast

between the constituents impedance, where α = 1 in the photonic case, and α = ρ(1)/ρ(2) in the phononic case, ρ(p) being
the mass density. The frequency spectrum is obtained by solving Eq. (1) for values of kB in the irreducible 1st Brillouin zone
0 ≤ kBh ≤ π. Band-gaps correspond to ranges of frequencies of attenuating waves, for which |η| > 1.

Upon defining the variables

ζ(p) :=
ωh(p)

c(p)
, (3)

one can write η as a doubly 2π-periodic function of ζ(1) and ζ(2), namely

η
#
ζ(1), ζ(2); γ

$
:= cos ζ(1) cos ζ(2) − γ sin ζ(1) sin ζ(2). (4)

Fixing γ, we consider η as a function defined on a 2D torus of edge length 2π, characterized by the coordinates
%
ζ(1), ζ(2)

&
.

The absolute value |η| is invariant under the transformations ζ(p) → ζ(p) + π. This symmetry allows to make a further
reduction, and fold the torus into a π-periodic torus; we denote the new torus by T, and denote by D its subdomain where

∗Corresponding author. Email: meshmuel@tx.technion.ac.il



|η| > 1, i.e., where Eq. (1) is solved with imaginary kB . We now interpret Eq. (3) as one which defines the following flow on
T

ζ⃗ (ω) = ω ·
'
h(1)

c(1)
,
h(2)

c(2)

(

mod π, (5)

where ω has the role of a time-like parameter. Band-gaps are identified with values of ω for which the flow ζ⃗ (ω) coincides
with D. We denote the lower and upper curves bounding D by Cl and Cu, respectively. We find that η = −1 on these curves;
plugging this value into Eq. (4) provides the following expressions for the curves

ζ(2) = π − arccos

)
cos ζ(1) ± γ

*
γ2 − 1 sin2 ζ(1)

1 + (γ2 − 1) sin2 ζ(1)

+

, (6)

where the upper (resp. lower) curve Cu (resp. Cl), corresponds to the plus (resp. minus) sign in the numerator.
The direction of the flow on the torus is given by the ratio

a =
h(2)

h(1)

c(1)

c(2)
. (7)

The irrationality of the ratio, on account of the physical nature of the parameters involved, implies that the flow covers the
torus ergodically, with a uniform measure. Using the ergodicity of the flow, we may replace spectral averages by averaging
over the torus. Hence, the density of the gaps is simply the relative area of D in T, which can be calculated via the integral of
the closed-form expression

1− 2

π2

π̂

0

Cldζ(1). (8)

The widths of the gaps are investigated next. We recognize that these widths, which we denote by ∆ω, are related to
lengths of intervals directed along the flow, which we denote by ∆ζ, whose endpoints lie on Cu and Cl, via

∆ω = ∆ζ
κ(1)√
1 + a2

, (9)

where κ(p) = c(p)/h(p). We associate each length ∆ζ with the parameters a and b which characterize the line equation of its
corresponding flow interval

ζ(2) = aζ(1) + b. (10)

These observations, together with the derived expressions for the curves Cu and Cl, enable determining the width of the gaps,
and relating it to the physical and geometrical properties of the crystal. As the whole spectrum is encapsulated in the torus,
we are able, in turn, to formulate optimization problems rigorously.

By way of example, consider the 1st gap, whose width maximization is of practical importance, being the one which is
most often realized experimentally. We would like to know: given two materials, what is the microstructure which maximizes
the 1st gap? The problem is interpreted as a search for an optimal h(2)/h(1) at fixed c(p). Over the torus, the 1st gap is
identified with the flow line emanating from the origin. Therefore, we seek the slope a which maximizes the right-hand side
of Eq. (9), at b = 0.
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ON THE RELATION BETWEEN GENERALIZED STRESS THEORY AND
ELECTRODYNAMICS

Reuven Segev !1

1Mechanical Engineering, Ben-Gurion University of the Negev, Beer-Sheva, Israel

Summary A mathematical formulation of continuum mechanics is proposed which includes an extension of the basic equations of electro-
dynamics as a special case. In the continuum mechanics context, we present a weak Eulerian formulation of the fundamentals of continuum
mechanics on differentiable manifolds. Forces and stresses are considered in the framework of the theory of de Rham currents and some
extensions thereof. In particular, stresses maybe as irregular as Borel measures. Considering generalized velocities represented by differen-
tial forms and interpreting such a form as generalized potential field, we present a weak formulation of pre-metric, p-form electrodynamics
as a natural example of the foregoing theory in which the current density may be the distributional derivative of a measure. Finally, it is
shown that the assumptions leading to p-form electrodynamics may be replaced by the condition that the force functional is continuous with
respect to the flat topology.

INTRODUCTION

In this work we propose a general setting of continuum mechanics which includes an extension of the basic equations of
electrodynamic, a generalization of Maxwell’s equations, as a special case.

Stress theory of continuum mechanics is formulated here from a Eulerian approach, that is, without any reference to
material points and a material body. Allowing growth, the basic notion considered is a virtual velocity field which is a
differentiable vector valued field in an n-dimensional physical space that vanishes outside a compact subset. The nature of
the particular vector or tensor field depends on the particular physical theory considered. The physical space, which may
also be interpreted as space-time, is described by an n-dimensional differentiable manifold. Neither a metric structure nor a
connection are assumed on the space manifold. A generalized force is defined to be a linear functional on the space of virtual
velocity fields which is continuous relative to the C 1-topology. Thus, a force is a vector valued distribution of order one on a
manifold. This implies mathematically that there are measures valued in a specified vector bundle, stresses, that represent a
force non-uniquely through an analog of Cauchy’s formula and the principle of virtual work.

For the case of electrodynamics, the vector fields under consideration are completely antisymmetric tensor fields of order
p that generalize the four-dimensional vector potential of the standard theory. The resulting theory extends the formulation
of Maxwell’s equations for four dimensional spacetime to p-form electrodynamics (see [1]) in any dimension. The equations
are independent of any Riemannian or semi-Riemannian metric and allow current density fields that can be as irregular as the
distributional derivatives of measures.

AN EXAMPLE

In this section, we present, as an example, the simplest relation between stress theory in continuum mechanics and a
restricted version of Maxwell’s equations. We recall that for classical continuum mechanics, one assumes that the forces on
a body R ! R3 are given in terms of a vector field b defined in the physical space and a surface force tR defined on the
boundary @R of R. The virtual power of the forces on R for a virtual velocity field w is given by

PR D
ˆ
R

b " w dV C
ˆ

@R

tR " w dA: (1)

It is further recalled that if the dependence of tR on the body R satisfies Cauchy’s postulates, then, there is a 3 # 3 tensor
field, the Cauchy stress field ! , such that tR.x/ D !.x/.n.x// where n.x/ is the outwards pointing normal to the boundary of
R at x 2 @R. Thus, one has

PR D
ˆ
R

b " w dV C
ˆ

@R

!T.w/ " n dA (2)

where the standard definition of the transpose has been used.
It is also noted that balance of moment of momentum implies traditionally that the stress tensor ! is symmetric. However,

we want to examine the case where ! is skew symmetric. In this case, using the Levi-Civita symbol, we may define a vector
field g whose components are given by

gp D 1

2
"pjk!jk ; (3)
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such that !T.w/ D g # w. Thus, assuming that b D 0, one has

PR D
ˆ

@R

.g # w/ " n dA: (4)

Using Gauss’s theorem and the identity r " .g # w/ D .r # g/ " w $ g " .r # w/, we have

PR D
ˆ
R

.r # g/ " w dV $
ˆ
R

g " .r # w/ dV: (5)

Setting
J D r # g; f D r # w; (6)

so that
r " J D 0; r " f D 0; (7)

the power may be written in the form

PR D
ˆ
R

J " w dV $
ˆ
R

g " f dV: (8)

We finally observe that in case we interpret w as the vector potential of magneto-statics, interpret g as the magnetic field
intensity, interpret f as the magnetic field and interpret J as the current density, Equations (6, 7) are simply the restriction of
Maxwell’s equations to magneto-statics.

ON THE MATHEMATICAL SETTING

The mathematical framework uses the theory of de Rham currents as in [2], and generalized sections of vector bundles
(see [3]). We consider a vector bundle " W W ! S over the space or space-time manifold S. Virtual velocity fields
are differentiable sections of W having compact supports and so the set of virtual velocities is a topological vector space
denoted as C 1

0 .W /. Generalized forces are elements of the dual space C 1
0 .W /

! and their actions on virtual displacements are
interpreted as producing virtual power. It is also convenient to view forces as elements of C"1

!
W ! ˝ VnT !S

"
—currents

of order one valued in the vector bundle W ! ˝ VnT !S. This is a special case of defining vector valued p-currents of
order r as elements of C"r .W ! ˝ Vn"pT !S/ WD C r

0

!
W ˝ VpT !S

"!. Forces are shown to be represented by elements
S 2 C 0

0 .J
1W /! D C"0

!
.J 1W /! ˝ VnT !S

"
, to which we refer as variational stress measures, through the principle of

virtual work F.w/ D S.j 1w/. Here, J 1W is the jet bundle of W and j 1 is the jet extension mapping. A variational stress
measure induces a unique element ! D p! .S/ 2 C"0

!
W ! ˝Vn"1T !S

"
to which we refer as a traction stress. Surface forces

result from composing ! with the restriction of .n $ 1/-forms to the boundaries of regions. In addition, defining a general
divergence operator @iv with @ivS 2 C"0

!
W ! ˝ VnT !S

"
, and setting b D $@ivS as the induced body force, we obtain the

principle of virtual work in a form analogous to the traditional one.
The generalization of Maxwell’s equations is obtained when one takes the vector bundle W to be the vector bundle of

p-forms
VpT !S and setting b D 0. The main assumption is that the traction stress is given in terms of a .p C 1/-current of

order zero g 2 C"0
!Vn"p"1T !S

"
D C 0

0

!VpC1T !S
"! so that for each test p-form ˛, the one-current ! " ˛ is given by

.! " ˛/.'/ D g.˛ ^ '/ D
ˆ
g ^ ˛ ^ ' (9)

for each test 1-form '. Finally, it is shown that the last assumption may be replaced by the requirement that the force
functional is continuous with respect to the flat topology on the space of differential forms (see [4]). It is noted that this
topology is sensitive only the exterior derivative of a form and not the whole jet.

For further details, see [5].
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SWELLING INDUCED BURST IN HYPERELASTIC SPHERES AND CYLINDERS

Thomas J. Pence∗1 and Vahid Zamani1
1Department of Mechanical Engineering, Michigan State University, East Lansing, MI, USA

Summary The conventional theory of hyperelasticity is easily generalized to include a swelling effect. The resulting theory can be viewed
as giving a finite strain version of the well known eigenstrain problem in linear elasticity. We use this theory to study an abrupt inflation
instability in pressurized shells. At fixed pressure, a slowly changing amount of swelling can suddenly cause a finite jump in the shell radius.

HYPERELASTIC MODEL WITH SWELLING

Material swelling in highly elastic materials can occur by a variety of mechanisms, perhaps the most common of which
is fluid absorption. In such a case, if a comprehensive study of the absorption phenomenon is itself of primary interest –
such as how the fluid is transported within the otherwise solid material and on what timescales steady state distributions are
obtained – then it is typically necessary to pursue a relatively detailed poroelastic development. If, however, the mechanical
consequences of otherwise known fluid distributions are of primary interest, then it is useful to consider more direct treatments
in which the swelling is regarded as a specified field quantity, i.e., v = v(X) where X are locations in the chosen reference
configuration.

Such treatments need not be tied to a particular swelling mechanism. Indeed, classical eigenstrain analysis procedures
in linear elasticity can be viewed in this light, where the eigenstrains are stress-free strains that may arise from a variety of
causes. Such concepts then generalize to the large strain setting [7] where they can lead to a variety of interesting mechanical
deformation modes (flexure [2], torsion [6]) and instability phenomena (e.g., cavitation [5], microchannel formation [4]).
Processes of biomechanical growth, while enormously more complicated than a simple fluid induced swelling, can also be
modeled by a similar framework [3].

Let x = χ(X) denote locations in the deformed configuration and let F = ∂x/∂X be the deformation gradient tensor.
The swelling is described in terms of the volume constraint detF = v which is an obvious generalization of the conventional
incompressible theory. In conventional isotropic incompressible hyperelasticity, i.e., the theory with no swelling, the material
constitutive behavior is specified by means of the stored energy density W = W (I1, I2) where I1 and I2 are the usual
invariants of C = FTF. In the most straight forward generalization so as to include the effect of swelling the stored energy
will also depend upon v so that W = W (I1, I2, v). The Cauchy stress tensor continues to have a hydrostatic pressure p,
but now it is associated with the more general swelling constraint. Forms for W can be considered such that W reduces to
standard models from the conventional incompressible theory when v = 1. Here we focus attention on a constitutive model
that generalizes the well known Mooney-Rivlin model, namely

W (I1, I2, v) = A1

!
I1 ◦ 3v2/3

"
+ A2

!
I2 ◦ 3v4/3

"
(1)

where A1 = A1(v) ≥ 0, A2 = A2(v) ≥ 0 and A1 + A2 > 0.

ABRUPT EXPANSION OF A SPHERICAL SHELL

Consider a sphere with outer and inner radii Ro > Ri > 0 prior to any loading or swelling. Spherical symmetry will hold
for simple pressure boundary conditions and a radially symmetric swelling field v = v(R). Employing (R,Θ,Φ) and (r, θ,φ)
for the reference and deformed spherical geometry coordinates, the deformation is then described by r = r(R), θ = Θ and
φ = Φ. The volume constraint becomes v = detF = r′r2/R2, which gives integrals

r3 = r3i + 3

# R

Ri

v(R)R2dR, and in particular r3o = r3i + 3

# Ro

Ri

v(R)R2dR,

using ri = r(Ri) and ro = r(Ro). Consequently, for any swelling field v(R), the unknown function of radial expansion
r = r(R) is completely determined by the mapping Ri → ri.

In the absence of swelling (v ≡ 1) problems of this kind have a long history in the hyperelasticity literature, and elegant
treatment methods are described in [1]. These methods are easily generalized for the case of uniform swelling, i.e., v(R) a
positive constant. In this uniform swelling case, and taking the stored energy W to be given by (1), one is led to the following
relation between the amount of swelling v, the pressure difference ∆P = Pi ◦ Po, and the deformed inner radius location ri:

∗Corresponding author. Email: pence@egr.msu.edu



∆P =

# ro/Ro

ri/Ri

4

v ◦ s3

$
A1(v)

%
s ◦ v2

s5
&

+ A2(v)
%
s3 ◦ v2

s3
&'

ds, where r3o = r3i + v(R3
o ◦ R3

i ).

In order to illustrate, take A1(v) and A2(v) in (1) to be

A1(v) = 1
2µαva1 and A2(v) = 1

2µ(1 ◦ α)va2 , (2)

where 0 ≤ α ≤ 1. Then µ > 0 is the infinitesimal shear modulus in the absence of swelling. Taking specific and reasonable
parameter choices for the sphere’s undeformed geometry in terms of Ri/Ro and the material constitutive parameters (α, a1,
a2), the left figure shows the inflation graph (normalized pressurization ∆P vs. normalized radius ri) at three values of v.
For no swelling (v = 1) the graph is monotonically increasing and, as expected, gives ri = Ri when ∆P = 0. Keeping
∆P = 0 and increasing v then shows a small increase in ri. At a moderately higher pressure, because the inflation graphs
have started to move apart, increasing v causes the radius to increase somewhat more rapidly with v. This increase remains
smooth for relatively small values of pressurization. However, as we describe in the paragraph after the figure, because the
inflation graphs exhibit a transition from monotonic to nonmonotonic as v increases, it follows that swelling alone can cause
an abrupt change in the shell radius when ∆P is sufficiently large.

v=1.1

v=1

v=1.3

0 2 4 6 8

0.0
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r i

Figure 1: Swelling induced burst due to a uniform increase in swelling. In this example: Ro = 2Ri, α = 0.85, a1 = 0, and a2 = −4/3. At fixed
pressure ∆P/µ = 0.86 there is an abrupt jump in ri as v passes through the value v = 1.3.

The example in the figure corresponds to a pressurization ∆P that, first of all, slowly increases from 0 to 0.86µ before there is
any swelling (v = 1). This results in ri/Ri increasing smoothly from 1 to 1.6 on the v = 1 graph. Now holding ∆P/µ = 0.86
let v increase (dashed orange line on left). Then ri will first increase smoothly with v. However, because of the eventual loss
of monotonicity in the inflation graphs, ri is unable to increase smoothly with v when v reaches the value 1.3. The form of the
inflation graph at v = 1.3 causes an abrupt change in the value of ri, as indicated by the arrows in each panel. In this example,
because the inflation graph for v = 1.3 has a second increasing branch, the inflation is able to once again proceed smoothly
by following the associated second branch curves on the various inflation graphs for v > 1.3. However, if W depends upon v
in ways other than indicated by (1) and (2) then more intricate types of jumping phenomena may arise.
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REMARKS ON ISOTROPIC EXTENSION OF ANISOTROPIC CONSTITUTIVE FUNCTIONS
VIA STRUCTURAL TENSORS

Chi-Sing Man∗
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Summary In their original formulation of the method of isotropic extension via structural tensors, which is meant for applications to the
derivation of coordinate-free representation formulas for anisotropic constitutive functions, both Boehler and Liu started with the assumption
(*) that the invariant group of structural tensors is the symmetry group that defines the anisotropy of the constitutive function in question.
As a result, the method (with structural tensors of order not higher than two) is applicable only when the anisotropy is characterized by a
cylindrical group or belongs to the triclinic, monoclinic, or rhombic crystal classes. In this talk we present a reformulation of the method in
which assumption (*) is relaxed and show by examples in anisotropic linear and finite elasticity that the method of isotropic extension via
structural tensors could be applicable beyond the original limitations.

INTRODUCTION

To derive coordinate-free representation formulas for anisotropic constitutive functions, Boehler [1] and Liu [2] indepen-
dently proposed the same method that appeals to the general representation theorems for isotropic tensor functions [3, 4] avail-
able. As illustration, let us consider the class A of second-order-tensor-valued anisotropic constitutive functions S(◦→v ,

◦→
A),

where ◦→v := (v1, ...,vp),
◦→
A := (A1, ...,Aq), vi (i = 1, ..., p) are vectors, and Aj (j = 1, ..., q) are second-order tensors.

Let O(3) denote the group of orthogonal transformations on V , the translation space of the 3-dimensional physical space. For
Q ∈ O(3) let

Q◦→v := (Qv1, ...,Qvp), Q
◦→
AQT := (QA1Q

T , ...,QAqQ
T ). (1)

Let the anisotropy of tensor functions S(◦→v ,
◦→
A) be characterized by a subgroup G of O(3), i.e. S satisfies

QS(◦→v ,
◦→
A)QT = S(Q◦→v ,Q

◦→
AQT ) for each Q ∈ G. (2)

The method that Boehler [1] and Liu [2] proposed is to seek (i) a set of “structural tensors” (say, ◦→m := (m1, ...,mr),◦→
M := (M1, ...,M s), where mk (k = 1, ..., r) are unit vectors and M l (l = 1, ..., s) are second-order tensors) which
characterize the anisotropy of the class A in the sense that

G = {Q ∈ O(3) : Q◦→m = ◦→m,Q
◦→
MQT =

◦→
M}, (3)

and (ii) a class Ext of constitutive functions Ŝ(◦→v ,
◦→
A, ◦→m,

◦→
M) such that for each S ∈ A, there is an Ŝ ∈ Ext which satisfies

S(◦→v ,
◦→
A) = Ŝ(◦→v ,

◦→
A, ◦→m,

◦→
M) (4)

for each (◦→v ,
◦→
A) in the domain of S. As pointed out by Boehler, material frame-indifference requires that the function Ŝ be

isotropic, i.e., Ŝ satisfies

QŜ(◦→v ,
◦→
A, ◦→m,

◦→
M)QT = Ŝ(Q◦→v ,Q

◦→
AQT ,Q◦→m,Q

◦→
MQT ) for each Q ∈ O(3). (5)

Then we may appeal to representation theorems for isotropic functions to obtain a representation formula for Ŝ and, a fortiori,
for the anisotropic S. Moreover, it follows immediately from (3), (4) and (5) that the constitutive function S, as given by
(4), satisfies (2). What we have outlined above is the method of isotropic extension of anisotropic constitution functions via
structural tensors as formulated by Boehler and by Liu.

The method of Boehler and Liu, however, has its limitations. Liu [2] remarked that “[o]bviously, not every anisotropic
material can be specified by symmetry group of the type” (3), but he did not elaborate on what to him might have seemed
obvious. Later in the same paper he gave a list (“which does not mean to be exhaustive”) of groups G ⊂ O(3) that are
characterized by some set {◦→m,

◦→
M} of structural tensors in the sense specified by (3). Besides transverse isotropy, Liu’s list

includes groups pertaining to crystal classes in the triclinic, monoclinic, and rhombic systems. More recently, Xiao et al. [5]
proved that “any number of vectors and second order tensors can merely characterize and represent one of the cylindrical
groups and the triclinic, monoclinic, rhombic crystal classes.”
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REFORMULATION OF THE METHOD

We contend that the aforementioned limitations of the method of isotropic extension via structural tensors arise from an
oversight in the original formulation of Boehler and of Liu. Given a symmetry group G ⊂ O(3) defined by the constitutive
function S through (2), the crucial requirement for the method of isotropic extension to work is that the extended function
Ŝ(◦→v ,

◦→
A, ◦→m,

◦→
M) satisfies

Ŝ(◦→v ,
◦→
A,Qm1, · · · ,Qmr,QM1Q

T , · · ·QM sQ
T ) = Ŝ(◦→v ,

◦→
A,m1, · · ·mr,M1, · · · ,M s) (6)

for each (◦→v ,
◦→
A) in the domain of S and for each Q ∈ G. While the assumption (3) that G be “the invariance group of the

structural tensors” [6] is certainly sufficient for (6) to be valid, it is far from necessary. For example, (6) will remain valid if
Ŝ is symmetric in the variables mk (k = 1, · · · , r) and in M l (l = 1, · · · , s) and if each Q ∈ G leads only to a permutation
of the mk’s and M l’s. As illustrated by the following example, once requirement (3) is relaxed, it may become possible
to represent anisotropic constitutive functions, beyond the classes indicated by Xiao et al. [5], by the method of isotropic
extension (with structural tensors of order not higher than two).

A Simple Example
Let a Cartesian coordinate system with orthonormal basis ei (i = 1, 2, 3) be chosen. Let R(n,ω) denote the rotation

of angle ω about the unit vector n. Consider a tetragonal linearly-elastic material, the symmetry group of which is G = D4

with generators R(e3,π/2), R(e2,π). Let T = T (E), where T is the Cauchy stress and E the infinitesimal strain, be the
stress-strain relation of the anisotropic material.

What follows is an isotropic extension of T (E) with three structural tensors M1 := e1 ⊗ e1, M2 := e2 ⊗ e2, and
M3 := e3 ⊗ e3:

T (E) = T̂ (E,M1,M2,M3)

:=
!
α1tr(M1E) + α2tr(M2E) + α3tr(M3E)

"
M1

+
!
α2tr(M1E) + α1tr(M2E) + α3tr(M3E)

"
M2

+
!
α3(tr(M1E) + α3tr(M2E)) + α4tr(M3E)

"
M3

+ α5

!
(M1 + M2)E + E(M1 + M2)

"
+ α6

!
M3E + EM3

"
, (7)

where αi (i = 1, 2, · · · , 6) are undetermined elastic constants. Note that T̂ is symmetric in M1 and M2, i.e. it satisfies
T̂ (E,M1,M2,M3) = T̂ (E,M2,M1,M3). It is straightforward to verify that the function T̂ (E,M1,M2,M3) is
isotropic and

T̂ (E,QM1Q
T ,QM2Q

T ,QM3Q
T ) = T̂ (E,M1,M2,M3) for each Q ∈ G, (8)

which together with (7)1 imply that

T (QEQT ) = QT (E)QT for each Q ∈ G. (9)

Moreover, by rewriting (7) in matrix form under the Kelvin notation [7], it is clear that every constitutive function T that
satisfies (9) has an isotropic extension T̂ given by (7). Hence T̂ (E,M1,M2,M3) is a perfectly fine isotropic extension of
the anisotropic T (E) via the structural tensors M1, M2, and M3. It should be emphasized that the symmetry group G of
the material in question does not belong to the type (3) required in the original formulation of Boehler and Liu.

In the talk based on this paper, a reformulation of the method of isotropic extensions, with further applications to
anisotropic linear and finite elasticity, will also be presented. This presentation reports joint work with J.D. Goddard (Univer-
sity of California at San Diego, USA).
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MECHANICS OF NANO-PARTICLES FILLED ELASTOMERS BASED ON POLYMER
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Summary The present contribution deals with the constitutive modeling of carbon nanotube (CNT) reinforced rubbers on the basis of
the polymer chain length statistics. Rubbers both with conventional fillers like silica or carbon black (hybrid system) and without them
are considered. The reinforcement by CNTs is explained by additional cross-linking which influences the probability density function of
polymer chain lengths. The change in the probability density function is statistically reasoned and incorporated into a full network model
based on the numerical integration over the unit sphere. This full network model is able to describe typical inelastic effects of filled rubbers
like the Mullins effect, strain induced anisotropy and permanent set. The so obtained model demonstrates good agreement with experimental
data on CNT blended rubbers available in literature.

INTRODUCTION

Polymer chain length statistics as it results from the polymerization process has long been known in chemistry but, to
the best of our knowledge, has not so far been applied to mechanics of elastomers. Accordingly, the probability that a linear
polymer molecule is composed of exactly k segments is given by the expression [1]: P (k) = pk−1 (1− p) , k = 1, 2, . . . ,
known as the geometric probability density function, where 0 < p < 1 denotes the probability of the chain propagation while
1−p represents then the probability of the chain termination. These are exactly the events that the polymer chain connects to a
free radical (monomer) with either two or one active end, respectively. The above representation is based on the assumption of
the classical polymerization theory that p remains constant over the whole polymerization process. The chain length statistics
assumes the minimal number of chain segments available in the distribution to be 1 but can be generalized to an arbitrary
minimal number of chain segments n with the following probability density function [3]: P (k) = pk−n (1− p) , k =
n, n + 1, . . . a priori satisfying the normalization condition for any n. The continuous counterpart of this probability density
function is of the form

P (u) =
1

∆
e

n−u
∆ , (1)

where u is a real valued number of segments.
This chain length statistics should be distinguished form the classical non-Gaussian or Gaussian statistics for freely joint

chains. For example, according to the latter statistics for a freely jointed chain with a fixed number k of segments each of the
length l the probability of the end-to-end distance to be between r and r + dr is given in three-dimensional space by [4]

P (r, k) dr =

!
3α

2πkl2

"3/2

e−
3αr2

2kl2 r2dr, (2)

where α is a constant defined by the valence angle. Conversely, considering a subset of polymer chains with the same r
one obtains a distribution of k. This statistics is bases on the random walk theory and has thus nothing in common with
the polymerization process. In Fig. 1 both the probability density function (1) for various values of ∆ and the Gaussian
distribution function (2) for r = 2, l = 1 and α = 1 are plotted. In comparison to the Gaussian distribution the probability
density function (1) is always monotone decreasing.

EFFECT OF CARBON NANOTUBES

CNTs form additional cross-links for the polymer chains (see Fig. 2) and thus influence the chain length probability
density function discussed above. The placement of these CNT cross-links within a polymer chain is random. Thus, from the
point of view of the chain length statistics a chain with u segments transforms into two (or one) chains with the number of
segments either 0/u or 1/u− 1, . . . or u− 1/1. The probabilities of these events are equal and can thus be expressed as 1/u.
The new chain length probability density function resulting from this cross-linking can be expressed by (1) as (see Ref. [2]
for details)

D (u) =

∞#

u

P (ū)

ū
dū =

1

∆

∞#

u

e
n−ū
∆

ū
dū. (3)
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AN ANISOTROPIC SOFTENING MODEL

According to the non-Gaussian chain statistics the chain force tends to infinity as the chain length tends to its maximal
value at the fully stretched straight state. Thus, for any material direction the above model is restricted by the condition

λmax <
√
n, (4)

where λmax denotes the maximal stretch ever reached in the loading history. In order to satisfy this condition for every
material direction we adopt a deformation driven evolution of the minimal number of chain segments such that the condition
(4) always satisfies. This evolution can be expressed by

n (d) = ν2λ2

max (d) , (5)

where d denotes a unit vector specifying a material direction. ν > 1 is a material constant which can be referred to as sliding
ratio. It expresses the ratio of the chain contour length kl to the length at break or debonding from the filler aggregate. Further,
we assume that the broken/debonded segments still contribute to the entropic energy of the network. The softening is only
due to the evolution of the chain length distribution. In order to describe the softening as a continuous process we further
apply the continuous distribution function (3) and assume that ∆ = const although n (d) increases with increasing λmax (d)
according to (5). This means that the form of the distribution function remains unchanged, it only shifts parallel to the u-axis
to higher values of u. The free energy of all chains in a direction specified by a unit vector d can thus be given by

ψ (d) =

∞#

ν2λ2
max(d)

w̃ (λ, u)D (u) du, (6)

where D (u) is given by (3). The constitutive model described by (6) is one-dimensional and can be generalized to three
dimensions within the concept of the full network model mentioned above. Accordingly, the free energy of chains in one
spatial direction is integrated over the unit sphere. To this end, a numerical cubature is applied. The so obtained 3D model
includes very few physically motivated material constants and shows good agreement with experimental data on both unfilled
and filled rubbers. In the latter case predictions of the models were compared to a hybrid elastomer composite with various
amounts of CNTs and a classical filler like silica.
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Summary Stresses that are present in a material body in the absence of any applied loads (either body forces or surface tractions) are
referred to as residual stresses. To effectively model the elastic response, relative to a residually stressed configuration, the residual stresses
need to be incorporated into the constitutive equations. In this talk we provide an overview of the basic equations required to present
a general elastic, invariant-based anisotropic constitutive formulation that includes residual stress. We summarize a three-dimensional
incremental formulation appropriate for the implementation of the theory in a nonlinear finite element code. For numerical purposes the
general constitutive formulation is specialized to a simple prototype model and a simple representation of the residual stress distribution is
adopted. As well as possessing anisotropy associated with residual stresses in its unloaded (reference) configuration, the considered material
has anisotropy corresponding to two preferred directions that are identified with the orientations of two families of fibers. To validate the
theory and its implementation the wall stress distribution in an abdominal aortic aneurysm (AAA) using patient specific geometry and
material model parameters is evaluated. The method presented in this talk is general and can be used, by specifying appropriate energy
functions, to investigate other residually stressed biological systems.
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FINITE SHEAR OF THIN-WALL COMPOSITE SPHERES
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Summary We examine the mechanical response of a thin-wall composite sphere (TWCS) to moderate level of shear, within the framework of
finite deformation elasticity. Results show very good correspondence between our proposed analytical solution and a numerical simulation
carried out by FE method.

TWCSs are very common structures in nature. For example, cells prior to division (Fig. 1A) which can be approximated
as TWCS subjected to uniaxial tension, globular cells such as the single-cell Chlorella algae (Fig. 1B), enveloped viruses
which are commonly modeled as spherical (Fig. 1C), many types of fruit (Fig. 1D) and others. TWCSs are very common also
in man-made structures. For example, gold nanoshells for cancer treatment (Fig. 1E), coated hydrogel capsules for targeted
drug delivery applications, golf balls (Fig. 1F) and many more.

Figure 1: TWCS examples

Studies of the mechanical response of composite spheres consisting of two phases in the limit of infinitesimal deformation
elasticity are available in the literature, but when dealing, for example, with cells which undergo large deformations, finite
deformations must be accounted for. Within this framework the topic was barely dealt with and only the relatively simple
case of inflation/compression was discussed. To the best of our knowledge there are currently no published solutions to the
problem of hyperelastic TWCS under non-spherical loading within the frameworks of finite deformation elasticity.

We consider the case of TWCS with incompressible neo-Hookean phases subjected to homogeneous shear loading. The
homogeneous deformation gradient and nominal stress associated with this deformation are

F(h) =

⎛

⎝
1 γ 0
0 1 0
0 0 1

⎞

⎠ , P(h) =

⎛

⎝
0 τ 0
τ 0 0
0 0 0

⎞

⎠ ,

where γ is the shear strain and τ is the shear load, respectively.
We determine the form of the displacement and the pressure fields in terms of a power series about the shear strain

(displacement BC) or shear load (traction BC) and a function of the referential spherical coordinate system {r, θ,φ}, up to
the first order in the shell volume fraction cs. We develop an exact form for the solution up to constant coefficients that
are determined using the incompressibility constraint and the equilibrium equations in both phases and the continuity of the
displacement and the traction at the interface. In addition the appropriate boundary conditions are used. Specifically, we
begin the analysis with the shell and determine the displacement (displacement BC) or traction (traction BC) at the interface.
Then we move on to the core and determine the traction (displacement BC) or displacement (traction BC) at the interface,
completing the solution in the core, before moving back to the shell and completing the solution for the TWCS. We start with
the linear term in γ or in τ , and once the solution is completed we use it and repeat the same procedure for the quadratic term.
The higher order terms are determined by repeating these steps.
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Abstract We examine the surface tension-induced stress concentration around an elliptical hole inside an anisotropic half-plane with traction-
free surface. Using conformal mapping techniques, the corresponding complex potential in the half-plane is expressed in a series whose 
unknown coefficients are determined numerically. Our results indicate that surface tension makes a significant contribution to the stress 
concentration around the hole as the size of the hole approaches the nanoscale. In particular, we find that, with decreasing distance between the 
KROH�DQG�WKH�IUHH�VXUIDFH��WKH�KRRS�VWUHVV�FDQ�VZLWFK�IURP�FRPSUHVVLYH�WR�WHQVLOH�DW�FHUWDLQ�SRLQWV�RQ�WKH�KROH¶V�ERXQGDU\�DQd from tensile to 
compressive at others. This phenomenon is absent in the case of an elliptical or even circular hole with surface tension in an isotropic half-plane. 
(this work forms part of a paper recently submitted for publication [1]) 
 

INTRODUCTION 
 
   In recent years, nano-structures and nano-composites have been widely used in mechanical and biomedical engineering 
applications because of their unique physical and mechanical properties. In an effort to accurately predict stress distributions 
in such structures and composites, surface/interface effects induced by the contributions of surface/interface energy and 
surface/interface tension have been incorporated into the models of deformation around, for example, inner nanosized holes 
or inclusions. Most investigations involving nanosized holes/inclusions incorporating surface/interface effects, however, 
have been restricted to the simple case where the matrix surrounding the holes/inclusions is assumed to be isotropic (see, for 
example, [2-5]). This essentially prevents the analysis of cases involving most ceramic-matrix nano-structures and nano-
composites in which the matrix appears to be highly anisotropic. In view of this deficiency, we present in this paper an 
efficient method to deal with the problem of stress concentration around an elliptical hole in an anisotropic matrix subjected 
to plane deformations when surface tension is included on the boundary of the hole. This assumption is reasonable for 
problems involving small strain. In fact, in certain technological applications, the effect of deformation-dependent surface 
elasticity has been found to be small compared to that of surface tension [6, 7]. In our approach, the matrix is modelled 
specifically as a half-plane to incorporate the interaction between the hole and the edge of the matrix. 
 

PROBLEM FORMULATION 
 
   We refer to the xy-coordinate system and consider an anisotropic lower half-plane containing an elliptical hole. As noted 
above, we consider only the contribution of surface tension T and disregard the deformation-dependent surface elasticity on 
the boundary of the hole. This assumption is reasonable for problems involving small strain [6, 7]. The stress distribution in 
the anisotropic half-plane can be expressed in terms of two complex potentials ( )i izM  ( ,  1,2i iz x y iP �  ) by [8] 

 > @ > @2 2
1 1 1 2 2 2 1 1 2 2 1 1 1 2 2 22Re ( ) ( ) ,  2Re ( ) ( ) ,  2Re ( ) ( ) ,xx yy xyz z z z z zV P M P M V M M V PM P Mc c c c c cª º �  �  �¬ ¼   (1) 

where ȝ1 and ȝ2 are two distinct complex roots with positive imaginary parts each determined by the following fourth-order 
equation in ȝ, 
 4 3 2

11 13 12 33 23 222 (2 ) 2 0.a a a a a aP P P P� � � � �    (2) 
Here, the constants aij (i,j=1,2,3) are the compliance coefficients of the anisotropic material occupying the half-plane. The 
WUDFWLRQ�ERXQGDU\�FRQGLWLRQV�RQ�WKH�KROH¶V�ERXQGDU\�L and the free surface Lc  of the half-plane are described in terms of 

1 1( )zM  and 2 2( )zM  as [8] 
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½ ½�  � �  ° ° c¾ ¾�  � � �  ° °¿ ¿
  (3) 

where ȕ is the angle between the positive x-axis and the tangent to the boundary L, while A, B, C and D are real constants to 
be determined. The complex potentials 1 1( )zM  and 2 2( )zM  can be determined from conditions (3) using conformal 
mapping techniques and Fourier expansion methods. Numerical examples for surface tension-induced stress concentrations 
around elliptical holes in an anisotropic half-plane are given in the next Section. 
 

NUMERICAL EXAMPLES AND CONCLUSIONS 
 
   The following figures show the hoop stresses ıtt around circular and elliptical holes with surface tension in an 
anisotropic half-plane with increasing distance between the hole and the free surface of the half-plane. 
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From the above results, we conclude that: 
(1) Surface tension makes a significant contribution to the stress concentration around the hole in a half-plane as the size of the 

hole approaches the nanoscale. 
(2) The maximum hoop stress around the hole increases significantly with decreasing distance between the hole and the free 

surface of the half-plane. The maximum hoop stress usually appears in the vicinity of the point of maximum curvature on 
WKH�KROH¶V�ERXQGDry. 

(3) For an elliptical or even for a circular hole in an anisotropic whole plane, positive surface tension may induce tensile hoop 
stress at certain points around the hole, which is in sharp contrast to the case of a circular or elliptical hole with positive 
surface tension in an isotropic whole plane (see [9] for the case of isotropic whole plane). 

(4) For an elliptical or even circular hole (with surface tension) in a half-plane, compressive hoop stress at certain points around 
the hole may become tensile while simultaneously tensile hoop stress at certain other points around the hole may become 
compressive as the hole approaches the free surface of the half-plane. This, of course, is true only if the half-plane is 
anisotropic and not isotropic (see [5] for the case of an isotropic half-plane). 
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Summary The analytical solution of a nonlinear problem of elasticity (plain strain) for a bi-material plane, consisting of two half-planes,
is obtained under action of a point force at an interface. Mechanical properties of half-planes are described by a model of John’s harmonic
material. The problem is solved by methods of functions of a complex variable, the stresses and displacements are expressed through two
analytical functions, which are found from boundary conditions. Based on the global solutions the asymptotic expansions are constructed
for stresses and displacements in a vicinity of a point force. The solution of a problem for half-plane loaded by point force on a border is
found.

INTRODUCTION

The considered model of an elastic material is proposed by F. John in work [1]. The complex formulation to the equations
of nonlinear plane problems is given in [2]. The further development of a complex method is made in [3], where the problem
about an interface crack for John’s material is solved. The new form of complex equations is received in work [4]. Problems
an interface crack and a point force on an interface are solved using a method of jumps of stresses and displacements. The
case of an interface crack loaded by pressure is studied in work [5]. For the first time it is shown, that there is the critical
pressure which excess leads to loss of the material stability as well as large deformations and stresses.

PROBLEM SOLUTION

Consider John’s elastic potential (strain energy density) [3]

Φ = 2µ[F (I) ◦ J ], I = λ1 + λ2, J = λ1λ2,

8µbF ′(I) = I +
!

I2 ◦ 16bc,

where λ1, λ2 are principal stretches; the constants b, c are defined by transition to Hookean law under small deformations:
4µb = 1 + µ/(λ+ 2µ), c = 2µ(1 ◦ 2µb).

The equilibrium and compatibility equations of a plane problem in cartesian coordinates are

(s11 + is12)
′
1 + i(s22 ◦ is21)

′
2 = 0,

(1)
(g22 ◦ ig12)

′
1 + i(g11 + ig21)

′
2 = 0,

sij = ∂Φ/∂gji are nominal stresses, gij — components of deformation gradient. Let’s z = x1 + ix2, ζ = ξ1 + iξ2 are the
complex variables of undeformed and deformed states, σ is a stress function. The equations (1) are identically satisfied at
substitution of expressions

s11 + is12 =
∂σ

∂z
◦ ∂σ

∂z
, s22 ◦ is21 =

∂σ

∂z
+
∂σ

∂z
,

(2)

g11 + ig21 =
∂ζ

∂z
+
∂ζ

∂z
, g22 ◦ ig12 =

∂ζ

∂z
◦ ∂ζ

∂z
.

The functions ζ and σ are received from the elasticity law and formulas (2)

ζ = bϕ(z) + ψ(z) +
cz

ϕ′(z)
,

(3)
σ = (1 ◦ 2µb)ϕ(z) ◦ 2µψ(z) ◦ 2µ

cz

ϕ′(z)
,

ϕ(z), ψ(z) are analytic functions. The boundary conditions at interface

[s22 ◦ is21]
+ ◦ [s22 ◦ is21]

− = ∆ s(t), [g11 + ig21]
+ ◦ [g11 + ig21]

− = ∆ g(t), (4)

∗Corresponding author. Email: tanyath57@gmail.com



the functions ∆ s(t), ∆ g(t) are the jumps of stresses and strains. For point force F , applied at interface in z = 0, the jumps
are ∆ s(t) = ◦ iF δ(t), ∆ g(t) = 0.

We introduce functions h(z) and k(z), which holomorphic in all plane, except interface, then equations (4) and their
solutions will become [4], [6]

[h(z)]+ ◦ [h(z)]− = ∆ s(t), [k(z)]+ ◦ [k(z)]− = ∆ g(t),

h(z) = ◦ F

2π

1

z
+ h(∞), k(z) = k(∞).

Constants h(∞), k(∞) are defined from conditions sij → 0 at |z|→∞.
The asymptotic expansions of nominal stresses and displacements for upper half-plane S2 at r → 0 are:

s11 + is12 = ◦
"
1 ◦ 2µ2b2

b2
p2e

−iθ + 2µ2p1e
iθ

#
F

2πr
+ O(1),

(5)

s22 ◦ is21 = ◦
"
1 ◦ 2µ2b2

b2
p2e

−iθ ◦ 2µ2p1e
iθ

#
F

2πr
,

u1 + iu2 = ◦ (p1 + p2)
F

2π
ln r + O(1),

where z = reiθ,

p1 =
b1

1 + 2b1(µ2 ◦ µ1)
, p2 =

b2
1 + 2b2(µ1 ◦ µ2)

.

The Cauchy stresses are calculated under formulas

t11 + it12 =
s11 + is12!
g222 + g212

, t22 ◦ it21 =
s22 ◦ is21!
g211 + g221

.

The asymptotic expansions of Cauchy stresses for upper half-plane at r → 0

t11 + it12 = ◦
$

F

F

(1 ◦ 2µ2b2)p2e−iθ + 2µ2b2p1 eiθ

b2
!

p21 ◦ 2p1p2 cos 2θ + p22
+ O(r),

(6)

t22 ◦ it21 = ◦
$

F

F

(1 ◦ 2µ2b2)p2e−iθ ◦ 2µ2b2p1 eiθ

b2
!

p21 + 2p1p2 cos 2θ + p22
+ O(r).

The expansions for lower half-plane S1 are obtained by cyclic replacing of indexes (1↔ 2) in the right parts of (5), (6).

CONCLUSIONS

The nominal stresses have singularities 1/r at r → 0 in vicinity of point force, the displacements have singularity ln r,
while the Cauchy stresses have no singularity. The stresses and displacements of single half-plane problem (S1 or S2) under
action of point force on border we receive from above-described results when one of modules µ equal zero.
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Summary Folding graphitic materials have the potential to create complex structures with new properties. Intercalating molecules into these
folds is an interesting method of one-dimensional functionalisation of a graphene sheet. We investigate the incorporation of a single-walled
carbon nanotube into folded graphene structures and between sheets of graphene. The optimal curved structure caused by both the elastic
and van der Waals energies is examined using variational calculus. Results are shown to match with molecular dynamics simulations.

INTRODUCTION

Graphene sheets are materials known to be able to withstand immense stress [1]. However, it is much simpler to move
graphene out of the plane creating folded structures of graphene known as grafolds [2]. In comparison to graphene, grafolds
have been shown to have enhanced mechanical properties under compressive forces [1, 3] and increased chemical reactivity
[4]. One of the more novel applications of these folds is the intercalation of small molecules into the structure. This creates
a one-dimensional functionalisation of the graphene sheets allowing us to experiment with the mechanical, electrical and
optical properties affected by the interlayer interaction. Experiments involving intercalation into folds have been performed
before with C60 fullerences [2]. Here, we investigate a similar structure formed by the intercalation of a single-walled carbon
nanotube into a fold. Due to the isotropic nature of this structure along the axis of the nanotube, the problem can be reduced to
two dimensions and we examine a cross-section of the system. Simulations are conducted and a comparison is made between
the equilibrium state of an MD simulation of the system and the mathematical model of the structure formulated by variational
calculus.

MODELLING

We construct a model to determine the optimal geometric structure of a graphene sheets wrapped around a single-walled
nanotube. The dominant forces are assumed to be the van der Waals (vdW) interaction energy and the elastic bending energy
involved in the bending of the sheet. The vdW energy is taken to dominate as the sheet wraps around the nanotube and so we
represent this curve as a perfectly circular arc. When the edges of the folded sheets are a sufficient distance from the tube,
the elastic force rapidly decreases and the sheets stack in a horizontal fashion as in graphene. Furthermore, we assume the
graphene-graphene and SWNT-graphene van der Waals interaction are equal and denote the resulting equilibrium distance as
2δ Å . The SWNT is fixed at a radius of r Å .

Figure 1: Representation of a graphene
sheet wrapped around a carbon nanotube.

Invariance of the structure along the length of the nanotube allows us to
reduce the problem into two dimensions as shown in Fig. 1. We assume reflec-
tive symmetry around the x-axis and so can independantly consider the upper
section. The curve is split into three distinct sections denoted by C1, C2 and
C3. We define C1 as a circular arc of radius R = r + 2δ and C3 is defined
as a horizontal line bounded on the left. Our interest is in the formation of the
central curve C2 bounded by the points P1 = (x0, y0) and P2 = (x1, δ).

The elastic energy, Ee, uses Euler’s formulation of the potential energy of
an ideal elastic line and the vdW energy, Ev , is modelled as a Heaviside step
function. Additionally, we assume the curve section C2 is dominated by the
elastic force and thus C1 and C3 are the sections of the curve affected by the
vdW force. Our total energy E is then

E = Ee + Ev =

ˆ
C

(γκ2 ◦ ϵu(x1 ◦ x) ◦ ϵu(x ◦ x2)) ds,

where κ is the strictly negative line curvature and γ is a constant denoting the
bending rigidity of graphene. Additionally, u represents the heaviside function
and ϵ is a scaling constant denoting the vdW energy per area length.



We aim to minimise the energy together with an isoperimetric constraint on
the total arclength,

´
C ds = L, which we incorporate in our functional by multiplying by a Lagrange multiplier λ.

E =

ˆ
C

(γκ2 ◦ ϵu(x0 ◦ x) ◦ ϵu(x ◦ x2) + λ) ds

=
γL1

R2
+

ˆ
C2

(κ2 + α) ds + (λ ◦ ϵ)L,

where we have defined α = ϵ/γ.
The general parametric solution for the minimal energy curve is given in Cox et. al. [5]

x(φ) = c1 ◦
2(α+ β)1/2

β

!
1 ◦ k2 sin2 φ

"
, y(φ) = c2 ◦

2(α+ β)1/2

β

#
E(φ, k) ◦ α

α+ β
F (φ, k)

$
,

where k =
%

2β
α+β

&1/2
and E and F are, respectively, the incomplete elliptic integrals of the first and seconds kinds.

Using the boundary conditions defined for a second order variational problem, we can find our constants

c1 =
2 + 2(R2α+ 2)1/2

Rβ
, c2 =

(R4β2 ◦ 4)1/2

Rβ
+

2(α+ β)1/2

β

#
E(φ0, k) ◦ α

α+ β
F (φ0, k)

$
.

The van der Waals energy is taken as ϵ = 0.0214 eV Å−2 and the bending energy as γ = 1 eV Å−2 [5]. The remaining
constant β is determined numerically for each case.

RESULTS

Several MD simulations were run for a number of different sized nanotubes ranging from (6,6) to (10,10) armchair nan-
otubes. The resulting structure was overlayed with the curve defined by the mathematical model for nanotubes of an equivalent
radius as shown in Fig. 2. This alternate modelling method gives a curve that reasonably approximates the curved structure
of the model. We do however note that the nanotube has been slightly compressed forming an elliptical rather than a perfectly
circular structure which gives a possible further extension to the model.

Figure 2: Comparison of mathematical model and MD simulation equilibrium structure for (6,6), (8,8) and (10,10) armchair
nanotubes wrapped by a graphene sheet. The simulation is represented by the dotted line.

MOLECULAR DYNAMICS

Molecular dynamics (MD) simulations were performed using the LAMMPS MD simulator. A folded sheet of graphene
around a single-walled carbon nanotube was modelled in a 10nm × 10nm simulation box. This system was repeated peri-
odically along the axis of the nanotube. All interactions were modelled using the AIREBO forcefield. The simulation was
equilibriated under the NPT ensemble at a temperature of 300 K and pressure of 1 bar. Temperature and pressure control were
managed using the Nose-Hoover thermostat and barostat. The system was first minimised using the conjugate gradient (CG)
algorithm and was then run at a timestep of 0.5 femtoseconds.
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Summary In the plane elasticity an effective method of using the holomorphic complex function theory is based on Kolosov-Muskhelishvili
formulae. For three–dimensional problems monogenic Clifford functions or regular quaternionic functions of a reduced quaternion variable
are used. We present some variants of three–dimensional Kolosov-Muskhelishvili formulae where elastic displacements and stresses are
expressed in terms of two arbitrary regular quaternionic functions. It is shown that in particular cases of plane and axially symmetric
deformations these representations go into the Kolosov–Muskhelishvili and Solov’ev formulae expressed in terms of two complex functions.
Some applications of quaternionic representations for elastic equilibrium problems are shown.

INTRODUCTION

In two-dimensional problems of the theory of elasticity the methods of complex variable theory are effectively used. In
plane problems the basis of this is the representation of the general solution of the equilibrium equations in terms of two
arbitrary analytic functions called the Kolosov–Muskhelishvili formulae. In axially symmetric problems different classes
of generalized analytic functions of complex variable are used. As a generalization of the method of complex functions in
multidimensional problems the method of hypercomplex functions are developed (see [1, 4] etc.). For three-dimensional
problems of mathematical physics such an apparatus is the Moisil–Theodoresco system theory, which is developed as the
theory of regular quaternion functions of reduced quaternion variable (see [3]). In [2, 5] one can find short reviews about
some results in using of hypercomplex functions in the three-dimensional elasticity. In this report we present the basis of
the theory of regular quaternionic functions of a reduced quaternion variable. Some variants of the quaternion Kolosov-
Muskhelishvili formulae with the expressions for stresses are obtained. It is shown that in particular cases of plane and axially
symmetric deformations these representation goes into the Kolosov–Muskhelishvili and Solovyov formulae expressed in terms
of two complex functions. Some applications of quaternion representations for elastic equilibrium problems are shown.

THEORY OF QUATERNIONIC FUNCTIONS

Let i, j, k be the basic quaternions obeying the following rules of multiplication: i2 = j2 = k2 = ◦ 1, ij = ◦ ji = k,
jk = ◦ kj = i, ki = ◦ ik = j. An element q of the quaternion algebra H we write in the form q = q0+iqx+jqy+kqz = q0+q,
q0 is the scalar part of a quaternion, q = iqx + jqy + kqz is the vector part of a quaternion q. The quaternion conjugation
is denoted as q̃ = q0 ◦ q. Let x, y, z be the Cartesian coordinates in the Euclidean space R3. A quaternion-valued function
f of a reduced quaternion variable r = ix + jy + kz ∈ R3 is a mapping f : Ω ◦→ H such that f(r) = f0(r) + f(r)
= f0(x, y, z) + ifx(x, y, z) + jfy(x, y, z) + kfz(x, y, z). The differential operator ∇ = i∂x + j∂y + k∂z is called the
generalized Cauchy– Riemann operator. A function f is called (left) regular if ∇f = 0. With the vector notations the
regularity condition is given as follows: ∇f(r) = ◦ ∇ · f(r) +∇f0(r) +∇ × f(r) = 0, where ∇f0, ∇ · f , ∇ × f are the
usual gradient, divergence and curl, respectively. This system in the Cartesian coordinates is called the Moisil–Theodoresco
system (MTS) and is a spatial generalization of the Cauchy-Riemann system. For quaternion functions analogues of the main
properties of the holomorphic complex functions have been established (see [1]–[4]).

The quaternion function F is called a primitive of a regular function f if ∇F = f . Because of a regular function f is a
harmonic function then a primitive function F is also harmonic and the function F is also called as a harmonic primitive.

THREE–DIMENSIONAL ANALOGUES OF THE KOLOSOV–MUSKHELISHVILI FORMULAE

The equation of elastic equilibrium is called the Lame equation and has the next form

Lu ≡ (λ+ 2µ)∇(∇ · u) ◦ µ∇× (∇× u) = 0. (1)

If we introduce the next scalar function f0 and vector function f :

(λ+ 2µ)∇ · u = f0, ◦ µ∇× u = f , (2)

then the Lame equation (1) is transformed into the MTS, thus, the quaternion function f = f0 + f is regular.
∗Email: grigyum@yandex.ru



The three-dimensional analogue of the Kolosov–Muskhelishvili formulae for a displacement is obtained in the next form

2µu(r) = κΦ(r) ◦ r!ϕ(r) ◦ !ψ(r), κ = ◦ 3λ+ 7µ

λ+ µ
= ◦ 7 + 8ν, (3)

where as Φ one can take any primitive of function ϕ, having subordinated ψ to the condition κΦ0 = r·ϕ+ψ0; ν is a Poisson’s
ratio. Thus, the vector of elastic displacement is represented in terms of two arbitrary regular functions ϕ, ψ and a harmonic
primitive Φ of a function ϕ. It is proved that the quaternion representation (3) is a general solution of the Lame equation (1)
in the cases of star–shaped domains or simply connected domains with a smooth boundary. Components of a stress tensor are
also expressed in terms of regular functions ϕ, ψ and a harmonic primitive Φ.

In the case of star–shaped regions we have other form of a quaternion representation:

u(r) =
r

µ
× I1f +∇

"
r2
#

3λ+ 7µ

4µ(λ+ 2µ)
I1/2 ◦ 1

µ
I1
$

f0

%
+∇g0, Iαf =

& 1

0
tαf(rt)dt, (4)

where the regular function f is from (2); g0 is an arbitrary scalar harmonic function thus∇g0 is a pure vector regular function.
It is shown that quaternion representations (3) and (4) are equivalent. It can be shown that in particular cases of plane and
axially symmetric deformations these representations goes into the Kolosov–Muskhelishvili and Solov’ev formulae expressed
in terms of two complex functions.

APPLICATIONS

From the quaternion representation (4) the new representation of a general solution of the Lame equation expressed in
terms of three harmonic functions is obtained. With the help of that representation solutions of each of four main problems
about an elastic ball’s equilibrium are expressed through solutions of three independent Dirichlet and Neumann problems for
the harmonic functions. Thus the solutions of these elastic problems are obtained in closed forms in quadratures and these
quadratures are expressed in terms of the Appell hypergeometric functions. For the solution of the first main problem of an
elastic equilibrium of an arbitrary body the three dimensional quaternion analogue of the Muskhelishvili integral equation is
obtained by means of the representation (3). Basics of the quaternionic boundary element method with the numerical example
are presented. The system of polynomial solutions of the Lame equation is obtained by means of the representation (4). As
application of an approximation theorem for the MTS the theorem about a polynomial approximation for the Lame equation
is established.

When it is necessary to reconstruct a stress field in a body from measurement data on a part of a boundary we must solve
the Cauchy problem for the Lame equation. In this case we have overdetermined data on a part of a boundary (all components
of the displacement and the stress vector) and unknown boundary conditions on the remaining part of a boundary. It is shown
that this problem is equivalent to the problem of an analytical continuation of a regular quaternion function from a part of a
boundary.

CONCLUSIONS

In this paper the theory of Moisil-Theodoresco system in terms of regular quaternion functions of reduced quaternion
variable is used. Two variants of a quaternion representation of the Lame equation solution are presented. One of them
was obtained in star–shaped regions with using radial integration operators, another one – in simply connected domains with
a smooth boundary. These two representations in star–shaped domains are equivalence. It is shown that the quaternion
representation in the case of plane deformation goes into the general Kolosov–Muskhelishvili solution and in the case of
axially symmetric deformation goes into the general Yu.I. Solov’ev solution. Applications of these representations for solving
three–dimensional elastic problems are shown.

This work was supported by RFBR grant 15-41-05081.
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Summary Well-posedeness of boundary value (BVP) and initial boundary value problems for elastic cusped (tapered) prismatic shells (i.e.
for shells with vanishing thickness at the boundary) claims non-classical setting of boundary conditions (BC). The present paper is devoted
to a concise up-dated exploratory survey of results within the framework of various models of prismatic shells, in particular, plates of
variable thickness (Kirchoff-love model, hierarchical models, multi-layer models, etc.). It also contains the non-published results of the
author concerning micropolar and classical (with microtemperatures) elastic cusped prismatic shells.

DEFINITION OF CUSPED PRISMATIC SHELLS

Let Ox1x2x3 be an anticlockwise-oriented rectangular Cartesian frame. We conditionally assume the x3-axis vertical. The

elastic body is called a prismatic shell if it is bounded above and below by, respectively, the face surfaces x3 =
(+)

h (x1, x2)

and x3 =
(−)

h (x1, x2), laterally by a cylindrical surface of generatrix parallel to the x3-axis and its vertical dimension is

sufficiently small compared with other dimensions of the body [1]: Ω :=
!
(x1, x2, x3) ∈ R3 : (x1, x2) ∈ ω,

(−)

h (x1, x2)

< x3 <
(+)

h (x1, x2)
"
, where ω := ω ∪ ∂ω is the so-called projection of the prismatic shell Ω := Ω ∪ ∂Ω, the thickness

2h(x1, x2) :=
(+)

h (x1, x2)−
(−)

h (x1, x2) > 0 for (x1, x2) ∈ ω, and 2h(x1, x2) ≥ 0 for (x1, x2) ∈ ∂ω. Let x3 = #h(x1, x2)

denote the middle surface of the prismatic shell, then 2#h(x1, x2) :=
(+)

h (x1, x2) +
(−)

h (x1, x2). In the symmetric case of

the prismatic shells (i.e.,
(−)

h (x1, x2) = −
(+)

h (x1, x2), therefore, 2#h(x1, x2) = 0) we have to do with plates of variable
thickness 2h(x1, x2) and a middle plane ω (see Figures 1, 2). Prismatic shells are called cusped ones if a set γ0, consisting of
(x1, x2) ∈ ∂ω for which 2h(x1, x2) = 0, is not empty.

GOVERNING EQUATIONS

The governing equations of cusped prismatic shells are equations and systems of partial differential equations (PDE)
with the order degeneration on γ0. The order degeneration involves essentially different from the classical setting of BCs.
Degeneration of governing systems is caused by the complexity of the geometry of the 3D body (e.g., cusps, cuspidal edges).

Let us give as examples: (i) Kirchoff-Love bending equation (see [2], Chap. V, Sec. 40 and also [3])

Bw := (Dw,11 ),11 +(Dw,22 ),22 +ν(Dw,22 ),11 +ν (Dw,11 ),22 +2(1− ν)(Dw,12 ),12 = q(x1, x2), (1)

where w is the deflection, D := 2Eh3

3(1−ν2)
is the flexural rigidity of the plate, q is the lateral load, E is Young’s modulus,

ν is Poisson’s ration (indices after comma mean differentiation with respect to the corresponding variables, displacements
u3(x1, x2, x3) = w(x1, x2), uβ(x1, x2, x3) = −x3w,β , β = 1, 2); (ii) the bending system of N = 1 approximation of
I. Vekua’s hierarchical models [4] (see also [1]):

µ(hv30,α),α + 3µ(hvα1),α = −
0

X3, µ
$
(h3vα1,β),α + (h3vβ1,α),α

%
+ λ

&
h3vγ1,γ

'
,β −µh(v30,β + 3vβ1) = −h

1

Xβ , (2)

β = 1, 2,

x3=��( , )h x x1 2

x3=��( , )h x x1 2

(+)

(-)

x3

x2

x1

!
1

!2

Figure 1: A cusped plate with sharp γ1 and blunt γ2
edges, γ0 = γ1 ∪ γ2. ∂Ω is a non-Lipschitz boundary

x h3=  ( , )x x1 2

(+)

(-)
x h3=  ( , )x x1 2

!0= "
0

Figure 2: A blunt cusped plate with the edge γ0. ∂Ω
is a Lipschitz boundary



where Einstein’s summation (Greek indices take values 1,2) convention is used, λ and µ are Lamé’s constants (for symmetric
shells u3(x1, x2, x3) ∼= 1

2
v30(x1, x2), uβ(x1, x2, x3) ∼= 3

2
x3vβ1(x1, x2), β = 1, 2,); (iii) governing system of N = 0

approximation

µ
(
(hvα0,β),α +(hvβ0,α),α

)
+ λ(hvγ0,γ),β = −

0

Xβ , β = 1, 2, µ(hv30,α),α = −
0

X3, (3)

(displacements ui(x1, x2, x3) ∼= 1

2
vi0(x1, x2), i = 1, 2, 3), unknowns vi0, i = 1, 2, 3, vβ1, β = 1, 2, are so called weighted

moments;
0

Xi = 1, 2, 3,
1

Xβ , β = 1, 2, are expressed by tractions applied at face surfaces and by volume forces. Evidently,
equations (1)-(3) have the order degeneration on γ0.

We consider both the single-layer and multi-layered cusped prismatic shells within the framework of classical and microp-
olar theories of elasticity and thermoelasticity without or with microtemperatures. Some principal results obtained are stated
in Conclusions.

CONCLUSIONS

1. Cusped bodies, in particular, cusped shells, plates, and bars are not possible to be fully investigated within the framework
of 3D Elasticity Theory, since its methods fail for bodies with non-Lipschitz boundaries.
2. Only by means of 2D and 1D models can be revealed the peculiarities of setting BCs for cusped bodies [1,3].
3. Within the framework of 2D models for cusped bodies (the presence of cusped edges implies order degeneration of the
governing 2D PDEs, see [1,3,5,6]): (i) both the cases of Lipschitz and non-Lipschitz 2D boundaries can be studied; (ii) BVPs
which fall outside the framework of 3D model can be set and solved; (iii) the sequence (N = 0, 1, 2, ...) of approximate solu-
tions can be considered as a solution of the corresponding 3D BVPs (in particular, in the case of the Lipschitz 2D boundary
the above sequence can be replaced by its H1 limit [5]).
4. If at cusped edges concentrated along a cusped edge (i.e., along a line) forces are applied then stresses become infinite
(since the area of loading equals zero) but integrated stress vectors are finite at the cusped edge.
5. In N = 0 approximation, when the cusped prismatic shell-like body projection is a half-plane x2 ≥ 0, the thickness
2h = h0xκ

2 , κ, h0 = const ≥ 0, and at the edge x2 = 0 integrated stress vector (either distributed but concentrated along the
cusped edge or concentrated at point of the cusped edge load) is applied, the problem is solved in the explicit form (in quadra-
tures). For κ > 0 prismatic shell-like body is cusped one; for κ = 0 we have the plate of a constant thickness. The Flamant,
Ceruti, and Carothers type problems are solved in the explicit form, which contain as particular cases the classical Flamant,
Ceruti, and Carothers formulas [1] (see also [7]). Cusped edges cannot be clamped (fixed) or be simply supported in all the
cases of sharpening; e.g., let ω lies in x2 ≥ 0 and γ0 is a segment of the x1-axis, then (see [1,3]) (i) in N = 0 approximation
γ0 can be fixed only if κ < 1 (blunt edge), while by κ ≥ 1 (cusped edge) γ0 should be free; (ii) for Kirchhoff-Love and
I. Vekua N = 1 models at γ0: w and v30 can be prescribed only if κ < 2/3, while w,2 and vα1, α = 1, 2, can be prescribed
only if κ < 1/3. If κ ≥ 2/3 (κ > 1/3), then BC on γ0 should be replaced by the boundedness of w, v30 (w,2, vβ1, β = 1, 2)
in right neighbourhood of γ0. On ∂ω\γ0 all the classical BCs can be prescribed.
6. In the case of geometrically non-linear (von-Kármán-Föppl type) model in contrast to linear model shearing forces and
bending moments cannot be always correctly applied. The corresponding criteria are established [8].
7. Considering hierarchical models for cusped elastic prismatic shells with microtemeratures in addition to peculiarities of
setting BCs at cusped edges (see Point 5 of Conclusions) for displacement vector weighted moments the similar peculiarities
arise also for microtemperature vector weighted moments. The same is true for weighted moments of displacements and
microrotations in the case of hierarchical models of micropolar elastic cusped prismatic shells.
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Summary The paper studies different aspects of the cavity formation along the axis of screw dislocation and wedge disclination within the 
framework of nonlinear elasticity of incompressible media. For some classes of elastic energy functions the necessary conditions for the 
existence of discontinuous solutions were determined. Several boundary value problems on the formation of a cavity in a nonlinear elastic body 
with isolated defects were resolved taking into account the microstructure of the material. For this purposes the theory of Cosserat continuum 
has been used. It was shown that account of microstructure typically reduces the radius of the cavity until its complete elimination. 
 

INTRODUCTION 
 
   Though the hole model of the dislocation core have been using in physics and mechanics of crystals since the concept of 
dislocation was invented, real observations of cavities connected with dislocations were done much later [1]. Disclination 
structures containing cavities were found in the cobalt nanowires in 2008 [2]. As to the mathematical modelling of 
cavitation in solids the pioneer work of J. Ball [3] should be mentioned. He showed that the problem of the expansion of the 
isotropic sphere can have a solution that describes the formation of a cavity in the center of the ball. The existence of 
discontinuous solutions of the problems of the formation of dislocation and disclination in nonlinear elastic bodies was for 
the first time shown in the works of L. Zubov et al [4±5]. 
 The studying of mechanical fields of the isolated defects is based in this work upon the semi-inverse representations 
describing the dependence of the radius-vector of the body point in the deformed state upon its position in the reference 
(non-deformed) configuration: 

zaZrPR �  ) MM,),(       (1) 
for screw dislocation with Burgers vector of the length aS2 , and 

zZrPR   ) ,),( NM       (2) 
for wedge disclination with Frank vector proportional to 1�N . 
 

CLASSICAL CONTINUUM 
 
General equilibrium equations and boundary conditions 
   Boundary value problem for the cylinder with isolated defect consists of equilibrium equations 0div  D for Piola 
stress tensor D , boundary conditions on free surface 0 �Dn and constitutive relations T1 SFD �� �p , where F  ± 
deformation gradient, and S can be expressed in terms of potential energy function W by FS ww /W . Existence of 
dislocations can be accounted by some extra relations [4] or in the semi-inverse representation of the solution (1) or (2). In 
latter case boundary conditions on the ends of the cylinder are satisfied in the integral (Saint-Venant) sense. 
   For compressible materials the problem above is reduced to the nonlinearly (generally speaking) second order boundary 
problem relative to )(rP function describing the radius of the cylinder in the deformed configuration. In the case of 
incompressible materials this function can be determined analytically from the incompressibility condition 1det  F : 

222
1

)( ArrP � 
�

N .      (3)  
 
Discontinuous solutions 
   The cavity formation near the defect line corresponds to discontinuous solution for solid cylinder when constant A in (3) 
is not equal to zero. The equation for this constant can be obtained by direct analysis of boundary value problem when solid 
cylinder is considering as a limiting case of the hollow one, or by energy approach thus calculating extreme value of 
potentLDO�VWUDLQ�HQHUJ\�ZLWK�UHVSHFW�WR�³FDYLW\´�SDUDPHWHU A . Both approaches lead to the same equation 

³  ��
�
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1
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0)'(1
r

rR drSSP
Ar

M      (4) 

   Conditions of the existence of nontrivial solutions of Eq. (4) are in turn the necessary conditions of existence of the 
discontinuous solutions of the original problems. In particular for strain energy function depending upon primary invariants 
of Cauchy-Green strain measure 1I , 2I these conditions can be written as ,const 1

1
E�� IW ;1 foI  ,const 1

2
E�� IW



;2 foI .0!E  The state with the hole is preferred from energetic point of view. In can be shown both numerically and 
analytically that the total energy of the cylinder with the cavity is always less than the energy of the solid cylinder. That 
means that the hole formation is energetically advantageous. 
 

CONTINUUM WITH MICROSTRUCTURE 
 
   ,Q�WKH�PRGHO�RI�&RVVHUDW¶V continuum [6±7] each particle of the media has the degrees of freedom of absolutely rigid 
ERG\��7KH�SDUWLFOH¶V�SRVLWLRQ�LQ�GHIRUPHG�FRQILJXUDWLRQ�LV�GHVFULEHG�E\�UDGLXV-vector R and properly orthogonal tensor H
(tensor of micro-rotation). The elastic potential W is the function of two tensors of the second range ± measure of 
deformation TT HFY � and the tensor of bending strain L , determining from the equation � � ILHH u� � Tdiv . To 
analyse the problems of dislocations and disclinations one should add one extra assumption to the semi-inverse 
representations (1) or (2), namely the presentation of H tensor. For the problem of disclination following form is suitable: 

ZzRrRr eeeeeeeeeeH ���� )) )(sin)(cos MM FF  
where )(rF ± angle function that describes the proper rotation of the particle, not associated with the strain of the continuum; 
for the problem of dislocation this presentation is similar. 
   To study the possibility of the hole formation in the Cosserat media energy approach is more suitable and the equation 
for determining the radius of the cavity similar to (4) can be obtained. The results of its numerical investigation in the case 

of dislocation for the energy function mmW LIY tr)tr(2 1��� KP  are presented at the figures below where dependence 
of the hole radius upon the dislocation parameters is depicted (solid line corresponds to the classical nonlinear elasticity).  
 

     
 

 
CONCLUSIONS 

 
   In the framework of the nonlinear theory of elasticity for incompressible media an equation for determining the radius of the 
cavity which can be formed around the axis of the wedge disclination and screw dislocation was formulated. Necessary 
conditions of the cavity existence were obtained as the limit relations of specific potential energy function. It was shown that the 
state with the cavity (in the case of its existence) is energetically favourable. It was shown that this existence or non-existence is 
not related with well-known Hadamard inequality of nonlinear elasticity. For an incompressible nonlinear elastic Cosserat 
continuum it was shown that for a screw dislocation microstructure effect of accounting is not univalent. Typically, this 
consideration leads to a decrease in the radius of the cavity up to its complete elimination. At the same time there are models of 
materials and range of material and geometric parameters for which the radius of the cavity in the Cosserat medium surpasses the 
similar value of the classical theory of elasticity. 
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Summary Misfit dislocations occur at the interface under a combination of materials with different lattice lengths. When a external force is 
applied to materials, and Burger's vector of the misfit dislocation varies. Then, a solution for an arbitrary misfit dislocation is needed. For this 
problem, a model for incoherent interface is proposed and equations for the displacement and stress fields around the misfit dislocation are 
derived incorporating the interface stress and the interface elasticity. The stress distribution along the interface is investigated precisely. The 
effect of the interface properties, such as the interface stress and the interface elasticity, on the singular stress field around the misfit dislocation 
is clarified. 
 

INTRODUCTION 
 
   Recent advanced electro-mechanical system and electronic devices are manufactured using nanotechnology. A nano-
scaled bump or wire can be built on a substrate using such as atomic layer epitaxy and molecular beam epitaxy technologies. 
When the crystal structure in the bump is different from that in the substrate, mismatch dislocation occurs at the interface. It 
is known that interface stress generally exists at the interface like the surface stress. In a nanoscale, the interface properties, 
such as interface stresses and interface elasticity, influence on the stress and displacement field near the interface. In the 
present paper, an arbitrary misfit dislocation is introduced to a coherent interface to calculate the stress and displacement 
distributions in an incoherent interface. The stress and displacement fields are analytically derived and the influence of 
interface properties on the stress fields near the interface is discussed. 
 

ANALYSIS METHOD 
 
   Anisotropic elastic material is considered, and a rectangular Cartesian coordinate system is used. 
   A model for analysis is two half-anisotropic materials joined at x3 = 0. The upper region ( 0 ! x3 ) is material 1 and the 
lower region ( x3 < 0 ) is material 2. Here, solutions for two regions considering the conditions for u = 0  and t = 0  as 
x3 !"  and misfit dislocation are set at the interface as: 
1) 0 ! x3  for material 1 

 
!u 1( ) !1,!2, x3( ) = A 1( ) e" ip*

1( )#x3 q 1( ), !t 1( ) !1,!2, x3( ) = "i#B 1( ) e" ip*
1( )#x3 q 1( )                     (1) 

2) x3 < 0  for material 2 

 
!u 2( ) !1,!2, x3( ) = "A 2( ) e" ip*

2( )#x3 q 2( ), !t 2( ) !1,!2, x3( ) = i#B 2( ) e" ip*
2( )#x3 q 2( )                    (2) 

Here, the superscripts (1) and (2) for A , B  and p!  denote materials 1 and 2, q 1( )  and q 2( )  are unknown vectors to be 
determined from the boundary conditions. 
 
Boundary condition for interface 
   A model for interface is proposed to incorporate the interface properties. Here, a region referred to as an interface zone 
is supposed between materials 1 and 2. The positions of atoms at the interface do not match in materials 1 and 2. So, the 
traction vector acting on each material may be mismatch as shown in Fig.1. Now, a traction vector t int( )  is introduced as a 
traction in the interface zone. This traction originated from atomic structures near the interface is different from the traction 
in bulk and depends on the interface properties in a view of continuum mechanics. Then, an equilibrium condition at the 
interface zone is derived. The unknown vectors, q 1( )  and q 2( ) , are determined using the following Eqs.(3) and (4). 
1) Boundary condition of misfit dislocation 

 !u
1( ) ! !u 2( ) = A 1( )q 1( ) + A 2( )q 2( ) = "!udis                                  (3) 

2) Boundary condition of traction 

 
!t 1( ) ! !t 2( ) ! "2 F1 !u

1( ) + F2 !u
2( )( ) = !i" B 1( ) + i"F1A

1( )( )q 1( ) ! i" B 2( ) + i"F2A
2( )( )q 2( ) = 0                (4) 

where  !!udis  represents the Fourier transformed misfit dislocation, and matrices, F1 and F2, are consisted of the interface 
properties in materials 1 and 2. 
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MODELING OF BIAXIAL RESPONSE OF POLYVINYLEDENE FLUORIDE (PVDF) 
Harish Lambadi1, Lakshmana Rao C 2 

1,2 Department of Applied Mechanics, Indian Institute of Technology Madras 
 
Summary Polyvinylidene Fluoride (PVDF) is a piezo polymer and exhibits both sensor and actuator effects for different     
potential applications in industries. In this study the experimental and modelling results of monotonic biaxial response of PVDF 
will be presented. A non contact speckle monitoring method was used to monitor point wise finite deformation in the specimen. 
A hyper elastic constitutive model using four invariants was used to capture the anisotropy in the mechanical response. A paper 
reports a good correlation between the proposed model and the observed experimental data. 
 

INTRODUCTION 
 
   Polyvinylidene Fluoride has a basic building block of -CH2-CF2- monomer. The microstructure of the PVDF is semi 
crystalline. In the manufacturing process, the PVDF polymers have been stretched in one direction and a high electric field 
is applied in the thickness direction to amplify the polling and improve the piezoelectricity to the PVDF. The PVDF film 
sheets are transparent have silver coating on top and bottom of the film to capture and transmit the conduction of electric 
charges across the material. The mechanical behavior of the PVDF film sheets has been addressed in literature using 
conventional tensile test setup to see mechanical response. Vinogradov et al. [1] have observed the mechanical anisotropic 
on to the PVDF film. Due to a mechanical stretch applied at the time of manufacture time, the PVDF has been observed to 
have a high strength in that direction compared to orthogonal (unstretched) direction. Due to semi crystalline nature and 
alignment of fiber in direction of stretch, we assume PVDF as a transversely isotropic in the direction perpendicular to the 
poling direction. A detailed investigation of the nature of anisotropy in finite deformation and its modeling is attempted in 
this paper. 
   In this study, 128µm thin metalized PVDF sheets were used to do biaxial tests. The samples were cut into cruiceform 
shape to do biaxial static tests and a black speckle was markers on these white films to track the displacements locally. The 
biaxial test setup has been used to carry out the experiment and measure the strains locally using a stingray digital camera, 
which is fixed in a direction orthogonally to the testing sample. The stress-strain plots which were observed from the image 
displacements were observed to yield better estimates of the stress-strain plots compared to the plots that are generated by 
using data from cross head movement of the test setup. In this study we attempt to do constitutive model of the nonlinear 
elastic response using a transversely isotropic finite deformation constitutive model.  
 

BIAXIAL TESTING 
    
   The Bi-axial monotonic static tests were carried out using a biaxial test machine. Cruciform shaped samples are cut as per the 
dimensions shown in Figure1 (a). Black speckle mark points are applied on the sample to monitor the displacements using a non 
contact optical measurement technique as shown in the figure 1(b). A low speed camera has been used to capture the images 
while conducting the experiment at 15fps (frames per second). The black mark dots on the captured images are tracked using a 
MATLAB code that was written for this purpose. Strains and stretches are calculated by measuring the displacements of the 
markers. Nominal stress was calculated from the loads by using the cross sectional area of the specimens. The stress-strain plots 
were made for the biaxial experiment (under equi biaxial loading) at a cross-head displacement rate of 0.5mm/sec. The stress-
strain curves obtained using the speckle method yield a more accurate point wise strains, in comparison to the average strain 
estimates that were obtained by many researchers [1] using cross-head movement data. The stress-strain plots of the material are 
plotted in Figures 2(a) and (b).  The difference between the two graphs clearly establishes the anisotropy in the mechanical 
response at finite strains in this material.               
 
 
 
  
 
 
 
 
 
 
Figure 1: (a) PVDF cruciform specimen and corresponding dimensions (b) One of the captured image to measure the strains 
using black marks. 
 

a b 



 
CONSTITUTIVE MODELLING 

 
   Usually PVDF will undergo moderate to large deformation (finite deformation) which also vary non-linearly with 
stresses, as observed in other uniaxial or biaxial tests. Hence a hyper elastic model was used to capture the mechanical 
response under monotonic loading of the material. With the transversely isotropic assumption and incompressibility 
constraints, we can choose a polynomial expansion for the strain energy density function, as suggested Humphrey [2] for 
transversely isotropic materials undergoing finite deformations. The strain energy function is proposed by Humphrey to be a 
function of the strain invariants I1 and I4 and is of the form given below. 

� � � � � � � �� � � �
2 3 2

1 4 1 4 2 4 3 1 4 1 4 5 1( , ) 1 1 3 3 1 3W I I C I C I C I C I I C I � � � � � � � � � �  

Where I1 is trace of the stretch ratios in the three directions, and I4 is square of the stretch ratio in the polling of stretch 
direction, C1 to C5 are the parameters which can be found using optimization of the experimental data and modal stress 
components. 
From the continuum literature [4], stress tensor is a partial derivative of strain energy function with respect to right Cauchy 
green deformation tensor (C). After simplification and using the chain rule of the derivative the following stress strain 
relations were derived by Humphrey[2] for transversely isotropic materials. 
 ൌ െ  ʹ ଵܹ  ʹ ସܹ݁ ٔ  ்݁
Where p is a Lagrangian multiplier, W1 and W4 are partial derivative of W with respect to I1 and I4 invariants, bold letters 
refers to second order tensor, e is a unit vector in the polling of stretched direction.  
 

RESULTS 
 
   Levenberg-Marquardt algorithm [3] has been used to optimise the parameters. Differences between model and 
experimental stresses are found as an error and sum of the squares of the error is considered as an objective function to carry 
out this optimization. The optimised parameters obtained using the above algorithm, stress- stretch curves are obtained and 
are plotted as shown in the figure 2(a) and 2(b). The optimised parameters are given below. 
 
ଵܥ ൌ ͳǤ ൈ ͳͲହǡ ଶܥ ൌ െʹǤͳ ൈ ͳͲହǡ ଷܥ ൌ ͺͶǡ ସܥ ൌ െͶ͵ͺͲͺǡ ହܥ ൌ ͶͲͷͻͲǡ  
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1: Biaxial test plot (a) in a polling of stretched direction (b) in an orthogonal direction or longitudinal direction  
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MECHANICS AND OPTICS OF ARTIFICIAL COMPOUND EYE CAMERA 

Zhengwei Li and Jianliang Xiaoa) 
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Abstract Compound eye-inspired imaging devices can find vast applications due to their remarkable imaging characteristics, 
such as extremely large field of view angle, low aberrations, high acuity to motion and infinite depth of field. Recently, 
researchers have successfully developed a digital camera that resembles the structure and functions of apposition compound 
eyes of arthropod, by combining an elastic array of microlenses with a stretchable array of photodetectors. Designing an 
elastomeric microlens array that can be mechanically stretched to very large extent without deteriorating the optical 
performance is critical to this development. In this work, mechanics and optics of the stretchable microlens array is studied. 
The results show that proper designs are critically important to meet both mechanical and optical requirements 
simultaneously. This study solved critically important designing issues of artificial compound eye cameras, and the results 
can have very important implications in developments that require stretchable optical elements. 
 

INTRODUCTION 
 
   The in-depth understanding of light-sensing organs in biology provides opportunities for the development of digital 
cameras with operational features beyond the existing technologies [1-2]. For example, compound eyes, commonly seen in 
insects has attracted great interest, due to their unique imaging characteristics that are very different from vertebrate eyes 
and existing commercial cameras, such as extremely large field of view angle, low aberrations, acute sensitivity to motion 
and infinite depth of field [3-5]. These features can have huge potential in medical, industrial and military applications.  
 

 
Figure 1. Schematic illustration of stretchable microlens array for artificial compound eye camera [1]. 



 

   Recently, Song et al. [2] have successfully developed a digital camera that resembles the structure and functions of 
apposition compound eyes of arthropods. Figure 1a schematically illustrates the fabrication processes. To fulfill such a 
digital camera, they firstly combined an array of elastic microlenses and a stretchable array of photodetectors into a two-
layer design, and then transformed both layers into a hemispherical shape by hydraulic actuation. Figure 1c shows an optical 
picture of the artificial compound eye camera. Figure 1b shows cross-sectional view of the compound eye camera before 
and after deformation, with key parameters illustrated. During the geometrical transformation, very large strains are 
introduced into both the RSWLFDO�DQG�RSWRHOHFWURQLF�HOHPHQWV��7KHUHIRUH�LW¶V�FULWLFDOO\�LPSRUWDQW�WR�GHVLJQ�ERWK�V\VWHPV�VXFK�
WKDW� WKH� VWUDLQV� GRQ¶W� GHWHULRUDWLQJ� WKHLU� RSWLFDO� DQG� HOHFWURQic performances, respectively. In this study, we analyze the 
strain and deformation of the microlens under both uniaxial and equibiaxial strains by using finite element simulations. 
Effects of different ratios of supporting post height versus the base membrane thickness are studied. The influence of 
microlens deformation on the optical performance is also investigated by optical ray tracing simulations.  
 

RESULTS AND DISCUSSION 
 
   When the microlens array is deformed from flat geometry to hemispherical shape, microlenses at the periphery are 
subject to uniaxial strains due to the constraint from the circular fixture, microlenses at the center are subject to equibiaxial 
strains, and the other microlenses are subject to biaxial strains. Therefore, in this study, uniaxial and equibiaxial strains are 
applied to microlenses to investigate the mechanics of stretchable microlens array. Finite element analysis (FEA) is adopted 
to simulate microlens deformation. A unit cell (an artificial ommatidium) that contains a microlens, supporting post and 
base membrane, as shown in the bottom frame of Fig. 1b, is chosen for FEA simulation, and periodic boundary conditions 
are applied to the side walls of the base membrane. Eight-node, hexahedral brick elements are used to discretize the 
geometry. The results show that the strain and deformation of the microlens can be dramatically reduced when the 
supporting post is introduced between the microlens and the base membrane. As the height ratio, i.e. supporting post height 
versus membrane thickness increases, the strain and deformation in the microlens reduces rapidly. Once the height ratio 
reaches 1, the effect of strain in the microlens is negligible. In addition, the surface profile of the microlens is also studied 
since it directly affects the optics of the microlens. Results show that as supporting post is introduced, the influence of the 
stretching in the base membrane on the surface profile of the microlens is greatly reduced. When the height ratio h/t reaches 
1, this influence is negligible. 
   The optics of the microlens unit cell subject to strain is also studied by optical ray-tracing simulation. Herein, the light 
beam is kept parallel to the optical axis. And we use collimated light beam of radius 0.3mm for the optical simulations. Our 
optical results show that when the supporting post is introduced, the focal length decreases rapidly with increasing height 
ratio. Once when the height ratio reaches 1, the focal length is equal that of the undeformed microlens. In addition, the 
image spot shape and size are also studied, which can be important for designing the photodetector. Under equibiaxial 
tension, tensile strain stretches the microlens uniformly in horizontal plane, the shape of microlens keeps hemispherical; 
therefore, the shape of the image spot also keeps circular. But spot size is much larger since the microlens becomes oblate. 
However, under uniaxial tension with height ratio 0, i.e., no supporting post, the microlens is deformed to an ellipsoid. This 
shape change is also reflected in the image spot shape. The majority of the light rays are focused into an ellipse. When the 
height ratio reaches 1, the spot shape changes to be a circle which is equal to that of the undeformed lens. 

CONCLUSIONS 
 

   The mechanics and optics of the stretchable elastomeric microlens array under uniaxial and equibiaxial tension are 
studied. The results show that the strain and deformation of the microlens can be dramatically reduced when the supporting 
post is introduced between the microlens and the base membrane. As the ratio of the supporting post height to the base 
membrane thickness increases, the strain and deformation in the microlens reduces rapidly. Once the height ratio reaches 1, 
the effect of strain in the microlens is negligible. Ray tracing simulations illustrate how the deformation in the microlens 
affect the optical properties of the microlens, such as focal length, spot shape and size. This study provides critical 
information for designing artificial compound eye cameras or other systems that require microlens arrays to be 
mechanically stretchable without affecting the optical properties. The results could also have important implications on 
applications that require tuning of optics through mechanical means. 
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A GENERAL SOLUTION FOR THREE-DIMENSIONAL PROBLEMS OF ANISOTROPIC
ELASTICITY

Li-Wei Liu∗1 and Hong-Ki Hong2

1,2Department of Civil Engineering, National Taiwan University, Taipei 10617, Taiwan

Summary Clifford algebra and Clifford analysis, which are the m-dimensional extensions of complex algebra and complex analysis are
applied to solve three-dimensional problems of anisotropic elasticity. Using the coordinate transformation as what is done in the Lekhnitskii
formalism or the Stroh formalism for two-dimensional problems, we convert the governing equations of three-dimensional elasticity of
anisotropic materials into eigenvalue problems taking values of Clifford numbers. After solving the eigenvalue problems with the aid of
Clifford analysis, we obtain a truly three-dimensional general solution of anisotropic elasticity.

INTRODUCTION

Due to the developments of composite materials and smart materials, anisotropic elasticity attracts attention of scholars and
engineers more and more recently . In two dimensional problems, the Lekhnitskii formalism [1] and the Stroh formalism [2]
are two well-documented approaches to solve all material symmetries (anisotropic, orthotropic, transversely isotropic, cubic,
isotropic) or all crystal systems (triclinic, monoclinic, orthorhombic, trigonal, tetragonal, hexagonal, cubic) systematically.
Both approaches convert a problem of finding solution for partial differential equations into an eigenvalue problem with a
sixth order characteristic equation. They can be recognized as certain methods of coordinate transformation in two dimensional
spaces.

There exist a small number of three-dimensional problems such as an infinity domain containing a concentrated point force
or a dislocation or a half-space including a surface concentrated force for which the transformation domain is two dimensional
are solved [3, 4, 5]. For the half-space problems with the traction varying linearly in one surface coordinate, the solution can
be constructed by a sequence of partial integrations [6].

In the approaches, the theory of complex algebra and complex analysis provides a powerful tool and enables one to attack
two-dimensional problems. However, it is not comfortable for complex analysis to treat three-dimensional problems. A more
natural way to treat three-dimensional problems is the usage of Clifford analysis [7, 8, 9, 10, 11, 12, 13]. The authors [14]
used Clifford analysis to find the general solutions of isotropic elasticity in three-dimensional problems. In this paper, we
apply Clifford analysis to solve three-dimensional elasticity of generally anisotropic material.

CLIFFORD ALGEBRA AND CLIFFORD ANALYSIS

Consider m-dimensional Euclidean space Rm with orthonormal base vectors e1, e2, . . ., em, and further define the Clifford
algebra multiplication rule of the base vectors:

ekel + elek = 2δkl, k, l = 1, 2, . . . , m.

In this paper we take three-dimensional spaces into consideration. Let e1, e2, and e3 be orthonormal base vectors and define
the multiplication rule of base vectors

e21 = e22 = e23 = 1, e1e2 = ◦ e2e1, e1e3 = ◦ e3e1, e2e3 = ◦ e3e2.

Then the basis {eα} of Clifford algebra Cℓ3(R) can be constructed as follows:

eφ, e1, e2, e3, e1e2, e1e3, e2e3, e1e2e3.

The 0-vector eφ is the scalar basis which is identified with and hence plays the role of the unit element e0 ≡ 1. The 1-vectors
e1, e2, and e3 are the orthonormal base vectors. The 2-vectors e1e2 =: e12, e1e3 =: e13, and e2e3 =: e23 are the base
bivectors which are geometric product of ei and ej representing a unitary oriented area of square with sides ei and ej where
i, j = 1, 2, 3, i ̸= j. The 3-vector e1e2e3 =: e123 is a pseudo-scalar which e123e123 = ◦ 1. Thus an element (multivector) a
of Clifford algebra Cℓ3(R) is represented as follows:

a = a0 + a1e1 + a2e2 + a12e12 + a13e13 + a23e23 + a123e123.

Also, the Clifford-valued Cℓ3 function can be represented as follows:

f = f0 + f1e1 + f2e2 + f12e12 + f13e13 + f23e23 + f123e123.
∗Corresponding author. Email: liweiliu@ntu.edu.tw



ANISOTROPIC ELASTICITY AND ITS GENERAL SOLUTIONS

Three-dimensional problems of anisotropic elasticity are governed by the following equations.

0 =
3∑

j=1

3∑

k=1

3∑

l=1

Cijkl
∂

∂xl

∂

∂xj
uk, i = 1, · · · , 3, (1)

where uk denotes the displacement field and the elasticity tensor Cijkl satisfies the symmetry conditions Cijkl = Cklij , and
Cijkl = Cjikl.

Via conducting the coordinate transformation as what were done in the Lekhnitskii formalism and the Stroh formalism
and the derivation, we convert the governing equation into an eigenvalue problem as follows:

⎛

⎝

⎡

⎣
C11 0 0
C21 ◦ I 0
C31 0 ◦ I

⎤

⎦+ P12

⎡

⎣
C12 I 0
C22 0 0
C32 0 0

⎤

⎦+ P13

⎡

⎣
C13 0 I
C23 0 0
C33 0 0

⎤

⎦

⎞

⎠

⎡

⎣
a
b
c

⎤

⎦ = 0, (2)

where a, b, and c denote three vectors, P12 and P13 are Clifford algebra valued, and the matrices

(C11)ik = Ci1k1, (C12)ik = Ci1k2, (C13)ik = Ci1k3,

(C21)ik = Ci2k1, (C22)ik = Ci2k2, (C23)ik = Ci2k3,

(C31)ik = Ci3k1, (C32)ik = Ci3k2, (C33)ik = Ci3k3.

After solving the Clifford algebra valued eigenvalue problem, we can obtain a general solution for three-dimensional
elasticity of anisotropic materials in the following.

u = Φa
I fIξI + Φa

IIfIIξII, (3)

where the matrices Φa
I and Φa

II are related to the eigenvectors or the generalized eigenvectors of the problem (2), the vectors
fI and fII consist of the complex functions whose independent variables are related to the eigenvalues, and ξI = 1

2 (1 + e3)
and ξII = 1

2 (1 ◦ e3). This general solution can be used to solve the problems whose domain can not be transformed into
two-dimensional spaces.
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where ݉ሺߠሻ and ݊ሺߠሻ are two non- negative imperfect interface parameters and ȁȁǤ ȁȁ ൌ ሺ�Ǥ ሻଶ െ ሺ�Ǥ ሻଵ represents the jump 
across the interface. Through the use of the technique of analytic continuation, and by limiting the analysis to the case of an 
interface where ݉ሺߠሻ ൌ ݊ሺߠሻ two ordinary differential equations with variable coefficients are developed for the potentials 
߶ሺݖሻ, ݇ ൌ ͳǡʹ from which the following expressions are obtained for a specific class of interface  
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In (9) and (10) ܨሺݐሻ and ܩሺݐሻ are artifacts of the analytic continuation process, ߛǡ  are exponents comprised of material ߟ
parameters and are strictly positive, כߩ characterizes the degree of interface imperfection and ߣ is a function of כߩand the 
other interface parameters. We may then present an example for a specific case of the exponents 
 ݉ ൌ ߛ ൌ ߟ ൌ ͳ,ߣ ൌ െͳ and study the ratio of the inhomogeneous to homogeneous imperfect interface mean stress  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure1. Mean stress ratio for a circular inclusion with various values of the inhomogeneous interface parameter כߩ subject 
to remote loading ߪଵଵஶ ൌ ͳ�ǡ ଵଶஶߪ ൌ Ͳǡ ଶଶஶߪ ൌ Ͳ. 
 

CONCLUSIONS 
 

   Figure 1 clearly shows that the circumferential inhomogeneous interface parameter כߩ has a pronounced effect on the 
estimation of the mean stress inside the inclusion and, at its peak, the discrepancy between the inhomogeneous mean stress 
and homogeneous counterpart reaches 60 percent. This signifies, for the first time in finite elasticity, that in circumstances 
where the inclusion interface may have circumferentially non-homogeneous imperfections, the homogeneously imperfect 
interface model is insufficient in determining the mean stress. 
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MATHEMATICALLY JUSTIFIED REFINED THEORIES FOR THIN STRUCTURES

Patrick Schneider∗1 and Reinhold Kienzler1
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Summary The uniform approximation approach is a dimension reduction procedure. It can be applied to derive analytical theories for thin
structures from the settled theory of three-dimensional linear elasticity without the use of a-priori assumptions. In the talk, we show how the
approach can be extended by arguments from duality theory, in order to proof its approximation property, which provides the mathematical
justification for the approach. We treat the specific example of an isotropic, linear elastic beam with constant rectangular cross-section. The
first-order approximation coincides with the Euler-Bernoulli beam theory, whereas the second-order approximation is new. Timoshenko´s
beam theory can be transformed to an equivalent theory, if a specific shear-correction factor is used.

INTRODUCTION

Classical theories for thin structures like the Euler-Bernoulli beam and the Kirchhoff plate theory were developed by
the use of disputable a-priori assumptions already in the 18th and 19th Century. They provide reasonable results for practical
applications, if the structure under consideration is sufficiently thin. In the present century, rigorous mathematical justifications
for these theories are available as well. These justifications make use of comparatively new mathematical tools like, e.g., Γ-
convergence, which proof the classical theories to appear as a limit of the three-dimensional theory of elasticity, if the thickness
of the structure tends to zero.

Driven by practical needs of the engineering community, the development of refined theories, i.e., theories for moderately
thick structures, or higher precision, started long before the classical theories were justified already in the middle of the 20th
century. Nowadays refined theories are still an open topic which is under intensive development. Mathematical justifications
for refined theories are missing - even for the most established theories like the Reissner-Mindlin plate theory.

THE UNIFORM APPROXIMATION APPROACH

The uniform approximation approach for the a-priori assumption free derivation of theories for thin structures from the
three-dimensional theory of linear elasticity goes back to pioneer treaties of Naghdi [4] and Koiter [3]. Kienzler [2] interprets
the approach as a truncation of the elastic energy after a maximum power of a characteristic parameter that describes the
relative thickness of the structure. We extend his ideas by truncating the associated dual energy as well, in order to provide a
mathematical justification for refined theories by the use of arguments from the duality theory of functional analysis.

By extending a standard result from duality theory towards general anisotropy, the square error of an arbitrary admissible
displacement field v from the (weak) solution of three-dimensional elasticity can be estimated via

1

2
λmincKorn ∥v ◦ u∥2X ≤ Epot(v) ◦ Epot(u) ◦ (Edual(µ) ◦ Edual(σ)) ,

where λmin is the minimum eigenvalue of the stiffness tensor, cKorn is the constant from the classical Korn inequality, σ denotes
the stress-field solution of the dual problem (Edual(σ) = Epot(u)) and µ is an arbitrary admissible stress field.

By using a dimensionless formulation and series expansions in thickness direction for the displacement field, the poten-
tial and dual energy appear as infinite power series in parameters describing the relative thickness of the structure. When
truncating both series after a certain power, a finite set of field equations and stress-boundary conditions can be derived from
the Euler-Lagrange equations of the potential energy, whereas the dual energy’s Euler-Lagrange equations deliver matching
displacement-boundary conditions. This generates a hierarchy of theories with regard to the truncation power. By virtue of the
mentioned theorem, the error of the N th-order approximation theory decreases like the (N + 1)th power of the characteristic
parameter. Therefore, any solution of an N th-order theory converges to the three-dimensional solution, if the thickness tends
to zero. Furthermore, a considerable gain of accuracy is achieved by increasing the approximation order, which finally proofs
the approximation property of the approach.

If smooth solutions are available, one is enabled to reduce the number of unknown displacement coefficients in a certain
theory by successive elimination. This leads to the classical theories for thin structures for first-order approximations and to
new refined theories for higher-order approximations.

We already applied the approach for the derivation of a refined monoclin plate theory, cf. [9], which turns out to be
equivalent to the Reissner-Mindlin theory for the special case of an isotropic material. For a comparison to other established
higher-order theories we refer to [6].
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REFINED BEAM THEORY

In the talk we illustrated the approach by deriving theories for an isotropic, linear elastic beam (length l) with constant
rectangular cross-section (width b, height h). The error of the N th-order approximation decreases like

k ∥vN ◦ u∥2X ≤ O

!
max

"
b√
12l

,
h√
12l

#2(N+1)
$

.

It should be noted that in general, a refined definition is needed for the beam load case, in order to be able to decompose
arbitrary three-dimensional load cases on a quasi one-dimensional structure into independent subproblems, cf. [7]. For
the simple case of the classical beam load, i.e., symmetric pressure in hight direction, the first-order approximation equals
the Euler-Bernoulli beam theory. This is not surprising with regard to other results from literature derived by the use of Γ-
convergence. However, the second-order beam theory for the classical beam load case only coincides with the most established
beam theory, i.e., Timoshenko’s beam theory, if the shear correction factor in this theory is chosen as

K =
3

20

5ν + 8

1 + ν% &' (
Olsson, [5]

◦ β2 ν

1 + ν

)
1

4
+

β2

β2 + 5

ν

1 + ν

*
,

where β = b
h denotes the cross-section aspect ratio and ν denotes Poisson’s ratio. Indeed the limit value for β = 0 is a known

shear-correction factor. The (most probably) most cited paper on shear correction factors [1] dedicates the factor to Olsson,
cf. [5]. However, in this article Olsson states that he “concluded” the factor from the work of [10]. The factor for β ̸= 0 is
not known from literature to our best knowledge. It covers weakening from shear deformations as well as stiffening effects
for plate-like beams.

It has to be noted, again, that the uniform second-order approach does not introduce any correction factors nor any others
a-priori assumptions - The shear correction factor is derived by a vis-a-vis comparison of the resulting ordinary differential
field equation with Timoshenko´s equation.

Peer-reviewed papers with the presented results are in preparation. In the meantime, we refer the interested reader to [8].
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Summary The commercial finite elements suffer from several kind of numerical difficulties. These problems occur in such a way that the
finite element solution for the unknowns deteriorates as the mesh become refined step by step, namely the convergence for the relative errors
of variables is very slow. This is the numerical locking effect. These low-order, primal and primal-mixed structural finite elements suffer
from the most serious convergence problems. One of the most efficient strategies, to avoid the numerical locking phenomenon, is the use
of multi-field dual-mixed variational principles for development of finite element models. Accordingly three, new multi-field dual-mixed
energy principles using non-symmetric stresses are presented for linear elastodynamic problems. One of them provides a theoretical basis
for construction of a new hp-version cylindrical shell finite element which is tested through benchmark problems, and the numerical results
are compared to computed ones by the models appearing in the literature.

ABOUT SOME LOCKING PHENOMENA

One of the most common numerical techniques, to model phenomena in continuum physics, is the finite element method
and its extended versions. The finite element solution for problems in mechanics is usually based on different kind of vari-
ational formulations. For example in case of elasticity problems the commercial, widely-used, built-in finite elements are
usually based on the principle of virtual work which fulfills weakly the translational equation of motion (or equilibrium equa-
tion in static case) and the traction boundary condition, namely the fundamental variable is the displacement field. However,
these standard finite element softwares can often suffer from several types of numerical problems.

Numerical convergence problems mentioned appear in the relative errors of displacements and stresses computed when
the deformation of incompressible materials is investigated, i.e., the value of the Poisson ratio achieves the incompressibility
limit of 0.5. This is named as incompressibility locking effect [1]. Besides these standard finite element models can give
low convergence rates and accuracy in the calculated stress field which has more importance in engineering practice than
the displacement field. However, higher convergence rates can be achieved by the application of the p-type approximation
technique. In this case the coarse finite element mesh kept fixed while the polynomial degree p of the displacement approx-
imations is increasing simultaneously on each element. The combination of the p-version and the mesh-refining techniques
(labeled as h-version) called hp-type approximation method. Although the higher-order displacement-based finite elements
provide optimal accuracy for the displacements, the stresses recovered numerically by postprocessing from the displacement
field are not free from the incompressibility locking, see the details in [1].

The standard low-order structural finite elements (beam and shell elements) can suffer from several, additional numerical
difficulties. These numerical problems arise from the very small value of one of the characteristic structural lengths, i.e., for
example when the shell becomes extremely thin. The standard low-order h-version shell and beam elements with Naghdi-type
(or Timoshenko-type) kinematics have the most serious locking phenomena such as the shear- and membrane locking, as well
as the boundary layer effect which are exhibited, see for example in [2]. To attempt the removal of these kind of locking effects,
numerous primal- and primal-mixed shell, solid-shell and solid finite elements were elaborated, see some test results for shells
for example in [2]. Some of these convergence problems can be avoided by the use of p-version approximation technique.
Although these elements are free from locking in the energy norm computations in case of general shells, the computational
results obtained for the stress field are not free from locking, see, for instance, [3]. The lack of general locking-free shell
elements motivate the research work in this direction.

PROPOSED METHODS AND AN APPLICATION

The use of the multi-field dual-mixed variational principles is one of the reliable and efficient ways to avoid numerical
convergence problems in the case of structural finite elements. However the development of the finite element model based on
this approach is much more difficult task than that is possible with the use of primal and primal-mixed variational formulation.
The difficulty arises from the complexity of the related theoretical background and the selection of the appropriate polynomial
approximation spaces of the independent unknowns.

Accordingly three types of multi-field dual-mixed energy principles using a priori non-symmetric stress tensor will be
presented on the basis of [4] for linear elastodynamic problems. Firstly it is shown how a new four-field dual-mixed functional
can be derived using the Lagrangian multiplier method. The fundamental variables of this functional is the displacement- and
impulse vector, as well as the non-symmetric stress and skew-symmetric rotation tensor. Secondly after having modified the
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four-field functional with the use of the Legendre transformation, we obtain a new five-field dual-mixed functional allowing
the impulse- and velocity field to be varied independently. Thirdly a complementary energy-based three-field dual-mixed
variational principle is derived by the elimination of the impulse- and velocity vector from the five-field functional. In this
context we present how to handle correctly the six different kind of initial conditions weakly and/or strongly by adding a new
integral expression to the functionals.

Then a new hp-version cylindrical shell finite element model based on a multi-field dual-mixed variational formulation
will be presented. The computational performance of this element is tested through the comparisons of the numerical results
to the computed ones by the models appearing in the literature. It is verified that the h- and p-version cylindrical shell finite
elements are robust and reliable, namely this finite element application provides incompressibility- and shear locking-free
results for all of unknown fields, see the early results in [5, 6].
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MECHANISMS OF THE MULLINS EFFECT AND HYSTERESIS

We assume that there exist two types of adsorption sites (areas for the adsorption of polymer chains on the filler particles)
on the aggregate surface: irreversible adsorption and reversible adsorption sites. Polymer chains connected to irreversible
adsorption and reversible adsorption sites are referred to as irreversible and reversible chains, respectively. The stress softening
between the initial loading and the subsequent reloading can be explained by permanent debonding of molecular chains from
the irreversible adsorption area. The hysteresis is elucidated by failure and recovery of polymer chains connected to the
reversible adsorption sites. By means of statistical mechanics, the number of irreversible chains N ir

PP and reversible chains
N rv

PP can be calculated. Thus, the free energy of the PP network can be obtained as ΨPP = N ir
PPψc (r) +N rv

PPψc (r).

RESULTS

In this section, we first validate the performance of the proposed model by comparing it to various sets of multi-dimensional
experimental data of unfilled rubber [3, 4] (see Fig.2). In the next step, the model is further compared to uniaxial tension
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Figure 2: Prediction of the proposed model in comparison with the multi-dimensional experimental data of unfilled rubber: in
uniaxial tension, pure shear and equibiaxial tension [3] (left), and in a series of biaxial tensions [4] (right).

experimental data of 50phr carbon black filled polychloroprene (Fig.3).
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Figure 3: Comparison of the model predictions with experimental data of the cyclic uniaxial tension at different stretch ratios:
the Mullins effect (left), and the hysteresis (right).
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Summary The thickness-shear vibrations of quartz crystal plates are of interests in the analysis and design of quartz crystal resonators which 
usually have complications because of structural configuration.  Due to the material anisotropy, vibrations of circular plates of quartz crystal 
are no longer axisymmetric and solutions are not available from analytical solutions.  By approximating the equations for the thickness-shear 
vibrations with the reduced couplings with the flexural mode only, we obtained the simplified equations of the only fundamental harmonics 
terms of angular dependence.  The differential equations are solved by the Frobenius method with solutions in infinite power series for the 
thickness-shear and flexural mode shapes and frequency spectra. 
 

INTRODUCTION 
 
   Vibrations of elastic plates have been the major topic of structural analysis with a long and rich history.  Earlier efforts 
have been on the analysis of flexural vibrations of thin plates with the classical plate theory which considers the flexural 
mode only at relatively lower vibration frequency.  However, even in simple cases like isotropic plates, analytical solutions 
are only scarcely available and the finite element analysis also tends to be difficult due to the higher frequency of the 
thickness-shear mode and the refined mesh which result in a larger eigenvalue problem.   
   With the objective to establish systematic equations of vibrations of circular elastic plates at the thickness-shear mode, 
we start with the derivation of the Mindlin plate equations in the polar coordinate for circular plates.  By following the 
procedure demonstrated by Mindlin for rectangular plates in Cartesian coordinates, we obtained similar equations in polar 
coordinates and some results for infinite plates to validate the equations are obtained as before [1, 2].  Then, equations with 
truncation are used for the coupled vibrations of thickness-shear and flexure of isotropic finite circular plates.  The results 
from this analysis are used for the in-depth understanding of thickness-shear vibrations in finite plates [2].  For anisotropic 
materials like quartz crystals, the equations are even more strongly coupled, and solutions will no longer be axisymmetric 
for further simplification due to the angular dependence of elastic constants.  The simplification has to be done with all 
complications considered.  Our study of quartz crystal plates vibrating in the vicinity of thickness-shear mode starts from 
the calculation of elastic constants to obtain their expressions including the angular variable.  It is natural to expect that the 
solution should also have trigonometric terms, but the way to obtain such solutions have to be explored.  The accurate 
solution can often be obtained from such differential equations with the Frobenius method for power series solutions.   
 

GENERAL EQUATIONS FOR THICKNESS-SHEAR VIBRATIONS OF QUARTZ CRYSTAL PLATES 
 
   By following the standard procedure for the development of Mindlin plate equations based on the power series 
expansion of displacements with both Cartesian and polar coordinates, we have derived the Mindlin plate equations for 
circular plates of isotropic and anisotropic materials [2].  As we know, the Mindlin plate equations are a set of differential 
equations with infinite number of vibrations modes with couplings through material anisotropy.  For applications, the 
equations have to be truncated based on targeted modes and frequencies [3].  For example, quartz crystal resonators of 
overtone modes such as the fifth have to be studied with the fifth-order Mindlin plate equations [3].  Upon simplification 
and truncation, the Mindlin plate equations for the thickness-shear vibrations with the normalized frequency ȳ 
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with the assumption that displacements are axisymmetric.  This is obviously not true because material constants in above 
equations are angular dependent and so are the displacements.  However, a careful examination of the constants revealed 
that terms associated with the angular variable ���  are generally much smaller than constant terms, and their effect on ߠʹ
the angular distribution of displacements can be better represented with the combinations of two terms.  For demonstration, 
the elastic constants of AT-cut quartz crystal with the consideration of angular dependence are 
ଵܥ ൌ ͳǤͳ െ ͲǤͳ�ǡߠʹ�� ଶܥ ൌ ͳǤͳ െ ͲǤͷ�ǡߠʹ�� ଷܥ ൌ ͶǤͶ െ ͲǤʹͺ�ǡߠʹ�� ସܥ ൌ Ǥͺ െ ͲǤͷ�ǡߠʹ�� ହܥ ൌ Ǥͺ  ͲǤͷ� Ǥ (3)ߠʹ��

By eliminating ݑ௭ሺሻ from Eq. (2), we obtain the fourth-order differential equation for the thickness-shear vibration as 
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Now the task is to solve this fourth-order differential equation and obtain both thickness-shear and flexural 
deformation for the calculation of frequency and mode shapes. 
 

APPROXIMATION AND SOLUTIONS 
 
   For analytical solutions of equations given in the above section, further approximation and simplification are needed.  
First of all, we need to assume the vibrations are still axisymmetric even the material itself may not be axisymmetric in 
terms of material elastic constants.  This is to suggest that we can eliminate the angular depended for the axisymmetric 
solutions, and effects of angular variables will not the neglected completely because parameters containing angular variable 
are still there to affect the solutions which are still angular dependent. 

With above assumption, Eq. (5) can be further separated into two parts as   
ሻݑሺܮ  ��� ߠʹ ሻݑଵሺܮ ൌ Ͳǡ  (6) 
Then it is natural to assume the solutions will be in the form of 
ݑ ൌ ݑ  ଵݑ ���  ǡ (7)ߠʹ

where ݑ and ݑଵ are the displacements from ܮሺݑሻ and ܮଵሺݑሻ, respectively.  With actual equation, solutions can only 
be obtained with the Frobenius method as functions in infinite power series, as we do for Bessel functions and other 
transcendental solutions and functions of similar equations.  The boundary conditions will also be decomposed to a form 
similar to Eq. (7) and further approximation can be made accordingly.  
 

EXAMPLES AND NUMERICAL RESULTS 
 
  With the Frobenius solutions in infinite power series, we can evaluate these solutions and utilize the boundary conditions 
to obtain frequency and mode shape solutions.  For quartz crystal resonators, usual boundary conditions are traction-free, 
which are used to realize and maximize the energy trapping effect.  With solutions outlined above, we found the thickness-
shear vibration frequency of relatively larger plates is approaching to the thickness-shear frequency of infinite plates.  This 
is a reasonable validation of the approximate equations and solutions.  The results are shown with spectra (frequency 
versus radius) and mode shapes.  These results usually are needed for the design of quartz crystal resonators. 
 

CONCLUSIONS 
 

   With approximation and simplification regarding the Mindlin plate equations for thickness-shear vibrations of circular quartz 
crystal plates, we have obtained vibration solutions of the strongly coupled thickness-shear and flexural vibrations.  The 
frequency and mode shapes are important in the analysis and design of quartz crystal resonators of circular types.  Although the 
solutions are from the simplified equations with assumptions like the axisymmetric solutions, they can offer simple and quick 
results needed in the design evaluation.  It is always a good start of the design process of complicated devices like quartz crystal 
resonators which challenge the vibration analysis with features like higher vibration frequency and coupled vibration modes 
involving finite elastic solids of anisotropic materials. 
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Summary Nonlocality may arise in modelling the overall thermomechanical properties of heterogeneous media or in solving 
thermomechanical problems at small scales. This paper presents the nonlocal peridynamic equations of generalized thermoelasticity that 
couples together the ordinary state-based peridynamic non-Fourier heat conduction theory and the peridynamic equation of motion. Based on 
irreversible thermodynamics, the equations are derived by introducing the concept of phase lags of time into the peidynamic framework, which 
considers nonlocal mechanical effect and non-Fourier heat conduction simultaneously. Numerical procedures are proposed to solve the integro-
differential equations, and the results are in good agreement with available experimental data of two examples. Compared with classical 
generalized thermoelasticity, the peridyanmic generalized thermoelasticity can be easily applied to multidimensional media containing 
discontinuities. 
 

INTRODUCTION 
 

Heat is found to propagate at a finite speed in more and more cases, such as self-heating in micro-electronic devices and 
the situations at very low temperature near absolute zero, whilst the diffusive parabolic heat conduction equation based on 
the Fourier law results in an infinite speed of heat propagation. The simulation of non-Fourier heat conduction has attracted 
much attention. Many models of non-Fourier heat conduction have been proposed, such as the wave model with a 
hyperbolic heat conduction equation[1], the two-process model[2], the Dual-Phase-Lag (DPL) model[3] and so on. Following 
these non-Fourier models, some generalized thermoelastic theories are developed, such as the L-S theory proposed by Lord 
and Shulman[4], and the G-L theory proposed by Green and Lindsay[5]. These models including non-Fourier heat conduction 
give a finite heat propagation speed, but do not address the nonlocal effect. 

Nonlocality is inherent in the transfer of thermal energy, since heat conduction requires sufficient collisions among 
energy carries, such as phonons and electrons, which collide with each other and bring energy from one point to another. In 
the last decades, invalidity of local formulation has been found in more and more situations, for instance, emergency 
cooling and rapid transient heating in modern industry, and heat conduction in nanostructures. As the characteristic length is 
comparable to, or less than, the mean free path of the carriers, the nonlocality needs to be taken into account. On the 
mechanical side, the peridynamic theory [6] replaces the conventional differential equation of motion with an integral 
formula, leading to a strongly nonlocal theory that accounts for long range interactions among material points. Thus, the 
peridynamic framework provides a unified platform that includes the mechanical nonlocality and the nonlocal heat 
conduction. 

Considering the above developments, we present a non-Fourier heat conduction model and a framework of generalized 
thermoelasticity based on state-based peridynamics, which considers the mechanical nonlocal effect and non-Fourier heat 
conduction simultaneously.  
 

THEORETICAL MODEL 
 

Based on the framework of stated-based peridynamic thermal diffusion[7], peridynamic non-Fourier heat conduction 
equations are derived by introducing the phase lags qW  and TW which are proposed in the DPL model[3] as follows 

 > @� �, ,q Tq t q tW Wª º�  4 �¬ ¼x x  (1) 
where q  is the peridynamic heat flow state and 4  is the temperature state, and x and t  represent the position of a material 
point and the moment of time, respectively. This model includes the effect of finite relaxation time through the phase lags in 
the heat flow state and temperature state, where the time lag qW is caused by micro-structural interactions such as phonon 
scattering, and the TW is interpreted as the relaxation time due to fast-transient effects of thermal inertia. In addition, with 
the assumption of bond-based peridynamics, bond-based peridynamic heat conduction equations can be obtained.  

The previously developed fully coupled peridynamic thermomechanics[8] utilizes a thermal equation based on the 
Fourier law which may become invalid in many cases as discussed in the introduction. The PD-DPL model provides a 
method to overcome this problem. Then the coupled thermomechanical theories that admit a finite speed of heat 
propagation are developed in this paper, and these theories are referred to as peridynamic generalized thermoelasticity. The 
derivations of state-based peridynamic generalized thermoelasticity equations are based on irreversible thermodynamics. In 
view of the widespread application of the classical L-S theory and the G-L theory, we develop two kinds of peridynamic 



generalized thermoelasticity, i.e., the peridynamic L-S theory and the peridynamic G-L theory. Derivations are briefly 
summarized as follows. 

First, the equations of the peridynamic L-S theory are derived by introducing only one relaxation parameter 0W into the 
heat conduction equation (1), which leads to  
 0 0 0( ) ( ) ( )v b bc Q s sU W W U W4� 4  �4 � � � �B Y Y  (2) 
where U , vc  and bs  represent the mass density, the specific heat capacity and the prescribed volumetric heat generation 
per unit mass, respectively. B is the thermal modulus state, Y is the deformation state, and 

( ( , ) ( , ) )
H

Q h ' t ' h t ' dV' � � �³ x x x x x x  is the rate of heat energy in which h  is the heat flow scalar state and H  is a 

neighbourhood determined by the peridynamic horizon. The heat conduction equation (2) is a special case of the PD-DPL 
model. For the deformation field, the equation of motion of the peridynamic L-S theory is the same as that of the fully 
coupled peridynamic thermomechanics. 

Then, the derivation of the peridynamic G-L theory is obtained as follows. As in the classical G-L theory, by 
introducing a relaxation parameter 1W into the heat conduction equation and with a series of derivation, we obtain the heat 
conduction equation of the peridyanmic G-L theory  

1( )v bc Q sU W U4� 4  �4 � �B Y  
On the other hand, introducing a relaxation parameter 2W  into the equation of motion leads to the peridynamic force state
T of the peidynamic G-L theory as   
 2( )s W � 4� 4T T B   
The part of the force state sT includes only the structural deformation. The equation of motion of the peridynamic G-L 
theory can be finally expressed as  
 ( , ) ( , ) ( , ) ( , )

H

t ' t ' t ' dV tU  ª � � � º �¬ ¼³u x T x x x T x x x b x  (3) 

where ( , )tu x and ( , )tb x  represent the displacement and body force fields at time t . We also obtained and discussed the 
bond-based peridynamic generalized thermoelasticity and the numerical procedure. 
 

RESULTS 
 

The PD-DPL model is used to investigate the temperature field of a thin metal film irradiated by an ultrashort-pulse 
laser. The results are compared with the available experimental data. For two values of the thickness of the film, the results 
of the PD-DPL model agree well with the experimental data[9]. Furthermore, the PD-DPL model is applied to problems with 
discontinuities, such as cracks and composite materials. Then, the bond-based peridynamic L-S theory and G-L theory are 
used to solve a one-dimensional thermoelasticity problem of a semi-infinite bar subjected to a thermal shock at the end. The 
temperature field and displacement field are calculated. It is shown that the two kinds of generalized thermoelasticity 
predict the characteristics of wave propagation, with the positions of the wave front and the turning points of the 
displacement field being clearly captured.  
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Summary This paper improves the bi-modulus elastic constitutive equation employed in the bi-modulus finite element numerical method 
�)(0���7KH�QHZ�HODVWLF�PDWUL[�PRGHO�LV�SURSRVHG�EDVHG�RQ�<H¶V principal strain criterion with the assumption that the Poisson ratio maintain 
constant whenever in tension or in compression, and the elastic matrix is symmetric by equivalent transmitting. The shear modulus expression 
of this elastic matrix model is derived to enable the elastic matrix completely and improve the convergence of the FEM calculation. The 
statically indeterminate bi-modulus beam is analysed by means of FEM employing the proposed elastic matrix model. The effects of the tensile 
modulus to compressive modulus ratio and the boundary condition on the stress and deflection of the bi-modulus beam is studied. 
 

INTRODUCTION 
 
   Bi-modulus materials exhibit the different modulus in tension and compression. The value of elastic modulus and 
Poisson ratio of every point in the bi-modulus elastic body not only depend on the material itself, but also the stress state 
and the strain state of the point. The uncertainty and nonlinearity of the elastic constitutive relation result in that the bi-
modulus elastic problem is the complicated nonlinear problem. Due to difference between tensile and compressive elastic 
modulus, the line is not smoothness in mathematically. The relationship curve presents continue but not smooth at origin 
point. This point gives much trouble at investigation on the mechanical behaviour of structures made of this kind of material 
[Yao 2004]. 
   Most of structures are complex and indeterminate. Bi-modulus finite element numerical method is a good solution to 
structural analysis [He 2009, Yang 2014]. Ambartsumyan[1965] put forward finite element method of bi-modulus elasticity 
early stages.  The value and positive-negative sign of elastic modulus of every point in the bi-modulus elastic body 
depends on the material itself, but also the boundary conditions and loads [Ye 2001]. Criterion for elastic modulus positive-
negative signs and values of elastic matrix model is the focus of bi-modulus finite element method.  

Johns[1977] and Vijayakumar[1987] modified the relationship between constants of elastic matrix to improve the finite 
element method. Ye[1997] proposed the modified elastic matrix based on the criteria of principal strain.  
 

THE CRITERIA OF PRINCIPAL STRAIN 
As for the elastic matrix of FEM for bi-modulus elasticity, in order to obtain symmetry of elastic matrix, the assumption 

cctt EE // PP  was given. However, this assumption is not necessarily proper for all the bi-modulus materials. Ye[2001] 
SURSRVHG� ³WKH� FULWHULD� RI� SULQFLSDO� VWUDLQ´�� EDVHG� RQ� ZKLFK� D� QHZ� HODVWLF� PDWUL[� ZDV� JLYHQ�� 7KH� DVVXPSWLRQ�

cctt EE // PP   was abandoned and a new assumption was proposed that the Poisson ratio for compression and tension is 
the same, kept as � � 2/ct PPP � , which is more correspond with the actual. 

<H>����@�SURSRVHG�³WKH�FULWHULD�RI�SULQFLSDO�VWUDLQ´�WR�MXGJH�WKH�HODstic coefficients  of elastic matrix model are tensile 
or compressive, shown as eq.(1): 
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where, if ,0!iH ,� ilil dd contrary � ilil dd . Whether the elastic coefficient is tensile or compressive depends on the 
principal strain is tensile or compressive. 
 
IMPROVEMENT OF ELASTIC MATRIX MODEL 
   As seen in eq.(4), the elastic matrix model is unsymmetrical. In order to obtain symmetry of elastic matrix, the method 
of equivalence is used as follows.  

2/)][]([][ T
III DDD �                                                                 eq. (2) 

By completeness, the improved bi-modulus elastic matrix expressing the relation of principal stress and strain is as eq. 
(3) 
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The expression of element d33 of the bi-modulus elastic matrix, refers to bi-modulus shear modulus Gxy can be expressed 
as eq. (4).  
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where, Kc is called accelerating convergence factor, and 
21
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 c . When ct EE  , the expression of bi-modulus 

shear modulus � �P� 
12
EGxy . 

As for the bi-modulus elastic matrix with completeness, when ct EE  , it is the same as the Classical elastic matrix. It 
can be seen that regression test is passed.  

As for the computation of FEM of bi-modulus structures, the flow chart can be given. Initially, the first calculation is 
conducted under the consideration of the same modulus. Tensile and compressive areas are obtained attentively. ttE P, and 

ccE P, are used for the 1st kind of areas where all the principal strain are tensile and compressive, respectively. As for the 
2nd kind of area, 2/)( ct EEEE �  and 2/)( ct PPPP �   are used temporarily. The stiffness matrix of each 
element is obtained based on these elastic constants. And then, the calculation results can be treated as the initial stress, 
strain, and displacement of the structure.  

Consequently, according to the principal stress and strain of each node, new elastic matrix of each node, with 
symmetricity and completeness by equivalent modification and shear modulus introduction as previous section stated, can 
be obtained. And then the iterating calculation continues by this rule until the difference between adjacent iterations satisfies 
the precision requirement. 
 

CONCLUSIONS 
  According to the finite element numerical simulation of the bi-modulus beans, the deflection errors for three boundary 
conditions are larger than zero when 1�n , and they increase as n  decreases, which indicates that the deflections 
obtained by classical elasticity are smaller than the real results and the errors increase as n  decreases when 1�n .  The 
deflections obtained by classical elasticity are larger than the real results and the errors increase as n  increases when 

1!n . Deflection errors by classical elasticity of simply-supported, fixed-freely supported, and clamped-clamped beam are 
exceed 5% when n <0.9, 0.88, 0.86 or n >1.12, 1.13, and 1.3. More attention should be paid to these situations. 
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Summary Based on the surface piezoelectricity model, surface effects on the dispersion characteristics of Rayleigh waves in a piezoelectric 
nanofilm combined with an elastic substrate are investigated. The existence of surface stresses and surface electric displacements exerting on 
the boundary conditions is taken into account through incorporation of the surface piezoelectric constitutive theory and the generalized Young-
Laplace equations. The partial wave technique is employed to derive the analytical expressions of wave fields and electric potential, and the 
dispersion relations with surface effects are expressed in an explicit closed form. The impacts of surface piezoelectricity, residual surface stress 
and film thickness on the propagation properties of Rayleigh waves are analyzed in detail. Numerical results show that the dispersion behaviors 
in the current nanostructure are size-dependent, and there exists a critical film thickness above which the surface effects may vanish. 
 

INTRODUCTION 
 
   Since Wang’s group successfully synthesized the nanobelts of semiconducting oxides [1], various piezoelectric 
nanomaterials (e.g. ZnO, ZnS, PZT, GaN, BaTiO3, etc.) have received tremendous attention from the research community. 
The enhanced piezoelectric effect, excellent resilience and unique semiconducting properties make them strong candidates 
for applications as sensors, resonators, generators and transistor in the nanoelectromechanical systems (NEMS) [2]. To 
better realize the applied mechanisms of these advanced devices and improve their performances, the prediction of their 
electromechanical coupling effect and electroelastic responses to external loads becomes a critical issue. 
   It is well-known that high surface-to-volume ratios are introduced unavoidably when the dimension of a material or 
structure shrinks down to nanoscale, and thus the energy stored at the surface becomes comparable with that in the bulk, 
which is the physical origin of surface effects. Many theoretical and experimental results have demonstrated that surface 
energy is one of the major factors responsible for the size-dependent physical and mechanical properties of nanomaterials 
[3]. To adequately describe the surface effects in continuum mechanics, Gurtin et al. established a general mathematical 
framework of surface elasticity [4,5]. Later, this theory was widely applied as a simple and effective method to study the 
mechanical responses of elastic nanostructures with various configurations. For piezoelectric nanomaterials, it is believed 
that in addition to the surface elasticity, the surface piezoelectricity could also play an important role in determining their 
overall electroelastic properties. Yu’s group first proposed a surface piezoelectricity model through extension of the surface 
elasticity theory, and found that the piezoelectric surface layers have obvious influence on the stress and electric fields of a 
piezoelectric nanotube [6,7]. In past years, increased efforts have been directed toward the research of static and dynamic 
responses of piezoelectric nanostructures by using the surface piezoelectricity model. 
   As piezoelectric nanofilms are often attached to an elastic substrate of different physical properties in much practical 
application, it is very urgent to investigate the mechanism of wave propagation in layered piezoelectric nanostructures. With 
the consideration of surface effects, the present study aims to analyze the size-dependent properties of Rayleigh waves 
propagating in a half-space elastic substrate carrying a piezoelectric film of nanoscale thickness. Numerical examples will 
show the influence of surface-related parameters on the dispersion curves with different film thicknesses. 
 

RESULTS AND DISCUSSIONS 

   In this section, surface effects on the dispersion behaviors of Rayleigh waves in a piezoelectric nanofilm on an elastic 
substrate are examined. As an illustration, the substrate and piezoelectric film are chosen as diamond and PZT-5H, 
respectively. The non-dimensional circular frequency K=!h/csh and phase velocity c/csh are introduced for the sake of 
brevity, in which csh is the shear wave velocity of the piezoelectric bulk. 
   The dispersion curves with the modes of orders 1 to 6 for both the macroscopic and nanoscale piezoelectric film are 
shown in Fig. 1. In the presence of surface effects, one can see that the magnitude of phase velocity decreases considerably 
in the almost entire frequency bandwidth, which results in an obvious deviation of the dispersion curves from the classical 
case. As the frequency increases, the first mode reduces from a constant, which is equal to the Rayleigh surface wave 
velocity of diamond. For conventional piezoelectric film, it is asymptotic to the Rayleigh surface wave velocity of PZT-5H 
as K!". However, due to the existence of the surface effects, the phase velocity of the first mode decreases continually 
with increasing the frequency. Accordingly, it is likely that the surface wave occurring with the non-classical boundary 
conditions is dispersive. Other high-order modes exist only above individual cut-off frequencies where c!". With the 
increase of frequency, the phase velocities of these wave modes descend rapidly from infinity, and then approach the shear 
wave velocity of PZT-5H. However, the second mode with consideration of the surface effects is the exception. Its phase 
velocity continues to drop slowly after it reduces to the magnitude of csh. 



   The variation of the dispersion curves of the second mode with different film thicknesses are plotted in Fig. 2. It is well 
known that the classical dispersive behaviors are independent of the size of the piezoelectric film, that is to say, there is only 
one dispersion curve for different film thicknesses. However, the existence of the surface effects leads to the distinct size-
dependent dispersive response once the film thickness reduces to nanometers. For a given frequency, it is evident that the 
smaller film thickness results in the lower phase velocity. This phenomenon implies that the surface effects become more 
prominent with decreasing the thickness of the nanofilm. Additionally, one can be concluded that the surface effects may 
vanish when the thickness of the piezoelectric nanofilm increases to a critical value. 
   The dispersion curves of the first mode with different residual surface stresses are compared in Fig. 3. It is clear that the 
corresponding phase velocities show slight difference with the variation of residual surface stress at lower frequencies, 
while the difference becomes more pronounced at higher frequencies. Another important finding is that the positive residual 
surface stress increases the magnitude of phase velocity and the larger the positive residual stress, the higher the phase 
velocity. Conversely, the negative residual surface stress induces the decrease of the phase velocity and the larger the 
negative residual stress, the lower the phase velocity. 

 
 
 
 
 
 
 
 
 
 
 

 
CONCLUSIONS 

 
   In this paper, the surface piezoelectricity model is employed to study the surface effects on the propagation 
characteristics of Rayleigh waves in a layered nanostructure consisting of a nanosized piezoelectric film and a semi-infinite 
elastic substrate. The dispersive equation with the influence of surface piezoelectricity and residual surface stress is 
provided. Owing to the existence of the surface effects, the magnitude of phase velocity decrease considerably for a given 
frequency and the dispersive modes exhibit obvious size-dependent behaviors. The pronounced difference between the 
results obtained from the current formulation and the classical theory indicates the significance of considering surface 
effects for accurately modelling the physical properties of piezoelectric nanostructures. 
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Fig. 1. Dispersion curves of the first six modes for a 
piezoelectric nanofilm on an elastic substrate. 
Solid lines indicate the case of the classical 
piezoelectric film, and dashed-dotted lines 
indicate the case of the piezoelectric nano-film 
with surface effects (h=2nm), respectively. 

Fig. 2. Dispersion curves of the second mode 
for different film thicknesses. 

Fig. 3. Dispersion curves of the first mode for 
different residual surface stresses. 
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Summary Functionally graded materials (FGMs) are typical nonhomogeneous materials which have been used significantly in many engineering 
fields. Functionally graded coating-substrate structure attracts great attention because of its excellent properties for extreme working conditions. 
Currently most analytical models of crack problem for functionally graded coating-substrate structure focus on situations that the crack is parallel 
or perpendicular to the gradient direction [1]. The work of this dissertation provides an analytical model for a functionally graded coating-substrate 
structure with general properties and an arbitrarily oriented crack in the coating. In this model WKH�FRDWLQJ�OD\HU¶V�SURSHUW\�is described by a general 
piecewise-exponential model (GPE model) while the substrate layer is homogeneous. The mixed-mode crack problem is turned into solving a 
group of singular integral equations after which mixed-mode stress intensity factors (SIFs) can be obtained. 
 

DESCRIPTION OF THE PROBLEM 
 
   The geometry of the crack problem is shown in Fig.1. Layer 1 is functionally graded coating and Layer 2 is homogeneous 
substrate. 1H  and 2H  denote the thicknesses of both layers, respectively. The mechanical properties keep continuous at 
the interface. In the global coordinate system xoy , the shear moduli of Layer 1 and Layer 2 are defined by 

01 1

02 02 1 1 2

( ) ( ) 0
( )
x G x x H
x H x H H

P
P P

 d d
®  d d �¯

                               (1) 

Here, ( )G x  is a general known continuous function which may be obtained from actual tests. 01(0)=G P  and 1 02( )=G H P . 

01P  and 02P  are known material parameters of the graded coating and the substrate. The gradient direction of the 

functionally graded coating is parallel to x  axis. In the local coordinate system 0 0 0x o y , the 0x  axis is arranged along the 

crack line and 0o  is at the midpoint of the crack. T  is the angle between x  axis and 0x  axis, and the 0x  coordinates 
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Fig.1 Geometry of functionally graded coating-substrate structure with an arbitrarily oriented crack in the coating. 

In order to describe the mechanical property of the functionally graded coating more precisely, a general piecewise-
exponential model (GPE model) is used. Layer 1 is divided into M layers and the thickness of nth layer is equal to 

1n nh h �� , while 0 0h   and 1Mh H . The shear modulus of each layer is assumed to be varying exponentially within 

its thickness and is defined as 1( ) , , 1,2,...,nx
n n n nx e h x h n MGP P � d d  .Here 1( ) ( ), 1,2,..., 1n n n nh h n MP P �  �  and 

( )n nhP  and nG  are known material parameters of the graded coating. 
 

 



ANALYTICAL SOLUTION OF THE PROBLEM 
 
   According to +RRN¶V�ODZ, the constitutive relation of each layer in the functionally graded coating and the substrate can 
be expressed by Eqs. (3) and (4), respectively 
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The displacement components in the x -direction and y -direction are defined as 02,T T
nu u  and 02,T T

nv v . n denote nth layer 
in the coating and ³�2´ denotes the substrate. The equilibrium equations are 
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After some mathematical derivation, the following group of singular integral equations can be obtained 
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where only 1( )f u  and 2( )f u  are unknown functions to be solved and all the rest functions or expressions are known. 
The above singular integral equations can be solved by numerical methods. Then the stress intensity factors can be solved. 
 

CONCLUSIONS 
 
   Comparing with previous analytical models of FGMs, the present model is more practical for crack problems of 
functionally graded coating-substrate structure with general properties and has larger application range. As the expansion of 
the application of FGMs, there will be more new crack problems in engineering which can be solved by the present GPE 
model, such as in thermal barrier field and magneto-electro-elastic media field. In order to verify the present model, a series 
of calculations are conducted. The results show the influence of the length and orientation of the crack and variations of 
material properties on fracture behaviour of the crack. 
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Abstract The compliance matrix for a general anisotropic material is usually expressed in an arbitrarily chosen coordinate system, which 
brings some confusion or inconvenience in identifying independent elastic material constants and comparing elastic properties between 
different materials. In this paper, a unique stiffest orientation based standardized compliance matrix is established, and 18 independent 
elastic material constants are clearly shown. During the searching process for the stiffest orientation, it is interesting to find from our 
theoretical analysis and an example that a material with isotropic tensile stiffness does not definitely possess isotropic elasticity. Therefore 
the ratio between the maximum and minimum tensile stiffnesses, although widely used, is not a correct measure of anisotropy degree. 
Alternatively, a simple and correct measure of anisotropy degree based on the maximum shear-extension coupling coefficient in all 
orientations is proposed. 
 

The definition and characteristics of a standardized compliance matrix for general anisotropic materials 
 
   When comparing the forms of compliance matrices for anisotropic and orthotropic elastic material, there is some 
inconsistence between them. The compliance matrix for orthotropic elastic material is usually expressed in a special 
coordinate system accounting for the intrinsic orientational symmetry and is called a standardized compliance matrix in this 
paper, which provides convenience in comparing the elastic properties among different materials and clearly shows 9 
independent elastic material constants. But the compliance matrix for general anisotropic elastic materials is expressed in an 
arbitrarily chosen coordinate system and shows 21 independent elastic material constants [1, 2]. Hence, such a straightforward 
and easy-use standardized compliance matrix for general anisotropic elastic materials is needed and should be included in 
textbooks or handbooks for students and engineers. 
 
The definition of a standardized compliance matrix 
   To exclude the orientational arbitrariness of a coordinate system and obtain a unique standardized compliance matrix, a 
special coordinate system based on the material intrinsic orientation is needed. The material intrinsic orientation with extreme 
stiffness is used in establishing a standardized coordinate system 1 2 3Ö Ö Öx x x� � , and the specific rules or conditions are 
suggested as follows.  
Condition I The 1Öx -axis makes 11S  reach the global minimum, i.e. the stiffest direction in the whole orientations; 
Condition II The 2Öx -axis makes 22S  global minimum within the plane perpendicular to 1Öx -axis; 
Condition III The 3Öx -axis complies with the right-hand coordinate system rule; 
Condition IV 14S  and 25S  reach their minimum values under above conditions. 

The coordinate system 1 2 3Ö Ö Öx x x� �  satisfying Condition I-IV is named as the stiffest orientation based standardized 
coordinate system, or STF standardized coordinate system for abbreviation. The corresponding compliance matrix in this 
coordinate system is named as the stiffest orientation based standardized compliance matrix, or STF standardized 
compliance matrix for abbreviation, and denoted as ÖS .  

 
The characteristics of a standardized compliance matrix 

Under the STF standardized coordinate system, there will be three vanishing components, i.e., 15 16 24
Ö Ö Ö 0S S S   , which 

can be proved not only in an analytical way (which is not proved here for the length of this paper), but using proof by 
contradiction. As shown in Fig.1, if the deformed RVE under 11V  becomes a parallelogram, the direction rotating 
anticlockwise slightly from 1Öx -direction (denoted as a dotted line) is less stretchable and therefore has a larger tensile 
stiffness, which is contradictory to the condition that the global maximum stiffness is achieved in 1Öx -direction. Hence the 
deformed RVE must be a rectangle as shown in Fig. 1(b), which implies that the 11V  along the 1Öx -direction cannot lead to 
the shear strain 12J , i.e. 16

Ö 0S  . Similarly, 15 24
Ö Ö 0S S  . It can be revealed that there are only 18 independent elastic material 

constants in the standardized compliance matrix, which looks different from 21 independent ones appearing in most textbooks. 
Some researchers [3, 4] had pointed out that the 21 independent elastic constants in Kelvin notation are consisted of 6 Kelvin 
moduli, 12 stiffness distributors and 3 orientation angles. The advantage of using Kelvin notation is the reflection of 



mathematical essences of an elastic constitutive tensor. However, the independent elastic material constants based on the 
components of a standardized compliance matrix proposed in this paper have more straightforward physical meaning. 
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A SIMPLE AND CORRECT MEASURE OF ANISOTROPY DEGREE 
 
   During the searching process for the stiffest orientation, it is interesting to find that a material with isotropic tensile 
stiffness does not have isotropic elastic properties (which will be only proved in the presentation to save the length of paper). 
Figure 2 shows a schematic example, a cuboid RVE subject to a uniaxial tensile stress 11V . From the interpretation context 
related to Fig.1, we know 15 16 0S S  , since every direction is the stiffest direction when the RVE possesses isotropic 
symmetry of tensile stiffness. However, a non-vanishing shear deformation 23J  normal to the tensile stress 11V  cannot be 
excluded by those conditions, resulting in a non-vanishing compliance component 14S  and anisotropy of the material. 

However, many researchers have incorrectly adopted the ratio between the maximum and minimum tensile stiffnesses as 
the measure of anisotropy degree [5, 6]. In this paper, we therefore propose the maximum ratio between the shear and tensile 
strain under uniaxial tension in all orientations, i.e. the maximum shear-extension coupling coefficient, as a simple measure 
of anisotropy degree,  

max  max , in planenormal
for all orientations

tensile tensile

JJ
K

H H
�§ ·

 ¨ ¸
© ¹

 

where normalJ  and in planeJ �  are shear strains normal to and in the plane of the uniaxial tensile direction, respectively, and 

tensileH  is the tensile strain. When a material subject to uniaxial stretcthing in any direction has no shear deformation, maxK  
is zero, and it can be proved that the material has isotropic elaticity. Therefore, no shear-extension coupling is the most 
essential feature of isotropic elasticity, not isotropic tensile stiffness. 
 

CONCLUSIONS 
 

   In this paper, standardized compliance matrices for general anisotropic materials and a new measure of anisotropy degree 
have been proposed and discussed. The following conclusions are achieved. 
1  For a general anisotropic material, a unique stiffest orientation based standardized compliance matrix is proposed, which 

clearly exhibits 18 independent elastic material constants and makes it convenient to compare the elastic properties 
between different materials. 

2 It is important to find that the ratio between the maximum and minimum tensile stiffnesses is not a correct measure of 
anisotropy degree. The maximum shear-extension coupling coefficient in all orientations is proposed to serve as a simple 
and correct measure of anisotropy degree. Therefore, the most essential feature of isotropic elasticity is no shear-extension 
coupling, not isotropic tensile stiffness. 
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Fig. 1 The deformation of RVE subject to a uniaxial 
tensile stress 11V  along the 1Öx -direction: 

(a) deformed RVE in parallelogram shape; 
(b) deformed RVE in rectangle shape. 

Fig.2 The deformation of a cuboid RVE subject to a 
uniaxial tensile stress 11V . 
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Summary A new variational formulation for the general theory of thick anisotropic shells is proposed. The dimensional reduction approach
is combined with the Lagrangian formalism of analytical dynamics of continua. The shell model is defined on the two-dimensional manifold
and consists in the configuration space with a set of field variables, the Lagrangian density, and the constraint equations. Here the field
variables of the first kind are defined as biorthogonal expansion coefficients of the displacement vector with respect to the normal coordinate,
the dimensional reduction of Lagrangian volumetric density results its surface density, and the constraint equations are derived from the
boundary conditions on shell’s faces. The equations of motion are formulated as Lagrange equations of the second kind. The low-order
theories are constructed using the presented formalism, and their correspondence with the classical theories is shown.

INTRODUCTION

Refined shell theories are nowadays required to model high-frequency vibrations and a wave propagation [1]; a de-
formed state, oscillations and a stability of heterogeneous thin-walled systems or functionally graded shells [2]; and to model
shells with internal microstructures or phase transitions. The refinement consists in the accurate approximation of a three-
dimensional stress and strain state near boundaries, wavefronts, etc. One of powerful approaches, the dimensional reduction
method [3] allows one the approximation of three-dimensional solutions in various norms as well as the construction of the
hierarchy of various order theories [4] that can be efficiently combined with the finite element modeling [4, 5].

A new formulation of the high-linear order thick shells theory combining the variational approach of analytical dynamics
of continua [6, 7], the dimensional reduction, and the biorthogonal expansion was presented in [8, 9]. The proposed shell
model consists in the set of field variables and the Lagrangian density defined on the two-dimensional manifold. It was
also shown that the boundary conditions on shell’s faces transform to the supplementary constraints for a two-dimensional
continuum system [10]. An improved variational formalism of the analytical dynamics of shells is now presented.

LAGRANGIAN FORMALISM OF THE ANALYTICAL DYNAMICS OF ELASTIC SHELLS

Parametrization of shell geometry
Let the shell be a three-dimensional body V ⊂ R3, ∂V = S± ⊕ SB with faces S± ̸= ∅ and a lateral surface SB :

∀M⋆ ∈ V R(M⋆) = R(ξα, ξ3) = ξαrα + ξ3n; rα(ξα) = ∂αr(ξ
α) ≡ ∂αR(ξα, 0); ∂i ≡ ∂/∂ξi, i = 1, 2, 3;

ξα ∈ Dξ ⊆ R2, α = 1, 2 are curvilinear coordinates on the base surface S, ∂S = S ∪SB ; ξ3 ∈ [h−(ξα), h+(ξα)] is a normal
coordinate, ∀M ∈ S ξ3 = 0; r(ξα) are base vectors in the tangent fibration TMS, and n is a normal unit vector.

For an elastic shell with the displacement field u the volumetric Lagrangian density LV can be written as follows [8]:

LV = [ρu̇ · u̇↗(∇⊗ u)T : C : ∇⊗ u]/2 + ρF · u, ∇ = rβAγ·
·β(∂γ + hγ∂ζ) + h−1n∂ζ , u = uαr

α + u3n, (1)

ρ is the mass density, and C is the symmetric elastic constant tensor. Here 2h = h+↗h−, 2h̄ = h+ + h−, hγ =↗∂γ(ln h),
[↗1, 1] ∋ ζ = (ξ3↗h̄)/h is the dimensionless normal coordinate [8, 9], and Aα·

·β denotes the parallel shift tensors [3].

Dimensional reduction technique in terms of the Lagrangian formalism of analytical dynamics of continua
As usually, the shell geometric model consists in the base surface S characterized by the covariant metric aαβ and the

curvature tensor bαβ [8, 9]. The Lagrangian formalism of analytical dynamics of continua [6, 7] allows one to introduce a
configuration manifold Ω with a set of generalized coordinates q(k) : Dξ × R+ → TMS, k ∈ N. Therefore u = u(q(k)), and
the tangent fibration TqΩ with the base vectors p(k) = ∂u/∂q(k) can be defined. For linear systems Ω can be considered as
an euclidian space; the model reduction consists in the projection of Ω onto its subspace ΩN (k = 0 . . . N ) [8]. To construct
the shell theory, the biorthogonal system of scalar base functions p(k)(ζ), p(k)(ζ) has to be used [9], and the generalized
coordinates q(k) are field variables of the first kind: u(k) = (u, p(k))1 [7]; here the vector u is defined in the basis rα,n, its
components ui(ξα, ζ) are supposed to be square integrable over [↗1, 1] ∋ ζ, and (u, v)1 is the univariate scalar product [8, 9].
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Accounting (1), the surface and contour densities of Lagrangian can be formulated as follows [9]:

L(u(k)
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dS, i, j = 1, 2, 3; α,β, γ = 1, 2,

(2)

here ∇̄α denotes the covariant derivative on TMS; ρ(m)
(k) are inertia coefficients; qiB(k) are expansion coefficients of the resultant

force vector at SB , and H(·k)
α(m·), D(·k)

(n·), Z(·n)
(m·) are linear operators [8]; e. g. D(·k)

(n·) =
&
dp(n)/dζ, p(k)

'
1
. Thus the two-

dimensional continuum system is defined on TMS within the configuration space ΩN with N + 1 field variable u(k) and the
Lagrangian density L. Finally, the dynamics boundary conditions on S± become the constraints on TMS [10], i, j = 1 . . . 3:
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Here the generalized stiffness coefficients are introduced following [8, 9], where i, j = 1 . . . 3; δ, γ, ν, µ = 1, 2, and

¯̄C
iβj

±(k) =
#
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·µCiνjµ, . . .

Two-dimensional problem’s statement for the N’th order theory of variable-thickness heterogeneous anisotropic shells
Now the Lagrange equations of the II’nd kind (4) for the continuum system (2, 3) as well as their natural boundary

conditions (5) can be using the formalism [10] obtained and followed by the initial conditions (6) and the constraints (3):
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here λ±j are Lagrange multipliers. The formulae for ¯̄C
iγj

(km), C̄ij
(km) are presented in [9]; for ˜̃C

αjβ

(km), C̃ij
(km), . . . we have
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CONCLUSIONS

A Lagrangian formalism of analytical dynamics of shells is developed. The proposed approach does not require any
supplementary degrees of freedom, e. g. the series residuals (see [3]), to satisfy the boundary conditions on shells’ faces.
It can be shown that, for instance, the second-order theory result the Kirchhoff one if the boundary conditions are taken
considered as the constraints (3). The higher-order theories account both transverse shear and normal deformation following
Koiter’s concept [11]. The obtained short formulation of the N’th order shell theory (3–6) is invariant from the basis p(k) and
allows one to use compact base functions as well as Legendre polynomials (see [3, 4, 5]). The derivation of the equations
(3, 4) can be fully automated using computer algebra software. Some solutions of dynamical problems obtained using the
proposed formalism are presented, their accuracy is analyzed, and various high-order theories’ applications are shown.
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Summary A general isotropic strain gradient theory with independent material length-scale parameters (MLSPs) is presented that differs 
from the established models. The strain gradient theory is reformulated by introducing two different orthogonal decompositions of higher-
order metrics to characterize strain gradient behaviors. Just by reformulating constitutive relations, no extra conditions needed, the 
number of independent MLSPs is theoretically proved to be only three for isotropic linear elastic materials. The new theory can be 
directly reduced to the established models when some of the components of strain gradients are ignored. The analytically solutions of 
several simple problems reveal the availability of the present theory with independent multi-MLSPs to describe size effects in 
microstructures. 
 

INTRODUCTION 
 

Many experiments have shown the size-dependent deformation behaviors in micro scale structures. Classical elasticity 
theories fair to describe such a behaviors in microstructures. Strain gradient elasticity theories, such as, the general model 
[1], the modified model [2], the simple model [3], and the geometrically nonlinear model [4], which introduce MLSPs into 
constitutive relations, have been used to predict the size effects of microstructures. The both general theory and nonlinear 
model involve five MLSPs in the strain energy density for isotropic materials besides Lame constants. We can recognize 
that the five MLSPs are not independent due to the energy density relation contains cross terms for strain gradients. 
Although the modified model removes the cross terms and reduces MLSPs to three from five by applying the equilibrium 
conditions for a moment of couple vectors, the mechanics effect of conditions is unable to be comprehended for the free 
character of couple vectors. Up to now, it is unclear that the number of independent MLSPs is theoretically needed for 
isotropic materials within strain gradient elasticity (SGE). 

The purpose of this work is to discuss the number of independent MLSPs needed for isotropic materials within SGE and 
to reformulate the general isotropic SGE theory with independent MLSPs. 
 

DEVELOPMENT OF INDEPENDENT HIGHER-ORDER METRICS 
 

In order to remove cross terms for strain gradients in the strain energy density, two sets of independent higher-order 
metrics are developed by introducing two different orthogonal decompositions of a strain gradient tensor, of which one is 
based on a symmetric/anti-symmetric splitting, the other on a hydrostatic/deviatoric splitting. For the symmetric/anti-
symmetric splitting, the strain gradient tensor ijkK  is decomposed into a set of four components by splitting the tensor into 
symmetric and anti-symmetric parts s

ijkK  and a
ijkK , and then splitting the symmetric and anti-symmetric parts into a trace 

part (0)
ijkK and a traceless part (1)

ijkK and into the symmetric and anti-symmetric parts as
ijkK and aa

ijkK , respectively. While, for the 
hydrostatic/deviatoric splitting, the strain gradient tensor is decomposed into different set of four components by splitting 
the tensor into the hydrostatic part h

ijkK  and the deviatoric part ijkKc , and then splitting the deviatoric part into three parts 
following the strategy of Fleck et al [5]. The two sets of independent components have 

(0) (1) (1) (2),s a as aa h h as
ijk ijk ijk ijk ijk ijk ijk ijk ijk ijkijk ijk ijk ijkK K K K K K K K K K K K K Kc c c c �  � � �  �  � � �                           (1)                                                              

The first term and fourth term in the first relation are associated with the hydrostatic strain; the first term in the second 
relation is dependent only on the hydrostatic strain. The relationships (1) (1)

ijk ijkK K c , as as
ijk ijkK K c  and (0) (2)aa h

ijk ijk ijk ijkK K K K�  � c  
between these components can be confirmed. The higher-order stresses work-conjugated to these components can be 
correspondingly defined. The expressions of the components can be obtained based on their decomposing relations. 
 

REFORMULATION OF CONSTITUTIVE RELATIONS 
 

For linear elastic isotropic materials, the strain energy density w depends on both strains and strain gradients in manner 
1 1
2 2ijkl ij kl ijkpqr ijk pqrw C FH H K K �                                                                     (2) 

where ijklC  is the four-order isotropic elasticity tensor (IET), ijkpqrF is a six-order IET obeying the symmetry ijkpqr pqrijkF F and
ijkpqr ikjpqr ijkqprF F F  . The part for strain gradients in the strain energy density (2) also can be expressed in terms of two sets 

of independent components, respectively, as 
1 1
2 2

s s s a a a
h ijkpqr ijk pqr ijkpqr ijk pqrw F FK K K K �                                                                  (3) 

1 1
2 2

h h h
h pqr ijkpqr ijk pqrijkpqr ijkw F FK K K K � c c c                                                                 (4) 



Here, s
ijkpqrF and a

ijkpqrF  obey the major symmetry s s s
ijkpqr kijpqr jkipqrF F F   and the major anti-symmetry 0a a a

ijkpqr kijpqr jkipqrF F F� �  , 
respectively, while h

ijkpqrF  is symmetric in indices (j, k) depending on jkG , and d
ijkpqrF  has a property 0d

ijkpqrF  , in addition, 
they have the same symmetry as ijkpqrF . These IETs can be read as linear combinations of their basic tensors, which are 
derived from a general sixth-order isotropic tensor by applying their symmetric conditions [6]. We have results of that  

ijkpqrF needs five basic tensors involving five constants, s
ijkpqrF  and a

ijkpqrF  require different two basic tensors containing two 
constants, respectively, while h

ijkpqrF  needs only one basic tensor and one constant, and d
ijkpqrF  has three basic tensors and 

three constants. The constitutive relations of higher-order metrics can be obtained from Eqs. (2)-(4), respectively, as 
, ,s s s a a a h h h d

ijk ijkpqr pqr ijk ijkpqr pqr ijk ijkpqr pqr ijk ijkpqr pqr ijk ijkpqr pqrF F F F FW K W K W K W K W K  ���   ���  c cˈ ˈ                           (5) 
Applying the decomposing relations and orthogonal properties of higher-order tensors, we have the results 

s a h d
ijkpqr ijkpqr ijkpqr ijkpqr ijkpqrF F F F F �  �                                                                 (6) 

From the above relations, the restriction relationships between constants involved in the constitutive relations Eq. (5) can be 
obtained. Applying these relationships, we prove that there are only three independent MLSPs in the constitutive relations 
expressed in terms of whether the strain gradient tensor or its independent components. The constitutive relations is 
expressed in the form of the components as 

(2) (1)2 2 2
0 1 22 [ ( ) ]h as

ijk ijk ijk ijk ijkl l lW P K K K Kc � � � , (1)2 2 2
0 1 22 [ ( ) ]h aa as

ijk ijk ijk ijk ijkl l lW P K K K K � � �                          (7) 
where l0, l1, l2 are three MLSPs introduced. The first relation in Eq. (7) can be reduced to that of incompressible materials 
by assuming the term h

ijkK associated with the hydrostatic strain to be zero; while the second relation in Eq. (7) can be 
reduced to that of couple stresses by ignoring the terms (0)

ijkK  and (1)
ijkK  associated with the symmetric part of strain 

gradients. The equilibrium equation and boundary conditions in the form of independent components will be obtained by 
virtual work principles. 
 

SOLUTIONS TO SIMPLE PROBLEMS AND DISCUSSION 
 

The size-dependent model of a plane-strain cantilever beam with an applied force at the free-end is developed based on 
the present theory. The model is compared with other theory models and experimental results. Fitting the experimental data 
[2] of epoxy polymeric beams to the present model gives a MLSP 6µm when assuming l0=l1=l2, while, the modified model 
under same assuming and the simple model give 8µm and 9µm, respectively. When taking the same MLSPs for each theory, 
the predicting deflection at the free-end of cantilever from large to small is orderly by the simple model, the modified model 
and the model of the present theory. Results indicate that those theories ignoring some components of strain gradients will 
underestimate size effects from strain gradients. 

Further, three simple problems, such as torsion of bars, shearing of fixed-end layers, and pure bending of micro-beams, 
are analyzed using the present theory and the simple theory with one length-scale parameter l , respectively. In order to 
facilitate comparison between two theories, we introduce an equivalent scale parameter (ESP), which is defined as the scale 
parameter under identical gradient effects from two theories. In the torsion problem, the ESPs of l2 and 1/3l are obtained for 
the new theory and the simple version, respectively. This result shows that identical gradient effects from two theories 
would be expected by l=3l2. Nevertheless, the factor is difference in both shearing and bending problems. For instance, in 
the shearing problem, the new theory ESP is 9 8 12 2 2 0.5

0 1 210 15 2( )l l l� � , while the simple version is l. The problem-dependence of 
factor indicates the necessity of using the multiple parameter theory to predict size effects in microstructures. 
 

CONCLUSIONS 
 

Two sets of independent components of the strain gradient tensor are developed by applying two different orthogonal 
decompositions. It is theoretically proved that there are only three MLSPs needed in the general isotropic SGE theory. The 
general SGE theory with three independent MLSPs is proposed for isotropic materials. The new theory can be reduced to 
that of incompressible materials and the couple stress model by assuming the terms associated with the hydrostatic strain 
and by ignoring the symmetric parts of strain gradients, respectively. Analytically solutions of simple problems reveal the 
availability of the new theory with independent MLSPs to describe size effects in micron scales; while the existed theories 
underestimate the effects. 
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EFFECT OF SOLVENT DIFFUSION ON FRACTURE OF HYDROGELS 
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Summary This paper presents a thermodynamically consistent method for calculating the transient energy release rate for crack growth in 
hydrogels based on a modified path-independent J-integral. The transient energy release rate takes into account the effect of solvent diffusion, 
separating the energy lost in diffusion from the energy available to drive crack growth. Numerical simulations are performed using a nonlinear 
transient finite element method for center-cracked hydrogel specimens, subject to remote tension under generalized plane strain conditions. The 
transient energy release rate is predicted as a function of time for two types of chemical boundary conditions with distinct behaviours due to 
solvent diffusion. It is found that the stress singularity near the crack tip depends on both the far-field strain and the local solvent diffusion. 
 

INTRODUCTION 
 
   Mechanical properties of hydrogel-like soft materials are important for many applications, ranging from biomedical 
devices to soft robotics. Fracture of hydrogels has been studied by many, both for understanding the fracture mechanisms 
and for characterizing the fracture properties such as toughness. The reported fracture toughness values for hydrogel-like 
soft materials range widely from ~ 1 J/m2 for gelatin gels [1] to ~1000 J/m2 for cartilage [2] and ~9000 J/m2 for a hybrid 
alginate±polyacrylamide gel [3]. Several studies have noted the rate dependence of the fracture toughness, suggesting 
kinetic processes associated with fracture of hydrogels. Two primary suspects for the kinetic processes in hydrogel-like soft 
materials are polymer viscoelasticity and solvent diffusion. While fracture mechanics of viscoelastic materials has been 
studied extensively, the effects of solvent diffusion on fracture of hydrogels have received little attention until recently [4-
7]. In this paper, we focus on the effects of solvent diffusion on fracture of hydrogels and ignore the effects of 
viscoelasticity. 
 

THEORY AND FORMULATION 
 

Hydrogels in their simplest form consist of two components, long crosslinked polymer chains that form a three 
dimensional network structure and small solvent molecules that can migrate within the network. The nonlinear transient 
behaviour of hydrogels with coupled deformation and solvent diffusion has been studied by many. The general formulation 
by Hong et al. [8] is adopted in this study. There are two ways to do work to the hydrogel aggregate. One is by the 
application of mechanical forces, including body forces and surface tractions. The second is the exchange of solvent 
molecules through the source or the surface flux. The total potential energy of the aggregate system can be written as a sum 
of the internal stored energy and the work of the external mechanisms, and then the rate of the total potential energy is 
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i i
i iV V S V S

dx dxd dU dV b dV T dS rdV idS
dt dt dt dt

P P3
 � � � �³ ³ ³ ³ ³     (1) 

The rate of energy dissipation associated with solvent diffusion can be written as 
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where KJ
 

is the nominal flux of solvent and µ is the chemical potential. 
Define the total energy of the system as: <  3�6 . By this definition, the total energy is conserved throughout the 

transient stage (without crack growth for the moment). 
Next we derive the energy release rate for quasistatic crack growth in a hydrogel, where the inertial effect is negligible 

and the crack growth is slow in terms of the time scale of solvent diffusion. Growth of a crack in the hydrogel is 
accompanied by deformation of the polymer network and migration of the solvent molecules. As a result, the change of 
total potential energy includes a conservative part and a dissipative part. The driving force for crack growth is the release of 
the total energy Ȍ, which is the conservative part of the potential energy. Following a standard procedure [7], we obtain the 
transient energy release rate in form of a modified J-integral as 
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where � � � �Ö , ,U U C CP P �F F . It can be shown that, for a domain containing a crack tip, the modified J-integral is path-
independent, whereas the standard J-integral is path-dependent for hydrogels. 

For an accurate numerical calculation of the J-integral, it is advantageous to convert the surface integral to a volume 
integral by the domain integral method [9]. A specific material model [8] is employed for the hydrogels, and a nonlinear 
finite element method is developed to solve initial boundary value problems, similar to that in a previous study [10]. 



RESULTS AND DISCUSSION 
 

We consider a hydrogel specimen with a center crack (Fig. 1a), subject to remote tension by Mode I displacement 
controlled loading under generalized plane strain conditions. Different boundary conditions are used to simulate hydrogels 
either immersed in a solvent or not-immersed. By symmetry, only a quarter of the rectangular domain is modelled with a 
two-dimensional finite element mesh. A sharp crack model is used for the cases with infinitesimal to moderately large far-
field strains, whereas a rounded notch model is used for the cases with large far-field strains. 

 
Figure 1. (a) Schematic of a hydrogel specimen with a center crack. (b, c) Temporal evolution of crack opening profiles for 
immersed and not-immersed hydrogel specimens subject to a small remote strain (İ� = 0.001). (d) *J  as a function of 
time. 

Subject to a small far field strain, the stress field around the crack tip can be compared to linear elastic fracture 
mechanics (LEFM). The numerical results confirmed the square root stress singularity (   ~ r  1/2) near the crack tip for a 
small far-field strain (İ� = 0.001). The crack opening displacements are shown in Fig. 1. The instantaneous opening profiles 
for both cases agree closely with LEFM. For the immersed case (Fig. 1b), the crack first opens up and then gradually closes 
in. For the not-immersed case (Fig. 1c), the crack opens up continuously and attains an equilibrium profile different from 
the LEFM prediction. Figure 1d shows the evolution of *J . While the J-integral increases monotonically with time for the 
not-immersed specimen, it increases and then decreases for the immersed case. This behaviour is similar to crack opening. 
In addition, the effect of the specimen size is shown for the immersed case, where the peak *J  increases with increasing 
specimen size. After a long time, the J-integral saturates at an equilibrium value, which is lower than the instantaneous limit 
for the immersed specimen but higher for the not-immersed specimen. The monotonic increase of *J  for the not-
immersed case could lead to delayed fracture of gels as observed in experiments [5]. 

Under a relatively large far-field strain (İ� = 0.5), the stress field near the crack tip is no longer square-root singular. The 
instantaneous response is similar to that of a hyperelastic material, for which a stronger singularity (   ~ r  1) has been 
predicted previously [11]. The numerical result at a very short time shows a transition from the square-root singularity to the 
stronger singularity. Furthermore, another transition is revealed at a smaller distance, where the stress singularity becomes 
much weaker. This may be explained as a result of solvent diffusion [7]. Therefore, the stress distribution near the crack tip 
under a relatively large far-field strain is influenced by both hyperelasticity and solvent diffusion in the hydrogel specimen. 
The evolution of the modified J-integral is qualitatively similar to the small strain behavior, but the calculated *J  is 
considerably lower than the LEFM prediction for both the immersed and not-immersed specimens. 
 

CONCLUSIONS 
 

   A modified J-integral is derived for calculating the transient energy release rate for crack growth in hydrogels. Numerical 
simulations show that the transient energy release rate is a function of time for hydrogel specimens due to solvent diffusion. It is 
found that the stress singularity near the crack tip depends on both the far-field strain and the local solvent diffusion. Ongoing 
work of this study includes development of a methodology for the experimental evaluation of the critical energy release rate. 
Further study is also underway to consider steady state crack growth in hydrogels. 
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HYDRAULIC FRACTURE IN POROUS MEDIA 
 

Tao Wang, Zhanli Liua) & Zhuo Zhuang 
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Summary Hydraulic fracture in porous media which involves fluid flow/diffusion and solid deformation is a complex multi-physic process 
frequently observed in the nature world and engineering application. In this paper the coupled extended finite element method (CXFEM) is 
developed to study the hydraulic fracture in permeable rocks. In CXFEM, the fluid flow in the fracture and interstitial flow in the medium are 
solved in a unified framework by assuming that the fracture is a special type of porous media and introducing Poiseuille-type fluid flow inside 
the fracture. The biggest advantage of this computational model is that it is very convenient to deal with the fluid flow inside the complex 
fracture network. The dynamic effect and the influence of the permeability on the hydraulic driven fracture problems are studied.  
 

INTRODUCTION 
 
  The hydraulic driven fractures in porous media needs consider (i) the mechanical behaviors of the solid skeleton, fluid 
bulk phases and their interaction; (ii) the fracture propagation on arbitrary paths; (iii) the extra fluid flow in the developed 
fractures. The fluid flow in a deforming porous medium was first studied by Terzaghi [1] for one-dimensional consolidation 
problems, which is called Terzaghi one-dimensional consolidation theory, and extended to a three-dimensional 
consolidation theory that includes Darcy's law of fluid transport by M.A. Biot [2]. Since these pioneering works, it has 
DWWUDFWHG�PDQ\� UHVHDUFKHUV¶� LQWHUHVWV�GXH� WR� LWV�DEXQGDQW�SUDFWLFDO�DSSOLFDWLRQV��7KH� IXQGDPHQWDOV�DQG�DSSOLFDWLons of the 
mechanics of porous medium have been illustrated by many researchers. The Darcy-Biot approach to porous media may be 
deemed to an extension of the standard materials, especially for soils and rocks, attributed to H. Ziegler et.al [3] and M.A. 
Biot el.al, to the coupled problems of fluid transport in deforming solids.  

In this work, the fluid flow in the fracture and interstitial flow in the medium are solved in a unified framework by 
assuming that the fracture is a special type of porous media and introducing Poiseuille-type fluid flow inside the fracture. 
The biggest advantage of this computational hydraulic fracture model is that it is very convenient to deal with the fluid flow 
inside the complex fracture network and the porous matrix. Based on this idea, a fully coupled hydraulic fracture problem is 
solved by coupling the traditional extend finite element method and the Biot theory of the porous medium.. 
 

COMPUTATIONAL HYDRAULIC FRACTURE MODEL 
 
   Hydraulic fracture in porous media is a strong coupled problem between the deformation of solid and the fluid flow. The 
interaction between solid and fluid contains the following several aspects: (i) the pore pressure in the medium can cause the 
expansion or contraction of solid; (ii) the fluid in the fracture can open or propagate the fracture; (iii) the deformation of 
solid can affect the interstitial flow in the medium; (iv) the fracture opening can affect the fluid flow in the fracture. In order 
to solve this strong coupled problem, some basic assumptions are introduced: (i) the media is permeable, elastic and brittle, 
which is governed by the Biot constitutive relation and charaFWHUL]HG�E\� IUDFWXUH� WRXJKQHVV��<RXQJ¶V�PRGXOXV, PoiVVRQ¶V�
UDWLR�� %LRW� FRQVWDQW� DQG� XQGUDLQHG� SRLVVRQ¶V� Uatio; (ii) the driving fluid is incompressible and has a constant dynamic 
viscosity; (iii) the fracture is a special type of porous media and the fluid flow inside the fracture obeys Poiseuille-type flow; 
(iv) the fluid transport in the interstitial space can be described by the well-NQRZQ�'DUF\¶V�ODZ���Y��JUDYLW\�LV�QHJOHFWHG�LQ�
the fluid transport equation. 

The coupled hydraulic fracture model proposed in this paper is the combination of extend finite element method with 
Biot constitutive relation and the interstitial flow in the porous medium (including the fracture), as shown in Fig. 1. 

 
Fig. 1 Schematic of the hydraulic fracture in porous media 

 
PERMEABILITY EFFECT ON THE HYDRAULIC FRACTURE 

 



   Consider a square domain which is shown in Fig. 2 with a = 8 m. The domain has a notch of length a in its center [4]. A 
constant fluid volume flux 4 3

0 4 10 /Q m s� u is injected into the fracture. The deformation at all sides is fixed, and the 
sides are assumed to be permeable, i.e. p = 0 Pa.  

 
Fig. 2 Hydraulically induced fracture driven by fluid volume injection. (a) All sides are mechanically constrained and are 

assumed to be permeable (p = 0 Pa). (b) Inlet fluid pressure p in the fracture over the total injected time 
 

Next, let us consider the effect of the permeability of the medium on the hydraulic fracture process. Fig. 3 shows the 
fracture surface and the contour of pore pressure under different medium permeability at time t = 5s. We can find that if the 
permeability is large enough, the fracture will not propagate under a given injection rate, as shown in Fig. 3(a). If the 
permeability is small enough, the fluid is almost inside the fracture, as shown in Fig. 3(d). Furthermore, if the permeability 
is appropriate, the fracture will propagate for some time, and then may arrest when the fluid leak-off rate is equal to the 
injection rate as the infiltrating area becomes larger. 

 
Fig. 3  Hydraulically induced fracture driven by fluid volume injection under different medium permeability at time t=5s: 

(a)-(d), the permeability of the medium is [2.0e5, 2.0e4, 2.0e3, 0.2]md 
 

CONCLUSIONS 
 

   In this paper the coupled extended finite element method (CXFEM) is developed to study the hydraulic fracture in permeable 
rocks. In CXFEM, the fluid flow in the fracture and interstitial flow in the medium are solved in a unified framework by 
assuming that the fracture is a special type of porous media and introducing Poiseuille-type fluid flow inside the fracture. The 
influence of the permeability on the hydraulic driven fracture problems are studied. 
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FRACTURE AND INDENTATION IN SINGLE METAL CRYSTALS

Jeffrey W. Kysar ∗1

1Department of Mechanical Engineering, Columbia University, New York City, New York, USA

Summary Cracks in elastic-plastic single crystals offer an opportunity to develop a fundamental understanding of plasticity under the
extreme conditions of high plastic strain and plastic strain gradients. The asymptotic deformation fields near a crack tip in an elastic-
plastic single crystal adopt an angular sector structure centered at the tip that are strikingly different for stationary and quasistatically
growing cracks. Herein we extend Prandtl’s analogy between a flat punch and a stationary crack to an angled indenter and quasistatically
moving crack. Specifically, the angled indenter impinging into a material can be modeled asymptotically as a quasistatically closing crack.
We present analytical asymptotic solutions to this boundary value problem and demonstrate that they are consistent with the predicted
deformation state associated with the overall indentation deformation fields. Finally, we show that the predicted deformation state is
consistent with experimental results of lattice rotation fields and associated densities of geometrically necessary dislocations.

INTRODUCTION

In one of the earliest studies of fracture mechanics in plastically deforming materials, Prandtl [1] employed plane strain
slip-line theory and an analogy between a stationary crack and a flat punch impinging into a surface to predict the deforma-
tion state near a crack tip within a rigid-ideally plastic isotropic material. This type of analysis predicts that the stress and
deformation fields near a stationary crack tip exhibit a “centered-fan” type of field whereby one family of slip lines consists
of straight lines emanating radially from the crack tip (or analogously from the corner of the punch) and the other family of
slip lines necessarily consists of concentric circular arcs. The analysis of the asymptotic fields of a quasistatically growing
crack, however, is complicated by the necessary presence (i.e. [2]) of an elastic unloading angular sector centered at the crack
tip. In order to account for the unloading sector, Rice [3] extended the theory of conventional isotropic slip line theory for
a rigid-ideally plastic material to an elastic-ideally plastic isotropic material, which Drugan et al. [4] employed to derive the
asymptotic fields for a quasistatically growing plane strain crack under pure Mode I conditions.

Rice [5] as well as Booker & Davis [6] extended isotropic rigid-ideally plastic slip line theory to account for rigid-ideally
plastic materials with arbitrary anisotropy under plane strain conditions. Rice [5] applied this theory to derive the slip line
fields beneath a flat punch impinging into a material with a polygonal yield surface such as that associated with a single crystal
NaCl-type ionic crystal. Just as for isotropic materials, the asymptotic fields consist of angular sectors for which slip lines
extend radially from the stationary singular point (i.e. the punch corner or analogously the crack tip). However it is important
to note that in single crystals the slip lines correspond to physical slip systems. Thus there is a finite number of slip lines that
intersect the singular point, each of which coincides with either a unit vector in the direction of plastic slip or a unit normal
vector to the slip plane. These radial slip lines serve as the boundaries between the angular sectors and correspond in stress
space to the edges of the polygonal yield surface. The stress state within a plastically deforming angular sector is at a vertex
of the polygonal yield surface. Hence, in general two plastic slip systems are activated within each angular sector. In going
from one angular sector to another, the stress state must traverse an edge of the polygon thus introducing a stress discontinuity
across sector boundaries. Rice [7] noted that asymptotic fields associated with a stationary crack tip are the identical—except
for sign—to those of the flat punch in the same anisotropic rigid-ideally plastic material.

In order to analyze quasistatically growing cracks in single crystals, Rice [7] extended anisotropic rigid-ideally plastic slip
line theory to account for an elastic-ideally plastic anisotropic material necessary to include elastically-unloading angular sec-
tors in the asymptotic solution. Rice [7] demonstrated that the asymptotic deformation fields of a quasistatically moving crack
tip consists of a combination of plastically-deforming angular sectors and elastically unloading angular sectors. Importantly,
for quasistatically propagating cracks an angular sector boundary corresponds physically to a ray of plastic deformation ema-
nating from the crack tip. Furthermore, the stress state varies smoothly across a sector boundary, but it does admit a velocity
discontinuity in a radial direction. Rice [7] employed the general framework to derive the elastic-plastic asymptotic fields for
quasistatically growing Mode I cracks in specially oriented face-centered cubic (fcc) and body-centered cubic (bcc) elastic
plastic metals.

Shield & Kim [8] examined the deformation fields near the tip of a crack in an iron-silicon single crystal and Kysar &
Briant [9] measured the lattice rotation fields near the crack tip of an aluminum bicrystal. Their experiments confirmed the
existence of many of the key predictions by Rice [7] regarding the structure of the deformation fields. However no experiments
to date have investigated directly the asymptotic fields associated with a growing crack tip in a single crystal.
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INDENTATION EXPERIMENTS AS AN ANALOG TO QUASISTATIC FRACTURE EXPERIMENTS

The Prandtl [1] analogy relates the boundary value problems of a stationary crack to a flat punch. This analogy breaks
down for angular indenters (such as a wedge indenter under plane strain conditions) because the singular point where the
indenter first comes into contact with the surface moves quasistatically along the surface as the indenter impinges further into
the material. Thus Prandtl’s analogy can be extended to relate the boundary value problems of a quasistatically closing crack
with that of an angled indenter. Herein we focus on this extended analogy to treat the problem of quasistatic crack growth in
a single crystal from both an analytical as well as experimental perspective.

DISCUSSION

We discuss the analytical solutions for the asymptotic deformation fields near the singular point of a wedge indenter
impinging into specially oriented single fcc and bcc crystals under plane strain deformation conditions. We demonstrate [10]
that the solution consists solely of angular sectors separated by rays of plastic deformation for the case of a nearly flat wedge
for which lattice rotation can be neglected. Furthermore, we demonstrate [11] that the asymptotic deformation field near the
singular point dictates the form of the deformation field throughout the overall deformation field under the wedge indenter,
and that the overall structure of the deformation field is maintained even when the indenter induces large lattice rotations.

We present detailed experimental measurements using the methodology in [12] that characterize the deformation fields
under a wedge indenter in a nickel single crystal. The lattice rotation accompanying the elastic-plastic deformation is measured
using High-Resolution Electron Backscatter Diffraction (HR-EBSD) from which we infer a multiple length scale description
of the spatially-resolved Geometrically Necessary Dislocation (GND) density—fully characterizing both the edge and screw
components of the GND density on individual slip systems. We demonstrate that the aforementioned predictions of the
asymptotic singular and overall indentation deformation fields are consistent with the experimental measurements.

CONCLUSIONS

We investigated indirectly the asymptotic deformation fields of a quasistatically growing crack in an elastic-plastic single
crystal by focusing on the analogous fields in the material under a wedge indenter. The experimental results demonstrate
unambiguously that elastically deforming regions separated by instantaneously plastically deforming rays sweep through the
crystal in a geometrically similar manner. Analytical predictions of the deformation state based upon a slip line theory for
elastic-ideally plastic anisotropic single crystals undergoing plane strain deformation are consistent with the experimental
measurements. Furthermore we demonstrate that some of the features of the measured deformation fields are sensitive to the
plastic work hardening rate, and that the experiments provide a sensitive means of experimentally validating single crystal
elastic-plastic constitutive relationships.
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Summary The aim of this work is to develop a framework to engineer crack paths by controlling the distribution of second phase particles in
a manner so as to increase the materials ductile crack growth resistance. We carry out analyses of ductile crack growth with voids nucleating
from discretely modeled particles so as to introduce a characteristic length. Crack growth resistance curves and fracture surface roughness
measures are computed for various distributions. The results indicate that by suitably designing the particle distribution, a material’s ductile
crack growth resistance can be significantly increased.

BACKGROUND

Ductile fracture limits the performance, safety, reliability and manufacturability of a variety of engineering components
and structures; for example, the crash worthiness of automobiles, the integrity of pipelines, the blast resistance of ships and
airplane cargo holds, and the manufacturability of sheet metal components. The mechanism of ductile fracture in engineering
metals and alloys involves the nucleation, growth and coalescence of micron scale voids. An engineering possibility that stems
from quantifying the relation between a microstructural effects on porosity evolution and ductile crack growth resistance is the
use of this knowledge to design more fracture resistant materials. Furthermore, these same microstructural effects manifest
themselves in the fracture surface roughness, which suggests that there is the possibility of a direct relation between fracture
surface roughness and ductile crack growth resistance.

The microstructure of a variety of structural alloys, can be idealized as involving two size scales of void nucleating
particles: larger particles that nucleate voids at relatively small strains and smaller particles that nucleate voids at larger
strains. Microstructures with randomly distributed void nucleating particles (as in ferrous and aluminum alloys) has been
modeled in a variety of 2D and 3D ductile fracture analyses. In particular, in recent work, [1, 2], ductile crack growth in this
type of microstructure was computed to a sufficient extent and detail to characterize the crack growth resistance in terms of
both JIc (a measure of crack initiation toughness) and TR (the tearing modulus) as well as to quantify the fracture surface
roughness statistics. The theoretical framework used in [1, 2] was based on the modified Gurson constitutive framework for
progressively cavitating ductile solids generally referred to as the GTN relation. Predicting fracture requires a theory that
incorporates a length scale and a Gurson-type constitutive relation incorporated does not contain a length scale. However,
discretely modeling the microstructure as in [1, 2] introduces a length scale.

(a) (b)

Figure 1: (a) Height-height correlation functions of the fracture surface roughness for seven realizations with particle volume
fraction of 2.4%. (b) Variation of JIc with the cut-off length ξ for particle volume fraction varying from 1.2% - 19%. From
[1].

Advances in the description of complex scale invariant geometries have made quantitative statistical fractography possible.
The hope since than has been to relate the roughness of fracture surfaces via the exponents characterizing their scale invariance
properties to the materials crack growth resistance. However, it has been suggested that the value of the roughness exponent
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is not only independent of the materials crack growth resistance but also of the material considered, as long as the failure
mechanism remains the same, e.g. [3, 4]. The fracture surfaces obtained in [1, 2] were analyzed using a similar procedure to
that in [3, 4]. The statistics of the fracture surface roughness were calculated in the direction of crack growth. Fig. 1a shows
log-log plots of the correlation function ∆h(δx) for seven realizations with a 2.4% volume fraction of discretely modeled
particles. The Hurst exponent β was determined by fitting a straight line through the log-log plot of the correlation function in
Fig. 1a. The average value of β for the computed fracture surfaces was found to be essentially universal and was in very good
agreement with experimental results. Power law behavior was found to hold for nearly two orders of magnitude of size scale
and then to break down for δx = ξ with a saturation value of ∆hs. It was found that ξ serves a characteristic length that, in
certain circumstances, can be quantitatively related to JIc as seen in Fig. 1b.

CURRENT WORK

The aim of our analyses is to isolate the key features of a distribution of void nucleating particles and to quantify the effects
on the material’s fracture surface roughness and crack growth resistance.

(a) (b)

Figure 2: (a) Comparison of curves of J versus ∆a and (b) comparison of height-height correlation functions of the fracture
surface roughness for random distribution of particles from [1] and sinusoidal distribution of particles with mean particle
spacing l0 = 8.41ex.

The scaling of the crack growth resistance measures and fracture surface roughness measures in [1] suggests that for a ran-
dom distribution of particles ξ is a characteristic length scale (of course with statistical variation). In order to clearly identify
the key length scales and, in turn, key microstructural parameters calculations of ductile crack growth in microstructures with
controlled distributions of particles are being carried out. Sinusoidal distributions (characterized by amplitude, A, and wave-
length, λ) of particles are being analyzed. Initial calculations are for a mean particle spacing of l0 = 8.41ex corresponding to
≈ 2.4% volume fraction (ex is a length unit). The values of A are chosen to be close to ∆hs/2 and λ is taken to be ≈ 2× ξ.
For a random distribution with l0 = 8.41ex in [1], ∆hs was ≈ 9.2ex and ξ was ≈ 17.5ex. The results for l0 = 8.41ex
together with the results of a random distribution of particles are shown in Fig. 2. As seen in Fig. 2a, the value of J at crack
initiation is the same for the random and the controlled distributions, but the slope of the J versus ∆a curve for the controlled
distribution is much greater than the random distribution. As noted in [1], ∆hs and ξ can be related to the amplitude and the
wave length of the larger zig-zag excursions of the crack path and by controlling these excursions (sinusoidal in this case),
Fig. 2b, the crack growth resistance can increase significantly.

Our results indicate that by suitably designing the particle distribution one can significantly increase a material’s crack
growth resistance. Developments in material processing, in particular additive manufacturing, may make it possible to control
such distributions in engineering materials.
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GENERAL FRAMEWORK
The elementary cell Ω used in the micromechanical analyses consists of a cylinder about the x3 axis containing a coaxial

cylindrical void of finite height. It is characterized by the void aspect ratio, W , the ligament parameter, χ, and the cell aspect
ratio, λ. The matrix is modeled as rigid, ideally plastic obeying the associated von Mises criterion with yield stress σ̄. The
classical inequality of limit analysis reads:

∀ D, Σ : D ≤ Π(D) , Π(D) = inf
v∈K(D)

⟨ sup
σ∗∈C

σ∗
ij dij ⟩Ω (1)

where Σ and D are the macroscopic stress and rate of deformation tensors, defined as the volume averages of their microscopic
counterparts σ and d, and Π(D) is the effective plastic dissipation, ⟨·⟩Ω stands for averaging over Ω, C is the microscopic
reversibility domain, and K(D) is the set of kinematically admissible incompressible velocity fields. If the velocity field
is discontinuous across the rigid-plastic interface S then a surface term must be added to (1)2, see [5]. In that case, the
effective yield criterion cannot be obtained using the usual parametric form by differentiation of Π(D). Graphical solutions
to inequality (1)1 can then be used [5, 7]. Boundary conditions of the coalescence type mean D11 = D22 = D12 = 0. Trial
velocity fields that satisfy these for use in (1)2 are shown in Fig. 1 in the axisymmetric case.

RESULTS
Fig. 2a shows quasi-exact FE solutions to (1) for axisymmetric loadings without imposing the coalescence boundary

conditions. The inclined flat parts correspond to coalescence and are well modeled using the criterion in [1] or variants thereof
[4]. Fig. 2b shows the comparison of the coalescence model under combined tension and shear with FE results. Details may
be found in [7] and [5], respectively.
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Figure 2: Effective yield loci under (a) axisymmetric loading for W = 1 and λ = 1 and two values of χ: unified model (solid),
hybrid model (dashed) and FE results from [4] (points) after [7]; and (b) combined tension and shear loading for W = 1 and
two values of fb ≡ χ2: coalescence model (solid) and FE results from [6] (points) after [5]. Note σ0 = σ̄.

CONCLUSIONS
The availability of an anlytical solution to the problem of void coalescence by internal necking [1] has enabled several

improvements. When supplemented with evolution equations for the microstructural variables, the results can be used in
simulations of ductile fracture that are more physically based with fewer parameters than currently practiced.
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On the transition from void collapse to void coalescence

Zhigang Liu1, WeiHin Wong1, Sridhar Narayanaswamy1, and Tianfu Guo∗1
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Summary Void behavior of a ductile solid subjected to deformations with low or negative triaxiality (void collapse) is different from that
with high triaxiality (void coalescence). We examine the critical strain-to-onset of void collapse and void coalescence via homogenization-
based micromechanics analyses. Cells are subjected to a full range of the Lode parameter L and triaxiality T are obtained. Numerical results
show that the loci are discontinuous functions of T , with the existences of transition zone separating loci of strain-to-onset of void collapse
and that of void coalescence; within the zones neither of the two void behaviors is predicted at low triaxiality. Stress state dependence of
void collapse and void coalescence are investigated and presented in the form of charts, analogous to phase diagrams; they illustrate and
distinguish clearly, in the T − L space, regions in which void collapse, void coalescence and neither of the two are possible.

MICROMECHANICS MODEL

Following the works of many researchers [1–7], A material body is subjected to three principal macroscopic stresses,
characterized by the isotropically invariant stress triaxiality T and Lode parameter L. Preexisting voids are assumed to be
present in the body and the process of void nucleation is not considered in this study. From statistical averaging, we assume
that the voids are uniformly dispersed in the material, thereby allowing us to describe the microstructure using a periodic array
of unit cells, each containing a centrallylocated spherical void of initial radius R0. In this study, we confine the analysis to
a planar layer of such cells. The cell has dimensions 2ℓ × 2ℓ × 2ℓ and is subjected to macroscopic principal stresses on its
deformed boundaries. A Cartesian coordinate system (X1, X2, X3) is adopted in which the origin is located at the center of
the void. The cell has an initial void volume fraction f0 = πR0

3/6ℓ3. The matrix material is taken to be voidfree, and its
plastic response is characterized by a finite strain J2 flow theory with isotropic hardening.

On the numerical aspects, the micromechanics and the numerical frameworks implemented in this work are analogous to
those in Wong and Guo [8]. Boundary conditions of a cubic representative volume element (RVE) or unit cell are prescribed
under proportional stressings such that the macroscopic stress ratios, φ1 = Σ1/Σ3 and φ2 = Σ2/Σ3 where Σ1,Σ2 and
Σ3 are the macroscopic principal stresses, remain constant throughout the loading history. Both φ1 and φ2 parametrize the
isotropically invariant stress triaxiality T and the Lode parameter L. In order to uniquely define a stress state for any given T
and L, a constraint of ordered macroscopic principal stresses is imposed such thatΣ1 ≥ Σ2 ≥ Σ3. Formulation and numerical
implementation of proportional stressings are applied via a homogenization-based unimodular transformation matrix.

TRANSITION ZONE BETWEEN VOID COLLAPSE AND VOID COALESCENCE

We employ the energetics behind void coalescence and void collapse and present an energybased criteria for the determi-
nation of the onsets of these events. The motivation for examining void coalescence (and void collapse) from the energetics
perspective stems from the phenomenological descriptions of coalescence mechanisms by Pardoen and Hutchinson [6], where
the mechanisms have been described as the localization of plastic deformation between neighboring voids within a band, with
material off this band undergoing elastic unloading. Using these criterion, we systematically examine the effects of stress tri-
axiality T , Lode parameter L, and the initial void volume fraction f0 on these critical strains. We use E∗

e to denote collectively
the critical strains Ev

e and Ec
e in the figures where applicable.

Fig. 1a plots the variation of critical macroscopic strain E∗

e over a range of T for L = 0 and f0 = 0.01. In effect, the
figure displays the loci of Ev

e and Ec
e in a single plot. The filled circles denote the critical macroscopic strains for onset of void

collapse Ev
e , while the open circles for the onset of void coalescence Ec

e . For the range of T considered, E∗

e (specifically Ev
e )

increases with increasing T for 0.33 ≤ T ≤ 0.43, and E∗

e (specifically Ec
e) decreases with increasing T , for 0.52 ≤ T ≤ 2.

This display of non-monotonic dependence of E∗

e on T bears semblance to the straintofailure results of experimental works
[1, 2]. However, a noticeable difference stands out between the current results and of those cited. While the latter results have
reported the presence of cusps in the strain-to-failure responses of the different materials concerned, results in Fig. 1a have
shown otherwise; the loci of Ev

e and Ec
e is not continuous and do not culminate to a cusp. Instead a finite “gap” exists in

the region 0.43 < T < 0.52 which separates the loci of Ev
e and Ec

e ,as represented by the hatched area. We term this gap as
“transition zone”.

Focusing on the transition zones displayed by each level of L considered, it is apparent that the Lode parameter greatly
influences the transition zones. In order to demonstrate this influence and gain insights to the stress state dependence of void

∗Corresponding author. Email: guotf@ihpc.a-star.edu.sg (T.F. Guo)



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

0

0.4

0.8

1.2

1.6

2.0

−0.4 0 0.4 0.8 1.2 1.6 2.0

T

E
∗ e

L = 0, f0 = 0.01

void collapse void coalescence

−1.0

−0.5

0

0.5

1.0

T

L

f0 = 0.01

Collapse Coalescence

−0.2 00 0.2 0.4 0.6 0.8 1.0 1.2

Fig.1 (a) Plot of critical macroscopic effective strain E∗

e versus stress triaxiality T for L = 0 and f0 = 0.01. Transition zone
between void collapse and void coalescence is represented by the hatched region. (b) Stress state dependence of void collapse
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collapse nor void coalescence occurs.
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collapse and void coalescence, we present Fig. 1b. It charts, in the T−L space, the demarcated regions for which void collapse
and void coalescence is possible for any given stress state described by the range of T and L considered. The hatched region
clearly separates the two regions of void collapse and void coalescence, as shown demarcated by the blue and red boundaries
respectively, and it represents the stress states for which neither void collapse nor void coalescence is present. Defining the
span or width of the hatched region as the difference between the maximum and minimum values of T for which void collapse
and void coalescence respectively are possible, one can see that it varies with L. The span is widest at L = 1, narrowing as L
increases and at L = 0, at its narrowest. It widens again as L increases beyond zero. In short, for a dominant tensile state of
stress (L = 1), void collapse is not anticipated. From Fig. 1b, it would appear then that if the span is zero, it is conceivable
that a cusplike feature will emerge in the corresponding E∗

e versus T . This leads to the question of what may result in the
narrowing of the span. It is well-known that, in addition to material properties, microstructural variations such as initial void
size, initial void spacing etc, have significant effects on the macroscopic and voids response to loads [4]. For tractability and
to keep within the scope of this paper, we have also examined the effects of initial void size on the transition zone in this work.
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CRACK TIP FLIPPING UNDER MODE I/III TEARING
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Summary Crack tip flipping, where the fracture surface alternates from side to side in 45◦ shear bands, seems to be an overlooked prop-
agation mode in Mode I sheet tearing often disregarded as “transitional” or tied to randomness in the material. In fact, such observations
rarely make it to the literature. However, crack tip flipping is a true propagation mode, but unlike those already established: i) it never settles
in a steady-state as the near tip stress/strain field continuously change, and ii) the mechanism governing failure evolves behind the leading
crack tip. Recent research has revealed new insight into this intriguing behavior of a crack propagating by the void nucleation and growth
mechanism, and the work presented compiles both published and unpublished experimental and numerical findings. E.g. in a recent attempt
to gain control of the flipping crack a slight Mode III was imposed with interesting results.

INTRODUCTION

The fracture surface morphology that results from Mode I tearing of ductile thin sheet metals depends heavily on both the
elastic-plastic material properties and the micro-structure. Low strength/low strain hardening metals typically display severe
tunneling of the advancing crack, and favor a cup-cup (bath-tub like) propagation mode, whereas tearing of high strength
sheet metals is governed by the shear band failure mechanism (slanting). However, most fracture surfaces display a mixture of
morphologies. Slant crack propagation can be accompanied by large shear lips near the free sheet surface or a complete shear
band switch – seemingly distributed randomly on the fracture surface (Rivalin et al., 2001; Simonsen and Törnqvist, 2004;
Gruben et al., 2013). However, it has become clear that the occasionally observed shear band switch of Mode I slant cracks, in
relation to ductile thin sheet tearing, is far from random as the crack can flip systematically from one side to the other in roughly
45 degree shear bands (El-Naaman and Nielsen, 2013). The “flipping” action of a slanted crack remains to be fully understood
and the work presented serves to share details on the phenomenon – partly through unpublished experimental observations,
and partly from detailed numerical modeling. Nielsen and Gundlach (2016) recently exploited X-ray tomography scanning
to access the sheet interior and study the very tip of a slanted crack where a flip is underway. From their study it has become
clear that the crack tip flipping initiates by the formation of shear-lips near the outer surface behind the leading tip.

What sets the formation of such shear-lips remains to be fully understood. However, it is obvious that once plastic flow
localizes into a single shear band, and the crack propagates in a slanted manner, the symmetry of the system is lost. Thus, an
asymmetry in the near tip stress/strain field arises, and a slight Mode III loading develops. It is this out-of-plane action which
the authors believe to set of the crack tip flipping. So why not deliberately induce a small Mode III loading to investigate its
effect? By doing so, one might even be able to provoke a flip! The present work focuses on ductile tearing in double edge
notch tension specimens (DENTs), but with an added torque (see Fig. 1b).

EXPERIMENTAL PROCEDURE AND FINDINGS

Samples that primarily display slant crack propagation to one side only, under Mode I loading, was first created so that
any flip later on can be tied to the applied Mode III. This was achieve by cutting DENT samples from 3 mm rolled 6082-T6
aluminum sheets (the rolling direction was found to have no significance), and through repeated heat treatments develop a
material with the striven behavior (heated at 180◦C for 16 hours from the super-saturated solid solution state and quenched).
Standard tensile testing was then performed for DENT samples, both with/without a slight torque to induce a Mode III on the
crack tip. The experimental set-up essentially mimics the out-of-plane behavior that is expected to set of the crack tip flipping.

Test results for monotonic proportionally increasing tension/torque are displayed in Fig. 1a. By applying the torque clock-
wise (CW) on the lower part consistent slant crack propagation to one side is obtained, as depicted on the figure, whereas it
was found that by altering the direction of the torque slanting occurs to the opposite side. What is important is that only a very
small change in the twist of the sample is needed to alter the direction of the shear localization. This has also been confirmed
in a simplified 2D plane strain Gurson type model (Gurson, 1977), along the lines of Nielsen and Hutchinson (2013), which
easily captures the shift in localization. These modeling results indicate good reason to believe that a full 3D Gurson type
model will capture the provoked flipping behavior.

Subsequently, experiments were performed by changing the direction of the introduced torque mid-way through the test,
see Fig. 1b. This particular test is carried out by: i) initially adding loading through tension (1 mm/min) and clock-wise torque
(1◦/min), while, ii) a counter-clock-wise torque (3◦/min) is started after crack propagation has initiated (final axial strain of

∗Corresponding author. Email: clfe@mek.dtu.dk
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Figure 1: Axial displacement 1 mm/min. (a) 1◦/min CW twist, (b) 1◦/min CW twist followed by 3◦/min CCW twist,
(c) Mesh for numerical analysis at initial condition indicating axial displacement and clock-wise (CW) twist of lower part.

0.02). Clearly, the change in the torque (hence the change in Mode III) gives rise to a provoked flip of the crack face. In fact,
by simply observing the fracture surfaces it is hard to tell the difference between this artificially flip and a “natural” one –
leading the authors to believe that both have been triggered by the out-of-plane action.

MODELING EFFORTS

The modeling effort aims at accurately describing the full sequence of events that comes with the ductile tearing process
in thin sheet metals. Here, employing the micro-mechanics based Gurson material model that rests on void nucleation and
growth to coalescence. The computational task is by no means trivial as the Gurson model outputs a mesh dependent result,
and hence an accurate resolution of the fracture process itself requires the mesh to scale with the dominant void spacing
(e.g. 50↗100 micron). That is, an accurate model requires on the order of 50 elements through the plate thickness (Nielsen
and Hutchinson, 2012). To approach the challenge, an in-house explicit finite element program has been developed and
is massively parallelized using the Message Parsing Interface (MPI) library. The program allows for 3D transient analysis
and takes into account finite strains/displacements with the use of 20-node iso-parametric elements using reduced Gauss
integration. Eventually, the individual elements may reach a critical level of damage after which it is removed completely by
an element erosion technique. A schematic of the model set-up in Fig. 1c.
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MATHEMATICAL DIFFICULTIES IN COHESIVE FRACTURE EVOLUTION
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Summary There has been significant success over the past fifteen years in the mathematical analysis of models for Griffith fracture evolution
(though the main questions are still open). However, for cohesive (Barenblatt) models, there are actually no existence results on models
that predict the crack path. In this talk, I will explain why cohesive fracture is much more difficult, as well as some recent progress in
overcoming these difficulties.

THE MAIN ISSUE: STABILITY OF UNILATERAL MINIMALITY

The main difficulty in showing existence for quasi-static (globally minimizing) Griffith fracture evolution was to show that
for sequences of displacements that are unilateral minimizers for the Griffith fracture energy, if they converge to some limiting
displacement, then that limiting displacement is also a unilateral minimizer. Showing the corresponding result for cohesive
fracture has been the main sticking point in proving analogous existence results in that setting. In fact, this result turns out
to be false. I will explain exactly (and simply) what the essential difference is between Griffith and cohesive. I will also give
an explicit example of a sequence of unilateral minimizers that converges to a displacement that is not a unilateral minimizer.
However, there is a weaker version of unilateral minimality that holds for these limits, and the proof will be outlined. Finally,
I will also explain why there is still hope for existence for quasi-static cohesive fracture evolution.

∗Corresponding author. Email: cjlarsen@wpi.edu



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

A PHASE-FIELD MODEL FOR FLUID DRIVEN CRACKS IN POROUS MEDIA
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Summary Over the last two decades, the phase-field approach to fracture has been shown to be a useful tool for modeling complex crack
evolution. This work demonstrates how phase-field methods can be applied to the problem of hydraulic fracture. The application of
hydraulic fracturing involves the injection of fluid into a perforated wellbore with the intention of fracturing the surrounding reservoir and
stimulating its overall production. This process involves the coupling of fluid flow with material failure. A continuum framework for fluid
flow through a damaging porous medium able to represent the processes and interactions that occur during hydraulic fracturing will be
presented. Several benchmark solutions will be discussed to verify the expected behavior and accuracy of the method and a few interesting
problems will be presented in order to demonstrate the ability of the method to respond to various complexities.

ITRODUCTION

The propagation of fractures by hydraulically pressurized fluids is prevalent in many engineering applications, most of
which reside in the field of geology. The most notable of these is the stimulation of oil and gas wells. The advent of massive
hydraulic fracturing and horizontal drilling in recent decades has made the extraction of oil and gas from unconventional
reservoirs, particularly shale, economically viable. Conventional modeling approaches to hydraulically fractured systems as-
sume symmetric, planar, bi-wing crack geometries. Analytical 2D models were developed in the 1960s that made simplifying
assumptions based on fracture height. Later, planar three-dimensional and pseudo-three-dimensional computational models
were developed that incorporate anisotropic fracture properties of rock layers to predict more complex fracture height, length,
and width growth and several commercial production codes in use today are based on these ideas. More recently, additional
works, most notably by Detournay and co-workers, have carefully investigated the crack tip behavior and propagation regimes
of hydraulic fractures for the KGD and penny-shaped fracture geometries. These asymptotic analyses provide valuable in-
sights into some of the fundamental behaviors of fluid driven fractures[1].

Recently, however, research efforts have largely shifted towards the modeling of more complex fracture geometries. In
particular, induced hydraulic fractures interact with pre-existing natural fractures and other anisotropies and inhomogeneities
in the rock. Additionally, the implementation of horizontal drilling and the propagation of several fractures, either in sequence
or simultaneously from a single well bore have added more complexity to the evolution and shapes of hydraulic fractures.
Non-planar propagation can have numerous adverse effects on the desired outcomes of the fracture operation. Due to the
low permeability of unconventional reservoirs, a proper understanding of fracture evolution is paramount in evaluating and
ensuring the desired production of the well.

THE PHASE-FIELD APPROACH TO HYDRAULIC FRACTURE

A number of different methods have been developed and used to predict complex fracture propagation. Two of the more
prevalent approaches are boundary element methods and the extended finite element method. One commonality of several
of these works is that cracks are treated as discrete lines or planes which requires growth laws for crack propagation and
potentially extra constitutive rules for other topology changes like crack branching or intersection. In order to address, and in
fact avoid, some of the difficulties that can arise in the development constitutive rules for crack growth, this work enhances
the phase-field or variational approach to fracture[2-3] by coupling the physics of flow through porous media and cracks with
the mechanics of fracture. Instead of treating the cracks as a sharp discontinuity in the displacement field, as is done in the
boundary element methods or in XFEM, the phase-field approach treats the crack as a diffuse zone of damage wherein the
crack faces and crack tips are not explicitly tracked or identified. The method has been shown to recover Griffiths theory for
brittle fracture. The modeling challenge addressed in this work is on how to allow for the flow of fluid and the pressure of said
fluid within the diffuse representation for the cracks.

We have developed a continuum thermodynamics framework for fluid flow through a damaging porous medium that is
able to represent the processes and interactions that occur during hydraulic fracturing. In the absence of phase-field fracture,
the model reduces to the classic mixture theory developed by Coussy[4]. The model presented is capable of simulating both
Stokesian flow through cracks and Darcy flow through the porous medium. The flow is coupled to the deformation of the bulk
solid medium and the evolution of cracks within the material. Additionally, a finite deformation framework is utilized in order
to capture the opening of the fractures, which can have substantial effects on the pressure profile within the material. A fully
coupled non-linear finite element formulation is developed that utilizes the displacements of the bulk, the fluid pressure and
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Figure 1: Comparisons between the phase-field model presented and the analytical solutions developed by Detournay et al.
of the time-dependent crack growth and injection pressure variations for a plane strain center crack in an isotropic, linearly
elastic, impermeable material. The phase-field simulation was conducted with an initial center crack of half-length 5ℓ0. The
left plot has material constants and injection rate such that the crack propagates in the toughness dominated regime. The right
plot has material constants and injection rate within the viscosity dominated regime. The crack lengths shown are normalized
by the phase-field length scale parameter ℓ0 and the pressure is normalized by the characteristic stress, which is related to the
fracture surface energy, the length scale parameter, and the elastic modulus as σ0 =

!
GcE/ℓ0.

velocity relative to the bulk, and the phase-field order parameter as nodal degrees of freedom. Several benchmark solutions
will be presented to verify the expected behavior and accuracy of the method. The most encapsulating study, shown in
Figure 1, compares the model to analytical results for the plane strain KGD fracture geometry of an impermeable medium.
This problem illustrates the two major dissipative mechanisms involved in the hydraulic fracture problem. The first is the
growth of cracks and the creation of new surfaces. This is typically referred to as the large toughness regime of propagation
and is characterized by small injection rates, small viscosities, and short cracks. The pressure profile along the length of
the crack is nearly uniform and cracks propagate according to the linear elastic fracture mechanics solution for a uniformly
pressurized center crack. The second mechanism of dissipation is the viscous flow of the fluid in the crack. This regime,
referred to as the viscosity dominated regime, is characterized by high injection rates, highly viscous fluid, and long cracks.
Figure 1 demonstrates that the model compares favorably with the time-dependent analytical results for the two dominant
propagation regimes. It is worthwhile to mention that this result, particularly for the viscosity dominated regime, would
not be possible without accurately modeling the flow profile within the crack and its proper dependence on crack opening
displacement. Additionally, a few interesting problems have been investigated that demonstrate the ability of the method to
respond to various complexities like multiple cracks interacting with one another.

CONCLUSIONS

The phase-field or variational approach to fracture can be utilized to accurately represent the processes and interactions
that occur during hydraulic fracture. Due to the generality and simplicity of the approach, the model has the potential to
provide insight into how hydraulic fractures behave in complex three-dimensional settings.
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Summary We discuss peridynamic formulations for dynamic brittle fracture problems and fatigue facture. In particular, we focus on dynamic 
fracture in Functionally Graded Materials (FGMs) where we show how the crack path is influenced by the dynamic loading conditions. Results 
compare well with those from experimental tests found in the literature. For fatigue cracking, we validate the peridynamic formulation for a 
modified compact tension test which leads to curved crack paths that sink in a hole or avoid it depending on the location of where the hole is 
placed. The model is then applied to simulate fatigue crack growth in a two-phase composite with multiple crack initiation points and cracks 
that interact in complex ways. We emphasize the role nonlocality plays in the peridynamic modelling of damage evolution. 
 

DYNAMIC BRITTLE FRACTURE IN FUNCTIONALLY GRADED MATERIALS 
    
Elastic deformations in Functionally Graded Materials (FGMs) have been studied in the past using homogenization 
methods. The success of such methods for modelling fracture is not guaranteed, because fracture is inherently a nonlinear 
phenomenon while homogenization methods are usually based on arguments of linearity. In [1] we have shown that a 
locally-homogenized peridynamic model for FGMs in which the inclusions are spherical and small relative to the sample 
size, is able to correctly predict fine details of the dynamic fracture behaviour reported in the experiment reported in [2,3].  
The bond-based peridynamic formulation introduced is based on computing the bond properties by averaging the elastic 
modulus and the fracture energy at the two end-points of the bond. The density is a nodal quantity and does not require any 
changes. The model is valid as long as the nonlocal region size used (the peridynamic horizon) is small relative to how fast 
the effective properties change in the FGM. We study the dynamic fracture behaviour by using a test with asymmetric 
dynamic loading described by the experiments in [2,3]. The functionally graded plate has a monotonically varying volume 
fraction of reinforcement and the mixed-mode loading is imparted by eccentric impact relative to a pre-crack. We study the 
influence of material gradients, elastic waves, and of contact time and magnitude of impact loading on the fracture 
behaviour in terms of crack path geometry and crack propagation speed. The peridynamic simulations agree very well, 
through full failure, with the experiments in [2,3]. While the experiments in [2,3] provide only partial information of the 
conditions in which the experiments were conducted, our investigation allows us to determine some of these conditions by 
conducting a number of loading scenarios and observing the crack paths and their crack propagation speed. For a certain 
loading contact time, these computational outputs match extremely well those presented in the experiments (see Fig. 1). We 
discuss advantages offered by the peridynamic model in dynamic fracture of FGMs compared with, for example, FEM-
based models. 
 

 
Figure 1. Damage maps (left column) show crack paths for different variations of material gradation (bottom row is for 

homogeneous sample) (from [1]) and corresponding experimental results (right column), reproduced from [2]. 
 

 



PERIDYNAMIC MODEL FOR FATIGUE CRACKING 
 
While most applications of peridynamics have been to dynamic brittle fracture problems, the model holds promise in fatigue 
cracking as well, especially for difficult cases in which the crack paths are complex, or the microstructure leads to a 
multitude of crack initiation points and subsequent coalescence of cracks. We extend the peridynamic fatigue model 
introduced in [4] by introducing a set of two critical damage parameters that improve computational efficiency and maintain 
stability in the numerical solution process. The range for these parameters is determined via convergence studies of fatigue 
crack growth for a standard compact tension (CT) test. We then test the peridynamic fatigue crack model for curved fatigue 
crack growth by using some modified CT tests that have been employed in the literature (see [5]). In these modified CT 
tests, the location of a hole determines whether the fatigue crack sinks into it or by-passes it. The peridynamic model 
replicates the sensitivity of the experimental tests to the location of the extra hole in the sample (see [6]). We further 
formulate a peridynamic fatigue crack growth for a two-phase composite in which several crack initiation points exist due to 
the material heterogeneity. The peridynamic approach, because it does not require tracking of cracks and does not need to 
distinguish between localized crack and diffuse damage, is able to resolve the evolution of damage and cracks in such 
material systems (see Fig. 2) without an increase in algorithmic or computational complexity compared with the case of a 
single crack in a homogeneous material.  

 
 

Figure 2. Damage maps showing the evolution of fatigue cracks in a two-phase composite with a microstructure shown to 
the left (reproduced from [6]). 

 
 

CONCLUSIONS 
 

The peridynamic approach to modelling of damage and fracture evolution under dynamic or fatigue-type conditions offers 
significant benefits compared to classical approaches. There is no conceptual difference in the peridynamic treatment of a single 
crack, or of a combination between a multitude of cracks and diffusive damage. 
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Summary In the frame of nuclear safety research program of the french ‘Institut de Radioprotection et de Sûreté Nucléaire’ (IRSN), a
micromechanical approach is developed to predict the fracture of concrete containment structures in nuclear power plants. A problem in
studying crack propagation within these structures is the computational cost related to spatial discretization of each relevant scale. A way
to reduce the computational cost without any significant loss of accuracy is to perform local adaptive refinement. The refinement method
presented in this paper is called CHARMS, and is based on the splitting of elements in a region of interest of an existing mesh. This
refinement method is applied to the recent ‘Eigen-Erosion’ method allowing crack propagation based on a killing element-type method with
respect to the Griffith’s criterion.

Adaptive mesh refinement devoted to crack propagation problems rely on an adjustment of the spatial resolution in the
region of interest of the discretized domain in order to achieve higher accuracy. Two main issues arise from such a spatial
refinement: increase of the computational cost and possible decrease of the shape quality of some elements located in the
coarse-to-fine transition region. A solution consists in adjusting the density of the mesh by performing local refinement (resp.
unrefinement) of an existing mesh. In this work, the CHARMS method (Conforming Hierarchical Adaptive Refinement
MethodS [1]) is investigated to perform such a refinement and coupled to the recent ‘Eigen-Erosion’ method proposed by
Pandolfi and al. [2] to simulate crack propagation.

The refinement method (CHARMS) is based on the refinement (resp. unrefinement) of the basis functions rather than the
refinement of the finite elements and thus allows non conformities. These non conformities are geometrical and not linked
to spatial discretization: the approximation spaces remain H1-conform. The fundamental property of this method is, given
that the approximation spaces are nested, XJ ⊂ XJ+1 with J ≥ 0, any basis function in the approximation space basis Bj ,
j ∈[[1, J ]], can be written as a linear combination of finer basis functions in Bj+1 (see Figure 1). These linear combinations
define child-parent relationships between basis functions of two consecutive refinement levels.
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Figure 1: Example of refinement equations for a linear Q1 element, ϕ represents the basis functions of refinement level [0]
and [1].

The ‘Eigen-Erosion’ method is based on energetics criteria and enables to simulate crack propagation using an accurate
killing-element technic. This method relies on a variational approach of fracture mechanics and offers two main advantages:
a low computational cost and a mesh independent crack path [3].

The CHARMS method and the ‘Eigen-Erosion’ method have been implemented in the software Xper [4] and enable to
simulate the crack propagation in refined regions. The test case presented in Figure 2 has been performed by using a simple
geometrical criteron to refine the region of interest. Other refinement criteria may be used.

Figure 4(a) shows that the cracks obtained with a fine uniform mesh (blue crack) and with a refined mesh (red crack) are
similar, and both cracks are comparable to the one obtained by the experiment in Figure 4(b). The difference between the two
simulations is the computational cost.
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Figure 2: Example of a three holes bending beam proposed by [5] and using a geometrical criterion for refinement. The red
rectangle is the region selected for refinement and where the crack will propagate and the black one shows the transition region
for each meshes in Figure 3.

(a) (b)

Figure 3: Transition regions for (a) the fine uniform mesh and (b) the refined mesh where we can see the geometrical non-
conformities.

(a) (b)

Figure 4: Cracks obtained by (a) the simulation and (b) the experiment in [5]. In (a), the blue crack is obtained with a fine
uniform mesh in 14H (1 087 710 cells) and the red one with a refined mesh in 1H (195 976cells). The element size of the fine
uniform mesh is the same than the one of the refined region.

References
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Abstract The work presented here explores the fracture mechanics of very thin films and 2D materials when transferred from one substrate to 
another by dry transfer. Finite element simulations in ABAQUS as well as beam theory models are developed to study the role of material 
properties and traction separation relations in determining the interface of crack propagation. For mode-independent transfer of 2D materials, 
the results indicate that interface selection is strength driven. We explore the effect of shear to understand the shift from strength driven to 
fracture energy driven fracture under mixed-mode conditions. In the case of thin films (thinner than the substrates), simulations indicate a shift 
from fracture energy driven behavior to interface strength driven mechanics based on initial crack lengths, elastic modulus of the thin film as 
well as its thickness.      
 

INTRODUCTION 
 
   Transfer printing is a fabrication technique for microelectronics and other applications where a patterned or printable 
layer is transferred from a host substrate to a target device substrate by taking advantage of the difference in adhesion of the 
thin layer to the two substrates. This technique has been studied for the case of few microns thick layers [1] and has also 
been demonstrated to work for transferring 2D materials like graphene [2]. Transfer printing has the potential to enable low 
cost manufacturing of flexible electronics and understanding the mechanics of this process is critical to improve the 
manufacturing methods.        
   Tucker, Hines and Li [1] performed ABAQUS simulations to study the effect of interface crack lengths and device 
substrate¶V elastic modulus on competing fracture in thin films. They identified the regions of successful and unsuccessful 
transfer based on these parameters. Kim-Lee et. al [3] also analysed the effect of thin film geometry on transfer and 
compared their simulation results with experimental data. Fracture toughness, energy release rates, crack lengths and device 
VXEVWUDWH¶V� HODVWLF� PRGXOXV� were the parameters discussed in these works. We have extended their analysis to include 
cohesive zone modelling for selective delamination, and we look at the effect of elastic modulus of the thin film as well as 
traction-separation relation parameters (interaction strength and range) in addition to crack lengths. We have also developed 
models for 2D material transfer to understand the underlying mechanics of dry transfer of graphene which are different from 
micron-thin film separation.    
 

METHOD 
 
   Cohesive zone models are used to describe interface interactions in finite element simulations and beam theory models. 
The finite element model schematics for thin film separation and graphene transfer are shown in Fig. 1. We use cohesive 
elements for the two interfaces (polymer-thin film and thin film-copper) between the layers. Since 2D materials are one 
atom thick, we do not have an intermediate layer for the case of graphene transfer in Fig 1b. Beam theory models are 
developed for both systems by considering the interactions as distributed stresses along the polymer layer similar to the 
approach developed in [1] and [4].      

   
Fig. 1 a) Model schematic for thin film transfer from a copper foil to a polymer. The thin film is the dark layer in the 
middle. The layers immediately above and below represent the cohesive zones, which are much thinner than any of the 
layers but enlarged here. b) Model schematic for graphene transfer. The graphene is an infinitesimally thin layer 
sandwiched between the two cohesive zones.       
 
Thin Film Transfer 
   We varied the film-copper crack length while keeping polymer-film interface crack fixed at 1mm. Both polymer and 
copper are GLVSODFHG�DW�WKH�HQG�E\�ǻ=0.3 mm. A bi-linear traction separation relation (TSR) reported by Na, et al.[5] is used 
for the interaction between the film and copper and the TSR for the polymer-film interface is varied to understand mode-

a) b) 

ǻ 



independent fracture. ,Q� WKH�VLPXODWLRQV��<RXQJ¶V�PRGXOXV�DQG�3RLVVRQ¶V�UDWLR�RI� WKH�SRO\PHU�DUH�EP = 2.5 GPa and ȣP = 
0.34, respectively, and those of the copper layer are EP  �����*3D�DQG�ȣP = 0.32, respectively. For the thin film with varying 
<RXQJ¶V�PRGXOXV��ET  �����*3D������*3D�DQG�ȣT = 0.2. Finite element simulations in ABAQUS are performed under plane 
strain to study the effect of varying crack lengths, thin film modulus and TSR parameters. All materials are considered 
isotropic.     
 
Graphene Transfer 
   Plane strain ABAQUS simulations are performed with model geometry as shown in Fig. 1b. Mixed-mode transfer is 
simulated to understand the effect of relative interface TSR parameters on the success of graphene transfer. It has been 
observed for mode-independent transfer that success of graphene transfer depends only on the relative strengths of the 
interfaces (Fig. 2a). We will study the effect of mixed-mode transfer mechanics on success of graphene transfer in 
ABAQUS as well as develop a beam theory model for the same.  
   

PRELIMINARY RESULTS  
 
   For a fixed TSR of both interfaces where subscript t is used for top interface and subscript b is used for bottom interface, 
IUDFWXUH�HQHUJ\��ī��UDWLR�LV�īt�īb  ������DQG�LQWHUIDFH�VWUHQJWK��ı��UDWLR�LV�ıt�ıb = 2. Even though the fracture energy ratio 
favors crack propagation along the top interface, some of the simulations show fracture along the bottom interface 
suggesting strength driven fracture in certain cases. The effect of variation in notch length Lb (for fixed Lt = 1 mm), thin 
film thickness (h) and thin film elastic modulus ET on fracture has been studied.     
   )RU�D�WKLQ�ILOP�WKLFNQHVV�K� ����ȝP�DQG�(T=2.5GPa, simulations show fracture along the top interface for Lb/Lt < 1 and 
fracture at the bottom interface for Lb/Lt �1. This indicates a transition between fracture energy driven and strength driven 
mechanics at Lb/Lt = 1. As the thickness of the thin film increases, this transition point shifts to higher values of Lb/Lt. A 
fracture map summarizing these observations is shown in Fig. 2b. 
  

                
Fig. 2 a) )UDFWXUH�PDS�IRU�JUDSKHQH�WUDQVIHU�ZKHUH�ıP is the interface strength of polymer-graphene interface and ıC is the 
interface strength of copper-graphene interface. b) Fracture map for thin film transfer for ET=2.5 GPa, īt�īb = 0.67 and ıt�ıb 
= 2. There is a clear linear separation between strength driven and fracture driven fracture.   
    
   Simulations for variation in thin film elastic modulus indicate that there is a critical elastic modulus above which 
competing fracture is always fracture energy driven. For ET = 110 GPa, cracks always propagated along the top interface. 
We will run more simulations to find the critical elastic modulus at which the transitioning behaviour occurs.       
 

CONCLUSIONS 
 

   Thin film transfer simulations indicate that for a 2D material like graphene, interface fracture is predominantly governed by 
interface strength and not fracture energy. Mixed-mode transfer could introduce some deviations from this behaviour and results 
will be presented. However, for thin films with thickness of the order of microns, there is a clear shift from strength driven 
fracture to fracture energy driven crack propagation based on film thickness, film elastic modulus as well as initial crack lengths.  
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Summary The universal meshes is an efficient way to handle problems with evolving domains or discontinuities by only perturbing a
fraction of vertices of a fixed background (universal) mesh at every time step. In particular, it was adapted to problems with a simple
propagating crack in an earlier contribution. In this work, we have generalized the formulation to the case of a branched crack with one or
multiple triple junctions. This generalization will be useful for simulating dynamic crack propagation such as that generated by an impact.

INTRODUCTION

One of the challenges to simulate crack evolution with the finite element method is the need for a conforming mesh to the
evolving geometry, since the brute-force way of generating a new mesh for each crack propagation step is costly. The universal
meshes method was proposed by Rangarajan and Lew [1] for a closed domain and then adapted to crack problems with a simple
crack by Rangarajan et al. [2] This method avoids both the costly step of mesh re-generation and the cumbersome evaluation
of enrichments in enrichment techniques such as the extended finite element method. In this contribution, we extended the
method in [2] to the case of a crack with one or multiple triple junctions.

THE PROCEDURE

The case of one junction This section devotes to introducing the main idea of the algorithm for the case in which the crack
has exactly one junction, such as the example shown in Figure 1a. The algorithm includes three steps:

1. Move nodes to coincide with the junction and tips. For the junction and both crack tips, we find the nearest node (in
case of multiple nodes, we pick any one) and move it to coincide with the junction (crack tip). To maintain the quality
of the mesh, we also move the nodes within a certain radius (2h in our example, where h denotes the mesh size), see
Figure 1.

(a) (b)

Figure 1: (a) The original mesh (fixed for each stage of crack propagation). (b) The mesh after step 1.

2. Determine a specific set of nodes to be projected to their respective closest points on the crack. This step has two
sub-steps: (a) Determine, among the neighboring nodes of the junction node, which three should be moved to the crack
(each to each branch). The principle is to minimize the angles of rotation of the relevant edges resulting from such
movement, see Figure 2a. (b) Determine more nodes to be projected for each branch, until the crack tip. The main idea
is to, for each branch, first choose nodes only on one side, so that they form a series of edges topologically equivalent to
the branch of interest. Then we adjust some of the chosen nodes to reduce element distortion, according to the criterion
and procedure given in Rangarajan and Lew [3]. Finally we will ensure no triangle whose all nodes are chosen. The
finally chosen nodes are shown in Figure 2b.

3. Project nodes onto the branched crack and relax the neighboring nodes. We project the nodes onto their closest point in
the crack and simultaneously relax the neighboring nodes to get the final mesh, see Figure 2c.

∗Corresponding author. Email: yongxing.shen@sjtu.edu.cn



(a) (b) (c)

Figure 2: (a) The neighboring nodes of the junction marked with circles and the chosen nodes marked with stars to be projected
to the three crack branches. (b) All nodes to be projected to their closest points on the crack marked with circles. (c) The final
mesh after projecting the chosen nodes and relaxing their neighboring nodes.

The case of multiple junctions The method can be generalized to the case of multiple triple junctions. An example is
shown in Figure 3.

(a) (b)

Figure 3: Example with multiple triple junctions: (a) The crack and the original mesh (fixed for each stage of crack propaga-
tion). (b) The final mesh.

CONCLUSIONS

A method to obtain a conforming mesh from an evolving crack with triple junctions is developed. This method can be
used to simulate problems such as dynamic crack propagation under impact.
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CRACK GROWTH AT NONUNIFORM SPEED
BENEATH THE BOUNDARY OF A HALF-PLANE
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Summary A semi-infinite crack propagates at sub-Rayleigh piece-wise constant speed in a homogeneous isotropic half-plane in the direction
parallel to the half-plane boundary. Freund’s approximate algorithm for the problem on a semi-infinite crack propagating in the whole plane
is generalized for the half-plane case. The implementation of the method requires successive solution of two coupled Volterra convolution
equations admitting a closed-form solution. The kernels of the system are the four weight functions of the transient problem on a semi-
infinite crack propagating at constant speed parallel to the boundary and subjected to certain loading. By the Fourier and Laplace transforms
the model problem reduces to an order-2 vector Riemann-Hilbert problem. A method of partial factorization and convolution integral
equations for its numerical solution is proposed. The dynamic Griffith criterion for the determination of the piece-wise speed is applied.

PIECE-WISE CONSTANT SPEED

The elastic medium Π = {|x1| < ∞, ↗∞ < x2 < δ} through which the crack propagates comprises an infinite strip
{|x1| < ∞, 0 < x2 < δ} and a half-plane {|x1| < ∞, ↗∞ < x2 < 0} bonded together. The bonding is not perfect, and it
is assumed that along the interface there is a semi-infinite crack. The faces of the crack are subjected to plane strain loading,
while the boundary of the body Π, {|x1| < ∞, x2 = δ}, is free of traction. The Lamé constants λ and µ and the density ρ
of the strip and the half-plane are assumed to be the same. Under the action of the loads applied at time t = 0 the crack starts
moving, and its position at time t is described by l(t), a continuously differentiable, nondecreasing function such that speed of
propagation is less than the Rayleigh speed, V (t) = l′(t) < cR. The presence of the weak interface encourages the crack to
propagate parallel to the boundary {|x1| <∞, x2 = δ} rather than deviate towards it (Fig.1). The ultimate goal of this study
is to analyze propagation of a semi-infinite crack in a half-plane at nonuniform speed in the direction parallel to the boundary,
determine the propagation speed and study the boundary effects. The steady-state model problem for a semi-infinite crack
propagating at constant speed beneath the half-plane boundary was solved by the authors earlier [1].

Following the Freund scheme [2] developed for nonuniform growth of a semi-infinite crack in a whole plane we ap-
proximate the curve l(t) by a polygonal line with the vertices (tk, lk), lk = l(tk), t0 = 0, l0 = 0, and denote Vk =
(lk+1↗lk)/(tk+1↗tk) the corresponding constant speed during the time tk < t < tk+1. Initially, as 0 < t < t1, the crack
extends at speed V0 = const by negating stresses σ0

12(x1, 0) and σ0
22(x1, 0) for x1 > 0. They are determined from the solution

of the static problem, P−1, on a semi-infinite crack parallel to the boundary of a half-plane. This problem provides the starting
point for a complete description of the nonuniform motion of the crack. A method of matrix Wiener-Hopf factorization for
a homogenous static problem was presented in [3]. On employing their method it is possible to derive the exact solution of
the inhomogeneous static problem for general loading and determine the stresses everywhere in the body including the line
x2 = 0 ahead of the crack. It is accepted that the solution to Problem P−1 is already available.

The next step of the procedure is solving the problem on a moving crack that suddenly stops at time t = t1 at the point
x1 = l1, x2 = 0. Some stresses, σ̃1

12(x1, 0) and σ̃1
22(x1, 0), are radiated out along the line x2 = 0, x1 > l1. These stresses

are unknown a priori and must be determined. To continue its motion, the crack negates these unknown stresses and results
in vanishing the SIFs when x1 = V0t > l1,

KI(t; V0) = 0, KII(t; V0) = 0, V0t > l1, (1)

and a necessity of solving a transient problem, P0, arises. For this problem V ≡ V0 = const and the boundary conditions on
the faces of the crack read

σj2 =↗σ0
j2(x1, 0)χ(0,l1)(x1) + σ̃1

j2(x1, 0)χ(l1,V0t)(x1), ↗∞ < x1 < V0t, x2 = 0±,

where χ(a,b)(x) = 1 if x ∈ (a, b) and vanishes otherwise; σ̃1
j2(x1, 0) are be recovered from equations (1) as follows. On

solving and analyzing the solution of the transient model P0 it is possible to prove the remarkable property of the transient
weight functions for a semi-infinite crack propagating beneath the half-plane boundary at constant speed V , Wi,j(x0, t; V ) =
Wi,j(0, t↗x0/V ; V ), i, j = I, II , and eventually represent the SIFs in the form

KI(t; V0) =↗K ′(t; V0) +

! V0t

l1

[WI,I(0, t↗x1/V0; V0)σ̃
1
22(x1, 0) + WI,II(0, t↗x1/V0; V0)σ̃

1
12(x1, 0)]dx1,
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Figure 1: A semi-infinite crack propagating parallel to the boundary and the functions wi,j(0, t) =
"

1
2πV tWi,j(0, t) (i, j =

I, II) versus time t when ν = 0.3, δ = 1 m, V = 0.5cR m/s, cl = 1 m/s (cs ≈ 0.53�5 m/s, cR ≈ 0.�95� m/s).

KII(t; V0) =↗K ′′(t; V0) +

! V0t

l1

[WII,I(0, t↗x1/V0; V0)σ̃
1
22(x1, 0) + WII,II(0, t↗x1/V0; V0)σ̃

1
12(x1, 0)]dx1,

where K ′(t; V0) and K ′′(t; V0) are known functions. These relations, when substituted into the conditions (1), yield a system
of two Volterra convolution equations solvable by the Laplace transform in closed form.

In addition to nullifying the stresses σ̃1
j2(x1, 0), j = 1, 2, the solution for a suddenly stopped crack has to generate zero

displacement jumps through the line x2 = 0 on the segment l1 < x1 < V0t. In contrast to the whole plane problem, when this
is possible to verify analytically for the sub-Rayleigh speeds [2] and for the transonic regime [4], in the case of a half-plane,
it is not visible how it can be done without deploying computer based computations. That is why this condition needs to be
tested numerically when the algorithm is applied. Following the pattern established above, this procedure can be continued
further up to any period of time (tk, tk+1). It gives an approximate solution of the problem on motion of a semi-infinite crack
beneath the boundary at piecewise constant speed V = Vi, t ∈ (ti, ti + 1), i = 0, 1, . . . , k, that approximates the original
smooth function V (t). The solution of this model problem, P , is obtained by summing up the solutions of all Problems Pi

(i = ↗1, 0, 1, . . . , k). As for the speeds Vi themselves, they are determined by applying the dynamic Griffith criterion and
solving a certain transcendental equation associated with each step of the algorithm.

CONSTANT SPEED: THE WEIGHT FUNCTIONS FOR THE TRANSIENT PROBLEM

The procedure for nonuniform growth of a semi-infinite crack parallel to the boundary of a half-plane requires the knowl-
edge of the weight functions associated with the transient problem for the crack propagating at constant speed V when the
upper boundary {|x1| < ∞, x2 = δ} of the half-plane is free of traction, and the crack faces are subjected to general time-
independent loading. By the Laplace and Fourier transforms with respect to t and x = x1 ↗V t, respectively, the model
problem reduces to a vector Riemann-Hilbert problem on the real axis not solvable in closed form by the methods available in
the literature. We propose a new approximate method based on splitting of the matrix coefficient into a discontinuous diagonal
matrix and a continuous matrix, factorization of the discontinuous part and rewriting the vector Riemann-Hilbert problem as a
system of two convolution equations on the segment↗∞ < x < 0. We derive the Laplace transforms of the weight functions
needed for the problem on nonuniform crack growth in terms of the solution of the convolution equations at the point x = 0.
The Laplace transform is inverted numerically. We have obtained numerical results for the SIFs when concentrated loads
are applied to the crack faces (at time t = 0 at the crack tip). This model problem generates four weight functions Wi,j ,
i, j = I, II . It is discovered that during a certain initial period of time, 0 < t < 2tl, before the longitudinal wave reflected
from the boundary strikes the crack, the off-diagonal weight functions Wi,j , i ̸= j, approximately equal zero, and the diagonal
functions do not change their values (Fig.1). When the first longitudinal wave reflected from the half-plane boundary reaches
the crack surface moving at speed V (t) < cR, the boundary substantially affects the weight functions.

References

[1] Antipov Y.A., Smirnov A.V.: Subsonic propagation of a crack parallel to the boundary of a half-plane, Math. Mech. Solids, 18: 153-167, 2013.
[2] Freund L.B.: Dynamic Fracture Mechanics, Cambridge University Press, Cambridge, 1990.
[3] Zlatin A.N. Khrapkov A.A.: A semi-infinite crack that is parallel to the boundary of an elastic half-plane, Dokl. Akad. Nauk SSSR, 291, no. 4: 810-813,

1986.
[4] Huang Y., Gao H.: Intersonic crack propagation - Part II: Suddenly stopping crack, J. Appl. Mech., 69: 76-80, 2002.



 

 

a) Corresponding author. Email: du2@evansville.edu 
 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada  

LINEAR ELASTIC SOLUTIONS FOR SLOTTED PLATES REVISITED 
 

David J. Unger1a) 
1Department of Mechanical and Civil Engineering, University of Evansville, Evansville, Indiana, 47722, USA 

 

Summary.  Under plane stress loading conditions, the stress concentration factor determined from a finite element analysis of a plate with a 
slot having rounded ends in the shape of a Riabouchinsky roulette is compared to an analytical expression for the stress concentration factor 
obtained by a complex variable method.  Good agreement is obtained between the two analyses for uniaxial tensile loads applied at infinity in 
a direction perpendicular to the longitudinal slot axis. When the maximum stress of this particular slot solution is further compared to two 
analogous hole problems, the elliptical and ovaloid holes, the new stress concentration factor is shown to be lower for identical aspect ratios of 
principal axes.  This would indicate that when stress is critical in a component requiring a slot, this special shape may prove useful. 
 

INTRODUCTON 
    
   The linear elastic solution for a crack in a plate [1] subject to a remote uniaxial tension was originally obtained as a limiting 
case of an elliptical hole problem [2] where the eccentricity of the ellipse approaches one.  Similarly, rounded crack tip 
problems often rely on the same elliptical geometry or some slight perturbation of it such as a parabola (M. Creager, P.C. Paris in 
[3]) for analytical solutions near the crack tip.  Naturally, the machining of an infinitesimally thin line crack in a plate is 
impossible physically and experimentalists must consequently rely on some variation of a slotted plate as an initial geometry for 
their test specimens.  However, in terms of mathematical analyses, the differences between a linear elastic solution for an 
elliptical hole and a corresponding solution for a rounded slot may be quite large. Nevertheless, finding an exact mathematical 
solution of a true slot problem having flat and parallel surfaces with rounded ends has proven elusive.  This difficulty arises in 
part because the most powerful solution scheme for plane elasticity problems, the Kolosov-Muskhelishvili [4] method, is 
restricted to use of conformal mapping functions that are rational functions of the complex variable.  Further, most functions 
that will map a slotted plane geometry onto a circle to facilitate solution are transcendental functions, most notably, elliptic 
integrals.  These integrals will typically appear whenever the Schwarz-Christoffel transformation is used in mapping a straight-
edge boundary onto a circle. 
   The shape of the slot geometry shown in the insert in Figure 1 was originally derived in a fluid flow context by D. 
Riabouchinsky, see [5], in regard to free streamlines around two flat plates perpendicular to a uniform flow at infinity.  In 
[6] it was recognized that the free streamline problem in hydrodynamics is analogous to the linear elastic-perfectly plastic 
antiplane slot problem provided the plastic zone is confined to the curved portions of the slot, whose boundary is entirely 
traction-free, and where the remote load is applied in the direction of the uniform flow.  However, the antiplane problem 
involves solution of Laplace¶V equation; whereas, the plane problems in elasticity theory require solution of the higher-order 
biharmonic equation [7], which places severe restrictions on the mapping function in order to guarantee solution. 
 

 
            
         Figure 1.  Comparison of Stress Concentration Factors for Various Openings in Plate. 
 



   An alternative representation of the mapping function presented in [6] is given by 
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This particular function maps the Riabouchinsky oval onto the interior of a circle. Upon the introduction of polar 
coordinates, exp ,i] U - the boundary of the slot maps onto the circular boundary, 1.U    
   Using residue theory, an integral (79.7) of [8] is evaluated to determine the complex potential ( )]) of [4, 8].  Because 
the mapping function (1) is not a rational function of ] singularities are discovered in the solution.  However, it is still 
possible to glean useful information away from these singularities to determine an approximate solution for the stress 
concentration factor ,tK which corresponds to the locations of maxV in the insert of Figure 1. The stress concentration factor 

max /V V
f

 for the Riabouchinsky oval is found in this manner to be 
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where the aspect ratio AR and various parameters related to the modulus of the elliptic integrals [9] employed in (1) are 
given by 
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   Note that an additional relationship for the stress concentration factor that corresponds to
min

V is also plotted in Figure 1 
for the Riabouchinsky oval.  This particular result agrees well with the corresponding stress concentration factor for the 
elliptical hole, which is plotted and is exactly -1 for all aspect ratios.  Data points obtained from finite element solutions of 
the Riabouchinsky slotted plate using the software Ansys® 14.5 are also shown for various aspect ratios with circular 
markers.   
   To further test the validity of (2) this relationship is compared with the analysis of [10] for the ovaloid.  The ovaloid is 
defined here as a slotted hole with semi-circular ends.  Bowie and Freese performed a detailed hybrid of analytical and 
numerical analyses to obtain solutions for the ovaloid.  A curve fitting their data points by the present author using a 
simple parabolic relationship is also displayed. One finds that a design based on the Riabouchinsky oval would be 
conservative relative to the ovaloid as the stress concentration factor is always lower. This is anticipated as the ovaloid has a 
smaller radius of curvature than does the Riabouchinsky at the location of maximum stress, while having parallel faces 
similar to those of the Riabouchinsky oval. 
 

 CONCLUSION 
 

   The analytical expressions derived in this work (2)-(3) may serve as a useful guide for determining maximum stresses in 
slotted plates subject to remote tensile tractions. 
 
References 
 

[1] Griffith, A.A.: The Phenomena of Rupture and Flow in Solids, Trans. R. Soc. London, 221A,163-197, 1920. 
[2] Inglis, C.E.: Stresses in a Plate Due to the Presence of Cracks and Sharp Corners, Trans. Inst. Naval Architects, 55, 219-241, 1913. 
[3] Tada, H., Paris, P.C., Irwin, G.R.: The Stress Analysis of Cracks Handbook, 3rd edn, 8-10, ASME Press, New York, 2000. 
[4] Muskhelishvili, N.I.: Some Basic Problems of the Mathematical Theory of Elasticity, Kluwer, Dordrecht, 1977. 
[5] Milne-Thomson, L.M.: Theoretical Hydrodynamics, 5th edn., 322-324, Dover, Mineola, NY, 1996. 
[6] Unger, D.J.: Linear Elastic Solutions for Slotted Plates. J. Elast. 108: 67-82, 2012. 
[7] Unger, D.J.: Analytical Fracture Mechanics, Dover, Mineola, NY, 2011. 
[8] Sokolnikoff, I.S.: Mathematical Theory of Elasticity, 2nd edn., p. 293, McGraw-Hill, New York, 1956. 
[9] Ambramowitz, M., Stegun, I.A.: Handbook of Mathematical Functions with Formulas, Graphs and Mathematical Tables, NBS, Series 55, U.S. 
 Government Printing Office, Washington, DC, 1964. 
[10] Bowie, O.L., Freese, C.E.: Analysis of Notches Using Conformal Mapping, Mechanics of Fracture 5, Stress Analysis of Notch Problems, ed. Sih, 
G.C., Noordhoff, Alphen aan den Rijn, 69-134, 1978. 



XXIV ICTAM, 21-26 August 2016, Montreal, Canada
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Summary This paper deals with the characterization and the numerical modeling of a new core structure developed to absorb energy during
a bird strike on an airplane cockpit. This technology is based on the inclusion of composite hollow spheres in a sandwich structure. An
experimental crushing analysis is conducted on a single hollow sphere to quantify the energy dissipated by dynamic fracture. A numerical
model based on the Discrete Element Method (DEM) is investigated to take into account the brittle behavior of the constitutive material.
The DEM used shows an original approach to correctly describe the dynamic fracture of a spherical and thin structure.

INTRODUCTION

Hollow sphere structure (HSS) belongs to cellular solids that have been studied recently for its multiples properties [1].
In our case, HSS aims to absorb soft impacts energy on an airliner cockpit. HSS is investigated through the SAMBA (Shock
Absorber Material for Bird-shield Application) project because of its promises in term of specific energy dissipated (J.kg−1)
during impact. Hollow spheres can easily fill a sandwich structure to be placed in front of the plane. Hollow spheres studied
in this study are made of epoxy resin and are subjected to dynamic fracture. The formalism of Linear Elastic Fracture
Mechanics (L.E.F.M.) is therefore used to estimate the dynamic energy release rate GIDC . In the interest of studying the rapid
crack propagation (RCP) on polymer hollow spheres, a numerical model is investigated. It is based on the Discrete Element
Method. It reveals to be an interesting way to model the mechanical behavior of brittle materials.

DYNAMIC CRUSHING OF A SINGLE COMPOSITE HOLLOW SPHERE

Experimental investigation
First of all, quasi-static to dynamic (v = 5 mm.s−1 to v = 2 m.s−1) compression tests are conducted at room temperature

on a single sphere (φ = 30 mm). The material of the sphere appears to behave in a brittle manner. In fact, RCP is observed to
be predominant at macroscopic scale, see Fig. 1. The elastic energy stored in the structure at failure is evaluated. This energy
reported to the surface (typically the width b times the crack length ∆a) is known as the quasi-static energy release rate GI0.
The crack tip location is measured during the crack propagation using a high speed camera (60,000 frames per second). The
critical dynamic energy release rate GIDc is finally estimated with taking into account inertial effects [2, 3]. Both fracture
energies at quasi-static and dynamic (v = 5 mm.s−1 and v = 2 m.s−1) solicitations are deduced and compared.

Figure 1: Dynamic compressive test on a hollow sphere (top) and the DEM model (bottom). Captures of the crack propagation
versus time
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Discrete Element Method
A model based on the discrete element method (DEM) is chosen to simulate the single sphere crushing. This method

is well adapted for high strain, dynamic solicitations and fracture. Indeed, the DEM simulates naturally the propagation of
cracks by breaking the bonds between each element. 3D simple Bernoulli beams are used as bonds to reproduce the behavior
of continuous materials [4]. The principal stress criterion is applied for the crack initiation and propagation. The geometry of
the hollow sphere is created by ensuring that the number of discrete element is adequate to represent a continuous material,
typically more than 10 000 elements. The numerical sphere is then compressed at different velocities (v = 1 m.s−1 to v = 100
m.s−1). Numerical results are confronted to the previous experiments of crushing spheres, see the force displacement curve
in Fig. 2 and the crack initiation and propagation in Fig. 1.

Figure 2: Dynamic compressive test on a composite hollow sphere at v ≈ 2 m.s−1. Comparison between experimental and
numerical results

CONCLUSIONS

The fracture behavior of hollow sphere under quasi-static and dynamic compression tests were investigated using an
experimental and a numerical approach. Experiments have been conducted at room temperature and at different compressive
velocities (quasi-static to dynamic regime). For the studied material the more the impact velocity the more the crack tip
velocity. And the more the crack tip velocity the more the critical energy release rate. GIDc values have been estimated with
experimental data to vary from 2.5 ± 0.2 kJ/m2 in quasi-static to �.2 ± 1.2 kJ/m2 in dynamic. The numerical model using
DEM that has been developed to simulate the brittle behavior of the hollow sphere is in good agreement with the experimental
data. The crack tip velocity computed is 182 m.s−1 with the DEM compared to 21�± 9 m.s−1 measured experimentally. The
fracture energy values are both estimated experimentally (GIDc = �.2 ± 1.2 kJ/m2) and numerically (GIDc = 6.15 kJ/m2).
The Discrete Element Method used shows an original approach to correctly describe the dynamic fracture of a spherical and
thin structure and can be applied to study the interaction between two or more hollow spheres.
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Summary The subject of this talk is a classical fracture problem: a single, finite plane strain crack subjected to combined mode I (out-of-
plane) and mode II (in-plane shear) loading in the setting of linearized elasticity. It is now well understood that the square-root crack-tip
singularities in stress and strain predicted by the classical solution can be removed by augmenting the boundary value problem with a higher-
gradient surface mechanics model. However, naive implementation of the resulting boundary condition into standard weak formulations
leads to unstable numerical algorithms. It is shown that the boundary value problem can be reformulated using non-local boundary operators
to produce a numerically stable weak formulation.

INTRODUCTION

Classical Linear Elastic Fracture Mechanics (LEFM) is arguably one of the most successful theories in applied mechanics
despite its well-known logical inconsistency by which it predicts strain singularities at crack edges while being a first-order
asymptotic approximation to finite elasticity predicated upon infinitesimally small strains. It has been long understood that this
logical inconsistency is due to the failure of classical LEFM to take proper account of nano-scale processes (bond breaking,
crazing, dislocation motion, etc) at work near fracture edges. More generally, classical LEFM ignores the complex physical
behavior associated with material interfaces even though recognition of its importance in understanding the mechanics of
material bodies goes back at least to pioneering work of Gibbs [3] who modeled interfacial mechanics through the notion
of a dividing surface endowed with excess physical properties (mass, momentum, internal energy, entropy, stress, etc) that
separates distinct material phases.

One of the first and still most popular modeling strategies for augmenting LEFM to prevent crack-edge strain singularity
predictions is the notion of cohesive zone as articulated by Barenblatt [1]. The cohesive zone model, in effect, modifies
the traction-free boundary conditions on crack surfaces assumed in classical LEFM. More specifically, a fracture surface is
viewed as consisting of two portions—a fully separated section on which traction-free boundary conditions are imposed and
a damaged section on which cohesive tractions are imposed.

More recently there has been increasing interest given to augmenting classical LEFM by viewing fracture surfaces as
dividing surfaces (in the sense of Gibbs [3]). One of the most popular approaches to modeling the mechanics of fracture
surfaces has been the surface elasticity paradigm proposed by Gurtin and Murdoch [4]. A key feature of this approach to
fracture is that the classical LEFM traction-free boundary condition on fracture surfaces must be replaced by one resulting
from the jump momentum balance relation that holds on dividing surfaces. Several of the early studies making use of the
Gurtin-Murdoch surface elasticity theory to model fracture asserted that the resulted boundary value problems predicted
bounded crack-tip strains. However, it was shown in [6] that while the Gurtin-Murdoch surface elasticity model does prevent
the strong, square-root, strain singularity at crack-edges predicted by classical LEFM, it still predicts a weak, logarithmic
strain singularity.

In a different approach to modeling the mechanics of fracture surfaces [5], the surface stress tensor is assumed to be
Eulerian, consisting only of (scalar) surface tension. However, surface tension is modeled constitutively to be a function of
the surface deformation. More specifically, it was shown in [5] that for pure mode I loading (plane-strain, opening mode) of a
classical Griffith crack, modeling surface tension to have a linear dependence on linearized (deformed) crack-surface curvature
gives a theory that predicts bounded crack-tip strains and stresses. It was subsequently shown [9] that for the corresponding
plane-strain problem for a curvilinear crack, this surface tension model, in certain cases, predicts the same weak logarithmic
strain singularity at the crack-edge seen with use of the Gurtin-Murdoch theory. More generally, it was shown in [7] that the
feature leading to the weak logarithmic strain singularity at a crack edge is whether it is subjected to mixed mode I/mode II
loading. When mixed-mode loading occurs at a crack-edge, it was shown in [7] that strain and stress remain bounded at the
crack-edge if the surface tension has a linear dependence upon both linearized (deformation based) curvature of the fracture
surface and higher-tangential-gradients of the (tangential) crack-surface strain tensor. An analogous result for the simpler
anti-plane strain (mode III) crack problem was shown in [2] in which the out-of-plane crack-surface curvature plays no role;
surface tension on the crack-surface need only depend upon the (surface) gradient of the (surface) strain tensor within the
fracture surface.
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WEAK FORMULATION AND DIRECT NUMERICAL SIMULATION

This talk addresses the issue of implementing the surface mechanics models studied for plane-strain fracture studied in
[5]and [7] into finite element based direct numerical simulations. A central challenge encountered to that end is the well-
posedness of the weak-form of the fracture boundary value problem corresponding to the surface tension models discussed
above. In particular, the surface tension models depending upon higher tangential gradients of the fracture-surface strain
tensor give rise to weak formulations of the boundary value problems that include tangential gradients of the crack-surface
trace of the bulk strain tensor. The theory developed in [5] and [7] includes regularity results guaranteeing that the boundary
traces of the bulk strain tensor has the required tangential smoothness for the weak formulation to make sense. However, it is
evident from attempts to do finite element numerical simulations based upon these weak formulations that the standard finite
element algorithms are not stable. A way forward was first studied in the simpler setting of a finite-length anti-plane shear
crack [2].

Anti-Plane Shear Fracture with Surface Tension
The model studied in [2] models considers a single, anti-plane shear crack lying along the interval↗1 ≤ x1 ≤ 1. Surface

tension is modeled by:
γ̃(x1) = γ0 + γ1u3,11(x1, 0+), ↗1 ≤ x1 ≤ 1 (1)

in which u3(x1, 0+) is the out-of-plane displacement of the upper crack surface and u3,11(x1, 0+) denotes its second-order
tangential derivative. The jump-momentum balance on the upper crack surface leads to the boundary condition:

u3,2(x1, 0+) =↗γ1u3,111(x1, 0+)↗σ∞
23 , ↗1 ≤ x1 ≤ 1 (2)

with σ∞
23 denoting the far-field anti-plane shear loading. The third-order derivative in (2) leads to a direct implementation

of (2) based upon the associated weak formulation that is numerically unstable. It was shown in [2] that appealing to the
anti-plane shear Dirichlet-to-Neumann map and making use of a particular surface Green’s function, one can transform the
boundary condition (2) into an equivalent (surface) non-local form:

u3,2(x1, 0+) =
1

γ1

!" 1

0
k(x1, q)u3,2(q, 0+) dq + σ∞

23g(x1)

#
, 0 ≤ x1 ≤ 1 (3)

in which k(x1, q) are g(x1) are explicitly given functions. It was then shown that the non-local boundary condition (3) leads
to a stable finite element numerical scheme.

Plane Strain, Mixed-Mode Loading
In [7], it was shown that the following model for surface tension leads to solutions of the fracture problem with bounded

crack-tip strains and stresses:

γ̃(x1) = γ0 + γ1u2,11(x1, 0+) + γ2u1,1(x1, 0+) + γ3u1,111(x1, 0+). (4)

The associated (linearized) boundary conditions are:

σ22(x1, 0+) = ↗γ0σ∞
22 (5)

σ12(x1, 0+) = ↗γ2u1,11(x1, 0+)↗γ3u1,1111(x1, 0+)↗γ1u2,111(x1, 0+)↗σ∞
12 . (6)

Generalizing the strategy leading to (3) for the anti-plane shear problem leads to boundary conditions replacing (5) and (6) by
a system of non-local integral operators and results a stable finite element algorithm.
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Although spiral fracture patterns have been observed in coatings under residual tensile stresses [4, 5, 6, 7] the spirals
reported here are of a very different nature, since they involve the interaction of several cracks through large out-of-plane
bending.

We give a theoretical description of the crack path based on basic principles of fracture mechanics in very thin brittle
sheets [8]. This leads us to a purely geometrical problem where the existence and shape of multiple spiral cracks can be
explained in terms of a delayed crack interaction. We examine the maximum number of spiral arms, and compare the measured
and predicted tearing forces for the spiral and radial modes [9].

We find that spiral mode cannot develop for a number of crack larger than 4, which suggest that only the radial solution
exists in these cases. For n < �, radial as well as spiral patterns may compete, and it remains to be explained why the radial
solution is unstable in this case.
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CRACK TIP BLUNTING AND CLEAVAGE UNDER DYNAMIC CONDITIONS
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Summary Because many structural materials comprise two or more phases, fracture often involves growth of cracks from one phase to
another. Researchers have hypothesized that dynamic effects are important in these processes, and can promote brittle failure in engineering
alloys. We assess this hypothesis of “dynamic embrittlement” using molecular dynamics (MD) simulations. We focus on whether dynamics
affects the energy barriers for crack tip dislocation emission or cleavage, and what happens in the dynamically overloaded situation, when
both processes are energetically possible. In the MD simulations, we employ a novel potential, with a tunable energy barrier for dislocation
emission, and a novel simulation technique, termed a “dynamic cleavage test.” Our simulation results indicate that the competition between
cleavage and emission—i.e., the intrinsic ductility of the material—is unaffected by dynamics. Finally, we discuss the implications of this
finding for understanding the micromechanisms of fracture in engineering alloys.

INTRODUCTION

Tough structural metals are often composed of a ductile matrix phase and brittle inclusions or precipitates. Cracks initiate
in the brittle phase and should be arrested when they encounter the ductile phase. Since such cracks run dynamically in the
brittle phase after initiating from pre-existing flaws, the dynamic response of the system may govern the macroscopic “quasi-
static” toughness. One important example is mild steel, where cracks develop within grain boundary carbides and propagate
dynamically toward the primary α-ferrite grains. At sufficiently low temperatures, these cracks are often observed to cleave
through the ferrite, resulting in an undesirable, low-toughness, transgranular mode of failure [Lin et al.(1987)]. One model
for this process postulates that brittle failure arises because of dynamics, which suppresses dislocation emission and crack
blunting, thereby causing the crack tip to remain atomically sharp [Lin and Thomson(1986), Lin et al.(1987)]. In this work,
we assess this hypothesis. We pose two questions. First, how does dynamics affect the competition between brittle (cleavage)
and ductile (dislocation emission) modes of crack tip deformation (i.e., the “intrinsic ductility” of a material)? Second, is it
possible that cleavage is preferred over dislocation emission in an “overloaded” dynamic condition, where G exceeds both the
Griffith cleavage value (GIc) and the dislocation emission value (GIe), even though dislocation emission is preferred under
quasistatic conditions?

This paper is organized as follows. We describe a set of molecular dynamic simulations, termed “dynamic cleavage tests,”
in which a crack initiates within a brittle material and runs dynamically into a second material (typically ductile). In these
simulations, we employ a novel set of interatomic potentials, for which the (quasistatic) intrinsic ductility can be tuned while
leaving the surface energy and elastic constants unchanged, to avoid effects of elastic mismatch. The simulations reveal that
dynamics cannot embrittle a ductile material; that is, if a crack tip at rest emits dislocations, then the same crack tip in motion
will also emit dislocations. Finally, we explore the implications of this finding for understanding brittle failure in engineering
alloys.

SIMULATION OF DYNAMIC CLEAVAGE

We conduct dynamic cleavage simulations in both 2D (hexagonal lattice) and 3D (FCC lattice) using molecular dynamics
(MD). The simulation, illustrated schematically in Figure 1, uses a bi-material strip geometry. One part of the strip (Material
1), containing the initial crack, is described using the most brittle material (highest GIe/GIc) while the other part of the
strip (Material 2) contains a more ductile material into which the initial crack will be driven. Using the strip geometry, a
prescribed energy release rate (G) can be delivered to the crack. To describe interatomic interactions, we use a new flexible pair
potential, developed for both 2D (hexagonal) crystals and 3D (FCC/HCP) crystals [Rajan et al.(in press)]. In these potentials,
the unstable stacking fault energy can be changed independently of the surface energy or elastic constants. Therefore, these
potentials differ only in the value of GIe, which can be tuned over a wide range, spanning the transition between brittle
(GIe > GIc) and ductile (GIe < GIc) materials.

RESULTS

In 2D, dynamic cleavage tests were run at an applied load of G/GIc = 1.61. The normalized crack velocity v/cR vs.
crack position is shown in Figure 2. As seen, dynamic cracks encountering the more brittle materials (GIe/GIc = 1.72, 2.10,
2.53) grow dynamically into the second material while remaining atomically sharp. Dynamic cracks encountering the more
ductile materials (GIe/GIc ≤ 1.37) emit one or more dislocations, and then blunt and arrest at the interface. Thus, the critical

∗Corresponding author. Email: varun.rajan@epfl.ch
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Figure 1: Strip geometry for dynamic cleavage test.
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Figure 2: Crack velocity in 2D dynamic cleavage test. The second material has varying ductility (GIe/GIc = 0.56 − 2.53).
Applied load is G/GIc = 1.61.

energy release rate for dynamic dislocation emission appears to be close to that in the quasistatic case, GIe; dynamics does
not appear to affect the energetics of this process. In the overloaded case, even if cleavage is kinetically favorable relative to
dislocation emission, ductile crack tip behavior will ultimately prevail as long as a single emission event can occur. This is
because such an event irrevocably changes the competition between brittle and ductile crack tip behavior, arresting the crack
and causing it to blunt. Subsequent behavior of the crack then depends on the critical quasistatic GIe and GIc in the blunted
configuration, which generally also favors dislocation emission, at least for intrinsically ductile materials. We also find similar
results for 3D FCC and HCP crystals (see [Rajan et al.(submitted)]).

CONCLUSIONS

Our central conclusion is that there is no evidence that dynamic effects can embrittle a material, at least in terms of altering
the local crack tip behavior. The energy barrier for dislocation emission is unchanged by dynamics, and, in the overloaded
situation, ductile crack tip behavior ultimately prevails. Thus, explanations for (semi-)brittle fracture in engineering materials
should not rely on the dynamic embrittlement hypothesis. A fruitful path for further investigation may be provided by multi-
scale methods that couple atoms to dislocations, enabling both micro-scale (dislocation elasticity) and atomic-scale (crack
tip deformation) phenomena to be taken into account. Regardless, the present study points to the importance of understand-
ing the small-scale mechanisms of fracture in semi-brittle materials. These will help to elucidate the role of dynamics in
embrittlement, and may ultimately hold the key to designing tougher steels and other engineering alloys.
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Summary Weibull distribution has been widely used to determine the probability of material fracture. However, its role has been primarily 
confined to fitting fracture toughness data rather than providing predictive insight of material fracture toughness and its magnitude of scatter. 
Besides, the Weibull parameters which are obtained through curve fitting carry little physical significance. In this paper, a multiscale framework 
is developed to predict material fracture toughness of composite materials in a statistical sense. The Weibull distribution parameters are 
correlated with the statistical measures of microstructure characteristics and the statistical characterization of the competition between crack 
deflection and crack penetration at matrix/reinforcement interfaces. The established correlations are useful for material sensitive design. 
   
 

INTRODUCTION 
 
   Fracture toughness of a composite material is not a deterministic property. This is primarily due to the stochastic nature 
of its microstructure as well as the activation of different fracture mechanisms during the crack-microstructure interactions 
[1-3]. Prediction of material fracture toughness as well as its scatter is one of the biggest challenges in material sensitive 
design. The crack interactions with microstructure can result in different failure mechanisms which ultimately determine the 
variation of fracture toughness [4, 5]. Most of the existing probabilistic models for fracture toughness prediction only 
consider near crack-tip stress states [6-8]. Information regarding microstructure characteristics and failure mechanisms 
associated with the crack propagation process is not explicitly included in the model formulations. This is due to the fact 
that the material heterogeneities at the microstructure level and the interaction of a propagating crack with phases in a 
microstructure are hard to quantify. Both of them are very random and complicated. Li and Zhou [5] developed a semi-
empirical model which allows fracture toughness of Al2O3/TiB2 ceramic composites to be predicted. Although this 
quantification lends itself to the establishment of relations between the statistical attributes of microstructure, fracture 
mechanism and the fracture toughness of the material, the material fracture toughness is predicted in an average sense from 
the CFEM (Cohesive Finite Element Method) simulations in Li and Zhou [2]. Based on the previous work, a modified 
multiscale model is introduced which allows the possible range of fracture toughness values to be predicted as function of 
microstructure. The Weibull distribution parameters are directly correlated to the two-point correlation functions as well as 
the quantification of fracture mechanisms. These relations can be used for material reliability design by controlling the 
fracture toughness scatter through microstructure tailoring. 
 

MODEL FORMULATION 
 
For Al2O3/TiB2 ceramic composites, a crack can propagate into Al2O3 matrix, TiB2 reinforcements or along the interface in 
between. Our attention is primarily focused on the last two scenarios since they are the two competing fracture mechanisms 
when a crack interacts with reinforcements. He and Hutchinson [9, 10] first proposed an energy based criterion which 
quantifies the competition between crack deflection and crack penetration when a semi-infinite crack is perpendicular to an 
infinite planar interface. This criterion is only valid for isotropic bi-material which is symmetrically loaded. Based on the 
previous work, Li and Zhou [5] further extend +H�DQG�+XWFKLQVRQ¶V�FULWHULRQ�E\�LQFOXGLQJ�WKH�effects of finite reinforcement 
size s , reinforcement shape U  and distribution in a two-phase composite material. The criterion is parameterized by 
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to determine the activation of the two competing failure mechanisms. Specifically, interface debonding, which is activated 
by crack deflection, is predicted when 0U ! . Otherwise, crack penetration induced reinforcement cracking will be 
activated instead.  
 
Two-point correlation functions are employed to statistically parameterize the probability of crack interactions with 
randomly distributed particles in the microstructure. For example, � �01P D  quantifies the probability of a crack which is 



 

 

initially in the matrix phase 0 to encounter the reinforcement phase 1 within propagation distance D . Based on the 
physical implications of two-point correlation functions, the crack length associated with interface debonding, matrix 
cracking and particle cracking, which are denoted as inL , pL  and mL , are calculated by considering the crack-
microstructure interactions in a statistical sense. 
 
Fracture toughness ICK  is predicted through the calculation of energy release rate ICJ , which is a function of inL , pL  
and mL . Microstructures with non-overlapping circular reinforcements are considered in this study. The probability of 
fracture fP  is calculated as  
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Here, K  and 0K  are the fracture toughness value predicted using the developed model and the normalization factor, 
respectively. m  is the shape factor which quantifies the magnitude of fracture toughness scatter. Calculations carried out 
here consider microstructures with systematically varied particle radius ( 20 ȝPR  , 30 ȝP  and 40 ȝP ) and volume 
fraction ( f   10%, 15%, 20% and 25%). m is predicted for each combination of particle size and volume fraction. It is 
found that the most effective way to improve the fracture toughness of two-phase composite material is to increase crack 
tortuosity by promoting interface debonding. This can be achieved by introducing refined second-phase reinforcements with 
adequate volume fraction. It should be noted that the decrease in reinforcement size and increase in volume fraction also 
enhance the sensitivity of the material system as larger fracture toughness scatter is observed at the same time. 
 

CONCLUSIONS 
 

   A multiscale model is developed to predict the scatter of fracture toughness of two-phase composite material as 
functions of microstructure attributes and fracture mechanisms involved during the failure process. The Weibull parameter
m , which quantifies the scatter of fracture toughness is quantitatively correlated to the geometric attributes of the 
microstructure as well as the proportion of interface debonding and particle cracking associated with the entire crack path. It 
is found that increase of interface debonding can result in higher fracture toughness. This fracture mechanism can be 
promoted by decreasing the reinforcement size and increasing its volume fraction in the dilute situation ( 35%f � ). 
Although this type of microstructure tailoring can lead to improved fracture toughness, the material system becomes more 
sensitive as a larger fracture toughness scatter is observed. The upper and lower bound of fracture toughness scatter 
predicted here can provide insight to selection of materials and microstructure tailoring without doing repeated testing. The 
approach allows the upper and lower limit of fracture toughness to be predicted by considering microstructure attributes and 
fracture mechanisms involved in the failure process. 
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TOPOLOGICAL DESIGN OF GRAPHENE WITH ENHANCED FRACTURE TOUGHNESS
Jiaoyan Li1, Bo Ni1, and Huajian Gao ∗1

1School of Engineering, Brown University, Providence, RI, USA

Summary Graphene has exhibited ultra-high Young’s modulus and tensile strength, but very low fracture toughness which is close to that of
an ideally brittle solid. As a typical example of 2D materials, the feature of the atomic thin thickness of graphene preserves flexibility for out-
of-plane topological design so as to improve its mechanical and physical properties, such as fracture toughness. Here, we propose a novel
methodology based on phase field crystal method to construct a curved graphene which conforms to a targeted arbitrary 3D surface, and
in which topological defects (pentagon-heptagon pairs) are generated spontaneously to comply the surface curvature. Aiming at improving
fracture toughness by introducing effective energy dissipation mechanisms, two patterns (strip and blister) are systematically designed
and studied. The results show that (i) the fracture toughness of the designed graphene is increased significantly, and (ii) the underlying
toughening mechanisms come from crack tip blunting/trapping, daughter crack bridging, and dislocation sheltering.

INTRODUCTION

Graphene has been attracting remarkable attention over the last decade due to its outstanding mechanical and physical
properties, as well as its representation for the studies of two dimensional (2D) materials. Although the elastic modulus and
theoretical strength of graphene have been reported as high as 1TPa and 130GPa respectively [1], the fracture toughness
has been recently measured as low as 1�J/m2 [2]. The intrinsically brittle nature of graphene has highlighted fracture as one
of the most prominent concerns for practical applications. The most promising and inexpensive approach for deposition of
reasonably high quality graphene is chemical vapor deposition (CVD), yet randomly distributed defects including dislocations
and grain boundaries are still inevitable. These distributed defects have been found to play a crucial role in improving
and/or altering mechanical and physical properties of graphene [3,4], and result in wrinkled configurations as validated by
both simulation and experiment [5]. These results suggest that the distributed defects can be utilized to control the 3D
geometrical configuration and further tune the properties of graphene sheet. Then, fundamental questions arise as: (i) Can
fracture toughness be enhanced by introducing desired topological defects? (ii) How to introduce toughening mechanisms to
toughen brittle graphene? (iii) Is it possible to design a curved graphene with arbitrary topological features? In this work,
phase field crystal (PFC) method and atomistic simulations are integrated dynamically for the topological design of graphene
with enhanced fracture toughness.

METHODS

Previous studies have employed geometrical methods and Monte Carlo simulations to search for the positions of atoms on
a curved surface, which are unfortunately difficult to apply for a large system with complicated geometry feature. Recently,
phase field crystal (PFC) method has been developed to model self-organization and pattern formation in crystalline materials
with over-damped conservative/diffusive dynamics. As a case study, a sinusoidal graphene ruga has been successfully built
using PFC method and leads to twice increment of fracture toughness compared with flat defect-free graphene [6]. The
formulation of PFC model starts from the free-energy functional in the well-known Swift↗Hohenberg(SH) form:

F =

!
[
φ

2
(↗ϵ+ (1 + ∆)2)φ+

1

�
φ4]dx, (1)

where ∆ = ∂2

∂x2 + ∂2

∂y2 is the Laplace operator in 2D, φ is the reduced density and ϵ is the reduced temperature. If the dynamics
of density evolution is assumed to be dissipative, the governing equation can be derived as:

∂φ

∂t
= ∆{(↗ϵ+ (1 + ∆)2)φ+ φ3}, (2)

The above high-order partial differential equation can be solved by Finite Element Method (FEM). The numerical scheme is
based on a mixed formulation of FEM, with the introduction of two new variables to reduce the highest order in the spatial
derivative. The software platform FEniCS is used for the implementation of PFC. Figure 1 describes the basic procedure of
using PFC to build the full-atom configuration of a wrinkled graphene with designed topological features. First, PFC was
performed on a given manifold surface (Fig 1a) to search for density distribution pattern with minimum energy. Identifying
wave crests as vertices converts the density pattern (Fig 1b) to a discrete triangular lattice network (Fig 1c). Then, full-atom
configuration (Fig 1d) is extracted from Voronoi construction on the triangular lattice, and it will serve as a building block for
the preparation of large testing sample (Fig 1e) where an area of two assembled unit cells (Fig 1f) is enlarged. MD simulations
were carried out via Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS).

∗Corresponding author. Email: Huajian Gao@brown.edu
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Figure 2: GB with tilt angle 27.8◦: (a) Traction-separation MD computations and bilinear TSL fit. (b) Global energetic
quantities evolution along the crack propagation.

Carbon-carbon interactions are modeled with the REBO2+S interatomic potential of Pastewka et al. [3]. During the crack
propagation we compute the edge separation and interfacial traction by averaging over volume elements the atomic positions
and atomic stresses respectively. To this end, we use the Virial definition of atomic stress. Figure 2(a) reports a bilinear
traction-separation law fit to MD computation for the 27.8◦ tilt angle GB that is suitable for incorporation in a finite element
method simulation. The work of separation wsep corresponds to the area under the bilinear fit.

QUANTITATIVE ANALYSES OF THE LAWS

Energetic consistency
The energetic consistency of the traction-separation laws lies in the equality of the work of separation and the fracture

toughness of the grain boundary. Unlike the local approach used for the TSLs, we perform a global computation to derive
the fracture toughness of the GBs. In the Griffith approach to fracture, fracture toughness corresponds to the critical energy
release rate Gc that equals the energy release rate G in the case of equilibrium crack propagation. We compute G from the
knowledge of the potential mechanical energy Π of the system that is equal to the elastic energy Uel = Uint ↗Uedge, with
Uint the internal energy and Uedge the edge energy associated to crack extension as obtained from MD (Figure 2(b)). The
TSL’s work of separation and the globally computed fracture toughness are in good agreement, which demonstrates internal
consistency of the derived TSL.

Determination of the volume element size
As one may guess from Figure 1(b), the size of the volume elements where quantities are averaged affects the quantitative

aspect of the traction-separation law. To determine the appropriate size of the volume elements we compare the peak traction
of the TSL (which is strongly dependent on the averaging size) to the intrinsic strength of the GB as computed from uniform
tensile simulations of flawless bicrystals.

CONCLUSION

In the present work, we have computed from molecular dynamics simulations, traction-separation laws that describe the
cohesive zone model of some graphene grain boundaries. The consistency of the TSLs has been validated by comparing the
work of separation dissipated by the TSL to the fracture toughness of the GB. Size effects have been addressed through a
comparison of the peak traction to the intrinsic strength of the GB. Our results show little difference between the fracture
properties of the high angle GBs and pristine graphene.
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ATOMISTIC MECHANISMS OF FRACTURE IN AMORPHOUS LITHIATED SILICON 
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Summary In the process of lithiation and delithiation, the destruction of silicon electrode in lithium ion battery always begins with the crack 
initiation. We performed atomistic simulations for the crack propagation in amorphous LixSi alloy, and found that fracture mechanism changes 
from intrinsic nanoscale cavitation to shear bandings in front of the crack tip. The observed mechanism transition can be understood from 
changing ratio between critical stresses for cavitation and plastic yield as lithium concentration increases. 
 

INTRODUCTION 
 
As an anode material, the silicon has a theoretical charge capacity of 4200 mAhg-1, much higher than the conventional 
anodes used currently. However, silicon suffers ~280% volumetric expansion during lithiation-delithiation process, which 
significantly fades the capacity and eventually destroys the battery after hundreds of cycles. To mitigate this adverse effect, 
nanostructured silicon have been used since they have nano-sized structures which enables fast Li transport and rapid strain 
relaxation1. During cyclic charge-discharge, the fracture of nanostructured silicon electrode is the most common failure 
mode, which significantly reduces the battery life. Therefore, there have recently been numerous studies on deformation and 
fracture mechanisms during lithiation of nanostructured silicon, mostly from experimental and theoretical aspect. In this 
paper we investigate to the fracture behaviours of lithiated silicon by using molecular dynamics (MD) simulations. The 
results from MD simulations show that there exists a brittle-to-ductile transition with the variation of lithium concentration. 
 

Methodology and results 
 
All MD simulations are carried out via LAMMPS. After the first lithiation, the silicon electrode becomes amorphous, so all 
simulated samples are set as amorphous phases. Six types of Li-Si mixtures are picked. Interatomic interaction is described 
by a modified embedded atom method (MEAM) potential2. 
The initial lithiated silicon models go through a melting-and-quenching process to reach amorphous state. The simulated 
samples have the same size of ~200 nm × 122 nm × 2 nm but different Li concentrations, containing about 3 million atoms. 
An edge crack with length of 60 nm is created in the middle of samples. Mode I loading is applied to the samples with a 
constant strain rate of ~5 × 108 s-1.3 

 
Figure 1. Snapshots of crack propagation 

 
Figure 1 show the details of crack propagation at atomic scale in different samples. The atoms are painted by von Mises 
strain, which is averaged in the range of cut-off radius. In samples with lower lithium concentrations, nanosized voids 
spontaneously nucleate ahead of the crack tip, then gradually grow and eventually coalesce with the main crack, as 
illustrated by Figures 1a-1b. The coalescence of these nanovoids leads to fast crack propagation. In contrast, for samples 
with higher lithium concentrations, no cavitation is observed throughout the simulations, rather some shear bands are seen 
to form near the crack tip, as shown in Figures 1c-1e. As the applied strain increases, the crack tip becomes blunt due to 
extensive shear banding around the crack tip. The simulation results shown in Fig. 1 indicate that as the lithium 
concentration increases, there exists a brittle-to-ductile transition in lithiated silicon at a critical lithium concentration, due 



to a switching of fracture mechanism from nanoscale void nucleation to extensive shear banding. The cavitation will form if 
the local hydrostatic stress reaches the cavitation stress. We obtained the range of cavitation stress by conducting 
hydrostatic-dilatation simulations. The maximum and minimum values of cavitation stress are shown in Figure 2 and 
indicated by two red lines. We also compute the local hydrostatic stress in front of crack tip at the moment when the first 
cavitation is about to nucleate. It can be seen from Figure 2 that the maximum crack-tip hydrostatic stress falls within the 
range of cavitation stress at relatively low lithium concentrations, suggesting an activation of nanoscale cavitation 
instabilities ahead of the crack tip. In contrast, at higher lithium concentrations, the local hydrostatic stress falls always 
below the minimum cavitation stress, in which case cavitation is suppressed. 

 
Figure 2. Variation of local hydrostatic stress         Figure 3. Ratios of cavitation stress to shear strength 

 
To further complement our simulations, we conducted a theoretical analysis on the competition between cavitation and 
plastic deformation ahead of a crack tip in amorphous lithiated silicon. Based on the small-scale yield hypothesis, the 
maximum hydrostatic stress can be expressed as � �max

-tip , ,h Y YNV D Q H W .4 We assume a simple stress-based criterion that the 

void nucleates only when the hydrostatic stress is beyond the critical cavitation stress, i.e. Vh�Vc. The cavitation criterion 
can be re-written as � �/ , ,c Y Y NV W D Q Hd . The classical Prandtl slip-line theory shows D=1+S. We subsequently calculated D 
using the maximum crack-tip hydrostatic stress from MD simulations, as Figure 3 shows. This prediction is consistent with 
the observations of fracture-mechanism transition from our atomistic simulations, indicating that the transition from brittle 
fracture induced by nanoscale cavitation to ductile fracture due to plastic deformation in amorphous lithiated silicon can be 
characterized by the ratio of cavitation stress to shear yield stress. 
 
 

CONCLUSIONS 
 
In summary, we have revealed atomistic mechanisms of fracture in amorphous lithiated silicon with different lithium 
concentrations using large-scale MD simulations. At relatively low lithium concentrations, brittle fracture occurs due to 
spontaneous nucleation and coalescence of nanovoids ahead of the crack tip. However, at high lithium concentrations, plastic 
deformation contributes to the fracture process by the crack-tip blunting through extensive shear banding. Such fracture-
mechanism transition can be determined by a ratio of cavitation stress to shear yield stress of materials. 
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Summary A finite element analysis of a polyimide matrix-carbon fibre microstructure has been carried out. Cohesive zone elements were used 
to model the interface between fibre and matrix with the cohesive parameters obtained from previous research involving the atomistic-to-
continuum level modelling of the fibre-matrix interface. The microstructure model underwent transverse loading with the stiffness, strength, 
and stress distribution calculated and compared to experimental results in the literature. The model was effective at predicting both stiffness and 
strength with respect to changes in temperature and showed the validity of using cohesive parameters obtained from atomistic based multiscale 
simulations. 
 

INTRODUCTION 

The transverse strength of composite materials is one of the limiting design criteria in composite structures. Fracture 
due to transverse loading is often the result of fibre-matrix debonding where the fibre-matrix interface is subjected to high 
local stress levels that increase the tendency for damage nucleation to occur near the bonding site. The incorporation of 
cohesive zone elements into a finite element model of the composite microstructure in order to capture the fibre-matrix 
debonding is increasingly being used [1]. The cohesive zone parameters are often obtained from experimental data fitting, 
however this approach to calculating interfacial strength and fracture toughness are extremely time-consuming and 
expensive. Thus, the ability to predict the interfacial strength of material interfaces has been a long desired goal. In the 
research presented here, a finite element cohesive zone model is used to predict the temperature dependent material 
properties of a polyimide matrix composite with unidirectional carbon fibre arrangement. The cohesive zone parameters 
have been obtained from previous research [2] involving an atomistic-to-continuum multiscale simulation of the fibre-
matrix interface using the bridging cell multiscale method [3]. 

The cohesive parameters from this simulation were used to inform a cohesive zone model of the composite 
microstructure. A microscale representative unit cell (RUC) was used to predict the properties of the macroscale composite, 
including stiffness and strength, with respect to changes in temperature. The goal of the research presented here was to both 
investigate the effect that temperature change has on the composite behaviour as well as to validate the use of cohesive 
parameters obtained from atomistic-to-continuum multiscale modelling to predict fibre-matrix interfacial cracking. 
 

MULTISCALE COHESIVE ZONE MODEL 

The cohesive zone model approximates a traction-displacement relationship along a material interface by being 
embedded into zero-thickness cohesive zone elements. In this study, a mixed-mode bilinear form of the cohesive zone 
model is used. The mixed-mode bilinear model incorporates both normal and tangential cohesive tractions, with a region of 
linear elastic loading followed by a linear softening region. To obtain the cohesive parameters, the previously developed 
bridging cell method [3] is used to model the polyimide/graphite interface. As outlined in [2], the multiscale system was 
deformed to produce both normal and tangential separation at the polymer/graphite interface. The cohesive zone parameters 
obtained from the simulation are shown in Table 1.  
 

Table 1. Cohesive zone parameters obtained from coupled atomistic-to-continuum simulation 

Temp. (˚C) Max Interfacial 
Normal Stress (MPa) 

Max Interfacial Shear 
Stress (MPa) 

Work of Adhesion 
(mJ/m2) 

21 46.82 40.10 120.50 
204 35.29 34.09 100.35 
316 25.84 24.22 78.55 

 
MICROMECHANICS MODEL OF COMPOSITE MICROSTRUCTURE 

The microstructure was represented by a periodic RUC of the unidirectional fibre reinforced composite. To produce 
the finite element model of the RUC a random fibre distribution was created with a fibre volume fraction of 56% and fibre 
diameter of 3 µm. The RUC, shown in Fig. 1(a), was modelled in ANSYS [4] with the matrix and fibre meshed using 10-
node tetrahedral elements (SOLID187). Between the matrix and fibre were 15-node cohesive elements (INTER204) based 
on a bilinear traction-separation law. The polyimide matrix properties were nonlinear as obtained from experimental results 
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Summary Stretchable electronics holds the promise of futuristic electronic devices close to or inside human bodies. Stretchable 
electronics devices will be of hybrid nature, containing stiff application-specific integrated circuits embedded within a soft 
highly-stretchable matrix. However, stretchability-induced interface failure limits device reliability. Here, first, a multi-scale 
experimental analysis is presented that unravels how the microscopic delamination mechanisms result in the macroscopic 
fracture toughness. With this, a remarkably high fracture toughness has been achieved, however, stretchability-induced interface 
failure puts a limit to stretchable electronic technology relying on metal-substrate interfaces. It was realized, therefore, that the 
way to leap forward is to completely remove the substrate underneath the metal interconnects. A novel micro-fabrication 
process for completely free-standing interconnect structures was developed and interconnect structures were designed for 
maximum reversible stretchability. An unprecedentedly high reversible stretchability is achieved, opening up a realm of 
advanced future applications.     
 

INTRODUCTION 

  
 Close integration of electronic devices with biological tissue enables a realm of ground-breaking (in-body) applications,    
from surgical and diagnostic implements that naturally integrate with the human body, such as eye-implanted retina-shaped 
photosensor arrays, electrode array probes for deep brain, heart, or nerve stimulation, and chips and sensors on the tip of 
minimally invasive instruments, to numerous ex-vivo applications, such as sensory skin for robotics and prostheses.   
 The main challenge of such devices is to match their shape and mechanical properties such as flexibility, stretchability and 
texture as closely as possible to that of the tissue. However, biological systems are soft, deformable, curved, whereas electronic 
devices are hard, brittle, flat. This apparently intrinsic incompatibility is at the verge of disappearing. The near future will see 
flexible devices such as bendable displays and rollable solar cells. Further into the future, electronics may even become 
stretchable. Thus far though, as argued below, proposed solutions in literature are fundamentally limited in mechanical reliability, 
manufacturability, and maximum stretchability. This calls for a paradigm shift in the approach towards stretchable electronics.     
 

MULTI-SCALE EXPERIMENTAL ANALYSIS OF METAL–ELASTOMER INTERFACES 

 
 Stretchable electronics devices will be of hybrid nature, containing stiff application-specific integrated circuits (ASICs), 
such as sensors, actuators, and microprocessors, embedded within a soft highly-stretchable matrix (e.g. silicone rubber). 
Conductor wires connecting the microelectronic components are relatively stiff and brittle, but can be made stretchable with 
inventive mechanisms that can convert small local strains in large global stretch. However, stretchability-induced interface 
failure is a key reliability concern that limits device stretchability.[1] Surprisingly, early interface failure also occurs for large 
elastic-mismatch interfaces that exhibit a remarkable high fracture toughness (Gc>2 kJ/m2).[2] Therefore, a multi-scale 
experimental-numerical analysis was set up to bridge the gap between macroscopic fracture toughness to the microscopic 
delamination mechanisms. 
 T-peel and shear-peel delamination tests, at a wide range of peel rates, were conducted on elastomer-copper interface types, 

with different copper roughness (Ra  0.5/1.9 µm) and elastomer (TPU/PDMS), under in-situ optical and environmental 
scanning electron microscopic observation to unravel the characteristic features of the mesoscopic and microscopic peel front, 
see Fig. 1. Interface characterization at the macro-meso scale was achieved by matching optical deformation movies to FEM 
crack propagation simulations (employing a cohesive zone interface model), showing a notably low (macroscopic) mode angle 
dependency for both roughness types.[3] Real-time in-situ high-resolution ESEM movies revealed that 30µm-long fibrils are 
formed at the microscopic peel front, and detailed analysis of the fibril shape/distribution/evolution showed that fibril nucleation 
is caused by mechanical interlocking of the fibril basis in the copper roughness ‘valleys’, combined with cavitation at the 
roughness peaks, as can be seen in Figure 1.  
 A multi-scale rate-dependent energy dissipation analysis was conducted, including a study of fibril debonding versus 
rupture and post-mortem analysis (with a novel quasi-3D global DIC technique) that revealed permanent fibril deformation to be 
negligible.[4,5] The high macroscopic fracture toughness was found to originate from dynamical release of elastically stored 
energy in the fracture process zone upon fibril rupture. These insights give guide-lines for engineering interfaces with high 
macroscopic toughness, by enhancing the microscopic heterogeneity of interface loads to initiate a fibrillation process. 



 
Fig.1. In-situ ESEM visualization of a delaminating peel front, showing a distinct difference in the micromechanisms between a 
smooth and rough copper interface. The lower image strip shows the evolution of a fibril up to failure from the rough copper. 
The numbers denote the image frame numbers, recorded at 1 frame per second. Guidelines have been added to mark the outline 
of the fibril and the original adhesion point. Figure reproduced from [5]. 
 
 From this detailed multi-scale experimental analysis of metal-elastomer interfaces it was concluded that stretchable 
electronic technology relying on metal-rubber interfaces approaches its limits. It was realized, therefore, that the way 
forward is to completely remove the substrate underneath the metal interconnects. 
  

FREE-STANDING INTERCONNECT STRUCTURES  

 
 A novel fabraction process for completely free-standing interconnect structures was developed. Figure 2 shows an 
examples of free-standing structures connecting the ASIC islands, which demonstrates that the production process has been 
succesfully implemented. In an elaborate FEM campaign, interconnect structures were designed for maximum elastic, i.e. 
reversible, stretchability. Preliminary results show that, using an interconnect design other than the one shown in Fig. 2, a 
huge elastic stretchability is achieved, roughly an order of magnitude higher than wat is reported in literature. This opens up 
a realm of advanced future applications in and outside the human body. The succesful interconnect design and the micro-
mechanical origin of this huge elastic stretchability will be discussed at the ICTAM 2016 conference.  
 

   
(a) (b) (c) 

Fig.2. SEM images of successfully micro-fabricated free-standing interconnect structures, connecting ASIC islands. 
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Summary In this work we consider delamination and debonding phenomena in bi-material interfaces through a general formulation for
two-dimensional (2-D) anisotropic elasticity while accounting for the interfacial structure by means of an interfacial elasticity paradigm.
The elasticity formulation considers the necessary and sufficient conditions for a non-oscillatory, 2-D crack-tip stress field based on the
Stroh formalism, while the interfacial mechanics is incorporated by employing a generalized interfacial elasticity formulation for coherent
and incoherent interfaces. This general formulation provides an insight on the physical significance and the obvious coupling between the
interface structure and the associated mechanical fields in the vicinity of the crack tip. The singularity of the crack-tip stress field will be
discussed in terms of the interface properties.

Many engineering materials ranging from metal matrix composites, cast aluminum alloys, or oxide dispersed strengthened
(ODS) steels all contain bi-material interfaces. Under certain loading conditions, delamination is most likely to occur along
these interfaces. The structural and chemical characteristics of the interface separating both phases greatly affect the delami-
nation process. The corollary of such an assertion is then that any theoretical framework describing interface crack problems
shall strongly depend on the interface representation. So far, classical theoretical fracture mechanics studies considering the
two-dimensional (2-D) problem of a finite crack lying on an interface between two distinct semi-infinite media [1, 2, 3, 4, 5, 6]
neglect the effects of interfacial elasticity on the fracture of bi-materials. More recently, several studies have incorporated
an interfacial model consisting of an interfacial constitutive behavior linking the interfacial strain to the interface surface
stress [7, 8] into the classical fracture formulation. However these theories based on such a 2-D framework cannot account
for the interface flexural stiffness nor can they describe the transverse behavior of real bi-material interfaces or account for the
interfacial mismatch.

The purpose of the present work is not a discussion of the capabilities of the pre-cited mathematical formalisms but to
consider, by using the same 2-D finite crack configuration, a more physical description of the interface mechanics [9] that
accounts for the three-dimensional (3-D) nature of the interface and its state of coherency. The present formulation consists
of three components: (i) the first component is based the Stroh formalism and considers the resolution of the Navier-type
equation associated with the 2-crack problem in anisotropic elasticity; (ii) the second component describes the elastic behavior
of coherent and incoherent interfaces under general loading conditions based on the Gibbs dividing surface concept; and (iii)
the last component describes the boundary conditions at the interface while accounting for surface stresses.

(i) 2-D anisotropic elasticity formulation: Considering the 2-D crack problem schematically represented in Fig. 1, the
displacement vector u (x1, x2) is the solution of the following Navier equation:

C : ∇.∇u (x) = C : ∇ϵ∗,S (x) , (1)

where the second order eigenstrain tensor ϵ∗,S is defined as the interfacial structure eigenstrain tensor only defined in medium
“↗” [9]. This tensor associated where the interface represents the interface components of the strain of medium “↗” relative

Figure 1: Interface crack between two anisotropic media
∗Corresponding author. Email: pjuan@sandia.gov



to medium “+”. It can be decomposed such that ϵ∗,S (x) = ϵ0,S + ϵm,sg (x) , where the strain tensor ϵ0,S is an eigenstrain
related to stress free configuration corresponding to the change in molar volume between medium “+” and medium “↗” and
the spatial function g corresponds to the variation of the structural mismatch ϵm,S over a few atomic layers and vanishes far
from the interface.

(ii) Interfacial constitutive behavior: A generalized continuum framework describing the elastic behavior of coherent
and incoherent interfaces [9] under general loading conditions based on the Gibbs dividing surface concept combined with the
so-called “T-decomposition” is used to describe the uncracked part of the interface such that:

ΣS = Γ(1)↗Υ(2) : ϵm,S + Γ(2) : ϵS + σ⊥ ·H , (2)

∆⊥ = Λ(1) + Λ(2) · σ⊥↗H : ϵS + K : ϵm,S . (3)

The interfacial tensors ΣS and ∆⊥are the coherent surface stress and the transverse excess strain, respectively. They repre-
sent the thermodynamic driving forces of stretching the interface and can be expressed as a function of the interfacial in-plane
strain tensor, ϵS , the structural mismatch ϵm,S , and the transverse stress, σ⊥. The transverse stress and in-plane strain tensors
are both applied remotely. The quantities Γ(1), Υ(2), Γ(2), H, Λ(1), Λ(2) and K correspond to the residual surface stress,
the interface in-plane coherency stiffness tensor, the interface in-plane elastic stiffness tensor, the interfacial Poisson’s effect
tensor, the residual transverse interfacial deformation, the interface transverse compliance tensor and the interface transverse
structural interfacial mismatch tensor, respectively.

(iii) Boundary conditions with interface properties: While the boundary condition associated with the cracked region
is similar to the one considered by [4, 2, 6], i.e. σ⊥

+ (x1, 0+) = σ⊥
− (x1, 0−) = t (x1), boundary conditions related to the

uncracked part and listed hereafter differ significantly such that:

!u" = ∆⊥ , (4)
n · !σ" · n = 0 , (5)
P · !σ" · n = ↗∇SΣS . (6)

The resolution of the Navier-type equation is then conducted by combining the Stroh formalism [10] with so-called “T-
decomposition” [4, 2]. It is noteworthy to mention that the displacement field obtained for the medium “↗” consists of the
sum of a particular solution resulting from the presence of the eigenstrain and a homogeneous solution whose expression
depends directly on the structural characteristics of the interface. Through the resolution of this formulation, the singularity
of the crack-tip stress field will be discussed in terms of the interface properties.
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KDQLFDO�PRGHO�DQ
DFWXUH�DW�WKH�SDUWL
UWLFOH�WKDW�LV�FORVH
QFHQWUDWLRQ��$V�D
HQG�RI� IUDFWXUH� L
QLVP�FDQ�JXLGH�WK

,175

QH�RI�WKH�PDMRU
HULDOV�IURP�WKH�
ULDOV�WR�WKH�HOHF
GGUHVVHG�E\�VH
VWXGLHV�� ,Q� DQ
WLFOH�IUDFWXUH�G
LPXODWLRQV�ZH�
LQWHU�SDUWLFOH�IU
LQJ�EHKDYLRU�E
�PHFKDQLFDO�SU
GH�PDWHULDO�DQG
RFKHPLFDO�PHF
\�WKH�HOHFWURFK
E\� WKHUPDO� VWU
WLRQ� UHVXOWV� FDQ
RQ�RI�QHZ�LQWHU

('�(/(&752

G� WR� VWXG\� WK
RQ�LQGXFHG�VWU
RUW� WKH� FDOFXODW
W�WR�WKH�FRKHVLY
7KH� VWUHVV�

H� ijH DUH� VWUDLQ
PSRQHQWV�� ijG LV
ROXPH� RI� /L�LR
QLFDO�ERXQGDU\
GLHQW�RI�FKHPLF
LQJ� WR� D� GLIIX
QW� T LV� DEVRO
QW� OLWKLXP�FRQF
HFWRU�RI�WKH�SD
FRYHUHG�E\�WK
H�GLVFKDUJH�&�U
]RQH� PRGHO� L
GDSW� D� ELOLQHDU�
KH�IUDFWXUH�SUR
ZLWK� WKH�H[WHUQ
DWHV�� 7KHQ� WKH

;;,9

1�$1'�(/(

:HL�/XD��
University of M

Q� WKH�DFWLYH�SDUWL
G�FRKHVLYH�]RQH�
LFOH�ELQGHU�LQWHUI
HO\�UHODWHG�WR�WKH�W
D�UHVXOW��GHERQGLQ
LQVLGH� D� SDUWLFOH�
KH�GHYHORSPHQW�R

52'8&7,21

U�FDXVHV�IRU�GH
FRQGXFWLYH�P
FWURO\WH��DFFHOH
HYHUDO�ZRUNV��+
Q� HOHFWURGH�� SD
GHSHQGLQJ�RQ�WK
KDYH� VKRZQ� W

IUDFWXUH�LV�PRUH
HWZHHQ�D�JUDS
URFHVVHV�GXULQJ
G�WKH�ELQGHU�LQ
FKDQLFDO�PRGHO
KHPLFDO�PHFKD
UHVV� DQDORJ\�� 6
Q� SURYLGH� TXD
UIDFHV�WKDW�DUH�H

2&+(0,&$/

H� LQWHUIDFLDO� G
UHVV�LQ�WKH�SDUW
WHG� OLWKLXP� FR
YH�]RQH�PRGHO�
�VWUDLQ� UHODWLR
Q� FRPSRQHQWV�
V� WKH� .URQHFN
QV� >�@�� ,Q� WKH�
\�FRQGLWLRQ�LV�J
FDO�SRWHQWLDO�G
VLRQ� IOX[� RI -
XWH� WHPSHUDWX
FHQWUDWLRQ� LV�J
DUWLFOH�VXUIDFH�
H�ELQGHU�LV�VHW
UDWH��6LPXODWLR
V� GHYHORSHG� X
WUDFWLRQ�VHSDU

RFHVV�RFFXUV�RQ
DO� ORDGLQJ��:K
H� FUDFN� HYROYH

9�,&7$0������

(&752&+

Michigan, Ann

WLFOH�DQG�ELQGHU��
PRGHO�WR�LQYHVWLJ
IDFH�LV�GLIIHUHQW�I
WRWDO�DPRXQW�RI�OL
QJ�DW�WKH�LQWHUIDF
WKDW� LV�PRUH� OLN
RI�PRUH�UREXVW�HO

1�

JUDGDWLRQ�LQ�/
PDWUL[��DQG�LQFU
HUDWLQJ�VLGH�UHD
+RZHYHU��LQWHU�
DUWLFOHV� DUH� FRQ
KH�ORFDWLRQV��IU
WKDW� WKH� FRKHVL
H�OLNHO\�WR�KDSS
KLWH�SDUWLFOH�DQ
J�WKH�RSHUDWLRQ
Q�FXUUHQW�FRPP
O�WKDW�LQFRUSRUD
DQLFDO�PRGHO��7
6LQFH� WKH� FRK
DQWLWDWLYH� LQVLJ
H[SRVHG�WR�WKH

/�352&(66�$

GHERQGLQJ� GXH
WLFOH�E\�FRXSOLQ
RQFHQWUDWLRQ� SU
WR�H[DPLQH�GH
RQ� LQ� WKH�
� E � LV� <RXQJ
NHU� GHOWD�� c � L
ELQGHU� UHJLRQ

JLYHQ�E\�FRQVWU
GULYHV�/L�LRQ�GL

�D c � � �:

XUH�� DQG� hV
JLYHQ�E\ �c tw w

ni LV� WKH�FXUUHQ
W�WR�]HUR��7KH�F
RQV�DUH�SHUIRUP
XVLQJ� $%$48
UDWLRQ� ODZ��ZK
Q�WKH�FRKHVLYH�
KHQ� WKH� WUDFWLR
HV� XQWLO� DOO� RI�

���$XJXVW����

+(0,&$/�3

n Arbor, Mich

LV�D�PDMRU�FDXVH
JDWH�WKH�LQWHUIDFL
IURP�WKDW�LQVLGH�D
LWKLXP�LQWHUFDODWL
FH�LV�PRUH�OLNHO\�
NHO\� WR�RFFXU� DV�
OHFWURGHV��

L�LRQ�EDWWHULHV�
UHDVHG�FHOO�LQWH
DFWLRQV�DQG�FDS
�SDUWLFOH�IUDFWX
QQHFWHG� WRJHWK
UDFWXUH�LQ�WKH�P
LYH� VWUHQJWK� DW
SHQ�DW�WKH�SDUWL
QG�D�39')��S
Q�RI�D�/L�LRQ�ED
PHUFLDO�EDWWHULH
DWHV�WKH�FRKHVL
7KHQ��WKH�OLWKLX
KHVLYH� ]RQH� PR
JKW� LQWR� WKH� GH
H�HOHFWURO\WH��

$1'�'(/$0

H� WR� OLWKLXP�
QJ�WKH�VWUHVV�
URILOH� DW� DQ\�
HERQGLQJ��
SDUWLFOH� LV

J¶V� PRGXOXV��
V� WKH� /L�LRQ�
Q� WKH� UHJXODU�
UDLQLQJ�WKH�GLVS
LIIXVLRQ��%RWK�

��hc RTV� �� Z
LV� WKH� K\GUR

�t ���  - ��Z
QW�GHQVLW\�DQG�F
FXUUHQW�GHQVLW\
PHG�ZLWK�&20
86�� ZKLFK� LV� H
KHUH� WKH� JRYHU
VXUIDFHV�DV�IRO
RQ� VWUHVV� UHDFK
WKH� IUDFWXUH� H

���0RQWUHDO��&

352&(66(

higan, USA 

H�RI�FDSDFLW\� IDG
LDO�GHERQGLQJ�GXU
D�SDUWLFOH��7KH�G
LRQ��ZKLOH�WKH�IUD
WR�RFFXU�DV�WKH�S
WKH� SDUWLFOH� VL]H

��7KH�HIIHFWV�LQ
HUQDO�UHVLVWDQFH
SDFLW\�IDGH��7K
XUH�LQ�HOHFWURGH
KHU� E\� WKH� ELQ
PLGGOH�RI�ELQGH
W� WKH� LQWHUIDFH�
LFOH�ELQGHU�LQWH
RO\YLQ\OLQGHQH
DWWHU\��*UDSKLW
HV��7R�FDSWXUH�
LYH�]RQH�DSSUR
XP�FRQFHQWUDWL
RGHO� FDQ� GHVFU
HERQGLQJ� SURFH

0,1$7,21� �

SODFHPHQWV�DW�W
FRQFHQWUDWLRQ�
ZKHUHD LV� WKH
RVWDWLF� VWUHVV�
ZLWK�ERXQGDU\�F

F� LV�)DUDGD\¶V
\�DW�RWKHU�UHJLR
62/�PXOWLSK\
HTXLSSHG� ZLWK
UQLQJ� SDUDPHWH
OORZV��7KH�WUDF
KHV� WKH�PD[LPX
HQHUJ\� LV� GLVVL

)LJ�� ��� $� SD
ELQGHU�DW�WKH�ER

SDUW

&DQDGD

6�

GH� LQ�/L�LRQ�
XULQJ�OLWKLXP�
GHERQGLQJ�DW�
DFWXUH�LQVLGH�
SDUWLFOH�VL]H�
H� DQG�&�UDWH�

QFOXGH�ORVV�
H��)UDFWXUH�
KH�IUDFWXUH�
H�PDWHULDOV�
QGHU�� 7ZR�
HU�RU�DW�WKH�
LV�ZHDNHU�
HUIDFH�>�@��
H�IOXRULGH��
WH�SDUWLFOHV�
IUDFWXUH�DW�
RDFK��)LUVW��
LRQ�SURILOH�
ULEH� FUDFN�
HVV� GXULQJ�

WKH�ERWWRP�
DQG�VWUHVV�
H� GLIIXVLRQ�
JLYHQ� E\
FRQGLWLRQV�
V�FRQVWDQW��
RQV�RQ�WKH�
\VLFV�>�@��
K� FRKHVLYH�
HUV� DUH� WKH�
FWLRQ�VWUHVV�
XP� VWUHVV��
LSDWHG� DQG�

DUWLFOH� ZLWK�
RWWRP� 

WLFOH

ELQGHU
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EXTRACTING RATE DEPENDENT TRACTION SEPARATION RELATIONS FOR 
INTERFACES  
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Summary Extracting traction-separation relationships for cracks/interfaces in both viscoelastic and elastic media can be equivalently 
described as solving a Cauchy inverse boundary value problem. In this work, for a given far field loading condition, a framework is 
proposed to independently solve for the tractions and displacements governing the interactions between elastic media. The proposed 
framework combines the field projection method [1] and an iterative method to solve Cauchy problems [2, 3], to obtain an optimization 
scheme that can be utilized to measure tractions and displacements. An attractive feature of this framework is that it only utilizes the 
displacement and load measurements made on a very small accessible part of the boundary, close to the loading point and far away from 
the crack-tip. Both numerical and physical experiments were performed to conclusively demonstrate the efficiency of the proposed 
framework. 
 

OBJECTIVES 
 

   Current work elicits a methodology to extract traction 
separation relationships from load-displacement and end rotation 
data, measured from a delamination experiment carried out using 
a double cantilever beam type geometry as shown in Figure 1. It 
has to be emphasized that this framework does not make any 
major a priori assumptions on the functional form relating 
interfacial tractions and displacement quantities; this in turn 
enables the user to apply a similar framework to characterize rate 
dependent traction separation relations as well.                       Figure1. Double cantilever beam, measured 
 

METHODOLOGY 
 

    In order to represent the current problem as a Cauchy problem, analysis is restricted to the elastic adherent, highlighted 
by blue contour in Figure 1, with the effect of the cohesive zone now visible as unknown boundary conditions. This part of 
the boundary can now be effectively marked as being under constrained and characterizing these unknown boundary 
conditions constitute the immediate objective of this work. 
    As mentioned earlier, a nonlinear optimization was designed to solve this Cauchy problem and a complete statement for 
a non-linear optimization scheme usually consists of three main components: a) objective function generation b) 
linear/nonlinear constraints generation c) development of an initial guess. Briefly put, the objective function is developed in 
such a way that a solution field, satisfying all the constraints, will lie at the minimum and represent the unknown quantities, 
in this case tractions and displacements. The objective function was obtained by combining a condensation scheme [2, 3] 
with the results from field projection concepts [1]. The resulting objective function was  

            (1)  

   Where u is the nodal displacement vector in the cohesive zone,  and P T'  are the measured/applied forces, 

displacement and end rotation. , ,  and net net net netF D T E  are known vectors/array that remain constant for a particular 
geometry, and elastic properties. In other words nodal displacement values corresponding to actual displacement values will 
minimize Equation 1. Despite creating an objective function which has a minimum corresponding to the actual solution, it 
can be established, through trial and error, that there exist multiple local minima and the true solution exists at the global 
minimum. In order to reach the global minimum using any search algorithm, additional qualitative information regarding 
the traction separation relation has to be imposed as constraints for the system. In that vein, two sets of linear constraints 
involving the general form of all traction-separation relations were formulated and imposed. The final component of this 
optimization scheme was generating the initial guess. As a starting point, a linear traction-separation relationship is assumed 
and the initial stiffness K  is obtained through a simple linear iterative scheme which will be omitted here. 
 

RESULTS AND ANALYSIS 
 

net net net netduI. E P D Tu F 0
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ª º
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   Owing to the theoretical nature of this work, numerical experiments were carried out using ABAQUS and other custom 
built finite element codes first to validate the scheme .Two different input traction-separation relations were chosen and 
were back predicted using the current algorithm as shown in Figure 3: 

 
Figure 3) Comparison of input traction displacement relation and calculated from ,,P T'  
   As seen above, the agreement in the calculated and actual traction separation relationship is in reasonable agreement, 
which demonstrated that the current scheme can also be utilized in an experimental setting. Experiments were carried out 
using a custom built loading device as shown below in Figure 4. Two polystyrene adherends were used with a PDMS 
interlayer as the adhesive and the traction separation profile was characterized using the load, displacement and rotation 
values measured while applying a step displacement. The crack front is tracked through the microscope and the crack length 
is given as an additional input to the optimization scheme. Preliminary results from this set up are as shown below in Figure 
5. Two immediate inferences can be established from experimental results; 1) Rate dependence can be very clearly observed 
E\�WUDFNLQJ�WKH�PD[LPXP�WUDFWLRQ�YDOXH�DQG����WKH�IDVWHU�WKH�UDWH�RI�FUDFN�SURSDJDWLRQ��WKH�³VWLIIHU´�WKH�WUDFWLRQ�VHSDUDWLRQ 
relation. 
 
 
 
                                             
                                                                                                                                       
         
  
 
 
 
 
 
                   
         

Figure5: Rate dependent traction separation relationship                          Figure 4: Loading device 
 

CONCLUSIONS 
 
   A viable scheme based on the field projection method was developed to calculate traction separation relationships from 
far field quantities. The proposed scheme converts the problem into Cauchy value problem and an optimization scheme is 
established which shows good agreement with numerical experiments. In addition, experiments were performed to analyse 
the interface of polystyrene and PDMS using the optimization scheme 
.  
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MODELLING AND ANALYSIS OF BRIDGING EFFECT FOR INTERFACE CRACKS
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Summary The multilevel model of bridged cracks for analysis of bridging effect for interface cracks is proposed and used. It’s assumed:
there are bonds of the different levels between jointed materials (the interface layer); a zone of weakened bonds in this layer is considered as
an interfacial crack with distributed nonlinear spring-like bonds between the surfaces of a crack (the bridged zone); the size of the interface
crack bridged zone is comparable to the whole crack size. The quantitative analysis of the bridging effect for interfacial cracks is performed
accounting for the influence of the boundary conditions of structures and gradation of mechanical properties of jointed materials.

INTRODUCTION

Models of a crack with interaction of its surfaces make it possible to combine approaches of mechanics, physics and
chemistry of fracture while analyzing a crack growth. Zones of crack surfaces interaction adjoin crack tips and they are
commonly related to crack parts where cohesion forces are applied to the crack surfaces and suppress the crack opening.
Different versions of such models (cohesive or bridged) for analyzing brittle, elastic-plastic and viscoelastic fracture were
proposed. In this paper to model the bridging effect and fracture toughness of interfacial junctions the multilevel crack bridging
concept is proposed and used. It is assumed within the concept: there are bonds of the different levels (intermolecular forces,
molecular bundles, fibers, particles) between joined materials (the interfacial adhesion layer); a zone of weakened bonds in this
layer is considered as the interfacial crack with distributed nonlinear spring-like bonds between the crack surfaces (bridged
zone). The bonds properties on the different material levels define the stress state at the crack bridged zone and, hence, the
fracture toughness of the interface junction. In the general case, the size of the interface crack bridged zone is comparable
to the whole crack length. In the case of the crack bridged zone of large scale the conditions of the limit equilibrium and
quasi-static growth of cracks must be reconsidered to model quantitatively the bridging effects. The quantitative analysis of
the bridging effect for interfacial cracks consists of the following main steps: 1) development of the bond deformation law;
2) evaluation of stresses along the crack bridged zone; 3) application of the non-local crack growth criterion to analyze the
fracture parameters of the interface junction taking into account fracture toughness of interface itself. Modelling the bridging
effects leads to new methods for adjusting the adhesion fracture resistance.

INTERFACE CRACK: BRIDGED MODEL AND CRACK GROWTH ANALYSIS

Interface crack bridged model. It is assumed within the model, that the fracture process zone can contain ligaments of
several levels acting on various scales of the crack length. For given crack length the total contribution to the fracture toughness
of ligaments of all levels, except of the last (largest), is constant, and the region of their influence is small, compared to the
whole crack size and the influence zone of the last level bonds, see Fig.1, two level ligaments. The total stress intensity factors
due to external loading and bonds traction are not assumed equal to zero. The notations ”bonds” and ”bridged zone” refer only
to bonds of the last level. This last level region (bridged zone) modelling is based on the following assumptions: 1) fracture
process is localized at the crack bridged zone, which is treated as a crack part and can be comparable with the whole crack
length; 2) distributed bridging traction depending on a crack opening are imposed to a crack surface in the bridged zone;
3) materials behind crack tip are considered as linearly-elastic and they are deformed together with fibers (or adhesion layer)
without loss of their continuity.

Figure 1: Two level ligaments, contribution of zone d1 to
fracture toughness is constant and δ1cr ≪ δ2cr = δcr - COD.

To describe mathematically the interaction between the
crack surfaces, we assume that there exist bonds with nonlinear
deformation law between the surfaces of the crack at the bridg-
ing zone [1]. The traction appeared in the bonds between the
interface crack surfaces under the external loads action have the
normal qn and tangential qτ components, σ =

!
q2n + q2τ is the

modulus of the traction vector. The surfaces of the crack are
loaded by the normal and tangential stresses, which are numer-
ically equal to these components of the traction. Experimental
determining of bonds deformation law for materials junction is
labor-consuming task. The combined approach to determining
such curves consists in phenomenological or micromechanical

∗Corresponding author. Email: perelm@ipmnet.ru



definition of functional dependence between a crack opening and bridging stress for some groups or pairs materials and the
experimental determination of some parameters for stressed bonds to describe the curve mathematically [2].

Stresses analysis. The stresses at the interfacial crack bridged zone are analyzed for the given nonlinear bond deformation
law and accounting for the kinetic destruction of bonds due to elevated temperature and aggressive agent. The bonds kinetic
model is the union of the Zhurkov fluctuation model of bonds destruction and the interface crack bridged model [3]. The
mathematical background of the modelling is based on the singular integral-differential equations (SIDE) [1] and the boundary
element methods (BEM) [4]. The relations between bond tractions and displacements difference of the upper and lower crack
surfaces at the crack bridged zone are used in the following generalized form [1] qn,τ (x) = κn,τ (x,σ) un,τ (x) where qn,τ
and un,τ are the components of tractions vector and crack opening in the local coordinate system connected with the normal
n and tangential τ directions to the crack surface and κn,τ (x,σ) are the stiffness of bonds depending on distance from the
crack tip, σ is the tractions vector modulus at the current point x.

In the frames of the SIDE a straight crack with bridged zone between two semi-infinite plates under the external normal
and shear loading is considered. The size of the bridged zone can be comparable to the whole length of the crack. The BEM
approach is developed on the basis on the multi-regions technique and is used for modelling of arbitrary interfacial bridged
cracks in finite size structures with accounting influence of the structure boundary conditions and gradation of mechanical
properties of jointed materials. The supplement conditions of displacements continuity and tractions equilibrium along the
sub-regions boundaries without crack are used. If there is the temperature loading on the structure then the first step of the
problem solution is the consideration of the steady state or transient thermal problem. The special crack boundary elements
for modelling of displacements and stresses asymptotics are used near of the crack tips and the stress intensity factors are
computed. The values of the displacements of the crack surfaces are considered as unknown parameters at the bridged zone.
For nonlinear bond deformation law the iterative procedure is used. In the case of the bonds kinetics at each time step the
bonds compliance is assumed to be proportional to the density of unbroken bonds.

Nonlocal criterion of bridged crack growth. The non-local fracture criterion [1, 5] is used in the frames of the bridged
crack model to evaluate the fracture toughness and the critical external loading at the crack limit equilibrium state:

Gtip(d, ℓ) = Gbond(d, ℓ), u(x0) = ([ux(x0)]
2 + [uy(x0)]

2)1/2 = δcr (1)

where Gtip (d, ℓ) is the strain energy release rate at creation of a new crack surface and Gbond (d, ℓ) is the rate of the energy
absorption at the crack bridging zone, respectively. Within the model the rate of the energy absorption depends on the bridging
zone size and bond characteristics. The equilibrium bridging zone size is not assumed to be constant. The first equation in (1)
is necessary condition (this is insufficient for searching for a limit equilibrium state of the crack tip and the bridging zone) and
the second equation in (1) the sufficient condition of bonds limit stretching at the trailing edge of the bridging zone x0 ( δcr is
the bond rupture length). Based on these two fracture conditions the regimes of the bridged zone and the crack tip equilibrium
and growth are formulated and considered [5]: 1) the crack tip propagates and the size of the bridged zone increases without
rupture of the bonds if Gtip(d, ℓ) ≥ Gbond(d, ℓ) and u(ℓ− d) < δcr, where u(ℓ− d) is the crack opening at the trailing edge
of the bridged zone; 2) the size of the bridged zone decreases due to rupture of the bond without the crack tip propagation if
Gtip(d, ℓ) < Gbond(d, ℓ) and u(ℓ− d) ≥ δcr; 3) the crack tip propagates with simultaneous bond rupture at the trailing edge
of the bridged zone if Gtip(d, ℓ) ≥ Gbond(d, ℓ) and u(ℓ − d) ≥ δcr. The last case corresponds to quasi-static crack growth
if equality for the both fracture conditions are fulfilled. The critical external loads, the bridged zone size and the adhesion
fracture resistance versus of the crack length can be determined from these conditions for quasistatic cracks growth.

CLOSING COMMENTS

The main features of the criterion (1) are the accounting of energy consumed by bonds during cracks growth and the
analysis on this ground of non self-similar cracks growth. This criterion implemented in the frames of the bridged crack
model with assumption of singularity at the crack tip, but it includes the cohesive model as the special case for a long crack.

The application of the proposed model for stress state and fracture problems of the interface bridged cracks are presented
and discussed. Possibilities for improving the adhesion fracture resistance by adjusting the bonding characteristics are con-
sidered. The case of the two-scale bridging is considered in details. Work was supported by Russian Science Foundation,
the project number is 14-11-00844.
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ANALYSIS OF CRACKING IN CANDIDATE ENVIRONMENTAL BARRIER COATINGS

Stephen Sehr1, Will Pro1, Foucault de Franqueville3, and Matthew Begley∗1,2

1Department of Mechanical Engineering, University of California, Santa Barbara
2Department of Materials, University of California, Santa Barbara

3ENS Cachan, Cachan, France

Summary The desire to increase the operating temperatures of turbine engines has led to the exploration of silicon carbide composites as
a replacement for nickel based superalloys. The combustion environment is very harsh and will lead to failure if parts are not protected.
This protection comes from a multilayer environmental barrier coating (EBC) which must provide resistance against corrosive species and
be compatible with the substrate. In some candidate EBC systems, vertical channel cracks have been observed bifurcating and turning into
horizontal delamination cracks in multiple material systems. This complex cracking phenomena has been studied using a high throughput
FEA tool to model the likelihood of crack advancement. A discrete element approach was also used to model crack growth after initiation.
The property ranges for a coating system that are resistant to this type of cracking behavior are shown.

HIGH THROUGHPUT FINITE ELEMENT ANALYSIS

The coating systems needed to protect silicon carbide composites are quite complex and have multiple layers as shown
in the schematic of Figure 1. Each layer serves a different function from protection against foreign species or mechanical
compatibility. The varying properties of this coating system can lead to various failure methods. One of the most common is
a through-thickness channel crack forming after cooling due the residual stresses in the layers. In multiple systems, channel
cracks have been observed turning into horizontal delamination cracks as well as branching. In order to study this specific
phenomena, a high-throughput finite element analysis has been designed which calculates the energy release rate for a channel
crack of any depth with a kink of any angle. The tool is automated so that the layer system can be changed in order to test the
effects of different layer dimensions and properties. The code runs through the thousands of combinations quickly, producing
a large dataset consisting of the energy release rate and mode mixity at the crack tip. An output of the code can be shown in
Figure 2. This is a map of the energy release rate for different depths and angles of a double kink crack. It shows there is
a high likelihood of a channel crack to kink at a certain depth and angle. However, this method does not allow the study of
crack growth.

DISCRETE ELEMENT MODELS OF FRACTURE

To study crack growth, a discrete element model was used. In this method, conventional elastic finite elements were tied
together with cohesive elements. These cohesive elements are governed by a traction-separation law and can model fracture
progression as well as initiation without any a priori assumptions. In this study, a channel crack was slanted an angle θ from
vertical in a simple two layer coating with tensile stress in the top layer and compressive stress in the bottom layer. It was
placed on a stress free substrate. The discrete element method was able to capture the crack turning as well as branching,
shown in Figure 3. A full range of initial crack tip depths and angles were run and the results allow the construction of a
failure mechanism map, shown in Figure 4. This map was created by running simulations at each slant angle and depth and
then looking at the behavior of the crack at the end of the simulation. The plotted behavior was what was seen a set distance
along the crack path. Cases that did not reach this growth distance were marked as not advancing. The map shows that if
the initial crack is deep enough and the crack close to vertical, it is less likely to grow. Likewise, if the slant angle is high,
the crack will not grow either. Of particular interest is the behavior in the middle where a crack with either turn horizontal
or grow up. There is a specific depth, controlled by the layer thicknesses and residual stresses, that the cracks want to grow
towards. Incidentally, this depth coincides with the depth at which the energy release rate for a delamination crack becomes
greater than that of a channel crack.
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INTEGRAL IDENTITIES FOR THERMODIFFUSIVE INTERFACIAL CRACKS

Lorenzo Morini∗1,2 and Andrea Piccolroaz1

1Department of Civil, Environmental and Mechanical Engineering, University of Trento, Trento, Italy
2IMT Institute for Advanced Studies, Lucca, Italy

Summary The problem of a crack at the interface between dissimilar materials in presence of thermodiffusion is formulated in terms of
boundary integral equations by means of an original approach based on generalized Betti’s theorem and weight functions. Integral identities
relating the applied loading, the temperature, mass concentration, heat and mass fluxes on the fracture surfaces and the resulting crack
opening are derived and accompanied by some examples of applications. The proposed approach can represent a powerful tool for studying
the effects of temperature and heat flux distributions on fracture processes at the interface between different components in energy devices
possessing multi-layered structures, such as solid oxide fuel cells.

GEOMETRY OF THE MODEL

A static semi-infinite crack between two dissimilar isotropic linear elastic materials in presence of thermodiffusion is
condidered, the geometry of the system is shown in Fig.1. No body forces, heat and mass sources are assumed. The crack
is situated in the half-plane R2

− =
!
x = (x1, x2, x3) ∈ R3 : x1 < 0, x2 = 0

"
, general non-symmetric loading applied to the

crack faces is assumed, and perfect interface conditions ahead of the crack tip are considered.

Figure 1: Geometry of the model.

RECIPROCITY THEOREM AND WEIGHT FUNCTIONS

In absence of body forces, heat and mass sources, the static Betti’s reciprocity formula for linear thermodiffusive solids
takes the form: #

∂V

$
σ(1)n · u(2)↗σ(2)n · u(1)

%
dS +

#

V

$
b(1) · u(2)↗b(2) · u(1)

%
dV +

+γt

#

V

$
θ(1)∇ · u(2)↗θ(2)∇ · u(1)

%
dV + γc

#

V

$
χ(1)∇ · u(2)↗χ(2)∇ · u(1)

%
dV = 0, (1)

where ∂V is any surface enclosing a region V within which both the sets of fields {u(1), θ(1),χ(1)} and {u(2), θ(2),χ(2)}
satisfy the uncoupled governing equations of a static linear thermodiffusive medium, with corresponding stress states σ(1)

and σ(2) , and n denotes the outward normal to ∂V .
We assume that u(1) = u and σ(1) = σ are respectively the physical displacement and stress fields, associated with

the crack loaded at its surface, whereas θ(1) = θ and χ(1) = χ represent the physical temperature and mass concentration
fields. Similarly to the approach proposed in several boundary element formulations of thermoelasticity, for the auxiliary
solutions system we assume θ(2) = χ(2) = 0. The displacement field u(2) is represented by the non-trivial singular solution
of the homogeneous traction-free crack problem, commonly known as the weight function [1], defined as u(2) = RU , and
the stress tension Σ associated with U is given by σ(2) = RΣR, where R is the rotation matrix. In order to trasform
the volume terms contained in the reciprocity identity (1) into surface integrals, the weight function is expressed using the
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Helmholtz’s decomposition theorem (see reference [1] for details). Applying the Betti’s identity (1) to both the upper and
lower thermodiffusive elastic half-spaces illustrated in Fig.1 and subtracting the derived integral expressions, we obtain

R[[U ]] ! ⟨σ2⟩(+)↗R⟨Σ2⟩! [[u]](−) = ↗R[[U ]] ! ⟨p⟩ ↗R⟨U⟩! [[p]]

↗
&
∂Φγt
∂x2

'
! [[θ]]↗

((
∂Φγt
∂x2

))
! ⟨θ⟩ ↗⟨Φβt⟩! [[q1]]↗[[Φβt]] ! ⟨q2⟩

↗
&
∂Φγc
∂x2

'
! [[χ]]↗

((
∂Φγc
∂x2

))
! ⟨χ⟩ ↗⟨Φβc⟩! [[j2]]↗[[Φβc]] ! ⟨j2⟩ , (2)

where the symbol ! denotes the convolution with respect to both x1 and x3, and we used standard notations to denote the
average, ⟨f⟩ = 1

2 [f(x1, 0+, x3) + f(x1, 0−, x3)], and the jump, [[f ]] = f(x1, 0+, x3)↗f(x1, 0−, x3) of a function f across
the plane containing the crack, x2 = 0. The notation ⟨σ2⟩(−) = ⟨p⟩ and [[σ2]](−) = [[p]], indicates the symmetrical and
skew-symmetrical components of the mechanical load applied at the crack faces, q2 and j2 are the normal components of the
heat and mass fluxes, and Φγt = γtΦ,Φγc = γcΦ,Φβt = βtΦ,Φβc = βcΦ are the normalized potentials in the weight fuctions
space where U = ∇Φ. Finally, [[u]](−) and ⟨σ2⟩(+) are respectively the crack opening and the traction fields ahead of the tip
associate to the loading distribution and to the temperature, concentration, heat and mass flux profiles on the crack surface.
[[u]](−) and ⟨σ2⟩(+) are the two unknown physical quantities that we want to determine by means of the integral equation (2).

INTEGRAL IDENTITIES

Considering the case of plane strain deformations and substituting the weight functions matrices determined by Piccolroaz
et al. [3] and the corresponding Lamé potentials in equation (2), by means of a procedure based on Fourier transform, we
finally obtain the integral identities (see reference [1] for details):

⟨p⟩+ A(s)[[p]] + G(s−)
1t [[θ]] + G(s−)

2t ⟨θ⟩+ D(s−)
1t [[q2]] + D(s−)

2t ⟨q2⟩

+G(s−)
1c [[χ]] + G(s−)

2c ⟨χ⟩+ D(s−)
1c [[j2]] + D(s−)

2c ⟨j2⟩ = B(s) ∂[[u]](−)

∂x1
, x1 < 0, (3)

⟨σ2⟩(+) + A(c)[[p]] + G(s+)
1t [[θ]] + G(s+)

2t ⟨θ⟩+ D(s+)
1t [[q2]] + D(s+)

2t ⟨q2⟩

+G(c)
1c [[χ]](−) + G(s+)

2c ⟨χ⟩+ D(s+)
1c [[j2]] + D(s+)

2c ⟨j2⟩ = B(c) ∂[[u]](−)

∂x1
, x1 > 0, (4)

where G(s+),(s−)
1t ,G(s+),(s−)

2t ,G(s+),(s−)
1c ,G(s+),(s−)

2c , D(s+),(s−)
1t ,D(s+),(s−)

2t ,D(s+),(s−)
1c ,D(s+),(s−)

2c are vectorial singular
operators, whereas A(s),B(s) and A(c),B(c) are respectively singular and compact matrix operators depending by the stan-
dard integral operator of Cauchy type [4, 5]. The solution of (3) by the inversion of the matrix operator B(s) provides crack
opening that corresponds to arbitrary loading configurations acting on the faces and arbitrary profiles of the thermodiffusive
quantities. The obtained expressions for [[u]](−) can then be used in (4) for evaluating the traction ahead of the crack tip.

CONCLUSIONS

Explicit integral identities relating the applied mechanical loading, the temperature, mass density, heat and mass flux
distributions at the interface and the resulting crack opening have been obtained for plane strain interfacial fracture problems
in thermodiffusive bimaterials. The solution of this system of singular integral equations provides explicit expressions for the
crack opening and the stress fields associate to any arbitrary harmonic temperature and mass density profile and self-balanced
heat or mass flux distribution at the interface. This original approach can have various relevant applications, expecially in the
modelling of fracture processes induced by thermal and diffusive stresses at the interface between different components of
multi-layered electrochemical devices such as solid oxide fuel cells.
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Summary The Virtual Crack Closure Technique (VCCT) was first presented in 1977 for cracks in linear elastic, homogeneous and isotropic
material. It was extended to cracks along an interface between two linear elastic, homogeneous and isotropic materials. In that case, the
modes I and II energy release rates were seen to depend upon the size of the virtual crack extension. Some attempts have been made to
remove this dependence. Nevertheless, in most cases, the accuracy of both the energy release rates and stress intensity factors was not
consistently good. In this study, the dependence of the energy release rates on the size of the virtual crack extension for interface cracks is
analytically accounted for so that the stress intensity factors may be accurately obtained when fine finite element meshes are used, together
with a virtual crack extension consisting of more than one element.

INTRODUCTION

The modes I and II energy release rates may be obtained from the Irwin (1958) crack closure integral. To calculate the
energy release rates for particular problems by means of the finite element method, a virtual crack extension is used. The
Virtual Crack Closure Technique (VCCT) was first presented by Rybicki and Kanninen (1977). In that study, one finite
element analysis was carried out with a crack of length a + ∆a and four noded elements. The nodal force was taken from
the crack tip. This will be larger than that for a crack of length a. The displacement was taken from the nodal point directly
behind the crack tip. Two problems were solved with a relative virtual crack extension of ∆a/a = 0.1. Stress intensity factors
differed by less than 0.5% with those obtained by means of the line J-integral.

Unfortunately, for interface cracks between linear elastic materials, it has been shown that the values of the energy release
rates GI and GII depend on the size of the virtual crack extension ∆a (see Sun and Jih 1987; Raju et al. 1988; Toya 1992;
Dattaguru et al. 1994; Mantic̆ and Parı́s 2004; Kruger 2004; Hemanth et al. 2005). This affects the accuracy of the obtained
stress intensity factors. Agrawal and Karlsson (2006) continued the work of Beuth (1996) seeking a dependable method for
extracting an energy release rate mode mixity for interface cracks. Many expressions were developed for various mode mixity
measures. It was shown that different expressions presented by previous investigators (Toya 1992; Chow and Atluri 1995;
Beuth 1996; Sun and Qian 1997; Bjerkén and Persson 2001) which look different are equivalent. It may be seen in Agrawal
and Karlsson (2006) that the difference between the mode mixity as calculated by the finite element technique with VCCT
and that obtained analytically was above 13%. Hence, Oneida et al. (2015) sought to improve on the methods previously
presented and extend them for treating cracks which also impinge on an interface. For calculating the modes I and II energy
release rates, as well as an interaction energy release rate, expressions were taken from Toya (1992), Chow and Atluri (1995)
and Agrawal and Karlsson (2006). One of the important contributions of Oneida et al. (2015) consists of the suggestion to
use many very small elements as part of the virtual crack extension ∆a.

In the next section, the basic equations related to an interface crack are presented. Those expressions for calculating
the energy release rates by means of VCCT are rederived so that all relations are analytic as opposed to most previous
investigations. Moreover, only two pairs of stress intensity factors are found. From the problems solved, it is concluded that
the VCCT may be used to accurately obtain stress intensity factors by means of fine meshes and virtual crack extensions
consisting of more than one element.

INTERFACE CRACK

The interface energy release rate is denoted as Gi where the subscript i represents interface. By means of Irwin’s crack
closure integral (Irwin 1958), it may be shown for plane problems that the energy release rate of an interface crack is given in
the form

Gi =
1

H1

!
K2

1 +K2
2

"
(1)

where H1 is a Young’s modulus like parameter. For finite element analyses, the modes I and II energy release rates may be
written as

GI =
1

2∆a

N#

m=1

Fym∆uym′ (2)

∗Corresponding author. Email: banks@tau.ac.il



GII =
1

2∆a

N#

m=1

Fxm∆uxm′ (3)

where Fxm and Fym are the nodal point forces in the x and y-directions, respectively, at node m ahead of the crack tip. The
displacement jumps ∆uxm′ and ∆uym′ in the x and y-directions, respectively, are taken from node m′ behind the crack tip
and N is the total number of nodes which participate in the calculation.

It is possible to show that

K1 = ±
$
H1Gi cosω (4)

K2 = K1 tanω (5)

where
ω =

1

2
cos−1

%
1

C

1− g

1 + g

&
− 1

2
tan−1

%
PI

PR

&
− ε ln∆a . (6)

Thus, with eqs. (4) and (5) there are only two pairs of soluttions. In eq. (6)

g ≡ GII

GI
(7)

and is found by the finite element method from eqs. (2) and (3),

C =
coshπε

π

'
P 2
R + P 2

I (8)

P =
Γ
(

1
2 + iε

)
Γ
(

1
2 + iε

)

Γ
(
2 + 2iε

) (9)

and ε is the oscillatory parameter. To obtain the correct K1 - K2 pair, the criterion ∆uy > 0 is imposed.
Several problems with known solutions were solved with stress intensity factor results within 0.5% of the analytical

solution.

CONCLUSIONS

The equations used for calculating the stress intensity factors for an interface crack between two linear elastic, isotropic
and homogeneous media have been rederived. All expressions are analytic and in a simpler form than expressions presented
by previous investigators. Most investigators present expressions in which numerical integration is required. Only two stress
intensity factor pairs are found with one eliminated on physical grounds. The key to obtaining accurate results is use of several
small elements as part of the virtual crack extension (Oneida et al. 2015).
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AND NON-LINEAR LOADING PATHS 
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Summary The failure limits of 304L austenitic stainless steel are measured under linear and non-linear loading paths. The experiments involve 
inflation of microtubes under axial load and internal pressure. Depending on whether the axial or the hoop stress is greater, the tubes fail by an 
axial or a circumferential rupture, respectively. The limits of uniform elongation were seen to exhibit significant anisotropy. The non-linear 
loading paths probed the path-dependence of failure, which was clearly found to be present not only for the strains, but also for the stresses at 
failure. The results can be used to inform numerical analyses of tube forming processes. 
 

INTRODUCTION 
 
   The accurate numerical modelling of material forming processes requires the use of appropriate material models for the 
plasticity and failure (necking, fracture, bursting, etc.). Since the plastic deformation is path-dependent, the same can be 
expected for the failure. Hence these models need to be informed from both linear (aka radial or proportional) and non-linear 
loading paths. In this short paper, we report some first results from linear and non-linear paths on microtubes from the 304L 
austenitic stainless steel. It is seen that the tubular geometry plays a role in which instabilities are allowed to develop, and 
hence in the failure limits observed. Furthermore, the path-dependence of the failure limits is assessed.  
 

EXPERIMENTS 
 
   The experiments were performed on microtubes from the austenitic stainless steel SS-304L. The tubes were received in 
the annealed state and had an outside diameter of 2.38 mm and a (nominal) wall thickness of 0.16 mm. Using standard 
metallographic techniques, it was determined that the average grain size was approximately 10-12 ȝm, so that there were 
approximately 12-15 grains through the tube-thickness [1]. When tested in uniaxial tension, the material exhibits a yield stress 
of about 470 MPa, a UTS of about 660 MPa and a uniform elongation of over 45%.  
   The experiments were performed on the custom axial load ± internal pressure apparatus that was developed by the authors 
[2]. The apparatus consists of a mesoscale tensile stage of 2 kN load capacity and 50 mm of stroke and a high-pressure pump 
of 1,390 bar pressure capacity and with 67 ml of pressurized fluid available. The two systems are fully coupled, so that 
arbitrary paths on the nominal stress space (axial-hoop) can be realized, as described below.  
 

  
Figure 1: Linear paths prescribed in the nominal stress space. Figure 2: Induced nominal strain paths. Identified is the 

limit of uniform deformation. 
 
   The experiments reported here fall under two extreme categories: radial tests and corner tests. The fact that the apparatus 
can perform these tests is an indication that any other multilinear path in between them can be implemented, too. For the 
radial paths, to maintain the axial and hoop nominal stresses proportional throughout the experiment, the ratio of internal 
pressure to axial load must be maintained constant. On the other hand, it is advantageous for the experiments to be performed 



under volume-control. In that sense, the response of the tubes past the pressure maximum can be observed and recorded. In 
the apparatus developed, the inflation occurs under volume-control, the induced pressure is measured with a pressure 
transducer, and that signal is used as the input to the mesoscale tensile stage, which is run under force-control. A comparison 
of this approach vs. the pressure- and displacement-control is discussed in [2].   
   The corner experiments performed here fall under two categories. In the first, the microtubes are loaded in uniaxial tension 
up to a prescribed axial nominal stress. Then, the tubes are inflated so that a hoop stress develops, while keeping the axial 
stress constant. The inflation continues until failure. In the second category, the tubes are inflated under pure hoop tension, 
i.e., no axial stress is allowed to develop. After reaching the preset hoop stress, the tubes are loaded axially to failure, while 
keeping the hoop nominal stress constant.  
 

 

 
Figure 3: Corner paths prescribed in the nominal stress 
space 

Figure 4: Induced nominal strain paths. Identified is the limit 
of uniform deformation. 

 
   Due to the size of the specimens, the full-strain-field was acquired during the experiments using the non-contact 3D Digital 
Image Correlation (DIC). The DIC system used was VIC-3D from Correlated Solutions, Inc. To facilitate these measurements, 
the microtubes were painted with a random pattern of black speckles on a white background. Two 2.0 Megapixel digital 
cameras (Point Grey Research, Inc., Vancouver, BC) with 17 mm Schneider-Kreuznach Xenoplan lenses were used for the 
3D DIC. 
 

RESULTS AND DISCUSSION 
 
   The radial paths that were performed are shown in Fig. 1. It can be seen that the paths are exactly linear, which validates 
the performance of the apparatus that was developed. The corresponding strain paths in Fig. 2 are slightly curved, which 
indicates that the material has deformation-induced anisotropy. Also marked on this figure are the strain at the pressure 
maximum, which correspond to the limit of uniform deformation during the inflation. These limits are seen to be quite 
anisotropic, which is attributed to the tubular geometry of the tubes [3], as well as the fact that the tubes fail in two different 
modes (axial or circumferential rupture), depending on which stress (hoop or axial, respectively) is greater. The corner path 
experiments revealed that not only the strains, but also the stresses at failure are path-dependent.  
 

CONCLUSIONS 
 

   Experiments on 304L austenitic stainless steel using microtubes inflated under axial load and internal pressure, and following 
both linear and non-linear paths, revealed that: a) the strains at the limit of uniform deformation are anisotropic, and b) the stresses 
and strains at failure are path-dependent. 
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 The coefficients ο are defined as simple integral term which depends on the geometry of the RVE, see [2] for a precise 
definition. The dynamic part of the macroscopic stress is a quadratic function of the strain rate ቀܦቁ and a linear function of 

the time derivative of the strain rate�ቀܦሶ ቁ. The matching of the dynamic stress obtained for spheroidal voids with previous 
results for spherical voids has been checked. As a consequence, the model is able to capture void evolution from prolate 
shape to oblate shape. 
 

MODEL VALIDATION AND ANALYSIS 
 
 The model has been validated by comparison with finite element computations, carried out with Abaqus/Explicit software. 

Flow surfaces predicted by the model and by numerical simulations are plotted in Fig. 1, in the normalized mean stress �ቀஊ
బ
ቁ 

versus the normalized deviatoric stressቀஊೋೋିஊ
బ

ቁ plane. Validation is decomposed in two stages: (i) validation of the linear 

part of the dynamic macroscopic stress (ܦ ൌ Ͳ, Fig. 1a) (ii) validation of the quadratic part of the dynamic macroscopic stress 
ሶܦ) ൌ Ͳ, see Fig. 1b). A good agreement between model and numerical results is shown. Under loading at constant time 
derivative of the strain rate (Fig 1a), a dilatation of the flow surface is observed as the loading magnitude increases. Under 
loading at constant strain rate, a lack of convexity of the flow surfaces is observed for large triaxiality loading, in both 
compression and tension. It is shown that this phenomenon is due to a transfer of microscale kinetic energy which promotes void 
growth in tension or equivalently reduces the stress necessary to activate void growth. The reverse trend is observed in 
compression. 
 
 In the present talk, a comprehensive parametric study is further presented with a particular attention paid to the effects of 
porosity and void shape. The problem of the evolution of the porosity under dynamic loading will be also discussed. 
 

 
FIG. 1 - Flow surfaces for various dynamic loadings, from Sartori et al [2]. Porous materials containing prolate voids with 
an aspect ratio of 5 are considered. The porosity is set to f = 0.1, mass density of the matrix isߩ� ൌ ͺͲͲ�݇݃Ȁ݉ଷ, the yield 

stress is�݇ ൌ ͷͲͲܽܲܯ�. a) Dynamic loadings with ܦ ൌ Ͳ andܦ�ሶ ് Ͳ. b) Dynamic loadings withܦ� ് Ͳ andܦ�ሶ ൌ Ͳ. 
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Summary In this work we have investigated the inception and development of necking bands in ductile plates subjected to dynamic (in-
plane) biaxial loading. For that task we have developed two different methodologies (1) a 2D linear stability analysis accounting for stress
triaxiality effects and (2) finite element simulations.

ABSTRACT

Diffuse or localized dynamic necking of a sheet metal is a major issue in high speed forming processes, leading to un-
acceptable thinning and even failure if fully developed, or in the dynamic behaviour of metallic structural elements of small
thickness used for energy absorption purposes. This process is frequently related to the collective development of localization
bands resulting in a necking pattern which depends on the sheet properties and the loading conditions.

In this work we have investigated the inception and development of necking bands in ductile plates subjected to dynamic
(in-plane) biaxial loading. For that task we have developed two different methodologies. The first one is a linear stability
analysis, following the original methodology proposed by Dudzinski and Molinari [1, 2] now including inertial effects and
stress triaxiality due to strain localization, which permits to identify a dominant instability mode whose wavelength is related
to the necking-band spacing. The second is a fully 3D finite element model aiming to systematically verify and complement
the outcomes of the aforementioned theoretical approach. In agreement with the stability analysis, the loading conditions
are constant velocities applied at the edges of the plate. In order to avoid the spurious propagation of waves along the plate,
specific initial conditions consistent with the boundary conditions were imposed. The calculations have shown that multiple
necking bands are formed and developed in the plate, following the orientations predicted by the linear stability analysis.

The loading path has been shown to play a major role in the necking pattern, with unevenly spaced necking bands with
variability in their rate of development as this path deviates from plane strain conditions. Likewise, the effects of material
properties (strain rate sensitivity, material density), sheet geometry (thickness) and thermal coupling on the stability of the
deformation process and on the distance between necking bands have been examined. The calculations predicted a strong
delay in the onset of necking with increasing material rate sensitivity for all the loading paths investigated. Both the linear
stability analysis and the finite elements have been used to show that increasing the rate sensitivity enlarges the neck spacing
and helps to develop more regular localization patterns. Increasing the plate thickness retards plastic localization for all the
loading paths explored. Further, the necks spacing is diminished as the plate thickness decreases. Regarding density, the
analysis predicted that increasing its value leads to a slight delay in the necking inception, whereas neck spacing is largely
insensitive to this material property. Finally both methodologies demonstrated that the thermal coupling shorten the neck
spacing, also leading to a substantial decrease in the necking strain, irrespective of the loading path considered.

The systematic confrontation and combination of results obtained from the linear perturbation analysis and the finite
element calculations has allowed to provide new insights into the specific localization patterns that emerge under dynamic
biaxial loading. We claim that this investigation sets a theoretical framework that can be used for design and optimization
of high speed metal forming operations, with the ultimate aim of predicting the limits in material ductility which impose
important restrictions to this type of industrial processes.

ACKNOWLEDGEMENT

JFS, RZ, GV and JARM are indebted to the Ministerio de Economı́a y Competitividad de España (Projects DPI2014-
57989-P and EUIN2015-62556) for the financial support which permitted to conduct this work.

AM and JARM acknowledge the support by the French State through the program Investment in the future operated by
the National Research Agency (ANR) and referenced by ANR-11-LABX-0008-01 (LabEx DAMAS).

References

[1] Dudzinski D., Molinari A.: Instability of visco-plastic deformation in biaxial loading. Comptes Rendues Academie Science Paris. 307:1315-1321, 1988.
[2] Dudzinski D., Molinari A.: Perturbation analysis of thermoviscoplastic instabilities in biaxial loading. International Journal of Solids and Structures.

27:601-628, 1991.



'�

�������������

��������������������������������
��������������������

�

��477+8543*/3-�':9.47���2'/1� 7';/�:9+='8�+*:� �

�

� � � �/=+*�24*+� ������ ,7')9:7+� /3�(7/991+�2'9+7/'18�57+8+398� 85+)9'):1'7�� 8)'1+�/3*+5+3*+39�5'99+73� ,472'9/43� /3� 3'9:7+� '3*�

+3-/3++7/3-�'551/)'9/438� %
��&��'3*�/9�/8�43+�4,�9.+�1'89�7+2'/3/3-�5:??1+8�/3� ��!./8�574(1+2�

.'8�7+)+/;+*�2:).�'99+39/43�/3�9.+�1/9+7'9:7+�4;+7�9.+�5'89�,+<�*+)'*+8�(49.�,742�+=5+7/2+398� %��&�'3*�'3'1>8/8� %��

&��(:9�

9.+7+�'7+�89/11�45+3�).'11+3-+8�9.'9�7+2'/3�� 5+)/,/)'11>��9.+�+=/89+3)+�4,�'�9.7+8.41*�7'9/4�4,�24*+�����94�24*+���14'*/3-�(+14<�

<./).�,7'-2+39'9/43�4,�9.+�)7')0�,7439��,472'9/43�4,�*':-.9+7�)7')08��*4+8�349�4)):7��'3*�9.+�1+3-9.�8)'1+�'884)/'9+*�</9.�9.+�

85')/3-�4,� 9.+� ,7'-2+398�<.+3�9.+>�*4�4)):7� '7+� 89/11�:3*+7�*+('9+��#+�'5574').�9./8�574(1+2�9.74:-.�)'7+,:11>�*+8/-3+*�

+=5+7/2+398� 94� +='2/3+� 9.+�5.>8/)'1� '85+)98� 4,� )7')0� /3/9/'9/43� '3*� -74<9.���'8+*� 43� 9.+8+� +=5+7/2+398�� '�24*+1� ,47� 9.+�

,472'9/43�4,�9.+�+).+143�)7')08�/8�+89'(1/8.+*���/3'11>��*/7+)9�3:2+7/)'1�8/2:1'9/43�4,�)7')0�/3/9/'9/43�'3*�-74<9.�/8�+=5147+*�

:8/3-�'�5.'8+�,/+1*�24*+1�� �

�

� � � !.+�-74<9.�4,�)7')08�:3*+7�2/=+*�24*+�14'*/3-�������.'8�(++3�+='2/3+*�+=5+7/2+39'11>�� 5+)/'11>�*+8/-3+*�85+)/2+3�

)43,/-:7'9/43�<+7+�:8+*�/3�47*+7�94�+='2/3+�9.+�3:)1+'9/43�'3*�-74<9.�4,�*':-.9+7�)7')08�,742�'�2/=+*�24*+���������)7')0�/3�

'�(7/991+�541>2+7����)42(/3'9/43�4,�)43,/3/3-�57+88:7+�'3*�'�<+*-+�14'*�'114<+*�-+3+7'9/3-�2/=+*�24*+�)7')0�-74<9.��(:9�

</9.� 8/-3/,/)'39� )43,/3/3-� )4257+88/43� /3� 43+� 47/+39'9/43� 9.'9� '114<+*� 45+3/3-� 24*+� )7')08� 94� 3:)1+'9+� '3*� -74<��

�/)748)45/)�+='2/3'9/43�<'8�:8+*�94�/*+39/,>�9.+�897:)9:7+�4,�9.+�3:)1+'9+*�*':-.9+7�)7')08���349.+7�8+9�4,�+=5+7/2+398�<'8�

5+7,472+*�43�'�-+1'9/3�('8+*�.>*74-+1��9.+�97'385'7+3)>�4,� 9./8�2'9+7/'1�'114<+*�-44*�;/8:'1/?'9/43�4,�9.+�*+;+1452+39�4,�

9.+�*':-.9+7�)7')08��(49.�*:7/3-�3:)1+'9/43�'3*�-74<9.���'8+*�43�9.+8+�+=5+7/2+398�<+�8.4<�9.'9�

� �':-.9+7�)7')08��9>5+����47/+39+*�5+75+3*/):1'7�94�9.+�*/7+)9/43�4,�2'=/2:2�9+38/43�'7+�3:)1+'9+*�,742�9.+�5'7+39�)7')0�

<.+3�'�)7/9/)'1� 14'*/3-�)43*/9/43�/8�'99'/3+*�'3*�'7+�349� ,472+*�9.74:-.�9.+�-74<9.�4,�:389'(1+�24*+8� ,742�'� 82449.�

+=9+38/43�4,�9.+�5'7+39�)7')0�� �

� �':-.9+7�)7')08� �9>5+����5+75+3*/):1'7�94�9.+�2/347�57/3)/5'1�'=/8�'7+�349�3:)1+'9+*�:3*+7�9.+�)43,/3+*�)4257+88/43�

8.+'7�14'*/3-�47�9.+�+*-+�)7')0+*�9+38/43�+=5+7/2+398�� �

� �4'78+3/3-�4,�9.+�85')/3-�(+9<++3�9.+�9>5+���)7')08�4)):78�9.74:-.�+1'89/)�8./+1*/3-�� �

� �/3'1�,'/1:7+�9.'9�4)):78�9.74:-.�(7+'0�:5�4,�9.+�(7/*-/3-�7+-/438�(+9<++3�9.+�9>5+���)7')08�� �

�'8+*�43�9.+�)411+)9/43�4,�+=5+7/2+398��9.+�8+6:+3)+�4,�+;+398�9.'9�-4;+73�9.+�/3/9/'9/43�'3*�-74<9.�4,�)7')08�:3*+7�2/=+*�

24*+���������/8�34<�)1+'71>�7+;+'1+*�94�(+�)42548+*�4,�9.+�,4114</3-�89+58��/11:897'9+*�/3��/-:7+�
�� �

� �/789��9>5+���*':-.9+7�)7')08�'7+�3:)1+'9+*�,742�7'3*42�*+,+)98�/3�9.+�;/)/3/9>�4,�9.+�5'7+39�)7')0��8++��/-:7+� 
'���9.+�

85')/3-�(+9<++3�9.+�*':-.9+7�)7')08�/8�-4;+73+*�(>�9.+�).'7')9+7/89/)�*/2+38/43�4,�9.+�5'7+39�)7')0�� �

�  +)43*�� ,1:)9:'9/438�'3*�+1'89/)� /39+7')9/438�7+8:19� /3� 8./+1*/3-�4,� 842+� 8:(8+9�4,� 9.+�3:)1+'9+*�*':-.9+7� )7')08��9.+8+�

*':-.9+7�)7')08�'7+�'77+89+*��8++��/-:7+�
(��� �

� �8�9.+�8:7;/;/3-�*':-.9+7�)7')08�-74<� ,'79.+7��9.+�5'7+39�)7')0��5/33+*�'9�9.+�47/-/3'1�548/9/43��+=5+7/+3)+8�/3)7+'8+*�

897+88�/39+38/9>� ,')947�'3*�9.+�(7/*-/3-�7+-/438�(+-/3�94�)7')0�'3*�9.+�5'7+39�)7')0�,7439�'*;'3)+8�94<'7*8�9.+�*':-.9+7�

)7')08��8++��/-:7+�
)��� �

�9�/8�34<�5488/(1+�94�8+9�:5�'�3+<�897:)9:7+��<.+7+�9.+�1+'*/3-�+*-+�/8�,472+*�(>�9.+�,7'-2+39+*�9>5+���*':-.9+7�)7')08��<./1+�

9.+�97'/1/3-�+*-+�/8�)7+'9+*�(>�9.+�,7')9:7+�4,�9.+�(7/*-/3-�7+-/438�(+9<++3�9.+�9>5+���*':-.9+7�)7')08���3�9.+�'(8+3)+�4,�'3>�

24*+�����9.+7+�/8�34�*7/;/3-�,47)+�94�'19+7�9./8�5/)9:7+��'3*�9.+�574)+88�)'3�8:89'/3�/98+1,�'3*�(7+'0�9.+�+39/7+�85+)/2+3�)7+'9/3-�

'� 8>89+2� 4,� +).+143� )7')08�:3*+7� 9.+� )42(/3+*�24*+� �� �� ���� 14'*/3-�� �9� /8� 7+6:/7+*� 94� /3)47547'9+� 9./8�2+).'3/82� /3� 9.+�

'3'1>8/8�47�8/2:1'9/43�4,�)7')0�-74<9.�:3*+7�2/=+*�24*+���������)43*/9/438�/3�47*+7�94�-+3+7'9+�'�)4251+9+�'))4:39/3-�4,�9.+�

+3+7->�'884)/'9+*�</9.�)7')0�-74<9.�'3*�94�)'59:7+�9.+�)477+)9�5'99+73�-+3+7'9/43��

�

�������������� ���������������

�

�

�

�
�

�

�

�

$$�"���!�����
�����:-:89��	
����4397+'1���'3'*'�

����	����������
�����������������������������������������	�

�
�.'/��43-��.'2
����7/8.3'8<'2>��';/��.'3*'7�'��

�������������������������� �
�������� �����������������	��
��������� �������������� �	�������	������������������������������� ��� �
����������������������
����	��

�
	���� �

�

!.+�*+;+1452+39�4,�+).+143�)7')0�5'99+738�:3*+7�2/=+*�24*+���������14'*/3-�)43*/9/438�/8�+='2/3+*�,/789�9.74:-.�)'7+,:11>�*+8/-3+*�

+=5+7/2+398�5+7,472+*�43�97'385'7+39�85+)/2+38��!.+8+�+=5+7/2+398�57+8+39�'�*/7+)9�;/8:'1�+;/*+3)+�4,�9.+�2+).'3/828�/3;41;+*�/3�9.+�,472'9/43�

4,� 9.+� +).+143�5'99+73�4,� )7')08� '3*� '/*� /3� 9.+�*+;+1452+39�4,� '�24*+1� ,47� 9.+/7� ,472'9/43��!./8�24*+1� /8� ,/3'11>� +89'(1/8.+*� 9.74:-.�*/7+)9�

3:2+7/)'1�8/2:1'9/438�4,�2/=+*�24*+���������</9./3�9.+�,7'2+<470�4,�5.'8+�,/+1*�2+9.4*414->�,47�,7')9:7+��

�

�



 .F.>A?�(����A055;8F��������A88.:1�!���)62/2?627������;9<.>6?;:�;3�<>2160@6;:?�/E�9;12����;>�9;12�����0>6@2>6.�;:�0>.07�3>;:@�@C6?@6:4�6:�@5>22�;>�3;A>�<;6:@�

/2:16:4�2D<2>692:@?���:@����>.0@��
���

�
�
���		���

,�-�  6:�����!2.>�!�����%.B6��5.:1.>������>6@2>6;:�3;>�6:6@6.@6;:�;3�0>.07?�A:12>�96D219;12�������8;.16:4���:@����>.0@��
���
���
�����	
	��

,�-� �;81?@26:�%�(���#?6<2:7;�"�!����>.0@A>2�?@>A0@A>2�:2.>�.�8;:46@A16:.8�?52.>�9.0>;>A<@A>2��!205�;3�&;861?�����	���
����	
���

,�-� *A������;C2>�������#>@6F�!����:�.:.8E?6?�;3�:;:�<8.:.>�0>.07�4>;C@5�A:12>�96D21�9;12�8;.16:4���:@���&;861?�&@>A0@��
��
��G�
����
����

�

,�-

�64A>2� 
���88A?@>.@6;:�3;>�@52�9;128�;3�0>.07�4>;C@5�A:12>�96D21�9;12�������8;.16:4���.��'E<2���1.A45@2>�0>.07?�.>2�:A082.@21�3>;9�>.:1;9�12320@?�6:�@52�

B606:6@E�;3�@52�<.>2:@�0>.07���/���>;C@5�.:1�?562816:4�;3�1.A45@2>�0>.07?�>2?A8@�6:�32C2>�1.A45@2>�0>.07?�4>;C6:4���0��&@2.1E�?@.@2�4>;C@5�C52>2�@52�82.16:4�

2142� 6?� 3;>921�/E� @52� 3>.492:@21� @E<2���1.A45@2>� 0>.07?��C5682� @52�@>.686:4� 2142� 6?� 0>2.@21�/E� @52� 3>.0@A>2�;3� @52�/>6146:4�>246;:?�/2@C22:� @52� @E<2���

1.A45@2>�0>.07?�6?�2?@./86?521��

�

�
�64A>2����$5.?2�36281�?69A8.@6;:�;3�3;>9.@6;:�;3�20528;:�0>.07?�A:12>�<A>2�9;12�����8;.16:4��3;>9.@6;:�6?�@>6442>21�/E�6:@>;1A06:4�12320@?�6:�@52�B606:6@E�;3�

@52�0>.07��

�

�

�������	�
���	��
��	�������������

���
��	���

�����������

�

$;:?��������.>9.������2860.8�0>.07�3>;:@�6:?@./686@E�6:�96D21�9;12�3>.0@A>2��".@A>2������������	
	��

�

� � � '52�<5.?2�36281�9;128� ;3� 3>.0@A>2� 5.?� /22:� 69<8292:@21� 6:� .� <.>.8828� ?69A8.@6;:� 3>.92C;>7� 3;>� ?69A8.@6;:� ;3� @5>22�

1692:?6;:.8�86:2.>�28.?@60�3>.0@A>2�<>;/829?��'52�:A92>60.8�0;12�C.?�B2>63621�3;>�?@.@6;:.>E�0>.07�<>;/829?�/E�0;9<.>6?;:�

;3� @52�0>.07�;<2:6:4�16?<8.0292:@�C6@5�@52� .:.8E@60.8� 86:2.>� 28.?@60� ?6:4A8.>� ?;8A@6;:� .:1� @52��A41.82��.>2:/8.@@� 0;52?6B2�

9;128�?;8A@6;:��(.861.@6;:�;3�@52�:A92>60.8�9;128�C.?�2?@./86?521�@5>;A45�0;9<.>6?;:�@;�@C;�1692:?6;:.8�2D<2>692:@?��'52�

<5.?2�36281�9;128�C.?�@52:�A?21�6:�@52�?69A8.@6;:�3;>�96D21�9;12�������<>;/829?���@�C.?� ?5;C:�@5.@�@52�<5.?2�36281�9;128�

C688�<>2160@�@52�38.@�9;12���0>.07�<.@5�3;>�96D21�9;12�������8;.16:4�.?�C288��?6:02�@52�2:2>4E�>282.?2�6?�9.D69A9�.8;:4�@56?�

<.@5���A@� @52� 3.68A>2�9205.:6?9� 3;>� ?<206360�9.@2>6.8?�<8.02?�.:�2:2>4E�/.>>62>�C5605�1;2?�:;@� .88;C� 3;>� ?A05� 0>.07�<.@5��

'5A?��C2�2D<8;>21�@52�6:@>;1A0@6;:�;3�12320@?�.:1�16?0>2@2�:A082.@6;:� 6:�@52?2�<>;/829?��'56?�.88;C?�@52�20528;:�0>.07?�@;�

:A082.@2�.:1�4>;C��.:1�0;.>?2:6:4�.?�C2�;/?2>B21�6:�@52�2D<2>692:@?�@5>;A45�28.?@60�?562816:4���:�2D.9<82�;3�@52�<5.?2�36281�

?69A8.@6;:�;3�@52�3;>9.@6;:�;3�.:�20528;:�0>.07�6?�?5;C:�6:��64A>2���

�

�

� � � !6D21�9;12� �������� 0>.07� 6:6@6.@6;:� .:1�4>;C@5� 6?� 0;:?612>21�� �@� 6?� ?5;C:� @5>;A45� 2D<2>692:@?� ;:� .�/>6@@82�<;8E92>� .:1�.�

5E1>;428�@5.@�0>.07�6:6@6.@6;:�;00A>?�@5>;A45�@52�:A082.@6;:�;3�1.A45@2>�0>.07?��.:1�3A>@52>�4>;C@5�;00A>?�@5>;A45�.� ?2=A2:@6.8�

12B28;<92:@�;3�0;.>?2:21�1.A45@2>�0>.07?�.:1�.:�2B2:@A.8� 3>.0@A>2�;3� @52�<.>2:@�0>.07?�@;�>2.05�.� ?@2.1E� ?@.@2��'56?�9;128� 6?�

69<8292:@21�6:�.�<5.?2�36281�:A92>60.8�?69A8.@6;:��

�

,
-

,
	-

�

�

�

 2/8;:1��������.>9.����� .F.>A?�(���'52;>2@60.8�.:.8E?6?�;3�0>.07�3>;:@�6:?@./686@E�6:�9;12����������!205�$5E?�&;861?�����
����
������	

��

&;992>����

,

-

�

�

�;>9.@6;:�;3�3>.0@A>2�H8.:02?I�6:�48.??���:4��>.0@�!205��
���������
�����

 2/8;:1������� .F.>A?�(����.>9.�����!A8@6?0.82�0;52?6B2�F;:2�9;128�3;>�<>;<.4.@6;:�;3�?2492:@21�0>.07�3>;:@?�6:�9;12�������3>.0@A>2���:@����>.0@��
�
�
���


�����	
���

,�-

�.�� �/��
�0��

� �:.A??�)������:�;/?2>B.@6;:�;3�0>.07�<>;<.4.@6;:�6:�.:@6�<8.:2�?52.>���:@����>.0@����
���
����
��	��

,�-� +;A:2?�������.:1��:42812>�'����>6:42�0>.07?���2E�?@>A0@A>2?�3;>�@52�6:@2><>2@.@6;:�;3�@52�<>;4>2??6B2��88245.:6.:�123;>9.@6;:�;3�@52��<<.8.056.:�<8.@2.A���&��
�A882@6:��


���
�������
�����

,-� �A88�����'52�23320@�;3�96D21�9;12�������;:�0>.07�2B;8A@6;:�6:�/>6@@82�?;861?���:@����>.0@���	���������
�����
,�-�



 

 

a) Corresponding author. Email: itamar.kolvin@mail.huji.ac.il 
 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada  

CRACK FRONT DYNAMICS [1] 
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Summary Nominal toughness of materials is determined by structure and material composition, but actual toughness is strongly affected by 
macroscopic three-dimensional instabilities of cracks. We will present novel experiments in brittle gels, probing the dynamics of crack fronts as 
the fronts become unstable. By comparing the surface area created by unstable cracks to local velocity and curvature of the propagating crack 
fronts that created the fracture surface, we test the validity of planar front perturbation theory to bulk 3D fracture. 
 

INTRODUCTION 
 
   Catastrophic failure via dynamic propagation of cracks is the main mechanics for failure of materials and structures [2]. 
The nucleation and subsequent dynamics of the crack is conventionally understood in the context of 2D Fracture 
Mechanics. In this description, fracture ensues from discrete cracks whose length exceeds a critical dimension determined 
by the stress distribution in the sample. Crack motion is then determined by an energy balance between the elastic energy 
flux into the crack tip and the intrinsic fracture energy needed for creating the new surfaces. 
   However, this 2D description is still a significant idealization of the actual fracture process. Real cracks break 3D 
materials and their singular crack fronts generically possess non-trivial local structure due to either dynamic instabilities [3-
4] of the crack front or interaction with imperfections within a material. For example, the micro-branching instability is 
manifested by the nucleation and growth of localized microscopic cracks that branch off of the main crack front. These 
instabilities increase the surface area created by the crack, thereby enhancing the effective toughness of the material.  
   In recent decades 2D Fracture Mechanics have been extended to 3D settings where the crack front is confined to a single 
plane. A central result [5] provides the local stress intensity factor along a perturbed front 

ሻݖሺܭ ൌ ܭ ቆͳ 
ͳ
ߨ ܲන

ᇱሻݖᇱሺݔ
ᇱݖ െ ݖ ݖ݀

ᇱቇ 

for a front propagating in the x direction and confined within the�ሺݖݔሻ plane. This result has been confirmed for fracture at 
interfaces, leading to surprising discoveries of anisotropic toughness in patterned interfaces. However, the relevance of the 
planar description to fully 3D fracture is still unclear. 
 

EXPERIMENT 
 
   To investigate crack dynamics in 3D we visualize the crack front directly during propagation. We perform our 
experiments by initiating Mode I fracture under uniform tension in brittle polyacrylamide gels (14% w/v AAm, 2.6% 
MBAA, cR   5.2 m/s - the Rayleigh velocity). Gels are soft materials in which sound velocities are reduced by 2-3 orders of 
magnitude compared to more conventional materials. In our setup drawn in Fig. 1, the transparent gel sample is illuminated 
via collimated light directed parallel to the tensile (y) axis. Fracture of the sample ensues via a propagating crack front 
traversing the mid-plane. By imaging the fracture plane during propagation using a high-speed camera (~48,000 fps), we 
obtain shadow images of the propagating leading edge of the crack front in real time. After the fracture test we map out the 
resulting fracture surface using an optical profilometer. 
 

 
Fig. 1 Collimated light is shined through the gel sample along the tensile axis. The strong 
curvature at the crack tip diverts any rays impinging on it from reaching the high speed camera. 
This produces a shadowgraph image of the leading edge of the propagating crack front as it 
traverses the fracture plane. 
 

   When increasing the crack velocity we observe a transition of fracture dominated by the cross-hatching [6], or faceting 
instability to fracture dominated by the micro-branching instability. As seen in Fig. 2 the fracture surface at low velocities 



appears to be composed of facets separated by discontinuous steps which propagate at ~400 angle to the crack propagation 
direction. As the mean crack velocity increases above ~0.1cR micro-branches begin to appear, nucleating in chain-like 
succession to form lines of directed micro-branches called branch-lines.  

 
Fig. 2 Fracture surfaces formed by fronts with increasing velocity. Panel width is 10mm. 

 
CRACK FRONT DYNAMICS DURING THE MICROBRANCHING INSTABILITY 

 
   As micro-branching unfolds the front develops a localized region of high curvature which exhibits rapid dynamics. The 
front initially locally decelerates and curves due to the increase in energy dissipation associated with micro-branch 
formation. The fronts then develop a cusp singularity in finite time which leads to micro-branch "death". Micro-branch 
deaths release the elastic energy stored by the front curvature and result in spatially local prominent velocity overshoots. 
These overshoots are shown to be well-correlated with K(z) along the front.   
 

 
Fig. 3 Edge-detected fronts overlaid on top of the corresponding fracture surface. On the 
surface is a branch line consisting of six-seven microbranches. 

 
CRACK FRONT DYNAMICS DURING THE FACETING INSTABILITY 

 
   At very slow velocities cracks can support single steps. Fig. 4 shows an example of a single step crossing the fracture 
surface for crack velocity of v = 0.005cR = 24 mm/s. While both surface height and local velocity are discontinuous across 
the step, the two discontinuities are virtually constant during crack propagation. These remarkably stable steps can divide 
the crack into segments that propagate at different speeds, and their angle of propagation appear to be indifferent to 
perturbations that slow down the crack.         

 
Fig. 4 Stability of a faceted crack front propagating at v = 0.005cR. (a) The fracture surface. Panel width is 3 
mm. (b) The velocity profile and the height profile along the red dashed line in (a). Both profiles show a 
discontinuity at the step. (c) The two discontiuities appear to be constant during crack propagation. 
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APPROACHES FOR DYNAMIC FRACTURE SIMULATION:
R-ADAPTIVE MATERIAL FORCE AND PHASE-FIELD METHOD

Michael Kaliske1, Christian Steinke1 & Kaan Özenç2
1 Institute for Structural Analysis, Technische Universität Dresden, Dresden, Germany

2 ANSYS Inc., Otterfing, Germany

Summary The numerical crack approximation in finite element simulations may be categorized in discrete and
smeared approaches. The discrete approach models a crack as free edges in the meshing with an actual separation
of the elements along the crack surface. The smeared approach represents the crack by a modification of the relation
of stresses and strains in the elements in the vicinity of the crack. This contribution presents the application of state
of the art approaches of each category to dynamic fracture simulations and a detailed comparison of both methods by
evaluation of the simulation results. In respect of the discrete approaches, an r-adaptive node duplication technique
triggered by the evaluation of the “material force“ at the crack tip is introduced. The smeared approach employs
the phase-field method. Both methods are presented and applied to characteristic dynamic fracture examples for
evaluation and comparison of their capabilities.

INTRODUCTION

The first and major step to a comprehensive theory of fracture mechanics was the linking of the formation of a
crack Γ to the dissipation of strain energy by [3]. Furthermore, the knowledge of the material dependent amount
of energy necessary for the formation of a crack allowed the evaluation of strain states of structures in respect of
the propagation of cracks and led to the development of the theory of “material forces“ and their interpretation as
a driving force for crack propagation. With the criterion for crack propagation at hand, the modification of the
spatial discretization led to discrete crack approximation approaches for finite element simulations as described e.g.
in [4].

Figure 1: Continuum Ω with smeared crack approximation Γl and sharp crack Γ

Another approach emerged recently out of the pioneering work of [2]. The formation of cracks, including initiation,
propagation and branching, is embedded into the framework of energy minimization. The additional field parameter
“phase-field“ p(X, t) is introduced and interpreted as the regularized approximation of the crack’s surface Γl. The
relation of the surface energy to the regularized size of the surface of the crack allows the consideration of an
additional dissipative contribution in a general energetic description of the problem. A comprehensive overview on
the existing formulations of the phase-field method is given e.g. in [1].

GOVERNING EQUATIONS

Phase-field method
The main ingredient of the phase-field method is the definition of the part of the strain energy, that is available

for the dissipation into crack surface formation. In this contribution, the spectral decomposition

ψS = λ

2 · ⟨ε : 1⟩+
2 + µ · ε+2 : 1 (1)

is employed. Here, the Lamé constants λ and µ, the strain tensor ε, the bracket operator ⟨x⟩+ = x+|x|
2 and the

tensile part of the spectrally decomposed strain tensor ε+ =
!

i⟨εi⟩+ ni ⊗ ni are utilized. The irreversibility of the
crack evolution is ensured by the use of a history variable for the crack driving force.
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USING SPH AND DEM  
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Abstract This work aims to elucidate the impact breakage of a bed of particles in an environment similar to that found in comminution devices. 
Smoothed Particle Hydrodynamics (SPH) and the Discrete Element Method (DEM) are used to simulate the impact of rigid steel spheres on the 
particle bed. With SPH, continuum damage mechanics is used to simulate the extent of damage and (brittle) failure in the bed. For DEM, a Mohr-
Coulomb law is applied to represent cohesive inter-particle forces and calculate the relevant failure criteria. The numerical simulations are 
conducted concurrently with laboratory experiments in which the stress and energy absorbed during the impact event is measured by a load cell. 
The rock progeny are also measured to assess the level of breakage. The SPH and DEM simulations are calibrated against experiment and 
subsequently demonstrated to be a valuable means of studying the stress distributions which initiate crack propagation and failure. 
 
  

PROJECT SUMMARY 
 
   It is a well-known challenge currently facing the mining industry that current practices are not sustainable in the long 
term, largely due to increased constraints around energy requirements coupled with declining grades in ore bodies. Crushing 
and grinding of ore, or comminution, typically utilizes the majority of the supplied energy to processing plants and is often 
quoted[1] to be highly inefficient in its use. Fundamental research in the area of breakage is the most likely source from which 
existing comminution devices can be further optimized, or groundbreaking new technologies can be developed. 
 The impact breakage of ore bodies under confinement is a common size reduction mechanism in many comminution 
devices. Such devices are routinely characterized by aggressive internal environments which renders any meaningful 
measurement of particle interaction and fracture impractical if not impossible. Breakage characterization tests at the laboratory 
scale have thus been largely used as a means of studying the fundamental mechanisms of fracture[2]. A limitation of most 
experimental techniques is that they do not capture the micro-scale fracture behavior of the ore particles such that any notable 
trends can be exploited to improve traditional comminution devices.  
 In the last few decades, computational modelling has emerged as a valuable tool to glean new insights into the design and 
operation of the systems used in various comminution processes. Such simulations have been able to examine how the micro-
scale response of different materials under stress leads to the creation and evolution of cracks and eventual fracture[3]. 
 
  

  
Figure 1: A picture of the SILC breakage apparatus (left), along with an example of a particle bed used for experiments 

(center) and a typical arrangement used for computational simulations (right) 
 
 



 In this paper, computational simulations of a typical bed breakage test are used to investigate the effect of steel ball 
diameter, drop height and bed depth on the strain energy absorbed and degree of crack propagation and failure. Experiments 
are conducted with a Short Impact Load Cell (SILC) and designed to represent an environment common to comminution 
devices. With the SILC, a steel ball of known mass is released by a pneumatic mechanism and falls vertically under gravity 
on a bed of particles from a fixed height. The device consists of a long steel rod on which the particle bed rests and is fitted 
with strain gauges to measure the load response, from which particle strength parameters and the amount of impact energy 
absorbed can be determined[4]. A homogenous basalt ore and UG2 platinum ore are used for the tests, and particles are 
constrained using rings of duct tape. A picture of the device and setup as described is given in Figure 1.  
 Simulations using both SPH and DEM are compared against SILC experiments. With either technique, ore particles are 
assumed to take simple polygonal shapes. For SPH simulations, a continuum damage model is used to predict the rock damage 
based on the local stress history and flaw distribution. For DEM simulations, each ore particle is modelled as an assembly of 
indivisible spherical particles with adjacent particles connected by cylindrical linear elastic beams. These cohesive bonds are 
broken when the inter-particle stress exceeds a specified limit. 
 Stress vs. Time plots generated from SILC experiments are compared against the numerical simulations which show good 
agreement. The key physical behavior observed from both computational techniques is then used to study the utilization of 
the impact energy in causing breakage. It is found that generally the energy absorbed by the particle bed is very low relative 
to the impact energy (less than 10%). The bulk of the available impact energy is dissipated as kinetic energy in the movement 
of particles rather than initiating crack propagation. The degree of breakage is found to increase with steel ball diameter, 
largely because the increased epicenter of the impact zone leads to a wider distribution of stress into the particle bed and thus 
greater propagation of micro-cracks. Increasing the impact energy by altering the drop height does not achieve as profound 
an effect, and it is notable that the relative energy absorbed tends to decrease at higher drop heights. The energy absorbed and 
degree of breakage are found to decrease with increasing bed depth. This is attributed to the increasing role played by the 
porosity of the bed as particle layers increase. A greater number of particle layers leads to the dissipation of the impact energy 
largely by rearranging of the particle bed rather than initiation and transmission of cracks through the bed.  
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Summary Mechanical dynamic tests were performed on fluoride glass fibers and silica optical fibers to examine the mechanical strength 
on ambient atmosphere and after aging in a vacuum desiccator with silica gel used as the desiccant. The tensile tests showed that 
fluoride fiber elongation decreased with increasing velocity and the strength of silica fiber is nine times greater than that of fluoride 
fiber and eight times greater in the case of bending tests. Aging in a desiccator decreases the residual water content and improves the 
fluoride fiber strength. 
 

INTRODUCTION 
 

Fluoride glass fibers were first intensively developed for long distance telecommunication applications due to their ultra-
low theoretical optical loss (0.001 dB/km). The specific material used for this research was a fluorozirconate glass, which is 
a subset of the Heavy Metal Fluoride Glasses family known as ZBLAN (ZrF4, BaF2, LaF3, AlF3, NaF). Such fibers can be 
doped with a number of rare earth ions for application in fiber lasers and amplifiers. 

The main problem with this fiber is its poor mechanical strength. Degradation may be due to attack by atmospheric 
moisture or stresses and cracks introduced into the fiber during drawing and spooling or to damage which was not removed 
after drilling. The intrinsic strength of a core fiber, its real strength, depends on minor flaws. Considerable effort was made 
to remove scratches. 

Many studies were undertaken concerning optical and chemical properties of fluoride fibers, but very few studies have 
been carried out on their mechanical behavior when subjected to bending or tensile tests due to their poor mechanical 
strength. 

In this work, tensile and two point bending tests were performed on fluoride and silica fibers for different displacement 
velocities. Some fibers were aged in a desiccator before undergoing mechanical tests.  
 

OPTICAL FIBERS USED 
 

The multimode fluoride fiber of compositions (mol%) 53ZrF4-20BaF2-4LaF3-3AlF3-20NaF (Fig.1a) has an operating 
wavelength between 0.3 Pm and 4.3 Pm. The combined coating diameter is 220 Pm with a diameter clad of 150 Pm and a 
core diameter of 100 Pm. The operating temperature is from -180°C to 150°C. This fiber has a numerical aperture of 0.2 
�1$�YDOXH���$WWHQXDWLRQ�ZDV�������G%�P�>����- 3.6�Pm].  

The used multimode silica optical fiber has two acrylate coatings (primary and outer coatings) (Fig. 1b). This fiber has a 
numerical aperture of 0.2 (NA value) with an operating wavelength of 850/1300 nm. The combined coating diameter is 245 
Pm, the silica core has a diameter of 50 Pm and the clad diameter is 125�Pm. 
 
 
 
 
 
 
 
 
 
 

Fig. 1. Used optical fibers: a) Fluoride fiber; b) Silica fiber 
 

TEST BENCHES USED 
 

A two points bending bench is made up of a displacement plate which is mounted on an aluminium plate. A first thrust 
block is movable and mounted on the displacement plate, while the second thrust block is fixed on a force sensor. The 
optical fiber is positioned between the two thrust blocks in such a way that it forms a "U". To avoid slipping, the fiber is 
positioned in the grooves of the thrust blocks. 

A dynamic tensile test consists of subjecting fibers to a deformation under a constant velocity until rupture. The fiber is 
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rolled three times around two pulleys; the lower pulley is fixed and the upper pulley is movable with different velocities. 
During the test, the tensile load was measured using a dynamometric cell (load sensor) while the fiber deformation was 
deduced from the displacement between the fixed lower pulley and the mobile higher pulley. 
 

RESULTS and DISCUSSION 
 
Bending tests- Figure 2a shows the change of the failure load between the plates when the fluoride fiber was subjected to 
the two point bending test for different faceplate velocities. 

It is noted that the failure load between the two plates decreases according to their velocity. Indeed, the fluoride fiber is 
very brittle and breaks for large curvature radii when placed between the two plates. 

When placing the fluoride fibers in the desiccator for one week in order to maintain them in a dry atmosphere, some 
residual water was removed and this leads to partial micro-crack closures. This allows the fiber to bend more and a smaller 
failure distance between the plates was obtained. Thus, the failure fiber force for the desiccated fiber was a little higher than 
WKDW� RI� DQ� µDV-UHFHLYHG� ILEHU¶ (Fig. 2a). On the other hand, silica fiber can endure smaller curvature radii than the fluoride 
fiber and therefore will break for loads which are 8 times higher (Fig. 2b). 
 
 
 
 
 
 
 
 
 
 
    
 

Fig. 2. Failure load for a): As received and dessicated fluoride fibers; b): Silica and fluoride fibers for different velocities 
 

Tensile tests- Figure 3 compares the failure forces for silica and fluoride fibers submitted to tensile tests. The failure 
strength of silica fibers was higher than that of fluoride fibers, even if the cladding diameter of fluoride fiber was greater 
than that of the silica fiber. The failure load for the silica fiber was, on average, 9 times higher than that of the fluoride fiber 
(Fig. 3): Young's modulus of silica fibers was higher than that of the fluoride fibers. 
 

 
 
 
 
  
 
 
 
 

 
Fig. 3. Failure load for silica and fluoride fibers for different velocities during tensile test 

 
 

CONCLUSION 
 

The difficulty for testing fluoride fibers was due to their fragility and their cost. Indeed, the fluoride fibers are more 
expensive than silica fibers and one must take a lot of care to minimize sample losses during testing. Furthermore, their 
fragility involves frequent breaking before the beginning of bending or tensile tests. Although the pulley diameters for the 
traction bench were quite large, the winding of fluoride fiber around the pulley must be done slowly to avoid handling or 
compression of another portion of the fiber already wound around the pulley. In addition, fluoride fibers have many intrinsic 
defects that are not uniformly distributed. The number of testing experiments was quite high because many fiber failures 
occur around the pulley and not in the middle of the part of fiber between the two pulleys during the tensile test. The silica 
fiber, which is more flexible than the fluoride fiber, was easier to test. Finally, the tensile tests showed that fluoride fiber 
elongation decreased with increasing velocity and their failure loads remained much lower than that of silica optical fibers. 
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A MICROMECHANICAL DAMAGE MODEL FOR SOLDER JOINTS WITH AN 
INTERMETALLIC COMPOUND LAYER USING THE EQUIVALENT INCLUSION 

METHOD 
 

Yuexing Wang1, Yao Yao1a), Leon M. Keer2a) 
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Summary Intermetallic compound formation is critical to the reliability of microelectronic interconnections, 
especially for flip chip solder joints. It is well known that the presence of an intermetallic compound layer will 
significantly affect the mechanical behavior of solder joints due to its brittleness, while the solder joints generally 
exhibit ductile behavior. On the other hand, the thermal expansion coefficients of the intermetallic compound and 
solder materials are different. In this research, a micromechanical damage model is developed to study the solder 
joints combined with intermetallic compound layers based on the equivalent inclusion method. Taking the 
intermetallic compound layer as an inclusion and the solder joints as the matrix, the relationship between these two 
portions can be obtained by treating the intermetallic compound in this manner. The plastic strain, misfit strain and 
thermal strain can be determined and are included in the developed model, as eigenstrains.  

 
INTRODUCTION 

 
Solder joint integrity is recognized as a key issue in the reliability of electronic devices. In the past decades, SnAgCu 
eutectic based solders are replacing SnPb eutectic solders in the electronics industry. Although the Pb-free solder is 
usually regarded as having a higher melting temperature compared with traditional Pb-Sn eutectic solder, solder 
joints were generally operated at a high homologous temperature, and exhibit complex failure mechanism under 
coupled loading. Previously, the prevalent failure mode in a solder joint was the ductile thermo-mechanical fracture 
of solder material due to repeated thermal cycling.  In addition to this mode of failure, the solder joints were also 
found to fail by brittle fracture near the solder-intermetallic interface. In this paper, we focus on fracture mechanics 
feature of the interface between the solder joint and the intermetallic. A micromechanical damage model is 
developed to analyze the failure evolution caused by joule heating associated with micro-damages. The disturbed 
stress field caused by the different coefficients of thermal expansion between the solder joint and intermetallic is 
investigated. An analytical enhancement of interface crack-tip intensity factor is proposed considering that voids 
exist in the intermetallic layer.    
 

THE DISTURBED STRESS FIELD CAUSED BY THE JOULE HEATING 
 

It is well known that a different thermal expansion coefficient between the solder joint and intermetallic is one of the 
main reasons for interface shear failure. In the current work, we assume the intermetallic as one inclusion in the half-
space and define the thermal strain as the eigenstrain (stress free transformation strains) based on the Eshelby theory 
[1]; the disturbance of the strain field can be expressed as: 

*
ij ijijklS HH            (1)

 

where ijH is the disturbed strain field; *
ijH is eigenstrain; S is the Eshelby tensor.  The main problem is to solve the 

Eshelby tensor for an arbitrary inclusion in the half space. It is noted that the final formulation for the solution is 
given in a complicated form and the analytical solution is difficult to obtain. The Fast Fourier Transform (FFT) 
algorithms [2] are adopted to obtain a numerical result, which enables efficient and accurate computation. 
 

ENHANCEMENT OF INTERFACE CRACK-TIP STRESS INTENSITY FACTOR CAUSED BY THE 
VOIDS AROUND THE CRACK TIP 

 
In this part, the interaction between the interface crack and inclusion around the crack tip is studied. Many 
experiments have shown that intermetallic layer is not stable under high current density. The height will continue to 
grow and the voids or other inclusions will initiate, which will decrease the fracture strength to some extent. Based 
on the result of part1 and transformation toughing theory [3] and Eshelby equivalent inclusion method [1], an 



analytical description for the crack tip stress intensity factor increment under the effect of the voids around is given. 
The final analytic result for the crack tip stress intensity factor is expressed as follows: 
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Based on the Eshelby equivalent inclusion approach and thermal strain induced by the joule heating in the 
intermetallics layer, the equivalent transformation strain eT is given by: 
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                                                                                   (3) 
where Ci and Cm are the elastic constants of the inclusion and matrix, respectively. For the void problem, Ci =0. eA is 
the elastic strain caused by the crack which can be obtained from the classic solution; e* is the strain caused by the 
disturbance of the intermetallic layer which obtained by using FFT method.  The complete solution will need a 
statistic algorithms such as Monte Carlo simulation, by which the quantity and distribution of the voids is taken into 
account. In the current work, one unit void in front of the crack tip is studied, the average dKtip=1.23. For two voids 
dKtip=1.30, which means that the void will give an enhancement of the stress strength factor and shows that the 
Intermatellic layer becomes easier to fracture. It shows that the developed model is able to predict intermetallic layer 
fracture with voids exist inducing by electromigraiton, compared with the experimental observations [4-7]. 
 

CONCLUSIONS 
 

A micromechanical damage model is developed for solder joints with an intermetallic compound layer by using the 
equivalent inclusion method. The proposed analytical method could predict how the voids in the intermetallic affect 
the fracture toughening of the interface between intermetallic and solder joints. The fast Fourier transform method is 
utilized to solve effectively the nonlinear problem. Case studies are conducted to explore the effects of the modulus, 
yield strength and thickness of the intermetallic compound layer. Reasonable prediction is obtained compared with 
experimental observations. 
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PLASTIC ZONE AROUND A MOVING CRACK TIP IN VISCOPLASTIC POLYMERS 
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Summary The plastic zone around a mode I moving crack tip in viscoplastic polymers is studied. A dynamic photo-elastic experiment system 
is constructed to capture images during crack propagation. The plastic zone wake is observed by the optical microscope from the fractured 
samples. A dynamic plastic zone model considering the viscoplastic effect is established to estimate the plastic zone size. Compared with the 
rate-independent model, this model modifies the effect which overrates the plastic zone size in the rate-independent model and agrees with 
experimental results well. A systematic study on the plastic zone is performed according to our model, which shows that the crack velocity has 
an essential influence on the plastic zone. 
 

INTRODUCTION 
 

For most materials, fracture often initiates at small defects. Around these defects, high stress localization results in a 
plastic zone although a lot of polymers fracture in a brittle manner. Strain gradient is high and the damage accumulation 
takes place in this region[1]. A large number of microdefects are activated here and control the crack path and stability[2]. But 
it is difficult to analyze the deformation field and stress distribution around a moving crack tip. The viscoplasticity of 
polymers will be distinct under the dynamic conditions[3]. In the present work, we established a plastic zone model 
considering viscoplastic effect to calculate the instantaneous plastic zone size of a propagating crack.  
 

METHOD 
 

The material used in the present investigation is polycarbonate (PC), which is a typical viscoplastic amorphous 
polymer. The rate-dependent constitutive model of PC can be written as[4] 
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By fitting the dynamic tensile experimental results at strain rates vary from10-1 s-1 to 103 s-1, the quasi-static yield stress 0V

=46.01 MPa, the reference strain rate 0H =17.22s-1, and two undetermined coefficients A=0.47 and q=0.18. 

       

 
Dynamic photo-elastic experiments(FIG. 1) were performed to capture the procedure of crack propagation. We 

obtained the average crack velocity � of the time interval 40 Ps and the dynamic stress intensity factor D
IK . The actual 

plastic wake(FIG. 2) was obtained by observing the fractured samples using an optical microscope. In order to establish a 
viscoplastic plastic zone model, we estimated the average strain rate in a moving polar coordinate(FIG. 2) at the crack tip as 
                     
a) Corresponding author. Email: xdwei@pku.edu.cn 

FIG. 1 (a) a schematic view of dynamic photo-
elastic experiment. Samples are placed in a circularly 
polarized green laser field. (b) an image of a plastic 
wake obtained by the optical microscope from the 
fractured samples. (c)-(f) photo elastic images. 

FIG. 2 Schematic view of the plastic zone and its wake. 
After the crack propagation, a plastic wake will be left. 
The wake width h is just a half of the plastic zone. is 
the length of the plastic zone ahead of the crack tip. 
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Summary Adobe (or air-dried mud) brick is one of the earliest construction materials used around the world. It is still being used quite 
extensively in some developing countries. Adobe structures are relatively simple and often designed only for gravity loads. When subject to 
high shear force from settlement or earthquake effect, shear cracks often develop, thereby severely compromising the integrity of the structure. 
This paper presents several methodologies for strengthening adobe structures. Nonlinear finite element used in conjunction with a pushover 
analysis is employed to assess the behavior of these strengthened structural systems. The effectiveness of these strengthening schemes is then 
compared and discussed. It is found that a strengthening system that makes use of both sheet and strap reinforcements is the most effective. 
However, other strengthening schemes are also quite promising in increasing the lateral load and energy absorbing capacities of adobe 
structures.  

 
PROBLEM STATEMENT 

   Adobe structures are commonly used for conventional residential construction in developing countries, and for 
construction in rural and remote areas in some developed countries. They are considered sustainable structures and carry 
high traditional value. However, unreinforced adobe structures are relatively weak when subject to settlement and lateral 
load, and are quite vulnerable to cracking and brittle failure as shown in Figure1. 
 

 
Figure 1 ± Cracking failure of Adobe Walls 

 
   Illampas et al. (2014), Varum et al. (2014) and Vint & Neumann (2005) have performed vulnerability assessment of 
unreinforced adobe houses in their research [1-3]. The applicable experimental work involved static tilt testing on house 
modules, displacement-controlled cyclic tests on I-shaped adobe walls as well as shake table tests on single story model 
buildings. In all these cases, the response associated with the unreinforced model buildings was compared with those 
reinforced by cane rods, geogrids, steel wire, fiber-reinforced polymer strips, tire straps, etc. It was shown that the 
introduction of reinforcement noticeably enhanced the structural integrity of the adobe houses. 
 

PROPOSED METHODOLOGY 
   In this paper four relatively simple strengthening methods for adobe structures are proposed and investigated. They are: 
(1) adding a horizontal layer of synthetic nylon sheet in every 3 layers of adobe blocks; (2) vertically-tying the adobe wall 
with straps made from these synthetic nylons [4]; (3) adding stanchions in the form of corner columns to strengthen the 
wall, and (4) using both vertical straps and horizontal inter-layer synthetic nylon sheets. Figure 2 shows the model of a 
typical adobe wall with openings as well as how the four proposed strengthening schemes are implemented. 

 
Figure 2 - Adobe Wall Model Showing the Different Strengthening Schemes 

 
ABODE WALL MODEL PROPERTIES 

   A high fidelity finite element model of the above adobe wall was created using ABAQUS [5] and nonlinear pushover 
analysis was performed to determine the response of the strengthen structure. A damaged plasticity constitutive law was 



adopted and experimentally-derived material data were used as input parameters [3]. To model the brittle behavior of the 
adobe bricks, the concrete damaged plasticity constitutive model, which is a continuum, plasticity-based, isotropic damage 
model that considers tensile cracking and compressive crushing as the main failure mechanisms was used. As shown in 
Figure 3(a) and (b), each adobe block was modeled using 4 hexahedral 8-node linear brick element with reduced integration 
(C3D8R) and the nylon sheets and straps were modeled using 4-node shell elements with reduced integration (S4R). A total 
number of 4148 elements was used for modeling one-half of the adobe structure as illustrated in Figure 3(c). In the 
tangential direction, finite-sliding formulation based on Coulomb friction theory with a friction coefficient of 0.7 was used 
at the interface between the adobe and the ring beam. To simulate the described behavior, a hard contact pressure±
overclosure relationship was defined in the normal direction. When the contact pressure becomes zero, separation of the 
surfaces takes place and no transfer of the tensile stresses will occur across the interfaces.  

                          
(a)                                 (b)                                   (c)                           

Figure 3 ± Characteristics and Details of the Finite Element Adobe Wall Model 
 

FINITE ELEMENT ANALYSIS RESULTS AND CONCLUSIONS 
   The maximum principal stresses (that correlate with the failure mode of the Adobe wall) calculated for an unreinforced 
and a reinforced adobe wall using strengthening scheme (4) are compared in Figure 4. It can be seen that the use of 
synthetic nylon sheets and straps help redistributes stresses in critical locations, thereby making the structure more resistant 
to lateral load. 

 
(a)                                   (b) 

Figure 4 ± Maximum Principal Stress Contours (psi) for (a) Unreinforced Wall, and (b) Reinforced (Straps + Sheets) Wall (1 psi = 48 N/m2) 
 

   In Figure 5, the pushover curve for an unreinforced adobe wall is compared with those using the four strengthening 
schemes. It can be seen there is a noticeable increase in the lateral load capacity (as depicted by the peak point of the curve) 
and energy dissipation (as measured by the area under each curve) of the wall using any one of the proposed strengthening 
schemes.  

 
Figure 5 ± Pushover Curves for Unreinforced and Reinforced Adobe Walls (1 lb = 4.45 N, 1 in. = 2.54 cm) 
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Summary Metal-ceramic composites with lamellar microstructure are a novel class of composites produced by infiltration of freeze-cast or ice-
templated ceramic preforms with molten aluminium alloy. Due to the cost-effectiveness of production and relatively high ceramic content they 
are attractive for automotive, aerospace and biomedical engineering applications. A hierarchical lamellar microstructure, with randomly 
orientated domains in which all ceramic and metallic lamellae are parallel to each other, is the result of the ice crystal formation during freeze 
casting or ice-templating of preforms from water-ceramic suspensions. In this paper, a single-domain sample of metal-ceramic composite with 
lamellar microstructure is modelled theoretically using a combination of analytical and computational means. Stress field in the ceramic layer 
containing multiple transverse cracks is determined using a modified 2-D shear lag approach and a finite element method. Degradation of 
stiffness properties of the sample due to multiple transverse cracking is predicted using the equivalent constraint model. 
 

INTRODUCTION 
 

Metal-ceramic interpenetrating phase composites, in which ceramic preforms with open porosity are infiltrated with 
molten metal or alloy to produce composites with two three-dimensionally interpenetrating constituents, possess 
production-dependent ceramic content and exhibit highly sophisticated internal microstructures that depend on the preform 
fabrication method. Several innovative methods have been developed to produce open-pore ceramic preforms. One of them 
– freeze-casting – involves controlled directional freezing and subsequent freeze-drying of concentrated water-ceramic 
suspension [1-3]. The resulting ceramic preforms exhibit a lamellar microstructure, with thin parallel and connected layers. 
Damage mechanisms in metal/ceramic composites with lamellar microstructures have not been studied in depth yet. 
Initiation and accumulation of damage within the ceramic lamellae, mainly in the form of transverse cracking (Fig. 1a), has 
been observed under compressive loading [4, 5]. It is also expected to occur under tensile loading due to failure strain of 
ceramics being less than that of the metal. In this paper, a single-domain sample of MMC with lamellar microstructure is 
modeled theoretically using a combination of analytical and computational means.  
 

THEORETICAL MODELLING 
 

Consider a MMC sample consisting of a ceramic layer of thickness ch2  fully bonded between two metal layers of 
thickness mh . Ceramic layer contains multiple tunneling cracks, assumed to be spaced uniformly with crack spacing 

sS 2= , spanning the full thickness of the ceramic layer and depth of the sample. The sample is referred to the co-ordinate 
system 321 xxx , with 1x  axis parallel to the cracks (Fig. 1b) and subjected to biaxial tension 2211,σσ  and in-plane shear 
loading 12σ . Due to periodicity of damage and symmetry of the sample, only a quarter of the representative segment 
bounded by two cracks needs to be considered (Fig. 1c). 
 

 
 
Fig. 1: a) Transverse cracks in ceramic layer of MMC with lamellar microstructure; b) Schematics of a composite sample 
with multiple tunnelling cracks in the ceramic layer; c) representative segment bounded by two cracks. 
 

Stress field in the sample containing multiple transverse cracks in the ceramic layer is determined analytically using a 
modified 2-D shear lag approach [6-8] and a finite element method. The Equivalent Constraint Model is then applied to 
predict reduction of elastic properties of the sample due to multiple transverse cracking. 



 
Finite modeling of the metal-ceramic composite reveals that a

stress in the ceramic layer emerges (Fig. 
estimated (Fig. 2b) and used as an input in the analytical mo

 

Fig. 2: Variation of: a) axial stresses; b) transverse 
 

Predicted reduction of in-plane elastic properties of the composite 
for the composite with cracks are normalised by their respective values for the undamaged composite and are plotted as 
reduction ratios against the relative crack density
modulus 2E  (i.e. modulus in the direction normal to the cracks), but also shear modulus 
 

Fig 3: Reduction of elastic properties of the 
 

The cracked microstructure of single domain MMC sample is modeled by analytical and computational approaches. 
field is determined using a modified 2-D shear lag approach and a finite element method. 
thickness for different crack spacings was calculated
can be applied to predict degradation of stiffness properties of the sample due to multiple transverse cracking.
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RESULTS AND DISCUSSION 

ceramic composite reveals that as crack spacing becomes smaller, a region of compressive 
stress in the ceramic layer emerges (Fig. 2a). From the distribution of shear stress 23σ , shear layer thickness can be 
estimated (Fig. 2b) and used as an input in the analytical model. 

transverse shear stresses stresses.  

plane elastic properties of the composite is shown in Fig. 3. The values of stiffness properties 
normalised by their respective values for the undamaged composite and are plotted as 

nst the relative crack density. Multiple cracking significantly reduces not only composite’s Young’s 
he direction normal to the cracks), but also shear modulus 12G  and Poisson’s ratio 

 

 
Material properties of the constituents:
 
Aluminium alloy Al
Young’s modulus 80 GPa, 
Poisson’s ratio 0.33
 
Alumina Al2O3 
Young’s modulus 390 GPa
Poisson’s ratio 0.24
 
Ceramic content 40%

Reduction of elastic properties of the metal-ceramic composite as a function of the relative crack density 

CONCLUSIONS 
 

The cracked microstructure of single domain MMC sample is modeled by analytical and computational approaches. 
D shear lag approach and a finite element method. Using FE modeling the shear layer 

calculated and used as input in the analytical model. The Equivalent Constraint Model 
can be applied to predict degradation of stiffness properties of the sample due to multiple transverse cracking.
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s crack spacing becomes smaller, a region of compressive 
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he values of stiffness properties 
normalised by their respective values for the undamaged composite and are plotted as 

ultiple cracking significantly reduces not only composite’s Young’s 
and Poisson’s ratio 21ν . 

Material properties of the constituents: 

Aluminium alloy Al-12Si 
Young’s modulus 80 GPa,  
Poisson’s ratio 0.33 

Young’s modulus 390 GPa 
Poisson’s ratio 0.24  

Ceramic content 40% 

composite as a function of the relative crack density shD c /= . 

The cracked microstructure of single domain MMC sample is modeled by analytical and computational approaches. Stress 
Using FE modeling the shear layer 

The Equivalent Constraint Model 
can be applied to predict degradation of stiffness properties of the sample due to multiple transverse cracking. 
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DEPENDENCE OF TIMESCALE ON CRACK VELOCITY DURING DIFFUSION
CONTROLLED CRACK GROWTH

Gaurav Singh∗
Mechanical Engineering, Birla Institute of Technology & Science, Pilani - KK Birla Goa Campus, Goa, India

Summary During hydrogen cracking, diffusion and crack growth simultaneously occur at different timescales - diffusion being a much
slower process. In this paper, it is shown that the crack growth rate is underestimated due to the timescale difference.

INTRODUCTION

As a natural phenomena, hydrogen cracking is a complex process, however fractographic studies have given some insight
into the process. This has lead to several diffusion-based models of hydrogen cracking [1, 2, 3] due to hydride formation [4].

Assume that the crack has begun to grow under the application of a physical load (remote or localized/pressurized) in
an atmosphere of hydrogen. The two simultaneous process (at different timescales) happening are (a) crack growth and (b)
hydrogen diffusion into the metal. If the process of diffusion (timescale td) happens at a longer timescale than that of crack
growth (timescale tc), then

td = g(tc) > tc (1)

where g is the timescale function. This timescale difference can also be represented on a space-time graph in Figure 1(a). In
the following section, a transient diffusion model will be discussed through a moving crack-tip surface boundary.

HYDROGEN DIFFUSION THROUGH MOVING CRACK-TIP SURFACE BOUNDARY

A general analysis of diffusion through a moving boundary has been given in [5]. In the present analysis, it is assumed that
only hydrogen diffuses into the metal through the moving crack-tip (assumed to be a flat surface) while no metal diffuses into
the hydrogen atmosphere. The process of diffusion takes place only in the direction perpendicular to the crack-tip surface as
shown in Figure 1(b). Due to the instantaneous hydride formation and breakdown (following diffusion), the crack-tip surface
is a moving boundary.

As shown in Figure 1(b), consider the hydrogen and metal medium separated by the crack-tip surface boundary. The
x-coordinate system is at rest. The hydrogen and metal media are separated at time tc by the crack-tip surface x = X(tc)
which was initially located at x = 0. The hydrogen occupies all the space in ↗∞ < x < X(tc) while it is diffusing into
x > X(tc) through the boundary. The concentration of the diffusing substance at time td is denoted by c at x > X(tc). In
this situation, the following equation is obeyed

∂c

∂td
= D

∂2c

∂x2
(2)

x

t

(crack growth)tc

(H2 diffusion)td

X

x = 0 x = X x→∞↗∞← x

hydrogen

c(X)
c(0)

metal

Figure 1: (a) Space-time representation of timescale issue during hydrogen cracking (b) Representation of hydrogen diffusion
from the atmosphere into the metal through a moving (crack surface) boundary
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where the diffusion coefficient D is independent of the concentration c and time td. The diffusion rate of hydrogen at the
crack-tip surface is equal to

Ḣ = D

!
∂c

∂x

"

x=X

+ c(X)
�X(tc)

�tc
(3)

at the moving boundary x = X(tc). For an infinite medium where Equation (2) holds, the solution takes the form

c(∞)↗c

c(∞)↗c(0)
= 1↗��f

x√
�Dtd

(4)

where c(∞) is the hydrogen concentration in the metal at td = 0 (initial condition) and c(0) is the ambient constant hydrogen
concentration for all times (boundary condition). The hydrogen atmosphere extends through↗∞ < x < X(tc) at any given
time. The magnitude |X(tc)| is assumed to be proportional to the amount of diffusing hydrogen into the metal through the
crack-tip surface boundary. This is justified as the hydrogen diffusing in, instantaneously forms hydride which breaks down
(again, immediately). Using Equation (3), this proportionality as a derivative of time maybe written as

�X(tc)

��c
= S

#
D

!
∂c

∂x

"

x=X

+ c(X)
�X(tc)

�tc

$
(5)

where S is the constant of proportionality. Combining the above equation with the partial derivative of c in Equation 4 at
x = X gives

�X(tc)

��c

#
1

S
↗c(X(tc))

$
= [c(∞)↗c(0)]

%
D

πtd
e−X2/4Dtd (6)

Now put x = X(tc) and c = c(X(tc)) in Equation (4) to rewrite it as

c(X(tc)) = c(0) + (c(∞)↗c(0))��f
X(tc)√
�Dtd

(7)

Substituting td and tc in terms of g from Equation (1) and using t = tc, the Equations (6)-(7) can be written as

�X(t)

��

#
1

S
↗c(X(t)

$
= [c(∞)↗c(0)]

&
D

πg(t)
e−X2/4Dg(t); c(X(t)) = c(0) + (c(∞)↗c(0))��f

X(t)'
�Dg(t)

(8)

The above two Equations (8) are simultaneously satisfied for all values of t, only when X(t)/
'

�Dg(t) is a constant. There-
fore, defining the constant k such that

X(t) = k
'

�Dg(t) (9)
which will yield the crack-tip surface velocity when a time-derivative is taken. The crack growth velocity can be written as

�X(t)

�t
= k

&
�D

g(t)
g′(t) (10)

RESULT AND DISCUSSION

As can be seen from Equation (10), for all g′(t) > 1 (always true in the described model), the predicted crack velocity will
be under-estimated if the timescale difference between the crack growth and diffusion is neglected. For example, if g(t) = αt,
then the actual crack-growth rate will be

√
α times more. In physical terms, this example is a case when diffusion occurs α

times slower than the crack growth. In this case dX(t)
dt = k

(
4D
t

√
αwhich also implies that the crack velocity should decrease

with time. This has been experimentally suggested by the hydrogen induced crack growth phenomena in titanium [6] where
the velocity drops with an increasing crack length (and crack length increases with time).
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Summary: The influence of the non-linear behaviour of a crash optimized adhesive in its fracture properties is discussed. The 
adhesive has been previously analysed by means of standardized TDCB (Tapered Double Cantilever Beam) and MMB (Mixed 
Mode Bending) tests, which are based on the LEFM (Linear Elastic Fracture Mechanics) theory. In the present study, these tests 
were modelled numerically. The non-linearity of the adhesive was integrated in the simulations using a spectral viscoelastic law. 
Crack initiation and propagation were described using the Cohesive Zone Model (CZM) technique. Comparing with the 
standardized analysis, the results of the simulations showed small decrease of the value of the fracture toughness (GC) when under 
mode I load and considerable decrease while reaching the mode II load case. These results of the simulations for GC were also 
used to predict the break force of specially designed specimens tested by means of the Arcan fixture. 
 

INTRODUCTION 
 
   Adhesive bonding technology has several advantages over conventional types of mechanical joints based on 
riveting, welding or screwing. Hence, adhesives are very frequently preferred in many joining situations. The 
strength of the bonded structure can be predicted by measuring the GC of the adhesive based on the load state at the 
end of the crack tip: the tensile opening mode (mode I), the in-plane shear mode (mode II) and the mixed mode I/II 
case. This can be realized by means of standardized tests [1-5], whose evaluation relies on the LEFM theory 
assuming that the adhesive material (as well as the substrates too) behaves as a linear elastic and isotropic solid. 
Although this hypothesis is correct for brittle adhesives, it turns out to be insufficient for a certain number of 
structural adhesives, as for example the crash optimized ones. For this type of adhesives a large zone of micro-
fibrillation is formed ahead of the crack tip, and the use of the standardized procedures to calculate GC results to 
extremely high values when moving towards the mode II load state. 
 

MAIN PART 
 
   In the present study, the fracture properties of the crash optimized adhesive SikaPower®-498 are examined. This 
adhesive has been previously tested in [6] by means of the TDCB test for the mode I load case (following the ISO 
2517 standard [2]) and by means of the MMB test in the mixed mode I/II plane (following the ASTM D6671 
standard [4]). The MMB test was performed at four different mode ratios GII/GI: 0.2, 0.4, 0.6 and 0.8 (with GI and GII 
being the energy release rates under mode I and II respectively). It has been shown in [6] that the evolution of the GC 
of the SikaPower®-498 adhesive in the mixed mode I/II plane can be adequately described by the Benzeggagh-
Kenane failure criterion, with the fracture toughness under mode I (GIC) measured at about 3 N/mm and under mode 
II (GIIC) at about 11 N/mm. Taking into account these results and considering also the low yield strength found for 
this adhesive (at about 17 MPa see [7]), it can be concluded that the calculated GC by means of the LEFM theory 
should include an important amount of the dissipated potential energy due to plasticity of the adhesive layer rather 
than only to crack propagation, and this especially when moving towards the mode II load state. 
   The previous standardized TDCB and MMB tests were modelled numerically here using the AbaqusTM Ver.6.12-1 
software. The substrates were simulated as linear elastic and isotropic solids. The non-linearity of the SikaPower®-
498 adhesive was represented by means of a spectral viscoelastic law, whose parameters have been previously 
identified using Arcan tests [7]. Progressive damage and failure of the adhesive were simulated by means of the 
CZM approach, which first requires the definition of the crack propagation path. For the model used here, this path 
was set in the middle of the adhesive layer thickness and it was discretized by a thin layer of cohesive elements. 
Their constitutive response was described using the bi-linear traction-separation law, which was preferred here due to 
its simplicity. The onset and propagation of damage were simulated by means of the quadratic nominal stress and the 
1st order power law criterions respectively. The approximation of the experimental curves was realized at the part 
describing the crack propagation for both the TDCB and MMB tests. The results of the simulations showed a slight 
decrease of the GIC of the SikaPower®-498 adhesive (at about 2.5 N/mm) and a considerable decrease of GIIC (at less 
than 6 N/mm) compared to the corresponding values issued by the standardized tests. 
   In order to validate the previous results, two types of alternative tests (based on the Arcan test device), which were 
also realized on the SikaPower®-498 adhesive, are used. The first type is the tests presented in [8], for which the 
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specimen geometry has been specially designed to allow for crack propagation inside the adhesive layer, by 
fabricating substrates of increased width in their middle comparing to their two extremities. Hence, the specimens 
were tested at different phase angles in the mixed mode I/II plane, and the evaluation of the results by means of the 
LEFM theory showed good accordance with those issued by the standardized TDCB and MMB tests. The second 
type of Arcan tests was realized using the specimen configuration shown in figure 1. 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: a) 6SHFLPHQ�JHRPHWU\�XVHG�IRU�WKH�VHFRQG�W\SH�RI�$UFDQ�WHVWV��E���'�GHWDLO�RI�WKH�³XS´�VXEVWUDWH 
 
The substrates had a special geometry with a beak on all four sides in order to compensate for the edge effects (see 
also [9]). The up substrate (see figure 1a) was cut on one extremity in order to impose a stress singularity on one end 
of the joint. These specimens were also tested at different phase angles in the mixed mode I/II plane. Both types of 
Arcan tests were modelled using the same technique as the one described above for the TDCB and MMB tests. The 
values of the GC that have been previously calculated after subtraction of the energy dissipated due to plasticity of 
the adhesive layer were used to predict the break force. At this point, it must be mentioned that, for all the 
experiments performed here, the adhesive layer thickness was set at 0.5 mm. In addition, all substrates used were 
made of aluminium except for the case of the MMB test where high limit of elasticity steel material was used. 
 

CONCLUSIONS 
 
   In the present research the fracture behaviour of the SikaPower®-498 adhesive in the mixed mode I/II plane was 
examined, by taking into account the energy dissipated due to its plasticity when performing the standardized TDCB 
and MMB tests. The results showed considerable decrease of the GC while moving towards the mode II load case. 
These results were used to predict the break force of alternative tests (Arcan type). In order to pursue with the current 
study, the influence of several other parameters than only material non-linearity must be examined in the 
computations for the GC, as for example: the friction between the crack faces when under mode II load, possible 
deviations of the crack path from the mid-line of the adhesive layer thickness or even interface cracks. 
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Summary The present work aims at the numerical treatment of the crack propagation in engineering materials whose failure results from void 
initiation, growth and coalescence. With this aim in view, the objective is to describe the intermediate stage between more or less diffuse 
damage and the initiation of a macroscopic crack. This transient stage of damage induced deformation localisation in a narrow band necessitates 
a specific numerical treatment. An adapted extended finite element framework and its embedding into the existing formulation is presented and 
tested in fundamental numerical tests. 
 

INTRODUCTION 
 
   Nowadays, ductile materials are deployed in many industrial applications as e.g. metal-forming, the improvement of 
automotive crash-worthiness or generally in the aerospace sector. When such metallic structures are subjected to large 
plastic deformations, micro-voids start to form, grow and coalesce leading finally to the formation of a crack (see fig. 1). As 
a result of damage evolution through void nucleation, growth and coalescence, the material resistance is subjected to 
continuous degradation and subsequent softening leading to strain localisation. In the post-localisation stage, the finite 
element analysis suffers from pathologic mesh dependency induced by the loss of uniqueness of the governing partial 
differential equations. Non-local regularisation techniques can be applied to attenuate the pathology, but accurate results 
require a very fine mesh at the scale of the microscopic localisation mechanisms. Particularly with regard to large 
engineering structures, we rather aim at using large finite elements and embed the band of highly localised deformation into 
the element formulation. 
 

METHODOLOGY 
 
   The micromechanics-based Gurson-Tveergard-Needleman (GTN) widely used to reproduce the consequences of ductile 
damage-plasticity coupling has been applied herein to describe the behaviour of the material in the pre-localisation stage. 
Previous works (see Longère et al. [1]) have shown the interest of modifying the GTN constitutive model in order to 
reproduce the void growth induced damage in shear loading, in addition to the combined effects of strain hardening, thermal 
softening and viscoplasticity. This strongly non-linear model was implemented as user material (UMAT) within the 
engineering finite element computation code Abaqus using an implicit integration scheme.  
 
   A modified eXtended Finite Element (X-FE) formulation has been retained to describe the strong discontinuity 
kinematics of the crack which is the ultimate step of the localisation mechanism. Recent works have shown the feasibility of 
a coupling between the Gurson-type damage-plasticity model and the X-FE method relying on an averaging of quantities 
over an area (patch) located at the crack tip. In order to account for the history-dependent, strongly non-linear material, the 
numerical integration in the enriched elements is performed by using 64 Gauss points ± instead of using the integration by 
sub-triangulation. The X-FEM and the coupling method were implemented as user subroutine (UEL) in Abaqus (see Crété 
et al. [2]).  
 
   The localisation stage which is the transition phase between diffuse damage and cracking is described using an X-FE 
method as well. A physics-based deformation profile can be represented with regularised enrichment functions allowing for 
dealing with the strain-localisation induced weak discontinuity (see e.g. Benvenuti et al. [3] and Areias et al. [4] for similar 
approaches). The characteristic length scale of the highly localized deformation band provides a regularization of the post-
localisation response and thus reduces the inherent mesh dependency. The orientation of the band of highly localised 
deformation is determined by a bifurcation analysis (see Rice [5]) and involves considering quantities averaged over a patch 
which is positioned within the localisation band/at the crack tip.  
 
   The entire model is implemented in a two-dimensional formulation assuming small deformations and plane strain 
conditions. 
 
   The performance of the methodology is finally evaluated by numerical simulations of the tension loading of a notched 
plate and compared with experimental data. 



 

 
Fig. 1: Numerical methods for the stages of ductile failure 
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VELOCITY-WEAKENING BEHAVIOR OF GRANITE AND GABBRO AT TEMPERATURE
UP TO 600 DEGREES C

Yuri Fialko ∗1, Erica Mitchell1, and Kevin Brown1

1Institute of Geophysics and Planetary Physics, Scripps Institution of Oceanography, University of California,
San Diego, La Jolla, CA 92093, USA

Summary The depth extend of seismicity in the Earth’s crust is believed to be controlled by a temperature-dependent transition from
velocity-weakening to velocity-strengthening friction. Available experimental data on granite suggest a transition from unstable slip to
steady creep at temperature about 350 ◦C. We present results of unconfined experiments on granite and gabbro at both dry and hydrated
conditions that show increasingly unstable slip (velocity-weakening behavior) at temperatures up to 600 ◦C. We estimate the rate-state
friction parameters using velocity-stepping tests and by fitting the data to predictions of a 1-D spring-slider model. We find that the
“evolution” parameter b increases with temperature at a higher rate than the “direct effect” parameter a. We also find that the aging law
provides a better fit to our experimental data compared to the slip law. Obtained results may help explain anomalously deep crustal seismicity
in regions of active extension and convergence.

TEMPERATURE DEPENDENCE OF FRICTION AND SEISMICITY

The depth distribution of seismicity in the lithosphere is usually attributed to a transition from velocity-weakening to
velocity-strengthening friction [9, 4]. Indeed, laboratory measurements of the rate parameter (a↗b) of rate-state friction[2, 7]
for Westerly granite showed a transition from negative (a ↗b) (velocity-weakening behavior, conditionally unstable slip)
to positive (a ↗b) (velocity-strengthening behavior, stable creep) at temperatures above 300-350 ◦C [8, 1]. Assuming a
reasonable geotherm, this transition is expected to occur at depth of ∼15 km, in good agreement with the depth distribution
of earthquakes in California [1]. The temperature dependence of the (a↗b) parameter is believed to control the depth range
of seismicity, as earthquakes would not be able to nucleate under velocity-strengthening conditions. This view, however, is
based on a relatively small number of experiments that were all done on the same type of experimental apparatus, the triaxial
machine [8, 3, 1]. In addition, seismologic observations indicate that earthquakes do occur in the lower continental crust in
various tectonic settings including regions of active extension and convergence in the temperature range at which existing
laboratory data imply stable creep. To investigate the transition from unstable seismogenic slip to creep we performed a series
of experiments on granite and gabbro using a heated direct shear apparatus.

EXPERIMENTAL SETUP

A direct shear apparatus consists of two steel sample holders that contain rock specimens with a total contact area of
2.64×103 square millimeters. The temperature of the samples is controlled using electric strip heaters connected to the sample
holders. Normal stress is applied to the top sample holder by a ram with a PID-controlled hydraulic pump. The specimens are
sheared at a constant velocity using a stepper motor. Experiments were conducted over a wide range of conditions including
temperatures between 20-600 ◦C, load-point velocities 10−5 – 3×10−2 mm/s, normal stresses 5-40 MPa, on bare surfaces
and simulated gouge, and at both dry and hydrated conditions. Direct-shear experiments can achieve large total displacements
upon re-setting the sample multiple times. In case of stable slip, we performed velocity-stepping tests and directly measured
the rate-state friction parameters a, b, Dc, and µo. In case of time-dependent (unstable) slip, we applied a constant load-point
velocity and recorded the shear stress and sample displacement histories. The rate-state friction parameters were evaluated by
fitting predictions of a one-dimensional spring-slider model incorporating rate-state friction to the stress timeseries.

NUMERICAL MODELING

We assume the classic rate-state constitutive equation at the sliding interface [2, 7],

µ = µo + a ln

!
V

Vo

"
+ b ln

!
Voθ

Dc

"
(1)

where µ is the coefficient of friction, V is the slip velocity, µo is the coefficient of friction at reference velocity Vo, a is the
direct velocity effect, b is the evolution effect, θ is the state variable, and Dc is the slip weakening distance. We have used
several evolution laws for the state variable θ, including the aging law [2], and the slip law [7]:

θ̇ = 1↗V θ

Dc
, Aging ; θ̇ =↗V θ

Dc
ln

!
V θ

Dc

"
, Slip (2)



The rate of change in shear stress τ̇ is given by
τ̇ = k(V ∗↗V ) (3)

where k is the spring stiffness and V ∗ is the driving velocity. The best-fitting parameter values were chosen to be those that
rendered the smallest misfit between the data and the model predictions. This process was repeated for data from experiments
conducted at different temperatures. At high temperatures the best fit is obtained using the aging law. It reproduces the
relatively constant displacement during “stick” intervals, as well as large stress drops during slip events. This model does a
good job of reproducing the abruptness of slip events, although at the highest temperatures it still under-predicts the velocity
during slip events. The model incorporating the slip law, on the other hand, over-predicts creep during “stick” intervals
and under-predicts stress drops during slip events. The slip events predicted by this model are much less abrupt than those
predicted by the model incorporating the aging law.

EFFECT OF WATER ON SLIP STABILITY

One could argue that the presence of water may help stabilize slip at high temperature by enhancing creep rate at the
scale of micro-asperities[1]. Temperature and water content are expected to have similar effects on friction, as both factors
contribute to lowering the effective viscosity of the asperity contacts. However, there may be a competition between a possible
reduction in shear strength of the asperities, and an increase in the asperity size (and the true area of contact) [5]. To investigate
the effects of water, we performed a series of tests in which water was injected into the bottom sample holder at a constant
flow rate. We found that the injection of water into gouge samples at high temperature (300 and 500 ◦C) promotes stick-slip
behavior. Slip events under hydrated conditions become notably larger compared to those under dry conditions.

MICRO-MECHANICAL INTERPRETATION

According to adhesion theory, the macroscopic friction coefficient is controlled by the area and the shear strength of
microscopic contact asperities. Contact area may increase at higher temperatures due to enhanced creep and flattening of
asperities [5, 6]. Modeling of stress histories associated with unstable slip using rate-state friction theory reveals that the
observed decrease in (a↗b) with temperature occurs primarily at the expense of an increase in the “evolution” parameter b.
Parameter b characterizes the rate of healing of a slip interface, often attributed to a time-dependent increase in real contact
area due to creep at microscopic asperities [2]. Higher temperatures are expected to enhance frictional healing, resulting in
greater values of b[5, 6]. The observed tendency for more unstable slip at greater temperature indicates that the parameter b
is increasing with temperature at a greater rate than the parameter a. The effect of water on viscous flattening of the asperity
contacts is expected to be similar to that of temperature: both processes result in higher rates of creep at the contacts and the
concomitant frictional healing.

CONCLUSIONS

New high-temperature data on velocity dependence of granite and gabbro provide experimental evidence that friction of
common crustal rocks can be velocity-weakening over a wider depth range than previously believed, in particular under dry
conditions or low water fugacity. We note that these data are also relevant to the dynamics of earthquake ruptures. Our results
suggest that frictional heating during rapid coseismic slip will result in the enhanced velocity-weakening due to decreases in
the (a↗b) paramater. Temperature dependence of (a↗b) may thus contribute to dynamic weakening during seismic slip, in
addition to a number of mechanisms predicted by theoretical studies and inferred from high-speed rock friction experiments.

References

[1] Blanpied M. L. , D. A. Lockner, and J. D. Byerlee: Fault stability inferred from granite silding experiments at hydrothermal conditions, Geophys. Res.
Lett., 18(4):609, 1991.

[2] Dieterich. J. H.: Time-dependent friction and the mechanics of stick-slip, Pure and Applied Geophysics, 116:790-806, 1978.
[3] Lockner D. A., R. Summers, and J. D. Byerlee: Effects of temperature and sliding rate on frictional strength of granite, Pure and Applied Geophysics,

124: 445-469, 1986.
[4] Marone C.: Laboratory-derived friction laws and their application to seismic faulting, Annu. Rev. Earth Planet. Sci., 26: 643-696, 1998.
[5] Mitchell EK, Y Fialko, and KM Brown: Temperature dependence of frictional healing of Westerly granite: Experimental observations and numerical

simulations, Geochemistry, Geophysics, Geosystems, 14: 567-582, 2013.
[6] Mitchell EK, Y Fialko, and KM Brown: Frictional properties of gabbro at conditions corresponding to slow slip events in subduction zones, Geochem-

istry, Geophysics, Geosystems, 16: 4006-4020, 2015.
[7] Ruina A.: Slip instability and state variable friction laws, J. Geophys. Res., 88:10359-10370, 1983.
[8] Stesky R. M.: Mechanisms of high temperature frictional sliding in Westerly granite, Canadian Journal of Earth Sciences, 15: 361-375, 1978.
[9] Tse S. T. and J. R. Rice: Crustal Earthquake Instability in Relation to the Depth Variation of Frictional Slip Properties: J. Geophys. Res., 91: 9452-9472,

1986.



 

 

a) Corresponding author. Email: jjle@gps.caltech.edu. 
 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada  
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Summary Using rate-and-state fault models with temperature and pore pressure evolution, we explore the effect of depth-dependent fault 
properties, including permeability and shear-zone width, on earthquake slip and arresting depths as well as their variability which arise in 
the long-term fault behavior. Our fault models are susceptible to enhanced co-seismic weakening at high slip rates due to flash heating of 
micro-contacts and thermal pressurization of pore fluids. During large events, the along-depth behavior of dynamic earthquake rupture 
affects their along-strike development, due to the positive feedback loop between the rupture and weakening processes, even though fault 
properties are uniform along the strike. The non-uniform slip during one event leads to spatio-temporal complexity in subsequent events, 
including large variations of depth extent with time. These characteristics suggest that dynamic effects during earthquake ruptures are 
important factors which contribute to the complexity of earthquake slip and event patterns. 
 

LONG-TERM FAULT MODELS WITH DEPTH-DEPENDENT PROPERTIES 
 
   Tectonic faults are characterized by depth-dependent frictional, hydraulic, and structural properties. Observationally, 
faults are separated into seismogenic layers (SL) and deeper creeping regions based on either microseismicity or inferred 
locking depth. Slip in large earthquakes is often assumed to be limited to the SL. Physically, this separation can be 
explained by conventional rate-and-state friction laws [1], which interpret the shallower interseismic locked zone as areas of 
velocity-weakening (VW) properties which allow for earthquake nucleation and the deeper creeping fault extensions as 
areas of velocity-strengthening (VS) properties which inhibit earthquake slip. The transition from VW to VS fault behavior 
could be associated with the onset of crystalline plasticity and the transition from brittle to semi-brittle deformation 
mechanisms as proposed in conceptual shear-zone models [2]. Recently, laboratory and theoretical studies [3,4] have 
revealed that enhanced dynamic weakening (DW) is a common phenomenon for rock friction at high slip rates. DW would 
presumably work in highly localized shear zones appropriate for mid-seismogenic depths, and could also be potentially 
active for the deeper VS fault extensions under conditions of high slip/strain rates, turning the stable fault areas into 
‘seismic’ ones. 
   To study the long-term behavior of seismogenic faults, we develop 3D rate-and-state fault models [5] that incorporate 
evolution of temperature and pore pressure with depth-dependent frictional properties, permeability, and shear-zone width. 
Our fault models are governed by standard rate-and-state friction at low slip rates [1] and enhanced dynamic weakening at 
high slip rates, including two common mechanisms: flash heating (FH) of micro-contacts and thermal pressurization (TP) of 
pore fluids [4]. FH is effectively active only within the VW regions due to its inefficiency with the increase in ambient 
temperature [6] and more pronounced slip partitioning in the deeper shear zone, while TP is potentially active throughout 
the fault zone assuming that pore fluid is ubiquitous. The permeability on the fault decreases with depth as observed in the 
laboratory experiments (e.g., [7]), which favors thermal pressurization; the width of shearing zone increases below certain 
depth (as would be appropriate for delocalization caused by gradual transition from purely elastic to visco-elasto-plastic 
behavior) [8] which lowers the temperature rise due to earthquake-induced shear heating and hence makes thermal 
pressurization less efficient. Competition between the two properties, together with earthquake characteristics such as slip 
and slip rate, determines the depth dependence of co-seismic weakening, and hence the arresting of earthquakes at depth. 
 

SIMULATED EARTHQUAKE SEQUENCES AND EVENT COMPLEXITY 
 
   We explore the characteristics of earthquake rupture and arrest processes in the long-term behavior of these fault 
models. We find that large earthquake ruptures can indeed penetrate below the conventionally defined seismogenic zone, 
into the “stable” fault regions, in models with reasonable fault properties. As shown in Figure 1, the simulated earthquake 
sequence in one of the models is characterized by large earthquakes that propagate across the fault with distance penetrating 
into the deeper VS regions, and smaller events which occur predominantly at the two ends of the fault due to concentrated 
loading from nearby creeping regions. There is variability in the arresting depths during large events, as dynamic rupture 
develops along the strike and interacts with shear-heating mechanisms, setting up a positive feedback loop between the 
dynamic process and fault weakening (Figure 1A). The complexity of single events leads to the spatio-temporal complexity 
throughout the sequence including large variations of earthquake depth extent with time, even though the frictional 
properties are uniform along the strike (Figure 1B).  
   Comparisons between the small and large earthquakes suggest that smaller ones fail to propagate over much of the 
weakly-stressed VW region, while large events occur at a higher overall stress levels. For large events, with the increase of 
event magnitude and associated slip, the penetration distance below the VW region increases in a nearly linear fashion, 
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Summary A complex experimental-theoretical approach to studying the problem of high-rate strain of soft soil media is presented. This 
approach combines the following contemporary methods of dynamical tests: the modified Hopkinson±Kolsky method applied to medium 
specimens contained in holders and the method of plane wave shock experiments. The following dynamic characteristics of sand soils are 
obtained: shock adiabatic curves, bulk compressibility curves, and shear resistance curves. The obtained experimental data are used to study the 
high-rate strain process in the system of a split pressure bar, and the coQVWLWXWLYH� UHODWLRQV�RI�*ULJRU\DQ¶V�PDWKHPDWLFDO�PRGHO�RI� VRIW� VRLO�
medium are verified by comparing the results of computational and natural test experiments of impact and penetration to sand and clay. 
 

INTRODUCTION 
 
   The dynamic properties of soft soils have been studied by many authors [1±2], but the range of pressures (< 50MPa) and 
strain rates (<102 sí1) considered in these studies is insufficiently high. Only isolated attempts were made to study the 
dynamic compressibility in the intermediate range of loads (50±500MPa) and strain rates (102±104 sí1). These attempts are 
related to the modified Kolsky method with the use of split Hopkinson pressure bars (SHPB) and a confining holder. But the 
possibility of using this method [3] to study the compressibility and plastic properties of soil media is restricted by the 
elastic limit of the pressure bar and holder materials, and the range of considered loads does not exceed 0.5GPa. Higher 
values of load amplitudes are attained under shock wave loading [4±8]. For the pressure ranges up to several gigapascals, 
there are no experimental data of the shock compressibility because of severe methodological difficulties in measurements 
of two components of the stress tensor. Plane wave shock or explosion experiments used in the field permit reliably 
determining only the shock adiabatic (SA). Thus, at present there are no sufficiently developed efficient methods for 
studying the physical-mechanical properties of soil media in a wide pressure range. It seems very promising to develop a 
complex experimental-theoretical approach [9] to the study of the properties of soils under dynamic loading and plane wave 
tests in combination with the data obtained by the modified SHPB method with the use of well-known soil models. 

 
EXPERIMENTAL STUDIES OF DYNAMIC COMPRESSIBILITY OF SOIL MEDIA 

 
   The dynamic compressibility of soft soils can be studied experimentally in a wide range of strain rates by the following 
two complementary methods. The modified Kolsky method combined with the use of the split Hopkinson pressure bar 
(SHPB) is used for the strain rates 103 sí1 and loads up to 500MPa, and the plane wave shock experiment is used for higher 
strain rates (greater than 104 sí1 and loads greater than 500MPa). In both methods, the same type of stress±strain states of 
the specimen takes place, i.e., the one-dimensional strain İz and the bulk stress state with different stress tensor components 
ız and ır. This approach [10] permits one to obtain data for the dynamic compressibility in the pressure range from dozens 
of megapascals to several gigapascals. 
   The modified SHPB method allows one, in a single experiment, to determine the principal components of the stress 
tensor and obtain the uniaxial strain ız±İz curves, the bulk compressibility p±ȡ� curves, the Ĳ±p dependence of the shear 
resistance on the pressure, and the lateral earth pressure coefficient ȟ�= ır�ız.    
    Figure 1 illustrates the averaged data 
obtained in nine tests with sand of air humidity 
and density 1.5 g/cm3 by the modified Kolsky 
method at various load levels. The markers show 
the shock compressibility (a) and shear resistance 
(b) curves in GPa, and the solid lines are the 
approximating dependencies. 
   The experiments aimed at determining the 
shock compressibility of soils are based on the 
reflection method. Tests performed at various 
impact velocities allow one to obtain a SA for the 
material [5]. 

a b 
Fig. 1 

   As was previously mentioned, the use of two complementary methods with the same type of the stress±strain state 
allows one to construct unified ız±İz curves under the uniaxial strain conditions in a wide range of loading parameters.  



   In Fig. 2, the dark and light points present the results of plane wave and 
reversed experiments in the form of stress (GPa) dependence on the density; the 
solid and dashed lines present the approximating dependencies for the initial 
densities of sand ȡ0 = 1.5 and 1.72 g/cm3 respectively. The unified shock 
compressibility curve (solid line) of sand soil with the density 1.5 g/cm3 (also see 
Fig. 1 a) agrees well with the earlier obtained results [6] for sand of nearly the 
same density. We also note that the SA curves of sand with various initial densities 
approach each other for pressures greater than 1 GPa. 
 

NUMERICAL VERIFICATION 
 

   The numerical calculations were carried out using the mathematical model of 
dynamics of the Grigoryan soil medium [1], which is written in the cylindrical 
system of coordinates in the form of the set of differential equations expressing the 
laws of conservation of mass, pulse, and maximal density achieved during the 
active loading of the soil, and also the equations of the theory of plastic flow with 
the von Mises condition of plasticity. The set is closed by the finite relations 
determining the dynamic compressibility and resistance to shift of the soil medium. 
The contact algorithm of ³LPSHUPHDELOLW\´� DORQJ� WKH� QRUPDO�ZLWK� ³VOLGLQJ� DORQJ�
WDQJHQW�ZLWK�GU\�IULFWLRQ´�LV�IRUPXODWHG�DFFRUGLQJ�WR�WKH�PRGLILHG�IULFWLRQ�ODZ� 
   Consider the problem of penetration of a cylindrical impactor with plane end 
surface into sand soil with a constant velocity. Figure 3 illustrates the dependence 
of the force (kN) of resistance to the impactor penetration with plane end surface 
into sand at the quasistationary stage on the impactor velocity (m/s). The dark 
markers correspond to experimental results, the light markers correspond to the 
impact velocities V0 = 48, 100, 180, 275, 335 m/s and were obtained as averaged 
over five tests, and the intervals show the error with the confidence probability 
equal to 0.95.  

 
Fig. 2 

 

 
Fig. 3 

   The solid, dashed, and dash-pointed lines correspond to the computation results obtained by using the nonlinear and 
linear dependencies and of the yield point on the pressure and in the hydrodynamic approximation. 

 
CONCLUSION 

 
   The paper deals with the complex experimental-theoretical approach to solving the problem of high rate strain of soft 
soil media, which combines the contemporary method of dynamical tests, the study of the impact deformation processes and 
obtaining the dynamical properties of soils on this basis, the choice of contemporary mathematical models and their 
constitutive relations which adequately describe the basic effects of high-rate strain, the identification of the constitutive 
relations by using experimentally obtained data, and their verification by comparing the results of computational and nature 
test experiments on impact and penetration. The common experimental and computational studies permit significantly 
increasing the reliability of the obtained results, which opens broad prospects in complex studies of nonlinear effects and 
laws of dynamical deformation of soft soil media. 
   Experimental research was supported by the Russian Science Foundation (grant No. 14-19-01096), numerical simulation 
was supported by RFBR (grants 16-01-00524, 16-08-00825). 
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RECIRCULATING ICE EDDIES IN SUBGLACIAL VALLEYS
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Summary In many locations beneath both Greenland and Antarctica, ice flows across deep valleys, potentially forming viscous eddies that
can lead to stratigraphic folds. We use a set up analogous to Moffatt [1], where our domain is a subglacial valley. We numerically solve
the non-Newtonian Stokes equations with a shear-thinning power-law rheology to determine the critical valley angle for the eddies to form.
Shear-thinning fluids allows for greater shear localization and, therefore, ice requires smaller valley angles (steeper slopes) to form eddies
than a Newtonian fluid. Due to the significant variation of temperature from the warm base to the cold surface of the ice, we analyze
eddy formation when the rheology is temperature dependent. The warmer basal ice is less viscous and eddies form in larger valley angles
(shallower slopes). Finally, we solve for the ice flow over topography from the Gamburtsev subglacial mountains and show Moffatt eddies
in the subglacial valleys.

INTRODUCTION

Complex structures that include large stratigraphic folds and basal freeze-on ice affect ice cores by contaminating the
horizontal layering [2, 3]. Long climate records can be recovered from deep ice if the original horizontal signature of depo-
sition is preserved. For extensive overturning, reconstruction of climate records may not be possible. Here, we examine the
development of Moffatt (recirculation) eddies at the base of ice sheets.

The creep of ice over long periods of time can be described by the flow of a viscous fluid with a non-Newtonian rheology.
The most commonly used rheology in glaciology is a shear-thinning power-law rheology called Glen’s law [4]

ϵ̇E = AτnE , (1)

where A is the ice softness, τE =
!
σ′
ijσ

′
ij/2 and ϵ̇E =

"
ϵ̇ij ϵ̇ij/2 are the second invariants of the deviatoric stress σ′

ij =

σij +pδij and strain rate ϵ̇ij = [(∂ui/∂xj) + (∂uj/∂xi)] /2 tensors respectively. The parameter n is the rheological exponent
and typically chosen to be 3 [4]. Moffatt eddies have been demonstrated in a power-law fluid [5, 6].

CRITICAL CORNER ANGLES IN ICE

In Moffatt’s formulation for corner eddies [1], a Newtonian fluid flows across a wedge and the onset of recirculation is
governed by a critical wedge angle αc. If the wedge angle is shallower than the critical angle, no recirculation occurs, while if
the wedge angle greater than the critical angle, then fluid recirculates indefinitely. For a fluid with a power-law rheology, the
two control parameters are the wedge angle α and the rheological exponent n. We determine αc as a function of n by solving
the non-Newtonian Stokes equations in a wedge with no slip boundary conditions applied along the base (Figure 1). For ice,
n = 3 [4] and, therefore, αc = 13�◦. Using this value, we examine radar data from the Gamburtsevs subglacial mountains
and determine valleys where slopes may be steep enough to form Moffatt eddies. We then model the flow over these valleys
using finite element simulations.

THERMOMECHANICAL EDDY SIMULATIONS

We use a temperature-dependent ice rheology in the non-Newtonian Stokes equations to examine the formation of valley
eddies in the Gamburtsev subglacial mountains. The ice softness A from Glen’s law (Equation (1)) is strongly temperature
dependent and commonly modeled as an Arrhenius exponential. We solve the internal energy and momentum equations

Pe u ·∇T = ∇ · (κ∇T ) + BrA− 1
n ϵ̇

1
n+1
E , (2)

∇ ·
#
A− 1

n ϵ̇
1
n−1
E ϵ̇

$
= ∇p, (3)

where Pe is the Péclet number, u is the velocity, T is the temperature, κ is the diffusivity, Br is the Brinkman number, and
p is the pressure. Figure 2 shows the result of a COMSOL simulation of these equations over the Gamburtsev subglacial
mountains, with no slip and fixed melting temperature boundary conditions along the base. Moffatt eddies can be seen in the
three deepest valleys.

∗Corresponding author. Email: colinrmeyer@gmail.com
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Figure 1: Critical corner angle αc at which eddies first appear with viscosity exponent n. Red dashed line is simulation results
from [5].

Figure 2: Comsol simulation of horizontal velocity over line 330 with temperature dependence: melting temperature and no
slip at base.

CONCLUSIONS

In this paper, we determine the critical angle for Moffatt eddy formation in ice and use this critical angle to determine
locations where Moffatt eddies may exist in the Gamburtsev subglacial mountains. We then model these locations using finite
element simulations and show Moffatt eddies in subglacial valleys.
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RATE AND STATE FRICTION LAW AS DERIVED FROM ATOMISTIC PROCESSES AT
ASPERITIES
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Summary The RSF law describes rock friction quantitatively and therefore it is commonly used to model earthquakes and the related
phenomena. But the RSF law is rather empirical and the theoretical basis has not been very clear. Here we derive the RSF law starting
from constitutive laws for asperities, and give the atomistic expressions for the empirical RSF parameters. In particular, we show that
both the length constant and the state variable are given as the 0th weighted power means of the corresponding microscopic quantities: a
linear dimension and the contact duration of each asperity. As a result, evolution laws for the state variable can be derived systematically.
We demonstrate that the aging and the slip laws can be derived and clarify the approximations behind these two major evolution laws.
Additionally, the scaling properties of the length constant are clarified for fractal distribution of asperities.

BACKGROUND

The rate and state friction (RSF) law describes rock friction quantitatively [1] and therefore it is commonly used to model
earthquakes and the related phenomena. But the RSF law is rather empirical and the theoretical basis has not been very clear.
Particularly, the RSF law contains three empirical parameters, which dominate the degree of frictional stability/instability [2]
Due to the empirical nature of the RSF law, however, these parameters should be given only empirically but cannot be inferred
theoretically.

Among these parameters, the only dimensional parameter is the length constant L. The length constant is particularly
important because it scales the critical nucleation size prior to unstable rupture propagation. Conventionally, L is interpreted
as the typical size of asperity. This means that the RSF law could be scale-dependent, as the asperity size may depend on the
size of the frictional surface. But there have been no experimental study that addresses the scale dependence of L by preparing
samples of different size; there has not been any theoretical definition either.

Additionally, the definition of ”typical” is problematic if the size of asperity is distributed over a wide range. Actually,
the size distribution of asperity is a power law for rough brittle surfaces. Let us assume that the asperity size distribution ρ(l)
is proportional to l−α with the lower and the upper cutoffs being Lmin and Lmax, respectively. These cutoff length constants
may be candidates of the typical length, but one cannot choose one and discard the other with legitimate reasoning because
there has not been a mathematical expression for the typical length. If 1 < α < 2, the arithmetic average is proportional to
Lα−1
min L

2−α
max and very sensitive to the value of α; it ranges from Lmin (α ↗ 2) to Lmax (α ↘ 1). As the exponent α may

depend on the details of topography and may be time-dependent due to abrasion and healing, L may fluctuate in a very wide
range between Lmin and Lmax (i.e., from microscopic to macroscopic scales). If L were such a volatile quantity, one could
hardly expect that L is a good phenomenological parameter. Namely, there is a potential paradox if one interpret L as the
arithmetic average of a linear dimension of asperities. To resolve this paradoxical situation, we need a clear mathematical
expression for L.

To clarify the mathematical definition of L and to resolve the scale-dependent nature, one must derive the RSF law
theoretically and establish the connection between the empirical friction law and the microscopic physical processes. In doing
so, one can clarify the physical origin and the scaling properties of the parameters and provide them with the theoretical basis.

RESULTS

Throughout this paper, we assume that the covalent-bond reconnection at the asperities is a thermal activation process and
the rate of reconnection is described by the Arrhenius law. Additionally, we assume that the local shear rate at asperity is
proportional to the bond-reconnection rate.

Another essential assumption is aging of asperities. This is responsible not only for time-dependent increase of static
friction but also for the negative velocity dependence of dynamic friction. We assume here that the number of covalent bond
at asperity increases with time and adopt the logarithmic dependence.

By assuming several additional properties regarding atomistic parameters, we are led to atomistic expressions for the
parameters a, b, and L. We confirm that the expressions for a and b are consistent with the previously obtained ones [3, 4, 5]
However, they are not identical: our expressions may give the previous expressions only in a certain range of atomistic
parameters. Namely, our theory provides a constraint on atomistic parameters for the RSF law to be valid: particularly the
activation energy and the activation volume. We estimate that the activation energy E must range from 180 to 230 kJ/mol, and
the activation volume must be 4× 10−29 m3 [3, 4].

∗Corresponding author. Email: hatano@eri.u-tokyo.ac.jp



We also obtain an expression for the length constant:

L =
!

i

Lξii ,

where Li is the linear dimension of asperity i. The exponential weight ξi is given as

ξi =
Ai"
i Ai

,

where Ai is the area of asperity i. From this expression we can discuss the scale dependence of L.
In a similar manner, we are also led to an microscopic expression for the state variable θ.

θ =
!

i

θξii ,

where θi is the contact duration of the asperity. From this expression we can derive evolution laws systematically: we will
demonstrate that the slowness law can be derived easily.
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NONLINEAR DYNAMICS OF FRICTIONAL SLIP LOCALIZATION

Thibaut Putelat∗1, Jonathan H.P. Dawes2, and Alan R. Champney1

1Department of Engineering Mathematics, University of Bristol, Bristol BS8 1UB, UK
2Department of Mathematical Sciences, University of Bath, Bath BA2 7AY, UK

Summary. An explanation is proposed of the origins of travelling waves of stick and slip that have been observed between frictional sliding
surfaces. Such waves, at very different lengthscales, are thought to underlie both earthquakes’ source and the performance of mechanical
brakes and dampers. An idealised situation is studied of a long thin elastic plate, subject to uniform shear stress and frictional interaction
with a rigid flat surface. Seeking deformation that is uniform in the transverse direction, a nonlinear wave equation is constructed under
a long-wave assumption. Appearing from global homoclinic or heteroclinic bifurcations and under non-monotonic rate-and-state friction,
a rich variety of solution types is discovered at intermediate shear stress between pure uniform stick and uniform slip, including: periodic
stick-slip wave-trains, isolated pulses of stick or slip and detachment or attachment fronts. Careful consideration of the choice of the friction
model and interfacial state kinetics is necessary to capture the full richness of wave types.

PROBLEM FORMULATION

Inhomogeneous frictional sliding between solid bodies is ubiquitous and characterised by multiple spatio-temporal scales.
Practical and compelling examples include brake squeal and earthquake mechanics. The particular problem studied here is
motivated by the intricate nature and diversity of earthquakes which have been recorded over the past decade ranging from
aseismic events, episodic tremors, slow and fast earthquakes (e.g. [6, 5]). Another motivation comes from experimental
monitoring of friction rupture fronts controlling the onset of frictional slip [3] and the simulations of a brake pad in steady
sliding [1], in which various regimes of stick-slip travelling waves were observed for different values of normal load and
sliding speed.

Specifically, we consider a canonical problem of a thin elastic plate of arbritrary wide extent (thickness h, density ρ,
Young’s modulus E, Poisson’s ratio ν) and subjected to a uniform pressure σ̄, which is driven by a constant shear stress
τ̄ := µ̄σ̄ applied at its top and whose base slides on a flat and horizontal rigid foundation. Provided the wavelength of the
elastic longitudinal wave propagating in the plate is large compared to its thickness, the distribution of the longitudinal stress
and displacement components can be assumed uniform across the plate’s cross-section. The equation of motion of the plate
can then be derived from considering the balance of forces applied to a cross-section of infinitesimal width. Coupled with
rate-and-state friction [8], a ‘shallow layer’ approximation to the full three-dimensional elasto-dynamic equations is derived as

ζ(utt↗uxx) + µ(u,t,φ) = µ̄, φ,t =↗rG(u,t,φ), (1)

where u(x, t) is the plate horizontal displacement and φ is an internal state variable which quantifies the interface resistance
to slip and whose time evolution is determined by some empirical state evolution law (1)2 relaxing over a timescale t∗. The
slab’s longitudinal wavespeed reads c2 = E/[ρ(1↗ν2)]. Nondimensionlisation reveals the key dimensionless parameters,

ζ = (ρc)/(σ̄/V∗), r = (h/c)/t∗ (2)

which characterise the interplay between the bulk elastic wave and frictional waves. Typically r ≪ 1 represents the ratio of the
perturbation propagation characteristic timescale over the characteristic interface rejuvenation timescale, whereas ζ ∝ σ̄−1

is the ratio of the mechanical and interfacial impedances. We interpret the impedance σ̄/V∗ as the order of magnitude of the
friction stress that is required so that the interfacial slip rate is V∗.

Within the travelling coordinate system z := r(t + x/V ) and denoting v := rdu/dz, the travelling-wave reduction of (1)
leads to the multiple timescale two-dimensional dynamical system

γ dv/dz = µ(v,φ)↗µ̄, dφ/dz =↗G(v,φ), (3)

whose bifurcation structure is sketched below as the key parameters, the applied shear stress µ̄ and the travelling wavespeed
parameter γ = rζ(1↗V 2)/V 2, are varied. A linear stability analysis about different possible uniform sliding states shows
that the wavelength of linear waves is consistent with the long-wave approximation.

∗Corresponding author. Email: t.putelat@bristol.ac.uk
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HYDRAULIC FRACTURE PROPAGATION UNDER THE INFLUENCE OF NATURAL
FRACTURES

Ernst W. Remij∗1, Joris J.C. Remmers1, Jacques M. Huyghe1, and David J.M. Smeulders1

1Department of Mechanical Engineering, Eindhoven University of Technology, PO BOX 513, 5600 MB Eindhoven

Summary We developed a partition of unity based numerical model for hydraulic fracturing. The discontinuity in the displacement field
due to the fracture is incorporated with the traditional Heaviside enrichment used in X-FEM. Poro-elastic effects are included by using
Biot’s theory. The pressure in the fracture is calculated by an additional degree of freedom that describes mass balance in the fracture.
Fluid leakage is incorporated with an analytical solution based on Terzaghi’s consolidation equation. The fracture process is governed by
a cohesive traction separation law. In this contribution we show recent advancements we made in investigating the influence of natural
fracture networks on the advancements of hydraulic fractures.

INTRODUCTION

Hydraulic fracturing is the process in which a fracture propagates by applying a high pressure inside the fracture. In geo-
mechanics this process is used to stimulate oil and gas reservoirs by fracturing the underground rock formation. The induced
fractures remain open, due to the addition of a proppant to the fracturing fluid, and therefore greatly enhance the permeability
in the formation. Numerical models can be used to obtain more insight in the fracture process and may eventually be used
to optimize the fracture process [1]. We developed the Enhanced Local Pressure (ELP) model to simulate hydraulic fracture
patterns [2].

σ0 σ0

2σ0

2σ0

x

y

Figure 1: Scheme for the hydraulic fracturing example.

METHOD

The ELP is an X-FEM model based on the partition of unity property of finite element shape functions [3]. By exploiting
this property the discontinuous behavior of a fracture can then be incorporated in a finite element mesh by adding additional
degrees of freedom to the finite element nodes surrounding the discontinuity. The total displacement field of the solid skeleton
can, at any time t, be described by a regular displacement field û(x, t) and an additional displacement field ũ(x, t). For m
fractures we can write the displacement field as:

u(x, t) = û(x, t) +
m!

j=1

HΓdj
(x)ũj(x, t), (1)

where x is the position of a material point and HΓdj
is the Heaviside step function associated with fracture ydj

∗Corresponding author. Email: e.w.remij@tue.nl



HΓdj
=

"
1 if x ∈ Ω+

j

0 if x ∈ Ω−
j

(2)

The pressure inside an opening fracture is different from the pressure inside the surrounding formation. The gradient of this
pressure difference quantifies the interaction of fluid flow between the fracture and the formation. We therefore assume the
pressure to be discontinuous across the fracture:

p(x, t) = p̂(x, t) + HΓdj
(x)p̃j(x, t). (3)

The pressure in the fracture is described by an independent variable pd

pd = p x ∈ ydj . (4)

The three variational forms for, the displacement field, the pressure field, and the pressure in the fracture are discretized
following the Bubnov-Galerkin approach. The pressure gradient due to leakage near the fracture surface is reconstructed
analytically, based on Terzaghi’s consolidation solution. With this numerical formulation we ensure that all externally applied
fluid flow goes exclusively in the fracture and avoid the necessity to use a fine mesh near the fracture to capture the pressure
gradient. The fracture surfaces are tracked by using two level sets for each surface.

EXAMPLE

We consider the propagation of three hydraulic fractures as shown in red in Figure 1. The hydraulic fractures are sur-
rounded by natural fractures shown in black. The confining stress is 5 MPa in x-direction and 10 MPa in y-direction. Fluid
is injected separately in the center of each hydraulic fracture under a constant rate. The result after 150 s of fluid injection
is shown in Figure 2. The average stress criterion that we use for fracture propagation shows, as expected, growth in the
direction of highest confining stress (y-direction). The central hydraulic fracture interacted with two natural fractures. The
growth of the two hydraulic fractures at the sides was not influenced by the natural fractures. However, during fluid injection
the propagation of the central fracture in the positive y-direction inhibited fracture growth in this direction of the two fractures
at the side. Growing only in the negative y-direction than took over to be the favorable direction for these two fractures.

Figure 2: Result after 150 s of fluid injection. The pressure in the fractures is shown in the contour. We made the pressure in
the natural fractures -1 in the post-processing to visualize them. The deformed configuration is magnified 200 times.
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Contact, friction, and dilation are modelled along the crack surface, and are satisfied by imposing constraints on the 
standard finite element weak form for dynamic motion using a penalty method. The locations of discontinuities in the 
medium are known a priori, which is consistent with the physical model of pre-existing natural fractures in a rock. A node-
to-node contact algorithm is implemented under the assumption of small displacements, such that the contact search is 
limited to predefined node pairs. 

 
Contact and shear dilation imposes the constraint along the discontinuity that  
 

ۥܝۤ ή ܖ  ǡܠ௦ሺݓ  ሻ (2)ݐ
 
where ݓ௦ denotes shear dilation at point x on the crack at time t, and n is the normal to the crack surface.  
 
Figure 2 shows a two-dimensional frictionless domain that is sheared, with no dilation on the left, and a fixed dilation on 

the right. Dilation introduces a normal displacement at the crack surface.  
 

  
 

Figure 2. Shearing without dilation (left) and with dilation (right) 
 
Frictional forces are applied along the discontinuity using a Coulomb friction model which states that  
 

߬    (3)ߪߤ
 

where Ĳ�LV�WKH�VKHDU�IRUFH�DFWLQJ�RQ�WKH�GLVFRQWLQXLW\����LV�WKH�FRHIILFLHQW�RI�IULFWLRQ��DQG�ın is the normal force acting on 
the contact interface. 

 
CONCLUSIONS 

 
Using the model described in the previous section, the formation and propagation of a shear discontinuity along natural 

fractures will be simulated. The ensuing wave propagation in the surrounding medium will also be simulated and analysed 
to understand the microseismic emissions from shear dilation along a natural fracture. 
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   This reality highlights the need for laboratory experiments that reproduce some of the basic physics governing rupture 
dynamics while preserving enough simplicity so that clear conclusions can be obtained. Studies of dynamic ruptures in our 
highly instrumented experimental setup have addressed a number of important issues in earthquake dynamics, confirming 
the possibility of supershear transition, demonstrating the change of rupture mode from crack-like to pulse-like with 
decreasing fault prestress, investigating the importance of the bimaterial effect for rupture directivity, and studying off-fault 
attenuation and damage [1-5]. These studies, however, were not able to obtain a spatially continuously mapping of 
displacement, velocities, strains and stresses. Our first step in this direction was to obtain static measurements of dynamic 
ruptures [6]. In this paper, we present the development of a new experimental technique that allows us to quantify the 
temporal evolution of full-field displacements, velocities, strains and stresses.  

 
PRODUCING AND IMAGING EARTHQUAKES IN THE LAB 

 
   Earthquakes are simulated in the laboratory by dynamic rupture propagating along the frictional interface of two 
Homalite quadrilateral plates (Figure 1). The specimen’s interface mimics a fault in the Earth’s crust prestressed both in 
compression and shear. The far-field loading P, together with the interface inclination angle α, determines the level of 
resolved shear and normal stress along the interface. Dynamic ruptures are nucleated by the sudden local pressure release 
produced by the electrical discharge of a NiCr wire embedded in the interface.  
   Earlier versions of this setup have been successfully used to study a number of key rupture features [1-5], as mentioned 
in the preceding section. In those studies, the diagnostics used to capture the rupture behavior was based on high-speed 
photoelasticity, a full-field technique to measure maximum shear stress, and on laser velocimetry, a pointwise technique to 
measure particle velocity. While photoelasticity enables us to study rupture features by monitoring the evolution of the 
maximum shear stress, it does not allow us to quantify individual stress components. Laser velocimetry provides a fine 
temporal resolution of particle velocity components at selected locations but it has a sparse spatial resolution (up to three 
measurement locations in one experiment). 
   A major innovation of this setup is the development of a full-field technique to image dynamic ruptures. The new 
technique is based on a combination of ultra-high-speed photography and the digital image correlation (DIC) method. The 
specimen is first coated by a white paint and is then decorated by a black speckle pattern to produce a characteristic texture 
on the surface to be imaged. Typically, images are acquired at 1-2 million frame/sec. The images are processed with pattern 
matching algorithms [8] to produce a sequence of displacement maps. The velocity and strain fields are obtained from the 
displacement fields by temporal and spatial differentiation, respectively. The stress fields are computed from the strains by 
using the known linear-elastic constitutive properties for the Homalite material.  
   To illustrate the potential of this new experimental technique, Figure 1 (bottom row) shows two snapshots of the fault-
parallel displacement, fault-parallel velocity and shear stress maps, produced by a supershear rupture. The fault-parallel 
displacement and velocity maps are characterized by a discontinuity across the fault line, which shows the purely shear 
(mode II) nature of the rupture. We have verified our full-field measurements by comparing particle velocities at selected 
locations with simultaneous independent measurements produced by well-characterized laser velocimeters. Excellent 
agreement between the measurements indicates the reliability of the ultra-high-speed DIC method. The stress fields also 
provide an important characterization of the rupture behavior. For example, the shear and normal stress measurements along 
the interface can be used to compute the evolution of frictional strength. 
 

CONCLUSIONS 
 

   Our measurements produce unprecedented visualization and quantification of dynamic ruptures, which have been, until now, 
possible only with numerical simulations. We have verified these measurements against well-established diagnostics, such as 
laser velocimetry. Our ongoing and future work is aimed at quantifying the evolution of dynamic friction and exploring its 
dependence with controlling variables such as slip and slip rate.  
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Summary Creeping flow of the Western Antarctic Ice Sheet is distinctly heterogeneous in a vast region bordering the 
Ross Sea. In that region the sheet is of order 1 km thick. Broad streaks of the ice, called "ice streams" and having 
horizontal width ranging up to several 10s of km, slide over their bed (which was seafloor in the last inter-glacial 
period) at > 100 m/yr, whereas they are bordered laterally by ice ridges flowing at < 10 m/yr. Major issues addressed, 
in studies with Thibaut Perol, John Platt and Jenny Suckale, are those of why does this flow streak morphology form, 
and what does it mean for the overall rate of ice loss to the ocean. The paper reports studies on these issues. Our work 
shows how shear heating of the ice, consequent formation of temperate ice zones that produce melt as they 
continuously deform, and subglacial hydrological processes associated with Rothlisberger channels, can select the 
shear margin location, leading to a smooth transition from a slipping to a locked bed at the base of the ice stream. 
 

Creeping flow of the Western Antarctic Ice Sheet (WAIS) along the Siple Coast, bordering the Ross Sea, 
is strongly heterogeneous in a vast region (of  order103 km scale). The WAIS discharges into that sea as a 
floating ice shelf, which ultimately melts or disintegrates into the surrounding Arctic ocean. 

Flow of the WAIS in that region localizes into fast-flowing ice streams of 20-80 km width, moving at 
speeds of 100s of m/yr as the streams approach the sea [1].  The streams, whose beds where sampled [2] 
are typically at the pressure melting point, are bordered by notably colder ridges of nearly stagnant ice that 
is apparently frozen to its bed. No topographic feature in the ice sheet bed (which was seafloor in the last 
inter-glacial period) has been identified as guiding that width, which instead seems to be chosen 
dynamically.  

This paper summarizes studies with present Harvard co-worker Thibaut Perol, and with former 
coworkers John D. Platt (now at Carnegie Institution of Science, Washington D.C.) and Jenny Suckale 
(now at Dept. of Geophys., Stanford Univ.) on understanding the origin of this flow morphology.  

 Using theoretical thermo-mechanical modeling ranging from simplified thickness-averaged flow 
models [3, 4] to large scale 2D antiplane flow models [5,6] in which distributions of downstream velocity 
and temperature are solved for, we are seeking to understand the mechanical, hydrologic and thermal 
processes active within the ice streams, and the origin of the stream morphology, in particular, to 
understand what controls the margin locations of the fast-flowing ice.  Such understanding may ultimately 
help to understand how ice discharge from the West Antarctic Ice Sheet will respond to possible alterations 
in atmospheric and ocean temperatures and precipitation.  

Our thickness-averaged flow models [3,4], when fit to near-margin deformation rate data inferred for a 
large group of WAIS ice streams [1], suggest that nearly all the ice stream margins studied have substantial 
temperate zones, i.e., that the ice is at the melting point for several dozens to hundreds of meters above the 
bed. (Ice at the melting point retains strength. E.g., based on data summarized in [7], the stress needed to 
enforce a given strain rate on temperate ice at 0 deg C is about half of that needed at to enforce the same 
strain rate at –13 deg C -- thought to be a representative average through-thickness temperature of ice in the 
streams).  Thus, deforming that marginal temperate ice requires work which, because the ice is temperate, 
cannot raise its temperature and instead must generate melt which percolates through the (low-
permeability) ice. 

These concepts from the 1D model were verified and refined by the 2D thermo-mechanical modeling of 
Suckale et al. [5] and later Perol et al. [6], who focused on a particularly well-characterized ice stream 
margin (that of Whillans stream B2), in that unusually deatailed surface deformation data is available for it 
[8,9].  The feature added to the modeling in [6] is that the effect on the stress field due to meltwater 
collection in a Rothisberger channel is explicitly modeled. The R channel operates at a fluid pressure much 
below the ice overburden pressure, which frictionally strengthens the interface, an effect that extends well 
outside the channel according to the hydrologic modeling developed for the interface zone, and allows the 
ice to frictionally lock to the bed, thus forming the margin. 

The studies were supported by the NSF- Office of Polar Programs, Award 1341499.   
 

References: 
 
 [1] Joughin, I., S. Tulaczyk, R. Bindschadler, and S. F. Price (2002), Changes in West Antarctic Ice 



Stream velocities: Observation and analysis, J. Geophys. Res., 107(B11), 2289, 
doi:10.1029/2001JB001029. 

[2] Kamb, B. (2001), Basal zone of the West Antarctic Ice Streams and its role in lubrication of their rapid 
motion, in The West Antarctic Ice Sheet: Behavior and Environment, vol. 77, edited by R. B. Alley and R. 
A. Bindschadler, pp. 157–199, AGU, Washington, D. C., doi:10.1029/AR077p0157. 

[3] Perol, T., and J. R. Rice, Control of the width of West Antarctic ice streams by internal melting in the 
ice sheet near the margins, abstract C11B-0677, 2011 Fall Meeting, AGU, San Francisco, Calif., 5-9 Dec., 
2011. 

[4] Perol, T., and J. R. Rice, Shear heating and weakening of the margins of West Antarctic ice streams, 
Geophys. Res. Lett., doi:10.1002/2015GL063638, 2015. 

[5] Suckale, J., J. D. Platt, T. Perol, and J. R. Rice, Deformation induced melting in the margins of the West 
Antarctic ice streams, J. Geophys. Res. Earth Surf., 119, doi:10.1002/2013JF003008, 2014. 

[6] Perol, T., J. R. Rice, J. D. Platt, and J. Suckale, Subglacial hydrology and ice stream margin locations, J. 
Geophys. Res. Earth Surf., 120, doi:10.1002/2015JF003542, 2015. 

[7] Cuffey, K., and W. Paterson (2010), The Physics of Glaciers, 4th ed., Elsevier, Butterworth Heinemann, 
London, U. K. 

[8] Echelmeyer, K., W. Harrison, C. Larsen, and J. Mitchell, The role of the margins in the dynamics of an 
active ice stream, J. Glaciol, 40(136), 527- 538, 1994. 

[9] Echelmeyer, K., and W. Harrison, Ongoing margin migration of Ice Stream B, Antarctica, J. Glaciol. 
45(150), 361-369, 1999. 

 



���!C9=?5/�(+89�����943<9�"?D?53�

�������������� ������� ���������������� ������������!�����#��� ���#���� ��#�����#���
�����
�������������� ���!������	����#��������!�����#��� ���#��������"����������
����

� ����#

+���9<</=:98.381�+?>29<���7+36��?/83=23�.C8�>�?�>95C9�+-�4:�

��

''�%���#�����������?1?=>��
�����98></+6���+8+.+

-/�7+C�,/�-977986C�9,=/<@/.�38�9?<�.+36C�630/��,?>�3>=�.C8+73-�:<9:/<>3/=��/=:/-3+66C�>29=/�+==9-3+>/.�A3>2�38/6+=>3-�-9663=398�+8.�

0<+->?</�� 2+@/� 89>� ,//8� >29<9?126C� -6+<303/.�� #2/</09</�� 38� 9?<� :</@39?=� =>?.C�� ?>363=381� +� 2312�=://.� .313>+6� @3./9� -+7/<+� =C=>/7� 38� 9?<�

6+,9<+>9<C�+8.�>2/�8?7/<3-+6������@/8>��<3@/8��7/>29.��A/�2+@/�38@/=>31+>/.�>2/�7/-2+83-+6�79>398�90�3-/�=:2/</=�>2+>�37:381/�?:98�+�:6+>/�

90� 3-/� +8.� ,+=/.� 98� >2/� 9,=/<@+>398=�� A/� 2+@/� ;?+8>3>+>3@/6C� /@+6?+>/.� >2/� =-+6/� /00/->� 90� >2/� </6+>3@/� 37:+->� @/69-3>C� 98� >2/� -9663=398+6�

,/2+@39?<� 90� �+� -966/->398� 90�� 3-C�,9.3/=� +=� +� 1<+8?6+<�7+>/<3+6�� �8� >23=� -98><3,?>398��A/� 0?<>2/<�:/<09<7� 6+,9<+>9<C� /B:/<37/8>=� +8.� >2<//�

.37/8=398+6�8?7/<3-+6� =37?6+>398=�>9�7/-2+83-+66C�?8./<=>+8.�>2/�-9663=398�90� 3-/� =:2/</=�+1+38=>�+� 06+>�:6+>/��89A�A3>2�7?-2�2312/<�37:+->�

/8/<1C��+8.�><C�>9�-97:</2/8.�>2/�.C8+73-�0<+->?</�:<9-/==�90�3-/�=:2/</=�=?,4/->/.�>9�7/-2+83-+6�37:+->��.C8+73-�-9663=398���

���������������������	����������������������������
����

�������������

��������������������������	�	�����������������
�����

������������

�943�$/83=23

� � � �-C�,9.3/=�-+8�,/�09?8.�+>�=7+66�=-+6/=�+=�A/66�+=�+>�6+<1/<�=-+6/=��/�1��16+-3/<=�98�>2/��+<>2�+8.�38�>2/�<381=�90�"+>?<8�38

=:+-/���8�+�<381�=C=>/7��/8/<1C�69==�.?<381�-9663=398=�90�3-/�:+<>3-6/=�7+C�./>/<738+>/�>2/�7/+8�0<//�:+>2�,/>A//8�-9663=398=��

>2/�:2C=3-+6�:<9:/<>3/=�90�>2/�<381��>2/�-996381�<+>/�38�>2/�=C=>/7��/>-���+8.�;?+8>3>+>3@/�3809<7+>398�+,9?>�>2/�-9/003-3/8>�90

</=>3>?>398� 3=� ./0383>/6C�8//./.� 09<�79</�:</-3=/� /=>37+>398� 90� =?-2� /8/<1C� 69==� )�*��#2/� -9/003-3/8>� 90� </=>3>?>398� ./:/8.=�

-98=3./<+,6C� 98� >2/� </6+>3@/� 37:+->� @/69-3>C�� ,?>� ,/-+?=/� 90� >2/� 38+./;?+>/� +79?8>� 90� .+>+� =/>=� </6+>/.� >9� >23=� @/69-3>C�

./:/8./8-C�� >2/� -9/003-3/8>� 3=� 90>/8�:</=?7/.� >9�,/� -98=>+8>� </1+<.6/==�90� >2/� 37:+->�@/69-3>C� 38� >2/� +8+6C=/=�90� 38/6+=>3-�

-9663=398=��/8/<1C�69==�+8.�-996381�38�>2/�=C=>/7�)�*���/8-/��38�9?<�/+<63/<�38@/=>31+>398� )*��A/�2+@/�=>?.3/.�>2/�7/-2+83-+6�

:<9:/<>3/=� 90� 3-/� +=� +� =963.� 	� 1<+8?6+<�7+>/<3+6� +8.� +6=9� >2/� =-+6381� /00/->� 90� 37:+->�@/69-3>C�,C� 9,=/<@381� 0<//� 0+66� 90� 3-/�

=:2/</=� �.3+7/>/<����9<� �
�77�� 37:381381�?:98�+�:6+>/�90� 3-/� �>23-58/==� �
�77��A3>2� +�2312�=://.�.313>+6�@3./9�-+7/<+�

� 29><98� ��"#���� "���� +>� +� 0<+7/� <+>/� 90� ��


� 0:=� �0<+7/=� :/<� =/-98.���&/� 2+@/� =/>� ��� .300/</8>� 0+66381� .3=>+8-/=�

,/>A//8� �
� +8.� ��
� 77�� A3>29?>� +8C� <9>+>398� +8.� 0<+->?</� 90� >2/� =:2/</=�� +8.� 0<97� >2/� /B:/<37/8>+66C� </-9<./.�

:29>91<+:2=�,/09</�+8.�+0>/<�>2/�-9663=398=�90�>2/�=:2/</=��A/�2+@/�:69>>/.�>2/�@+<3+>398�90�>2/�89<7+6�</=>3>?>398�-9/003-3/8>

+8.�3>=�06?->?+>398=��#2/8��?=381�>2/�9,>+38/.�.+>+�=/>=�+8.�>2/�8?7/<3-+6������@/8>��<3@/8��7/>29.��A/�2+@/�=37?6+>/.�>2/�

-996381�:<9-/==� +==9-3+>/.�A3>2� -9663=398=� 90� �


� 3-/� =:2/</=� 38� +� >A9�.37/8=398+6� =;?+</��#2/� </=?6>=�2+@/� =29A8�� 09<�

/B+7:6/�� >2+>� 30� A/� -98=3./<� 89>� 986C� >2/� @/69-3>C�./:/8./8>� </=>3>?>398� -9/003-3/8>� ,?>� +6=9� 3>=� 06?->?+>398=�� >2/� 038+6�

>/7:/<+>?</�38�>2/�=C=>/7�,/-97/=�=97/�����69A/<�>2+8�>2+>�A3>29?>�>+5381�>2/�06?->?+>398=�38>9�+--9?8>��

� � � �8� >2/� =/-98.� =/<3/=� 90� 9?<� 6+,9<+>9<C� /B:/<37/8>=�� 0<+->?</� 90� >2/� 37:381381� 3-/� =:2/</=� 3=� 38@96@/.�� �<+-5=�7+C�,/�

/+=36C�1/8/<+>/.�38�3-C�,9.3/=�30�>2/C�+</�+,<?:>6C�377/<=/.�38�A+<7�A+>/<��.?/�>9�>2/<7+6�=29-5���,?>�2/</��A/�2+@/�></+>/.�

986C�0<+->?</�38.?-/.�,C�7/-2+83-+6�37:+->�A3>2�>2/�0+66381�.3=>+8-/=�90�3-/�=:2/</=��.3+7/>/<��
�77��,/381�,/>A//8������

+8.� ���� 7� ��� .300/</8>� .3=>+8-/=��� &/� 2+@/� </-9<./.� -9663=398=� 90� �

� 3-/� =:2/</=� +1+38=>� +� 06+>� :96C-+<,98+>/� :6+>/�

�>23-58/==� �
�77��,C�>2/� =+7/�2312�=://.�.313>+6�@3./9�-+7/<+��,?>�+>�+� 0<+7/�<+>/�90� ��
�


� 0:=���31?</� �� 38.3-+>/=�>2/�

>A9� </:</=/8>+>3@/� 0<+->?</�:+>>/<8=� 9,=/<@/.�� �8��31�� �� �>9:��� +=�,<3/06C� </:9<>/.� 38� )�*� 09<� 3-/� =:2/</�3-/�:6+>/� -9663=398=�

A3>2� 7?-2� =7+66/<� 0+66381� .3=>+8-/� ��

� 77��� ?:98� -9663=398� +1+38=>� >2/� ><+8=:+</8>� :96C-+<,98+>/� :6+>/�� >2/� =:2/</� 3=�

.3@3./.�7+386C� 38>9� >2<//�9<� 09?<� 6+<1/� =/17/8>=�90� =3736+<� =3D/� �635/� =/17/8>=�90�9<+81/=��2/</�-+66/.�E9<+81/� =/17/8>=F�

0<+->?</�:+>>/<8����8�>2/�-98><+<C��38�>2/�=:2/</�38��31�� ���,9>>97���:</:+</.�?8./<�>2/�=+7/��>/7:/<+>?</�/>-���-98.3>398=��986C�

>2/� =/->398=�8/+<�>2/� 0<//� =?<0+-/� 38� >2/� 69A/<�2/73=:2/</� +</� 0<+17/8>/.�?:98� -9663=398� +8.� >2/� </6+>3@/6C� 6+<1/� >9:�=2+:/.�

:+<>�</7+38=�?8,<95/8��E>9:F�0<+->?</�:+>>/<8���&/�2+@/�</-9183=/.�,9>2�0<+->?</�:+>>/<8=�</:/+>/.6C�.?<381�>2/�/B:/<37/8>=��

+8.�89A�A/� +</� ><C381� >9�8?7/<3-+66C�@3=?+63=/� >2/� .C8+73-�A+@/�0<+->?</� 38>/<+->398�:<9-/==� 9--?<<381� 38=3./� >2/� 638/+<�

/6+=>3-� =:2/</=�,C�/7:69C381�9?<� 0383>/�.300/</8-/�>/-283;?/� ��31����� +=�A/66�+=�<+C�><+-381� �-+?=>3-=��-+6-?6+>398=�+8.� 038.�

>2/�:2C=3-+6�</+=98=�09<�>2/�1/8/<+>398�90�>2/�>A9�.3=>38->�0<+->?</�:+>>/<8=�09?8.�38�>23=�=/<3/=�90�/B:/<37/8>=��

� � � &/�2+@/�=29A8�>A9�</:</=/8>+>3@/�0<+->?</�:+>>/<8=���E9<+81/�=/17/8>=F�+8.�E>9:F���</6+>/.�>9�>2/�-9663=398�90�+8�3-/�=:2/</

+1+38=>�+�06+>�:6+>/���8�9<./<�>9�?8./<=>+8.�>2/�0<+->?</�7/-2+83-=�,/238.�>2/�1/8/<+>398�90�>2/=/�0<+->?</�:+>>/<8=�+8.�38-9<:9<+>/�

0<+->?</� /00/->� 38� >2/� =37?6+>398=� 90� >2/� -996381�:<9-/==� 90� +� 1<+8?6+<� =C=>/7�� 09<� 38=>+8-/��79</� ;?+8>3>+>3@/� .+>+� +,9?>� >2/�

</6+>398�,/>A//8�>2/�37:+->�/8/<1C�90�>2/�=:2/</�+8.�>2/�.3=><3,?>398=�90�=3D/=�+8.�7+==/=�90�>2/�0<+17/8>/.�=/17/8>=�+8.�:3/-/=

90� 3-/� +=� A/66� +=� 79</� <319<9?=� /@+6?+>398� 90� >2/� A+@/� :<9:+1+>398� +8.� </06/->398�� -<+-5� ./@/69:7/8>�� />-��� 3�/�� >2/� >37/�

./:/8./8>�/@96?>398�90�=></==/=�+8.�./09<7+>398=�38�>2/�=:2/</��3=�</;?3</.��

�+����+9C?53�"231/89���"238>+<9�"+5+1?-23




������������� ��������������������������	�����������

�����������	����

�����������	����

���

�

�����

�����

� � � �

�31�� 	� � �A:/;37/8=+66B� =+5/8�:29=91;+:2<� 366><=;+=/� ;/:;/</8=+=3?/� .B8+73-� 0;+-=>;/� ./?/69:7/8=� 38� 3-/� <:2/;/<� �.3+7/=/;� ��

77��>:98�-9663<398�+1+38<=�+�=;+8<:+;/8=�:96B-+;,98+=/�:6+=/��<3./�?3/@����6=29>12�,9=2�3-/�<:2/;/<�2+?/�,//8�:;/:+;/.�>8./;�

=2/�<+7/�-98.3=398<��=2/�<:2/;/�<29@8�98�=2/�=9:�3<�<:63=�38=9�</?/;+6�</17/8=<�90�-97:+;+,6/�<3C/��D9;+81/�</17/8=<E�0;+-=>;/�

:+==/;8��@236/�=2+=� +=�=2/�,9==97�3<� 0;+-=>;/.�986B�8/+;�=2/� 69@/;� <>;0+-/�+8.�=2/� 6+;1/�:+;=�90�=2/� <:2/;/� 3<�89=�,;95/8� �D=9:E

0;+-=>;/�:+==/;8���$2/� 0;//�0+66381�.3<=+8-/�90�=2/� <:2/;/<� 3<�
���7�� +8.�=2/� 6/0=79<=�:3-=>;/<�-9;;/<:98.�=9�=2/� <=+1/�4><=�+0=/;�

-9663<398��$2/�=37/�/6+:</.�+0=/;�=2/</�6/0=79<=�:3-=>;/<�3<�����������
�+8.���7<��;/<:/-=3?/6B��

� � � � � � � � � � � � � � �

�31��
� � '/�+;/�->;;/8=6B� 38?/<=31+=381�23<=9;3/<�90� <=;/<</<� +8.�./09;7+=398<� 38�79./66/.� 638/+;� /6+<=3-� 3-/� <:2/;/<�+8.�=;+-381
@+?/�+8.�0;+-=>;/�:;9:+1+=398�><381�9>;� 0383=/�.300/;/8-/� <-2/7/���/;/��=B:3-+6�-98=9>;<�90�89;7+63</.�9-=+2/.;+6� <2/+;� <=;/<<�

�<=;/<<���7+A37>7�:;/<<>;/�1/8/;+=/.�.>/�=9�-9663<398��+<<9-3+=/.�@3=2�+�-9663<398�+=�=2/�,9==97�90�+8�3-/�<:2/;/�+;/� 38.3-+=/.�

$2/�89;7+63</.�=37/��!�@+?/�<://.� �=37/���<:2/;/�.3+7/=/;��+0=/;�-9663<398��89;7+63</.�.>;+=398������3<������6/0=��+8.������;312=���

;/<:/-=3?/6B��+8.�2/;/�.>/�=9�=2/�<B77/=;B�90�=2/�:;9,6/7�986B�-98=9>;<�38�=2/�;312=�2+60�:+;=<�+;/�<29@8��:;/63738+;B�;/<>6=<��89�

0;+-=>;/�38?96?/.���

)	*

�

�
�

�	
��

��366/B������;+@09;.����� +<<��/:/8./8-/�90��8/;1B��9<<�38��9663<398<�90��-B�#:2/;/<���8��A:/;37/8=+6�#=>.B�� ��
����
����	������������������ �������

)
* � %/83<23�����(+89�"���(+7+1+73�����$+5+2+<23�$����5+5+,/�����#>C>53������>8.+7/8=+6��A:/;37/8=+6�#=>.B�98�=2/��B8+73-<�90��9663<398�+8.��;+-=>;/�90�
�-/� +=/;3+6<�� ���#�	��
�:+1/<��$2/��+:+8�#9-3/=B�90� /-2+83-+6��8138//;<��$95B9���+:+8��
�	���
������������� �����	����������	������������ ������

)�* � %/83<23�����(+89�"���(9<23.+�$���(+7+1+73�����#>C>53�������8/6+<=3-��9663<398<�,/=@//8��-B��9.3/<���/:/8./8-/�98��7:+-=�&/69-3=B�+8.��=<��6>-=>+=398<��
��!!#
	�!
���$2/��+:+8��/9<-3/8-/�%8398��$95B9���+:+8��
�	��



 

 

a) Corresponding author. Email: ilya.svetlizky@mail.huji.ac.il 
 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada
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Summary We study rapidly accelerating rupture fronts at the onset of frictional motion by performing high-temporal-resolution measurements 
of both the real contact area and the strain fields surrounding the propagating rupture tip. We observe large-amplitude and localized shear stress 
peaks that precede rupture fronts and propagate at the shear-wave speed. These localized stress waves are initiated during the rapid rupture 
acceleration phase and are capable of nucleating a secondary supershear rupture. The amplitude of these localized waves roughly scales with the 
dynamic stress drop and does not decrease as long as the rupture front driving it continues to propagate. These experimental results are qualitatively 
described by a self-similar analytical solution of a suddenly expanding shear crack. Quantitative agreement with experiment is provided by 
realistic finite element simulations that describe both their amplitude growth and spatial scaling. Our results demonstrate the extensive 
applicability of brittle fracture theory to fundamental understanding of friction.  
 

INTRODUCTION 
 
   The onset of motion along a frictional interface entails rupture front propagation. These rupture fronts have long been 
considered to have much in common with propagating cracks [1-4]. Recent friction experiments [6] have shown that the stresses 
and material motion surrounding the tip of a propagating rupture are indeed quantitatively described by the linear elastic fracture 
mechanics (LEFM) solutions for shear cracks.  
   Previous analytical work [3, 4] by employing self-similarity has shown that non-steady processes such as rapid rupture velocity 
variations result in the generation of stress-wave radiation. These solutions, under shear loading (Mode II), predict a localized 
shear stress peak that propagates ahead of the rupture tip at the shear wave velocity. Radiated shear stress peaks have, for decades, 
drawn special attention, as they are thought to be an important vehicle for the nucleation of supershear ruptures, a class of ruptures 
that propagate beyond the shear wave speed, ܥௌ. These ruptures surpass the Rayleigh wave speed, ܥோ, the classical “speed limit” 
for rapid singular cracks [1, 2, 5]. Despite their importance, experimental studies of radiated stress-waves have been very limited. 
Here we present direct measurements of the stress fields surrounding the tips of rapidly propagating ruptures and show how a shear 
stress peak is formed. Supplementing experiments with finite-element calculations, we provide a detailed description of both the 
scaling and space-time structure of this phenomena [7]. 
 

EXPERIMENTAL OBSERVATIONS  
 
   Two poly(methylmethacrylate) blocks are pressed together by an external normal force, (2-6 MPa nominal pressure). Shear 
force is applied quasistatically until the transition from stick to slip occurs. The complete 2D strain tensor, ߝ, is measured at 19 
locations along and ̱͵Ǥͷ݉݉ above the frictional interface separating the blocks. Each strain component is measured at rates of 
1,000,000 samples/sec. Concurrent high spatial resolution measurements of the real area of contact, A(x,t) (ݔ being the coordinate 
along the quasi-1D frictional interface), are obtained at 580,000 frames/sec by means of direct optical imaging of A(x,t) along the 
entire ʹͲͲ݉݉�ȱ�ͷǤͷ݉݉ frictional interface.  
   The onset of frictional motion is marked by propagating crack-like rupture fronts that leave in their wake significantly reduced 
A(x,t) [6]. A typical example of a rupture front, asymptotically accelerating to rupture velocities, ܥ ՜  ሻ, isݏோሺ̱ͳʹ͵݉Ȁܥ
presented in Fig. 1A (top). The location of the rupture tip is defined as the point where a sharp reduction of A(x,t) occurs (orange 
to blue boundaries in Fig. 1 A(top)). 
   Fig. 1A (bottom) presents temporal measurements of shear strain variations, ȟߝ௫௬, at two spatially separated locations along 
the frictional interface. It is evident that prominent peaks in the shear strain component precede the rupture tip arrival. Analysis of 
peak arrival times (e.g. Fig. 1A(top)) reveals that they propagate at ܥௌሺ̱ͳ͵Ͷͷ݉Ȁݏሻ as they progressively distance themselves 
from the rupture tips that created them. Furthermore, the measurements of A(x,t) reveal the sudden nucleation (ݔ ൎ ͳͷͷ݉݉) of a 
secondary supershear rupture front (propagating at ܥ  ௌܥ ). The synchronized measurements of ߝ௫௬  and ܣሺݔǡ  ሻ provideݐ
direct evidence that the supershear rupture was triggered by the arrival of the shear stress peak. This type of transition is not 
uncommon. 
   Experiments [6] have shown that the strain components surrounding the tip of a propagating frictional ruptures, are well-
described by the universal singular form describing propagating shear cracks. When ܥ ՜  ோ, however, the singular form fails toܥ
adequately describe shear (ȟߝ௫௬ሻ measurements ahead of the rupture tip (i.e. when ݐ െ ௧ݐ ൏ Ͳ), as demonstrated in Fig. 1B 
(black line). To gain intuition for the explicit form of this radiation, we turn to a self-similar analytic solution that describes 
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NEAR-FIELD EQUATION FOR QUANTITATIVE EVALUATION OF FLUCTUATIONS

Terumi Touhei ∗1

1Department of Civil Engineering, Tokyo University of Science, Japan

Summary Quantitative evaluation of fluctuations of Lamé constants in an elastic half-space is dealt in this paper. A near-field equation
developed by Fata and Guzina[1] is modified via the Lippmann-Schwinger equation so that it expresses the relationship between the fluc-
tuation of the wavefield and scattered waves. Since the near-field equation uses Green’s functions from the probing points as the scattered
wavefields, evaluation of the fluctuation becomes also possible by means of the Green’s function from the probing points. As a result, an
algorithm for the evaluation of the fluctuations is free from the limitation of the finite number of grid points of the observation surface, that
was used to obtain the near-field operator. Several numerical calculations are carried out to examine the accuracy of the present method.

INTRODUCTION

A linear sampling method presented by Colton and Kirsch[2] is for the reconstruction of the supports of the scattering
object without the information of the type of the boundary conditions. Fata and Guzina extended the linear sampling method
to the problem of elastodynamics in a half-space by introducing the near-field equation[1]. In this paper, we use the near-field
equation not only to reconstruct the supports of the scattering object but also to reconstruct the quantitative evaluation of the
fluctuations of Lamé constants in an elastic half-space.

FORMULATION FOR THE METHOD

Figure 1 shows the concept of the scattering problem of an elastic half-space including fluctuations. There are source and
observation surfaces at the free surface of the wavefield denoted by Γ1 and Γ2, respectively. Distributed loads are applied to
the source surface to cause the incident wave toward the fluctuations. The scattered waves are observed at the observation
surface. The near-field operator is constructed from the information of distributed loads and observed scattered waves. The
near-field equation for the scattering problem is expressed as

!
Fijτj

"
(x) = gij(x, z)dj , (x ∈ Γ2) (1)

where Fij is the near-field operator, τj is the distributed load at the source surface, gij is the Green’s function for a homoge-
neous elastic half-space, z is the probing point and dj is the force vector. Note that the subscript index denotes the components
of the coordinate system for that the summation convention is applied. The near-field equation seeks the solution of the dis-
tributed load τj so that the scattered waves from the fluctuations at Γ2 become equal to the Green’s function from the probing
point. We use the Lippmann-Schwinger equation for an elastic half space(eg. [3][4]). Then, the left side of the near-field
equation can be modified into the following:

!
Mijqj

"
(x) = gij(x, z)dj , (x ∈ ΓF ) (2)

where qj is the states vector describing the fluctuations of the wavefield[3], Mij is the operator mapping from the fluctuation
of the wavefield into the scattered wave field and ΓF is the whole of the free surface. The construction of the operator
Mij is possible via the Lippmann-Schwinger equation as well as τj as the solution of the near-field equation. Note that the
observation area in Eq. (2) is extended from Γ2 to ΓF due to the uniqueness of the scattered wavefield[1]. In this sense, Eq.
(2) is free from the limitation of the number of the grid points set at the observation surface. We expect that the reconstructed
results should be accurate in the area close to the probing points.

NUMERICAL EXAMPLES

The target model for the analysis is shown in Figure 2, in that two box-shaped fluctuations are both embedded at a depth
of 5 km, and they are in the form of cubes with a side length of 3 km. The source and observation surface are discretized by
grid points just above the fluctuations. For the background structure of the wavefield, the velocities of the S and P waves are
set at 1 km/s and 2 km/s, respectively, and the mass density is 2 g/cm3. The fluctuations are expressed by the deviation of the
Lamé constants from the back ground structure of the wave field:

λ̃ = 0.1GPa, µ̃ = 0.1GPa (3)

∗Corresponding author. Email: touhei@rs.noda.tus.ac.jp
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RUPTURE DYNAMICS ALONG BIMATERIAL INTERFACES:  

A LENGTH SCALE FOR THE SHEAR-NORMAL STRESS COUPLING?  
Jean-Pierre Vilotte1, Antonio Scala1,2 & Gaetano Festa2 

1Istitut de Physique du Globe de Paris, Paris, France 
2Department of Physics, University of Naples Federico II, Naples, Italy 

 
Summary Faults often separate materials with different elastic properties. Understanding dynamic rupture along 
bi-material interfaces is therefore a challenging issue for earthquake source dynamics. Numerical simulations of in-
plane rupture dynamics along a frictional bi-material interface were performed using the non-smooth Spectral Element 
Method (SEM) to investigate the coupling between shear strength and normal stress perturbations during non-stationary 
rupture propagation. In particular, we analyse numerically slip-weakening friction regularization, in which the shear 
strength evolves continuously with time in response to an abrupt change of normal traction, both during the 
acceleration and the asymptotic stationary phases of the rupture. This leads to a re-formulation of this regularisation 
and to propose an extension in terms of a non-local regularization model with a dynamic length scale that is shown to 
scale as the cohesive zone. 
 

INTRODUCTION 

 
  Faults often separate materials with different elastic properties. This is even more evident for subduction 
zones where oceanic plate subducts below an over riding continental plate down to the continental mantle. 
   Several analytical studies in the case of steady-state rupture propagation between different materials, 
starting with the pioneering work by Weertman (1980), showed a break of symmetry that leads to an ill-
posed problem for a wide-range of elastic material contrasts with classical friction law. Laboratory 
experiments (Prakash & Clifton, 1993) revealed a not instantaneous response of shear strength in response 
to an abrupt perturbation of the normal stress. Based on these experimental results, a experimental-based 
regularization law was proposed originally proposed by Cochard and Rice (2000) and Ranjith and Rice 
(2001) and further analysed numerically by Rubin and Ampuero (2007). 

 

INVESTIGATION OF THE REGULARIZATION 

 

The Prakash-Clifton regularization introduces a time delay between the normal stress perturbation and the 
frictional shear strength response: the effective normal stress !!"", used in the friction law is forced to 
smoothly vary as an effect of normal stress variations. This delay can be written as: 
 
 !σ eff x, t( ) = α 1

tdyn x, t( ) + 1−α( ) 1
t*

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
σ n x, t( )−σ eff x, t( )( ) tdyn x, t( ) = δ l

δv x, t( )
 (1) 

    
 where "! and "! !! !  represent a characteristic slip and the local slip rate respectively, whereas !! is a 
characteristic time scale. The delay depends on two time scales: the former (! ! !) is a dynamic time scale 
that varies accordingly to slip rate, the latter (! ! !) is a constant time scale. This model is able to 
regularize the problem both analytically and numerically, providing numerical solutions independent of 
grid size. We investigate here numerically the physical meaning of both terms in  (1) and their effects on 
the numerical rupture dynamics, and the numerical convergence, through a parametric study. 
 
   For the dynamic time scale (!=1), varying "! in a range between !" and "!!# of !!, the critical slip 
weakening distance, we found that as "! decreases, finer mesh discretization is required grid convergence. 
Similar results are achieved for constant time scale (!=0) as !! decreases. For dynamic time scale, there 
exists a critical value "!! below which the perturbations of !!"" - and thus the dynamics of models – do not 
depend on the regularization (Fig. 1a). For this critical "!!, the normal stress relaxation occurs for a slip 
smaller than the critical slip distance !". 
    
   We also propose a new regularization based on a non local criterion, with the introduction of a critical 
dynamic length scale proportional to the actual size of the cohesive zone!!!"!$#%! : 
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σ eff =

1
t* σ n −σ eff( ) t* =

βPZlength t( )
Vasymptotic

 (2)  

where the dynamic time scale is defined as the ratio between process zone length and the asymptotic 
rupture speed !!&'"()#)$%, for ! ! !! ! !. This regularization is shown to provide similar results as the 
previous dynamic scale regularization, suggesting a critical length !! below which the regularization no 
longer affects the dynamics. This dynamic length scale is controlled and proportional to the process zone.  
 
This length scale can be analyzed within the framework of singular fracture mechanics in the context of 
interfacial crack in relation with the near crack-tip oscillatory behavior (Williams, 1959). This oscillatory 
singularity induces complex Stress Intensity Factors (SIFs) requiring the definition of a nontrivial length 
scale. 
 

 
!"#$%&'("!#$%!&!'()&*+,!-+*.!/,&0.!'1%+)2!&00!&,,.0.%&-+$)!34&/.!-4.!/$01-+$)!&%.!,$)5.%2.)-!6$%!!"! ! "!#!"7!84.!-4%..!2%$13/!$6!,1%5./!%.3%./.)-!!!"" !&-!'+66.%.)-!3$+)-/!&-!'+66.%.)-!'+/-&),./!6%$*!4(3$,.)-.%!9&:7!84.!%.210&%+;&-+$)/!<&/.'!$)!'()&*+,!/0+3!%&-.!-+*.!/,&0.!&)'!3%$,.//!;$).!/,&0.!3%$5+'.!-4.!/&*.!%./10-/!+)!-.%*/!$6!=+).*&-+,!3&%&*.-.%!&0$)2!-4.!6&10-!9<:!

CONCLUSIONS 
 
 Dynamic simulation of rupture propagation along bimaterial interfaces requires a frictional regularization 
with a dynamic time scale. This time scale may be defined as the ratio between the critical slip weakening 
distance and the slip rate. Other regularization can also be obtained by introducing a dynamic time scale 
based on the ratio between the actual size of the cohesive zone and the asymptotic rupture speed. We argue 
that a physical length scale governs the shear and normal stress coupling for rupture propagating along 
interfaces between dissimilar materials.  
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ON THE EFFECTS OF PLASTICITY IN HYDRAULIC FRACTURES
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Summary A yield surface composed of multiple yield functions, including tension cut-off and cap hardening modes, is proposed and
implemented in a peridynamic framework. The model is incorporated in a hydraulic fracture simulator, allowing the influence of inelasticity
in hydraulic fracturing to be investigated and compared to experimental observation.

INTRODUCTION

It is not uncommon for classical geophysical models to assume a linear elastic state throughout the duration of a highly
deforming, or fracture inducing simulation. This assumption may be conditionally supported by laboratory experiments, if
in-situ conditions are neglected. However, under geologic confinement, in-situ conditions may be great enough to produce
non-brittle response in geomaterials, resulting in inelastic behavior due to pore collapse and micro-crack coalescence. The nu-
merical complexities required for such modeling is compounded by the limitations of classical local theories in incorporating
discontinuities, such as those found in fractured media. In response to such limitations, a new formulation of continuum me-
chanics, known as peridynamics, was introduced by Silling[1, 2]. This work expands on the description of non-local, ordinary
peridynamic inelastic behavior described by Mitchell[3], and Lammi[4], where a peridynamic constitutive model was related
to the classical Drucker-Prager plasticity model. A cap model is proposed, expanding on the current pressure dependent yield
model to include the hardening effects associated with inelastic dilatation. The model is compared to classical compaction
experiments, and further applied to in-situ hydraulic fracture applications, where confinement results in inelastic behavior,
resulting in enhanced modeling of additional yield regimes.

APPLICATION TO HYDRAULIC FRACTURE

In the effort to create new technology to enhance our ability to retrieve usable hydrocarbons, the technique of hydraulic
fracturing has shown to be extremely beneficial. This involves pumping fluids at high pressures to induce and propagate
fractures near the wellbore to stimulate production in otherwise low permeability reservoirs. In order to better understand
the physical processes involved, several models have been proposed with varying assumptions and applicability. Under the
description of classical continuum mechanics, discontinuities such as fractures introduce a singularity at the fracture tip where
stresses become infinite. This unrealistic behavior is explained by the effects of inelasticity, where permanent deformation is
occurring. Inelasticity introduces blunting at the crack tip, making the resulting stresses finite. However, incorporating such
effects is numerically challenging, as the equations may be highly non-linear and require additional numeric solvers. Due to
the complexities of these models, including strong fluid-solid coupling, it is often assumed that the mechanical behavior will
adhere to classical linear-elastic fracture mechanics. This assumption is adequate when inelastic regions are relatively small,
but even so, special conditions must be imposed at the fracture tips. As hydraulic fracturing models continue to advance, it is
becoming evident that the resulting fractures or fracture networks are much more complicated than a single planar fracture,
as is often modeled. This should be kept in mind when deciding the influence of inelastic behavior. It has been observed
that hydraulic fracturing models using the linear-elastic theorem may underestimate the net-pressures required to propagate
fractures [5]. This is especially true for the case of ductile soft or unconsolidated reservoirs, where plasticity has demonstrated
the ability to more accurately describe observed field and laboratory values of fracture geometry and the net-pressure required
to propagate fractures.

FORMULATION OF YIELD FUNCTIONS

The proposed model is composed of three yield surfaces, which may depend on the deviatoric force state, td, the peridy-
namic pressure, p, and a hardening parameter, pc. These yield surfaces, displayed in fig: 1, include a Drucker-Prager related
failure surface F1(td, p), elliptical cap F2(td, p, pc), and tension cutoff F3(p).

Here, a set of allowable scalar force states, N , within the set of all scalar force states, S , is defined by yield surface
functions, Fi, that define the yield surface.

N = {t ∈ S|Fi ≤ 0} for i = 1, 2, 3 (1)

∗Corresponding author. Email: jryork12@gmail.com
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Figure 1: Yield Surface Diagram

The proposed elliptical cap F2 is defined as :

F2(t
d, p, pc) = Fcap(t

d, p, pc)↗(βp + to), for pc ≤ p ≤ Z(pc) (2)

where

Fcap(t
d, p, pc) =

!
(td • td) +

" β
R

#2
[p↗Y (pc)]2 (3)

In the above, β is an internal friction constant described in [4], to is a material strength parameter, R is a material parameter
describing the cap, and Y (pc) is defined as:

Y (pc) =

$
pc if pc > 0
0 if pc ≤ 0

%
(4)

References

[1] Silling SA. Reformulation of elasticity theory for discontinuities and long-range forces. Journal of the Mechanics and Physics of Solids, 48: 175-209
(2000)

[2] Silling SA, Epton M, Weckner O, Xu J, Askari E. Peridynamic states and constitutive modeling. Journal of Elasticity, 88: 151-184 (2007)
[3] Mitchell J. A nonlocal, ordinary, state-based plasticity model for peridynamics. Sandia Report (2011) [SAND2011-3166]
[4] Lammi C., Vogler T. A nonlocal peridynamic plasticity model for the dynamic flow and fracture of concrete. Sandia Report (2014) [SAND2014-18257]
[5] Papanastasiou P. The influence of plasticity in hydraulic fracturing. International Journal of Fracture, 84: 61-79. (1997)



�.11%2/.-$)-'�!43(.1���,!)+��!"!8!",!)+�14

����	������	�

�

�
������
��

�

�!8%1%$�5)2#.%+!23)#�,%#(!-)#2�.&�3(%��!13(�6(%1%�3(%�2.41#%�.&�)32�$8-!,)#�$%5%+./,%-3��3(%�&.1#%�.&�)-%13)!�.&�3(%�

)-3%1-!+� !28-#(1.-.42� 1.3!3).-� !-$�5)2#.42� &.1#%2� &1.,� 3(%� 2/(%1)#!+� �.4%33%� &+.6� )-� 3(%� +)04)$� +!8%12� )2� #.-2314#3%$��

�(%2%� &.1#%2� $%3%1,)-%� 3(%� -!341%� .&� 3(%� )-3%1-!+� '%.$8-!,)#� /1%2241%� !-$� 3!-'%-3)!+� 3%-2).-2�� �3� 6!2� &.4-$� 3(!3�

$%/%-$)-'�.-�3(%�$)&&%1%-#%�"%36%%-�3(%�!-'4+!1�5%+.#)3)%2�.&�3(%� )--%1�#.5%12��!13(�#!-�"%�4-$%1� &4++�#.,/1%22).-�.1�

%7/!-2).-���

�

��
�
	����������������������������������	������

�

� ��
�
�����	��
������������������
������������

�
����
�����
���������������	������	�

�

��	��
������������	�������
�	���	�����	
��������

�

�

�(%�$8-!,)#�"4#*+)-'�5)"1!3).-2�$)+!3%$�,.$%+�.&�3(%��!13(��1.3!3)-'�)-�!�&.1#%�&)%+$�$4%�3.�3(%�,..-�!-$�3(%�24-�6%1%�

)-5%23)'!3%$���(%�,!)-� 24"#1)3)#!+� 231%22�231!)-� 23!3%�.&� 3(%�,.$%+�.&� 3(%��!13(�6!2� &.4-$���%3%1,)-%$� 3(%�$)2341"!-#%�

!22.#)!3%$�6)3(�&+4#34!3).-2�)-�3(%�")&41#!3).-�,.$%+�.&�3(%��!13(���%1%�$%1)5%$�3(%�".4-$!18�#.-$)3).-2�&.1�3(%�23!")+)38�

.&� .2#)++!3).-�� �%1%� !"231!#3%$� 3(%� &1%04%-#8� .&� ")&41#!3).-� .2#)++!3).-2� $)+!3%$� ,.$%+� .&� 3(%� �!13(�� �!2� &.4-$� !�

,%!241%�.&� 3(%�$8-!,)#� 242#%/3)")+)38�� $%/%-$)-'�.-� 3(%� &1%04%-#8�.&� 3(%�")&41#!3).-�.&� .2#)++!3).-2� !-$� 3(%�."2%15%$�

&1%04%-#8�.&�&1%%�.2#)++!3).-2��6()#(�/1.5)$%2�1%2.-!-#%�/(%-.,%-.-��

�

�(%�,%#(!-)2,�.&�+.#!+�#(!-'%2�.&�3()#*-%22�.&�!�+)3(.2/(%1%�!2�!�1%24+3�.&�)-23!")+)38�.&�$%&.1,!3).-�.&�!-�%++)/2.)$!+�

+)3(.2/(%1%�#.5%1�.&�3(%��!13(�4-$%1�3(%�)-&+4%-#%�.&�3(%� )-3%1-!+�/1%2241%�!-$�5.+4,%�&.1#%2�.&� )-%13)!�.&�1.3!3).-�6!2�

&.4-$%$���)'�	����3!")+)38�.&�$%&.1,!3).-�6!2�)-5%23)'!3%$�"8�!��%8"%-9.-��2(+)-2*8�,%3(.$���(%�,!)-�231%22�!-$�231!)-�

23!3%�)2�#.-2)$%1%$�)-�3(%�2!,%�&.1,�3(%�".4-$!1)%2�.&�3(%�".$8��!-$�)-�5)%6�.&�3(%�$)2341"%$�%+%,%-32�341-2�3(%�".1$%12�

.&� 3(%� ".$8� )-� 3(%� /1.#%22� .&� 31!-2)3).-� 3.� !� 1%+!3%$� &.1,� .&� %04)+)"1)4,�� �!2� $%3%1,)-%$� 3(%� !28,,%31)#� &.1,� .&�

$)2341"!-#%2�3(!3�+%!$�3.�+.22�.&�23!")+)38�.&�!-�%++)/2.)$�.&�1%5.+43).-���(%1%�)2�!-�%7/.-%-3)!+�'1.63(�.&�/%1341"!3).-2�.&�

#.,/.-%-32�)-�3),%��!##.,/!-)%$�"8�5)"1!3).-�#(!-'%2���

�"!8��!),4*(!,%3.5
�	
���-!3.+)8��'.1.5

�
�)'�� 	���)-%2�.&�3(%�,!7),4,�3()--)-'�

	
���!/!+��.*2!+.5

	
���)*.+!8� 138-.5��

	
���41!3��!),4*(!,%3.5

	
��

�,!-9(.+� -)1"%1'%-.5��
	�

	
�������
�����
���������	������
���
��
����������������������

� �

�

���������%%/�'%.$8-!,)#2�)2�$%3%1,)-%$�"8�3(%�2/!3)!+�,.5%,%-3�.&�3(%��!13(��1.3!3).-�!1.4-$�)32�.6-�!7)2�!-$�.1")3!+�1%5.+43).-�

!1.4-$� 3(%� �4-� )-� 3(%� �%63.-)!-� '1!5)3!3).-!+� &)%+$� )-3%1!#3).-2� �..-�� 3(%� �4-� !-$� 3(%� /+!-%32� .&� 3(%� �.+!1� �823%,�� �(%2%�

)-3%1!#3).-2�!1%�3(%�%73%1-!+� &.1#%2�.&�#.2,)#�.1)')-���(%� &.1#%2�.&� )-%13)!�1.3!3).-�.&�3(%��!13(��!+.-'�6)3(�3(%� &.1#%2�.&� )-3%1!#3).-�

"%36%%-�3(%�)--%1�+!8%12�!-$�3%,/%1!341%�'1!$)%-32��!//+8�3.�)-3%1-!+�".$8�&.1#%2���!*)-'�)-3.�!##.4-3�&.1#%2�./%1!3)-'�3.�3(%��!13(�

$1)5)-'�,%#(!-)2,2�.&�$%%/�'%.$8-!,)#�/1.#%22%2�!1%�#.-2314#3%$��

�

��������
���

�

�������

�-� �!9!*(23!-�� ,!-8� /1."+%,2� )-� 3(%� ,%#(!-)#2� .&� 3(%� �!13(� )-� )32� 4-)&)%$� )-3%1/1%3!3).-� 2%3� "8� !#!$%,)#)!-�

�(����19(!-.5�!-$�2.+5%$�"8�()2�/4/)+2� �	�
 ���-�1%2%!1#(%2�.&�$%%/�'%.$8-!,)#2�3.�3(%� &.1%�!�/1."+%,�6)3(�3(%�234$8�

.&�3(%�2314#341%�!-$�3(%�/1.#%22%2�.##411)-'�)-�3(%�".4-$!18�"%36%%-�3(%�,!-3+%�!-$�3(%�#.1%�+!8%1� �� ���(%�,%#(!-)2,�

.&�)-3%1!#3).-�"%36%%-�3(%�)-3%1-!+�!-$�%73%1-!+�+!8%12�.&�3(%��!13(�)2�"!2%$�.-�3(%�$8-!,)#2�.&�3(%��!13(�2�!7)!+�1.3!3).-��

�-&+4%-#%2� .&� %-$.'%-.42�/1.#%22%2� !//+8� 3.� !++� %73%1-!+� #.5%12� .&� 3(%��!13(���%.$8-!,.�'%-%1!3%2� 3(%��!13(�2� .43%1�

#.1%� ,!'-%3)#� &)%+$� #.5%12� 3(%� %-3)1%� /+!-%3�� �-%5%-� 1.3!3).-� .&� 3(%� )--%1� 2.+)$� #.1%�� #!42%$� "8� %73%1-!+� &!#3.12��

,!-)&%23%$� )-�3(%�1%+)%&�!-$� 2%)2,)#)38�.&�3(%��!13(���(%�'1%!3%23� )-&+4%-#%�.-�3(%��!13(�(!2�!�,..-���(%�'1!5)3!3).-!+�

%&&%#3�.&�3(%�24-�)2�!+2.�.-%�.&�3(%�1%!2.-2�&.1�3(%�2.+)$�3)$%2��!+3(.4'(�.-�!�2,!++%1�2#!+%�3(!-�3(%�,..-��

�

��
��������
��

�

��	��
��

�

�



()� �*26>41*6.=8?� ������ �*;=B78?� ������ $*72;+.;0.78?� ������ � $1.;68� 0;*-2.7=� 68-.5� 8/� /8;6*=287� 8/� 825� *7-� 0*<� =;*9<� *=� <*5=� -2*92;2C6��
!;8,..-270�8/�=1.�
�-���$�����.2370���127*�
�	
��

(�)

�����	�������������	���������

�

�
�

������	����������
���	��	�	����

���

�

$1.�-B7*62,<�8/�=1.��*;=1�<� 277.;�,8;.��=*4270� 27=8�*,,8>7=� =1.� /8;,.<�8/�?2<,8><�;.<2<=*7,.�8/�=1.�8>=.;�,8;.�*7-� 2=<�

8@7�0;*?2=*=287*5� /8;,.�@*<� .A*627.-�� #=>-2.-� =1.�8<,255*=8;B�68=287�8/� =1.� 277.;� ,8;.�87� *� <6*55� =26.� 27=.;?*5� 27� 2=<�

8@7�0;*?2=*=287*5�/2.5-���7?.<=20*=.-�=1.�-*69270�8/�=1.�*6952=>-.�8/�=1.�?2+;*=287�68=287�8/�=1.�277.;�,8;.�=8�=1.�5*;0.�

=26.�27=.;?*5�27�2=<�8@7�0;*?2=*=287*5�/2.5-���20�
���$1.�,87,5><287�@*<�=1*=�=1.�,8;.�1*<�=1.�9;89.;=B�8/�.,,.7=;2,2=B��$1.�

68=287�8/�=1.� 277.;�,8;.�8/�=1.��*;=1� 27�,*<.�8/�;.02<=;*=287�8/�=1.�0.86*07.=2,� /2.5-�@*<� 27?.<=20*=.-��&*<�,87,5>-.-�

*+8>=� =1.� <6*557.<<� 8/� =1.�6*07.=2,� /2.5-� .//.,=� 87� =1.� 8?.;*55� 92,=>;.� 8/� =1.� 277.;� ,8;.�� �7?.<=20*=.-� =1.� 8<,255*=8;B�

68=287� 8/� =1.� 277.;� ,8;.� 8/� =1.� �*;=1� 27� *� �.@=872*7� /2.5-� 8/� .A=.;7*5� ,.7=.;� 8/� *==;*,=287�� �8>7-.-� 27/5>.7,.� =1.�

6.,1*72,*5�9;89.;=2.<�8/�=1.�,8;.�*7-�=1.�8>=.;�,.7=.;�8/�*==;*,=287�27�2=<�8<,255*=8;B�68-.���<�*7�.A*695.��,87<2-.;�=1.�

0;*?2=B�/2.5-�8/�=1.��887�*7-�=1.�#>7�<�0;*?2=B�/2.5-��

�

�20��
���5>,=>*=287<�8/�=1.�277.;�,8;.�87�=26.�27=.;?*5<�8/�=@8�9.;28-<�*7-�	
��-*B<�

�

�*<.-�87�=1.�68-.5�"*B5.201�$*B58;� 27<=*+252=B� 27�=1.��8><<27.<:�*99;8A26*=287�@2=1�*7�.A987.7=2*5�-.9.7-.7,.�8/�

?2<,8<2=B�87�=.69.;*=>;.�2<�-.?.589.-�*7-�3><=2/2.-�*�7>6.;2,*5�68-.5�8/�=1.�/8;6*=287�8/�=1.�<*5=�-2*92;<�*=�0;.*=�-.9=1<�

=1.� �*;=1�<� 27=.;28;�� $1.7� ,87->,=.-� 7>6.;2,*5� <26>5*=287� *558@.-� ><� =8� .<=26*=.� =1.� +*<2,� 9*;*6.=.;<�� 9*==.;7<� *7-�

,1*;*,=.;2<=2,<� 8/� =1.� 787527.*;� <=*0.� 8/� =1.� /8;6*=287� 8/� =1.� -..9� <*5=� -2*92;2<6�� � $1.� ,*;;2.-�8>=� =1.7� 7>6.;2,*5�

68-.5270�*558@.-�=8�.<=26*=270�4.B�9*;*6.=.;<��;.0>5*;2=2.<�*7-�/.*=>;.<�8/�*�787527.*;�<=*0.�8/�9;8,.<<�8/�/8;6*=287�8/�

*�-..9� <*5=� -2*92;2<6� ��20�����&*<� <>00.<=.-�6.=18-�8/� .<=26*=270� =1.�98<<2+5.� *;.*<�8/� 825� *7-�0*<� =;*9<�� �=�1*<�+..7�

<18@7�=1*=�1B-;8,*;+87�;.<.;?82;<�*;.�*==*,1.-�=8�*;.*<�8/�1201�=.69.;*=>;.�0;*-2.7=<��

�

�

� �

� � �

���
��	�

��������������

�20�����#9*=2*5�9;8/25.<�8/�*�-..9�<*5=�-2*92;2<6�27�?*;28><�=26.�9827=<�

�
�

�.<,;2+.-�-;2?270�6.,1*72<6<�,8695.6.7=�*�@2-.�,5*<<�8/�68-.5<�8/�=1.�68=287�8/�6*==.;�27�=1.�<>+<825�8/�=1.��*;=1��

=1.�6.,1*72<6�8/�=1.�-B7*62,�27=.;*,=287�8/�=1.�,86987.7=<�8/�=1.��*;=1�27�,58<.�,877.,=287�@2=1�=1.�.?85>=287�8/�=1.�

�*;=1�<�27=.;28;�=*<4<�->;270�=1.�9.;28-�8/�/8;6*=287�*7-�-.?.5896.7=�8/��*;=1��

�

�

�

�

�*26>41*6.=8?� ������ �*;=B78?� ������ $*72;+.;0.78?� ������ �.,1*72,<� 8/� -..9� <*5=� -2*92;2<6�� �855.,=287� 8/� 9*9.;<� 8/� =1.� '�� �55�"><<2*7�

�870;.<<�87�+*<2,�9;8+5.6<�8/�=1.8;.=2,*5�*7-�*9952.-�6.,1*72,<��
��������
�	��

(	)

(�)

�

� #8;841=27� ������125270*;���%���#8;841=27��� ���$1.8;B�8/�-.?.5896.7=�8/��*;=1���8<,8@��"><<2*�
�	���

��"��� ��������	�!�� � � ������������� � � ���	��"�!��� � � ���
����������������!��������������������!��	"������ � � � � � � 	�����

(
)� ���������� � � ���
���������������������������� � �56*=B���*C*41<=*7�
�����

(�)� ����� ���	������������� � � ������������� �
� ������!���� �������������� ������������ �����������#���������������������� � � -*6.7=*5�
*7-�*9952.-�:>.<=287<�8/�627270�<,2.7,.<�	�	������	����
�	���

(�)� �84<*58?���������*26>41*6.=8?���������2=18<91.;2,�=1277270<�*7-�=1.�=12,4.7270<�,*><.-�+B�27<=*+252=B�8/�-./8;6*=287�>7-.;�=1.�27/5>.7,.�8/�
27=.;7*5�9;.<<>;.�*7-�/8;,.<�8/�27.;=2*�8/�;8=*=287��&8;5-��9952.-�#,2.7,.<��8>;7*5�
��	
���	����	�����
�	���



����� !�!"!���� ����� �����������!#��
�$��� !���

�
�"����#� %41�1C;1=5819?-7� >?@0D�:2�?41�8:01=9�8:A1819?>�:2�?41��-=?4�>� >@=2-/1�B->�01A17:;10�-90�.->10�:9�?41�

;=:/1>>593� -90� -9-7D>5>� :2� >-?1775?1� �"$� 0-?-� 2=:8� 59?1=9-?5:9-7� /19?1=� $!"���� %41� >7:B� /=@>?-7� 8:A1819?>� :2� ?41�

 :=?41=9� %519� $4-9� 59� ?1/?:95/� 2-@7?>�B->� 59A1>?53-?10�@>593� ?41�81?4:0>� :2� >-?1775?1� =-0-=� 59?1=21=:81?=D� -90��"$� 0-?-�

;=:/1>>593� +
��,�� �95?5-7� 0-?-� 2:=� �78-?D� /5?D� 7:/-?10� 59� -� 4534� >15>85/� -/?5A5?D�� B->� >171/?10� 2=:8� � '�$�%� �$�#�

-=/45A1��$-?1775?1�0-?-�2=:8��		��?:��	
	�?:?-710��	�58-31>�2:=�?41�-=1-�:2� 
		C
		�68��/:A1=593�?41�/5?D�-=1-����=1>@7?�B->�

;1=2:=810�B5?4�$?-�"$�>:2?B-=1�;-/6-31��%41�>?@0D�:2�>7:B�?1/?:95/�8:?5:9>�:9� :?41=9�%519�$4-9�=135:9�.->10�:9��"$�

0-?-�;=:/1>>593�-90�-9-7D>5>�@>593�����%���!���>:2?B-=1�;-/6-31���-;>�:2�?41�A17:/5?D�05>?=5.@?5:9�59�?1/?:95/�2-@7?>�:2�

?41� :=?41=9�%519�$4-9�2:=��		���	
�59�?41�=121=19/1�>D>?18�=17-?10�?:�?41��@=->5-9�/:9?5919?��

�

�

-���:==1>;:90593�-@?4:=���8-57� A191=.:7-?�38-57�/:8 �� �

�

))�'���%�����
�����@3@>?��	
����:9?=1-7���-9-0-� �

�

����������������	�����������
�������������������
�	���	����

� ���������
��������

� �

�

�

$15>85/5?D� :2� ?41� 8:@9?-59� =135:9>� -90� >@==:@90593� 27-?7-90>� :2� �-E-64>?-9� 5>� /-@>10� .D� ?415=� -//1>>:=D� ?:� ?41�

05225/@7?� �@=->5-9� /:9?5919?� 59� ?41� 31:0D9-85/� =17-?5:9�B5?459�B45/4� :=:3191>5>� 5>� -� /:9>1<@19/1� :2� 59?1=-/?5:9� :2� 7-=31�

75?4:>;41=5/�;7-?1>��%41� :=?41=9�%519�$4-9�=135:9�/4-=-/?1=5E1>�B5?4�?41�3=1-?1>?�-/?5A5?D�2:=�?41�7->?� 
���D1-=>�B41=1�?41=1�

B1=1�>?=:931>?�1-=?4<@-61>��&=.-95E10�-337:81=-?5:9��78-?D�B5?4�-�019>1�;:;@7-?5:9�5>�7:/-?10�59�?45>�>15>85/�-/?5A1�-=1-�

+�,���77�?41>1�75>?10�2-/?:=>�012591�-�=171A-9/1�:2�?45>�=1>1-=/4��

�-?-� :2� >-?1775?1� 81->@=1819?>� -=1� -/?5A17D� @>10� 59� >?@0D� :2� ?41� �-=?4F>� >@=2-/1�8:A1819?>� -?� ?41� ;=1>19?� >?-31��

�9?19>5?D� :2� ?1/?:95/� �-=?4F>�8:A1819?>� @>@-77D� -=1�81->@=10� .D�8577581?1=>� -� D1-=� -90� ?:� 05>?593@5>4� ?418� 2=:8� :?41=�

;=:/1>>1>�4-;;19593�.:?4�:9�?41��-=?4F>�>@=2-/1�-90�59�>@.>:57��5?�5>�;:>>5.71�:97D�-;;7D593�A-=5:@>�?::7�81?4:0>�-90�?-6593�

4534�;=1/5>5:9� 7:93� 81->@=1819?>�� %41� 8:01=9� 8:A1819?>� /:81� ?:� 7534?� .D� /:8;71C� -;;75/-?5:9� :2� A-=5:@>� 81?4:0>��

59/7@0593�31:7:35/-7��31:8:=;4:7:35/-7��31:;4D>5/-7��31:/4185/-7��->?=:9:85/-7��31:01?5/��

�:=�012595?5:9�>7:B�1-=?4>�8:A1819?>�:2�?41� :=?41=9�%519�$4-9�59�?1/?:95/�.=1-6>�E:91>�?41=1�B1=1�@>10�81?4:0>�:2�

-� >;-/1.:=91� =-0-=� 59?1=21=:81?=D� -90� ;=:/1>>593� :2� �"$� 0-?-�� %41�81?4:0� :2� -� >-?1775?1� 59?1=21=:81?=D� 5>� .->10� :9� ?41�

1221/?�:2�-9�59?1=21=19/1�:2�171/?=:8-391?5/�B-A1>�-90�8-?418-?5/-7�;=:/1>>593�:2�/:41=19?�-8;75?@01�;4->1�81->@=1819?>�

:2� >1A1=-7� 58-31>� :9� ?41� >-81� >5?1� :9� ?41� �-=?4F>� >@=2-/1�� �:=� 59?1=21=:81?=5/� ;=:/1>>593� :2��78-?D� /5?D� 59;@?� 0-?-�B->�

/4:>19�58-31>�2=:8�?41�>-?1775?1�� '�$�%��$�#�� �

"=:/1>>593� :2� �"$� 0-?-�B->� /-==510� :@?�.D� ?41�����%���!��� >:2?B-=1�� �:=� /:8;-=5>:9�;-=-81?1=>� :2�8:01=9�

8:A1819?>�:2�?41��-=?4F>�>@=2-/1�=135:9�B1=1�/-7/@7-?10�59�?B:�=121=19/1�>D>?18>��=-?41=��@=->5-9�/:9?5919?�-90�?41��-=?4F>�

/19?1=�� �:=� 1-/4� �"$� ;:59?� :2� -� 91?B:=6� 3=-;4� :2� -99@-7� ?18;:=-=D� 05>;7-/1819?>� B1=1� -9-7DE10� :9� 1-/4� :2� ?4=11�

/:8;:919?>�59�?41�05=1/?5:9>�?41�$:@?4� :=?4��$ ���?41�(1>?��->?��(����@;�0:B9��&"��B5?4�=18:A-7�2=:8�?41�>@.>1<@19?�

/-7/@7-?5:9>�:2�-.9:=8-7�01A5-?5:9>�:2�?41�?1/49:3195/�9-?@=1�� �

%41�>?@0510�=135:9�59/7@01>��	�>?-?5:9>�:2�?41��9?1=9-?5:9-7��=:@90�$?-?5:9����$�� 1?B:=6�-90� 
	��"$�>?-?5:9>�:2�-�

7:/-7�91?B:=6���-;>�:2�?41�A17:/5?D�25170�:2�8:A1819?�:2�?41��-=?4F>�>@=2-/1�:2�?41� :=?41=9�%519�$4-9�2:=��			��	
�B1=1�

;=:/1>>10� 59� -� 31:/19?=5/� =121=19/1� >D>?18� /:9/1=9593� ?41� �-=?4F>� /19?1=� :2� 3=-A5?D�� �:9/1=9593� ?41� �-=?4F>� /19?1=� ?41�

;=1A-57593�4:=5E:9?-7�8:A1819?�:2�?41�=135:9�5>�?41�8:A1819?�59�?41�05=1/?5:9�?41��->?� :=?4��->?�-?�A-7@1>�:2�?41�A17:/5?D�

:2� 
���88�D1-=�2:=�9:=?41=9�?41�$ �/:8;:919?>�-90��
����88�D1-=�2:=�1->?�(����9�?41�A1=?5/-7�8:A1819?�B->�1>?-.75>410�

?41�>?1-0D�=-5>593�:2�?41�B1>?1=9�;-=?�:2�?41�?1==5?:=D�B5?4�-�A17:/5?D�:2� 
�����	�88�D1-=�-90�7:B1=593�1->?�B5?4�A17:/5?D�:2�


�����	�88�D1-=��%41�A1=?5/-7�05>;7-/1819?�A17:/5?51>�:2�?41� :=?41=9�%519� $4-9�?1==5?:=D�.D��"$�0-?-�0:9�?�/:9275/?�B5?4�

8:01=9� /:9/1;?>� :2� >15>8:?1/?:95/� E:9593� -90� /:925=810� .D� ?41� 7-?1>?� 253@=1>� E:9593� 1;5�;7-?2:=8-7� :=:319>� :9�8:?5:9�

8:01�� $539�A-=5-.71� >5?1>� :2� A1=?5/-7� A17:/5?51>� /:59/501� B5?4� -=1->� :2� @;752?� -90� >@.>5019/1� �2::?4577� -90� 59?1=8:@9?-59�

4:77:B>��:2�A-=5:@>�?18;:=-=D�0@=-?5:9�-90�=1271/?�?41�8:01=9�-/?5A1�31:0D9-85/�8:A1819?>�:2�?41�?1==5?:=D��

�>�-�=1>@7?�:2�?41�;=:/1>>593�:2�?41�"1=>5>?19?�$/-??1=1=>�81?4:0�?41�8-;�:2�A1=?5/-7�8:A1819?>�:2�?41��-=?4F>�>@=2-/1�

B->� =1/15A10� 2:=� ?41� ;1=5:0� 2=:8� �		���	
	� -//:=0593� ?:� $�#� 58-3593� :9� ?41� ?1==5?:=D� :2� �78-?D� /5?D�� %41� =1>@7?-9?�

;=:0@/?� :2� ;=:/1>>593� :2� ?41� "$� 81?4:0� .17:93>� ?:� 81->@=1819?� :2� 7591-=� >452?>� -90� 35A1>� :@?;@?� A-7@1>� :2� 41534?� :2�

>1;-=-?1� =1271/?:=>� �;:59?>�� +,��%41�A-7@1>� :2� A1=?5/-7�8:A1819?>� :2� ?41��-=?4F>� >@=2-/1� /-7/@7-?10� :9� ?41�"$�81?4:0� -=1�

0125910�B5?4�8577581?1=�-//@=-/D��

%41�;=175859-=D�=1>@7?>�=1/15A10�.D�0-?-�;=:/1>>593�:2�$�#�58-3593�:9�?41�?1==5?:=D�:2��78-?D�/5?D�>4:B10�?4-?�?41�

8:>?�;-=?�:2�?41�>1??7593�=1271/?:=>�-=1�7:/-?10�59�2::?4577�-=1->�-90�>@==:@90593�?1==5?:=51>��%41�8-;�:2�A1=?5/-7�05>;7-/1819?>�

:2�?41��-=?4F>�>@=2-/1�:2��78-?D�/5?D�2:=��		���	
	�D1-=>�-//:=0593�?:�>-?1775?1�=-0-=�58-31=D�5>�>4:B9�59�253@=1�
�

*4@8-.16�*4-9?-D1A

��
�


���71C-90=��58
�
���719-��A-9/4@6:A-

��
��'191=-��@95>.16:A-

�-�
���=8-9�%@=3@8.-1A

�
�
� � � �

�
	��� ���!���������!����� ��������� �������������������# �������!#��
�$��� !���

�



�����	������

�

������
���

)@-:A4.3���%���$=,;0D946:A��������=,249�%������:>4C096:� �����#3.307:.36:A������������"C-49���,?,70A�%�(����01:=8,?4:9�1407/��/00;�.=@>?,7�

>?=@.?@=0�,9/�?30�>;,?4,7�/4>?=4-@?4:9�:1�?30�>04>84.4?C�:1�?30�$409�#3,9���0:7:2C� �	��������
����������������������������������	��

*
+�)@-:A4.3���%���'��<��&,92��(����#.30=-,�������#.307:.36:A��"��"0474920=�����"042-0=�� �����:>4096:��!���:79,=��&���4.3,5 75 :B��%�����,6,=:A�����
�4��#�����@D46:A��$�����0==492����&���,8-@=20=��������,20=��(��8���,92��%�����=,249�,9/�"�$���04>09-,0A��!#�A07:.4?C�1407/�1:=�?30�$409�#3,9�,9/�

>@==:@9/492�=024:9>��$0.?:94.>��%:7��
���
�	���/:4�	��	�
��
�	�$���
��
�� �

*�+�$48@>3���%���#04>8:?0.?:94.>�:1�,�74?3:>;30=0�:1��,D,63>?,9��#.409?414.�;@-74.,?4:9���78,?C��
�		��;;�����

*�+��::;0=�� ��� )0-60=�� !�� #02,77�� ,9/�����,8;0>�� ��� 90B�80?3:/� 1:=�80,>@=492� /01:=8,?4:9� :9� A:7.,9:0>� ,9/� :?30=� 9:9�@=-,9� ,=0,>�@>492� �9#�"�
;0=>4>?09?�>.,??0=0=>����0:;3C>4.,7�"0>0,=.3��0??0=>��A:7���	���0.08-0=�
�����

�
�

�42@=0�	�F�$30�8,;�:1�A0=?4.,7�/4>;7,.0809?>�:1�?30��,=?3E>�>@=1,.0�:1��78,?C�.4?C�1:=�
����
�	�� �

�

$30�,9,7C>4>�:1� >;,?4:�?08;:=,7�/4>?=4-@?4:9�:1�A07:.4?40>�,9/�/4>;7,.0809?>�:1�?30��,=?3�>� >@=1,.0�:1�?30��:=?30=9�

$409�#3,9� 1=:8�
����?:�
�	��B,>�.,==40/�:@?�-C�=0>@7?>�:1��!#�8:94?:=492�:9� >?,?4:9,=C�;:49?>��$30�.=0,?0/�8,;>�=0170.?�

?30� 2090=,7� ?=09/� :1� ?30� /4=0.?4:9� :1� ?30�8:A0809?� :1� ?30� �,=?3�>� >@=1,.0� 49� ?30� =024:9� ,9/� .:914=8� >?=@.?@=,77C� ?0.?:94.�

.:9>?=@.?4:9>�,..:=/492�?:�20:7:24.�20:;3C>4.,7�/,?,��$30�A0=?4.,7�8:A0809?>�:1�?30�0,=?3� >@=1,.0�49�?30�=024:9�:1��78,?C�

B0=0� >?@/40/�-,>0/�:9�=,/,=�48,20>� 1=:8�>,?0774?0���%�#�$��#�"���,>0/�:9�?30>0�8,;>�:1�A0=?4.,7�/4>;7,.0809?>�:1�?30�

�,=?3E>�>@=1,.0�-C�>,?0774?0�=,/,=�49?0=10=:80?=C�B0=0�9:?0/�49?09>4A0�A0=?4.,7�8:A0809?>�49�1,@7?�D:90>�:1�?30�>:@?30=9�;,=?�

:1�?30�.:9>4/0=0/��78,?C�=024:9��

�

�

*	+�




� ��	
�
���

� ��
�
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ����

�

6'$1$���� -#��
�  1$�3'$�, ).1� -#�,(-.1�/1(-"(/ +� 231$22$2� 3� % (+41$���"(� (2�3'$�4-( 7( +� ".,/1$22(5$� 231$-&3'�.%�3'$� (-3 "3�

1."*�, 3$1( +�� -#�,!��2� -#� � 1$�, 3$1( +�".-23 -32�6'("'�#$/$-#�4/.-�3'$��$.+.&(" +��31$-&3'��-#$7�.%�3'$�1."*�, 22� -#�

3'$�#$&1$$�.%�#(2341! -"$�3.�6'("'�3'$�1."*�, 22�' 2�!$$-�24!) $"3$#�!8�!+ 23�# , &$� -#�231$22�1$+ 7 3(.-�� � � � �

� � � �.1� 3'$� /1$+(,(- 18�  - +82(2�  -#� #$2(&-� .%� 4-#$1&1.4-#� ./$-(-&2� $-".4-3$1$#� (-� $-&(-$$1(-&� /1.) $"32� 24"'�  2�

34--$++(-&�� ,(-(-&�� '8#1.$+$"31("� /.6$1� &$-$1 3(.-�� #(2/.2 +� .%� -4"+$ 1� 6 23$2�  -#� 4-#$1&1.4-#� 23.1 &$��  � "+.2$#�%.1,�

2.+43(.-�(2�/1$%$11$#���%�3'$�, 3$1( +�-.-�+(-$ 1(38� -#�/+ 23("(38�' 5$�3.�!$�".-2(#$1$#��24"'�2.+43(.-2� 1$�&$-$1 ++8�%$ 2(!+$�

%.1� 2(,/+(%($#�  7(28,,$31("� /1.!+$,2� .-+8�� �.1� 3'(2� 1$ 2.-�� (3� (2� &$-$1 ++8�  224,$#� 3' 3� 3'$� 1."*�, 22� (2� '.,.&$-$.42��

(2.31./("� -#�$73$-#(-&�3.�(-%(-(38��3' � �

� � � � 2$#�.-�3'$2$� 224,/3(.-2�� - +83(" +�2.+43(.-2�%.1�231$22$2� -#�#(2/+ "$,$-32� 1.4-#�"(1"4+ 1�./$-(-&2�(-�$+ 23./+ 23("�

 -#� $+ 23("�!1(33+$�/+ 23("� 1."*�, 22$2� &.5$1-$#�!8� 3'$� &$-$1 +(9$#��.$*��1.6-� % (+41$� "1(3$1(.-�6$1$�/1$2$-3$#� (-� �
�����

�'$2$� 2.+43(.-2� 1$04(1$� -4,$1(" +�,$3'.#2� %.1� 3'$� 2.+43(.-2� .%�  � -.-+(-$ 1� $04 3(.-� 3.� .!3 (-� 231$22$2�  -#�  � #(%%$1$-3( +�

$04 3(.-�3.�".,/43$�#(2/+ "$,$-32���.�"(1"4,5$-3�3'(2�� //1.7(, 3$�"+.2$#�%.1,�2.+43(.-2�6$1$�/1./.2$#�%.1�231$22$2�(-�����

 -#�%.1�#(2/+ "$,$-32�(-� ������'$�2.+43(.-�%.1�#(2/+ "$,$-32�6 2�! 2$#�.-�3'$�2(,/+(%8(-&� 224,/3(.-�3' 3�3'$�$+ 23("�231 (-�

/ 132� (-�3'$�/+ 23("�9.-$� 1$�&(5$-�!8�3'$�$+ 23("� 2.+43(.-2�%.1�3'$�/+ 23("� --4+42� �����2� �1$24+3�.%�3'(2� //1.7(, 3(.-��3'$�

$11.1�(-�#(2/+ "$,$-32�".4+#�!$".,$�2(&-(%(" -3+8�+ 1&$�����%.1�2.,$�" 2$2�.%�#(+ 3(-&�1."*�, 22$2��

� � � �'$�.!) $"3(5$�.%�3'(2�/ /$1�(2�3.�/1./.2$� -� ""41 3$�"+.2$#�%.1,�2.+43(.-�%.1�3'$� 7(28,,$31("�$+ 23./+ 23("� - +82(2�.%�

#(2/+ "$,$-32� 1.4-#�"(1"4+ 1�./$-(-&2�(-�1."*�, 22�&.5$1-$#�!8�3'$�&$-$1 +(9$#��.$*��1.6-�% (+41$�"1(3$1(.-�".-2(#$1(-&�

!.3'� 22."( 3$#� -#�-.-� 22."( 3$#�/+ 23("(38��

�

�

� � � �.� #$1(5$� 3'$� /1./.2$#� 2.+43(.-� %.1� #(2/+ "$,$-32� (-� 3'$� /+ 23("� 9.-$�� 3'$� $7(23(-&� 2.+43(.-2� ������ %.1� 231$22$2�  3� 3'$�

$+ 23("�/+ 23("� (-3$1% "$�6$1$�42$#���'$�-.-+(-$ 1� &$-$1 +(9$#��.$*��1.6-� % (+41$� "1(3$1(.-�6 2� 3'$-� +(-$ 1(9$#�/($"$6(2$�

6(3'(-�3'$�$7(23(-&�1 -&$�.%�3'$�,(-.1�/1(-"(/ +�231$22���.1�3'$�(

������	�����
�
����� ��������
�����	�
������
���������
������	���

����������������������

3'
�+(-$ 1(9 3(.-�2$&,$-3��3'$�% (+41$�"1(3$1(.-�, 8�!$�61(33$-�

 2�

�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�

���

�

�

 �

�

��.11$2/.-#(-&� 43'.1���, (+� 2' 1 -�+ 41$-3( -�" �

�

� �

� �

�

�

������������	��	��4&423�	�����.-31$ +��� - # � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �	��

�

6'$1$��

���������	�������������	�������������������������������	� �

���������������
��������������������
�����
���������������������

	����������������

(

�

�

�  -#��(

�' (+$-#1 ��' 1 -

�  1$� +(-$ 1(9 3(.-�/ 1 ,$3$12� 3' 3�, 8�!$� $7/1$22$#� (-� 3$1,2� .%� 3'$� $04(5 +$-3� ".'$2(.-�  -#� 3'$�  -&+$� .%�

(-3$1- +�%1("3(.-�.%�3'$�1."*�, 22�%.1��.'1��.4+.,!�% (+41$�"1(3$1(.-���'$�+(-$ 1(9 3(.-�6 2�#.-$�!8�42(-&�3'$�+$ 23�204 1$2�

1$&1$22(.-���7/+("(3�$7/1$22(.-2�%.1��

 �

(

�

� -#��

��
������������� ���������������
������
��	����������������������
������
�

�

(

�

�6$1$�3'42�.!3 (-$#�!8�2.+5(-&�3'$�%.++.6(-&�2823$,2�.%�+(-$ 1�$04 3(.-2��

�

����
��� �-� 3'(2� / /$1��  � "+.2$#�%.1,� 2.+43(.-� (2� /1./.2$#� %.1� 3'$�  7(28,,$31("� $+ 23./+ 23("� /+ -$� 231 (-�  - +82(2� .%�

#(2/+ "$,$-32� 1.4-#�"(1"4+ 1�./$-(-&2�(-�1."*�, 22�&.5$1-$#�!8�3'$�&$-$1 +(9$#��.$*��1.6-�% (+41$�"1(3$1(.-���.3'� 22."( 3$#�

 -#�-.-� 22."( 3$#�/+ 23("(38�  1$� ".-2(#$1$#���'$� 2.+43(.-� (2� .!3 (-$#�!8� +(-$ 1(9(-&� 3'$�-.-�+(-$ 1� % (+41$� "1(3$1(.-�/($"$6(2$�

42(-&� 3'$� +$ 23�204 1$2� 1$&1$22(.-���'$� $7(23(-&� "+.2$#�%.1,� 2.+43(.-� (2�! 2$#� .-�  � 2(,/+(%8(-&�  224,/3(.-� 3' 3�, 8� 1$24+3� (-�

2(&-(%(" -3�$11.12���3'$1� - +83(" +� 2.+43(.-2�1$04(1$�3'$�-4,$1(" +� 2.+43(.-�.%� �#(%%$1$-3( +�$04 3(.-���8�".,/ 1(-&�3'$�1$24+32�

.!3 (-$#�!8�42(-&�3'$�/1./.2$#�2.+43(.-�6(3'�3'.2$�.!3 (-$#�!8�42(-&� �-4,$1(" +�,$3'.#�%.1�2$5$1 +�" 2$2��(3�(2�2'.6-�3' 3�3'$�

/1./.2$#�2.+43(.-�/1.#4"$2�1$ 2.- !+8� ""41 3$�1$24+32�$5$-�(%� �!(+(-$ 1�.1�31(+(-$ 1� //1.7(, 3(.-�(2�".-2(#$1$#� -#� -8�#$2(1$#�

+$5$+�.%� ""41 "8�, 8�!$� "'($5$#�!8�42(-&�,4+3(+(-$ 1� //1.7(, 3(.-2��

�
�������������

�

� � � �.1�, -8� 38/$2� .%� 1."*��/ 13("4+ 1+8� %.1�  �) .(-3$#� 1."*�, 22�� 3'$� ".-5$-3(.- ++8�42$#��.'1��.4+.,!� % (+41$� "1(3$1(.-�

, 8�-.3�!$� 24(3 !+$� ������.1� 24"'�1."*�, 22$2��3'$�1$"$-3+8�/1./.2$#�&$-$1 +(9$#��.$*��1.6-� �	�� % (+41$�"1(3$1(.-�(2�,.1$�

 //1./1( 3$���'(2�% (+41$�"1(3$1(.-�(2�$7/1$22$#� 2�%.++.62��

�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� ���� � �



������ (4+� ���� (8,� :/,�30403;3� (4+�3(>03;3�6804*06(2� 9:8,99,9� 04� :/,� 0
:/
� 204,(80@(:054� 9,.3,4:� (4+� -��
�� ����� 09�

.0<,4�)?��7;(:054������%/,�04:,.8(:0549�04�:/,�()5<,�,7;(:0549�(8,�*(880,+�5;:�(4(2?:0*(22?�� �

� � � %/,�*588,9654+04.�62(9:0*�65:,4:0(2�-;4*:054�"0�-58�:/,�0
:/
�204,(80@(:054�9,.3,4:�=(9�(99;3,+�:5�),�204,(8�(4+�.0<,4�)?�

�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

�

� � � � � � � � � � � � � � � � � � � � � � � � �����

�

�

���

�

�

�

��

�

� �

�

�

�

���

�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ����

�

=/,8,��0�8,68,9,4:9�:/,�+02(:(4*?�5-�:/,�85*1�3(99�,>68,99,+�04�:,839�5-�:/,�(4.2,�5-�+02(:054��$6,*0(2�*(9,9�5-��

� � � �����

0

�

����

�

0



�(4+�

�

��

0

�

����-58�(22�9,.3,4:9�*588,9654+�:5�:/,�(995*0(:,+�62(9:0*0:?�(4+�(�454�+02(:04.�85*1�3(99��8,96,*:0<,2?�� � �

� � � �4� ,>09:04.� *259,+�-583� 952;:054� &�'� -58� :/,�60,*,=09,�204,(8��5/8��5;253)� -(02;8,� *80:,8054�=(9� ,>:,4+,+� (4+� :/,4�

(6620,+�:5�:/,�68,9,4:�685)2,3��%/,�952;:054�-58�+0962(*,3,4:9�=(9�:/,4�5):(04,+�04�:/,�-583�5-�(�*259,+�-583�-040:,�9,80,9��

$52;:0549�-58�)0204,(8�(4+�:80204,(8�(6685>03(:0549�=,8,�:/,4�5):(04,+�(9�96,*0(2�*(9,9��

�

�4� 58+,8� :5� <(20+(:,� :/,� 952;:054� :/;9� 5):(04,+�� 9,<,8(2� ,>(362,� *(9,9� =,8,� (4(2?9,+� )?� <(8?04.� :/,� 3,*/(40*(2�

6856,8:0,9� 5-� 85*1� 3(99�� 04� 90:;� 9:8,99,9� (4+� :/,� 9;6658:� 68,99;8,�� �54<,8.,4*,� :,9:9� =,8,� 6,8-583,+� )?� 04*8,(904.� :/,�

4;3),8� 5-� 204,(80@(:054� 9,.3,4:9��

+0--,8,4:0(2�,7;(:054�4;3,80*(22?��

� � � %/,�685659,+�*259,+�-583�952;:054�=(9�-5;4+�:5�685+;*,�8,(954()2?�(**;8(:,�8,9;2:9�,<,4�0-�542?�(�)0204,(8�58�:80204,(8�

(6685>03(:054�=(9�;9,+�(4+�(�/0./�2,<,2�5-�(**;8(*?�*5;2+�),�(*/0,<,+�)?�*5490+,804.�3;2:0204,(8�(6685>03(:0549��

�

�4�(**;8(:,�*259,+�-583�952;:054�=(9�685659,+�(4+�<(20+(:,+�-58�:/,�(>09?33,:80*�,2(9:562(9:0*�62(4,�9:8(04�(4(2?909�5-�

+0962(*,3,4:9�(85;4+�*08*;2(8�56,404.9�04�85*1�3(99�.5<,84,+�)?�:/,�.,4,8(20@,+��5,1��85=4�-(02;8,�*80:,8054�*5490+,804.�

(995*0(:,+� (4+� 454�(995*0(:,+� 62(9:0*0:?�� !8(*:0*(22?� (**;8(:,� 8,9;2:9� =,8,� 5):(04,+� )?� ;904.� (� )0204,(8� 58� :80204,(8�

(6685>03(:054� 5-� :/,� -(02;8,� *80:,8054� (4+� (4?� +,908,+� 2,<,2� 5-� (**;8(*?� *5;2+� ),� (*/0,<,+� )?� ;904.� 3;2:0204,(8�

(6685>03(:0549��

�

&�' �5,1������85=4���%����36080*(2�$:8,4.:/��80:,8054�-58�#5*1��(99,9���$�� � ����
���
��������

&	' �5,1� ���� �(88(4@(�%588,9� ���� �581;3� ���� �5,1��85=4� �(02;8,� �80:,8054� � 	��	� �+0:054�� �58:/� �3,80*(4� #5*1�

�,*/(40*9�$?36590;3��%5854:5���(4(+(�	��	�
��	��	��

&
' �(88(4@(�%588,9������2(9:5�62(9:0*�$52;:054�5-�%;44,2�!85)2,39�;904.�:/,��,4,8(20@,+�-583�5-�:/,��5,1��85=4��(02;8,�

�80:,8054�� � ����������	�����

&�' $/(8(4� $������4(2?:0*(2� $52;:0549� -58� $:8,99,9� (4+��0962(*,3,4:9� (85;4+� (��08*;2(8� 6,404.� 04� (��,4,8(20@,+��5,1�

�85=4�#5*1�� � ��������	�����

&�' $5-0(459� ������ �530159� !�!��� �7;0<(2,4:� �5/8��5;253)� (4+� �,4,8(20@,+� �5,1��85=4� $:8,4.:/� !(8(3,:,89� -58�

$;6658:,+��>09?33,:80*�%;44,29�04�!2(9:0*�58��80::2,�#5*1�� � ��
������	����

&' $/(8(4� $������>(*:� (4+��6685>03(:,� $52;:0549� -58��0962(*,3,4:9� 04��2(9:0*�)80::2,�62(9:0*��5,1��85=4�#5*1�� ��

� ����	������	�����

&�' �,44,+?�%������04+),8.�������%;44,2��259;8,�-58��54204,(8��5/8��5;253)��;4*:0549���$��� � ��
�
�

�
	�� �����

���

�����
	���	��	����

�

� � �


��
������

�

� � �

�����������

�

���

��

��

��

��

���

�������� �	��� ����
�������� ����������
�	� �������� �����
��� ��������� ��� ����
�� �	��

�

�
�

�

�

�

�

�

���������
����

���������
����
�����	
�

���������
����
�����	
�

���������
����
�����	
�

�������

��
����
�����	
�

���������


 ������ ��
���
�����


����	��� � � � � � � � � � � � � � � � � � � � � � � �
(��

�

�

� � � � � � � � � � � � � � � � � � � � � � � � � ������
 � �����

 � � ������� � ����������� 
����
���
�����

	��� � � � � � � � � � � � � � � � � � � � � � � � � �
)��

�

=/,8,�



� � � � � � � �


	
��

�
��

��� ���������
�������	
����������� ��������������� ��������� ����

��� ������

�

�

�6"/(.*/(�!6
�	"�
���"/(��*

	�

��60:"/��"/(

�	�
��!0/(+6/��*/

���
� �

�
������������$���������� ������������������������������$� !�"%�������������������� �$������������

�
�	�!"�"#"������ ���"��"# ���������� ��������������� ��#�"# ������$� !�"%��������������������� �$������������

�
������������� ���"��"# ��������� �����������������$� !�"%��� #��������������� �$������������

�

�
#��� %��)&3&�"3&�"�-"3(&�/6.#&3�0'�$3"$,4�*/�30$,�."44�0'�5)&�.*/&�"/%�56//&-��8)*$)�"''&$5�5)&�453&/(5)�0'�5)&�30$,�."44��"/%�5)&/�"''&$5�
5)&� 45"#*-*5:�0'�.*/&�"/%�56//&-�&/(*/&&3*/(���*5)�5)&�'3"$5"-�5)&03:�"/%� 45"5*45*$"-�'3"$563&�.&$)"/*$4�.&5)0%��5)&� 45"5*45*$"-� 453&/(5)�0'�30$,�

."44�6/%&3�5)&�30$,�."44�'3"$563&�&70-65*0/�*4� 456%*&%���)&�3&-"5*0/4)*1�#&58&&/�5)&�30$,�."44�453&/(5)�"/%�'3"$5"-�%*.&/4*0/�*4�&45"#-*4)&%��

"/%� 5)&� $033&410/%*/(�3&-"5*0/�%*"(3".� *4� %3"8/���/"-:4*4�3&46-54� 4)08�5)"5� 5)&� '3"$5"-� %*.&/4*0/� $"/�#&�64&%� "4� "�1"3".&5&3� 0'� 30$,�."44�

%"."(&�45"5&��"/%�5)&�453&/(5)�0'�30$,�."44�%&$3&"4&4�8*5)�5)&�*/$3&"4&�0'�'3"$5"-�%*.&/4*0/��

�
�������������

�� � ����� ������������������������ �������������� ���

�

�

�&! � �����%"���"�$�"� ��

�

�)&�30$,�."44�*4�%*''&3&/5�'30.�05)&3�."5&3*"-4�#&$"64&�0'�5)&�3"/%0.�%*453*#65*0/�$)"3"$5&3*45*$4�0'�5)&�'3"$563&4��"/%�*5�* 4�

%*''*$6-5�50�%&4$3*#&�5)&�*33&(6-"3*5:�#:�5)&�53"%*5*0/"-��6$-*%&"/�(&0.&53:���/�5)&�#"4*4�0'�5)&�'03.&3�803,��8&�*.1307&�5)&�

8":� 50� "/"-:;&� 5)&� 45"5*45*$"-� 453&/(5)�0'�30$,�."44���*5)� 5)&� 4*.*-"3�."5&3*"-�.0%&-� 5&45� "/%� '3"$5"-� (&0.&53:� 5)&03:��8&�

(*7&�065�*54�'3"$5"-�&70-65*0/�-"8���"4&%�0/�%*''&3&/5�$3"$,�5:1&4��5)&�3&-&7"/5�36-&4�0'�5)&�'3"$5"-�%*.&/4*0/�"/%�5)&�453&/(5)�

0'�30$,�"3&�&91-03&%��8)*$)�1307*%&�"�8":�50� 456%:�5)&�.&$)"/*$"-�$)"3"$5&3*45*$4�0'�5)&�'3"$563&%�30$,�."44�#:�64*/(�5)&�

/0/-*/&"3� ."5)&."5*$"-� .&5)0%�� �)&� 456%:� *4� 64&'6-� '03� 5)&� "/"-:4*4� 0'� 5)&� %*453*#65*0/� 0'� 5)&� 30$,� ."44� $3"$,4� */� 5)&�

6/%&3(306/%�&/(*/&&3*/(��"/%�*5�$"/�1307*%&�5)&03&5*$"-�#"4*4�'03�13"$5*$"-�&/(*/&&3*/(��

�

�:�5)&�"/"-:4*4�0'�5)&� 453&/(5)�0'�'3"$563&%�30$,�."44��8&�'*/%�5)&�'"*-63&�.&$)"/*4.�0'�5)&�$3"$,�*/�30$,�."44���)&/�5)&�

$3"$,� 4*;&� *4�.6$)� 4."--&3�5)"/�5)&� 4*;&�0'�30$,�."44�"/%� 5)&� -*5)0-0(:�0'�30$,�."44� *4�)"3%�"/%�#3*55-&�� 5)&�$3"$,�%"."(&�

$"/� */%6$&� $3"$,4� "/%�8&",&/� 453&/(5)� 0'� 5)&� 30$,�."44�� 8)*$)� $"/�#&� "/"-:;&%�#:� 45"5*45*$"-� '3"$563&�.&$)"/*$4�� �0.&�

&91&354� "/%� 4$)0-"34� */� 5)&�13&7*064� "/"-:4*4� 8&3&� 0/-:� $0/4*%&3&%� "� 4*/(-&� $3"$,� */'-6&/$&�� 5)*4�1"1&3�64&4� 580� 5:1&4� 0'�

$3"$,�"/"-:4*4�"/%�$0/4*%&3�5)&�&9*45&/$&�0'�.6-5*1-&�$3"$,�*/5&3"$5*0/��

�*5)�5)&�)&-1�0'�'3"$563&�.&$)"/*$4�"/%�5)&�$033&410/%*/(�."5)&."5*$"-�53"/4'03."5*0/��

�

�

�

�

�
�




5"/


 �

�
�

�

�
�

�

� � � � �	��

�/�5)&�"#07&�&26"5*0/��
�

�

�

�



5"/




�

�

"��033&410/%*/(�"65)03���."*-��:6�(6"/(.*/(�
���/&5��
�

�

�

�

*4�"�$033&$5*0/�'"$503���5�*/%*$"5&4�5)&�&''&$5�0'�05)&3�$3"$,4�0/

  ���������
	�
���6(645�
�	����0/53&"-���"/"%"�

�

#

#5"/

4*/


#

5"/

#

�


 ��

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � �
�

�)&�130#"#*-*5:�0'�'3"$563&�'"*-63&�$"/�#&�0#5"*/&%�5)306()�5)&��&*#6--�):105)&4*4�0'�5)&�%&'&$5�%*453*#65*0/�"/%�5)&�8&",&45�

-*/,�0'�5)&�'"6-5�&7&/54�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �����

�

�)&�%*453*#65*0/�'6/$5*0/�0'�5)&�$3"$,�4*;&�*4�� ���

�0.#*/&��2��	�������� ���

��
�

�

����

��
��

�

�

�

�&! � � ����%"���"�$�"� ��

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

�

�

��� �����
������������ ���� 	�������	�
�������� ��������������

�&! � �"��������&#�#��

�

�

�

� � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � �

�

� � � � � � � � � � � � � � � � � � � � � � ��



                         
Take the average intensity of rock mass as Mathematical expectation of strength: 
                                                                
                                                              (6) 
 
TypeĊ Crack analysis: According to the weakest link of the fracture event: 
 
                                                                                (7) 

  
Inserting Eq.(2) into (3), and consider the distribution of cracks. So:  
 
 
 
     (8) 
 
 
Through numerical analysis, the relationship curves are obtained ( Fig.1 ). From the Figure 1, type I and type II all showed 
that the strength of rock mass decreases sharply with the increase of fractal dimension, tends to be stable value, and the 
fractal dimension value can be used to describe the strength of rock mass. 
 

 
Fig.1 The curve of mining fractured rock mass strength and the fractal dimension value 

 
CONCLUSIONS 

 
   The failure criterion of type I and type II crack was analyzed by using Westergaurd method. The fractured rock mass strength 
caused by type I crack and type II crack is analyzed, the relationship of rock mass strength and fractal dimension is established. 
The analysis results show that the fractal dimension can be used as the parameters of rock mass damage state, the strength of 
rock mass decreases with the increase of fractal dimension, and the strength of rock mass can be estimated by the fractal 
dimension of fracture evolution.Through the analysis of the average strength of fractured rock mass under different types of 
crack failure mode, the relationship between rock mass strength and fractal dimension is obtained by means of numerical 
analysis. The analysis results show that the strength of fractured rock mass is related to the fractal dimension of fracture 
distribution, and the fractal dimension can be used as the parameters of rock mass damage state, and the strength of rock mass 
decreases with the increase of fractal dimension, the strength of rock mass can be estimated by the fractal dimension of fracture 
evolution, and the distribution of micro cracks and cracks is introduced into. the micro mechanical model. 
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MODELLING LAMINATED FABRIC COMPOSITES UNDER IMPACT LOADS

Martin Schwab∗1 and Heinz E. Pettermann1

1Institute of Lightweight Design and Structural Biomechanics, Vienna University of Technology, Vienna, Austria

Summary A multiscale modelling approach for predicting impact damage in fabric reinforced laminated composites is presented. Thereby,
the fabric topology of a multi-layered laminate is modelled at the level of individual tows for a sub-domain, which is embedded in a
region with a homogenised representation of the laminate. This way, inherent effects arising from the fabric topology are accounted for.
As an example, numerical simulations of a laminated plate in a drop tower impact test setup are conducted. The modelling approach
is verified against experimental data, where very close agreement between the predictions and the experiments is found. The predicted
energy absorption is compared to predictions of an equivalent ply-level model with a homogenised representation of the fabric plies, where
significant differences in the energy contributions of individual mechanisms are observed. Furthermore, the effect of different weaving
styles on the energy absorption of the laminate is investigated.

INTRODUCTION

Laminated fabric composites are widely used within the aerospace and automotive industries, as their high stiffness to
weight and strength to weight ratios are key features in lightweight applications. Impact on laminated composites represents
a complex, highly dynamic event involving nonlinear material behaviour. Various damage and failure mechanisms, i.e. fibre
rupture, matrix cracking, delamination or plasticity-like effects, occur during impact. Each of these mechanisms contributes
to the overall impact response and their interaction results in penetration or even perforation of the laminate, depending on
the actual impact scenario. Experimental testing of the impact behaviour of laminated composites is very time consuming
and expensive and, in most cases, only information on the overall impact behaviour is gained. Hence, predictive tools such
as simulations by means of the Finite Element Method (FEM) are needed for an efficient and detailed assessment of the
characteristics of laminated fabric composites subjected to impact loads.

The present paper presents a multiscale embedding approach (MEA) based on [1, 2] for simulating impact on multi-layered
laminated fabric composites, where the fabric topology is discretised at the level of individual tows. This way, inherent effects
arising from the fabric topology, such as fluctuations in the stress and strain fields, are accounted for. In order to assess their
influence on the impact response of the laminate, a ply-level based modelling approach with homogenised representation of
the fabric plies, cf. [3], is utilised for comparison. As an application example, numerical simulations of a laminated plate
consisting of eight carbon fabric reinforced plies in a drop tower impact test setup are conducted. The numerical simulations
are realised using the explicit FEM code Abaqus/Explicit v6.14 (Dassault Systemes Simulia Corp., Providence, RI, USA).

MODELLING APPROACH

A fabric reinforced laminate exhibits a complex topology. Each layer of such a laminate consists of interwoven resin
impregnated bundles of fibres (i.e. tows) and unreinforced resin zones (i.e. matrix pockets). The present approach utilises a
shell element based modelling strategy to model the fabric topology at the tow-level, cf. [1]. In order to maintain reasonable
computational efficiency, a multiscale modelling technique is utilised, cf. [2]. Thereby, the fabric topology is considered
within a sub-domain in the proximity of the impact zone, where a nonlinear material response is expected. This detailed
sub-domain is embedded in a region with a homogenised representation of the laminate.

Within the detailed sub-domain the fabric topology is discretised assuming typical geometrical idealisations, i.e. a perfectly
periodic weaving pattern, a piecewise linear tow undulation path and a rectangular tow cross-section which is uniform along
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Figure 1: Schematic of a section of an eight harness satin fabric as modelled by the present approach [2].
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Figure 2: Comparison of the failure pattern predicted by the MEA-model (left) and the experimentally observed one (middle)
at the back face of the laminated plate [2]. Effect of the fabric topology on the energy absorption of the laminate (right).

the undulation path, cf. Fig. 1. Considering a single ply, each tow, as well as the matrix pockets are modelled by individual
layers of shell elements. As these individual shell layers within a ply are not connected directly, appropriate couplings
are introduced. A multi-layered laminate is modelled by stacking such plies with cohesive zone elements (CZEs) between
the surfaces of adjacent plies. The constitutive behaviour of the tows is modelled by an energy based continuum damage
mechanics (CDM) approach which also accounts for plastic deformation due to shear loads. This material model is available as
a built-in VUMAT in Abaqus/Explicit v6.14. The matrix pockets are modelled as isotropic elasto-plastic with isotropic strain
hardening. Damage and failure within the matrix pockets is accounted for by a ductile damage approach. The CZEs at the
interfaces between adjacent plies feature a traction-separation based constitutive law accounting for mixed-mode delamination
conditions. The surrounding (embedding) domain is considered as homogeneous orthotropic material and modelled using a
single layer of shell elements with layered section definition and linear elastic material behaviour. The elastic properties of the
plies within the embedding domain are identical to the homogenised properties of the plies within the sub-domain. The edges
at the transition between the two domains are coupled according to shell kinematics. A detailed description of this modelling
approach is presented in [2].

The differences of the present modelling strategy to typical ply-level based discretisations are evaluated by comparison to a
stacked shell modelling approach, cf. [3], where each ply of a laminate is considered as homogeneous material and discretised
by an individual layer of shell elements with CZEs in-between. This ply-level model features a CDM approach for modelling
damage and failure within the plies and accounts for plastic deformations due to shear. Delamination is modelled by the CZEs
in combination with a traction-separation based constitutive law.

APPLICATION EXAMPLE

As an application example, numerical simulations of a rectangular laminated composite plate with quasi-isotropic layup in
a drop tower impact test setup are conducted. The laminate consists of eight carbon fabric plies and is impacted by a spherical
rigid body with an energy of 400J. The MEA modelling approach is verified by comparing the simulation results of a laminate
with eight harness satin reinforcement to results from equivalent experiments. The spatial distribution of intra- and inter-ply
damage, as well as the amount of absorbed energy by the laminate are found to be in very close agreement, cf. Fig. 2 (left
and middle). Comparing the MEA-model and the equivalent ply-level model, a slight difference in the total amount of energy
absorbed by the laminate is observed, cf. Fig. 2 (right). Considering the energy contributions of individual mechanisms,
however, significant differences between these models are found. The capabilities of the MEA-model are demonstrated by
investigating the effect of three different weaving styles (plain, 2/2 twil, eight harness satin) on the impact behaviour and, in
particular, the energy absorption of the laminate. It is observed that the laminate with the most undulated reinforcement shows
the highest amount of absorbed energy, cf. Fig. 2 (right).
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This article presents a study of dynamic failure events in forged, layered, and additive manufactured (AM) titanium alloy subject to hypervelocity 
impact. Experiments were conducted using a two stage light-gas gun, 0.22-caliber Lexan projectiles, and different types of titanium target plates. 
A four-channel Photonic Doppler Velocimetry (PDV) system was used to study the free surface velocities to provide an understanding of the 
different failure mechanisms in these materials. The experimental measurements were used to validate computational simulations, which describe 
the behavior of these materials under shock. It was determined that AM, forged titanium, and multi-layered stacks produce similar velocity profiles 
during the early stage of impact, with the AM targets exhibiting spall at lower velocities and the multi-layered stacks exhibiting vibrations between 
plates. Simulations of solid and layered forged materials provide a good match to experimental data. 
 

INTRODUCTION  
 

The Electron Beam Additive Manufacturing process is currently being used in industry and a quasi-static analysis showed 
only a 3%-5% reduction in mechanical properties compared to a forged titanium counterpart. The different microstructural 
morphology influences the damage and fracture behavior of the AM parts, potentially making it more brittle-like and causing 
early onset of damage [1]. This study compares damage mechanisms between forged and AM target plates under impact 
conditions. The complex microstructure of the AM materials is difficult to model computationally. Layered target plates made 
from forged titanium were also studied to provide an intermediate level of complexity for validating simulations.       
   Impact experiments were designed to produce large deformations on the back surface of targets without allowing full 
penetration of the projectile. Time domain velocity profiles measured on the rear surface can be used to infer shock 
propagation information during impact. Deformation geometry and velocity profiles were used to validate LS-Dyna 
computational simulations. 
 

EXPERIMENTAL METHODS 
 
   A series of hypervelocity impact experiments were conducted with a two-stage light gas gun, which uses a powder breech 
to fire a plastic piston into a pump tube filled with hydrogen. The gas is compressed as the piston moves through the  pump 
tube and a petal valve that separates the pressurized gas for the launch tube ruptures, causing the projectile to accelerate down 
the launch tube and into the experimental tank [2]. The projectile is a Lexan cylinder with a 5.6 mm diameter and 8.61 mm 
length. Impact velocities ranged from 4.8 to 6.9 km/s. Target configurations included a) solid forged titanium alloy, Ti6Al4V, 
12.7 mm thick, b) two layers of forged titanium alloy, with 6.35 mm layer thickness, c) four layers  of forged titanium alloy 
with 3.175 mm layer thickness, and d) three variations of EBAM titanium alloy with 12.7 mm thickness. A four-channel laser 
interferometry system, Photon Doppler Velocimetry (PDV), was used to record the basic dynamic failure mechanisms in these 
complex structures. PDV is a heterodyne interferometer that gathers velocity data constructed by measuring displacement 
using optical fiber probes [3]. 
 

COMPUTATIONAL METHODS 
 
   Computational simulations of the solid and layered forged targets being impacted by a 0.22-caliber Lexan projectile were 
performed using a Smooth Particle Hydrodynamics (SPH) code in LS-DYNA. Johnson-Cook material models with Mie-
Grüneisen equation of state (EOS) were utilized [4]. Two dimensional axisymmetric models were created for projectiles and 
targets and no boundary constraints were applied. Particle spacing for these models was 0.1 mm. This modelling approach 
was verified for homogeneous materials in previous studies [2 & 5].     
 

RESULTS AND DISCUSSION 
  

   Differences in deformation and failure of six types of titanium were documented for three different impact velocities. 
The AM, forged titanium, and multi-layered stacks produced similar velocity profiles during the early stage of impact, with 
the AM targets exhibiting spall at lower velocities and the multi-layered stacks exhibiting vibrations between plates. Figure 
1(a) compares target back surface velocity profiles for six target configurations. The forged computational model compared 



with experimental data is shown in Figure 1(b). Figure 2 shows the experimental results of the multi-layered target plates 
compared with the computational model. The multi-layer simulations still require some validation, however the simulations 
are able to capture the basic damage of the plates. The EBAM targets are extremely challenging to model because of the 
microstructure, porosity, and quasi-static property differences and have not been included in this work.  
 
 

 
Figure 1. Velocity traces: (a) PDV data forged, layered, and AM material and (b) Experimental vs. simulation for forged titanium 

 

. 
Figure 2. Experimental vs. simulation velocity traces: (a) two layers of forged titanium and (b) four-layers of forged titanium 

 
CONCLUSIONS 

 
   The 4-channel PDV experiments were successfully completed to explore the dynamic behavior of forged titanium, stacked 
forged titanium, and AM titanium target plates. Differences in deformation and failure of six different types of titanium were 
documented for three different impact velocities. The AM material shows more damage than the forged plate for similar impact 
velocities and observations from these experiments indicate that the penetration velocity would be lower for the AM targets. 
Computational models were developed to simulate projectile-target interaction for the forged and multi-layered titanium plates. 
Reasonable agreement was found with experimental data. Additional microstructural geometry details and material property 
variations are needed in order to develop models for the AM titanium.   
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Transition radiation of waves in an elastic continuum was first theoretically described in [5]. Two elastic half-planes were
considered under the action of a constant, uniformly moving load that crosses the interface between the half-planes along the
path normal to this interface. Though the chosen model has no direct practical application, the study provided physical insight
into the mechanism of transition radiation in an elastic continuum. Compressional and shear waves as well as interface waves
(i.e., Stoneley waves) can be excited, while the energy radiation spectra of the former show peculiar directivities, which is due
to the coupling of the radiated waves at the interface. In another paper, the phenomenon of transition radiation was analyzed
in a more realistic continuum model consisting of two elastic layers that are coupled at a vertical interface [6]. Both layers
in this model have a free surface and are fixed to a rigid bottom, while the load is assumed to move along the free surface
and cross the layer interface (Fig. 1(a)). The most important difference compared to the above-discussed continuum model
is the presence of the free surface, which allows for the existence of surface waves. A semi-analytical solution was obtained
by expanding the transitional wave field in each layer (i.e., free fields) into a set of propagating and evanescent guided modes.
The free fields are coupled at the vertical interface, and the interface conditions were used to determine the modal coefficients.

In the current study, we show that the model introduced in [6] can be extended by mounting a thin flexible plate on top
of the layers, as shown in Fig. 1(b). In fact, this modifies one of the boundary conditions (at z = 0) and consequently the
properties of the guided modes, which are now modes of the combined system. However, the solution method is generic
and can still be applied. The semi-analytcial solution is used to study the characteristics of the free fields. In particular, the
influence of the plate on the directivity of the energy radiation spectra is analyzed.

PRELIMINARY RESULTS

We here give some initial results for the model shown in Fig. 1(a), similar as those presented in [6]. In particular, Fig.
2 shows the free-field contribution to the energy flux through the circular part of the surface Γ, as introduced in Fig. 1(a).
Clearly, the energy flux associated with the free fields has a peculiar angle dependence, and it is extreme in specific directions.
We can verify that the free-field contribution is extreme along the free surface, along the layer interface or into the medium,
depending on the contrast in material parameters and the load velocity. Furthermore, the free field can become powerful for a
large contrast and may even dominate the total energy flux for high load velocities, which confirms earlier findings.
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Figure 2: Free-field contribution to the total energy flux [J·s/m] through the circular part of Γ (Fig. 1(a)) versus θ (in degrees).
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Summary We study linear wave propagation in nonlinear hexagonal lattices capable of undergoing large deformations, under different
levels of pre-load. The lattices are composed of a set of masses connected by linear axial and angular springs, with the nonlinearity arising
solely from geometric effects. By applying different levels of pre-load, the small amplitude linear wave propagation response can be varied
from isotropic to highly directional. Analytical expressions for the stiffness of a unit cell in the deformed configuration are used to analyze
the dispersion surfaces under different levels of pre-load. Numerical simulations on finite lattices demonstrate the validity of our unit cell
dispersion analysis predictions and illustrate the wave steering potential of our lattice.

THEORETICAL BACKGROUND AND NUMERICAL METHODOLOGY

We focus on lattices undergoing large deformations which have been a subject of recent interest in developing tunable
metamaterials [1], smart morphing structures [2], deployable shells and structures [3], etc. We study the effect of pre-load on
wave propagation as a hexagonal lattice deforms and evolves to the topologically equivalent re-entrant configuration.

The lattices are a collection of nodes and edges with point masses located at the nodes, while the edges are massless. The
masses interact via two types of springs in the lattice: each edge acts as a linear axial spring, which resists change in its length,
while an angular spring between any two adjacent edges sharing a node resists the change in angle between the two edges.
The axial and angular springs’ stiffness are respectively, denoted as ka and kt and the undeformed length of an edge is L.
The angular stiffness kt is normalized and a non-dimensional lattice parameter η is defined as η = kt/kaL2. The lattice is
located in the xy-plane and its degrees of freedom are the nodal coordinates, i.e., location of the point mass at each node. The
equation of motion of a mass at node i, subjected to an external force fi is ẍi + ∂P/∂xi = fi.

We study small amplitude wave propagation under various deformed configurations of the lattice. The deformed con-
figuration is first obtained by solving the equations of motion quasi-statically under prescribed boundary conditions using a
Newton-Raphson procedure. Then the equations of motion are linearized about this deformed configuration and wave propa-
gation is studied using the linearized system. By using superposition principle and Bloch-analysis on the linearized equations
of a single unit cell, the dynamic behavior of an infinite lattice are characterized.

LINEAR WAVE PROPAGATION IN INFINITE LATTICES: DISPERSION ANALYSIS

We study linear wave propagation in lattices which have been pre-loaded by applying uniform uniaxial tension or com-
pression along the y-direction. The level of pre-load is quantified using the strain β. We examine the dispersion surfaces
associated with the first P -mode. The dispersion contours are plotted in the wavenumber (µx, µy) plane. Figure 1(a) illus-
trates the dispersion contours for the lattice at a strain β = 0.33. The constant frequency contours are circular, which indicates
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Figure 1: Dispersion surface contours for the η = 6× 10−3 lattice at strain levels: (a) β = 0.33 and (b) β = −0.1. Colorbar
denotes frequency ω.
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MODELLING AND SIMULATION OF ELASTIC WAVES IN PERIODIC MEDIA USING
PSEUDO-INCIDENT WAVE METHOD

Xiaodong Wang ∗, Chen Wang, and Zhengwei Li
Department of Mechanical Engineering, University of Alberta, Edmonton, Alberta, Canada

Summary The multiple interaction of inhomogeneities in periodic elastic media subjected to inplane harmonic elastic waves is studied using
a pseudo-incident wave (PsIW) method, which combines the analytical solutions of single inhomogeneities with a numerical assembling
process to accurately determine local stress field caused by large number of inhomogeneities. Illustrative examples under different loading
and geometric conditions are presented to evaluate elastic wave propagation in such complicated media. The current method can also be
potentially used to study periodic elastic metamaterial systems.

INTRODUCTION

Elastic waves in inhomogeneous materials are receiving more and more attention because of their importance in advanced
structural applications, such as damage tolerance design against dynamic failure, the non-destructive evaluation, and the
potential filter and resonator applications associated with structural periodicity. For these applications, both local and global
responses play important roles and reliable modelling tools are needed to accurately evaluate the wave propagation. Because of
the complicated interaction involved, these problems are very difficult to deal with analytically, or numerically. To overcome
the difficulties, Pseudo-incident wave method has been used to study the dynamic interaction between inhomogeneities in
composite media [1], which provides a convenient way to handle multiple interaction by combining analytical and numerical
treatments. Recent application of this method to antiplane dynamic interaction problems in composite media showed very
promising results [2]. In the current study Pseudo-incident wave method will be applied to the interaction between multiple
circular inhomogeneities subjected to inplane elastic waves. As examples of application, the elastic wave interaction between
inhomogeneities with specific geometries will be simulated to evaluate the behaviour of waves in such media.

FORMULATION OF THE PROBLEM

The problem envisaged is the plane strain multiple interactions between inhomogeneities distributed in an elastic matrix,
subjected to harmonic inplane elastic waves. Without loss of generality each inhomogeneity in the medium can be con-
sidered to be a single one subjected to a pseudo incident wave, which consists of the original incident wave and unknown
scattered waves from other inhomogeneities. As a result, the analytical solution of the single inhomogeneity problem can be
obtained and used as a building block for the interaction problem, which will then be assembled based on the relation between
inhomogeneities to model interaction.

The fundamental solution of a single inhomogeneity problem
The displacements of an inhomogeneity and the matrix are controlled by two displacement potentials, which satisfy the

Helmholtz equation, or wave equation. The general solution of displacement potentials can be expressed as

φ =
∞∑

n=−∞

[
Jn (kr)Bne

inθ +H(1)
n (kr)Ane

inθ
]
, (1)

where Jn and H(1)
n are Bessel and Hankel functions of the first kind, k is the corresponding wave number and An and Bn are

unknown constants to be determined from the boundary/interface conditions, with r and θ being the local polar coordinates
measured from the center of the inhomogeneity. k = kL or kT , kL = ω/cL and kT = ω/cT are the wave numbers, with cL
and cT being the longitudinal and shear wave speeds, respectively.

Modelling multiple interaction using pseudo-incident wave method
When multiple inhomogeneities are included and the system is subjected to an incident wave w0, the concept of pseudo-

incident waves can be used to find the relation between different inhomogeneities [1], based on the continuity condition along
the interface. Using the analytical solutions of single inhomogeneities and considering the relation between inhomogeneities,
a set of linear equations for the expansion coefficients given in Eq. (1) can be obtained as

⎡

⎢⎢⎣

[I]1 −[Q]1[M ]12 · · · −[Q]1[M ]1N
−[Q]2[M ]21 [I]2 · · · −[Q]2[M ]2N

. . . . . . . . . . . .
−[Q]N [M ]N1 −[Q]N [M ]N2 · · · [I]N

⎤

⎥⎥⎦

⎡

⎢⎢⎣

{A(1)}
{A(2)}
. . .

{A(N)}

⎤

⎥⎥⎦ =

⎡

⎢⎢⎢⎣

[Q]1{w(1)
0 }

[Q]2{w(2)
0 }

. . .

[Q]N{w(N)
0 }

⎤

⎥⎥⎥⎦
(2)
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Canada (NSERC).



3&13&4&/5<5)&<03*(*/"-<*/$*%&/5<8"7&<"5<5)&<*/5&3'"$&<0' 5)<*/)0.0(&/&*5:�<"/%<5)&<."53*$&4 "3&<5)&

*%&/5*5:<."53*$&4�<."53*$&4 "3&<'30.<4*/(-&<*/)0.0(&/&*5:<40-65*0/4�<"/%<."53*$&4 3&-"5&<50<5)&<(&0.&53:<0'<*/5&3"$5*/(

*/)0.0(&/&*5*&4�<�)&<&91"/4*0/<$0&'�$*&/54<$"/<5)&/<#&<%&5&3.*/&%<#:<40-7*/(<5)&4&<&26"5*0/4�<'30.<8)*$)<5)&<%*41-"$&.&/5

"/%<5)&<453&44<0'<5)&<8"7&<�&-%<*/<5)&<."53*9<"/%<*/<5)&<*/)0.0(&/&*5:<$"/<#&<$"-$6-"5&%<%*3&$5-:�

�*(63&<
�<�<580�%*.&/4*0/"-<.&5"."5&3*"-<4:45&.<8*5)<-0$"-<305"5*0/

�0/4*%&3&%<�345<*4<"<40'5<."53*9<�36##&3�<"/%<5)3&&<)"3%<*/)0.0(&/&*5*&4<�"-6.*/6.�<45&&-<"/%<-&"%��<46#+&$5&%<50<"<)03*50/�

5"-<�<8"7&�<�)&<$0.165&%<3&"-<"/%<*."(*/"3:<1"354<0'<453&44<$0.10/&/5

� �

� �

�

� �
� � � �

	�
���
 ��� ��
��

���

� *4<4)08/<*/<�*(�<��<'30.<8)*$)<.6-5*1-&<*/5&3"$5*0/

*4<$-&"3-:<4&&/�<�*(�<	<4)084<5)&<4)&"3<453&44<�&-%<8)&/<"<)03*;0/5"-<4)&"3<8"7&<1"44&4<"<."53*9<8*5) */)0.0(&/&*5*&4�

�5<5)&<'3&26&/$:<$0/4*%&3&%�<.045<0'<5)&<8"7&<)"4<#&&/<#-0$,&%<#:<5)&<*/)0.0(&/&*5*&4�<4)08*/(<"<4501<#"/%<&''&$5�<�)*4

1)&/0.&/0/<*4<"-40<0#4&37&%<*/<05)&3<(&0.&53*&4�<�)&<$633&/5<.&5)0%<$"/<"-40<#&<64&%<*/<.03&<$0.1-*$"5&%<*/5&3"$5*/(<130#�

-&.4�<'03<&9".1-&�<$0.104*5&4<0'<.&5"."5&3*"-4�<8)*$)<646"--:<4)08<"#/03."-<1301&35*&4<46$)<"4</&("5*7&<"11"3&/5<."44�

�*/$&<�4&6%0�*/$*%&/5<8"7&<.&5)0%<$"/<#&<64&%<50<&"4*-:<"44&.#-&<%*''&3&/5<*/)0.0(&/&*5*&4�<5)&<.&5)0%<$"/<#&<&95&/%&%

50<)"/%-&<46$)<"</&8<."5&3*"-<4:45&.�<�*(�<
<4)084<5)&<%*41-"$&.&/5<0'<"<.&5"."5&3*"-<4:45&.<8*5)<-0$"-<305"5*0/�<8)*$)<*4

46*5"#-&<'03<5)&<"11-*$"5*0/<0'<�4��<.&5)0%�

��

	��������

 �!<�"/(<��<��<"/%<�&(6*%<��<���<�*''3"$5*0/<0'<��<8"7&<#:<*/5&3"$5*/(<."53*9<$3"$,<"/%<"/<*/)0.0(&/&*5:�<�063/"-<0'<�11-*&%<�&$)"/*$4�<��
��<������

�����
 	!<�"/(<��<"/%<�"/(<��<���<�0%&--*/(<"/%<4*.6-"5*0/<0'<8"7&<4$"55&3*/(<0'<.6-5*1-&<*/)0.0(&/&*5*&4<*/<$0.104*5&<.&%*"�<�0.104*5&<�"35<��<*/<13&44�

	���

�*(63&<��<�53&44<�&-% �� �<3&"-<"/%<*."(*/"3:<1"354

�*(63&<	�<�53&44<�&-% ��� �<3&"-<"/%<*."(*/"3:<1"354

8)&3&<5)&<7&$5034 �
� �
�
�



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

POREQST EXTENSION TO SHOCK-RELEASE HYSTERESIS OF GRAPHITE
Gabriel Seisson ∗1, Benjamin Jodar2, David Hébert2, Isabelle Bertron2, Michel Boustie3, and Laurent Berthe4

1CEA DIF, Bruyères-le-Châtel, 91297 Arpajon Cedex, France
2CEA CESTA, 15 avenue des Sablières CS60001, 33116 Le Barp Cedex, France

3Institut P’ UPR3346, 1 avenue Clément Ader, 86961 Futuroscope Cedex, France
4Laboratoire PIMM UPR8006, 151 boulevard de l’Hôpital, 75013 Paris, France

Summary Because of its thermal and shock-wave attenuation properties, porous graphite is widely used in the aerospace industry. No
residual compaction of this material after compression-release cycles has been experimentally observed that contradicts the usual numerical
dynamic porous models such as POREQST. We suggest to enhance the latter taking into account this phenomenon. The new model H-
POREQST was tested for simulating plate impact experiments at moderate pressure onto porous graphite. It proved to be in far better
agreement with experimental data than the original model.

INTRODUCTION

EDM3 is a commercial grade of porous graphite similar to those used in C/C composites. It revealed no residual com-
paction after static compression (Fig. 1), a behavior also expected after a shock-release loading. Thus, there is a need of a
numerical model able to reproduce this mechanism. POREQST [1] has been chosen for being enhanced since investigations
on this model have already been conducted [2, 3, 4, 5] to shape a first set of parameters for EDM3.

Figure 1: Quasi-static uni-axial strain tests onto EDM3 adapted
from [2], an isotropic porous grade of graphite sintered by the com-
pany POCO (see www.poco.com). Dashed: simple confined com-
pression test. Solid: cycled confined compression-release test show-
ing no residual compaction. The initial density ρ0 is 1754 kg/m3

corresponding to a porosity of 22 %.

MODEL DESCRIPTION

Fig. 2(a) presents an overview (in the zero internal energy plane) of the POREQST model [1] that supplies constitutive
relations for porous materials under dynamic loading. Static experimental data (e.g. elastic moduli, compaction curve, etc.)
can be used as input parameters. Dense material is described by its own EOS and a pore re-opening curve defined via the
parameter σl is included. Without failure model, tension leads to low and inconsistent densities (dashed arrow). Thus, when
the pressure in a Lagrangian cell is located on the pore re-opening curve, pressure and stresses are annealed and the tension
strength is withdrawn setting σl to zero. The residual compaction predicted by POREQST after compression does not seem
realistic regarding EDM3. We suggest an enhancement named H-POREQST (Fig. 2(b)): a linear hysteresis curve is introduced
and defined by the parameter σh. Hence, pressure relaxation follows successively the intermediate and the hysteresis curves.

APPLICATION

An experiment have been performed consisting in a 2-mm copper plate impacting at 330 m/s a 3-mm plate of EDM3. The
rear surface velocity of the latter was recorded and is displayed in Fig. 3(a) (circles) along with computation results. All the
parameters were the same for the two models (except σh that does not exist in POREQST). H-POREQST clearly improves
the first velocity peak, the pull-back is quite well reproduced as well as the spall velocity. It confirms that hysteresis behavior
also occurs in the dynamic regime. It is well understood thanks to Fig. 3(b) that schematizes the P -u diagram of the target.
The target undergoes a compression following a path made of the initial elastic surface (1) and the compaction curve (2) up to
a maximum pressure (3). The shock break-out on the rear surface involves a pressure decrease (4) depending on the model. It
results in a maximum velocity higher for H-POREQST (Vh instead of Vo).

∗Corresponding author. Email: gabriel.seisson@cea.fr



(a) Original POREQST model [1]. (b) New H-POREQST model.

Figure 2: POREQST vs H-POREQST. Dashed arrows: typical compression-tension paths (without damage). σ is the stress,
P the pressure and ρ the density.

(a) Free surface velocity of the EDM3 target. Experiment vs 1D planar
simulations with Hésione, a Lagrangian hydrocode from CEA.

(b) Schematic and theoretical P -u diagram of the experiment. Compari-
son between POREQST and H-POREQST.

Figure 3: Comparison between POREQST and H-POREQST for a plate impact experiment on EDM3 with spallation.

CONCLUSION

We enhanced the POREQST model in order to reproduce the assumed density recovery of a porous graphite after a shock-
release cycle. Therefore, we introduced a new constitutive curve beside the original ones defined through a single parameter.
It was tested for a 1D impact experiment on a commercial graphite and clearly improved the target free surface velocity. It
thereby confirmed the existence of the hysteresis behavior under shock-release loading.
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Summary The discrete system of particles with strongly nonlinear interacting forces (no linear part is present) can be described as sonic vacuum 
because long wave sound speed is equal zero. Plate impact on this system results in unique wave dynamics. In the nondissipative case it is 
governed by strong nonlinearity and dispersion resulting in the solitary wave trains, number of solitary waves in the train depending on the ratio 
of striker mass and mass of particles. Dissipation can dramatically change this behaviour. This paper presents results of numerical and 
experimental research related to the nature of pulses generated by impact in nondissipative, weakly and strongly dissipative sonic vacua. Weak 
dissipation results in decreasing of amplitude of emerging solitary waves or in the oscillatory shock like stress wave. Strong dissipation results in 
single bell shape waves or in the monotonous shock like stress waves. The effective viscosity is introduced to separate these regimes.  
 

INTRODUCTION 
   Granular beds composed from iron shots effectively mitigate contact explosion being supportive media in explosive 
chambers. The simplest model of this media ± one dimensional chains of elastic particles (e.g., steel beads) interacting by 
Hertz law exhibit nonclassical strongly nonlinear wave dynamics. For example, it supports new type of solitary waves, shock 
waves and periodic waves. In case of zero precompression these chains are FKDUDFWHUL]HG�DV�³VRQLF�YDFXXP´ [1,2].  
   Important feature of this weakly dissipative system is fast transformation of incoming pulse into the train of solitary waves 
due to the strong nonlinearity of Hertzian contact interaction and dispersive behavior caused by the chain periodicity.  
   There is no direct way to find the parameters of separated solitary waves in the train far away from the impact end based 
on conservation laws. This presentation will explore the limits of the analytical approach to calculate the parameters of solitary 
wave train generated by striker based on two conservation laws using imaginary scenario [2] and explore a role of dissipation 
on the wave response of strongly nonlinear discrete systems.  
 
IMPACT ON NONDISIPATIVE CHAINS 
 
   Numerical calculations and experiments were conducted to explore dynamic response of two strongly nonlinear discrete 
chains composed from steel spheres and steel cylinders [3] and from steel cylinders and Nitrile O-rings [4]. Fig. 1 represents 
result of impact by striker on the chain of steel spheres and cylinders with similar masses ms. From Fig. 1 it is clear that initial 
pulse excited by striker with mass significantly larger than mass of particles in nondissipative chain is split into train of solitary 
waves. Striker impact with smaller masses resulted in faster decrease of the amplitudes of solitary wave in the train. When 
striker mass was equal or less than mass of particles only single solitary wave was generated.  
   Parameters of these solitary waves in far field can be found analytically based on imaginary scenario of striker impact 
with mass equal mass of solitary wave similar to [5]. Conservation of linear momentum and energy in the sequential impacts 
of the striker with the imaginary mass in rest with effective mass meff=1.3m (the striker mass mst > meff) results in the following 
equation for linear momentum Pn of the n-th solitary wave generated by the n-th impact of the striker: 
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where P0 is the initial linear momentum of the striker, B = mst/meff > 1, and number n corresponds to the n-th solitary wave.  
   In case if striker mass is smaller than effective mass of solitary wave (B = mst/meff < 1) then in the proposed scenario only 
one impact event happened with the chain and linear momentum of generated single solitary wave P is 
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   The multiple impacts of striker and the mass equal to meff transfer all initial linear momentum and energy of striker into 
the chain generating infinite number of solitary waves with decreasing amplitude without recoil of the striker if B > 1. 
   Comparison of analytical approach with numerical calculations for different masses of striker mst (0.1ms, 0.5ms, 2ms, 4.8ms, 
18.8ms) demonstrated reasonable agreement of results for the parameters of the leading solitary waves with accuracy 12% or 
better, less accurate agreement (16%) was obtained for striker mass 48 ms.  
   6WULNHU¶V�EHKDYLRU�FKDQJHV�ZKHQ�LWV�PDVV�LV�FORVH�WR����ms: rebound of the striker from sonic vacuum at mass less than 
1.4ms or gradual decrease of its velocity to zero at larger mass. This critical mass of striker is close to the effective mass of  



 
 
 
 
 
 
 
 
 
 

(a)                                  (b) 
Figure 1. Waves generated by striker impact (mst =18.8ms) on nondissipative steel spheres/steel cylinders chain: (a) forces 
inside 4th and 21st cylinders; (b)- and inside 120th cylinder. The curves are offset for visual clarity, zero time is arbitrary.  
 
solitary wave supporting proposed scenario resulting in Eqs. 1-2. It reflects the striker interaction with collective of particles 
near impacted end. This striker¶V behavior is important when it is necessary to avoid its rebound.  
 
IMPACT ON DISSIPATIVE CHAINS 
 
   Experimental profiles of forces in 4th and 21st cylinders are presented in the Fig. 2(a). It is clear that dissipation in 
experiments in the system of steel spheres and cylinders can be characterized as weak dissipation because experimental 
profiles are oscillatory as in nondissipative numerical calculations (Fig. 1(a)).  

 
 
 
 
 
 
 
 
 

 
(a)                          (b)                           (c) 

 
Figure 2. Experimental and numerical results in chains of steel cylinders and steel spheres: (a) experimental profiles, (b) 
numerical calculations with effective damping coefficient 6 kg/s, and (c) 40 kg/s. Impact by striker with mst =18.8ms. 
 
It is clear that dissipation can dramatically change the nature of propagating wave from the train of solitary waves to oscillatory 
wave profile or to monotonous triangular pulse. The transition to the latter strongly dissipative regime was observed at critical 
viscosity coefficient equal about ½ of critical viscosity corresponding to the transition from oscillatory to monotonous 
stationary shock wave [6]. Strongly dissipative behavior was observed experimentally and modeled using effective viscosity 
in the discrete, strongly nonlinear sonic vacuum composed from steel cylinders and Nitrile O-rings. 
 

CONCLUSIONS 
 
   The simplified imaginary scenario for striker interaction with sonic vacuum provided a reasonable estimation for the amplitude 
of the leading solitary wave in nondissipative chain and change of striker behavior depending on its mass. The critical value of 
viscosity preventing splitting of the initial pulse into oscillatory shock wave was found in numerical calculations. Behavior of 
weakly and strongly dissipative granular chains will be presented based on experiments and numerical calculations. 
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SOLITONS AND SOLITONIC STRUCTURES – WHAT IS VISIBLE AND WHAT IS HIDDEN
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1Institute of Cybernetics at Tallinn University of Technology, Estonia
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Summary Wave propagation in nonlinear dispersive media is studied in the present paper. It is well known that if there exist a certain balance
between nonlinear and dispersive properties of the media solitary waves, solitons, and solitonic structures can emerge. We analyze results
of numerical experiments carried out for different model equations and demonstrate how to detect hidden solitons in emerged solitonic
structures.

INTRODUCTION

Solitons were discovered by John Scott Russell in the middle of the 19th century in natural and physical experiments.
However, the soliton theory was extensively elaborated only in the second half of the 20th century after the celebrated paper
by Norman Zabusky and Martin Kruskal [1]. Classical soliton theory says that solitons must be related to integrable systems
and to infinite number of conservation laws. In the framework of this theory different analytical methods are worked out,
analytical solutions to solitonic equations are found, properties of solitons are determined etc [2]. The inverse scattering
method should be pointed out here as one of the most known analytical method in soliton theory [3]. Unfortunately analytical
methods work only under very strict assumptions of the classical theory of solitons. As a rule, in natural experiments one does
not have infinite number of conservative laws. Notwithstanding this fact, solitary waves that have soliton like behavior have
been frequently observed in nature as well as in many physical experiments (including experiments by John Scott Russell).
Corresponding equations that describe wave propagation in such natural systems are nonintegrable as well and therefore
besides analytical methods various numerical techniques are applied in order to detect solitonic behavior of nonlinear waves.

In the present study we do not care about the integrability and define soliton as a solitary wave that propagates at constant
speed and shape and interacts elastically with other solitons (i.e., they (almost) restore their shape and speed after the interac-
tion). Such a definition is widely used by many authors, e.g. Drazin [2], and corresponds to wave tank experiments by John
Scott Russell as well as to numerical experiments by Zabusky and Kruskal. In addition, we define solitonic structure as two
or more nonlinear waves that behave like solitons.

STATEMENT OF THE PORBLEM AND NUMERICAL METHOD

We are interested in wave propagation in nonlinear dispersive systems. For that reason several model equations have
been solved numerically. Very often these equations can be considered as Boussinesq type or Korteweg–de Vries type wave
equations. The first type is known as two wave equation and the second as one wave equation or evolution equation. For initial
conditions harmonic, cnoidal and localized waves have been applied. The main goal of numerical experiments have been to
study formation and propagation of various wave-structures and to elucidate when the behavior of the wave-structure has
solitonic character and therefore can be called solitonic structures. In the present paper we demonstrate that some components
of solitonic structures can be considered as hidden solitons.

For numerical integration Discrete Fourier Transform (DFT) based pseudospectral method (PsM) is applied. Due to the
usage of the DFT boundary conditions are periodic.

HIDDEN SOLITON CONCEPT

If to analyze the behavior of solitonic structures, one can demonstrate that in many cases beside clearly visible solitons,
which interact with each other, there exist also solitons that either emerge in wave-profiles for a short time intervals (due to
the phase-shifted trajectories) or can be detected only by their influence to other solitons, i.e., by specific changes in amplitude
curves and in soliton trajectories. These are called hidden solitons [4].

Hidden soliton concept can be introduced as follows: (i) hidden solitons can emerge from periodic initial excitations and
they have the same physical background as visible solitons; (ii) hidden solitons can be detected in wave profiles for a short-
time interval only when several soliton interactions have taken place and the reference state is fluctuating; (iii) hidden solitons
cause changes, specific to soliton-type interaction, in amplitudes and trajectories of other solitons interacting with them.

∗Corresponding author. Email: salupere@ioc.ee
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BULK STRAIN SOLITONS IN LENGTHY SOLIDS: FROM PHENOMENON TO A WORK 
TOOL   

 
A.M. Samsonov1,a), I.V. Semenova1) 

1 The Ioffe Physical Technical Institute, St. Petersburg, 194021 Russia 
 
Summary The problems of nonlinear elastic bulk strain wave generation and observation in bars, plates and shells are considered. We 
derived the governing equations, and have shown in both theory and experiments how the bulk solitary waves can be used in applications 
to macro- and nanocomposites,  impact mechanics, non-destructive testing, the 3d order elastic moduli estimation. 
 

THEORETICAL BACKGROUND  
 

Dynamical behaviour of lengthy and nonlinearly elastic structures is of remarkable interest for physics and engineering, and 
the bulk solitary strain waves in nonlinearly elastic basic structural elements – rods, plates, shells - with variable 
geometrical and physical parameters are widely studied now in both theory and physical experiments. We consider the 
nonlinear elastic bulk long wave generation and observation in lengthy basic elements to demonstrate how the strain 
solitons can be found as the mathematical solution, observed in genuine physical experiments and, eventually, how it can be 
used in problems of non-destructive evaluation. Recently the studies of nonlinear guided long strain waves in lengthy 
elements were encouraged due to the remarkably low attenuation of the waves proven in physical experiments, [1].  
Moreover, the structural bulk elements used now in various technologies are quite often made of laminated composite 
materials and are subject to delamination, which detection is not simple.  

To derive the governing nonlinear wave equations we use the Hamilton principle, defining the action functional S 
as an integral over time t and volume of a wave guide Q of the specific density of the Lagrange function per unit volume, 
L(U, V, W;x, r, φ; t), which is equal to difference between specific kinetic (K) and potential (P) energy densities. The 
displacements (U,V,F) are defined in (x,r,φ) coordinates, and torsion is neglected for simplicity (F=0) in absence of external 
forces applied to a waveguide.  The nonlinearity influence on the waveguide elasticity is dual: via the finite deformation 
tensor C components (the so-called geometrical nonlinearity) and via the tensor C invariants, in which the potential energy 
P should be expanded, say, according to the Murnaghan model (physical nonlinearity). Both types of nonlinearity are to be 
taken into account simultaneously, and nonlinearity is balanced by spatial dispersion provided due to non-infinitesimal 
transversal size of a waveguide. The Hamilton principle leads to two coupled Euler-Lagrange equations for two 
displacement components (U,V).  For bulk longitudinal waves in rods and plates we reduced the problem to the only 
equation for U, the so called Doubly Dispersive Equation (DDE) for a new variable u=Ux in the form 

 
!!! −!!!!! = (!!! + !!!! + !!!!)!! 

 
 
and obtained its solitary wave solution u=A cosh-2 (x-Wt), among others, while for nonlinear bulk waves in shells the 
problem required further analysis and was not solved until recently [2]. For example, for bulk nonlinear wave in a 
cylindrical shell we found similar solitary wave solution, too, and proved that the sign of the soliton amplitude A should 
correspond to the sign of an integrative non-linearity coefficient β, namely, if β< 0, then A < 0 and only a compression 
solitary wave may exist, while β > 0 corresponds to A > 0, i.e., to a tensile solitary wave. The solitary wave velocity W is 
proven to be bounded also: 1 < 1/(1-ν2) < (W/c)2 < 1/[(1-2ν)(1+ν)],  where  ν is the Poisson ratio of solids, i.e., the bulk 
soliton velocity in a tube is always greater than the linear sound velocity and is limited from above.  

The nonlinear wave solutions were rigorously studied in 
detail [2,3], that provided a proper background for physical 
experiments and numerical simulations of complex problems. 
Numerical approach required a new version of conservative 
finite difference scheme and led to the detailed description of 
the solitary wave behaviour in dependence of elasticity and 
geometry variations [4], see, e.g., Fig.1, where an initial bulk 
soliton in a shell at x=10 propagates into another nonlinearly 
elastic material with the same linear wave velocity, 
generating the secondary soliton and a reflected wave 
package.   

Fig.1 
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HARNESSING STRUCTURAL HIERARCHY TO DESIGN LIGHTWEIGHT PHONONIC 
CRYSTALS 

 
Yanyu Chen 1 and Lifeng Wang1, 

1Department of Mechanical Engineering, State University of New York at Stony Brook, Stony Brook, New York 
11794, USA 

Summary We numerically investigate the elastic wave propagation in hierarchical honeycombs that are constructed by replacing the cell walls 
of regular honeycombs with hexagonal, kagome, and triangular substructures, respectively. We show that the hierarchically architected 
honeycombs can exhibit broad and multiple phononic band gaps, which result from the multiple scatterings in the hierarchical architectures. 
Our analysis reveals that the existence of these prominent wave attenuation features strongly depend on two geometric parameters, hierarchical 
length ratio and number of substructures away from the central axis. Furthermore, the introduction of structural hierarchy also endows the 
hierarchical honeycombs with enhanced stiffness. We predict that the proposed hierarchical honeycombs can realize unique combinations of the 
prominent wave attenuation capability and enhanced specific stiffness, thereby providing opportunities to design lightweight phononic crystals.  
 

INTRODUCTION 
 
   In recent years, phononic crystals have gained increasing research interests because their rationally designed periodic 
architectures and constituent materials enable them to modify phononic dispersion relations, thereby providing avenues to 
tailor group velocities and hence the flow of vibrational energy. When the structural periodicities of phononic crystals are 
comparable to the wavelengths of propagating waves, multiple scatterings arise at the interfaces between constituent 
materials. This mechanism gives rise to complete wave band gaps: frequency ranges where incident mechanical waves are 
not allowed to propagate. This prominent property leads to a variety of potential applications, including wave filtering,1-3 
waveguiding,4-7 and energy harvesting.8-10 However, the inherent architectures and constituent materials, if not designed 
properly, could not generate desired phononic band gaps and even lead to undesired mechanical instability. 
   Recently, it has been explored the possibilities to manipulate wave propagation by harnessing multiscale characteristic 
of hierarchical architectures.3,11-14 These rationally designed hierarchical architectures can give rise to multiple and 
broadband phononic band gaps as well as low frequency band gaps. Moreover, the designed hierarchical architectures also 
enable the coexisting of multiband wave filtering and waveguiding in an ultrawide frequency range.14 Aside from these 
prominent phononic properties, outstanding mechanical properties such as strength, stiffness, and fracture toughness can be 
simultaneously achieved. Meanwhile, there have been great efforts to develop tunable phononic band gaps through 
intriguing the structural instability thereby changing the lattice symmetries of phononic crystals.15 
   Despite these considerable efforts, challenges still remain. For example, to achieve the desired wave attenuation, soft 
materials using thermally coupled dissipation mechanism are often employed in engineering practice. In this regard, the 
wave attenuation capability strongly depends on the thickness of the materials, thus posing a great challenge to design 
lightweight materials with strong wave attenuation ability. Further, conventional phononic crystals with periodic 
architectures can only provide limited frequency band gaps since the Bragg scattering mechanism requires that the 
wavelength must be comparable to the given structural periodicity. Lightweight phononic crystals with broadband and 
multiband wave attenuation ability remain unrealized. Here we choose honeycomb lattices with hexagonal, kagome, and 
triangular substructures as our model system to address the above challenges.  
 

RESULTS 
   Figure 1 (a) shows a typical regular honeycomb lattice material. By replacing the cell walls with hexagonal 
substructures, we obtain the hierarchical honeycombs (Figure 1(b)). Here we define two geometric parameters, hierarchical 
length ratio and the number of hexagonal substructures away from the central axis, N, to uniquely describe the shape of the 
hierarchical honeycombs. Subsequently, hierarchical honeycombs with kagome and triangular substructures are designed by 
connecting the midpoints and vertices of the hexagonal substructures, respectively (Fig.1(c)-(d)). Note that the thicknesses 
of cell walls in the designed hierarchical honeycombs are determined based on relative density equivalence between regular 
honeycombs and hierarchical honeycombs. 
   Figure 2 shows the phonon dispersion relation of regular and hierarchical honeycombs. For the regular honeycomb, we 
only observe one narrow band gap. By contrast, the introduction of structural hierarchy in the regular honeycombs leads to 
much broader band gaps (Fig.2 (b)-(d)). Since the only difference between the regular honeycombs and the hierarchical 
honeycomb is the structural hierarchy, we therefore conclude that structural hierarchy can be considered as an effective 
approach to achieve broad and multiple band gaps.  
   We also simulate the mechanical responses of regular and hierarchical honeycombs. We note that hierarchical 
honeycombs with hexagonal substructures have comparable yet slightly lower stiffness than that of regular honeycomb. 
Remarkably, hierarchical honeycombs with kagome and triangular substructures show improved stiffness. 



 
Figure 1(Left). (a) Regular honeycomb. l0 and t0 are the length and thickness of cell walls. (b)-(d) honeycomb with 
hexagonal, kagome, and triangular substructure, respectively. (e) a schematic of cell wall with hexagonal substructure, 
where l and t are the length and thickness of cell walls in hexagonal, kagome, and triangular substructure. N is the number 
of substructures away from the central axis of the cell wall. (f) The associated first Brillouin zone.  
Figure 2(Right). Phonon dispersion relations of regular and hierarchical honeycombs� (a) Regular honeycomb; (b)-(d) 
hierarchical honeycomb with hexagonal substructure, kagome substructure, and triangular substructure, respectively.  
 

CONCLUSIONS 
   In summary, we have investigated the wave attenuation capability of hierarchical honeycombs with hexagonal, kagome, 
and triangular substructures. We show that broad and multiple band gaps can be achieved by introducing structural 
hierarchy in regular honeycombs, provided that the hierarchical length ratio and number of substructures are rationally 
designed. Remarkably, hierarchical honeycombs with kagome and triangular substructures exhibit improved specific 
stiffness as compared to that of regular honeycombs. Here we propose a new structural concept for designing phononic 
crystals, that is, the introduction of structural hierarchy in regular honeycombs. It should be emphasized that the achieved 
outstanding wave attenuation capability and enhanced mechanical property are solely dictated by the structural hierarchy, 
and thus are material independent. The findings presented here will provide new opportunities to design lightweight 
phononic crystals for applications including underwater wave mitigation in submarines and other structural vibration 
mitigation in automobiles and aircrafts. 
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ENERGY FOCUSING USING THE DISPERSION OF FLEXURAL WAVES
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Summary The phase velocity of flexural waves depends strongly on their frequency, which leads to the distortion of traveling broadband
pulses. This effect is used to focus strain energy at a particular location in a wave guide. Bending waves are excited at one end of a
glass beam and focus to a sharp peak at another location of the beam. The excitation is determined from a time reversed spectral element
simulation. The focusing of the bending waves in the glass beam is measured using a Laser Doppler vibrometer. Strong focusing was
observed.

INTRODUCTION AND THEORY

Introduction
Flexural waves in plates and beams show a strong dispersive behaviour [1]. This means that the phase velocity depends

on the frequency content of the wave package. Accordingly a broadband pulse is distorted as it propagates in a wave guide.
This effect has been exploited in previous work to locate defects in tubes with many circumferential measurements [2], as well
as in beams [3, 4] and plates [5] with a one point displacement measurement: The elastic waves originating from the defect
(e.g. acoustic emissions) are detected at one point of the structure. Subsequently their propagation path is retraced in a time
reversal simulation, where the distorted wave pulse refocuses at the location of the defect, which can thus be identified.

In this work the dispersive behaviour of flexural waves is used in a similar manner to focus strain energy in a glass beam:
One end of the beam is excited in such a way, that the propagating waves focus at a certain location of the beam and form a
sharp peak. Hence energy can be pumped into the beam over a longer amount of time and the effect of the transducer can be
amplified with the ultimate objective to induce enough strain energy to break the beam at the focal point of the guided waves.

Theory
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Figure 1: The time reversal of the simulated flexural wave
packages leads to a refocusing of the pulse in the experiment.

In a first step the excitation signal for the transducer has
to be determined: Therefore the propagation of a sharp pulse
(here the second derivative of the Gauss curve was used) in
the glass beam is simulated using spectral elements as pro-
posed by Doyle [6] and several reflections at the ends of the
beam are taken into account. The simulated displacement
at the left end of the beam is time-reversed and adjusted ac-
cording to the transfer function of the transducer to obtain
the excitation signal (see figure 1).

In a second step this signal is applied to the transducer,
which is mounted to the left end of the beam. It induces a
series of dispersed guided waves, which focus - after several
reflections - at the desired location of the beam.

EXPERIMENTS AND RESULTS

Experimental setup
The experimental setup consists of a circular Duran R⃝ glass tube (outer diameter of 5 � � , inner diameter of 3.� � � ,

length of 1�0� � � ), which serves as wave guide and is supported on two foam cushions. To one end of the tube a magnetic
sphere is glued with the polarisation pointing in radial direction. Thus a bending moment can be induced by applying a
magnetic field in axial direction. The deflection of the glass beam is measured with a Laser Doppler vibrometer. It is mounted
on a positioning stage, so that measurements at multiple locations of the beam can be carried out in subsequent experiments.

Measuring procedure
With the Laser Doppler vibrometer the deflection of the glass beam can only be measured at one point at a time. However

it is mandatory to measure the deflection all along the beam, as to be able to see the full dispersive behaviour of the flexural
waves. Hence a series of subsequent experiments is carried out, where several measurements are taken and averaged for a set
of positions on the glass beam. Putting all those measurements together one obtains a time-space diagram, in which the paths
of all wave packages can be retraced.

∗Corresponding author. Email: vangemmeren@imes.mavt.ethz.ch
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THE INFLUENCE OF TEMPERATURE AND CRYSTAL STRUCTURE ON HIGH STRAIN 
RATE BEHAVIOR OF METALS  

 
Eugene Zaretskya 

Department of Mechanical Engineering, Ben Gurion University, Be'er Sheva, Israel 
 
Summary The paper presents results of planar impact experiments conducted at ambient and elevated temperatures with the samples of pure 
metals. The results show that the shock wave experiments deepen our understanding of high-strain-rate behavior of solids and provide 
quantitative information for microscopic modelling of the behavior. 
 

Shock wave experiments provide a valuable insight into microscopic phenomena accompanying the high strain rate 
loading of solids. In particular, measuring the decay of the elastic precursor wave amplitude σel with propagation distance h 
at different temperatures enables us to relate the precursor amplitude with the plastic strain rate γɺ  at the initial stages of 
plastic deformation and with the density ρm of mobile dislocations responsible of the material's inelastic response [1-3]. Our 
recent studies of precursor decay in five BCC metals revealed the character of precursor decay unobserved previously [4, 5]. 
In the studied FCC metals the amplitude of strongly decaying precursor always follows a single dependence σel = s0h−α with 
α ≈ 0.35÷0.7, Fig. 1(a, b) [1-3]. In BCC metals after 0.5 to 1 mm precursor traverse a similar, a strong one, dependence 
σel(h) is substituted by much weaker one with the exponent  α ≈ 0.1, Fig. 1(c, d). 
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Figure 1. Sample free surface velocity histories recorded with typical FCC (Al, a) and BCC (Mo, c) metals and variations of 

precursor amplitude in Al (b) and Mo and V (d) with propagation distance. The tel corresponding to 10-mm propagation distance (open 
square, d) is taken from [6].  

 
The change of the decay regime in BCC metals is associated with the change of the character of the dislocation motion 

accompanying the decrease of the shear stress τel at the precursor top. At high strain rate γɺ  (high τel , small propagation 
distance h) the motion of dislocations is a glide over the summits of the Peierls relief (over-barrier glide) accompanied by 
interaction of the dislocation core with the lattice phonons (phonon drag, PD, [7]).At lower strain rates (smaller τel, larger h) 
the motion of the dislocations is controlled by generation and motion of the dislocation double-kinks which are thermally 
activated (TA) [8]. At small propagation distances the high rate of deformation limits the time available for waiting of 
appearance of a proper thermal fluctuation while the shear stress is high enough for continuous motion of the dislocation 
over the potential barriers without a hold-up in the valleys of the potential relief. At this regime an average dislocation 
velocity is proportional to the acting shear stress, v = τb/B, where b is the dislocation Burgers vector, and B is the 



dislocation drag coefficient [7]. At lesser strain rates the waiting time becomes sufficient for thermally activated generation 
of the double-kinks and for further widening of the kink bounded dislocation segment. 

The transition from PD to TA regime takes place in a close vicinity of the material's Peierls stress (the height of the 
Peierls relief). This transition is accompanied by the change of the dependence of dislocation velocity on the shear stress. In 
the TA regime the dependence is v = v0(τ/τ0)

n [8], where n = Hk/4kT, Hk is the kink activation energy, and v0 and τ0 are 
constants [9]. In TA regimes the value of n varies between 2 and 20 [8]. Note that PD regime corresponds to n =1. Since the 
exponent n decreases with temperature it is not impossible that at sufficiently high, T ≈ Hk/k, temperature the value of n will 
approach to unit, At this temperature the thermal fluctuations are large enough to make the duration of stay of the 
dislocation line at the potential valley negligibly small with respect of that above the potential summits. Respectively, the 
two, PD and TA, dislocation glide regimes, and, as well, the rates of the precursor decay governed by the two mechanisms 
should become indistinguishable as in the case of precursor decay in vanadium preheated up to 1100 K, Fig. 1d. 

In the course of the studies of elastic precursor decay in BCC metals we found that in the case of Mo, Nb, and Fe in 
which the PD-TA transition takes place at the propagation distances of about 0.5 mm it is possible to capture the power α 
for both the regimes with reasonable accuracy. For all the three metals the αPD  decreases while αTA increases with 
temperature and should become equal at normalized temperatures θ∗ =T*/Tm ∼0.55÷0.65. Assuming that at T*n = 1 (and 
keeping in mind a relatively large uncertainty of linear extrapolation of α for determination of T*) gives for the three metals 
at room temperature: nNb = 6.1±1, nMo = 5.5±1, and nFe = 4.1±1. These figures are in a reasonable agreement with the values 
of n obtained by etch pit technique at room temperature: nNb = 6.7 [10], nMo = 5.45 [11], and nFe = 2.89 [9]÷5 [12]. 
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Figure 2. Temperature variations of αPD and αTA  (a) and of normalized transition stress τtr/τP0 (b) of five BCC metals. 
 

Closeness of the measured values of the shear stress τtr corresponding to the change of decay regime to the zero-Kelvin 
Peierls stress τP0 of the studied metals (Fig. 2b) confirms the role of the PD-TA transition in this change. Moreover, the 
temperature variations of  τtr/τP0 for all five metals follow a single curve and virtually coincide with the temperature 
dependence of the stress at which thermally-activated and phonon-dragged dislocation velocities found by method of 
Molecular Dynamics [13] become equal.  

The presented results confirm the importance of the shock wave studies of different solids for better understanding of 
the microscopic mechanisms responsible of their constitutive behavior. 
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SHOCK WAVE STRUCTURES IN POROUS MEDIA ACCOUNTING FOR MICRO-INERTIA
EFFECTS
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de Lorraine, Metz, France

Summary The present work deals with steady shock waves propagation in porous media containing a homogeneous population of voids.
The matrix material is representative of some aluminium, assumed here non linear elastic viscoplastic, but the analysis is general and could
be applied to any porous metallic materials. The process is assumed quasiisentropic; the effect of the temperature is disregarded, so that
our approach is valid for shocks of moderate stress amplitudes. Quasi-static compression curves (no rate effect) are used to describe the
constitutive response of the porous medium under various stress levels. The Rayleigh line defines the shock path. Our results show that
micro-inertia effects bring an important contribution to the shock wave structure.

INTRODUCTION

The response of porous materials under shock wave is analyzed in the present work. This field of research is of particular
interest in numerous domains. It may concern the dynamic compaction of powders, development of blast mitigation strategies,
collision processes in the solar system...Few research contributions combine the role of the initial porosity, the balance between
viscous and micro-inertia effects during shock propagation [1]. Both effects bring a rate dependency that tends to delay the
void evolution. The present work provides a better understanding of how micro-inertia is controlling the compaction process.
Micro-inertia effects reveal that void radius appears as a key factor controlling the shock wave structure.

KINEMATIC AND CONSTITUTIVE EQUATIONS

Kinematic
Consider a porous medium, of initial porosity f0, containing a homogeneous population of voids of initial radius a0. It is

considered that a representative volume element (RVE) can be represented by a hollow sphere. The current porosity is f . The
matrix material, assumed plastically incompressible, of initial density ρ0, has a non linear elastic/viscoplastic behavior.
The porous medium is subjected to plate impact experiment generating a propagating shock wave in the e1 direction. Beyond
a certain propagation distance, the wave becomes steady. A Lagrangian formalism is adopted. For these planar shock waves,
uniaxial strain prevails, and the macroscopic deformation gradient tensor has the form:

F = λ1e1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3 (1)

where λ1 is the longitudinal stretch. It is next assumed that changes in porosity are only related to the plastic deformation of
the matrix. The plastic part of the deformation gradient tensor is thus given by:

Fp = λp
1e1 ⊗ e1 +

!"
1− f0
1− f

#1/2 $
λp
1

%−1/2

&
(e2 ⊗ e2 + e3 ⊗ e3) (2)

Constitutive behavior of the porous solids
By definition, the Cauchy stress tensor Σ is related to the 1st Piola-Kirchhoff stress tensor T by T = Σdet(F)F−T:

Σ = T1e1 ⊗ e1 +
T2

λ1
e2 ⊗ e2 +

T2

λ1
e3 ⊗ e3 (3)

where T1 (resp. T2) is the component of the Piola-Kirchhoff stress tensor in the wave propagation direction (resp. transverse
direction). Based on previous works [2, 3] which have demonstrated the role of micro-inertia during dynamic processes, the
macroscopic Cauchy stress tensor Σ is the sum of a micro-inertia independent part Σ⋆ and a micro-inertia dependent part
Σdyn. Under shock loading, we also assume that micro-inertia acts only on the spherical part of the stress tensor. So the
Cauchy mean stress Σm = tr(Σ)/3 (tr denotes the trace operator) is given by:

Σm = Σ⋆
m +

ρa20
3

"
1− f0
f0

#2/3
!
f−1/3 − 1

(1− f)5/3
f̈ +

− 1
6f

−4/3 + 2f−1/3 − 11
6

(1− f)8/3
ḟ2

&
(4)

∗Corresponding author. Email: christophe.czarnota@univ-lorraine.fr
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VOID COLLAPSE AND HOT SPOT FORMATION IN SHOCKED HMX: A LARGE-SCALE 
MOLECULAR DYNAMICS STUDY 

 
Tingting Zhoua), Huajie Song, Jianfeng Lou & Tao Hong 

Institute of Applied Physics and Computational Mathematics, Beijing, China 
 
Summary It has been suggested that crystal property such as internal defect and surface morphology plays key roles in the shock-induced hot 
spot formation and initiation of detonation in energetic materials. We herein present a large-scale reactive molecular dynamics simulation of 
shock initiation of HMX single crystal with void defect to investigate the void collapse and hot spot formation at the atomistic level. Results 
show that shocked-induced jetting composed of the upstream HMX molecules travels across the void and collides with the downstream void 
surface, leading to void collapse, greatly local temperature increase and hot spot formation, and subsequent chemical reaction initiation. The 
effects of void size as well as geometry and shock strength on the dynamical process are also probed. 
 

INTRODUCTION 
 

Apart from chemical components, it has been experimentally suggested that the crystal property including grain size and 
distribution, crystal internal defect, and crystal surface morphology has great influence on the mechanical strength, 
sensitivity, and stability of energetic materials (EMs).[1-3] Particularly, it plays important roles in shock-induced hot spot 
formation and initiation of detonation, thus affect the shock sensitivity of EMs. However, current experiment techniques are 
unable to resolve the interior of shocked samples on the length scale of nanometer and time scale of picosecond, making it 
impossible to directly measure or observe the hot spot formation, dissociation or formation of chemical bonds, or energy 
release. The results from continuum hydrodynamic shock simulations are strongly dependent on material models such as 
strength, viscosity, reaction kinetics, none of which is calibrated on the involved length scale and time scale. 

Molecular dynamics (MD) simulation, which is capable of providing atomistic-level understanding, allows another way 
to explore the role of crystal property on the responses of shocked EMs. Employing a reactive force field, the mutual 
coupling of chemical reactions with mechanical deformations can be examined in a consistent manner. Recently, several 
studies using reactive MD simulation have been reported pertaining to defect induced hot spot formation and reaction 
initiation, shedding some light on these issues.[4-6] In this work, we perform a large-scale reactive MD simulation of a 
realistic model of HMX single crystal with nanometer-scale void to explore the void collapse, hot spot formation, and 
chemical reaction initiation subjected to shock loading. The effects of void size as well as geometry and shock strength on 
the dynamical process are also examined. 
 

COMPUTATIONAL DETAILS 
 
   The ReaxFF reactive force field as implemented in the Large-scale Atomic/Molecular Massively Parallel Simulator 
(LAMMPS) software package was used to model the shock dynamical process. The particular version of the force field used 
here was developed for nitramines, including RDX, PETN, TATB, and nitromethane.[7] We first validated the accuracy of 
the ReaxFF for HMX by comparing the equation of state under hydrostatic compression, the chemical reaction mechanisms, 
and the Us-Up relation under shock to other theoretical and experimental results. Then, the simulation system was prepared 
as follows. The structure of HMX starting from a unit cell with experimental structure is optimized using isothermal-
isobaric MD simulation at ambient conditions, leading to equilibrium structure very close to experimental result. The 
optimized structure was then expanded to large supercell, and a spherical void with various diameters ranging from 4 to 10 
nm was introduced by removing molecules whose centers of mass are within the radius of the void. We also introduced a 
cylindrical void with the diameter of 8 nm to examine the influence of void geometry. After introducing the void, the crystal 
was relaxed for 5 ps at a temperature of 300 K. Subsequently, periodic boundary conditions were removed to create a free 
surface in the x-z plane, and again the system was relaxed for 4 ps. The dimensions of the system with an 8 nm spherical 
void are 27.58 ¯ 55.86 ¯ 26.21 nm3 and contains 3.5 million atoms. A planar shock wave was initiated at the bottom (010) 
surface by driving it against a rigid and reflective wall. Various particle velocities from 0.5 to 3 km/s were simulated to 
explore the effect of shock strength on the dynamical process. 
 

RESULTS AND DISCUSSIONS 
 
   For particle velocity Up = 1 km/s and void radius R = 4 nm, shock wave propagates into the crystal and reaches the 
upstream void surface at 2 ps, after which the upstream molecules begin to travel across the void and form a jet with an 
increasing velocity. The maximum velocity rises to 2 km/s after 4ps, and then decreases quickly due to the collision with the 
downstream void surface, resulting in the closure of the void. This collision leads to the energy transformation from kinetic 
energy to thermal energy, contributing to dramatic temperature increase and hot spot formation in the localized region. 



Fig. 1 presents the spatial distribution of temperature in the shocked HMX crystal as a function of time. The temperature 
is calculated by grouping atoms into small cubic bins based on their position, and the temperature of each bin is calculated 
as the average kinetic energy of each atomic degree of freedom after subtracting the streaming velocity of all the atoms in 
the bin. Temperature of the hot spot increases very quickly after the collision between the upstream molecules and the 
downstream ones and approaches to the maximum value of 2000 K at 5 ps, and it drops quickly to 1750 K during the next 
0.5ps because of molecular relaxation. After that, the hot spot temperature decreases gradually due to heat diffusion from 
the inner to the outside, leading to the temperature increment of outside region. 

 

 
Fig. 1 spatial distribution of temperature in the shocked HMX crystal as a function of time for R = 4 nm and Up = 1 km/s 

 
The high temperature of the localized hot spot benefits the chemical reaction initiation. It is found that the N-NO2 bond 

dissociation generating NO2 plays the leading role in the initial reaction mechanism, although other products like NO3, 
HONO, O2, and C3H6N2 are observed. The onset of N-NO2 bond breaking begins at 4.7 ps, at which the void has 
collapsed and the temperature of the hot spot is high enough. The position of NO2 is the center of the hot spot, validating 
that it is the high temperature in the hot spot that promotes chemical reaction. The bulk temperature after shock compression 
is only about 500 K, which is too low to ignite HMX crystal. 

With the increase of void size, the velocity of HMX molecules traveling across the void gets higher, leading to stronger 
impact with the downstream molecules. Thus higher hot spot temperature and larger hot spot area are formed, which result 
in more dramatic chemical reactions. These phenomena are also observed with velocity increment, and the enhancing effect 
is much more evident compared to that of the void size. Spherical void generates a hot spot that is more intense than that of 
the cylindrical void of the same size due to the larger impact area. Although the temperature is lower for the cylindrical 
geometry, the dynamical process leads to hot spot formation are qualitatively consistent with that occurring in the spherical 
configuration. 
 

CONCLUSIONS 
 
  Million-atom reactive molecular dynamics simulations of shock initiation of HMX crystal containing a void with various 
sizes were performed. The dynamical process leading to hot spot formation includes shock induced jetting of the upstream 
molecules, void collapse, and collision between the upstream molecules and the downstream. The collision greatly enhances 
the hot spot temperature and thus chemical reaction initiation. With the increase of void size or shock strength, the 
enhancement gets more obvious, leading to higher hot spot temperature and more violent chemical reactions. The dynamics 
process is similar for the spherical void and the cylindrical void, although the latter leads to less intense hot spot. 
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The non-dimensional parameters in our model are: the relaxation time τ for the stress to relax back to the yield surface; and
the ratio δ ≪ 1 of the yield stress to the applied stress. In the limit δ = 0, the model reduces to the equations of barotropic
flow with EoS ps(ν). However, in regions where the strain is O(δ), the deviatoric and isotropic contributions to the strain
balance, and hence we expect elastic effects to be noticeable near the tails of propagating waves.

Numerical solutions
We simulate the response of a metal sample whose face at X = 0 is displaced by an imposed velocity U0(t). The rear face

of the target is stress-free. The appropriate initial and boundary conditions are therefore

ν(X, 0) = 1, u(X, 0) = 0, ε(X, 0) = 0, u(0, t) = U0(t) = 1↗�−t, ps(ν)↗
2δG

3ν
ε

!!!!
X=1

= 0. (4)

For comparison with the leading order barotropic flow model we use the ideal gas EoS: ps(ν) = ν−γ/γ.

Figure 3: Numerical solution of the model (1)–(4) for the devi-
atoric strain ε, with δ = 0.01, τ = 10, G = 2 and γ = 5/3.

Figure 4: Free-surface velocity u(1, t). Blue: our
model (1)–(3); red: barotropic flow.

Figure 3 shows an X–t plot for the deviatoric strain ε. Initially an elastic wave, labelled E, propagates ahead of a much
larger plastic wave, labelled P. When the elastic wave reaches the free surface X = 1, it reflects back toward the plastic wave.
During the interaction of the two waves (see the inset), part of the elastic wave is transmitted through the plastic wave, while
part is reflected back toward the free surface. The elastic wave thus reverberates back and forth until the eventual arrival of
the much larger plastic wave at the free surface. The velocity u(1, t) measured at the rear face of the target material is plotted
in Figure 4, and compared with the corresponding results for barotropic flow (i.e. δ = 0). A small elastic precursor arrives
ahead of the large plastic wave, and the reverberation leads to a staircase-like feature, with the velocity increasing through a
series of small steps. These significant features cannot be explained or resolved by barotropic flow alone.

CONCLUSIONS

We presented a mathematical model of elastoplasticity in the regime where the applied stress greatly exceeds the yield
stress, and used the model to analyse the interactions of elastic and plastic waves during the violent deformation of a metal
sample. We showed that key information is lost when elastic strength is neglected. It is the subject of current work to
understand the structure of the interactions described here mathematically and hence develop a more accurate method to
derive EoS approximations from real-life velocimetry data.
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BROKEN TIME-REVERSAL SYMMETRY IN BEAMS IN LONGITUDINAL MOTION

Giuseppe Trainiti∗1 and Massimo Ruzzene1,2

1Daniel Guggenheim School of Aerospace Engineering, Georgia Institute of Technology, 270 Ferst Dr, Atlanta,
GA 30332, USA

2George W. Woodruff School of Mechanical Engineering, Georgia Institute of Technology, 801 Ferst Dr, Atlanta,
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Summary This work investigates the class of problems in which the material properties of the structures, i.e. the Young’s modulus E and
density ρ, are periodic functions of space and time. This periodic variation of the medium’s characteristics in space and time challenges
the notion of reciprocity of wave motion, leading to unidirectional wave propagation. Broken time-reversal symmetry is analytically inves-
tigated in beams in longitudinal motion and results presented in the form of band diagrams. Numerical simulations verify the theoretical
predictions. This study suggests a rigorous approach to study a new class of active periodic metamaterials with superior tunability features,
with applications in vibration and noise control.

MOTIVATION OF THE WORK

Metamaterials are structured media with exceptional wave propagation properties and applications in optics, acoustics and
mechanics, to name a few [1]. Several recent studies focused on enhancing the performance of such materials by endowing
them with tunable properties, for instance by inducing a structural reconfiguration through mechanical loading [2], in which
a modification of the spatial symmetry of the structure leads to dramatic changes in its wave propagation behavior. A further
step can be taken and a deeper control over the structure’s properties achieved by conveniently modulating the properties of
the structure not only in space, but also in time. As a result of that, the structure displays ranges of frequency for which wave
propagation is allowed in one direction only. Recent studies envision the possibility of exploiting unidirectional properties
to obtain backscattering-immune devices [4]. In the present study, we present a rigorous approach to study this new class of
metamaterials.

THEORETICAL BACKGROUND

We consider the case of propagation of longitudinal waves in beams in which the Young’s modulus E and density ρ are
functions of space and time, therefore the following expression for the equation of motion of the beam has to be considered:

∂

∂x

!
E(x, t)

∂u(x, t)

∂x

"
=

∂

∂t

!
ρ(x, t)

∂u(x, t)

∂t

"
(1)

We also assume that E and ρ are periodic functions of space and time, thus they write E(x, t) = E(x + λm, t + Tm) and
ρ(x, t) = ρ(x + λm, t + Tm), with λm and Tm spatial and time periods, respectively. We refer to this periodic variation of
the material properties as modulation. Periodicity allows us to express E(x, t) and ρ(x, t) in the form of the following Fourier
series:

E(x, t) =
+∞#

p=−∞
Êpe

ip(ωmt−κmx) ρ(x, t) =
+∞#

p=−∞
ρ̂pe

ip(ωmt−κmx) (2)

in which ωm and κm are the frequency and the wavenumber of the material properties modulation, respectively. Assuming
that a periodic solution of Eq.1 exists, it can be written in the form of the following Fourier series:

u(x, t) = ei(ωt−κx)
+∞#

n=−∞
ûnein(ωmt−κmx) (3)

By substituting Eq. 3 and Eq. 2 into Eq. 1 and by exploiting orthogonality, we obtain a quadratic eigenvalue problem (QEP)
to be solved for the frequency ω: $

ω2L̂2 + ωL̂1 + L̂0

%
û = 0 (4)

in which the coefficient matrices L̂r, with r = 0, 1, 2, depend on the wavenumber κ and the coefficients Êp and ρ̂p. The
solution of the QEP gives the dispersion relation ω = ω(κ) for the structure, useful in any wave propagation problem and that
can be represented in the form of band diagrams [3].

∗Corresponding author. Email: giuseppe.trainiti@aerospace.gatech.edu
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NONSMOOTH MODAL ANALYSIS OF PIECEWISE-LINEAR IMPACT SYSTEMS

Anders Thorin!1, Pierre Delezoide , and Mathias Legrand1

1Department of Mechanical Engineering, McGill University, Montreal, Quebec, Canada

Summary Periodic solutions of autonomous and conservative second-order dynamical systems of finite dimension n undergoing a single
unilateral contact condition are investigated in continuous time. The unilateral constraint is complemented with a purely elastic impact
law conserving total energy. The dynamics is linear away from impacts. It is proven that the phase-space is primarily populated by one-
dimensional continua of periodic solutions, generating an invariant manifold which can be understood as a nonsmooth mode of vibration
in the context of vibration analysis. Additionally, it is shown that nonsmooth modes of vibration can be calculated by solving only k ! 1
equations where k is the number of impacts per period. Results are illustrated on a mass-spring chain whose last mass undergoes a contact
condition with an obstacle.

MOTIVATION

Nonlinear modal analysis consists in calculating, in the phase space, two-dimensional manifolds which are continuous
families of periodic trajectories [1]. When dealing with nonsmooth systems, i.e. systems subjected to impact and friction [2],
the induced discontinuities are usually regularized [3]. The novelty of the proposed work here is to incorporate the dis-
continuities in the formulation to exhibit continuous families of periodic nonsmooth trajectories, thus leading to nonsmooth
modal analysis. The results hold for all autonomous linear dynamical systems subjected to a single contact condition modeled
through a unilateral linear sceleronomic constraint complemented with a perfectly elastic impact law.

FORMULATION

The vector of generalized coordinates x is an element of Rn where n is the number of dofs of the system. During free
flights, that is away from impacts, the dynamics is governed by MRx C Kx D 0 where M and K are the mass and stiffness
matrices. Introducing x D Œx>; Px>!>, this differential equation can be reformulated in the first-order form as Px D Ax hence if
no impact occurs in time interval Œt; t 0!, x.t/ D S.t ! t 0/x.t 0/ with S.t/ D exp.tA/. The signed contact distance (gap function)
is g.x/ D w>x C g0. It is shown that the impact law, written in terms of normal contact velocities "C D !"", reads in terms
of as xC D Nx" where N D M"1=2.I ! 2rr>/M1=2 and r is the unit vector given by r> D Œ01;n;M1=2w.w>M"1w/"1=2!> 2
R2n. We introduce the times of impact t0; : : : ; tk with the convention t0 D 0 and period T D tk so that k is the number of
impacts per period (ipp). The dynamics is a succession of free flights of duration ti ! ti"1 and impacts at ti , i 2 !1; k", so for
t 2 Œti"1; ti /:

x.t/ D S.t ! ti /NS.ti ! ti"1/N : : :NS.t ! t0/x.t0/: (1)

This expression shows that there exists a linear mapping from a vector of initial conditions to the current state at t . Let u be
the endomorphism of matrix NS.tk ! tk"1/N : : :NS.t1 ! t0/ in the canonical basis of R2n. The problem of finding periodic
solutions of the dynamics with impact times t1; : : : ; tk is formulated in three necessary conditions (NC) to be satisfied by x0:
Given T 2 R! and k 2 N!, find x0 2 R2n and t1; : : : ; tk such that:

8̂
ˆ̂<
ˆ̂̂:

u.x0/ D x0 NC1
x determined by x0 using (1) is such that:
8i 2 !1; k"; g.x.ti // D 0 NC2
8t 2 Œ0; T !; g.x.t// " 0 NC3

(2a)

(2b)
(2c)

with g.x/ WD g.x/. Eq. (2a) enforces periodicity through a sequence of free flights over .ti"1; ti / punctuated by perfectly
elastic impacts at ti , i 2 !1; k". Eq. (2b) guarantees that the impact law only applies when the separating gap is closed.
Ineq. (2c) is necessary to ensure that the unilateral contact condition is not violated during the free flights.

MATHEMATICAL RESULTS

We can show that there is an isomorphism ' between the invariant (maximal) subspace of u and the kernel of a known
skew-symmetric matrix … of size k # k and function of the impact times. This implies that NC1 is satisfied if and only if
there exists a ! 2 Rk such that ….t1; : : : ; tk/! D 0, and then x0 can be retrieved using x0 D '.!/. We also know that NC2
is satisfied by x if and only if †.t1; : : : ; tk/'.x0/ D !g0j where † is a symmetric k # k matrix and j D Œ1; : : : ; 1!> 2 Rk .

!Corresponding author. Email: anders.thorin@mcgill.ca



The expressions of …, † and ' are known explicitly but are not provided here; they depend only on M, K, g and t1; : : : ; tk .
Satisfying NC1 and NC2 reduces to finding t1; : : : ; tk and ! such that …! D 0 and †! D !g0j. Then, † is generically
invertible so it suffices to find t1; : : : ; tk such that …†"1j D 0, and then recover x0 D '.!g0†"1j/. The non-generic cases
exhibit very specific properties which are not described here. If x0 satisfies NC1 and NC2, it is a solution iff it satisfies NC3.
This last condition has to be tested numerically.

It is then proved that if x0 is a solution for g0 ¤ 0 then, generically, it lies on a two-dimensional manifold of the phase
space. As opposed to smooth nonlinear modes, here the manifolds feature discontinuities, corresponding to the discontinuities
at impact times. The positions and velocities as a function of time emanating from the initial conditions x0 can then be
calculated. The results are summarized in Fig. 1.

!s
S

t1
t2

t k

s j ….s/†!1.s/j D 0
s belongs to a curve S

!
! D !g0†!1.s/j

x0

x0 D '.!/
x."/

xn!1

xn

Px n

Nonsmooth periodic orbit

Figure 1: Summary of the mathematical results in the generic case with g0 ¤ 0. When s D .t1; : : : ; tk/ travels along the red
curve S , the periodic solution describes a nonsmooth mode with k impacts per period.

APPLICATION TO A MECHANICAL SYSTEM

The mathematical developments prove the existence of nonsmooth modes yet also give a constructive way of calculating
them by solving k ! 1 equations (…†"1j D 0) independently of the number of dofs. Results are illustrated on a simple
spring-mass chain whose free mass is subjected to an elastic Newton impact law, see Fig. 2. A nonsmooth mode with 7-ipp

m1

k1

m2

k2

mn!1

kn!1

mn

kn

Figure 2: Simple spring-mass chain whose free mass is subjected to impacts.

was calculated following the methodology of Fig. 1 for this system with n D 5. The position of the last mass is represented
for two initial conditions on the nonsmooth mode in Fig. 3, illustrating the possibilities given by the derivations.

0 2 4 6

!8
!6

!4
!2

0
1

1

time t

po
si

tio
n

x
n

0 2 4 6

2

time t

Figure 3: Two periodic trajectories with 7 ipp belonging to the same nonsmooth mode represented in . Pxn; t /. Dashed lines
correspond to impact times.
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Additionally, the zone of existence is determined and it’s stability is examined via Floquet multipliers[3], i.e. eigenvalues
of the Monodromy matrix that is described explicitly for an approximate finite system, hence the Fluquet multipliers are not
extracted numerically from the mapping as is usually the case but are derived directly from the Monodromy matrix. It is
important to note that since both models are VI models, producing the Monodromy matrix is not a simple task and must be
done separating the linear regime from the instance of the impact where one must use a saltation matrix [4].

The obtained solution is characterised by a strongly localized frame enveloping the synchronously oscillating masses. The
frame is presented in fig. 2 for two set of parameters of the Hamiltonian model.
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Figure 2: Comparison of the displacement amplitude of the masses between in-phase (black) and anti-phase (dashed gray)
2-site DB. Negative indices denotes the ith mass in the chain where i = N + 1 + (negative index) to better represent the
periodic boundary condition.

The stability analysis reveals two mechanisms for loss of stability as seen in the stability map in fig. 3. The first is the
Hopf bifurcation corresponding to some spatial modes of the linear chain and possibly related to resonance frequencies. The
second is the pitchfork bifurcation which appears to be of localized nature and corresponds to breaking of the DB’s symmetry
as demonstrated in fig. 4.
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Figure 3: Stability map for a 2-site Forced DB with sites
at 0 and 1 for N = 20, γ1 = 0.1, e = 0.9 and A = 1.5.
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Figure 4: Analytic prediction (dashed gray) and numeri-
cal approximation (black) of the displacement of an im-
pacting mass for N = 20 and γ2 = 0.07 with a 2-site
forced DB after breaking of the symmetry.
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NONLINEAR MODES OF VIBRATION OF VIBRO-IMPACT DUFFING OSCILLATORS

David Urman∗ and Mathias Legrand
Department of Mechanical Engineering, McGill University, Montreal, Quebec, Canada

Summary The objective of this research is to develop numerical methods for finding periodic solutions to autonomous conservative
vibro-impact Duffing oscillators. The investigated model consists of serially connected masses the last of which collides a rigid wall. The
connecting stiffness are quadratic functions of the displacements. Dedicated Ritz methods and continuation algorithms are developed in order
to find families of admissible natural vibratory responses commonly named nonlinear modes of vibration.

MOTIVATIONS

Vibration analysis is critical for many common mechanical systems: jet engines, bridges, pistons, and acoustic resonators
are some examples of systems for which the study of vibration is crucial [1]. Within a linear framework, one way to understand
the behaviour of such oscillatory systems is by exploring their natural frequencies of oscillation in the vicinity of an equilibrium
state. Such behaviour is called autonomous vibration and its analysis aids in predicting more complex behaviours of the
investigated system. The analysis becomes much more challenging when the investigated mechanical system features smooth as
well as nonsmooth nonlinearities: two typical examples are cubic nonlinearities capturing large displacements and impacts
reflecting unilaterally constrained dynamics. Such a system, reduced to 2-degree-of-freedom (dof) vibro-impact Duffing
oscillator, is numerically investigated in the light of vibration modal analysis.

MODELLING AND GOVERNING EQUATIONS

The system of interest, depicted in Fig. 1, consists of two nonlinear cubic springs serially connecting two masses the last of
which impacts a rigid non-moving wall. Unilateral contact is mathematically expressed as a Signorini complementarity condition.

x1 x2

g

Figure 1: 2-dof vibro-impact Duffing oscillator: stiffnesses are nonlinear functions of x1 and x2, see Equation (1a).

For discrete systems, an additional impact law has to be incorporated in the formulation for well-posedness purposes [6]. In this
work, the well-known Newton impact law with the restitution coefficient e = 1 is considered [3, 4]. One-impact-per-period
solutions only are targeted and the complementarity conditions are advantageously replaced by a simple numerical test on
the admissibility of the found solution [5, 7]. This simplified formulation tracks a subset of all possible admissible solutions.
Periodic solutions with one impact per period are assumed to exist but the period T is unknown. Without loss of generality, the
assumed impact occurs at t = 0 and the governing equations read:

• Free-flight ∀t ∈ ]0 ;T[: !
m1 0
0 m2

" !
ẍ1
ẍ2

"
+

!
k1 + k2 −k2
−k2 k2

" !
x1
x2

"
+ ε

!
(x1 − x2)3

(x2 − x1)3

"
=

!
0
0

"
(1a)

• Continuity and impact condition

xi (0) = xi (T ), i = 1, 2 (1b)
x2(0+) = g and ẋ2(0+) = −ẋ2(T−) (1c)

SOLUTION METHODS

When ε = 0, closed-form solutions to system (1) exist [5]. When the cubic springs are effective, the construction of an
approximation relying on the Ritz method is implemented. Ritz methods are designed to approximate the solution using a set of
known functions [1] which satisfy the boundary conditions of the formulation. In this research, the Ritz functions are defined in
the time-domain and should comply with the continuity and impact conditions (1b) and (1c). The two following families

φi (t) = cos(iω(T/2 − t)) and ψi (t) = cos(2πit/T ), i = 1, 2, . . . (2)
∗Corresponding author: david.urman@mail.mcgill.ca



to approximate the displacement of the impacting mass and non-impacting mass, respectively. In Equation (2),ω is the frequency
of the motion when impact is ignored: this is an unknown of the formulation and is introduced to generate a discontinuity
ẋ2(0+) = −ẋ2(T−) in a straightforward manner. The period of the unknown displacement (x1, x2) solution to (1) is T and
not 2π/ω. The approximate solution is then inserted into (1a) and a Galerkin Projection [1] is performed on the family ψi

(solely) to find the participation of the Ritz functions in the solution. As such, the formulation has always more one unknown
than the number of available equations: this can be understood as a generalized eigenvalue problem where the period and the
displacement have to be found. The solution set is intricate and organized as multiple co-existing one-parameter families of
periodic orbits, some of which can be tracked through continuation strategies starting from the linear solutions.

RESULTS

Solutions were obtained for a 2-dof system but the proposed method extends to larger systems at the cost of an increased
computational effort. It was concluded, from numerous tests, that the developed Ritz method converges when a sufficient
number of Ritz functions is incorporated into the formulation. The admissibility of the found solution has to be continuously
checked as unexpected grazing trajectories might arise when the energy of the motion increases.

The effects of the impact is indicated in Fig. 2 [left] by the first change of slope in the Frequency-energy plot. The
well-known stiffening effect induced by the cubic springs is observed when ε is increased. Other branches were also found
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Figure 2: Left: Frequency-Energy plot of the first nonlinear vibration mode in the vicinity of the first natural frequency ω1
with ε = 0 [blue curve, linear oscillator with impact] and ε ∈ [0.0 ; 0.2] [brown curves from dark to bright]. Parameters
m1 = m2 = k2 = 1, k1 = 3, and g = 2. Right: Invariant manifold for ε = 0.2

in the neighbourhoods of the subharmonics of the system’s natural frequencies. Further work is currently undertaken on the
theoretical aspects of the existence of such manifolds. It should be noted that the internal resonances expected in the Duffing
oscillator (with no impact) will generate unexplored difficulties when impact is introduced. Finally, finding solutions with
multiple impacts per period is a direct extension to this work, yet much more challenging.
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ACCELERATION OF CAR CRASH SIMULATIONS

Jörg Fehr∗1 and Dennis Grunert1

1Institute of Engineering and Computational Mechanics, University of Stuttgart, Germany

Summary The automotive industry is in need of fast crash test simulations. Instead of using faster hardware, a modern approach consists of
reducing the system size of the underlying equations while retaining important system properties and controlling the approximation error.
Linear variants of this so-called model order reduction are well explored and therefore used as much as possible. In a car crash scenario,
some parts of the automobile exhibit large deformations, whereas others experience mostly small vibrations. We therefore identify linear
behaving parts of the model and separate/reduce them with modern, improved Component Mode Synthesis approaches. The interface plays
a crucial role in the speedup, hence an interface reduction is also required. The application to a kart model delivers promising results.
Additionally, a workflow is developed, which can be adopted to a full car model consisting of more than one million degrees of freedom.

MOTIVATION

Unlike several decades ago, hardware crash tests are now commonly substituted by simulations in the development phase
of a new car. Usually, thousands of simulations are run for only one car to ensure its crash safety over all stages of the
development. Combined with detailed finite element (FE) models, this leads to a high demand of computing power and long
response time for the design engineer. For shorter response times, the automotive industry currently uses huge computer
clusters, which are costly and harmful to the environment. These problems can alternatively be solved by applying model
order reduction (MOR) to the underlying system, i.e., substituting it by a smaller system with preferably low approximation
error.

In structural mechanics, linear model order reduction is applied for a long time and well understood. Small reduction errors
and large acceleration of the simulation can be achieved with, e.g., modal reduction, Krylov methods or techniques based on
the singular value decomposition or Gramian matrices. While this is true for mechanical systems with small deformations, it
is certainly not the case in a crash test simulation with large deformations, nonlinear material behavior and complex contact
scenarios leading to nonlinear differential equations. Unfortunately, nonlinear reduction techniques are not yet as mature and
can be found rarely in industrial applications. Therefore, goals are the improvement of nonlinear reduction techniques in the
field of crash test simulations and the application of linear, mature methods whenever possible.

IMPLEMENTATION

Several ideas presented below are developed and implemented to accelerate car crash simulations. The 2001 Ford Taurus
model [4] of the National Crash Analysis Center and a simplified model of a racing kart serve as examples.

Identification of Nonlinear Parts
Instead of using nonlinear MOR for the complete car model, it is beneficial to separate it in parts which can be consid-

ered to behave linear and parts considered to behave nonlinear. Linear respectively nonlinear methods can then be applied
accordingly, cf. [3]. It is also possible to not reduce the nonlinear part at all to ensure correctness of the simulation. Since
our workflow should be easily applicable in the industry, we use the widely-used FE program LS-DYNA to simulate the
crash. Unfortunately, it is not only feature-rich but closed-source, therefore, the underlying, nonlinear differential equations
are not visible to the user. Thus, only heuristic identification remains. In [1], clustering algorithms are used to identify similar
behaving parts of the car within a set of simulation runs. This approach is adopted to our use case and improved after some
problems are identified. Exemplarily, a cluster crossmember of a frontal crashed Ford Taurus is depicted in Fig. 1. The green
area behaves ”probably linear” whereas the rest of the crossmember in red behaves ”probably nonlinear”.

Model Order Reduction with Interface Reduction
Once the model is separated in two parts as described above, the substructuring needs to be represented in the equations

of motion to allow an isolated treatment of each subbody. Since several decades, the Component Mode Synthesis (CMS) with
the Craig-Bampton method as its well-known special case is the default substructuring approach. CMS assumes a partition of
the degrees of freedom (DOFs) in boundary and internal DOFs and uses so-called component modes as ansatz functions for
the model order reduction. Craig-Bampton, for example, uses a combination of fixed-interface eigenmodes, i.e., the solutions
to the eigenproblem of the internal dynamics (the system restricted to only the internal DOFs) and static condensation modes,
which are resulting from deformations on only one boundary DOF each.

∗Corresponding author. Email: joerg.fehr@itm.uni-stuttgart.de
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HYPERVELOCITY IMPACT DAMAGE IN COMPOSITE MATERIALS FABRICATED BY 
FILAMENT WINDING 

 
Aleksandr Cherniaev1, Igor Telichev 1 

1Department of Mechanical Engineering, University of Manitoba, Winnipeg, Manitoba, Canada 
 
Summary This paper investigates the behavior of composite materials fabricated by filament winding when subjected to hypervelocity impacts 
(HVI) by orbital debris. Conducted experiments allowed obtaining the evidence of significant dependence of the HVI damage in the filament-
wound composites from the following parameters: impactor energy, pre-loading and degree of interweaving of filament bands. Findings of the 
study may be useful for the design of spacecraft components fabricated by filament winding, e.g. composite overwrapped pressure vessels. 
 

INTRODUCTION 
 
   Composite materials are being extensively used in space applications, including carbon fiber composite overwrapped 
pressure vessels (COPVs). These vessels are essential to spacecraft propulsion and attitude control systems, life support 
applications, etc. Common manufacturing technique for COPVs is filament winding, which is characterized by mesoscale 
inhomogeneity of the fabricated material in addition to microscopic inhomogeneity inherent to all types of composites [1]. 
The former feature results from multiple interweaving of filament bands forming a filament-wound composite part. 
    As parts of spacecraft systems, COPVs are exposed to orbital debris (OD) environment and, therefore, may be 
subjected to hypervelocity impacts (HVI) by orbital debris particles. The behavior of composites under HVI has been 
studied experimentally and numerically by many researchers, e.g. [2 - 4]. However, most of the reported work was confined 
to the class of standard laminated composites, whereas no attention has been paid to the filament-wound materials. 
    Preliminary numerical studies conducted by Cherniaev and Telichev [5] indicated that HVI damage of filament-wound 
materials may significantly depend on the degree �RU� ³GHQVLW\´�� RI� interweaving of the elementary filament bands. The 
degree of interweaving, in turn, is a manufacturing parameter; and its value may vary in a relatively wide range due to the 
flexibility of filament winding equipment. An example of winds with different degrees of interweaving is given in Fig.1. 
 

 
Figure 1 ± Helical winds with different densities of interweaving of filament bands (left) and test specimens fabricated from 

them (right): LDI - ³ORZ´�density; HDI - ³KLJK´�GHQVLW\ of interweaving 
 
    This paper presents results of experimental studies that assess the effect of the following parameters on HVI damage of 
filament-wound composite: 1) impactor energy (in terms of projectile diameter); 2) pre-loading; and 3) degree of 
interweaving («low» vs. «high», see Fig. 1). 
 

EXPERIMENTAL STUDIES 
 
    Experimental model is an experimental representation of attributes of a real physical system that is being studied. The 
experimental model employed in this study represents the following constituents of the physical system: 
� Environment: all tests were conducted in a vacuum chamber in order to represent conditions encountered in space. 
However, some pressure (~30 Torr of nitrogen) was retained to assist in sabot separation during HVI tests. 
� Orbital debris: orbital debris was represented by aluminum spheres of two different diameters, namely 3.175 mm 
and 4.763 mm with a nominal speed of 7.0 km/s. Aluminum projectiles represent the medium-density class prevailing in the 
space debris population. 
� Composite pressure vessel:  
a) The front wall of a pressure vessel was represented by 3 mm-thick composite panels manufactured via filament 
winding (see Fig. 1).  
b) Wall stresses created in a COPV by inflation pressure were represented via pre-loading of the composite panels. In 
order to simplify the pre-loading apparatus, control and interpretation of measurements, the loading of the composite panels 
was uniaxial, as compared to biaxial stress state generated by inflation pressure in a shell of a real COPV.  



� External OD shielding: pressure vessels pertain to the critical spacecraft systems of highest vulnerability to orbital 
debris impacts, and therefore typically have to be protected from highly probable impacts of submillimeter debris. The 
presence of such protection was modeled by placing a 0.8 mm aluminum bumper at a standoff of 23 mm from the 
composite panels. 

 
Figure 2 ± Exemplary HVI damage of the composite specimen (left) and the total damaged areas of the specimens (right) 

 
    In total, 8 composite specimens (4 LDI and 4 HDI) were tested at different impact/pre-loading conditions. Inspection 
of the visible and subsurface damage of the specimens revealed the following qualitative features: 
1. Visible damage on the front side in all cases was represented by the entry crater only.  
2. Peeling of the significant amount of material was observed on the rear surface of all LDI specimens. HDI specimens 
revealed almost no rear surface material peeling at all or very limited amount of it. 
3. Both photographs and obtained C-scan images reveal qualitatively different damage patterns for LDI and HDI specimens.  
    The following quantitative observations were made: 
1. In all cases, damage zone area in the HDI specimens is smaller as compared with the LDI specimens. The difference 
varies from 7 to 35%, depending on impact conditions. 
2. In most cases, pre-loading leads to formation of a larger damage zone. This is especially the case for LDI specimens, 
ZKHUH�GDPDJH�]RQH�DUHD�GUDVWLFDOO\� LQFUHDVHV� �a�����DOPRVW� LQGHSHQGHQW�RQ�LPSDFWRU¶V�HQHUJ\��ZLWK  the introduction of 
pre-loading. Primarily, it is associated with an increase of subsurface delamination area, whereas visible surface damage 
remains almost the same for both pre-loaded and not pre-loaded LDI specimens. This trend remains for the HDI specimens 
impacted with the higher energy (dp = 4.763 mm), where damage zone area demonstrates ~30% increase with application of 
pre-loading. However, in this case its growth is associated with both delamination and increase of the surface damage. On 
the contrary, HDI specimens impacted with the lower energy (dp = 3.125 mm) did not reveal noticeable sensitivity to pre-
loading. 
3. In most of the cases, impacts of smaller projectiles result in larger delamination area. This can be explained by different 
energy absorption mechanisms dominating at different impact conditions. With smaller projectiles (dp = 3.125 mm), system 
«aluminum bumper ± composite specimen» is close to its ballistic limit. The dominating energy absorption mechanism in 
this case is delamination. On the contrary, with larger projectile dominating energy absorption mechanism is fiber breakage 
(larger energy of impact and, in general, larger individual fragments of the projectile). 
4. The size of the perforated holes does not show dependence on the filament-winding pattern (although some fluctuations 
exist). This result is expectable as properties of all panels are almost identical in the through-the-thickness direction. 
 

CONCLUSIONS 
 

   Hypervelocity impact damage of a filament-wound composite is significantly dependent on filament winding pattern used in 
its fabrication. Patterns with higher degree of interweaving of filament bands demonstrated the ability to better impede 
propagation of HVI-induced damage, even in the presence of pre-loading. Pre-loading by itself may result in significant increase 
of the area affected by impact damage. On the contrary, an increase of impactor energy may be a reason for the change of the 
dominating energy absorption mechanism in the composite panel and result in a reduction of the area damaged by the impact. 
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PROPAGATION OF ELASTIC WAVES IN CYLINDRICALLY STRUCTURED 
CANCELLOUS BONES

Vladyslav Danishevskyy1a), Julius Kaplunov1 & Graham Rogerson1
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Summary A new theoretical approach to describe the propagation of elastic waves in fluid-saturated porous bones is proposed. We use the
asymptotic homogenisation method and the Floquet-Bloch theory. As an illustrative example, anti-plane shear waves in a cylindrically 
structured cancellous bone are considered. The effects of damping and scattering are predicted and numerical results are given.

   The problem of wave propagation in bone tissues has a great practical importance, in particular, for the development of 
ultrasound techniques for a non-invasive diagnosis of osteoporosis. Measuring velocities and attenuation of acoustic waves 
at different frequencies can provide us with additional information about the microstructure and to allow prediction of the 
density and the porosity of the bone tissue. Generally, frequency-dependent dynamic properties of the bone may be 
considered as a kind of “identification portrait”, which is unique for every sample. The larger is the explored frequency 
range, the more accurate is the “portrait” that can be compiled. This should give a possibility to detect even very small 
variations of the internal bone texture. 
   To date, many studies of acoustic waves in porous media were based on a continuum theory developed by Biot. Biot's 
approach had a significant impact on the dynamics of porous media and allowed to receive important results in many 
practical applications (for a comprehensive review of the subject we refer to de Boer [1]). Despite this, it cannot be 
considered as a rigorous fundamental theory. Biot's models include a number of phenomenological parameters, which for 
real materials remain unknown and are expected to be determined in a purely experimental way. 
   Another limitation is that Biot’s theory does not take into account the internal length scale of a heterogeneous medium. 
Thus, it can be applicable only if the wavelength is considerably larger than the typical size of the microstructure. However, 
for frequencies of about 1MHz (which are commonly used in experiments) the length of acoustic waves approaches the 
diameter of pores in the bone tissue [2]. Therefore, the scattering of the wave field by the microstructure may become 
significant. 
   We propose a new theoretical approach to model the propagation of elastic waves in fluid-saturated porous bones. Our 
approach is based on the homogenisation method [3] (for a long-wave limit) and on the Floquet-Bloch theory [4] (for a 
short-wave case). As an illustrative example, propagation of anti-plane shear waves through a cylindrically structured 
cancellous bone is studied. The skeleton component is considered to be purely elastic and the pores are filled by a viscous 
marrow. The obtained solutions predict both the effect of damping (caused by the viscosity of the marrow) and the effect of 
dispersion (caused by the wave scattering at the microstructure). The numerical results for the dispersion curves, wave 
speeds, and attenuation coefficients are evaluated. 
   A significant peculiarity of Biot’s theory is that it describes the appearance of two types of longitudinal waves (so called
fast and slow waves). The fast wave corresponds to an in-phase movement of the solid and the fluid component, while the 
slow wave corresponds to an out-of-phase movement of the components. The slow wave can never be observed in 
homogeneous media and its appearance in real materials was questioned many times. To our knowledge, Hosokawi and 
Otani [5] were the first who provided a solid experimental confirmation of the existence of the slow wave. In the present 
paper, we propose a theoretical justification of the slow wave using the Floquet-Bloch approach and considering different 
types of the local solutions (periodic and anti-periodic) within the unit cell. 
   The developed approach can be extended to analyse different types of elastic waves in various porous media. 
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     A NEW TIME FRACTIONAL WAVE PROPAGATION IN A SOLID CYLINDER 
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Summary This study considers radial vibration of transversely-isotropic solid cylinders with a view to model the mechanical diffusive waves 
propagating in the bodies. The effect of finite deformation is investigated. The problem is described by state equation of motion taking into 
account the Khalil et al. fractional order derivatives. The obtained time fractional wave equation and its solution generalize some results in 
literature. It is shown that waves in finite deformation exhibit some additional term even in the absence of time fractional operator. Furthermore, 
the obtained results degenerate to the classical waves in solid cylinders. Finally, this study reinforces the view that factional derivative helps 
to apprehend processes in-between diffusion and wave propagation. 
 

INTRODUCTION 
 
   It is known that waves attenuate in material which exhibits power-law frequency variation; and any time some 
hereditary mechanisms of power-law type are present in wave phenomena, the appearance of fractional derivatives in time 
is inevitable. Consequently, a time fractional wave equation governs the propagation of mechanical diffusive waves in 
bodies which exhibit power-law frequency-dependent attenuation. In fact, there are many works in literature in which the 
integer order differential equations, modelling classical processes such as relaxation, oscillation, diffusion, and wave 
propagation have been generalized to fractional-order differential equation. In the context of small deformation, Mainardi 
modelled a time fractional diffusion-wave equation by replacing the second-order time derivative with a fractional 
derivative of order E , 20 d� E . In his work, he used Reimann-Liouvile fractional derivatives. The obtained solution 
reduces to classical wave and diffusion equations when 2,1 E  respectively [1]. The obligation to adopt finite 
deformation approach in problems of solid mechanics is imposed by the fact that small deformation theory is a gross 
approximation of the process modelled [2]. In this paper, we consider radial vibration of a solid cylinder undergoing finite 
deformation. A conformable fractional derivative introduced by Khalil et al. is employed with a view to model the time 
fractional waves propagation in solid cylinder. The cylinder is transversely-isotropic in structured, designed with the aid of 
homogenized theory. It is made of a semi-OLQHDU�PDWHULDO�RI�-RKQ¶V�W\SH� 
   

GEOMETRY OF DEFORMATION AND CONSTITUTIVE LAW 
We consider the radial deformation of a transversely-isotropic cylinder 3��: of radius a  from the reference 
configuration 0:  into the current configuration: . The position vectors of points of the cylinder in ))(( 0 r&:  and 

))(( R
&

:  are given respectively as: 
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)(0 r&:  and keeR

&&&
,, I  are the corresponding local basis vectors associated with the cylindrical coordinates ),,( zR I  in 
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: . The geometry of deformation R
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�  is the gradient tensor of the position vector R
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Now, decomposing the geometry of deformation R
&

�  into product of stretch symmetric tensor U~  and orthogonal 

rotation tensor DO~ , the energy function in the case of isotropic and transversely-isotropic for a semi-linear material of 
-RKQ¶V�W\SH�LV�   
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where )~~(~)~~(1 EUEEUI ��� �  is the first invariant of the tensor )~~( EU � , E~  is the unit tensor, and c&  is the 

unit vector characterizing the direction of anisotropy. PO,  are the Lame constants, and 012 ,, OOO  are the effective 
material characteristics that result from applying homogenization theory to composite/heterogeneous media that in turn has 
reduced to a transversely-isotropic one. Invoking the hypothesis of hyperelasticity of Cauchy-Truesdell [3], we take the 



Frechect derivative of the energy function (3) with respect to the geometry of deformation R
&

�  and obtain the constitutive 
law, Piola-Kirchhoff stress tensor T~  to which it is energy conjugate: 
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TIME FRACTIONAL WAVE EQUATION AND ITS SOLUTION 
 
   In order to model the time fractional wave propagation in solid cylinders, we reflect the constitutive law (4) and the 
geometry of deformation (2) in the generalized motion equation 
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The resulting time fractional wave equation is 
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where 1c  is the speed of the wave, 
U

OOO 0122
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N 102 �
 , and ]2,1(�D  is the order of the 

derivative. It is observed that for 21 ��D , equation (6) describes the mechanical diffusive waves. Further, the extra term 

2

),(
r

trRN  on the L.H.S of (6) constitutes finite deformation effect; and when 2 D , 10 2
1 OO   the time fractional wave 

equation (6) degenerates to the classical wave equation in solid cylinders. 
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The solution of wave equation (6) together with the conditions (7) is  
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�
 m , a  is the radius of the cylinder, and nF  is the thn  positive zero of )(rJm . 

CONCLUSIONS 
   We derived a time fractional wave equation which governs the propagation of mechanical diffusive waves in bodies 
exhibiting power-law frequency variation. The obtained equation and its solution generalized some results in literature. When 

2 D  and the effective material characteristics 10 2
1 OO  , the obtained result degenerates to the classical waves in solid 

cylinders.  
 
References 
 
[1] Mainardi F.: The Time Fractional Diffusion-Wave Equation. Radiophysics and Quantum Electronics, 38:13-24, 1995. 
[2] Aknola  A.P.: An Energy Function for Transversely-Isotropic Elastic Material and Ponyting Effec,. Korean J. Comput. 6, 639-649, 1999 . 
[3] Truesdell C.: The Element of Continum Mechanics, Springer, Berlin, 1966.  
  



 

 

a) Corresponding author. Email: fantao@hrbeu.edu.cn. 
 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada 
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Summary Due to the superior properties on energy absorption, noise reduction, heat insulation, flame retardant and electromagnetic shielding, 
honeycomb materials and structures are extensively applied to architecture, aerospace, biological engineering, packaging engineering, electrical 
technique. In this paper, the in-plane impact characteristics of functionally graded honeycombs are studied with the consideration of defects. 
The influences of the defect location on the dynamic crushing characteristics of the honeycombs are discussed. Based on a given relative 
density, the dynamic deformation modes and energy absorption of the honeycombs with different density gradients are investigated. The results 
show that the energy absorption abilities for the honeycombs with the negative density gradient are much stronger than those with the positive 
ones. This paper is helpful for the design and analysis of the mechanical characteristics of the honeycomb materials and structures. 
 

INTRODUCTION 
 
   In recent years, with the characteristics of light weight, good shock absorption capability and ease of fabrication, the 
honeycomb structures have shown various potential applications such as aerospace, architecture, electrical techniques and 
biological engineering [1, 2]. Therefore, both the theoretical and exponential works are carried out. Moreover, due to the 
processing technique, it is rather difficult to avoid the defects in manufactured honeycombs. During the past several years, the 
effects of defects on the mechanical property in honeycomb structures have been received a lot of attention. 

In the other hand, functionally graded materials (FGM) have brought a new revolution in aerospace, nuclear, biological 
engineering and many other fields. Recently, the concept of the FGM design has been applied to honeycomb structures. 
However, as a new scientific topic, researches on honeycomb structures with functionally graded properties are rather limited. In 
the present paper, with the functionally graded properties, the in-plane dynamic crushing of the triangular honeycombs with 
defects is investigated.  
 

ANALYSIS MODEL 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
As shown in Fig.1(a), the two-dimensional honeycomb structure is composed of equilateral triangular cells. The 

bottom of the honeycomb model is fixed and the top side is impacted by a rigid plate with the velocity of 80m/s. The 
material constants used in the calculation are the Young’s modulus E = 69 GPa, yielding stress ıs=76MPa, the mass density 
U =2700 kg/m3 and the Poisson ratio Q = 0.3. The relative density of honeycombs is given as  

   )1( 11 l
tD

l
tC

s

�=


U
U  ,                                       (1) 

where ȡ* and ȡs are the densities of honeycomb structures and the materials.  

The side length of the unit cell is l=4.5mm. The thickness of cell walls t = 0.5mm for homogeneous honeycombs but is 
a variable for functional graded honeycomb models on the basis of the same relative density. The density gradient Ȗ is  

L
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'
UU
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where ȡi is the relative density of ith region shown in Fig. 1(a), L' is the height of every region. It should be noted that the 
positive density gradient Ȗ means the thicknesses of the cell walls decrease along the impact direction and the negative 
density gradient Ȗ denotes the thicknesses of the cell walls increase along that direction. 

Fig.1. Analytical model: (a) the honeycomb structure with the impact plate, (b) the unit cell and  
(c) the location of defects consisting of missing consecutive cell walls in every region (I to V). 
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NUMERICAL RESULTS AND DISCUSSIONS 
 
Deformation modes of functionally graded honeycombs with defects 

Defects are introduced by missing some consecutive cell walls. In Fig.1(a), the honeycomb structures are divided into 
5 equal regions along the impact direction. The thicknesses of cell walls in the same region are constant but follow the 
relation shown in Eq.(2) in different regions, which denotes the functional graded characteristics of the honeycomb systems. 
In order to study the influence of defects on the deformation modes and energy absorption ability of honeycomb structures, 
the defects are located in different graded parts, which are shown in Fig.1(c). 

 
    
 
 
 
 
 
 
 
 
 

In Figs.2(a)-(e) show that all of the first deformation bands for five cases occur from the impact sides. Then the second 
deformation bands with isosceles-trapezoid-shape appear and develop illustrated in Fig.2(c). For defects in region IV and V, 
the most important feature is that the second deformation bands with the upper half X-shape can be observed and the lower 
side of the deformation bands are along the defects. Moreover, as shown in Fig.2(d), the cells in the upper half X-shape 
behave nearly non-deformation. However the cells out of the area deform. This phenomenon is called local stiffness 
property. Compared with the perfect honeycombs, the defect position plays an important role on the deformation modes. 

 
Energy absorption of functionally graded honeycombs with defects 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.3 displays that the density gradient affects the energy absorption obviously. The energy absorption is almost the 
same when the compression strain is smaller than 23.5% (i.e. İ < 0.235). However, with the compression strain increasing, 
the energy absorption becomes distinct for different density gradients. For higher compression strains (i.e. İ > 0.235) of 
honeycomb structures, the energy absorption abilities for Ȗ < 0 are much stronger than those for Ȗ > 0. It can be observed 
that the ability of energy absorption for the homogeneous structure always rank in the middle in the whole crushing process. 
 

CONCLUSIONS 
 

   In this work, the in-plane impact properties of functional graded honeycombs with defects are studied. Both effects of the 
defect location and density gradient on the dynamic crushing characteristics are discussed. This paper could be useful for the 
optimum design of the inhomogeneous honeycomb structures.  
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(a) defect: I (b) defect: II (c) defect: III (d) defect: IV (e) defect: V 

Fig.2. Deformation modes for different defective locations in the honeycomb structures with Ȗ = – 0.01  
corresponding to the defects in region I to V at 40 % crushing. 
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Fig.3. Energy absorption ability of honeycombs with different density gradients for defects in region III. 
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Summary Quasistationary shock waves generated by plate impact in Al/W laminate with different mesostructure were investigated using 
numerical simulations. Different time/space scales have been identified in the relations to the establishment of a quasistationary shock wave and 
its structure: distances travelled from impacted end to reach a quasistationary profile, and scales of leading front width, and width of the 
stationary shock wave. It is shown that the mentioned spatial/time scales are related to the mesostructured, nonlinear and dissipative parameters 
of components. The approach based on Korteweg-de-Vries equation allows approximation of the amplitude and the width of the leading front. 
 

INTRODUCTION 
 
   In homogeneous materials, the width of the shock is determined by the dissipation and nonlinear behaviour of the 
material [1-3]. The fourth power law, which relates maximum strain rate and stress behind the shock in the form ߳ሶ ൌ  ,ସߪߙ
was proposed in [1]. Based on experiments for laminate materials a different equation was proposed (߳ሶ ൌ  .ଶ) [4]ߪߙ
   In materials with various mesostructures incoming disturbances with different durations and amplitudes can generate 
waves of different nature. Short incoming pulses in Al/W laminates result in attenuating solitary like waves or their trains 
[5,6]. Here, we focus on the response of Al/W laminate to long incoming impulse created by impact of Al plate with the 
thickness much larger than the cell size of the laminate. This impact results in an oscillatory shock profile.  
   Traditional approach for homogenous materials assumes a steady state behind the stationary shock [7-8]. We 
demonstrate that at sufficiently wide impactor, a quasiequilibrium state behind the shock can be achieved only after 
relatively long propagation distance, and a Hugoniot approach can predict the state of the loaded material behind the shock.  
   Main space/time scales were identified in the numerical calculations: propagation distance when shock excited by external 
disturbance becomes stationary (it has achieved steady amplitude, oscillating profile and final state); shock front width 
determined by the time difference corresponding to 0.1 of maximum stress amplitude and time when plastic deformation is 
replaced by slowly decaying elastic reverberations (quasiequilibrium state); and leading front width determined by time 
difference between points with 0.1 and 0.9 of maximum stress amplitude. The latter time difference determines the maximum 
strain rate in the stationary shock.  
 

NUMERICAL SIMULATIONS AND RESULTS 
 
   One dimensional numerical simulations were conducted using LS-DYNA, geometry and material data can be found in 
[5]. The simulations correctly reproduce the dissipative properties of each material which play an important role in shock 
formation. Wave structures in laminates with 0.5+0.5 mm, 1+1 mm and 2+2 mm Al/W layers generated by the impact of Al 
plates with thickness 80 and 800 mm and velocity 2800 m/s were investigated.  
   Fig. 1 illustrates the example of the establishment of the stationary leading front (Fig. 1(a)), shock front (Fig. 1(b)), and 
quasiequilibrium state behind shock with slowly attenuating elastic oscillations and saturated plastic strain (Fig. 1(c)) in 2+2 
Al/W laminate impacted by 800 mm Al plate. The final state can be described by Hugoniot approach yielding a final stress 
of 43.2 GPa, compared to the average stress of 43.42 GPa in our numerical calculations. A steady shock wave was also 
established under the same impact conditions in the laminate with a refined cell sizes (0.5+0.5 and 1+1 mm).   

 
FIGURE 1. Characteristic time scales related to the stationary shock profile in 2+2 laminate impacted by 800 mm Al plate.  

 
   A quasiequilibrium state behind shock wave in the 2+2 laminate is not reached in the wave generated by impact of 80 
mm Al plate, though the leading front was already established (Fig. 2(a)). This state was reached behind shock wave in the 
refined laminates (0.5+0.5 and 1+1 mm Al/W laminates) under the same conditions of impact. 



   The characteristic space scales for the investigated 2+2 laminate are the following: distance to establish a stationary 
leading front width is 8 cells, distance to establish stationary shock wave is 25 cells as shown in Fig. 2(b).  

 
FIGURE 2. Nonstationary shock wave structure generated by impact of 80 mm Al plate (a) and stationary shock wave 

excited by impact 800 mm Al plate (b) in 2+2 Al/W laminate. Both waves are shown after propagation of the distance 100 
mm (25 cells) from the impacted end.  

 
   It is clear that practically identical leading parts of the shock wave were formed at the distance 100 mm (25 cells) 
independently of establishments of the steady state behind shock wave.   

 
Approximation of the leading front of the stationary shock wave 
 
   It was demonstrated in [5,6] that the KdV solitary wave provides a satisfactory description of the localized waves in the 
Al/W laminate. The KdV equation with added dissipative term has a stationary shock like solution which is monotonous 
(strongly dissipative case) or oscillatory with the leading front closely approximated by the shape of solitary wave (weakly 
dissipative case) [9,10]. We found that shock like waves in Al/W laminates are weakly dissipative in the investigated case 
of impact. Thus it is natural to explore if the leading part of the oscillatory shock wave in the Al/W laminate can be 
described by the shape of solitary wave with appropriate materials properties. We found that it was indeed the case. Thus 
the following equation can be used for the width of the leading front of the shock wave with the maximum strain ߦ,  
 

߂ ൌ ଵǤହହௗ
భ
మ

൫ଶఈక൯
భ
మ
            (1) 

 
d is the cell thickness, and the constants ܭ ߙ ,  represent the linear and nonlinear behaviour of the laminate components 
can be found in [5]. This equation can be used to calculate the maximum strain rate in the shock. We would like to 
emphasize that though dissipation is necessary to establish a stationary shock wave structure with the steady state behind, 
the leading front is mostly determined by the balance of dispersive and nonlinear properties of the laminate. 
 

CONCLUSIONS 
 

   Main time and space scales related to stationary shock wave formation in Al/W laminates have been identified. The KdV 
solitary solution can be used to approximate the shape and leading front width of the shock wave relating these parameters to the 
sound speeds of components and their nonlinear properties and geometry. The sound speeds, nonlinear properties of components 
and their thicknesses determine the maximum strain rate in the investigated shock waves in Al/W laminates. It is natural to 
expect that similar scaling will be observed for other weakly dissipative laminates at high amplitude of shock. 
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Summary This paper presents a boundary element method for 3-D wave scattering in general anisotropic fluid-saturated porous media.
Biot’s model is used for describing dynamic effects in the porous media. The presented method is a frequency-domain one and wave
scattering by a cavity is solved. Scattered wave fields of displacement and fluid pressure are obtained and waves generated by the mode
conversion are confirmed near the cavity.

INTRODUCTION

Rocks under the ground include pores and aligned cracks which are saturated with fluid (e.g. groundwater and oil). These
materials can be considered and modeled as a fluid-saturated porous medium in numerical simulations. Wave analysis for the
porous media has been aggressively studied in the fields of seismology and geophysical exploration. These studies provide
importance of consideration of three wave properties in the porous media, i.e., anisotropy, dispersion, and dissipation. This
study develops a boundary element method for wave analysis in general anisotropic fluid-saturated porous media. A mechan-
ical model presented by Biot[1] is used for describing dynamic effects of the porous media. The following sections present
boundary element formulation, numerical example, and conclusions. Throughout this paper, the summation convention is
valid for the repeated indices. In addition, the subscripts written by small and capital letters take the values from 1 to 3 and
from 1 to 4, respectively.

BOUNDARY ELEMENT METHOD APPLIED TO BIOT’S MODEL

Biot’s model
Biot’s model is a mechanical model for describing dynamic behavior of general anisotropic fluid-saturated porous media.

This model is defined as a two-phase model which consists of solid skeleton and pore fluid. With σij and p denoting total
stress components of the porous media and fluid pressure respectively, the constitutive equations are given as follows:

σij = Aijkluk,l + αijMwk,k, p = −αklMuk,l −Mwk,k (1)

where ui and wi are displacement of solid skeleton and flow of the fluid relative to the solid in the unit section, respectively.
M and αij represent Biot’s elastic modulus and effective-stress coefficients for general anisotropy, respectively. Moreover,
( ),i = ∂/∂xi and Aijkl = Cijkl + αijαklM where Cijkl is the elastic tensor of solid skeleton. Dynamic behavior of the
Biot’s model is expressed by the following equations of motion:

σij,j + ρbi = ρüi + ρf ẅi, p,i + ρfci = −ρf üi −mijẅj − ηrijẇj (2)

where ρf and ρ denote densities of pore fluid and the porous media, respectively. The density ρ is given as ρ = (1−β)ρs+βρf
where β and ρs are porosity and density of solid skeleton, respectively. bi and ci are body force components of the porous
media and pore fluid, and ˙( ) = ∂/∂t. mij denotes mass matrix determined by geometry of pores. η is fluid viscosity, and rij
represents the flow resistivity matrix.

Properties of waves in general anisotropic fluid-saturated porous media are as follows: (1) Four body waves are generated
in porous media, i.e., a quasi-fast compressional wave (qP1), a quasi-slow compressional wave (qP2), and two quasi-shear
waves (qS1 and qS2). (2) Phase velocity and attenuation of the waves depend on not only propagation direction but also
frequency.

Boundary integral equations in frequency-domain
This section presents a frequency-domain boundary element method applied to Biot’s model. Boundary integral equations

for wave scattering as shown in Fig.1 are expressed as follows:

C(x)q̃I(x,ω) =q̃inI (x,ω) +

!

S
ŨIK(x,y,ω)s̃K(y,ω)dS(y)−

!

S
W̃IK(x,y,ω)q̃K(y,ω)dS(y), x ∈ V1 (3)
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AN ENRICHED FINITE ELEMENT METHOD FOR WAVE PROPAGATION ANALYSIS IN
DISCONTINUOUS DOMAIN

Mohammad Komijani1 and Robert Gracie ∗2

1,2Department of Civil and Environmental Engineering, University of Waterloo, Waterloo, Ontario, Canada

Summary In this paper a numerical method has been developed in the context of Generalized Finite Element (GFEM) method to analyse
the wave propagation analysis in cracked media. The method combines the advantage of partition of unity finite element with phantom
node method to investigate the problem of mechanical wave propagation in cracked domains. The Phantom Node Methodology has been
implemented to specify the cracks (discontinuities) in the domain. Also, GFEM has been considered to eliminate the spurious oscillation
that appear in regular FEM analysis of transient wave propagations due to numerical dispersion and Gibb’s phenomenon.

INTRODUCTION

Finite element analysis has been considered as an effective tool in investigation of boundary value problems in mechanics.
However, consideration of the piecewise polynomials to interpolate the unknown objective functions through the element has
been found to be inappropriate in the problems in which there are sudden and abrupt variations in the objective functions.
For instance, In the case of transient wave propagation using regular finite element may result in spurious oscillations that
appear due to numerical dispersion resulting from the Gibb’s phenomenon [1]. These non-physical oscillations may impair
the results including the wave velocity as the wave travels far distance in the domain. To address this problem a noticeable
amount of research has been conducted in the framework of the spectral method, the spectral element method, and spectral
finite element method. The spectral method approaches are very likely to provide numerical solutions that are very close to the
actual solutions since they use harmonic functions as basis functions that indeed appear in the analytical solutions of waves.
Recently, some research works have been performed to include the concept of spectral method in the context of finite elements
by using harmonic enriched basis functions. Ham and Bathe [1] developed a new finite element method using trigonometric
enrichment functions to investigate the problem of wave propagation in general 3D case of continuous domain. In this paper
it has been shown that the spurious oscillations can be significantly suppressed by using a combination of harmonic functions
as enrichment basis functions.

In [2] a new representation of the local partition of unity finite element has been developed by Song et.al to model a
discontinuity in a domain. In this work, cracks are treated by adding phantom nodes to the original real nodes that already exist
in a mesh. In this essence the distribution of the unknown functions within a cracked element is represented by superposing
two completely regular elements with real and phantom nodes.

To the best of the authors’s knowledge no work has been reported on treating the numerical dispersion that can appear in
the analysis of wave propagation. To overcome this gap in the literature, in this work, a new computational implementation
has been developed on the basis of partition of unity FEM to assess the problem of wave propagation in cracked domains
based on a combination between the GFEM models that have been developed based on including harmonic basis functions for
wave propagation analysis and phantom node method to include the effect of discontinuity.

MATHEMATICAL FORMULATION

The weak form of the two-dimensional motion equation is considered as the governing relation of the problem.
The interpolation of the displacement field within the continuous elements are represented in the context of GFEM as [1]

u(x, y, t) =
!

α

ψα

"
u(α,0,0) +

n!

kx=1

[cos(
2πkxx

Λx
)uC

(α,kx,0)
+ sin(

2πkxx

Λx
)uS

(α,kx,0)
]+

m!
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[cos(
2πkyy

Λy
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+
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+
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+
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(1)
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A NUMERICAL METHOD BASED ON THE THERMO-MECHANICAL COUPLED 
MATERIAL MODEL FOR SIMULATING STEVEN TEST 

 
Jianfeng Loua), Tingting Zhou, Yangeng Zhang & Tao Hong 

Institute of Applied Physics and Computational Mathematics, Beijing, China 
 
Summary Steven test is an effective tool to study the relative sensitivity of various explosives. In this paper, we built the numerical simulation 
method based on the thermo-mechanical coupled material model to simulate the Steven test. In the model, the stress-strain relationship is 
described by dynamic plasticity model, the thermal effect induced by impact is depicted by isotropic thermal material model, the chemical 
reaction is described by Arrhenius reaction rate law, and the effects of heating and melting on mechanical properties and thermal properties of 
materials are also taken into account. The numerical model was validated by comparing the obtained deformation of the target of Steven test 
and the ignition threshold for explosive reaction with the experimental data in the references. The calculated results are in good agreements with 
the experimental data, which suggests that this method is capable of simulating Steven test. 
 

INTRODUCTION 
 
   It is a great threat for either bare dynamite or shell charge when subjected to low velocity impact involved in traffic 
accidents or charge piece drops. There are several main features of low velocity impact, such as, the impact velocity is 
usually less than one hundred meters per second, the pressure high explosive suffered is between tens of MPa and hundreds 
of MPa, and the duration is a little long, almost several hundred microseconds. So that the mechanism of impact ignition in 
this kind of condition is different from that of the shock initiation. 
   The Steven test is an effective tool to study the relative sensitivity of various explosives. Chidester et al. preliminarily 
designed the Steven test [1], which was then used to study the delay detonation (XDT) phenomenon. Subsequently, a series 
of low velocity impact Steven tests on HMX based explosive were carried out [2-6]. The above-mentioned studies mainly 
focused on intuitive observation of explosive reaction through the tests, and numerical calculations to study pressure and 
strain rate variables, to investigate structural aspects of the experiment. However, the induced pressure by low amplitude 
insult is low, so that it is difficult to simulate the thermal response of Steven test with conventional models. In this paper, we 
built a numerical simulation method based on the thermo-mechanical coupled material model for simulating Steven test. 
 

NUMERICAL MODEL FOR STEVEN TEST 
 
Configuration for Steven test 
   The basic configuration of Steven test consists of a projectile and a target (See Fig.1). The target is an explosive disk 
enclosed in a heavy steel cup-shaped holder with a cover plate. Fig.2 presents the initial configuration of the simulation 
model, and Fig.3 shows the deformed state of the target impacted by projectile. Position A and B is the center of the cover 
SODWH�DQG�WKH�KROGHU¶V�EDFN�SODWH��UHVSHFWLYHO\� 

 
Model of numerical simulation 

In the model, the stress-strain relationship is described by elastic plastic with kinematic hardening model, the 

expression is 
E
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t
, here, E is <RXQJ¶V�PRGXOXV and Et is Tangent modulus. The thermal effect induced 

by impact is depicted by isotropic thermal material model [7,8], � �T
ij i jk l k l k l i jC d TV H H T�  � � , here, 1i jk l

i j k lm n m n

d C
C

d T
T V� , 

i jk lC  is the temperature dependant elastic constitutive matrix. The thermal strain can be obtained from this formula, 
T
kl ijTH D G , here, D  is the coefficient of thermal expansion, i jG  is Kronecker delta. The chemical reaction is 

described by Arrhenius reaction rate law[9], 
aE
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 ' , here, U is density, H' is heat of detonationˈZ is pre-
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Fig.1 Basic configuration  Fig.2 Initial simulation model Fig.3 Deformed state of target 



exponential factor, Ea is Arrhenius activation energy, R is universal gas constant, T is absolute temperature. And the 
effects of heating and melting on mechanical and thermal properties of materials are also taken into account. 
 

VALIDATION OF THE NUMERICAL MODEL 
 

To validate the numerical model, specific to the basic Steven tests at LANL in Ref. [4], the numerical model was built 
with the finite element code LS-DYNA. The deformation of the cover plate and holder, together with the ignition thresholds 
of PBX 9501 were obtained through a series of simulations, which were compared with experimental data. 

Deformation of the cover plate and holder 
In Table 1, the dent depth represented by the displacement of position A is compared with the data in Ref. [4]. The 

maximum VWUDLQ� LQ� WKH� FHQWHU� �SRVLWLRQ� %�� RI� KROGHU¶V� EDFN� SODWH� FDOFXODWHG� LV� 0.00295, which is comparable to the 
experimental result (0.00284) [4]. The calculated deformation of the target is in good agreement with the experimental result. 

TABLE 1. Comparison of dent depth in position A 
Impacting velocity 

( m/s ) 
Experimental data in Ref.[4] 

( mm ) 
Calculated data in Ref.[4] 

( mm ) 
Calculated results in this study 

( mm ) 
36.9 8.3 9.1 8.6 

 
Comparison of reaction velocity predictions with experiments 

Simulation models were built according to the configuration in Ref. [3]. Temperature and pressure profile at typical 
time were obtained (See Fig.4). A series of simulations were performed to predict the impact velocities required to ignite 
PBX 9501 (See Fig.5). Table 2 compares the reaction velocity of PBX 9501 predicted in this study with the results in Ref. 
[3], suggesting that they are in good agreement.  

 
Temperature profile 

 
Pressure profile 

Fig.4 Temperature and pressure profile 
at typical time 

 
Fig.5 Temperature variation curve of 

ignition point at different impact velocity 

TABLE 2. Comparison of reaction 
velocity predictions with experiments 
Experimental data [3] 

( m/s ) 54 ~ 56 

Predicted by DYNA2D [3] 
( m/s ) 44 ~ 45 

Predicted in this study 
( m/s ) 45 ~ 48 

 

 
CONCLUSIONS 

 
A numerical simulation method involving mechanical, thermo and chemical properties of Steven test based on the 

thermo-mechanical coupled material model was built to simulate Steven Test. Specific to the standard Steven test, the 
numerical model was validated by comparing the obtained deformation of the target and the critical impact velocities 
required for reaction of PBX 9501 with the experimental data in the references. This study indicates that the model is 
capable of investigating the thermal-mechanical responses of plastic bonded explosives to low velocity impact.  
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COMPATIBILITY CONDITIONS IN MICROPOLAR THERMOELASTICITY
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National Research Nuclear University MEPhI, Moscow, Russia

Summary The present report deals with the statement of boundary conditions on propagating wave surfaces of strong discontinuities in
micropolar (MP) thermoelastic (TE) continua. An approach attributed to field theory is used to study the problem. A natural density of
thermoelastic action and the corresponding variational least action principle are stated for a varying domain. A special form of the first
variation of the action is employed to obtain 4-covariant jump conditions on the wave surfaces. These are given by the PiolaKirchhoff stress
4-tensor and the energymomentum tensor. These conditions should be supplemented by the geometrical and kinematical compatibility
conditions due to Rankine, Hugoniot, Hadamard, and Thomas.

PRELIMINARY REMARKS

Problems of micropolar continua take its origin from the classical E. and F. Cosserat’s paper [1]. Micropolar (MP) contin-
uum theories include not only translational displacements but also additional degrees of freedom. These degrees of freedom
are coupled with changes in reper (three directors) associated with microvolume. Such changes may be described by a rota-
tion vector when reper associated with microvolume are rigid rotated. In contrary to conventional elasticity a continuum with
microstucture is described by the asymmetric strain and stress tensors known from many previous discussions. Thus the asym-
metric elastic theory is characterized by a comparatively large number of constitutive elastic constants need to be determined
from the experimental observations. There are several phenomena (for example, nematic liquid crystals behavior, the anoma-
lous piezoelectric effect in quartz, the dispersion of elastic waves, as well as a number of other experimentally observed elastic
properties of the pure crystals) being beyond the scope of the conventional thermoelasticity (CTE) and piezoelectroelasticity.
That is why a development of complex theories seems to be actual.

The type-II micropolar thermoelastic (MPTE-II) continuum may be described in terms of field formalism, for example,
from positions of the Green–Naghdi thermoelasticity (GN-theory). Now such mathematical frameworks of the thermoelastic
behavior of solids are rapidly refined [2, 3]. They are based on different modifications of the classical Fourier law of heat
conduction. The refinements aim at derivations of hyperbolic partial differential equations of coupled thermoelasticity. Those
are to simultaneously fulfill the following conditions: 1.) Finiteness of the heat signal propagation velocity, and 2.) The ability
of the spatial propagation of the thermoelastic waves without attenuation, and 3.) Existence of distortionless wave forms akin
to the classical d’Alembert type waves.

ACTION. COMPATIBILITY CONDITIONS

A field theory formalism involves mathematical description of physical fields by integral action functional. A general form
of action within a variable domain of �-spacetime with the elementary volume of d4X = dX1dX2dX3dX4 is

I =

!
L(Xβ ,ϕk, ∂αϕ

k)d4X, (1)

where ϕk is the physical fields array, L – the Lagrangian density.
The least action principle states that the actual field is realized in the spacetime in a way that the action of (1) is minimum,

i.e. for any admissible variations of physical fields ϕk and non-variable coordinates Xβ are δI = 0. In general, a conservation
law has the following form

∂βJ
β = 0,

where the vector Jβ is the vector �-current. By finite variation δ▽ = δ/ε the �-current can be obtained as

Jβ =
∂L

∂(∂βϕk)
δ▽ϕk +

"
Lδβα↗(∂αϕ

k)
∂L

∂(∂βϕk)

#
δ▽Xα, (2)

if the variational symmetries of the action are known. Hereafter square brackets denote �-jumps.
Assuming the temperature field is continuous and temperature gradient of the first order can be discontinuous by passing

through some bilateral surface Σ± propagating with the normal velocity G and normal unit �-vector Nβ in �-spacetime. The
equation δI = 0 is valid on the surface Σ.

∗Corresponding author. Email: evmurashkin@gmail.com



Therefore following �-covariant compatibility equations for strong discontinuities is obtained:

Nβ

$
↗ ∂L
∂(∂βϕk)

%
= Nβ

$
S
4

β·
·k

%
= 0, Nβ

$
Lδβα↗(∂αϕ

k)
∂L

∂(∂βϕk)

%
= Nβ

&
T β··α
'

= 0. (3)

One can see, that the compatibility conditions on strong discontinuities surfaces contain the jumps of the energy-momentum
�-tensor T β··α and the Piola-Kirchhoff �-tensor S

4

β·
·k .

The only significant equation from the compatibility conditions for jumps of the energy-momentum �-tensor by using the
Hadamard-Thomas geometric first order compatibility conditions [∂αϕk] = NαFk is obtained

[L] + S
4

β·
·kNβFk = 0. (4)

The compatibility conditions for strong discontinuities are complemented by well known three-dimensional geometrical
and kinematic Hadamard-Thomas compatibility conditions of the first and the second order valid for an arbitrary field ϕk.

The theory GNII is the only thermodynamically correct theory which satisfies the principles listed above. The action
density taking into account of the polar microstructure can be adopted in the following form [4]

L =
1

2
(∂4x

k)ρkj(∂4x
j) +

1

2
(∂4d

a

i)
ab
I ij(∂4d

b

j)↗ψ(Xα, xj , d
a

j ,ϑ, ∂4ϑ, ∂αxj , ∂αd
a

j , ∂αϑ). (5)

where Xα (α = 1, 2, 3) are the Lagrangian coordinates; xj (j = 1, 2, 3) are the Eulerian coordinates; d
a

j (a = 1, 2, 3) are

micropolar directors associated with microvolume; ϑ is the thermal displacement field,
ab
I ij — the microinertion tensor; ρij

— the mass density tensor; ψ — volume density of the Helmholtz’s free energy.
The constitutive equations in this case read:

Sα··j =↗ ∂L
∂(∂αxj)

,
a
Mα·

·j =↗ ∂L
∂(∂αd

a

j)
,

a
Aj =

∂L
∂d
a

j , jαR =
∂L

∂(∂αϑ)
,

Pj =
∂L

∂(∂4xj)
,

a
Qj =

∂L
∂(∂4d

a

j)
, s =

∂L
∂(∂4ϑ)

.
(6)

Compatibility conditions on strong discontinuity surface propagating in MPTE-II continuum, according eqs. (3), (4), take
the forms:

1

2
[[∂4d

a

i
ab
I ij∂4d

b

j ]] + (G
ab
I lk∂4d

a

l↗nµ

a
Mµ·

·k)(G[[∂4d
a

k]]↗nµ[[∂µd
a

k]]) +
1

2
[[∂4xkρkj∂4xj ]]+

+(Gρlk∂4xl↗nµSµ·
·k )(G[[∂4xk]]↗nµ[[∂µxk]])↗[[ψ]] + (Gs↗nµjµR)(G[[∂4ϑ]]↗nµ[[∂µϑ]]) = 0,

Gρkl[[∂4xk]] = nµ[[Sµ·
·l ]], G

ab
I kl[[∂4d

a

k]] = nµ[[
a
Mµ·

·l ]], G[[s]] = nµ[[jµR]], (j, k, l,λ, µ = 1, 2, 3).

(7)

CONCLUSIONS

In the present study problems of propagating surfaces of strong discontinuities of displacements, microrotation and ther-
mal displacements of the micropolar type-II thermoelastic media (GNII) has been considered. The dynamical and constitutive
equations for hyperbolic thermoelastic type-II micropolar continuum have been derived by field theory technique and for-
malism of the variational calculus. The special form of the first variation of the action integral has been used us in order to
obtained �-covariant jump conditions on wave surfaces. The three-dimensional form of the jump conditions on the surface of
a strong discontinuity of field can be derived as the result of its four-dimensional covariant form.
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ENERGY ABSORPTION OF A NOVEL SELF-LOCKED TUBE SYSTEM 
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Summary This paper studies the energy absorption of a novel self-locked energy absorbing system and compares the performance of the self-
locked system with that of round tube systems. Lateral splashing can reduce the energy absorption of round tube systems. Due to effective self-
locking, the energy absorption of the self-locked system are found to be significantly higher than that of the round tube systems. 
 

INTRODUCTION 
 
   Thin-walled round tubes are excellent energy absorbers due to their high energy absorbing capacity and easy 
manufacturability [1]. The safe application of round tube systems requires constraints either between tubes or on the lateral 
boundaries to ensure structural integrity [2-3]. These constraints drastically increase installation time when lots of tubes are 
involved, and thus make round tube systems undesirable in case of emergency. To solve this problem, a novel self-locked 
system has been proposed in a recent literature [4]. This paper studies the energy absorption of the self-locked system under 
impact loading and compares the performance of the self-locked system with that of round tube systems. 
 

ENERGY ABSORPTION OF THE SELF-LOCKED SYSTEM 
 
The self-locked system 

The self-locked system is comprised of dumbbell-shaped tubes as shown in Fig. 1 [4]. The dumbbell-shaped tube has 
two open cylindrical shells that are connected by two parallel flat plates. In the self-locked system, the dumbbell-shaped 
tubes are stacked in a staggered manner. When the self-locked system is impacted along the negative y-axis, the interlocking 
of the dumbbell-shaped tubes can suppress splashing in the x-direction. 

L

y
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z

    

y

x
W

H

 
(a)                                (b) 

Figure 1  Schematic of the self-locked system: (a) the dumbbell-shaped tube and (b) the self-locked system [4]. 
 

The comparison between the self-locked system and round tube systems 
The self-locked system and the free round tube system are placed on a rigid substrate as in Figs. 2(a) and (b). The 

constrained round tube system is constrained by two rigid lateral walls as in Fig. 2(c). All three systems are impacted by a 
rigid cylindrical impactor with a mass of 118.33 kg and an initial velocity of 4.43 m/s. To validate that the self-locking 
effect is insensitive to impact location, the impactor is placed on the interspace between two tubes rather than a single tube 
in literature [4]. The finite element simulation is performed by ABAQUS/Explicit. The energy absorbing systems are 
modelled with S4R shell elements. The deformed configurations are shown in Figs. 2(d)-(f) where the impactor 
displacement u is normalized by the height H of each energy absorbing system. Both free and constrained round tube 
systems show clear splashing while the dumbbell-shaped tubes of self-locked system stay close to each other. 

u/H=0 u/H=0.7

(a)

(b)

(c)

(d)

(e)

(f)  
Figure 2  Deformed configurations of the self-locked system and round tube systems under impact loading. 
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Figure 3  Force F and energy absorption EA of the self-locked system and round tube systems under impact loading. 
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Figure 4  Energy absorption of the self-locked system and round tube systems under impact loading: (a) energy absorption 
per unit mass EA/M and (b) energy absorption per unit volume EA/V. 

  The force and energy responses of the three energy absorbing systems are shown in Fig. 3. In Fig. 3(a), the forces of the 
free round tube system (marked with ³Ÿ´) and the constrained round tube system (marked with ³Ŷ´) decreases when the 
round tubes are stroked away by the impactor. Due to the lateral walls, the force of the constrained round tube system is 
higher than that of free round tube system. The force of the self-locked system (marked with ³ż´) keeps increasing as the 
deformation progresses because there is no lateral splashing. The energy absorption EA is the area under the force-
displacement curve. In Fig. 3(b), the energy absorption of round tube systems increases quickly and then reaches a plateau 
phase due to the splashing of tubes. The energy absorption EA of the self-locked system is firstly lower than round tube 
systems and finally increases to 170% of that of constrained round tube system at 0.7 normalized displacement. 

Energy absorption per unit mass EA/M and energy absorption per unit volume EA/V are important energy absorption 
parameters where weight and volume should be considered. In Fig. 4(a), the energy absorption per mass EA/M indicates the 
weight efficiency in energy absorption. The energy absorption per unit mass EA/M of the self-locked system at 0.7 
normalized displacement is 17% higher than that of the constrained round tube system and 244% higher than that of the free 
round tube system. The energy absorption per unit volume EA/V denotes the space efficiency of the energy absorbing 
system. In Fig. 4(b), the energy absorption per unit volume EA/V of the self-locked system at 0.7 normalized displacement 
is 18% greater than the constrained round tube system and 247% higher than that of the free round tube system. 
 

CONCLUSIONS 
 

   The energy absorption of round tube systems is greatly affected by lateral splashing. Due to effective lateral self-locking, the 
energy absorption of the self-locked system is found to be significantly higher than that of round tube systems. Without the 
limitation of constraints between tubes or on the boundary, the self-locked system can be conveniently assembled and therefore 
is suitable for impact protection in case of emergency. 
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RESULTS 
 
   In the current work, the effect of microstructural geometry on the ignition behavior of pressed explosives is studied. Two 
different types of pressed explosives, Class III and Class V are considered; SEM images of these two types of pressed 
explosives were obtained and segmented to obtain computational microstructures. Class III explosives have a microstructure 
that displays relatively large HMX crystals (Figure 1(a)). On the other hand, Class V explosives have a relatively uniform 
microstructure consisting of small HMX crystals (Figure 1(b)). The dimensions of both Class III and Class V sample are 
ʹͷ�Ɋ݉� ൈ ͳͻ�Ɋ݉. The load is applied using a flyer plate. The flyer plate is made of parylene-C material. The speed of the 
flyer plate used in this analysis is 3km/s.  
  In figure 2, the temperature field obtained from the flyer plate load analysis of Class III and Class V samples are shown. It 
can be seen that as the shock wave interacts with the voids present in the microstructure, it leads to the formation of hot spots 
because of collapse of these voids. In class III sample, some of the hot spot leads to the initiation of chemical reaction and 
ignition. However, for the same loading conditions, the hot spots formed in Class V sample did not initiate chemical reaction. 
The hot spot temperature was not sufficient to initiate chemical reaction and eventually diffuses in Class V sample. Hence, it 
is evident that microstructural differences can influence the sensitivity of heterogeneous explosives greatly.  

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
     

CONCLUSIONS 
   
  The salient features of the SCIMITAR3D solver including image processing algorithms to represent real geometries of 
microstructure, chemical reaction modelling of HMX, handling of contact impact conditions under high speed impact loading 
etc are demonstrated in this work through the mesoscale simulations of two HMX based pressed energetic materials, i,e, Class 
III and Class V. It is shown that microstructural differences can influence the relative sensitivity of heterogeneous energetic 
materials under a given loading conditions. For a given microstructure, using SCIMITAR3D solver, numerical experiments 
can be performed for different flyer speeds to obtain its ignition threshold and sensitivity characteristics. 
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SEMISMOOTH NEWTON SOLVER FOR PERIODICALLY-FORCED SOLUTIONS TO A
UNILATERAL CONTACT FORMULATION

Yulin Shi!and Mathias Legrand

Department of Mechanical Engineering, McGill University, Montreal, Quebec, Canada

Summary The vibratory response of a periodically-forced generic mechanical system undergoing a unilateral contact condition is addressed.
The unilateral contact constraint is reformulated as a nonsmooth Lipschitz continuous function. This allows the use of the so-called
semismooth Newton method capable of solving the equations governing the dynamics and the unilateral contact constraints simultaneously.
The assumed periodic solution and the contact force are approximated by truncated Fourier series before being incorporated in the solver
after projection of the equations on the Fourier basis. Continuation of the solution harmonics with respect to the forcing frequency is
performed. For a medium size system of 20 degrees-of-freedom, it it shown that convergence is achieved by comparing with the “reference”
time-marching solution.

INTRODUCTION

Fast and robust numerical algorithms for periodic solutions to unilateral contact problems under harmonic excitations are
relevant to the industrial sphere. Applications include rotor-stator contact in turbomachines, milling, crack detection, and fatigue
experiment rigs which induce dovetail-disk contact to name a few. Various solution methods such as time marching techniques,
harmonic balance strategies, finite element methods are available for finding periodic solutions to smooth polynomial problems.
However, they all face numerical difficulties when unilateral contact conditions are incorporated. State-of-the-art algorithms
combining space discretization and time-domain Newmark numerical integration algorithms dedicated to unilateral contact
problems are reviewed in [1]. In a vast majority, these algorithms exhibit either numerical spurious oscillations, numerical
energy dissipation, or residual non-physical penetrations between contacting bodies. Alternating frequency/time domain
techniques [2, 3] are used to find periodic solutions to unilateral contact problems. The finite element method in time-domain
with periodicity and continuity conditions is also reported [4]. The unilateral contact problem is then reformulated as a linear
complementarity problem which can be solved by Lemke’s classical pivoting algorithm: it is known that uniqueness of the
solution is not guaranteed [5].

Inspired by [6, 7, 8], this work reformulates the unilateral contact problem in the form of a Lipschitz continuous equation
which allows the use of semismooth iterative Newton techniques. It is proved that for unilateral contact problems in statics
within the small perturbation framework, the semismooth Newton algorithm converges Q-quadratically and is equivalent to the
active-set method [9]. Yet, in a dynamic framework, proof of convergence is not available. Still, a Signorini condition seen as
a Lipschitz continuous equation can be easily projected onto any finite-dimensional space of functions, as for example the
Fourier functions used in this work.

INVESTIGATED SYSTEM AND FORMULATION

The system of interest is a simple serial N -degree-of-freedom oscillator stemming from the finite element discretization
of a clamped-free periodically forced rod undergoing longitudinal displacement only. The free end of the rod is subjected to
unilateral contact conditions. The governing equation together with the complementarity condition are

M Ru C D Pu C Ku D f C G>! (1)
Gu ! g " 0; ! " 0; .Gu ! g/! D 0 (2)

where M, D, and K are the mass, damping, and stiffness matrices respectively; u is the displacement, f, the external periodic
force, !, the scalar contact force (all are time-dependent functions), g, the initial separating gap, and finally G, the constant
matrix mapping the contact force to the N degrees-of-freedom. The complementarity condition (2) can be equivalently
reformulated as the equality [6]

! C max.0; c.Gu ! g/ ! !/ D 0 (3)

where c is an arbitrary positive constant. The displacement u and contact force ! are expanded as truncated Fourier series of
period T (which is the period of the external forcing)

u.t/ #
MX

iD1

Nui "i .t/ and !.t/ #
MX

iD1

N!i "i .t/ (4)

!Corresponding author. yulin.shi@mail.mcgill.ca



where quantities Nui and N!i , i D 1; : : : ;M , are the unknown coefficients to be found. Expansions (4) are inserted into
Equations (1) and (3) and a Galerkin projection on the "i .t/ family is performed yielding:

8j D 1; : : : ;M;

MX
iD1

Z T

0

"j .t/
h! R"i .t/M C P"i .t/D C "i .t/K

"
Nui ! f.t/ ! G> N!i "i .t/

i
dt D 0 (5)

8j D 1; : : : ;M;

MX
iD1

Z T

0

"j .t/
h

N!i "i .t/C max.0; c.G Nui "i .t/ ! g/ ! N!i "i .t//
i
dt D 0 (6)

which is a system of Lipschitz continuous equations in the unknown Nui and N!i : it can be handled by a semismooth Newton
solver.

RESULTS

The tip displacement of a 20-dof system forced in the vicinity of its first natural frequency is displayed in Fig. 1. Light
damping is included. The initial guess inserted in the iterative solver is the zero displacement/contact force with no convergence
issues even with low damping. The reference solution is calculated with a time-stepping method and only the periodic
steady-state is shown.

The semismooth Newton solver was then embedded in a pseudo-arclength continuation algorithm to track the magnitude of
the forced response with respect to the excitation frequency. The frequency response is depicted in Fig. 2 for various initial
gaps. The well-known stiffening effect induced by unilateral contact conditions is retrieved: this is for example reported
by researchers solving similar problems using the penalty method [2]. It is also to be noted that the contact force does not
statisfies (2) pointwise, but only (6) which is a weaker requirement possible leading to “strange” loops in the frequency response
for small initial gaps.
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Figure 1: Rod tip displacement with N D 20 and g D 0:5.
First natural frequency as forcing frequency. M D 10 ( ),
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Figure 2: Frequency response curves near natural fre-
quency !1 with N D 20 and M D 5. g D 0:25 ( ),
g D 0:5 ( ), g D 0:75 ( ), linear ( )
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ON THE INTERPLAY BETWEEN MATERIAL FLAWS AND DYNAMIC NECKING
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Summary In this work we investigate the interplay between material defects and flow localization in elastoplastic bars subjected to dynamic
tension. For that task, we have developed a 1D finite difference scheme within a large deformation framework in which the material is
modelled using rate-dependent J2 plasticity. A perturbation of the initial yield stress is introduced in each node of the finite difference mesh
to model localized material flaws. Our results indicate that wave propagation phenomena control, to a large extent, flow localization in
elastoplastic specimens subjected to impact tensile loading.

ABSTRACT

Whether dynamic necking in elastoplastic solids is a random or deterministic process remains as an open question. This
issue, which has triggered critical debates in the Solid Mechanics community during the last decade, has been typically ad-
dressed using two different uniaxial tensile configurations [1]: the radial expansion of ductile rings [2, 3, 4] and the impact
testing of linear tensile specimens [5, 6]. The geometric and loading symmetries of the former problem nearly eliminate the
effects of wave propagation before the onset of necking. For years, it has been accepted that the multiple localization pattern
which precedes fragmentation in the ring expansion test is a random process, but some recent publications [7, 8] have raised
the possibility that the localization process becomes deterministic for sufficiently high expansion velocities. Unlike what hap-
pens in the ring expansion test, the impact testing of linear tensile specimens leads to the generation of stress waves. However,
it has been frequently assumed that the necking inception in the impact tensile test is a random process. Recent experimental
works [9, 10] suggested that flow localization in the dynamic tensile test is the deterministic result of the interplay between
material behaviour, specimen geometry and boundary conditions. In this paper we develop a numerical methodology which
supports such experimental finding.

A 1D finite difference model has been developed to describe the mechanical behaviour of elastoplastic bars subjected
to dynamic tension. The governing equations have been discretized and an updating expression for the displacements and
temperature is obtained as a function of the Lagrangian coordinate Z. Spatial and time step have been carefully selected to
fulfill the Courant-Friedrisch-Lewy stability condition. A perturbation of the initial yield stress have been introduced in each
node of the spatial grid modeling material defects, following a normal distribution with the unaltered yield stress as the mean
parameter. The standard deviation is then determined to ensure that the maximum and minimum values in the distribution
lie within the interval defined by the selected percentage of variation. The percentage of variation of the initial yield stress
defines the amplitude of the material defects and it ranges from 0% (intact material) to 12%. Initial strain rates ranging from
500 1/s and 2500 1/s have been considered.

The numerical computations developed in this work clearly suggest that the flow localization in dynamic tensile specimens
is deterministic. While material defects may play a role in the necking process, this fact does not entail that the inception of
dynamic necks has random character. On the contrary, our results show that, in agreement with the experimental findings of
Rittel et al. [9] and Rotbaum et al. [10], the location and development of dynamic necks is the result of the interplay between
material behaviour and boundary conditions.
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Summary This article presents a theoretical model of the coupled dynamic behaviour of a layered piezoelectric structure under in-
plane harmonic loads with the transverse inertia and debonding of the piezoelectric layer considered. The dynamic behaviour is 
studied to evaluate the dynamic load transfer from the substrate to the surface-bonded layer. The dynamic strain ratio and wave 
field under different loading frequencies and material combinations are obtained by using the Fourier transform and solving the 
appropriate singular integral equations using Chebyshev polynomials. This model is validated by comparing with the 
corresponding FEM results. The interfacial debonding has a significant influence on the wave propagation in the structure, and its 
effects on surface stress are studied, which can be used to detect the debonding position under proper frequencies. 

INTRODUATION 
Much attention has been paid to the development of techniques of generating and collecting diagnostic elastic wave 

signals to realize continuous monitoring of structural integrity. Solid substrates with thin piezoelectric layers are typical 
structures to achieve this goal, and one of the fundamental issues is to evaluate their coupled dynamic behaviour and wave 
propagation. Huang et al.[1] studied the dynamic behaviour of layered piezoelectric structures with debonding under antiplane 
mechanical loads. Of particular interest to the current study is the in-plane wave propagation in a piezoelectric thin-sheet 
bonded to structures with both the axial deformation and the transverse inertia considered. The coupled dynamic behaviour in 
the structure with and without debonding under a longitudinal harmonic loading will be studied to evaluate the dynamic load 
transfer from the substrate to the surface-bonded layer.  

METHOD AND MODELLING 
The piezoelectric layered structure is shown in Fig. 1, which consists of a homogeneous and isotropic elastic substrate and 

a thin piezoelectric sheet with uniform thickness h. The coupled dynamic behaviour of the structure under a harmonic in-
plane load of frequency Z is investigated. The piezoelectric layer can be modelled as an electro-elastic thin film subjected to 
a distributed axial force Ĳ�K and a transverse normal force ı. The substrate is subjected to a harmonic incident wave and 
interfacial surface stresses, as shown in Fig. 1(a). The incident wave will be reflected and the surface stresses will generate a 
dynamic field in the substrate. Therefore, the wave field inside the substrate can be expressed by superimposing the wave 
field in Fig.1(b) and (c), which can be solved 
by conducting elastodynamic analysis[2]. If 
the piezoelectric layer is perfectly bonded to 
the substrate, the displacement should be 
continuous at the upper surface of the 
substrate and the lower surface of the sensing 
layer. By substituting the solutions of the 
layer and the substrate into the boundary 
conditions and applying Fourier transform, 
the displacement and stress fields along the 
piezoelectric layer can be determined. 

When a debonding of length c occurs, the displacement field will be discontinuous along the interface between the layer 
and the substrate. The displacement discontinuity can be expressed by two dislocation density functions. After substituting 
the wave solutions without debonding into these two functions, and performing the appropriate asymptotic analysis, the crack 
surface boundary conditions can be reorganized as two singular integral equations, whose solutions include the well-known 
square root singularity and can be expressed as Chebyshev polynomials. If Chebyshev polynomials are truncated to the Nth
term and these singular integral equations are satisfied at N collocation points along the crack surface given by

cos[( 1) / ( 1)], 1,2, , ,ly c l N l NS � �  then, the problem reduces to the solution of the following linear algebraic equations: 
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Figure 1. The piezoelectric layered structure and wave propagation in the substrate 
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with ȡ�� Fij, eij, Ȝij being the density, the stiffness parameters, the piezoelectric constants and the dielectric constants of the 
piezoelectric layer, and ȝ, Ȟ, cL, cT WKH�VKHDU�PRGXOXV��WKH�3RLVVRQ¶V�UDtio, the longitudinal velocity and the transverse velocity 
of the substrate, respectively. The solution of cj and dj can be determined from these linear algebraic equations, and then all 
displacement, strain and stress wave field components in the layer and substrate can be obtained. 

RESULTS AND DISCUSSION  

Wave propagation in PZT4-Aluminum layered structure is studied. The analysis will focus on the dynamic load transfer 
from the substrate to the surface-bonded layer under different geometric, loading and bonding conditions. In order to validate 
the current model, the finite element method (FEM) has been used. Fig. 2 (a) shows the magnitude of the normal stress along 
the interface for an incident longitudinal displacement wave with amplitude of 0.002 and angle of 30o using the current model, 
in comparison with the corresponding FEM results. Very good agreement is observed. 

The dynamic strain ratio represents the percentage of deformation transferred from the host medium to the sensor. It is an 
index of the sensing characteristics of the piezoelectric layer. Specific examples are given in both perfect-bonding and 
imperfect-bonding cases. Fig. 2(b) shows the amplitude of the dynamic strain ratio with different material combinations 
under different loading frequencies without debonding. The strain ratio will increase gradually with the decrease of the 
ORDGLQJ�IUHTXHQF\�DQG�WKH�LQFUHDVH�RI�WKH�PDWHULDO�FRPELQDWLRQ��ZKLFK�LV�GHILQHG�DV�WKH�UDWLR�RI�WKH�<RXQJ¶V�PRGXOXV�RI�WKH�
substrate and that of the piezoelectric layer. Therefore, in order to gain a good dynamic strain ratio, high levels of loading 
frequency should be avoided and the stiffness of layers should not exceed that of the substrate too much. In imperfect bonding 
case, the dynamic strain ratio is dependent on the location along the interface. As shown in Fig. 2(c), the loading frequency 
has significant effects upon the load transfer. At the crack tip position, the stress concentration can be clearly observed. As 
expected, the measured surface stresses or voltage is very sensitive to the debonding position. In order to get clear 
deformation signals of the structure, interface debonding should be avoided. 

 
Figure 2. (a) The comparison of interfacial stress distribution with the FEM results; (b) Amplitude of strain ratio with different material combinations under 

different frequencies; (c) Amplitude of the dynamic strain ratio in y direction with debonding under different frequencies 

CONCLUSIONS 

The in-plane dynamic behaviour of the layered piezoelectric structure is studied to evaluate the dynamic load transfer from the 
substrate to the layer under different loading frequencies and material combinations. In order to gain a good dynamic strain ratio, 
high levels of loading frequency should be avoided and the stiffness of layers should not exceed that of the substrate too much. 
In the case with debonding, the interfacial crack has a significant influence on the load transfer. The stress concentration at the 
crack tips may cause abnormal surface deformation or voltage, which can be used to detect the debonding position under proper 
frequencies. Then the sensing layer can be changed or repaired timely to retrieve clear deformation signals. 

References 
[1] *��/��+XDQJ�DQG�;��'��:DQJ��³2Q�WKH�G\QDPLF�EHKDYLRXU�RI�LQWHUIDFLDO�FUDFNV�EHWZHHQ�D�SLH]RHOHFWULF�OD\HU�DQG�DQ�HODVWLF�VXEVWUDWH�´�Int. J. Fract., 

vol. 141, no. 1, pp. 63±73, 2006. 
[2] J. D. Achenbach, Wave propagation in elastic solids. North-Holland Pub. Co., 1973. 



	

24th	International	Congress	of	Theoretical	and	Applied	Mechanics	

	

SM08	-	Multi-component	Materials	and	Composites	
TS.SM08-1.01		 Ponte	Castañeda,	Pedro	-	Fully	optimized	variational	estimates	for	the	

macroscopic	response	of	nonlinear	composites	(INVITED)	
	2288	

TS.SM08-1.02		 Lopez-Pamies,	Oscar	-	Nonlinear	Electroelastic	Deformations	of	Dielectric	
Elastomer	Composites	

	2290	

TS.SM08-1.03		 Brenner,	Renald	-	Approximate	plastic	yield	criterion	and	hardening	of	porous	
single	crystals	

	2292	

TS.SM08-1.04		 Mattei,	Ornella	-	Bounds	on	the	response	of	viscoelastic	composites	in	the	time	
domain	

	2294	

TS.SM08-1.05		 Doghri,	Issam	-	Finite	strain	viscoelastic-viscoplastic	modeling	of	polymers	and	
application	to	composites	

	2296	

TS.SM08-1.06		 Voropaieff,	Jean-Pierre	-	Modeling	and	identification	of	the	constitutive	
behaviour	of	MRE's.	

	2298	

TS.SM08-2.01		 Brassart,	Laurence	-	Homogenization-based	constitutive	modelling	for	diffusion	
problems	(INVITED)	

	2300	

TS.SM08-2.02		 Bornert,	Michel	-	Experimental	investigation	of	grain	boundary	sliding	in	
polycrystalline	halite	

	2302	

TS.SM08-2.03		 Madra,	Anna	-	A	macroscale	model	of	short	fiber	composite	based	on	x-ray	
microtomography	

	2304	

TS.SM08-2.04		 Kubair,	Dhirendra	-	Statistically	augmented	boundary	conditions	for	statistically	
equivalent	RVEs	

	2306	

TS.SM08-2.05		 Vandepitte,	Dirk	-	Modelling	variability	in	composite	fibre	reinforcement	
geometry	data	

	2308	

TS.SM08-2.06		 Cho,	Hansohl	-	Morphological	Micromechanics	of	Copolymeric	Elastomers	 	2310	
TS.SM08-3.01		 White,	Scott	-	Self-healing	of	impact	damage	in	woven	composites	(INVITED)	 	2312	
TS.SM08-3.02		 Ochoa,	Ozden	-	An	experimental	and	computational	study	on	a	NiTi/polyimide	

Matrix	composite	interface	
	2314	

TS.SM08-3.03		 Wu,	Jiangtao	-	Active	composites	by	multi-material	3d	printing	 	2316	
TS.SM08-3.04		 Li,	Tiantian	-	Design	of	co-continuous	composite	materials	using	3d	printing	

technique	
	2318	

TS.SM08-3.05		 Sottos,	Nancy	-	Effects	of	microstructural	variations	on	transverse	crack	initiation	
in	composites	

	2320	

TS.SM08-3.06		 Daniel,	Isaac	-	Yield	criteria	for	matrix	and	composite	materials	under	static	and	
dynamic	loading	

	2322	

TS.SM08-4.01		 Boechler,	Nicholas	-	Dynamics	of	microscale	granular	crystals	(INVITED)	 	2324	
TS.SM08-4.02		 Bonnet,	Guy	-	Dynamic	behaviour	with		metamaterial	properties	in	elastic	

composites	
	2326	

TS.SM08-4.03		 Tsai,	Peiying	-	Embedded	nanoparticle	arrangements	on	permittivity	of	
elastomeric	composites	

	2328	

TS.SM08-4.04		 Bodkhe,	Samapda	-	Effect	of	nanoparticle	addition	on	the	mechanical	and	
piezoelctric	properties	of	3D	printed	PVDF	

	2330	

TS.SM08-4.05		 Ray,	Tyler	-	Field-Assisted	3D-Printing	of	Aligned	Composites	 	2332	
TS.SM08-4.06		 Hohe,	Jörg	-	Modelling	of	material	uncertainties	in	long	fibre	reinforced	

thermoplastics	
	2334	

TS.SM08-5.01		 Jensen,	Henrik	-	Steady	State	Kink	Band	Broadening	in	Layered	Materials	 	2336	



	

24th	International	Congress	of	Theoretical	and	Applied	Mechanics	

	

TS.SM08-5.02		 Mallika	Arachchige,	Nuwan	Dewapriya	-	Modelling	adhesion	of	defective	
graphene	interfaces	

	2338	

TS.SM08-5.03		 Mirkhalaf,	Mohammad	-	Carving	3D	architectures	to	transform	the	mechanics	
and	performance	of	materials	

	2340	

TS.SM08-5.04		 Manzhirov,	Alexander	-	Fundamentals	of	surface	growth	of	solids	in	nature	and	
technology	

	2342	

PO.SM08-1.01.133		 Abderrafai,	Yahya	-	Design	and	3D	printing	of	polymer/ceramic	composite	
structures	

	2344	

PO.SM08-1.02.134		 Abedi,	Mehrnoosh	-	Damping	of	laminated	plates:	boundary	condition	and	
lamination	sequence	effects	

	2346	

PO.SM08-1.03.135		 Arif,	Abul-Fazal	-	Thermal	conductivity	estimation	of	nanocomposites	with	
randomly	distributed	inclusions	

	2348	

PO.SM08-1.04.136		 Barboura,	Salma	-	Analytical	Inclusion	Green	Operators	in	Transversally	Isotropic	
Media	

	2350	

PO.SM08-1.05.137		 Chaudhry,	Salman	-	High	strain	rate	response	of	carbon	nanotubes	based	
elasotmer	composites	

	2352	

PO.SM08-1.06.138		 Constantin,	Nicolae	-	Impact	Force	Hystory	Patterns	on	Sandwiches	Versus	Post-
impact	Behaviour	

	2354	

PO.SM08-1.07.139		 Fazili,	Amin	-	Vibration	of	doubly	tapered	laminated	composite	beams	by	
hierarchical	FEM	

	2356	

PO.SM08-1.08.140		 Gao,	Yuanwen	-	Electromechnical	Behaviors	of	Multi-filament	Twisted	
Superconducting	Strand	

	2358	

PO.SM08-1.09.141		 Kaabi,	Abderrahmen	-	Effect	of	ATH	particle	size	on	properties	of	vinyl	ester	
matrix	composites	

	2360	

PO.SM08-1.10.142		 Karamian-Surville,	Philippe	-	Morphological	parameters	impact	on	the	properties	
of	3D	composite	materials	

	2362	

PO.SM08-1.11.143		 Maruta,	Tomohiro	-	Study	on	Fatigu	Characteristics	of	Honeycomb	Sandwich	
Panels	

	2364	

PO.SM08-1.12.144		 Mejak,	George	-	Extreme	elastic	anisotropy	of	composites	with	periodic	structure	 	2366	
PO.SM08-1.13.145		 Monetto,	Ilaria	-	RVE	size	estimates	for	elastic	matrices	with	spherically	multi-

layer	inclusions	
	2368	

PO.SM08-1.14.146		 Ouadday,	Rim	-	Effect	of	ATH	concentration	on	properties	of	vinylester/ATH	
composite	

	2370	

PO.SM08-1.15.147		 Rahbar,	Nima	-	Analytical	studies	on	lamellar-structured	composites	made	by	
freeze-casting	

	2372	

PO.SM08-1.16.148		 Serpilli,	Michele	-	Magneto-electro-thermo-elastic	interface	models:	an	
asymptotic	approach	

	2374	

PO.SM08-1.17.149		 Ustrzycka,	Aneta	-	Assessment	of	the	strength	of	nanocomposites	based	on		
interface	bonding	analysis	

	2376	

PO.SM08-1.18.150		 Xiong,	Jian	-	Mechanical	behaviors	of	carbon	fiber	composite	three	dimensional	
latttice	grid	structures	

	2378	

PO.SM08-1.19.151		 Xu,	Chao	-	Three-dimensional	direct-write	printing	of	metallic	microstructures	 	2380	
PO.SM08-1.20.152		 Zhang,	Qiancheng	-	Vibration	and	damping	characteristics	of	sandwich	beam	

with	fiber	felt	core	
	2382	

PO.SM08-1.21.153		 Zhang,	Zhijia	-	Free	vibration	analysis	of	sandwich	beams	with	foam-corrugated	
core	

	2384	



	

24th	International	Congress	of	Theoretical	and	Applied	Mechanics	

	

PO.SM08-1.22.154		 Zhu,	Hanxing	-	Composites	with	enhanced	conductivity	and	Young's	modulus	and	
desired	Poisson's	ratio	

	2386	

	 	



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

FULLY OPTIMIZED VARIATIONAL ESTIMATES FOR THE MACROSCOPIC
RESPONSE AND FIELD STATISTICS OF NONLINEAR COMPOSITES

P. Ponte Castañeda∗1

1Department of Mechanical Engineering and Applied Mechanics, University of Pennsylvania, Philadelphia,
Pennsylvania, USA

Summary A variational method is proposed to estimate the macroscopic constitutive response of composite materials with nonlinear
properties. The method derives from a stationary variational principle for the macroscopic potential in terms of the corresponding
potential of a linear comparison composite (LCC) whose properties are the trial fields in the variational principle. The resulting
estimates for the macroscopic response are guaranteed to be exact to second-order in the heterogeneity contrast, and to satisfy known
bounds. In addition, the new method allows full optimization with respect to the properties of the LCC, leading to estimates that are
fully stationary and exhibit no duality gaps. Consequently, the macroscopic response and field statistics of the nonlinear composite can
be estimated directly from the suitably optimized linear comparison composite, without the need for difficult-to-compute correction
terms. The method is applied to a porous viscoplastic material, and the results are compared with earlier estimates.

INTRODUCTION

Macroscopic samples of metals and minerals usually appear in the form of aggregates of large numbers of one, or more
types of single crystal grains, and other inhomogeneities, such as voids and cracks, which are distributed with random
positions and orientations in the sample. For this reason, it is of scientific and technological value to characterize the
effective or average response of such macroscopic material samples from the properties of their constituents and known
statistical information about their distribution, or microstructure. In addition, it is often of interest to also be able to
extract information about the statistics of the stress and strain fields in the constituents of these composite materials. These
problems—which are difficult in general—become especially challenging when the physical mechanisms of deformation
are nonlinear, as in metals-forming operations, or polar ice flows. The objective of this work is to develop homogenization
techniques to characterize the macroscopic response and field statistics in viscoplastic composites and polycrystals.

The simplest and perhaps most commonly used homogenization procedure in plasticity is the uniform strain-rate
bound of Taylor [10]. Other commonly used approximations include the ‘incremental’ self-consistent approximation of
Hill [2]. Improved bounds of the Hashin-Shtrikman type [1] for nonlinear composites were first developed by Talbot and
Willis [9], making use of a nonlinear generalization of the Hashin-Shtrikman variational principles [11]. More general
bounds and estimates were provided by Ponte Castañeda [3] by means of the ‘variational linear comparison’ method. This
method makes use of a ‘linear comparison composite’ (LCC), whose properties are determined as trial fields in a suitably
designed variational principle, leading to a ‘secant’ linearization of the constitutive response of the nonlinear phases,
evaluated at the second moments of the stresses in the phases of the LCC [6]. In particular, ‘variational linear comparison’
self-consistent estimates have been proposed by Ponte Castañeda [3] for viscoplastic composites, and were later shown to
improve on the earlier ‘incremental’ self-consistent estimates [2], especially for large heterogeneity contrasts and small
rate-sensitivity exponents. It should also be mentioned that Suquet [7] proposed an alternative method for power-law
materials, by making use of Hölder’s inequality.

More accurate estimates for the macroscopic response of viscoplastic composites were given by Ponte Castañeda [5]
by means of the ‘second-order’ homogenization method [4]. The ‘second-order’ method makes use of more general LCCs
incorporating suitably selected eigenstrains, leading to an improved ‘generalized secant’ approximation for the nonlinear
constitutive relations and ensuring that the resulting estimates are exact to second-order in the heterogeneity contrast,
and thus in agreement with exact perturbation expansions [8]. In spite of the improved accuracy of the ‘second-order’
homogenization estimates [5] relative to the earlier ‘variational’ estimates [3], these estimates have certain undesirable
features, arising from the lack of optimality of the eigenstrains, which hamper their efficient application in practice. These
include the facts that the macroscopic constitutive relation and fields statistics cannot be obtained directly from the LCC,
and the existence of a ‘duality gap’ (i.e., when the estimates resulting from the primary and complementary variational
statements are different)—strongly suggesting the possibility of further improvements in the accuracy of its predictions. In
this work, we propose a new variational method, where the properties of the constituent phases of the LCC are generated
by a consistent optimization procedure. This leads to ‘full stationarity’ for the resulting estimates, which are still exact
to second-order in the contrast, but have all the advantages of the earlier ‘variational’ estimates in that the macroscopic
constitutive relation and fields statistics of the nonlinear composite can be conveniently expressed in the terms of the
corresponding quantities for the suitably optimized LCC.

∗Corresponding author. Email: ponte@upenn.edu
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Figure 1: Predictions by the fully optimized second-order (FO-SO) method for the effective flow stress σ̃0, normalized
by the flow stress of the matrix σ0, for porous power-law materials, as a function of the strain-rate sensitivity m, for a
given porosity (c = 0.1). Comparisons are given with the Taylor and Variational Hashin-Shtrikman bound, as well as
with earlier partially optimized second-order (PO-SO) estimates (refer to text for details).

APPLICATION TO POROUS VISCOPLASTIC MATERIAL

For the purpose of illustrating the capabilities of the new homogenization method, we provide here results for power-
law materials weakened by aligned cylindrical voids in such a way that the overall symmetry of the composite is trans-
versely isotropic. For further simplicity, we also consider plane strain conditions and purely deviatoric loading, so that
the macroscopic response of the porous viscoplastic material can be described in terms of the effective flow stress σ̃0,
normalized by the flow stress of the matrix σ0, as a function of the porosity c and the strain-rate sensitivity m. Thus, Fig.
1 shows the new fully optimized second-order (FO-SO) estimate, as a function of m, for a fixed porosity c = 10%. The
results are compared with the Taylor [10] and Variational Hashin-Shtrikman [3] upper bounds, as well as with the earlier
partially optimized second-order (PO-SO) estimates [5]. In this connection, it is noted that all the second-order estimates
have also made use of the Hashin-Shtrikman estimates for the effective properties of the LCC, and for this reason they
agree with the HS bound in the limit of linear behavior (m = 1). However, for other values of the strain-rate sensitivity
(0 < m < 1), the new results (FO-SO) can be seen to lie below the Taylor and HS bounds, and to be different from the
earlier PO-SO estimates. In fact, as a consequence of the full optimality of the new SO method, the estimates obtained
from the primal (W), dual (U) and directly from the LCC (affine) are precisely identical. On the other hand, the earlier
second-order method [4], for which the properties of the LCC are only partially optimized, provides 3 generally distinct
estimates, depending on the version (U, W, or affine). In this regard, it is interesting to remark that the FO-SO and PO-SO
estimates also agree in the ideally plastic limit (m = 0), for which the PO-SO estimates were already known to agree.
In conclusion, it can be seen that the new FO-SO estimates provide a significant improvement over the earlier PO-SO
estimates. Further results for the corresponding fully optimized field statistics will also be obtained and discussed.

References

[1] Hashin Z, Shtrikman S. 1963 A variational approach to the theory of the elastic behaviour of multiphase materials. J. Mech. Phys. Solids 11,
127–140.

[2] Hill R. 1965 Continuum micro mechanics of elasto-plastic polycrystals. J. Mech. Phys. Solids 13, 89–101.
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NONLINEAR ELECTROELASTIC DEFORMATIONS OF
DIELECTRIC ELASTOMER COMPOSITES

Oscar Lopez-Pamies∗and Victor Lefèvre
Department of Civil and Environmental Engineering, University of Illinois, Urbana–Champaign, IL 61801, USA

Summary In this talk, we will present homogenization solutions for the macroscopic elastic dielectric response — under finite deformations
and finite electric fields — of dielectric elastomer composites with two-phase isotropic particulate microstructures. Specifically, solutions
will be presented for three classes of microstructures: i) an isotropic iterative microstructure wherein the particles are infinitely polydisperse
in size and non-spherical in shape, ii) an isotropic distribution of polydisperse spherical particles of a finite number of different sizes, and
iii) an isotropic distribution of monodisperse spherical particles. The solution for the iterative microstructure, which corresponds to the
viscosity solution of a Hamilton-Jacobi equation in five “space” variables, is constructed by means of a novel high-order WENO finite-
difference scheme. The solutions for the microstructures with spherical particles are constructed by means of hybrid finite elements.
aimAimed at gaining physical insight into the extreme enhancement in electrostrictive properties displayed by emerging dielectric elastomer
composites, various cases wherein the dielectric elastomer is non-Gaussian and the filler particles are nonlinear elastic dielectrics that
exhibit polarization saturation will be discussed in detail. Contrary to an initial conjecture in the literature, it will be shown (inter alia)
that the isotropic addition of a small volume fraction of stiff high-permittivity particles to dielectric elastomers does not lead to the extreme
electrostriction enhancements observed in experiments. It will be posited that such extreme enhancements are the intricate manifestation of
interphasial phenomena.

INTRODUCTION
Since the turn of the millennium, dielectric elastomer composites — specifically, dielectric elastomers filled with high-

permittivity or (semi-)conducting particles — have received increasing attention by the materials research community because
of their potential to outperform unfilled dielectric elastomers for employment in emerging technologies. At present, however,
the microscopic mechanisms responsible for the superior electromechanical properties of this type of electroactive composite
materials remain unresolved. In the literature, there are two mechanisms that have been identified as possibly dominant: i) the
nonlinear elastic dielectric nature of elastomers which heightens the role of the fluctuations of the electric field in the presence
of filler particles [1, 2] and ii) the presence of high-dielectric interphases and/or interphasial free charges surrounding the filler
particles [3].

The objective of this work is to investigate the first of the two mechanisms stated above in the context of nonlinear elec-
troelastic deformations. That is, we view dielectric elastomer composites as two-phase particulate composites — comprising
a continuous dielectric elastomer matrix filled by a statistically uniform distribution of firmly bonded inclusions — and study
their homogenized (macroscopic or overall) elastic dielectric response when subjected to finite deformations and finite electric
fields. In light of the fact that the majority of existing experimental evidence pertains to dielectric elastomers filled with par-
ticles of roughly spherical shape that are distributed randomly without a biased direction, we focus our attention on dielectric
elastomer composites with isotropic microstructures.

THE PROBLEM
The general problem to be addressed is that of determining the macroscopic elastic dielectric response of a dielectric

elastomer, filled with an isotropic distribution of particles firmly bonded across interfaces, that is subjected to arbitrarily
large deformations and electric fields. The sizes of the particles are taken to be much smaller than the macroscopic size.
The constitutive behaviors of the dielectric elastomer and filler particles are characterized by isotropic incompressible free-
energy functions Wm and Wp of the deformation gradient F and Lagrangian electric field E so that the Lagrangian pointwise
constitutive relation for the composite is formally given by

S =
∂W

∂F
(X,F,E)↗pF−T �n� D =↗∂W

∂E
(X,F,E) w��� W (X,F,E) = [1↗θ(X)]Wm(F,E)+ θ(X)Wp(F,E)

(1)
Here, S and D denote the first Piola-Kirchhoff stress tensor and Lagrangian electric displacement field, p stands for the
arbitrary pressure associated with the incompressibility constraint ���F = 1, while θ is the indicator function of the spatial
regions occupied collectively by the particles, taking the value of 1 if the position vector X lies in a particle and zero otherwise.

The dielectric elastomer composite is considered to occupy a domain Ω, with boundary ∂Ω, in its undeformed stress-free
polarization-free configuration. The macroscopic response of the material is defined as the relation between the averages of
the first Piola-Kirchhoff stress S and the deformation gradient F over the volume Ω under affine displacement and electric
potential boundary conditions: x = FX and Φ =↗E ·X on ∂Ω, where the second-order tensor F and vector E are prescribed
quantities. In this case, it follows from the divergence theorem that |Ω|−1

!
Ω F(X)�X = F and |Ω|−1

!
Ω E(X)�X = E, and
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APPROXIMATE PLASTIC YIELD CRITERION AND
HARDENING OF POROUS SINGLE CRYSTALS

Joseph Paux, Renald Brenner ∗, and Djimedo Kondo

Sorbonne Universités, UPMC Univ Paris 06, CNRS, UMR 7190,
Institut Jean le Rond d’Alembert, F-75005, Paris, France

Summary This study is devoted to the description of the plastic behaviour of porous single crystals in the context of rate-independent
dislocation mediated plasticity. Such heterogeneous materials belong to the class of two-phase nonlinear composites with anisotropic local
constitutive law. By making use of a regularized form of the Schmid law, an approximate plastic yield criterion is proposed in the context
of limit-analysis. It has been assessed by comparison with unit-cell computations results. The model is then extended to hardenable crystals
by performing a limit-analysis on a plastically deformed crystalline hollow sphere. The plastic strain field, and thus the local resistance of
the material (i.e plastic yield surface), is assumed fixed. Comparisons are shown for the overall behaviour and porosity evolution with finite
element unit-cell computations, from the literature, for body-centred cubic single crystals.

CONTEXT AND OBJECTIVES

As compared to the studies on polycrystals, relatively few works exist on the constitutive response of plastic single crystals
containing voids. However, the importance of the crystalline anisotropy to describe the stress state surrouding intragranular
voids has been clearly evidenced experimentally and numerically [1, 2]. The consideration of this anisotropy is thus important
for the understanding of the ductile failure of monocrystalline materials or, more generally, polycrystalline materials with
intragranular porosity. This calls for a constitutive model of the plastic response of voided crystals. To tackle this problem,
two main approaches can be envisaged: nonlinear homogenization techniques for statistically homogeneous microstructures
or limit-analysis for a specific elementary volume (typically a single hollow sphere).

Following works extending the well-known Gurson model to materials with anisotropic plastic criterion (see, for instance,
[3]), a limit-analysis based yield criterion is first proposed. Then, the issue of the hardening description is considered in an
approximate manner. The influence of the hardening is approximately accounted for using a procedure inspired from the one
proposed in [4]. It is extended to the case of crystalline plasticity with a hardening law described at the slip system scale. It
takes into account the spatially non-uniform evolution of the local strength domain and the spherical void growth. Results for
the initial yield surface, the overall stress-strain response and the porosity evolution are presented.

PLASTIC YIELD CRITERION FOR HARDENABLE POROUS SINGLE CRYSTALS

To derive the yield criterion of porous single crystals, a single hollow sphere is considered. Its solid part is made of a
single crystal, with arbitrary crystalline structure, which presents K plastic slip systems. Classically, plastic slip occurs on a
slip system k when the resolved shear stress τk reaches a threshold value τ ck .Its local plastic strength domain C is classically
described by the (multi-criterion) Schmid law

C = {σ such that fk(σ) = µk : σ↗τ ck ≤ 0, ∀k = 1, . . . , K}, τk = µk : σ, (1)

with µk the Schmid tensor of slip system k and σ the local Cauchy stress tensor. By adopting a regularized form of the
Schmid law, an approximate plastic yield function is derived for the porous single crystal in the context of limit-analysis. Its
general form is

!
K"

k=1

#
µk : Σ

$τ ck(E)

%n
&2/n

+ 2 qf(Em) ����(κ(E) Σm)↗1↗(qf(Em))2 = 0. (2)

with Σ and E the overall stress and strain tensors, Σm and Em the mean macroscopic stress and strain, f the porosity, n ≥ 2
the regularization parameter of the Schmid law and q > 1 a fitting parameter. This criterion has been first proposed in the
context of non-hardening crystals with cubic crystalline symmetry [5]. For this class of crystals, this criterion reduces, in
the case of a quadratic regularization (n = 2), to the Besson and Benzerga criterion [3]. Following Leblond et al. [4], the
hardening is described by distinct functions for the deviatoric and hydrostatic parts of the criterion, namely the effective critical
shear stresses $τ ck(E) and the parameter κ(E). They are obtained by determining the macroscopic strength domain of a hollow
sphere which has been previously subjected to an overall strain E. The corresponding plastic strain field within the sphere
is given by the integration of an approximate strain rate field represented by a uniform deviatoric part and an incompressible
radial expansion. Explicit expressions for $τ ck(E) and κ(E) are obtained. They require the numerical evaluation of few volume
integrals over the sphere. The plastic response of the porous material is finally obtained by considering an associated flow
rule.
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BOUNDS ON THE RESPONSE OF VISCOELASTIC COMPOSITES IN THE TIME DOMAIN
Ornella Mattei∗1 and Graeme W. Milton1

1Department of Mathematics, University of Utah, Salt Lake City, Utah, USA
Summary In order to derive bounds on the strain and stress response of a two-component composite material with viscoelastic phases, we
revisit the so-called analytic method [1], first conceived for problems involving cyclic loadings in the frequency domain. The novelty of the
present investigation lies in the application of such a method to derive bounds in the time domain for the antiplane viscoelasticity case. In
particular, different sets of bounds are derived on the basis of the available information about the composite, such as the knowledge of the
volume fractions or the transverse isotropy of the composite. In the examples studied, the results turn out to be very accurate estimates: if
sufficient information about the composite is available, the bounds can be quite tight over the entire range of time, allowing one to predict
the transient behavior of the composite.

OVERVIEW OF THE PROBLEM

In this investigation we propose a new approach to derive bounds on the response of a two-component viscoelastic com-
posite under antiplane loadings in the time domain. The starting point is represented by the so-called analytic method, first
proposed by Bergman [1] to bound effective conductivities when the component conductivities are real, and later extended
to bound the complex effective tensor of a two-component dielectric composite in the frequency domain (see, for instance,
Milton [3, 4], and Bergman [2]). The rigorous proof of the method was proposed by Golden and Papanicolaou [5]. To the
best of our knowledge, the method until now has been applied only in the frequency domain, for cyclic external actions at a
certain frequency. This work may be the first to extend the field of applicability of the analytic method to problems defined in
the time domain with non-cyclic external actions.

The core of the analytic method is based on the fact that, by virtue of the analyticity property of the effective tensor of
the viscoelastic composite in the Laplace transform domain, Lh(p) (p is the Laplace transform parameter), with respect to the
moduli of the components, i.e., the shear moduli µ1(p) and µ2(p) (we suppose both phases are isotropic), one can write the
complex effective tensor as the sum of poles, si, i = 0, 1, ..., m, weighted by positive semi-definite matrix valued residues,
Bi, i = 0, 1, ..., m, as follows

Lh(p) = µ2(p)

!
I↗

m"

i=0

Bi

s(p)↗si

#

where I is the unit tensor and
s(p) =

µ2(p)

µ2(p)↗µ1(p)

Consequently, the response of the material in the time domain turns out to depend only on the position of the poles and on
the value of the associated residues, which are the variational parameters of the problem. In particular, with reference to the
stress response, the averaged stress field σ(t) in the time domain is given by

σ(t) = µ2(0)ϵ(t) + µ̇2(t) ⋆ ϵ(t)↗
m"

i=0

Bi L
−1

$
p µ2(p)

s(p)↗si

%
(t) ⋆ ϵ(t) (1)

where ϵ(t) is the averaged strain field, the symbol ⋆ denotes the convolution product, the dot symbol represents the time
derivative, and L −1 is the inverse of the Laplace transform.

The aim is to find the combinations of poles and residues which provide the maximum (or minimum) response of the
composite for each moment of time. The optimization of the response of the material is performed in two steps. First, all the
available information about the composite, such as the knowledge of the volume fraction of the constituents or of the value of
the response of the material at a certain moment of time, is translated into (linear) constraints on the poles and residues. For
instance, if the volume fractions f1 and f2 = 1↗f1 of the phases are known, then the following constraints hold:

m"

i=0

Bi = f1I ��

!
m"

i=0

Bisi

#
= f1 f2

Then, the response of the material being linear in the residues (see equation (1)) allows one to apply the theory of linear
programming to limit the number of non zero residues, so that the problem is reduced to a new one with a relatively small
number of non zero residues. Finally, the optimization over the positions of the poles is performed numerically for two
specific cases: when the stress response has to be bounded, we consider a composite made of an elastic phase and a phase with
a behavior described by the Maxwell model, whereas when we bound the strain response, we consider a composite made of
an elastic phase and a phase modeled by the Kelvin-Voigt model. It is clear that the method is not limited to these particular
models, but they are studied as, then, part of the calculations can be done analytically rather than numerically.

∗Corresponding author. Email: o.mattei@unibs.it



NUMERICAL RESULTS

The estimates given by the numerical results prove to be increasingly accurate the more information about the composite
is incorporated. In particular, when information such as the volume fraction of the components or the value of the response at
a specific time is considered, the bounds are quite tight over the entire range of time, thus allowing one to predict the transient
behavior of the composite. Most noticeably, when combinations of information are considered, such as the knowledge of
the volume fractions and the eventual transverse isotropy of the composite, the bounds are extremely tight at certain specific
times, suggesting the possibility of measuring the response of such times and, by using the bounds in an inverse fashion,
almost exactly determining the volume fraction of the components of the composite.

As an example, let us consider the determination of bounds on one of the components of the averaged stress field, say
σ12(t), for each moment of time. In Figs. 1 and 2 we show the bounds obtained by considering various situations: the bounds
become tighter and tighter as more information about the composite structure is included.

t
0 2 4 6 8 10

σ
12
(t
)

0

0.5

1

1.5

2

No information
σ12(0)
σ12(0) and volume fraction

Figure 1: Comparison between the lower and upper bounds
on σ12(t) in the following three cases: no information about
the composite is given; the value of σ12(t) at t = 0 is pre-
scribed; and the value of σ12(t) at t = 0 and the volume
fractions are known (f1 = 0.�).

t
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Figure 2: Comparison between the lower and upper bounds
on σ12(t) in the following three cases: no information about
the composite is given; the volume fraction of the compo-
nents is known (f1 = 0.�); and the composite is isotropic
with given volume fractions.

It is worth noting that the bounds thus derived are always optimal, that is, they are always achieved by some particular
microstructure (the so-called laminates of laminates), except in the case when the isotropy condition is applied.
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Summary A finite strain thermodynamically-based constitutive model coupling viscoelasticity (VE) and viscoplasticity (VP) is proposed for 
neat polymers. One version is suitable for Epoxy resins and another for thermoplastic polymers. A multiplicative decomposition of the  total 
deformation gradient into VE and VP parts is assumed. Constitutive equations satisfying Clausius-Duhem’s non-negative dissipation condition 
are derived. Unit cell finite element simulations for continuous fiber reinforced composites with a VE-VP Epoxy matrix are carried out. 
Numerical simulations are presented and discussed for both neat polymers and composites. 
 

INTRODUCTION 
 
   Epoxy resin based fiber-reinforced composites are used in fields such as aerospace and automotive due to their 
structural efficiency and light weight. Accurate prediction of failure in such structures is of utmost importance. Usually the 
damage in fiber-reinforced composites appears in the form of cracks in matrix material, fiber-matrix debonding, fiber-
breakage and delamination. In order to predict the initiation and/or propagation of damage in fiber-reinforced composite 
structures, it is quite essential to understand the thermo-mechanical behavior of matrix material i.e, the epoxy resin.  
From the experimental data reported for untoughened epoxy resin Epon 862 in Poulain et al.[1] and Morelle [2], it is evident 
that these resin system exhibits rate-, temperature- and pressure- dependent yielding. The present work is aimed at 
developing a thermodynamically based finite strain constitutive model for epoxy resin systems which can represent the 
thermo-mechanical behavior at complex loading conditions. This constitutive model is suitable for implementation into 
multi-scale modeling of fiber-reinforced composites in order to predict the softening/degradation of the ply response. 
 
 

CONSTITUTIVE MODELING  
 
Most constitutive models for polymers are either viscoelastic (VE) or elasto-viscoplastic (EVP). In finite strain EVP, most 
models assume an additive decomposition of the rate of deformation tensor into elastic and inelastic parts (d = de + dp), and a 
hypoelastic relation between an objective Kirchhoff or Cauchy stress rate (e.g., Jaumann, Green-Naghdi-Mc Innis, etc.) and de. 
However, this is suitable for metals where elastic strains are small, but not for polymers. In addition, polymers usually exhibit 
viscous effects at all ranges of deformations.  
Based on the previous observations, we propose a constitutive model for polymers which possesses the following features. It is a 
coupled viscoelastic-viscoplastic (VE-VP) model, which can be seen as a generalization to finite strains of the infinitesimal strain 
models of Miled et al. [3] and Krairi and Doghri [4]. It is based on a multiplicative decomposition of the deformation gradient 
into VE and VP parts (F = Fve.Fvp). Contrary to many other models, the present one is thermodynamically-based, and the starting 
point is the satisfaction of the Clausius-Duhem inequality which requires the dissipation to be non-negative. The Helmholtz free 
energy functional has an integral form similar to the one proposed by Christensen [5] for finite strain pure VE. In one version of 
the model, we use the VE Green-Lagrange (G-L) strain instead of  Christensen’s total G-L strain. The symmetric second Piola-
Kirchhoff (S) is then found to be a Boltzmann-type integral of the history of VE G-L strains. General Prony series are considered 
for the time-dependent VE moduli. As for the VP response, remarkably it is found that significant portions of the finite strain 
elasto-plasticity formulation proposed by Vladimirov el al. [6] applies to our case. The yield function, VP potential and viscosity 
function depend on a stress tensor Y = C.S, defined with respect to the reference configuration, where C is the right Cauchy-
Green (C-G) strain (C = FT.F). All three functions depend on deviatoric as well as hydrostatic stresses. The VP flow rule takes a 
simple form in terms of  the rate of Cvp , the right VP C-G strain.  
There are two versions of the model. One is suitable for Epoxy –a thermoset polymer- where strongly nonlinear finite strain 
response is observed in compression-dominated deformation mode, while much smaller strains are reached in tension. A wealth 
of experimental data for Epoxy was recently obtained by Morelle [2]. Another version of the model is suitable for thermoplastic 
polymers and extends the VE-VP-damage model of Krairi et al. [4] to finite strains and pressure-dependent yield function, VP 
potential and viscosity function. Computationally, a fully implicit time integration algorithm was developed and implemented. 
The results of numerical simulations are presented and discussed. 
 
 
Fiber-reinforced polymer matrix composites 
   A current application concerns Epoxy resins reinforced with continuous Carbon fibers.  The Epoxy material obeys the 
finite strain VE-VP model described above. The continuous Carbon fibers are elastic and transversely isotropic. 



Heterogeneous unit cells under periodic conditions are generated, meshed and simulated numerically with the finite element 
(FE) method. Simulation results are presented and discussed. Future work (not expected to be ready for the conference) 
involves the development of a homogenized anisotropic finite strain VE-VP constitutive model for the composite material. 
    
 
 
References 
 
[1] Poulain, X.,  Benzerga, A.A, Goldberg, R.K.: Finite-strain elasto-viscoplastic behavior of an epoxy resin : Experiments 
and modeling in the glassy regime, Int. Journal of Plasticity 62 (2014), 138-161. 
[2] Morelle, X., Ph.D. thesis in Engineering sciences, Université catholique de Louvain, Belgium, 2015. 
[3] Miled, B., Doghri, I., Delannay, L.: Coupled viscoelastic-viscoplastic modeling of    homogeneous and isotropic  
polymers: numerical algorithm and analytical solutions,   Computer Methods in Applied Mechanics and Engineering, 200, 
3381-3394, 2011.  
[4] Krairi, A., Doghri, I.: A thermodynamically-based constitutive model for thermoplastic polymers coupling 
viscoelasticity,  viscoplasticity and ductile damage, International Journal of Plasticity, 60, 163-181, 2014. 
[5] Christensen, R.M.: Theory of viscoelasticity, Academic Press. 
[6] Vladimirov, I.N., Pietryga, M.P., Reese, S.: Anisotropic finite elastoplasticity with nonlinear kinematic and isotropic 
hardening and application to sheet metal forming, International Journal of Plasticity, 26, 659-687, 2010. 



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

MODELING AND IDENTIFICATION OF THE CONSTITUTIVE BEHAVIOUR OF MRE’s

Jean-Pierre Voropaieff 1, Laurence Bodelot1, Kostas Danas1, and Nicolas Triantafyllidis *1,2

1 Solid Mechanics Laboratory, Ecole Polytechnique, 91128 Palaiseau Cedex, France
2Aerospace & Mechanical Engineering Department, University of Michigan, Ann Arbor, MI 48109-2140, USA

Summary In this paper, we study a class of active materials named magneto-rheological elastomers (MREs) with a main focus on their
coupled magneto-mechanical response up to large strains and high magnetic fields. With the purpose of achieving a coupled characteri-
zation for the efficient design of MRE-based devices, this work encompasses the constitutive modeling of MREs. Based on the general
theoretical framework for transversely isotropic magneto-elastic continua proposed by Kankanala and Triantafyllidis [1], we develop the
coupled magneto-mechanical constitutive laws for both isotropic and anisotropic MREs in order to identify the corresponding constitutive
model’s material parameters. The actual experimental characterization of MREs conducted thanks to a specially designed specimen and
novel experimental setup allowing tensile tests up to large strains and under high magnetic fields is presented in Pössinger [3]. The experi-
mental data thus obtained provide the constitutive models for the isotropic and anisotropic MREs needed as input for subsequent numerical
simulations.

MOTIVATIONS AND APPLICATIONS

Magneto-rheological elastomers (MREs) are smart materials composed of an elastomeric matrix filled with magnetic
particles. The viscoelastic characteristics of the matrix combined with the magnetic properties of the particles allow these
flexible composites to deform in response to a relatively low externally applied magnetic field. The rapid response, the high
level of deformations and the possibility to control these deformations by adjusting the field make these materials of special
interest in modern engineering. Yet, the characterization of the magneto-mechanical properties for finite strains and high
magnetic fields is still far from being optimal, thus limiting the efficient design of MRE-based devices.

THEORETICAL CHARACTERIZATION

In what follows, we present general constitutive laws for the coupled magneto-mechanical response. For a detailed deriva-
tion of the governing equations, the reader is referred to the work of Danas, Kankanala and Triantafyllidis ([1] and [2]). Of
interest here is the determination of the specific free energy ψ that best fits the MRE experiments. Using the general theory of
transversely isotropic functions, one obtains that the general form of the specific Helmholtz free energy is given by

ρ0ψ = W (I1, I2, I3, I4, I5, I6, I7, I8, I9, I10) (1)

where Ii are ten independent invariants. Each of those invariants depend on F the deformation gradient, m the magnetization
vector and the unit vector N which defines the initial orientation of the particle chains. Based on the work of Kankanala and
Triantafyllidis [1], we get the following expressions for the Cauchy stress σ and the Eulerian h-field field h if we consider an
incompressible material

σ = σT = ρ
∂ψ

∂F
· FT + hb + (p↗µ0(h · m +

1

2
h · h))I, µ0h = ρ

∂ψ

∂m
, (2)

where ρ is the current material density and b is the Eulerian magnetic field. The Lagrange multiplier p denotes the internal
pressure (required by the incompressibility constraint detF = 1). Based on those expressions, the energy function W is
identified by use of experimental results (the experimental procedure is discussed in the following sections).

FABRICATION OF SAMPLES

In the perspective of obtaining a material in which magneto-mechanical coupling is optimal (i.e. largest deformation
produced by the smallest magnetic field) for a possible application in tactile MRE interface, the selected matrix material is
a very soft silicone elastomer. The filler phase is made of spherical iron particles with a median diameter of 3.5 µ� . Those
particles are magnetically ”soft”, meaning that they do not retain magnetization once the magnetic field is turned off.

During the fabrication process, the magnetic particles of micron size are added to the uncured elastomer constituents
and the obtained compound is thoroughly mixed and degassed, before curing is conducted in a mold of the desired shape.
Moreover, the presence or the absence of a magnetic field during curing gives the possibility to produce either transversely
isotropic (due to the formation of chain-like particle structures) or isotropic samples, respectively.
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When characterizing MREs, a uniform field distribution (both mechanical and magnetic) within the sample should be
achieved since field gradients can lead to additional deformation of the material on top of the original magneto-rheological
effect. Even if the externally applied field b0 is assumed to be perfectly uniform, the shape of the magnetized MRE sample can
create field gradients within the specimen. Magneto-static field equations and the corresponding boundary conditions suggest
that the magnetization m as well as the total magnetic field b are uniform within the body only for ellipsoids of revolution. As
a result, in order to find a compromise between the homogeneity of mechanical and magnetic quantities, the samples used are
composed of a cylindrical gage area made of MRE and terminated at both ends by an ellipsoidal cap fixed to non-magnetic
heads (see Figure 1(b)).

Figure 1: (a): Sample mounted on the uniaxial tension setup which is integrated into a magnetic field
(b and c): Cylindrical gage area terminated at both ends by an ellipsoidal cap (heads are not represented). The sample is
subjected to an externally applied magnetic field along direction e1 .

EXPERIMENTS

To obtain the macroscopic behavior of different MRE samples under coupled magneto-mechanical loading, we use a uni-
axial tension setup integrated into a magnetic field (see Figure 1(a)). First, we perform a uniaxial tension test up to large
deformations with no magnetic fields to get the purely mechanical parameters. Then, to determine the rest of the coefficients,
a purely magnetic test is conducted in which the sample is subjected to an externally applied magnetic fied (up to 0.8T) but no
mechanical loads. Finally, to check the predictability of our model, we carry out a coupled magneto-mechanical test.

Mechanical strains in the gage area of the sample are measured via non-contact video extensometry and the force exerted
on the sample during loading is measured by two single-point load cells. In situ magnetic field measurements are carried out
with two transversal Hall probes. One probe (named probe h) comes behind the sample at its center (postion E, see Figure
1(c)) and the second probe (named probe m) comes on the side of the sample (postion D, see Figure 1(c)). Since the samples
for the magnetic measurements have a nearly ellipsoidal MRE body, the h-field, the magnetization m and the total magnetic
field b, are all assumed to be uniform within the material. This assumption is accurate at relatives moderate strains (eg. in the
order of 10% which is the case in this study) but is expected to become less accurate at larger strains since in that case the
shape diverges from an ellipsoid.

Due to the continuity of the tangential component of h, the Hall probe h placed at the back of the sample gives access
to the total field µ0h [T ] inside the material since the contribution of the magnetization m vanishes at that point. Due to the
continuity of the normal component of b, the total magnetic field b [T ] inside the sample - now including the contribution of
the total h-field (measured at the back) plus the contribution of the magnetization m - is measured by the lateral Hall probe m,
which then gives access to the magnetization m inside the sample.

However, since the sensitive elements of the Hall probes cannot be placed exactly at the sample/air discontinuity interface
due to geometrical limitations, we need to correct the measurement’s systematic error due to the probe position. Expressions
for the evolution of the magnetic field along direction e1 and e2 covering the discontinuity interface sample/air (see Figure
1(c)) are found analytically and checked experimentally.
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Summary This work investigates the effective thermodynamic and transport properties of inhomogeneous media in which one mobile
species can diffuse. These properties are important for a variety of applications, including energy-storage materials and soft materials,
where they further couple with the mechanical properties. Here we develop a first-order homogenization framework according to which
the effective chemical behaviour can be obtained based on an analysis on a RVE of the microstructure. Based on a Hill-Mandel macro-
homogeneity condition, expressions for the effective concentration rates and fluxes (conjugated respectively to the macroscopic chemical
potential and its gradient) are derived. The framework is used to identify and calibrate non-classical, homogenized constitutive relations. In
particular, we show that the commonly adopted assumption of local chemical equilibrium generally does not hold at the macroscopic scale.

A number of problems in materials science involve the transport of mobile species in materials, e.g. hydrogen diffusion
in alloys, lithium diffusion in battery electrodes, solvent transport in polymer networks and gels, to name only a few. The
diffusion medium is often heterogeneous, comprising phases, pores and interfaces with distinct thermodynamic (chemical
capacity) and transport (mobility coefficients) properties. Micromechanics-based effective chemo-mechanical theories are
highly desirable to describe the behaviour of such materials at a macroscopic scale. This preliminary work focuses on chemical
properties only, with the long-term objective of modelling chemo-mechanical couplings.

We formulate effective constitutive relations within the framework of the thermodynamics of irreversible processes. The
thermodynamic state of a material point at the macroscopic scale is described by an effective concentration, c, and possibly a
set of internal variables collectively denoted by α. In the absence of chemical reaction, the effective concentration obeys the
balance equation ċ + ∇ · j = 0. We can then postulate the existence of an effective free energy density function W (c,α).
The following fundamental thermodynamic inequality holds (free energy imbalance):

D = µċ↗Ẇ ↗j ·∇µ =

!
µ↗∂W

∂c

"
ċ↗j ·∇µ↗∂W

∂α
• α̇ ≥ 0. (1)

Note that we do not a priori assume local chemical equilibrium. Rather, the chemical potential µ is treated as a primary
variable quantifying the energy supply due to macroscopic transport of species. In practice, it must be computed such that the
species conservation equation is satisfied. The inequality (1) must be satisfied by kinetic models for species insertion, species
transport and evolution of internal variables:

ċ = F(µ,∇µ,α), j = G(µ,∇µ,α), α̇ = H(µ,∇µ,α) (2)

We aim to investigate the mathematical structure of the effective free energy function and kinetic models that emerge
from an analysis at the microscale. To this end, we developed a first-order homogenization framework for the diffusion
problem (Figure 1). A Representative Volume Element (RVE) is attached to each macroscopic point and subjected to linear
chemical potential boundary conditions. Energy conservation requires that W = ⟨Wm(y, c)⟩, where the subscript m denotes
microfields, y is the microscale position vector, and ⟨·⟩ represents a volume average over the RVE. We further postulate a
Hill-Mandel chemical macrohomogeneity condition, from which the macroscopic concentration rate and flux are related to
their microscopic counterparts:

ċ = ⟨ċm⟩, j = ⟨jm⟩ ↗⟨ċm(y↗y0)⟩. (3)

Relation (3) shows that the macroscopic flux is not given by the volume average of the microscopic flux, as classically obtained
under a local steady-state assumption [1]. Rather, the macroscopic flux and rate of species insertion are both affected by the
”chemical inertia” of the RVE, which in general depends on the RVE size. In general, they will both depend on µ, ∇µ as well
as on the microscopic field of concentration, requiring effective constitutive relations of the general form (2).

We narrow down our analysis to the case of two-phase composites consisting of one continuous matrix phase of high
diffusivity containing inclusions of much lower diffusivity: Dmat ≫ Dicl. One can distinguish two limiting regimes of the
heterogeneous diffusion process. For a sufficiently large sample size, (L/a)2 ≫ Dmat/Dicl ≫ 1, the overall relaxation of
the system is limited by macroscopic transport of species over long distances though the fast percolating matrix phase, while
the RVE analysis can be conducted under the steady-state assumption. In the other limit of small sample size, 1≪ (L/a)2 ≪
Dmat/Dicl, the concentration evolution is limited by diffusion within the inclusion phase, while the chemical potential has
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macroscale microscale

Figure 1: Scale transition for the transient diffusion problem

reached macroscopic steady-state. Transition between these regimes can be captured by a simple model without internal
variable. The kinetic model of insertion if of the Kelvin-Voigt type [2]:

ċ

c0
=

1

τ

!
µ

kT
↗ 1

kT

dW

dc

"
, (4)

where τ is a characteristic relaxation time associated with diffusion within the inclusion phase and depends on the inclusion
size. Macroscopic transport is described by the classical diffusion model:

j =↗cM∇µ ≡ ↗D∇c. (5)

Effective kinetic coefficients are calibrated based on RVE simulations. We illustrate this simple model in the 1D problem of
a thin plate immersed in an bath where the chemical potential of the diffusing species is fixed. The initial concentration in
the plate is c0, and the chemical potential µ̄ in the bath drives species to migrate within the plate until the concentration is
uniform, with c(x) = ceq . The relaxation time shows a transition between a length-independent, insertion-limited regime and a
diffusion-limited, Fickian regime at larger sizes (Figure 2(a)). The transition takes place at a characteristic length Λ =

√
Dτ .

For a thick plate, one recovers a classical Fickian behaviour (Figure 2(b)). In contrast, when the plate thickness becomes
comparable to or lower than the intrinsic length, the effective transport becomes anomalous due to micro-diffusion. These
preliminary results suggest that the commonly adopted assumption of local chemical equilibrium generally does not hold at
the macroscopic scale. Kinetic models for species insertion can be exploited for formulating non-classical chemo-mechanical
theories [2].

2L 2

diffusion-limited

insertion-limited

(a) (b)

Figure 2: 1D diffusion solution accounting for insertion kinetics due to micro-transport. a) Relaxation times as a function of
the plate thickness. b) Concentration profiles for two values of the plate thickness at different simulation times.
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Summary Deformation mechanisms of synthetic halite are investigated at the scale of its polycrystalline microstructure. Both crystal slip
plasticity, associated with several slip systems with contrasted critical resolved shear stresses, and grain boundary sliding are observed
during in situ compression tests inside the chamber of a scanning electron microscope (SEM). Specific digital image correlation tools
provide access to a quantification of the relative contribution of both mechanims to the overall strain of the sample and show that grain
boundary sliding is present from the beginning of plasticity, establishing that plastic deformation of such a rock is not possible without
simultaneous damage. These surface measurements are complemented with full 3D investigations based on computed X-rays absorption
tomography and digital volume correlation, performed on samples that are also investigated in the SEM. Obtained data provide a way to
compare the statistics of local fields in the bulk of samples and near free surfaces.

INTRODUCTION

Polycrystalline materials exhibit complex behaviors when they deform in their plastic regime, as a consequence of their
various active physical deformation mechanism at grain scale and the heterogeneity associated with local lattice orientation
which varies from grain to grain, and possibly also inside grains. Better insight on the physics of such materials can be obtained
from full-field strain measurements at microscale over sets of interacting grains inside a sample submitted to various loading
conditions. Many studies have been reported in this line during the last decades [1] and highlight strong strain heterogeneities
at local scale. Such an experimental methodology is applied in the present study on halite, which is a rock forming mineral
with industrial applications, such as deep underground storage of hydrocarbons, or more recently, of compressed air in the
context of temporary storage of ”green energy”. In addition to exhibiting several slip systems with temperature-dependent
critical resolved shear stresses as in many polycrystalline metals, halite deforms also by means of an additional deformation
mechanism which is grain boundary sliding, as qualitatively evidenced in a former study [2] based on compression tests inside
a scanning electron microscope (SEM) and processing of the recorded images by means of digital image correlation (DIC).
The co-existence of both mechanisms makes halite also an interesting material from an academic point of view. Indeed, the
dodecaedric ”easy” slip systems [3] generate only a 2-dimensional set of strains at grain scale, so that additional deformation
mechanisms are necessary to accommodate arbitrary overall strains. These can be either additional harder crystalline slip
systems (octaedric or cubic), or the above mentioned interfacial mechanism. The prediction of the relative contribution of
such mechanisms would be a challenging question for multiscale theoretical models of the mechanical behavior of such
polycrystals. This question addresses also more practical issues: indeed grain boundary sliding is associated with local
damage, for instance in the form of pore growth at triple junctions of grains, as observed in [2], which has consequences on
both the mechanical resistance of the material and its permeability. The present work aims at extending the former study in two
ways. First, specific image processing routines have been developed to accurately quantify the relative contribution of crystal
slip plasticity and grain boundary sliding to the overall deformation of halite. These procedures have been applied to SEM
images of halite submitted to compression at room temperature and 350 degrees. Second, these purely surface investigations
have been complemented with full 3D investigations based on synchrotron absorption X-rays computed tomography (XRCT)
imaging, performed on the new Psiché beamline of Synchrotron Soleil (France), and digital volume correlation (DVC). More
specifically, strain fields in the bulk have been characterized together with strain fields at the free surface of the same sample
at the same level of overall strain, so that the influence of the free boundary conditions of the local deformation at grain scale
can be investigated.

QUANTIFICATION OF RELATIVE CONTRIBUTION OF CSP AND GBS

Synthetic halite samples have been obtained by hot pressing high purity NaCl powder under various thermomechanical
conditions to control grain size and reduce residual porosity. The 5 × 5 × 10 mm samples considered for the SEM analysis
exhibit rather large equiaxed grains, with a typical size ranging from 250 to 500 µm. DIC routines requires a local contrast at
a scale much smaller than grain size, which was provided by the dewetting of a thin gold film sputtered over the mechanically
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polished observation surface of the sample. This generates micron-sized beads stuck to the surface of the sample providing an
excellent contrast in SEM imaging. Samples are uniaxially compressed in the chamber of a SEM (FEI Quanta 600) at various
load levels. At each step, high definition images with various magnifications are recorded in secondary electron mode. A first
test has been performed at room temperature, and a second at 350◦C by means of an adapted micro-oven surrounding the
sample and in which an observation hole is machined.

An adapted DIC algorithms has been developed to quantify separately the components of the average deformation gradient
inside grains and the displacement discontinuities at the grain boundaries [4]. It is based on masking techniques which ensure
that the image contrast used to quantify the kinematics of a grain is strictly located inside the considered grain, and appropriate
contour integrals to separate the overall gradient into its bulk and interfacial contributions. The analysis shows that GBS has
only a limited contribution to overall strain, but also that this contribution is present from the very beginning of plasticity.
At room temperature strain due to GBS is proportional to overall strain and represents about 2.5% for the axial component,
and 6% for the transverse one. The larger contribution to the transverse strain is associated with the opening of longitudinal
interfaces. At high temperature, GBS is also present from the beginning but evolves nonlinearly with load: its contribution
decreases at larger load levels. This is likely to be associated with the activation of a second family of slip systems which
makes GBS less necessary for the accommodation of strain incompatibilities induced by the activation of the first family of
slip systems.

COMBINED 2D AND 3D LOCAL STRAIN FIELD MEASUREMENTS

In order to apply DVC techniques to the XRCT images of such materials an appropriate contrast is required at grain scale,
which is not naturally present in single phase polycrystalline materials. That’s why a specific material has been manufactured,
also with HIP techniques, in which small copper particules, a few micrometers in diameter, have been embedded. These
markers are located inside grains and at grain boundaries; appropriate thermomechanical processing allowed to obtain grains
up to a grain size of about 50 µm to 250 µm. Samples with a typical size of � × � × � mm have been fully imaged at
four compression levels (0.5% to 4% total residual strain) with a voxel size of 3.04µm. Tests had to be performed ex-situ
because intense X-rays tend to harden halite which becomes then brittle under uniaxial compression. A thermal treatment
has been applied to the sample after each CT scan, in order to restore ductility. Uniaxial tests have been monitored with
macroscopic optical digital image correlation tools. In addition to these 3D observations at small scale, high definition SEM
surface measurements over about 2 × 2 mm regions of interest, have been performed at each step of deformation, using 9
high-definition images with a pixel size of 240nm. Surface DIC routines could be applied thanks to the dewetting of a pure
copper thin layer which generates an appropriate contrast. DVC routines could also be applied to the 3D XRCT images but
at the price of specific developments to deal with the sparse contrast provided by the copper particules. The spatial resolution
of the 3D strain mapping was thus about 10 times coarser than the 2D one, but comparisons are nevertheless possible. Both
techniques highlight the complex localisation patterns of the strain field at grain scale, with in particular long range features
which spread over several grains. The spatial resolution of the 3D technique is however too coarse to directly link these
features to inter- or intra- granular mechanisms. A preliminary statistical comparison of the strain at intermediate scale is
however possible between near surface areas and areas in the bulk of the samples. In addition, qualitative signs of damage are
also found in the bulk of the samples: they appear as longitudinal cracks located at grain interfaces parallel to the compression
axis. A first quantification of their contribution to overall deformation is provided by the spherical part of the measured strain,
and confirms the presence of these mechanisms in the first deformation steps. More detailed 2D/3D comparisons are currently
underway and should be available at the time of the conference.
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Summary We propose a consistent approach for the generation of macroscale models of short fiber composites. We extract geometrical
features and distribution gradients of the fibers from X-ray microtomography. Based on this data, we generate new continuous, voxel
or mesh fiber geometry by Diffuse Approximation with volume conservation. Newly generated fibers are distributed in an arbitrary 3D
domain. Such domain may contain inclusions in the vicinity of which, fibers position and orient themselves depending on the chemical
nature of the inclusion. The observed fiber distribution gradients help to identify these fiber behaviors and distribute geometry in the new
3D domain. The method enables to extrapolate geometrical representations of microscale geometry of composite materials obtained with
X-ray microtomography to provide accurate 3D mesh for macro scale numerical simulations.

INTRODUCTION

The modeling of material behavior requires a deep understanding of the microstructure which is especially important for
highly heterogeneous composite materials. Such insight is has been nowadays allowed by the full-field methods like X-ray
microtomography. The main disadvantage is the limited size of the analyzed specimens, which prohibits their application
for macro scale computations of manufactured parts. Recent works [1, 3, 4] that approach the generation of the geometry
of random heterogeneous materials . Their limitations are either lack of accurate material parameters or unrealistic, even
orientation. Our goal is to provide a method which encompasses several steps of reconstruction, from X-ray microtomography
study of the microstructure to macro scale model, intended for computational purposes, e.g. homogenization.

METHODOLOGY

X-ray microtomography
The first step is an X-ray microtomography study of the material, in our case a composite of thermoset polymer matrix

reinforced with short flax fiber. 3D scans of the material are processed with Fast Random Forest algorithm to segment them
into a fiber, impurity, polymer and air phases. The segmented images of the fiber phase are then examined using a previously
developed approach based on expectation-minimization clustering algorithm. This treatment provides probability distributions
of geometrical features of different classes of the reinforcement such as fiber diameter, length, orientation, volume, surface
and their local variations. A further study of the segmented microtomographic scans is performed with level set algorithms
which provide the gradient information on the fiber volume fraction and orientation in the vicinity of different inclusions that
are stored as voxel maps.

Individual fiber reconstruction
We use the probability distributions obtained from X-ray tomography for diameter and length and local orientation varia-

tions. Depending on the fiber volume fraction intended for the microstructure, the volume fraction of different reinforcement
classes is calculated which is followed by the estimation of the amount of objects present in the model as well as their prop-
erties, e.g. to prohibit generation of fibers larger than the computational domain. The single fiber geometry is reconstructed
by Bezier curve of the centerline considering point-wise local orientations. Then, a series of ellipses with varying diameters
is placed on the centerline. The ensemble is used to reconstruct the fiber surface as NURBS continuous model (Fig. 1).

3D fiber distribution
Based on the gradient maps for fibers and the arbitrary matrix domain of the composite containing inclusions, a fiber

distribution and orientation is calculated and described with level set functions. Such description is used to distribute fiber
geometries accordingly in the 3D space. The intersections that may result from this operation are mitigated by exclusion zones
defined after placement of each fiber. This also ensures that the fiber volume fraction is conserved.

∗Corresponding author. Email: anna.madra@utc.fr
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Summary Statistically equivalent representative volume elements (SERVEs) are used to obtain homogenized constitutive responses of
composite microstructures with non-periodic (random) dispersion of heterogeneities. SERVEs are subjected to affine transformation based
displacement, constant-traction or periodic boundary conditions ignoring the influence of the exterior microstructure, thus, leading to very
large SERVE sizes. Novel statistically augmented boundary conditions (SABCs) derived in this paper accounts for the interaction between
heterogeneities in the SERVE and exterior domain through the incorporation of microstructural statistics via the one-point and two-point
correlation functions S1 and S2, respectively. The converged size of the SERVE is significantly smaller with the SABCs in comparison with
the conventional boundary conditions.

INTRODUCTION

Numerical homogenization of multiphase composites constitutes an important step in the integrated computational materi-
als engineering (ICME) design. Simplistic forms of homogenization assume that composites are made of periodic repetition of
unit-cell representative volume elements (RVEs). Real composite microstructures comprise of arbitrarily dispersed reinforce-
ment phases. The arbitrariness in the shape, size and spatial distribution of the reinforcing phases (particles or fibers) alter
the effective response of the composites. Suitable tailoring of the microstructure leads to efficient designs of the composite
systems. Definition of the RVE in the case of arbitrarily dispersed composite media requires elaborate numerical simulations.
Two of the most popular methodologies are the statistically equivalent representative volume elements (SERVEs) (Swami-
nathan et al., 2006) and the statistical volume elements (SVEs). Both these approaches simulate smaller volumes (compared
to the microstructural volume element (MVE) that consists of 1000s of fibers) of the arbitrarily dispersed composite using
numerical techniques (finite element being widely popular). The classical definition of SERVEs or SVEs consider only the
simulated volume and ignore the influence of fibers exterior to the simulated domain. Classically SERVEs or SVEs are sub-
jected to boundary conditions such as the affine transform (constant strain), periodic or constant stress boundary conditions
and completely ignore the microstructural details exterior to the selected RVEs. The classical boundary conditions leads to
large converged RVE sizes to obtain effective properties. In the present work, novel boundary conditions that account for
the microstructural details of the exterior are derived using the statistically informed Green’s functions (SIGF) approach that
results in the statistically augmented boundary conditions (SABCs), which are prescribed on the SERVEs. SERVEs subjected
to SABCs leads to smaller converged SERVE sizes that are computationally more efficient compared to classical boundary
conditions. Brief description of the SIGF and SABCs are provided in the next section. In Section 3, the efficacy of the SABCs
is illustrated for arbitrarily dispersed unidirectional fiber composite system and is compared with the SVEs.

STATISTICALLY AUGMENTED BOUNDARY CONDITIONS

Fiber interactions play an important role in evaluating effective properties of arbitrarily dispersed composites. Various
statistical descriptors are used to characterize the fiber dispersions, namely, local-volume-fraction distribution, nearest neigh-
bor distribution and n-point correlation functions (Ghosh et al., 1997). In the present study, the affine transform boundary
conditions are augmented with the perturbation displacements that account for the interactions of the fibers exterior to the
SERVE using the two-point correlation functions. The two-point correlation function is defined as

S2 (r, θ) =

∫

Ω

ι (xi) ι
(
xi + reθ

√
−1
)

dΩ, (1)

where Ω is the volume of the microstructural volume element (MVE), ι (xi) = 1∀xi ∈ ΩF is the indicator function and ΩF

is the volume of a given individual fiber.
The affine transformation based displacements are given by uA

i = ϵ0ij
∏
xj ↗xC

j

)
, with ϵ0ij being the applied constant strain

and xC
j is the centroid of the SERVE (or SVE). A pair of interacting exterior-interior fibers are illustrated in Figure 1. The

perturbation displacements u∗
i are dependent on the distance and orientation of the fibers with each other and the observation

point o. The distances (d12, d1o and d2o) are arbitrary (or random) in real composites and can be represented by the two-point

∗Corresponding author. Email: dv.kubair@gmail.com



correlation function of the composite microstructure using the law of the unconscious statistician (LOTUS). The Green’s
function solution to the interaction of the fibers is obtained in terms of the eigen-strains ϵΛkl in the fibers as

∫

ΩF

[∏
CM

ijpq↗CF
ijpqι (xm)

)−1
CM

pqklι (xm)↗(Sijklι (xm) + Gijkl (xp) (1↗ι (xm)))
]
ϵΛkldΩ = ϵ0ij . (2)

Ωext

d12

d2o
d1oo

Ωserve

x2

x1

∂ Ωserve

Figure 1: Two interacting
fibers

In the above equation CF
ijkl, CM

ijkl are the elasticity tensors of the fiber and matrix. Sijkl and
Gijkl (xp) are the interior and exterior Eshelby tensors of the interacting fibers. The eigen-
strains can be written in a compact form as ϵΛij = Aijkl (xp) ϵ0kl, where Aijkl corresponds to
transfer function that maps the applied strain to the eigen-strain in the fibers. The perturbation
displacements are related to the applied constant strains ϵ0ij as given by

u∗
i =

⎡

⎢⎣
∫

Ω\ΩF

Limn (xp) Amnkl (xp) S2 (r, θ) dΩ

⎤

⎥⎦ ϵ0kl, (3)

where the Limn is the tensor that maps the eigen-strains to the perturbation displacements
u∗
i . The SABCs are obtained by augmenting the affine transform displacements as uSABC

i =
uA
i + u∗

i .

EFFICACY OF THE STATISTICALLY AUGMENTED BOUNDARY CONDITIONS

The efficacy of the SABCs are illustrated by the convergence study of the SERVEs. The SERVEs are subjected to
classical (affine transform and periodic boundary conditions) as well as the SABCs. The homogenized (volumetric aver-
age) stiffness is used as the measure of convergence. The size of the SERVE (L) (and the number of fibers NF ) is sys-
tematically increased and the homogenized responses obtained by detailed three dimensional finite element simulations.
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Figure 2: Variation of the nor-
malized homogenized stiffness
tensor C̄1111/EM as a function
of the SERVE size.

The moduli ratios of the fiber and matrix was chosen to be EF /EM = 25. The
SERVEs were subjected to a constant strain of ϵ011 = 1 and the dominant normalized
homogenized stiffness C̄1111/EM is shown (Figure 2) as a function of the SERVE
size L. The homogenized stiffness converges for large SERVE sizes L > 100µm
when subjected to conventional affine transform and periodic boundary conditions,
while the converged SERVE size is around L = 35µm when subjected to SABCs
illustrating the efficacy of the SABCs.

CONCLUSIONS

Conventional definition of SERVEs accounts only for the volume of the composite
simulated. The exterior domain is assumed to be comprised of a constant strain-
energy-density medium, and hence predicts large SERVE sizes. Novel SIGF based
SABCs that account for the interactions of the fibers via the two-point correlation
function are derived and prescribed on the SERVEs. The converged size of SERVEs
subjected to SABCs are significantly smaller than the ones obtained from either the
classical affine transform or periodic boundary conditions. The present work clearly
illustrates the necessity and importance of including the description of the exterior
microstructural morphology in the definition of the SERVEs.
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MORPHOLOGICAL MICROMECHANICS OF COPOLYMERIC ELASTOMERS 
 

Hansohl Cho1, Gregory C. Rutledge1 & Mary C. Boyce2 
1Department of Chemical Engineering, Massachusetts Institute of Technology, Cambridge, MA, USA 

2The Fu Foundation School of Engineering and Applied Sciences, Columbia University, New York, NY, USA 
 
Summary: This work studies the morphological micromechanics of copolymeric elastomers comprising two dissimilar domains. New three-
dimensional representative volume elements (RVE) are proposed to mimic more realistic morphological microstructures based on the Voronoi 
tessellation. We examined the micromechanical behaviours of bi-continuous and dispersed-particle morphologies derived from the Voronoi 
tessellation for specified volume fractions (vhard: 36% and 49%) of hard and soft domains. The random yet bi-continuous morphology was 
found to show better the inelastic stress-strain features of copolymeric elastomers under large deformation than the dispersed morphology, in 
which the hard aggregates are more likely to be isolated. The micromechanical results also show the topological connectivity in the two 
domains plays a critical role in the resilient yet dissipative mechanical behaviours extensively reported in this class of phase-separated 
elastomeric materials. 
 

INTRODUCTION 
 
   Copolymeric elastomers are versatile materials for a myriad of engineering and biological applications due to their 
remarkable mechanical features under large straining.[1] The design of thermodynamically incompatible segmental 
microstructures is often used to create phase-separated morphologies comprising hard and soft domains. The two-phase nature 
results in a remarkable combination of both glassy and rubbery polymeric features including substantial hysteresis and shape 
recovery as well as rate-dependent hyperelastic-viscoplasticity.[1,2] In addition to the intrinsic properties of constituent 
polymers, the geometric features of the phase-separated microstructures critically influence the macroscopic mechanical 
behaviours. In this work, we investigate the morphological micromechanics of new RVEs in which the two domains are 
described by hyperelastic-viscoplasticity (hard) and hyperelastic (soft) constitutive laws. A random yet bi-continuous RVE is 
first presented using the Voronoi tessellations of space using random spatial points, as well as its dispersed counterpart, for a 
specified volume fraction. The stress-strain behaviours are then examined under finite straining in micromechanical models of 
the two RVEs, in which a three-dimensional periodic boundary condition was imposed to compute macroscopic responses of the 
RVEs. 
 

RESULTS AND DISCUSSION 
 
   Figure 1a shows a transmission electron microscopy (TEM) image of an exemplar material (a thermoplastic polyurethane: 
TPU) in which the volume fraction of hard domain was ~ 49%. As shown in the TEM image, the hard domain (brighter regions) 
was found to be highly continuous within the soft matrix (darker regions). At relatively high volume fractions of hard 
component, the microstructures in this class of copolymeric materials are more likely to have interpenetrating and bi-continuous 
morphologies in which the constituent domains are connected. To mimic the highly bi-continuous microstructures, a new 
representative volume element (RVE) was proposed, for specified volume fractions of hard and soft domains, as follows. First 
we drew a pre-determined number of spatially random points within the unit cell. Then we performed a standard Voronoi 
tessellation about these spatial points. Figure 1b schematically presents the Voronoi tessellated space for 5 random points under 
three-dimensional periodic boundary condition. In this rendering, the cylindrical rods represent edges of the tessellated 
polyhedral cells while the grey particles represent the original, randomly chosen points. The Voronoi tessellation provided 
information on the neighbour list for each of polyhedral cells. Then the neighbouring points were connected to the centre point of 
the given polyhedral cell via cylindrical rods if equal radii, chosen to meet the specified volume fraction of hard domains. 
Furthermore, when conducting the Voronoi-tessellation, we constructed 26 images of the central unitcell to assure the three-
dimensional periodicity of the RVEs. Figure 1c shows a bi-continuous RVE, having a hard fraction of 49%. The dispersed RVE 
was constructed simply by locating spherical domains at the centre points upon which the tessellated polyhedral cells were 
based, as shown in Figure 1d. Again, 26 images of the central unitcell were constructed and the RVE was taken from the 
supercell (3 by 3 by 3) to assure the three-dimensional periodicity. In this RVE, it should be noted that the particles were allowed 
to overlap each other to form dispersed aggregates within the unitcell. As shown in Figure 1d, some of the hard particles were 
slightly overlapped. 

 
Figure 1 Representative microstructure in a TPU with vhard: 49%. (a) TEM image (bright: hard, dark: soft); (b) Voronoi-tessellated super 
cell (3by3by3); the Voronoi-tessellated unit cell (5 random points) is shown in the inset; (c) Bi-continuous RVE; (d) Dispersed RVE; the 
RVEs are presented together with its hard and soft domains; vhard: 49% in both RVEs  

200 nm
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Abstract  For the first time, shape memory alloys (SMA) were successfully co-cured in a polyimide matrix composite to create high 
temperature, smart, hybrid composite laminates. In the work presented herein, the nickel-rich nickel titanium (NiTi) foil was used as the SMA 
constituent. A combination of laser ablation and amide acid sol-gel surface treatment performed on the NiTi foil created robust adhesion 
between the foil and the polyimide matrix. The mode-I fracture toughness of the hybrid SMA-composite interface was investigated via the 
double cantilever beam (DCB) test with in-situ digital image correlation (DIC) measurements. The dominant mode of failure revealed after the 
DCB tests was cohesive. Phase transformation in the NiTi foil was observed during the isothermal DCB tests at 25oC. Finite element analyses 
of the hybrid DCB specimen indicated that the NiTi foil underwent stress-induced phase transformation in the vicinity of the crack tip prior to 
and during crack propagation. 
 

INTRODUCTION 
 

   Hybrid high temperature composite materials are excellent candidates as lightweight structural materials for supersonic 
and hypersonic vehicles. Recently, the integration of SMA actuators into polymer matrix composite (PMC) laminates has 
attracted significant interest as a means to create smart and morphing aerospace components. The active attribute of hybrid 
SMA-PMC composites is inherent in the thermo-mechanically induced phase transformation of the SMA constituent. The 
effectiveness of load transfer between the SMA actuators and the composites dictates functionality of the hybrid structures. 
This load transfer effectiveness depends on the ability of the interface between the SMA and the PMC to propagate energy. 
It has been reported that hybrid SMA-PMC structures have been created by adhesively joining the components [1]. 
However, in these adhesive joints, there are two distinct interfaces (SMA-adhesive and adhesive-PMC) and therefore 
require a unique adhesive that can form robust interfaces with the two distinct materials to assure the optimal structural 
integrity of the hybrid composite. In this study, the SMA was surface-treated by laser ablation followed by treatment with a 
custom synthesized sol-gel formulation, and the hybrid composites were co-cured. Thus, the SMA-PMC hybrid interface 
was created without using an adhesive. That is, adhesion was achieved directly between the treated SMA surface and the 
polymer matrix of the PMC upon curing.  Fabrication and investigations on hybrid, co-cured interfaces between Al, Ti, 
NiTi and epoxy-based matrices were previously performed by Truong et al. [2-4]. This paper details our approach to 
develop high temperature, smart material systems using a custom designed robust interface to fabricate NiTi foil/polyimide 
matrix hybrid composites. The results of this experimental and computational investigation are presented herein. 

 

APPROACHES 
 

Experimental Approach 
   The hybrid composite laminate was fabricated with a single layer of Ti-50.8at%Ni foil (127 µm thick) sandwiched 
between four layers of composite pre-preg on each side. The pre-preg used in this study was 8-harness satin weave T650 
carbon fabric/AFR-PE-4 matrix (cured Tg = 392 oC). Two layers of 50-µm thick Kapton film were used to create the pre-
crack for fracture toughness tests. Prior to placing the NiTi foil in the panel layup, the foil was heat treated at 500 oC for 1 
hour followed by aging at 400 oC for 45 min, and water quenching to activate the shape memory effects. In addition, a 
combination of laser ablation [5] and amide acid sol-gel surface treatment technique [6] was performed on both sides of the 
NiTi foil surfaces to create strong adhesion through covalent bond formation with the polyimide matrix. No adhesive was 
used at the NiTi-PMC interface. The composite laminate was cured in a Wabash hot-press under a 12-hour curing cycle at 
temperature and pressure up to 371oC and 1.4 MPa, respectively. The quasi-static double cantilever beam (DCB) tests with 
in-situ DIC measurements were performed at room and elevated temperatures.  Each DCB specimen was tested by 
displacement-controlled loading to an opening displacement of 25 mm then unloaded to zero displacement. Other 
characterizations of the hybrid laminates and NiTi foil included differential scanning calorimetry (DSC), thermal-
mechanical analysis (TMA) and dynamic mechanical analysis (DMA) as well as optical microscopy (OM) and scanning 
electron microscopy/energy dispersive spectroscopy (SEM/EDS) on the cross-sections and fracture surfaces of the tested 
DCB specimens. 
Computational Approach 
   Two-dimensional finite element analyses (FEA) of the DCB specimen were carried out using the commercial FEA 
software ABAQUS to study the mode-I delamination behavior of the hybrid interface. The virtual crack closure technique 
(VCCT) with B-K mixed mode fracture criterion was used to model crack propagation at the NiTi-PMC interface. Linear 
incompatible plane strain elements (CPE4I) were used together with the built-in nonlinear geometric option in ABAQUS 
activated. Transversely isotropic linear elastic material properties were used for the PMC ZKLOH� WKH�1L7L� IRLO¶V� Qonlinear 
isotropic material properties were modelled using a user material subroutine (UMAT) defining the SMA behaviors based on 
the constitutive relations developed by Lagoudas et al. [7]. 



PRELIMINARY RESULTS AND DISCUSSION 
 

   The micro-roughness pattern created by laser ablation on the NiTi foil surface is shown in Figure 1(a). Figure 1(b) 
shows the fracture surfaces at the hybrid interface after a DCB test at 25 oC. It was observed that the dominant mode of 
failure was cohesive. The crack first started adjacent to the NiTi surface (adhesive failure) then migrated into the PMC 
region (cohesive failure) and remained there until the test completion. This suggests a strong hybrid NiTi-PMC interface 
was achieved in this work. The critical mode-I fracture toughness of this interface is 685±7 J/m2. DSC measurements 
showed that after undergoing laser ablation treatment and curing cycle, the NiTi foil still exhibited SMA behavior, and at 25 
oC, the material was fully in the austenitic phase. The DCB test results indicated phase transformation occured in the NiTi 
foil during the test. This was evidenced by the residual opening displacement at no load after the test as illustrated in the 
load-displacement plot in Figure 1(c) as well as the actual specimen shown in Figure 2(b) where the gap between the two 
arms is ~1 mm. The FEA results illustrated in Figure 2(a) revealed that the residual displacement was 1.016 mm.  

 
Figure 1. (a) Laser ablated NiTi surface (b) Fracture surfaces (c) Load-displacement curves from DCB tests at 25 oC and FEA 

 

   It can be seen from Figure 2(b) that stress-induced phase transformation occured in the NiTi foil in the vicinity of the 
crack tip. Note that before loading, the foil was completely in the austenitic phase (0% martensitic vol. fraction). Before 
crack growth from the pre-crack, the martensitic volume fraction in the foil reached 15.8% at the crack tip. As the crack 
propagated, the region containing martensitic phase in the NiTi foil grew accordingly with a martensitic vol. fraction of 
approximately 8%.  

 
Figure 2. (a) Residual displacement in the DCB after unloading (b) Martensitic volume fraction in the NiTi foil near the crack tip 

 

CONCLUSIONS 
 

  NiTi foil was successfully joined to a polyimide matrix composite laminate by co-curing. Robust adhesion between the 
NiTi foil and composite was achieved by performing a combination of laser ablation and amide acid sol-gel treatment on the 
NiTi surfaces. The mode-I fracture toughness of the hybrid interface was investigated by the DCB tests as well as FE 
analyses. It was observed both experimentally and computationally that the NiTi foil underwent a phase transformation 
during the DCB tests at 25 oC. Current analyses using DIC measurements and FEA are carried out to investigate the effects 
of SMA phase transformation as well as interfacial architecture (topography created by laser ablation on the NiTi foil and 
woven fabric reinforcements) on the strain energy release rates upon crack propagation. 
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can be used to design SMP composites. In this model, the bending behavior of the composite strip is described using 
classical laminate theory, and a multi-branch model is used to describe the viscoelastic mechanical behavior of the matrix 
and fibers. Since the recovery speed is relatively fast, the heat transfer problem is considered to capture the non-uniform 
temperature distribution in the sample during the heating process. Fig. 1g shows the comparison of the experimental and 
theoretical predictions of the initial and maximum curvatures of the PAC sample with different prescribed strains during the 
heating process. We can see that the model can predict the shape memory behavior well. 

   

Figure 1 Multi-shape memory effects of a PAC strip. (a) The design of the sample (b) Shapes of the sample at different 
temperature. (c) The comparison of the experimental and theoretical predictions of the initial and maximum curvatures of 
the sample when different prescribed strains are applied.    
 
Application of the PACs: self-folding and self-opening structure.  

As described above, by tuning the prescribed strain, the bending of the SMP composites can be controlled. We design 
and fabricate self-folding and opening structure that exploits this phenomenon based on our understanding. Here we show 
one example: a smart hook (Fig. 2). In this design, two 3D printed composites strips are connected at the ends. The structure 
was stretched by10%, cooled to 0ć and relaxed under 0ć water. The programmed flat sample can be used as a hook 
move a small box from one container to another. The sample was first put into hot water with temperature of 30ć (Fig 2b-
c). After 38s, the sample becomes a curved hook. Using this hook, we can lift up a small basket from water (Fig. 2d). To 
move the box into another container, we increase the temperature of the sample to be higher than the Tgs of the fibers (Fig. 
2e-f). From the simple design, we can see the great potential of using the 3D PACs in creating smart structures. 
 

                         
Figure 2 Self-folding and self-opening structures: smart hook. 

 
CONCLUSIONS 

 
3D printing is applied to design and create multi-shape memory composites. After being programmed by simple thermal-

mechanical training, the PACs are able to show multi-shape memory effects when stimulated by the external heating. To 
understand the multi-shape memory behaviour of the PACs, a theoretical thermo-mechanical model is established to investigate 
the curvature evolution during the shape recovery process. The influence of the programming strains on the initial and maximum 
curvature of the PACs is studied by experiments and theoretical analysis. Using the design methods and theoretical prediction, 
we show the great potential of PACs in self-folding and opening structures applications.  
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Summary Co-continuous polymer composite materials are designed and fabricated using 3d printing technique. Compression and 3 point 
bending tests are performed to achieve stiffness, strength and energy absorption abilities. The experimental results will be compared to the 
simulation results and to validate and improve the design of structures. The co-continuity of the structures contains cracking and spreads of the 
plastic deformation leading to enhancements of energy dissipation, which also provides damage tolerance of the co-continuous composites.              
 

INTRODUCTION 
 
   Interpenetrating phase composites (IPCs), also known as co-continuous composites, have been proposed to improve the 
dispersion and to increase the volume fraction of reinforcing phases [1, 2]. Natural and synthetic co-continuous composites, 
comprised of hard and soft materials, can provide excellent effective properties including stiffness, strength, impact 
resistance, toughness, and energy dissipation [3, 4]. In this research, we propose to develop high-performance co-continuous 
polymer composite materials through an integrated approach combining design, fabrication, analysis and testing aspects to 
better understand structure-property-function relationships for achieving desired mechanical properties. 
    

EXPERIMENTATION 
 
   Three types of co-continuous truss structures with simple cubic (SC), body-centered cubic (BCC), and face-centered 
cubic (FCC) Bravais lattices were designed and fabricated with an Objet Connex500 3D multi-material printer (Objet260 
Connex, USA). VeroWhite, an acrylic-based photo-polymer, was used for the truss phase structures, and TangoPlus, a 
rubber-like flexible material was used for the inverse phase structures. For each set of designs, the volume fraction of truss 
phase were held as 20%, 30%, 40% and 50%. The 50%/50% composites consists of 4x4x4 unit cells for compression testing 
and 4x4x24 unit cells for flexure testing. Three samples of each design were tested and average values were determined and 
presented for the analysis.  
   Compression tests and three point bending tests were performed using a MTS mechanical tester for force displacement 
measurements in conjunction with a video camera. All experiments were quasi-static with a constant strain rate of 0.05 
mm/s for compression tests and 0.1 mm/s for three point bending tests. Three samples of each design were tested, and 
average values were determined and presented for this analysis.  
   We also investigate the elastic-plastic mechanical response of these composites using finite element analysis (FEA) of 
micromechanical models of representative volume elements (RVEs) for each microstructure with 50% volume fraction of 
each phase. 
 

RESULTS 
 
   The experimental and simulated stress-strain curve of the three co-continues composites for compression testing are 
shown in Fig. 1(a). Typically, three regimes in the course of deformation are clearly observed in the stress-strain curve of 
the composites: (i) initial linear elastic region; (ii) plastic collapse plateau region, so called transition zone; and (iii) 
densification region. The computed stress-strain curve predicts the typical three regions well, which is in agreement with the 
experimental data. The simulated stresses are higher than the corresponding experimental values most likely due to the 
fidelity of the 3D print process. Although Objet260 has a stated resolution of ~30 ȝP�� WKH� DFFXUDF\� FDQ� VWLOO� DIIHFW� WKH�
volume fraction and distribution of each phase. Also layer to layer structures may induce the sliding process during the 
uniaxial compression which may reduce the Young's modulus and yield stress as shown in BCC and FCC composites. The 
nominal stress-strain curves show the repeatability up to 40% compression strain of BCC and FCC composites while less 
than 10% compression strain of SC composites. Fig. 1(b) shows the comparison of the von Mises stress of the co-
continuous composites and the experimental images. Cracking is observed to occur in the interior of a glassy polymer 
region rather than at an interface between phases at large strains (26% of BCC). However, these cracks do not reduce the 
stress level. Because the co-continuity of the structure constrains the cracking and enables these composites to provide 
energy absorption to larger strains before catastrophic failure in BCC and FCC composites. For FCC composite, cracking is 
not observed, instead a global shear failure occurs. Thus for this composite, strain hardening curves are smooth. The SC 
structure possesses an axially oriented columnar glassy region which supports load in direct compression deformation 
giving the stiffer stronger behaviour as compared to the FCC structure which carriers the <100> loading primarily through 
bending/shear deformation of the constituents. Similar to experimental results, simulation results indicate that deformation 



of glassy polymer in the SC, BCC and FCC structure was restricted by the presence of rubbery elastomer phase. The 
elastomer also acted as a barrier to crack propagation, forcing the crack to keep growing within the glassy polymer. These 
results suggest good ability to tailor the microstructures to achieve different failure mechanisms to enhance energy 
dissipation under large deformation. 

 
Fig. 1 (a )Simulated and experimental stress-strain curves upon uniaxial compression with SC, BCC, FCC composites; (b) 

Comparison of experimental images and computed von Mises stress of three co-continuous composites (only glassy polymer is shown) 
during uniaxial compression in the FE model. Points O, P, Q and R denote each position in the stress-strain curve (marked in (a)) . 

    
   Fig. 2 indicates the flexure properties of three samples. It can be seen that the SC composites exhibit higher flexural 
stiffness as well as maximum allowable loading compared to BCC and FCC composites. On the other hand, the FCC 
composites exhibit higher resilience compared to SC and BCC composites with approximately 100% more maximum 
deflection. This will contribute to the total energy absorption of FCC samples. Furthermore, BCC composites show both 
weak flexure stress and flexure strain properties. Simulation results fit very well with experimental results. The comparison 
of von Mises stress of three samples show that FCC structures exhibit more dispersed localized stress concentration while 
SC and FCC structures exhibit localized stress concentration at the point where fracture are observed.  

 Fig. 2 Experimental flexure stress-strain curves upon three point bending tests with SC, BCC, FCC composites. Comparison of 
experiment and simulation (only glassy polymer is shown). 

 
 CONCLUSIONS  

 
  In the current work, the compression and bending tests revealed that our co-continuous structures exhibit large energy 
dissipation while maintaining sufficient stiffness and possess considerable potential specifically for energy absorption 
applications. This could be largely due to the co-continuity of the structures by containing cracking and by spreading of the 
plastic deformation, which also provides damage tolerance of the co-continuous composites. 
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technique. By calculating the two-dimensional Fourier transform magnitudes of the spatiotemporal data corresponding to
the SAWs propagating in the region with the monolayer, the dispersion curves were visualized. In the dispersion curves, the
middle, and most strongly coupled, resonance, which corresponds to the out-of-plane mode, showed a clear avoided crossing
with the Rayleigh surface acoustic wave branch. The other two resonances, corresponding to rotational-translational modes,
appeared as attenuation zones along the Rayleigh branch. The nature of each mode was further confirmed by the utilization
of a large pump spot excitation with interferometric detection, which is predominantly sensitive to the out-of-plane motion of
the monolayer. We also coated the granular crystal with varying thicknesses of aluminum, which stiffens the interparticle con-
tact and selectively shifts the frequency of the rotational-translational modes as was predicted by our models [6]. Following
these experiments, the dependence of the out-of-plane contact resonance on amplitude and particle size was also studied, and
compared with predictions utilizing elastic and elasto-plastic contact models.

The acoustic response of ordered and disordered multilayer microscale granular crystals were also studied. The multilayer
microscale granular crystals studied ranged from two to ∼ 50 layers thick. For crystals that are a few layers thick, surface
waves were generated and measured using laser induced transient grating spectroscopy and compared with analytical models
describing surface waves in a layered half space. For thicker samples, the effect of static compression and pump amplitude on
plane wave propagation in the microgranular medium was explored utilizing large pump spot generation and inteferometric
detection. The measurements were compared with effective medium models accounting for effects due to particle contact
nonlinearity.

These experiments open the door for the study of ordered and reduced-dimensional microscale granular systems. In con-
trast to their macroscale counterparts, microscale granular crystals offer similar potential as dynamically adaptive material
systems, but have smaller overall system scales, can be fabricated in rapidly and in large quantities utilizing self-assembly
techniques, and may enable multifunctional material system concepts with acousto-optic or acousto-plasmonic functionali-
ties. The experiments presented in these works represent a novel method for characterizing the contact dynamics of microscale
particle networks. These studies provide new information regarding microscale particle contact mechanics and network for-
mation, and will lead to an improved understanding of wave propagation in microscale granular media. Applications of these
findings may include areas such as shock mitigation, energetic materials, seismic exploration, powder processing, and acoustic
signal processing and sensing.
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(a) Nondimensional resonance frequencies ω∗ = ωa/cs of the first
three modes
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(b) Participation factors Kp of the first three modes

Figure 1: Resonance frequencies and participation factors for composites containing soft spherical inclusions of radius a

EIGENMODES OF A SPHERICAL INCLUSION

Classical works provide the eigenmodes of a sphere free at its boundary [7, 8]. The case of fixed boundary is less frequently
seen but was studied early by Debye[6]. Some eigenfrequencies for the fixed boundary were obtained also by Schafbuch et
al.[5]. The eigenmodes are obtained from the classical solution of the dynamic displacement field in spherical coordinates [7]
using separated variables , that can be expressed by using spherical bessel functions j n and associated Legendre functions P m

n .
An important part of our work has been to select the eigenfrequencies of interest for the homogenization problem. Indeed,
taking into account the axial symmetry of the problem related to a given direction of matrix acceleration γ (m) and due to
the fact that the integral over the sphere of many of the separated solutions is null, the only case to consider corresponds to
m = 0, n = 1. Then, the solution of the boundary problem within the sphere (omitting p index) is given using spherical
coordinates by:

vr = A
r [U1(αr) + q.U3(βr)]cosθ

vθ = = −A
r [V1(αr) + q.V3(βr)]sinθ

(5)

where U1, U3, V1, V3 are expressed using spherical Bessel functions j1 and j2, A and q being constants. α and β are the
wavenumbers α = ω/cp,β = ω/cs where cp and cs are velocities of P-waves and S-waves. The eigenfrequencies are
obtained by writing the boundary condition of null displacement at the boundary r = a of the sphere, leading to the equation
for the nondimensional eigenfrequencies:

[j1(qω
∗)− qω∗j2(qω

∗)][2j1(ω
∗)− ω∗j2(ω

∗)]− 2j1(ω
∗)j1(qω

∗) = 0 (6)

where q = cs/cp and ω∗ = ωa/cs. The expressions of vr and vθ are obtained by introducing the eigenfrequencies within
equations (5), that allows us to compute the averages in (4) and therefore the participation factors K p. Figure 1a displays the
eigenfrequencies as functions of the Poisson’s ratio and figure 1b displays the related participation factors. The figure shows
that the resonance frequencies increase with the Poisson’s ratio, as for the case of composites containing composite inclusions
[4]. The participation factor of the first mode is predominant at lowest values of Poisson’s ratio ν, but its contribution decreases
with the Poisson’s ratio, becoming inferior to the one of the second mode near ν = 0.5. The higher modes, not shown here,
have all participation factors lower than 0.1.

CONCLUSIONS

A dynamic behaviour of metamaterial type is obtained for composites containing soft spherical inclusions, using asym-
totic expansion to characterize the scaling of physical poperties leading to such a behaviour. An explicit expression of the
dynamic effective specific mass has been obtained for the case of spherical inclusions, including only the eigenfrequencies
that contribute to the specific mass.
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Summary Elastomers are used as the dielectric layer in capacitors. Their electric capacitance depends on the configuration of parallel
conductive plates and the permittivity of the dielectric material. The properties of composite materials can be altered by varying their filler
structures. We examine the influence of chain-like structures introduced into polydimethylsiloxane-iron particle dielectric composites on
its permittivity using numerical approaches. Parameters studied include the filler volume fraction, clearance between the chain ends and
the conductive plates, spacing between adjacent chains, inter-particle spacing within each chain, and radius of the filler particles. The
permittivity increases with volume fraction and inter-chain spacing but decreases as particle size increases. The introduction of chains into
polydimethylsiloxane(PDMS) increases the permittivity up to ≈ 1.8 times that of composite with randomly distributed particles, but the
particle must be connected for this enhancement. This result is useful for further development of the electrical applications of elastomeric
composites.

INTRODUCTION

Rubber-like materials, such as silicone rubber, are good electrical insulators and serve as the dielectric medium in capac-
itors due to their low cost, light weight, and excellent hydrophobicity. Adding conductive filler particles into the elastomer
improves the electric properties such as the effective permittivity of the composite. Based on conventional theory, the effective
properties of a composite depends only on the volume fractions of the respective individual constituents and their properties.
The geometry of the filler constituent also influences these effective properties [1]. An embedded geometry can be created by
applying an external field on a liquid polymer that is infused with suspended particles, e.g., a magnetic field with the magnetic
nanoparticles (MNPs) contained in a ferrofluid [2]. After the polymer is cured, the nanoparticle distribution is locked in place
and the external field can be removed. A common geometry created using MNPs is chain-like structure. The influence of
embedded chain structures on the electric permittivity of an elastomeric composite is not well understood, whereas it could
be beneficial for the development of electronic applications such as 3D circuit boards [3], flexible electronics [4], 3D printed
sensors [5], data storage [6] and optics [7] etc.

METHODS

A DC electric capacitor with dielectric PDMS and iron particle composite was modeled at steady state using COMSOL
Multiphysics! 5.1 to investigate the effect of particle organization on the permittivity of the composite. The capacitor was
constructed using two parallel plates containing a particulate filled elastomer as the dielectric medium that had embedded
linear chains of spherical particles, as shown in Fig. 1. The investigation considered the influence of (1) inter-particle distance
h1, (2) inter-chain distance h2, (3) clearance between the upper plate and the chain end h3, (4) particle radius r, and (5) filler
volume fraction ψ.

The effective relative permittivity of this dielectric composite was obtained from the capacitance of the parallel plate
capacitor using the relation,

C =
ε0εA

d
, (1)

where C denotes the capacitance, ε0 the absolute permittivity of free space, ε the relative permittivity of the dielectric medium,
A the surface area of single plate, and d the distance between the two parallel plates of the capacitor. The permittivity of PDMS
is 2.69 and of iron is assumed to be 2.8 × 105, which approaches an inordinately large value compared to 2.69 for an ideal
metal [8]. A, d, and the applied voltage across the plates were kept constant as 314 µm2, 7 µm, and 1 µV, respectively. Once
the overall capacitance is obtained from the simulation, the effective relative permittivity of the composite can be determined.

In order to study the effect of the embedded chain structure, a permittivity index is introduced as

Permittivity Index =
ε

εrandom
, (2)

that rationalizes the effect on the permittivity of the composite with chain structure (ε) by normalizing it to the permittivity
of the same composite with randomly distributed filler particles (εrandom). Various procedures were performed to verify this
model approach.

*Corresponding author. Email: ikpuri@mcmaster.ca
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Summary The effect of filler addition on the mechanical and piezoelectric properties of polyvinylidene fluoride (PVDF) is studied for 
two reinforcements, namely, multi-walled carbon nanotubes (MWCNTs) and barium titanate (BaTiO3) nanoparticles. Addition of 
BaTiO3 nanoparticles and MWCNTs to PVDF resulted LQ�UHGXFWLRQ�RI�<RXQJ¶V�PRGXOXV�E\�DSSUR[LPDWHO\ 60 and 75%, respectively. 
BaTiO3 nanoparticles increased elongation at break by about five times that of PVDF and generated about 3.5 mV of output. 
 

INTRODUCTION 
 
   Polyvinylidene fluoride (PVDF) is a well-known piezoelectric polymer used in actuation, sensing and energy 
harvesting applications. Being a polymer, PVDF possesses the characteristics of low density, flexibility and 
printability in contrast to the conventional highly piezoelectric ceramic materials like lead zirconium titanate (PZT) 
and barium titanate (BaTiO3). The piezoelectric coefficient (d33) of PVDF is 33 pC.N-1 [1], which is much lower than 
that of PZT, 360 pC.N-1 [2], and BaTiO3, 260 pC.N-1 [3]. The addition of multi-walled carbon nanotubes (MWCNTs; 
0.03 wt.%) has shown to increase the piezoelectric coefficient of PVDF to 57.6 pC.N-1 [4]. But the addition of fillers 
can have an adverse effect on the flexibility and printability of PVDF. The effect of nanoparticle addition on 
printability was studied in our previous work using solvent-cast 3D printing technique [5]. PVDF/BaTiO3 
nanocomposites were more printable than PVDF/MWCNT nanocomposites due to the inhomogeneous mixing of the 
nanotubes leading to considerable nozzle clogging during printing. Here, the effect of addition of MWCNTs and 
BaTiO3 nanoparticles on the mechanical and piezoelectric properties of PVDF is investigated.  
  

MATERIALS AND METHODS 
 
   PVDF (Sigma Aldrich) was mixed with 1 wt.% BaTiO3 nanoparticles (Nanostructured & Amorphous Materials 
Inc.) and MWCNTs (NanocylTM) by ultrasonication to prepare nanocomposites according to the process described in 
[6]��39')�DQG�LWV�QDQRFRPSRVLWH�VROXWLRQV��IXUWKHU�UHIHUUHG�WR�DV�µLQNV¶��ZHUH�SRXUHG�LQWR���mL syringe barrels to 
enable printing. The syringe barrels were placed into a dispensing system (HP-7X, EFD) to apply a precise pressure 
for extruding the inks. A robotic head (I&J2200-4, I&J Fisnar Inc.), controlled by a commercial software (JR Points 
for Dispensing, Janome Sewing Machine) enabled the deposition of the inks on a moving platform. Films were 
printed with the inks at an extrusion pressure of 1000 kPa using a 100 µm nozzle and robotic speed of 20 mm.s-1.   
   Tensile tests were carried out on an MTS Insight testing machine according to ASTM D882 standard. Five samples 
for each type of film (width = 6 mm; gauge length = 50 mm; avg. thickness = 120 µm), were tested at a grip 
separation rate of 500 mm/min using a 1000 N load cell.   
   To form the film sensors, silver (3 cm × 3 cm) was first hand painted near one edge of rectangular acrylic beams 
(32 cm × 3 cm) to form the bottom electrode. The inks were 3D printed on top of the electrode with the same 
parameters as used for tensile tests. After complete evaporation of the solvent, another layer of silver was painted on 
nanocomposite layers to form the top electrode. For piezoelectric tests, the beam was mounted on an electromagnetic 
shaker (Model# K2007E01, The Mode Shop Inc.). The strain generated by the harmonic excitations from the shaker 
to the beam caused the PVDF sensor to alternatively stretch and compress in the in-plane direction, producing 
charges along the thickness. The charges were amplified and converted into voltages by a charge amplifier (Piezo 
Film Lab Amplifier, Measurement specialities). The voltage generated by PVDF based sensors was compared with 
that of a commercial force sensor (288D01 SN 2960, PCB Piezotronics). 
 

RESULTS AND DISCUSSION 
 
   The stress-strain curves in Figure 1a show decreased tensile strengths in the nanocomposite films. Addition of the 
nanoparticles also lowered the <RXQJ¶V�PRGXOXV of PVDF from 237 MPa to 63 MPa in PVDF/MWCNT and to 95 
MPa in PVDF/BaTiO3. MWCNTs did not have any considerable effect on the elongation properties whereas the 
incorporation of BaTiO3 nanoparticles exhibited an increase in elongation by over 5 times that of neat PVDF films. 
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The decreased moduli and strength, and the increased elongation in the nanocomposites might be attributed to the 
porous nature of the films. SEM images (insets in Figure 1a) show increased porosity in case of the nanocomposite 
films; PVDF/MWCNT possesses highest porosity (~10%, areal) supporting the decrease in modulus. The increased 
elongation at break along with the decreased modulus in PVDF/BaTiO3 films is an added advantage in sensing 
applications as the films will have larger deformation at the same load, thereby, increasing the sensitivity and thus, 
the output voltage as compared to the PVDF/MWCNT films.  

         
Figure 1: (a) Stress-strain curves obtained from the tensile tests of PVDF, PVDF/BaTiO3 and PVDF/MWCNT 

films. Insets show SEM images of the films corresponding to each curve (Scale bar: 10 µm). (b) PVDF/BaTiO3 and 
commercial force sensor output as a function of frequency. Inset shows the schematic of the test setup where the 
sensor is printed on the upper surface of the beam near the clamped extremity. 

 
   The beams with the printed sensors were excited sinusoidally between 1-12 Hz using the electromagnetic shaker. 
The maximum response of the sensors was obtained close to the theoretical natural frequency of the beam (8.4 Hz). 
Amongst the three sensors, the one with 1 wt.% BaTiO3 nanoparticles (voltage output shown in Figure 1b) produced 
higher voltages, which is coherent with the results from the mechanical tests. The highest voltage generated by 
PVDF/BaTiO3 sensor was about 3.5 mV; this corresponded to a transverse force of 0.34 N as detected by the 
commercial force sensor placed at the tip of the shaker. Higher voltage generation in case of PVDF/BaTiO3 sensors is 
attributed to the high piezoelectric coefficients in BaTiO3 as compared to MWCNTs and the increased flexibility as 
seen from the tensile tests. The effect of multiple loading cycles on the flexibility should further be studied.   
 

CONCLUSIONS 
 

   PVDF/BaTiO3 films exhibited over five times more elongation than neat PVDF and led to the generation of 
measurable voltages. Although the PVDF sensors fabricated in this work produced measurable voltages, they are 
significantly lower than those of the piezoelectric ceramics and the sensor is not very sensitive away from the 
resonance frequency. Future studies with higher BaTiO3 nanoparticle contents could be pursued to attain higher 
piezoelectric properties and facilitate the sensing measurements. 
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Summary: The deposition of multi-phase materials with microstructural control enables the integration of microstructure and structural 
features, which creates new pathways towards optimizing component performance. Here, we demonstrate that acoustic microfluidic print 
nozzles are an effective pathway to control SiC whisker orientation and packing density in printed composites. In addition to the ability to tune 
microstructure along a single print line, the overall concentration of reinforcements can be increased by selectively isolating a stream of focused 
fibers, enabling the deposition of material with higher fiber volume fractions than the initial ink composition. We show that even modest 
volume fractions of acoustically-focused and concentrated SiC fibers can produce printed composites with unprecedented control over 
microstructural ordering that exhibit strengths rivaling polymer-matrix composites with higher volume fractions of stiffer fibers. 
 
   The ability to control fiber alignment at high volume fractions would create new opportunities to print ultra-strong 
composite materials with engineered anisotropic properties (mechanical, electrical, thermal, and optical). A promising 
approach for achieving top-down control over microstructure is to combine field-assisted assembly with direct deposition.  
While electrostatic or electromagnetic 
fields are suitable for a narrow range 
of ink compositions and particle types, 
acoustic fields are broadly applicable to a 
wide class of colloids, spanning a broad 
range of composition, particle shape, and 
size We demonstrate acoustic-field-
assisted deposition of two-phase aligned 
composites, such as SiC fibers in epoxy, 
using microfluidic print nozzles coupled 
to inexpensive piezoelectric actuators. 
Mechanical characterization of printed 
materials with varying microstructures 
show that significant gains in strength 
with even modest additions of SiC fibers 
in epoxy as a result of unprecedented 
control of the printed microstructure.  
 

   The two-stage acoustic nozzle 
schematic shown in Figure 1 illustrates 
the alignment of fibers in a viscoelastic 
matrix, which results from an applied 
acoustic force generated by piezoelectric 
elements mounted above the nozzle 
pathway. These nozzles are 
microfabricated in silicon (150 µm 
deep) with a bonded glass capping layer according to the procedures in Ref. [1], with piezoelectrics bonded to the nozzle to 
generate standing waves in the channel. 
 
   Critically, acoustic focusing enables control of the microstructure of the deposited line “on the fly” by modulating 
acoustic excitation parameters, as demonstrated in Figure 1B for SiC fibers in epoxy. In this case, when the excitation 
frequency is tuned to induce focusing (“focus on”), fibers collapse to the center of the print line. The focusing transition 
occurs quickly enough to tune the microstructure from densely packed to distributed fibers within approximately one 
filament width. When the excitation frequency is changed (“focus off”), fibers spread nearly uniformly throughout the print 
line. The transition between focused and de-focused microstructures, and vice versa, is approximately symmetric; this 
transition is influenced by the shape of the focus zone in the (x,z)-plane and the flow speed in the channel.  
 
   Figure 2A is a schematic of the single-channel nozzle geometry; in all cases, the print nozzle is stationary and the print 
substrate moves relative to the printhead. The effect of excitation voltage on microstructure is shown in Figure 2B for 0 and 
23 V (peak-to-peak). For the control condition (0 V), no fiber focusing is apparent, and cross-sectional imaging reveals a 

Figure 1: (A) Conceptual illustration of acoustic print nozzle. Piezoelectric 
actuation generates acoustic forces that align fibers during printing. Multiple 
piezos in series enable enhancement of fiber volume fraction of the printed via 
removal of flash. (B) Printed line with continuously varied microstructure. The 
focusing frequency is tuned to induce focusing of SiC fibers in epoxy; when the 
frequency is tuned away from resonance (“focus off”), the fibers spread to the 
width of the deposited line.  



distribution of fiber orientations; as the voltage is increased, deposited fibers focus to a smaller cross-section within the 
printed line.   

 
   Figure 2C shows representative tensile test results for base ink (with no fibers) and inks with varying SiC fiber 
distribution (focused vs. unfocused). The base ink exhibits significant ductility and moderate strength and Young's modulus. 
The addition of 0.8 vol% SiC increases both strength and modulus and decreases ductility. The tensile test results in Figure 
2C indicate that the printed microstructure has significant effects on the modulus and strength of printed parts. The different 
microstructures (focused vs. unfocused) exhibit different moduli for the same fiber loading, with only the latter approaching 
values estimated from an upper-bound rule-of-mixtures calculation[2]. A possible explanation for the lower moduli of 
focused samples is a difference in stress transfer from fibers to the matrix (vs. that in unfocused samples with distributed 
fibers), as suggested by the shear-lag model of Halpin and Tsai[3] for short-fiber composites. In the focused condition, it is 
likely that aggregated fibers are close enough to preclude load transfer across the entire fiber surface: in essence, the 
surface-area-to-volume-ratio decreases for a focused “band” of closely arranged fibers, leading to lower composite modulus 
values for a given fiber volume fraction. Consequently, this enables new printing modalities such as the ability to modulate 
the stiffness locally in a printed part by temporally varying excitation to manufacture functionally graded materials or 
custom lattice structures. In terms of overall stiffness and tensile strength, these results are highly promising, as even the 
small volume percentage of SiC fibers used in the present work have significant effect on measured Young's modulus and 
the strength of concentrated samples rivals that of epoxy composites with higher volume fractions of stiffer carbon fibers[4]. 
 
Although the focus is on acoustic print nozzles, the approach is scalable upwards in terms of fiber size, in that acoustic 
focusing forces increase with the volume of the fibers in solution. Our approach is also highly parallelizable in the sense that 
multiple print nozzles of the scale presented here can be utilized simultaneously. As a relatively material agnostic technique 
for microstructural control, acoustic-focusing-assisted additive manufacturing greatly expands the library of printable 
multiphase inks and is thus highly complementary to existing and emerging 3D-printing technologies. 
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Figure 2: (A) Schematic of a microfluidic print nozzle with a coupled piezoelectric actuator driven at a peak-to-peak 
voltage (V), with deposition speed controlled by the substrate velocity (v). Print line microstructures for a constant 
deposition speed of 3.7 mm s-1 and increasing excitation voltage from 0 to 23 V in plan view (left) and cross-section 
(right). (B) Mechanical characterization of SiC/epoxy inks for tensile tests of the base ink material (epoxy, no fibers) as 
well as inks with 0.8 vol% SiC fibers for unfocused and focused conditions.    
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Summary Theoretical predictions of steady state kink band broadening in compressed layered materials are compared to numerical 
calculations using the finite element method. Numerical predictions of infinite kink band formation and evolution follow a scheme in which a 
thin slice of material with individually discretized fiber and matrix layers are subject to periodic boundary conditions. 
 

KINK BAND FORMATION 
 
   Composites loaded by compression along the fibers are prone to fail by the development of so-called kink bands. These 
are bands of material where the fibers inside the band have rotated relative to the fibers outside the band. The failure 
mechanism is critical in the sense that the load carrying capacity of the material is in most cases lost at that stage. Kink band 
formation as a failure mechanism is observed in unidirectional fibers as well as in multi layered composites with different 
layups inside the individual layers. For structural components loaded in bending, it is this failure mode which should be 
used as a design load since the critical stress in compression is considerably lower than the critical load in tension in 
absolute values. The critical stress for kink band formation is known to be sensitive to structural imperfections such as 
misalignments of the fibers relative to the load direction, and to non-linear material behavior of the matrix material due to 
plastic deformation. This makes theoretical investigations as well as finite element predictions of kink band formation 
challenging as they must involve large deformations allowing for non-linear behavior of the constituents as deformations 
evolve. A sketch of the infinite kink band geometry is shown in Fig. 1(a). 
 

    
(a)                                          (b) 

 
Figure 1. Schematic illustration of kink band geometry (a), and a typical normalized stress, -V11/G, vs. normalized end shortening, G/L0, 

response (b). Kink band inclination, E, fiber rotation, I, and band width, b, is indicated. 
 
   A typical, corresponding stress vs. end shortening response is shown in Fig. 1(b) where the kink band is initiated at stage 
(b) following an almost linear pre-bifurcation response (a). The deformations localize from stage (b) via stages (c) and (d) to 
stage (e) in Fig. 1(b). This involves a snap back behavior in the stress vs. shortening response. After stage (e) in Fig. 1(b), 
the deformations inside the kink band stabilize, and upon further loading, a steady state is achieved in which the kink band 
starts to broaden, i.e. the band width, b, increases at constant applied external stress, -V11, which in the figure above is 
normalized by the elastic shear modulus, G, of the composite. The later stages of deformation from stage (e) to (f) and 
beyond in Fig. 1(b) is referred to as the kink band broadening regime and is the focus of the present work. 
 

KINK BAND BROADENING 
 
   Strain localization in the form of kink bands in uni-directional composites loaded by compression in the fiber direction 
may, as previously stated, for sufficiently ductile constituents be followed by a response in which the matrix material inside 
the kink band undergoes stiffening. This state is in the literature referred to as the lock-up condition, and when this occurs it 
restricts further deformation inside the band. Instead, upon external loading, overall deformation takes place by broadening 
of the kink band at fixed external load or stress. The phenomenon of kink band broadening was described initially in [1] 
based on experimental observations in a carbon/PEEK fiber/matrix system. Only few theoretical analyses of kink band 



broadening exist e.g. [2] and [3]. The lock-up conditions necessary for determining the steady state broadening response 
was in [2] taken as the condition  I� ��E  formulated initially by experimental observations in geological materials. The 
condition  I� ��E  corresponds to a zero volumetric straining condition. In [3], an energetic approach to determine the 
lock-up condition was taken by equating the work done by external loading on the overall deformations to the internal work 
done by stresses on strains in the kink band at steady state propagation. The analysis was based on the constitutive model 
for composite materials developed in [4-5]. Good agreement between the lock-up conditions in [2] and [3] was achieved. 
   Computational models for studying kink band formation include individually discretized fiber and matrix models e.g. 
[6] and [7]. Such models have been successful in capturing kink band initiation and the response immediately after but they 
have not been effective in capturing the steady state broadening response. The present work is devoted to a study of efficient 
numerical modelling of kink band broadening using individually discretized fiber and matrix layers in combination with the 
finite element method. 
   Calculations are performed for a thin slice of alternating fiber and matrix layers with periodic boundary conditions 
prescribed to model an infinite kink band. One of the difficulties with the individually discretized fiber and matrix models is 
the wide-spread influence observed of the boundary conditions on the kink band formation and propagation. In Fig. 2(a), 
results are shown for the predicted stress vs. end shortening response demonstrating that a steady state has been reached 
where the stress is constant. 
 

         
 

(a)                                         (b) 
 

Figure. 2. Load vs. end shortening response (a), and (b) two stages of deformation of a thin slice of alternating fiber/matrix layers showing 
broadening of the kink band. A minimum value, Et,min , for the tangent modulus of the matrix material has been included. 

 
In Fig. 2(b), two stages of deformation in the composite are shown during steady state broadening of the kink band. The top 
slice is at an early stage of propagation and the bottom slice at a late stage, where it is seen that the deformation inside the 
kink band between the kink band boundaries remains constant and the overall deformation takes place by broadening of the 
kink band, i.e. with reference to Fig. 1(a), b increases between the two stages. This takes place at a constant overall stress 
applied to the composite material. 
 

CONCLUSIONS 
 

   Finite element calculations of kink band broadening using periodic boundary conditions for a thin slice of alternating fiber 
and matrix layers are presented. Comparison with previous results for the broadening stress and the state of deformation inside 
the kink bands show good agreement. 
 
References 
 
[1] Moran, P.M., Liu, X.H., Shih, C.F.: Kink Band Formation and Band Broadening in Fiber Composites under Compressive Loading. Acta Mater. 43: 2943-

2958, 1995. 
[2] Budiansky, B., Fleck, N.A., Amazigo, J.C.: On Kink-Band Propagation in Fiber Composites. J. Mech. Phys. Solids. 46: 1637-1653, 1998. 
[3] Jensen, H.M.: Analysis of Compressive Failure of Layered Materials by Kink Band Broadening. Int. J. Solids Structures.,36: 3427-3441, 1999. 
[4] Christoffersen, J. & Jensen, H.M. Kink Band Analysis Accounting for the Microstructure of Fiber Reinforced Materials. Mech. Mat. 24:305-315, 1996. 
[5] Jensen, H.M. & Christoffersen, J.: Kink Band Formation in Fiber Reinforced Materials. J. Mech. Phys. Solids. 45:1121-1136, 1997. 
[6] Kyriakides, S., Arseculeratne, P., Perry, E.J., Liechti, K.M., On the Compressive Failure of Fiber Reinforced Composites, Int. J. Solids Structures 32:689±

738, 1995. 
[7] Wind, J.L., Steffensen, S., Jensen, H.M. Comparison of a Composite Model and an Individually Fiber and Matrix Discretized Model for Kink Band 

Formation. Int. J. Non-Linear Mech. 67: 319-325, 2014. 

Kink band boundaries 
 

Early propagation 
stage 
 

Late propagation stage 
 



 

 

a) Corresponding author. Email: mandewapriya@sfu.ca. 
 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada  

MODELLING ADHESION OF DEFECTIVE GRAPHENE INTERFACES  
 

Dewapriya, M. A. N1a) & Rajapakse, R. K. N. D.1 
1School of Engineering Science, Simon Fraser University, Burnaby, British Columbia, Canada  

 
Summary We develop a homogenous spring model to characterize the influence of surface defects on the adhesion properties of graphene 
interfaces. The modeled correlation between cohesive energy and interfacial separation of graphene silicon-dioxide interface is compared 
with molecular dynamics simulations, and the results are in good agreement. 
 
The exceptional electromechanical properties of graphene have facilitated the development of the next generation of 
nanodevices. These state-of-the-art nanodevices, such as sensors and transistors, have profound impacts in numerous 
engineering disciplines, ranging from biomedicine to aerospace [1]. Recent experiments show that graphene could also be 
used as an ultra-strong reinforcement for composite materials [2]. Using graphene as reinforcement provides an excellent 
opportunity to transfer the superior electromechanical properties of graphene, across multiple length scales, up to the 
macroscopic level. In both graphene-based nanodevices and composite materials, graphene is in contact with adjoining 
materials, creating mechanically weak interfaces between graphene and the other materials. On the other hand, during the 
fabrication of graphene-based systems, defects such as surface impurities are unavoidable. These defects could highly 
deteriorate the mechanical properties of graphene [3-6], which will ultimately influence the performance of graphene-based 
systems. Therefore, understanding the effects of defects on the mechanical properties of both graphene and graphene 
interfaces is critically important in designing reliable graphene-based systems. 
 In this paper, we develop a homogenous spring model to characterize the influence of surface defects (e.g., vacancies, 
adatoms) on the adhesion properties of graphene interfaces. Discrete nature of this interface model allow us to investigate 
the influence of point defects such as vacancies and adatoms, which breaks the continuity of the interface; therefore, the 
continuum-based models (e.g., [7-9]) cannot be employed. We use the adhesion properties of graphene-silicon-dioxide 
(SiO2) interface, which is one of the most widely studied interfaces [9,10], obtained using molecular dynamics (MD) 
simulations to validate the proposed model.  

We modelled the interfacial adhesion of graphene-SiO2 system using Lennard-Jones (LJ) potential, and the adhesion 
between carbon atoms of graphene and the SiO2 substrate is represented by nonlinear springs. Fig. 1(a) graphically 
demonstrates the graphene-SiO2 system, and Fig. 1(b) shows the proposed spring model characterizing the interaction 
between graphene and SiO2 substrate. One end of the springs are attached to carbon atoms of graphene and the other ends 
are connected to the substrate, which is assumed infinitely rigid considering the magnitude of van der Waals force and the 
stiffness of SiO2 and other typical substrate materials. During the delamination process, graphene sheet is assumed to be 
conforming completely to a flat SiO2 substrate. The separation distance between graphene and SiO2 substrate is l, and the 
dimensions of the SiO2 substrate are considered infinitely large. Energy stored in a nonlinear spring, U(l), can be expressed 
in terms of the van der Waals energy between a carbon atom and the SiO2 substrate as 
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where, εcj and σcj are LJ constants, and the subscript j represents substrate atoms, which are silicon and oxygen in SiO2; ρj is 
the atomic density of the atom type j. More detail on the development of the spring model is given in [11]. 
 
 

 
 

 
 
 
 
   

 
 
 

 
 
Fig. 1 (a) Three-dimensional view of the graphene-SiO2 system. (b) The proposed spring model characterizing interfacial adhesion between graphene and 
SiO2 substrate. 

(a) (b) 



Figure 2(a) shows the theoretical model characterizing the interfacial adhesion of a defective graphene-SiO2 interface. 
The hydrogen adatom is assumed to be on the side of SiO2 substrate, inducing a higher influence on the adhesive properties. 
l1 is the out-of-plane deformation of the carbon atom attached to an adatom, and the distance between the plane of graphene 
and the hydrogen adatom is l2. Using MD simulations, we found the values of l1 and l2 are 0.5 Å and 1.58 Å, respectively. 
Moreover, these values are independent of the interfacial separation l and the concentration of adatoms. The spring Sd in 
Fig. 2(a) models a carbon atom with an adatom, and this spring has an energy contribution from the adatom as well. 
Therefore, energy stored in the spring (Ud) can be expressed as 
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Fig. 2 (a) The spring model characterizing graphene-SiO2 interface with hydrogen adatoms. (b) Comparison of the proposed model with MD simulations. 
 

Figure 2(b) compares the MD simulation results with the developed homogenous spring model. MD simulation results 
show that as the hydrogen adatom concentration increases, initially the equilibrium cohesive energy of graphene-SiO2 
system (i.e. |ϕmax|) rapidly decreases. However, after a certain concentration of hydrogen adatoms (~10%), the cohesive 
energy starts to increase again; whereas, the equilibrium separation continually increases with the adatom concentration. 
The proposed spring model captures these variations of cohesive energy accurately, and the model is accurate even at a 
concentration of 20%. According to the model, equilibrium cohesive energy of a pristine interface is 162.8 mJ/m2, which is 
in between the experimentally measured values: 96 mJ/m2 [12] and 450 mJ/m2 [13]. The model is a computationally 
efficient tool to analyze the interfacial properties of advanced graphene-based systems, and the model can also be 
parameterized to investigate the properties of any material interface at the atomic scale. 
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Summary: Combining high strength, hardness and high toughness remains a tremendous challenge in materials engineering. In particular hard 
materials like ceramics tend to be brittle, while more ductile and tough materials like metals are not as hard. In this work we increase the toughness 
of glass panels by carving architectures within the material using three-dimensional laser engraving. Glass is relatively stiff and hard but it has no 
microstructure, no inelastic deformation mechanism, low toughness and poor resistance to impacts. Here we demonstrate how introducing a 
controlled architecture in glass completely changes the way this material deforms and fails. In particular these new architectured glass panels can 
absorb two to four times more impact energy compared to plain glass. Architectured glass panels also display non-linear deformation and 
progressive damage and failure. Micro-architecture, bio-inspiration and top-down fabrication strategies can offer new pathways to completely 
transform the mechanics and performance of materials and structures. 
 
 

INTRODUCTION 
 
Despite large efforts in material development and mechanics, there are still combinations of mechanical properties which 
remain inaccessible to engineering materials. For example achieving materials which are simultaneously hard and tough is 
highly desirable for many applications, yet these properties remain mutually exclusive in engineering materials [1]. Recently, 
materials with sophisticated three-dimensional architectures have emerged in an attempt to fill these gaps. Architectured 
materials introduce specific structural features at a length scale which is intermediate between their microstructure and the 
size of the component. Because the length scale associated with this architecture is larger than traditional microstructures, 
higher level of morphological control can be achieved using existing fabrication technologies. This high morphological 
control results in a tight control over the deformation and fracture mechanisms [2]. In dense architectured materials, stiff 
building blocks are assembled in larger structures, and the interfaces between the blocks are weak so they can generate a 
wealth of non-linear deformation mechanisms and crack deflection, which echo the concepts found in natural materials. In 
topologically interlocked materials (TIMs) the blocks have specific shapes which interlock to form architectured materials 
with combined strength and toughness under transverse static and impact loading. These materials also display quasi-ductile 
behavior, localized damage, and re-manufacturability [3].   
 

FABRICATION OF ARCHITECTURED GLASS PANELS 
 
In this work we present a new fabrication technique based on a top-down strategy and where weak interfaces are carved within 
a hard but brittle material. We used glass as a base material, and three dimensional laser engraving to generate weak interfaces 
within the bulk of the material. We generated topologically interlocked interfaces using a three-dimensional laser engraver 
(Model Vitrolux, Vitro Laser Solutions UG, Minden, Germany) equipped with a pulsed UV laser (355 nm, 0.5W cw pumped, 
4 kHz repetition rate, 4-5 ns pulse duration). The laser engraver focused a nano-second ultraviolet laser beam into the glass 
panel, generating micro-defects at the successive focal points (Fig. 1a). Arrays of these defects generated weak interfaces 
which could control and channel deformation and failure mechanisms [4]. The interfaces defined three-dimensional blocks of 
glass shown on Fig. 1b. Two of the sides are tilted inward and the other two outward by the same angle T, called interlocking 
angle. The architectured 
panel is composed of 
several of these blocks, 
arranged in order to form 
a dense, interlocked 
structure (Fig. 1c). Using 
this strategy, the 
deformation mechanisms 
of a panel made of stiff 
but brittle blocks was 
augmented by sliding at 
the interfaces between 
the blocks. 
 



MECHANICAL PERFORMANCE 
 
We assessed the performance of the glass panels at high deformation rates by impacting them with a 67.3g, 25 mm diameter 
steel ball. The glass panels were positioned so the ball impacted the panel in the center (Fig. 2a). The protocol to assess impact 
resistance was as follows: the steel ball was first released from a small height (80mm) onto the panel. If the panel survived 
this first strike, the height was increased and the test was repeated until the sample failed. The failure of plain glass panels 
was typical to a brittle material: sudden and catastrophic, with multiple cracks emanating from the indentation site and 
extending to the edges of the panel (Fig. 2b). The nature of the failure mode indicates a flexural failure, which is representative 
of the type of failure for larger glass panels. In contrast, the architectured glass panels failed by the sliding of the building 
blocks on one another and out of the panel. Failure was also confined to only a few blocks, the rest of the panel remaining 
intact (Fig. 2b). Fig. 2c 
summarizes the results of the 
impact tests. The energy 
required to break the plain 
glass panels was 330±30 mJ 
(N= 3). The energy required to 
fail the architectured glass was 
significantly higher than for 
plain glass, because of the 
frictional energy dissipation at 
the interface. We also 
measured the deflection of 
individual blocks upon the 
onset of damage for the 
architectured panel. The 
results shown on Fig. 2d show 
significant residual deflections 
reaching about 800 microns 
and resulting from the sliding 
of the blocks on one another. 
Many blocks showed this 
residual deflection, defining a 
³]RQH� RI� LQIOXHQFH´� ZKLFK�
extended to the entire panel. Some blocks also appeared to have been pushed upwards during the impact. This result confirms 
that in impact situation the frictional sliding of the blocks is a prominent deformation and dissipative mechanism in the 
architectured panels. We also tested samples where the interfaces of the architectured glass panels were infiltrated with an 
ionomer (Surlyn 9320, Dupont, ON, CA). The inomer generated another dissipative mechanism through viscoplastic 
deformation, improving the impact resistance of the panel even further. Impact resistance was four times higher than that of 
the plain glass, and ~2.5 times higher than that of the non-infiltrated architectured glass (Fig. 2c). 
  

CONCLUSIONS 
 
Combining hardness, strength, toughness and impact resistance remains a tremendous challenge in engineering materials. 
Generating architectures in materials may provide new pathways to achieving these properties simultaneously. Here we apply 
these concepts on glass panels, using a top-down fabrication approach where interfaces are carved within the material using 
three-dimensional laser engraving. Glass is an amorphous material with no microstructure and no toughening mechanisms, 
and as a result it has no inelastic deformation capabilities when subjected to tensile or flexural loads at ambient temperatures. 
This work demonstrates how the introduction of a controlled architecture at a length scale which is intermediate between the 
molecular scale and the scale of the component completely transforms the way glass deforms and fractures. In in this case, 
while plain glass panel failed in a brittle fashion, catastrophically and with extensive damage, the architectural glass panels 
failed progressively DQG�³JUDFLRXVO\´, with damage only confined to only a few blocks.  
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DESIGN AND 3D PRINTING OF POLYMER/CERAMIC COMPOSITE STRUCTURES 
 

Yahya Abderrafai1, Francois Barthelat2 & Daniel Therriault1a 
1Department of Mechanical Engineering, Ecole Polytechnique de Montreal, Montreal, Quebec, Canada 

2Department of Mechanical Engineering, McGill University, Montreal, Quebec, Canada 
 
Summary. We use the ultraviolet-assisted direct-write (UV-DW) process to print halloysite nanotube-reinforced polyurethane.  The 
aim of this study is to investigate the challenges imposed by nanocomposite inks and complex shapes and propose necessary 
adjustments to adapt the existing printing protocol to highly mineralized polymer nanocomposite for high stiffness. Surface 
treatment of the nanoparticles and mixing strategy were studied. This paper demonstrates a method to coalesce polymers with 
ceramics in order to produce mineralized materials with highly tailored properties as well as a 71��LQFUHDVH�LQ�<RXQJ¶V�0RGXOXV. 
 

INTRODUCTION 
Alignment and multi-layered organization of reinforcements inside a soft polymeric matrix provide two promising 

approaches to tailor in-plance properties properties in composite materials and enable interesting functional 
characteristics. An example of a great functional material is the Polypterus Senegalus fish scale [1]. The ganoid scale 
of this ³OLYLQJ� IRVVLO´� ILVK�possesses a rare multi-layered organization, with varying ratios of hard mineral crystals 
inside a soft polymer. On the outer layer, the mineral crystals have a high aspect ratio and are oriented towards the 
surface explaining its high stiffness. This optimized reinforcement organization yields a protective shell for the fish 
without scarifying its swimming mobility. Mimicking this material microstructures can be beneficial for various 
applications such as personal protection equipment and dental implants. The microstructures observed in the scale 
could be fabricated with extrusion-based 3D printing: (1) the micro-extrusion of the reinforced ink allows a shear-
induced alignment of the reinforcements [2] leading to improved properties in the printing direction, and (2) the 
characteristics in the stacking direction is controlled by varying the matrix-to-reinforcement ratio of individual layers. 
The objective of this work is to adapt the ultraviolet-assisted direct-write (UV-DW) technique [3] to a polymer/mineral 
composite blend for enabling unique mechanical properties. 
 

MATERIALS AND METHODS 
Materials 

The matrix and reinforcements employed in our study are a UV-curable photopolymer: polyurethane (NEA 123 
HGA, Norland Products) and halloysite nanotubes (HNT) (Halloysite nanoclay, Sigma Aldrich) of 30-70 nm diameter 
and 1-��ȝP length, respectively.  
 
HNT Surface Treatment  

HNTs were dispersed in Toluene (Toluene, Alfa Aesar) and 2 mL/g Silane coupling agent GOPTS (3-
Glycidoxypropyltrimethoxysilane, Alfa Aesar) was added for the surface treatment of the HNTs [4]. The solution is 
stirred for 4 h at 120 °C. The solution was then filtered and rinsed with ethanol, before drying for 24 h at 80 °C. 

Photopolymer Blends 
Multiple batches of the nanocomposite with different reinforcement concentrations were prepared. 10, 20, 30 wt. 

% of GOPTS-coupled HNTs were manually stirred into the photopolymer resin and 1g of ethanol. Five sessions of 
ball milling were undertaken; each session consisted of a 1 min milling time followed by a 15 min cool-down period. 
The mixed batches were then degassed in a vacuum chamber and poured into 3 mL syringes for printing. A syringe 
with neat (0% HNT) polyurethane was also prepared as a benchmark material. 

Nanocomposite Printing 
UV-DW of the nanocomposites consists of the dispensing the resin at the desired locations (programmed by a CAD 

software) and then curing the material exiting the nozzle by UV exposure [3]. A precise positioning robot (I&J2200, 
I&J Fisnar Inc.) combined to a pneumatic dispenser (HP7-X, EFD) are utilized for the micro-extrusion. As soon as the 
photopolymer is extruded from the syringe, UV light directed through optic fibers cures the nanocomposites in order 
to create a solid filament which will form layer-by-layer a three-dimensional (3D) structure [3]. 

Fiber tensile tests 
Nanocomposite fibers were printed on a glass substrate ZLWK�D�����ȝP�QR]]OH, and post-cured at 80 °C for 4 h. Tensile 
tests were performed on a MTS Insight machine with a 1kN load cell (MTS 569327-02) in accordance with the ASTM 
D3822 standard. 
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DAMPING OF LAMINATED PLATES: BOUNDARY CONDITION AND LAMINATION 
SEQUENCE EFFECTS 

 
Mehrnoosh Abedia), Ramin Sedaghati & Mehdi Hojjati 

Department of Mechanical Engineering, Concordia University, Montreal, Quebec, Canada 
Summary The present study is aimed at determination of an optimal fiber orientation for the maximum modal structural damping of laminates 
based on in-plane viscoelastic properties obtained for a highly directional out-of-autoclave carbon/epoxy system using the dynamic mechanical 
analysis. The validation of material loss factors is also provided by conducting experimental modal analysis on unidirectional beam components 
with preferential ply angles subjected to an impulse excitation. Three different lamination sequences under the combination of clamped and free 
boundary conditions are taken into account. Under each boundary condition, the effect of fiber orientation on variation of modal loss factor and 
frequency associated with the first mode of flexural vibration is also studied. 
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INTRODUCTION 

   Owing to their polymer-based matrix, fiber-reinforced materials exhibit more damping capacity compared with isotropic 
or metallic materials. Moreover, damping in fiber-reinforced laminates can be altered due to its dependency on the lamination 
arrangement, boundary condition, geometrical aspect ratio, and dissipation properties at lamina level. Thus, besides the 
strength, damping can also be tailored to a desired value in composite laminated materials. The analytical study of damping 
in composite materials can be basically addressed using micromechanical and macromechanical models. Macromechanical 
models such as the viscoelastic damping and the modal strain energy are popular and widely used as they can be easily utilized 
to investigate the effects of the lamination parameters on damping properties of composites. Using the viscoelastic damping 
model, the dissipative response of a system can be effectively predicted in which the dissipative parameters are defined 
through the concept of the complex-value moduli, established by Hashin [1]. The modal loss factor of a structure as a measure 
of structural damping may then predicted by the ratio of the imaginary part to real part of the squared complex 
eigenfrequencies obtained from the numerical modelling. A higher degree of correlation between experimental and theoretical 
modal responses of these models directly depends on the input elastic and viscoelastic material properties in the numerical 
model. In the view of experimental studies on composite materials, considerable direct and indirect methods have been applied 
for determination of viscoelastic characteristics along material coordinates. As for characterization of damping coefficients, 
unidirectional beams are mostly analyzed under forced flexural vibrations excited by a coil/electromagnet drive transducer 
fixed to the midpoint of a free-free beam [2, 3] or an impulse excitation of a flat cantilever beam [4, 5]. In the present work, 
the variation trend of structural damping property of laminated plates has been further investigated in order to define the 
impact of plate layup and its mode shapes under various boundary conditions.  

MATERIAL CHARACTERIZATION AND VALIDATION 

   In order to estimate structural damping parameters of a composite system, determination of dissipation parameters varying 
with direction at each layer or material level plays a key role. In the current study, the dynamic mechanical analysis (DMA) 
is initially utilized to experimentally evaluate viscoelastic material properties of an out-of-autoclave prepreg system (referred 
as Cycom 5320-1) by the proper selection of the DMA three-point bending configuration yielding accurate DMA data for 
high-modulus fiber-reinforced materials. Table 1 lists the results for in-plane loss factors and flexural storage moduli obtained 
from unidirectional beam coupons with fiber angles of 0°, 90° and 45, while the nominal ply thickness is 0.135 mm. 

Table 1. Storage moduli and loss factors from DMA testing on 12-ply samples undergoing 3-point bending mode. 
Property  Storage Modulus (GPa)  Loss Factor (%) 

Value  ܧ= 143.90 ܩ 9.475 =்்ܧ்= 5.613  ߟ= 0.2574 ߟ 1.0274 =்்ߟ்= 1.7640 

   The measured storage moduli and loss factors are then used as input parameters in the developed finite element (FE) 
model to predict the linear modal vibration response behaviour of composite structures. Subsequently, modal vibration tests 
on various laminated composite beams have been conducted experimentally to validate the simulated modal parameters and 
thus indirectly the measured material characteristics using the DMA test. Table 2 compares the theoretical and experimental 
modal results for clamped beams of 20 mm × 200 mm undergoing flexural mode in response to an impulse excitation. 

RESULTS AND DISCUSSIONS 

   The nature of the layup is investigated for three different symmetric lamination sequences, namely unidirectional, cross-ply, 
and angle-ply. Referring to the clamped and free edges as C and F, the boundary conditions CFFF, CCCC, CCFF, and CFCF 
are also taken into account. The physical meaning of fiber orientation is defined with respect to the first uppermost layer as 
the reference ply. It is inferred that the fiber angle of plies is kept alternately at 90° and െʹߠ with respect to that of the 
reference ply in the direction toward the mid-surface, in the case of cross- and angle-ply laminates, respectively. The ply angle 
is defined with respect to the x-axis of the coordinate system. The ply angle is also varied from -90° to 90° with an interval of 



5°. It is noted that all graphs showing the variation of modal loss factor are symmetric with respect to the vertical axis when 
the angle is changed from 0° to either -90° or +90°, except the plots for CCFF boundary condition. The modal parameters 
presented here are predictions obtained from the FE model based on the properties taken from the DMA testing. 

Table 2. Fundamental modal damping parameter for unidirectional beams of 20 mm × 200 mm obtained experimentally. 
Fiber Orientation 0°  30°  45°  60°  90° 

 FEa EXPb  FE EXP  FE EXP  FE EXP  FE EXP 
Frequency (Hz) 63.89 62.98  27.79 27.61  20.81 20.33  17.62 17.54  15.92 15.79 
Loss factor (%) 0.251 -----  1.452 -----  1.431 -----  1.268 -----  1.001 ----- 

Damping factor (%) 0.126 0.133  0.726 0.723  0.716 0.715  0.634 0.642  0.500 0.582 
a) Finite element; b) Experiment. 

   The maximum loss factor and its corresponding frequency along with the highest frequency under each boundary 
condition are reported in Table 3 in terms of the lamination sequence and the optimal fiber orientation for plate components 
of 120 mm × 120 mm. The results illustrate that the maximum loss factor over the given range of fiber orientation is achieved 
when the respective fundamental frequency is minimum. As a result, the maximum fundamental frequency and the optimal 
loss factor are not obtained at the same fiber orientation. Therefore, an increase in damping occurs at the expense of a decrease 
in frequency. To better realize this, the variation in fundamental loss factors of three given stacking sequences with respect to 
fiber orientation under different boundary conditions is also presented in Fig. 1. 

Table 3. Maximum loss factors (%) and frequencies (Hz) of 12-ply square laminates under hybrid clamped and free boundary conditions. 

Parameter CFFF CCCC CCFF CFCF െͻͲι  ߠ  Ͳι Ͳι  ߠ  ͻͲι 
Max. loss factor  Angle-ply 

(±70°) 

1.140 UD 
(±45°) 

0.580 UD 
(-30° & 

-60°) 

1.041 UD 
(45°) 

0.635 UD 
(±70°) 

1.118 
Frequency @ 

Max. loss factor 49.66 994.30 129.80 212.60 315.40 

Max. frequency 
Angle-ply 

& UD 
(0°) 

176.97 Cross-ply 
(0° & 90°) 1194.67 

Cross- & 
Angle-ply 

(-45°) 
224.70 

Cross- & 
Angle-ply 

(45°) 
239.00 

Angle-ply 
& UD 
(0°) 

1114.31 

   For all boundary conditions except CFFF, the unidirectional configuration yield the maximum fundamental modal loss factor. 
It is also noticed that the angle-ply configuration under CFFF boundary condition nearly follows the trend of results of the 
unidirectional configuration in the case of CFCF boundary condition, offering the same optimum fiber angle. Furthermore, CCCC 
boundary condition leads to a relatively lower maximum loss factor due to more constrained edges, which, in turn, results in a 
higher bending stiffness and thus frequency. Comparing the modal loss factor of the unidirectional square plate under CFFF 
boundary condition with that of the beam component with the aspect ratio of 10 (see Table 2), the influence of geometry on shifting 
the optimum angle from 70° to 30° can also be inferred. 

    
CFFF CCCC CCFF CFCF 

Fig.1 Variation of fundamental loss factor with fiber orientation for laminates with maximum loss factor under combination of clamped 
and free boundary conditions. 
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Summary In this paper, the formulation of two-scale homogenization methodology is presented. The formulated effective medium theory 
approach can be used to model nanocomposites with multiple randomly oriented or aligned inclusions that are non-homogeneously dispersed 
in the matrix. The applications of the formulated effective medium theory are demonstrated using previously published experimental and 
numerical results for several particulate nanocomposites. 

 
INTRODUCTION 

 
   The problem of estimation of the effective thermal conductivity of composite materials has been widely studied. Early works 
in the area were done by Maxwell1 and Lord Rayleigh2 who studied the thermal conductivities of composites with low 
concentrations of inclusions. Expressions for the effective thermal conductivity of composites with dilute concentrations of 
inclusions of different shapes have been presented by Nan et al3. A modified effective medium theory for nanocomposites was 
presented by Minnich and Chen4 for spherical inclusions and was extended by Ordonez-Miranda et al.5 for spheroidal inclusions. 
The current work shows the formulation of a two-scale homogenization methodology which can be used to determine the 
effective thermal conductivity of particulate nanocomposites. The proposed methodology overcomes several shortcomings in the 
effective medium theory approaches reported in literature. These include capabilities to include effect of multiple nanometer-
sized inclusions, effect of oriented (randomly or at any angle relative to heat flow direction) spheroidal inclusions and the effect 
of non-uniformly dispersed inclusions. 
 

GENERALIZED EFFECTIVE MEDIUM THEORY 
 
   The formulation of the generalized effective medium theory is presented in this section. First, the effect of multiple nanometer-
sized inclusions on the thermal conductivity is derived. Second, the effective medium theory formulation for multiple inclusions 
is presented. Lastly, a two-scale approach to handle non-uniformly dispersed inclusions is presented. 
The effect of multiple nanometer-sized inclusions oriented in any random direction on the thermal conductivities of the matrix 
and inclusions can be calculated by extending the approach of Minnich and Chen4. According to their approach, the addition of 
the nanometer-sized particles modifies the thermal conductivities of the matrix and the inclusions. The modified thermal 
conductivities are calculated by first calculating the effective mean free path of the energy carriers (phonons or electrons) in the 
PDWUL[� RU� WKH� LQFOXVLRQV� XVLQJ� 0DWWKLHVVHQ¶V� UXOH�� 7KLV� UHVXOWV� LQ� WKH� IROORZLQJ� PRGLILHG� PDWUL[� DQG� LQFOXVLRQ� WKHUPDO�
conductivities. 

 

� �
,

,bulk 1 2 2 2 11 ...

mat
x bulkmat

x mat
x V VN

K
K

r rM M M VA

 
�/ � � �

 (1) 
.

,.
. .

,1 /

inc i
x bulkinc i

x inc i inc i
x bulk coll

K
K  

�/ /
 (2) 

� � � � � � � �
� �

� �
� � � � � � � �

� � � �

2 2 2 2.
1

2
.

12 2 2 2 2.
1

2

1 18 , for 1
3 1 arcsinh

1 18 , for 1
3 1 arcsinh

inc i
ellip ellip

inc i

inc i
ellip ellip

K Ea p

c
K Ea p

i i i

H H H H

SH H H H

H H H H

S H H H H

 � � � � �
° �
° � �° ®

� � �°
t°

� �°̄

 (3) 
.

.12
33.

.

.
.33

12.

min ,c , for 1
sin

min ,c , for 1
cos

inc i
inc i

inc i
inc i
coll inc i

inc i
inc i

c p

c p

T

T

 § ·
t° ¨ ¸

© ¹°/  ®
§ ·° �¨ ¸° © ¹¯

 (4) 

 
where x can be p or e for phonons or electrons respectively, 1 2/Vir V V , iV and iM are the volume and volume fraction of a single 

particle of inclusion type i, 1/A VVA� A� and ,bulk
y
x/  is the bulk mean free path of the energy carriers, p is the inclusion aspect 

ratio, H  is the eccentricity, Kellip and Eellip are elliptic integrals of first and second kind. 
A generalization of Nan et DO�¶V�(073 to multiple inclusions can be derived by FRQVLGHULQJ�WKH�EDFNJURXQG�RI�WKH�1DQ�HW�DO�¶V�
derivation6.The effective thermal conductivity of the composite can then be calculated using eq. (5) where the definition of 
individual terms in the equations is same as in Nan et al.3. A major drawback of the effective medium theory approach is its 
inability to handle non-uniform dispersion of inclusions. In the current work, a two-scale approach is proposed that combines the 
EMT approach at the lower scale with computational homogenization7,8 at the upper scale to introduce the effect of non-uniform 
dispersion of inclusions in the matrix on the effective thermal conductivity of the composite. The application of the method 



requires a quantitative knowledge of inclusion distribution in the matrix. This could a statistical parameter like standard 
deviation of inclusion volume fraction that can be used to develop an RVE for computational homogenization.  
 

 

     (5) 
 

 
 

APPLICATIONS OF THE TWO-SCALE APPROACH 
  
  In this section, the methodology formulated above is applied to Germanium-Silicon nanocomposites. The generalized EMT 
formulated in the current work can be applied to Ge-Si composites for cases already studied in literature i.e. spherical inclusions 
and aligned spheroidal inclusions as well as for cases not reported previously e.g. randomly oriented spheroidal inclusions and 
non-uniformly distributed Si inclusions. Figure 1 shows the effect of inclusion size, aspect ratio and dispersion non-uniformity 
on the estimated effective thermal conductivities of Ge-Si composite. 
 

   
(a) inclusion size effect (b) aspect ratio effect (c) dispersion non-uniformity effect 

Figure 1. Thermal conductivity of Ge-Si effective thermal conductivity  
 

CONCLUSIONS 
 
   In this paper, a two-scale homogenization methodology is presented for the estimation of the effective thermal conductivity of 
particulate nanocomposites. The formulated EMT has the capability to incorporate the effects of size, shape, orientation and 
non-uniform dispersion of multiple inclusions on the estimated thermal conductivity.  
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Summary We present a simple analytical solution, based on the Radon transform and its inversion formula, for the local and mean Green 
operator of long or flat (not only ellipsoidal) inclusions with general orientation in any medium with transversally isotropic (TI) and 
possibly coupled properties. This ³5DGRQ�PHWKRG´, already applied to various situations, allows quick checking of operator variations 
with inclusion aspect ratio and orientation with regard to various matrix TI anisotropy and of related effective properties of composites.   
 
 

INTRODUCTION 
 
   Estimates of effective properties of various composite structures from homogenization frameworks are based on the 
knowledge of the so-called Green (G) operators, or of the Eshelby (E) tensors for inclusions or phase arrangement 
symmetries. The here reported analytical solution, based on the Radon transform and its inversion formula, provides the 
(mean when not uniform) G operator in various cases of inclusions in transversally isotropic (TI) reference matrices. As 
exemplified for spheroids, it allows quick checking of inclusion orientation, aspect ratio and matrix anisotropy variations.  
 
 

THE MEAN GREEN OPERATOR FORM USING THE RADON TRANSFORM METHOD 
 
   By the Radon method [1-3], the mean Green (G) operator over a 3D inclusion V of any shape ³� V 

1 d)(v rrVV tt  

(say, the average over all points r in V of the integral over V of the modified G operator )(rVt 1) in an infinite medium with 
(static, linear) properties of general anisotropy, can be written, with ),( IT Z , ITT Z ddsind  and :  the unit sphere: 
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   In ),(V rZ\  and in )(V Z\ , the )(z,sV Z  function is the section area of V by the plane of r.Z z  equation, passing 

through r and of Z normal. � �)(D),(D V
-
V ZZ �  is the inclusion breadth in direction Z. The second z-derivatives Z(z,''sV  

are constant for ellipsoids and yield uniform shape function and G operator [1-3]. The elementary operators )(P Zt  are the 
Green operators of infinitely flat spheroids, or of laminate layers, normal to the direction Z. They only depend on the matrix 
properties of concern. Using the generalized elasticity notation [3,4], they read:  

� �
)(),(pqIJ

1p
qIJp

p
qIJp  )()()(t)(t

JpIq
M ZZZ IT� Z �  ; qppIJqIJ CM ZZ    (2). 

   In Eq. 2, C  is the generalized stiffness moduli tensor, and M  has dimension 5x5 for magneto-electro-elastic (MEE) 
coupling. The first step to obtaining the G operator is to calculate all the Z�(z,''sV  derivatives for the shape of concern. 
In isotropic media (not allowing property coupling) all the elementary operators are equivalent up to a rotation and all the G 
operator terms reduce to combinations of trigonometric functions of the form IITT vusr 2222 cossincossin  [1,2]. In TI 
media, with the I integral running in the medium symmetry plane 21 xx � , all the elementary operators take the form of 

one or a sum of rational fractions of polynoms in T2cos  (T being counted from the medium 3x  TI symmetry axis) which 
all are of degree 4 at the most in the case of MEE coupling [3] (Thermal coupling enters as for thermal-elasticity [5]). All of 
them can be decomposed into several terms of the unique form )/(cos2 qp �T , where q is one of the (real or complex) root 
of the denominator of the polynomial fraction and p a coefficient [3]. Up to now, off-axes oriented inclusions in TI media 
have no (or no simple) analytical G operator forms, except for laminates what is a trivial result from the Radon method [3].  
                     
1 r'r'-rr d)()( V³ *Vt , � �)'(G/-)'( ij

2
ijpq rrrr �www �* qp xx , )'( rrG �  is the Green function of the medium, ),,( 321 xxx r . 



RESULTS AND CONCLUSION 
 
   According to the Radon method, the (ellipsoidal or not) inclusion shapes in a TI medium can be ranged into 3 groups: (i) 

integrals over I and over T�� in Vt  are independent, (ii) T is a simple function of I�such that a single I integral remains, 

and (iii) I and T integrals in Vt  remain coupled. Case (i) includes axial (from flat to long) spheroids and other axially 
symmetric shapes as finite cylinders or half-spheres, case (ii) includes (possibly elliptic) fibres of general orientation and 
case (iii) contains the ellipsoid of general position with the particular spheroidal type from axial to transverse direction. 
Cases (i) and (ii) are fully analytical. In case (iii) the last integral may need computational assistance. For ellipsoids, the 
double (T�I) integrals to be performed formally read, with the )(),( IvuF  being the same trigonometric I-functions as in 

fully isotropic media [1,2]:   II¸̧
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   For spheroids with general (T°,I°) orientation in the medium, for each I value, the T elementary integral reads [3]: 
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   The Figures 1 and 2 exemplify spheroid G operators t  (normalized by the matrix shear modulus µ) at different T angle 
from the TI medium symmetry axis, varying the aspect ratios ] from flat 210�  to long 210  spheroids and for two 
opposite matrix (elastic) property anisotropies, with C=Ciiii, µ=C1212 and C*=C1122=C-2µ, i=1,2 in the x1x2 symmetry plane. 
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Figure 1: spheroid G operator at I°=0 and T°=30° from the TI matrix symmetry axis for cases of (left) µL=2µ, CL=2C and CL*=2(C-2µ) and (right) 

µL=µ/2, CL=C/2 and CL*=(C-2µ)/2   
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Figure 2: spheroid G operator at I°=0 and T°=60° from the TI matrix symmetry axis for cases of (left) µL=2µ, CL=2C and CL*=2(C-2µ) and (right) 

µL=µ/2, CL=C/2 and CL*=(C-2µ)/2   
 
The dots on Figures 1 and 2 represent the G operator terms for the laminates, sphere and infinite cylindrical fibres, with fully 
explicated analytical solutions given in [3], together with the one for infinite elliptical fibres. Analytical solutions are also at hand 
for the (mean) G operator of finite long or flat cylinders [2] and of some other shapes to be presented soon. The Radon method 
solution allows an easy check of how optimizing (possibly coupled) properties of composite structures from modulating the 
medium TI anisotropy together with the shape and orientation of the inclusions. 
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Summary The article investigates the response of nanoparticle reinforced elastomer composites under dynamic impact. The preparation, 
characterization and testing methodology of polydimethylsiloxane based elastomers reinforced with multi walled carbon nanotubes is discussed 
in detail. Under quasi-static condition the presence of CNT network resulted in an enhanced stiffness. When subjected to high strain rates of 
compressive loading the presence of CNTs influenced the stress ± strain curve characteristics (e.g. transition point from strain hardening to 
softening region) while greatly improving the energy storing capabilities. To test under high rates of strain, some necessary modification were 
also made to the dynamic testing apparatus (Kolsky bar/Split Hopkinson bar). 
  

INTRODUCTION 
 
   Elastomers are rubberlike material exhibiting characteristics of viscoelastic nature, low elastic modulus, high strain at 
failure and weak inter-molecular interactions. Quite recently considerable attention has been devoted to develop multi-
dimensional composite system through introducing a nano-filler network. Some typical reinforcing fillers includes cubic and 
spheroidal fillers (calcium carbonate, silica, carbon black), fiber fillers (glass, aramid fibers) and nanofillers (carbon 
nanotubes, nanoclays, nanosilica) [1]. Depending on their structural and geometric characteristics, nano-fillers network 
interacts with the polymers matrix differently resulting in enhanced mechanical and electrical properties of the resulting 
composite system. The use of Carbon nanotubes to fabricate elastomer based composites has gained importance due to their 
KLJK�<RXQJ¶V�PRGXOXV��VXSHULRU�HOHFWULFDO�DQG�WKHUPDO�FRQGXFWLYLW\�DQG�ODUJH�DVSHFW�UDWLR��These elastomeric nanocomposites, 
however, require preparation procedure that are different than most polymer-based nanocomposites since their performance 
greatly depend on the rate of dispersion, and degree of alignment. 
   It is quite evident and well established that CNTs (when incorporated into elastomer network), results in improvement in 
stiffness over large strain deformation. However, under moderate to high strain rates, response of elastomers can vary from 
being purely rubber like to glassy behaviour [2]. Investigations on the performance of these reinforcement when subjected to 
high strain rates are still lacking. The main objective of the research is to characterise the effect of CNT filler loading on the 
stiffing of the elastomeric composite under quasi-static and dynamic impact conditions. The typical setup required to study 
the response of materials under impact is the Split Hopkinson bar/Kolsky bar. However, to test low impedance, and low 
strength material some modifications are required to it.   
 

EXPERIMENTAL 
Fabrication 
   For the matrix network polydimethylsiloxane (PDMS) base (DOW SYLGARD 184) was used in 10:1 ratio with HR-C 
catalyst. First the PDMS base was extensively mixed with multi walled carbon nanotube MWCNT (NC7000) having an average 
diameter and length of 9.5 nm and 1.5 µm respectively. To achieve better dispersion of CNTs the solution was sonicated for 30 
mins. After the addition of catalyst, the CNT/PDMS solution was further mixed in a paste mixer and degassed in a vacuum 
chamber. Before it was ready to be cured at 150 oC for 15 mins, the resulting paste was poured into mold and vacuum bagged to 
ensure the removal of tiny air bubbles that may have been captured during the transfer to the mold. To characterize the stiffing 
effect due to the presence of filler network, the CNT were added in varying weight percent (% wt) with the elastomer base.    
 
Testing   
   Uniaxial tension tests were carried in a MTS-43 electromechanical load frame using a dumbbell specimen with a thickness 
of 3.3 mm and width 5.5 mm at a loading rate of 0.1 mm/s-1. For the dynamic impact test, a modified Kolsky bar was developed 
suitable to test low impedance soft materials like rubbers. In a Kolsky bar a cylindrical sample is a sandwiched between an 
incident and transmission wave. Dynamic loading is produced in the form of elastic wave when the incident bar is impacted 
using a striker of same diameter. This is called the incident wave, upon reaching the bar specimen interface some of this wave 
is reflected back while the rest is transmitted through the specimen to the transmission bar. The incident, reflected and 
transmitted waves are recorded through strain gauges, to compute the response of the specimen. To avoid interfacial frictional 
and inertial effect which may results in a noise, the specimen geometry was optimized to be 8.5 mm diameter and 2mm 
thickness. The trapezoidal incident wave was also shaped through pulse shaping technique into a smoother pulse with an 
elongated rise time to avoid the effects of axial and radial inertia. The geometry of pulse shaper (annealed C11000) was 
optimized to be cylindrical with diameter of 3.5 mm and thickness of 1.6 mm. The dimension of the incident and hollow 



transmission bars were 20mm in diameter and length of 2m and 1.8 m respectively. The complete operational details of the 
testing apparatus can be found in [3] and [4]. 

RESULTS AND DISCUSSION  
 
   Figure 1 (a) illustrates the response for quasi static uniaxial tension of samples with varying concentration of CNT filler. 
Under the quasi-static loading the stress ± strain response of PDMS as well as reinforced composites exhibits behavior typical 
of elastomers; a linear elastic response under low strain followed by a slightly non-linear behavior. Increasing the CNT loading 
in the elastomer network results in enhanced stiffening. However, increasing the amount CNT also effects the max level of 
strain attained in the sample. This effect can be attributed to the existence of CNT agglomerates at higher weight percentages, 
which are not well dispersed. These bundles of CNTs acts as stress concentrators contributing to the origin of cracks. 
   Figure 1(b) shows that under constant strain rate (2500 s-1), increasing the amount of CNT filler from 0 wt% to 2.0 wt%, 
not only enhances the level of endured stresses but also accumulates much larger strain. The stress increases linearly with the 
strain in the initial loading. After the yield point, the curve exhibits regions of strain hardening followed by strain softening 
region. This transition is also influenced by the amount of CNT nano-reinforcement present in the PDMS matrix. At a constant 
rate of loading the energy absorption is improved by ~ 33 % in samples containing 2 wt % of CNT as compared to the neat 
ones. 
   It can be seen from Figure 1(c) that the mechanical response of composites under uniaxial compression exhibits great 
strain rate dependent characteristics. In comparison to the quasi-static testing, the high strain rate results show higher stress 
values at comparable strain. 
 
 

         
(a)      (b)     (c) 

 
Figure (1): (a) uniaxial tension under quasi-static conditions for PDMS samples with varying CNT loading. (b) Uniaxial 
compression results for the samples at a constant strain rate of 2500 s-1 (c) Response of 2 wt% CNT reinforced PDMS 

samples under varying strain rate from 2000 s-1 to 4300 s-1.  
   

CONCLUSION 
 

   In this study, the quasi-static and high strain response of CNT based PDMS composites has been investigated. To test under 
impact conditions, a modified Kolsky bar apparatus was developed. The addition of CNT as nano-reinforcements have shown to 
enhance stiffening and energy absorption characteristics of the material. In the high strain rate regime, more prominent effect is 
seen on the maximum level of stress (enhanced by 120 %) and strain attained. The presence of CNT¶s influence strain related 
hardening and softening regions. Interestingly, the response of the composite also exhibited a strong strain rate dependency on the 
shock absorbing capability ± an increase by 43 times from 2000 s-1 4300 s-1   
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first type were 100 x 350 mm, while for the others 100 x 450 mm. In this way, the minimum dimension complied with that 
imposed by [3], while the other dimensions complied with [5], as the low velocity tests and subsequent 3-point BAI tests for 
getting residual mechanical performance in bending followed the pending standards. Relevant results are presented below. 
   The regularity of the impact force history curves obtained under 10J and 20J energies for the sandwiches with coremat 
core (Fig. 2) quite naturally implied quasi-unchanged strength after BAI tests, in line with results found for most FRPs.  
 

     
 

 Fig. 3. Impact force history curves for honeycomb-sandwiches.      Fig. 4. Bending behaviour of sandwiches with honeycomb core.  
 
   

     
Fig. 5. Impact force history curves for sandwiches with foam core.        Fig. 6. Bending behaviour of sandwiches with foam core. 
 
   One can expect that the very deformed shapes of the impact force history curves obtained for sandwiches with 
honeycomb core (Fig. 3) mean a very consistent diminishing of the residual strength. Instead, it was observed a modest one 
(Fig. 4), even for the samples where a quasi-penetration of the impacted upper skin took place under 20J energy impact. 
   The impact force history curves obtained for sandwiches with foam core show a stunning difference between those 
recorded for the 10J and the 20J energy impact (Fig. 5). The short, low amplitude first ones prove even a beneficial effect on 
the bending strength, while the irregular, extended second ones witness a slight lowering of that strength (Fig. 6).  
 

&21&/86,216�
 

   The link between impact force history curves obtained for thick sandwiches is less informative than those obtained for 
FRPs and thin, compact sandwiches. For relevant data about the post-impact behaviour, CAI and BAI tests have to be made. 
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Summary Free vibration response of symmetric linear-thickness-and-width-tapered laminated composite beams is studied. For this purpose, a 
hierarchical finite element formulation is developed based on trigonometric hierarchical functions. Comparison of the hierarchical finite element 
solution with the Rayleigh-Ritz and a higher-order finite element solution is performed. A parametric study is conducted on the internally-tapered 
composite beams to investigate the effects of boundary conditions, width-ratio, thickness-tapering angle, and damping on the free vibration 
response.  

INTRODUCTION AND FORMULATION 
 
   Tapered laminated composite beams provide stiffness-tailoring and mass-tailoring design capabilities. They are increasingly 
and widely being used in engineering applications including aircraft wings, helicopter yokes and wind turbine blades. The 
composite beam that is being analyzed in the present study has a large length-to-thickness ratio as shown in Figure 1, and 
therefore by applying the cylindrical bending theory and considering classical laminate theory, one can get the equation of 
motion in variational form as: 
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in which L is the length of the tapered beam, ܾሺݔሻ is the width of the beam, Nx is the compressive axial force (if present), 
and ܦଵଵሺݔሻ is the coefficient of bending stiffness of the laminated composite beam [1] which can be calculated as: 

 
ሻݔଵଵሺܦ ൌቈݐݖଶ െ

ଷݐ
ͳʹ



ୀଵ
൫ܳଵଵ൯ 

(2) 

where tk denotes the thickness of kth ply and ൫ܳଵଵ൯denotes the transformed reduced stiffness coefficient of the kth ply[2]. 
   It is also assumed that the deflection in (transverse) z-direction is: ݓሺݔǡ ሻݐ ൌ ܹሺݔሻ݁ఠ௧ . Using the Hierarchical Finite 
Element Method (HFEM), considering two nodes per element and two physical degrees of freedom per node, that are, 
transverse deflection and rotation (Figure 1), first a third-order polynomial is used as the basis for the expression of deflection 
to satisfy the boundary conditions as: 

ܹሺݔሻ ൌ ܿଵ  ܿଶݔ  ܿଷݔଶ  ܿସݔଷ (3) 

   The displacement function is then modified by adding trigonometric or polynomial functions at the end of the equation[3]. 
In this study, the trigonometric hierarchical functions are used as:  

ܹሺݔሻ ൌ ܿଵ  ܿଶݔ  ܿଷݔଶ  ܿସݔଷ ܿାସ ���
ݔߨ݅
݈

ே

ୀଵ
ǡ����݅ ൌ ͳǡʹǡ͵ǡǥ (4) 

in which ݈ is the length of the element and N is the number of hierarchical terms. 
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 Figure 1 Global and local co-ordinates (left), and nodal displacements and rotations (right) 

   After determining and incorporating the corresponding shape functions, the element stiffness ሾ݇ሿ  and mass ሾ݉ሿ 
matrices are defined for each element as: 

 ሾ݇ሿ ൌ න ܾሺݔሻൣܦଵଵሺݔሻሾܰெሿ்ሾܰெሿ െ ௫ܰሾܰௗሿ்ሾܰௗሿ൧݀ݔ



 (5) 

 ሾ݉ሿ ൌ න ܾሺݔሻ൫ߩܪ  ݔ൯ሾܰ௪ሿ்ሾܰ௪ሿ݀ܪߩ



 (6) 

In which ሾܰ௪ሿis the shape function matrix and ሾܰௗሿ and ሾܰெሿ are the first and second derivatives of ሾܰ௪ሿ, respectively. 
   After assembly of global stiffness [K] and mass [M] matrices of the beam, the equation of motion transforms into: 
 

 ൣሾܭሿ െ ߱ଶሾܯሿ൧ሼݑሽ ൌ Ͳ (7) 

In which {u} is the matrix of nodal displacements and rotations in global coordinate system. The above equation is an 
eigenvalue problem and can be solved to determine the natural frequencies of the beam. 
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Summary The mechanical behaviours and electric properties of multi-filament twisted superconducting (SC) strands are 
investigated based on a 3D FEM model with consideration of damage of filament, the initial thermal residual stress, etc. The 
distribution of the damage of the filaments and its evolution and the movement of the neutral axis caused by it are studied 
and displayed in detail. Besides, the normalized critical current of SC strands under bending load is also calculated based on 
the invariant temperature and field strain functions. The non-negligible influences of the pitch length of the filaments on 
both the mechanical behaviors and the normalized critical current are discussed. 
 

A MULTI-FILAMENT TWISTED FEM MODEL FOR SUPERCONDUCTING STRAND 
 
   As the basic structure generating the magnetic confinement for the fusion plasma in the International Thermonuclear 
Experimental Reactor (ITER), the strand works under strong magnetic field (12 T) and low temperature (4 K). Due to the 
current carried herein and the change of the temperature, the strand is always subjected to the bending (Lorentz force) and 
axial (thermal expansion) deformation, which will lead to the degradation of the superconductivity.  

       

   Fig.1 3D FEM model of multi-filament twisted strand    Fig.2 the RVE of superconducting filament bundle   
   

In this study, a 3D multi-filament twisted FEM model is developed according to the real structure of the LMI strand, as 
shown in Fig.1. Some important factors, such as the initial thermal residual stress, the breakages of superconducting 
filament and twist pitch are taken into account. During the drawing and heat treatment of the superconducting strand, there 
exists a strong thermal residual stress system due to different thermal expansion properties of materials. We calculate this 
thermal residual stress system by the models of Mitchell [1] and Boso [2], and apply the results into the Multi-filament twist 
model. Due to the brittleness of superconducting filament, there will occur many breakages in superconducting filaments. 
For considering the influence damage of SC filament on the electromechanical behavior of SC strand, with the assumption 
that the deformation of a filament does not affect by other nearby filaments¶ stress state, we choose the representative 
volume element (RVE) as a concentric cylinder with a single filament in the matrix, as shown in Fig. 2. The radiuses of this 
filament and the RVE are determined according to their volume fraction and the number of the filaments in a bundle. Since 
the damage of the filament and its evolution are almost random, hence, we consider the distribution of the break points to be 
of a Weibull form. According to the model of Curtin and Zhou[3], the effective constitutive relation of this RVE can be 
obtained. So a 3D FEM model of SC strand is built, which can be used to calculate the electromechanical behaviors of 
strand.  

 
MECHANICAL BEHAVIORS OF SUPERCONDUCTING STRAND 

 
Figure 3a displays the computed transverse load-deflection curve of the strand and the comparison with the experiment 

and NijKXLV¶�PRGHO [4]. In this figure, the experimental data shows a nonlinear characteristics, which is not reflected in 
1LMKXLV¶�PRGHO��:KLOH��WKH�FRPSXWHG�UHVXOWs for our model shows the nonlinear characteristics prominently, and more close 
to the experiment. The calculated axial stress-strain characteristics of the strand with every factor taken into consideration 
and the comparison with the experiment is also shown in Fig. 3b. From this figure we can see that the thermal residual stress 
in the strand has a significant impact on the tensile behavior of the strand, and when the strain is large, the influence of the 
damage of the filaments is obviously. From the comparisons with these two experiments in axial tension and bending 
respectively we can see that our model has good accuracy in the prediction of the mechanical behavior of the SC strand. In 
addition, in order to describe the fracture situation in the strand, a scalar variable 1 unload initiald E E � is employed, the 
evolution of the damage of the filaments in the strand in the whole loading process is also calculated and discussed.     



 
   
      Fig.3 Comparison of the bending behaviors (a) and axial stress-strain characteristics (b) with experimental data  
 

CALCULATION OF THE CRITICAL CURRENT OF SC STRAND  
 

Due to the strong strain sensitivity of the superconducting material Nb3Sn, the superconductivity of the strand is 
closely related with the mechanical properties of the strand. According to the scaling law [5], the critical current density of 
the filament depends on the magnetic field B , temperature T and strain H . Our proposed model has the ability to predict the 
three-dimensional deformation of the materials in the strand, which can be used to calculate the critical current density of 
the strand with combining of the scaling law of critical current. The critical current of strand varies with the strain or 
bending moments for different pitch length are shown in Fig.4, The predicted results of critical current have a good 
agreement with the experimental data. The influence of the current transfer length, the pitch length of filaments, the 
movement of the neutral axis and the damage and its evolution of the filaments, are also investigated and discussed in this 
work, respectively.  

  

    
     

Fig.4 Comparison of the normalized critical current versus strain (a) and bending moments for different pitch length (b) 
 

CONCLUSIONS 
                                                        

A 3D FEM model with the consideration of the helical structures of the filaments, the thermal residual stress in the strand 
and the damage of the filaments is proposed to investigate the electromechanical behavior of the multifilament twisted composite 
SC strand. The factors affecting the mechanical behavior of the strand are analyzed in detail. Comparison the simulations of 
tension and bending cases, it can be seen that in the bending case, different from the tension, the influence of the thermal residual 
stress is quite small and could be neglected, and the effect of the fracture of the filaments on the moment-angle characteristics of 
the strand is more significant. The critical current of the strand under axial and bending loads are calculated with the invariant 
temperature and field strain functions. Based on the results calculated by the proposed model, the results indicate that the damage 
and current transfer length in the strand have significant effects on the critical current. The calculated critical currents under 
tensile and bending load with every factor taken into consideration agree well with the experiments.  
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Summary Alumina trihydrate (ATH) fillers are commonly used flame retardant for polymer composites because of its high 
performance in fire and its low cost. It is available in different particle sizes. This study aims to investigate the size effect of ATH 
particles on the properties of vinylester matrix composites. Five particle sizes of ATH fillers were used: 2, 4, 6, 8 and 12ȝm. The 
ATH fraction was maintained constant at 20% weight. This investigation reports the effect of alumina hydrate particle size on 
mixture viscosity, shrinkage, exotherm peak, gel time and the composite flexural properties were studied and discussed in this 
work.  
 

INTRODUCTION  
 

Using of fillers to improve or/and to modify the properties of polymer matrix composite is in full expansion. Alumina trihydrate 
(ATH) fillers are used for their flame retardant performance in serval sectors, as such army, aircraft and automotive [1, 2]. A 
lot of studies have been published about this subject [3-6]. While few studies were interested on their effect on mechanical 
proprieties of finished product (composite) and physical properties during manufacturing step (mixture). This work aims to 
understand the size effect of ATH fillers on thermal and rheology of mixtures with vinyl ester resin (VE). This study also 
addresses the issue of the mechanical properties of VE-ATH composites in bending. 

 
EXPERIMENTAL METHOD 

 
Five sizes of ATH particles (2, 4, 6, 8 and ���ȝP) are designated for study the effect on physical, thermal and mechanical 
properties of the vinyl ester resin. ATH particles are gradually added to vinyl ester resin by mixing. The filler fraction presents 
20% of total weight. The polymerization was realized in open casting mold at room temperature. Brookfield® viscometer, 
DV2T Model, was used for measure viscosity of mixtures. Furthermore, the temperature was recorded during polymerization 
by thermocouple which was fixed at the middle-thickness of the sample for determine gel-time and exotherm peak. The cured 
samples were tested in bending, in according to ASTM D790. 
 

RESULTS AND DISCUSSION 
 
The effect of ATH filler size on mixture viscosity is illustrated by figure 1. The measured viscosity of vinyl ester resin without 
ATH filler is 780 cPs, not shown in this figure. When 20% wt ATH is added to vinyl ester resin, the dynamic viscosity 
increases from 35 to 100%. This increase is distinctly pronounced for 2 and 4 µm particle sizes. The mixtures with ATH 
particle size is higher than 6 µm have almost similar viscosity which remains significantly higher than that of pure resin. The 
filler size affects greatly the viscosity and consequently the expended energy for mixture flow, especially the smaller sizes.   
 
Figure 2-a shows temperature-time graphs during the polymerization of mixtures for various particle sizes. This graphs 
reveals that the filler particle size has an effect on the maximum temperature and time to the occurrence of this peak. Size is 
smaller, temperature-time curve moves up and right. i.e. the exothermic peak and the gel time increase together when the 
particle size increases, figure 2-b. This can be explained by the difference in specific area size. For the same weight, the small 
size particles have a larger specific area than larger size ones. Composites including a high specific area with the fillers have 
a higher heat exchange, which reduces its peak temperature during polymerization. 
Figure 3 shows the effect of ATH particle size on calculated volume shrinkage of mixtures form measured linear shrinkage. 
The mixtures with smaller particle sizes have a lower volume shrinkage than those with higher particle size of fillers. For 
example the volume shrinkage jumps from 3.4% to 4.2% when 12 µm particles replace 2 µm particles. At most, the 
incorporation of ATH fillers in vinyl ester resin reduces its volume shrinkage, which is close to 5.7%. 
 
The ATH incorporated vinyl ester composites were tested in three point bending. The effect of varying ATH size on ultimate 
flexural strength, flexural modulus and maximum strain is shown respectively by graph a, b and c of figure 4. Although the 
results are not perfectly conclusive, filler particle size seems does not significantly affect the modulus but its higher values 
can slightly increased the maximum strain and ultimate strength. 
 
 



 
 

Fig.1: Effect of the ATH particle size on dynamic 
viscosity of vinyl ester mixture (wt: 20%) 

 
Fig.3: Effect of the ATH particle size on volume 

shrinkage of vinyl ester mixture (wt: 20%) 

  
 
 

  
Fig.2: Effect of the ATH particle size on exotherm 
peak and gel time of vinyl ester mixture (wt: 20%) 

 
 

 
Fig.4: Effect of the ATH particle size on flexural modulus, ultimate strength and maximum strain of 

vinyl ester composites (20%wt)

CONCLUSIONS 
 
This experimental study showed that the size of incorporated ATH fillers affect at different levels the physical and mechanical 
properties of vinyl ester resin. Increasing the size of ATH fillers reduces the mixture viscosity and the volume shrinkage, 
retards the polymerization reaction and grows the exothermic temperature. In bending, the modulus was not significantly 
changed, but the ultimate strength and the maximum strain are lightly varied in the same direction of filler size changing.      
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microscopic properties. The stochastic part is due to averaging over some series of samples, and the fact that these samples fit
into the concept of RVE (Representative Volume Element) in order to reduce the variance effect.

The homogenization procedure is chosen depending on the property we are interested in. For the mechanical and thermal
behavior a scheme based on Fast Fourier Transform ([6], [7],[8] )works perfectly well. For electrical properties we suggest a
novel approach based on connectivity graph analysis. In all the three cases we compare the approaches with standard Finite
Elements techniques. In some cases it is also possible to combine several approaches in order to optimize computational costs,
for instance using the domain decomposition methods.

INFLUENCE OF PARAMENTERS

A statistical study has been conducted to determine the influence of morphological parameters. We describe the trends for
λapp versus the parameter studied. First, spherical inclusions (Fig. 2) and next cylindrical inclusions are considered. Fig. 2(a)
exhibits the boxplots for each number of inclusion for the case fsp = fcyl = 0.15 and contrast = 20�8 . The higher the
number of inclusions is and less the repartition of λapp seems increasing. We can also note that from 20 (20 cylinders and 20
spheres), the range of λapp seems to be stable. Thus for the further computations, a number of 20 inclusions is considered.
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Figure 2: Dependence of thermal conductivity of a composite versus volume fraction of spherical inclusions, nsp = 15, 20.

Fig. 2(b) and Fig. 2(c) also show that the trends are similar for 15, 20 spheres. λapp increases non linearly for contrasts
greater than 1 and decreases for contrasts smaller than 1. These effects are more pronounced for contrast greater than 1. Same
conclusions more enhanced with adding the effect of the aspect ratio are observed. Similar phenomenon had been noticed for
the mechanical properties in [3].

CONCLUSIONS

A wide range of RVE with numerous parameters (volume fraction of spheres or cylinders, number of spheres or cylinders,
morphology of cylinders with their aspect ratio, the irregularities as the shape with corrugations or cuts of inclusions) is
provided. For each generated RVE the mechanical, thermal and electrical behaviour for several values of contrast had been
computed. An interesting database for inverse problems and statistical point of view is now available.
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SUMMARY 

 
Light-weight and high-strength honeycomb sandwich panels having aluminum honeycomb cores and CFRP (Carbon Fiber Reinforced 

Plastics) laminate faces are usually bonded by using two-liquid type epoxy resin-based adhesives with room-temperature curing to minimize 
thermal residual stresses. The purpose of this study is to establish experimental method for fatigue characteristics evaluation of such light-
weight and high-strength honeycomb sandwLFK�SDQHOV¶�ERQG�VWUXFWXUHV��%HQGLQJ�IDWLJXH�H[SHULPHQWV�XVLQJ�WKH�FDQWLOHYHU�EHDP�VSHFLPHQV�
of honeycomb sandwich panels under different bending deflections were carried out with improved experimental fixtures and the results 
are reported in this study.  
 
 

INTRODUCTION 
 

Light weight and high rigidity performances are very important in structural designs, especially remarkable for large 
structural designs satellite frame or radiators for space utilizations. Honeycomb sandwich panels [1] boned with light-weight 
honeycomb cores and high stiffness & strength FRP laminate faces are desired and becoming to be more and more used in 
many fields such as automobiles, ships, architect, and aerospace areas as shown in Fig.1. 

Durability of adhesive bonded structures between honeycomb cores and FRP faces are very important for honeycomb 
sandwich panel constructions, while it is difficult to be evaluated successfully because of the preliminary fractures occurred 
at the honeycomb cores near the fixture with thick honeycomb sandwich panels [2],[3]. The purpose of this study is to establish 
the appropriate experimental method for fatigue characteristics evaluation of such light-weight and high-strength honeycomb 
VDQGZLFK�SDQHOV¶�ERQG�VWUXFWXUHV� 

 
 
 
 
 
 
 

 
Fig.1 Sample applications of honeycomb sandwich panels 

 
 

HONEYCOMB SANDWICH PANELS INTRODUCED FOR EXPERIMENTAL INVESTIGATIONS 
 

 In this study, honeycomb sandwich panel specimens constructed from commercial CFRP laminate and aluminium 
honeycomb cores are bonded using two-liquid type epoxy adhesive for bending fatigue experiments as shown in Fig.2. 1.0mm 
thick CFRP laminates and aluminium honeycomb cores with 30.0mm height, 0.001inch foil thickness and 1/4inch cell size 
are introduced for the panel specimens. The specimen shape and size are also shown in Fig.3.  

 
 

  
 
 
 
 

 
 
 

 
 

Fig.2 Honeycomb sandwich panel specimen                                             
for bending fatigue experiments                            Fig.3 Size of panel specimen        
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CANTILEVER BEAM FATIGUE TESTS OF HONEYCOMB SANDWICH PANELS  
 

Bending fatigue tests of the cantilever beam with 1.0mm, 2.0mm and 3.0mm deflections are carried out for the honeycomb 
sandwich panel specimen with 106 cyclic numbers. The testing instrument and specimen configurations are basically along 
the ASTM D 671-63 T standard (Standard Test Method for Flexural Fatigue of Plastics by Constant-Amplitude-of-Force) and 
shown in Fig.4 and Fig.5. Because this test machine configuration is originally used to evaluate the bending fatigue properties 
of thin plates��VSHFLDO�WHVWLQJ�IL[WXUHV�DUH�GHVLJQHG�IRU�WKH�WKLFN�KRQH\FRPE�VDQGZLFK�SDQHO¶V�DSSOLFDWLRQ. Strain gauges are 
XVHG�WR�PRQLWRU�WKH�SDQHO�IDFH¶V�VWUDLQ�UHVSRQGLQJ�QHDU�WKH�IL[WXUH�DQG�OLQHDU�JDXJH�LV�LQWURGXFHG�WR�ILJXUH�RXW�WKH�]HUR�EHQding 
deflection position of the specimens.  

 
 
 
 
 
 
 
 
 
 

  
Fig.4 Bending fatigue test configurations                     Fig.5 &DQWLOHYHU�EHDP¶V�EHQGLQJ 

In this study, improvement on specimen preparations and fixture are carried out to solve the problems occurred in our past 
investigations. Holes are created on the panel specimens for bolt fixations and this perhaps the main reason of causing the 
preliminary fractures of honeycomb cores near the fixture. To solve this problem, it is considered necessary to make holes 
gradually with a plurality of cutting drills to mitigate damage to the specimen in drilling as hole-drilling technique 
improvement. Another problem is that the bending deflection loadings are not applied DORQJ�WKH�FHQWHU�OLQH�RI�SDQHO¶V�KHLJKW�
because of the fixture configurations and then stress concentrations on one side of the panel becomes more severe and cause 
the preliminary buckling or breaking of honeycomb cores [4]. New fixtures and spacers are introduced to improve this problem. 
The large strain data obtained from the fatigue testing are manipulated using DIAdem2011 software and Fig.6 shows the 
sample strain date from the bending fatigue test of honeycomb sandwich panel. Horizontal axis represents the number of 
loading cycle and vertical axis represents the strains obtained from the strain gauges. 

 
 
 
 
 
 
 
 

 
Fig.6 Sample bending fatigue test result˄1.0bending deflection˅ 

 
 

CONCLUSIONS 
 

Based on the improved fixtures and specimen preparation, strain data obtained from the bending fatigue experiments show that 
the bending deflection loading are almost applied on the centre line and the fractures at honeycomb cores near fixture are become 
very small. Because small fractures on honeycomb cores near the fixture end are still observed, fixation method of honeycomb 
sandwich panels using bolts have to be instead to avoid the hole-drilling on specimens and then further improvements on the 
experimental configurations are needed to be done in future study. 
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EXTREME ELASTIC ANISOTROPY OF COMPOSITES WITH PERIODIC STRUCTURE

George Mejak ∗1
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Summary Extreme elastic anisotropy of composites with periodic microstructure is studied. After reviewing anisotropy measures attention
is paid to the computation of the effective elastic properties. Two method are considered, the asymptotic homogenization and the averaging
approach based on the equivalent inclusion method. Pro and cons of the methods are underlined. Numerical results are given for the
glass epoxy composites with spherical or cubical inclusions. It is found that the anisotropy of cubic structures with a spherical inclusion
monotonically increases with the volume fraction. For cubic structures with a cubic inclusion the maximal anisotropy is computed at
intermediate values.

INTRODUCTION

Composites with periodic microstructure are intrinsically anisotropic. Usually they are tailored by structural strength,
weight or thermal requirements with little attention paid to their elastic anisotropicity. However, anisotropy is of great impor-
tance in many applications such as dislocation dynamics, phase transformation, wave propagation and geophysical science to
name but a few. The anisotropy depends upon the constituents of the composite, their geometric arrangements within the unit
cell and their volume fractions. To focus presentation, only two phase composites with a centered single spherical or cuboidal
heterogeneity within the cuboidal unit cell is considered in the paper. In particular, variation of the anisotropy with respect to
the volume fraction is studied in details.

ANISOTROPIC MEASURES

In the literature several measures of the elastic anisotropy are known, such as universal elastic anisotropy index AU,
Ledbetter-Migliori anisotropy index A∗ or the Zener anisotropy index A, [1]. For composites the indices AU and A are
determined on the basis of the effective/homogenized elasticity tensor. On the other hand, A∗ is given as the square of the
ratio of the maximal over minimal shear sound wave velocities among all propagation directions. However, within the long
wave length approximation it can be also determined using the effective elasticity tensor. For the cubic symmetry AU =
6
5

!√
A∗↗1/

√
A∗
"2

= 6
5

#√
A↗1/

√
A
$2

and therefore all three anisotropy measures, although of different magnitude, are
simultaneously extremal as the functions of the volume fraction f . Since AU ≥ 0 and AU is zero for the isotropic material,
extremum of interest is the maximum. Assuming that the matrix phase is isotropic, it follows that AU(f = 0) = 0 and
thus the maximum is either attained at the maximal volume fraction fmax or at some intermediate value, with the latter case
of particular interest. For the simple cubic microstructure with an isotropic cuboidal inclusion the intermediate case always
occurs as AU(fmax) = 0.

DETERMINATION OF THE ELASTICITY TENSOR OF THE COMPOSITE

Since the material has a periodic microstructure its effective elasticity tensor can be determined either using the asymptotic
homogenization method or the averaging approach based on the equivalent inclusion method. Each one has its own merits and
shortcomings; the former one can handle quite general inclusion shapes and all elastic symmetries while the latter is restricted
only to some simple shapes. However, the first one is computationally more involved, to find the effective tensor a system
of partial differential equations must be solved and this can be done only numerically. On the other hand, the equivalent
inclusion method, with some further approximation on the nature of the inclusion eigenstrain, allows determination of the
effective tensor in a symbolic form. Mastering both approaches, the plan is obvious. The symbolic computation is used to
qualitatively assess variation of the anisotropy with respect to the volume fraction while the numerical solution is used to
validate the result and further improve its accuracy.

Asymptotic homogenization
It is well known [2] that the effective tensor is given by Ceff

ijkh = ⟨Cijkh⟩ ↗
%
Cijlmelm(χ

kh
)
&

where χ
kh

are solutions
of the auxiliary boundary value problems(BVP) with periodic boundary conditions. These are solved using the finite element
method(FEM). Since anisotropy is the key issue, the FEM mesh must fully respect the symmetry of the problem. For problems
with the cubic symmetry this is accomplished by rewriting the problem as the BVP with Dirichlet boundary conditions on
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the first octant of the unit cell. To retain the cubic symmetry, the octant is discretizied in such a way that the mesh has a
three fold symmetry around the body diagonal of the octant. To the best author’s knowledge this is a novel approach. Using
the symmetric FEM mesh determination of the effective elasticity tensor readily follows. The mesh obviously depends upon
the volume fraction f . However, by the very nature of the FEM dicretization this dependence is not globally continuous and
thus the variation of the anisotropy can be studied only locally. Of course, a global picture can be obtained by tabulating
the anisotropy index for different values of f or, alternatively, more efficiently by the approximation based on the equivalent
inclusion method.

Equivalent inclusion method
Determination of the effective elasticity tensor by the equivalent inclusion method(EIM) is possible only for inclusions

with a known closed form of the Eshelby tensor. A crucial step in using EIM is how to determine the equivalent eigenstrain. In
the paper the approach from [3] is used and further generalized to quadratic eigenstrains and the Fourier approximation of the
Eshelby tensor of a cuboidal inclusion. It was found that in the case of spherical inclusions quadratic eigenstrains give much
better results than the radial approximation. On the other hand, a piecewise constant eigenstrain approximation is preferable
in the case of cuboidal inclusions.

RESULTS

Here we present results for the glass epoxy composite with Ei = 3GPa, νi = 0.35 and Em = �0GPa, νi = 0.2 for the
matrix and inclusion phase, respectively. First we compare simple cubic, body centered and face centered cubic structures
with spherical inclusions. It was found that for all three structures AU is monotonically increasing with a maximal value at the
close-packing fraction fmax. The estimated maximal values of AU for SC, BCC and FCC structures are 0.�, 0.15 and 0.25.
The values are only approximate because the EIM for spherical inclusions with quadratic eigenstrains is reliably only up to
90% of fmax. Also, at fmax FEM mesh is essentially singular.

Next we consider a simple cubic structure with a cubic inclusion. Comparing FEM and EIM results it was surprisingly
found that the EIM with a constant eigenstrain gives qualitatively correct results for all values of f and that the relative
error is more pronounced for small and medium values of f than for large values, see Fig. 1. The comparison is further
improved with a piecewise constant eigenstrain approximation. With the maximal AU are closely associated extreme Poisson’s
ratios. Although, extreme Poisson’s ratios are significantly different from the Poisson’s ratios of the phases, it was found that
composites with periodic cubic inclusions are never auxetics unless the phases are already auxetics. We note also that the
maximal AU is much smaller for composites with a stiff matrix and soft inclusion.
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Figure 1: Relative error in % of the EIM approximation with 64 piecewise constant eigenstrains, effective bulk and shear moduli and AU with respect to
f . In the rightmost figure comparison between FEM and EIM for AU is given.

CONCLUSIONS

It is shown that the asymptotic homogenization and the averaging method based on the EIM give the same effective elastic
properties. Using a simple eigenstrain approximation effective elastic properties can be determined by symbolic computation
and this enables a quick consideration of a variety of potential interesting material configurations. Once a promising configu-
ration is found, asymptotic FEM computation is called upon to refine accuracy of the results. This approach is exemplified by
determination of the extreme elastic anisotropy of composites.
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Summary A micromechanics-based nonlocal constitutive equation for a matrix containing a random distribution of homogeneous solid spheres 
is employed to analyze the case of spherically multi-layer inhomogeneous inclusions. The analysis builds on and generalizes previous papers 
focused on two-phase composites. In particular, it is shown how the task of the derivation of elastic properties for the inclusion phase can be 
make reasonable by replacing inhomogeneous inclusions with homogeneous spheres having equivalent elastic moduli. The constitutive 
equation is then used to explore nonlocal effects of layer distribution in the inclusions on the response of the composite material and derive 
quantitative estimates of the minimum RVE size over which a nonlocal correction to the standard local model is needed to provide a sensible 
description of the constitutive response of the material. 

 
INTRODUCTION 

 
   Within the mathematical modeling of the mechanical behavior of elastic composites, classical approaches usually treat 
the material as being macroscopically homogeneous with constant overall properties and develop constitutive equations 
relating suitable averages of microscopic stress and strain fields over a Representative Volume Element (RVE). As well 
known, the accuracy of the related local constitutive equations depends on how large RVE, compared to the characteristic 
microstructural length of the material, is. A more comprehensive knowledge of nonlocal effects due to microstructure on the 
constitutive response of the composite requires a comparison with a nonlocal constitutive law. 
 

NONLOCAL MODELING OF TWO-PHASE ELASTIC COMPOSITES 
 
   The formulation of nonlocal modeling of interest here was that first developed by Drugan and Willis [1] and then 
generalized by Monetto and Drugan [2-3]. Employing a generalization of the Hashin-Shtrikman variational formulation, 
these authors developed a micromechanics-based nonlocal constitutive equation relating the ensemble averages of stress and 
strain for random linear elastic composite materials. With reference to two-phase composites under the assumptions of 
statistical uniformity and ergodicity, a nonlocal constitutive equation was derived in closed form for an isotropic 
homogeneous matrix containing isotropic homogeneous inclusions and presenting macroscopically an either isotropic or 
transversely-isotropic behavior. The microstructure was described statistically by using up through two-point correlation 
functions. Nonlocal terms up through the second gradient of ensemble-averaged strain were included. In particular, 
completely explicit results were obtained for non-overlapping identical spheres [1-2] and spheroids with fixed or random 
orientation [2-3]. 
   The final constitutive equation has the form: 

 !"#$%& ' ($)&!*#$%& + (,-
$.& /0!*#$%&

/12/13
  (1) 

where angle brackets denote ensemble average; σσσσ and e are the stress and infinitesimal strain tensors; x is the position 
vector; L(0) is the local fourth-order tensor of effective elastic moduli and L(1) is a sixth-order tensor of nonlocal correction 
to the standard constant-effective-modulus constitutive model. The detailed forms of L(0) and L(1) can be found in the 
references just cited. Here, it is of interest to recall only that their components depend on the elastic properties of the two 
(matrix and inclusions) phases and on the volume concentration, shape and size of the inclusions. 
   The main goal of the present paper is to show how to employ this nonlocal constitutive equation to model the response 
of multi-phase composites treated as a wider class of two-phase composites containing inhomogeneous inclusions and 
analyze the nonlocal effects of such specific internal microstructure on the effective properties of the composite. 
 

MODEL OF IMPENETRABLE INHOMOGENEOUS INCLUSIONS 
 
   The model of impenetrable inclusions considered here consists of nonoverlapping identical spheres with a homogeneous 
core surrounded by firmly bonded concentric spherical shells of different homogeneous material. These can correspond to 
multi-phase inclusions made up of two or more different materials, as well as homogeneous inclusions with a sufficiently 
thick coating surrounding them at the interface with the matrix. 
   In order to employ previous explicit definitions of local and nonlocal tensors, inhomogeneous spheres are replaced by 
equivalent homogeneous ones. The shear and bulk moduli of such equivalent spheres are then evaluated as suitable averages 
of bulk and shear moduli of all inclusion phases using thicknesses of the shells as weighting. 
 



RESULTS AND CONCLUSIONS 
 
   As a generalization of previous results, the micromechanics-based nonlocal constitutive equation derived for two-phase 
composites in [1-3] is employed to analyze matrices containing a random distribution of spherically multi-layer inclusions. It is 
shown how the task of the derivation of elastic properties for the inclusion phase can be make reasonable by replacing 
spherically multi-layer inclusions with homogeneous ones having equivalent elastic moduli. 
   The constitutive model described is then employed to derive quantitative estimates of the characteristic internal length of the 
random composite under consideration, defined as the minimum RVE size over which a nonlocal correction to the standard local 
model is needed to provide a sensible description of the constitutive response of the material. In order to do this, ensemble-
averaged strain fields sinusoidally-varying with position are considered and the wavelengths of the variation at which the 
nonlocal correction to the local term in Eq. (1) is not negligible are determined. 
   These estimates permit one to draw interesting conclusions about the effects of layer distribution in the inclusions on the 
nonlocal response of the composite material. 
   As an example, thin hollow inclusions show longer-range nonlocal effects than thick hollow inclusions. Furthermore, the 
minimum RVE size of coated solid spheres is smaller for thin coating than for thick coating. 
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Summary: Aluminum trihydrate (ATH) is mostly incorporated into polymer composite to make the flame retardant. Improving 
the flame retardant properties of these composites have been studied and published in the literature, but ATH effect on the 
mechanical strength, thermal and physical properties have not been thoroughly addressed. This investigation reports the effect of 
alumina thrihydrate (ATH) particles on the physical and mechanical properties of ATH filled vinyl ester casting. The bending 
properties, viscosity, shrinkage, exothermic peak and gel-time were explored and discussed. 

 
INTRODUCTION 

  
Casting made of thermoset resins (Epoxy, unsaturated Polyester, vinylester, etc. ) are used as core materials for sandwich 
structures were high compressive properties of the core are required as for applications in civil, electric and marine engineering 
[1, 2]. For some applications requiring thick cores, the cure of large amount of thermoset resins lead to unacceptable 
exothermic temperature peaks. Non-organic fillers are added to the casting formulation to control the peak temperature and 
shrinkage properties as well as other physical and mechanical properties [3, 4]. Among the numerous available inorganic 
fillers, aluminum trihydrate (ATH) is a well-known low cost flame retarder and smoke suppressor and these aspects are well 
documented in the open literature [5-7]. However, the effect of ATH on the mechanical, thermal and physical properties in 
thermoset plastics has received less attention. This investigation reports the effect of alumina thrihydrate (ATH) particles on 
the physical and mechanical properties of ATH filled vinyl ester casting. 

 
EXPERIMENTAL METHOD 

x Preparing samples 
To understand the effect of ATH concentration on the physical, thermal and mechanical properties of vinyl ester resin, 

five composites with different ATH fractions were prepared (10, 20, 30, 40 and 50% of total weight). The polymerization 
occurs in open casting mold at room temperature. The size of ATH fillers is 2 µm. 

x Physical, thermal and mechanical tests 
Viscosity: the viscosity of pure vinyl ester resin and that of ATH incorporated composite was measured during the 

polymerization, by Brookfield® viscometer, Model DV2T. This property is an important factor for manufacturing technique.   
Exothermal: The time-temperature evolution was recorded during polymerization in mid-thickness of the sample, using 

thermocouples (K). 
Three point bending flexural test: The samples were manufactured by specific mold adapted for bending test, in according 

to ASTM D790, and afterwards cut to the desired thickness.  
 

RESULTS AND DISCUSSION 
 
Figure 1 shows the effect of ATH fraction on viscosity of vinyl ester. The mixture viscosity is solely influenced by ATH 
fraction. When the ATH fraction increases from 10 to 50%, the viscosity jumps from 1.2 times higher to 47 times higher than 
WKDW�RI�YLQ\OHVWHU��§�����F3s). The relationship between filler fraction and viscosity is non-linear.  
 

 
Fig.1: Effect of ATH weight fraction on dynamic 

viscosity of vinyl ester mixture 

 
Fig.2: Effect of ATH weight fraction on Gel-time 

and Exothermic peak of vinyl ester



The Figure 2.a reveals that ATH fraction changes two parameters at least: the temperature at exothermic-peak and gel-time. 
Indeed, when ATH fraction increases, the reaction is delayed and the exotherm-peak temperature decreases. This effect is 
mainly due to the decreasing of resin quantity in sample, and secondly by the thermal effect of fillers which act as local micro-
heat sink. Consequently ATH particles restrict the speed of polymerization reaction progress. 
 
Vinyl ester has a volume shrink close to 5.7%. Figure 3 shows the effect of ATH particles on volume shrinkage ratio of vinyl 
ester resin. When filler concentration increases from 10 to 50%, the volume shrinkage falls from 4.1% to 0.75%. This effect 
can be explained by two reasons: the first is related to the decreasing of temperature gradient during polymerization and the 
second is explained by the lower coefficient of thermal expansion (CTE) of ATH. 
The VE/ATH composites present a brittle behavior, which is characterized by rupture without any noticeable prior change in 
the rate of elongation, figure 4. However, the ATH particles contribute on improvement of rigidity of the material. Figure 5 
shows the effect of ATH fraction on flexural properties of ATH-VE composites. When the ATH fraction increases, flexural 
modulus increases, but the ultimate flexural strength and maximum strain decline. 
 

 
Fig.3: Effect of ATH weight fraction on volume 
shrinkage ration of Vinyl ester composites 

 
Fig.4: Effect of ATH weight fraction on flexural 

behaviors of Vinyl ester composites
 

 
Fig.5: Effect of ATH weight fraction on flexural modulus, ultimate strength and maximum strain 

 
CONCLUSION 

 
According to all the results of this experimental study, ATH fillers affect the mechanical and physical properties of vinyl ester 
matrix composites. ATH increases viscosity, retards polymerization reaction, and decreases exothermic temperature. 
Furthermore, ultimate bending strength and the maximum flexural strain decrease when ATH concentration increases. While 
the flexural modulus increases proportionally to the ATH concentration. This research has shown that if the incorporation of 
ATH fillers improves composite flame performance, as demonstrated in the literature, this is can be associate to significant 
processability difficulties and substantial mechanical performance modifications. 
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Summary Previous studies on mechanical performance of natural multilayered materials such as nacre show that their outstanding prop-
erties are direct results of the nanoscale features and the optimized arrangement of the elements. One of the most effective methods to
fabricate multilayered composites inspired by nacre, is ”freeze casting”. The lamellar-structured samples made by this method show in-
teresting behavior. In this study first alumina/PDMS and Alumina/PU composites were made and tested and then analytical solutions for
effective properties of lamellar-structured composites were developed. Analytical verification of all suggested deformation and toughen-
ing mechanisms is explored. The experimental results are in an excellent agreement with the analytical model. Detailed relationships are
presented to identify future directions for material development.

INTRODUCTION

Optimized structure and properties of natural composites make them a strong source of inspiration. Many researchers
studied the relation between structure and mechanical performance of natural composites such as nacre [1, 2] and bamboo [3]
as well as other artificial structural composites [4, 5]. Nacre is a natural composite made of 95 % brittle aragonite platelets
[6] and only 5 % biological macromolecules which has an important effect on nacre’s fracture resistance [7]. Many studies
show the important role of organic matrix in mechanical response of nacre, hence there is a great need to investigate more
mechanics-based details [8], [9]. Shuchun and Yueguang (2007) [10] used shear-lag model to study the interdependence of
the overall elastic modulus and number of hierarchical levels in bone-like materials. There are other analytical approaches to
study the structure of nacre [11]. There are different experimental approach to make structural materials similar to nacre [12].
Among them, freeze casting is one of the most efficient methods to make macroscale samples with micro and nano structure.

MATERIALS AND METHODS

Freeze-casting which is templating of porous ceramic scaffolds by the solidification of a solvent, was used in this study.
Lamellar alumina scaffolds were prepared by freeze-casting water-based suspensions. PDMS and PU was infiltrated into the
sintered porous structure. In order to discuss the effective properties of the multilayered composite, the balance of forces
for the components of its unit-cell following by period boundary condition should be applied. Hence, the shear-lag theory
employed on a simplified 2D unit-cell was taken into consideration.

100 ǋm 

Figure 1: SEM image of
lamellar-structured composite
after PDMS infiltration.

considering the layers with even numbers as the stiff layers and PI,∞ is the far field or steady
state tensile stresses in each layer when there are no shear stress boundary conditions; in
other words, the tensile forces in the layers under constant axial stress far away from any
end or from any discontinuities or breaks in any layers.The idealized composite geometry
is shown in Fig. 2. The wallpaper symmetry group is pmm, with two bricks per unit cell,
which are separated by one brick height vertically, and shifted by s horizontally. It assumed
that the components deform only in the x-direction (the arrangement of the bricks in the
through-thickness direction does not factor into the response).

The equation for part 1 is as following. The same approach can be used to write the
equation for all four parts.

u1
′′ =

Gm

Eb.h.b
(u1↗u2)↗→ 0 < x < s (1)

Using these boundary conditions the displacement of the different parts of model, u1, u2, u3 and u4 can be calculated.

∗Corresponding author. Email: nrahbar@wpi.edu
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MAGNETO-ELECTRO-THERMO-ELASTIC INTERFACE MODELS:

AN ASYMPTOTIC APPROACH

Michele Serpilli∗

Department of Civil and Building Engineering, and Architecture, Polytechnic University of Marche, Ancona, Italy

Summary We study the quasi-static behavior of a magneto-electro-thermo-elastic assembly constituted by a thin magneto-electro-thermo-
elastic plate-like layer inserted between two generic magneto-electro-thermo-elastic bodies by means of an asymptotic analysis. After
defining a small dimensionless parameter ε, which will tend to zero, we characterize two different limit models and their associated limit
problems, the so-called weak and strong magneto-electro-thermo-elastic interface models, respectively. Moreover, we identify the non
classical magneto-electro-thermo-elastic transmission conditions at the interface between the two three-dimensional bodies.

Smart multi-functional materials have been used over the past few decades in several applications in all fields of aeronau-
tical, mechanical and civil engineering. For what concerns with smart multi-functional structures, the strain state is constantly
under control by means of sensors and actuators, usually made of piezoelectric and/or piezomagnetic materials, integrated
within the structure. The promising application of piezoelectric and piezomagnetic composites makes it imperative to develop
new methods and analysis tools for better understanding mechanisms and behaviors of such structures which are subjected to
mechanical, electric, magnetic and thermal interactions. The mechanical coupling of piezoelectric and piezomagnetic compo-
nents in such structures gives rise to the so-called magnetoelectric effect, which is not present in the individual components,
as well as pyroelectricity and pyromagnetism. In particular, these last two effects may be relevant for what concerns energy
harvesting. Piezoelectric/piezomagnetic materials may be applied onto a host structure to change its shape and to enhance its
mechanical properties with different configurations: for instance, a piezoelectric/ piezomagnetic transducer can be embedded
into the structure to be controlled or it can be glued on it. Moreover, the same actuators are often obtained by alternating
different thin layers of material with highly contrasted magneto-electro-thermo-elastic properties. This generates different
types of complex multimaterial assemblies, in which each phase interacts with the others.

The asymptotic methods have been successfully applied to obtain a mathematical justification of thin structure models in
the field of elasticity and piezoelectricity (see, e.g., [3, 6, 2]): this has stimulated the research toward a rational simplification
of the modeling of complex structures obtained joining elements of different dimensions and/or materials of highly contrasted
properties. A thin interphase represents one of the most peculiar bonded joint between two media. The treatment of the
thin interphase as a separate phase by a standard finite element analysis is too expensive from a computational point of
view and the presence of strong contrasts in the geometry and mechanical properties causes numerical instabilities. The
asymptotic analysis allows to replace the original problem by a set of problems in which the thin interphase is substituted by
a two-dimensional surface, i.e., a so-called imperfect interface, between the two three-dimensional bodies with non classical
transmission conditions (see [1, 4, 5] within the theory of elasticity and piezoelectricity).

The goal of the present work is to study the behavior (considering the quasi-static assumptions for the Maxwell’s equations)
of a magneto-electro-thermo-elastic assembly constituted by a thin magneto-electro-thermo-elastic layer surrounded by two
generic magneto-electro-thermo-elastic bodies by means of an asymptotic analysis. By defining a small real parameter ε,
associated with the thickness (hε = εh) and the magneto-electro-thermo-elastic properties of the middle layer, we perform
an asymptotic analysis. We consider two particular cases by varying the magneto-electro-thermo-elastic stiffnesses ratios
between the middle layer Ωm,ε = ω × (−εh, εh) and the adherents Ω±,ε: namely, the weak magneto-electro-thermo-elastic
interface model, for which we scaled the electromechanical coefficients of the intermediate domain with ε, and the strong

magneto-electro-thermo-elastic interface model, for which we choose 1

ε as scaling. We also identify the non classical magneto-
electro-thermo-elastic transmission conditions at the interface and the expressions of the stresses, electric displacements,
magnetic induction and heat flow inside the interlayer.

The magneto-electro-thermo-elastic state is determined by the quadruplet Uε := (uε,ϕε, ζε, θε), constituted by the dis-
placement field, the electric potential, the magnetic potential and the temperature, respectively. Given a certain state Uε, for
all test functions Vε = (vε,ψε, ξε, ηε) and for any fixed t ∈ (0, T ) we introduce the following bilinear form (see [2]):

Aε(Uε(t),Vε) := ρε(üε,vε) + c(ηε, u̇ε) + cv(θ̇ε, ηε)− d(ηε, ϕ̇ε)− e(ηε, ζ̇ε) + au(uε,vε) + b(ϕε,vε)− b(ψε,uε)+

+f(ζε,vε)− f(ξε,uε)− c(θε,vε) + aϕ(ϕε,ψε) + aζ(ζε, ξε) + g(ζε,ψε) + g(ϕε, ξε)+

−d(θε,ψε)− e(θε, ξε) + aθ(θε, ηε),

∗Corresponding author. Email: m.serpilli@univpm.it



where (·, ·) is the scalar product in L2(Ωε), v̇ := ∂tv denotes the time derivative and the bilinear forms are defined as follows:
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Let V (Ωε) :=
!
vε ∈ H1(Ωε); vε = 0 on Γε

0

"
, Ωε := Ω+,ε ∪ Ωm,ε ∪ Ω−,ε, the weak formulation of the problem takes the

following form #
Find Uε(t) ∈ [V (Ωε)]3 × V (Ωε)× V (Ωε)× V (Ωε), t ∈ (0, T ), such that
A+,ε(Uε(t),Vε) +A−,ε(Uε(t),Vε) +Am,ε(Uε(t),Vε) = Lε(Vε),

(1)

for all Vε ∈ [V (Ωε)]3 × V (Ωε) × V (Ωε) × V (Ωε), where Lε(·) denotes the work of the external loads applied in Ω±,ε. In
order to study the asymptotic behavior of the solution of problem (1) when ε tends to zero, we use the approach by [3] and
develop the solution as a series of powers of ε, namely U(ε) := U0+εU1+ε2U2+ . . .. By choosing the two different scalings
for the magneto-electro-thermo-elastic interlayer moduli, we derive the following interface limit problems (see, e.g., [5]).

The weak magneto-electro-thermo-elastic interface model

Let us define the functional space W (Ω) := {v ∈ L2(Ω); v± ∈ H1(Ω±), v = 0 on Γ0}, the variational formulation of
the weak magneto-electro-thermo-elastic interface model reads as follows:

#
Find U0(t) ∈ [W (Ω)]3 ×W (Ω)×W (Ω)×W (Ω), t ∈ (0, T ) such that
A−(U0(t),V) +A+(U0(t),V) +Am(U0(t),V) = L(V),

for all V = (v,ψ, ξ, η) ∈ [W (Ω)]3 ×W (Ω)×W (Ω)×W (Ω) where

Am(U0,V) :=
1

2h

$
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0]][[η]]

"
dx̃, with [[f ]] := f+ − f−,

is associated with a limit surface energy depending on the jump of the displacement field [[u0]], electric potential [[ϕ0]], mag-
netic potential [[ζ0]] and temperature [[θ0]], evaluated at the interface ω. This transmission problem can be considered as a
multiphysical generalization of the results obtained in [4, 5].

The strong magneto-electro-thermo-elastic interface model
Let us define the functional space X(Ω̃) := {v ∈ H1(Ω̃), v|ω ∈ H1(ω), v = 0 on Γ0}, Ω̃ := Ω+ ∪ ω ∪ Ω−, the

variational formulation of the strong magneto-electro-thermo-elastic interface model takes the following form:
#

Find U0(t) ∈ [X(Ω̃)]3 ×X(Ω̃)×X(Ω̃)×X(Ω̃) t ∈ (0, T ), such that
A−(U0(t),V) +A+(U0(t),V) + Bm(U0(t),V) = L(V),

for all V ∈ [X(Ω̃)]3 ×X(Ω̃)×X(Ω̃)×X(Ω̃), where

Bm(U0,V) := 2h

$

ω

'
σ̃αj∂αvj − D̃α∂αψ − B̃α∂αξ +

˙̃Sη − q̃α∂αη
(
dx̃,

represents the two-dimensional bilinear form defined on the interface ω, associated with a magneto-electro-thermo-elastic
membrane energy. Moreover, σ̃αj := C̃m

iβjα∂βu
0
i + P̃m

βαj∂βϕ
0 + R̃m

βαj∂βζ
0 − β̃m

αjθ
0, D̃α := P̃m

βαi∂βu
0
i − X̃m

αβ∂βϕ
0 −

α̃m
αβ∂βζ

0 + p̃mα θ
0, B̃α := R̃m

βαi∂βu
0
i − α̃m

αβ∂βϕ
0 − M̃m

αβ∂βζ
0 + m̃m

α θ
0, S̃ := β̃m

βi∂βu
0
i − p̃mβ ∂βϕ

0 − m̃m
β ∂βζ

0 + c̃mv θ
0 and

q̃α := −K̃m
αβ∂βθ

0 represent, respectively, the reduced stress vector, electric displacement, magnetic induction, thermody-
namic entropy and heat flow of the interface. By taking into account all the possible multiphysical interactions, we manage to
generalize the results obtained in [1, 5].
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Summary Recent investigations reveal that interface bonding strength is dependent on the relative orientation of crystallites of the both 
phases [2]. The experimental, theoretical and computational investigations confirm this observation in the case of Cu/Į-Al2O3 system, [3], 
[4]. It is shown that the statistical distribution of the values of interface strength for different relative orientations of bonded phases should 
be included in the phenomenological model of the damage initiation in nanocomposites. The novelty of the presented study is the 
combination of different experimental techniques: HRTEM, EBSD and molecular dynamics simulations with phenomenological theory of 
damage development in nanocomposites due to debonding at the interphase boundary [5], [6], [7]. A class of new models with the yield 
condition determined by one of quadric surfaces, in particular paraboloid or ellipsoid one is considered and the comparison with popular 
Gurson approach is discussed, [8]. 
 

INTRODUCTION 
   In recent studies on modern materials the information from sophisticated observation techniques and molecular 
simulations at different levels flows across scales into the decision process of modelling and design, which enables rational 
tailoring of materials [1]. The concept of workflow integration rather than multiscale integration is applied in the presented 
paper.  
   The experimental studies show that the geometry of interphase boundaries and in particular the relative orientation of 
crystallites of the both phase is one of the crucial factors determining the toughness of metal/ceramic composites [2]. The 
experimental, theoretical and computational investigations presented in [3], [4] confirm this observation in the case of Cu/Į-
Al2O3 system. Until now there is lack of a model adequately tuned to include the dependence of the strength of the interface 
bonding on the phase orientation . It is also known observation that the size of the ceramic inclusion embedded in metal matrix 
decides about the mode of fracture initiation in the composite. If the inclusion is of nanosize diameter the far-field stresses 
produce the particle/matrix debonding, while in the case of larger particles cracks in ceramic inclusion are developing, [5]. 
   The aim of the paper is identification of the structure, strain, bonding strength and the fracture process at the bimaterial 
interface. The particular value of the final result consists in using the series of experimental data from complementary 
investigation methods: EBSD and HRTEM. The first of them provides the information statistically valid and the other one 
enables detailed local characterization. The experimental data are supplemented by the results of molecular dynamics (MD) 
computations and a theoretical analysis. The discussed complex characterization of the bimaterial interface is performed on 
the example of Cu/Į-Al2O3 boundary. As a result the mechanism of bonding is revealed and a new phenomenological model 
is proposed that enables introducing the statistical distribution of the bonding strength into the prediction of nanocomposite 
material toughness.  

PHYSICAL MOTIVATION 
EBSD examination: orientation relationships at interphase boundaries  

HRTEM studies: microstructure observations and modelling 
The set of orientation relationships uncovered by EBSD method in composites manufactured by the powder metallurgy is 
observed also in the Cu/Į-Al2O3  heterostructures obtained by Pulsed Laser Deposition (PLD). It leads to the conclusion that 
the revealed misorientations are typical for the copper/ corundum interphase boundary regardless of a synthesis way. The 
interface with the basic orientation relationship was studied with the use of HRTEM technique. The obtained images are used 
to three-dimensional reconstruction of the junction microstructure by MD simulations [5]. The results show that strong 

Corundum nano-particles (red) embedded in a 
copper matrix (green) were investigated with the 
use of Electron Back Scattered Diffraction 
technique (EBSD), [3], [4], Fig. A. Picture B 
demonstrates an example of EBSD results 
showing the interphase boundaries: basic 
orientation relationship (red) and new ones with 
improved bonding strength (green and yellow). 

A B 



bonding between copper and Į-Al2O3 induces structural changes in the (111) Cu layer nearest the substrate and leads to 
formation of the system of partially dissociated dislocations in the next layer. In consequence, the Cu/Į-Al2O3 interface 
becomes the semicoherent system. The lattice matching regions of the individual Cu layers are significantly lowered, which 
results in strong deformations along the closed packed planes (see the pictures below). The interfaces with the improved 
strength (see images from EBSD investigation) exhibit more intense structural changes which reach much deeper into the 
metal layer [4].  

 

 
 

MAIN RESULTS AND CONCLUSION 
 
The presented discussion reveals the necessity of accounting for the statistical distribution of the values of interface strength 
for different relative orientations of bonded phases into the phenomenological model of nanocomposites subjected to damage 
initiation due to debonding. An energy-based approach resulting in the new model of damaged nanocomposites with the yield 
condition determined by one of quadric surfaces, in particular paraboloid or ellipsoid one is considered, [8]. Also the 
comparison with the popular Gurson criterion is discussed. The novelty of the presented multidisciplinary study is the 
combination of different experimental techniques: HRTEM and EBSD in relation with the results of MD computations with 
phenomenological theory of damage development in nanocomposites due to ceramic particles debonding. 
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 HRTEM image of the Cu/Į-Al2O3 interface, [6].  

 

Cu [2-1-1]  

Al2O3 [-1 1 2 0] 

An example of the MD simulation of the stacking 
faults areas. The Cu atoms (yellow) limited by partial 
dislocations (red) within the planes (1 -1 1), (-1 1 1) 
and (1 1 -1). The position of atoms belonging to the 
first Cu layer (grey scale), [7]. 
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Summary Mechanical properties and failure modes of carbon fiber composite Egg and pyramidal grids cores were studied in present paper. 
Interlocking method has been developed for both kinds of three dimensional grids. The out of plane compression, in-plane compression and 
three point bending responses of the both panels were tested until failure. Crushing mode and energy absorption in quasi-static uniform 
compression have been investigated. Euler or core shear macro-buckling, face wrinkling, face inter-cell buckling and face sheet crushing were 
considered and theoretical relationships for predicting the failure load associated with each mode were presented under in plane compression. 
Face wrinkling and core debonding have been investigated under three point bending. Failure mechanism maps were constructed to predict the 
failure of composite sandwich panels with pyramidal and egg grid cores subjected to in plane compression and bending. 

DESIGN AND FABRICATION 

   A method for fabricating carbon fiber composite egg and pyramidal grid cores has been developed in this section. First, 
carbon fiber composite laminates with 0o/90o were made by T700/epoxy prepreg of thickness 0.15 mm (T700/epoxy 
composite, Beijing Institute of Aeronautical Materials, China). Two pieces of grid plates were cutted by electronic 
engraving machine (Harbin Weijifen Organic Glass Products Co., Ltd.), and then these plates are assembled together basing 
on interlocking method as shown in the left side of Figure 1(a) and (b). Each plate interlocked with other plate only from the 
long caulking groove in order to form egg lattice cores and each plate interlocked with other plates including both long and 
short caulking grooves to form pyramidal lattice cores. The fabricated egg and pyramidal grid cores are sketched in the right 
side of Figure 1 (a) and (b), respectively. Finally, two face sheets will be bonded on the top and bottom of the grid core to 
form a sandwich panel.  

Figure 1 Interlocking route for making the carbon fiber composite egg grid (a) and pyramidal grid cores (b)

OUT OF PLANE COMPRESSION 

   Out of plane compression tests were performed to study the compressive stiffness and strength in the out of plane 
direction. Pyramidal and Egg grid cores with two different relative densities were studied in this section. According to the 
displacement curves, there are two peak strengths for each curve. The curves of pyramidal grid cores are similar with that of 
egg grid cores. Delamination and fracturing were found near the top end of girds cores and these failures will run through 
all the grid cores with the increasing of compressive load. At the same time, fracturing was discovered near the slots of grids
cores due to initial defect. The compression curves reveal long deformation plateaus, suggesting that both egg and 
pyramidal grid sandwich panels may potentially be good energy-absorbing materials. The energy per unit mass of both egg 
and pyramidal grid cores have been calculated in order to be compared with square honeycombs. Compared to the 
referenced panels with square honeycombs cores made by carbon fiber composites [1-2], the present three dimensional grid 
sandwich structures have superior specific energy absorbing ability than that of other square honeycombs under low 
densities between 101 Kg/m3 and 102 Kg/m3. The reason is that at the same low densities, present grid structures will occur 
crushing not Euler buckling failure but square honeycombs are very easy to be failed with Euler buckling. Thus, the present 



method provides a novel fabrication and prototyping method for carbon fiber composite grids cores with through inner 
space, and can be can be used to make ultra-light structures with good energy absorption. 

IN PLANE COMPRESSION 

   We will develop the full range of analytical predications for the failure modes of both 3-D grids cores sandwich column 
made by carbon fiber reinforced composite. Four different failure modes of sandwich panels with 3-D grid cores under axial 
compression were considered: i) Euler or core shear macro-buckling, ii) face wrinkling, iii) Face intra-cell buckling, and iv) 
face crushing including face delamination and plastic micro-buckling. Failure mechanism maps will be constructed with 
four competing failure modes, Face sheets with three different layers stacking will be investigated and the relationship 
between the failure mechanism maps and material mechanical properties will be discussed. In this section, we provide 
predictive failure maps for carbon fiber reinforced composite egg and pyramidal grids core sandwich panels basing on 
above analytical parameters. The stacking sequence of the face sheets and the topologies of grids core can have significant 
effect on the overall behaviour and failure of composite sandwich panels. Results of sandwich columns failure in 
compression expressed in terms of maps facilitate visualization during the design stage. In constructing such a map, it is 
assumed that the operative failure mode is the one associated with the lowest critical load. In our previous paper [3], we 
point out that the choice of material properties for the parent material significantly influences the locations of the boundaries 
between failure modes for carbon fiber composite sandwich columns. Failure mechanism maps are constructed based on 
different laminate stack sequences and core configurations. This reminds us that the highest weight efficient sandwich 
structure can be obtained by changing the laminate stack sequence and truss core configuration. Three different specimens 
have been designed for egg and pyramidal grid cores, respectively. Almost all the failure modes mentioned above have been 
found in our tests and several different models can be investigated for the same specimen. 

THREE POINT BENDING  

  Under three point bending, possible failure modes of a carbon fiber sandwich panel are: (i) face sheet crushing or 
wrinkling, (ii) face sheet intra-cell buckling, (iii) core member crushing (including grid core’s delamination or fracture) or 
buckling and (iv) debonding between face sheet and grid cores. The collapse of the panel is generally dictated by one of the 
competing mechanisms that depend on the geometry of the panel and the mechanical properties of the face and core 
materials. Three different stacking sequence and two kinds of three dimensional grid cores have been considered in order to 
draw the failure mechanism map under three point bending. Face wrinkling, Face crushing, core member crushing and core 
debonding have been investigated in our maps. The stacking sequence and thickness of the face sheets can have significant 
effect on the overall behaviour and failure of composite sandwich panels. We performed three point bending tests on 
sandwich panel specimens with different geometries. Both pyramidal and egg grid structures with two different thickness of 
face sheet have been investigated. For the deviation between analytical calculation and experiment, The first reason is that 
the shear deflection was restricted by the end and the second reason is that the shear deformation of facesheet was not 
considered in the analytical models. The adhesion strength between the three dimensional grid cores and face sheet 
appeared to be the limiting factor in several cases, debonding is always the last and also dominate failure modes. All beams 
almost failed by the predicted dominate mode, some failure modes can occur at the same time due to the complex of 
composite three dimensional grid cores.  

CONCLUSIONS 

   Carbon fiber composite sandwich panels with egg and pyramidal grid cores have been designed and manufactured by 
interlocking method. Out of plane compression, in plane compression and three point bending tests were carried out to study the
mechanical behaviors of the grids and sandwich panels. Analytical models and failure maps have been conducted in order to 
predict the mechanical response and failure modes of all the specimens. Core buckling and crushing have been found under out 
of plane compression, energy absorptions have been concluded for each specimens. Macro shear Euler buckling, face wrinkling 
and face crushing have been investigated under in plane compression. Face wrinkling and debonding have been indicated under 
three point bending. In general, the measured peak loads obtained in the experiments showed good agreement with the analytical 
predictions. The data could provide insight into the design of optimized or near-optimized sandwich panels. Three dimensional 
grid cores with interconnected void spaces appear most promising as candidates for the cores in sandwich structures intended for
lightweight and multifunctional application. 
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Summary Three-dimensional (3D) printing is referred to create objects by adding material layer-by-layer rather than traditionally removing 
material from a part. In this study, we developed a method to fabricate metal 3D microstructures consisting of 3D printing at room temperature 
and two following processes: sintering and copper infiltration. 3D structures such as scaffolds and planetary gears with the filament diameter of 
250 µm are printed using a steel micro powders/polylatic acid (PLA) composite at a printing speed of 10 mm/s. The ink concentration is up to 
98.28 wt%. Filament porosity of sintered samples is 1.7% ± 0.2%. After sintering, copper is infiltrated into the sintered sample to obtain steel 
and copper alloy 3D structures.   

 
INTRODUCTION 

 
   Direct-write (DW) is an extrusion based three-dimensional (3D) printing method, which has been used for several years 
in various fields such as micro fabrication [1], tissue engineering [2] and electronics [3]. Lewis et al. [4] developed a direct-
write printing method to print TiH2/polymer composite 2D sheet at room temperature and fold them into 3D structures. 
Then the samples were annealed to remove the polymer and obtain Ti or TiO2 microstructures by employing different 
atmospheres. In this study, we achieved to print 3D structures with steel/PLA composite at room temperature, sinter printed 
samples to remove PLA and use copper to infiltrate sintered samples to fill the pores created during the sintering process.  
 

METHODS 
 
   Figure 1 shows a schematic representing the process used. A multilayer scaffold is fabricated by solvent-cast direct 
write [5] (a 3D printing method using polymer composite solved in volatile solvent as the ink ) at room temperature (Figure 
1a) and following processes are carried on this scaffold (Figure 1b). First, polylactic acid (PLA 4032D, Nature works, LLC) 
is dissolved in dichloromethane (DCM, VWR, LLC) and the solution is rested for 48 hours. Then the steel micro powders 
(~20µm) are mixed with the solution in the mixer (8000M Mixer/Mill, SPEX SamplePrep) for 5 minutes to obtain the 
metallic ink. Secondly, the metallic ink is poured into a syringe (PN7012074, Nordson, EFD) under the fume hood. A 
steel/PLA composite 3D scaffold is printed with the metallic ink at room temperature. Third, the printed scaffold is heated 
in a tube furnace to burn the PLA and sinter the micro powders. The temperature increases from room temperature to 300!"#$" #" %#$&"'(")*!+," ('%" $,&"-&.%#-#$/'0"'("1234"5,&0" $,&" $&67&%#$8%&" /9" %#/9&-" (%'6":**!"$'";;)<!"#$" #" %#$&"'(")**!+," #0-" ,&=-" #$" ;;)<!" ('%" >," $'" 9/0$&%" $,&" 9$&&=" 6/?%'" 7'@-&%94"A porous steel scaffold was obtained after 
sintering. Finally, the sintered scaffold is heated in the furnace with a piece of copper on the top of it. The temperature goes 
form room temperature to 1120!"#$"#"%#$&"'(")**!+,"#0-",&=-"#$";;>*!"('%"*4<,4"5,&"?'77&%"/9"6&=$&-"#0-"/0(/=$%#$&9"$,&"7'%'89"9?#(('=-"AB"?#7/==#%B"('%?&"#0-".%#C/$B4 

 
Figure 1. Schematic of a fabrication method of metal and hybrid 3D microstructures combined by (a) Solvent-cast direct write and (b) 

sintering and copper infiltration 



RESULTS & DISCUSSION 
 
   Figure 2a shows the printing process of a tensile test sample with 95 wt% steel/PLA ink and 250!m diameter tapered 
nozzle at a printing speed of 10 mm/s. The ink of 98.28 wt% steel/PLA can be printed. While the surface quality of the 
sample is not as good as that made of 95 wt% steel/PLA ink. Various 3D microstructures such as tensile test samples and 
20-layers scaffolds were 3D printed at room temperature (Figure 2b). Figure 2c shows an optical image of pre-sintered, 
post-sintered and copper infiltrated 20-layers scaffolds. Figure d, e and f show SEM images of these samples respectively. 
In the pre-sintered scaffold, the steel micro powders are covered and bounded by PLA. It is a relatively weak connection. 
While in the post-sintered scaffold, the PLA is removed and the steel micro powders are sintered together. The sintered 
scaffold becomes conductive and the mechanical properties are improved. However, there are pores inside the filament of 
the sintered scaffold. The porosity of the filament of the scaffold made of 95 wt% steel/PLA ink is down to 1.7% ± 0.2%. In 
the copper infiltrated scaffold, the pores are filled by melted copper. It improves the electrical conductivity and the 
mechanical properties of the scaffold.  

 
Figure 2. Optical and SEM images of microstructures printed with 95 wt% steel/PLA ink and 250!m diameter tapered nozzle, printing 

speed at 10 mm/s (a) printing process of a tensile test sample, (b) pre-sintered samples, (c) 20-layers scaffolds of (d) pre-sintered, (e) post-
sintered and (f) copper infiltrated and their close-up views 

   The samples are printed at room temperature, which requires only simple setups. The ink concentration used in this 
method is up to 98.28 wt%, which ensures low porosity of the sintered samples. The filaments of the samples printed by this 
method align well and the shape of the samples does not deform after sintering and copper infiltration. However, there are 
some current limitations in this method. First, oxidation is observed on the sintered and copper infiltrated samples. The 
nitrogen will be replaced by a mixture of argon and hydrogen as the protective atmosphere to solve this problem. Secondly, 
the resolution is relatively low. It would be improved by using finer metal powders.  
     

CONCLUSION 
 
  We developed a direct-write 3D printing method to print metal microstructures combining with solvent cast direct write 
at room temperature and following processes: sintering and copper infiltration. Many 3D microstructures such as scaffolds, 
tensile test samples and planetary gears were fabricated by this method. 3D microstructures made of pure metal without 
pores were obtained by following sintering and copper infiltration. The future work will be mechanical and electrical 
characterizations of the sintered and copper infiltrated samples, printing more complex geometry samples and achieving 
faster printing speed.  
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Summary The vibration and damping characteristics of sandwich structure with two porosity of fiber felt core were investigated in this 
paper. Based on the cantilever sandwich beam, modal testing and analysis of those sandwich structures and their corresponding steel 
beam with equal mass were carried out. The results show that the natural frequency and damping ratio are higher than those of the steel 
beam.With the increases of core porosity, each order natural frequency is reduced. Furthermore, with the increase of porosity, the second 
order and third order damping ratio are reduced. 
 

INTRODUCTION 
 

Due to the low density and good mechanical properties, ultra-light porous fiber felt core sandwich structures are widely 
used in aerospace, mechanical and special engineering field. As a kind excellent structural and functional composite 
material, mechanical properties of fiber felt core sandwich structures such as tension and compression has been widely 
studied [1, 2]. While little concerne about their vibration performance. Vibration and damping characteristics of sandwich 
structure should also be the focus in the design process. In this paper, the free vibration and damping characteristics of fiber 
felt core sandwich beam were investigated. As a comparison, the modal experiment of sandwich structures with different 
porosity core and the corresponding steel beam with equal mass were carried out for the case of clamped-free boundary 
conditions. 
 

EXPERIMENTS  
 

Fiber felt core sandwich beams are composed of 304 stainless steel panels and fiber felt core. Two different porosity 
sandwich beams as shown in Fig. 1 and their corresponding steel beam with equal mass were designed. The porosity of 
fiber felt cores are 75% and 90%, with their corresponding panel thickness of 1.5mm, and 1mm, respectively. Modal 
vibration tests were performed on sandwich beams under clamped-free boundary condition. Experimental equipment 
includes the PCB impact hammer, B&K Type 4366 accelerometers, a BK3560D Signal generator, an electromagnetic 
vibration machine and BK3560D modal analysis system. The scheme adopted in this experiment is: first step is white noise 
excitation to determine the first three order natural frequencies of the sandwich beam; then frequency sweeping method is 
used to adjust the frequency resolution to 0.125. Only the average values of three tests were reported in the present study. 

 

 
(a)                                     (b) 

Fig. 1. Fiber felt core sandwich beam with the porosity of (a) 75% and (b) 90%. 
 

RESULTS AND DISCUSSIONS 
 

The acceleration admittance diagrams of sandwich beams and their corresponding steel beam with equal mass are 
presented in Fig. 2. The first two order natural frequencies of the sandwich structure are larger than those of the 
corresponding steel beam with equal mass. But the third order natural frequency of fiber felt core sandwich beam with the 
porosity of 90% is slightly lower than that of their corresponding steel beam with equal mass. It implies that the porosity of 
the fiber felt core will affect the natural frequency of the sandwich structure. In order to get the natural frequency and the 
damping ratio of the sandwich structure more accurately, frequency sweeping method is employed. According to the half 
power point method, the 1 2  time peak value of acceleration admittance of two frequency points, LZ  and HZ , are 



found to obtain the damping ratio. The damping ratio is obtained by: H L=( - ) 2] Z Z Z , where Z  is the frequency of 
peak value point of acceleration admittance. 

 

  
(a)                                        (b) 

Fig. 2. The Acceleration admittance diagram of sandwich beam and the corresponding steel beam with equal mass with 
the porosity of (a) 75% and (b) 90% 

Table 1 The natural frequency and damping ratio of sandwich beam and the corresponding steel beam with equal mass. 

Order 

75% fiber felt core Equal mass steel beam 90% fiber felt core Equal mass steel beam 

Frequency 
(HZ) 

The 
damping 

ratio 

Frequency 
(HZ) 

The 
damping 

ratio 

Frequency 
(HZ) 

The 
damping 

ratio 

Frequency 
(HZ) 

The 
damping 

ratio 

First 60 0.0061 21.2 0.021 35 0.0168 12.75 0.0100 

Second 232.8 0.0097 140.3 0.0023 121.5 0.0040 82.875 0.0003 

Third 493 0.0104 394 0.0007 227.7 0.0052 233 0.0002 
 

The natural frequency and damping ratio of sandwich beams and their corresponding steel beam with equal mass are 
given in Table 1. The measured first order damping ratio of the steel beam with the same mass as that of the sandwich beam 
with core porosity of 75% is 0.021, which exists large errors. According to the literature [3], damping proportion of steel 
structure usually is about 0.0001-0.002. However, the damping characteristic of the fiber felt core sandwich structure is 
better than that of their corresponding steel beam with equal mass. By comparing the two groups of experiments, the 
porosity of core influences greatly the natural frequency and damping ratio of sandwich beam. It can be found that the 
natural frequency of each order will be reduced with the increasing of core porosity.  

It is mainly because that the porosity of the fiber felt is inversely proportional to its density, which implies that the 
strength of the low density material will decrease. Therefore, the flexural rigidity of the sandwich structure with high 
porosity is low and the natural frequency decreases. By comparing the second and third order damping ratio, the damping 
ratio is reduced as the porosity increases. It is attributed that lower porosity of metal fibre corresponds to larger mass with 
denser micro fibers in unit volume. For the vibration of the sandwich beam, the relative displacement among the metal wires 
occurs and the friction resistance will increase. As a result, the damping characteristics are better. 
 

CONCLUSIONS 
 

The free vibration and damping characteristics of sandwich structure with fiber felt core were investigated based on the 
cantilever sandwich beam. The first three order natural frequencies and damping ratio are obtained by modal tests. It can be 
found the natural frequency and damping ratio of the sandwich structures with fiber felt core are better than those of the 
corresponding steel beam with equal mass. The natural frequency and the damping ratio of each order would be reduced 
with the increasing of core porosity. 
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Summray The vibration performance of foam-filled corrugated sandwich beam was investigated in this paper. Based upon a 
micromechanics-based model, the effective elastic constants of foam-filled corrugations are derived by the homogenization method. It is 
used to predict the natural frequencies and vibration modes of the sandwich beam. In order to validate the equivalent model, model testing 
under clamped-free boundary conditions was carried out. The results using a homogenization method show good agreement with 
experimental tests.  
 

INTRODUCTION 
 

Hybrid-cores are constructed to enhance mechanical properties of sandwich structures. Such hybrid sandwich cores 
include pin-reinforced foams, foam-filled lattices. Among the hybrid lattice cores, metallic corrugations filled with polymer 
foams have attracted special attention on account of their relatively low manufacturing cost and good structural performance. 
As for the vibration of sandwich structures, it is important to predict the natural frequencies for design purposes. The 
analytic methods are tedious for sandwich structure. Finite element method (FEM) can be used for vibration analysis of 
complicated structures. But in order to accurately simulate porous material, it will cost high expense for the calculations, 
especially when the complicated problem needs greater accuracy. Generally, the equivalent model can be used to simplify 
the model. For the previous investigations, Liu et al [1, 2] derived the effective stiffness matrix of empty corrugated core. 
Han et al [3] obtained the equivalent elastic constants of foam reinforced corrugated core. In this paper, based on the 
equivalent model presented by Han, the model was simplified by ignoring the coupling of corrugated members and foam 
filling. Based on the above, the vibration performance of foam-filled corrugated sandwich beam was investigated for the 
case of clamped-free boundary conditions. In order to validate the equivalent model, the experimental tests were carried out. 
 

THEORETICAL ANALYSIS 
 

                 
Fig. 1. Equivalent diagram of foam-filled corrugated sandwich beam.      Fig. 2. Geometric parameters of hybrid core.  

 
The foam-corrugation hybrid cores are treated as homogeneous orthotropic materials through principals of force 

equilibrium and energy equivalence as shown in Fig. 1. The face sheet and the corrugated members are made of 304 
stainless steel, with the material properties of 210sE  GP, 7900sU  kg/m3 and 0.3sO  . For Polymer foam Rohacell is 

70fE  MPa, 0.3fO   and 52fU  kg/m3. Geometric parameters of sandwich core as indicated in Fig. 2 are: corrugated 

plate length 44cl  mm, corrugation angle 65oT  , width of corrugation platform 4d  mm, core height 40ch  mm, 
the corrugated member thickness 0.3ct  mm, and the face sheet thickness 0.4ft  mm. The relative density of the hybrid 
core is (1 )c s f sU Q U Q � � , in which 2t cos2s f clQ T  is the volume fraction of the core occupied by corrugation. 

Estimation of the elastic stiffness of the core based on simple strength of materials formulas is informative as to the role 
of the foam. The contribution of coupling effect derived from foam filling on the deformation of corrugated members is 
little, and has been neglected. Only the contributions of stretching and bending deformation mechanisms for the corrugated 



members and foam filling are considered in the elastic stiffness. The elastic stiffness of foam-corrugated hybrid core is 
given as: 
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EXPERIMENTS AND SIMULATIONS 
 

Modal vibration tests were performed on sandwich beams for the case of calmed-free boundary condition. Experimental 
equipment includes the PCB impact hammer, B&K Type 8206-002 accelerometers, a charge amplifier, clamping system 
and LMS-Test-Lab modal analysis system. The experiment was carried out by mufti-point excitation and single point 
measurement. Only the averages of the measured results were reported in the present study. The equivalent mode was 
created by ABAQUS. The three-dimensional elements were employed for both the face sheets and the core of equivalent 
model. A mesh convergence study was carried out. A linear perturbation analysis step was created, and frequency extraction 
procedure was carried out with the lances solver. 
 

VALIDATION AND DISCUSSION 
 

The first three mode shapes and natural frequencies of sandwich beams have been obtained by numerical calculation and 
experiments, which are shown in Fig. 2. Good agreements between the results derived from equivalent model and 
experiments are obtained. The first and third shapes are the bending mode, while the second shape is a lateral mode. The 
discrepancy is less than 5% for first natural frequency of both methods, and less than 10% for the third frequency. 

 

 
(a)                                       (b) 

Fig. 2. (a) The first three natural frequencies; (b) The first three vibration modes. 
 

CONCLUSIONS 
 

It has been shown from the comparison of the results from equivalent and experimental methods that equivalent models 
are well suited for calculating the frequencies and vibration modals of different sandwich beams with foam-filled corrugated 
cores. The results of the equivalent model presented in present study are obtained with good accuracy. The equivalent model 
is an efficient approach for the reduction of the cost and the time in the vibration analysis. Present study could give a hint 
for the researchers in the design and practical applications of the foam-filled sandwich structures. 
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Summary Understanding the role of elastic strain in modifying catalytic reaction rates is crucial for catalyst design, but 
experimentally, this effect is often coupled with a ligand effect. To isolate the strain effect, we have successfully investigated 
the influence of externally applied elastic strain on catalytic activity of metal films towards the hydrogen evolution reaction 
(HER). We show that elastic strain tunes the catalytic activity in a controlled and predictable way. Both theory and 
experiment show strain controls reactivity in a controlled manner consistent with the qualitative predictions of the HER 
volcano plot and the d-EDQG� WKHRU\�� 1L� DQG� 3W¶V� DFWLYLW\� ZHUH� DFFHOHUDWHG� E\� FRPSUHVVLRQ�� ZKLOH� &X¶V� DFWLYLW\� ZDV�
accelerated by tension. By isolating the elastic strain effect from the ligand effect, this study provides a greater insight into 
the role of elastic strain in controlling electrocatalytic activity. 
 

The role of elastic strain in tuning catalytic reaction rates has evolved rapidly in the last decade and has initiated a 
significant re-evaluation of catalyst design. Specifically, researchers have examined the role of misfit strain arising when a 
catalytically-active metal overlayer is epitaxially deposited on another metal substrate or when a shell metal is deposited 
around a core metal to form a core/shell nanoparticle.[1] In general, the misfit strain changes the width of the d-band through 
changes to the d-orbital interactions that are quite sensitive to interatomic spacing r, scaling as r-5.[1b, 2] Changes in the d-
band width modify reactivity of the strained surface by shifting the mean d-EDQG�HQHUJ\��WKH�³G-EDQG�FHQWHU´��UHODWLYH�WR�WKH�
Fermi energy, which influences the bonding and anti-bonding states of adsorbates and reactants on the metal surface.[3] 
Early experimental evidence of strain effects on phenomena related to catalysis was reported by Gsell et al.[4] who 
demonstrated that O adsorption on Ru could be enhanced under tensile strain. Strasser et al. studied PtCu@Cu core@shell 
system formed by de-alloying Pt-Cu nanoparticles,[5] and attributed increases in catalytic activity for oxygen reduction 
reaction (ORR) to the elastic strain in the de-alloyed shell. Recently, Deng et al.[6] studied the influence of elastic strain in 
111-textured thin films of Au and Pt on polyimide on its electrocatalytic activity for HER. More recently, Yang et al.[7] 

demonstrated a similar effect on a Pd-based metallic glass catalyst film under both tensile and compressive strains, which 
have opposite effect on catalytic activity towards ORR.  
 Here we report a systematic study of the effect of externally applied elastic strain on catalytic activity of pure metal 
films towards HER. Production of H2 from water splitting is one of the most well-studied electrocatalytic reactions.[18] HER, 
which is the half-cell reaction responsible for the evolution of H2, it is ideally suited for studying the effect of elastic strain 
as it is well established that the binding energy of H2 --- expressed as the free-energy change of hydrogen adsorption (ǻGH) 
--- is the primary predictor of the effectiveness of an electrocatalyst for HER, with an ideal catalyst having ǻGH of 0 eV. 
Catalytic activity of various metals for HER is often represented by a volcano plot, which shows activity versus ǻGH. On 
such a plot, the peak of the volcano (maximum activity) occurs at ǻGH of 0 eV. The activity decreases to the left of volcano 
peak due to stronger H binding (ǻGH < 0), the activity decreases to the right of the peak as well where H binding is weaker 
(ǻGH > 0).[20] According to the d-band model, compressive strains 
generally weaken the binding strength of adsorbates whereas tensile 
strains enhance it.[14, 21] Hence, we should expect compressive strain to 
weaken the H binding energy on metals to the left of the volcano peak, 
moving them towards the peak and thus enhancing their activity 
towards HER; tensile strain should decrease activity. However, strain 
is expected to have the opposite qualitative effect on metals to the right 
of the volcano peak, i.e., compressive strains should move those metals 
further from the volcano peak and decrease the HER activity; while 
tensile strains should increase activity. In this investigation, we choose 
three metals that span the volcano plot: Ni (left of the peak), Pt (near 
the peak) and Cu (right of the peak), which provide a representative set 
to investigate the effect of elastic strain and the predictions of the d-
band model. The metal films are subjected to externally applied 
compressive and tensile loading while they are participating in HER. 
Simultaneously, we performed density functional theory (DFT) 
calculations on Pt, Ni, and Cu(111) surfaces under various loading 
conditions to more precisely quantify the theoretical predictions, and 
further interpret the experimental measurements in terms of changes in 
the H binding energy. 

Figure 1. Experimental setup to subject thin metal films to 
elastic straining by applying compressive or tensile 
loading on the PMMA substrates in a universal 
mechanical tensing machine.  
 



 Thin films of the three 
metals under consideration (Pt, Ni 
and Cu) were synthesized by 
sputtering on PMMA 
(polymethylmethaacrylate) substrates. 
Elastic strains were applied on the 
films by subjecting the PMMA 
substrates to tensile and compressive 
loading. An electrochemical cell was 
designed to be integrated with a 
universal mechanical testing machine 
as shown in Figure 1. The activity of 
the films for HER was studied at 
each load value through cyclic 
voltammetry (CV) in 0.1 M NaOH 
electrolyte by monitoring the changes 
in the potential at specified values of 
HER current. The samples were held 
at each constant strain while CV 
scans were collected. Experimental 
measurements of the CV shift for all 
three metals, i.e., Pt, Ni and Cu are 
shown in Figures 2a-c; note that 
compressive and tensile strains were 
taken as negative and positive respectively. Moreover, the shift of the CV to the right (i.e. reduction in overpotential or 
increase in activity) was taken as positive and that to the left (increase in overpotential or lower activity) is taken as negative. 
Figure 2 reveals a number of important features: (i) The CV shift was approximately linear with applied elastic strain for all 
three metals in the experimentally accessed strain range. The magnitude of the slope of the linear relation was in the range 
of 10 mV per 1% strain for all three metals. (ii) Compressive strain increased the HER activity of Pt and Ni and decreased 
that of Cu. This is a striking observation and is in good agreement with the theoretical predictions also shown in the figure, 
discussed further below. (iii) These results cleanly separate the strain effect from the ligand effect, thus establishing the 
magnitude of the former, which can provide a useful guideline for design of nanostructured catalysts. 

We carried out density functional theory (DFT) calculations of the hydrogen binding energy on fcc(111) surfaces for the 
same metals under the application of in-plane uniaxial loading in the range of ±1.5%. The computational results within the 
experimental loading range were superposed on the experimental data in Figures 2a-c as gray solid lines. Despite the 
simplicity of the computational model, the agreement with the experimental data is remarkably good in all three cases. In 
particular the computations also capture the reversal in the strain effect on HER activity of Cu compared to that of Pt and Ni. 
This also suggests that the peak of the volcano plot is correctly placed to the right of Pt; that is, Pt binds H slightly too 
strongly. 

In summary, we experimentally demonstrate that externally applied elastic strain can influence the HER activity of  Pt, 
Ni and Cu thin films catalysts in a predictable way, consistent with the predictions of the d-band model on the hydrogen 
binding energy and with the hydrogen-evolution volcano. By separating the strain effect from the ligand effect, we 
demonstrate that the effect of strain on metals on opposite sides of the volcano peak is reversed, i.e., compressive strain 
increases the catalytic activity of metals to the left of the volcano peak and reduces that of the metals to the right. Tensile 
strain has the opposite effect. The experimental observations match theoretical calculations qualitatively and quantitatively. 
The combined experimental and computational study presented here shows the power of separating the strain and ligand 
effects and offers new insights into the design of catalysts not only for HER, but also other electrocatalytic reactions of 
interest. 
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Figure 2. CV-curve-shifts relative to the zero strain level as a function of applied elastic strain for (a) 
Pt, (b) Ni and (c) Cu. Positive potential shift denotes reduction in overpotential and vice versa. Note the 
qualitative difference between Cu and the other two metals; compressive strain increases catalytic 
activity for Pt and Ni whereas the effect is opposite for Cu, which is on the other side of the volcano 
peak. The solid lines (gray color) on the experimental data represent the computational results from the 
bottom row of figures. Bottom row shows the potential shifts obtained computationally for (d) Pt(111), 
(e) Ni(111), and (f) Cu(111) surfaces at different hydrogen coverages as a function of in-plane 
predominantly uniaxial strain. The plots shown are average responses for straining along perpendicular 
in-plane directions. Note that the computationally accessible range of strain values is much larger than 
what was experimentally accessible. 
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Summary A general approach to modeling the effect of hydrogen on stress-strain state of materials is addressed. A two-
continua model is constructed which allows one to describe the kinetics of hydrogen in metals. The developed rheological 
model is appropriate for estimation of the hydrogen transition from mobile to bounded state depending on the stress-state 
relation and description of the localization of the connected hydrogen that results in the material fracture. A novel approach 
to modeling the solids with account for the influence of hydrogen on the properties of free surface on monocrystals at 
various scales is suggested. 
 
   One of the most challenging problems of the material science is the influence of hydrogen on the mechanical properties 
of materials. This influence itself is a good example of crucial importance of small parameter in mechanics since the mean 
mass concentration of 0.4-0.8 ppm (part per million) causes hydrogen embrittlement in aluminum alloys. The hydrogen 
embrittlement is a source of many technical catastrophes and for this reason its nature is carefully investigated, e.g. [1]. 
Nowadays the structural design is not possible without precise strength computation. However the hydrogen considerably 
affects the strength of metals, that is, modeling of the hydrogen influence is a subject of permanent interest.   
   Several approaches will be discussed in the presentation. They are: (i) account of the influence of hydrogen on 
origination and motion of dislocations, (ii) account of the influence of hydrogen on the crack development, (iii) account of 
the internal pressure of hydrogen in metals and (iv) some physical approaches. Origination and motion of dislocations as 
well as the hydrogen-enhanced localized plasticity (HELP) [2] in the vicinity of the crack tips leads to the local plasticity 
because of the high concentration of dislocations. However the calculations in [3] demonstrated that this model 
demonstrates some considerable change in the strain-stress law only under the concentration about 9000 ppm which is not 
extremely high concentration for the majority of metals and not feasible for the real engineering structures. Another model 
which is analogous to the HELP is the De-cohesion model (hydrogen enhanced decohesion model, HEDE for short), cf. [4]. 
The difference between them is that the HEDE model takes into account that the energy of appearance of the free surfaces 
of fracture reduces with increase of the local hydrogen concentration. The HELP approach requires a great computational 
costs for solving any practical problems, cf. [5]. For this reason the only solution is utilizing a continual model of 
dislocation growth however this substitution turns out to be not adequate and the authors suggest to make use of the 
criterion of growth of submicrocrack, i.e. they reduce all the hydrogen problems to the modeling of the crack developing 
and reduction of the crack resistance.  
   The adequate modeling of the behaviour of structures affected by hydrogen requires a special approach which is capable 
for account for influence of small concentration of hydrogen on the mechanical characteristics of materials. We suggest a 
two-component continuum for modelling the hydrogen effects. However it is necessary to understand that the natural 
hydrogen exists in both diffuse and bound forms in any material. An important role is played by the binding energy of 
hydrogen in material.  It  is known that,  inside the materials,  hydrogen is found in traps with different binding energies. In 
steels the total hydrogen content is 0.1-6 n.cm3/100g, while it is only hydrogen with a low binding energy that affects the 
strength, i.e. diffusively mobile hydrogen. In aluminum alloys the entire hydrogen diluted in the metal has a low binding 
energy – about 0.2-0.8 eV. The concentrations that are critical for the mechanical strength of weakly bound hydrogen in 
steels and aluminum alloys are similar – they are decimal ppm fractions. In aluminium alloys it includes the entire diluted 
hydrogen, while in steels it amounts to 5-10% of the total amount of diluted hydrogen. However the hydrogen with low 
binding energy tends to zones of tensile stresses (Gorsky’s effect [6]). Accumulation of hydrogen in the destruction zone 
occurs both by the input from outside and by redistribution of natural hydrogen inside the material. The hydrogen with low 
binding energy is diffuse however its interaction with material is very weak. The hydrogen with high binding energy 
interacts with material very intensively resulting in degradation of the mechanical material properties because of this 
interaction. 
   The scheme of constructing the new rheological model is as follows. Two states of the hydrogen are assumed, namely a 
diffuse (mobile) one and a bounded (settled) one. For each state the equations for the mass balance are formulated and the 
equation governing the exchange between these states is derived, too. These equations are reformulated in terms of 
concentrations of the both states of the natural hydrogen in materials. It allows one to describe the process of redistribution 
of the diffuse and bounded hydrogen inside the material. The equation of dynamics for the structural materials is used to 
derive the the rheological model of the material containing hydrogen. The model is assumed to consist of two continua. The 
first continuum is a solid and plays a part of a carrying structure. The second one describes the behavior of hydrogen inside 
the first continuum and is considered as an ideal gas. The equation of dynamics is written down for each continuum and the 
interaction between them is modeled by a source term depending upon the velocities of each component.  



   For the sake of simplicity the presentation is limited to the one-dimensional case since it allows one to catch the main 
idea of construction of the rheological model for material with low hydrogen concentration. In one-dimensional case a virgin 
lattice can be schematically depicted as a 1D spring. The weakening of the internuclear bonds caused by “landing” of the hydrogen 
particles can produce the chain formations of new internuclear bonds as the serial connections of elastic bonds of the basic 
lattice and the introduced elastic bonds of new elements which are the hydrogen particles. Obviously, such a consideration is 
reasonable for the case of low hydrogen concentration. The overall elastic modulus of the resulting lattice with hydrogen can 
be much lower than the elastic modulus of the virgin material and strongly depends on concentration of the bound hydrogen. In 
turn, the latter is determined by the diffusion of the mobile hydrogen however the distribution of the mobile hydrogen depends 
upon the stress distribution in the structure under consideration. In 1D case, the overall system of equations counts 14 equations 
and some dependences are strongly nonlinear. In particular, the state equation for the hydrogen pressure is temperature-
dependent since we apply the equation for the ideal gas occupying the clear space (voids) in porous medium. This system can 
be linearised since the problem has some natural small parameters such as low hydrogen concentrations. It allows us to 
introduce the factors of sorption and desorption of the hydrogen and solve a few problems. The result is some closed form 
expressions for the hydrogen concentration in the material. The obtained results were compared with the experimental data 
in [20,21] the maximal tensile stress versus the concentration of the diffuse mobile hydrogen in AISI 4135 steel and 
demonstrated a good match.  
   As a summary we can say that a rheological model is constructed which allows one to describe the kinetics of hydrogen 
in metals, and in particular to estimate the hydrogen transition from mobile into bounded state depending on the stress-state 
relation and to describe the localization of the connected hydrogen resulting in the material fracture. This distribution affects 
the stress-strain material law, too. We suggest a novel approach to modeling the solids with account for the influence of 
hydrogen on the properties of free surface on monocrystals at various scales. Application of the two-component model to 
describing the multiscale materials allows obtaining the adequate results which describe the influence on properties of these 
structures. In particular, the suggested approach is also applicable at the nanoscale. For example, in contrast to the 
homogeneous materials, the nanocrystal materials in the presence of hydrogen demonstrate stabilization of their properties 
since the hydrogen decreases the surface energy of crystals in material and prevent their increasing up to the microsize. 
 
   Acknowledgement. The research is carried out under the financial support by Russian Science Foundation, grant 15-19-
00091. 
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CHEMICAL AFFINITY TENSOR AND KINETICS OF STRESS-ASSISTED CHEMICAL
REACTION FRONT

Alexander B. Freidin∗1,2,3, Elena N. Vilchevskaya1,2, Leah L. Sharipova1, Igor K. Korolev1,
Sergey P. Aleschenko1, and Svetlana E. Petrenko1,2

1Institute for Problems in Mechanical Engineering of Russian Academy of Sciences, St. Petersburg, Russia
2Peter the Great St. Petersburg Polytechnic University, St. Petersburg, Russia

3St. Petersburg State University, St. Petersburg, Russia

Summary We develop an approach to studying the influence of stresses and strains on the kinetics of chemical reaction fronts based on
the chemical affinity tensor. After the derivation of the expression of the chemical affinity tensor we formulate a kinetic equation for the
chemical reaction front propagation in a form of the dependence of the reaction front velocity on the normal component of the chemical
affinity tensor. We describe a locking effect – blocking the reaction by mechanical stresses, and construct the forbidden regions formed
by strains or stresses at which the chemical reaction cannot go. Finally we present a number of analytical and numerical solutions of
boundary-value problems for solids with propagating chemical reaction fronts.

INTRODUCTION

Oxidation processes in silicon microscale parts of MEMS and in nanowires, lithiation of silicon in lithium ion batteries,
chemical transformations of particles in composites are among important examples of stress-assist chemical reactions (see,
e.g., [1, 2, 3]) The influence of external and internal stresses on the reaction front kinetics was examined by many researches,
and a number of models have been developed. To take into account stress effects, these models proposed stress-dependent
oxidation parameters such as oxidant diffusivity and oxide viscosity, a reaction rate parameter (see references in our recent
papers [4, 5]). Another type of models starts from the statement that the velocity of the reaction front may be controlled rather
by the reaction rate than by the diffusivity and suggests to consider stress-dependent scalar chemical potential [6, 7, 8, 9].

Our approach takes into account the fact that the reaction takes place at oriented surface elements and depends on the
orientation of the surface element with respect to stresses. The approach is based on a concept of the chemical affinity tensor
allowing for a natural and thermodynamically sound way to take into account the effect of a stress-strain state on the kinetics of
the reaction front. Note that in the second part of the XX century it was realized that the chemical potential was to be a tensor
in the case of solid phases. It was shown that the chemical potential tensor was determined by the Eshelby energy-momentum
tensor (see [10] and reference therein). The tensorial nature of the chemical potential also have been discussed later in [11].

The expression of the chemical affinity tensor was derived at first for the case of nonlinear elastic solid constituents and
then in [12] for a system “diffusive constituent – solid of arbitrary rheology” in the case of finite strains (see also [13, 4]).
Solutions of various boundary value problems for the case of linear-elastic solids were obtained [4, 5]. In the present paper we
discuss the notion of the forbidden region formed by strains or stresses at which the reaction cannot go and describe a locking
effect – blocking the reaction by strains or stresses. We also give examples of analytical and numerical solving boundary value
problems for elastic and inelastic solids with propagating reaction fronts.

CHEMICAL AFFINITY TENSOR AND REACTION FRONT KINETICS

We consider a chemical reaction between solid and gaseous constituents n−B− + n∗B∗ → n+B+ where B−, B∗ and
B+ are the chemical formulae of an initial solid constituent, a gasous constituent and a transformed solid constituent, n± and
n∗ are stoichiometric coefficients. The reaction is localized at the reaction front and sustained by the diffusion of the gaseous
constituent. It can be derived that the the energy dissipation per unit area of the propagating reaction front takes the form

Dg = ωN (ANN + q̂g) ≥ 0, q̂ = (1− α) qΓ
n+M+

ρ̂+

where ωN is the reaction rate at the surface element with the normal N, qΓ is the heat release due to the reaction, ρ̂+ is the
surface source of the constituent B+, parameter 0 < α < 1 characterizes an additional energy barrier, ANN = N ·A ·N is
the normal component of the chemical affinity tensor

A = n−M−M− + n∗M∗µ∗I− n+M+M+ + {dynamical terms},

M− and M+ are the chemical potential tensors of the solid constituents, µ∗ is the chemical potential of the gas constituent.
To find M± and µ∗ one has to find stresses and strains at the reaction front and to solve the diffusion problem.

∗Corresponding author. Email: alexander.freidin@gmail.com
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Figure 1: The cross-sections of the forbidden regions by the plane ε2 = ε3 ≡ ε at various γ̂: γ̂∗1 > γ̂∗2 > γ̂∗3 > γ̂∗4

Substituting ANN instead of the scalar chemical affinity A into the classical formula we obtain that the reaction rate and
the normal component of the reaction front velocity W are given by the formulas

ωN = k∗c

!
1− exp

"
−ANN

RT

#$
, W =

n+M+

ρ+
k∗c

!
1− exp

"
−ANN

RT

#$
.

where k∗ is the kinetic constant, c is the molar concentration of the gaseous constituent.

FORBIDDEN REGIONS

The inequality max
N

ANN < 0 restricts stresses and strains which form forbidden regions in stress or strain space. The
parameter γ̂ in Fig. 1 depends on chemical energies (do not depend on stresses). The reaction cannot go inside the domains.
Dashed and solids segments correspond to different directions of the reaction front propagation with maximal velocity.

CONCLUSION

The chemical affinity tensor may by an effective tool for studying coupled problems of mechanochemistry.
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REVERSIBLE TEMPERATURE- AND STRESS-INDUCED
MARTENSITIC TRANSITIONS IN CRYSTALS

Ryan S. Elliott ∗1, Nicolas Triantafyllidis2, and John A. Shaw3

1Department of Aerospace Engineering and Mechanics, University of Minnesota, Minneapolis, MN USA 55455
2Laboratorie de Mechanique des Solides (CNRS UMR 7649), Ecole Polytechnique, Route de Saclay, France

3Department of Aerospace Engineering, University of Michigan, Ann Arbor, MI USA 48109

Summary Temperature-dependent atomic potentials and path-following and bifurcation techniques are used to solve the nonlinear equilib-
rium equations for a perfect, infinite, periodic bi-atomic crystal to find temperature- and stress-induced martensitic phase transformations.
A uniaxial Biot stress lowers the symmetry of the problem and leads to a large number of stable equilibrium paths. To determine which
ones are possible reversible martensitic transformations, we use the (kinematic) concept of the maximal Ericksen–Pitteri neighborhood
(max EPN) to select those equilibrium paths with lattice deformations that are closest, with respect to lattice-invariant shear, to the austenite
phase and thus capable of a reversible transformation. For our chosen parameters only one stable structure (distorted αIrV) is found within
the max EPN of the austenite in an appropriate stress window. The energy density of the corresponding configurations shows features of
temperature- and stress-induced phase transformations between the higher symmetry austenite and lower symmetry martensite phases.

METHODS AND RESULTS
A modeling approach, based on temperature-dependent atomic potentials and path-following and bifurcation techniques,

has been introduced by the authors (Elliott et al., 2002, 2006b,a, 2011), to study the temperature- and stress-induced marten-
sitic phase transformations in perfect, equi-atomic binary B2 crystals. This approach is motivated by (1) its simplicity and (2)
the limitation of electronic structure density functional theory (DFT) simulations to zero Kelvin.

In Elliott et al. (2006a) a bifurcation diagram of the model’s temperature-dependent, stress-free behavior is constructed.
The high symmetry B2 cubic austenite structure’s equilibrium path is found to transition from stable to unstable as the tem-
perature decreases past a critical value, at which several bifurcated equilibrium paths emerge. Upon continuation, one of these
paths becomes stable for lower temperatures, where the B2 phase is unstable at the same temperature. Furthermore, this path
corresponds to the orthorhombic B19 crystal structure, which is a SMA martensite phase found in equi-atomic binary crystals.

The paths obtained by solving the equilibrium equations for the special case of zero stress (i.e., by using the dimensionless
temperature θ as the load parameter with Σ = 0) are plotted as the largest principal stretch, λmax, versus dimensionless
temperature θ in Fig. 1a. Bifurcation and limit points are depicted respectively by open and filled circles. Stable equilibrium
path segments are depicted by solid lines while unstable segments of these paths are depicted by broken lines. A magnified
view of the many bifurcated equilibrium paths emerging from the principal branch is shown in the inset of Fig. 1a. Several
crystal structures are found for the bifurcated equilibrium paths: one tetragonal (L10), two orthorhombic (B19 and αIrV),
and one monoclinic (P2/m). Of the four structures discovered, only the αIrV, B19, and L10 equilibrium branches have stable
portions. The stable αIrV phase appears in the higher temperature range (approximately 0.� ≤ θ ≤ 1.1), while the B19 and
L10 are stable at lower temperatures (approximatively θ ≤ 0.� and θ ≤ 0.�5, respectively). As expected the B2 austenite
phase is stable for high temperatures and unstable for low temperatures. Also, it is interesting to note that L10 and B19 are
common SMA martensite structures (Bhattacharya, 2003), and the αIrV structure has previously been observed (although not
mentioned by name) in the numerical computations of Ding et al. (2006).

In Elliott et al. (2011), the imposition of a uniaxial stress (of magnitude Σ) on the cubic B2 austenite crystal lowers the
symmetry of the system, thus leading to a dramatic increase in the number of critical points found along the principal B2
path. This, in turn, results in a multitude of secondary paths bifurcating from the principal one with a large set of critical
points found along each secondary path, and so on. Using continuation methods to follow all bifurcated equilibrium branches
(the current investigation accounts for all branches up through the quartenary paths within a large window in temperature and
stress space), hundreds of paths are identified. Consequently, one needs to determine which of these numerous equilibrium
solutions are plausible reversible martensitic transformations. By investigating the stability of each branch, using the phonon
and Cauchy–Born (CB) stability criteria discussed in Elliott et al. (2006b), one can eliminate most of the equilibrium paths
as unstable. The final task is to determine which of the remaining stable equilibrium path segments, still relatively numerous,
are possible reversible martensitic transformations. This selection relies on the maximal Ericksen–Pitteri neighborhood (max
EPN) concept, a kinematic concept which selects those equilibrium solutions with lattice deformations which are closest to
the reference austenite phase and thus likely to result in a reversible transformation.

The calculations produced the principal B2 path, 18 secondary bifurcated paths, 135 tertiary paths and 114 quartenary
paths. From these, 22 stable segments, with respect to both the CB and phonon criteria, are found. The stable segments of the
dimensionless stress Σ/C11 versus conjugate stretch λ curves, each labeled by its symmetry group, are shown in Fig. 1b. For
the paths that include zero stress, their names and corresponding crystal structures are also shown.

∗Corresponding author. Email: relliott@umn.edu
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Figure 1: (a) Temperature-induced; (b) Stress-induced; (c) Reversible stress-induced martensitic transformations.

It turns out that only one stable structure, a distorted αIrV crystal structure, is a reversible martensitic transformation
candidate within the max EPN of the austenite principal path in an appropriate stress window. Investigation of the energy
density of the corresponding paths shows evidence of a transformation between the higher symmetry austenite and lower
symmetry martensite phases and the existence of a hysteretic stress–strain loop under isothermal load–unload conditions.

The model is successful in its qualitative prediction of both stress- and temperature-induced transformations with trans-
formation strains in the correct range (2–5%) for typical SMAs. Better results for the perfect crystal model could likely be
obtained by generalizing the interatomic potential to include explicit bond-angle dependencies; however, care must be taken
to avoid overfitting the interatomic potential (leading to accurate predictions for fitted properties, but wildly erroneous pre-
dictions for other properties). Despite these successes, the perfect crystal model over-predicts the critical stresses as well as
the Clausious–Clapeyron slope when compared to experimental values measured from real polycrystalline samples. How-
ever, we believe that more sophisticated multiscale models (incorporating the effects of non-stoichiometric alloying, defects,
precipitates, and grain boundaries) are required to obtain quantitative agreement with this type of experimental data.
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PERIODIC AND PROPAGATING INSTABILITIES IN SUPERELASTIC NITI WIRE TWISTS

Daniel Biggs1 and John Shaw ∗1

1Aerospace Engineering, University of Michigan, Ann Arbor, Michigan, USA

Summary Shape memory alloy cables made from stranded NiTi wires are a relatively new adaptive structure that has only recently been
explored. While straight SMA wires typically have a single nucleating front that propagates along the length of the wire, SMA cables have
a varied propagation behavior from wire-like to a more spatially diffuse transformation. Experiments on 1x3 twists with varying twist helix
angles were performed to establish the role of helix angle on the superelastic response of the material. The strain and temperature fields
were also captured using stereo digital image correlation and thermography to record the propagation behavior. Finite element analysis
simulations of the twists with a material model calibrated from straight wire data were shown to accurately predict the experimental data.
The larger helix angle twists were shown to have increased stiction and relative motion between the wires leading to more wear.

INTRODUCTION

Shape memory alloys (SMA) are a subset of adaptive materials that are well known for two characteristic thermome-
chanical responses, namely superelasticity and the shape memory effect. These characteristics arise from a crystallographic
reorientation from a solid-to-solid phase transition between a high symmetry cubic austenite phase (A) to a low symmetry
monoclinic martensite phase (M). Superelasticity is characterized by an apparent plastic plateau region in the loading path of
an isothermal stress-strain curve, around 6% strain, that upon unloading can be completely recovered. This is made possible
by a stress-induced transformation from A to M on loading, then back to A on unloading. The shape memory effect starts
with material that is fully M and is deformed to retain an apparent permanent plastic deformation, but upon heating to A fully
recovers the deformation. Both effects have been well studied, albeit not fully understood, for straight wire.

SMA cables are a novel SMA structure that exhibit benefits of conventional stranded wire rope (increased failure tolerance
and bending flexibility) and the adaptive properties of SMA wires. These unique properties as well as a relatively high specific
damping capacity make SMA cables attractive, for example, for seismic isolation and dampening systems of buildings and
bridges. This example application requires scaling up traditional SMA structural elements, which has been a longstanding
issue. Scaling up an SMA wire to the size of a bar typically degrades the adaptive properties and greatly increases the
manufacturing cost. This issue, however, is conveniently addressed by conventional wire stranding techniques that provide an
opportunity to scale up SMA elements for the intended large civil applications.

One unanticipated feature of superelastic SMA cables’ mechanical response is their varying localized strain propagation
behavior. Reedlunn et al. reported a wire-like propagating front in a 7x7 SMA cable, but a diffuse propagation in a 1x27
SMA cable [1]. The presented work focuses on superelastic NiTi 1x3 twists with various helix angles, which were chosen
as a simple structure to study the varying propagating behaviors witnessed in SMA cables. Experimental data collected with
stereo digital image correlation to capture the propagating behavior was combined with finite element numerical simulations
to find the role of helix angle for the 1x3 twists.

SETUP

The 1x3 twist specimen, as the name implies, are three NiTi wires (1mm diameter) twisted together then heat treated to
remove residual stresses and set the twisted shape as the permanent set. Straight wire which underwent the same processing
including final heat treatment was also acquired. Specimen of four different helix angles (angle of wire with respect to
axial direction) of 0◦, 10◦, 17◦, and 21◦ were included in the study (with 0◦ corresponding to a single straight wire). The
study consisted of characterization experiments which utilized stereo digital image correlation (DIC) and thermography, and
Abaqus software for finite element analysis (FEA) simulations. The experimental setup had a MTS hydraulic load frame,
a load cell and torque cell, two CCD cameras for stereo DIC, LED light panels to provide adequate lighting for the DIC
images, and an IR camera for thermography. The setup gripped the specimen in clamped-clamped condition to prevent any
rotation and the specimen was loaded in displacement control at prescribed loading rates. The wire twists were then modeled
in Abaqus FEA using a full 3D mesh of quadratic continuum elements. General contact was prescribed between the wires
with a friction coefficient of µ = 0.�. The stress-induced phase transformation was simulated using a J2 plasticity model,
which was calibrated to a trilinear plasticity curve using the straight wire experimental data. This proved to work well because
the wire twists’ deformation is dominated by axial and bending deformation, with little shear. The simulations only modeled
the loading portion of the transformation, as no back-stress is imposed to promote a reverse transformation.

∗Corresponding author. Email: jashaw@umich.edu
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Summary In this work, thermomechanical couplings during plastic deformation are studied in order to improve elastoplastic models. These
analyses are conducted at the macro- and microscale of a A316L stainless steel polycrystal and are based on full-field measurements through
a simultaneous visible and infrared wavelength coupled experimental approach. The obtained data enables (i) to determine the CRSS in
grains and (ii) to establish energy balance. Based on these data, numerical simulations based on macroscopic elastoplastic models as well as
crystal-based plasticity are conducted. The obtained results show (i) the interest of such thermomechanical data on parameters estimation
and (ii) the high heterogeneity of the Taylor-Quinney ratio at the grain scale. Therefore, these results demonstrate the great interest of
establishing experimental energy balance at different scales in order to propose thermodynamically admissible constitutive models.

INTRODUCTION

Polycrystalline metallic materials are made of an aggregate of grains more or less well oriented, with respect to the loading
axis, for plastic gliding. Under mechanical loading, this leads to a heterogeneous deformation at the microstructure scale. This
heterogeneity takes place inside the grains due to plastic slip activated on different slip systems and it conducts also to elastic
residual stress fields between grains due to the strain incompatibilities from grain to grain. In terms of energy balance, this
heterogeneity conducts to different contributions: a thermal dissipation caused by plastic irreversibilities, a stored energy
associated to the plastic hardening and an elastic stored energy due to the intergranular residual stress field [1]. Homogenized
approaches exhibit these different contributions [2] but experimental estimations of these later ones are very difficult. This
work aims at using thermomechanical full-fields, including experimental energy balance, in order to estimate elastoplastic
parameters at different scales in polycrystals [4].

EXPERIMENTAL AND NUMERICAL ASPECTS

In this work, some experimental and numerical works are presented in order to estimate the different stored energy con-
tributions in polycrystals during the plastic deformation. Some original experimental works enabling the simultaneous deter-
mination of thermal and strain fields, in the same area, at this scale have already been realized in house on a A316L stainless
steel [3]. Two complementary ways have been followed: some numerical treatments in order to access to experimental dis-
sipations and the development of a consistent constitutive model. Both aspects are presented in this communication and a
dialogue between microstructural texture coming from EBSD analysis, local deformation mechanism and thermal localization
phenomenon is introduced.

The treatment of the full-field measurements is done with respects to the polycrystalline texture of the material. Under
different assumptions, strain and thermal fields are obtained grain to grain [4]. The local disorientation, the different grain
sizes and the crystallographic orientations are the main aspects, which have an influence on the strain localization process
at the grain scale. The analysis of the local temperature evolutions is a key important feature of this coupled analysis as it
enables, for example, the determination of the critical resolved shear stress from grain to grain. The numerical implementation
in a FE code of a fully coupled crystalline plasticity constitutive model has been realized and is the other main part of this work
[5]. It enables to compare the local kinematic and thermal distributions during monotonic tests and to study the heterogeneity
of the stored energy at grain scale.

RESULTS

Then, with these experimenal and numerical coupled approaches, some energy balances are conducted at the global scale
but also grain to grain.

At a global scale, some comparison are realized between the experimental estimations realized in this work with macro-
scopic results coming from literature [6]. It is shown that the hardening and residual elastic stored energy contributions are
highly depending on the grain size. Estimations and evolutions of these different parts are shown on figure 1. These energy
balances are then compared to the prediction of elastoplastic non linear phenomenological models. Moreover, experimental
temperature data at the grain scale (see figure 2(d)) allows the identification of the Critical Resolved Shear Stress of such
A316L stainless-steel. Then, this parameter associated to data coming from literature are used in coupled thermomechanical
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Summary Jump phenomena of rotational angle and temperature for a nonlinear torsional vibration system with phase transformable NiTi wire 
are investigated in the frequency, amplitude and time domains. At fixed excitation amplitude, jump phenomena of thermomechanical responses 
are identified on the FRC by monotonically changing the excitation frequency. Similarly, by sweeping the excitation amplitude with small 
intervals, jump phenomena are captured in the amplitude domain. Under critical external excitations, spontaneous jumping process from the 
lower branch to the alternative upper branch is identified by experiments in the time domain. ,W¶V�VKRZQ�WKDW�the jump phenomena are directly 
affected by the external excitation and disturbance. External excitation changes the magnitude of thermomechanical responses and further 
determines the nonlinearity and damping capacity of the dynamic system. Accumulation of internal and external disturbance triggers the jump 
phenomena in the time domain, revealing the nonlinear dynamic instabilities of the system with NiTi SMA.  
 

INTRODUCTION AND BACKGROUND 
 
   Originating from the first-order martensitic phase transition, NiTi has large recoverable strain and damping capacity. 
Therefore it has been gradually used in automotive industry, civil and aerospace engineering. However, there are two major 
challenges in the applications of the smart material. The first challenge is the strong coupling effects between the stress-
strain relation and temperature oscillation in the stress-induced cyclic phase transition via two intrinsic internal heat sources 
(latent heat and hysteresis heat) [1]. The mechanical aspect and thermal aspect of the material should always be considered 
in parallel. The second problem is the nonlinear instabilities (e.g., jump phenomena) of the thermomechanical responses in 
the mechanical system due to the softening nonlinear hysteretic constitutive relation of NiTi SMA. A lack of direct 
experimental exploration of the jump phenomenon endangers the entire system [2] and prevents further applications of the 
material. In this context, this paper performs an experimental investigation on the jump phenomena of thermomechanical 
responses in the frequency, amplitude and time domains for a nonlinear torsional vibration system with NiTi wire.  
 

METHODOLOGY AND RESULT 
 
   A polycrystalline superelastic NiTi wire is used as the softening nonlinear spring in a typical torsional vibration system. 
Before the experiments, the NiTi wire was trained by two-way cyclic torsion to remove the cyclic plasticity and then 
characterized by pure torsion at different rotational angles and frequencies. An electrical rotational stepping motor provides 
an external sinusoidal angular excitation. Synchronized measurements of rotational angle (ǻș) and temperature oscillation 
(ǻT) of the NiTi wire are realized with rotary motion sensor and infrared camera respectively.  
   For each of the five selected excitation amplitudes (A), independent torsional vibration tests were performed at different 
frequencies (f) following ascending and descending frequency orders with a small interval (ǻf=0.005 Hz) to search for the 
jump-up and jump-down. As A increases, ǻș and ǻT grow larger and FRCs gradually evolve from linear to softening 
nonlinear, bending to the left. Finally simultaneous jump-up of ǻș and ǻT following ascending frequency order and jump-
down following descending order are observed on the FRCs. When further increasing A, the jump frequency gap and jump 
magnitudes of thermomechanical responses consistently grow larger and the jump phenomena become more significant.  
   Similarly, to capture the jumps in the amplitude domain, A slowly changes according to ascending and descending 
amplitude orders with a small interval (ǻA=0.1q) under five different f. ARCs do not have a peak response in the middle and 
both ǻș and ǻT monotonically increase with A. As f increases, lower branch of ARC consistently drifts up and upper branch 
drifts down. At f=0.52 Hz, simultaneous jump-up of ǻș and ǻT following ascending amplitude order and jump-down 
following descending order are observed on the ARCs. The jump-up amplitude is different from jump-down amplitude, thus 
forming a meta-stable multi-valued region. With further increased f, the entire ARCs are on the upper branch without jumps.  
   To explore how jump phenomena happen, we¶ll have to go to the time domain where the jumps may exist in a single 
experiment under some critical excitations. It¶s seen that evolutions of ș and T are completely different from the ordinary 
cases. After the initial transient state, the system responses go into meta-stable state I, where the oscillations are similar to 
the lower branch. So far ș and T show no difference from normal cases and there are no sign of the jump phenomena. 
However, after about 110s, a new transient state spontaneously comes into being, during which the dynamic responses 
smoothly but quickly switch from small magnitude oscillation to large magnitude oscillation. Meanwhile, ș and T 
experience phase inversion and this is another key characteristic of the jump phenomena. In the following meta-stable state 
II, characteristics of the thermomechanical responses are close to the steady state on the upper branch. In this way, the 
thermomechanical responses spontaneously jump up from the lower branch of solution to the alternative upper branch.  
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DISLOCATION MECHANISM OF MICROSTRUCTURAL CHANGES IN DUCTILE SINGLE
CRYSTALS

Christina Günther1, Michael Koster1, Khanh Chau Le ∗1, and Binh Duong Nguyen1

1Lehrstuhl für Mechanik-Materialtheorie, Ruhr-Universität Bochum, Bochum, Germany

Summary The present paper considers two problems: i) martensitic phase transition involving dislocations, ii) formation of grain boundaries
during severe plastic deformations. Both problems turn out to be non-convex variational problems of energy minimization that will be solved
within the continuum dislocation theory (CDT).

INTRODUCTION

Structural changes in metals and alloys may occur due to the coordinated and collective movement of groups of atoms.
The typical example of such change is the martensitic phase transition in carbon steels or in shape memory alloys like NiTi or
Cu-Zn-Al. Mechanical models of metals and alloys allowing for martensitic phase transition have been proposed in various
papers and are now widely used. However, there are many other types of structural changes in metals and alloys due to
the collective movement of defects like dislocations or vacancies: formation of grain and subgrain boundaries during severe
plastic deformation, recrystalization, deformation twinning, polygonization, texturing, to name just a few. The structural
changes of metals and alloys at microlevel may influence the macroscopic properties of these materials directly, as the Taylor
and Hall-Petch relations show. As a consequence, new materials with exceptionally high strength could be created in this way.
Therefore, the following question, interesting from the theoretical and important from the practical point of view, arises: what
kind of theory can we develop to explain and predict such microstructural changes as well as the accompanying macroscopic
responses of the materials? Unfortunately, so far there is no comprehensive answer to this question except for some particular
cases. However, one thing is for sure: since the plastic slip as the product of collective movement of a huge number of
dislocations and grain boundaries are the active participants in this structural rearrangement, any physically meaningful theory
of formation and evolution of microstructure should capture their behavior in a proper way.

One of the main guiding principles in seeking an appropriate theory of formation of microstructure in metals and alloys
has first been proposed in form of the so-called LEDS-hypothesis: the dislocation structures in the final state of deformation
minimize the energy of crystals. However, it is still difficult to develop the theory of formation of dislocation structures
based on this principle alone. The crucial step in this direction has been done in crystal plasticity by introducing a new
ingredient to the energy minimization, namely the non-convexity of the energy. But crystal plasticity, as a phenomenological
theory, operates with plastic slips while ignoring their source: dislocations. To achieve an agreement with experiments it
has to introduce several phenomenological concepts like back stress or hardening as internal variables obeying additional
constitutive equations which would otherwise be derivable as natural consequences of a more general continuum dislocation
theory. The aim of this paper is to show that dislocations causing the plastic slip give rise to the required non-convexity of the
energy and guarantee the structural rearrangement of material under certain conditions.

MARTENSITIC PHASE TRANSITION

In the first part of this talk we consider a model combining the reversible transformation strain with the dislocation based
plastic slip within the framework of nonlinear continuum dislocation theory which is laid down recently in [3]. Since there
are still several issues in nonlinear CDT, we work out first these issues in kinematics and thermodynamics of continuously
distributed dislocations to fix our framework. Then we will propose the simple model of martensitic phase transition involving
dislocations. As the physical idea stands at the focus of this paper rather than the proposition of the theory in its full generality,
we restrict ourselves here to the most simple situation of single crystal strip deforming under a plane strain constrained shear.
We admit only one slip system with the slip direction parallel to the strip axis. The variational problem of minimizing the
relaxed energy functional which incorporates the transformation strain among all admissible plastic slip is studied in details
[4]. We show that the energy minimizing sequence must have piecewise constant plastic slip such that its average value

∗Corresponding author. Email: ictam2016papers@legendconferences.com



vanishes. The phase interfaces are incoherent and can be presented as the arrays of dislocations. The finer microstructure
is possible if obstacles are present in this material. The stress-strain curve must show some load-drop at the onset of phase
transition and the elastic behavior of the second phase when the phase transition is finished followed by perfectly plastic
behavior afterwards. The work hardening behavior is also possible if the side boundaries of the strip are clamped forcing the
dislocations to pile up near these boundaries.

FORMATION OF GRAIN BOUNDARIES

In the second part of this talk we want to extend the above nonlinear continuum dislocation theory to the case of crystals
containing newly formed grain boundaries. Regarding grain boundaries as surfaces of weak discontinuity in placement but
strong discontinuity in plastic slip, we include the energy of such boundaries into the energy functional of the crystal and
study the variational problem of minimizing the energy of crystal containing dislocations and grain boundaries [2]. We derive
from this variational problem the whole set of equilibrium equations, boundary conditions, and jump conditions at the grain
boundaries. It turns out that the grain boundaries will stay in equilibrium if and only if the thermodynamic driving force,
including also the curvature of the jump surface, vanishes. This explains why the microstructure obtained in the final state
of deformation must be lamellar [1]. Second, we apply the developed theory to two plane strain problems for single crystal
deforming in single slip under the condition of simple shear or uniaxial compression. Due to the non-convexity of the energy
in certain ranges of the overall shear or stretch, the construction of the lamellae with piecewise constant plastic and elastic
deformation leads to the energy minimizing sequences as the solutions of these non-convex variational problems. In case of
plate under uniaxial compression the uniform states are not rank-one connected, so dislocations and grain boundaries should
adapt to the elastic strains chosen from the homogeneous states in a smart way to satisfy the compatibility condition and, at
the same time, to minimize the energy. It turns out that the whole set of jump conditions is needed to determine the orientation
of grains (which are misoriented with respect to the slip direction), the plastic slips, and the elastic rotations.
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Summary Phase field approach to multivariant martensitic phase transformations, transformation between martensitic variants (twinning), 
dislocations, and their interaction is developed at large strains. Various important requirements to the thermodynamic potential are formulated 
and satisfied. Phase transformation, twinning, and dislocation nucleation criteria are obtained from the thermodynamic lattice instability 
conditions under 3D stress state. Kinematics of interaction between phase transformations (twinning) and dislocations takes into account 
inheritance of dislocations during direct and reverse transformations. A number of important problems are solved using finite element method, 
and various experimental phenomena are reproduced and interpreted.        
 

THEORY 
 
   Interaction between martensitic phase transformations (PTs), twinning, and dislocational plasticity is one of the most 
fundamental, important, and complex problems in the theory of PTs, with numerous applications in physics, material 
science, geophysics, and material technologies. Dislocations drastically alter PT thermodynamics, microstructure, kinetics 
of nucleation and growth, transformation hysteresis and irreversibility. Here, we present our recent developments on the 
phase field approach (PFA) to each of these processes separately and their interaction.   
    
Multivariant martensitic phase transformations and twinning 
   Large-strain PFA for multivariant martensitic phase transformations and twinning was formulated in [1,2]. It includes 
explicit expression for the Helmholtz free energy as functions of the order parameters, each for corresponding martensitic 
variants, and gradient of the order parameters in the reference state. The transformation deformation gradient is also an 
explicit function of the order parameters. These functions satisfy important formulated requirements related to 
thermodynamic equilibrium and instability conditions and the possibility to correctly introduce all known material 
properties of each phase. Biaxial interface stresses with the magnitude equal to the nonequilibrium interface energy are 
introduced in [3,4] for small and in [5] for large strains. This required resolving the long-term outstanding problem on the 
definition of the position of the Gibbs dividing surface and nonequilibrium interface energy [4,5]. Even for small strains, 
introducing interface stresses requires implementation of some geometrically nonlinear features; in particular, gradient 
energy depends on the gradient of the order parameters in the actual (deformed) configuration. Since in most cases 
martensitic variants are in a twin relationship, the theory of multivariant martensitic PTs automatically includes twinning in 
the martensite. However, in contrast to austenite-martensite PT, variant-variant transformations in [1-5] and all previous 
theories were described by simultaneous change of two order parameters; there is no analytical solution for a propagating 
interface, which does not allow one to calibrate parameters of the model and introduce interface stresses. This problem was 
resolved by introducing spherical order parameters [6] or a penalizing term that allows one to control or avoid the third 
phase at the interface between two other phases [7,8]. It is also shown in [9] that, in order to introduce anisotropic interface 
energy and stresses without contradiction, without violation of the angular momentum balance and principle of material 
objectivity, the gradient energy should be an isotropic function of the gradient of the order parameters in the actual 
configuration and depend on the normal to the interface in terms of the gradient of the order parameters in the reference 
configuration.    
   Phase fields approach to dislocations. A thermodynamically consistent, large strain PFA to dislocation nucleation and 
evolution is developed in [10,11]. The relationship between the rates of the plastic deformation gradient and the order 
parameters is consistent with crystal plasticity. Thermodynamic and stability conditions for homogeneous states are 
formulated and satisfied by the proper choice of the Helmholtz free energy and the order parameter dependence on the 
Burgers vector. They allow us to reproduce desired lattice instability conditions and a stress - order parameter curve, as well 
as to obtain a stress-independent equilibrium Burgers vector and to avoid artificial dissipation during elastic deformation. A 
crystalline energy coefficient for dislocations is defined as a periodic step-wise function of the coordinate along the normal 
to the slip plane, which provides an energy barrier normal to the slip plane and determines the desired mesh-independent 
height of the dislocation bands independent of the slip system orientation. Gradient energy contains an additional term, 
which excludes the localization of a dislocation within a height smaller than the prescribed height, but it does not produce 
artificial interface energy. Numerical examples and parameter identification methods are presented in [10,12]. 
   Interaction between phase transformations and dislocations. PFA for coupled multivariant martensitic PTs, 
including cyclic PTs, variant-variant transformations, and dislocation evolution is developed at large strains [13,14]. One of 
our key points is in the justification of the multiplicative decomposition of the deformation gradient into elastic, 



Fig. 1. Stationary solution for 
dislocations and high pressure phase 
(red) in a bicrystal under normal 
stress and shear [15]. 

transformational, and plastic parts. The plastic part includes four mechanisms: dislocation motion in martensite along slip 
systems of martensite and slip systems of austenite inherited during PT, and dislocation motion in austenite along slip 
systems of austenite and slip systems of martensite inherited during reverse PT. The plastic part of the velocity gradient for 
all of these mechanisms is defined in the crystal lattice of the austenite utilizing just slip systems of austenite and inherited 
slip systems of martensite and just two corresponding types of order parameters. Thermodynamic treatment   resulted in 
the determination of the driving forces for change of the order parameters for PTs and dislocations. Ginzburg-Landau 
equations for dislocations include variation of properties during PTs, which in turn produces additional contributions from 
dislocations to the Ginzburg-Landau equations for PTs.  

 
NUMERICAL RESULTS AND PHENOMENA 
 
  Various problems on PTs, twinning, dislocations, and their interaction have been 
solved using FEM [2,6-8,10,12,13,15]. In particular, complex nanostructures with 
bending and splitting martensitic twin tips and twin crossing are obtained, which is in 
quantitative agreement with known experiments [6,7]. Reduction by an order of 
magnitude of the PT pressure due to applied plastic shear observed in experiments is 
explained in our simulations (Fig. 1) [15]. Strong dependence of the critical 
thermodynamic force to initiate propagation of the semi-coherent phase interface on 
the ratio of the interface width to the Burgers vector is predicted [13,16]. Propagation 
and arrest of martensitic plate by dislocations generated during plate growth is 
reproduced, which is in agreement with experiments on plate-lath martensite 
morphological transition [13,16]. Generally, dislocations play a dual role in PTs: (a) 
they promote PT by creating strong nucleation sites (stress concentrators) and relaxing 
elastic stresses, but (b) they suppress PT by relaxing the same stress concentrators and 

producing athermal resistance to the interface motion.  
 

CONCLUSIONS 
 

   PFA to the interaction between PTs and dislocations at large strains is presented, which includes: (a) justified 
multiplicative kinematic decomposition of the deformation gradient into elastic, transformational, and plastic contributions; 
(b) inheritance of dislocations during direct and reverse PT; (c) dependence of all material parameters for dislocations on 
the order parameters for PT. A number of important problems is solved using FEM and various experimental phenomena 
are reproduced and interpreted.     
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Summary We have studied stress induced martensitic transformations in nanocrystalline materials using a Ginzburg 
Landau/phase field approach. We incorporate the effect of grain boundary energy in our simulations and show that if the grain 
boundary energy of the martensite phase is larger than that of austenite, a local suppression of the transformation can occur at the 
grain boundaries. For small grain sizes, this leads to an overall suppression of the transformation, which also reflects in the 
stress-strain curve. In accordance with experimental observations, a reduction of hysteresis associated with the superelastic stress 
strain curves is also observed. 
 
 
   The subject of martensitic transformation in nanocrystalline materials has received recent attention [1-2]. It has been 
demonstrated that below a certain grain size, the temperature induced transformation can be completely suppressed. For the 
stress induced transformation, it is found that the hysteresis loops associated with the superelastic deformation exhibit 
reduced hysteresis (area enclosed by the stress-strain curve) as the grain size decreases. To understand this behaviour, we 
have used a phase field approach to study martensitic transformation in nanocrystalline materials undergoing martensitic 
transformations. A phase field model for martensitic transformation in polycrystal is extended to incorporate the effect of 
grain boundaries [3], which are expected to play a significant role in nanocrystalline materials. The grain boundary 
contributions are modelled by an energy barrier at the grain boundaries. The strength of this barrier can be related to the 
difference between the grain boundary energies of martensite and austenite. Our simulations of temperature induced 
transformations show that when the grain boundary energy of austenite and martensite are same, no significant grain size 
effects are observed for the transformation as well as the stress strain response. However, if the grain boundary energy of 
the martensite phase is larger than that of the austenite phase, the transformation is suppressed at the grain boundaries (Fig 
1). This suppression also influences the behaviour within the grains, which is clear from Fig 1 where we observe that for 
smallest grain size, no martensite is observed. 
 

                                
                   
Fig 1:  Martensite domain patterns at different grain sizes for temperature induced transformation. Red and blue 
correspond to martensite variants and green referes to the austenite. 
 
For stress induced martensitic transformations, suppression of transformation leads to ³slimming´ of the hysteresis loops, 
which leads to a reduced hysteresis at small grain sizes. The simulated stress strain curves for three different grain sizes are 
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shown in Fig. 1(A) where we clearly see that area enclosed by the curves decreases as grain size is decreased. Fig 1(B) and 
Fig 1(C) show the martensite patterns at the maximum applied strain. It is clear that for small grain sizes, the over all 
transformed fraction is less and the martensite domain pattern is also quite different form the larger grain size case. 
 
                                   (A) 

                     
   
                           (B)               (c) 
 

                      
 
      
 
Fig 2: (A) shows the stress strain curves at three grain sizes. (B) depicts martensite domain patterns at different grain sizes 
for strrain induced martensite at maximum applied strain. Red and blue correspond to martensite variants and green referes 
to the austenite. 
 
                  
   Our simulations have provided insights into the nature of martensitic transformations in nanocrystalline alloys. We are 
further studying the role play grain size distributions (such as bimodal). These results will be presented at the meeting.   
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AN ANALYTICAL MODEL FOR PHASE TRANSITIONS OF AN SMA WIRE UNDER
UNIAXIAL TENSION

Zilong Song∗ 1 and Hui-Hui Dai1

1Department of Mathematics, City University of Hong Kong, Kowloon Tong, Hong Kong
Summary This paper considers isothermal stress-induced phase transitions of shape memory alloys (SMAs) based on a two-variant constitu-
tive model. Specifically, inhomogeneous deformations of a slender circular cylinder under uniform axial stress are investigated analytically.
By utilizing two small parameters, the complex three-dimensional (3-D) mechanical system is reduced to a 1-D coupled system of two
strains for each of three phase regions. Then, for given load parameter, inhomogeneous deformations with two and three regions are
constructed, and many analytical period-k solutions are found for the first time. For displacement-controlled process, the transition from
homogeneous states to localized inhomogeneous ones is identified, capturing the possible instabilities at nucleation. The analytical results
reveal that phase transition starts from a small band rather than a point. This work can also shed light on the difficulties of direct numerical
simulations.

INTRODUCTION

Shape memory alloys (SMAs) such as Ni-Ti have been employed for numerous real-world applications in various in-
dustries. Many experiments on SMA wires under tension show that the stress-induced phase transitions exhibit Lüders-like
behavior, i.e, they are realized by nucleation of martensite band and subsequent propagation of transformation front [1]. At
nucleation, initial homogeneous deformation will be replaced by localized inhomogeneous deformations.

Various models have been proposed to study such inhomogeneous deformations, including phenomenological models [2],
phase field models (e.g. Levitas, Lee & Preston 2010) and strain gradient models (e.g. Chang, Shaw & Iadicola 2006). The
original 3-D problem can be considered a free boundary problem, where the location and shape of interfaces are not known
beforehand. To the authors’ knowledge, analytical results for such a complicated problem are rare and how the material
and geometric parameters influence the transition process is unclear. Based on [2], this work will examine analytically the
inhomogeneous deformations of an SMA wire with finite length, subjected to uniaxial tension in a 3-D setting. Analytical
solutions with two or three phase regions will be constructed, with explicit dependence on material and geometric parameters.
The transition process and the associated instabilities will be clarified. Also, this work can potentially provide certain guidance
for direct numerical simulations.

THE CONSTITUTIVE MODEL AND GOVERNING SYSTEM

A two-variant constitutive model
For phase transitions of SMAs, we adopt a two-variant constitutive model [2], which is based on two scalar functions,

Helmholtz free energy Φ and rate of mechanical dissipation ξ. Let the volume fraction of martensite phase be α (0 ≤ α ≤ 1),
and the natural configuration of martensite phase be G = diag[1− s1, 1− s1, 1 + s2]. Then, Φ is adopted as

Φ(F,α) = |Gα|[(1−α)Φ1(Fα)+αΦ2(Fα)]+Bα(1−α)+[(1−α)φ1+αφ2], Gα = (1−α)I+αG, Fα = FG−1
α , (1)

where F is the deformation gradient, Φ1,Φ2 and φ1,φ2 are strain energy functions and thermal free energies of austenite and
martensite phases, and B is the interfacial constant. And for ξ, we adopt a rate-independent form

ξ = A+(α)|α̇| := (k+α+ Y +)|α̇|, if α̇ ≥ 0; ξ = A−(α)|α̇| := [k−(1− α) + Y −]|α̇|, if α̇ ≤ 0, (2)

where k±, Y ± are dissipative constants. Whenever phase transition happens, the evolution of α is determined by −∂Φ/∂α =
±A±(α) for loading and unloading processes.

The mechanical system
Now, we consider a slender SMA circular cylinder with radius a and length L subjected to a uniform axial stress γ. It is

assumed that a/L ≪ 1, and we set L = 1 in the following. The reference and deformed positions are denoted by coordinates
(R,Θ, Z) and (r, θ, z), then the concerned deformation is of the form

r(R,Z) = R+ V (R,Z), θ = Θ, z(R,Z) = Z +W (R,Z), 0 ≤ R ≤ a, 0 ≤ Z ≤ 1. (3)

Accordingly, F can be easily obtained, and subsequently the nominal stress Σ is determined by the formula Σ = ∂Φ/∂F.
The mechanical system is given by

DivΣ = 0, ΣRr(a, Z) = ΣRz(a, Z) = 0, ΣZz(R,Z)|Z=0,1 = γ, ΣZr(R,Z)|Z=0,1 = 0, (4)

which will be coupled with the evolution of α in the previous section.
∗Corresponding author. Email: buctsongzilong@163.com



The reduced system
Two kinds of small parameters arise in the present system. First, the strains are small, thus we keep only leading terms, or

equivalently, we set Φ1,Φ2 to be the elastic energies of linear isotropic materials. And for simplicity, we assume Φ1 = Φ2.
Second, it follows from the geometry that a is small, and so is the radial variable R. Thus, we expand the displacements in
the form V (R,Z) = R

!∞
k=0 Vk(Z)R2k/2(1 + k),W (R,Z) =

!∞
k=0 Wk(Z)R2k. By the technique in [3], the recursive

formulas for coefficients uk := [W ′
k, Vk]T can be deduced from the field equation (4)1 together with evolution of α, and

the conditions in (4)2 furnish the governing equations for u0. By keeping up to O(a2) terms, we get a final vector equation
u′′
0 + Au0 = f for each of three regions: austenite region (AR), martensite region (MR) and phase transition region (PTR,

0 < α < 1). Proper boundary conditions for u0 at Z = 0, 1 can be deduced from (4)3,4 with consistent order O(a2). Note
that the coupling of axial and radial strains, and hence the high-dimensional effect, is kept in the reduced system.

INHOMOGENEOUS SOLUTIONS AND THE TRANSITION PROCESS

Inhomogeneous solutions with given load parameter γ
The general solutions in each phase region can be readily obtained from the preceding linear equation of u0, e.g. in PTR

u0(Z) = u0p + C1q1e
d3Z + C2q1e

−d3Z + C3q2 cos(d4Z) + C4q2 sin(d4Z), (5)

where u0p is the particular solution, Ci are integrating constants, and ±d3,±d4i and q1,q2 are eigenvalues and eigenvectors.
Experiments show that phase transition often takes place in the middle part of the wire. Suppose it starts exactly in

the middle, then the symmetric conditions for the two strains are adopted: W ′′
0 (0.5) = 0, V ′

0(0.5) = 0. First, we analyze
two-region solutions composed of AR and PTR, with a planar interface in between. Given γ, the general solutions contain
eight undetermined integrating constants, and the location of interface Z0 is also unknown. The unknown constants can be
determined by four conditions at Z = 0, 0.5 and five connection conditions at Z0 derived from the continuity of F and α.
Analytically, other constants can be expressed by Z0, which has period-k solutions of the form Z(k)

0 = 0.5 − (arctan d5 +
kπ)/d4, (k = 1, 2..). By a similar procedure, one can obtain inhomogeneous solutions with three regions AR, PTR and MR,
and analytical period-k solutions are found for γ near Maxwell stress. There are also other connecting solutions, when the
interface interacts with the middle surface (or boundary), see [3] for more details and for the nonsymmetric case.

Analysis on displacement-controlled process
In this section, we analyze the stress-elongation curves, as shown in many experiments. Based on the preceding (period-1)

solutions, Figure 1(a) shows the curves near nucleation for a relatively small a = 0.01. There are three solutions for each
fixed elongation in a small interval [∆1,∆2], and by minimum energy criteria, the solution will jump from homogeneous state
to an inhomogeneous one at ∆ = ∆1 and soon goes along a stress plateau (Maxwell stress) with three-region solutions, as
in Figure 1(b). The complete loading curve is shown in Figure 1(c), as observed in experiments. The transition process does
depend on the parameters, e.g. for a = 0.03 the transition will be smooth and stable without such a jump.
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Figure 1: The stress-elongation curves with a = 0.01, γ∗ = γ/E and E = 4 ∗ 104MPa, see [3] for other material parameters.

CONCLUSIONS

In this paper, inhomogeneous deformations of an SMA wire with finite length are investigated analytically, and the transi-
tion process is identified. Phase transition starts from a finite band rather than a point, since the transition region in inhomoge-
neous deformations is always of finite width. This work can also shed light on the difficulties in direct numerical simulations
(e.g. mesh sensitivity and convergence difficulty), since multiple solutions exist for certain fixed elongation near nucleation.
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Abstract: Shape memory alloys (SMAs), due to their ability to repeatedly recover substantial deformations under applied mechanical loading, 
have the potential to impact the aerospace, automotive, biomedical, and energy industries as weight and volume saving replacements for 
conventional actuators.  While numerous applications of SMA actuators have been flight tested and can be found in industrial applications, these 
actuators are generally limited to non-critical components, are not widely implemented and frequently one-off designs, and are generally 
overdesigned due to a lack of understanding of the effect of the loading path on the fatigue life and the lack of an accurate method of predicting 
actuator lifetimes.  Previous efforts have been effective at predicting actuator lifetimes for isobaric dogbone test specimens.  This study builds 
off of previous work and investigates the actuation fatigue response of plate actuators with various stress concentrations. 
 

INTRODUCTION 
Shape Memory Alloys (SMAs) are metals which possess the ability to sustain large amounts of deformation and recover a 
designed geometry when heated above a critical temperature. SMAs recover these strains, induced by mechanical or thermal 
loading, by transforming from martensite to austenite. This phenomenon is referred to as the Shape Memory Effect (SME) 
and recovered strains range between 2% and 10%, depending on the material and processing. The fact that this SME is highly 
repeatable, coupled with their high actuation energy density, makes SMAs viable actuators for many engineering applications, 
such as morphing aerostructures, deployable space structures, and light-weight/small volume replacements for conventional 
actuators.  For most actuator applications, the SMA is loaded mechanically (either axially or torsionally) and then heated in 
order to recover strain in the direction of the loading [1]. 
   Currently, the lack of standard testing methods which accurately characterize and model thermomechanical fatigue in 
SMA actuators frequently limits their use to non-structural/non-critical components or results in actuators being severely 
overdesigned.  Recent studies [2-4] have demonstrated the predictive capabilities of work-based modelling for determining 
actuator lifetimes; however, previous work on SMA actuation fatigue has primarily been focused on dogbone or wire 
actuators.  In order to further current modelling efforts and develop design tools for SMA actuators, fatigue specimens with 
more complex geometries must be studied.  In the following work, a previously developed damage model [2], which utilizes 
a function of the actuation work as a fatigue indication parameter, is calibrated with actuation fatigue data from isobaric, 
dogbone tests and implemented to predict failure of plate actuators with simulated rivet holes at various locations (centered 
in the plate actuator and at the edge). 

EXPERIMENTAL METHODS 
Actuation fatigue testing of nickel-rich (Ni60Ti40) specimens was performed on custom thermomechanical fatigue frames.  
Thermomechanical fatigue was achieved through subjecting the actuators to a mechanical load, which was applied via a 
constant weight, while thermal cycling was conducted via resistive heating and convective cooling; the test frame can be seen 
in Figure 1a.  Three actuator 
specimen geometries were 
considered: dogbonesB, plates with 
centered holes (Figure 1b), and 
notched platesC (Figures 1b and 1c). 
   High-resolution images were 
captured at a rate of 10hz 
throughout the initial 25 cycles 
while cyclic images (one at fully 
martensite and one at fully 
austenite) were captured during the 
remaining cycles.  Digital image 
correlation (DIC) was utilized in 
order to determine localized 
transformation strains at critical 
points on the plate actuators, while the average values were taken from the dogbone experiments through the use of an 
extensometer (LVDT).  Further discussion of the experimental methods can be found in previous work [3].  
   All specimens were cut via electro-discharge machining (EDM) and painted with a high emissivity thermal paint.  
Speckle patterns were then applied to the plate actuators with a high contrast paint with comparable thermal emissivity to 
allow for thermography studies during the tests to ensure consistent thermal cycling.  The speckle pattern can be seen in 
Figure 1c on a notched plate.  All actuators were subjected to a constant mechanical load, which was calculated based on the 

Figure 1: a) Thermomechanical fatigue frame b) Plate actuators c) Speckled notched plate actuator 
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ENHANCE FATIGUE RESISTANCE OF NITI BY GRAIN SIZE GRADIENT 
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Kowloon, Hong Kong, China 
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Summary Recent research shows that NiTi with GS=10nm can significantly suppress the crack nucleation and enhance the fatigue life but 
at the expenses of reduced ductility and crack growth resistance. In this paper, surface mechanical attrition treatment (SMAT) is used to 
create a nanocrystallined Grain-Size-Gradient (GSG) surface layer with smooth GS distribution to enhance fatigue life of NiTi. The key 
idea is to suppress the surface crack nucleation and growth by the Hall-Petch strengthening and the high residual compressive stress, both 
due to the severe plastic deformation of the GSG layer. Fatigue experiment under cyclic tension is performed and the intrinsic and extrinsic 
fatigue and toughening mechanisms and their GSG dependence is discussed. The importance of hybridizing the size dependent material 
properties and developing the next generation fatigue resistant NiTi alloy by grain size engineering is demonstrated.  
 

EFFECTS OF GRAIN SIZE ON THERMOMECHANICAL PROPERTIES OF NITI 
 

Grain size (GS) is one of the key microstructural factors of NiTi SMA and significant GS dependence in strength, 
damping capacity, latent heat and temperature dependence of stress have been discovered. In particular, nanocrystallined NiTi 
with GS=10nm can significantly suppress the crack nucleation and enhance the fatigue life but at the expenses of reduced 
ductility and crack growth resistance [1-4] (see Fig. 1). One possible way to solve this dilemma is to use novel fabrication 
and microstructure design methods to hybridize the properties at different length scales so as to achieve an overall optimization 
of fatigue life together with other functions of NiTi SMA devices.  

 

 
Fig. 1 Grain-Size (GS) dependent thermomechanical properties of nc NiTi: stress-strain responses, cyclic stability and fatigue 
life, fracture toughness and crack growth resistance, phase transition zone size. 

 
ENHANCE FATIGUE RESISTANCE OF NITI BY GRAIN SIZE GRADIENT 

 
In this paper, surface mechanical attrition treatment (SMAT) is used to create a nanocrystallined Grain-Size-Gradient 

(GSG) surface layer with smooth GS distribution to enhance fatigue life of NiTi. The key idea is to suppress the surface crack 
nucleation and growth by the Hall-Petch strengthening and the high residual compressive stress, both due to the severe plastic 
deformation of the GSG layer (Fig. 2). Fatigue experiment under cyclic tension is performed and the intrinsic and extrinsic 
fatigue and toughening mechanisms and their GSG dependence is discussed. The importance of hybridizing the size dependent 
material properties and developing the next generation fatigue resistant NiTi alloy by grain size engineering is demonstrated. 



 
Fig. 2  (A) nc NiTi plate with controlled GSG profile by SMAT; (B) Microstructure characterization of the GSG; (C) Fatigue 
life and mechanisms of crack nucleation and toughening of GSG structure; (D) Overall optimized performance of GSG 
structure by experiment, modelling and design. 
 

CONCLUSIONS 
 

Nanocrystallined Grain-Size-Gradient (GSG) surface layer has been obtained by SMAT method to enhance fatigue 
life of NiTi SMA. The key idea of the method is to suppress the surface crack nucleation and growth by the Hall-Petch 
strengthening and the high residual compressive stress, both due to the severe plastic deformation of the GSG layer. 
Fabrication parameters of the GSG structure and the resulting intrinsic and extrinsic mechanisms of fatigue crack nucleation 
and crack growth resistance are identified. The dual benefits of strengthening and toughening which are usually exclusive to 
each other for most metals have been obtained in superelastic NiTi plates by SMAT method. The intrinsic and extrinsic fatigue 
and toughening mechanisms and their GSG dependence are revealed, which demonstrated the importance of hybridizing the 
size dependent material properties and developing the next generation fatigue resistant NiTi alloy by grain size engineering.  
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A TWO SCALES ANALYSIS OF THE FATIGUE OF SHAPE MEMORY ALLOYS
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Summary Shape memory alloys (SMAs) are employed in innovative applications experiencing millions of cycles during their lifetime. The
existing failure criteria are purely phenomenological based on macroscopic experimental results and ignore their complex microstructure.
The proposed paper presents a two-scale fatigue criterion based on the elastic shakedown of the austenitic and martensitic grains of the
Dang Van - Papadopoulos class. The underlying assumptions and predictions are discussed on a series of novel experiments and compared
with results from literature.

INTRODUCTION

Shape memory alloys (SMAs) possess unique properties, known as shape memory effect and pseudoelasticity. These
properties result from reversible diffusionless solid-solid transformations (known as martensitic transformations) between a
relatively ordered parent phase, called austenite (A), and a less ordered product phase, called martensite (M). Their peculiar
properties are successfully exploited in many fields, ranging from structural engineering, to robotics or biomedical industry.
In particular, a wide segment is covered by SMA actuation systems, innovative devices for the control of civil structures and
self-expandable vascular stents.

The rather complex micromechanical behavior of SMAs also induces unusual fracture and fatigue responses when com-
pared with standard polycrystalline metallic alloys. It has already been discussed, in several papers, that classical fatigue
criteria cannot be directly applied due to the uncertain role of the phase transformation under cyclically varying deformations
and the stress and/or thermally-induced microstructural evolution of the different phases. Transformations between austenitic
and martensitic phases, moving martensite interfaces, and accumulation of dislocations are believed to play an important role
in the fatigue lifetime of SMAs.

The novelty of the present predictive fatigue failure methodology for cyclic loading of SMAs is based on a shakedown
analysis performed at different scales of the materials [2, 3, 4]. The results rely on recent mathematical and theoretical
advancements on shakedown theorems [5] and constitutive models for SMAs [1]. The proposed fatigue criterion (i) predicts
high cycle fatigue crack initiation; (ii) is based on a multiscale analysis taking into account the complexity of the phase
transformation between austenite and martensite and (iii) preserves the multiaxial character of the phenomena.

The papers presents (a) the fatigue criterion based a thermodynamical consistent framework using shakedown concepts
and (b) the analysis of novel fatigue results of the research group and from literature [6, 7]. The experimental results of the
group permit to evaluate the micromechanical assumptions of the theoretical deduction from evolution of macroscopic strain
and the local distribution of phases in the microstructure. The experimental are completed with results from literature to asses
the lifetime prediction capability of the proposed criterion.

THEORY

Assuming a small strain regime, the initial configuration of the local SMA material state is described by the total strain ϵ,
the temperature θ, and an internal variable α. The variable α represents the inelastic strain and can include the description of
several physical phenomena characterizing SMA behavior, ranging from permanent plasticity and phase transformations, up
to void generation and fracture. A series of constitutive models, as for example [1], can be cast in the framework of standard
generalized materials. As such we have a direct estimation of the shakedown state under cyclic loading, due to the recent
results by Peigney [5].

The proposed fatigue criterion aims to predict the onset on infinite lifetime for polycrystalline SMAs. It starts from the
experimental observation that, in high cycle fatigue, only few grains of the material undergo inelastic strains, whilst most of
the material remains elastic. Furthermore, the elastic cycles described at the scale of the structure or of the crystalline grains
of the polycrystal can be characterized by using the shakedown concepts [5]. Moreover the idea of a weak, inelastic element
embedded in an elastic matrix represented by two springs was initially proposed by Orowan in 1939 and it is a key element in
the development of the Dang Van-Papadopuolos fatigue criteria [4].

Starting from this observation a proposed Dang Van (DV) fatigue criterion for SMAs can be defined as:

∗Corresponding author. Email: constant@lms.polytechnique.fr
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specimens were tested in-SEM under uniaxial tension at room temperature using a microtensile heating-straining stage, 
through one complete transformation cycle—from austenite to ‘fully transformed’ martensite and back to austenite. ‘Fully 
transformed’ martensite was defined by the complete propagation of localized bands of martensite and the corresponding 
completion of the stress plateau in the macroscopic stress-strain curve. However, note that ‘fully transformed’ martensite is 
not actually fully transformed, as residual areas of low strain, locked-in austenite remain. Micrographs of the patterned 
surface were captured in situ throughout the loading cycle using a Tescan Mira 3 FEG SEM. Initial correlation was 
performed using commercial software (Vic3D, Correlated Solutions Inc.) to obtain raw displacement data that was corrected 
for image distortions using custom MATLAB scripts described in [3,4].  

RESULTS AND DISCUSSION 
   Models based on the phenomenological theory of martensite formation base their macroscopic stress-strain predictions 
on the assumption that grains with the same orientation, including those related by crystallographic symmetry, produce the 
same transformation strain in a polycrystalline material. However, in this work it was found that neither grain orientation 
nor grain size significantly affected either the mean strain or the strain range of individual grains. While averaging single 
crystal properties across a field of view containing approximately 5000 grains produced roughly correct trends in the 

macroscopic strains (Figure 1), predicting transformation from 
single crystal properties did not produce the correct mean strains 
inside of each grain and did not capture the wide range of strain 
that they can encompass.     
   Using two metrics — mean strain and strain spread — 
measured in each grain, it was determined that grains of similar 
orientation did not transform similarly. The chosen metrics were 
confirmed to correspond with mean transformation volume 
fraction and transformation heterogeneity for maps of local 
transformation strain of a small test group of similarly oriented 
grains. The sampled population was then expanded to include 
all those grains with small deviations from low-index 
orientations. In both populations, no causal link between 
orientation and extent of martensitic transformation was 
detected. To examine transformation strain and heterogeneity 
with respect to crystallographic orientation, the full-field strain 
data at the microstructural length scale was segmented into 
grain-by-grain strain distributions. An example is shown in 
Figure 2, where each bar represents the experimentally-
measured surface strain values over an individual grain. The 
middle 50% of the strain data is denoted as the thick bar, the 

95th percentile bounds are denoted by thin bars, the median of each distribution is marked by a crossbar, and the open 
circles mark the mean strain of each grain. The grains were sorted along the x-axis by the misorientation between the [hkl] 
crystal axis and the sample loading axis. Each grain was color coded by grain size, showing there is no apparent effect of 
size on strain distribution. This analysis was performed for grains with favorable orientations for transformation, including 
hte {111} {355} and to a lesser extent the {110} families of the parent austenite phase. Nor was it the case that favorably 
oriented grains exhibited a higher degree of homogeneity. Tracking the strain spread across all orientations and grain sizes 
indicated that the heterogeneity did not strongly depend on either orientation or grain size. Despite some trends in mean 
strain existing across the inverse pole figure, the mean strain spread for the same orientations yielded a uniform distribution. 
Unlike mean strain, the strain range (degree of transformation heterogeneity) did not have a significant dependence on grain 
size. The strain range (degree of transformation heterogeneity) of individual grains also did not depend on the grain size.  
The findings of this experimental work are in contrast to the assumption in several mean-field theories that similarly 
oriented grains transform similarly, and in contrast to the assumption that a single preferred variant nucleates and subsumes 
the entire grain.  
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Figure 2: Individual grain strain distributions for a chosen 
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Summary Most medical applications involving superelastic Ni-Ti shape memory alloys are based on thin wires or tubes. If the tensile
behavior of such specimens has been extensively described in the literature, only few studies deal with their mechanical behavior under pure
bending and compressive load [1]. In this paper, Ni-Ti wire behaviors were experimentally investigated using pure bending and uni-axial
tensile experiments. Uniform or localized behaviors were observed depending on the thermo-mechanical treatment of the wire. Theoretical
bending model was proposed. For nonlocalized tests, it allowed to analyze tension-compression asymmetry. Tension and compression
constitutive equations were proposed to model localization in bending.

INTRODUCTION

This paper aims at identifying the influence of thermo-mechanical treatment on Ni-Ti thin wires behavior under tensile,
compressive and pure bending load. Uni-axial tensile and pure bending tests were performed on Ti 50.8%atNi wires of
diameter 0.5 mm supplied by Fort Wayne Metals in their cold worked conditions. Three different thermomechanical treatments
were realized 200 oC for 30 min, 250 oC for 30 min and 500 oC for 60 min.

TENSION AND PURE BENDING EXPERIMENTS

Uni-axial tensile tests were performed in nearly isothermal conditions using a Gabo EPLEXOR 500N machine. Tensile
nominal stress strain curves are plotted in Fig. 1, (a). A localization phenomenon has been observed for the 500 oC wire.

Pure bending experiments were performed using a home-made device [2]. Curvatures were estimated using pictures taken
during the test and synchronized with the bending moment measurement. Global curvature was estimated by fitting an arc of
circle on the deformed wire of length 10 mm. Bending moment-global curvature curves are plotted in Fig. 1, (b).

Figure 1: Experimental thin NiTi wire behaviors: (a) under tensile stress, (b) under pure bending load.

The local curvatures of the samples along their curvilinear abscissa s were also identified during the pure bending exper-
iments. For the 200 oC (not shown here) and 250 oC wires, the local curvature remained uniform along the sample during
the whole experiment (Fig. 2, (a)). In contrast, local curvature along the 500 oC wire was found to be highly non-uniform,
suggesting localization occurred during the test (Fig. 2, (b)).

MODELLING

A bending model was proposed assuming Navier-Bernoullis hypothesis, i.e. that a plane section of the wire normal to
its longitudinal axis prior to loading remains plane and normal to the deformed neutral axis after the loading. Using Digital
Image Correlation measurement, this hypothesis has been experimentally verified for wires [3]. This model allows to estimate

∗Corresponding author. Email: denis.favier@imag.fr



Figure 2: Local curvature during pure bending test along initial curvilinear abscissa s: (a) thin NiTi wire treated at 250 oC, (b)
thin NiTi wire treated at 500 oC, a localization phenomena can be noticed.

the moment as function of the curvature and the position of the neutral fiber as function of the constitutive equations in tension
and compression.

For wires treated at 200 oC and 250 oC, axial strain (resp. local curvature) is uniform during tension tests (resp. bend-
ing tests). Tension and bending results were combined to determine wires compressive behavior during the first loading.
The obtained compression stress-strain curves are plotted in Fig. 3, (a). Asymmetric tension-compression behavior is well
observed [4].

For the wire treated at 500 oC, using the compressive constitutive equation represented Fig. 3, (b), green full line, and
the experimental tensile curve as the constitutive equation in tension, the model predicts the curve presented Fig. 3, (b) black
dashed line. This result is inconsistent with a localization phenomenon in bending. If the curve shown Fig. 3, (b) red full line,
is adopted as the constitutive equation in tension [5], the predicted bending behavior (Fig. 3, (c) black full line) is compatible
with the localization experimentally observed (Fig. 2, (b)).
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Figure 3: Result of the modelisation: (a) for wires 200 oC and 250 oC, (b) for wire 500 oC, (c) corresponding bending moment
for wire 500 oC.
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METHODS

Mode I fracture samples were produced from superelastic and shape memory SMA with as-received NiTi sheets from
Johnson Matthey (superelastic P/N 83813, lot 014226; shape memory P/N 83429, lot 016022). The samples were cut with wire
electro-discharge machining into ASTM E647 single-edge notch fracture specimens with a pin-to-pin spacing of 25.9 mm.
The samples were mechanically polished and surface speckle patterns were airbrush painted onto the samples using an Iwata
CM-B airbrush and Golden high flow acrylic black and white paints. The samples were fatigue pre-cracked in a test frame with
a load cell that measured load P. During fatigue pre-cracking and subsequent fracture, surface displacements were measured
with 3-D DIC using GRAS-50S5M CCD cameras, and surface temperatures were measured with infrared (IR) thermography
using a FLIR SC5600 IR camera.

Fatigue pre-cracks were initiated in the samples using a maximum applied stress intensity factor that remained below a
threshold value that was informed by the maximum recovered strains surrounding the crack tip. The light sources and the
camera lenses used polarizing filters placed orthogonally with one another to increase contrast and attenuate glare from the
samples, for enhanced DIC accuracy and precision [10].

After fatigue pre-cracking, the samples were loaded in monotonic displacement control for crack propagation. Sample
temperature was increased from room temperature with a custom conduction heater on the non-imaged side of the sample.
Surface strains were computed from DIC surface displacements (Fig. 1). Crack tip location is inferred from the distinct
pattern of the principal strain angle contour. In a similar approach to a recent finite element analysis [8], crack tip energy
release rates were computed from surface displacements and strains with the J- and I-integrals. Although the multi-axial
response of superelastic NiTi is still an active area of study, the multi-axial stress-strain response was approximated by a
transformation-criterion approach in the cases when phase transformation was thermodynamically attainable.
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Abstract As shape memory alloys become more commonly used for structural applications, there is a need to better understand the failure 
behaviour of these materials.  Notched plates of Ni60Ti40 were subjected to tensile loads until fracture while in pure austenite, pure martensite, 
and during phase transformation from austenite to martensite.  Through experimental observations, it was determined that this material exhibits 
a high-speed, brittle fracture and that the ultimate tensile stress of the material while undergoing phase transformation is lower than the pure phase.  
 

INTRODUCTION 
 
   Shape Memory Alloys (SMAs) are metallic materials which are able to recover large amounts of seemingly plastic 
deformation through a thermo-mechanically driven phase transformation.  The phase transformation is accomplished 
through a reversible diffusionless solid to solid transformation from an austenite phase to a martensite phase and vice-versa 
[1].  The phase transformation can provide a large actuation stress or strain for a relatively small volume when compared to 
conventional actuators [2-4].   
   The ability to recover deformation has driven much interest in these materials.  Current SMA applications are mainly in 
the biomedical field where the loads experienced are generally small, hence limiting the amount of fracture data currently 
available in the literature.  However, in order to utilize SMAs in the additional industries and in new applications, a more 
thorough understanding of the fracture properties of SMAs is needed.  
   There are multiple shapes and configurations in which SMAs must be tested in order to validate their ability to perform 
properly in these new industries.  One such shape is in the form of a plate.  Furthermore, in many existing structural 
applications, plates are often bound together through the use of rivets.  The use of a rivet further implies that the plate must 
therefore have a hole or notch through it in order to allow the rivet to be inserted.  It is well known that such features generally 
cause a stress concentration in the area surrounding the feature in the plate.  Specifically for SMAs, it has been found that 
inclusion of notches on specimens can cause failure at stress levels as low as 60% of the pure phase ultimate tensile stress [5].  
Therefore, this paper will focus on analysing the fracture of an SMA plate in which a notch has been introduced. 
 

MATERIALS AND METHODS 
 
   All experiments were performed on Ni60Ti40 material in sheet form.  A sample was used to obtain the transformation 
temperatures using Differential Scanning Calorimetery (DSC).  Experimental samples were formed into 100 mm (length) 
by 10 mm (width) by 0.5 mm (thick) samples using Electron Discharge Machining (EDM).  The machined plates were then 
coated with a thin layer of speckle pattern in order to allow collection of 
localized strain information through Digital Image Correlation (DIC).  
See Figure 1.a for a sample specimen with speckle pattern. 
   The specimens where loaded into a MTS Insight load frame with an 
attached thermal chamber.  The maximum capacity of the load frame is 
30 kN.  Based on the DSC results gathered, specimens were loaded until 
failure at temperatures below the martensite finish ( Mf ) temperature  and 
above the martensite desist ( Md ) temperature in order to obtain a baseline 
for the ultimate tensile stress of these notched SMA plates under pure phase 
conditions.  After determining the ultimate tensile stress of the pure 
phase, another specimen was loaded above Md to 80% of the ultimate 
tensile stress of the pure phase and cooled until fracture. 
   Analysis of the results was performed through a combination of visual 
techniques.  DIC frames were collected using an Edmond Optics camera 
connected to uEye cockpit software.  High speed video was also collected 
with a Photron SA1 high speed video camera running at 54,000 frames per 
second.  The DIC and high speed images were then processed through 
Vic2D software in order to determine the local strain fields.  In order to 
obtain a closer examination of the fracture surface, failed specimens were 
examined under scanning electron microscopy (SEM).  The SEM 
analysis were conducted on a Tescan Vega 3 SEM under high vacuum 
operation. 

a)              b)               c) 
 

Figure 1:  Ni60Ti40 plate used for fracture upon 
cooling experiment.  a) Speckle Pattern for DIC;   
b) Strain at beginning; c) Strain prior to failure 



RESULTS 
 
   For the material provided, the DIC results indicate a 
martensite finish temperature, Mf, of 25 °C and austenite 
finish temperature, Af, of 70 °C.  Therefore, the Md 
temperature was calculated to be approximately 100 °C.  
Utilizing these values, the ultimate tensile stress of 
martensite and austenite were determined at room 
temperature (~23.4 °C) and 150 °C, respectively.  The 
ultimate tensile stress for both pure phases was determined 
to be 460 MPa.  Therefore, the fracture under cooling 
experiment was ran at a stress of 375 MPa.  Figure 1.b 
shows the initial zero strain field of the fracture under 
cooling experiment as collected through DIC.  The localized strain fields as measured through DIC indicate that the largest 
strain at any given temperature and stress condition occurs at the notch and tends to SURSDJDWH�RXW�LQ�³EXWWHUIO\�ZLQJ´�W\SH�RI�
bands.  The localized DIC strain field immediately prior to failure is shown in Figure 1.c, more clearly illustrating the 
butterfly wing behaviour of the localized strain field.  The fracture under cooling occurred at 46.4 °C, as shown in the strain 
v temperature plot shown in Figure 2.   
   In order to gain a better understanding of the fracture properties, the fracture surface was further examined through SEM.  
Figure 3 shows the fracture surface of the fracture under cooling specimen near the notch as well as at the opposite edge.  
These SEM images show very little dimpling on the surface, indicating a very brittle fracture.  The SEM results indicating a 
brittle fracture correlate well with the high-speed camera results.  Through frame by frame analysis of the fracture of the 
pure phase and fracture under cooling experiments, it is found that the crack propagated through the entire cross section of 
the specimens within 2 frames while recording at 54,000 frames per second.  The frames during fracture for the fracture 
under cooling specimen are shown in Figure 4.  Although the actual fracture speed could not be determined, the high speed 
frames indicate that the fracture propagated through the specimens at more than 216 m/s regardless of the phase of the material. 

 
 
 
 
 
 
 
 
 
 

 
 

CONCLUSIONS 
 

   The fracture of notched plates of Ni60Ti40 was analysed through DIC and SEM observation in order to gain understanding into 
the fracture properties of SMAs undergoing actuation through thermal cycling.  The results indicate a very high speed and brittle 
fracture at a stress level below the ultimate tensile stress of the pure phase of this alloy.  Therefore, in designing any actuator, it 
is important to account for the lower ultimate tensile stress while the SMA is undergoing actuation, especially given the high speed 
and highly brittle nature of the fracture. 
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Figure 2:  Strain v temperature plot for specimen which 
failed during phase transformation 

   a.                b.               c. 
 

Figure 4:  High speed camera frames for failure during 
cooling.  a) frame before fracture; b) frame during fracture; 
c) frame after fracture   

   a.                        b. 
 

Figure 3:  SEM image of fracture surface a) edge 
away from notch; b) notch edge.   
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AN INTEGRATED TEMPORAL MULTI-SCALE MULTI-PHYSICS MODEL WITH DAMAGE

IN MULTIFUNCTIONAL MATERIALS
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Summary To simulate multi-physics phenomena that occur in multi-functional devices such as load bearing antennae and piezoelectric
induced damage detectors, a model is developed to couple transient electromagnetic (EM) and dynamic mechanical fields in a finite de-
formation setting with damage evolution features. To achieve a versatile coupling scheme between fields, the problems are solved in a
staggered way using a time-domain finite element (FE) method by a high performance parallel program. A constitutive model of a piezo-
electric material is implemented with a phenomenological damage model to simulate piezoelectric damage sensors undergoing dynamic
finite deformation. Moreover, A multi-time scaling method is implemented to overcome the computational infeasibility posed by analyzing
the rapidly varying EM quantities while accounting for the effects of the slow evolution of the mechanical displacement field in deformable
antenna applications.

INTRODUCTION

In recent times, there has been a significant interest in multi-functional structures governed by multi-physics principles
such as mechanical and EM relations. Some examples of these structures may be components of small unmanned airborne
vehicles (UAVs), active skins of aircraft, or meta-materials for optical and communication systems. There is a need for
robust, coupled multi-physics computational models and codes supporting meaningful design of multi-functional structures
and devices. In the present work, a generalized framework is developed for coupling transient EM and dynamic mechanical
fields to predict the evolution of the EM field in a vibrating substrate and to simulate the piezoelectric effect during finite
deformation. To couple the EM field and dynamic mechanical field effectively in the time domain, a wavelet transformation
based multi-time scaling method, WATMUS, is implemented to avoid single time scale integration. Rigorous adaptivity and
sensitivity study of WATMUS is carried out. Some application examples are presented to validate WATMUS.

FORMULATIONS FOR THE TRANSIENT ELECTROMAGNETIC PROBLEM IN A FINITE DEFORMATION

DYNAMICAL SETTING

The weak forms of the coupled transient EM equations are formulated in the reference configuration. It is derived from
the Lagrangian density of the EM problem in the reference configuration with a penalty term to weakly enforce the gauge
condition,

L =
εJ

2
C−1

JK
ẼJ ẼK −

J−1

2µ
(CLMBLBM ) + JNAN −QΦ+

1

p
(AP,P )

2 (1)

where ε is permittivity, µ is permeability. J is the Jacobian, CIJ (=
∂xk

∂XI

∂xk

∂XJ
) is the right Cauchy-Green deformation tensor.

The term 1

p
is the penalty coefficient. The scalar potential Φ and vector potential AI are the independent variables constituting

the Galilean transformation of the electric field Ẽ = −Φ,I −ȦI + εIJK
∂XJ

∂t
εKMNAN,M and the magnetic field BI =

εIJKAK ,J . Q is the charge density, and JN is the conducting current density. Enforcing the variation of the Lagrangian
density with respect to Φ and A to be zero yields the weak forms of the EM field. The detailed derivation can be found in [1].

The constitutive relation of the hyperelastic material for finite strains is assumed to be neo-Hookean combining with the
piezoelectric effect. The electric enthalpy density in the reference configuration is expressed as

H = Ψ −

!
εJ

2
C−1

JK
EJEK + EPHPMNEMN

"

(2)

where Ψ(C) is the Helmholtz free energy function, EI = −Φ,I is the electric field neglecting the magnetic effect in piezo-
electric problems. EMN is the Green strain. The isotropic damage process is implemented by introducing a scalar damage
parameter D to Ψ(C, D). The second Piola-Kirchhoff stress SMN = ∂H

∂EMN
and electric displacement field DI = ∂H

∂EI
are

obtained accordingly.
Numerical implementation is conducted for the coupled problem using a staggered approach, where the dynamic displace-

ment field is solved first followed by the solution of the EM problem. A fully coupled multi-physics code is developed in
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three dimensions employing the PETSc library for parallelization. The code is validated by comparing with both analytical
cases and numerical examples in existing commercial software. The robust platform covers many features that can be applied
to simulations for numerous EM problems in deforming media. For instance, the coupling effect in deformable antennae
requires solving the complete set of Maxwell’s equations (both pertaining to the electric and magnetic fields), but the cou-
pling from the EM field back to the mechanical field is not necessary since the Lorentz force is negligible. For piezoelectric
damage detectors, the constitutive relationship requires that the piezoelectric effect and phenomenological damage model be
incorporated. The full coupling between electric and mechanical fields is employed without considering the magnetic field.

WAVELET TRANSFORMATION BASED MULTI-TIME SCALING METHOD (WATMUS)

To couple two disparate fields which have large differences in frequencies, conventional single time scale integration
progressing in the time scale of the higher frequency field causes computational infeasibility while attempting to address
issues related to the lower frequency field. A wavelet transformation based multi-time scaling method, WATMUS [2] is
implemented to overcome this issue. The response function is resolved in two time scales, viz. (i) a slowly varying response
in terms of the wavelet coefficients identified with the cycle scale N , and (ii) a rapidly oscillating response within each cycle
corresponding to the EM field fine time scale τ . The projected wavelet coefficients only depend on the cycle number N and
are independent of the τ -scale as follows,

y(x, t) = y(x, N, τ) =
n#

k=1

ck(x, N)ψk(τ) ∀ τ ∈ [NT, (N + 1)T ] (3)

where ck(x, N) are the cycle-scale coefficients of the fine-scale orthogonal basis functions ψk(τ). An efficient choice of ∆N ,
the allowed jump of the EM field cycle within the integration interval of the mechanical cycle, accelerates the simulation
significantly. The accuracy and convergence are studied in [2].

SIMULATION RESULTS AND DISCUSSION

A piezoelectric damage detector is proposed based on the capacity of the numerical tool. The geometry and boundary
conditions are shown in Fig. 1a. The material incorporates the piezoelectric effect and phenomenological damage model.
An alternating voltage is applied at the top and bottom surfaces (z-faces) with the frequency ω = 2π Hz, which is the
same as the external load. Two conditions, one with the damage model and the other one without the damage model, are
simulated to analyze how the electric responses vary with respect to the damage evolution in the piezoelectric substrate. Since
the piezoelectric effect generates a load which is much smaller than the external load, the difference between two observed
displacements is very limited. However, there is a significant difference in the electric displacement fields as in Fig. 1b.
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Figure 1: A vibrating piezoelectric material substrate with an external load: (a) Schematic model; (b) Plot of electric displacement field dz with time.
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Summary For triangular crystal lattice we derive tensor form of Gruneisen coefficient in terms of the deformation temperature tensor.
Molecular dynamics simulations for different strain state are performed. The ratio of deformation temperature tensor eigenvalues does not
dependent on pair potential but is primarily determined by the shear strain. The results are used to determine Mie–Gruneisen equation of
state for different types of interaction potential and crystal structures.

Recent advance in nanotechnology has lead to the necessity of determining mechanical properties of solids with mi-
crostructure in a wide range of temperatures and mechanical loads. Basing on analytically derived Mie–Gruneisen equations
of state for crystalline solids [1], we can broaden the class of problems allowing analytical solutions without molecular
dynamics simulation. Generally, methods of statistical mechanics [2] are applied to predict thermodynamic properties from
microscopic properties of a material. V. Kuzkin and A. Krivtsov have obtained equation of state for chain [3] and close-packed
crystal lattices [1] with pair interactions in the form of (1). The expression (1) is a generalization of the Mie–Gruneisen equa-
tion for the thermal part of Cauchy stress tensor !τ , Gruneisen function Γ(V ), that is a tensor, and the thermal part of the
internal energy of the system !U .

!τ =↗1

V
Γ(V )!U. (1)

Internal energy !U is calculated as a sum of the kinetic !Ekin and the potential !Ep energies; zero potential energy corre-
sponds to the stationary state, and motion is divided into “fast” (oscillatory!) and “slow” (cold") parts.

Vector Ak connecting the reference particle with particle k can be also represented as:

Ak = "Ak + !Ak, (2)

where "Ak and !Ak:
"Ak = ⟨Ak⟩, !Ak = Ak↗"Ak. (3)

Following [1], let us expand the expressions for the thermal parts of stress tensor and internal energy in series with respect
to !Ak. We leave only first non-zero terms after averaging and make nearest neighbor interaction assumption:

Γ =↗1

2

#
k

$
"A2
k
"Π′′′
k + Θ "Ak

"Π′′
k ↗Θ"Π′

k

%
"Ak
"Ak

#
k
"Ak
"Π′′
k + Θ"Π′

k

, (4)

where Π is pair potential, Θ =
⟨!Ak

!Ak⟩yy
⟨!Ak

!Ak⟩xx
.

In order to calculate the tensor Gruneisen coefficient Γ, we need to determine Θ, which is the ratio of the “deformation
temperature” tensor ⟨!Ak

!Ak⟩ components. These components have a clear physical meaning: square of thermal deformation
of Ak along its initial direction (x-axis) ⟨!Ak

!Ak⟩xx/a2 and in orthogonal direction (y-axis) ⟨!Ak
!Ak⟩yy/a2. The special case

(Θ = 1) of the resulting formula (4) was obtained in [1], expression for trace of the Γ tensor was obtained by Stacey [4] by
another method.

Further investigation is carried out by means of molecular dynamics (MD) simulation. We construct a square sample
with a triangular lattice, periodic boundary conditions are used. The interaction between the particles is described by Morse
potential:

Π(Ak) = D
&
e2α(1−Ak/a)↗2eα(1−Ak/a)

'
, (5)

where D is the depth of the potential well, α is responsible for the well width, and a is the equilibrium bond distance. Initially
the particles have random velocity with normal distribution so that the average kinetic energy of the particle is about five
orders of magnitude smaller than the depth of the potential well D, and center of mass of the system remains fixed. The
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UNSTEADY HEAT CONDUCTION PROCESSES IN A HARMONIC CRYSTAL WITH A
SUBSTRATE POTENTIAL

Mikhail B. Babenkov∗1,2, Anton M. Krivtsov 1,2, and Denis V. Tsvetkov 1,2

1Peter the Great Saint Petersburg Polytechnic University, St. Petersburg, Russia
2Institute for Problems in Mechanical Engineering RAS, St. Petersburg, Russia

Summary An analytical model of high frequency oscillations of the kinetic and potential energies in a one-dimensional harmonic crystal
with a substrate potential is obtained by introducing the nonlocal energies [1]. A generalization of the kinetic temperature (nonlocal
temperature) is adopted to derive a closed equation determining the heat propagation processes in the harmonic crystal with a substrate
potential.

EQUATIONS OF MOTION

Non-Fourier heat conduction processes in ideal crystal structures have been intensively studied in the recent decades. The
literature is surveyed in the review papers [2, 3]. In this work we consider a one-dimensional crystal in the form of a chain of
identical particles with mass m that are connected by linear springs with each other and with a fixed base, described by the
following equations of motion:

ün = ω2

0

!
un−1 − (2 + ϵ)un + un+1

"
, ϵ = C1/C0, ω0 =

#
C0/m (1)

where un is the displacement of the n-th particle, m is the particle mass, C0 is the stiffness of the interparticle bond, C1 is the
stiffness of the bond between a particle and the fixed base, and dots denote partial time derivatives. The crystal is infinite: the
index n is an arbitrary integer.

The initial conditions [1, 4] are
un|t=0 = 0 u̇n|t=0 = σ(x)ϱn, (2)

where ϱn are independent random values with zero expectation and unit variance; σ2(x) is variance of the initial velocities,
which is a slowly varying function of the spatial coordinate x = na, where a is the lattice constant. These initial conditions
correspond to an instantaneous temperature perturbation, which can be induced in crystals, for example, by an ultrashort laser
pulse.

High frequency energy oscillations
The dynamic transition of the kinetic energy into the potential energy of the bonds deformation is accompanied by high

frequency oscillatory process with decreasing amplitude [5]. Similar oscillations can appear in solids during fast transient
processes, for example, under the impact of a short laser impulse. In order to derive the equations describing such energy
oscillations, we introduce the following nonlocal energies [1, 4]:

Kn =
1

2
m⟨u̇su̇s+n⟩, Πn =

1

2
C0⟨εsεs+n⟩+

1

2
C1⟨usus+n⟩, (3)

where Kn is nonlocal kinetic energy, Πn is nonlocal potential energy, operator ⟨u̇su̇s+n⟩ gives the covariance of the particles’
velocities with the indexes difference of n, εs = us − us−1 is the deformation of the bonds. Formulae (3) at n = 0 give the
conventional energies.

Differentiation of the nonlocal energies with the use of dynamic equations (1) allows us to derive the following equation
for the nonlocal Lagrangian Ln:

L̈n = 4ω2

0

!
Ln−1 − (2 + ϵ)Ln + Ln+1

"
, Ln = Kn −Πn (4)

which coincides in form with the dynamic equation of chain (1) and differs only by the value of the coefficient on the right
side. Assuming that the initial velocities of various particles are independent and the initial displacements are absent, the
initial conditions for (4) can be written as [1]:

Ln|t=0 = Eδn, L̇n|t=0 = 0, (5)

∗Email: mikhail.babenkov@gmail.com



where E is the full initial energy of the crystal, δn = 1 for n = 0 and δn = 0 for n ̸= 0. The solution of the problem (4)–(5)
at n = 0 gives the conventional Lagrangian for the dynamical system (1) in the form:

L = E

$

J0
!
2
√
4 + ϵ ω0t

"
− 2

√
ϵ ω0

% t

0

J0
!
2
√
4 + ϵ ω0(t− τ)

"
J1
!
2
√
ϵ ω0τ

"
dτ

&

(6)

Due to the complexity of this expression, two limiting cases are considered. The following asymptotic representation shows
the behaviour of (6) at the low values of ϵ (so-called “soft substrate” case, if ϵ≪ 1):

L ≃ E

$

J0
!
2
√
4 + ϵ ω0t

"
− 1

2

√
ϵJ1
!
2
√
ϵ ω0t

"
&

(7)

Otherwise, if the value of ϵ is sufficiently high, then (6) can be approximated as (“rigid substrate” case, ϵ≫ 1):

L ≃ EJ0
' !√

4 + ϵ−
√
ϵ
"
ω0t
(
cos
' !√

4 + ϵ+
√
ϵ
"
ω0t
(

(8)

Considering the nonlocal energy conservation law [5], one can obtain dependencies of the kinetic and potential energies on
time:

K(t) = E
1 + L(t)

2
, Π (t) = E

1− L(t)

2

NONLOCAL TEMPERATURE

We adopt an approach based on the covariance analysis [6, 4] for the velocities to obtain a closed equation system deter-
mining unsteady thermal processes. The nonlocal temperature θn(x) is introduced as [1, 4]:

kB(−1)n θn(x) = m⟨u̇iu̇j⟩, (9)

where kB is the Boltzmann constant, n = j − i is the covariance index, x = i+j
2
a is the spatial coordinate, a is the lattice

constant. If n = 0 then i = j and quantity θn coincides with the kinetic temperature T : θ0(x, t) = T (x, t) = m
kB

⟨u̇2
i ⟩,

where i = x/a. The use of the correlation analysis [1, 4] and the long wavelength approximation allows one to obtain a
differential-difference equation for θn:

(θn+1 + (2 + ϵ)θn + θn−1)̈ = −1

4
c2 (θn+2 − 2θn + θn−2)

′′ , (10)

where primes denote partial coordinate derivatives. The initial conditions for equation (10) corresponding to original initial
conditions (2) are given by [1]:

θn|t=0 = T0(x)δn θ̇n|t=0 = 0, (11)

where T0(x) =
1

2kB
mσ2(x) is the initial temperature distribution; Problem (10)–(11) can be solved by the means of discrete-

time Fourier transform [4], which allows to formulate the initial value problem for the kinetic temperature T (x, t) in a simple
form:

T̈ +
1

t
Ṫ = c2∗T

′′, T |t=0 = T0(x), Ṫ |t=0 = 0, (12)

where c∗ = c
!√
ϵ+ 4−

√
ϵ
"
/2 is the velocity of a heat wave propagating in a harmonic crystal with a substrate potential,

c = ω0a is the sound velocity in a simple harmonic crystal.
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Where ߣሬሬሬሬԦ ሬሬሬሬԦ்ߣ , , and ߣ௩ሬሬሬሬԦ  are correlating nonlocal lengths of heat flux, temperature gradient, and thermal displacement 
gradient; ߙி  is the order of time-fraction, and ܫఈಷ  is the Riemann±Liouville fractional integral. The heat conduction 
equation for NL FTPL can be obtained by eliminating the heat flux between Eq. (1) and energy equation [1]. 
 

MOLECULAR DYNAMICS SIMULATION OF HEAT TRANSPORT 
 
   To identify the characteristics of thermal wave in nano/micro scales, MD simulation is used to capture thermal wave 
propagation in atomistic level during the ultrafast heat transport. The atomistic interaction for heat conduction simulation is 
the classical embedded atom model (EAM) potential. The total potential energy of a chosen atom is given as 

ܧ ൌ ఈ൫σܨ ఉஷߩ ሺݎሻ൯  ଵ
ଶ�σ ሻஷݎఈఉሺ                                (2) 

where ݎ  is the distance between atoms i and j, ߩఉ is the contribution of the electron charge density, ܨఈ is the embedding 
function, and ఈఉ is a pair-wise potential function between atoms. While the first term in the right hand side of Eq. (1) 
contribute to the interaction among an atom in a specific position and its surrounding electrons, the second term is associated 
with the interaction between atoms. The temperature calculated by MD is associated with the total kinetic energy as 

σ 
ଶ ቀௗௗ௧ ቁ

ଶ
ൌ ெ

ଶ ݇ܶ                                      (3)   
The Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) has been used, in this work, for MD simulation. 
 

NUMERICAL RESULTS AND DISCUSSION 
 
  In this section, we consider the heat conduction in an isotropic, homogenous, one-dimensional nanobeam subjected to a 
sudden temperature rise on its left side. Temperature distribution are predicted by both NL FTPL model and MD simulation. 
For brevity, two representative results of NL FTPL are given in Fig. 1. Figure 1a presents the effect of fractional order ߙி 
on temperature distribution at no-dimensional time ߚ ൌ ͳ . As seen in Fig. 1a, ߙி  is an alternative for removing the 
singularity of thermal wave. Figure 1b shows the effect of non-dimensional TPL parameter ܥ and correlation length ܮ on 
thermal behavior. As shown in Fig. 1b, temperature is increased by an increase in either ܥ  or ܮ. It is found that the 
correlation length ܮ does not alter the thermal wave speed of NL FTPL, opposed to those given in [7] for NL C-V model. 
 

 
(a)                                    (b) 

Fig. 1 Thermal wave propagation: (a) effect of ߙி, (b) effect of ܥ and ܮ. 
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INFLUENCE OF MARTENSITIC PHASE TRANSFORMATION ON CRACK PROPAGATION

IN AUSTENITIC STEEL

Sally Issa∗, Mathias Wallin, Håkan Hallberg, Alexander Lundberg, and Sara Eliasson
Division of Solid Mechanics, Lund University, Lund, Sweden

Summary In this work, the influence of martensitic phase transformation on crack propagation is investigated. A continuum model, devel-
oped for austenitic steel, that accounts for phase transformation is combined with a cohesive zone model. Simulations have been performed
at different ambient temperatures and using different formulations of the cohesive zone model.

BACKGROUND

Austenitic steel is commonly used due to its corrosion resistance and many applications are found at cryogenic tempera-
tures. As a consequence, fracture toughness at low temperatures is an important property. Since martensitic phase transforma-
tion affects crack propagation, the interaction between plasticity, phase transformation and crack propagation is investigated
in the present work.

Martensitic phase transformation is associated with a 3% volume increase which will introduce plasticity in the weaker
parent phase although the load level is below the yield stress [1]. If the material that increases in volume is surrounded by
untransformed material, compressive stresses will be generated, which can be expected to reduce the driving force for crack
propagation.

In this work, the crack propagation is modeled using a cohesive zone model. The cohesive zone is used to model the prop-
agation of the crack with a constitutive behavior described by a traction-separation law. A traction-separation law influenced
by the amount of transformed martensite at the crack tip, similar to the approach used for hydrogen embrittlement in [2], is
proposed.

Martensitic phase transformation - Constitutive model

A phenomenological model of martensitic phase transformation, previously established in [3], is used in this work. The
constitutive model is based on finite strain plasticity and includes austenite to martensite phase transformation. A yield
potential and a transformation potential is used to model the interaction between plasticity and phase transformation. The
model is based on a multiplicative split of the deformation gradient, F , into an elastic and an irreversible part according to

F = F eF ir (1)

where F e and F ir are the elastic and irreversible deformation gradient, respectively. The yield function is of the von Mises-
type

f(τ , z,κ) = σeff (τ )− σy0(z)−R(κ) ≤ 0 (2)

where τ is the Kirchhoff stress tensor, σeff (τ ) is the effective von Mises stress defined as σeff =
√
3J2 and J2 =

1

2
tr(τ devτ dev). The thermodynamic force used to describe the hardening behavior of the material is choosen to be R(κ) =

Hκ, where H is the hardening modulus, and κ is the internal variable associated with the hardening. The homogenized static
initial yield stress, σy0(z), is assumed to depend on the volume fraction of martensite z. Non-associated plasticity is used with
the convex potential function g(τ , z,κ) governing the plastic evolution

g(τ , z,κ) = f(τ , z,κ) +
1

2

R2(κ)

R∞

(3)

where the parameter R∞ defines the saturation of the hardening.
The phase transformation will occur when the mechanical driving force reaches a transformation threshold. In accordance

with [3], the transformation potential is chosen as

h = F̄ (τ )− Ftrans(z) ≤ 0 (4)

where F̄ is the mechanical driving force and where the threshold for the phase transformation is denoted Ftrans.

∗Corresponding author. Email: sally.issa@solid.lth.se



Cohesive zone model

With the traction vector denoted by t, a traction-separation law that accounts for the volume fraction of martensite at the
crack-tip is proposed as

t = t(δ, z) (5)

where δ is the relative normal displacement between the crack surfaces. With increasing separation, the traction reaches
a maximum, tmax, then starts to decrease until a complete decohesion of the crack faces is reached. Several constitutive
traction-separation laws are considered in this work where the peak traction is modeled to depend on the volume fraction of
martensite, z. In Fig. 1a, a schematic illustration of the traction-separation law is shown.

RESULTS

The presentation will include numerical examples where the constitutive model and the cohesive zone model are imple-
mented as user routines in ABAQUS, run at different temperatures and using different traction-separation laws. The simula-
tions have been carried out with a mode I displacement field applied on a disc-shaped body. One example is presented in Fig.
1b. The simulations are performed at 213 K and the results are compared with a simulation where phase transformation is not
taken into consideration. It can be seen in Fig. 1b that the martensitic phase transformation slows down the propagation of the
crack.

t

δ

tmax(z)

Increasing z

Figure 1: (a) Schematic illustration of the traction-separation law for different fractions of martensite. (b) The crack propaga-
tion as function of the stress intensity factor KI . (–) Traction-separation law with influence of z, (- - ) traction-separation law
without influence of z and (-.-) no phase transformation is taken into consideration.

CONCLUSIONS

Numerical simulations of phase transformation have been performed using a cohesive zone model to investigate the effects
of martensite formation on crack propagation. It was found that phase transformation at lower temperatures prevents the crack
from propagating due to the local increase in volume that creates compressive stresses in the region around the crack tip.
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Summary  
Austenitic stainless steels are largely used in liquefied natural gas (LNG) industry due to their mechanical properties such as ductility and 
resistance to corrosion. Transformation-induced-plasticity (TRIP) steels exhibit complex material behavior, because of martensitic 
transformation during plastic deformation. This study aims to modeling the mechanical behavior for such TRIP materials using a two kinematic 
and isotropic hardening model taking into account the evolution of the martensitic transformation rate during mechanical loading. This model 
was developed on austenitic stainless steels material and could be extended to describe different TRIP materials behavior. This model was then 
implemented in FE software abaqus/explicit in order to describe mechanical properties and martensitic transformation evolution during 
isothermal mechanical process. Simulation of forming process with FE abaqus/explicit was carried out and compared to experimental data. It 
was concluded that the numerical results show a good agreement with experimental ones in terms of mechanical properties and martensitic 
transformation rate. 
 
 

TENSILE TESTS 
 
   1.2 mm thickness temper-rolled stainless steel sheets provided by Gaz transport & Technigaz (GTT) are used for this 
study. Isothermal tensile tests were carried out at different temperatures using an electro-mechanical Zwick Z050 machine 
equipped with a high deformation extensometer (TC-EX MACRO) to measure the strain evolution during tests. The 
temperature control is provided by a thermal chamber equipped with two thermocouples and temperature regular. In-situ 
electric resistance technique was used to measure the volume fraction of martensite. This method was validated on several 
materials such as AISI-301 stainless steel and shape memory alloys. The principle of the method is described in [2]. Strain 
rate controlled tensile tests were carried out at: 25°C, 0°C, -30°C and -60°C. 
 
 

 
Figure 1: stress-strain curves at different temperatures  
 

 
Figure 2: volume fraction of martensite function of strain at 

different temperatures 
 

 
       
Figure 1 shows mechanical behaviour of the material at different temperatures. It can be noted that a second hardening 
appears after a plastic strain threshold witch depends on the temperature. This second hardening is related to the martensite 
transformation effect. No significant change of yield stress is observed. Figure 2 shows the evolution of the volume fraction 
of martensite depending on the plastic strain and temperature. The martensite transformation is accentuated with decreasing 
the temperature.   
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MODELLING 
 

Given the context of this study, a 3D macrosopic model was choosen to describe the mechanical behavior of the 304L 
stainless steel [3]. Different transformation kinetics were proposed to describe the evolution of the volume fraction of 
martensite depending on plastic strain. The Ludwigson and Burger model [1] is used to gain more information about the 
deformation induced martensitic transformation.  
 
The volume fraction of martensite (Z) with respect to the cumulative plastic strain (p) is given by the equation 1.  

1. !"#, %& ' ("%&. *1 , -./
0"1&2

34 
 

Where ("%& is the saturation value of the volume fraction of martensite at a given temperature T. A(T) is the 
transformation kinetics term and (b)  is a parameter of the material. 
 
To describe the mechanical behavior, a two kinematic hardening model is proposed. The Kinematic hardening can be 
written as: 

5 ' 54 , 56 
 
X1 is the kinematic hardening corresponding to the austenitic phase and  X2  the part of the kinematic hardening taking 
into account the martensitic transformation effect.  X1 and  X2 are given by Armstrong-Frederick model and written 
respectively in equations 2 and 3.  

2. 547 ' 6
8 94:-7 ; <454#7 

3. 567 ' 6
896"=&:-7 ; <656#7 

With 96"=& ' 96> ∗ !"#, %& is a function of volume fraction of martensite Z. 
The isotropic hardening (R) takes the form given by the equation 4: 

4.  7 ' !"" ;  &#7 
 

   
Figure 4 : comparison FEM model/experiment result 
 

 
CONCLUSIONS 

 
   A 3D macroscopic model is proposed to describe the mechanical behaviour of TRIP 304L stainless steel taking into account 
the martensite transformation induced by plastic strain at different temperatures. The set of the model parameters was identified 
at different temperatures from load-unload tensile tests. The FEM model results are compared to the experimental ones and 
implemented in abaqus explicit to simulate corrugations knots forming. 
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Summary As a kind of stimulus-responsive materials, shape memory polymers (SMP) has attracted more and more researchers and the 
application fields for SMPs have covered widely ranges from aerospace to biomedicine engineering, due to the unique advantages of high shape 
deformation and recovery ability, good biocompatible and biodegradation, low cost, etc. In the paper, a kind of SMP tubes under torsion 
deformation are designed firstly; after that, the finite element method (FEM) is applied to simulate the shape memory process of SMP tube 
under torsion deformation, the shape recovery process is demonstrated, the shape recovery properties are characterized to show the good shape 
fixity and shape recovery ability. The results from FEM can provide some guide for fabrication and deformation of SMP tube. 
 

PREVIOUS WORK 
 
   As a kind of stimulus-responsive materials, shape memory polymer (SMP) can keep one temporary shape and recovery 
the original shape under some external stimulus, such as temperature, light, solution, and so on [1-3]. SMPs are attracting 
more and more researchers to take part in the theory and experimental investigation since 1990 [1], due to the advantages of 
high shape deformation and recovery ability, good biocompatible and biodegradation, low cost, etc [1-3]. However, the low 
stiffness and strength hinder the development of SMP, so various shape memory polymers composites (SMPCs) reinforced 
with carbon black, carbon fiber and carbon nanopaper are developed to increase the mechanical properties, at the same time, 
the actuation methods have been developed by electricity and magnetic fields [1]. 

A classical thermomechanical cycle for SMP can be shown in Fig. 1. Firstly, the original shape of SMP is fabricated; 
then, heating the sample and applying force to deform the original shape into a temporary shape (U shape); after that, 
keeping the temporary shape and cooling the temperature until room temperature, the shape is kept and strain energy is 
stored; then, the removing the external force, the temporary shape is kept (pre-deformed shape); finally, reheating the 
sample above glass transition temperature and the stored strain is released, the temporary shape nearly recovers the original 
shape. 

 

 
Fig. 1 A classical thermomechanical cycle of SMP [1] 

 
Theory 

 
   In our work, the general Maxwell model and WLF equation are applied to simulate the thermomechanical behaviours of 
SMP tubes under large torsion deformation, in which the general Maxwell model is used to characterize the stress relaxation 
under some special temperature, the WLF equation is used to shift the stress relaxation under different temperature, the 
general Maxwell model can be shown as follows: 

ሻݐሺܧ ൌ Ͳܧ ܧ כ ����ሺെݐȀ߬ሻ


ଵ
 

Where E, E0, Ei denote the effective elastic modules, equalization elastic modules and every relaxation modulus in Maxwell 
model, responsively; i is the number of Maxwell model. 
The WLF can be shown as follows: 

���் ൌ
െܥଵሺܶ െ ܶሻ
ଶܥ  ሺܶ െ ܶሻ

 

Where aT, C1, C2, T, Tg denote the shift factor, two shift parameters, temperature, and reference temperature, responsively.  
 
 



STRUCTURE DESIGN AND FINITE ELEMENT SIMULATION 
 
   A kind of SMP tube before and after torsion deformation are demonstrated Fig. 2. The tube is thickness 2mm, length 
120mm and torsion 90o under outer torsion moment. The temporary shape can be got by heating, deforming, cooling and 
removing force. The shape will recover the original straight tube after reheating above glass transition temperature. The 
finite element method is carried out by software ABAQUS to simulate the deform and recover of the SMP tube, the general 
Maxwell model with WLF equation are implanted into the software and used to characterize the material properties under 
different temperature, the finite element simulation results for shape memory process under 5oC/min are shown in Fig. 3. 
 

           
Fig. 2 The shape of SMP tube before and after torsion deformation. 

 

 
Fig. 3 Finite element simulation results for SMP tube under torsion deformation 

 
CONCLUSIONS 

 
   In this paper, a kind of SMP tube under torsion deformation is designed and analysed by ABAQUS software, the shape 
memory process is shown to characterized the good shape fixity and shape recovery ability, these results can provide some guide 
for future experimental design. 
 
References 
 
[1] Leng JS, Lan X, Liu YJ, and Du SY. Shape memory polymers and their composites: Stimulus methods and applications, Progress in Materials Science, 2011, 

56(7): 1077-1135. 
[2] Meng H, and Li GQ. A review of stimuli-responsive shape memory polymer composites, Polymer, 2013, 54(9): 2199-2221. 
[3] Sun L, Huang WM, Ding Z, Zhao Y, Wang CC, Purnawali H, and Tang C. Stimulus-responsive shape memory materials: A review, Materials and Design, 

2012, 33: 577-640. 



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

ENERGY DISTRIBUTION IN ONE-DIMENSIONAL CRYSTAL
Denis V. Tsvetkov∗1,2 and Anton M. Krivtsov1,2

1Peter the Great Saint Petersburg Polytechnic University
2Institute for Problems in Mechanical Engineering, Russian Academy of Sciences

Summary Reversible transfer between mechanical and thermal energy is considered for α-Fermi-Pasta-Ulam (FPU) crystal. Numeric study
for long enough periods of time demonstrate numerous transitions between mechanical and thermal degrees of freedom. Influence of initial
velocity fluctuations on the energy transfer process is analyzed.

INTRODUCTION

Nowadays, one of the most rapidly developing areas of modern mechanics is the mechanics of nanostructures [1, 2, 3].
Thanks to nanotechnologies it is possible to obtain almost ideal, defectfree materials. Therefore, prediction of the properties
and behavior of this materials is a topical problem. Understanding of heat transfer at microlevel is significant to obtain link
between microscopic and macroscopic description of solids [4, 5]. Development of computer technology allows to simulate
large enough pieces of material, and to investigate their behavior on the required time interval.

The important close topic is Zermelo’s Paradox, resulting from the Poincare recurrence theorem [6, 7], which can be
effectively studied using finite one-dimensional crystals. We study the celebrated α-Fermi-Pasta-Ulam (FPU) system [8, 9],
for which some questions still remain open.

In this regard, in this paper we consider the process of converting the mechanical energy of a nonlinear one-dimensional
crystal into heat and back over time. We also study the times much greater then the system return time.

PROBLEM DEFINITION

A chain of identical particles of mass m, connected by the same nonlinear springs with stiffness C is considered.
The dynamic equations have the form: ük = ω2

0(uk−1↗2uk + uk+1)(1 + uk+1↗uk−1), ω0
def
=
!

C
m , where uk —

displacement of kth particle; k — index that is arbitrary integer. The boundary conditions are periodical: uk+N = uk, where
N ≫ 1 — number of independent particles. Two cases are considered: deterministic and stochastic problem.

DETERMINISTIC PROBLEM

Initial conditions
Initial displacement is zero. Initial velocity in the crystal is defined as follows: v(x)|t=0 = A ��n

"
2πx
L

#
, where A

— amplitude, L — crystal length, x ∈ [0, L].

The crystal shape determining method
For small time velocity distribution along the length of the crystal clearly has a sinus form. However, over the time the

chain distribution loses its shape and motion of particles indistinguishable from the heat. This happens due to the nonlinear
interaction between the particles. However, over the time the chain takes the form of a sine again but curved by thermal
motion. To determine how the chain shape is close to a sine more accurately, we calculate the parameter E∗ — ratio of the
total mechanical energy E to the total initial mechanical energy E0.E∗ ∈ [0, 1]. The larger the parameter E∗, the greater the
crystal shape is similar to a sine.

Analysis of the solution of the problem for a long period of time
Time in this section is measured in the number of oscillations of the sinus. According to the graph T (t) (Fig. 1a) you can

see that after some time system returns to a state close to the original. This means that the velocity distribution regains the sine
shape. It also shows that the system does not return to the initial state perfectly, but with some deviations. Fig. 1b shows the
same graph, but for a longer period of time. It is seen that the peak height isn’t constantly decreasing, but varying according
to a certain law.

STOCHASTIC PROBLEM

Initial conditions
Initial displacement in the crystal is zero. Initial velocity is defined as follows (Fig. 2a): v(x)|t=0 = A

"√
2 ��n

"
2πx
L

#
+
√

3σρ
#
,

where A — amplitude, L — crystal length, x ∈ [0, L], σ — dispersion, ρ — random variable, ρ ∈ [↗1, 1].
∗Corresponding author. Email: dvtsvetkov@ya.ru
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Summary In this work, stress distributions and TGO growth in thermal barrier coatings (TBCs) are simulated simultaneously 
by finite element method considering large deformation. TGO growth is based on the diffusion-reaction equations. TGO 
profiles and thickness obtained by FEM are in good agreement with the experimental observations reported in the literature. 
Thereafter, a simple cylinder theory model based on large deformation theory is developed to explain the stress fields 
simulated through FEM. In the model, TGO growth is described by growth deformation gradient, and then the total 
deformation gradient is decomposed into elastic deformation gradient and growth deformation gradient. The results 
obtained by theory model validate the finite element method for TGO growth stress simulation. So it is an effective 
approach to calculate stress distributions and TGO thickness simultaneously which are important for predicting the failure 
positions and lifetime of TBCs. 
 

INTRODUCTION 
 

Thermal barrier coatings (TBCs) are widely used to reduce the service temperature and prolong the lifetime of high 
temperature components in turbine engines[1]. Failure of a TBC system often occurs either by debonding at the TGO/BC 
interface, or the TC/TGO interface. As emphasized by Evans et al.[1], growth of the TGO layer was directly responsible for 
all the intrinsic failure mechanisms of TBCs. The stresses in the TBCs play an important role on TBCs failure. 
Understanding these stresses is crucial to any model of durability. There are two main sources of stresses: one from the 
thermal expansion misfit upon cooling and the other from TGO growth. The stresses originating from the difference 
between the coefficients of thermal expansion of the TBCs layers had been studied extensively over the past decade. The 
analytical models, numerical simulations and experimental methods were developed for thermal misfit stresses analysis, and 
the results were accepted by many researchers.  

The growth stresses, due to its complicated oxidation process, were still not understood completely. Evans et al.[1] 
applied a sphere model to obtain the elastic solution of the local stress field around undulating TGO. Sun et al.[2] proposed 
a sphere model to analytically predict the stress evolution due to TGO isothermal growth in a TBC system. Finite element 
models are able to reflect more realistic geometry, and they also present valuable calculations for local stress evolution. 
Ranjbar-fa et al.[3] modeled the TGO growth by swelling of the elements in the TGO layer. Busso et al. proposed a coupled 
constitutive framework to describe the oxidation processes of TBCs, and implemented it into the finite element code to 
study the stress distribution in TBCs[4].  

Generally, the true mean volumetric strain is about 0.122 according to the Pilling and Bedworth ratio(PBR). However, 
most of previous works were studied based on small deformation. As emphasized by Loeffel et al.[5], the local large 
deformation is generated in TBCs during TGO growth. In his paper, a chemo-thermo-mechanically coupled theory for 
chemical reaction was developed considering large deformation. Then, the author numerically studies the TGO growth and 
decohesion of TC/TGO based on the coupled theory[6]. Moreover, it is still a challenge to faithfully simulate TGO growth 
and accurately predict the associated stress evolution using finite element method.  In this paper, we develop a finite 
element method to simulate the growth stress and TGO thickness considering the large deformation. 
 

RESULTS AND DISCUSSION 
 

As shown in Fig. 1., after 50 and 100 h high temperature exposure, uneven TGO forms at the rough TGO/bond coat 
interface. With increasing of the exposure time, uneven growth of TGO becomes visible and uneven locations increase at 
the top coat/bond coat interface. It can be seen that, with the increase of exposure time, the TGO thickness increases. The 
TGO thickness at peak and valley locations is different, which is observed in many experiments[7-9]. The thickness of the 
TGO at peak and valley locations is 12 ȝP and 7.2 ȝP�DIWHU��000 h as shown in Fig.2.  



  
 

Fig. 1. TGO morphology evolution with oxidation time                                 Fig. 2. TGO thickness evolution with oxidation time 

 
The stress distribution in TBCs due to the continuous TGO growth are shown in Fig. 3 and Fig. 4. In Fig. 3, we find the 

tensile stresses at the valley of TC layer rises from 100 to 350 MPa with the time increasing, and the tensile stress region 
increases and extends from the valley to the middle of the waves.However , the maximum tensile stress in TGO and BC is 
obtained at the peak of TGO/BC interface as shown in Fig. 4. Cracks may occur at the TBC/TGO interface or the TGO/BC 
interface. 

 

     
 

Fig. 3. The stresses distribution in TC at different oxidation time           Fig. 4. The stresses distribution in TGO and BC at different oxidation time 
 
 

CONCLUSIONS 
 

In this work, a 2D finite element method for TGO growth stress considering the large deformation in TGO was presented 
based on diffusion±reaction equations. The main results can be summarized as follows: (1) Uneven growth of TGO becomes 
visible at the top coat/bond coat interface with the oxidation times, which is observed in many experiments. (2)The maximum 
tensile stress in TGO and BC is obtained at the peak of TGO/BC interface, which is always the failure position of TBCs. 
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Summary. The present study proposes an approach towards solving two-dimension initial boundary value problem of elastic diffusion based on 
relations connecting the right sides of boundary conditions of various types. With two initial boundary value problems at hand, whereas the 
solution of one of them is known, the solution of another one will depend on the solution of the first one with a system of type I Volterra 
integral equations. They are solved with quadrature formulas. 
 

INTRODUCTION 
 

Solving nonstationary problems in continuum mechanics including those in elastic diffusion presents lots of 
mathematical challenges. Depending on certain types of boundary conditions solution of such problems can be found using 
Fourier trigonometric series [1,2]. 

In order to develop the solution of initial boundary value problem with random boundary it is proposed to build relations 
among boundary conditions of different types [3]. In this case it will be sufficient to solve one (benchmark) problem while 
all other problems will be reduced to it by the relations given below. The proposed method is shown in an example of two 
dimensional non-stationary problems in elastic diffusion for an orthotropic layer. 
 

Problem description 
 

Let there be given a two-dimensional initial boundary value problem hereinafter referred to DV�³the original SUREOHP´: 
� � � � � �^ ` � � > @ ,0,,0,,,,,,,,0 21212211 !u� �  tlDxxtxxutxxuuuL  (1.1) 
� � � � � � � �.,,, 1221101 22

txtx lxx fuMfuM   
  

 (1.2) 

where L , 1M  and 2M  are linear matrix differential operators; t  is time, 1f  and 2f  are vector functions of the right 
sides of boundary conditions (2). 

Simultaneously, a benchmark original boundary value problem is being considered where the required function satisfies 
equation (1.1) and boundary conditions 

� � � � � � � �txtx lxx ,,, 1221101 22
guNguN   

  
 (1.3) 

where 1N  and 2N are linear matrix differential operators; 1g  and 2g  are vector functions of the right sides of boundary 
conditions (1.3). 

The solution of the problems (1.1), (1.3) will be presented as follows: 

� � � � � � � �³³ WWW�WWW 
tt

dxtxxdxtxx
0

12212
0

11211 ,,,,,,,, gGgGu  (1.4) 

Here 1G  and 2G  are Green¶s functions of problem (1.1), (1.3); the asteriskmeans 1x variable convolution. 
Assuming that functions 1G  and 2G  are known, and claiming that 1g  and 2g  satisfy the conditions (1.2), we 

arrive at a system of integral equations with regards to 1g  and 2g : 

� �> @ � � � �> @ � � .,2;0,1,,,,,,,,, 22
0
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0
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t

k

t

k      WWW�WWW ³³ fgGMgGM  (1.5) 

Substituting the solution of this system to (1.4) gives the solution of the original problem. 
 

DEMONSTRATION OF ALGORITHM 
 

As an example, let there be a two-dimensional problem of elastic diffusion for a layer bounded by surfaces 03  x  and 
Lx  3  ( 321 xxOx  is a rectangular Cartesian coordinate system). Physical and mechanical processes in the medium are 

described by the equations [1,2,4]: 



,,
32

2

22

lji

k
ijkl

ji
ij

j
ij

i

lj

k
ijkl xxx

u
xx

D
x

u
xx

u
C

www
w

/�
Ww
Kw

 
ww
Kw

w
Kw

D�
Ww

w
 

ww
w

 (2.1) 

� � � � � � ;1,2;0,1,,,,,, 221
1
31,01

1
21,021

1
11,012 222

    W KW W V
   

xqxqxfxfuxf qxqxqx  (2.2) 

00
0

0  K 
Ww

w
 

 W
 W

 W
i

i
uu  (2.3) 

 
Here the following dimensionless values are used (they are primed where the tracings are identical, hereafter primes are 

omitted): 
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where the repeating Latin indices mean summation from 1 to 2; t is time; � �21, xxui means coordinates of displacement 
vector; 0T is absolute ambient temperature; 0nn � K  is volume concentrations increment of substance n  as compared 
with the initial concentration 0n ; ijklC  are elastic constants tensor components; ijV  are stress tensor components; U - 

medium density; ijD  - tensor components describing volume change due to diffusion; ijD  are self-diffusion coefficients;

00 RTDn klijijkl D / ; R  is universal gas constant. 
As a benchmark problem, let there be a problem with the following boundary conditions: 

� � � � � � .1,2;0,1,,,,,, 221
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xqxqxfJxfuxf qxqxqx  (2.4) 

Here 2J  is a component of the vector of diffusion flow. 
The solution for problem (2.1), (2.3), (2.4) can be found in works [1,2] and in an integral form is as follows (asterisks 

mean convolution of time and axis 1x ): 
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Here K  miim GuG 3,  � �.2,1,3,1   im  are Green functions of the problem (2.1), (2.3), (2.4). The system (1.5) 
takes the form: 
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where © F ª�means Fourier transform, Z , parameter of Fourier transformation, 
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The system (2.6) will be solved numerically with quadrature formulas. The convolutions (2.5) are found also 
numerically. 

 
CONCLUSIONS 

 
The algorithm developed will allow solving initial boundary value problems easily enough with random boundary 

conditions. To make the algorithm work one solved problem of the corresponding type would be suffice. 
This work was done with financial support of the Russian Foundation for Basic Research (project 14-08-01161). 
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ON THE ROLE AND MODELLING OF INTERNAL BOUNDARIES
IN SIZE EFFECTS FOR METALS

Marc Geers∗, Varvara Kouznetsova, and Ron Peerlings

Department of Mechanical Engineering, Eindhoven University of Technology, The Netherlands

Summary This paper focuses on the role of grain and phase boundaries in restricting dislocation motion, giving rise to size effects. Some
essential features of a thermodynamically consistent model for a grain boundary are presented, which accounts for the grain boundary
energy and defect structure and evolution. The role of a phase boundary is investigated with a dislocation transport driven crystal plasticity
model, revealing the explicit role of the plastic phase contrast and phase boundary resistance. Interesting size effects are thereby recovered.
Size effects can also be eliminated or inhibited by other microstructural mechanisms. Two cases are addressed to illustrate this. The first
case reveals the role of dislocation climb and its effectiveness in dissolving dislocation pile-ups. The second case concerns a very thin
austenitic phase in martensite, whereby the particular structure of the phase and its interface give rise to preferential sliding mechanisms
that circumvent the common dislocation driven size effects.

INTRODUCTION

Size effects are a key ingredient to control and improve the mechanical behaviour of metallic microstructures and minia-
turized components. The analysis of size effects in metals has received continuous attention in the past two decades, both
experimentally and numerically. Size effects can be categorized according to the underlying mechanisms or origins:

• statistical size effects: these result from the local variations of the actual number of grains in miniaturized specimens
(typically ’small is weak’)

• first-order size-effects: related to the influence of the ratio between microstructural size (e.g. grain size) and the charac-
teristic specimen/component dimensions, e.g. inducing texture effects.

• second-order size effects: typically induced by lattice curvature in metals or dislocation pile-ups, modelled by a strain
gradient (crystal) plasticity approach (typically ’small is strong’)

Some size effects are the intrinsic result of specimen fabrication (processing-induced). Exploiting size effects implies
to substructure materials in order to retrieve ultra-fine phases in a microstructure, typically accompanied by many internal
boundaries. This contribution on size effects focuses on the role and modelling of internal boundaries on the one hand, and
on mechanisms that tend to eliminate or circumvent size effects triggered by internal boundaries.

SIZE EFFECTS THROUGH INTERNAL BOUNDARIES

Grain boundaries
The first classical example of an internal boundary is the grain boundary. Grain boundaries typically constrain dislocation

motion and may induce pile-ups that are largely responsible for the observed Hall-Petch effect. A multiscale grain boundary
plasticity framework is briefly presented, which is an extension of a dislocation based gradient enhanced crystal plasticity
framework [1]. Driven by the need for a physically based continuum scale description of the grain boundary energy required
in continuum modelling frameworks, a multiscale approach is proposed that leads to a continuum representation of the initial
grain boundary structure defect content and energy, based on the output of atomistic simulations. A continuum model is
developed that incorporates the description of the defect redistribution along the grain boundary into the grain boundary
plasticity model. The effect of these mechanisms on the mechanical response will be demonstrated.

Phase boundaries
Phase boundaries reveal a large contrast in (plastic) properties and are therefore more effective in impeding or restricting

dislocation motion. Here, the effect of a phase boundary will be demonstrated through a dislocation transport based crystal
plasticity model [2]. The influence of the drag resistance in the different phases is addressed in particular. The interface
properties of the phase boundary are varied, ranging from a transparent boundary to an impenetrable barrier for dislocations.
A qualitative analysis is performed to study the effect of interface, material and geometrical parameters on the overall response
of a two-phase laminate. The continuum dislocation transport model reveals a composite behaviour that cannot be captured
by classical averaging methods. Interesting size effects emerge due to the dislocation transport.

∗Corresponding author. Email: mg@tue.nl



MICROMECHANICAL MECHANISMS AGAINST SIZE EFFECTS

Interfacial mechanisms triggering size effects may be neutralized by other microstructural mechanisms. Two cases are
examined in more detail. The first case extends a strain gradient crystal plasticity model with vacancy diffusion assisted
climb. The second case focuses on a particular interface in high-strength steels, where very thin austenite films exist within
laths of martensite.

Dislocation climb coupled to vacancy diffusion
To investigate the role of dislocation climb on size effects, a fully coupled glide-climb crystal plasticity model is used [3].

Dislocation climb is thereby controlled by the diffusion of vacancies. The governing strain gradient crystal plasticity model
is extended, whereby the climbing dislocations are incorporated in the governing transport equations. The kinematics of the
extended model accounts for the contribution of climb in the crystallographic split of the plastic strain rate tensor. Using
this extended formulation, it is shown that dislocation climb is a efficient mechanism to gradually dissolve pile-ups, thereby
having a significant influence on the resulting size effects.

Austenitic thin films in martensite
Martensite is generally known as a hard and brittle phase. However, ductile deformation of martensite is also often reported

in the literature. One of the possible explanations is the presence of thin films of retained austenite in the martensitic laths.
Whereas this constitutes a very thin phase, along with phase boundaries, the net effect is opposite to what might be expected
from the classical size effect reasoning. It is shown that the crystallographic orientation relationship between both phases
on the one hand, and the particular atomic interfacial structure on the other hand, both favour plastic deformation (sliding)
parallel to the phase boundary [4]. As a result thereof, deformation localizes around these thin films, giving rise to large
apparent deformations in the embracing martensitic phase without size effect strengthening.

CONCLUSIONS

This paper adresses the strengthening role of internal boundaries, constituting a major contribution to size effects in
metals. It is shown that besides dislocation pile-ups, other mechanisms may be essential. For grain boundaries, the defect
absorption and redistribution matters. For phase boundaries, phase contrast in dislocation transport alone already contributes
to size effects. Moreover, dislocation-pile ups can be dissolved through climb at higher temperatures or circumvented by other
particular micromechanisms. This analysis effectively illustrates that predicting size effects in metals quantitatively remains a
major challenge.

References

[1] van Beers P.R.M., Kouznetsova V.G., Geers M.G.D.: Defect redistribution within a continuum grain boundary plasticity model. J. Mech. Phys. Solids
83:243-262, 2015.

[2] Dogge M.M.W., Peerlings R.H.J., Geers M.G.D.: Interface modeling in continuum dislocation transport. Mechanics of Materials. 88:30-43, 2015.
[3] Geers M.G.D., Cottura M., Appolaire B., Busso E.P., Forest S., Villani A.: Coupled glide-climb diffusion-enhanced crystal plasticity. J. Mech. Phys.

Solids. 70:136-153, 2014.
[4] Maresca F., Kouznetsova V.G., Geers M.G.D.: Subgrain lath martensite mechanics: a numerical-experimental analysis. J. Mech. Phys. Solids. 73:69-83,

2014.



 

 

a) Corresponding author. Email: mesarovic@mme.wsu.edu 
 
 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada  

SIZE-DEPENDENT ENERGY OF ELASTIC-PLASTIC CRYSTALS  
 

Sinisa Dj, Mesarovic1a), Samuel Forest2 & Jovo P. Jaric 3 
1School of Mechanical and Materials Engineering, Washington State University, Pullman, WA, USA 

2Centre des Matériaux, Mines ParisTech/CNRS, Evry, France 
3Faculty of Mathematics, University of Belgrade, Serbia 

 
Summary. We consider two questions relevant for the development of a meso-scale, size-dependent plasticity:  (1) Can the 
phenomenological expression for size-dependent energy, as quadratic forP�RI�1\H¶V�GLVORFDWLRQ�GHQVLW\�WHQVRU��EH�MXVWLILHG�IURP�WKH�SRLQW�
of view of dislocation mechanics and under what conditions?  (2) How can physical or phenomenological expressions for size-dependent 
energy be computed from dislocation mechanics in the general case of elastically anisotropic crystal?  While the analysis based on 
symmetries implies the negative answer to the first question, the coarsening method developed in response to the second question, 
introduces additional symmetries, so that the equivalence between the phenomenological and the physical expressions is possible, but 
only if the multiplicity of characteristic lengths associated with different slip systems, is sacrificed.  We discuss the consequences of 
such assumption.   
 

INTRODUCTION 
 
Following numerous observations of size effects in plasticity of metals, equally numerous phenomenological theories have 
appeared in the last two decades, e.g., [1].  The size-GHSHQGHQW�SRUWLRQ�RI�LQWHUQDO�HQHUJ\�LV�W\SLFDOO\�D�IXQFWLRQ�RI�1\H¶V�
dislocation density tensor.  Since this portion of energy has its roots in elastic interactions of dislocations, the quadratic 
form leading to a linear constitutive law is appropriate: 
 1 1

2 2
: : ji ijkl lkA M AA M A .         (1) 

Symmetries of tensors analogous to M have been analyzed [2].  For materials with isotropic, cubic and hexagonal 
symmetries, the tensor M has 3, 4 and 8 independent constants, respectively.   
 

PHYSICAL THEORIES AND LENGTH SCALES 
 

The analysis of a 2D random field of dislocations based on the self-consistent method [3] yields a single characteristic 
length ± the average spacing of dislocations.  Upon linearizing and generalizing to 3D, the size-dependent portion of the 
total energy takes the form: 

 1 1
2 2 1 1
{ } [ ]{ } ( ) ( )T TN NT I IJ J

I J
b K b b K bU U U U .       (2)    

Analysis of an ordered field of periodically stacked pile-ups against an obstacle [4] requires that each slip system carries a 
characteristic length, D , interpreted as the average spacing of discrete slip planes for that slip system.  These are 
associated with slip planes, rather than with slip systems, so that, for fcc crystals, at any material point, there will be only 4 
characteristic lengths, each covering 3 slip systems.  The triad ( , , )D D Ds m t  forms the local orthonormal basis for the slip 

system.  The slip field ( )DJ x  is associated with each slip system.  The in-plane components of its gradient define the 
partial (i.e., for that slip system) densities of edge ( )  and screw ( )  dislocations: 

   g gD D D D Dg t s .          (3) 

with  and  g gD D D D D DJ Jt s .  The energy analogous to (2) is the sum of quadratic forms for each slip system: 

  1
2 1 1

;       S SN N d d d dD DE E DE D E DE D E DE D E DE D E DE D E
D E

g D g D s s s t t s t t .  (4) 

The physical interpretation of (2, 4) is the coarsening error in interaction energy of dislocations, i.e., the difference in 
energy computed from discrete dislocations as line defect, and the energy computed from the kinematically equivalent, 
VPRRWK�1\H¶V�ILHOGV�� � � The interaction energy of dislocations represented as continuous densities is included in the simple 
(size-independent) elastic-plastic continuum as the strain energy associated with incompatible elastic strains [5, 6].  This 
energy error is localized to the region of the size comparable to the characteristic length.  
 

SYMMETRY ANALYSIS 
 

In trying to reconcile (2, 4) with (1), it is convenient to use a somewhat different formulation of (1): : :TA M A , where the 
components of M  are obtained by simply switching the first two indices of M.  Then:  



 ( ) ;     , 1,..., SNDE D D E E D ED m s M s m .       (5) 
Thus, there are 2 ( 1)S SN N  scalar conditions, which are to be satisfied by no more than 45 independent components M.  
For fcc crystals with 12 slip systems, the number of scalar conditions is 312.  Should the multiplicity of length scales be 
discarded (either for physical reasons or for mathematical convenience), there would be a reduction in the number of 
independent material constants.  Moreover, the screw components in systems are indistinguishable.  An analysis, 
analogous to the one leading to (46), can be applied to the other definition of the size-dependent energy (3), yielding 
 ( ) : : ( ) ;     , 1,...,IJ I J

TK I J NȟV 0 Vȟ .        (6) 
With symmetric [K] and M, the maximum number of independent conditions is ( 1) 2T TN N  (171 for fcc).  The 
reduction in the number of independent scalar conditions, from (5) to (6) is accompanied by the loss of multiplicity of 
characteristic lengths.  

To determine the number of independent parameters  ( , , )XYd X YDE  in (4), and thus (with a single length scale) 
the number of independent conditions (5, 6), we consider symmetries in the slip system geometry, in particular mirror 
reflections.  Such analysis yields the following conclusions: The {111} 110  family of fcc slip systems requires 13 
independent constants, while in bcc crystals, the two most common slip families {110} 111  and {211} 111 , 
taken separately, each require 22 independent constants.  
 

COARSENING METHOD  
 
The coarsening method, first used in [4], then generalized in [7], is based on the expression for interaction energy of the two 
types of dislocations [5]: 

1 ( ) ( ) ( ) : : ( );  , ;  ;  ( )
2 V V

b bE dV dV R R
R

s ȟ / ȟ V 5 5 [ [ U 5 / / U , (7) 

Let 0S  be the surface of the unit sphere.  Then, the coarsening method used in [7] results in: 

 
0

;      ( )
S

dSM m m L r .        (8) 

Thus, a unique tensor M does exist in the general case.  However, if the characteristic lengths are assumed equal, 
 for all , the expression (8) provides a recipe for computing  (or )M M .  For example, for the isotropic system, 

thus derived tensor M will have 2 independent constants, one less than required by symmetry.  Similar results are obtained 
for crystals with cubic symmetry.  In general, the tensor M  satisfies the index reversal symmetry ijkl lkjiM M  for any 
symmetry group.  While isotropic and cubic symmetry groups include this symmetry, other symmetry groups do not.  
 

DISCUSSION 
 

The physical interpretation of the characteristic length of a slip system is the average spacing between the stacked pile-ups 
of dislocations, which evolves with plastic deformation.  For a well-annealed crystal, the initial characteristic length is 
determined by the average spacing between the Frank-Read sources.  In the later stages, the characteristic length is the 
cross-slip distance.  If the second slip system is activated at later stages of deformation, the two characteristic lengths will 
be very different.  In small volumes where interfaces dominate, the dissipative dislocation-interface reactions (penetration, 
dissociation, relaxation) are critical for determining the macroscopic behavior of materials.  Computation of energy is the 
essential first step in determining the dissipation mechanism at the boundary.  Comparison between discrete dislocation 
dynamics and the continuum model [8], indicate that the characteristic length has little or no effect on the initial yield, but 
its effect on hardening is significant. 
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Summary The purpose of this work is the continuum modeling of transport and pile-up of infinite discrete dislocation walls driven by non-
local interaction and external loading. The underlying model for dislocation wall interaction is based on the non-singular Peierls-Nabarro
(PN) model [e.g., 4, Chapter 8]. The influence of strongly non-local (SNL; long-range) interaction, and its approximation as weakly non-
local (WNL; short-range), are studied in the context of wall pile-up at a boundary. The boundary is modeled via a spatially dependent
dislocation mobility. The pile-up behavior predicted by the current SNL-based continuous wall distribution modeling is consistent with that
predicted by discrete wall distribution modeling [e.g., 1, 6]. Both deviate substantially from the pile-up behavior predicted by WNL-based
continuous wall distribution modeling [e.g., 2, Chapter 2]. As such, it is essential to account for the intrinsic SNL character of the interaction
between same-sign dislocations ”close” to the boundary. Gradient-based WNL ”approximation” of this interaction is not justified.

BASIC RELATIONS

Consider a family of infinite, straight edge dislocation lines in an isotropic linear elastic medium with constant shear
modulus G and Poisson’s ratio ν. Let the lines be oriented parallel to z with Burgers vector of length b in the x direction.
Assume the lines glide only and remain in their glide planes. The glide plane of each line is then parallel to the (x, z) plane,
and the glide plane normal is parallel to y. Assume that the dislocations arrangement in the y direction perpendicular to the
glide planes takes the form of straight walls with uniform spacing h between adjacent dislocations in each wall. Consequently,
each wall itself represents an h-periodic discrete distribution of lines. Given no climb, each such wall is maintained at all times.
Since the distribution is then h-periodic in y, we can (without loss of generality) focus attention on a single glide plane, for
example at y = 0, and the only remaining spatial dependence is in x. Let ρ(x, t) represent the number of mobile walls per unit
length at (x, t). Then 1/ρ represents the wall spacing in x direction. The initial value ρ(x, 0) = ρ0(x) is assumed to be known
and the total number of dislocations, i.e. the integral of ρ over the one-dimensional region under consideration, is constant.
Under the influence of external loading and interaction, the walls flow (glide) in x direction, resulting in a change in their
number per unit length along x. The transport relation takes the form ∂ρ/∂t + ∂Φ/∂x = 0 in terms of the dislocation flux
Φ(x, t) = ρ(x, t) v(x, t) depending on the wall (line) velocity v(x, t). A positive flux implies that the (positive) walls flow in
the +x direction. Restricting attention to quasi-static conditions and overdamped motion, v(x, t) = m(x) b {τ+σ(x, t)} holds
via Peach-Koehler in terms of the wall (line) mobility m(x), Burgers vector magnitude b, and the shear stress field τ +σ(x, t)
on the glide plane y = 0. In the current work, this depends on the constant applied external shear stress τ and the contribution
σ(x, t) resulting from wall interaction. In view of the inherently long-range character of dislocation interaction, the basic
model relations are completed by the strongly non-local (SNL) form σ(x, t) = σw ∗ ρ (x, t) for σ(x, t) as the convolution of
the stress field σw(x) of a single dislocation wall with ρ(x, t). In what follows, all stresses are scaled by G/(1↗ν), all lengths
by b, and the t-dependence of fields is suppressed for notational brevity.

Given the assumption of uniform spacing h of wall dislocations, the relation

σPN
w (x) =

1

2π

x

x2 + c2
↗ x

πh2
ℜψ(1)(ζh,c(x))↗ c

πh2
ℑψ(1)(ζh,c(x)) (1)

[5] holds for the (equilibrium) xy component of the (non-dimensional) stress field for a wall consisting of Peierls-Nabarro
(PN) edge dislocations located at y = 0. Here, ℜψ(1) represents the real, and ℑψ(1) the imaginary, part of the first-order
polygamma function ψ(1)(z). As well, ζh,c(x) := 1 + c/h + ıx/h, ı =

√
↗1, and c := d/2(1↗ν) in terms of the glide-

plane spacing d. The weakly non-local (WNL) approximation is based as usual on the Taylor series expansion of ρ(x↗ξ)
in σ(x) = σw ∗ ρ (x) about ρ(x) assuming |ξ| ≪ 1, yielding σPN

WNL = ↗1/2 (c + 1/3 h) ∂ρ/∂x represents the lowest-order
WNL approximation to σPN

SNL. In case of SNL model, the convolution is calculated with the help of the fast Fourier transform
(FFT). The time integration of the transport relation is based on first order forward finite difference (FD) approximation while
upwind FD is employed for discretizing the space.
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EXAMPLE RESULTS

The SNL and WNL models are compared here in the context of dislocation pile-up. The results are shown in Figure 1
for different mobility functions in the form of m(x; a, p) := ��n�(2ap)/����(2ax) + ����(2ap) with p the position of the
center of the boundary region, and 1/a its effective width. As expected, the dislocation ”penetration depth” increases, and
the maximum pile-up density ρmax decreases, as the boundary width 1/a increases. As seen in Figure 1 (left), away from
the boundary, the PN-WNL density profile for the sharpest boundary (blue curve, ah = 200) agrees with Volterra (V)-based
WNL results of [2, §2.4.2] (dashed line). Analogous results for the PN-SNL case are shown in Figure 1 (right). In contrast to
the WNL case, ρ(x) is non-linear next to the boundary and in the tail region, and linear in between. Note that the PN (blue

−6 −4 −2
0

0.5

x/h

ρWNL

−6 −4 −2
0

1

x/h

ρ

Figure 1: Pile-up distribution resulting from wall transport driven by the external stress τ = ↗1/�0 [2, §2.4.2] and wall
interaction based on σPN

WNL (left) and σPN
SNL (right) for m(x) = f(x; a, p = 5h) with ah = 10 (red), ah = 20 (green),

ah = 200 (blue). Shown for comparision is the result (dashed line) of [2, §2.4.2] based on σV
WNL assuming an impenetrable

boundary (a = ∞) and the pile-up distribution in discrete ensembles of Volterra-based walls [e.g., 1, 6] (hollow squares).
Material parameter values chosen are for aluminum.

curve) and continuous Volterra results (dashed curve) for ρ(x) in Figure 1 (right) converge for a spacing of 1/ρ ! 2 (this
compares with d =

√
2/
√

3). This agrees with a corresponding convergence of the Volterra- and PN-based stress profiles.
More results and comparison between WNL and SNL models including the effects of the initial distribution, free surface and
the corresponding pile-up stress fields will be shown in the presentation.

CONCLUSIONS

A model for transport and strongly non-local interaction of infinite discrete dislocations walls has been developed in
this work based on the Peierls-Nabarro (PN) dislocation model [e.g., 4, Chapter 8]. The pile-up distribution predicted by
the current PN-SNL-based continuous distribution modeling agrees both qualitatively and quantitatively quite well with that
predicted by Volterra-based discrete distribution modeling [e.g., 1, 6]. In particular, this is true for the non-linear distribution
next to the wall and in the tail of ρ(x). Between these two regimes in the linear part of the distribution, the WNL-based results
agree well with the corresponding SNL-based ones. The deviation of WNL- and SNL-based results near the boundary and in
the tail could be related for example to the breakdown of shielding or screening effects [e.g., 3] in these regions. As such, it is
important to account for the SNL nature of the interaction near the boundary.
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Summary Well-defined uniaxial micro-tensile tests were performed on lath martensite with two configurations. In the first configuration, 
boundaries are parallel to loading direction. Boundaries play a role of strengthening by hampering crystallographic slip and it was found that the 
effect of sub-block boundary is only slightly lower than that of block boundaries. The difference between them is that sub-block boundary 
cannot capture the fracture surface while block boundary is capable of stopping fractures. In the second configuration, samples have tilted 
boundaries to the loading direction. Sliding of the substructures occurs at all types of boundaries, e.g. block, sub-block and lath boundaries at 
relatively lower stresses. Thus the boundaries does not only strengthen the materials, but also mitigate the plastic deformation. In addition, 
sliding mechanism is in competition with crystallographic slip to carry overall plastic deformation.  
 

Introduction 
   Lath martensite, the most typical morphology of martensite, has high industrial relevance being the prime constituent that 
elevates the strength in many high strength steels. One prior austenite grain, after austenite-to-martensite phase transformation, 
shows hierarchical substructure that one austenite grain forms 4 martensite packets, each of which are composed of blocks. The 
blocks are then further divided into sub-blocks which are composed of laths. Thus a large amount of sub-structure boundaries 
exist inside lath martensite, playing an important yet not completely understood role in mechanical behavior. In this study we use 
well-defined micro-tensile test to understand the role of block boundaries and sub-block boundaries with samples having 
different oriented boundary to the loading direction. 
 

Experimental methods 
   The whole testing procedure involves the following steps: (i) wedge shape fabrication from a lath martensite sheet by 
grinding/polishing/electro-chemical etching, (ii) careful selection of the specimen location based on large-area EBSD maps. (iii) 
careful focused ion beam (FIB) milling of the micro-tensile specimens with a constant cross-section along the length direction 
(Fig.1 (a)), (iv) detailed top- and bottom-side Electron backscatter diffraction (EBSD) analysis of each specimen (Figs. 2), (v) 
uniaxial tensile tests with highly accurate specimen alignment and force- and displacement measurement (Fig. 1(b,c)) under (vi) 
in-situ optical microscopy enabling microscopic slip trace analysis. A detailed description of sample preparation and testing can 
be found in [1]. Two groups of specimens are tested, one with their boundaries roughly aligned parallel and one tilted to the 
loading direction, to reveal the different roles of the boundaries.  

 
Fig.1. (a) Top-view image of a uniaxial-tension specimen with a gauge size of 9!3!2.5 !m3. The two schematic squares indicate 
the top view of the two teeth of loading gripper shown in (c), which is used to apply well-aligned tensile loading. (b) The home-
built nano-force tensile stage, with highly precise specimen alignment, force and displacement measurement [2]. The starting 
points of arrows which point to (a) and (b) are the positions of the micro tensile specimens and the gripper respectively. (c) The 
‘two-teeth’ gripper to load the specimens. 

Results 
Group 1: Samples with sub-structure boundaries parallel to loading[3] 
   This group can be divided into two sub-groups. The first sub-group(Fig.2a1-4) of specimens have block boundaries and 
the second one is only with sub-block boundaries (single block specimens) (Fig.21-4). For multi-block specimens, it is 
observed that the fracture surfaces join at the block boundary (Fig.2a1-3). Specimens get stronger with increasing number of 
block boundaries. In contrast, the fracture surface is straight in single block specimens even though the fracture surface 
crosses sub-block boundaries(Fig.2b1-3). The observed slip traces match the slip system with the highest Schmid factor. 
Similar to block boundary, sub-block boundaries clearly strengthen the material. A Hall-Petch type relationship was found 
between !"#$%$"&' and number of both block and sub-block boundaries, with the strengthening of sub-block boundaries only 
slightly less effective as that of block boundaries.  



 
Group 2: Samples with sub-structure boundaries tilted to loading[4] 
   A series of micro-tensile specimens with boundaries tilted to the loading directions are tilted. Fig.2c shows one sample 
with tilted boundaries. Obvious steps can be exactly at boundaries (Fig.2c1-3), indicated  by the arrows. In other samples 
not shown here, it is found that sliding can occur at all type of boundaries, e.g. lath boundary, sub-block boundary and block 
boundary. In this configuration, the plastic behaviour of lath martensite is completely different from the scenario in group 1 
in which crystallographic slip needs to cross the boundaries. 

Fig. 2(left). Inverse pole figure map(1), scanning electron microscope image before (2) and after(3) deformation, together 
with {110} and {111} pole figures (4) of gauge parts of three micro-tensile specimens with different boundary 
configurations a, sample with a single block boundary in the middle, which shows that block boundary is able to capture 
fracture surface; b, single block sample with a sub-block boundary in the middle, which demonstrates that sub-block 
boundary cannot stop fracture propagation, leading to a straight fracture surface. The pole figure shows that it is a single 
block sample; and c, sample with tilted block boundary to the loading direction, showing clear boundary sliding at a block 
boundary. The length of the samples is 9um.

Conclusion 
   Uniaxial micro-tensile testing was conducted to investigate the role of block and sub-block boundaries of lath martensite. 
In configuration that the boundaries is parallel to the loading direction, crystallographic slip has to cross the boundaries, 
thus both block and sub-block boundaries strengthen the material although the effect of the latter is slightly weaker. The 
difference between these two boundaries is that the fracture surface can cross sub-block boundary but not the block 
boundary. When the boundaries are tilted to the loading direction, sliding of the substructures can occur at all types of 
investigated boundaries, e.g. block, sub-block and lath boundaries at relatively lower stresses. Thus the boundaries does not 
only strengthen the materials, but also mitigate the plastic deformation.
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beam surfaces. Only the (111)[011] glide system is taken to be active. We initially prescribe constant total dislocation density
12 2

0 m10U � , GND vector 0 0 ȡ , and curvature density 0 0q  . The boundary conditions are such that dislocations may leave the 
crystal at the surfaces. 

a)    b)  
 

Figure 1. a) The total dislocation density in the central region of a micro-beam, left: initial density, right: final density (time step 210). 
b) Line plot of normal stress in longitudinal direction and total dislocation density along a vertical line in the center of the beam at 
time step 400. 

 
In Figure 1a) we provide contour plots of the dislocation density in a beam cut in the centre along the slip plane in the initial state and 
after 210 time steps. The density distribution in the deformed state illustrates how the dislocations pile up around the neutral plane 
while density is lost at the free surfaces. In Figure 2b) we provide line plots of the longitudinal normal stress and the dislocation 
density along a vertical line in the centre of the beam after 400 time steps. The stress displays a mitigation of the stress gradient in the 
central region, where the dislocation density is high. 
    

DISCUSSION 
 
   The dislocation density distribution and the normal stresses depicted in Figure 1 qualitatively reflect what has been observed in 
discrete dislocation simulations of micro bending by Motz [9]; which is an accumulation of dislocation density around the neutral 
plane of the beam, where concurrently the stress gradient and normal stress are low. In the current simulations the stresses are not as 
low as expected in the centre, because the single slip system may not produce a general plastic deformation. Unique to the employed 
CDD model is the loss of dislocations at the boundaries. Due to this, the simulation correctly predicts low dislocation density close to 
the top and bottom surface of the beam, where plastic shear is maximal (cf. [10]) and a high density towards the centre of the beam, 
where plastic slip is small. We note that this contradicts expectations from classical strain hardening, while it conforms to the results 
from discrete dislocation simulations [9]. 
 

CONCLUSIONS 
 

   The dislocation flux based CDD constitutive law is able to reflect salient features of small scale plasticity in accordance with discrete 
dislocation simulations. A thorough study of CDD predictions of size effects and micro-structure evolution in small scale plasticity is 
currently under way. 
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DISCRETE DISLOCATION-BASED CRYSTAL PLASTICITY AT MICRON-NANO SCALES 
 

Zhuo Zhuang, Zhanli Liu, Yinan Cui 
AML. School of Aerospace Engineering, Tsinghua University, Beijing 100084, China 

 
Summary Crystal plasticity at micron-nano scales involves many new interesting issues. The atypical plastic behavior at submicron 
scales cannot be effectively investigated by either traditional crystal plastic theory or large-scale molecule dynamics simulation. 
Accordingly, a discrete-continuous crystal plastic model is developed, which is coupling the discrete dislocation dynamics with finite 
element method. Three kinds of plastic deformation mechanisms for the single crystal pillar at submicron scale are investigated: (1) 
Single arm dislocation source controlled plastic flow; (2) Confined plasticity in coated micropillars; (3) Dislocation starvation under low 
amplitude cyclic loading. The predicted critical conditions of dislocation starvation agree well with the experimental data. 
 

DISCRETE-CONTINUOUS CRYSTAL PLASTIC MODEL 
 

Crystal plasticity at micron-nano scales involves many new interesting issues. Some results are obtained for uniaxial 
compression experiments conducted on FCC single crystal micro-pillars, e.g. size effect and strain burst, etc. [1]. In these 
experiments, the surfaces are transmissible and loading gradients are absent. Therefore, the strain gradient theory could not 
well explain these new mechanical behaviors. This in turn has led to several hypotheses based on intuitive insights, classical 
theory and dislocation plasticity in order to study the size effect at submicron scale. In the model proposed [2], mobile 
dislocations may escape from the free surface leading to the state of dislocation starved whereby an increase in the applied 
stress is necessary to nucleate or activate new dislocation sources. By performing in-situ TEM [3], the dislocation motion 
affected the material properties is observed. However, the atypical plastic behavior at submicron scales cannot be 
effectively investigated by either traditional crystal plastic theory or large-scale molecule dynamics simulation. Accordingly, 
a three dimensional discrete-continuous crystal plastic model (DCM) is developed, which is coupling the discrete 
dislocation dynamics (DDD) with finite element method (FEM), as shown in Fig.1 [4].  

 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1 Discrete-continuous crystal plastic model 
 

THREE KINDS OF PLASTIC DEFORMATIN MECHANISMS 
 

Three kinds of plastic deformation mechanisms for the single crystal pillar at submicron scale are investigated. (1) 
Single arm dislocation source (SAS) controlled plastic flow. It is found that strain hardening is virtually absent due to 
continuous operation of stable SAS and weak dislocation interactions. When the dislocation density finally reaches stable 
value, a ratio between the stable SAS length and pillar diameter obeys a constant value, as shown in Fig. 2 and Fig. 3. 

 
 
 
 
 
 
 
 
 
 
 

Fig. 2 Single arm dislocation source     Fig. 3 Evolution of stress and     Fig. 4 Theory and computation results 
nucleation and escape                  dislocation density            compare with experiment data 
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A theoretical model is developed to predict DDD simulation results and experimental data, as given in Fig. 4 [5]. (2) 
Confined plasticity in coated micropillars. Based on the simulation results and stochastic distribution of SAS, a theoretical 
model is established to predict the upper and lower bounds of stress-strain curve in the coated micropillars [6]. (3) 
Dislocation starvation under low amplitude cyclic loading. This work argued that the dislocation junctions can be gradually 
destroyed during cyclic deformation, even when the cyclic peak stress is much lower than that required to break them under 
monotonic stress. The cumulative irreversible slip is found to be the key factor of leading to junction destruction and 
promoting dislocation starvation under low amplitude cyclic loadings. Based on this mechanism, a proposed theoretical 
model successfully reproduces dislocation annihilation behavior observed experimentally for small pillar and dislocation 
accumulation behavior for large pillar [7]. The predicted critical conditions of dislocation starvation agree well with the 
experimental data.  
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Summary Recent studies by the authors for the behaviour of the graded cellular foam are summarized in this presentation. Finite element (FE) 
simulations employing a honeycomb structure were presented first to investigate the in-plane impact modes. Subsequently, a simple one-
dimensional analytical work was proposed based on the rigid-perfect plastic-locking (R-PP-L) material model. Gradient in yielding strength 
was introduced to a one-dimensional cellular rod. A more-realistic case, in which a gradient in the cellular density was later introduced. Two 
compaction zones, known as double shock mode, were identified. An impact experiment was designed to test specimens (ALPORAS closed-
foam aluminium foam) with graded cross-sections along the impact direction. Comparisons are made between the experimental and theoretical 
results, which shows a fairly good agreement.  
 

Introduction 
 
   Due to their excellent properties, including low weight, high stiffness and strength and heat insulation, cellular materials 
are widely used in engineering applications [1-3], especially in the aerospace and defence industries, as energy absorption 
devices. Introducing a gradient in material parameters into the cellular material will significantly influence the behaviour of 
the cellular material under impact loadings. Current paper summarizes our research progress on the investigation into the 
influence of the gradient on the behaviour of the graded cellular material under impact conditions, including the deformation 
mode, underlying mechanism, energy absorption capacity and the transmitted force on the protected structure. Finite element 
simulation, analytical study and experimental investigation are involved in this research [4-8]. 
 
Finite element work on the honeycomb structure with stress gradient 
   As a first step, honeycomb composing of regular two dimensional cells is modelled using Finite Element software 
(ABAQUS/EXPILCIT). The yielding stress of the parent material linearly increases or decreases along the loading 
direction, thus introducing a gradient in the quasi-static plateau stress, shown in Fig. 1. Constant velocities are applied to the 
impact plate. Deformation modes are identified from the observation of the deformation process. Empirical equations for 
critical velocities, at which the deformation mode transmits, are summarized in terms of the cell thickness, yielding stress 
and the gradient.  

 
Fig.1 FE model and the material distribution. (a) Finite element model composed by 16 hexagonal cells in X1 direction and 
15 cells in X2 direction; (b) Within a cell, five edges have the same material property while the left one is assigned with 
different yielding stress. Plate A is fixed and Plate B is the impinging plate. 
 
Analytical work on the one-dimensional graded cellular rod 
   With the deformation modes observed from the FE work, an analytical model was proposed to illustrate the two 
compactions zones, which were called double shock (DS) mode. For simplification, rigid-perfect plastic-locking (R-PP-L) 
material model and stress gradient were employed to implement the analysis. Fig. 2 shows a typical DS mode in the graded 
cellular rod. Crushing occurs initially from both the distal and impinged end. In this DS mode, a forward shock and a 
backward shock propagate simultaneously before they finally meet, if the input energy is sufficiently large. V1 is the 
velocity of the impinging mass and V2 is the velocity of the undeformed zone between the two shock fronts. By using the 
conservation of momentum and mass and geometry relationships, the governing equations of motion could be derived in 
terms of the gradient and intrinsic properties of the cellular foam, e.g. density, yielding stress, etc. Consequently, this 
approach was adopted for a more realistic case, in which the density of the foam varies along the loading direction. The two 
basic deformation modes also exist in the case of density gradient. Finite element simulations using a continuous crushable 



foam model shows a similar trend to that of the analytical study, but considerable difference is found at the densification 
stage, due to the simplification of the rigid-perfectly plastic-locking material model. 

 
Fig.2 Schematic of the DS mode and the stress distribution in the crushing foam rod (a) the DS mode in the graded cellular 
rod impinged by a rigid mass (negative gradient, double shock fronts); (b) corresponding stress distribution in the graded 
cellular rod at instant t. 
 
Experimental work on the graded cellular block with varying cross-section 
   Finally, an experimental study is conducted by using a gas gun, impinging a rigid mass onto a stationary aluminium foam 
block with a gradient in its cross-section. A high speed camera was placed to capture the crushing process of the foam specimen. 
Figure 15 shows a typical double shock mode. The force and velocity histories are plotted in Figure 3a and the corresponding 
deformation profiles are shown in Figure 3b. To give better predictions from the analytical result, the R-PP-L material model 
was replaced with the real stress-strain curve, in which the stress-strain curve were described with a power-law hardening 
material model so that the densification strain is related to the impact velocity. Comparisons were made between the 
improved analytical model and experiments shows good agreement. Similar approaches have been employed in recent 
research work [9-11]. 

  
Fig.3 Force and velocity histories and deformation profiles at 7 instant. (a) Force and velocity histories of the tapered 
specimen; (b) The corresponding deformation process. The impact velocity is 88 m/s, the relative density is 10.8% and the 
time interval is 0.133 ms. 
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Summary The paper presents novel analysis of Floquet-Bloch flexural waves in a periodic lattice-like structure consisting of flexural beam
ligaments. A special feature of this structure is in the presence of the rotational inertia, which is commonly neglected in conventional models
of the Euler-Bernoulli type. The dispersion properties of the Rayleigh beam structure with rotational inertia include degeneracies linked
to Dirac cones on the dispersion diagrams as well as directional anisotropy and special refraction properties. Steering of Dirac cones is
described for rectangular flexural structures with a rotational inertia. The paper also brings a comparative analysis between dynamic models
of couple-stress elastic materials and structured Rayleigh beams on a Winkler foundation. Although physical phenomena have different
physical origins, the underlying equations appear to be similar, and hence mathematical models have a lot in common.

INTRODUCTION

Dispersion of Floquet-Bloch waves in periodic flexural systems is a topic of high importance, that attracts attention of
experts across a wide range of fields. The papers [1, 2] have presented an asymptotic approach to derivation of the model and
analysis of Floquet-Bloch waves in pre-stressed periodic layers on an elastic half-space, as well as control of band gaps on the
dispersion diagram by applying a prestress to the elastic system.

In the recent paper [3], a comparative analysis was presented for Floquet-Bloch waves in structured Rayleigh and Euler
beams subjected to prestress and the action from an elastic foundation. There was also a formal connection made to for-
mulations of the constrained Cosserat approach in antiplane elasticity, or a couple stress analysis. In particular, it has been
demonstrated in [3] that the waves in Rayleigh beams become non-dispersive at high frequencies, whereas the low-frequency
for both Rayleigh and Euler beams are similar. Effects of prestress discussed in [3] have been presented in close form analyti-
cal form, which was also followed by description of defects based on dynamic Green’s functions. Of course, one-dimensional
studies [3] did not allow for the dynamic anisotropy, and it is highly important to study anisotropy in the dynamic response of
the Euler and Rayleigh two-dimensional flexural systems.

The purpose of the present study is to address the challenge of analytical description of a dynamically anisotropic response
of doubly periodic structures of beams in the cases of Euler-Bernoulli beams and the Rayleigh beams. Specifically we are
looking for the frequency regimes where the difference between the Rayleigh beams and the Euler-Bernoulli beams becomes
significant, and we identify regimes for which the Rayleigh beams systems exhibit negative refraction if analysed as a cluster
subjected to an incident wave.

Dispersion surfaces and the isofrequency contours (or slowness contours) contain significant information about standing
wave regimes, band gaps and dynamic anisotropy. We construct and give a comparative analysis the dispersion surfaces
for both Rayleigh beams as well as the Euler-Bernoulli beams. Special interest is deserved by the so-called Dirac points
representing multiple roots of the dispersion equation, where the dispersion surfaces may become non-smooth.

SLOWNESS CONTOURS AND DYNAMIC ANISOTROPY

The slowness contours (also referred often as isofrequency contours) are used to describe the dynamic anisotropy of the
structured medium. A nice exposition of this approach for vector problems of elasticity in periodic lattices is presented in
the paper [4]. The case we study involves a scalar fourth-order problem, and we focus on analysis of dispersion surfaces (in
particular, of Dirac cones) in addition to the slowness contours. As shown in Fig. 1 presented for a square lattice, the slowness
contours have a shape (squares with rounded corners) which indicates preferential directions along the coordinate axes both
for the Rayleigh and the Euler-Bernoulli beams, used as constituents of the lattice.

In terms of effective dynamic response for low frequency, the square lattice of flexural beams (both the Euler-Bernoulli
and the Rayleigh) gives an anisotropic response in contrast to the membrane problem, where the square lattice of harmonic
springs would respond isotropically for the low frequencies, and hence the dispersion surface for such a structured membrane
would be a cone with the circular cross-section. This difference between flexural plates and elastic membranes is expected.
However, there are additional unexpected features of flexural Bloch waves, which are rather counter-intuitive.

As demonstrated in the earlier paper [3], the main difference between the periodic Euler-Bernoulli beam and the Rayleigh
beam occurs at higher frequencies. This difference in a two-dimensional periodic configuration is clearly shown in Fig. 1,
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PLASTIC SIZE-EFFECTS ON A MODE I LOADED CRACK

Brian Nyvang Legarth∗1 and Christian F. Niordson2

1,2Department of Mechanical Engineering, Solid Mechanics, Technical University of Denmark, Kgs. Lyngby,
Denmark

Summary Crack growth is investigated numerically using the strain-gradient plasticity theory of Gudmundson[1] in a plane small-strain
visco-plastic formulation as adopted by Legarth and Niordson[2]. The J-integral[4] is evaluated along several paths showing that it is path
independent up to the very near region of the cohesive crack tip, and the size of this region scales with the material length parameter of the
gradient model in addition to the size of the fracture process zone. The distributions of the effective plastic strain and stress are also shown
for both conventional and gradient enhanced cases. At the same amount of crack growth is the plastic strain level higher for the gradient
enhanced case due to contribution from the gradients.

PROBLEM DESCRIPTION

Size-effects have been observed experimentally in various different applications, such as torsion, bending and thin films.
The trend is that ”smaller is stronger”. Such effects cannot be captured by conventional theories as no material length scale
exists in conventional models. For this reason, phenomenological strain-gradient plasticity approaches have been proposed by
introducing the gradients of the strain tension with a corresponding set of material length scale parameters.

Here, crack growth in an elasto-viscoplastic material is studied numerically using the strain-gradient enriched plasticity
theory of Gudmundson[1]. In this theory strain-gradient effects are accounted for by an enhanced measure of the effective
plastic strain, Ep. Hence, denoting the rate (the time derivative) by a superposed dot, ˙( ), the rate of the non-conventional
plastic strain is
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Here, L(I)
d are three material length scale parameters and the gradient, ϵ

p
ij,k, of the plastic strain tensor, ϵp

ij , is decomposed into
three orthogonal tensors, ϵ

p
ij,k =

"3
I=1 ϵ

(I)
ij,k, according to Smyshlyaev and Fleck[3]. The subscript ’d’ refers to dissipative.

Exploiting symmetry, Fig. 1 shows the discretisized domain analyzed by the finite element method.

Figure 1: The finite element mesh used. At the tip of the shape crack is the mesh highly refined and uniform.

Assuming small scale yielding the boundary conditions are prescribed remotely according to the elastic mode I solution.
Thus, at the outer edge (blue in Fig. 1) displacements are prescribed as

u̇1(r, θ) = 1+ν
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where K̇I is the rate of the stress intensity factor. Along the green line a standard cohesive law is imposed, such that crack
growth only occurs along this green line.
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NUMERICAL RESULTS
The J-integral is defined as[4]

J =

'

Γ
[Wdx2 − Tiui,1 ds] (3)

where W is the strain energy and Γ is some path from the lower crack surface to the upper crack surface and ds is along this
path. For plane strain is J = Japp = 1−ν2

E
K2

I , where KI is the applied load. Fig. 2 shows the J-value evaluated at several
paths near the crack tip and good agreement with the prescribed KI -values is found.
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Figure 2: Normalized value of the J-integral when evaluated along several contours a different distances from the crack tip.

Fig. 3 shows contours of the effective plastic strain and stress after failure of the first cohesive element for conventional and
gradient enhanced theory. It is seen from the color-bar that the gradient effects intensify the plastic strains (compare a) to b) ).
Fig. 3(c) shows the effective stress work conjugated to Ep, which also intensifies near the crack tip due to strain gradients.
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Figure 3: Effective plastic strain and stress contours near the crack tip after failure of the first cohesive element. a) Conven-
tional theory, L

(I)
d = 0 with ϵp = Ep. b)+c) Gradient enhanced theory, L

(1)
d = L

(2)
d = L

(3)
d = 0.001Rp. b) The enhanced

effective plastic strain, Ep and c) Effective stress work conjugated to Ep.

CONCLUSIONS
When the material length scale parameter is introduced, the effective plastic strain is found to be larger compared to the con-
ventional case for the same amount of crack growth. This influences the resistance to crack growth. It is expected that, as the
material length scale parameter increases, plasticity is suppressed and crack growth initiates at a load level determined solely
by the elastic constants of the material and the fracture energy described through the cohesive zone. Resistance curves will be
presented for different values of the involved material length scale parameters and compared to predictions by conventional
plasticity. As the material length scale parameters increase, plasticity is suppressed and crack growth is predicted at load levels
approaching the elastic limit described by the elastic constants of the material and the fracture energy in the cohesive zone.
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Summary In this work a general framework for damage and fracture assessment accounting for the role of geometrically necessary 
dislocations (GNDs) is provided. Crack tip fields are characterized, within both infinitesimal and finite deformation theories, by 
means of different strain gradient plasticity (SGP) formulations and their finite element implementation. Moreover, the impact of 
SGP theories on fracture and damage problems is further assessed by modelling several scenarios of particular interest: hydrogen 
diffusion towards the fracture process zone, environmentally assisted cracking, crack growth initiation and subsequent resistance 
and probabilistic-based cleavage fracture assessment. Results show a strong influence of GNDs, revealing the need to incorporate 
its influence in continuum models in order to adequately characterize behaviour at the small scales involved in crack tip 
deformation. 
 

INTRODUCTION 
 
   Experiments have consistently shown that metallic materials display strong size effects at the micron and sub-micron 
scales, with smaller being harder. As a result, a significant body of research has been devoted to model this size-scale 
dependent plastic phenomena (see [1] and references therein). At the continuum level, phenomenological strain gradient 
plasticity (SGP) formulations have been employed to extend plasticity theory to small scales. Grounded on the physical notion 
of geometrically necessary dislocations (GNDs, associated with non-uniform plastic deformation), SGP theories relate the 
plastic work to both strains and strain gradients, introducing a length scale in the constitutive equations.  
   While the modelization of size effects in metal plasticity was motivated at first by growing interest in micro-technology, 
the use of SGP formulations has been extended to a wide range of applications where GNDs are expected to play a major 
role. Particularly, gradient-enhanced modelling of fracture and damage appears imperative (independently of the size of the 
specimen) as the plastic zone adjacent to the crack tip is ± generally ± physically small and contains strong spatial gradients 
of deformation. Several authors have shown that GNDs close to the crack tip promote local strain hardening, leading to a 
much higher stress level as compared with classical plasticity predictions (see, e.g., [2]). However, SGP theories have not 
been comprehensively embraced in damage and fracture predictions for several reasons. Most importantly, the majority of 
studies highlighting the influence of gradient plasticity in crack tip fields have been conducted within the infinitesimal 
deformation theory and consequently the role of GNDs in the large strains blunting dominated zone must be examined.  
 

STRAIN GRADIENT PLASTICITY: MATERIAL MODELS AND NUMERICAL FRAMEWORK 
 
   Three different SGP formulations are employed with the aim of covering a wide range of classes of gradient plasticity 
theories. Thus, Gao et al. [3] mechanism-based model, Fleck and Hutchinson [4] phenomenological higher order theory and 
D�*XGPXQGVRQ¶V�W\SH�IRUPXODWLRQ (incorporating dissipative and energetic terms) [5,6] are employed. A special finite element 
framework is used in all cases; particularly, Fleck-Hutchinson theory is implemented through a monolithic approach, where 
± in addition to the nodal displacement increments ± the nodal effective plastic strain increments appear directly as unknowns 
[7]. A staggered solution procedure is employed for the formulation corresponding to the most recent class of SGP theories, 
where dissipative and energetic length scales are constitutively involved [5], following the two minimum principles developed 
by Fleck and Willis [6]. 
   After the corresponding sensitivity study, a very refined mesh is employed in all the boundary value problems examined 
in order to accurately capture the influence of strain gradients in the vicinity of the crack. The majority of case studies 
addressed require a further development of the numerical framework, so as to incorporate a cohesive zone model [8], a mixed 
Ritz-finite element method [9] or a mass diffusion VFKHPH��WKURXJK�DQ�H[WHQGHG�YHUVLRQ�RI�)LFN¶V�ODZ�, among other features.  
 

RESULTS 
 
   When incorporating large strains and rotations, gradient-enhanced results reveal several remarkable features (see Fig. 1). 
Namely: (i) crack tip stresses are substantially elevated compared to classical plasticity predictions, (ii) the distance over 
which this stress elevation occurs may span several tens of micro-meters, embracing the critical distance of many damage 
mechanisms, (iii) while conventional plasticity predicts a peak in the stress distribution at a distance from the crack of 



approximately 2 times the blunting radius, SGP stresses are highest at the tip, with no evidence of a maximum, (iv) unlike 
classical plasticity, the gradient-enhanced stress level depends on the applied load ܭூ and (v) results are impacted by both 
the specific SGP formulation employed and the value(s) of the material length scale(s). 
   As the stress distribution of finite strain length-independent plasticity provides the basis for the majority of damage 
models, results reveal that GNDs may significantly impact a wide range of applications. Particularly, this work shows that 
SGP theories: play a fundamental role in hydrogen transport ahead of the crack, predicting high levels of lattice hydrogen 
concentration near the tip; reduce the parameter dependence of environmentally assisted cracking models, enhancing 
quantitative predictions; profoundly influence toughness estimations, enabling higher peak cohesive stresses to be overcome; 
and re-calibrate Weibull parameters, predicting an increased probability of fracture relative to that based on conventional 
plasticity. 

 
 

Fig. 1. Double logarithm plot of the normalized opening stress distribution ahead of the crack tip (ߠ ൌ Ͳι) for classical plasticity and both 
mechanism-based and phenomenological SGP approaches. The distance to the crack tip is normalized by the external load ߪݎȀJ. 

Material properties: ߪ ൌ ͲǤʹΨߥ ,ܧ ൌ ͲǤ͵ and ܰ ൌ ͲǤʹ. Finite deformation theory  
 

CONCLUSIONS 
 

   First and foremost, results reveal the need to incorporate the influence of geometrically necessary dislocations in the continuum 
modelization of several fracture and damage phenomena. Moreover, by employing a strain gradient plasticity framework, insight 
is gained into the small scale mechanisms involved in the aforementioned phenomena. 
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CONTINUUM ANALYSIS OF PRECIPITATION HARDENING USING SGP THEORY 
 

Mohammad-Ali Asgharzadeh1, Jonas Faleskog1a) & Carl Dahlberg1 
1Department of Solid Mechanics, Royal Institute of Technology, Stockholm, Sweden 

 
Summary A comprehensive study of precipitation hardening has been carried out by use of the strain gradient plasticity theory. Different 
parameters governing the behavior of the material in the presence of particles have been studied, which showed that two key parameters 
dominate the outcome of the analyses. These are the particle spacing and interface strength. The results show that the hardening increases when 
there is a more dense distribution of particles, and it also increases by making the particles more incoherent. 
 

INTRODUCTION 
 
   The presence of heterogeneous deformation on the micro scale introduces size scale effects in the material. Precipitation 
hardening is one of the underlying sources of micro scale heterogeneity, which strongly depends on the particle size and 
inter-particle spacing. Strain Gradient Plasticity (SGP), justified by dislocation theory, assumes that hardening is caused by 
the accumulation of dislocations, which correlates with the gradient of plastic strain [1]. A comprehensive parametric study 
of different distributions of particles within a matrix has been carried out in this work by use of the SGP theory. The model 
results have been applied to predict precipitation hardening effects in some metals reinforced with incoherent particles, and 
compared to experimental data. 
 
 

PROBLEM DEFINITION AND MODELING 
 
   Considering a periodic distribution of spherical particles in a matrix with hexagonal cells, the model which is used in 
FE-calculations has been approximated by a cylindrical cell enclosing the spherical particle (Fig. 1). If only uniaxial or 
biaxial loadings are considered, the combination of geometry and loading compose an axisymmetric problem. The 
constitutive behavior for the matrix is supposed to be governed by a SGP theory, the particle is supposed to behave totally 
elastic, and there is an energetic interface layer between particle and the matrix to mimic the particle-dislocation interactions 
[2]. For more general loadings, a 3D analysis has been carried out to capture the cutting mechanism. In the 3D analysis, the 
effects of both size and spatial distribution of particles have also been studied.  
 

 
Figure 1-The schematic of the model 

 
 

RESULTS AND CONCLUSION  
 
   The two key parameters controlling the behavior of this model are the intrinsic material length scale (l) and the 
resistance against plastic straining at the interface (Ș). There are also other parameters that have been studied using this 
model, namely the volume fraction of the particles, hardening of the matrix, and the stiffness mismatch between the matrix 
and the particles. The results have been verified by comparison with experimental data. 
   By using the aforementioned model, the results show the ability to capture the essence of the strengthening mechanism 
associated with a distribution of particles. In addition to that, the interface model captures the behavior of the incoherent 
particle-matrix interface. As results suggest (Fig. 2), the hardening increases by decreasing the particle spacing (which is 
represented by the non-dimensional quantity 2R/l) and also making the interface stronger (which means a lower value of Ș). 
This leads to an increase in the 0.2%-offset yield stress (Fig. 2). 
   As described above, the characteristics of the model have been studied based on a default matrix material with ideal 
plastic behavior. The parameters of the model, however, could be manipulated in order to be applicable to different material 



systems. This was done for aluminum, magnesium and copper reinforced with incoherent particles, and the outcome of the 
model predictions agreed fairly well with available experimental data from the literature. 
 
 

 
Figure 2-(Left) The increase in the 0.2%-offset yield stress according to the particle hardening. (Right) Hardening curves 
showing the effects of particle-matrix interaction and inter-particle spacing. 
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PHASE-FIELD STUDY OF SIZE EFFECTS IN MARTENSITIC MICROSTRUCTURES

Karel Tůma1, Stanisław Stupkiewicz ∗1, and Henryk Petryk1

1Institute of Fundamental Technological Research (IPPT), Polish Academy of Sciences, Warsaw, Poland

Summary Formation of martensitic microstructures is usually explained by energy minimization, while the competition between the bulk
and interfacial energy contributions provides a natural intrinsic length scale and makes the microstructures size-dependent. In this work,
size-dependent microstructures in CuAlNi shape memory alloy have been computed using a phase-field method, and the corresponding
predictions have been compared to the results of sharp-interface modelling. Both approaches account for interfacial energy effects, though
in a different manner. In the computations, a finite-strain phase-field model recently developed by the authors has been used. The model in-
volves several new ingredients, including a volume-preserving logarithmic mixing rule, hierarchical order parameters and bound constraints
enforced on order parameters.

INTRODUCTION

Martensitic phase transformation in shape memory alloys (SMA) is responsible for their unusual behaviour associated with
pseudoelasticity, shape recovery, and related effects. Martensitic transformation proceeds by formation of microstructure, and
martensitic microstructures have been extensively studied over last decades [1]. While formation of microstructure is usually
explained by energy minimization, the competition between the bulk and interfacial energy contributions provides a natural
intrinsic length scale and makes the microstructures size-dependent. The related size effects are studied in this work using a
recently developed finite-strain phase-field model [2] as well as using the sharp-interface approach [3, 4], and consistency of
the two approaches is illustrated by numerical examples.

FINITE-STRAIN PHASE FIELD MODEL OF MARTENTSITIC TRANSFORMATION

A finite-strain model has been developed for phase-field modelling of twinning and martensitic transformation in shape
memory alloys [2]. The model is set in the energy minimization framework so that the constitutive equations are fully defined
by specifying the free energy function and the dissipation potential. The free energy involves the bulk and the interfacial
energy contributions, the latter describing the energy of diffuse interfaces, which is typical for phase-field approaches [5].

Compared to other finite-strain phase-field models for twinning [6, 7], the present model uses another mixing rule within
diffuse interfaces which can be directly generalized to multiple variants or phases with volume changes treated in a consistent
manner. Specifically, the transformation part of the deformation gradient is obtained by averaging the logarithmic transfor-
mation strains of individual phases rather than by mixing the transformation stretches, cf. [8]. Furthermore, the inequality
constraints are here directly imposed on order parameters interpreted as volume fractions so that the physically motivated
bounds are not violated. In the numerical implementation, the augmented Lagrangian method is used for that purpose [9].

Modelling of microstructures that involve austenite and twinned martensite requires further extension of the model. Two
order-parameters are introduced to adequately describe the three involved constituents: the austenite and two variants of
martensite. The order parameters are arranged hierarchically so that one parameter differentiates between austenite and
martensite while the second one differentiates between the two variants of martensite. As a result, two types of interfaces
(austenite-martensite and martensite-martensite) are described in a natural manner. The bulk free energy and the dissipation
potential are generalized accordingly.

ANALYSIS OF AUSTENITE–TWINNED MARTENSITE MICROSTRUCTURES

The finite-strain phase-field model has been implemented in a finite element code and applied to study size effects in a
CuAlNi shape memory alloy undergoing the cubic-to-orthorhombic transformation. In particular, several realistic microstruc-
tures have been computed by solving a generalized 2D boundary value problem in a plane orthogonal to both the twinning
and habit planes. This class of 2D problems has been examined earlier using the sharp-interface approach [3].

The interface between austenite and twinned martensite has been studied for four crystallographically distinct microstruc-
tures (denoted by M1 to M4, cf. [3]), see Fig. 1. A periodic unit cell corresponding to one twin spacing has been simulated,
and each microstructure has been replicated in Fig. 1 for better visualization. Larger green areas denote austenite while blue
and red areas correspond to the two variants of martensite. Local incompatibility of transformation strains is accommodated
by elastic strains in a transition layer along the austenite–martensite interface. The corresponding elastic-strain energy is
interpreted at a higher scale as the interfacial energy γeam, and the energy factor ye

am = γeam/htw, where htw denotes the

∗Corresponding author. Email: sstupkie@ippt.pan.pl
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FINITE STRAIN GRADIENT PLASTICITY WITH APPLICATION TO MICRON SCALE

VOID GROWTH

Christian F. Niordson∗1 and Viggo Tvergaard1

1Department of Mechanical Engineering, Solid Mechanics, Technical University of Denmark, Kgs. Lyngby,

Denmark

Summary A finite strain generalization of the thermodynamically consistent strain gradient plasticity (SGP) theory by Gudmundson [1] is
proposed. The SGP theory, as originally formulated, employs both dissipative and energetic strain gradient effects, and it is shown that a
finite strain generalization is readily developed when ignoring energetic gradient effects. An updated Lagrangian finite element method is
formulated, and matters of the finite strain implementation turn out to be mainly those associated with generalizing conventional plasticity
theory. The framework developed is applied to ductile void growth on the micron scale. Quantitative predictions show that the growth rate
for micron size voids is suppressed compared to that predicted by conventional plasticity.

PROBLEM DESCRIPTION

Micron scale experiments show that increased hardening and yield resistance follow from the presence of large plastic strain
gradients. Such non-trivial size effects can not be captured by conventional plasticity, and the field of strain gradient plasticity
have been developed due to the need for quantitative predictions of material response on the micron scale. The strain gradient
plasticity theory by Gudmundson [1] can be based on the principle of virtual work for the body occupying the volume V
bounded by the surface S
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where σij and δϵij are the stress tensor and the variation of the total strain tensor, respectively. The micro stress qij is the
work conjugate to the plastic strain tensor ϵp

ij
, and σ′

ij is the stress deviator. The higher order stress, τijk is work conjugate
to the plastic strain gradient ϵp

ij,k
. The right hand side includes the traction vector, Ti, the virtual displacement vector δui

in addition to the higher order traction vector tij and the variation of plastic strain. The latter term introduces non-standard
boundary conditions, relevant to many micron scale applications, on plastic strain or its work conjugate.

Constitutive equations are based on the notion of a gradient enhanced effective plastic strain measure describing dissipation
due to plastic strain as well as the plastic strain gradient
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where LD is a constitutive dissipative length scale. Further constitutive input to the theory is the uniaxial stress-strain behavior
specified by the dependence of the effective stress on plastic strain and plastic strain rate: σc[Ep, Ėp]. Based on this, a
dissipation potential is defined as

Φ[Ep, Ėp] =
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0
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and the dissipative constitutive equations may be derived as
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As the above constitutive equations deliver the micro stress qij and the higher order stress τijk directly from the plastic strain
rate field, the minimization of the following functional, as proposed by [2] (here expressed in the absence of energetic strain
gradient effects) may be used even in a finite strain context to deliver a solution in higher order stress equilibrium:
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Employing an updated Lagrangian formulation, the iterative finite element procedure (l = 1, 2, 3...) (treated in the context of
linear kinematics in [3]) may be expressed as
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where ϵ̇p
ij
=

*N

n=1 M
(n)
ij

ϵ̇p(n) expresses the relation between the plastic strain rate field, the N shape functions M
(n)
ij

and the

nodal variables, ϵ̇p(n).
When the plastic strain rate field has been determined from 6, conventional methods for the velocity field may be used as

described by McMeeking and Rice [4].

NUMERICAL RESULTS

Plane strain void growth of a cylindrical void of initial radiusR0 is analyzed, and results are presented below. A standard visco-
plastic power-law is employed by ĖP = ϵ̇0(σc/σy)1/m, where ϵ̇0, m and σy denote the reference strain rate, the visco-plastic
exponent and the yield stress of the material, respectively. The material parameters employed are σy/E = 0.004, ν = 0.3,
ϵ̇0 = 0.005s−1. For simplicity the material is assumed to be non hardening, but it is easily extended to account for hardening.
Growth of a single void subjected to a biaxial loading σ22 = ρσ11 is treated in the results below. Fig. 1 shows results for the
the development of void volume normalized by initial void volume for different length parameters LD/R0 = 0.0, 0.5, 1, 0.
The results show that as the void size decreases (LD/R0 increases), the curves shift to the right indicating that higher levels
and load and deformation are needed to drive void growth. Hence, void growth is suppressed in the micron scale. Fig. 1a
shows results for equi biaxial tension (ρ = 1.00) with different values of the visco-plastic exponent. As the far field strain rate
is prescribed as the reference strain rate for the material, a large effect of m is observed, with the size-effect being even more
distinct for increasing rate sensitivities. In Fig. 1b results are shown for m = 0.01, and for different values of the load ratio, ρ.
The results show that although void growth is delayed for smaller values of ρ, a strong size effect is present for all load ratios.
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Figure 1: Relative void volume growth curves for three different values of the material length parameter LD/R0 =
0.0, 0.5, 1.0. (a) Results are shown for equi biaxial tension (ρ = 1.00) as a function of normalized applied equi-biaxial
stress for three different values of the visco-plastic exponent, m = 0.01, 0.02, 0.05. (b) Results are shown for m = 0.01 as a
function of applied strain for three values of the applied load ratio, ρ = 0.50, 0.75, 1.00.

CONCLUSIONS

A thermodynamically consistent finite strain SGP theory is proposed. The theory is based on the higher order SGP theory by
Gudmundson [1]. It is shown that for dissipative gradient effects, the minimum principles laid out by Fleck and Willis [2]
can readily be employed as a basis for the finite strain extension. A finite element implementation in an updated Lagrangian
framework is proposed. The problem of void growth is analyzed, and predictions for how void growth in the micron scale is
suppressed are shown.
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Summary In this work, a single crystal strain gradient plasticity model is derived at finite strains. The gradient enhancement is based on
a scalar strain measure of plastic slip of single crystals. It is implemented in the finite element code Zset and then used to investigate size
effects on void growth and coalescence in single crystals. 3D unit cell finite element simulations are performed and the results are compared
with those obtained with classical single crystal plasticity model.

CONTEXTS

In nuclear reactors, irradiation leads to formation of various defects in their components. Especially in the core internals
made of austenitic stainless steels, intragranular voids can be created, which may induce macroscopic swelling at high irra-
diation levels. When the material is subjected to mechanical loading, the formed voids play a role in the process of ductile
fracture, which is generally known as a result of void nucleation, growth and coalescence. At initial stage of fracture, voids
are much smaller than the grain size so that one can consider the voids as embedded in an infinitely large single crystal matrix
under homogeneous loading. In this work, size effects on void growth and coalescence in single crystals are investigated.

Size-dependent behaviours have been widely observed in metallic materials, such as size-dependent strength of micro-
specimens, the Hall-Petch effect, etc. As classical continuum theories cannot predict such size effects, many authors developed
non-local models (see [1] and references therein). These enriched models suppose that the stress state of a material point
depends on the state of a finite neighbourhood or on strain gradient variables.

MODEL DESCRIPTION

A single crystal strain gradient plasticity model is proposed at finite strains. The strain gradient enhancement is based on
a scalar strain measure of plastic slip (cf. [2]). One additional degree of freedom γχ is introduced. The set of degrees of
freedom (DOF) and that of their Lagrangian gradients are therefore defined as

DOF = {u , γχ} and GRAD =

!
F∼ = 1∼ +

∂u

∂X
, K =

∂γχ
∂X

"
. (1)

As a result, an additional balance equation and boundary condition are derived for the crystalline body V :

��vm ↗s = 0, ∀x ∈ V and m = m .n , ∀x ∈ ∂V, (2)

where s and m are the generalised stresses respectively work conjugate to the microdeformation γχ and the eulerian gradient

of the microdeformation k =
∂γχ
∂x

, m is the surface double force density and n is the unit normal vector to the surface.

The deformation gradient F∼ is multiplicatively decomposed into elastic and plastic parts F∼ = F∼
e.F∼

p. The elastic strain
is defined as
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and the plastic strain rate is
Ḟ∼

p
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p−1 =
#

s

γ̇sN∼
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with plastic slip rate γ̇s and the Schmid tensor N∼
s = l s ⊗ n s for the slip system s, where l s is the slip direction vector and

the normal to the slip plan n s. Inspired from the form of the residual dissipation, the plastic slip rate γ̇s is assumed to be

γ̇s =
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|τ s|↗(τ sc ↗Jes)

K

%n

sign (τ s) . (5)
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Summary The importance of the strain gradients that evolves at the onset of void coalescence at micron-scale is demonstrated through a
detailed numerical study. Here, a 3D numerical framework is exploited to grain a parametric understanding of the influence of void size and
void spacing, and a direct comparison to a recent extension of the coalescence criterion by Thomason is presented. Taking into account the
intrinsic length scales inherited by the ductile failure process shows a clear increase in the level of the average volume stress, perpendicular
to the plane of localization, at which void coalescence occurs. Oblate voids are particularly affected by the evolving strain gradients. The
increase in stress level predicted in a gradient enhanced matrix material are, however, yet to be properly addressed in existing continuum
models as both the Thomason criterion, as-well as the Gurson modeling framework, rest on conventional plasticity theory.

INTRODUCTION

The governing mechanics in ductile failure have been subject to intensive studies through decades of research (Tvergaard,
1990; Benzerga and Leblond, 2010), and it has been established that ductile failure generally progress by void nucleation and
growth to coalescence at the micron-level. However, existing state-of-the-art micro-mechanics based damage models do not
include the experimentally observed intrinsic length scales related to the void size, but instead only account for the void volume
fraction (Gurson, 1977) - occasionally in combination with the void shape or a non-local measure of porosity (Gologanu et
al., 1997). However, materials that plastically deform by dislocations movement are known to display size effects by elevated
stress levels and restricted plastic flow. The general trend in metals is that smaller is stronger. Recent research has proven size
effects to be important to problems where deformation varies significantly in the micrometer range - the range where the void
coalescence process unfolds. Thus, the intrinsic length scale will inevitably influence the ductile failure process.
The present work focuses at the onset of coalescence by adopting the model set-up from Tekoğlu et al. (2012), but here

includes a gradient enriched matrix material. The aim is to bring out the effect of the strain gradients that evolves during the
interaction between voids at the micron level, and to highlight their implications on existing coalescence models. E.g. a direct
comparison to a recent extension of the coalescence criterion by Thomason (1990) (see Eq. 1) is presented. To facilitate this
comparison, only void coalescence modes located near the x1x3-plane are of interest (see Fig. 1a). The Thomason criterion
reads: !c

22

σ0

= (1− ηχ2)

"

αTh

#
1− χ

Wχ

$

+ βTh 1
√
χ

%

(1)

where σ0 is the conventional yield stress,W is the void aspect ratio, χ the relative void spacing, η = π/4 for a cubic unit cell,
and αTh = 0.0819W −0.0373, βTh = 0.0036W 5−0.003W 4−0.1694W 3+0.8499W 2−1.6743W +2.5022, respectively.

MODELING FRAMEWORK

A full 3D numerical modeling framework based on the Fleck and Willis (2009) strain gradient theory has been purpose
build for the study presented. The incremental procedure for this model formulation consists of two successive steps in which
“Step 1” determines the plastic strain rate field based on the known stress/strain conditions in the current state, whereas
“Step 2” subsequently determines the corresponding incremental displacement solution (see Nielsen and Niordson, 2014, for
details). To analyze the onset of void coalescence a small strain/deflection set-up is adopted, and the considered unit cell
model is shown in Fig. 1a. The cell consists of a rectangular block of matrix material that surrounds a spheroidal void with
aspect ratio, W = R2/R1 (and R1 = R3), and a relative void spacing of χ = R1/L1. Here, Ri and Li are the void radii
in the three directions and the dimensions of the unit cell, respectively. The boundary and loading conditions on the unit cell
are adopted from Tekoğlu et al. (2012) such that the average volume stress components:

!
11
,
!

22
,
!

33
, and

!
12
can be

controlled through the prescribed macroscopic straining; Eii = Ui/(2Li) and E12 = Ut/(2L2), where Ui are the normal
displacements at the unit cell boundaries and Ut is the shear displacement. In this preliminary study, however, the shear
displacement remains zero. All FE calculations are preformed with 20-node 3D elements using reduced Gauss integration
(2 × 2 × 2) for the displacement field, whereas 8-node 3D elements with corresponding Gauss integration are used for the
plastic strain rate field.
As the study concentrate on the onset of void coalescence a limit-load type analysis is in focus and, hence, an attempt

is made to mimic an incompressible material by employing a Poisson ratio of ν = 0.49, together with a perfectly plastic
response of the matrix material. Thus, upon loading plastic flow will localize and the material response reach a limit load at
which the critical volume stress perpendicular to the x1x3-plane (the

!c
22
) is extracted.
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Figure 1: a) Unit cell model displaying a typical mesh (W = 0.5), b) Evolution of
!c

22
with the relative void spacing, χ,

including results with/without influence of strain gradients (LD = 0 is the conventional limit and reflects J2 flow theory).

RESULTS

The predicted critical volume stress (the
!c

22
), at which void coalescence takes place, is displayed in Fig. 1b. Here,

shown for various void spacings, χ, and two void aspect ratios that correspond to prolate (W = 2) and oblate (W = 0.5)
voids, respectively. First and foremost, a comparison to the Thomason criterion from Eq. (1) reveals accurate predictions in
the conventional limit (LD/L1 = 0.01). But, the strengthening behavior from the plastic strain gradients at micron-scale lift
the stress level at which void coalescence occurs - particularly at low relative void spacing. Moreover, it is noticed that oblate
voids seem more sensitive to gradient effects as the stress level has increased the most forW = 0.5.

CONCLUSION

The present study of the intrinsic length scale effects, related to void coalescence, displays an increased level of the critical
stress at which localization of plastic flow occurs between micro-voids. The effect originates from the strengthening behavior
predicted for gradient enhanced materials, and one might want to think its implications into a stress based coalescence criterion
such as that of Thomason. To fully exploit the findings of the present study, however, new development to the Gurson modeling
framework is required. As it sits, this classical micro-mechanics based damage model omits any gradient effects and, hence,
cannot accurately represent the stresses over the multiple scales involved in the ductile failure process.
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Summary We propose an implicit time integration Finite Element (FE) algorithm for Gradient Plasticity (GP) theory, involving both ener-
getic and dissipative higher-order contributions. We consider both phenomenological and crystal GP, in which the free energy includes the
so-called defect energy, a function of Nye’s dislocation density tensor. By considering many benchmarks (simple shear of a constrained
strip, torsion of thin wires, bending of thin foils, micro-indentation), we show that the conceptually most straightforward FE implementa-
tion, in which the displacements and the relevant plastic components are employed as nodal degrees of freedom, leads to a very efficient FE
algorithm if a proper regularisation of the viscoplastic potential is adopted, the latter in general involving dissipative higher-order terms. The
proposed viscoplastic constitutive law can also accurately represent rate-independent behaviour, without losing computational efficiency.

INTRODUCTION

This investigation is concerned with the modelling of the size-dependent mechanical behaviour of metallic micro-devices
undergoing inhomogeneous plastic flow (see, e.g., [1, 2, 3, 4]). In particular, we focus on work-conjugate, higher-order GP
theories (see, e.g., [5, 6, 7, 8, 9, 10]), extending both phenomenological and crystal plasticity theories. About phenomenologi-
cal GP theories, we distinguish between Strain Gradient Plasticity (SGP) and Distortion Gradient Plasticity (DGP), depending
on whether the contribution of the plastic spin is neglected (see, e.g., [7]) or not (see [8, 11, 12] and references therein).

The development of the GP theories here concerned has long been hampered by difficulties in efficiently and accurately
solving relevant boundary value problems. In fact, the partial differential equations governing higher-order GP have been
known to be difficult to solve for two- and three-dimensional boundary value problems by using standard implicit FE inte-
gration algorithms (see, e.g., [13]). To address this issue, some investigators have developed non-standard FE codes. Among
them, we mention a few noticeable examples. Niordson and co-authors (e.g., [14, 15]) have successfully developed explicit
FE codes for various higher-order SGP theories. Forest and co-workers have instead proposed a micromorphic approach (see,
e.g., [16, 17] and references therein), consisting of a penalty method applied to GP. We propose implicit time integration FE
algorithms for work-conjugate GP theories involving energetic and dissipative higher-order contributions. A common feature
of all the GP theories here considered is the free energy term called the defect energy [6], written in terms of Nye’s dislocation
density tensor α, defined as α = curlγ, with γ denoting the plastic distortion. We will show that the conceptually most
straightforward FE implementation, in which displacements and either plastic distortion components or plastic slips are em-
ployed as nodal degrees of freedom, leads to a very efficient FE algorithm if a proper regularisation of the viscoplastic potential
is adopted. It will be also shown that the proposed viscoplastic constitutive law can accurately reproduce rate-independent
material behaviour for an appropriate choice of a rate-sensitivity material parameter, without losing computational efficiency.

THE VISCOPLASTIC POTENTIAL REGULARISATION

To present our proposal, here we restrict our attention to Gurtin [8] DGP theory (see also [11], adopting the same notation
employed here). In this theory, whose governing equations are provided in [8, 11], the dissipative stresses depend on the
following effective plastic flow rate, Ėp, and effective flow resistance, Σ:

Ėp =

√

2

3
|ε̇p|2 + χ|ϑ̇

p
|2 +

2

3
L2|∇ε̇p|2 , Σ =

√

3

2
|ρ|2 +

1

χ
|ω|2 +

3

2L2
|T |2 (1)

in which ε̇p = symγ̇ is the plastic strain rate (work conjugate to the stress ρ), ϑ̇
p
= skwγ̇ is the plastic spin (work conjugate

to the stress ω), T is a third-order stress work-conjugate to ∇ε̇p, L is a dissipative material length parameter, and χ is the
material parameter governing the dissipation due to ϑp. Ėp and Σ are work conjugate under the following stress prescription:

ρ =
2

3

Σ

Ėp
ε̇p , ω = χ

Σ

Ėp
ϑ̇
p
, T =

2

3
L2

Σ

Ėp
∇ε̇p (2)

satisfying the 2nd Law independently of the adopted constitutive law for Σ(Ėp, Ep). This type of constitutive assumption, in
which the rates of some appropriate measures of plastic deformation are conjugate to finite stress measures, characterises the
so-called non-incremental theories [18]. Viscoplasticity, given by the dependence of Σ on Ėp, allows plasticity to develop at
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any stress level, in an amount dependent on the material rate-sensitivity. Within this framework, one avoids the implementation
of any yield criterion or special treatment of the internal surfaces between elastic and plastic domains, the latter being an
important issue to be addressed in rate-independent formulations (see, e.g., [15]). Although we employ a viscoplasticity
framework, thus retaining its well-known computational advantages, in the following we propose a law Σ(Ėp, Ep) allowing
the use of very small rate-sensitivity. More specifically, we will demonstrate that the proposed law for Σ(Ėp, Ep) leads to
results that are substantially rate-independent, without losing computational efficiency. A convenient form of Σ(Ėp, Ep), very
often adopted in literature, assumes Σ(Ėp, Ep) = σY (Ep)V (Ėp) in which σY (Ep) includes the isotropic hardening law. In
this contribution, the choice of V (Ėp) is a key point, as it plays a crucial role in obtaining a very efficient kinematics-based
FE algorithm. In literature, the most exploited form of V (Ėp) is the power-law V (Ėp) ∝ (Ėp)n, which has many convenient
features [19]. However, numerically, a plain power-law may turn out in lack of convergence if the increment in plastic flow
is not large enough, for small rate-sensitivity exponent n. In particular, in plasticity applications n ∈ (0, 1), so that the
derivative of V (Ėp) with respect to γ̇, necessary to compute the tangent stiffness, is unbounded for Ėp → 0, resulting in an
ill-conditioned FE system to solve. To overcome this difficulty, here we propose:

V (Ėp) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Ėp

2ε̇0
if

Ėp

ε̇0
≤ 1

1−
1

2

ε̇0

Ėp
if

Ėp

ε̇0
> 1

(3)

in which ε̇0 > 0 is a material parameter and the rate-independent limit is attained for ε̇0 → 0. Function (3) is a suitably smooth
regularisation of a unit-step function and admits a convex potential. Such a function comes from a well-known approximation
of the modulus function, whose robustness was proven in the Sixties in the context of Mathematical Statistics [20]. Note that
choice (3) of V (Ėp) was already adopted in [12], in an even richer form involving one more parameter. However, in [12]
attention was restricted to the one-dimensional description of the torsion problem, in which the displacement field is assumed
pointwise, so that the balance equations in weak form are solved for γ̇ only.

CONCLUSIONS

In this contribution we will demonstrate the computational efficiency of the viscoplastic function (3) for general purpose
FE implementation of GP, with emphasis on very small rate-sensitivity, to accurately model material rate-independence. To
this purpose, we will plug the viscoplastic function (3) both in the above mentioned Gurtin [8] DGP and in the crystal GP
developed in [21] to model the latent hardening size effect predicted by discrete dislocation dynamics simulations.
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Summary A critical investigation is carried out of a strain-gradient plasticity theory. The theory is dissipative in nature, in the sense that
the plastic strain-gradient terms and associated length scale enter through the flow relation, rather than through the free energy. It is shown
that the yield condition and flow relation take a global form, in contrast to conventional theories in which these are posed locally, that is,
pointwise in the domain. Recent studies of particular examples of non-proportional loading have highlighted interesting and novel features
of dissipative strain-gradient theories. These features, such as a delayed resumption of plastic loading following non-proportional increments
in loading, are explored further computationally, and the behaviour thus obtained is studied with a view to relating it to the specific features
of the flow relation in the dissipative theory.

INTRODUCTION

Strain-gradient theories of plasticity were first proposed some three decades ago, with a view to extending conventional
theories of plasticity in such a way as to capture length-dependent effects, which are important at the mesoscale. Among
the various strain-gradient theories now in existence, a popular class relates to those in which stress terms conjugate to
the plastic strain and its gradient are introduced, for example through a virtual power principle, and which furthermore are
thermodynamically consistent. Gradient theories can be energetic in nature, in the sense that they incorporate gradient terms
in the specification of the free energy. Alternatively or in addition, they can be dissipative, in that the gradient terms appear
in the flow relation. In the latter case the flow relation follows directly from a reduced dissipation inequality that involves the
plastic strain and its gradient, with the conjugate stress quantities.

In this presentation the model of strain-gradient plasticity proposed in [1], and further developed for the rate-independent
case in [2], is adopted as the model for further investigation. In this model there are various features of the dissipative
formulation that distinguish it quite markedly from the classical problem. For example, the yield function and flow relation
are posed locally in terms of the conjugate stress quantities rather than the Cauchy stress. This begs the question as to how
yield is determined, given that these conjugate quantities are indeterminate in the elastic region. It has been shown [2] that it
is necessary for the flow relation to be posed in weak or global form in order that it might be expressed in terms of the Cauchy
stress.

Further unusual features of the dissipative formulation are discussed in [3]. These authors explore the differences between
dissipative and energetic models by studying simple examples of non-proportional loading. They investigate in detail one-
dimensional problems with non-proportional loading effected through the imposition of passivation of the surfaces of the
bodies after these have developed plastic behaviour. A key feature of the behaviour following passivation in the plastic range
is the existence of an elastic gap: that is, a phase of elastic behaviour, with a delayed resumption of plastic loading.

CURRENT WORK

The aim of this contribution is to explore further theoretically and computationally the features of the dissipative model of
strain-gradient plasticity, in this way complementing the study in [3] and developing a better understanding of the mathematical
and mechanical aspects of the model.

Theoretical studies of the flow relation
By exploiting the formulation of the flow relation in terms of a dissipation function, we show how the conjugate stresses

may be eliminated through a global approach, so that the relation may be expressed in terms of the Cauchy stress. This in
turn allows yield to be determined in the usual way, albeit in terms of a global rather than local criterion. We focus on a
dissipation function D of the form D(Ėp) = σ0Ėp in which σ0 is a measure of initial yield stress, Ėp =

!
|ε̇p|2 + ℓ2|∇ε̇p|2

is a generalized plastic strain rate, and ℓ is a length scale. It is shown that the process for determining yield based on the global
dissipation D =

"
Ω D(Ėp) dx is complex, and as far as the authors can determine, not amenable to closed-form solution.

Progress is however made by examining instead a spatially discrete version of the global flow relation, of the form that arises
∗Corresponding author. Email: daya.reddy@uct.ac.za



for example in the use of finite element approximations. The discrete form of D is shown to depend on a quadratic function
of the discrete stresses. This differs however from the yield function that is obtained simply by generalizing the classical von
Mises yield condition, and emphasizes the global nature of the flow relation for the dissipative problem.

Numerical studies
A series of numerical examples is studied with a view to exploring some of the features that emerge from the theoretical

investigation. One of the problems studied is that of a rod in tension, and with two possible boundary conditions on the plastic
strain: either microhard, in which the plastic strain is prescribed, or microfree, in which flux of the plastic strain gradient
is prescribed. Passivation of the boundary in the plastic range – essentially, changing the boundary condition to microhard
– leads to an initial elastic response and elastic gap, of the kind observed in [3]. The presence of two curves, for the two
boundary conditions, helps to identify the elastic gap as a means by which to move from one yield surface, corresponding to
one boundary condition, to another, corresponding to the other boundary condition.

A second example is that of a plate loaded biaxially, with similarly alternative boundary conditions. These and other
numerical examples shed light on the behaviour peculiar to the dissipative formulation, and allow the differences between this
and the energetic formulation of the strain-gradient theory to be better understood.
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STEADY-STATE NUMERICAL MODELING OF SIZE EFFECTS IN WIRE DRAWING
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Summary Wire drawing processes at micron scale receive increased interest as micro wires are increasingly required in micro electrical
components. At the micron scale, size effects become important and have to be taken into consideration. The goal is to optimize the
semi-cone angle of the tool in terms of drawing force. The present study employs a steady-state modelling technique that omits the transient
regime, thus creating a basis for comprehensive parameter studies. The steady-state procedure is based on the streamline integration method
presented by Dean and Hutchinson [1]. This approach allows elastic-plastic loading/unloading to be taken into account and it is readily
implemented into an existing finite element program. The numerical model deals with a time dependent material model that includes strain
gradient effects according, to Fleck and Willis theory [2]. The analysis indicates that size effects reduce the optimal semi-cone angle of the
tool with up to 40%.

FRAMEWORK

The wire drawing process is used in manufacturing at all scales, ranging from several centimetres to a few microns, and
the growing production of micro components has increased the demand for micro wires (diameter ∼ 10µm). Micro wires
are typically applied in semiconductors and electrical winding coils. At this scale, so-called size effect are inevitable in the
production and therefore requires attention. The size effects are explained by the effect of geometrically necessary dislocations
which follows from the development of large strain gradients. It is well established that size effects appear as either increased
hardening or strengthening at the micron scale.

A numerical investigations of wire drawing at the micron scale in steady-state can be found in Byon et. al. [3]. Their
work however, is based on rigid plasticity, where residual stresses and the associated material behaviour is neglected. The
steady-state model employed in the current study readily accounts for these effects and is based on the early work of Dean and
Hutchinson [1] for crack growth problems. The objective of the present study is to present a method which lends itself nicely
for numerical implementation and is capable of handling elastic unloading and size effects within a steady-state framework.
The model developed will be exploited to quantify the effect of strain gradients related to the wire drawing process. Similar
studies concerning rolling has recently been conducted by Nielsen [4].
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Figure 1: Parametrization of the wire drawing process in the adopted steady-state framework with axisymmetry around z. Throughout the
study, Rm/(2L) = 1/10 and the finite element mesh employed consists of square elements with side length L(e)/Rm = 20.

The framework for the numerical analysis is based on a finite element elastic-viscoplastic steady-state model, accounting
for strain gradient effects. The model is formulated in 2D, under the assumptions of axisymmetry where the tensor notation
should be interpreted as components 1,2,3 being the radial (r), axial (z) and angular (θ) direction, respectively.

To accommodate the size effect in the mirco wire drawing process, an accurate numerical model is required to represent
material behaviour over the range of length scales involved. Several numerical models capable of handling size effects have
been developed over the years and, in the current study, the higher order elastic-viscoplastic material model presented by Fleck
and Willis [2] is adopted. For a first approximation, Coulomb friction and small strains are accepted.

In the steady-state framework, the domain remain fixed relative to the tool while the material moves through the domain
whereby the field quantities become stationary to an observer located at the tool. Thus, stationarity simplifies the numerical
task of modelling effects such as the contact with the tool. Based on the definition of the steady-state, time derived quantities
ḟ in the constitutive model can be related to a spatial derivative through the velocity ȧ along a streamline (illustrated in Fig.
1), according to ḟ = ↗ȧ∂f/∂z. Thus, any incremental quantity at a given material point can be evaluated by integrating
along a streamline in the direction of the material movement, starting upstream of the tool and ending at the point of interest.
The point of interest will then contain the history of all upstream points.

∗Corresponding author. Email: krjoju@mek.dtu.dk



(a) Effective plastic strain in the wire through the itera-
tion stages of the steady-state procedure (LD/H = 0).
Deformations are amplified by a factor of 10.
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(b) Drawing force Fdraw vs. semi-cone angle φ.

Figure 2: Wire drawing for conventional and strain gradient models with ∆/Rm = 0.01, µ = 0.1, N = 0.2, m = 0.02, σy/E = 0.001,
ε̇0 = 0.001, ȧ = αRmε̇0 (with α = 500), and tr/Rm = 0.25. The energetic length parameter LE = 0.

RESULTS

The iterative process of determining the steady-state is illustrated in Fig. 2a. Four steps in the iteration is presented (start,
two intermediate and final), where the first step corresponds to the tool being pressed into the material. In the following
steps, the history dependence, obtained through streamline integration, will ensure that the material downstream hold the load
history of the tool contact. In the last step, the converged solution is obtained. A small elastic spring back is observed as a
result of the residual stresses accounted for in the model. Fig. 2b presents an example of the effect from strain gradients in
terms of drawing force as a function of the semi-cone angle, φ, for various dissipative length parameter LD. For LD → 0, the
model reduces to a conventional J2 flow theory model neglecting size effects, which is also confirmed in Fig. 2b by a direct
comparison. An increase in LD is found to lower the optimal semi-cone angle. In general, an increasing gradient effect lead
to increasing drawing force as a result of the strain gradient hardening effect. In Fig. 2b, the optimum points are marked with
circles. When observing optimum points across length parameters, the sensitivity to gradient effects are seen to be significant
for small Ld/H , while the tool angle seems to converge to a constant value for large LD/H .

CONCLUDING REMARKS

The steady-state procedure presented by Dean and Hutchinson [1] offers a simple way to include history dependent elastic-
plastic behaviour, thus allowing elastic unloading and residual stresses/strains to be accounted for (key in cold working
processes). Combined with the gradient enhanced elastic-viscoplastic material model by Fleck and Willis [2] a model for
comprehensive parameter studies of size effects in the wire drawing process has been established as an example.

The study demonstrates how strain gradients decrease the optimal semi-cone angle with up to approximately �0% as a
result of the additional micron scale hardening.
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Summary  In this talk, the effect of sample size on the mechanical response of micron-sized crystals will be analysed using a mesoscopic 
model of field dislocation mechanics. The computational experiments performed using this field model show that the spatial distribution of 
statistical dislocation sources and polar dislocations, and dislocation accumulation along the grain boundaries and passivation layers, are 
responsible for these experimentally observed size effects. Continuum representation of the microscopic features, such as operation of 
dislocation sources and interaction of grain boundaries with dislocations, will also be discussed in this talk.  

 
INTRODUCTION 

    
   It is observed in an array of experiments that plastic response of micron-sized crystalline solids depends on the size of the 
specimen (e.g. Uchic et al., 2004; Xiang and Vlasaak, 2006). Smaller specimens show a stiffer mechanical response and a 
significantly stronger Bauschinger effect in comparison to the large-sized specimens. The classical continuum plasticity 
approach cannot model these size effects due to the absence an explicit representation of dislocations. A mesoscopic field 
model of dislocation mechanics (MFDM), developed by (Acharya and Roy, 2006), can simulate permanent deformation at 
the mesoscale. The evolution equation for mesoscale dislocation density imposes a jump condition across a material 
interface. This jump condition allows modeling of interaction of dislocations with interfaces (Acharya, 2007).  
   A study of the effect of sample size on the mechanical response of single crystals and multicrystalline thin films using 
MFDM will be presented in this talk. The equations of MFDM are briefly discussed in the next section, followed by a 
description of crucial results. The paper ends with some concluding remarks. 
 

THEORY 
 
   A fine scale field model of dislocation mechanics (FDM) combines the conventional plasticity framework and the theory 
of continuously distributed defects (Kroner 1981; Mura 1963) by specifying the rate of change of plastic distortion as 
(Acharya, 2001), 

   !" # = % × '                    (1) 

where % is the polar dislocation density tensor field and ' represents the velocity of polar dislocations. !# is decomposed 

uniquely into compatible and incompatible parts as (Acharya and Roy, 2006), 
      !# = ()*+, − χχχχ                (2) 

where the gradient of the vector field , represents the compatible part of !# and χχχχ represents the incompatible part of !#. χχχχ 

cannot be written as a non-trivial gradient and is given by, 

                   ./)0	χχχχ = %, +23	χχχχ = 4, χχχχ5 = 4 on ∂B                (3) 

where 5 is the unit normal on the boundary ∂B of the body. The field , obeys the relation, 

          +236()*+	," 7 = +23!" #                (4) 

   The highly nonlinear transport of polar dislocation density is characterized by a partial differential equation based on the 
conservation of Burgers vector: 

   	%" = −./)0!" #              (5) 

   The stress tensor and polar dislocation velocity need to be specified constitutively. FDM has been shown to predict the 
stress field of a single dislocation using linear elasticity (Roy and Acharya, 2005) as well as model the evolution of single 
dislocation and dislocation walls using non-convex energy (Das et. al, 2013, Zhang et al. 2015). An elementary space-time 
averaging of the equations of this fine scale model results in the mesoscopic field dislocation mechanics model (Acharya 
and Roy (2006)). On averaging, all of the above equations have the same form except the equation for the rate of plastic 
distortion. The average rate of plastic distortion is calculated as follows: 

              !8" # = % × '99999999 = %8 × '8 + ;#             (6) 

where bar represents the averaged quantity. ;# represents that part of the total slip strain rate which is not represented by the 

slipping produced by the averaged polar dislocation density. Thus, MFDM incorporates the plastic slip due to the long range 
interactions of polar dislocations as well as the short range interactions of statistical dislocations. In the MFDM model, the 
stress tensor, mean signed velocity of dislocation segments, and ;# need to be specified constitutively based on the non-
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negativity of plastic work. Linear elasticity is used in the problems that will be presented in this talk. MFDM is 
implemented using the finite element method, as described in Roy and Acharya (2006) and Puri et al. (2009). 

 
RESULTS 

 
Size effect in single crystals (Puri et al., 2009) 
   MFDM was used to model the experimentally observed size effects in unconstrained single crystals (Uchic et al. (2004)). 
For problems mentioned in this subsection, ;# is based on the J2 plasticity model. Two different cases were considered. In 

the first case, cubical samples with a predefined spatial distribution of statistical dislocation sources were considered and in 
the second case, an initial predefined distribution of polar dislocation density was considered. It was deduced from these 
numerical experiments that the discrete description of sources and physical length scales in dislocation velocity cause size 
effect in unconstrained single crystals. Also, the mechanical response of these specimens changed significantly on changing 
the spatial distribution of statistical dislocation sources. 
 
Size effect in multicrystalline thin films (Puri et al., 2011) 
   The effect of film thickness, grain orientation, grain boundary constraints to plastic flow, and surface passivation on the 
mechanical response of multicrystalline thin films was studied using MFDM. ;# was specified using the crystal plasticity 

model with a nonlinear kinematic hardening law based on the Armstrong-Frederick (1966) form. The back stress was 
assumed to be a function of polar dislocation density tensor. The jump condition, imposed by the evolution equation for 
polar dislocation density, was used to model different plastic flow conditions through a grain boundary. It was found that 
dislocation accumulation along the constraints, such as grain boundaries and passivation layers, is responsible for the strong 
size and Bauschinger effect in thin films undergoing subsequent cycles of loading and unloading. 
 

CONCLUSIONS 
 

   MFDM successfully modeled the size effects in mechanical response of crystalline solids, caused by discrete 
microstructures, such as a network of polar dislocations, distribution of statistical dislocation sources, and grain boundaries. 
The novel feature is that the effect and evolution of these microstructures can be reliably modeled using this continuum 
approach at physically reasonable strain rates. 
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Summary In the following, we examine the theoretical structure and numerical predictions of micropolar and Gurtin type models of higher-
order single crystal plasticity. The models are discussed within a continuum thermodynamic setting, which facilitates identification of
equivalent terms and their roles in the respective models. Finite element simulations are used to elucidate the various scale-dependent
strengthening mechanisms and their effect of material response. Our analysis shows that the two theories contain many analogous features
and qualitatively predict the same trends in mechanical behavior, in spite of substantially different points of departure. This is significant
since the micropolar theory affords a simpler numerical implementation that is less computationally expensive.

INTRODUCTION

Generalized single crystal plasticity theories can be separated into two distinct classes: i) low-order theories and ii) higher-
order theories, which are differentiated, in part, by the order of the governing differential equations. Higher-order theories
are further subdivided into work conjugate and non-work conjugate theories [1], with the distinction that work conjugate
theories feature higher-order stress measures (hyperstresses) and nonstandard expressions of deformation power. Higher-
order theories have recently gained favor amongst researchers since they admit boundary conditions on slip or alternative
supplementary kinematic variables that are necessary for modeling certain classes of problems. In the following, we examine
both Gurtin type and micropolar theories of single crystal plasticity. A key aspect of work conjugate higher-order theories is
the separation of gradient strengthening effects into energetic and dissipative contributions. Energetic gradient effects reflect
scale-dependent behavior that emerges from the free energy dependence on nonlocal variables, whereas dissipative gradient
effects contribute to size-dependent dissipation. It has been argued that both energetic and dissipative gradient behavior must
be accounted for in order to capture trends exhibited for certain sets of experimental data. Gurtin’s [2] model has been adopted
and advanced by many researchers, therefore, it is beneficial to understand how alternative nonlocal theories relate to it. We
have been working with one such alternative, micropolar single crystal plasticity [3], that built upon earlier work of Forest and
collaborators [4]. Despite appreciable foundational differences, the micropolar model was demonstrated to predict many of the
same trends in scale-dependent behavior as exhibited by Gurtin type theories. Significantly, both models have also established
that they can capture certain aspects of two-dimensional discrete dislocation dynamics simulations [5, 6]. Motivated by these
results and the fact that the micropolar theory offers a simpler and less computationally expensive numerical implementation,
we explore the relationship between the two frameworks.

MODEL SUMMARY AND METHODS

The essential distinction between the micropolar and Gurtin type theories is that the additional power conjugate kinematic
variables in the former are introduced via a microrotation field, whereas the slip system shears are used in the latter. Some
consequences of choosing the slip system shears, i.e. inelastic variables, as the additional micro degrees-of-freedom (dof)
are: (1) an alternative thermodynamic approach in which energetic-dissipative decompositions are proposed for the thermo-
dynamic tensions rather than proposing elastic-plastic decompositions for the thermodynamic displacements associated with
the newly introduced micro dofs, (2) the admissibility of Dirichlet boundary conditions on slip fields, and (3) a more com-
putationally expensive formulation since the number of global dofs scales with the number of slip systems considered. Due
to these foundational differences, we have carried both theoretical and finite element (FE) analysis to study the relationships
between the seemingly disparate approaches generalized single crystal plasticity. To do so, we cast the governing equations
of the respective theories within a thermodynamic setting to facilitate the identification of equivalent terms and to ensure that
the proposed constitutive equations are thermodynamically consistent. Attendant FE simulations are used to demonstrate the
qualitative agreement of several aspects of predicted scale-dependent material behavior. The simulation results also high-
light model differences that become apparent when dissipative gradient behavior is considered, which is directly related to
underlying structural differences of the governing equations.

∗Corresponding author. Email: jmayeur@lanl.gov



RESULTS AND DISCUSSION

Theoretical comparison of the Gurtin type and micropolar models reveals marked similarities between the frameworks
and also some important differences. Both models were developed to describe the scale-dependent mechanical response
due to the presence of geometrically necessary dislocations (GNDs). Significantly, the models contain back stresses that
are proportional to GND density and/or lattice torsion-curvature gradients and arise from the higher-order balance laws. By
presenting the models within a thermodynamic setting, we were able to establish numerous model equivalences with respect
to the kinematics, kinetics, and dissipative constitutive relations. Comparison of simulation results demonstrates that the
two models predict the same qualitative scale-dependent trends in material behavior when isotropic and energetic gradient
strengthening components are isolated, an example of which is shown in Figure 1. Figure 1 shows the cumulative slip
contours for a two-dimensional particle reinforced composite material predicted by both models. However, when dissipative
gradient effects are active, the models give noticeably different responses, which ultimately can be traced back to the choice
of micro dofs within each theory. In the Gurtin type theory, dissipative gradient strengthening can be isolated in the sense that
it can be active even in the absence of energetic gradient strengthening. This scenario is precluded in the micropolar theory
where it is possible to have energetic gradient strengthening without dissipative gradient effects, but not vice versa. This result
is illustrated by comparing the microforce balance from Gurtin’s theory to the inverted flow rule from the micropolar theory,
both of which have been augmented by specific constitutive equations:

τα + g̃0ℓ
2
en∇ · [(∇γα · sα) sα] + L2

d∇ ·
[
g̃α
(

dα

d0

) 1
m (∇γ̇α · sα) sα

dα

]
↗g̃α

(
dα

d0

) 1
m γ̇α

dα
= 0 (1)

τα + µℓ2et
α ·
∏
∇ · κ̄T)↗µℓ2e

Lp
tα ·

⎛

⎝∇ ·
∑

β

ϕβ⊥s
β ⊗ tβ

⎞

⎠↗gα
(
λ̇α

λ̇0

) 1
m
γ̇α

λ̇α
= 0 (2)

Note that the energetic and dissipative length scales appear isolated in separate terms in Eq. (1), whereas the third term in
the inverted micropolar flow rule (Eq. (2)) contains both the elastic and plastic length scales. Therefore, both energetic and
dissipative gradient effects are eliminated when ℓe = 0; however, specifying a large value for Lp suppresses the dissipative
gradient term irrespective of the value of ℓe. Another, perhaps more subtle, difference revealed by Eqs. (1) and (2) is that the
dissipative gradient term in the microforce balance is a function of slip rate gradients, while it is a function of total plastic
curvature in the inverted micropolar flow rule. These differences and their impact on predicted size-dependent behavior of
polycrystalline ensembles will be explored in future work.

(a) (b)

Figure 1: Contours of cumulative slip at y = 0.006 (a) micropolar model and (b) Gurtin type model [5] (H = C).
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A MINIMAL GRADIENT-ENHANCEMENT OF CRYSTAL PLASTICITY THEORY
Henryk Petryk∗1 and Stanislaw Stupkiewicz1

1Institute of Fundamental Technological Research (IPPT), Polish Academy of Sciences, Warsaw, Poland
Summary A minimal gradient-enhancement of the continuum multislip theory of crystal plasticity for incorporating size effects is proposed.
The concept of the tensorial density of geometrically necessary dislocations generated by in-plane slip gradients is combined with the
classical Taylor formula for a flow stress. The derived internal length scale is expressed through standard parameters so that no extra
assumption is needed to define a characteristic length. It is shown that this internal length scale is related to the mean free path of dislocations
and hence possesses physical interpretation which is frequently missing in other gradient-plasticity models. While the resulting gradient-
enhancement is extremely simple and involves no adjustable length-scale parameter, its verification by 3D finite element simulations of
spherical indentation in a Cu single crystal shows good agreement with the experimentally observable size effect.

INTRODUCTION

The classical continuum theory of single crystals deformed plastically by multislip at finite strain [1] involves no internal
length scale. To incorporate size effects, a number of strain-gradient theories of crystal plasticity have been proposed that
use different sets of basic assumptions and exhibit different degrees of complexity, cf. [2, 3, 4]. The number of related 3D
examples calculated with the use of a full set of slip systems is rather limited, which indicates the current need for developing
a simple and verifiable gradient-enhanced crystal plasticity model. The following question is examined here: how to include
the effect of the slip-rate gradients in a possibly simple way such that the internal length scale possess a physical meaning.

THE MAIN CONCEPT

We begin with the well-known observation [2] that the total dislocation density as an internal state variable is affected
by slip-rate gradients that induce geometrically necessary dislocations (GNDs). Instead of analyzing GNDs separately for
different slip systems and dislocation types as in more complex theories, the main concept here for monotonic deformation is
as follows: while a fully general hardening moduli matrix (hαβ) is taken from the classical theory, the gradient-enhancement
is restricted to isotropic hardening part only. As the outcome, the following compact formula has been derived:

τ̇ cα =
!

β

hαβ γ̇β + θℓχ̇ .

Here, τ cα is the current critical value of the resolved shear stress τα and γ̇α ≥ 0 is the slip-rate on the α-th slip system, so
that without the last term we have the classical hardening law. In the gradient-sensitive last term of the derived form, ℓ is an
internal length scale, θ an isotropic hardening modulus, and χ̇ the ‘effective’ plastic strain gradient rate defined by

χ̇ = |
!

α

(mα×
−T

Fp ∇γ̇α)⊗ sα| ,

where mα ⊗ sα denotes the α-th slip system dyad, Fp the plastic deformation gradient, and∇ a reference gradient.
In particular, if the classical Taylor formula τ = aµb

√
ρ is adopted for an isotropic part τ of τ cα then the factor standing at

χ̇ above takes the specific form

θℓ =
a2µ2b

2τ
,

where the coefficient a, elastic shear modulus µ and Burgers vector modulus b are known constants for a given material. The
gradient enhancement of any size-independent hardening rule τ̇ cα =

"
β hαβ γ̇β by the term θℓχ̇ is thus obtained in a definite

way, with no length-scale parameter left free for describing the effects of slip-rate gradients represented by χ̇.
This minimal gradient-enhancement of crystal plasticity, as briefly outlined above, has not been found in the literature.
We have also shown that ℓ above is related to the mean free path of dislocations in a manner dependent on the dynamic

recovery (annihilation) term in the equation for the net storage of dislocations [5] other than GNDs, and reduces to the
dislocation mean free path in the special case when the annihilation term is disregarded. Hence, the present internal length
scale ℓ possesses physical interpretation which is frequently missing in other gradient-plasticity models.

3D EXAMPLE: FINITE ELEMENT SIMULATION OF SPHERICAL INDENTATION

The gradient-enhanced crystal plasticity model has been implemented in a displacement-based finite element (FE) code.
Incremental constitutive equations have been obtained by applying the implicit backward-Euler time integration scheme.

∗Corresponding author. Email: hpetryk@ippt.pan.pl
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MICROSTRUCTURE EVOLUTION IN PLASTICITY

Tuncay Yalçinkaya∗1
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Summary Deformation of polycrystalline metallic materials induces intrinsic formation and evolution of various types of microstructures
at different length scales due to different underlying physical mechanisms affecting the plasticity, damage and fracture behavior. At nano-
micro scale metals under irradiation develop certain zones free from irradiation and localization occurs in these areas as so-called clear
bands affecting the ductility and the failure of the material. At meso scale dislocations form various dislocation cell structures induced by
the deformation. At grain level polycrystalline materials develop stress and strain localization around the grain boundaries which could lead
to inter-granular cracking e.g. through stress corrosion cracking. These are some examples to illustrate the influence of the microstructure
on the global behavior of materials. In this context, the current work addresses different microstructure formation examples, focusing
especially on the inter-granular deformation localization, through a strain gradient crystal plasticity framework and links it to different
failure mechanisms.

THE MODEL

The employed crystal plasticity framework is developed in [1] as a non-convex model for deformation patterning mod-
elling in single crystals. In this paper the convex counter-part of the model is also employed to model the inter-granular
microstructure evolution in metallic materials (see (1)). The model is based on the additive decomposition of the strain into
elastic and plastic components and the plastic slip field evolution is governed by

γ̇α = γ̇α
0 (|τα +∇ · ξα|/sα)

1
m sign(τα +∇ · ξα) (1)

where τα = σ : Pα is the resolved Schmid stress on the slip systems with P
α = 1

2
(sα ⊗ n

α + n
α ⊗ s

α), the symmetrized
Schmid tensor, where sα and n

α are the unit slip direction vector and unit normal vector on slip system α, respectively and ξα

is the microstress vector ξα = ∂ψ∇γ/∂∇γα = A∇γα bringing the plastic slip gradients into the plasticity formulation. A is
a scalar quantity, which includes an internal length scale parameter, and in this work it is defined as A = ER2/(16(1− ν2))
as used in [2] where R is a typical length scale for dislocation interactions. In these types of models the internal length scale
could be related to different microstructural features and the value would vary, e.g. [4] relates it to dislocation spacing, and
[5] to grain size. In the following example we relate R to a certain percentage of the grain size to study its influence. (1)
is considered as one of the governing equations together with linear momentum balance which are weighted, integrated and
linearized in the finite element context and implemented as a coupled user element subroutine in ABAQUS software.

EXAMPLE

The current example concerns the inter-granular localization and its macroscopic size-effect in polycrystalline materials.
Different geometries of polycrystalline aggregates containing 14, 110 or 212 grains are considered through Voronoi tessellation
[3] Fig. 1. For each aggregate three different average grain sizes are used: Davg=50, 100 and 150µm. This compares well
with the average grain sizes of AISI 304 stainless steels (1 to 47µm, [6]) and AISI 316L (13 to 107µm [7]).

Displacement loads are applied to the left and right edges in the global -X direction (left edge) and the global +X di-
rection (right edge), resulting in macroscopic < ϵ11 >=10 %. The symbol ⟨⟩ represents the Macaulay bracket, indicating a

Figure 1: 14, 110 and 212 grain models. Grain orientations are given by local coordinate systems.
∗Corresponding author. Email: yalcinka@metu.edu.tr



macroscopically averaged value. Rigid body movement is prevented by fixing the bottom left and bottom right nodes of the
model in global Y direction. Material parameters are taken directly from the literature [1] and are used to demonstrate the
strain gradient effects in the polycrstalline aggregates. The results of the heterogeneous local stress and strain distributions are
presented in Fig. 2.

Figure 2: The effect of strain rates on the stress fields in a 14 grain aggregate with R/Davg=5 % (on the left). The effect of
different R/Davg ratios on the stress fields in a 110 grain aggregrate with ϵ̇=0.02 s−1 (on the right).

CONCLUSIONS

In this paper a strain gradient crystal plasticity approach is applied for inter-granular deformation localization in polycrys-
talline materials. The presented results illustrate the influence of the deformation rate, boundary conditions and the grain size
on the heterogeneous microscopic plastic deformation distribution. Macroscopic constitutive response and the intra-granular
localization aspects through a non-convex potential term will be further discussed.
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MODELING THE MECHANICAL PROPERTIES OF FCC POLYCRYSTALLINE 
METALS WITH HIERARCHICAL TWINS 

 
Linli Zhu1, a) , Shaoxing Qu1, Xiang Guo2 &Jian Lu3, a) 

1Department of Engineering Mechanics and Key Laboratory of Soft Machines and Smart Devices of Zhejiang 
Province, Zhejiang University, Hangzhou 310027, Zhejiang Province, China 

2School of Mechanical Engineering, Tianjin University, Tianjin 300072, China 
3Department of Mechanical and Biomedical Engineering, City University of Hong Kong, Hong Kong, China 

 
Summary Experiments demonstrated that the polycrystalline face-centered cubic (fcc) metals with hierarchical twins performed the 
higher yield strength with keeping a good elongation. In this work, the extended-dislocation density-based plastic model for constitutive 
description of nanotwinned fcc metals is applied to simulate the twin spacing and grain size-dependent mechanical properties such as the 
yield strength and ductility in hierarchically nanotwinned fcc metals. A analytical model on nucleating the deformation twins is also 
addressed to predict the critical twin spacing in the lowest twin lamellae for generating the subordinate twins. The numerical results show 
that the global flow stresses are sensitive to the twin spacings in different levels and the grain size. The existence of the hierarchical 
nanotwins gives rise to the significant enhancement in the strength, and the predicted failure strain decreases with decreasing the twin 
spacing. The size-dependent critical twin spacing for generating subordinate twins is also studied in details. 
 

INTRODUCTION 
 
The simultaneously high strength and good ductility in nanostructured metallic material is expected in applications of 
metals and alloys in modern technologies. This expectation can be realized through various approaches, for example mixing 
the various sizes of microstructures in nanostructured materials [1] and generating internal boundaries in polycrystalline 
metals [2]. Nanotwinned metals have been proved to possess a good combination of strength and ductility[3]and considered 
to be suitable for the applications where both factors are important. Such metals derive their reinforced mechanical 
performance from the intrinsic properties of twin lamellae, which includes the inner twin boundaries acting as the obstacles 
to move the dislocations and the increasing twinning partials benefit to the pronounced strain hardening.  
  Through the surface mechanical attrition treatment (SMAT) or equal-channel angular processing (ECAP), the primary 
and secondary nanoscale twin lamellae have been observed in the ultrafine/nanocrystalline [4], and the secondary and 
tertiary nanotwins also have been monitored in TWIP steels[5,6]. These hierarchical nanotwins are beneficial to enhancing 
simultaneously the strength and ductility in the fcc polycrystalline metals. Motivated by these observations, a theoretical 
model to predict the relationship between the hierarchical twins and the mechanical properties is needed. In the present 
work, the mechanism-based generalized strain gradient plasticity model of nanotwinned metals is extended for the case of 
the hierarchically nanotwinned polycrystalline fcc metals in order to study the twin spacing and grain size dependence of 
the yield strength and tensile elongation in these hierarchical nanostructures. 
 

A SETUP OF THEORETICAL MODEL 
 
The twin boundaries are often regarded as the additional blocks for the dislocations movement. Due to the appearance of 
hierarchical twin lamellae in nanotwinned fcc metals [5,6], the volume fraction of twin boundaries will increase 
dramatically. Due to a plenty of dislocations accumulated along these boundaries, the dislocation pileup zones (DPZ) of 
twin boundaries and grain boundaries are introduced in the nanotwinned polycrystalline fcc metals. Since there exists 
significant strain gradient in the DPZs, the mechanism-based strain gradient plasticity theory[7] is adopted here to simulate 
the constitutive relation of the polycrystalline fcc metal with hierarchical nanotwins. Here, the Taylor-type flow stress is 
presented in the elastoplastic constitutive model, expressed as[8] 

N
i

flow I GB TB
i

M bV DP U U U � �¦ ,                                  (1) 

where IU  is the dislocation density in the interior crystal, GBU  and i
TBU  are the ones in the GBDPZ and the dislocation 

densities in the TBDPZs in ith layer of twin lamellae. N is the order of hierarchical twin lamellae. M ,D , P  and b  are 
the Taylor modulus, the empirical constant, the shear modulus and the Burger constant, respectively. Since the onset of 
fracture in materials often originates from the nucleation of dislocations. In describing cracks associated with dislocations, 
the opening crack can be represented by a continuous array of dislocations [9]. When the crack grows, more dislocations 
will be nucleated at the front of the crack. Based on this point of view, the stress-based failure criterion is proposed to 
evaluate the uniform elongation of the hierarchically nanotwinned metal as follows 

L
flow critW Wt .               (2) 
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THE MECHANICAL BEHAVIOR OF GOLD-POLYMER NANOCOMPOSITES: A
NUMERICAL STUDY

Edgar Husser1, Celal Soyarslan2, and Swantje Bargmann∗1,2

1Institute of Materials Research, Materials Mechanics, Helmholtz-Zentrum Geesthacht, Geesthacht, Germany
2Institute of Continuum Mechanics and Material Mechanics, Hamburg University of Technology, Germany

Summary Inhomogeneities in plastic shear affect the work hardening of small-scaled plastic crystals by causing storage of geometrically
necessary dislocations (GNDs). One widely observed phenomenon is the yield stress drop after reversal loading, termed as mechanical
Bauschinger effect. This effect is attributed to internal back stresses which arise due to accumulated GNDs in the material. The focus of this
contribution is to present an explicit modeling approach for the Bauschinger effect by accounting additionally for reverse GND interactions.
This effect is found to be very pronounced in gold-polymer nanocomposites. For that reason, cyclic shearing of gold single crystals of two
characteristic sample sizes has been performed in the three-dimensional framework. As a demonstrative example, a single slip crystal set-up
is considered where the reverse direction is explicitly incorporated.

INTRODUCTION

Non-local, continuum-based crystal plasticity models are well suited for numerical studies of the mechanics of crystals at
small scales. For instance, former studies have shown that localized plasticity as commonly observed in microcompression
experiments can be very well reproduced by strain gradient models, cf. [1], where in general, the coupling between GND
densities and plastic strain gradients introduces a size dependence within the constitutive model. With respect to microbending
tests, non-idealized boundary conditions other than microfree or microhard allow to account for a more realistic interplay
between dislocations and surfaces leading to more pronounced size effects, see [2, 3]. A numerical example is presented to
demonstrate the effect of reverse GND interactions on the mechanical response of a single crystal under cyclic loading.

DUAL-MIXED CRYSTAL PLASTICITY FRAMEWORK

In this work, the strain gradient crystal plasticity model is based on the large deformation theory, i.e., the deformation
gradient F = F E · F P is split multiplicatively into an elastic F E and a plastic part F P. In turn, this leads to the definition
of the (intermediate or elastic) right Cauchy-Green strain tensor CE = F T

E · F E. Following a thermodynamically consistent
formulation, all constitutive relations have their origin in the postulated free energy density ψi(CE,γ,∇iγ), where γ is a set
of α↗slip systems and ∇iγ represent their gradients with respect to the intermediate configuration as is henceforth denoted
by the index i. Moreover, an additive decomposition of the free energy is assumed into elastic ψe

i , local hardening ψl
i , and

gradient hardening ψg
i (non-local) contribution, i.e.,

ψi(CE,γ,∇iγ) = ψe
i (CE) + ψl

i(γ) + ψg
i (∇iγ). (1)

From the concept of work-conjugated variables, one can find the following constitutive relations: the second Piola-Kirchhoff
(PK) stress SE = 2∂ψ/∂CE and the first PK stress P = F E · SE · F−T

P ; the local microstress κl
α = ∂ψ/∂γα; the non-local

(vectorial) microstress κg
α = ∂ψ/∂∇iγα. The latter results in the non-local back stress κb

α = Divi(κ
g
α) and extents the

flow function to read: φα = τα ↗κl
α + κb

α ↗Yα where Yα denotes the critical resolved shear stress of the slip system and
τα = sα · SE ·CE · nα is the resolved shear stress. As usual, each slip system α is determined by an orthonormal system of
vectors comprising slip direction sα, transverse direction nα, and slip plane normal nα. Finally, the flow rule reads

γ̇α = γ̇0

!
< φα >

C0

"m
, (2)

with material parameters γ̇0, C0, and m. Eq. (2) represents a local and slip system-based field relation which is coupled with
globally defined GND densities giα via back stresses κb

α. GND densities are taken to evolve in the form

ġiα =
#

β

f (nα · nβ) giβ [sα · sβ ] γ̇α +
#

β

giβ [nα · sβ ] γ̇α↗
1

b
∇iγ̇α · sα. (3)

While the last term is a well-known measure for edge-type GND densities, i.e., the projected slip gradient per closest-packed
interatomic spacing (Burgers vector magnitude), the other two terms account for contributions of interfering GNDs. In this

∗Corresponding author. Email: swantje.bargmann@tu-harburg.de
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UNDERSTANDING PRISMATIC DISLOCATION LOOPS IN MG BY MEANS OF LARGE
SCALE AB-INITIO SIMULATIONS

Mauricio Ponga, ∗1, Kaushik Bhattacharya2, and Michael Ortiz2

1Department of Mechanical Engineering, The University of British Columbia, Vancouver, BC, Canada.
2Division of Engineering and Applied Science, California Institute of Technology, Pasadena, CA, USA.

Summary Partial dislocation loops of different sizes have been studied with the novel Coarse-Graining Density Functional Theory method
(CG-DFT). The CG-DFT method uses a combination of a linear scaling technique in addition to a coarse-grained description achieving a
sublinear scaling with respect to the number of electrons in the system. This ability allows us to study Partial Dislocation Loops (PDLs) in
Magnesium (Mg) including the true and long range elastic effect with quantum mechanics. The binding energy of loops of different size
were measured for cell sizes including approximately 100,000 atoms. Our simulations reveal that vacancies tend to collapse in cluster of
vacancies leading to the formation of nanovoids and ultimately to PDLs.

INTRODUCTION

Density Functional Theory (DFT) [1, 2] have been played a significant role in accurately predicting many aspects of
materials behavior over the last two decades. DFT reduces the many-body Schrodinger equation of interacting electrons into
an equivalent problem of non-interacting electrons in an effective mean field that is governed by electron-density greatly
reducing the complexity of the original problem [2]. A major drawback, however, is that the complexity of DFT equations
scale to the cube with the number of electrons in the system making the calculation of large samples prohibitively expensive
[3, 4, 5, 6]. To tackle this challenge, a number of linear scaling algorithms have been developed exploring different properties
of the density matrix, spectral quadratures, etc. [7, 8, 9]. However, in the study of crystalline defects, an extra challenge is
encountered since the concentration of defects is as low as part per million atoms or less and linear scaling does not suffice
this issue.

In this work, we apply a coarse-graining approach for the DFT of Ponga et al. [10]. The CG-DFT method is based on
a linear scaling method and a spatial reduction of the computational domain through judicious kinematic constrains. The
spatial discretization is taken to be dense near defects, but coarse in the vast regions of asymptotic decay. This adaptive mesh
discretization greatly reduces the size of the problem with little loss of accuracy leading to a sublinear scaling.

The CG-DFT approach is implemented in our computational platform, MacroDFT, that has been validated with different
test problems involving defects in Mg-HCP [10]. In this work we seek to understand the mechanisms that create such PDLs
and their associated biding energy including the long range elastic field of the defect.

METHODOLOGY AND RESULTS

In this work we have applied the CG-DFT method developed by Ponga et al. [10]. The CG-DFT is based on the Linear
Scaling Gauss Quadrature Method [11] and a coarse-grained approach similar to the one proposed by Gavini et al. [12]. The
main advantage of CG-DFT is that the calculation of the electronic quantities and energies can be achieved at a sublinear
scaling cost O(Np), where N is the number of electrons in the system and p < 1. This properties allows the simulation of
computational cells with large number of atoms.

We have implemented and studied the LSSGQ method with Hexagonal-Closed-Packed Magnesium. We use a real space
Bulk-derived Local Pseudopotential (BLPS) [13] and the Local Density Approximation (LDA) for the exchange and corre-
lation functional [14]. The SCF iteration is accelerated using the Broyden multisecant method combined with mixing, as
proposed by Fang and Saad [15]. The energy-convergence tolerance is set to 10−5 eV. The equilibrium configurations of the
nuclei are obtained by energy-minimization using a non-linear conjugate gradient [16] based on the Hellman-Feynman forces.
The force-convergence tolerance is set to 10−3 eV/Å per atom. These values are consistent with those used in other finite

Table 1: Binding energy for PDLs of different sizes after relaxation. In all cases, the number of atoms in the simulation is
approximately 100,000.

Sim1 Sim2 Sim3
Cluster Size [Atoms] 7 19 38
Binding energy [eV] 0.51 1.51 2.04

∗Corresponding author. Email: mponga@mech.ubc.ca



Figure 1: PDLs after energy relaxation. a) Electron density neat the defect, b) top view of the atoms that create the PDL and
c) cut along the [2110] plane.

difference methods [3] and plane wave methods. The implementation is parallelized using a domain decomposition technique
and the Message Passing Interface (MPI) library in combination with threads using OpenMP.

The minimum energy configuration for the bulk crystal is found at a = 3.109 Å and c/a = 1.626, and these are
consistent with values previously obtained with other ab-initio calculations with other pseudopotentials [13] (e. g. a = 3.11
Å and c/a = 1.624). Then, a cluster of vacancies of variable size is located at the center of a computational cell. The
computational cell is terminated by enforcing bulk conditions on all fields at the boundary of the cell. The overall length of
the computational domain is 36a0 × 36a0 × 36c0 containing 93,312 atoms. The values of the binding energy after energy
minimization are reported on Table 1.

CONCLUSIONS

In this work we have studied the binding energy of prismatic dislocation loops in Magnesium by using the Coarse-Grained
Density Functional Theory method. Our analysis includes the true long range elastic effect of dislocations and reveals that
vacancies are more like it to aggregate and collapse in a nanosized voids. This conclusion is based on the fact that the binding
energy of PDLs increases with the loop size. Therefore, larger cluster of vacancies are more energetically favorable than single
isolated vacancies. This result is important in many applications, including dynamic failure driven by nucleation, growth and
coalescence of nanovoids.
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Summary In the present contribution intrinsic and extrinsic size effects on the shear band propagation behavior in metallic glasses are
studied. To this end, a thermodynamically consistent finite strain viscoplasticity model is formulated. The strongly coupled and highly non-
linear system of field equations consisting of deformation, free volume and plastic strain field, is implemented into the finite element method,
resulting in a non-local model formulation. The results show that the proposed continuum plasticity model is well suited to predict stable or
delayed shear localization process with decreasing sample size. With an underlying microstructure, the material behavior in metallic glasses
can be significantly influenced, as demonstrated numerically in this contribution on the basis of porous structures.

INTRODUCTION

Despite their superb mechanical property combinations [1], their significantly flawed ductility at room temperature bounds
application of metallic glasses with homogeneous structure [2]. Various strategies to remedy this lack of ductility include pre-
deformation, synthesizing composite materials reinforced with a secondary crystalline phase or introduction of soft glass-glass
interfaces or pores. All these seemingly different strategies aim at proliferation of shear bands through extrinsic stress concen-
trators instead of a single catastrophic one. It is also known that reducing the sample size in the sub-micron range, experimental
observations indicate that the shear localization process is delayed or even suppressed [3], i.e., smaller is stronger. Mathemat-
ical modeling allows clarification of the interplay between intrinsic and extrinsic length scales by allowing try outs which are
mostly not accessible to experiments, see, e.g., [4, 5, 6] for numerical notch and defect sensitivity investigations. In this work
we elaborate further in this direction and report on our recent findings which demonstrate the influence and use of intrinsic
and extrinsic size effects in the amorphous metals making use of a gradient dependent continuum plasticity [7, 8] and various
specimen size and geometries and loading scenarios.

MODEL FORMULATION

The material model is formulated in the framework of continuum thermodynamics and rate variational methods. The
metallic glass consists of atoms of different sizes. This leads to a free volume ξ inside the material which determines the
inelastic deformation. The free volume generation ξ̇ = ζ γ̇ + ξ̇m is either induced by plastic shearing (i.e., plastic strain γ ) or
other mechanisms (i.e., diffusion, hydrostatic pressure or structural relaxation) which are accounted for by ξm. ζ denotes the
free-volume creation factor which accounts for the tension-compression asymmetry, characteristic for metallic glasses. In [9]
it is demonstrated that a von Mises-type plastic yield criterion and flow rule most accurately describes the plastic yield and
flow behavior of metallic glasses. As shown elsewhere [8], application of rate variational methods leads to the flow rule the
evolution equation for the free-volume generation as

ξ̇m =
!
vm

sξ1
s
ξ3

"
� �v(∇ξ)↗ vm

s
ξ3

!
p̄ + sξ2 [ξ ↗ξT]

"
, γ̇ = γ̇0

!
fp

c

"1/a
, (1)

where fp := τ̄ ↗ζ
!
p̄ + sξ2 [ξ ↗ξT]

"
+ ζ sξ1 � �v(∇ξ). sξ2 is a material constant representing the defect-free energy

coefficient, ξT denotes the fully annealed free volume, sξ1 the gradient free energy coefficient where its value depends on
the material lengthscale l, γ̇0 the reference strain (shearing) rate, a the strain-rate sensitivity parameter of the material, c the
intrinsic resistance, vm a frequency-like term and sξ3 a material constant representing the resistance to free-volume generation

due to mechanisms other than plastic shearing. Also p̄ = ↗1
3��(M) is the hydrostatic pressure and τ̄ :=

#
1
2 |��v(M )| the

equivalent shear stress in terms of the Mandel stress tensor M . Following [7], the model is completed by the evolution
equation for the cohesion ċ = c k ε̇

cosh
$̇

ξ
f⋆

% with the initial resistance c(0) = c0, the dimensionless fitting constant k and the

characteristic frequency f⋆. This strongly coupled and highly nonlinear system of equations is solved by different numerical
implementation schemes including implicit and explicit gradient computations leading to similar numerical results.

∗Corresponding author. Email: benjamin.klusemann@leuphana.de
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A micromechanical model for strain-induced crystallization in rubber

Christian Linder∗and Reza Rastak
Civil and Environmental Engineering, Stanford University, 473 Via Ortega, Stanford, CA 94305, USA

Summary A micromechanical model for strain-induced crystallization in rubber-like materials is proposed. Combining the evolution of
the crystallization of a single polymer chain with the maximal advance path based homogenization method, we are able to predict this
complex process. The crystallization of the material leads to an anisotropic mechanical response, which our model is able to capture.
The representative numerical simulation results are in good quantitative agreement to experimental data for both, uniaxial extension and
three-dimensional multiaxial simulations of strain induced crystallization around a cracked region.

INTRODUCTION

Many polymeric materials such as natural and synthetic rubbers, polyethylene, polyethylene terephthalate (PET), poly-
lactide (PLA) are subject to polymer crystallization under certain conditions. It can be observed in both vulcanized and
unvulcanized polymers well above the glass transition temperature. What is essential for this phenomenon is the chemical
composition of the material which must enable the crystallization in principle. Segments of the macromolecules have to
possess a mutually conforming atomistic structure so that they can arrange themselves into a regular crystalline order. Crys-
tallization occurs in materials which are essentially solids (crosslinked elastomers) or at least display solid-like stiff behavior
in short and moderate time limits (uncrosslinked plastics). This transition turns an amorphous solid into a partially crystalline
solid and is accompanied by volume change, being a first-order change. Unlike conventional crystallization this transition is
not rapid and does not cause any phase separation. In fact amorphous and crystalline fractions coexist and the ratio between
them changes gradually. The thermodynamics of this process is governed by the latent heat of fusion and the entropic free
energy change in the amorphous fraction. The relation between these two factors indicates whether the crystallization is ther-
modynamically admissible. Accordingly the crystallization can be triggered through influencing this relation either by thermal
action (decreasing the temperature) or by mechanical action (stretching the material). The latter is the key to strain-induced
crystallization (SIC) of polymers, to be considered in this work. In particular, we propose a micromechanical motivated model
mimicking the physical phenomena of SIC at the microscopic scale and incorporate it into the macroscopic response of poly-
meric materials through the development of a proper homogenization technique. Numerical simulation results are presented
including uniaxial tension tests and complex 3D simulation of SIC around a cracked region.

THEORY

The application of macroscopic strain to a polymer induces certain deformation of its network microstructure. Chains get
aligned with the directions of tension and attain stretch values which can reach magnitudes of several hundred percent. In
this highly stretched state chains display the tendency to form oriented crystallites of certain morphology. To describe the
crystallinity at the microscopic scale, we define the chain crystallinity fraction as the ratio of the semi-crystalline chains to the
totally amorphous chains in a specific orientation. Its evolution is constituted based on the physical principles of crystallization
thermodynamics and molecular kinetics of polymers [1], also adopted in recent computational works [2, 3]. This results in
micromechanical models with physically grounded material parameters.

The orientation and stretch of polymer chains play an essential role in the overall phenomenon of SIC. To correctly evolve
the crystallinity at the microscopic scale, the macroscopic deformation of the polymer will be connected to the microscopic
deformation through the recently developed maximal advance path homogenization framework [4]. This model assigns differ-
ent amounts of stretch in different orientations so that the evolving crystallinity can predict the resulting anisotropic response
of the material undergoing SIC. The model takes into account the network functionality as well as stretch variation over the
orientations using the kinematic tensorial constraint

⟨λ⊗ λ0⟩ =
1

|S0|

!

S0

λ(λ0)⊗ λ0 |dλ0| =
1

3
F̄ (1)

where F̄ is the isochoric portion of the deformation gradient and λ0 and λ represent the normalized unstretched and stretched
end-to-end vectors of the chains, respectively. The averaging symbol ⟨·⟩ in (1) is computed through an integration of the
integrant over all possible orientations of the unit sphere S0.

We will explore two methods of how to obtain the resulting crystallinity distribution over that orientation space S0. One
approach is to use the amount of crystallinity fraction at all the numerical integration points of S0. While this method is
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Figure 1: Stress (top left) and crystallinity (bottom left) response of natural rubber during uniaxial loading and unloading. The
numerical results (solid lines) are compared with experimental results (dashed lines) taken from [5]. Experimental [7] and
numerical results of the distribution of the degree of crystallinity around a Mode I crack tip are shown in the center and on the
right, respectively.

straightforward to implement, it does not provide a smooth representation of the crystallinity distribution. Alternatively,
a smooth function of the crystallinity distribution will be proposed. At each step, the rate of change of the parameters
describing that smooth distribution is obtained by computing the rate of change of the crystallinity of chains in different
orientations through a least-square minimization. Unlike the former method, the latter contains considerably less number
of history variables, is able to perform adaptive refinement of the integration scheme, and provides a smooth evolution of
crystallinity over the sphere.

RESULTS

We will use uniaxial experimental results of SIC to calibrate the parameters of our model. Figure 1 shows the stress-stretch
response of natural rubber (top left) as well as its crystallinity evolution (bottom left) and compares those with experiments
of [5]. The simulation assumes a viscoelastic response [6] in addition to the SIC constitutive model in order to capture the
large hysteresis of the stress curve. To examine multiaxial loading conditions and the effect of SIC on fatigue properties of
rubber, simulations are performed on a cracked specimen and the response of the material close to the crack tip is studied and
compared with experimental results provided in [7] (see right of Figure 1). In the future the micromechanical SIC model will
be used to examine the toughening of rubber also during the process of crack propagation [8, 9, 10].

References

[1] Flory, P. J.: Thermodynamics of crystallization in high polymers. I. Crystallization induced by stretching. The Journal of Chemical Physics, 15(6):397,
1947.

[2] Kroon, M.: A constitutive model for strain-crystallising rubber-like materials. Mechanics of Materials, 42(9):873-885, 2010.

[3] Mistry, S. J., Govindjee, S: A micro-mechanically based continuum model for strain-induced crystallization in natural rubber. International Journal of
Solids and Structures, 51(2):530-539, 2014.

[4] Tkachuk M., Linder C.: The maximal advance path constraint for the homogenization of materials with random network microstructure. Philosophical
Magazine, 92(22):2779-2808, 2012.

[5] Toki, S., Sics, I., Ran, S., Liu, L., Hsiao, B.S.: Molecular orientation and structural development in vulcanized polyisoprene rubbers during uniaxial
deformation by in situ synchrotron X-ray diffraction. Polymer, 44(19):6003-6011, 2003.

[6] Linder, C., Tkachuk, M., Miehe, C.: A micromechanically motivated diffusion-based transient network model and its incorporation into finite rubber
viscoelasticity. Journal of the Mechanics and Physics of Solids, 59(10):2134-2156, 2011.

[7] Rublon, P., Huneau, B., Verron, E., Saintier, N., Beurrot, S., Leygue, A., Mocuta, C., Thiaudière, D., Berghezan, D.: Multiaxial deformation and
strain-induced crystallization around a fatigue crack in natural rubber. Engineering Fracture Mechanics, 123:59-69, 2014.

[8] Linder, C., Zhang, C.: A marching cubes based failure surface propagation concept for three-dimensional finite elements with non-planar embedded
strong discontinuities of higher order kinematics. International Journal for Numerical Methods in Engineering, 96:339-372, 2013.

[9] Linder, C., Zhang, C.: Three-dimensional finite elements with embedded strong discontinuities to model failure in electromechanical coupled materials.
Computer Methods in Applied Mechanics and Engineering, 273:143-160, 2014.

[10] Raina, A., Linder, C.: A micromechanical model with strong discontinuities for failure in nonwovens at finite deformation. International Journal of
Solids and Structures, 75-76:247-259, 2015.



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

AXIALLY LOADED PRETWISTED NONLINEAR THIN PLATES: A STRAIN GRADIENT
ANALOGY

Alexis Kordolemis ∗1 and Paul M. Weaver1

1ACCIS, Department of Aerospace Engineering, University of Bristol, Bristol, United Kingdom

Summary In the present work a pre-twisted thin plate subjected to axial loading is analysed. The analysis is conducted within the framework
of linear elasticity assuming that the plate undergoes large deformations associated with small strains, i.e. the generalised Hookes law is
utilised. The problem is attacked under different conceptual perspectives. First, a classical structural theory is employed where the effect
of warping of the non-circular cross section of the plate is introduced. Adopting an energy variational statement the governing partial
differential equation is explicitly derived. Secondly, the problem is formulated in terms of second gradient elasticity theory involving only
one material length parameter , in addition to the two classical Lame constants. It is shown, by the analogy, that the material length parameter
can be expressed on physical ground through the geometrical aspects of the plate and the loading providing a thorough insight of the role of
micro-structure.

INTRODUCTION

The theory of thin plates has been used in the analysis of many high end technological applications in a range spanning the
micro-scale (e.g. electromechanical nano-films) to the macro-scale (e.g. air-foil blades, propellers). Many practical problems
regarding thin plates are solved primarily through the assumption of Kirchhoff-Love hypothesis provided that the stresses
normal to the neutral mid-plane are negligible compared to the stresses in the plane of the plate and the strains vary linearly
through the plate thickness. Numerous research efforts have been devoted to the loading and the imposed boundary conditions
as well as proposed solution methods depending on the problem at hand. Most of the time, in order for practical problems
to be solved various approximate methods have been used. i.e. finite element method, asymptotic analysis, etc.[1],[2],[3],[4].
Satisfactory agreement between experimental findings and theoretical formulations prove that this hypothesis works well in
real engineering problems.

CLASSICAL STRUCTURAL ANALYSIS

In the present work an initially twisted thin plate subjected to axial loading is discussed. We assume that the deflection
w of the plate’s mid-surface is of the same order of magnitude as of the thickness, h, and the in-plane displacements, namely
u, v, in the x, y direction respectively, are infinitesimal. Furthermore, in the non-linear strain-displacement relationship only
the non-linear terms that depend on the mid-surface deflection are retained. Under these assumptions the von Karman theory
for thin plates is employed.The plate’s material is assumed to be isotropic and linear elastic, i.e. the stress-strain relationship
will be provided through the generalised Hooke’s law.

The initial twist is assumed to vary linearly along the x-axis along which the axial load is applied and the cross sec-
tion of the thin plate experiences an additional displacement along this direction. Within this context, the von-Karman’s
strain-displacement relationships are modified, by including the warping terms, in order to account for the non-uniform twist
(restrained warping) of the plate’s cross section. It should be pointed out that in the initial twist a restriction is placed in such
a way that thin shallow shell theory is applicable.

The problem is formulated in terms of a variational statement through the expression of the energy density function of
the pre-twisted thin plate and the work done by the external forces where the body forces prescribed per unit area of the
mid-plane and the bi-moment related to the warping distortion of the cross section are included apart the boundary terms.
Minimising the potential energy of the plate four coupled governing equilibrium equations emerge with respect to the primary
unknowns, namely, the displacements and the warping displacement, along with the boundary condition expressions. Through
some lengthy but straightforward manipulations, the equations are decoupled and an explicit expression in terms of only the
deflection w is derived. To the authors’ knowledge, such an analytical expression describing the thin shallow shell mechanical
response only in terms of the deflection of the mid-surface does not exist in the literature and is presented here for the first
time. The analytical expression presented here refers to quasi-static loading conditions but it can be applicable to stability and
buckling analysis of thin shallow shells as well as in dynamic problems including the inertia terms.
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LINEAR ELASTIC STRAIN GRADIENT ANALYSIS

It is well known that when the dimensions of a structure become comparable to the size of its material micro-structure, size
effects are observed. Typical examples are thin plates and in general composite materials which are reinforced with particles
or fibers. Classical continuum mechanics theory, and hence classical linear elasticity theory, are inadequate to describe the
mechanical behaviour of such materials due to the lack of length scale parameters. In that essence, resort should be sought
to enhanced continuum theories where the role of the micro-structure is involved with the macro-structure through intrinsic
parameters entering the constitutive equations or the equations of motion of the considered elastic continuum. To put it
simply, generalised continuum theories come to play when the macroscopic mechanical behaviour becomes dependent on the
component size, i.e. the underlying micro-structure plays a dominant role.

In the simplest generalized continuum theories era two main schools of thought were established. The first school adopts
the idea that the material’s underlying micro-structure can be better addressed by inserting additional degrees of freedom
within the continuum. The first attempt in this direction was made by the Cosserat brothers[5] in the beginning of the past
century establishing the backbone of the so called higher order generalized theories[6]. The second school of thought adopts
another approach to interpret the effects of the underlying micro-structure, having as a basis the gradient of strain taken into
account into the strain energy density function. Various versions of these theories were established in the literature and the
key difference among them is related to the high order gradients taken under consideration each time. The more general case
is the multipolar theory where all the higher gradient of the strain taken into account[7]. First strain gradient and second strain
gradient theories are simplified versions of this category.

In the present work,the gradient elastic theory of form II due to Mindlin[8] is employed which has been used in many
practical engineering problems[9]. In this case, apart from the two classical Lame constants, only one material length param-
eter enters the constitutive equations which is related to the volumetric strain energy function of the material. This approach
constitutes a simplified version of the original Mindlin’s general theory of elasticity with micro-structure which involves five
material constants. Taking as a departure point the equilibrium and compatibility equations of a thin shallow shell under
axial loading the governing equation of equilibrium of gradient elastic shallow thin shell is explicitly derived. To the authors’
knowledge, the analytical expression presented here, describing the response of a gradient elastic thin shallow shell in terms
only of the mid-surface deflection w is not available in the literature and it is presented here for the first time.

CONCLUSIONS

In the present study, the problem of an initially twisted thin plate under axial loading is addressed. The problem is tackled
through two conceptually different methods and in both cases explicit expressions were derived. A direct analogy emerges
between the two approaches which enables the internal material parameter correlated to the underlying micro-structure to be
related through macroscopic geometrical aspects of the cross section of the pre-twisted plate, firmly placing the derivation on
physical grounds. Such kind of analogies can constitute a direct and thorough response to the main criticism of generalised
continuum theories that the intrinsic material parameters are physically meaningless in practical engineering problems.
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Summary The growth of nanovoids in crystalline metallic material is assessed experimentally as a function of the applied macroscopic
plastic strain, stress triaxiality and crystal orientation. Nanovoids - of diameter ranging from 20 to 80nm - are generated by performing
heavy-ion irradiation on austenitic steel, leading to a model material constituted of a well-defined nanovoids distribution. Pre- and post-
straining Transmission Electron Microscope (TEM) observations allow to quantify the growth and the evolution of aspect ratio as a function
of plastic strain. Size and crystal orientation effects are evaluated. Experiments are compared to the results of crystal plasticity finite element
simulations.

BACKGROUND

Numerous theoretical and numerical studies have been conducted to assess the growth of nanovoids under mechanical
loading [1], showing size effects (the lower the size of the void, the lower the growth rate), crystal orientation effects (growth
rate depending on the crystallographic orientation) and describing dislocation mechanisms involved as a function of the applied
macroscopic stress. However, very limited experimental data are available in literature, and only for high strain rates / high
applied stress. Thus the aim of this study is to assess experimentally nanovoid growth in the low stress regime, as a function
of applied strain, stress triaxiality and crystal orientation.

EXPERIMENTAL INVESTIGATIONS

Nanovoids are usually observed in metallic materials under irradiation in nuclear power plant. These voids come from in-
teractions between high energy particles and atoms of the material, that generate point defects ultimately leading to nanosized
defects [2]. Irradiation is therefore used here to generate well-defined distributions of nanovoids, creating a model nanoporous
material. Ion-irradiation was performed at the JANNuS facility [3] on austenitic steel (316L), leading to spherical nanovoids -
of diameter ranging from 20 to 80nm - in high density (Fig. 1), observed with Transmission Electron Microscope (TEM). As
void growth under mechanical loading is very sensitive to stress triaxiality [4], tensile and biaxial tensile samples were used
in this study. Post to irradiation, specimens were strained up to different levels of macroscopic plastic strain. Quantification of
the evolutions of void size and aspect ratio as a function of plastic strain and crystal orientation, for different stress triaxiality,
was done using TEM observations (Fig. 2).

RESULTS AND DISCUSSION

Nanovoid deformation under mechanical loading is shown to be sensitive to crystal orientation, as predicted by numerical
and theoretical predictions: for some orientations, the void aspect ratio stays close to unity, while very elongated voids have
been observed for other orientations (Fig. 2). The evolution of void size and aspect ratio as a function of plastic strain is
studied as a function of applied strain, for some crystal orientations. Results are finally compared to predictions of finite
elements simulations using crystal plasticity constitutive equations.

∗Corresponding author. Email: pierre-olivier.barrioz@cea.fr
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MOLECULAR DYNAMICS INVESTIGATION OF SINGLE CHAIN POLYMER
NANOPARTICLES
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Summary Single chain polymer nanoparticles (SCPN) have potential as building blocks for a new class of polymers. Here, a molec-
ular dynamics approach is utilized to investigate the mechanical properties of individual SCPN as a function of cross-link density. A
polyethylene-like polymer is used as the representative SCPN. It is shown that the cross-linked particles have a stiffer response to com-
pressive loading than have the linear ones. Adding cross-links does not directly increase bond-stretching and total potential energy of the
cross-linked particle. The cross-links do constrain the particle to remain relatively stable and respond to compression with increased angle,
dihedral and non-bonded energy.

INTRODUCTION

Polymer properties can be controlled independently of monomer chemistry by choice of underlying architecture. In this
sense, single chain polymer nanoparticle (SCPN) assemblies are an emerging paradigm for tailoring polymer properties. Here
we investigate the individual SCPN mechanical properties as a first step towards designing SCPN assembly-based polymers.
Specifically, we use molecular dynamics (MD) simulations to investigate a polyethylene (PE)-like SCPN as a function of
molecular weight and cross-link density.

METHODS

The structures of the SCPN are based on a linear PE chain 500 monomers long. The PE is explicitly represented with
atomic interactions captured by the Dreiding potential. The initial structure was generated using Amorphous Cell in Materials
Studio. A parallel MD code, LAMMPS, was used. Simulations were conducted under NVT dynamics with a Nosé-Hoover
thermostat used for the temperature control. The velocity-Verlet time stepping scheme was adopted with a time step of 0.1 fs.
The chain was collapsed into a particle by introducing an artificial atom at the center of mass that exerts an attractive force
onto each atom of the polymer chain. The collapsed chain was then annealed with the artificial atom removed. The total
momentum and the total angular momentum were set to be zero in order to cancel both translation and rotation of the chain.
The cross-linked PE particles were constructed from the fully equilibrated MD model for linear PE particles. Cross-links
were created between each pair of two active atoms within a preassigned distance range. This cross-linking was carried out
sequentially with cross-link assignments alternating with equilibration steps until the desired percentage of cross-links was
reached.

Figure 1: Schematic of MD
simulation of SCPN compres-
sion.

The prepared PE particles were then compressed by two rigid flat plates displaced toward
each other at a constant speed. The compression tests were implemented in LAMMPS. Rigid
flat plates of thickness 5 Å were placed above and below the prepared particle with a gap
of 10 Å as shown Figure 1. Repulsive forces were assigned between the plates and particle
by a non-bonded potential. The mechanical response for each particle type is averaged from
five different initial configurations. Force was calculated from the virial stress tensor as
a function of relative wall distance. Relative wall distance is defined as zplate/Rz where
zplate is the distance over the plate moves and Rz is the initial radius of the particle along

the compressive axis. Radius of gyration and energy components were also observed.

RESULTS AND DISCUSSION

SCPN with four different degrees of cross-linking were prepared: linear particles and cross-linked particles with 5%, 10%,
and 15% of cross-links. For instance, equilibrated MD models for 0% and 15% cross-linked SCPN are shown in Figure 2.
The cross-linked particles have a greater radius of gyration and higher potential energy than have the linear ones. However,
the degree of cross-linking made negligible difference in the radius of gyration and the total potential energy.

The responses of the SCPN to compressive loading are shown in Figure 3(a). It is observed that force responses are
relatively linear and have minimal difference among until a relative wall distance of 0.4. Beyond this wall distance, the
responses exhibit non-linearity and dependence on the cross-link density. The higher the degree of cross-linking, the stiffer
the response to compressive loading. The radii of gyration vary with compression. While the linear particles have the smallest

∗Corresponding author. Email: ms2682@cornell.edu
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NUMERICAL MODEL FOR DISLOCATION TRANSMISSION ACROSS PHASE
BOUNDARIES
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Summary A 2D FEM approach for studying dislocation-phase boundary interaction is proposed. By adopting the classical Peierls-Nabarro
model as a glide plane model, a natural interplay between dislocations, external boundaries and phase boundary is provided. Thereby the
local dislocation induced stress field in the vicinity of the phase boundary can be fully captured. Modelling dislocation dipoles (loops) in
a finite-sized grain introduces a grain-size dependency. With this model the effect of dislocations piling up against a phase boundary and
dislocation transmission are studied for a glide plane perpendicular to a fully coherent and non-damaging interface.

INTRODUCTION

Interface decohesion due to dislocation activity in polycrystalline microstructures is a complex processes that is not fully
understood yet. For a better insight into the underlying mechanisms numerical approaches are necessary in order to resolve
the small scale phenomena of dislocation-phase boundary interaction. Existing studies are based on atomistic simulations [1]
or Discrete Dislocation Dynamics (DDD) [2]. However, both approaches involve shortcomings such as limited spatial and
temporal scales (atomistics) or complicated numerical treatments of dislocations-phase boundary interactions (DDD).

METHODOLOGY

In the present research we propose a 2D FEM-approach, in which the aforementioned shortcomings of atomistic sim-
ulations and DDD are overcome. Embedded in a finite elastic medium lies a glide plane represented by a periodic shear
traction-disregistry (F -∆) law in accordance with the Peierls-Nabarro model [3]:

F (∆) =
µb

2πd
��n

!
2π∆

b

"
, (1)

with the shear modulus µ, the Burgers vector b and the interplanar spacing d – see Figure 1. A cohesive zone along the
phase boundary enables the simulation of interface crack nucleation due to dislocation induced stress concentrations. With
such a model, a natural interplay between dislocations, external boundary conditions and phase boundary is provided. It is
furthermore possible to break down the complexity of the problem into the investigation of the single influences of specific
parameters such as elastic parameters of the crystal and those of the glide plane and phase boundary.

In the present study we limit ourselves to a glide plane perpendicular to a fully coherent interface between two phases,
A and B, and neglect the effect of decohesion. By adopting point-symmetry on the left-hand side of the model (cf. Figure
1), dislocation dipoles are included. With this model it is possible to investigate the dislocation transmission across the fully
coherent interface as a function the material properties and grain size.

Considering dual phase materials where a dislocation moves towards a phase of higher shear modulus, a natural resistance
against dislocation transmission is present. This resistance is both material dependent and size dependent. The material
dependency is related to the phase contrast and leads to an increase of: 1) the dislocation induced repulsive shear stresses in
phase B and 2) the resistance against dislocation motion according to the original Peierls-Nabarro model. The size dependency
arises from the dislocation dipole self-stresses that strongly depend on the width of the dipole and thus on the size of grain
A, LA. An increase in self-stresses with decreasing LA becomes apparent and this in turn leads to a higher external stress
required for transmission of the dislocations to the harder phase B.

T

�

F

�
F0A

bA
F

�F0B

bB

elastic �B�A elastic

elasticelastic

Figure 1: Peierls-Nabarro FEM Model for dislocation interaction with a phase boundary.



RESULTS

By applying simple shear boundary conditions and pre-multiplying the glide plane stress according to Eq. (1) with a factor
C for phase B, the influence of the Peierls-Nabarro model alone on transmission of a single dislocation is studied. Figure 2
shows this for a pre-factor C = 2 and a grain size LA = 800b with a close-up view of the dislocation position and its induced
normal stress σxx for different shear strains γ.

After nucleation at γ = 0.2 · 10−2 the dislocation moves towards the interface and gets stuck. Only after increasing the
shear strain to γ = 5.1 · 10−2 the dislocation is transmitted to the second phase. It is noteworthy that in the course of the
transmission the normal stress σxx increases from a characteristic value in phase A (≈ 25.�� � �) to a higher characteristic
value in a phase B (≈ 3�.�� � �). This is an important finding for later considerations on interface failure and shows the
necessity of a high resolution for capturing the local stress field.

By allowing multiple dislocations to nucleate, a pileup can form as shown in figure 3. Instead of artificially amplifying
the Peierls-Nabarro model, the shear modulus of phase B is now enhanced with µB = 1.5µA. Like in the case of single
dislocation transmission, the grain size equals LA = 800b. The close-up view of the dislocation induced normal stress σxx
displays the state right after dislocation transmission for a mean shear strain of γ = 1.5 · 10−2.

As stated before, a decreasing grain size LA leads to elevated self-stresses. Thus, the shear strain at dislocation transmis-
sion measured in both investigations increases accordingly.

max{�xx} =25.6 GPa

interface

max{�xx} = 26.8 GPa

interface

max{�xx} = 36.4 GPa

interface

max{�xx} = 33.2 GPa

interface

Figure 2: Process of dislocation transmission to a harder phase for a single dislocation. Close-up snapshots of the dislocation
position and its induced normal stress at different shear strains γ.

max{�xx} = 35.2 GPa

interface

Figure 3: Dislocation pileup against a harder phase right after dislocation transmission. Close-up view of the dislocation
positions and the induced normal stress.

CONCLUSIONS

A model for a natural interplay between dislocations, external boundary conditions and phase boundary as a function the
material properties and grain size was presented. With this model the effects of dislocation transmission and dislocations piling
up inside a dual-phase material with a glide plane perpendicular to a fully coherent interface was shown. By extending the
current model with cohesive zones it is possible to investigate the competition between interface decohesion and dislocation
transmission for different material properties and grain sizes.
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RESULTS AND DISCUSSION 
 
   In order to validate the proposed theoretical model of the pore-load modulus, the FEM simulations are performed to 
calculate to the adsorption-induced deformation of the ordered porous material with hexagonal and square lattice. Science 
the surface effect is not easy to achieve in the FEM model, we just focus on the degraded model without surface effect in 
this case. Numerical experiment shows that the used model size LV�VXI¿FLHQW�WR�VKRZ�WKH�KRPRJHQL]HG�UHVSRQVHV�RI�SRURXV�
materials. Moreover, mesh sensitivity study has been conducted to ensure the numerical convergence of the models. 
   The FEM predicted porosity-dependent pore-ORDG�PRGXOXV�RI�WKH�SRURXV�PDWHULDO��ZKLFK�DUH�QRUPDOL]HG�E\�WKH�<RXQJ¶V�
modulus of the solid matrix, are shown in Fig. 2 for the plane strain and plane stress condition as upper and down triangular 
symbols, respectively. The corresponding theoretical predictions given by Eq. (2) with different elastic parameters are 
included as solid lines for the purpose of comparison. For both the hexagonal and square lattice cases, one can find that our 
theoretical model can predict the FEM results on a quantitative basis. 
 

 
 
 
 
   In order to further investigate the size-dependent effect of the pore-load modulus, the nanoporous material with different 
pore radius are considered. Atomistic calculations indicate that a solid surface can be either elastically softer or stiffer than 
their bulk counterparts. Thus, two typical sets of surface elastic constants for isotropic surfaces of aluminium are used [7]. 
௦ߤ ൌ െǤʹʹ� �Τ ǡ ௦ߣ ൌ ͵ǤͶͻ� �Τ  for VXUIDFH� >���@�� FDOOHG� DV� WKH� ³VRIW´� VXUIDFH�� DQG� ௦ߤ ൌ െͲǤ͵ͺ� �Τ ǡ ௦ߣ ൌ ǤͶͺ� �Τ  
for VXUIDFH�>���@��FDOOHG�DV�WKH�³VWLII´�VXUIDFH� 
   The normalized pore -load modulus for the two sets of surface properties as functions of the pore radius given by Eq. (1) 
are plotted in Fig. 3. Where the dashed and dotted lines denote the two sets of surfaces, respectively, and three samples with 
different porosities, from 0.2 to 0.6, are contained showing with different colour. It can be found that the surface effect 
cause the pore-load modulus to reduce (increase) with decreasing pore size for the soft (stiff) surface. Evidently, for both the 
two surfaces, the surface effect on the pore-load modulus becomes more and more significant as the pore radius decreases 
less than 10 nm. Moreover, the surface effect is more prominent for a nanoporous sample with a bigger porosity. 
 

CONCLUDING REMARKS 
 
   In conclusion, this work has studied the influence of surface energy on the adsorption-induced deformation of the 
ordered nanoporous material. An analytical solution for the pore-load modulus with surface effect is derived based on the 
micromechanical model of a pressurized thick-wall cylinder unit cell, and the surface elastic constants are adopted to 
describe the influence of surface energy. The proposed theoretical model are validated by comparing with FEM simulations 
for the limited case without surface effect and show great agreement. It also reveals that the surface energy plays an 
important role on the elastic response for nanoporous material, and the pore-load modulus shows significant size-dependent 
characteristics. The present study is helpful for measuring the mechanical properties of nanoporous materials and for 
designing nanoporous material based sensor and actuator in various applications. 
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Figure 2. Comparison of FEM simulation 
and theoretical predictions of ܯ. 

Figure 1. Schematic of a 2D ordered porous 
material and the unit cell of hollow cylinder. 

Figure 3. Predictions for the size-
dependent pore-load modulus. 
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Summary The material parameters of nanomaterials are different from those of bulk ones, such as elastic modulus, thermal 
conductivity etc., which are known as the intrinsic size-dependence effects. In this paper, the intrinsic size effect of Young¶s 
modulus is introduced into nanocomposite to study its influence on the effective elastic moduli of composite, especially the 
composite with micropolar matrix. It is shown that the intrinsic size-dependence of nanoinclusion can lead to the size-
dependence of the effective elastic moduli of composite. Especially for the micropolar composite, the variations of the effective 
muduli of composite with the inclusion¶s size from nanometre to micrometre will be displayed completely.  
 

INTRODUCTION 
 
   Nanomaterials, such as nanoparticles, nanowires, nanotubes, have excellent mechanical, electronic and other properties, 
which bring potential and broad application fields of aerospace, electronics, medical and so forth, so that have attracted 
wide attentions. Many researchers have reported that nanomaterials display the different properties from the corresponding 
bulk materials, such as the high elastic modulus, the low thermal conductivity, and so on. One of the important applications 
of nanomaterials is to be used as reinforcement for high-performance composite. Therefore, to understand the influence of these 
peculiar properties of nanoparticle on the overall properties of composite is very important.  
   In this paper, we shall introduce the nanoinclusion¶s size-dependence effect into micromechanical models of composite to 
predict the size-dependent effective elastic modulus of composite, especially the composite with micropolar matrix.  
 

MODELS 
 

Based on the the inherent lattice strain and the binding energy change of nanocrystals compared with the bulk crystals, Liang 
et al. [1] established an analytical model about the size-dependent elastic modulus of nanocrystalline metals. In the model, the 
bond length and bond energy of nanocrystalline lattice are size-dependent, which indicate that it is a kind of intrinsic property, 
and there is no free parameter in the obtained formula. The predictions of the model for Cu, Ag, Si thin films, nanoparticles, and 
TiO2 nanoparticles are in agreement with the computational simulations, the continuum mechanics calculations, and the 
experimental results. 

This intrinsic size-dependent property of nanoparticle derived by Liang[1] will be introduced into composite 
micromechanical models to predict the size-dependent effective elastic modulus of composite, especially the composite with 
micropolar matrix in the paper.  

Micromechanics was successfully used to predict the effective elastic modulus of composite, such as Mori-Tanaka 
method[2], self-consistent method and so on. However these micromechanical models based on classical continuum theory fail 
to predict the size effect well-observed for metal matrix composite. Based on the micropolar theory, which is one of high order 
theories, Liu & Hu and Ma and Hu [4] extended the classical Mori-Tanaka model to micropolar theory and proposed a high 
order micromechanical model to describe the size effect of composite. Since both sizes of inclusion and microstructure of matrix 
are with the similar order, the matrix of composite was described by micropolar theory in the model. Both the inclusion and the 
overall composite were still classical materials. An analytical formula was derived for the effective elastic modulus of composite 
and it can describe the size effect of composite caused by the microstructure of matrix only.  

In this paper, the influence of size-dependent inclusion derived from Liang[1] will be introduced into the expressions of 
effective elastic moduli derived from the classical Mori-Tanaka model[2] and the Micropolar Mori-Tanaka model[3]. 

 
RESULTS  

 
The composite composed of Al matrix and TiO2 nanoparticles is taken into account. The figure 1 shows the variation of 

the effective moduli of the composite with the size of inclusion. It is shown that the size-dependent property of 
nanoinclusion can lead to the composite¶s size effect whether the classical model or the micropolar model. But for classical 
composite, the size effect almost disappears at the size of inclusion 40nm and then the classical result is recovered. For 
micropolar composite, the size effect can be revealed with the size of inclusion from nanometer to micrometer and then the 
classical result is recovered. 
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Fig 1. Effective elastic moduli of composite 
 

CONCLUSIONS 
 

   In the presentation, we have studied the influence of the intrinsic size-dependence of nanoinclusion on the effective elastic 
moduli of composite. The results have shown that the intrinsic size-dependence of nanoinclusion can lead to the size effect of the 
overall composite, and when the size of inclusion is large enough, the classical results are recovered.  
 
References 
 
[1] Lihong Liang, Hansong Ma, Yueguang Wei: Size-dependent Elastic Modulus and Vibration Frequency of Nanocrystals. Journal of Nanomatrerials 

2011:670857, 2011. 
[2] Mori T, Tanaka K.: Average stress in matrix and average elastic energy of materials with misfitting inclusions, Acta Metall. Mater., 21: 571a574, 1973. 
[3] Liu, X.N., Hu, G.K: A continuum micromechanical theory of overall plasticity for particulate composites including particle size effect. Int. J. Plasticity 21: 

777-799, 2005. 
[4] Ma, H.S., Hu, G.K.: Influence of fiber¶s shape and size on overall elastoplastic property for micropolar composites, International Journal of Solids and 

Structures ,43: 3025~3043, 2006. 



�

�

�

�� ���� ���� ��	���� �

""� ���������
�����:-:89��	
����5497+'2���'4'*'� �

�

�
������������������������	�
�����������
�������
����������

�
��������	���
���
����������������

� '4*�

�

#'4.:/��'

�
�




� ��

���'4=/4-�$.:
����5��:

�
�

���

�

����
� ������ �� ����� ���


�

�

��95�8+6'7'9+2>�/4;+89/-'9+�9.+�8:7,')+�+2'89/)/9>�+,,+)98�'4*�9.+�/4/9/'2� 897'/4�+,,+)98�54�9.+�+2'89/)�

6756+79/+8� 5,� 9.+� 895).'89/)� ,/(75:8� 3'9+7/'28� '9� 9.+� 4'453+9+7� 8)'2+�� �59+� 9.'9� <.+4�


������������������������� �������������������� �����

�

�

�� ��� �

�������� ����������	���������������������������� ����������������������

� '4*�

�

�
�

��������

����� 9.+� 8/?+�

��/2'3+495:8�4+9<5718�)'4�(+�</*+2>�,5:4*�/4�(/53'9+7/'28�'9�9.+�3/)75��'4*�4'45�8)'2+8���53+�)54;+49/54'2�9.+57/+8�3'>�459�'662>�
95�9.+�3'9+7/'28�</9.�*/3+48/54�'9�9.+�3/)75��57�4'45�8)'2+���.+�+,,+)98�5,� 897'/4�-7'*/+49�'9�9.+�3/)75�3+9+7� 8)'2+�'4*�9.+�+,,+)98�5,� 8:7,')+�

+2'89/)/9>� '4*� /4/9/'2� 897+88+8�897'/48� '9� 9.+�4'45�8)'2+� '7+� /4)57657'9+*� /495� 9.+�*+,573'9/54�3+).'4/838� /4� 9.+� '4'2>8/8� 5,� 895).'89/)� ,/(75:8�

897:)9:7+8����7'4*53�(+'3�4+9<571�35*+2�</9.�)7588�2/41+78�.'8�(++4�*+;+256+*�95�*+8)7/(+�9.+�,/(75:8�4+9<5718�<.58+�7+2'9/;+�*+48/9>�)'4�(+�

)5497522+*� 95� */,,+7+49� ;'2:+8� (>� '*0:89/4-� 9.+� )54)+497'9/54� 5,� )7588�2/41+78�� �.+� 8/?+�*+6+4*+49� +,,+)98� 54� 9.+� 7+2'9/548./68� (+9<++4� 9.+�

7+2'9/;+�*+48/9>�'4*�9.+�+2'89/)�)5489'498�5,�3/)75��'4*�4'45�8/?+*�,/(75:8�897:)9:7+8�'7+�/4;+89/-'9+*��

�

�������
��

�

�/(75:8�3'9+7/'28�'7+�'459.+7�9>6+�5,�6575:8�3'9+7/'28�</9.�25<�*+48/9>�'4*�./-.�89/,,4+88�'4*� 897+4-9.��<./).�6753/8+�,57�'�

</*+�7'4-+�5,�+4-/4++7/4-�'662/)'9/548���/(75:8�897:)9:7+�)'4�(+�</*+2>�,5:4*�/4�(/53'9+7/'28�'9�9.+�3/)75��'4*�4'45�8)'2+8�� �

�57� /489'4)+�� '� 9>6/)'2� +=97'�)+22:2'7�3'97/=� ������ /8� )53658+*� 5,� 897:)9:7'2� 6759+/4� 4'45,/(7+8� 8:).� '8� )522'-+4�</9.� '�

*/'3+9+7� 5,� 9.+� 57*+7� 5,� 3/)7548� %
&�� �4)7+'8/4-� +;/*+4)+� .'8� 8.5<4� 9.'9� 9.+� 3+).'4/)'2� 89/,,4+88� 5,� ���� 62'>8� '4�

/36579'49�752+�/4�7+-:2'9/4-�)+22:2'7�(+.';/5:78��/4)2:*/4-�'*.+8/54��6752/,+7'9/54�'4*�*/,,+7+49/'9/54�5,�3+8+4).>3'2� 89+3�

)+228� ����8�� %�&�� �>9581+2+954� ������ /8� '� 4+9<571� 5,� ,/2'3+495:8� 6759+/48�

,/2'3+495:8� ')9/4� ���')9/4��� 3/)759:(:2+8� '4*� /49+73+*/'9+� ,/2'3+498� </9.� */'3+9+78� 5,� 9.+� 57*+7� 5,� 4'453+9+78� %�&�� �.+�

3+).'4/)'2� 89/,,4+88�5,� /497')+22:2'7�3'9+7/'2�� 95� '�-7+'9�+=9+49�� /8� -5;+74+*�(>� 9.+�)>9581+2+954�� �4� /4*:897/'2� +4-/4++7/4-��

3/)75��'4*�4'45�897:)9:7+*�,/(75:8�3'9+7/'28�)'4�(+�:8+*�/4�3/)75�+2+)975�3+).'4/)'2� 8>89+38� �������'4*�4'45�+2+)975�

3+).'4/)'2� 8>89+38� ������� *+;/)+8�� <./).� '7+� 5,� -7+'9� /49+7+89� 95� 8)/+49/898� '4*� +4-/4++78�� �.+� :4*+789'4*/4-� 5,� 9.+�

3+).'4/)'2�6756+79/+8�5,�3')75�8/?+*�6575:8�3'9+7/'28�.'8�<+22�(++4�+89'(2/8.+*���5<+;+7��<.+4�9.+�*/3+48/548�5,�,/(75:8�

897:)9:7+8�'7+�7+*:)+*�95� 9.+�3/)75��57�4'45�8)'2+��9.+� 89/,,4+88�57�7/-/*/9>�/8�3:).�*/,,+7+49�,753� 9.'9�5,�9.+/7�3')75�8/?+*�

)5:49+76'798��

�9� /8� )7:)/'2� 95� /4)57657'9+� 9.+� 897'/4� -7'*/+49� +,,+)98� '9� 9.+�3/)75�3+9+7� 8)'2+�� '4*� 9.+� 8:7,')+� +2'89/)/9>� '4*� /4/9/'2� 897+88�

+,,+)98�'9�9.+�4'45�3+9+7�8)'2+�/495�9.+�*+,573'9/54�3+).'4/83�5,�,/(75:8�3'9+7/'28���5�9.+�(+89�5,�5:7�145<2+*-+��9.+�8/?+�

*+6+4*+49�3+).'4/)'2�(+.';/5:7�5,�,/(75:8�3'9+7/'28�.'8�459�(++4�7+6579+*���.+�5(0+)9/;+�5,�9./8�6'6+7�/8�95�/4;+89/-'9+�9.+�

+,,+)98�5,�7+2'9/;+�*+48/9>�54�9.+�8/?+�*+6+4*+49�3+).'4/)'2�6756+79/+8�5,�3/)75��'4*�4'45�8/?+*�,/(75:8�897:)9:7+8�� � � �

���
��� �� ������� ���������� �������	� ���

�

�
�����������������������
����������
�

�9�9.+�3/)75�8)'2+��9.+�897'/4�-7'*/+49�.'8�'�*53/4'49�+,,+)9�54�9.+�3+).'4/)'2�(+.';/5:7�5,�9.+�895).'89/)�,/(75:8�3'9+7/'28��

���� �� /8�:8+*�95�*+8)7/(+�9.+�-7'*/+49�897'/4�+,,+)98�/4�9.+�3/)75�8)'2+�%���&��<.+7+�9.+� �� /8�9.+�/497/48/)�3'9+7/'2�2+4-9.�'9�

9.+�3/)753+9+7� 8)'2+� �<./).�)'4�(+�+=6+7/3+49'22>�3+'8:7+*�'4*�/8�:8:'22>�/4�9.+�7'4-+�(+9<++4� 8:(3/)754�'4*�3/)7548��

'4*� */,,+7+49� ,57� */,,+7+49�3'9+7/'28��� � /8� 9.+� */'3+9+7� 5,� 9.+� )/7):2'7� )7588�8+)9/54� 5,� 9.+� ,/(7+8��!+�.';+� )54*:)9+*� 9.+�

8/3:2'9/548� ,57� */,,+7+49� ;'2:+8� 5,�

�

��� �� � � ��� ���� ���� ��	����

�

�� 95� /4;+89/-'9+� 9.+� 8/?+�*+6+4*+49� +,,+)98� 54� 9.+� +2'89/)�

6756+79/+8� 5,� 9.+� 895).'89/)� ,/(75:8� 3'9+7/'28� '9� 9.+� 3/)75� 8)'2+�� �9� 8.5:2*� (+� 459+*� 9.'9� <.+4� ��

��

� /8� 	�� /4� <./).� 9.+�

*/'3+9+7�5,�9.+� ,/(7+8� /8�3:).�2'7-+7� 9.'4�9.+� /497/48/)�3'9+7/'2� 2+4-9.� 8)'2+ � �� 9.+� 8/?+�*+6+4*+49�+,,+)9�;'4/8.+8�'4*�9.+�

+2'89/)�)5489'498�7+*:)+�95�9.58+�5,�9.+/7�)54;+49/54'2�)5:49+76'798���.+�9.7++�*/3+48/54'2�7'4*53�(+'3�35*+2�</9.�)7588�

2/41+78� *+;+256+*� 95� *+8)7/(+� 9.+� 895).'89/)� ,/(75:8� 4+9<5718� /8� -/;+4� /4� �/-
�� �.+� 8/3:2'9/54� 7+8:298� 8:--+89� 9.'9� 9.+�

83'22+7�/8�9.+�*/'3+9+7�5,�9.+�,/(7+8��9.+�2'7-+7�'7+� �5,�9.+�,/(75:8�3'9+7/'28��'4*�9.'9�9.+�

2'7-+7�/8�9.+�7+2'9/;+�*+48/9>�5,�9.+�,/(75:8�3'9+7/'28��9.+�2'7-+7�'7+� ��'8�8.5<4�/4��/-��� �

�

�
�������������������	��������

�
�������������������	��������

�
�������������������������������
�

�9�.'8�(++4�,5:4*�9.'9�'9�9.+�4'453+9+7� 8)'2+��9.+� 8:7,')+�+2'89/)/9>�'4*�9.+�/4/9/'2� 897'/4��897+88��)'4� 8/-4/,/)'492>�',,+)9�9.+�

3+).'4/)'2�(+.';/5:78� %��&�� ���� �� /8�:8+*� 95�*+8)7/(+� 9.+� 8:7,')+�+2'89/)/9>�+,,+)98� '9� 9.+�4'458)'2+��<.+7+� 9.+� �� /8� 9.+�

3'9+7/'2� /497/48/)� 2+4-9.� '9� 9.+� 4'453+9+7� 8)'2+�� <./).� )'4�(+� +=67+88+*�(>� �� ������� �<.+7+� � /8� 9.+� 8:7,')+� +2'89/)/9>�

35*:2:8��'4*�3'>�;'7>�5;+7�'�7'4-+�,753�	�	
43�95�	�
43%�&�,57�*/,,+7+49�3'9+7/'28��



��
�� � /8�9.+�/4/9/'2�897'/4�/4�9.+�2+4-9.�

*/7+)9/54�5,� 9.+� ,/(7+8��<.58+�'362/9:*+�)'4�(+�)5497522+*�95�;'7>�(>�'4�'662/+*�+2+)97/)�659+49/'2� %�&��!+�.';+�)54*:)9+*�

9.+� 8/3:2'9/548� :8/4-� ,/4/9+� +2+3+49� 85,9<'7+� ,57� */,,+7+49� ;'2:+8� 5,� ��

�

�

�

� �

��577+8654*/4-�':9.57���3'/2� $.:���)'7*/,,�')�:1�

� ��



�
�

�
����


�+2'9/;+�*+48/9=�

�
5
4
�*
/3
+4
8/
5
4
'2
�

�
���
�������������������
��	�����
����
������	�������
������
������

�

�
�

�

�/-
�� �54� 35*:2:8

�

�
���
���� �������

�+2'9/;+�*+48/9=�

��

�
5
4
�*
/3
+4
8/
5
4
'2
�

�� �� 9.+� 7+2'9/;+� *+48/9=� 5,�

4'45�8/>+*� 895).'89/)� ,/(75:8�4+9<5718�</9.� 9.+�67+8+4)+� 5,� 9.+� +,,+)98� 5,�

/4/9/'2�897'/48�897+88+8��

#�!

�

�

����� �
���
�
�

�.+�+2'89/)�6756+79/+8�5,�,/2'3+495:8�4+9<5718�'7+�8/>+�*+6+4*+49�'9�9.+�3/)75��'4*�4'45��8)'2+8���=�/4)57657'9/4-�9.+�897'/4�

-7'*/+49� +,,+)98� '9� 9.+�3/)75�8)'2+� '4*� 9.+� +,,+)98� 5,� 8:7,')+� +2'89/)/9=� '4*� /4/9/'2� 897'/48� '9� 9.+� 4'45�3+9+7� 8)'2+� /495� 9.+�

*+,573'9/54�3+).'4/838�� 9.+� 8/>+�*+6+4*+49�3+).'4/)'2�6756+79/+8� '7+� /4;+89/-'9+*� ,57� 9.+�3/)75�� '4*�4'45�8/>+*� ,/(75:8�

897:)9:7+8��<./).�)5:2*�-/;+�'�-55*�7+,+7+4)+� ,57�9.+� 8)/+49/898� /4� 9/88:+�+4-/4++7/4-�'4*� 8+7;+�'8�'�-:/*+�/4�9.+�*+8/-4�5,�

�����'4*�������

�

�

	� �����
�

%�&� �+*+78+4��������'4*��<'79>����������+).'45(/525-=�/4�9.+�9./7*�*/3+48/54�� �		�������
����
��������������!���������������������� ���

%�&� �/8).+7����������'43+=�����'4*�!'4-��#������/88:+�)+228�,++2�'4*�7+8654*�95�9.+�89/,,4+88�5,�9.+/7�8:(897'9+�� �	�����������	����
	��������������

%	&� �:).8�����'4*��2+;+2'4*�����!�����897:)9:7'2�8)',,52*/4-�5,�/49+73+*/'9+�,/2'3+498�/4�.+'29.�'4*�*/8+'8+�� ����	������
������������������

%
&� $.:����"����/>+�*+6+4*+49�+2'89/)�6756+79/+8�5,�3/)75��'4*�4'45�.54+=)53(8�� �� ���������������� ����������$!�������! ��

%�&� $.:����"��'4*�!'4-�$������/>+�*+6+4*+49�'4*�9:4'(2+�+2'89/)�'4*�-+53+97/)�6756+79/+8�5,�./+7'7)./)'2�4'45�6575:8�3'9+7/'28��
�� ������������	�� �

�������������#������

��"� ���! �

%�&� �/22+7��������'4*��.+45=�� �������/>+�*+6+4*+49�+2'89/)�6756+79/+8�5,�4'458/>+*�897:)9:7'2�+2+3+498�� ����	����	������������"��������$

%&� $.:����"����.+�+,,+)98�5,�8:7,')+�'4*�/4/9/'2�897+88+8�54�9.+�(+4*/4-�89/,,4+88�5,�4'45</7+8�� ����
���
���	�������

�

����"��������$

� ���� ���� ���� ����
�

�����

�����

�����

�����

�����

�����

�����

�����

�����

�����

�

�

�
�
������

�
�
������

�
�
�����	

�
�
��� ���

� ���� ���� ���� ����
�

����

����

���	

���


����

����

����

���	

���


�

�

�
�
������

�
�
������

�
�
�����	

�
�
��� ���

� ���� ���� ���� ����
�

�����

�����

�����

�����

�����

�����

�����

�

�

�
�

�

�
�
�

�+2'9/;+�*+48/9=�

�
5
4
�*
/3
+4
8/
5
4
'2
�

�����


�

�

�

�

�

�

������

�

*+6+4*+49�+,,+)98� '9� 9.+�4'458)'2+�;'4/8.�'4*�9.+�+2'89/)�)5489'498�7+*:)+�95�9.58+�5,�9.+/7�)54;+49/54'2�)5:49+76'798���.+�

8/3:2'9/54� 7+8:298� 8:--+89� 9.'9� ,57� 4'45�8/>+*� ,/(75:8� 897:)9:7+8�� 9.+� 83'22+7� 9.+� 8/>+�� 9.+� 2'7-+7� � '8�

8.5<4�/4��/-	���57+5;+7��9.+�454� )'4�(+�)5497522+*�95�;'7=�(=�'*0:89/4-�9.+�'362/9:*+�5,�'4�

'662/+*�/4/9/'2�897'/4�'8�8.5<4�/4��/-
��

�

�

�

�

�

�	����������������

�
���
�������������������

��

�

�

�/-����.7++�*/3+48/54'2�7'4*53�(+'3�35*+2�</9.�)7588�2/41/4-��

�

�

�

�
�

�����

�/-��� �/>+�*+6+4*+49� +,,+)9� 54� 9.+� 7+2'9/548./6� (+9<++4� 9.+� 454�

895).'89/)�,/(75:8�3'9+7/'28�'9�3/)75�3+9+7�8)'2+�

�
���
�������������������
��	�����
����
������	�������
������
������

�

�
�

�/-	�� �/>+�*+6+4*+49� +,,+)9� 54� 9.+� 7+2'9/548./6� (+9<++4� 9.+� 454�

895).'89/)�,/(75:8�3'9+7/'28�'9�4'45�3+9+7�8)'2+��



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

HIGHER-ORDER ASYMPTOTIC HOMOGENIZATION OF PERIODIC MATERIALS AT
LOW SCALE SEPARATION

Maqsood Ameen∗, Ron Peerlings, and Marc Geers
Department of Mechanical Engineering, Eindhoven University of Technology, Eindhoven, The Netherlands

Summary In this work, we investigate the limits of classical homogenization theories pertaining to homogenization of periodic composite
materials at low scale separations and demonstrate the effectiveness of higher-order periodic homogenization in alleviating this limitation.
Classical homogenization techniques are very effective for materials with large scale separation between the scale of the heterogeneity
and the macro-scale dimension, but inaccurate at low scale separations. Literature suggests that asymptotic homogenization is capable of
pushing the limit to smaller scale separation by taking on board higher-order terms of the asymptotic expansion. We show that the classical
homogenization deviates from the actual solution for scale ratios below 10. Beyond this limit, the higher-order asymptotic homogenization
solution still gives a very good approximation which becomes better as more higher-order terms are included. This results in a size-dependent
macroscopic model, which indeed allows one to push the limitations of homogenization in the direction of less scale separation.

INTRODUCTION

All matter is heterogeneous at some scale, but frequently it is convenient to treat it as homogeneous. Some of the well-
known examples are metal alloys, concrete, porous structures and fibrous composites. The distinct features of their microstruc-
tures respond quite differently to mechanical loading and hence their deformation is heterogeneously distributed at the fine
scale. It is the combination of the different microstructural features which governs the overall response of the material to the
loading.

Homogenization is a mathematical technique for studying partial differential equations with rapidly oscillating coefficients,
which are typical of the equations that govern the physics of heterogeneous materials. An important aspect in the analysis
of multiphase materials is to deduce their effective behavior (e.g. mechanical stiffness, thermal expansion properties, etc.)
from the corresponding single-phase behaviors and the geometrical arrangement of the phases. This concept of rendering
“homogeneous” a heterogeneous material is what we call homogenization.

Conventional homogenization methods are based on a separation of scales, given by: l << L, where l is the size of the
heterogeneity and L represents the macroscopic length scale. However, if the microstructural size is of the same order as the
macroscopic length scale, then most of the classical homogenization schemes break down. Literature [1-4] suggests that the
asymptotic homogenization method is capable of pushing the limit to smaller scale separation, by generating a hierarchy of
problems which can be solved sequentially to generate a solution that asymptotically converges to the exact (homogenized)
solution.

Problem Description
A qualitative and quantitative assessment of the scale separation limits of the classical and the higher order periodic

homogenization methods is performed on two-dimensional elastic two-phase composites, consisting of stiff circular inclusions
in a soft matrix material, subjected to anti-plane shear by means of a periodic body force. This anti-plane shear problem can
be described by the following partial differential equation:

∂

∂x1

!
G
∂u3

∂x1

"
+

∂

∂x2

!
G
∂u3

∂x2

"
+ F = 0 (1)

where u3 = u(x1, x2) is the resulting out-of-plane displacement, G is the Shear Moduli distribution function and F is a
bisinusoidal bodyforce given by F = F0 ��n

!
2πx1
L

"
��n
!

2πx2
L

"
.

The period of the material’s microstructure is l and that of the body force is L, and the ratio L/l hence characterises the
scale separation. The homogenized properties are defined not for a specific microstructural configuration with respect to a
period of the body force, but by taking an ensemble average for a family of all possible microstructures.

Methodology
On the one hand, reference solutions are created using direct numerical simulation of a family of microstructural configu-

rations for a range of scale ratios. On the other hand, asymptotic homogenization is used to obtain homogenized properties for
zeroth order and higher orders. Predictions made using these homogenized properties are then compared against the reference
solutions. Fig.1 shows a schematic of the outline of the solution methodology.

∗Corresponding author. Email: m.ameen@tue.nl



Figure 1: Schematic of the problem: Comparison of periodic homogenization solution with reference solution created by
full-scale simulation for various scale ratios

RESULTS

Fig.2 shows the average peak displacement, normalized by that predicted by the classically homogenized solution, as a
function of the scale ratio L/l. Shown are the reference solution, the classical homogenization solution and higher order
solutions, for a phase contrast of 20. The zeroth order classical homogenization solution is independent of the scale ratio and
hence is a straight line as shown in the plot. For scale ratios L/l > 10, the reference solution converges to this constant value,
but at low scale separations it deviates from it significantly. The higher order periodic homogenization solutions closely match
with the reference solution even for low scale ratios. The second order solution starts to deviate from the reference solution at
(L/l) = �.5, while the fourth order solution can still give a good approximation for even lower scale ratios.

Figure 2: Scale separation plot: Norm of the displacement solution vs. scale separation, for various cases

CONCLUSIONS

We show that the zeroth order classical homogenization deviates from the actual solution for scale ratios L/l below 10.
Beyond this limit, higher-order asymptotic homogenization solution gives a very good approximation. The approximation in
the low scale separation regime becomes better as more higher-order terms are included. This shows that the higher-order
theory indeed allows one to push the limitations of homogenization in the direction of less scale separation.
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MODELING SURFACE PENETRATION BY DISLOCATION PILEUP MODEL WITH IMAGE 
EFFECT 

 
Xiang-Long Peng1, Gan-Yun Huang1a)  

1Department of Mechanics, School of Mechanical Engineering, Tianjin University, Tianjin, PR China 
 
Summary In the present short paper, a continuum dislocation pileup model considering image effect (IE) is developed to study the onset of 
dislocation penetration at surface in thin films. It is found that due to IE, more dislocations accumulate at the surface and their absorption by 
surface become easier. Moreover, the critical load for penetration exhibits a ³smaller is stronger´ type size effect but different from the classical 
Hall-Petch relation. The present results may cast some light on constructing higher-order strain gradient crystal plasticity theories with IE.  
 

INTRODUCTION 
 

   The requirement to capture the size-dependent plastic behaviours in small scaled crystalline materials has triggered the 
construction of numerous strain gradient crystal plasticity theories, among which the higher-order theories [1] are of 
particular interest due to their capability to consider dislocation-surface/interface interactions via the microscopic boundary 
conditions. In the higher-order theories, the important concept of back stress induced by geometrically necessary 
dislocations interactions has been usually derived from the stress field of a dislocation in an infinite medium, and the 
boundary condition adopted implies surfaces as barriers to dislocations. However, both discrete dislocation dynamics 
simulations [2] and experiments [3] have demonstrated the significant effects of image effect (IE) and the penetrable 
surfaces. To address such effects, as a preliminary study, the onset of dislocation penetration at surface of a thin film is 
modeled by a continuum dislocation pileup model with IE taken into account.  
 

MODEL DESCRIPTION, RESULTS AND DISCUSSION 
 

   Let us consider a pileup of edge dislocations on a slip plane in a single crystalline thin film bonded to a similar semi-
infinite elastic substrate. The uniformly applied resolved shear stress is oW  , see the inset in Fig. 1. At the continuum level, 
distribution of the dislocations may be characterized by a density function ( )n t  denoting the number of dislocations per 
unit length [4]. Based on the elastic field of a dislocation in a half-plane and by considering the force balance on the 
dislocations, the following singular integral equation that determines ( )n t  can be obtained as, 

 
2 /2 /2

0 /2 /2

( ) ( , , , ) ( ) 0,    
2 (1 ) 2 2

L L im

L L

b n s L Lb ds f t s h n s ds t
s t

PW T
S Q � �

ª º� �  � d d« »� �¬ ¼³ ³   (1) 

where P , Q  and b  are the shear modulus, the Poisson¶s ratio and the magnitude of the Burgers vector respectively, and 
( , , , )imf t s h T  resulting from the surface IE reads 
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which is obtained based on the stress field of an edge dislocation in semi-infinite space derived by Head [5]. 
And sinsT T , coscT T , ( 2 ) /L h d sT � , ( / 2 )h d L t sT � � , ( / 2 )x d L t sT � � , ( )y t s cT � , where T  is the inclined 
angle between the slip plane and the surface, h  is the film thickness, L  is the pileup length, and 2d b  is assumed to 
be the small distance between the two leading dislocations and the surface or the interface to avoid the singularity on their 
stress field. For the dislocation sources activated in grain interior as considered herein, equal numbers of positive and 
negative dislocations are generated, which gives an additional condition to ensure the uniqueness of the solution  

 
/2

/2
( ) 0

L

L
n s ds

�
 ³   (3) 

Eq. (1) along with the condition (3) is similar to that for the problem of a shear crack and can be readily solved numerically 
by Erdogan and Gupta method [6], and the details are omitted here for brevity. If one takes ( , , , ) 0imf t s h T   in Eq. (1), the 
problem is reduced to that of a dislocation pileup in an infinite medium [4]. For / 3T S , 2ȝmh  and 0.25nmb  , the 
dislocation density distribution ( )n t  has been calculated and plotted in Fig.1. For the purpose of comparison, the 
distribution for the pileup in an infinite medium is also presented in the figure. It can be found that due to the attraction by 
the surface, the dislocation density close to the surface is much higher than that in an infinite medium. It is consistent with 



the recent findings by El-Naaman et al. [7] who pointed out that the usual higher-order theories involving in back stress 
without IE predicts dislocation distributions more uniform than those observed experimentally. In addition, the density is 
singular at / 2t L r , which is again similar to the crack problem. Consequently by analogy with energy release rate in the 
crack problem, one may define a thermodynamic force as [8] 
 2

0 /2
( ) lim ( / 2) ( )

t L
F A t L n tW

o
 �   (4) 

with 2 / [4(1 )]A bSP Q � �  , which is indeed the driving force for the dislocation pileup to move towards the surface. 
Naturally one may expect that if the driving force is large enough, the surface will be penetrated by dislocations. Thus, it is 
reasonable to assume that surface penetration occurs when the following condition is satisfied, 
 0( ) ssF bW W   (5) 
where ssW  the surface resistance for penetration is assumed to be a constant here . The condition is similar to some classical 
pileup models for yielding in grain interior [4]. Through Eqs. (4) and (5), the critical applied resolved shear stress for 
surface penetration yW  is readily obtained. As shown in Fig. 2 where the normalized yW  as a function of 1/2h�  for 
different values of T  is displayed, it is obviously not proportional to 1/2h�  , which is different from the Hall-Petch size 
effect, i.e., yW  depends on 1/2h�  linearly as would be predicted when no IE is present. In fact, the attractive image forces 
make surface penetration easier. It is also seen that different values of T  induce different pileup length L  and hence 
influence yW  significantly.  
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Fig. 1. Dislocation density distribution within the pileup        Fig. 2. Normalized yW versus 1/2h�  for differentT  
 

CONCLUSIONS 
 

   In conclusion, the surface penetration of thin films by a continuum dislocation pileup model with account of IE is 
studied. It is found that IE has dramatic influence on the dislocation density distribution and the critical load for surface 
penetration and hence should be decently involved into the higher-order strain gradient crystal plasticity. Noteworthy is that 
in present preliminary model, possible effect of dislocation sources, elastic interaction between dislocation pileups on 
different slip planes and non-uniform applied stress are not considered and will be left for the future study. 
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Fig. 1. Numerical results corresponding to 1.6 % shear strain are presented. Columns (x, y, z) represent results obtained for 
crystal size D ൌ ͲǤͷ݉ߤ� , ͳ݉ߤ�  and ʹ݉ߤ� , respectively. Row (a) Contours of directional plastic flow based on a 
predefined slip system. Row (b) contour of a combination of plastic flows. Row (c) contour of accumulation of dislocation 
densities. 
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Summary General geometrically nonlinear theory of statics and dynamics of single and multilayered micropolar elastic thin plates and sloping 
shells is introduced in this paper. Variation approach is developed for the constructed theory and specific problems of statics, stability and 
vibration for rectangular and circular plates and sloping shells are studied, specific properties of micropolar material are revealed. 
 

In papers [1-3] general applied linear theory of micropolar elastic thin plates and shells is constructed on the basis of 
hypotheses method, that adequately reflect asymptotic properties of behavior of the solutions of three-dimensional 
boundary-value problems in the relevant thin domains.  

Presently, the construction of general applied theory of geometrically nonlinear (flexible) micropolar elastic thin plates 
and sloping shells is one of the actual and fundamentally significant problems. It should be noted that the theory of 
micropolar flexible plates and shells is less or, rather, not investigated at all.  

The present paper is concerned with the theoretical basis and methods of calculation of strength, stability and vibrations 
of micropolar elastic flexible plates and sloping shells.  

During the construction of geometrically nonlinear theory of micropolar elastic thin sloping shells (plates) the kinematic 
and static hypotheses of works [1-3] will be applied in combination with basic Marguerre assumptions (1938) (Föppl± von 
Kármán ( 1907 , 1910) -in the case of the plate) [4], which underlie the basis of deformation of flexible sloping shells  
(plates).         
 On the basis of mathematically accepted kinematic hypotheses, it is assumed that the displacement and free rotation of 
the points of a three-dimensional thin sloping shell �SODWH��DUH�OLQHDU�IXQFWLRQV�DORQJ�VKHOO¶V�WKLFNQHVV�DV�IROORZV�>�-3]:  
Ui   u1 �x1, x2 �� z\i �x1, x2 �, i   1,2, U3   w�x1, x2 �,    (1) 
Zi  �:1 �x1, x2 �, i   1,2, Z3  �:3 �x1, x2 �� zL�x1, x2 �.    (2) 
Here,  Ui ɢ��U 3 are the components of the displacement vector;  Zi and  Z3 are the components of the free rotation; ui 
are tangential displacements of the points of the plate middle plane, w is the deflection of the plate, and  :i ,:3   are the  
free rotations of the points of the middle surface around the relevant axes; 

 
\i 

 
are angles of complete rotation around axis  

xi 
 
of the element, which is normal to the median surface (axis 

 

x ,i   1,2, 
i  

 
are located in the middle surface and are 

directed along the lines of curvature); L is the intensity of rotation of points of three dimensional shell around the axis z  

  

(the axis z is perpendicular to the middle surface). It should be mentioned that as the formula (1) for the displacement 
 

expresses  Tymoshenko's  kinematic  hypothesis  in  the  classical  case,  the  kinematic  hypotheses  (1),  (2)  are  called  
Tymoshenko's generalized hypotheses in the case of micropolar shells (plates).           

 

   On the basis of the kinematic hypotheses (1), (2), the components of tensors of deformation and bending-torsion for the 
 

sloping shells (plates) will be defined by the following expressions:                 
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 �* �x , x 
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 �*  �x  , x 
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 ii 1  1  ij 1  1  i3 1  
 

J 3i  �*3i �x1 , x2 �,   Fii    kii �x1, x2 �,  F
ij    kij �x1, x2 �,     F 33  �L�x1, x2 �,            (3) 

 

where 
 

K    w\ 
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ii   
ij  1�     

j   

i  
j  

 

  wx   wx i3 wx  3i   
 

 i  i  i  (4)       
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In case of large deflections, deformations   *  �x , x 
2 
� and shears of the middle surface * �x , x 

2 
� will be determined on 

 

ii 1 ij 1  
 

the basis of Marguerre assumptions (1938) (Föppl±von Kármán (1907, 1910) -for flexible sloping shells (plates)):  
  wu    1 § ww · 2   wu     1 ww ww    

 

*   � k w � , *   j � ��1�j :  � , i, j   1,2,  

 i  ¨  ¸   3     
 

ii   wx  i  2 ¨ wx ¸  ij  wx    2 wx wx      

      © i ¹    
i    

j     

   i              i     
 

where ki , i   1,2, are initial curvatures of lines xi , i   1,2 ( ki   0, i   1,2,  in case of the plate). 
 

 
(5) 

 
On the basis of static hypotheses [1-3] and Hooke's law for 

averaged along the thickness of the sloping shell (plate) forces, 
of elasticity for micropolar flexible sloping shell (plate) are 

 
micropolar isotropic materials force and moment stresses, 
moments and hypermoments and further physical relations 
determined. Differential equations of equilibrium and the 
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natural boundary conditions are obtained on the basis of the application of Lagrange variation equations (geometrically 
nonlinear variant for micropolar medium with the account of the above mentioned assumptions).  

As a result of these studies, general applied theory of micropolar isotropic elastic flexible sloping shells and plates is 
constructed. The constructed theory is generalized: 1) for the dynamic case, 2)for thermal stresses, 3) single- and multilayer 
micropolar elastic orthotropic sloping shells and plates.  

On the basis of the constructed theory of micropolar elastic flexible sloping shells and plates the problems of 
implementation of algorithms of variation methods are discussed for solving boundary value problems of statics, stability, 
vibrations and the clapping effect (for sloping shells) of rectangular and circular plates, sloping cylindrical, conical and 
spherical shells. On the basis of the developed programs detailed analysis on the significance of the micropolar material is 
carried out, the efficiency in terms of strength, stiffness, stability of such materials and the perspectives of obtainance and 
further application of such material for structural elements in the micro and nano instrumentations are established. 
 

CONCLUSIONS 
 
Mathematical modelling of micropolar thin paltes and shells is one of the actual problems in the field of nanomaterials. In 
the present paper hypotheses of construction of general linear theory of micropolar plates and shells [1-3] with the approach 
of Föppl±von Kármán and Marguerr of geometrically nonlinear deformation of thin-walled constructions are combined and 
as a result, general geometrically nonlinear theory of micropolar elastic single and multilayered thin plates and sloping 
shells is constructed. Variation methods are developed for the solution of problems of statics, stability and vibrations of 
nonlinear micropolar elastic thin plates and sloping shells of different form. Numerical results are studied and the 
characteristic features of micropolar materials are analyzed in comparison to the classical materials. 
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EFFECT OF THE SURFACE ON HYPERELASTIC PROPERTIES OF MATERIALS AT
SMALLER SCALES
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Summary In this work, well-known continuum models in the framework of hyperelasticity are generalized for certain applications where
the scale of the problem decreases to nano-level. At this length scale, the surface and residual surface stresses have a critical effect on
the overall deformation of the bulk material. The proposed models employ the Gurtin-Murdoch theory to represent the surface effect as a
residually prestressed thin hyperelastic film of separate elasticity, perfectly bonded to the bulk. Obtained results demonstrate remarkable
changes in the effective mechanical properties of materials at smaller scales that are not captured by classical theories.

INTRODUCTION

Nanostructured materials and nanodevices have demonstrated unusual mechanical, thermo-mechanical, electrical, optical
and magnetic properties, that have opened new horizons for applications in engineering and biology. Particularly, researchers
working in the emerging area of nanomechanics have found that at the nano-scale the bounding surface significantly influences
the overall deformation of the bulk and should be taken into account in continuum models.

Gurtin, Murdoch and co-workers first proposed a continuum-based theory (the so-called ”Gurtin-Murdoch model”) to
account for surface energies, stresses and tension [1]. The Gurtin-Murdoch model is mathematically equivalent to the as-
sumption of a surface coated by or reinforced with a thin, stiff solid film with different elastic properties. As a result, even in
the absence of external loading, residual stresses occur in the area of bonding [2]. Both surface and residual surface stresses
have a pronounced effect on the material properties at smaller scales and cannot be ignored.

During the past decade there has been increasing research into the role of surface mechanics in small deformations of
linearly elastic solids. However, linear elastic theories are not applicable to many of today’s elastomeric applications. It
is relevant to consider surface effects since elastomers are being increasingly utilized in nanodevices, and nanostructured
polymers is an active research area. To fill this void in the literature we employ the theory of hyperelasticity in conjunction
with surface mechanics to generalize some well-known continuum models for applications at smaller scales and demonstrate
the pronounced effect of the surface on such effective properties as extensional stiffness, torsional and bending rigidity.

METHODOLOGY

We consider the equilibrium of a deformable solid occupying a region Ω and made of a homogeneous, initially isotropic
and incompressible hyperelastic material. Part of the surface ∂Ωs of this body is coated with a thin reinforcing film repre-
senting the surface effect. This film is made of a homogeneous, isotropic hyperelastic material with elastic constants different
from those of the bulk. The rest of the boundary is denoted by ∂Ωb, so that ∂Ω = ∂Ωb ∪ ∂Ωs.

Physical creation of the solid and thin film as well as their bonding can generate residual stresses in the undeformed con-
figuration. To account for this we introduce ”fictitious stress-free” or ”natural” configurations and employ the multiplicative
decomposition rule for deformation gradients. For instance, let us assume that the thin reinforcing film from its natural con-
figurations (Fig. 1a) is decomposed to the reference configuration with the help of the deformation gradient F s

0 so that there
exist a stress field before any forces are applied (Fig. 1c). When subjected to external loadings, the deformation gradient F s

is used to map the coating from reference configuration to the current configuration (Fig. 1d). Therefore, it can be concluded
that the surface hyperelastic strain energy density is a function of F s ·F s

0 , i.e. U = U(F s ·F s
0 ). Similarly, we can deduce that

the strain energy of the bulk is given by W = W(F · F0), where F and F0 are the corresponding deformation gradients for
the bulk (Figs. 1b-1d).

To establish constitutive law for the bulk we use an incompressible Neo-Hookean material model which is the simplest
hyperelastic model. To accurately model the material behavior of the thin reinforcing film representing the surface effect
we use two approaches. In the first approach, we simply use the existing surface hyperelastic strain energy density and
constitutive equations that reduce to classical linear elastic Gurtin-Murdoch relations (e.g. [3]). In the second approach,
which is physically-motivated, we assume that the surface strain energy can be decoupled into the part that does not change
the area of the surface and the part that does, i.e. U = UconstA(F̄ s) + UvarA(Js) with Js = detF s, F̄ s = (Js)−1/2F s,
det F̄ s = 1.

∗Corresponding author. Email: alex.czekanski@lassonde.yorku.ca
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Figure 1. Configurations of the model: fictitious stress-free configuration for the thin film representing the surface effect (a)
and bulk (b); common reference configuration (c) and current configuration (d) for the solid and its coating.
Figure 2. Influence of the surface effect on values of effective axial stiffness plotted versus axial stretch λ (a) and on values of
torsional rigidity plotted versus total angle of twist ψ (b) for a combined tension and torsion of a circular cylinder. Here black
dashed line represent the response of the cylinder with no surface effect , blue line - with slight surface effect, red line - with
strong surface effect.

Finally, to couple deformations of the solid and thin film, we introduce the following boundary value problem for which
addition of the surface effect gives a rise to a nonstandard boundary condition on ∂Ωs:

∇ · σ = 0 in Ω,

σ · n = t1 on ∂Ωb,

σ · n−∇s · σs = t2 on ∂Ωs.

Here σ and σs represent, respectively, the Cauchy bulk and surface stresses; ∇ and ∇s are the usual (3D) and tangential
differential (2D) nabla operators. Normal to the surface is given by n; and t1, t2 are the prescribed tractions.

The surface effect, described by the model introduced above, can significantly changes the mechanical response of the
bodies to applied deformations. A relevant example of the contribution of the surface effect for finite deformations is given
in [3], where an axially extended rod is considered. The results obtained demonstrate how the addition of a prestressed
reinforcing film will impact the extensional stiffness of the cylinder. We further explore the influence of the surface and
residual surface stresses on the mechanical response in the following well-known continuum mechanics problems.

Combined tension and torsion of a circular cylinder
The problem of a solid circular cylinder under combined torsion and axial extension is of great theoretical and practical

importance and has many interesting nonlinear effects such as variation of torsional rigidity with angle of twist and the
Poynting effect. All these effects can be demonstrated in our comparative study. Assume that a cylinder with length l and
the surface effect on the lateral side is extended/compressed to a length λl by force N and twisted to a total angle of ψ by
moment M . Fig. 2 shows the case with no residual surface stresses, where effective axial stiffness dN

dλ
|
ψ

and torsional rigidity
dM

dψ
|
λ

of the cylinder increase with increasing contribution of the surface effect. Moreover, the axial stiffness monotonically
decreases with the extension ratio λ, while addition of the surface effect causes nonmonotonical behavior where the trend
reverses so the stiffness increases after some value of λ is achieved (Fig. 2a).

Class of bending problems
In this example we introduce the surface effect and residual surface stresses into all representatives of bending families,

i.e. bending of a rectangular block into a sector of cylinder, straightening of a cylindrical sector and bending of one cylindrical
sector into another. Since all these models have their own unique features, the main objective of this example is to investigate
the methodology of implementing the surface effect. Also it will give us a representative idea of how the bending rigidity of
the body is changing when the surface effect is taken into account.
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SIZESCALE EFFECTS IN BENDING FLEXIBILITY OF PHOSPHORENE AND ITS 2D
ALLOTROPES

Deepti Verma∗1 and Traian Dumitrică2

1Department of Chemical Engineering and Materials Science, University of Minnesota, USA
2Department of Mechanical Engineering, University of Minnesota, USA

Summary α-Phosphorene, a newly discovered two-dimensional (2D) derivative of Black Phosphorus [1], has an inherent band gap with
a high current on/off ratio. We study bending flexibility of α-phosphorene and its 2D allotropes by modeling them as large diameter
phosphorene nanotubes (PNTs). We use objective boundary conditions (OBC) [2, 3] coupled with a density functional tight binding model
(DFTB) that facilitates drastic reductions in the number of atoms in the simulations of PNTs of arbitrary chirality. We further combine
the results of our bending strain calculations with an orthotropic thin shell model to develop equivalent continuum structure (ECS) for
phosphorene and its allotropes.

INTRODUCTION

The 2D α-phosphorene has attracted great attention due to its exceptionally highly anisotropic mechanical and electronic
properties. A direct band-gap of 2eV, a high-charge carrier mobility tunable by bending and in-plane strains along with highly
anisotropic elastic stiffness hold significant importance in making highly exotic strain engineered devices [4]. Interestingly,
there are two more 2D allotropes of α-phosphorene which are also potential candidates for new generation electronic devices.
We study the origin of bending rigidity with a novel technique of Objective Structures. Combining simulation results of
bending and inplane strain we develop an equivalent continuum structure for α-phosphorene and its allotropes. We also
propose an elastic constants and thickness for phosphorene allotropes and observe the size scale effects that show up due to
single layer bending. The information of thickness can be used to predict bending and wrinkling deformations of phosphorene.

METHOD

In this work, we explore the bending rigidity of α-phosphorene and its 2D allotropes by modeling bent α-phosphorene as
large diameter nanotubes [5] using objective boundary conditions (OBCs) [2, 3]. The OBCs are given by

Xξ = Rθ
ηRφ

ξX0 + ξT, ξ ∈ Z, η = 0, ..., n↗1, n ∈ Z. (1)

In the above equation, the helical symmetry is defined by a rotation of angle φ about ẑ axis is described by matrix Rφ coupled
with a translation of T = T ẑ. Similarly, the rotation symmetry is described by the matrix Rθ. There is are 4 atoms located as
motif at position X0 in the η = ξ = 0 simulation cell. The OBCs is currently the only way to simulate an infinite long chiral
α-phosphorene nanotube and it is impossible to achieve this with current periodic boundary conditions at most.

RESULTS AND DISCUSSION

The obtained ideal rolled-up geometry of phosphorene as nanotube is relaxed and in our simulations we find a negligible
expansion of about 10−5% in nanotube radius. This shows that the large nanotubes behave as an ideal rolled-up phosphorene
plate. Similarly, we find that the axial and torsional deviations are negligible for large-diameter PNT structures. This corrob-
orates that these nanotubes closely correspond to phosphorene sheet under pure bending. Also, the plot of strain energy (with
respect to flat phosphorene) varies quadratically as a function of curvature for nanotubes (of a particular chirality). This is used
to obtain bending stiffness D. From our inplane strain simulations we notice that α-phosphorene is highly anisotropic and in
particular orthotropic, which is a manifestation of orthotropic unit cell structure of phosphorene. Now using orthotropic plate
model and fitting inplane stiffnesses for α-phosphorene from 2D and bending stiffness from bent structures (large-diameter
α-PNTs) for a range of chiralities we derive the equivalent continuum thickness for α-phosphorene. The information of know-
ing correct thickness is helpful because it can be used to predict bending and wrinkling deformations, without further need of
atomistic calculations.

Interestingly, the sizescale effects show up in phosphorene bending. The bending stiffness D has a dependence other
than inplane stiffness and thickness squared. Due to this the thickness obtained by comparing bending and inplane stiff-
ness depends on chirality of nanotube or the direction of bending of phosphorene. This result is unusual in the sense
that there is no single value for thickness h (as well as Young’s and shear modulii) to describe inplane stretching using
equivalent continuum structure. But bending in a particular direction is describable by an equivalent continuum structure
with a particular thickness. We also derived an equation for thickness of α-phosphorene depending on bending direction.

∗Corresponding author. Email: verma083@umn.edu.



Figure 1: a) Top, side views, and lattice vectors of α-
phosphorene (left) β-phosphorene (center) and γ-phosphorene
(right). b) Bending moduli of phosphorene as a function of
direction. Data points are the DFTB calculations. c) Surface
Young’s, d) shear moduli, and e) Poisson’s ratios of phospho-
rene as a function of direction.

With the discovery of α-phosphorene its other 2D allotropes
were also predicted to exist. We also repeated the same cal-
culations on 2D allotropes of α-phosphorene i.e. β- and
γ-phosphorene (shown in the figure). These are, respec-
tively, isotropic and orthotropic phases with respect to me-
chanical stiffnesses. γ-phosphorene shows chiral depen-
dence on thickness where as thickness is a constant for β-
phosphorene.

CONCLUSIONS

Using DFTB with OBCs we use large-diameter nan-
otubes to study bending deformation of phosphorene and
its allotropes. We also develop ECS by de-convoluting the
thickness, and young’s and shear moduli from bending stiff-
ness and inplane stiffnesses.
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MODELLING OF MULTIBODY SYSTEMS IN THE LOCAL FRAME

Olivier Brüls ∗1 and Valentin Sonneville1

1Department of Aerospace and Mechanical Engineering (LTAS), University of Liège, Belgium

Summary A local frame finite element approach is proposed to describe the kinematics of a flexible multibody system, derive the equations
of motion and solve them numerically. It is argued that this approach leads to reduced geometric nonlinearities and improved computational
efficiency.

KINEMATICS IN THE LOCAL FRAME

Let us consider a body whose configuration in space is represented by the position field xp(t,Xp), where t is the time,
xp ∈ R3 represents the position of the material point p in the current configuration with respect to an inertial frame and
Xp ∈ R3 is the position of the same material point in the reference configuration. In multibody dynamics, some kinematic
assumptions on the position field are often introduced:

• under the rigid body assumption, xp(t,Xp) = x(t) + R(t)Xp, where x(t) ∈ R3 is the position of a reference point on
the body, R(t) ∈ SO(3) is a rotation matrix and SO(3) is the finite rotation group,

• under the Timoshenko elastic beam assumption, xp(t,α1,β2,β3) = x(t,α1)+R(t,α1)(β2E2(α1)+β3E3(α1)), where
α1 is the curvilinear coordinate of the centerline, x(t,α1) represents the position of the centerline, R(t,α1) is the cross
section orientation, and the vectors E2(α1) and E3(α1) span the cross section in the reference configuration,

• under the Reissner-Mindlin elastic shell assumption, xp(t,α1,α2,β3) = x(t,α1,α2) + R(t,α1,α2)β3E3(α1,α2),
where α1,α2 are the coordinates of the mid-surface, x(t,α1,α2) is the position of the mid-surface, R(t,α1,α2) defines
the orientation of the normal director and E3(α1,α2) is the normal director in the reference configuration.

In these three cases, the configuration is fully represented by a translation field x(t,α) and a rotation field R(t,α), where α
belongs to ∅, R or R2, depending on the specific kinematic assumption. At a given time and for a given value of α, the local
frame of reference is defined with respect to the inertial frame by the reference point x(t,α) and the rotation matrix R(t,α).

A representation of the velocity field is then needed to derive the equations of motion. A reference frame has to be selected
for that purpose. Let us define the velocity variables u(t,α), U(t,α), ω(t,α) and Ω(t,α) such that

ẋ = u, ẋ = RU, Ṙ = !ωR, Ṙ = R!Ω (1)

with the tilde operator such that the components satisfy (!Ω)ij = ↗ϵijk(Ω)k. Clearly, u is the inertial frame linear velocity,
U is the local frame linear velocity, ω is the inertial frame angular velocity, and Ω is the local frame angular velocity. In the
literature, the inertial frame representation u,ω and the mixed representation u,Ω are frequently used. In the present work,
we propose to select the local frame representation U,Ω.

For convenience, let us introduce the representation of the position field in terms of a �×� matrix H(t,α), which belongs
to the special Euclidean group SE(3), and the representation of the velocity field in terms of a � × 1 velocity vector v(t,α)
such that

H(t,α) =

"
R(t,α) x(t,α)
01×3 1

#
, v(t,α) =

"
U(t,α)
Ω(t,α)

#
, Ḣ = H!v, !v =

" !Ω U
01×3 0

#
(2)

The vector v is actually a screw representation of the velocities. In a similar manner, virtual displacements δH = H$δh and
spatial gradients ∂H/∂αi = H!fi can be represented by � × 1 vectors δh and fi whose components are defined in the local
frame.

DYNAMICS IN THE LOCAL FRAME

In the local frame formalism, the kinetic energy can be expressed as a functional of the velocity field v(t,α) only and
the internal strain energy can be expressed as a functional of the spatial gradients fi(t,α) only. This means that the position
and orientation of the local frame do not explicitly appear in the expression of these energies, but only their time or spatial
derivatives. This intrinsically guarantees that these expressions do not depend on the choice of the position and orientation of
the inertial frame, i.e., they are frame invariant.

∗Corresponding author. Email: o.bruls@ulg.ac.be



Following the finite element approach, a spatial semi-discretization is performed leading to a description of the configura-
tion in terms of a variable HAN which collects the nodal variables of nodes A to N

HAN = (HA, . . . ,HN ) (3)

In each deformable finite element, the shape functions can be obtained by a nonlinear interpolation of �×� matrices on SE(3),
see [3]. In this case, the spatial gradient of the interpolation field expressed in the local frame only depends on the relative
displacements within the element Hrel

AN = (H−1
I HA, . . . ,H−1

I HN ), where I is an arbitrary node of the element. Also, the
interpolation of velocities only depends on Hrel

AN and on the nodal velocities vAN = (vA, . . . ,vN ). The consequence is that
the strain energy only depends on Hrel

AN and the kinetic energy only depends on vAN and Hrel
AN .

Based on the energies and on the kinematic constraints which are used for example to model kinematic joints between
bodies, the equations of motion are then derived in the local frame using the Hamilton principle [2]

M(Hrel
AN )v̇AN ↗%vT

ANM(Hrel
AN )vAN + gint(Hrel

AN ) + BT (Hrel
AN )λ = gext(HAN , t) (4)

Φ(Hrel
AN ) = 0 (5)

where %• is a linear operator which maps a vector to a matrix, and we have the internal forces gint, the external forces gext,
the kinematic constraints Φ, the matrix of constraint gradients B and the Lagrange multipliers λ.

One observes that the terms on the left-hand-side of Eqs. (4-5), i.e., the inertia forces, the internal forces, the constraint
forces and the kinematic constraints, depend on the configuration only through the relative displacements within the element.
In a beam or shell finite element, the amplitude of the relative displacements decreases with the size of the element. Therefore,
a mesh refinement leads to a reduction in the geometric nonlinearities within each element, even though the complete system
undergoes finite amplitude motions.

IMPLICIT TIME INTEGRATION IN THE LOCAL FRAME

The equations of motion can be solved using a Lie group implicit time integration method [1]. This scheme requires
the solution of the linearized dynamics at each Newton iteration of each time step. If one disregards the contribution of the
external forces, the linearized equations of motion about a configuation Hrel,∗

AN ,v∗, v̇∗, λ∗ are written as

r∗ + M(Hrel,∗
AN )∆v̇AN + Ct(H

rel,∗
AN ,v∗)∆v + Kt(H

rel,∗
AN ,v∗, v̇∗)∆hrel

AN + BT (Hrel,∗
AN )∆λ = 0 (6)

Φ∗ + B(Hrel,∗
AN )∆hrel

AN = 0 (7)

where r∗ and Φ∗ are the residuals at the linearization point, Ct is the tangent damping matrix and Kt is the tangent stiffness
matrix. If the relative displacements within each element are small enough and if the dependency of these matrices with
respect to the velocities and accelerations is neglected, the linearized form simply becomes

r∗ + M0∆v̇AN + C0
t∆v + K0

t∆hrel
AN + (B0)T∆λ = 0 (8)
Φ∗ + B0∆hrel

AN = 0 (9)

where the matrices M0, C0
t , K0

t and B0 are evaluated at the initial time and remain constant during the motion. In this special
case, an implicit nonlinear analysis with finite amplitude motions can be completely performed without any update of the
linearized model used in the Newton iterations. In this way, the cost of the re-evaluation and re-factorization of the tangent
matrices is avoided, leading to significant reduction in the CPU cost of the simulation.

In the general case, Eqs. (8-9) are only an approximation. However, this approximation often captures many dominant
terms of the linearized system and can be exploited to build efficient numerical algorithms.

CONCLUSION

The local frame approach limits the importance of the geometric nonlinearities in multibody dynamics models. Even if the
system undergoes large amplitude motions, the energies, forces and tangent operators are only sensitive to the relative motion
within each finite element. This property can be exploited to reduce the computational cost of the numerical methods.
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ANALYSIS OF VEHICLE HANDLING FOR FRONT WHEEL DRIVE AND REAR WHEEL
DRIVE VEHICLES

Sergei S. Avedisov ∗, Chaozhe R. He, Wubing B. Qin, and Gábor Orosz

Department of Mechanical Engineering, University of Michigan, Ann Arbor, MI, 48105, USA

Summary Steady state handling characteristics of rear wheel drive (RWD) and front wheel drive (FWD) vehicles are compared. Each
configuration is modeled by a bicycle model equipped with a brush tire model, and the nonlinear dynamics are derived through the Appelian
framework. The steady state solutions of the nonlinear equations are investigated via numerical continuation for understeer and oversteer
scenarios. The results are summarized using bifurcation diagrams for several different steering angles.

INTRODUCTION

As shown in [2, 3], numerical bifurcation analysis can be used to characterize vehicle handling. One may obtain the global
picture of the various steady states while varying parameters including states with high lateral acceleration that cannot be
obtained by traditional analysis [1]. In prior works, due to geometrical simplifications, no distinction was made between
rear wheel drive (RWD) and front wheel drive (FWD) vehicles. In this paper we use the Appelian framework to derive the
nonlinear dynamics of bicycle models for automotive steering considering rear wheel drive (RWD) and front wheel drive
(FWD) configurations. We show that these two configurations yield different dynamical equations, and analyze the steady state
motions for understeer and oversteer scenarios and different steering angles. This analysis can lay the foundation for the design
of future vehicle control systems tailored to the drive type of the vehicle.

DERIVATION OF VEHICLE DYNAMICS
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Figure 1: (a): Bicycle model with the steering angle γ , generalized coordinates x,y and ψ , and the
geometrical parameters ℓ and d. (b): Lateral tire force F (scaled by the normal force N) as a function
of the slip angle α . (c): Aligning moment M (scaled by aN) as a function of the slip angle α .

Figure 1(a) shows the bicy-
cle model for automotive steer-
ing. The bicycle model is com-
posed of the body of length ℓ,
mass m and mass moment of iner-
tia Jc with two massless wheels.
The center of mass is located at
distance d in front of the rear axle.
The tires are modeled using the
brush tire model with a parabolic
pressure distribution.

The motion of the bicycle is described by the position of the center of mass (x,y) and the heading angle ψ . Using the
constraint that the rear wheel (front wheel) is rolling with a constant velocity v0 in the RWD (FWD) model and assuming
quasi-steady lateral tire deformations, we can obtain the equations for the lateral velocity σ1 =↗sin(φ )ẋ+ cos(φ )ẏ and yaw
rate σ2 = φ̇ though the Appellian framweork. The handling dynamics of the RWD bicycle model are given by

[
m 0
0 Jc

][
σ̇1
σ̇2

]
=

[
↗mv0σ2

0

]
+

[
FR +FF cos(γ)

↗d FR +(ℓ↗d)FF cos(γ)+MR +MF

]
, (1)

where the forces FR = F(αR) and FF = F(αF) are shown in Figure 1 (b) as the function of the slip angle α . Similarly, the
moments MR = M(αR) and MF = M(αF) are depicted in Figure 1 (c). The slip angles for the RWD dynamics are given by

tan(αR) =
↗σ1 +(d↗a)σ2

v0
, tan(αF) =

v0 sin(γ)↗(σ1 +(ℓ↗d)σ2)cos(γ)↗a(σ2 + γ̇)
v0 cos(γ)+ (σ1 +(ℓ↗d)σ2) sin(γ)

. (2)

Similarly, the handling dynamics of the FWD bicycle model are given by
[

m
cos2(γ) m(ℓ↗d) tan2(γ)

m(ℓ↗d) tan2(γ) Jc +m(ℓ↗d)2 tan2(γ)

][
σ̇1
σ̇2

]
=

⎡

⎣↗m tan(γ)
cos2(γ) (σ1 +σ2(ℓ↗d)↗v0 sin(γ))γ̇↗m v0σ2

cos(γ) +m(ℓ↗d) tan(γ)σ2
2

↗m(ℓ↗d) tan(γ)
cos2(γ) (σ1 +σ2(ℓ↗d)↗v0 sin(γ))γ̇↗m(ℓ↗d) tan(γ)σ1σ2

⎤

⎦

+

[
FR + 1

cos(γ)FF

↗d FR + (ℓ↗d)
cos(γ)FF +MR +MF

]
.

(3)



The forces and moments are still given by Figure 1 (b) and (c), respectively, while the slip angles become

tan(αR) =
(↗σ1 +(d↗a)σ2)cos(γ)

v0↗σ1 sin(γ)↗(ℓ↗d)σ2 sin(γ)
, tan(αF) =

v0 sin(γ)↗σ1↗(ℓ↗d)σ2↗a(σ2 + γ̇)cos(γ)
v0 cos(γ)

. (4)

In traditional steady state handling analysis the simplifications a≈ 0, γ , αR, αF≪ π
2 , F(α) ≈ 2ka2α , M(α) ≈ 0 are used

yielding the steady states

σ∗1 =
2kRa2ℓγ

2kRa2ℓd↗mv2
0(ℓ↗d)

ℓ

v0
+Kus

v0

g
, σ∗2 =

γ
ℓ

v0
+Kus

v0
g

, Kus =
mg
2ℓ

(
d

kFa2 ↗
ℓ↗d
kRa2

)
, (5)

for the lateral velocity and yaw rate both for RWD and FWD. Here Kus represents the understeer coefficient, and for
Kus > 0 (Kus < 0) the vehicle understeers (oversteers) according to the SAE convention.

COMPARISON OF STEADY STATE CORNERING FOR FWD AND RWD CONFIGURATIONS
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Figure 2: Bifurcation diagrams for the RWD/FWD vehicle models for various Kus and γ values.
The left two figures denote the SAE oversteer configuration (Kus < 0), while the right two figures
denote an SAE understeer configuration (Kus > 0). The solid gray line represents the SAE cornering
solution. Stable solutions of (1,2) and (3,4) are marked by solid green curves, while unstable
solutions are marked by dashed red curves. The blue crosses denote fold and pitchfork bifurcations,
while the black pluses denote Hopf bifurcations. In the oversteer configuration the vertical black
dashed line represents the value of v0 when the vehicle loses stability in the simplified case (5).

In this section we compare the
steady state solutions of (1,2) and
(3,4) for SAE understeer (Kus > 0)
and SAE oversteer (Kus < 0) sce-
narios for different steering angles.
Figure 2 shows the stable and un-
stable steady state solutions as sol-
id green and dashed red curves, re-
spectively, as well as the traditional
(SAE) steady state cornering solu-
tions (5), as gray curves while vary-
ing the speed v0 for different values
of the steering angle γ . The equi-
librium value of σ1 is denoted by
σ∗1 .

For Kus < 0, γ = 1◦ the low-speed stable solution loses stability via fold bifurcation for both FWD and RWD configurations
below the critical speed predicted by the SAE solution. At high speed the RWD dynamics yield a stable solution corresponding
to negative σ1 born via Hopf bifurcation, whereas the FWD dynamics yield a stable solution corresponding to positive σ1 born
via fold bifurcation.

For Kus > 0, γ = 5◦ the low-speed stable solution also loses stability via fold bifurcation for both RWD and FWD
configurations, where the SAE solution does not show a critical speed at all. Stable solutions at high speed arise via Hopf
bifurcations for both RWD and FWD configurations. In the RWD case these stable solutions correspond to negativeσ1 and in
the FWD case they correspond to positive σ1.

In general we observe that the stable solutions arising at high speeds are characterized by negative σ1 in RWD dynamics
and by positive σ1 in FWD dynamics. Hence the RWD vehicle tends to oversteer at high speeds, whereas the FWD vehicle
tends to understeer at high speeds. This confirms with common notions about the handling characteristics of FWD and RWD
cars in extreme scenarios [4]. This demonstrates the predictive power of the models developed in this paper.
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GLOBAL SENSITIVITY ANALYSIS AND MULTIOBJECTIVE OPTIMIZATION OF 
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Summary Multiobjective optimization of nonlinear multibody systems with many degrees of freedom is a burdensome computational challenge. 
A feasible practical methodology for global sensitivity analysis (GSA) of multibody systems with respect to design parameters is proposed based 
on the multiplicative dimensional reduction method. The computational efficiency of optimization is significantly improved by restricting the 
input design parameters only to those identified by the GSA. The methodology is applied for GSA of a railway vehicle dynamics with respect to 
the bogie suspension characteristics. Several multiobjective optimization problems are then formulated and solved for a railway vehicle model 
with 50 degrees of freedom using genetic algorithm. The results obtained yield practical information regarding the optimized bogie suspension 
properties which improve the dynamics behavior of the vehicle from various perspectives. The proposed algorithm can be used in design 
optimization of nonlinear multibody systems with different applications. 
 

INTRODUCTION 
    
   Bogie primary and secondary suspension stiffness and damping components can affect railway vehicle dynamics behavior 
from different perspectives such as safety, ride comfort, and wheel/rail contact wear. The bogie suspension components might 
have conflicting effects on the system dynamics. Furthermore, vehicle’s speed, track irregularities, and radius of curvature of 
the track can also affect the vehicle’s dynamics. Therefore, to satisfy various design requirements it is necessary to formulate 
and solve multiobjective optimization problems for railway vehicles modeled as multibody systems. 
   Multiobjective optimization problem of a nonlinear multibody system with many degrees of freedom (DOFs) is an 
elaborate task which requires high computational efforts. Number of input design parameters is one of the most critical issues 
which can significantly affect the computational burden of the optimization. Sensitivity analysis makes it possible to recognize 
those design parameters that most affect the system dynamics response and attenuate the number of inputs for optimization. 
Here, an efficient method for the GSA of multibody systems is proposed. The methodology is then applied for the GSA and 
optimization of a railway vehicle dynamics with respect to suspension stiffness and damping components. 
 

GLOBAL SENSITIVITY ANALISYS  

   The Monte Carlo simulation is one of the most common methods for GSA. But the main drawback is heavy computational 
effort which makes it unfeasible to be applied to complex multibody systems. Analysis of variance decomposition or high 
dimensional model representation (HDMR) decomposes the response function of a high dimensional system into a 
combination of a set of low dimensional systems and dramatically reduces the computational and sampling efforts. Zhang and 
Pandey [1] proposed a multiplicative form of the dimensional reduction method (M-DRM) for GSA. The main advantages of 
using such an approximation are simplicity, high accuracy, computational efficiency, and closed-form representation for the 
global sensitivity indices. Based on the HDMR and M-DRM concepts the closed-form formulation of the global sensitivity 
index of an objective function with respect to the ith design parameter xi is introduced as: 
 

! "
2

T

2
1

1
1

i i
i n

k kk

S # $
# $

%

&
'

& (
  (1) 

where T
iS  is the total sensitivity index. Variables #k and $k are calculated using the Gaussian quadrature integration method, 

see, e.g. [2]. It has been shown that these indices are as accurate as those obtained from the Monte Carlo simulation but with 
a dramatically less computational effort. Here, this methodology is employed to evaluate the sensitivity of different objective 
functions such as ride comfort (

C

TS) ), wear (
W

TS) ), and three safety criteria namely track shift force (
TS

TS) ),  risk of derailment 
(

RD

TS) ), and running stability (
St

TS) ) of a one-car railway vehicle with respect to the 14 bogie suspension components listed in 
Table 1.  
 

Table 1: Design parameters for sensitivity analysis. 
No 1 2 3 4 5 6 7 8 9 10 11 12 13 14 
Parameter p

xk  p
xc  p

yk  p
yc  p

zk  p
zc  s

xk  s
xc  s

yk  s
yc  s

zk  s
zc  ARk  TRk  

Here, k and c denote stiffness and damping values, respectively. The subscripts x, y, z indicate the longitudinal, lateral, and 
vertical directions, respectively. The superscripts p, s, AR, and TR denote primary, secondary, anti-roll bar, and traction rod 



components, respectively. The simulations are carried out and analyzed for a vehicle running at maximum admissible speed 
on a curved track with very small radius of curvature R=300 m.  
 

MULTIOBJECTIVE OPTIMIZATION 

The GSA results shown in Fig. 1(a) are obtained with merely 168 simulations and include informative data regarding the 
design optimization of bogie suspension components. As an example, to reduce contact wear and improve ride comfort only 
parameters number 1, 3, 7, 8, and 11 can be considered as the design parameters in the multiobjective optimization problem. 
Therefore, the fourteen initial variables are reduced to five. This significantly improves the computational efficiency of the 
optimization. The wear/comfort Pareto optimization can be formulated as follows: for a given vehicle model, prescribed 
structural parameters, feasible initial states, and a set of operational scenarios it is required to determine the optimized vector 
of the design parameters (d*) such that the variational equation * min

*+
! " % ! "

d
d d) ) is satisfied subject to the following constraints:

! "* max
TS TS) , )d , ! "* max

St St) , )d , ! "* max
RD RD) , )d . Here, - .TW C% ) ))  is the vector of objective functions and ! is the domain of 

the input design variables (d). Limits max
TS) , max

St)  and max
RD)  are the maximum admissible values of the track shift force, 

stability and risk of derailment considered as thresholds to the optimization problem.     

Figure 1: a) GSA results of a one-car railway vehicle with 50 DOFs with respect to the suspension components; b) Normalized wear/comfort Pareto front. 

   To further improve the computational efficiency the five design parameters recognized by the GSA are classified into two 
sets (first set with 3 and second set with 2 design parameters) and the wear/comfort Pareto optimization is accordingly carried 
out in two levels. The formulated problem is solved using a genetic algorithm (GA) based routine integrated in a 
MATLAB/SIMPACK co-simulation interface. The normalized wear/comfort Pareto front achieved by the first and second 
optimization levels are compared in Fig. 1(b). The results proved that it is possible to reduce contact wear and improve ride 
comfort for the considered railway vehicle model while a satisfactory safety level is guaranteed.  
 

CONCLUSIONS 

   This study showed the feasibility and efficiency of the proposed M-DRM based method for the GSA of multidimensional 
nonlinear multibody systems which provided the results in a computationally efficient framework. The proposed methodology 
has been used for the GSA of a one-car railway vehicle dynamics behavior with respect to the bogie suspension components 
and revealed remarkable practical results which significantly reduced the number of input design parameters for optimization. 
The analysis of the GSA and Pareto optimization results showed that it is possible to solve optimization problem of a railway 
vehicle with realistic structural parameters and track irregularities in a computationally efficient manner and reduce wear and 
improve comfort while a satisfactory safety level is guaranteed. The proposed methodology can be used in the GSA and 
design optimization with different applications. 
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Summary In order to investigate and analyse the dynamical-optical behavior of high precision optical systems like lithographic objectives
and astronomical telescopes with low computational cost, integrated modeling methods and strategies are proposed. During an astronomical
observation, even small mechanical vibrations can be sufficient to produce aberrated images. The mechanical behavior of such optical
systems can be described by a combination of rigid body motion and small deformations. This leads to the utilization of elastic multibody
approaches and model order reduction methods in combination with techniques from optical simulations. As a result, the exposed image
influenced by mechanical excitations and structural deformations can be simulated and assessed.

INTRODUCTION

High precision optical systems are very sensitive with respect to mechanical influences. In order to investigate and analyse
the dynamical-optical behavior of high precision optics, integrated modeling strategies and methods are proposed, see also [1],
[2] and [3]. For deriving a simplified mechanical model for time simulations with low computational cost, the method of
elastic multibody systems (EMBS) in combination with model order reduction methods is used. Mechanical and optical
simulation models are derived and implemented according to the workflow shown in Figure 1. In order to clarify these
methods, mirror and lens applications are chosen as academic examples. Ground-based telescopes are highly resoluting optical
systems consisting of precise mirrors. They are accurately mounted and they are very sensitive with respect to vibrations.
During the observation time, small mechanical vibrations can be sufficient to produce inacceptably aberrated images. Even
the adaptive optical unit or other motion systems can unintentionally excite the whole construction. Similar effects can
happen at wafer scanning systems which use lithography objectives to project structures in a reticle onto wafers. Thereby, lens
deformations and related stresses also influence the optical behavior during the exposure time [4].
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Figure 1: Basic procedure for describing dynamical-optical simulations.

MECHANICAL MODEL

The mechanical model is based on EMBS with the floating frame of reference. In contrast to a detailed and large global
model based on the finite element method, a reduced and modular EMBS leads to low computational effort for simulations
in the time domain. Furthermore, the system can be analysed and assembled step by step and it is able to include only the
relevant dynamical behaviour due to appropriate model order reduction methods. For a single elastic body in an EMBS, the
structure of the equations of motion read

⎡

⎢⎣
mI mc̃T (q) CT

t

mc̃(q) J(q) CT
r

Ct Cr M̄ e

⎤

⎥⎦ ·

⎡

⎣
a
α
q̈

⎤

⎦+

⎡

⎣
0
0

D̄e · q̇ + K̄e · q

⎤

⎦+ hω = fa + fr, (1)
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kinematical differential equations ሶ ൌ ۹ሺሻ. The mass matrix ሺሻ א Թజൈజ is assumed to be symmetric and positive 
definite. The externally applied forces and torques are arranged in the vector ሺݐǡ ǡ  ሻ. The system is constrained by ݊
rheonomic algebraic constraint equations ݃ሺݐǡ ሻ ൌ Ͳ��ሺ݅ ൌ ͳǡǥ ǡ ߭ሻ, which are arranged in the constraint vector  א Թజ. 
The corresponding constraint forces and toques are defined by ்ሺݐǡ  with the matrix ࣅሻ ൌ డ

డ א Թజൈజ and the vector 
ࣅ ൌ ሺߣଵǡ ǥ ǡ జሻ்ߣ א Թజ  collecting the Lagrange multipliers.  
 
Thrust bearing model 
   The pressure generation  in the thrust bearing is mathematically described by Reynolds fluid film equation [1-4]: 
 

߲
ݎ߲ ൬݄ݎ

ଷ ߲
൰ݎ߲ 

ͳ
ݎ
߲
ߠ߲ ൬݄

ଷ ߲
൰ߠ߲ ൌ ݎ߱ߤ ߠ߲݄߲  ͳʹݎߤ ݐ߲݄߲  

 
where ݎ and ߠ are the radial and circumferential coordinates, ݄ the oil-film thickness, ߤ the viscosity of the oil, ߱ the 
rotational speed of the rotor and ݐ the time.  
   The temperature in the oil film is computed with an appropriate energy equation, see Ref. [1]. The information of the 
elastic deformation due to the oil pressure can be acquired from a 3D-linear-elastic structural model, which is integrated into 
the multibody model using a model reduction approach.   
 

SIMULATION RESULTS 
 
   Run-up simulations are performed with the fully-coupled model. A spectrum of a run-up simulation is shown in Figure 
2a. The system response is highly non-linear and exhibits different self-excited vibration effects. A detailed description of the 
nonlinear effects can be found in Ref. [6], for instance. The elastic deformation of the thrust bearing is depicted in Figure 2b. 

          
(a)                                                    (b) 

Figure 2: (a) Spectrum of a run-up simulation; (b) elastic deformation of the taper-flat thrust bearing 
 

CONCLUSION 
 

   An analysis of a coupled model has been conducted to find out the dynamic behaviour and transient bearing loads of an 
automotive turbocharger. The rotor system shows a highly nonlinear behaviour including different bifurcations, self-excited 
vibrations and jump phenomena. For that reason, a quasi-static approach, which is often used to dimension bearings, is not 
applicable for the considered turbocharger model, and a detailed fully-coupled model is necessary to predict the nonlinear 
interaction phenomena correctly.   
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Summary This paper presents examples for the use of Kalman filtering techniques: Parameters which influence the dynamics of a train are
identified from acceleration data. The algorithm identifies critical changes in spring and damper characteristics. Random influences due to
the naturally occurring track irregularities are included.

INTRODUCTION

Railway vehicles are susceptible to different types of damage: Wheels, springs, dampers and various other structural
components are important for a safe operation of the vehicle. A good maintenance of the vehicles is therefore important for
safety reasons. As monitoring during operation is currently not possible for some components, the most critical components
are sometimes replaced based on operation time, even if the component might be fully functional. This work is focused on
techniques to check the system’s health during operation. Several authors have presented approaches of using state-estimation
techniques in vehicle dynamics – and in some cases they have used them also for parameter estimation or fault detection, see
e. g. [1, 2, 3, 4]. A possible way of doing this is based on acceleration data measured at different points on the vehicle’s body.
The motion of these reference points is caused by the interaction of the different components of the vehicle.

DYNAMIC MODEL

The vehicle’s dynamics is described as a multibody system. The excitation is random due to the interaction of the wheel
with an uneven rail. The parameters, like spring- and damper-characteristics, masses and moments of inertia influence the
nonlinear dynamics of the vehicle. Multiple nonlinear components are included in the train model, which serves as an example
for the described techniques. Often, the exact values of the parameters are unknown and might even change over time.

The dynamic model of the vehicle under consideration is shown in Figure 1: It consists of a car body, two bogies, four
wheelsets and two motors. Several suspension elements are included in the model (solid lines in the close-up), these elements
are connected to the different bodies (circles).

Figure 1: Components of the train model

Car body, bogie and motor dynamics can be characterized by six degrees of freedom each. Prescribing constant speed, the
wheelset dynamics is considered as two dimensional and characterized by lateral yw and yaw motion ψw.

∗Corresponding author. Email: ellermann@tugraz.at



Using Newton-Euler equations, and transforming the equations of motion into state-space form, we obtain a system of
equations in the form

ẋs = Asxs + Bsxr

ys = Csxs + Dsv

where As is the state matrix, Bs is the process noise matrix resulting from the track, Cs is the output matrix and Ds is the
measurement noise matrix.

A common approach for the description of the random track irregularities is based on power spectral densities: A general
form of these spectra is given in ERRI B176 [5] and based on the coefficients in the polynomial description of these spectra,
the track irregularities are described by a set of form filters as

ẋffi = Affixffi + Bffiwffi

yffi = Cffixffi .

Combining the equation of the train and the track in one set of equations gives

ẋ = Ax + Bw

y = Cx + Dv .
(1)

with

A =

!
As BsCffi
0 Affi

"
, B =

!
0
Bffi

"
, C =

#
Cs 0

$
, x =

!
xs

xffi

"
.

EVALUATION

The general form of a multibody system as described before is then used in state estimation – but sets with slightly different
parameter values are considered in the estimation process. The estimation of the system’s state is obtained from an optimal
and robust filter. Thus, state-space data is generated, which is then compared with the reference system, i. e. the motion data
from the train under consideration. The procedure is a fault detection and identification (FDI) process. Linear and nonlinear
residual generators are applied for the detection and isolation of faults in the system. The parameter set with the best fit for
the state-space data of the real system is considered as the closest fit for the system description. This parameter set gives
information about critical changes in the components of the train but it also holds information about the wheel-rail interaction.

The analysis of selected test cases shows that for the given system it is possible to detect a failure of the suspension system
from the system’s dynamic response and different possible sources for the changes in the dynamical behavior are presented.
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Summary The multibody dynamics approach is introduced to simulate the whole drilling process of the directional drilling system combined 
with bit-rock interaction principle, which results the new born wellpath while drilling. The drilled wellpath trajectory of the simulation results 
can be used to evaluate the steering performance of a specific drilling assembly clearly and intuitively as a reference for directional driller. 
 

INTRODUCTION 
 
   Directional drilling is widely used to reach a reservoir which is inaccessible with normal vertical drilling. The wellpath 
control is very important to reach the target zone of the reservoir. However, the wellpath is difficult to predict before 
drilling and influenced by many factors such as bottom hole assembly configuration (position, gauge and quantity of the 
stabilizers, length and diameter of the drill collars), drilling parameters (weight on bit, rotation speed), formation anisotropy. 
Therefore, a multibody model of drilling system is built to predict the wellpath and experimental results are compared with 
simulation results to validate the effectiveness of the multibody model of drilling assembly. 
 

MULTIBODY MODEL OF DRILLING SYSTEM 
 
   As illustrated in Fig. 1(a), the drilling system consists of two subsystems: the surface driving system and the downhole 
drillstring system. The surface driving system includes drawworks which is used to raise or lower the drillstring through the 
drill line. Topdrive is used to rotate the whole drillstem clockwise under the commands from the control room. Drillpipe and 
bottomhole assembly (BHA), which steers the wellbore trajectory are included in the downhole drillstring system. The drill 
pipes connect the surface system to the downhole drillstring and transmit the torque from the surface to the BHA. The main 
parts of the the BHA consist of drill collars, measurement while drilling (MWD), stabilizers, and drill bit. Drill collars are 
used to provide sufficient weight on bit (WOB) for efficient drilling and control the control the wellbore trajectory 
combined with stablizer (Fig. 1(b)). MWD measures real-time inclination, azimuth of the wellbore and transmit these 
measurements to the surface control room through the mud pulses. When the drillstring is dropped and rotated, the drill bit 
scraps the rock. Hence the new wellbore is born and extends. 

 
Fig. 1 (a). Schematic of drilling system (b). Different configurations of BHA assembly 

The drilling system is built under the frame of multibody dynamics. The bit, stabilizer, drawworks, topdrive are modelled 
with rigid bodies. The drillpipe, drill collar, MWD are simulated with flexible Timoshenko beam.[1] The threaded 
connection between neighbouring drill components is formulated with fixed joints. Contact force between the drillstring and 
the wellbore is specially modelled by force element through contact points which are used to identify whether there is 
contact between them or not. Bit-rock interaction principle is used to connect the WOB and rate of penetration (ROP) to 
drill a new wellpath resulting a dynamic boundary for the drilling system.[2]  



SIMULATION RESULTS AND EXPERIMENT VALIDATION 
 
   INSIDES (In Silico Dynamical Experiment Simulator) developed by Tsinghua University under the frame of multibody 
dynamics is used to simulate the drilling system of COSL (China Oilfield Services Limited) in XinJiang, China. As is 
shown in Fig. 2, simulation wellpath and experimental wellpath from the measure depth of 2693m to 2721m are compared. 
And we can find that the simulation result fits well with the experimental result. The difference between them is no more 
than 0.5m. In addition to that, the influence of outer diameter of drill collars is shown in Fig. 3. We can see that drilling 
assembly which has smaller outer diameter drill collars will have larger build (better steering performance), which is in 
accordance with field tests. 

 
Fig. 2 The comparison between Simulation result and experiment result 

 
Fig. 3 The simulation result of different outer diameter (OD) of drill collars 

 
CONCLUSIONS 

 
   The multibody dynamics approach can be used to simulate the whole drilling process of the directional drilling system and 
evaluate the steering performance of a specific drilling assembly clearly and intuitively as a reference for directional driller on 
the basis of drilled wellbore trajectory. 
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A MODIFIED GENERALIZED STRAIN FORMULATION FOR FLEXIBLE MULTIBODY
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Summary A modification of a multibody formulation making use of generalized strains is proposed in which the generalized strains are
defined by implicit constraint functions. This modification yields a greater freedom in defining these strains so they can more closely fit
the actual behaviour of deformable finite elements. Modified planar and spatial beam elements are presented. Examples involving large
deflections of beams are presented to show the improved performance of the modified elements.

OUTLINE OF THE PROCEDURE

A finite element formulation for modelling flexible multibody systems was initiated by van der Werff and Jonker [1, 2]
and further developed to the present day. This formulation makes use of generalized strains and geometric transfer functions.
For each element, generalized strains, εe, are defined as explicit functions of the nodal coordinates, xe,

εe = D
e
(xe), (1)

where the deformation functions are denoted by D
e. The number of independent generalized strains for an element is equal

to the number of independent nodal coordinates minus the number of degrees of freedom of the element as a rigid body.
It is proposed to make the formulation more general by the use of implicit relations between the generalized strains and

the nodal coordinates, which can be expressed as constraint equations,

C
e
(εe,xe) = 0, (2)

where the form of Eq. (1) is a special case with C
e
= D

e
(xe)−εe. An advantage of this modification is the greater generality

and freedom of choosing the generalized strains, so they can be described by simpler expressions or they can more closely
match physical strain distributions. Also the number of generalized strains for a type of element can be reduced if some modes
of deformation are suppressed or increased if additional internal modes of deformation need to be described in order to obtain
a higher accuracy or to describe superelements [3]. Disadvantages are the possibly higher complexity of the constraints and
the increased size of some system matrices.

The formulation of the procedure to derive the equations of motions is largely analogous to the original procedure. Depen-
dent coordinates and generalized strains can be chosen, so that their number is equal to the number of constraints in Eq. (2),
and the other free coordinates and generalized strains are degrees of freedom. Geometric transfer functions that give the
coordinates and the generalized strains as functions of the degrees of freedom, and also their derivatives, can be calculated. A
difference from the original formulation is that Lagrangian multipliers dual to the constraints can be introduced, besides the
generalized stresses σe dual to εe, which still have a clear physical meaning in most cases.

SOME FINITE ELEMENTS

Flexible beams are statically determinate structures, that is, no compatibility equations exist between the six beam defor-
mations, and therefore an assumed strain approach to formulate finite beam elements can be easily applied. For the planar
beam element, a constant axial strain and a linearly varying curvature can be assumed. The differential equations for the elastic
line can be integrated from one nodal point to the other to obtain three constraint equations of the form (2). The integration
can be done exactly or approximately. As the derivatives are easy to calculate, a Taylor series approximation is used here.
Transverse shear can be included with or without introducing additional generalized strains. For a higher accuracy, additional
assumed strains for the axial strain of the central line and the curvature can be introduced.

For spatial systems, the rotations of nodal points are described by Euler parameters. The constraint for the Euler parameters
can be described by an equation of the form (2) without the need to introduce a generalized strain with a dual generalized
stress with an ambiguous physical meaning.

A spatial beam element can be modelled in a way similar to the planar beam element, where the curvatures in the two
bending directions are linearly interpolated and the specific torsion angle as well as the axial strain are constant. A more
accurate element can be obtained by interpolation the specific torsion angle by a linear or a quadratic function, which allows
in addition the description of constrained warping for thin-walled beams.

The mass distribution needed for the derivation of the equations of motion can be described by an independent interpola-
tion; as no spatial derivatives are needed, a lower order of accuracy can be used. The existing description [4] is still satisfactory
for the basic planar and spatial beam elements.
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ILLUSTRATIVE EXAMPLES

Some example systems that have been analysed before are used to illustrate the performance of the presented beam
elements. A planar cantilever beam with a transverse tip load undergoing large deflections is used as a first example. For the
static deflection, a quartic rate of convergence is obtained, which contrasts with the original formulation of the beam element,
which has a quadratic rate of convergence [5]. Even a higher rate of convergence is obtained if a higher order interpolation of
the strains is used.

As a second example, a spatial curved beam bent in a circular arc of 45 degrees, clamped at one end and loaded by a
tip force perpendicular to its plane, is considered. It is shown that the initial shape of the beam can be described exactly in
a straightforward manner. In this case, the rate of convergence is quadratic, as for the original beam element, but the error
constant is smaller. The order of convergence can be increased to quartic by choosing a linearly varying specific torsion angle.
In all cases, fewer elements are needed to obtain an accurate solution.

As a dynamic example, a planar falling flexible beam is simulated. The flexural rigidity of the beam can be made very
small and large deflections of the beam may occur, especially near the tip of the beam. The simulation does not break down
for this case, as does a simulation with the original beam element, although the solution may become inaccurate near the tip
of the beam.

CONCLUSIONS

The proposed modification of the definition of generalized strains for modelling multibody dynamic systems is shown to
be feasible and to lead to a versatility that can be used to obtain sufficiently accurate solutions with fewer elements. This
advantage countervails the disadvantage of a more complicated formulation.
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Summary The dynamics of connected vehicle networks with long-range connections are investigated. The stability of uniform traffic flow is
examined using a modal perturbation analysis that is tailored for high dimensional systems with near-symmetric network structure. The
modes of the network are approximated about the modes of the corresponding symmetric network. This approach allows one to obtain modal
dynamics and assess the impacts of long range communication on the stability of traffic flow of connected vehicle systems.

INTRODUCTION

Using wireless vehicle to vehicle (V2V) communication, connected vehicles may act upon information obtained from
multiple other vehicles ahead, including those beyond line of sight. The connected cruise control (CCC) algorithm considered
here not only implements information from the vehicle directly ahead [2], but also uses relative velocity with respect to vehicles
located further downstream. This can significantly increase highway lane capacity compared to human driven traffic, where each
vehicle only uses information from its immediate predecessor [1]. In early implementation of connected vehicle systems such
CCC vehicles will be mixed with human-driven vehicles. Thus, the applied control strategy shall have a high level of modularity
and shall exploit all available V2V information from transmitting vehicles ahead. To be able to evalueate the performance of
such networks requires a method that can account for heterogeneity over the network without being computationally demanding.
Here we use perturbation theory to incorporate long-range connections and decompose the network dynamics into oscillatory
modes. Then we analyze the stability of each mode, where dynamics are described by a small number of equations. This allows
us to quantify the benefits and drawbacks of ad-hoc wireless communication on the traffic flow.

NETWORK-BASED MODAL PERTURBATION ANALYSIS

We consider N vehicles traveling on a single-lane ring road, so that the i-th car follows the i+1-st car and the position of its
front bumper is denoted by si while its velocity is vi. The motion of the i-th vehicle is described by

ṡi = vi,

v̇i = α
!
V (si+1↗si↗ℓ)↗vi

"
+β (vi+1↗vi)+

σmax

∑
σ=2

βiσ (vi+σ↗vi),
(1)

where α and β are the control gains for the headway hi = si+1↗si↗ℓ and relative velocity vi+1↗vi , and V (h) is the optimal
velocity function which gives the desired velocity for each vehicle as a function of headway [2]. The relative velocity feedback
using the velocity of vehicle i+σ has gain βiσ ̸= 0 if vehicle i+σ transmits its information to vehicle i. The uniform flow
pseudo-equilibrium is given by si = v∗t + s0

i such that s0
i+1↗s0

i = hi ≡ h∗ and vi ≡ v∗ = V (h∗) for i = 1, . . . ,N. Linearizing
the dynamics of the resulting connected vehicle network in the vicinity of uniform flow we obtain

˙̂y =
#

Ĵ0 +
N

∑
i1=1

σmax

∑
σ1=0

Ĵp(i,σ)βiσ
$

ŷ, (2)

where ŷ = [yT
1 , . . . ,yT

N ] with yi = [%si, %vi]T represent the deviations about the uniform flow. The matrix Ĵ0 contains the terms
arising from the nearest-neighbor headway and relative velocity feedback, whereas the matrices Ĵp(i1,σ1) represent the
long-range communication.

When no long-range links are present (βiσ = 0 for all i and σ ), the block-circulant structure of Ĵ0 allows us to perform a
modal coordinate transformation ŷ = T̂0ẑ, where the matrix T̂0 represents a discrete Fourier transformation [3]. In the new
modal coordinates ẑ = [zT

1 , . . . ,zT
N ]

T the dynamics of the system are given by ˙̂z = D̂0ẑ, where D̂0 is block diagonal, meaning
that the dynamics of the modes are decoupled, i.e., ˙̂zk = [D̂0]kẑk for k = 1, . . . ,N. These modal coordinates describe traveling
waves along the road, and the stability of all modes guarantees the stability of the uniform flow.

∗Corresponding author. Email: orosz@umich.edu



To determine the effects of the long-range links, we approximate the modal dynamics of the system using Taylor expansions
around the symmetric network with respect to βiσ :

[D̂]k = [D̂0]k+
N

∑
i1=1

σmax

∑
σ1=2

[D̂(1)
1 ]k βi1σ1 +

1
2

N

∑
i1,i2=1

σmax

∑
σ1,σ2=2

[D̂(1,2)
2 ]k βi1σ1βi2σ2 +

1
6

N

∑
i1,i2,i3=1

σmax

∑
σ1,σ2,σ3=2

[D̂(1,2,3)
3 ]k βi1σ1βi2σ2βi3σ3 + . . .

(3)
where [D̂]k represents the dynamics of mode k. To perform this expansion we must determine a transformation matrix T̂ as
an expansion about T̂0, that block diagonalizes Ĵ to some order in βiσ . The expansion can be performed up to arbitrary order
and the circulant structure ofĴ0 allows one to reduce the complexity of equations for arbitrarily large numbers of vehicles and
arbitrary communication structure. The obtained modal approximations (3) can then be used to characterize the effects of the
long-range links on the stability of the uniform flow.

RESULTS

Figure 1: (a-c) Top: Connected vehicle system with N = 11 and V2V links of length σ = 2,3,4. Bottom: Stability charts in the (h∗,βσ )-
plane with α = 1 and β = 0.3. (d-f) Top: Connected vehicle system with N = 11 and V2V links of length σ = 2 and σ = 3 in union,
embedment, and cascade configurations. Bottom: Stability charts in the (β3,β2)-plane for h∗ = 20, α = 1, β = 0.6. Note, that we used the
simplified notation βiσ = βσ . Black solid curves are stability boundaries of modes 2 and 3, red dashed curves are boundaries obtained using
(3) expanded up to third order in βiσ . In the gray shaded region the uniform flow is stable, in the white region the uniform flow is unstable.

Using the developed methodology we first examine the effect of adding a long-range communication link of given length.
Figure 1 (a-c) shows stability charts for an 11-car network with extra links of lengths 2, 3, and 4. Indeed, the stability improves
with increasing the corresponding βσ . Longer links are more effective for stabilizing modes with lower mode numbers, while
shorter links are more effective for stabilizing modes with higher mode numbers.

The modal perturbation approach can also be used to examine the effects of multiple V2V links. Figure 1(d-f) shows
stability charts for 3 different configurations of an 11-car system with one V2V link of length 2 and one V2V link of length 3.
The stability boundaries in the three cases are slightly different, namely for the embedment and cascade configurations the
boundaries are convex, meaning that combining the V2V links in these configurations is beneficial for stability.
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Summary The Union is engaged in the scientific work in all branches of theoretical and applied mechanics, one of them is vehicle 
dynamics. International organizations occupied in closely related fields are admitted by IUTAM as affiliated organizations. In this paper 
it is shown how IUTAM served as protagonist for IAVSD to be established as a worldwide association. Road vehicle suspensions, e.g.,
are a topic of general interest to IUTAM and of high priority to IAVSD. 

EARLY DEVELOPMENTS 

   The First International Conference on Vehicle Mechanics was held May 16 – 19, 1968 at Wayne State University, 
Detroit, Michigan, USA, under the chairmanship of Herbert K. Sachs who served as editor of the Proceedings [1], too.  The 
2nd International Conference on Vehicle Mechanics took place September 6 – 9, 1971 at Paris VI University, France, 
followed by the 3rd meeting renamed as International Conference on Vehicle System Dynamics (VSD), August 12 – 15, 
1974 at Virginia Polytechnic Institute and State Univerisity, Blacksburg, USA. The Proceedings [2] and [3] were also 
published by Swets & Zeitlinger, Amsterdam, The Netherlands. In addition, due to the great importance of the topic a 
journal [4] was established. 

IUTAM SYMPOSIA 

   Encouraged by IUTAM President Warner Koiter in 1972 the Division for Mechanics of the Dutch Royal Institute of 
Engineeers applied for the sponsorship of a IUTAM Symposium on Dynamics of Vehicles on Roads and Railway Tracks. 
At the General Assembly of IUTAM held 1972 in Moscow, Russia, it was decided to accept the Dutch application and to 
hold 1975 the IUTAM Symposium at Delft University of Technology in Delft, The Netherlands under the chairmanship of 
Hans Pacejka. This 1st IUTAM Symposium was also announced as the 4th Conference on Vehicle System Dynamics. The 
Symposium dealt with the dynamics of vehicle-road and vehicle-rail systems. The scope of the subjects has been restricted 
mainly to those problems where the contact forces, acting between vehicle and road or guiding system, are of primary 
importance. Attention was given to the presentation of new methods and techniques which are useful in tackling vehide 
dynamics problems like lateral dynamics, stability and control analysis, vehicle ride on rigid and elastic supports [5].
   In 1977 the 5th VSD – 2nd IUTAM Symposium on Dynamics of Vehicles on Roads and Railway Tracks was held 
September 19 – 23, 1977 in Vienna, Austria under the chairmanship of Alfred Slibar and Helmut Springer [6]. Due to the 
high competition for IUTAM Symposia sponsorship, the Union had decided to decline further applications on a regular 
basis from the vehicle dynamics community. Therefore, an International Association for Vehicle System Dynamics 
(IAVSD) has been formed by decision of the Scientific Committee of the 5th VSD – 2nd  IUTAM Symposium in Vienna, 
Austria on September 20, 1977. On September 22, 1977 the first Board of the Association was formed, consisting of five 
officers and six trustees. 
   The main objectives of the Association include the promotion of the development of the Science of Vehicle Dynamics, a 
discipline that is based upon the theory of motion of ground based vehicle systems, and to encourage engineering 
applications of this field of science. These objectives fit so perfectly to objectives of IUTAM that IAVSD was immediately 
admitted as Affiliated Organization [7]. 
   The objectives of IAVSD are based on theoretical mechanics, and they are characterized by the common application to 
road and rail vehicles. This is visualized in its logo. 

   The rolling motion of ground vehicles requires sophisticated method from the theory of contact mechanics, and the 
fundamental principles of steel wheels on steel tracks are similar to those of rubber wheels on concrete tracks. These are the 
challenges of vehicle system dynamics and the mystery of its success. 



IAVSD SYMPOSIA 

   Starting with the 6th IAVSD Symposium held in Berlin, Germany, September 3 – 7, 1979, the series of  biennial symposia 
at selected locations around the world has been set up. The accompanying symposium proceedings have contributed greatly 
to a better understanding of problems related to ground vehicle system dynamics. The latest 24th IAVSD Symposium took 
place in Graz, Austria, August 17 – 24, 2015 and was again a great success. The forthcoming 25th IAVSD Symposium will 
be held in Rockhampton, Australia. Then, IAVSD has visited all continents of the world. 
   A big event for IAVSD was the selection of its proposal for a Minisymposium on the topic “Vehicle System Dynamics”  
by the IUTAM Congress Committee to be included in the 20th International Congress of Theoretical and Applied 
Mechanics (ICTAM200) held in Chicago, Illinois, USA, August 28 to September1, 2000. The Minisymposium comprised 
one sectional lecture and four introductory lectures all published in the ICTAM 2000 Proceedings [8]: 
   Adaptive Nonlinear and Learning Techniques  for Control of Vehicle Ride Dynamics by T.J. Gordon, 
   Software Tools: From Multibody System Analysis to Vehicle System Dynamics  
      by W. Kortuem, W. Schiehlen, M. Arnold, 
   Rail Vehicle Dynamics for the 21st Century by R.J. Anderson, J.A. Elkins, B.V. Birkle, 
   Fundamentals of the Lateral Dynamics of Road Vehicles by R.S. Sharp, 
   A Mechatronic Approach to Advanced Vehicle Control Design by M. Abe, K. Hedrick. 
Additonal selected papers of the Minisymposium were published [9], too.  

EXAMPLE ROAD VEHICLE SUSPENSIONS 

Vehicle ride dynamics is for IUTAM and IAVSD of scientific interest due to the complexity of modelling and the advanced 
solution methodologies. An early paper [10] from the 2nd IUTAM Symposium deals with the computational modelling of a 
semi-trailing arm suspension using the multibody dynamics software and sinusoidal road roughness resulting in frequency 
responses for ride comfort and ride safety. A recent paper [11] from the 24th IAVSD Symposium considers new premium 
cars with controllable adaptive shock absorbers allowing the driver to change the characteristics of the car during driving. 
Electronically adjustable dampers are available, e.g., from ThyssenKrupp Bilstein and applied by BMW as electronic 
damper control (EDC). Then, there remain three uncertain parameters, damping dA, tire stiffness and body mass, and fuzzy 
arithmetic techniques are required as an advanced solution methodology like the software package FAMOUS. The result is 
shown in the conflict diagram of standard deviations for comfort over safety due to random road roughness. 
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Summary The control of underactuated multibody systems is often a challenging task since less control inputs than degrees of freedom
are available. A systematic approach for feedforward control design of underactuated multibody systems is the use of servo-constraints
for model inversion. For various systems the dynamics of the obtained inverse model can be very different. Therefore different numerical
solution approaches are required. The obtained feedforward control can then be combined with feedback control. The presented framework
is verified experimentally using two underactuated multibody systems with very different structural properties, namely an overhead crane
and a flexible parallel manipulator. Questions concerning practical implementation and real-time capability are addressed.

INTRODUCTION

Underactuated multibody systems have less control inputs than generalized coordinates. Typical examples of underac-
tuated multibody systems are manipulators with passive joints, cranes, cable robots, and flexible multibody systems. One
challenging control task for multibody systems is end-effector trajectory tracking. Thereby the system output is an end-
effector point which should follow a trajectory predefined in time and space, e.g. the tool center point of a manipulator or
the load of a crane. In order to obtain a good performance in end-effector trajectory tracking a two design-degree of freedom
control structure is often used, combining feedforward control with additional feedback control action. Both parts can be
designed largely independent from each other. In trajectory tracking of multibody systems the major control action is due to
the feedforward control, while the feedback control has only to account for small disturbances and uncertainties. The feedfor-
ward control is given by the inverse model of the multibody system. Due to the underactuation, classical approaches known
from fully actuated systems, such as inverse kinematics and inverse dynamics, cannot be applied here. A very appealing and
efficient feedforward control design approach for underactuated multibody systems is the use of so-called servo-constraints,
which can be seen as generalization of classical geometric constraints [1, 2]. In contrast to methods from nonlinear control
theory [3], this does not require burdensome symbolic computations and allows a systematic treatment of different systems.

SERVO-CONSTRAINTS FOR MODEL INVERSION

The basic idea of servo-constraints is the enforcement of output trajectory tracking by introducing constraint equations,
yielding a set of differential-algebraic equations (DAEs),

M(q)q̈ + f(q, q̇) = CT (q)λ + B(q)u, (1)
cg(q) = 0, (2)

c(q) = h(q)↗yd = 0. (3)

Thereby, Eq. (1) represents the equation of motion of a multibody system, with generalized coordinates q, mass matrix
M , generalized forces f , input matrix B and control inputs u. Equation (2) arises if additional geometric constraint are
present, e.g. due to kinematics loops. Then, in the equation of motion (1) the Lagrangian multipliers λ are introduced, with
C = ∂cg(q)

∂q . These are the reaction forces due to the geometric constraint given by cg . This case also occurs, if the system’s
kinematics are described using cartesian coordinates instead of generalized coordinates. Finally, Eq. (3) represents the servo-
constraints, which should be enforced by the control. Thereby h(q) is the system output and yd is the desired output trajectory.
Equations (1)-(2) represent the forward dynamics. Adding Eq. (3) yields the inverse model. The numerical solution of this
inverse model provides the control inputs ud which are necessary to reproduce the desired output trajectory yd. In addition,
the inverse model provides the trajectories of all generalized coordinates qd, which are necessary for feedback control design.

Comparing the forward dynamics model with geometric constraints (given by Eq. (1)-(2)) with the inverse model (given
by Eq. (1)-(3)) shows firstly some structural similarities. In both cases a constraint equation on position level is introduced.
However, in the case of geometric constraints, the constraints are enforced by the Lagrangian multipliers λ which are col-
located with the geometric constraint. Then, the matrix P = CM−1CT is non-singular and thus the resulting DAE of the
forward dynamics has differentiation index 3. In contrast, in the case of servo-constraints, the constraints are enforced by
the control inputs u, which are mostly not collocated with the servo-constraints. For systems in minmal coordinates it is
P = HM−1B with H = ∂h(q)

∂q , which corresponds to the decoupling matrix in nonlinear control theory [2]. If additional
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constraint equations cg are present, they can be treated as special case of servo-constraints. Due to the non-collocation, servo-
constraint problems can show much more complex properties, which have to be understood in order to obtain a meaningful
numerical solution for the inverse model. Different cases can occur for underactuated multibody systems:
Case 1: The matrix P is non-singular, and therefore the DAE has also differentiation index 3. In this case the inverse model
is also a dynamic model. In reference to nonlinear control theory this dynamics is called internal dynamics [3]. Due to the
non-collocation the internal dynamics might be stable or unstable. In the case of stable internal dynamics, the inverse model
can be computed by forward time integration of the DAE (1)-(3). Examples of such systems are flexible manipulators, where
the system output is not the end-effector point but the joint angles collocated with the drives.
Case 2: As in case 1 the matrix P is non-singular, however the internal dynamics is unstable. Then, forward time integration
of the DAE (1)-(3) would yield unbounded control inputs ud, and is therefore not feasible. Alternatively one might compute a
bounded solution for the DAE (1)-(3) from a two-sided boundary value problem [2]. The boundary values are the unstable and
stable manifold of the internal dynamics at starting-point and end-point, respectively. While the obtained control input remains
bounded, it is non-causal, i.e. some small control action before the start of the trajectory tracking is necessary. Examples of
such systems are flexible manipulators, where the system output is the end-effector point.
Case 3: The matrix P is singular, and it can be shown that then the DAE has index larger 3. The remaining internal dynamics
might be again stable or unstable. Examples are manipulators with so-called joint elasticity with added damping, i.e. elasticity
and damping in the drive train between the motors and the manipulators’ links.
Case 4: Differentially flat systems can be inverted purely by algebraic manipulations and using a finite number of differentia-
tions of the desired output trajectory yd. In this case the matrix P is singular, i.e. the DAE has again index larger 3. However,
the inverse model does not contain any dynamics. Therefore, the system (1)-(3) can be solved efficiently with very simple
implicit integrators, such as Euler-backwards integration. Examples of such differentially flat systems are cranes.

APPLICATION EXAMPLES AND EXPERIMENTAL VALIDATION

Two underactuated multibody systems are considered to demonstrate the control design framework using servo-constraints
for different cases. The first system is a parallel manipulator with flexible links, see Fig. 1 left. The manipulator consists of
two carts moving on linear axes which are actuated by linear servo-drives [4]. On top of each cart one elastic link is mounted
with a revolute joint which are connected to each other via a third revolute joint in the middle of the longer arm. This is a
system which represents either case 1 or 2, where internal dynamics remains in the inverse model. If the tip of the longer arm
is used as system output the internal dynamics is unstable, representing case 2. If a slightly different system output is used, the
internal dynamics can become stable and case 1 occurs. The second example is an overhead crane such as used for containers,
see Fig. 1 right. The system consists of a crane cart which is actuated along a linear axis. On this cart 4 motors are mounted,
each of them actuating the length of one crane cable. If the load is the system output, the underactuated system represents
case 4. The system is differentially flat and the inverse model does not contain any dynamics. Experimental results for both
systems are presented, showing the efficiency and accuracy of the presented framework. Also aspects of implantation, real
time capability of the inverse model, and possible additional feedback control are discussed.

Figure 1: Considered underactuated multibody systems: parallel flexible manipulator (left) and overhead crane (right).
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Summary A problem arising frequently in multibody dynamics is to determine unknown input signals such that an objective function is
minimized. The adjoint method is the most efficient way to compute the gradient of any objective function by solving a system of ”adjoint”
differential algebraic equations backwards in time. The key idea of this method can also be applied directly to the time-discrete multibody
system resulting in a set of adjoint difference equations, which yield the gradient of the discretized objective function. In this paper we
present the discrete adjoint equations associated to the equations of motion of a multibody system, which are discretized by any implicit
one-step integration method and describe how the obtained gradients can be transformed for varying time discretizations.

We consider multibody systems with redundant generalized coordinates q ∈ RNq in the descriptor form

M(q)q̈ + CT
qλ = Q(q, q̇,u, t), C(q) = 0 (1)

where M denotes the mass matrix, Cq = ∂C/∂q the constraint Jacobian, λ ∈ RNλ the vector of Lagrange multipliers
and Q the vector of generalized forces. Moreover, u ∈ RNu is a vector of time dependent input signals which should be
determined such that an objective function of the form J(u) =

∫ t1
t0
φ(q, q̇, t) dt is minimized. The adjoint method serves

as the most efficient way to compute the gradient of J , see [3] or [1]. It determines its first variation from the solution of
linear adjoint equations with time variant coefficients resulting from the solution of Eqs. (1). There are two strategies for this
purpose, the equations of motion of the multibody system and adjoint equations may either be separately discretized from their
representations as differential-algebraic equations, or, alternatively, the equations of motion of the multibody system may be
discretized first, while the discrete adjoint equations are derived directly from the discrete multibody system equations.

DISCRETE ADJOINT GRADIENT COMPUTATION

To solve the system equations (1) a proper numerical integration scheme must be applied, which computes positions,
velocities, accelerations and the Lagrange multipliers at a time instant ti. Denoting the state vector xT = (q, q̇, q̈,λ) and the
inputs u at time ti as xi and ui, an implicit one-step method and an initial condition have the general form

F(xi,xi−1,ui,ui−1, ti, ti−1) = 0, i = 1 . . . n and G(x0,u0, t0) = 0 (2)

For example, the HHT-algorithm [2] is given by the function

F(xi,xi−1,ui,ui−1, ti, ti−1) =

⎛

⎜⎜⎝

(Mq̈)i + (1 + α)
∏
CT

qλ↗Q
)
i
↗α

∏
CT

qλ↗Q
)
i−1

qi↗qi−1↗hq̇i−1↗ 1
2h2[(1↗2β)q̈i−1 + 2βq̈i]

q̇i↗q̇i−1↗h[(1↗γ)q̈i−1 + γq̈i]
C(qi)

⎞

⎟⎟⎠ (3)

where h = ti↗ti−1 is the timestep size and α, β, γ are parameters. For a given control sequence u0 . . .un Eq. (2) defines
the sequence of state vectors x0 . . .xn at given time steps t0 . . . tn. (The function G defines initial postions, velocities,
accelerations and Lagrange multipliers at t0.) The goal is to determine the gradient of the discretized objective function

Ĵ =
n∑

i=0

ηiφ(xi, ti) =
n∑

i=0

ηiφ(xi, ti) + yT
0G(x0,u0, t0) +

n∑

i=1

yT
i F(xi,xi−1,ui,ui−1, ti, ti−1) (4)

with respect to ui. Here, ηi are proper weighting factors which are used to approximate an integral in the continous objective
function. Moreover, we have also added the terms yT

0G(x0,u0, t0) and yT
i F(xi,xi−1,ui,ui−1, ti, ti−1) to Ĵ , which are zero

for any choice of the adjoint state vectors y0 . . .yn because Eqs. (2) must hold. Consider now a control sequence u0 . . .un

for which the states x0 . . .xn have been computed by solving Eqs. (2) and Ĵ has been evaluated by inserting into Eq. (4). We
ask, what happens to Ĵ if the controls are slightly changed by δui. For that purpose, we introduce the Jacobian matrices

A0 :=
∂G

∂x0
, B0 :=

∂G

∂u0
and for i = 1 . . . n: Ai :=

∂F

∂xi
, A′

i :=
∂F

∂xi−1
, Bi :=

∂F

∂ui
, B′

i :=
∂F

∂ui−1
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Moreover, we set φx,i := ∂φ/∂xi. With these notations the first variation of the objective function (4) is given by

δĴ =
n∑

i=0

ηiφ
T
x,i δxi + yT

0 (A0 δx0 + B0 δu0) +
n∑

i=1

yT
i (Ai δxi + A′

i δxi−1 + Bi δui + B′
i δui−1)

=
n−1∑

i=0

{∏
ηiφ

T
x,i + yT

i Ai + yT
i+1A

′
i+1

)
δxi +

∏
yT
i Bi + yT

i+1B
′
i+1

)
δui

}
+
∏
ηnφ

T
x,n + yT

nAn

)
δxn + yT

nBnδun

(5)

If we now define y0 . . .yn by the equations

ηiφ
T
x,i + yT

i Ai + yT
i+1A

′
i+1 = 0, i = 0 . . . n↗1, and ηnφ

T
x,n + yT

nAn = 0 (6)

the first variation of Ĵ reduces to δĴ =
∑n−1

i=0

∏
yT
i Bi + yT

i+1B
′
i+1

)
δui + yT

nBnδun since the terms with δxi cancel out.
Considering Ĵ ultimately as a function of u0 . . .un this formula yields the gradients

∂Ĵ

∂ui
= BT

i yi +
∏
B′

i+1

)T
yi+1, i = 0 . . . n↗1, and

∂Ĵ

∂un
= BT

nyn (7)

For that purpose, the adjoint variables must be computed from Eqs. (6). Notice that theses equations are linear and can be
solved recursively by starting with the last one to obtain yn and then computing yn−1,yn−2, . . .y0.

OPTIMIZATION AND VARYING DISCRETIZATIONS OF THE OBJECTIVE FUNCTION

The gradient given by Eq. (7) can be used to find a minimum of the objective function Ĵ(u0 . . .un). In the simplest case,
one can update a guessed control sequence u0 . . .un in the direction of the negative gradient by setting ui → ui↗κ∂Ĵ/∂ui,
where κ is a parameter which can be found, for example, by means of a line search method, such that Ĵ becomes as small as
possible with the updated control sequence. By repeating this process we will approach a local minimum of Ĵ after a number
of iterations. An alternative optimization strategy is to look for a solution of the equations ∂Ĵ/∂ui = 0. For example, the
well-known BFGS-method [1] can be applied for that purpose, which estimates the Hessian matrix of Ĵ from the gradients
of succesive iterations. However, in both cases one has to take care about the fact that the time discretization t0 . . . tn used
for Eq. (2) may change during the optimization process, in particular, if the numerical error is controlled. Hence, we need
a way how to associate the gradients for different discretizations of a continous objective function J . Let Ĵ(u0 . . .un) be
a discretization of J , and let ∂Ĵ/∂ui be its gradient computed with the discrete adjoint method. Moreover, suppose that
Ĵ ′(u′

0 . . .u′
n′) is a different discretization of J . Then the gradient ∂Ĵ ′/∂u′

i can be determined as follows.
The first variation of a continous objective function J(u(t)) is a linear functional with the form δJ =

∫ t1
t0

Hu(t) δu(t) dt.
Herein, Hu is the derivative of the Hamiltonian function with respect to the controls, which is associated to any optimal
control problem, e. g. see [3]. Hence, δJ can be approximated by

δJ ≈
n∑

i=1

ηiHu(ti)δu(ti) ≈
n∑

i=1

∂Ĵ

∂ui
δui and by δJ ≈

n′∑

i=1

η′iHu(t′i)δu(t′i) ≈
n′∑

i=1

∂Ĵ ′

∂u′
i

δu′
i (8)

Since δu(ti) = δui and δu(t′i) = δu′
i we recognize that ∂Ĵ/∂ui = ηiHu(ti) and ∂Ĵ ′/∂u′

i = η′iHu(t′i). Thus, the values of
the continous function Hu(t) at t0, t1, t2, . . . are given by Hu(ti) = η−1

i ∂Ĵ/∂ui. They can be used to interpolate the values
of Hu(t) at the time step t′i and to compute ∂Ĵ ′/∂u′

i = η′iHu(t′i).

CONCLUSIONS

We presented the discrete adjoint method for a general implicit one-step solver of the equations of motion of a multibody
system in descriptor form. The are two advantages of this approach compared with the continous adjoint method: 1. No
seperate solver is required for the continous adjoint equations. 2. Using the discrete adjoint method, e. g. in combination with
the HHT-algorithm, the objective function may also depend on the accelerations. In the continous case, accelerations are not
contained in the state vector, but have to be expressed by the equations of motion, which lead to very complex Jacobians.
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Summary The dynamics of flexible multibody systems with interval parameters is initially studied. The flexible multibody systems with rigid 
and flexible bodies are described by using a unified mesh of the absolute nodal coordinate formulation (ANCF). A non-intrusive computation 
methodology is proposed to efficiently solve the governing Interval Differential Algebraic Equations (IDAEs). Firstly, the Interval Differential 
Algebraic Equations (IDAEs) are directly transformed into the nonlinear interval algebraic equations by using the generalized-alpha algorithm. 
Then, the Chebyshev surrogate models for these nonlinear interval algebraic equations are established by using the Chebyshev tensor product 
(CTP) sampling method and Chebyshev collocation method (CCM). To circumvent the interval explosion problem and maintain computation 
efficiency, the scanning method is used to determine the upper and lower bounds of the deducted surrogate models. Finally, two numerical 
examples are studied to check the efficiency and effectiveness of the proposed methodology. 
 

INTRODUCTION 
 
   The multibody systems inevitably contain uncertain parameters, such as the uncertain material density, uncertain Young's 
modulus, uncertain geometrical parameters, and uncertain excitation amplitudes. For example, the dynamics of the multibody 
systems with joint clearance has been extensively studied by Flores et al. [1] and Tian et al. [2]. However, the clearance sizes 
for all their simulated models are deterministic parameters. In fact, due to wearing problems, manufacture and assembly errors 
these clearance sizes cannot be accurately measured. Therefore, the dynamic analysis of multibody systems without taking 
these uncertainties into account cannot accurately reveal these systems true dynamic behaviors.  

The Monte Carlo simulation is one of the most widely used methods to study the uncertain problems. However, it is well 
known that the Monte Carlo simulation is very inefficient. The non-statistic methods are more efficient and have a broader 
scope of application. Sandu et al. [3] used the polynomial chaos (PC) methods to simulate a rigid planar single pendulum 
mathematically described by a set of Differential-Algebraic Equations (DAEs) with index-3. However, for the PC methods 
the probability density functions of all the system random parameters are required, which is very difficult to obtain. For 
practical multibody systems, it is usually easier to get the bounds of the uncertain parameters than to obtain the probability 
density functions of uncertain parameters. The interval method is one of the non-probabilistic methods and mainly used to 
study the problems with uncertain, but bounded parameters. However, there are very few studies focused the dynamics of 
flexible multibody systems with many uncertain interval parameters. The main reasons are the wrapping effect inherited from 
the interval operations [4] and inefficiency of the solution algorithms for Interval DAEs (IDAEs). Based on the work by Wu 
et al. [5], the authors [6] proposed a Chebyshev tensor product (CTP) sampling method and a Chebyshev collocation method 
(CCM) to study the dynamics of rigid-flexible multibody systems with many uncertain interval parameters. The lower and 
upper bounds of dynamic responses are determined by scanning the Chebyshev surrogate model not the IDAEs. In this work, 
the efficiency of the algorithms previously proposed are further improved, and the dynamics of multibody system with interval 
clearance size is also initially studied.  
 

DESCRIPTION OF FLEXIBLE MULTIBODY SYSTEMS VIA ANCF 
 

In this study, the rigid-flexible multibody system is meshed by using a unified mesh of the Absolute Nodal Coordinate 
Formulation (ANCF). That is, the flexible parts are meshed by using the finite elements of the ANCF, while the rigid parts 
are described via the ANCF Reference Nodes (ANCF-RNs). The ANCF was originally proposed by Shabana [7] to accurately 
model the flexible multibody system subject to both large overall motions and large deformations. Many finite elements of 
the ANCF have been proposed and used to mesh the flexible parts of various flexible multibody systems. It has also been 
demonstrated that by using the ANCF-RN many complex constraint conditions can be simplified. 

 
COMPUTATION METHODOLOGY FOR SOLVING THE IDAES 

 
Under the framework of ANCF, the flexible multibody systems with uncertain interval parameters can be mathematically 

described by a set of IDAEs with index-3, as 
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By using the definition of interval array and according to the generalized-alpha algorithm, the solution of Eq. (1) can be 
obtained by solving the nonlinear algebraic equations,  
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Once, the solution of Eq. (2) is obtained, the interval response can be further calculated by 
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By using the CTP sampling method the sampling value in Eq. (2) of the interval parameters can be obtained. The 
computation processes are also parallelized by using OpenMP directives. 
 

NUMERICAL EXAMPLES  
 

Figure 1 shows the initial configuration of a six-arm flexible robot. Let all the six-arm lengths contain the uncertainty of 
10% of their nominal values. Figure 2 gives the Y-displacement interval bounds of the robot end-effector. According to the 
computational time for solving the deterministic DAEs once, the estimated total computational time for solving the scanned 
IDAEs would be 1850 days. While the computational time for solving the scanned CCM surrogate model is just 9796.97 
seconds. Figure 3 shows a planar slider-crank system with revolute clearance joint. The size of joint clearance is regarded as 
an uncertain interval parameter, and is set as [0.3 0.6] mm. Figure 4 depicts the slider acceleration interval responses. 
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CONCLUSIONS 

 
   An efficient non-intrusive computation methodology is proposed to study the dynamics of the complex flexible multibody 
systems with many uncertain interval parameters. The computation methodology is initially used to study dynamics of systems 
with joint clearance. Many new dynamics behaviours are observed. More results will be presented at the conference. 
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Summary The equivalent static load (ESL) method is a powerful approach to solve dynamic response structural optimization problems.
The method transforms the dynamic response optimization into a static response optimization under multiple load cases. The ESLs are
defined based on the transient analysis response whereupon all the standard techniques of static response optimization can be used. In the
last decade, the ESL method has been applied to perform structural optimization of flexible components of mechanical systems modeled as
multibody systems. This method considers the optimization of isolated components during the static response optimization. The present
research proposes a generalized ESL method accounting for the entire system during the static response optimization, which enables to
formulate the constraints with respect to the mechanism and not restricted to the individual components. The proposed method relies on a
Lie group formalism which has appealing properties to derive efficiently the ESL. Examples validate the method.

TWO APPROACHES FOR THE OPTIMAL DESIGN OF FLEXIBLE MECHANISMS

Nowadays, two approaches can be identified to perform the structural optimization of mechanical system components.
The first one, namely the fully coupled approach, incorporates the time response coming directly from the MBS analysis into
the optimization problem. Hence, this approach leads to a dynamic response optimization problem. The computational cost
to solve this problem may be high as it requires the computation of the sensitivities of the displacements, velocities and accel-
erations. Further, the treatment of time-dependent constraints is an essential problem as it drastically affects the convergence
of the optimization process. However, this approach is totally general and can accommodate all types of constraints. In order
to reduce the computational cost, a lot of research has been conducted to remove the time dependency out of the problem.
An important breakthrough has been made by Kang, Park and Arora [3] who proposed a rational method to define Equivalent
Static Loads (ESL) to optimize flexible mechanisms. This method leads to the second approach, namely the weakly coupled
approach, wherein an ESL is evaluated for each time step and for each component to design, producing the same displacement
field as the one generated by the dynamic load at the considered time step. These ESLs are fixed during the static response
optimization process whereupon cycles between the MBS analysis and the optimization process are required to account for
the design variable change over the ESLs. Nonetheless, even if the method is general, it has been developed for MBS based
on the floating frame of reference formalism. This formalism separates the elastic coordinates from those describing the gross
motion of the rigid bodies. The traditional ESL method [3] relies on this property which enables to define the ESLs for
each optimized component by simply isolating some parts of the equations of motion. Indeed, this formalism computes the
component deformation with respect to its material (body-attached) frame whereupon the ESL definition is unambiguous.

NONLINEAR FINITE ELEMENT FORMULATION

In the present work, a nonlinear finite element approach formulated on a particular Lie group is considered. The nonlinear
finite element approach aims at accounting for the full flexibility of the different components in an integrated manner and
enables the analysis of mechanism deformation undergoing large and fast joint motions. Moreover, this approach is well-
suited to solve advanced optimization problems such as topology optimization problems, which renders it appealing to design
optimal flexible mechanisms.

The Lie group theory offers several advantages for the finite element analysis of systems with large rotation variables [4].
Firstly, the equations of motion are derived and solved directly on the nonlinear manifold, without an explicit parameterization
of the rotation variables, which leads to important simplifications in the formulations and algorithms. Secondly, displacements
and rotations are represented as increments with respect to the previous configuration, and those increments can be expressed
in the material frame. Therefore, global geometric nonlinearities are automatically filtered from the relationship between
incremental displacements and elastic forces, which strongly reduces the fluctuations of the iteration matrix during the simu-
lation [1]. Taking profit of these properties, the ESLs can be evaluated efficiently. It turns out that they can be defined as the
internal forces of each component since these latter are defined in the nodal local frame [5]. This contrasts with a classical
nonlinear finite element formulation [2] wherein a post-processing step must be added to define the ESLs.

Hence, during the static response optimization problem, for each time step n, the deflection of body b, ∆nb, resulting from
the ESL, gb

n,eq , is computed as,
Kb

t (p)∆nb = gb
n,eq, (1)

where Kb
t (p) is the tangent stiffness matrix of body b, depending on the design parameter vector p but not on the time step n.
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LIMITATION

A severe limitation of the ESL method concerns the static response optimization that is performed on decoupled compo-
nents. As observed in Eq. 1, the superscript b indicates that the equation is related to a lone component. Ergo, the optimization
problem must be formulated in such a way that each component has its own set of constraints. Imposing multicomponent-
based constraints, e.g. a global behavior constraint, is thus difficult since the components are optimized independently.

GENERALIZATION OF THE TRADITIONAL ESL METHOD

The proposed method removes this limitation by generalizing the traditional ESL method to account for the entire system
during the static response optimization problem so that multicomponent-based constraints can be considered. In order to
compute the deflection of the system, ∆n, resulting from the global ESL, gn,eq , Eq. 1 must be extended to account for
kinematic joints between components. Resorting to the equations of motion of the mechanism and linearizing them around
the deformed configuration at time step n, the deflection of the system is obtained by solving iteratively the following equation,

!
Kt BT

n

Bn 0

" !
∆n
∆λ

"
=

!
gn,eq

∆Φ

"
, (2)

where Bn is the gradient matrix of the kinematic constraints Φ, which are used, e.g., to model kinematic joints. The La-
grangian multiplier vector λ results from the Lagrange multiplier method to incorporate kinematic constraints.

This generalization is performed efficiently within the Lie group formalism since the system flexibility is accounted in an
integrated way and the tangent stiffness matrix, which is defined in the local nodal frames, can be considered as independent
of n. The additional cost to solve the nonlinear equation is rather limited since the update at each iteration is limited to the
matrix Bn, which accounts for the modification of the component relative displacement.

The proposed generalization has been validated on classical benchmarks, such as the structural optimization of a 2-dof
robot (Fig. 1(a)) and a 4-bar mechanism (Fig. 1(b)). The results are in agreement with the fully coupled method which is
considered as the reference method.
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(b) 4-bar mechanism

Figure 1: Kinematic models.

CONCLUSIONS

The proposed method supersedes the traditional ESL method by considering the entire system during the static response
optimization and removing the implicit assumption of optimizing decoupled components. The use of the Lie group formalism
enables this generalization at a low extra-cost since the cost to solve the nonlinear problem is limited to the update of the
kinematic constraint gradient matrix. This approach seems promising to solve industrial applications.
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Summary The paper addresses dynamics of variable mass or configuration mechanical systems subjected to holonomic or nonholonomic 
constraints, which are imposed due to systems desired performance, tracking specified motions or control needs. It presents an analytical 
dynamics modeling framework whose novelty is that nonholonomic constraints can be merged into variable mass system dynamics and final 
motion equations are free of the constraint reaction forces so they can be used directly to control design. Many engineering systems change their 
mass or configuration when they move, e.g. inertia-based propelled underwater vehicles or mobile robots and manipulators transporting loads. 
An underwater inertia-based propelled vehicle model dynamics and performance illustrate the theoretical development presented in the paper. 
The paper contribution is two folded. It presents a unified approach to constrained variable mass or configuration systems modeling and 
introduces analytical dynamics methods to nonlinear control for solving engineering problems. 
 

INTRODUCTION 
 
   The paper addresses dynamics of variable mass or configuration mechanical systems, which can be additionally 
subjected to holonomic or nonholonomic constraints. The constraints on these systems are due to their desired performance, 
tracking pre-specified motions or are control constraints. There is quite a lot of engineering systems whose mass or 
configuration change when they move or change of mass is their way of propulsion. The examples of significant 
engineering importance are underwater vehicles which are often inertia–based propelled, ground mobile robots and 
manipulators, whose mass or configuration change due to carrying loads, or excavating machines or others transporting 
various materials. They work and deliver services so they are controlled systems with specified performance, see e.g. [1].  
   The beginning of the theory of variable mass systems is attributed to Mieszczerskii [2]. The Second World War and 
years after it brought new results oriented to military and space exploration applications. The beginning of analytical 
mechanics of variable mass systems is dated when Lagrange equations were derived for them [3]. Research on variable 
mass systems is intensive and latest results with references to other works can be found in [4]. There, holonomic systems 
with mass being mostly a time function are considered.  
   There are no, to the best of the author knowledge, a unified approach to generation of variable mass systems motion 
equations, when they are constrained by holonomic and nonholonomic constraints. Additionally, the equations should be 
applicable for a model-based controller design. A good example of a variable mass and configuration system is an 
underwater vehicle which is inertia–based propelled in both pure mechanical and hybrid case, when additional batteries are 
added to facilitate or speed up its maneuvers. The vehicle changes its mass due to the change of amount of water in its tanks 
and its inertia changes due to an extra mass, which may move inside the vehicle to support maneuvers such as turning, 
pitching and yawing. Underwater vehicles serve many purposes, e.g. sea bottom exploration, military purposes, or 
elimination of pollutions from sea waters. Variety of mission related control goals, written in constraint equation forms, 
may be formulated for them, e.g. monitoring tasks, motion along pre-specified trajectories or with pre-defined velocity 
changes. Underwater vehicles are thus constrained variable mass and configuration systems, which need to be controlled.  
   The paper presents a unified dynamics modeling framework which enables generating equations of motion for 
constrained variable mass and configuration systems. The novelty of the framework is that variable mass systems may be 
subjected to holonomic or nonholonomic constraints, which may be material, control based or task based, provided they can 
be presented in the form of algebraic or differential equations. 
   The paper contribution is two folded. It presents a unified modeling method for constrained variable mass and 
configuration systems and introduces the latest analytical dynamics methods to nonlinear control.  
   An example of underwater glider dynamics and performance illustrates the theoretic analytical modeling method. 
 

VARIABLE MASS AND CONFIGURATION SYSTEM DYNAMICS 
 
   Assumptions for derivation of motion equations for variable mass systems are that the mass change undergoes the 
Mieszczerskii mass change scheme [1], mass may be a function of time, positions and velocities, and a system may be 
subjected to holonomic or nonholonomic constraints. 
The unified constrained dynamics for variable mass systems yields the following equations of motion specified in 
generalized coordinates q for q∈Rn  
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where: T is the system kinetic energy, σQ  are generalized forces that act upon a system, σ=1,...,n, mass ( )qqtmm ii &,,= . 
The constraint equations are presented in the form  
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with i
i

i c
dt

dm
=Φ  being a reactive force, iii vuc −=  are relative velocity vectors of mass dm joining i-th particle of a 

system. Both iu  and iv  have to be presented in generalized coordinates. 
   Equations (1) admit the following properties: 
- They are free of constraint reaction forces so they can be directly transformed into a dynamic control model by adding 

control forces at their right hand sides. 
- Constraint equations, both position and kinematic material and task-based, can be merged into (1). 
- Their form is the same as for constant mass systems so they can be used when a system configuration changes only. 
- They reduce to Maggi equations for first order nonholonomic systems when mass is constant [5]. 
 

DYNAMICS AND PERFORMANCE OF AN INERTIA-BASED PROPELLED UNDERWATER VEHICLE 
 
   The underwater glider inertia-based propelled and equipped with two water tanks located at the front and back of the 
vehicle. The longitudinal plane is a symmetry plane for the glider with the water tanks. The motion equations for the glider 
are derived based upon (1) in its body frame. The constraints (2) are put upon the glider velocity components. 
 

   a)      b)      c)  
 
Figures below present the following: a) change of the vehicle vertical motion when the water in the water tanks is gradually 
reduced to half, b) the influence of the pre-specified velocity for the vehicle range of motion, c) turn of the vehicle with different 
forward velocities and the same vertical one.  
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A VARIATIONALLY CONSISTENT APPROACH TO CONSTRAINED MOTION
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Summary A variationally consistent approach to constrained rigid-body motion is presented that extends DAlemberts principle in a way
that has a form similar to Kane’s equations. The method results in minimal equations of motion for both holonomic and nonholonomic
systems without a priori consideration of preferential coordinates.

INTRODUCTION

Deriving equations-of-motion for rigid-bodies subject to constraints has a rich research history dating the work of La-
grange. For holonomic constraints, the classical approach is to utilize Lagrange’s equations augmented with undetermined
(Lagrange) multipliers. In the more problematic case of nonholonomic constraints, several principles have been proposed
and debated, notably a general principle for nonlinear, nonholonomic constraints attributed to Appell by Ray [1]. Both of
these methods involve casting the problem with excess degrees-of-freedom in the form of Lagrange multipliers that are later
eliminated in the solution process.

Udwadia and Kalaba [2] provided a new perspective on constrained motion through the use of the Moore-Penrose psuedo-
inverse to generate a matrix that proportionally weights unconstrained accelerations to come into compliance with the con-
straints of the system. They make the clever analogy that the abstract proportionality matrix is Nature’s feedback controller,
limiting unconstrained accelerations. The resulting equations derived via their technique are minimal with respect to the
generalized coordinates without a priori selection or use of “felicitous” coordinates. However, their approach, based on
generalized inverse operations, is quite mathematical in nature and the mechanistic interpretation is somewhat fuzzy. Ad-
ditionally, their method requires that the constraints are linear with respect to the generalized accelerations. In a brief and
apparently overlooked interpretation of Udwadia and Kalaba’s method, Barhorst [3] provided a variational principal that is
shown to be equivalent to the abstract proportionality matrix approach for the case considered, but is provided from a physical
perspective that extends from D’Albembert’s principle. The equations that Barhorst presented can be utilized to efficiently
generate equations of motion for rigid-bodies with either holonomic or nonholonomic constraints. They are also formulated
in a vector-based approach familiar to engineers and have a form that makes computer implementation straightforward. As it
has been ignored in subsequent literature on the subject, the utility of these equations seems to not be apparent. This may be
because Barhorst’s primary goal in his Brief Note was to provide an alternative view on the results of Udwadia and Kalaba,
he presented the fundamental variational principle without derivation (and only for the linear motion of particles), and left
an important component in a generic form, i.e. the explicit form of the constraint-coupling matrix is not given. Additionally,
no examples for how to use these equations have ever appeared in literature. The purpose of this paper is to complete the
variational principle presented by Barhorst and provide an example for the application of the principle for a nonholonomic
system.

BARHORST’S METHOD FOR GENERATING UNCONSTRAINED EQUATIONS OF MOTION

A variational principle that can be used to generate equations-of-motion subject to holonomic or nonholonomic constraints
is (presented without derivation for brevity)

0 =
!

i

(Fi↗Ii) ·
"
∂ẋi

∂q̇n
+
∂ẋi

∂q̇m

∂q̇m(q̇n)
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∂q̇m(q̇n)

∂q̇n

#
δq̇n. (1)

for q̇n independent generalized speeds, and q̇m dependent generalized speeds, who’s dependence is specified by k = 1, 2, . . . , m
constraint equations of the form

Ck(qj , q̇j) = 0 j = 1, 2, . . . , n + m.

Fi and Ii are the internal and D’Alembert interial force vectors of the body i in the inertial reference frame, respectively. ẋi =
ẋi(qj , q̇j , t) is the translational velocity. ωi = ωi(qj , q̇j , t) is the angular velocity of the body i in the inertial reference frame,
T are external torques, J are rotational inertia vectors. This variational principle will be utilized in to generate equations-of-
motion for arbirary δq̇n on a nonholonomic example in the sequel.
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Figure 1: Two-wheeled cart driven by electrostatic forces. The wheels turn independently.

A NONHOLONOMIC EXAMPLE

A physical setting for a true nonholonomic problem that incorporates both external forces and torques is given in [4].
Consider the cart shown in fig. 1 which has distributed electric charges on it and is subject to an external electric field E in
the x direction. The cart is a rectangular block of mass $M and moment-of-inertia, I . It has massless wheels that can turn
independently allowing it to move along any smooth path. The wheels do not slip, so that motion is always perpendicular to
the axle. The motion of the cart is the distance traveled along the path s in the direction θ relative to x. The forward speed
of the cart is ṡ. The cart has a charge Q at its center and charges q and↗q at the front and rear a distance b from its center,
respectively. Clearly, the velocity of the cart in the x, y plane is constrained to the following conditions

C1 = ẋ↗ṡ ���θ = 0, C2 = ẏ↗ṡ ��n θ = 0. (2)

Now utilizing the approach presented in the previous section for which no modification is needed for the nonholonomic
system. First we choose ẋ and ẏ to be the dependent speeds, i.e. ẋ = ṡ ���θ and ẏ = ṡ ��n θ. Exercising the projection
equations, without giving any consideration to preferential or felicitous coordinates, the first term of (1) for arbitrary δq̇n and
the fundamental lemma of the calculus of variations is

0 = (F↗I) ·
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∂ẋ
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∂ẋ
+ ��n θ

∂ẋ
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#
. (3)

Substituting in the vectors

F = EQ î, I = $M(ẍ î + ÿ ĵ), ẋ = ẋ î + ẏ ĵ,

and evaluating

0 = $Ms̈↗EQ ���θ, (4a)

where the time-differentiated form of (2) is used to eliminate ẍ and ÿ. The second equation of motion can be derived via the
second term (1) for arbitrary δq̇n in a similar fashion resulting in

I θ̈ + 2bEq ��n θ = 0. (4b)

(4) can be verified correctly using Lagrange’s equations with multipliers. Again, the advantage of the approach shown here
are that the introduction of multipliers is completely unnecessary.
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CONCLUSIONS 
 

   The velocity control model of the vehicles in the platoon was presented in this study. The model was defined by means of the 
multi-leader type Helly model. The model parameters were determined by solving the optimization problem. The model was 
applied for the simulation of the traffic flow in four vehicles platoon. One vehicle separates from the platoon successfully and then, 
the vehicles following to the separating vehicle accelerate the leader vehicle adequately.  
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Figure 1: 1st follower vehicle separated from the platoon 

 

 
Figure 2: Positions of vehicles in platoon. 
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Summary A co-simulation method on index-2 level is presented and analyzed with respect to numerical stability and convergence behavior. 
Therefore, two arbitrary mechanical subsystems are considered, which are coupled by algebraic constraint equations (i.e. by rigid joints). In this 
work, we act on the assumption that each subsystem has its own solver, which integrates independently from the other subsystem solver. A 
weak coupling approach is used for coupling the two subsystem solvers. The coupling method analyzed here is based on the well-known 
stabilized index-2 formulation for multibody systems (GGL-formulation). The presented coupling technique is semi-implicit and based on a 
predictor/corrector approach. 
 

CO-SIMULATION TECHNIUQUE 
 

Starting with the pioneer work of Ref. [4] on multirate methods for the simulation of subsystems with different time 
scales by using different time steps in each subsystem, a large number of methods for solver coupling have been developed 
and applied in many different fields of application. Solver coupling and co-simulation methods have been successfully used 
in the field of vehicle and engine dynamics, for solving fluid/structure interaction problems and for analyzing 
multidisciplinary problems including coupled electromechanical problems [2][5][8][11]. An important field for co-
simulation methods is represented by coupled multibody/finite-element problems. Coupled multibody/finite-element models 
have for instance been used in Ref. [1] to simulate pantograph-catenary interaction problems. For the combined simulation 
of multibody and hydraulic systems, co-simulation approaches have been applied in Ref. [7]. Solver coupling incorporating 
smoothed particle hydrodynamics and discrete particle models in connection with multibody dynamics has for instance been 
used in Ref. [10]. On the one hand, co-simulation methods are frequently applied for solving multidisciplinary problems. On 
the other hand, solver coupling is also used in monodisciplinary applications for parallelizing the solution process. 

Concerning the physical coupling of the subsystems, one has generally to distinguish between solver coupling with 
algebraic constraints and solver coupling based on constitute laws. Coupling two mechanical subsystems for instance can be 
accomplished either by physical force/torque laws (i.e. by applied forces/torques) [1][2][5] or by algebraic constraint 
equations (i.e. by reaction forces/torques) [6][9]. In the current work, we only consider constraint coupling. As for 
numerical time integration methods, one can distinguish between explicit, implicit and semi-implicit solver coupling 
methods.  

The coupling technique investigated here uses the equations of motion in the stabilized index-2 formulation according to 
Ref. [3]. The key idea of this formulation is to use the constraint equations on position and on velocity level simultaneously. 
Incorporation of the constraint equations on velocity level is accomplished by defining additional Lagrange multipliers. 
With the additional multipliers a projection term can be introduced in the kinematical differential equations so that the 
constraint equations on velocity level can be fulfilled together with the constraint equations on position level. 

NUMERICAL ANALYSIS 
Application of the stabilized index-2 co-simulation approach for coupling 2 arbitrary multibody subsystems by algebraic 

constraints is in detail described in Ref. [9]. As an example, we consider the classical planar four-bar linkage depicted in 
Figure 5. This system consists of three rigid links and four ideal revolute joints. To decompose the overall system into two 
subsystems, link 2 is split into two parts (݉ଶଵ and ݉ଶଶ). The first subsystem contains link 1 (݉ଵ ൌ ͳ� ଵܬ ,�� ൌ ͳȀ
ͳʹ� ��� ݉ଶ, ݈ଵ ൌ ͳ� �) and the left part of link 2 (݉ଶଵ ൌ ͳ� ଶଵܬ ,�� ൌ ͳȀͳʹ� ��� ݉ଶ, ݈ଶଵ ൌ ͳ� �). The second subsystem is 
represented by the right part of link 2 (݉ଶଶ ൌ ͳ� ଶଶܬ ,�� ൌ ͳȀͳʹ� ��� ݉ଶ, ݈ଶଶ ൌ ͳ� �) and by link 3 (݉ଷ ൌ ʹ� ଷܬ ,�� ൌ
ʹȀ͵� ��� ݉ଶ, ݈ଷ ൌ ʹ� �). The two subsystems are coupled by a fixed joint as shown in the figure. The system is driven by the 
torque ܯ௭ሺݐሻ ൌ ͲǤͷ ή �ݐ ��, which is applied at the center of mass of link 1. Gravity acts in negative y-direction (݃ ൌ
ͻǤͺͳ� �Ȁ�ଶ). As initial conditions, ߮ଵǡ ൌ గ

ସ � ��� and � ሶ߮ ଵǡ ൌ Ͳ� ���Ȁ� have been chosen. Simulation results are collected in 
Figure 1, where the displacement ݔଶଵሺݐሻ of the center of mass ܵଶଵ is shown. The figure also depicts the coupling equation 
݃ೣሺݐሻ ൌ ሺݔଶଵ  ͲǤͷ ή ݈ଶଵ ή ��� ߮ଶଵሻ െ ሺݔଶଶ െ ͲǤͷ ή ݈ଶଶ ή ���߮ଶଶሻ ൌ Ͳ for the fixed joint in ݔ-direction. The co-simulation 
has been carried out with different macro-step sizes, namely ܪ ൌ ͳܧ െ ͵ǡ ܪ ൌ ͷܧ െ Ͷ� ���� ܪ ൌ ͳܧ െ ͶǤ 



 
Figure 1. Planar four-bar linkage: interpretation as two double pendulums coupled by a fixed joint; simulation results for    

   the four-bar linkage for different macro-step sizes: displacements ݔଶଵሺݐሻ, constraint equations ݃ೣሺݐሻ. 

CONCLUSIONS 

The semi-implicit co-simulation technique investigated here shows stable and convergent simulation results for the case 
that the coupling variables are remained constant during the macro-step. The presented method is tailored for solver 
coupling with algebraic constraints and uses a formulation on index-2 level without numerical drift. Since explicit methods 
often fail in connection with constraint coupling, the investigated method may represent an efficient and robust technique to 
handle solver coupling with algebraic constraints. A direct comparison with explicit coupling schemes shows the improved 
stability of the semi-implicit method. The proposed method requires no detailed subsystem information, since the Jacobian 
matrices have small dimensions and can simply be calculated numerically by finite differences. The presented co-simulation 
approach shows good numerical stability properties. Stable simulations can be achieved in a wide parameter range and also 
for the case that the subsystems have very different mechanical properties. The global errors of the position and velocity 
variables converge with ࣩሺܪଶሻ; the corresponding locals errors converge with ࣩሺܪଷሻ.  
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where r is the length of the limbs (assumed to be the same), c is the speed of propagation, x is the abscissa along the body of
length ℓ, and the integer N represents the number of legs in contact with the substrate at a given time t. Note that the sign of
the time term in the traveling wave profile is chosen so that contact points travel left to right with respect to the body oriented
as in Fig. 1(b).

To describe the motion of the system we consider the composition of a rigid body placement with a small deformation
about the rigid body configuration. The rigid body placement is described by the change of coordinates x(X, t) = d(t) +
R(θ(t)) (X↗δℓE1) that maps X from the reference configuration to x in the current rigid body configuration. The rigid
change of coordinates is as usual composed of a rigid body displacement d with respect to the origin of a fixed reference
frame, and by the action of the rotation tensor R(θ). The small deformation about the rigid body placement is described by a
map χ that takes points x and maps them to the point χ(x, t) in the current deformed configuration as χ(x, t) = x+U(x, t),
where U is a small deformation, that consistently with the the linearized planar Timoshenko beam theory is given by U(x, t) =
(u(x1, t)↗X2ψ(x1, t))e1 + w(x1, t)e2, where ei are rotated orthonormal basis vectors (floating reference frame) that are
used to describe the rigid body placement, and u, ψ and w are respectively the axial displacement, the rotation of the cross
section, and the traversal displacement all with respect to the rigid body placement. The velocity of a point χ in P is obtained
as its material time derivative, that is therefore given by

χ̇ = ḋ + θ̇W(x↗d) + U̇ (1)

where θ̇W is the skew-symmetric tensor ṘRT. The system is driven by the peristaltic wave pattern on the legs described
above, which is either constitutively related to a distributed action on the body, in which case the action is equivalent to an
external force, or it is geometrically related to kinematic descriptors in (1), in which case it acts as a prescribed kinematic
term. The evolution equations are then obtained by by minimizing the action functional, and the corresponding weak form of
the system of governing partial differential equations is reduced to a system of ordinary differential equations by projecting
the spatial parts of the deformation fields along the Timoshenko beam basis functions [2].

Simulation results in Fig. 2 are obtained by setting a nondimensional peristaltic wave propagation speed c = 0.1, and
by letting the system track a profile composed as the sequence of parabolic and straight portions, with non-smooth curvature
transition between the two parts. Figure 2(a) shows eight snapshots of the system, with the state across the point with change
of curvature occurring around time 100 ���. The zoom of this snapshot is shown in Fig. 2(b). Results illustrate how the system
driven by legs’ peristaltic locomotion patterns result in path tracking and shape morphing, and it delineates a theoretical and
simulation framework to design a class of autonomous mobile robotic devices.
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Figure 2: (a) Snapshots of the system tracking a profile (terrain) and shape morphing while driven by a peristaltic wave; and
(b) zoom of the snapshot at the critical point corresponding to non-smooth change of curvature of the terrain.
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Summary This paper presents an electric booster brake system, consisting of a motor and a rotational-to-linear motion mechanism which may 
replace the traditional vacuum booster. The system meets all the relevant requirements of electric vehicles and active safety technologies, such as 
brake booster without vacuum pump, coordination with regenerative braking, active brake function, etc. A sliding mode controller is proposed to 
implement the brake booster function using Lyapunov function approach to ensure the algorithm robustness. A number of simulations are 
conducted using a hardware-in-the-loop test rig. The simulation results show that the proposed controller leads to fast generation of booster brake 
forces, and provides a comfortable brake pedal feeling. 

INTRODUCTION 

Nowadays, most road vehicles still use conventional brake systems based on vacuum boosters. However, there exist two 
distinct disadvantages of the conventional brake systems: (1) it requires an engine to drive the vacuum booster, and motors 
and vacuum pumps will be needed for electric vehicles to provide vacuum source, thereby causing the brake system bulky 
and expensive; and (2) friction brakes will produce braking forces as long as the driver presses the brake pedal, and it makes 
the conventional brake systems not able to coordinate with regenerative braking. 
   To meet the two requirements for a non-vacuum system and to coordinate regenerative braking [1], an electric booster 
brake system (E-booster) is developed in this research; a vacuum booster is replaced with a motor, and the motor can be easily 
controlled to generate different brake pedal feeling depending on respective driver expectation. The E-booster can realize 
different working modes under different conditions, such as brake booster mode and regenerative braking mode. Shown in 
Figure 1 is the block diagram of the E-booster actuator, the motor is used to drive the actuator by using a ball-screw to amplify 
the output torque, and the ball-screw converts rotational motion into linear motion, thereby forcing the master cylinder piston 
into reciprocating motion to regulate hydraulic pressure. 

 
Figure 1. Block diagram of the E-booster actuator 

 
BRAKE BOOSTER CONTROLLER DESIGN 

The goal of the brake booster controller is to generate proper brake booster force in order to assist the driver to stop the 
vehicle, and also provide comfortable pedal feeling. A sliding mode controller is proposed in this paper to control the ball-
nut tracking with the push rod. As shown in Figure 1, the torque balance equation of the E-booster actuator can be expressed 
as follows [2] 
 m ( )m m m mT J B g tT T � �  (1) 
where ( )g t  represents the sum torque caused by the master cylinder pressure and system friction, mJ  the inertia of the 
motor, mB  the coefficient of the motor. 
   The sliding surface V  in a domain D  is defined by 
 ( ) ( )n p n px x c x xV  � � �  (2) 
where n m mx k T  represents the ball-nut stroke, it is determined by the rotor angle of the motor, p p px k T  represents the 
push rod stroke, which is determined by the brake pedal angle, c  represents a positive constant, mT  and pT  can be 
measured by the pedal angle and motor angle sensors respectively, and: 
 ^ ` ^ `| | 0D V H � �  (3) 
where H  is a positive constant. The Lyapunov function is defined as follows 

 21
2 mV J V  (4) 



Differentiating Equation (4) with respect to time, and using Equation (1),  

 � � ��' ( ) ( )m m m m m p p m m m p pV k T B g t J k J c k kV T T T T � � � � �  (5) 

In the domain D  , we assumed that V  satisfies the following inequality 
 | ( , , ) |m pt T T G' d   
where 

 ( , , ) ( ) ( )m p p
m p m m p m m p

m m

J k k
t B g t J c

k k
T T T T T T'  � � � � �  (6) 

and G  is a known positive constant, substituting Equation (6) into Equation (5), yields 
 � �' ( , , )m m m pV k T tV T T � '  (7) 
Let 
 sgn( ) ( )mT K KV G � !   
After some manipulations, Equation (7) becomes 
 � �' sgn( ) ( , , ) | | ( , , ) ( ) | | 0m m p m m m p mV k K t I k K k t I k KV V T T V T T G V � � '  � � ' d � � �  (8) 
From Equation (4) and Equation (8), yields 
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   Thus, V  will reach the sliding surface 0V   in a finite time, and the controller is stable according to Equation (8). 

SIMULATION RESULTS 

Shown in Figures 2 and 3 are the hardware-in-the-loop simulation results using the brake booster controller. Figure 2 
presents the time history of master cylinder pressure, ball-nut stroke, and pedal force. The brake pedal force is significantly 
decreased by using the brake booster function of the E-booster prototype, and the pedal feeling is comfortable due to the 
smooth and continuous pedal force curve. Figure 3 presents the time history of V , push rod stroke, ball-nut stroke, push rod 
velocity, and ballnut velocity. At the beginning, there exists a gap between the push rod and the ball nut, thus, 0V ! ; 
however, it is quickly reduced to zero after the brake pedal is applied, the stroke and velocity of the ball-nut follow the stroke 
and velocity of the push rod well, respectively. The experimental results verify the robustness of the brake booster algorithm. 
          
 
 
 
 
 
 
 
 
 
 
 

       Figure 2. Ball nut stroke, pedal force and pressure              Figure 3. ³, stroke and velocity 
 

CONCLUSIONS AND FUTURE DEVELOPMENTS 

   An electric booster brake system is developed with the replacement of the traditional vacuum booster by a motor, and a sliding 
mode brake booster controller is also proposed using Lyapunov function to ensure controller robustness. The simulation results 
show that the E-booster can realize the brake booster function, and the proposed algorithm generates booster brake forces fast, and 
forces the ball-nut to track the push rod well to ensure comfortable brake pedal feeling. The future work will focus on the 
coordination with regenerative braking by using the E-booster. 
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Summary This paper presents the application of deformable-rigid (D2R) switch technique in the computational analysis of a bus rollover test, 
in accordance with ECE R66 regulation. Using an explicit nonlinear dynamic finite element code LS-Dyna, a bus bay section model for 
rollover is prepared. All parts are switched to be rigid and merged with a master part in the free falling process. To tune the model with the real 
test, the flow chart and key parameters are given. The result proves the validity of D2R in the rollover analysis, and the mass and inertia are kept 
unchanged. The D2R switch makes the run of the detailed model applicable by reducing computation cost, thus making it valuable for design 
analysis and evaluation. 
 

Introduction 
 

The Regulation No.66 of Economic Commission for Europe (ECE R66) is enforced to guarantee the passenger safety in 
ground vehicle rollover accident. Residual space is the main concern due to the requirement to be not penetrated by any 
structures or components in the rollover accident to ensure the passenger safety. In the latest version of the ECE R66 
Regulation (v.2006) [1], a computer simulation of rollover test of complete vehicle is accepted as a method equivalent to the 
physical testing of complete vehicle and body sections.  

In the ECE R66 test, the vehicle is placed on a slowly tilting platform, and it starts to fall off at its equilibrium position 
when its centre of gravity reaches the highest position. To consider the 3D motion [2], the free falling process is necessary to 
be included in the simulation. The vehicle behaves as a rigid body before contact with the ditch surface, and starts to deform 
under impact. Usually, on account of the model complexity and limited computation resources, the deformable-rigid (D2R) 
switch technique, provided in LS-Dyna, is necessarily used to reduce the computation time cost. 

Using the D2R switch in the vehicle model, key parameters and the flow chart of simulation are given and discussed in 
the paper in order to tune the model according to the real test data. It is also shown to be applicable and promising for the 
evaluation of the structural integrity and design improvement of a complete full-scale vehicle model using the D2R switch. 
    

Deformable-rigid (D2R) switch and finite element model 
 
D2R switch 

Shown in Fig.1, the model needs to be switched from the ³GHIRUPDEOH´�WR�the ³ULJLG´�state at the beginning (Position A), 
and get a reverse switch back to the original state before the hitting of ground (Position B). This round-way switch can be 
implemented in LS-Dyna using the keyword *DEFORMABLE_TO_RIGID_AUTOMATIC. The activation of the switch 
can be controlled by the time [3].  

,W¶V�UHFRPPHQGHG�WR�VZLWFK�DOO�SDUWV�LQ�WKH�PRGHO�WR�DYRLG�HUURU�Ln mass calculation [4]. A master rigid body is suggested 
to be specified for the D2R switch. It is chosen as one of initial rigid bodies in the model. During the switch, all deformable 
bodies are merged with the master rigid body. The choice of master rigid body can be arbitrary, whereas it needs to avoid 
the one with special boundary conditions. Rigid bodies initially existing in the model should be excluded from the switch 
list [4], otherwise they will also be merged with the master. This merge is irreversible, and it leads to inaccuracy of model. 

The potential energy variation during the free falling process is the key factor for the rollover analysis. Thus, the mass 
and inertia of the model must be kept unchanged by the D2R switch, which can be verified in results [4]. 

                  
  Fig.1 Rollover test of ECE R66 [1]   Fig.2 Bus bay section model with roof and floor hidden    Fig.3 Initial state of simulation 
 
FE model 

Fig. 2 illustrates a model of the bay section built to simulate the rollover test for the typical bus. The total mass of the 
unloaded bay section (without passengers) is 1811 kg. The model contains approximately 187,000 shell elements, using 



four-node Belytschko-Tsay formulation with 5 integration points through the thickness. The material model includes 
materials of type 24 (024 PIECEWISE_LINEAR_PLASTICITY) and type 20 (020 RIGID). Contact and constrain cards are 
used for the inter-connection of both deformable and rigid parts. Welding is modelled using the tied contact between parts 
with type 24 shell elements as welds. 

The simulation starts with the equilibrium position shown in Fig.3. The initial rotation velocity is set to a negligible 
value. The gravity is applied as the external loading. A rotary hinge is built where the lower frame touches the platform 
shoulder. The lower half of hinge is fixed in space while the upper half is connected with the frame. Thus, the hinge here 
replaces the contact definition. The failure of hinge is activated when the bay section leaves the platform.       

The contact of the bay section and ground is implemented as *RIGIDWALL_PLANAR, also shown in Fig.3. 
The simulation was performed for 4.5s of event using MPP LS-Dyna on the supercomputing facility GREX, Westgrid 

(Compute Canada) with 12 cores. The simulation time was 12.3 hours. The rigid state of D2R lasts for 2.48s. ,W¶V�IRXQG�What 
the simulation during this D2R rigid state is about 3.4 times faster than the rest of simulation. 
 

Key parameters and simulation process 
 

In order to tune the model with the available rollover test data (video providing deformation history), the key parameters 
are identified and shown in Fig.4 along with the flow chart of simulation. It is summarized below. 

Firstly, VHW�³,QLWLDO�URWDWLRQDO�YHORFLW\´��WKHQ�GR�LQLWLDO�UXQ�DQG�UHFRUG�³+LWWLQJ�WLPH´��ZKLFK�LV�expected to be equivalent 
to the test data; sHW�³'�5�VZLWFK�WLPH´�VPDOOHU�WKDQ�³+LWWLQJ�WLPH´�EXW�YHU\�FORVH to it��DQG�³&RQWDFW�ELUWK�WLPH´�to be equal 
to ³'�5�VZLWFK WLPH´; Secondly, VHW�D�SURSHU�³7LPH�VWHS´�GXULQJ�'�5�VZLWFK�WR�JHW�DQ�DFFHSWHG�PDVV�LQFUease due to mass 
scaling; Finally, VHW�³+LQJH�IDLOXUH�WLPH´�obtained from the test video as the time when the bay section leaves the platform. 

             
Fig.4 Key parameters and tuning process       Fig.5 Moments of hitting                   Fig.6 Energy curve 
                                     ground and maximum deformation 
 
 

Results and discussion 
 

The results of simulation when the bay section hits the ground and when the deformation of structure is maximal are 
presented in Fig.5. ,W¶V�VKRZQ WKDW�WKH�VLGH�IUDPH�LV�VHYHUHO\�EHQW�DW�VHDWV¶�FRQQHFWLRQ��  

The energy curve is shown in Fig.6. At 2.54s, the bay section hits the ground, thus kinetic energy reaches the peak and 
internal energy starts to increase rapidly. The total energy is kept conserved before and after the rollover, thus the validity of 
the model is proved.  

From the obtained result one may conclude that as the kinetic energy and resultant velocity is continuous, the model mass 
is kept correct during the D2R switch. By choosing GLIIHUHQW�PDVWHU�ULJLG�ERGLHV��LW¶V�VKRZQ�WKDW�WKH�SRWHQWLDO�HQHUJ\�FXUYHV�
DUH�WKH�VDPH��7KHQ�LW�SURYHV�WKDW�WKH�'�5�VZLWFK�GRHVQ¶W�FKDQJH�WKH�LQHUWLD�   
 

Conclusion 
 

The D2R is an efficient technique in LS-Dyna for the vehicle rollover analysis which reduces the computation cost of 
simulation treating the model as rigid in the free falling process�� $OVR�� LW¶V� QHFHVVDU\� WR� DYRLG� ZURQJ� LQWHUQDO� HQHUJ\�
developed by gravity in free falling. Application of D2R in a complete vehicle model will be useful for design improvement 
evaluation to meet the regulation requirement. Extracted loading will be beneficial to the refinement of bus components.  
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Obviously, if οܧ  Ͳ, evaporation of water liquid will not fold the graphene sheet, and if οܧ ൏ Ͳ, the energy ܧ  will 
decrease, favorable to further folding graphene sheet. Though analysis, οܧ can be obtained. For example, for pattern I, we 
have:  

οܧ ൌ ଵ
଼గయ ܮ

ଷ  ሺଶା௪ሻ
ସగమ ଶܮ  ቀ

మା௪ିଶೢమ
ଶగ െ ாబ

ସగమఊೢ
ቁ ܮ  ௪

ଶఊೢ
�               (3) 

where ܮ and ݓ is graphene length and width, respectively. ܤ is the bending stiffness of the graphene sheet and ߛ௪ is the 
surface tension of water molecules. By solving Eq.3, the critical graphene sheet ܮ ൌ ͻǤͺ�݊ ݉ that corresponds to οܧ ൌ Ͳ 
can be obtained. Beyond the ܮ,�οܧ ൏ Ͳ and pattern I will continue to deform with the evaporation of water molecules. 
Similar procedures as Eq. 3, Equations can be constructed for patterns II, III and IV and the corresponding critical length of 
graphene sheets for self-folding can be determined. 

To predict the size of final folding patterns and geometric features, we will continue to employ the energy criterion. For 
example, for the patterns I, assume it is composed of an overlapped part with length ݈ and interlayer distance of ݐ and 
bended graphene with a partial circle of radius ݎ, with a small increment ο݈, we can have:   

οܧ ൌ െʹο݈ߛݓ  ݓߨܤ ቀ ଶగ
ିଶሺାοሻ

െ ଶగ
ିଶ

ቁ െ ο݈ߛݓௗ            (4) 
The stable folded pattern with the overlapped length ݈ can be estimated by οܧ ൌ Ͳ. Figure 1b shows the overlap length ݈ 
obtained from theoretical estimations. Comparison with MD results shows good agreement for all unfolding and folding 
patterns, validating the robustness of theoretical models. 
 

  
Figure 1: (a) Mixture of a single graphene sheet with water liquid and stable patterns of formed graphene sheet 
accommodated with water droplet in equilibrium. (I) and (III) represents an open circle pattern, and (II) and (IV) represents 
a spiral pattern. The wrapping state of water droplet with graphene sheet depends on the surface wettability of graphene, 
patterns I and II correspond to a hydrophilic surface of graphene, and pattern III and IV correspond to a hydrophobic surface 
of graphene. (b) Comparison of theoretical prediction and MD simulation of the overlap length ݈ in the ultimate stable 
folded patterns for different lengths of graphene sheets L�in water liquid. 

 
CONCLUSIONS 

 
   We have investigated the folding of graphene sheet in a liquid environment from evaporation of liquid phase and developed 
an energy criterion that drives the folding process by considering the competition of surface, interfacial, bending and binding 
energies. Two folding patterns of racket-like and spiral profiles that depends on the geometric shape and surface wettability of 
graphene sheet are found. The extensive MD simulations have verified the competition of energy and agrees well with theoretical 
analysis.  
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Figure 2: Frequency response of the torsional resonator of Fig. 1 for different actuation conditions: analytical III and V order
approximations are shown together with the numerical curve. (a) VP =7 V and |va| = 61 mV; (b) VP = 0.5 V and |va| = 1 V.
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Figure 3: (a) Limit domain of the torsional resonator shown in Fig. 1; (b) frequency responses of the torsional resonator under
the actuation conditions A and B shown in Fig. 3a by dots.

curve, the numerical frequency response of the resonator shows the ’common’ hysteretical non-linear behavior with two jumps
between the two stable branches (see the black curve in Fig. 3b and in Fig. 2a), while for combinations of VP and |va| above
the orange curve, a different non-linear behavior is obtained (see the orange curve in Fig. 3b and the black curve in Fig. 2b):
the resonant curve for decreasing frequencies reaches, without any hysteretical phenomena, an asymptotic value of θ = 0.023
rad which is the maximum rotation physically allowed to the resonator.

CONCLUSIONS
A static characterization of the torsional resonator is here presented and a good agreement between theoretical prediction

and experimental data is found. As for the non-linear dynamic behavior, the limits of the commonly used analytical ’III order
approximation’ are underlined. A new more accurate analitical V order approximation is here obtained and compared with
the numerical solution. Finally, the limit domain that can guide both the design and the operation phases is presented.
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UTILIZATION OF SELF-EXCITED OSCILLATION FOR MASS SENSING IN LIQUID

Daichi Endo1, Hiroshi Yabuno∗1, Yasuyuki Yamamoto2, and Sohei Matsumoto2

1Graduate School of Systems and Information Engineering, University of Tsukuba, Tsukuba, Ibaraki, Japan
2National Institute of Advanced Industrial Science and Technology(AIST), Tsukuba, Ibaraki, Japan

Summary The ultrasensitive mass detection in viscosity regime is investigated which is based on the relative change of the amplitude
ratio in using self-excited coupled microcantilevers, depending on the mass to be measured. The velocity feedback to produce self-
excited oscillation to the microcantilevers compensates the influence of the viscous damping effect in measurement environment and
enables the detection of a very small mass with nano-gram order in the viscosity regime. It is expected by the proposed method to
perform high-accuracy quantitative measurements of biological samples such as human cells and DNA in liquid environments, where
they are active. In this presentation, we will show the design of coupled microcantilevers and the measurement result for the mass in
liquid.

INTRODUCTION

Recently, high-performance sensors using a microcantilever have been developed for a variety of purpose including
measurements of substances such as pH in solution[1] and surface sensing by atomic force microscope[2]. In particular,
the studies of ultrasensitive mass sensor using cantilever have been investigated widely[3], and it is known that the method
based on the eigenstate shift in coupled cantilevers has much more accuracy compared with based on the eigenvalue
(frequency) shift[4]. In conventional methods, the eigenstate has been identified from the magnitude ratio of the resonance
peak of the frequency response curve in the coupled cantilevers under the external excitation[4]. However, this method
is not suitable to the mass sensing in viscous environments because the peak of the frequency response curve does not
exactly reflect the eigenstate due to the viscosity. Moreover, in much higher-viscosity environments where the resonance
peak itself does not exist in the frequency response curves. In order to overcome a such difficulty, we have proposed a
novel method by using self-excited oscillation[5]. The method directly determines the eigenstate without the frequency
response curve. The mass detecting experiment was performed using the coupled microcantilevers in air. The validity of
our proposed method was investigated in our research[5, 6]. In this study, we report the detection of the very small mass
using self-excited coupled microcantilevers in liquid. The accuracy of experimental results is quantitatively discussed.

DESIGN OF COUPLED MICROCANTILEVERS

Figure 1(a) is the picture of the coupled microcantilevers with the mass to be measured. The cantilevers are fabricated
by etching from an SOI wafer and the dimensions of each cantilever are 500 µm×100 µm×10 µm. The area surrounded
by a black dashed line in Fig. 1 (a) corresponds to the overhang for the coupling and its dimensions are 150 µm×100 µm.
The mass to be measured are build by using the 3D laser lithography system (nanoscribe.:Photonic Professional GT) on
the tip of the cantilever 2 and their constructions are an arch-shape as frangible. Their mass are 2.48 ng calculated from
the density of the photoresist(=1.190 g/cm3) and the volume of the structure.

Figure 1(b) is a discretized analytical model, where x1 and x2 correspond the displacements of cantilevers, 1 and 2,
relative to the lateral excitation ∆x of the supporting point of the coupled cantilevers, respectively.

As in our previous study[5], the first eigenstate of the coupled microcantilevers is expressed as follows:

(b)

1

2

Overhang

����ȝP

����ȝP

����ȝP ����ȝP

(a)

����ȝP

���ȝP

Figure 1: (a) Picture of the coupled microcantilevers with the mass to be measured. (b) Discretized analytical model.
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p1 =

⎡

⎣
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/{√
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4κ2 (1 + κ2)− δ
2κ (1 + κ)

}
⎤

⎦ ≃
[

1
1
/ (

1− δ
2κ

)
]

, (1)

where κ = kc/k and δ = ∆m/m are the dimensionless coupling stiffness and dimensionless added mass ratio, respec-
tively. When the sample to be measured is not attached, i.e., δ = 0, the amplitude ratio of cantilevers 1 and 2 is 1:1
from Eq. (1), and when the sample is attached on the tip of the cantilever 2, the amplitude ratio deviates from 1:1 and the
magnitude of the amplitude of the cantilever 2 increases in accordance with Eq. (1). Even if the mass to be measured is
very small, by making the the dimensionless coupling stiffness κ weak, we can obtain the deviation of the amplitude ratio
from 1:1 largely and realize the small mass detection with high-sensitivity.

MEASUREMENT RESULTS IN VISCOUS REGIME

We have conducted the mass measuring experiment using coupled microcantilevers shown in Fig. 1(a). In the ex-
periment, cantilevers are fixed to an acrylic case filled with water and vibrated by a piezoelectric actuator sticked on the
bottom of the acrylic case. The vibrations of cantilevers are measured by laser Doppler vibrometers (Polytec.:MSA-500
Micro System Analyzer). In order to induce self-excited oscillation in the coupled cantilevers, the signal of the displace-
ment of cantilever 1 integrated by an analog circuit is input to the piezoelectric actuator. As a result, we can generate
self-excited oscillation to the coupled microcantilevers in accordance with the previously proposed feedback rule[5].
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Figure 2: Measurement results for structures to be measured in liquid.

Figure 2 shows measurement results for the mass to be measured in liquid. The ordinate and abscissa indicate the
experimentally determined mass values of the structure to be measured (∆me) and their nominal values calculated from
the density and the volume of structures (∆m), respectively. The plots ⋄are mass values obtained from the eigenstates shift
under self-excited oscillation in the experiment. When the plots ⋄ fall on the straight line of gradient 1, the experimentally
determined mass values are in complete agreement with the nominal values. As can be seen from Fig. 2, the plots ⋄
deviate from the straight line, however, the plots ⋄ are changing linearly, so that we can realize the quantitatively mass
sensing by using the interpolation of the experimental data as a calibration line.

CONCLUSIONS

In this study, we have achieved the measurement of a mass with the order of nanogram in liquid by self-excited
oscillation using the coupled microcantilevers. By fabricating the smaller coupled microcantilevers and optimizing the
coupling stiffness of overhang between two cantilevers, we expect that the sensitivity could be in picogram range or less.
In near future works, we perform high-accuracy quantitative measurements of biological samples such as human cells and
DNA in liquid environments, where they are active. Furthermore, it is expected by the method to measure the reaction
process of biological samples.

This work was partially supported by a Grant-in-Aid for Scientific Research C (Grant No. 25420195) from Japan
Society for the Promotion of Science (JSPS) and Mitsutoyo Association for Science and Technology (MAST).
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NONLINEAR BEHAVIOUR OF CARBON NANOTUBE-BASED RESONATORS

Hamed Farokhi!1, Michael P. Paı̈doussis1, and Arun K. Misra1

1Department of Mechanical Engineering, McGill University, Montreal, QC, Canada

Summary In the present study, a new size-dependent nonlinear model is developed for analyzing the behaviour of carbon nanotube-based
resonators. Molecular dynamics simulation is then performed in order to parametrize and validate the size-dependent continuum model at
the nano scale. The equations of motion are discretized by means of the Galerkin technique and solved employing the pseudo-arclength
continuation technique. A new universal pull-in formula is also developed for predicting the voltage corresponding to the static pull-in.

INTRODUCTION

Recent technological advances have facilitated the development of nanoelectromechanical systems (NEMS). NEMS de-
vices operate at significantly high frequencies with very low power consumption. Carbon nanotubes (CNTs) [1] can be used
as suitable candidates for nanomechanical resonator due to their light mass and high stiffness. The investigations on the static
and dynamic characteristics of CNT-based resonators are based on either continuum or molecular models. There are a few
studies utilizing molecular dynamics (MD) simulations to predict the behaviour of carbon nanotube resonators, for instance,
by Yoon et al. [6]and Kang and Kwon [2]. Reviewing the continuum-based studies, Sapmaz et al. [5] performed a theoretical
investigation on the nano-electro-mechanical effects in a doubly clamped suspended CNT. Poot et al. [4] studied the bend-
ing mode vibration in suspended CNTs. These investigations were continued by Ouakad and Younis [3] who examined the
nonlinear dynamics of electrically actuated CNT resonators under DC and AC electric loads.

In the present study, for the first time, the fully nonlinear coupled longitudinal-transverse equations of motion of a CNT-
based resonator are derived employing the modified couple stress theory. The equations of motion are expanded while keeping
the nonlinear terms up to fifth order, and then discretizd using the Galerkin technique. A molecular model is also constructed
so as to obtain Young’s modulus of the CNT and validate the continuum model. The validated size-dependent continuum
model is then employed in order to examine the nonlinear behaviour of the CNT-based resonator.

MODEL DEVELOPMENT

Consider a doubly clamped CNT-based resonator, consisting of a single-walled CNT of length L, cross-sectional area
A, second moment of area I , radius R, thickness h, and Young’s modulus E, positioned at a distance b from the gate
underneath. x and z denote the axial and transverse coordinates; u.x; t/ and w.x; t/ represent the longitudinal and transverse
displacements, respectively. For such a system, the fully nonlinear equations of motion can be obtained as
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where "0 and " are the strain and curvature of the centreline, respectively, and  is the angle of the centreline with the x axis;
# is the shear modulus, and P is the axial load; cu and cw are damping coefficients; VDC and VAC are the DC and AC voltages,
respectively.

Expanding Eqs. (1) and (2) and keeping nonlinear terms up to fifth-order and discretizing the resultant equations, employ-
ing the Galerkin technique, yields a set of nonlinear ordinary differential equations. This set is solved numerically employing
the pseudo-arclength continuation technique.
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Figure 1: AC frequency-amplitude curves of the system with VDC D 2:0 and VAC D 0:16: (a, b) the maximum and minimum amplitudes of the transverse
motion at x D 0:5, respectively; (c) the maximum amplitude of the longitudinal motion at x D 0:75. Solid and dashed lines represent the stable and
unstable solutions, respectively.

RESULTS

Employing molecular dynamics simulations, Young’s modulus of CNT is predicted to be 905 GPa. The numerical results
are then obtained for a CNT-based resonator with L D 3000 nm, R D 1:0 nm, and b D 300 nm, employing the continuum
model; l D 0 and P D 0. Figure 1 shows the AC frequency-amplitude curves of the system when VDC D 2:0 and VAC D
0:16. The figure shows that the system displays a complicated resonant response with many bifurcation points as well as
softening and hardening behaviours. Comparing sub-figures (a) and (b) shows that the system oscillation around the deflected
configuration is not symmetric. It is worth noting that, when varying the excitation frequency, a secondary resonant region
appears in the vicinity of ˝=!1 D 1:9, with only hardening-type behaviour.

UNIVERSAL PULL-IN FORMULA

Developing a universal pull-in formula for CNT-based resonators allows for fast estimation of the pull-in voltage. The
following analytical-empirical formula is suggested for estimating the pull-in voltage (with less than 5% error) for a clamped-
clamped CNT-based resonator with 1000 " L " 5000 nm, 1 " R " 5 nm, and 0:06 " b=L " 0:18:

Vpull"in D
r
Œ.EAb4/ = .2$%L4/&

h
76:36 .b=R/0:213 ! 91:66

i
: (3)

CONCLUSIONS

The nonlinear behaviour of a CNT-based resonator has been examined numerically. Molecular dynamics simulation is
performed to obtain Young’s modulus of the CNT. The nonlinear resonant response of the system is examined showing
complicated response and different bifurcation points, even for small actuation voltages. A universal pull-in formula is also
developed for predicting the pull-in voltage in clamped-clamped CNT-based resonators.
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MECHANICAL-ELECTRIC-MAGNETIC COUPLING AND ENERGY CONVERSION IN 
TWO-DIMENSIONAL MATERIALS 
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Laboratory of Intelligent Nano Materials and Devices of Ministry of Education, Nanjing 
University of Aeronautics and Astronautics. Yudao Street, 29, Nanjing, 210016, China,  

 
Summary Nanoscale materials and devices are distinctly different in both properties and functions from their macroscopic counterparts. 
Having a deep insight into these peculiar properties and functions are crucial to realizing innovative nanotechnology. In two-dimentianl 
materials, the energy dissipation, structure-dependent dynamic characters and the coupling between external fields and intrinsic local fields are 
essential issues for developing nanoelectromechanical systems and high-efficient energy conversion technology. 
 
  It is widely known that when the spatial scale goes down from macroscale to nanoscale, temporal scale will reduce to 
nano to femtosecond. It is more important that the related energy scale of an externally applied field will drop for eighteen 
orders from joule (1 Newton times 1 meter) to attojoule (1 nanoNewton times 1 nanometer = 6.42 eV), falling into the 
energy scale of the local fields of matter which consist of electronic structures, charge, molecular orbital and spin states. 
Therefore, at nanoscale, matters will show distinctly different performances from their bulk materials mainly due to the 
strong coupling between the local fields of matter and external applied fields. Such nanoscale multifield couplings can turn 
very common materials such as carbon, even insulating boron nitride, into functional nanomaterials with fantastic properties 
we expected for nanoelectronics, spintronics as well as high efficient energy conversion devices. 
 

It will also be demonstrated by our recent findings that exceptional functional properties in the intrinsically insulating h-
BN nanostructures (Nano Lett. 10, 5049, 2010; 13, 3232, 2013; JACS 133, 14831, 2011, Small 2015) and exotic properties 
of transition metal dichalcogenide (ACS Nano 7, 7126-7131, 2013; Phys. Rev. Lett. 112, 205502, 2014).  
 
5HFHQWO\�ZH�DOVR�IRXQG�WKDW�DQ�LQGXFHG�µZDYLQJ�HOHFWURQLF�SRWHQWLDO¶�FDQ�EH�REVHUYHG�LQ�JUDSKHQH�DV�LW�LV�GLSSHG�- µZDYHG¶�

- in and out of seawater1. We also found that drawing a droplet of ionic solutions over the surface of graphene can induce 
³GUDZLQJ�HOHFWULF�SRWHQWLDO´�LQ�WKH�JUDSKHQH���7KH�SRWHQWLDOV�DUH�IRXQG�WR�EH�UDLVHG�E\�WKH�PRYLQJ�ERXQGDU\�RI�WKH�HOHFWULF�
double layer formed at the interface of the droplet and graphene surface, or the solid-air-liquid boundary of a graphene sheet 
across a liquid VXUIDFH�� 7KH� ILQGLQJV� H[WHQG� FHQWXULHV¶� ROG� WKHRULHV� RI� HOHFWURNLQHWLF� HIIHFWV� DQG� KHOS� XQGHUVWDQG� WKH�
behaviour of carbon nanomaterials in liquids, which has been subject to conflicting reports for over a decade. The novel 
effects have been used to demonstrate energy harvest from dropping droplets, sensing the handwriting on graphene and 
stimulating a sciatic nerve of a frog. The waving potential, which is proportional to both the speed and the size of the 
graphene, can also be scaled up by connecting in series or parallel for possible applications in self-powered functional 
sensors such as tsunami monitors to wave energy harvest, monitors and remote ocean devices. 
 

It is more interesting that the coupling promising us to break the 10 nanometer limitation of energy beam fabrication 
down to subnanometre scale3,4. Such extraordinary mechanical-electric-magnetic coupling effects in nano systems open up 
new vistas in functional nanodevices compatible with the concurrent technology for efficient energy conversion, self-
powering flexible devices and novel functional systems.  
 
References: 
[1] Jun Yin, Zhuhua Zhang, Xuemei Li, Jin Yu, Jianxin Zhou, Yaqing Chen & Wanlin Guo*, Waving potential in graphene. 
Nature Communications 5, 3582 (2014). 
[2] Jun Yin, Xuemei Li, Jin Yu, Zhuhua Zhang, Jianxin Zhou & Wanlin Guo*, Generating electricity by moving a droplet 
of ionic liquid along graphene. Nature Nanotechnology 9 (5), 378-383 (2014). 
[3] Xiaofei Liu, Tao Xu, Xing Wu, Zhuhua Zhang, Jin Yu, Hao Qiu, Jinhua Hong, Chuanhong Jin, Jixue Li, Xinran Wang, 
Litao Sun*, Wanlin Guo*, Top-down fabrication of sub-nanometre semiconducting nanoribbons derived from molybdenum 
disulfide sheets, Nature Communications 4, 1776 (2013). 
[4] Wanlin Guo*, Xiaofei Liu, 2D materials: Metallic when narrow. Nature Nanotech. 9, 413 (2014). 
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nanotubes are modeled via MD simulations using the Lennard-Jones potential and the configuration shown in figure 2c.6 In 
the first simulation, the angle between nanotubes γ is varied, while in the second simulation the sliding of one nanotube 
against the other is studied. The variation of the total energy of the system is plotted in both cases. 

RESULTS & DISCUSSION 
   Figures 3a and 3b show the variation of energy curve obtained from the two MD simulations. For the first case, the 
energy of system is minimum when γ is zero; thus, the parallel configuration of the nanotubes is most stable. The second 
derivative of this curve gives stiffness of the torsional spring that is used in the FEM. A pre-strain term equal to the value of 
stiffness times the angle between two nanotubes is added at each node in the FEM in order to account for the torque that 
acts to bring nanotubes in equilibrium configuration. Similarly, the second derivative of the energy curve in the second case 
gives the stiffness of springs that resist translational motion in x and y directions. Force resulting from compression and 
stretching of these springs can be obtained from the first derivative. The maximum value of this force is taken as the 
fracture strength of the nodes between nanotubes. 

  

Figure 3: a) Variation of energy with 
respect to γ b) Variation of energy in case 
of sliding 

   Figure 4a shows the variation of elastic modulus of the network En with respect to stiffness of the torsional spring, Kz. 
For small values of Kz, En varies linearly and becomes constant at a value that is comparable to the bending stiffness of the 
nanotube. This means that for weak nodes, deformation of the network is governed by the rotation of nanotubes about 
nodes, while for stronger nodes, bending of nanotube dictates the overall deformation. Figure 4b shows the stress-strain 
curve for the network when both fracture of nodes between nanotubes and pre-strain term is taken into account. The curve 
shows an initial linear elastic regime. The response starts deviating from linear elasticity when a significant number of 
nodes have broken (shown in red). Eventually the network fails at around 10% strain when there are not enough nodes left 
to form a connected network. Note that even though a pre-strain term is added, that accounts for irreversible nature of VDW 
interactions; the stress-strain response is still very similar to the case of no pre-strain (shown in blue). This is because VDW 
interactions are very weak in nature.  

  

Figure 4: a) Variation of elastic 
modulus of the SWCNT network 
with torsional spring stiffness, Kz. 
b) Stress-strain curve of the 
network. 

CONCLUSIONS 
   In this work, a multi scale modeling method to study mechanical behavior of SWCNT network is established. MD 
simulations provided insight into VDW interactions of nanotubes at atomistic scale simultaneously providing a measure of 
resistance offered against sliding and rotation of nanotubes at nodes. FEM results show that in linear regime deformation of 
network is governed by rotation of nanotubes about nodes since value of Kz obtained from MD simulation is very small. These 
results also suggest that nanotubes networks can be elastic in initial linear regime as observed experimentally.2,7 This is 
attributed to the very weak nature of VDW interactions The linear elastic regime is followed by a nonlinear stress-strain 
curve when a significant number of nodes in the network have ruptured.  
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Summary Defects in carbon nanotubes influence their properties. In this research, the energy landscape is calculated for a variety of
distributions of Stone–Wales defects and pentagon-heptagon (5-7) defects using a model based on the dislocation theory. The equilibrium
configurations are solved using the conjugate gradient method, and the saddle point on the minimum energy path between two equilibrium
configurations is calculated using the nudged elastic band method. Many equilibrium configurations related to the lattice trapping of the
5-7 defects are obtained. The configurations are stable, because the Peierls-Nabarro barrier of the movement of these defects are relatively
large. The total energy depends not only on the mean value of relative displacement but also on the complexity of the configurations of the
defects. Evolution of the defects is organized based on the graph theory. The results provide fundamental information to discuss the stability
of thermal activation of defects.

ANALYSIS MODEL OF CNTS WITH STONE–WALES DEFECTS

Carbon nanotubes (CNTs) have extraordinary mechanical properties and distinctive applications [1]. Generally, their
properties can be affected by defects such as Stone–Wales (SW) and pentagon-heptagon (5-7) defects. SW defects can be
separated into pairs of 5-7 defects [2]. Plastic deformation due to slip of the 5-7 defect pair and pseudoclimb has been
reported theoretically [3]. In this study, we use a theoretical formulation in terms of the relative displacement on the slip-plane
[4] and the relationship between energy and the configuration of the 5-7 defects. Figures 1 (a) and (b) show schematics of
cross–section of a perfect (11,0) CNT and a CNT with SW defect, respectively. The relative slip in the cross–section can
be expressed by the relative displacement of atomic sites denoted as (−5,−4, · · · , 4, 5). Open and solid circles indicate the
position of the upper and lower atoms, respectively.

(a) (b)
Figure 1: Cross-section of (11,0)-CNT:

(a) Perfect lattice, (b) with
Stone-Wales defect

Table 1: Constants and valuables
γ(u) Generalized stacking fault energy (γ – surface)
ul = u(sl)/a; Nondimensional relative displacement
a Lattice constant
d = a/

√
12; Lattice spacing between slip planes

∆ A parameter (0.15 ∼ 0.19, depending on radius of CNT)
bs0 = µ(1 + ν)a; A parameter of stiffness
br0 = µ(1 + ν)a/{8

√
3(1 + 3ν)}; A parameter of stiffness

µ, ν Elastic constants
fext An external force

EQUILIBRIUM CONFIGURATIONS AND MINIMUM ENERGY PATH

According to the theoretical formulation by Wang et al.[4], the total energy Etotal is described as the sum of Peierls-Nabarro
potential, Eγ , elastic interaction, EΩ, interaction between neighboring sites, Eb and potential of external force, Ef as shown
in the following equations. Each term is described using the relative displacement, ul (l = 1, n). For (11,0)-CNT, sites
l = 1, 2, · · · , 6, · · · , 11 correspond to −5,−4, · · · , 0, · · · , 5, respectively.

Etotal(u) = Eγ + EΩ + Eb(+Ef ), where u = (u1, u2, · · · , un), (1)

Eγ

!
=

"
γ(u(s))ds

#
=

n$

l=1

a

2

µa2

4π2d

!
1− cos(4πul)

#!
1 +∆ sin2(2πul)

#
, (2)

EΩ =
n$

l=1

n$

j=1

1

2a
Ωlj(auj)(aul), where Ωlj =

bs0
n

%
cot
!
(l − j) +

1

2

#
π

n
− cot

!
(l − j)− 1

2

#
π

n

&
, (3)

Eb =
n$

l=1

1

2
br0a

2(ul − u[l−1])
2, where (u[l] = uMOD(n+l−1,n)+1), Ef = −

n$

l=1

fext
a

2
ul (4)

The parameters are shown in Table 1. The static equilibrium configurations are obtained to solve ∂Etotal/∂u = 0 using
the conjugate gradient method. Then, the nudged elastic band method (NEB) [5] is used to determine the minimum energy
path (MEP) between two equilibrium states.
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RESULTS AND DISCUSSION

Figure 2(a) shows the distribution of relative displacement for equilibrium configurations obtained using the conjugate
gradient method and the saddle points obtained using the NEB method. The distribution of atomic displacement is highly
localized at the core region of the 5-7 defects. Figure 2(b) shows a set of energy as functions of the average slip ū = 1

n

'n
l=1 ul;

Etotal(black), Eγ(red), EΩ(yellow), Eb(blue). It is found that the physical meaning of configuration ‘sol.2’ is the unstable
equilibrium point (saddle point) between perfect lattice and SW defect. Figure 2(c) shows the configurational force (Peach-
Koehler force), which is defined as the derivative of the total energy with respect to average relative displacement, of the
5-7 defects. The overall character of the profile of the curve agrees with the prediction according to the dislocation theory,
but the curve oscillates locally. Many equilibrium configurations exists due to the lattice trapping of 5-7 defects. These
configurations are stable, because the Peierls-Nabarro barrier between them are relatively large. Figure 3 shows the graph of
transition, annihilation, and movement of defects in CNTs. The schematic illustrations of configurations are located on an
energy-relative displacement plane, and the processes of structural change are shown with the activation energy and released
energy. One 5-7 defect pair in SW defect can be separated from another with energy consumption, and the SW defect is
annihilated with significantly reduced energy to attain stability.
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Figure 2: Configuration and energy landscape: (a) Relative displacement, (b) energy landscape, and (c) configurational force
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Figure 3: A schematic illustration of energy graph for CNTs with different transition and annihilation defects

CONCLUSIONS

The equilibrium configurations of defects in CNTs and their related MEP have been determined using a lattice defect
theory, and then transition processes of the structural changes of defects have been discussed from the graph theory point of
view. The quantitative results provide fundamental information of complex energy landscape to discuss the stability of thermal
activation of defects.
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Summary In the present work we propose a framework for modeling volumetric actuators – a special class of mechanical systems that can
transform the parallel work of micro-actuators, distributed throughout an actuator’s volume, into a macroscopic force that scales with this
volume. The proposed model takes into account the expected finite deformation of actuators and the coupling between the deformation and
micro-actuation, which can strongly influence an actuator’s behavior. Finite element implementation details are presented, together with
numerical examples and results.

VOLUMETRIC ACTUATORS

Volumetric actuators are a specific class of mechanical systems. Their output forces are produced by micro-actuators
distributed over their volumes and working in parallel. This is in contrast to other actuators, examples of which are hydraulic
and pneumatic cylinders, whose forces often result from surface interactions and are proportional to their cross-sectional areas.
The advantage of well-designed volumetric actuators is that their maximum output forces are proportional to the number of
micro-actuators in their interior, and so to their volumes.

Figure 1: Volumetric actuators. Left: schematic of a sarcomere—a subunit of animal muscles. Center: DEM model of a
modular-robotic collective actuator, built of spherical units. Right: principle of operation of a volumetric actuator.

An example of such systems is the sarcomere [1], which is ubiquitous as a fundamental active subunit of animal muscles.
Similar artificial systems are also being considered, e.g., as an application of the MEMS and NEMS technology. In Fig. 1(left),
a schematic of the sacromere is presented, with heads of myosin molecules (black) working as micro-actuators, pulling
adjacent actin filaments (gray), and producing an overall contracting force. Quite similarly, an artificially designed modular-
robotic structure works as a two-directional actuator [2, 3], see Fig. 1(center). Here, the spherical micro-robots form two
separate, strongly bonded frames (blue and gray) that are pushed/pulled against each other by active (red) modules.

Finally, Fig. 1(right) shows the general principle of operation of a (linear-motion) volumetric actuator. The actuator is
composed of two interdigitated solid structures (black and gray in the figure), with micro-actuators (gray rectangles) distributed
between them throughout the volume. Each micro-actuator pushes (or pulls) the two structures in opposite directions, exerting
a micro-force f . The micro-forces sum over the volume, yielding the total force F produced by the actuator.

TWO-DOMAIN MODEL

In the proposed two-domain model, two inter-penetrating domains Ω1 and Ω2, see Fig. 2, move against each other along
some permitted directions (isolines Ψi = const). Actuators can, in general, undergo finite deformations that can affect their
properties, and vice-versa. Neglecting body forces, the weak form for two interacting actuator parts can be written as

G(ϕ, δϕ) = G1(ϕ, δϕ1) + G2(ϕ, δϕ2) + Gc(ϕ, δϕ) = 0, (1)

where δϕ = {δϕ1, δϕ2} are the variations vanishing on yu
i ,

Gi(ϕ, δϕi) =

!

Ωi

� Wi

� F i
·∇δϕidVi↗

!

Γt
i

T ∗
i · δϕidSi, i ∈ {1, 2} (2)
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Figure 2: Continuum mechanics model.

are the weak forms derived form (hyper)elastic potentials Wi, with deformation gradients F i = ∇ϕi, and

Gc(ϕ, δϕ) =

!

Ω̄1

"
ρ
#
Ψ1(X1)↗Ψ2(X̄2)

$ ∂Ψ2

∂X̄2
(∇ϕ̄2)

−1 + f̄
F 1∇Ψ̄1

∥F 1∇Ψ̄1∥

%
· (δϕ1↗δϕ2) dV1 (3)

is the contact part of the weak form (1), in which X̄2 is a point of Ω2 such that ϕ̄2 = ϕ2(X̄2) coincides with the point
ϕ1(X1), Ω̄1 = ϕ−1

1 (ω1 ∩ω2), and Ψ̄1 is a scalar field complementary to Ψ1 in the sense that∇Ψ̄1 are parallel to the isolines
of Ψ1. The first term in (3) is the enforcement of the condition that corresponding isolines of Ψ1 and Ψ2 must coincide, and
the second term imposes actuation of the intensity f̄ in the direction tangent to a deformed isoline∇Ψ̄1.

The above formulation has strong analogies to earlier works on formulations for contact problems [4], and it is particularly
suitable for the finite element method implementation. In the present work, the necessary FE procedures have been derived
using the symbolic system AceGen, and the subsequent FE calculations are performed in the AceFEM environment [5].

EXEMPLARY 2D FEM RESULTS

As an example, a two-dimensional contracting actuator is analyzed, as depicted in Fig. 3. Two constituent parts of the
actuator are 20 × 10 mm2 rectangles, clamped at opposite sides, with the initial 5 mm overlap. A plain-strain hyperelastic
material model for both parts is applied, with the Young’s modulus E = 1 MPa and Poisson’s ratio ν = 0.�.

Figure 3: Exemplary FEM results. Left: initial mesh (f̄ = 0). Right: deformed mesh (f̄ = 0.03 [N/� � 3]).

In Fig. 4, the expected non-uniform deformation is presented, with horizontally-aligned stress gradients in the contact
zone, which is characteristic of volumetric actuators.
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Figure 4: Sxx stress field in the deformed configuration for the left and right part of the actuator (f̄ = 0.03 [N/� � 3]).
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Summary In this paper, we examine the adhesive interactions between a diamond indenter and mono-, bi- and trilayer graphene 
on silicon oxide. Nanoindentation experiments were also conducted on bare silicon oxide and highly ordered pyrolytic graphite 
(HOPG) as controls. Force profiles obtained under displacement control revealed the complete adhesive interactions during 
approach and withdrawal. The strength, range and energy of the underlying interactions between the tip and the contact surface in 
addition to those between graphene and silicon were extracted by an inverse, numerical analysis at the continuum level. There was 
evidence of both Van der Waals and capillary forces and graphene did appear to screen interactions between the probe and silicon 
oxide. 
 

INTRODUCTION 

The wet-transfer of graphene grown by chemical vapor deposition has been the standard procedure for transferring 
graphene to any substrate. However, the nature of the interactions between large area graphene and target substrates under 
these conditions is relatively unknown. The adhesion energy associated with interactions between graphene and silicon has 
been measured by particle intercalation and blister tests [1-3]. While the energy levels are commensurate with van der Waals 
interactions, recent wedge tests coupled with interferometry have revealed that the strength and range of the interactions were 
respectively much smaller and larger than those typically associated with van der Waals forces [4]. The objective of the work 
presented here is to examine such interactions over smaller spatial domains by nano indentation, supported by continuum 
analysis, in order to extract traction-separation relation parameters based on force profiles. 

 
EXPERIMENTS and ANALYSIS 

Graphene was grown on copper foil using chemical vapor deposition. 
A thin layer of PMMA was spin coated on the graphene as a reinforcing 
layer for the wet transfer process, which consisted of etching away the 
copper foil, transferring the graphene to a silicon chip and then removing 
the PMMA with solvent and heating to 400°C in a hydrogen/argon 
atmosphere. The process was repeated for bi- and trilayer graphene. Bare 
silicon oxide surfaces were cleaned with piranha solution just prior to 
indentation and fresh HOPG surfaces were prepared by exfoliation. The 
contact surface of the specimen was indented under displacement control 
in a Hysitron Triboindenter with a corner cube indenter. This provided 
force profiles that were able to detect the adhesive interactions between the 
probe and the graphene during approach and retraction (Fig. 1). There was 
adhesive hysteresis in the force profiles from samples consisting of bare 
silicon oxide, mono-, bi- and trilayer graphene on silicon oxide and 
graphite. There was also evidence of partial separation between monolayer 
graphene and silicon.  

The configuration was analyzed numerically using ABAQUS with 
interactions between the probe and contact surface being accounted for by 
traction-separation relations that differed for approach and retraction (Fig. 
2a). The procedure that was adopted to determine the traction-separation 
relations that provided the best fit to the measured force profiles was as 
follows: For approach, in all cases, the measured force profiles were 
subtracted from the Hertz force profile. Since this is the zero interaction 

 
Fig. 1:  Force profiles a) comparison of all 
samples, b) bare silicon oxide, c) monolayer, 
d) bilayer and e) trilayer graphene and f) 
graphite. 



case, any difference was taken to be due to the interactions between the 
contact pairs. The traction-separation relations that provided the best fit to this 
difference in force profiles were determined iteratively. For withdrawal, 
different mechanisms had to be accounted for: a) for silicon oxide, capillary 
effects were dominant and were modeled by a constant traction (10 MPa) over 
the interaction range (10 nm); b) for single layer graphene, delamination 
between the graphene and silicon oxide and capillary interactions between 
graphene and the diamond tip were considered; c) for graphite, the initial part 
of the traction-separation relation for interactions between the tip and graphite 
during withdrawal was obtained using the same fitting process that was used 
for approach (comparison with Hertz force profile) until capillary interactions 
became dominant. It is possible that there may also have been interlayer 
delamination in the graphite, but this was beyond the scope of the present 
study. The interaction between graphene and silicon oxide was also accounted 
for with an adhesion energy of 420 mJ/m2, a strength of 100 MPa and a range 
of 9.6 nm. The energy level was obtained from previous wedge tests [4], but 
the strength of the interaction had to be much higher and the range lower than 
previously determined in order to make sure that complete separation did not 
occur along the graphene/silicon interface, as this mechanism was never 
observed. 

 
RESULTS 

The traction-separation relations for diamond/graphene interactions (Fig. 
2a) serve as a template for all other cases. The initial snap due to water bridge 
formation when the tip was 6 nm from the surface. The peak tensile traction 

0
aV  was 50 MPa. It was necessary to include a repulsive interaction rV  of 

-200 MPa and an equilibrium spacing of 2.35 nm in order to capture the rising portion of the force profile. The initial 
withdrawal was captured with a peak tensile interaction 0

wV  of 100 MPa between the diamond and graphene, followed by 
a constant traction of 10 MPa for 10 nm to represent the thinning of the water bridge. Similar features but with differing 
magnitudes were extracted for the other cases as noted in Table 1. It can be seen that, for approach, the interaction between 
diamond and HOPG was the weakest, but conditions encountered during contact made it much stronger 

 
CONCLUSIONS 

In summary, the displacement-controlled nano indentation 
experiment, with ultralow-noise force measurements, allowed the 
complete nonlinear adhesive interactions between a diamond 
indenter and mono-, bi- and trilayer graphene on silicon oxide to be 
observed. As the number of graphene layers was increased, there 
was a transition in the adhesive interactions between the tip and the 
surfaces that ranged from that of bare silicon oxide to that of 
graphite. Nonetheless it appears that even monolayer graphene is 
able to screen interactions between the probe and silicon oxide. 
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(a)  

(b)  
Fig. 2:  a) traction-separation 
relations for interactions between 
diamond and graphene for approach 
and withdrawal, (b) comparison of 
measured and fitted force profiles.   
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Diamond-
SiO2 

-200 1.2 70 5.3 

Diamond-
Graphene1 

-200 2.35 50 6 

Diamond-
HOPG 

-0.5 2.30 4.2 5.6 

Initial Withdrawal Vw
0 

(MPa) 
Gc 
(nm) 

Diamond-
Graphene1 

100 0.8 

Diamond-HOPG 230 0.8 
Table 1. Parameters for traction-separation 
relations of interactions during approach and 
withdrawal. In all cases the second portion of 
withdrawal was captured by constant traction of 10 
MPa for 10 nm to represent the thinning of the 
water bridge. 
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Figure 1 Recovery and damping behaviors of a ZnO NW. (a) 
series of images showing the elastic and anelastic recovery. (b) 
Anelastic strain as a function of recovery time for six different 
durations of holding time. The NW diameter was 54 nm and 
the initial bending strain was 1.94%. (c) Anelastic strain as a 
function of recovery time for five different initial bending 
strains. The holding time was 15 minutes in all five cases. 
Solid lines in both (a) and (b) represent the fitting data from 
finite element analysis. Error bars for strain measurement in (b) 
and (c) were ~5.4%. 
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Abstract Anelastic materials exhibit gradual full recovery of deformation once a load is removed. At macroscopic scale, 
however, anelaticity is usually very small or negligible. Here we show that single-crystalline ZnO can exhibit anelastic behaviour 
that is up to four orders of magnitude larger than the largest anelasticity observed in bulk materials, with a time-scale in the order 
of minutes. In-situ SEM tests of individual NWs showed that, upon removal of the bending load and instantaneous recovery of 
the elastic strain, a substantial portion of the total strain gradually recovers with time. We attribute the observed large anelasticity 
to stress-gradient-induced migration of point defects, as supported by electron energy loss spectroscopy (EELS) measurements, 
analytical modeling and also by the fact that no anelastic behaviour could be observed under tension. Finally, we show that ZnO 
NWs exhibit a high damping merit index, suggesting NWs with point defects are promising for damping applications. 
 
Introduction 
   NWs exhibit a host of novel properties that are being exploited for many applications including energy harvesting and 
storage, flexible/stretchable electronics, sensing, and nanoelectromechanical systems. So far a vast majority of research on 
mechanical properties of NWs has been focused on size-dependent elastic modulus and strength [1], with very few studies 
on time-dependent responses. This work reports an unexpected phenomenon of large anelastic relaxation and energy 
dissipation in single-crystalline NWs under bending [1]. 
 

In-situ bending test of ZnO NWs 
   The bending tests were performed at the room 
temperature using a microelectromechanical system 
(MEMS) based nanomechanical testing stage inside an 
SEM [2,3]. After the NW was held at a bent 
configuration for certain time (holding time), the 
MEMS actuator was retracted and the shape of the NW 
was monitored in real time (Fig. 1). It can be seen that 
a large portion of the bending strain recovered 
instantaneously while the rest recovered gradually with 
time, as shown in Fig. 1a.  
 

Fig. 1b shows the evolution of the anelastic strain 
of a ZnO NW (54 nm in diameter) for an initial (total) 
bending strain of 1.94% with six different durations of 
holding time. Here the initial or total strain is the sum 
of anelastic strain and elastic strain, right before the 
load is removed. It can be seen that the recovery of the 
anelastic strain depends on the holding time ± the 
shorter the holding time, the faster the recovery. Fig. 1c 
shows the evolution of the anelastic strain for a holding 
time of 15 minutes under five different initial strains. 
Larger initial strain led to larger anelastic strain. The 
anelastic strain almost fully recovered with time (e.g., 
Supplementary Fig. 1b, with holding time of 15 
minutes and recovery time up to 40 minutes). The 
anelastic strain was as large as 0.64% (in the case of 
4.1% total strain). A theoretical model was developed 

to understand the relationship between the diffusion of point defects and the measured anelastic behaviour [2]. Finite 
element simulations were performed to simulate the bending and relaxation processes under the same conditions as in the 
experiments. A number of defect types with corresponding diffusivities and initial concentrations were considered. The 
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Fig.1 Electrothermal MEMS actuator used to strain the thin film 
specimen; chevron thermal beam are oriented so they expand and 
push the center shuttle forward when joule heated, straining the 
attached specimen  
 

EXAMINATION OF INTERACTIONS BETWEEN DEFORMATION MECHANISMS IN FCC 
THIN FILMS USING SEM-DIC 

 
Marissa Linne1, Samantha Daly2a  

1Dept. of Materials Science and Engineering, University of Michigan, Ann Arbor, MI, USA 
2Dept of Mechanical Engineering, University of Michigan, Ann Arbor, MI, USA 

 
Summary This presentation will discuss an on-going experimental investigation of the interaction between dislocation glide and grain 
boundary sliding (GBS) in columnar Al thin films under tensile loading. Due to the oligocrystalline microstructure of the specimen, these 
mechanisms can be characterized without sub-surface ambiguity. In this investigation, tensile strain was applied in-SEM to Al films with 
thicknesses of hundreds of nanometers, using a custom thermal actuator MEMS device, and full-field surface displacements were 
measured using a high-resolution combination of scanning electron microscopy and digital image correlation. Novel methods for 
microscale pattern deposition and SEM spatial and temporal distortion corrections were utilized for high accuracy results. Analysis of the 
resulting full-field, high resolution data linking deformation behavior and underlying texture provided insight into the interaction between 
GBS and dislocation-based deformation mechanisms in Al thin films.  
 

INTRODUCTION 
 
   This research is aimed towards understanding the relationship between deformation mechanisms, particularly grain 
boundary sliding (GBS) and dislocation glide, in polycrystalline columnar thin films. It is hypothesized that a synergistic 
relationship exists between these mechanisms, and that the nature of this relationship will vary from bulk material due to the 
magnified effects of free surfaces. These claims are supported by (a) the fact that increasing shear stress on a grain boundary 
(GB) simultaneously enables GBS and decreases the energy barrier for slip transmission through the boundary; and (b) there 
is evidence that the in-grain dislocations, commonly observed in bulk materials, exist in very low densities in films with 
thicknesses on the order of 100 nm [1,2]. Current research and modeling of crystal plasticity largely treats deformation 
mechanisms as separate events. Thus, the relationships between them -- whether collaborative or competitive, simultaneous 
or sequential -- remain unclear and supported by limited experimental data. These ambiguities lead to inaccuracies in 
material modeling, and consequently a failure to optimize material design. This paper and talk discusses experimental 
investigations aimed towards improving predictions of damage-inducing stress localization, and ultimately towards 
improving the capability to develop small-scale materials with greater resistance to failure. 
 

EXPERIMENTAL METHODS 
 
   A unique experimental approach is taken that 
accounts for the inhomogeneities in polycrystalline 
materials, unlike methods that employ either 
property values that are bulk averages or micro- and 
nanoscale analyses (e.g. nanoindentation) that only 
sample very small fractions of the specimen. My 
experimental approach addresses these shortcomings 
by capturing a full-field strain analysis of 
polycrystalline thin film deformation using SEM-
enabled digital image correlation (termed here as 
SEM-DIC)[3-5] combined with spatial/temporal 
distortion corrections and chemically functionalized 
nanoparticle deposition for unprecedented resolution 
and accuracy. DIC is a technique by which surface 
strains are determined by comparing digital images 
captured during the deformation process. By 
tracking the movement of identifiable surface 
features, full±field strains can be calculated. This approach is used to map strains in columnar free-standing thin films under 
tensile load, applied via MEMS-based actuation. In order to generate a comprehensive strain map, Au nanoparticles are self-
assembled on a chemically functionalized sample to create a random, high contrast, traceable pattern. GBs are located by 
pre-test electron forescattered diffraction (EFSD) [6-8] grain orientation maps. SEM micrographs of the same area 
(identified using FIB-applied platinum markers) are captured in-situ during tensile loading, and used to create strain maps 
via SEM-DIC. Since the accuracy of the SEM image is of critical importance for calculating strains, temporal and spatial 
distortions that occur in the micrographs are corrected using a proven MATLAB code created by this research group[4]. 



 
   Aluminum (Al) is used as the model test material for two primary reasons. First, it is commonly used numerous 
applications microelectronics to lightweight structural alloys. Second, Al has a face centered cubic (fcc) crystal structure, 
and therefore only 12 slip systems, making it ideal for examination of GB sliding and dislocation slip. The thickness of the 
columnar films will be on the order of 100 nm, with <111> fiber texture and variable grain sizes. The specimens will be co-
fabricated with a MEMS actuator similar to that described in [9]. The actuator-sample system, seen in Fig.1, was chosen 
because (a) it is capable of high-resolution stress application, necessary for testing nanostructured samples; and (b) precise 
sample alignment is accomplished by using a single photolithography mask for the device-sample unit. Fabrication of the 
sample-device unit was performed at the Lurie Nanofabrication Facility at the University of Michigan. 
 
 

RESULTS AND DISCUSSION 
 
   The acquired SEM-DIC strain fields are expected to provide insight into relationships between deformation mechanisms 
and microstructural neighborhoods in the film. As demonstrated by past work, both GBS and dislocation glide are active at 
room temperature, but grain size of the film, magnitude of GB misorientation and dislocation source concentration will 
determine the dominant mechanism. Prior studies have shown that GB sliding becomes more significant with decreasing 
grain size, while dislocation glide behavior becomes more significant with increasing grain size (Hall-Petch behavior) and 
low angle boundary misorientation [10-13]. A related trend is expected to be observed by testing specimen with various 
average grain sizes, achieved by varying deposition and annealing temperatures during fabrication. Computational work 
indicates that a transitional nanoscale grain size range likely exists, between the GB slide and dislocation glide dominated 
regimes [10]. However, the significant decrease in dislocation density, commonly observed in fcc thin films [1,2], may 
cause a shift in the bulk transitional grain size (~10 nm). Results of this work will provide experimental insight into this 
transitional regime, and how it is affected by low dislocation concentration.  Observed interaction between these two 
deformation mechanisms will be compared to computational studies. 
 
   Understanding polycrystalline deformation in nanostructures is significant for numerous applications, yet present 
knowledge of the subject is limited. The next step to take in advancing this knowledge is to examine deformation 
mechanisms as interrelated systems, rather than individual occurrences. This innovative and comprehensive experimental 
approach moves beyond bulk property averages and assumptions of homogeneity to address the complexities of 
polycrystalline thin film microstructure. Outcomes from this research will contribute to the advancement of nanotechnology 
and integrated circuits as well as a more sophisticated understanding of plastic deformation. 
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Summary Due to an increasing miniaturization demand, the characteristic size of moving parts of MEMS devices may become comparable to 
the material length-scale, i.e. to the average grain size in case of polysilicon films. This can lead to a deviation of the response of the device 
from the expected one, or to an increased scattering due to stochastic features of the film morphology. In this work, an on-chip test is exploited 
to assess the effects of film morphology on the overall mechanical response of thin, slender specimens. Different electrostatic actuation/sensing 
configurations have been designed, to also distinguish the said mechanical effects from those due to overetch. To explain the observed 
scattering in the MEMS output, two coupled electro-mechanical models of the system have been developed: an analytical reduced-order one, 
and a numerical one to fully account for the heterogeneity of the film. 
 

INTRODUCTION: THE ON-CHIP TESTING DEVICE 
 
   On-chip testing might be a viable tool to characterize the structural films of MEMS (micro electro-mechanical systems) 
at the micromechanical level. The sensitivity of the device response to the investigated properties should be as higher as 
possible, avoiding instability phenomena like pull-in [1]. When the properties of the moving structure are somehow 
different from those of the substrate upon which the film is (epitaxially) grown, the effects of residual stresses should be 
also kept to a minimum. 
   In compliance with the above reported requirements, a device has been designed for on-chip testing of polysilicon films, 
see Fig. 1: the tested specimen is a thin beam, whose in-plane width is ʹ�Ɋ�. The beam is connected on one side to a 
massive anchor, and on the other side to a proof mass, denoted as rotor in Fig. 1. The beam can be subjected to different 
loadings, thanks to the two sets of stators around the plate: the lateral stator mainly induces a translation of the rotor, and so 
a coupled shear/bending deformation of the beam; the (electrically connected) anti-symmetric top and bottom stators cause 
instead an in-plane rotation of the rotor, and so a pure bending of the beam. Both the mentioned stators can also sense the 
motion of the rotor, through the change of the capacitance between the two electrodes. The size of rotor and stators and the 
initial gap between them have been designed to allow electrostatic sensing/actuation with a rather standard laboratory 
equipment, delaying considerably the pull-in instability. 
 

Table 1. Geometric dimensions of the device. 

 
Figure 1. SEM picture of the on-chip test device 

featuring a ʹͲ�Ɋ�-long beam.  

Parameter value 
beam length (݈) ʹǡ ͵ǡ Ͷǡ ͷǡͳͲǡ ʹͲ�Ɋ� 

in-plane beam width (ݓ) ʹ�Ɋ� 

out-of-plane beam thickness (ݐ) ʹʹ�Ɋ� 

initial gap between rotor and stators (݃) ʹ�Ɋ� 
 

 

 
   The dimensions of the device are reported in Table 1; due to its small size, within each single die several devices have 
been fabricated with a varying length ݈ of the beam. The varying in-plane slenderness of the beam ݈Ȁݓ, and the two types 
of sensing/actuation have been devised to distinguish the effects of: i) polysilicon morphology, ii) stress intensification close 
to reentrant corners, and iii) overetch linked to the fabrication process. As the average grain size of the tested polysilicon is 
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Abstract The properties of carbon nanotube (CNT) networks (CNTNs) may change suddenly with the variation of network density, such as 
the onset of conductivity at the electrical percolation threshold. In this paper, the stiffness of CNTNs is studied and especially the existence of 
stiffness threshold is revealed. Two stiffness thresholds, which are critical densities to judge whether or not the network can carry load and 
whether or not it can carry load effectively respectively, are found by theoretical analysis as well as numerical simulation, and are predicted by 
simple invariants. The two thresholds divide the stiffness behaviour into three stages: zero stiffness, bending dominated and stretching 
dominated stages, which can be described by a piecewise function of network density and the CNT aspect ratio. This work provides a 
theoretical foundation for the design optimization and property prediction of CNTNs. 

Keywords: threshold; mechanical properties; stiffness; carbon nanotube 
 

INTRODUCTION 
 
   Carbon nanotube (CNT) is well known for its remarkable electrical and mechanical properties. To utilize these micro-
scale superior properties in macro-scale structural and functional materials, CNT network (CNTN), with low density and 
high porosity, is considered as an effective structure form, thus has wide applications and draws many attentions. Studies 
show that with increasing network density of CNTNs, there may be sudden changes in the properties, such as the sudden 
change in electrical conductivity at the electrical percolation threshold [1]. Besides, some sudden changes in mechanical 
properties are observed experimentally and numerically in CNT composites and some other similar materials. Therefore, it 
is reasonable to infer that increasing CNT density in CNTNs may lead to sudden change in their mechanical properties. The 
aims of this paper are to reveal the stiffness threshold mechanism for randomly distributed CNTNs, and to establish the 
relation between topology and stiffness of CNTNs, which may be readily used to guide the design optimization and strength 
analysis in practical applications.  
 

THE STIFFNESS THRESHOLD AND THE BENDING-STRETCHING TRANSITIONAL THRESHOLD 
 
Qualitative investigation on the stiffness thresholds 
   CNTN is conductive only when the conductive path is formed. The lowest CNT density to form the conductive path is 
the electrical percolation threshold. Similarly, the load-transfer path must be constructed for CNTN to carry load, and the 
corresponding critical CNT density is defined as stiffness threshold, which is a criterion to judge whether or not the network 
is capable of carrying load. Moreover, when CNTNs can carry load, the deformation modes of CNTs have significant 
influence on the efficiency of load transfer. For CNTs, axial stretching can transfer load more efficiently than bending, and 
thus leads to higher stiffness. Hence there is a critical point at which the dominated deformation mode of CNTs changes 
from bending to stretching. The corresponding CNT density is defined as the bending-stretching transitional threshold, 
which is criterion to measure whether or not most of the CNTs in network are utilized effectively to carry load.  
 
Theoretical analysis on the stiffness thresholds 
   To predict the thresholds and explain their underlying mechanisms, the load-transfer analysis as well as geometric 
probability analysis is employed. The stiffness threshold is considered to be determined by the statical determinacy of CNTs, 
which is dependent on their topological relation, as shown in Fig.1, and is estimated quantitatively by the stabilization 
fraction [2] of network. The bending-stretching transitional threshold is supposed to be influenced by the CNT intersection 
type in CNTN, as shown in Fig.2, and is evaluated by the defect fraction [2] of network. 

(a) (b) (c)

 

V (c) T (b)

X (a) 

 
Fig. 1 The stabilization processes of CNTs in CNTN Fig. 2 Three typical intersections in CNTN 



   Two stiffness thresholds, i.e. stiffness threshold E1
thÖU  and bending-stretching transitional threshold E2

thÖU  are found and 
validated to divide the stiffness behaviour into three stages: zero stiffness, bending dominated and stretching dominated 
stages [2]. Both the two thresholds are larger than the electrical percolation threshold e

thÖU . Therefore, CNTNs present 4 
different types of behaviours with increasing network density ÖU , as illustrated in Fig. 3: (1) neither electrical conductive 
nor able to carry load; (2) electrical conductive but unable to carry load; (3) electrical conductive and able to carry load by 
bending dominated deformation; and (4) electrical conductive and able to carry load by stretching dominated deformation.  
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Fig. 3 Overall views on the four types of electrical and mechanical properties of CNTNs, with three critical values: 
electrical percolation threshold e

thÖU , stiffness threshold E1
thÖU , and the bending-stretching transitional threshold E2

thÖU . 

   According to the theoretical analysis and the numerical simulation, the average intersection number on each CNT intN  
is revealed as the only dominant factor for the electrical percolation and the stiffness thresholds, it is approximately 3.7 and 
5.2 for e

thÖU  and E1
thÖU  of 2D networks respectively. For 3D networks, they are 1.4 and 4.4 respectively. Moreover, intN  

also affects the bending-stretching transitional threshold, combined with the CNT aspect ratio. The average intersection 
number divided by the fourth root of CNT aspect ratio int C

1 4
NTN O�  is found to be an invariant at E2

thÖU , which is 6.7 and 6.3 
for 2D and 3D networks, respectively.  
 

STIFFNESS PREDICTION BASED ON THE THRESHOLDS 
 
   Based on the two thresholds, a simple piecewise expression is proposed to describe the normalized elastic modulus of 
CNTNs ÖE , and is expressed as 
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where kE is the linear slope of the stretching dominated stage, and is taken as ʌ /12  and 1/6 for 2D and 3D networks, 
respectively. 
 

CONCLUSION 
 
   This paper studies the sudden change in stiffness of the CNTNs and especially reveals the existence of stiffness threshold. 
Simple formulas to predict the stiffness and stiffness thresholds are established, and will provide great convenience for the 
optimum design and property prediction of CNTNs.  
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Figure 1: SEM micrographs of Cu nanowires 
grown on Si (111) substrate surfaces. The 
deposition rate was 0.05 nm/s; the growth 
temperature 680°C. 

 

GROWTH AND MECHANICAL PROPERIES OF METAL NANOWHISKERS 
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Summary Single-crystalline, defect and flaw free nanowhiskers were grown by physical vapour deposition under ultra-high 
vacuum conditions. The investigated microstructure of the nanowhiskers is unique, no dislocations or grain boundaries were 
detected. The shape of the prismatic body can be explained by a classical Wulff theorem. The mechanical properties of the 
nanowhiskers were investigated by tensile and bending set-ups. For both set of experiments mechanical strength close to the 
predicted theoretical values were found. The onset of plasticity is determined by the nucleation and propagation of Shockley 
partial dislocations. Advanced nanostructures based on said nanowhiskers are also reported and their behaviour under 
mechanical loading is presented.  
 

INTRODUCTION 
 
   Physical properties of materials changes if the dimension of the investigated devices decrease. This is especially true if 
one of the dimensions falls below a certain threshold; often this critical size is found to be in the order of ~100 nm, but 
depends strongly on the physical property which is investigated in a particular experiment. One reason for the size effects is 
the changing ratio of bulk volume to surfaces, it is moot weather the surfaces are free (crystal)-surfaces or internal 
interfaces. Also the influence of other defects, as dislocations or vacancies increases with decreasing dimensions. Since 
nanostructures are anticipated to be the building blocks for future nanodevices in several research areas as nanorobotics, 
biomedicine or sensor technology, knowledge on fabrication, handling and corresponding properties of zero- (e.g. 
nanoparticles), one- (e.g. nanowires) and two- (e.g. ultra-thin films) dimensional nanostructures has to be gathered. 
Quantitative results can be received by usage of structures with tailored microstructure. In the past our group concentrated 
in growing thin films physical vapour deposition (PVD) and recently conceived a method to fabricate one-dimensional 
metal crystals with the same methods.  
 

NANOWHISKER GROWTH 
 
   One-dimensional nanostructures attracted in the past years a high interest due 
to their properties. Ceramics, semiconductor and carbon materials are easily 
synthesized as in nanowire shape with typical diameters of several dozen 
nanometers and length-diameter ratios of 1000:1. However, only the metals as 
one of the oldest were difficult to fabricate in similar geometries. From the start 
of the last century up to the 1950ies microscopic and macroscopic whiskers were 
synthesized by metal halide reduction [1], the original fabrication process was 
already published in a mining book from 1574 by Lazarus Ercker. The 
fundamental principles of these processes were the evaporation of a metal salt, 
the reduction of said salt in the vapour phase and the condensation of the 
elemental metal atoms on a usable substrate.  
   We modified this ancient recipe to be accommodated in ultra-high vacuum 
PVD systems and grow perfect defect and flaw free nanostructures with 
diameters of several ten nanometers, attached on substrates. Metals with face 
centred (Cu, Ag, Au, Pd), body centred (Fe), and hexagonal (Co) crystal structure were synthesized successfully as one-
dimensional nanowhiskers (NWs) with the new technique. Suitable substrates are, for most metals, Si crystals, or Mo and W 
wires covered with 30 nm C by magnetron sputtering. The metals are deposited at high substrate temperatures (~60% TM) 
and low deposition rates (0.05 nm/s). Figure 1 show a typical scanning electron microscopy image for Cu grown on Si(111) 
substrates.   
 

NANOWHISKER PROPERTIES 
 
Microstructure 
   Scanning and Transmission Electron Microscopy (SEM and TEM) analysis on the NW microstructure for fcc NWs 
yielded the following results: (i) The NWs are freestanding and prismatic with no taper along the NW axis; (ii) the surface 
facets are the low energy surface planes of the corresponding metals, typical four {111} and two {100} planes; (iii) the 



 
Figure 2: TEM micrograph of Ni/Cu nanowire. a) due to the lattice mismatch the 
structure is bend towards the Ni layer. b) increasing of the temperature leads to 
straightening and cooling to slight reverse bending. 

 

cross-section is close to the predicted Wulff shape; (iv) the NWs axis is parallel to the <110> crystal direction; (v) the NWs 
are perfect single-crystals, no flaws, dislocations nor grain boundaries are typically observed in the bulk of the NWs.  
 
Physical properties 
   The investigations of the physical properties of the NWs focused on the mechanical strength and the onset of the plastic 
deformation. Mechanical test were performed on the grown elemental NWs [2-5]. Independent of testing method, either 
bending or tensile test, the NWs performed remarkably well. Due to the perfect crystal structure, the NWs exhibit tensile 
and bending strengths close to the predicted theoretical strength [6]. Post mortem and in-situ TEM revealed that the 
deformation is carried by partial dislocation nucleation and propagation, therefore by formation of stacking faults. 
Nucleation of further partial dislocations on adjunct planes leads consequently to twin formation. The twin boundary is a 
perfect 63{111}<110> symmetrical tilt grain boundary.  
   Correlating with the low defect density in the NWs is the low conductivity. No size effect is observed but a constant 
conductivity, again, close to the theoretical limits. Also, the magnetic domain structure was studied by electron holography. 
Only one single domain is present in ferromagnetic metallic nanowhiskers. 
 
Stress evolution in bilayer NWs  
   Because the NWs are freestanding, one 
sided coatings can be easily achieved by 
depositing a second material without rotation 
of the specimens. Applying rotation would 
yield core-shell structures. Mismatches in 
lattice parameters and growth stresses lead to 
bending of the nanostructure. Annealing could 
lead (i) to stress relaxation or (ii) change in 
bending due to the difference in thermal 
expansion coefficients. Figure 2 depicts such a case where a Cu NW was covered on one side with a polycrystalline Ni layer. 
Due to annealing to 600°C, first the growth stress is relaxed and then secondly with cooling the NW bends slightly to the 
opposite direction because of the differences in thermal expansion.  
 

CONCLUSIONS 
 

   Concluding we will present a brief summary on the growth of single-crystalline, defect and flaw free NWs and then explore 
(i) the consequences of the perfect microstructure on mechanical properties and (ii) the possibilities to use the uniqueness in 
crystal quality to fabricate novel new nanostructures. Core-shell structures, layered NWs, bamboo-structures and nanotubes were 
grown and the most recent results will be presented and discussed.  
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PREDICTING PIEZOELECTRIC EFFECTS IN ATOMISTIC FINITE ELEMENT
SIMULATIONS

Mat Tolladay1, Fabrizio Scarpa1, Dmitry Ivanov1, and Neil Allan2

1ACCIS, Department of Aerospace Engineering, Bristol University, Bristol, UK
2Centre for Computational Chemistry, School of Chemistry, Bristol University, Bristol, UK

Summary As our ability to build ever smaller machines develops so does the need for simulation techniques that can accurately capture
the behaviour of these nanocomponents. To empower designers, new simulation methods must be developed to allow for easy and fast
iterations of designs. To this end we have sought to incorporate piezoelectric modelling within an atomistic finite element model of boron
nitride nanotubes. The ability to capture these effects allows for the design of nano scale electromechanical devices. We built and tested
the model by using it to calculate the piezoelectric tensor coefficients for armchair boron nitride nanotubes, subjected to an axial torsional
loading and compared our values to those generated using density functional theory that are available in the literature.

INTRODUCTION

Interest in nanotubes and their potential applications has been growing ever since their initial prediction over two decades
ago. Different materials have been investigated as potential candidates for nanotube formation starting with the most well
known, carbon, but other materials such as carbon nitrides, boron nitrides, sulphides, selenides, halides and transition metal
oxides have been investigated [1]. Concurrently, there has been development of micro, meso and nano scale machines looking
to provide new technological capabilities in many different research fields. Components of these miniature machines are
an obvious application for nanotubes, however new methods for accurately modelling these structures are required. The
standard methods for macro scale modelling rely on the assumptions of continuum mechanics, where as at smaller scales
the molecular structure of the materials becomes apparent leading to unacceptable inaccuracies. Although computational
chemistry has produced tools for modelling molecular structures they normally require significant computational resources
when attempting to model large systems of atoms. One method that attempts to provide molecular modelling capabilities
while allowing for rapid computation is to model the molecular structure as a space frame structure (as can be seen in figure
1a) by using force constants developed for molecular mechanics software to provide the effective beam (Euler-Bernoulli or
Timoshenko) properties [2]. These “atomistic” finite element models have been investigated for over a decade by multiple
authors, examining different nano materials and using different finite element beam formulations [3, 4, 5].

We want to expand this technique by providing a method for calculating properties other than the mechanical ones that
have been investigated previously. The focus of this work was on developing a novel method for calculating the piezoelectric
response of nanotubes. Boron nitride nanotubes have been shown to have piezoelectric properties which have been investi-
gated, mostly computationally, providing us with a means for testing the validity of our method.

(a) The finite element model of
a nanotube showing beam el-
ements as black lines and the
nodes as green circles.

(b) The charges of the atoms of the
boron nitride nanotube as calculated
using QEq.

(c) The results of our simulations showing a similar trend in
the piezoelectric coefficient as the nanotube chiral number (an
analogue for the tube radius) is increased.

Figure 1



THE METHOD

Piezoelectric phenomena are generated by the creation of atomic dipoles in a material which are at least somewhat aligned.
In the case of boron nitride nanotubes the atomic dipoles are caused by distortions of the nanotube lattice that result in breaking
of the threefold symmetry of the lattice. This symmetry breaking leads to dipole creation whereby the electron distribution of
the atoms loses symmetry resulting in a dipole moment of the atom.

A simple method for understanding this behaviour is to consider a polarisability of the atom, a constant which describes
the ratio of the dipole moment of the atom generated by an external applied field and the strength of the applied field. Using
atomic polarisability we can calculate the dipole moment of an atom due to an applied field, for our purposes it was thus
necessary to find a suitable method for calculating the electric field at the atom sites of our deformed nanotube lattice.

The method we used was one developed for use with molecular mechanics simulations called charge equilibration (QEq).
This method uses physical properties of the atoms, the ionisation energies and electron affinities, and the atom positions as
the initial inputs for a method to approximate the charge distribution within a molecule (an example of which can be seen in
figure 1b). Using this method we were able to generate charges for the atoms in the deformed nanotube and then use these
charges and the position data for the atoms to calculate the electric field at the atom sites. With the field calculated we could
then apply the polarisability to find the dipole moments of the atoms.

TESTING THE METHOD

To determine the accuracy of the method we chose to generate the piezoelectric coupling tensor coefficients of a variety of
different sized armchair boron nitride nanotubes under an axial shear load (for results see figure 1c). By varying the degree of
the shear stress in the tube due we could calculate the dipole moment per unit area (dipole density) of the tube for each applied
shear stress. We were then able to find the gradient of the dipole density as a function of shear stress using finite differences.
This gradient is the tensor coefficient for the piezoelectric coupling tensor.

Table 1: Results from our model and other authors work.

Authors Method ez,xy (Cm−1)

Current work Atomistic FE with QEq ↗1.��× 10−9

Sai & Mele [6] DFT/Berry’s phase ↗3.�3× 10−10

DFT/Ab initio ↗2.�0× 10−10

Naumov et al [7] DFT ↗3.5�× 10−10

Our results show reasonable agreement with calculations for the tensor values based on DFT calculations (see table 1) but
further refinement of the method is required. Future work will seek to address this by examining other piezoelectric nanotubes,
such as zinc oxide, so that suitable corrections can be introduced to the relevant physical constants.

CONCLUSIONS

We developed and tested a method for the simulating piezoelectric response of boron nitride nanotubes. The method
provides us with an approximation of the piezoelectric properties of the nanotubes but will be refined through future work.
We have shown the method has potential to be used for simulating nanostructures and therefore has the potential to be used as
a tool for designing nano scale machines that utilise piezoelectric effects that are present in certain materials.
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Summary In this paper, the strength properties of a ductile nanoporous material are investigated by means of a non-linear homogenization
approach based on the modified secant method. The material is described as a rigid ideal-plastic solid matrix, obeying to a von Mises strength
criterion, and containing isotropically- distributed spherical nanovoids. Aiming to properly account for local strain-rate heterogeneities, a
3-layered model is adopted. A novel closed-form macroscopic strength criterion is established, and successfully compared with available
numerical data, resulting in an effective enhancement of previous-established theoretical predictions.

The development of materials characterised by a nanosized microstructure has recently given rise to a growing research
interest, involving experimental tests, numerical simulations and theoretical models, aiming to investigate the influence of
nano-inclusions or nanopores on the overall material response. An important class of nanostructured materials consists in
nanoporous media, characterised by reduced mass density, high surface-to-volume ratio, good levels of strength and generally
exhibiting a ductile behaviour. From a mechanical point of view, one of the most important aspect concerns the influence, for
a fixed porosity value, of the size of voids on the macroscopic material strength properties. In the framework of a continuum
approach, such a void-size effect has been generally addressed by adopting coherent-imperfect interface laws to describe
cavity surfaces. Early works involving void-size effects have been focused on the effective elastic properties of nanoporous
materials. In contrast, few attention has been paid so far to the influence of the size of voids on the material plastic behaviour.
In the framework of non-linear homogenization (NLH) methods, mention is made to the very recent model [2] (denoted in the
following as DK), consisting in a generalization of the well-established strength criterion [5] for classical porous materials to
nanoporous ones. However, the DK strength model strongly overrates available numerical evidence [4, 6], mainly for high
stress-traxiality levels. In this light and in the framework of NLH-based techniques, present paper (see [1]) aims to establish
a consistent and accurate strength criterion for nanoporous materials properly accounting for void-size effects and able to
recover available benchmarking evidence.

Let Ω be a material representative volume element (RVE), whose exterior boundary is ∂Ω. Let the RVE be comprised
of a rigid ideal-plastic solid matrix Ωs, obeying to a von Mises strength criterion with support function πs, and isotropically-
distributed spherical cavities of radius a. The RVE is assumed to undergo homogeneous strain-rate boundary conditions,
prescribed in terms of the constant tensor D. Denoting as σ, d, and v the microscopic stress, strain-rate and velocity fields,
respectively, the following boundary-value problem, involving equilibrium, compatibility and plastically-admissibility condi-
tions, is introduced.

Problem P For a given D, find
!
σ(z),d(z),v(z)

"
s.t.

��vσ = 0 in Ω (1a)
d = ��� (∇v) in Ω (1b)

σ =
∂π(z,d(z))

∂d
in Ω (1c)

v = D · z in ∂Ω (1d)

where vector z identifies the position of a point in Ω, and π is equal to πs in Ωs and zero otherwise.

By considering the local support function π as the potential of a fictitious viscous material, equation (1c) can be thought as
representative of a fictitious non-linear behaviour described by the constitutive relationship

σ(z) =

#
C
$
z,d(z)

%
: d(z) if z ∈ Ωs

0 if z ∈ Ω \ Ωs (2)

where the the fourth-order secant stiffness tensor C is isotropic, with volumetric (namely, k) and shear (µ) secant muduli equal
to:

k → +∞, µ(z,d(z)) =
σ̂(z)

2
√

3

1&
Jd
2(d(z))

(3)
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ELECTROSTATIC VERSUS ELECTROMAGNETIC MICROMIRROR ACTUATION

A. M. Alneamy ∗1, M. Khater2, S. Park1, E. M. Abdel-Rahman1, and G. R. Heppler1

1Systems Design Engineering, University of Waterloo, Waterloo, Ontario, Canada
2Mechanical Engineering, KFUPM, Dahran, Saudi Arabia

Summary This paper compares the performance of electrostatically actuated and electromagnetically actuated micromirrors. The static and
dynamic characterization of both types of micromirrors is carried out. We find that micromirrors actuated electromagnetically via a Lorentz
force can realize much larger (20 times more) torsion angles than electrostatically actuated micromirrors for the same mirror structure.

INTRODUCTION
Micro-Electro-Mechanical Systems (MEMS) are widely used microfabricated sensors and actuators. Torsional MEMS

actuators, such as torsional micromirrors, are an important MEMS application extensively used in digital projection displays
and optical switches. MEMS are actuated electrostatically, electromagnetically and electrothermally. Electrostatic actuation
is quite efficient, however, it is limited by the pull-in instability [1]. Electrostatic micromirrors use fixed electrodes to rotate
a mirror plate around a suspension axis. Zhang [2], found that the mirror torsion angle is highly dependent on the size and
position of the electrodes. In addition, the electrostatic force used to rotate the mirror also produces a downward (piston)
motion bringing the mirror closer to the electrode leading to early pull-in.

Electromagnetic MEMS actuators based on the Lorantz force have also been used in many applications because they
provide a large stroke [1]. Cho et al. [3], fabricated an electromagnetically actuated micromirror that can rotate around the x
and y axes and deflect along the z axis. They found that, utilizing z axis actuation is useful in aligning the light path between
the source and micromirror which results a good coupling among optical components. In this paper, micromirrors that utilize
electrostatic and electromagnetic actuation have been statically and dynamically evaluated and compared to investigate the
relative merits of the two actuation methods.

ACTUATOR MODEL
We investigate a micromirror, Fig. 1, consisting of two parallel cantilever beams supporting a reflective microplate and

two identical left and right electrodes placed below it. The micromirror is made of polysilicon with dimensions show in Figure
1. The equations of motion of the microplate deflection w and torsion φ under electrostatic actuation are given by:

Figure 1: (a) Layout of the micromirror. (b) Bending and (c) torsional motions

meqẅ + (cvb + cs)ẇ + keqw = Fes1 + Fes2 (1) Jtφ̈+ cvt φ̇+ ktφ = Tes1 + Tes2 (2)
where Fes1 , Fes2 , Tes1, and Tes2 are the electrostatic forces and torques applied by the left and right electrodes on the
microplate, respectively, cvb and cvt are the viscous damping in bending and torsion, and cs is the squeeze film damping.
Moeover, the microplate is actuated electromagnetically to enhance the torsional angle, and the equation of motion is given
by:

Jtφ̈+ cvtφ̇+ ktφ = Tem (3)
where Tem is the electromagnetic torque due to the interaction of the current passing in the loop made of the support beams
and microplate and an external magnetic field due to the permanent magnets marked by N and S in Fig. 1(c).

RESULTS
Figure 2(a) shows the variation of the static torsional angle as the DC voltage of the left electrode only is increased obtained

from numerically solving Eqs. (1) and (2) and an FEM of the micromirror. The maximum torsion angle under electrostatic
forces was 0.0�◦ at 13.5 V. Beyond that point, the edge of the micromirror comes in contact with the substrate.

Solving Eq. (3) numerically for the torsion angle under electromagnetic actuation with a current I = 3.3 mA and variable
magnetic field density B, we achieved a maximum torsion angle of 1◦ at 1.4 T, Fig. 2(b). Due to the linear relationship
between the magnetic field B and Lorentz force, a linear relationship is seen in Fig. 2(b) between B and φ.

∗Corresponding author. Email: aalneamy@uwaterloo.ca



Figure 2: (a) Static torsion φ vs. actuation voltage. b. Static torsion φ vs. magnetic field B.

The dynamic response of the micromirror under harmonic electromagnetic excitation was also found by integrating Eq.
(3) numerically and compared to experimental results. The micromirror was actuated by a current I = 3.3 mA and an external
magnetic field B = 64 mT. The FFT of the mirror edge displacement and velocity measured using a laser vibrometer is
compared in Fig. 3 to the FFT of the numerically predicted motions at the natural frequency of the micromirror torsional
motions ωn = 182 kHz. Good agreement is seen between the numerical and experimental results.

Figure 3: a. The FFT response of the displacement. (b) The FFT response of the velocity

CONCLUSIONS
We compared numerically and experimentally electrostatic and electromagnetic micromirrors. The results show that

electromagnetic excitation is more efficient than electrostatic actuation. Specifically, the maximum torsion angle obtained
under electromagnetic actuation is 1◦ which is more than 20 times the maximum angle obtained under electrostatic actuation
0.0�◦. The underlying reason is under electrostatic actuation the micromirror moves towards the bottom electrode as it rotates
in torsion. This piston motion reduces the space available for the mirror torsional motion. On the other hand, electromagnetic
actuation does not induce piston motions leaving the space between the mirror and the substrate for use by torsional motions
only. Moreover, we validated the dynamic model of the electromagnetically actuated micromirror by comparing its results to
experimental measurements at resonance.
Acknowledgment: The first author would like to acknowledge the support of Jazan University, Saudi Arabia.
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DEVELOPMENT OF A ROBUST COUPLED ATOMISTIC-CONTINIUUM MODEL FOR
CRACK PROGAGATION IN CRYSTALLINE MATERIAL
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Summary A robust finite temperature force-based atomistic-continuum model is developed incorporated with non-linearity of atomic po-
tential considered. The model is implemented using LAMMPS and parallel FEM codes making it scalable for 3D problems to investigate
the crack propagation in crystalline material focused on the critical stress state and energy release rate. Furthermore, we compare the results
of coupled model with pure MD simulation to investigate the size dependence and demonstrate the necessity of using coupled model.

INTRODUCTION

Modeling deformation processes of materials at nano-scale help us understands the fundamentals of material behavior.
While molecular dynamics(MD) simulations has been widely used for atomistic level studies, the spacial and temporal scale
limitation causes many issues such as unphysical boundary conditions, extremely large strain rate. For spacial scale specifi-
cally, many efforts have been made to develop different kinds of coupled atomistic-continuum methods to save computational
cost and increase simulation domain size. In this work, we present a coupled framework focused on following features: 1.
Non-linearity of the atomic interaction considered; 2. Finite temperature in atomistic domain; 3. Efficient parallel implemen-
tation to solve large 3D problem. It is shown that in nickel the non-linearity plays very important role in reducing the error of
coupling model, similar trend is expected to be seen in other metallic materials. The coupled model is then used to investigate
the crack propagation in single crystal nickel with center crack embedded. Bi-axial loading is applied to suppress dislocation
at beginning. For both coupled model and pure atomistic model, stress distribution, the strain energy release rate and critical
stress are analyzed. Analysis shows that if given same whole domain size, the coupled model gives similar results as pure
atomistic model while saving significant computational cost. And size-reduced MD model underestimates the energy release
rate of crack propagation process.

ROBUST COUPLED ATOMISTIC-CONTINUUM MODEL

The whole simulation domain is subdivided into three domain, atomistic domain ΩA, continuum domain ΩC and interface
domain ΩI . ΩA is governed by atomic interactions using LAMMPS and ΩC is governed by nonlinear elastic constitutive
relation using FEM respectively. Continuum and atomistic representation coexist in ΩI , where the compatibility and force
equilibrium conditions are applied. The compatibility is achieved by enforcing the position of the node being the time average
of all nearby atoms surrounded:

uc
k =

!
"

i

(wiu
a
i )

#
(1)

where uc
k is the displacement of node k, ua

i is the displacement of one neighbor atom i, wi denotes the weight function, taken
as 1/nk with nk being all neighbor atoms of node k, and ⟨·⟩ denotes the time average.

The force equilibrium is achieved by applying the external force on atoms based on the reaction force at the node.

f c
k =

"

i

(wif
ext
i ) (2)

where f c
k is the reaction force of node k since it is given displacement boundary condition, ua

i is the external force on atom i.
We use an iterative process to find equilibrium configuration when all interface node stops moving.

We apply Langevin dynamics and damping at atomistic system inside interface domain to keep canonical ensemble and
have unwanted elastic waves with large wave length damped. More details of the coupled model and implementation can be
found in [1].

∗Corresponding author. Email: sghosh20@jhu.edu
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atoms are not in the physical domain. The modified element that must be considered for this edge is represented by a thicker 
black line. The total energy for this edge atomic element is Uel-edge= - 5.2864 eV/Å. A similar procedure must be applied to all 
kinds of edge-elements. 
 

 
 

 
  

(a) (b) (c) 
Figure 1: (a) complete atomic element; (b) graphene sheet; (c) a modified edge atomic element  

 
   Fig. 2(a) shows a graphene sheet with a missing atom, intended to simulate a defect. Atom vacancies also require the basic 
element to be modified. In our previous work using only the basic element in Figure 1 (a), we noted substantial convergence and 
stability issues with defects as well as edges [3,4]. The atoms in blue shows the modified basic atomic element because of the 
vacancy defect. The total energy for this atomic element is Uel-mod= -4.9821 eV/Å, at zero strain. Applying the described 
concepts, the force-strain curve from AFEM implementation is compared in Fig. 2(b) to the results obtained using the molecular 
dynamics (MD) code LAMMPS. In the MD simulations, the same Brenner potential at 1 K and non-periodic boundary 
conditions were used. 

 

  
(a)  (b) 

Figure 2: (a) Graphene sheet with vacancy defect; (b) force-strain relationship from AFEM and MD 
 

CONCLUSIONS 
 

   The ³VHFRQG� JHQHUDWLRQ´� HPSLULFDO� SRWHQWLDO� RI� %UHQQHU� et al was implemented to calculate the total energy for the 
complete atomic element, and for different arrangement of atomic elements, taking into account edge and vacancy effects. 
AFEM and MD results show good agreement with the use of modified basic atomic finite elements compared to our 
previous studies that showed stability and convergence problems with the basic AFEM.  
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POLYMER INJECTION MOLDING OF MICRO/NANO STRUCTURED DEVICES FOR 
DISPOSABLE POINT-OF-CARE DIAGNOSTIC APPLICATIONS 

 
Michael D. Gilchrist1 & Nan Zhang2 

1: Mechanical & Materials Engineering, University College Dublin, Belfield, Dublin 4, Ireland 
2: Centre of MicroNano Manufacturing Technology (MNMT), Tianjin University, China 

 
 
Summary Tooling is critical in replicating multi-scale patterns for mass production of polymer microfluidic devices using the microinjection 
molding process. The present work compares the fabrication of various micro/nano structured tool inserts using stainless steel, nickel and 
Bulk Metallic Glasses (BMGs). Tool performance is evaluated in terms of surface roughness, hardness and tool life. Compared to stainless 
steel, nickel and BMGs are capable of integrating length scales from 100 to 10-8 m and are good candidates to rapidly produce polymer 
microfluidic chip components in mass manufacturing quantities. 
 
 
INTRODUCTION 
 
   Developments in microsystems technology show there is an increasing requirement to integrate multi-
scale functionality on progressively smaller platforms. Typically, microfluidic devices for DNA/protein 
separation and single DNA molecular manipulation exhibit a series of micro-scale channels with 
integrated sub-micron and nanometre scale features. Producing such components and systems requires 
integrating manufacturing processes across the length scales from 10-2 to 10-7 m. Most of these devices 
are fabricated using silicon or glass so as to take advantage of well-developed patterning technologies. 
Developing future applications and markets for microfluidic technologies, such as point-of-care 
diagnostics, and public health and environmental monitoring, will require large volumes of inexpensive 
products. This requires using mass production methods. For a variety of reasons, polymers are gradually 
replacing silicon and glass for the fabrication of microfluidic devices. Injection molding is a most cost-
effective method to mass produce polymer micro-components and is increasingly important in 
manufacturing microsystems. Bulk metallic glasses (BMGs) can be machined or thermoplastically-
formed with sub-micron precision while still retaining often-desirable metallic properties such as high 
compressive strength. These novel materials thus have enormous potential for use as multi-scale tools 
for high-volume manufacturing of polymeric MEMS and information storage devices. 
 
 
TOOL MANUFACTURING 
 
   Figure 1 compares the simplest manufacturing process chains that we have used [1] to produce mold 
insert tools from Stavax stainless steel, Nickel and BMG.   In die-sinking EDM, the microfluidic pattern 
was first milled on a graphite/copper electrode; a thermal erosion process then takes place between the 
tool and workpiece under a controlled electric spark, which has the effect of eroding the workpiece to 
form a replica of the electrode on a stainless workpiece (Fig. 1(a)). This process offers force free 
machining independently from the mechanical properties of the processed material and allows batch 
production of micro dies and molds for injection molding and hot embossing. We have also used two 
processes to fabricate Ni tool inserts, namely, using a micro milled Al master (Figure 1(b)) or a Si master 
(not shown) with a wide range of features varying in size from tens to hundreds of microns. Finally, we 
fabricated a BMG tool from a ternary BMG (composition Zr47Cu45Al8) and used an FEI Quanta 3D FEG 
Dual Beam FIB to machine sub-micron and nano scale features, as shown in Figure 1(c). 
 
 
DEMONSTRATOR DEVICE 
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STUDY OF THE ELECTROMECHANICAL BEHAVIOR OF METALS 
USING A MICRODEVICE METHOD 

 
Wonmo Kang1, Iyoel Beniam2 & Siddiq M. Qidwai3a)  

1Materials, Corrosion and Environmental Technologies Division, Leidos Corporation, Arlington, Virginia, USA 
2Materials and Systems Branch, US Naval Research Laboratory, Washington, District of Columbia, USA 

3Multifunctional Materials Branch, US Naval Resear h Laboratory, Washington, District of Columbia, USA 
 
Summary The passage of low-density electric current (10's-100's of A/mm2) through metals to improve their formability is becoming an 
accepted practice in the manufacturing industry. In this study, we seek to determine if, as suggested, the formability is simply due to Joule 
heating or an entirely new class of deformation mechanism, such as electrically induced plasticity. We have developed a micro-device testing 
method that allows in situ observation of electromechanical behavior in metals in transmission electron microscopes. The advantage of this 
method is that due to the nanoscale size of the specimen high current densities are achieved without appreciable increase in temperature, which 
removes the Joule heating aspect. We have used this method to study the in situ behavior of single crystal copper (SCC) under nominal strain 
and current density of up to 5000 A/mm2. The results show that at least for SCC electric current does not affect dislocation behavior. 
 

INTRODUCTION 
 
   In recent years, researchers have shown many interesting and advantageous effects of the concurrent application of low-
density electric current (101-102 A/mm2) on the formability of metals that can be utilized to markedly improve material 
processing techniques involving bulk or localized deformations. Complete elimination of springback, reductions in flow 
stresses of up to one order of magnitude, and enhancements in strains-to-failure by up to eight times have been 
demonstrated for various pure metals and alloys under uniaxial loading conditions (e.g., [1,2]). Two hypotheses have been 
proposed for the enhanced behavior: 1) the Joule heating effect, and 2) the electroplasticity effect (e.g., electron interaction 
with dislocations). Historically, both of these hypotheses originated in response to experiments conducted in the 1970s and 
80s, in which high-amperage, short-duration (mostly alternating) current pulses (~103-108 A/mm2; <10-5 s) were applied to 
mechanically deforming metals [3]. However, interpretation of material responses observed in those experiments has proven 
difficult due to the dynamic, transient effects of the coupled thermal, electrical and mechanical fields [4]. It is also 
suggested here that the overreliance on bulk scale observations to date (e.g., [3,4]) has been a detriment in understanding the 
nature of the electrically assisted deformation of metals (EADM). To address these limitations in conventional approaches, 
we have developed a micro-device testing method that utilizes the unique advantages of micro/nanotechnology in in situ 
investigation of coupled material behavior [5]. Using this in situ capability, we have directly investigated electron-
dislocation interplay in single crystal copper (SCC) with a focus on electroplasticity without the Joule heating effect. In the 
ensuing text, we describe the micro-device testing method followed by results and discussion, and conclusions. 
    

MICRO-DEVICE TESTING METHOD 
 
   The microdevice has three main components: an electrically insulated (SiO2-coated) Si frame, a dog-bone shaped 
specimen, and silver wires (Figure 1a). The frame is designed to prevent mechanical loading of the specimen during 
handling/operations and to fit onto a commercial electromechanical TEM holder. The silver wires are connected on one end 
to the electrical feedthrough from the TEM holder and on the other to the sample, which itself is attached to the frame with 
an Ag epoxy. The microdevice is fixed on one end and the other can be pulled in nominal displacement control. This 
particular device offers multiple advantages: 1) in situ electromechanical TEM capability, 2) ability to achieve high (~103 
A/mm2) current density owing to the submicron-size specimen cross-section, 3) uniform electrical current and nominal 
stress, up to the small strain limit, in contrast to traditional TEM specimens, and 4) effective thermal management. 
   The first feature provides an opportunity to directly observe the movement of dislocations due to electric current, if any. 
The second allows minimal power and safety management because the input electric current requirement goes down to mA 
range. The third feature is critical in simplifying the analysis of the operative deformation mechanisms, and the last feature 
is invaluable because it is obtained through the removal of any significant Joule heating despite the vacuumed environment, 
which permits independent observation of the electron-dislocation interaction. This is directly the result of the fact that for a 
given electric current density, the current and power scale by the square and cube of the characteristic length of the 
specimen. And, since the characteristic length of the specimen is in microns, as will be shown next, the power generated due 
to Joule heating is negligible. In fact, analytical and numerical simulations show that for a pure copper sample with the 
gauge length of 10 Pm and cross-section of 100 nm X 10 Pm, only 5 mA of current produces 5000 A/mm2 of current 
density with a corresponding power of 8.33 PW that results in a maximum temperature increase of <1 °C in the sample. 
   For brevity, details of the fabrication of the Si frame, assembly of the microdevice, and procedure for the in situ 
electromechanical experiments in the FEI Tecnai G2 TEM are withheld here, and instead some information is only given for 
the intricate sample preparation. Foils of single crystal copper (SCC) of 50 µm are spin-coated with photoresist layers. Then 
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Summary A size-dependent model for the electrostatically actuated Nano-Electro-Mechanical Systems (NEMS) is presented with Casimir 
force. Based on strain gradient elasticity theory and Hamilton principle, the governing equation and boundary conditions are derived. The 
numerical solution is obtained with help of Generalized differential quadrature method and pesudo-arclength algorithm. The results reveal that 
the pull-in voltage of system is reduced by Casimir force, So it is important for design to make a study of the effect of Casimir force on NEMS. 

1. Introduction 

With the development of science and technology, the structure of the micro/nano scale is widely used in physics, chemistry, 
biology and other fields due to its small volume, low power consumption advantages. However, micro/nano structure different 
from the traditional mechanical structure. So far, a large number of experimental studies have found that when the 
characteristic size of structure size is enough small, it's mechanical properties will change, that is size effect phenomena.  

A typical electrostatically actuated NEMS includes two parts: a fixed electrode and a conductive deformable electrode 
(figure 1). An applied voltage between the two electrodes. When the voltage increases beyond a critical value, the movable 
electrode becomes unstable and collapses onto the fixed electrode, which is called the pull-in instability phenomenon.  

The strain gradient elasticity theory[1] is proposed to predict the size-dependent phenomena. has been applied to study 
the linear and nonlinear Euler beam, linear and nonlinear Timoshenko beam and Reddy-Levinson beam, and is also 
employed to investigate the size-dependent pull-in phenomena in MEMS[2]. 

In quantum field theory, the Casimir effect is physical forces arising from a quantized field. So the Casimir force 
should be considered with the decrease in device dimensions from the micro to nanoscale[3,4]. For nanoscale structures in 
NEMS which will be studied in the present paper, the nonlinearities and Casimir force together with strain gradient terms 
are considered simultaneously here. 

2. Theoretical formulations 
Consider a straight beam subjected to voltage V between the two electrode plates, as shown in Fig. 1. 

 
Figure 1 Schematic of a fixed-fixed NEMS 

The Casimir effect energy between the two electrodes is 
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in which, 12 2 1 28.854 10 C N mH � � � u is the dielectric constant of the gap medium. 
Based on the Bernoulli-Euler beam assumption, the governing equation, with strain gradient incorporated, is expressed by [2] 
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in which, x is the position along the beam length, w is bending displacement. A and I are the area and moment of inertia of the 
cross section. N0 is is positive or negative depending on either a tensile or compressive axial applied load or residual force. E is 



Young's modulus. ȝ is shear modulus, l0 , l1 and l2 are the independent material length scale parameters (MLSPs) associated with 
the dilatation gradients, deviatoric stretch gradients, and symmetric rotation gradients, respectively. 

The both ends clamped boundary conditions are as follows, 
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in which, the first and second equstions are the classical boundary conditions and the last is the non-classical boundary 
conditions. 

The static problem of a electrostatically actuated micro beam can be solved numerically with help of Generalized 
differential quadrature method[5] and pesudo-arclength algorithm. 

3. Numerical Results and Discussion 
Studying the Casimir force effect on micro-electromechanical system for clamped-clamped beam. The geometrical and 

material properties of the system are L=400ȝP, b=100ȝP, h=1ȝP, d=0.2ȝP, E=151Gpa and Poisson's ratio v=0.3. We 
assume that all material length scale parameters are the same, i.e. l0=l1=l2=l. Here l ���ȝP, residual stress is zero. The 
numerical results is shown in figure 2, where red line represents the result without considering Casimir force effect, and 
purple line represents the result considering Casimir force effect. The figure shows that Casimir force not only reduces pull-
in voltage Vpl, but also reduces pull-in displacement wpl significantly from p1 to p2. To study the size effect induced by 
strain gradient, the beam with parameters L/k=2000nm, b/k=500nm, h/k=15nm, d/k=10nm, E=151Gpa, v=0.3 are studied, 
where k is size scale as defined above. The MLSP is taken to be Cl=0.1ȝP. The results predicted by the present model are 
also compared with classical model as shown in figure 3. the pull-in voltage increases firstly and then decreases sharply to 
zero with size scale k decreasing when Casimir force is considered. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

       Figure 2 Effect of Casimir force on the pull-in voltage              Figure 3 The effect of size scale (k) on the normalized       
                                                                                   pull-in voltage (Vp/k) 
4. Conclusions 

By considering Casimir force, a size-dependent model for electrostatically actuated nanobeam device is established based 
on the strain gradient elasticity theory and Hamilton principle. The governing equation together with boundary conditions is 
solved numerically with GDQ method. The results show that Casimir force can reduce the external applied voltage. 
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Summary While the perfect Si can¶t be used to store Na and Mg interstitials in Na-ion batteries (NIBs) and Mg-ion batteries (MIBs), the 
defects of 30° partial dislocation caused by the mismatch strain may improve the performance of Si anode according to the multi-scale 
simulation results. It is found that deformation can provide more stable sites to accommodate impurities and enhance the binding strengths. 
Moreover, it is thermodynamically and kinetically favorable for Na and Mg concentrating in the defect areas. On the other side, those defects 
may restrict the diffusion of interstitials and turn into limiting factors of charge/discharge rate of NIBs and MIBs. 
 

INTRODUCTION 
 
   In recent years, rechargeable metal-ion batteries are receiving greater interest since their convenience and wide 
application [1]. Batteries based on Na and Mg ions are currently attracting increasing attention as alternatives to LIBs [1]. 
Using conversion chemistry to form alloys is the general method to store a large number of ions. One of the representative 
examples is Si, which has high theoretical Mg (Mg2Si) and Na (NaSi) capacity [2]. To promote the application of Si anode, 
many works have been presented about the interaction of Na [3] and Mg [4] with perfect Si crystal. Unfortunately, recent 
investigations indicate that Si anode is unsuitable for the storage of Na and Mg ions [5] since the binding strength is not 
sufficient [3,4]. However, all the previous literatures do not consider defects, such as dislocations, which may potentially 
change distribution and diffusion of dopants [6-9]. With the insertion of Li, Na and Mg interstitials, Si anode experiences a 
large volume expansion [4]. If the corresponding stress exceeds the yield value, Si anode will undergo plastic deformation 
companied by the nucleation and motion of dislocations [10]. Those dislocations have the records of trapping impurities (As, 
Al, P and Li) in their cores [6-9]. The 30° partial are chosen in this work to comprehensively investigate the effects of 
defects on the performance of Si anode.  
 

COMPUTIONAL METHODS AND MODELS 
    

We use the multi-scale simulation method for coupling quantum mechanical (QM) and molecular mechanical (MM) 
methods in the investigations. As shown in Fig. 1a, the DFT method is used to accurately study the interaction of inserted 
dopants with QM region. The force field method is used to deal with the rest areas (MM region). More details of the multi-
scale simulation method can be found in Ref. 11. An infinite system with 30° partial dislocation dipoles is calculated by the 
application of periodic boundary conditions (PBCs). The whole model is oriented along the [111], [11-2] and [1-10] 
directions with the size of 9.51, 16.14 and 2.33 nm, respectively. All the Si atoms in the MM region are calculated by the 
Stillinger-Weber (SW) potential [12]. The calculations of QM region are performed by using the program package of 
SIESTA [13]. More details of the parameters and validity tests can be found in our previous literature [6].  

 
Fig. 1. (a) The binding energy differences (eV) with respect to tetrahedral (Td) site in the 30° partial dislocation core 

and surrounding areas. The microstructures and nearest neighbors of (b) Oct-A and (c) Oct-B. 
 

RESULTS AND DISCUSSION 
 
   The stable positions, binding energies and migration barriers of Na and Mg in perfect Si are calculated by using the SW 
potential. It is found that Na and Mg prefer to stay at the tetrahedral (Td) site with the binding energies of -0.82 eV and -1.01 
eV, respectively. The negative signs indicate that the binding of Na and Mg with Si are insufficient. From the Td site, Na 
and Mg periodically move along the route of Td-Hex-Td. The migration barrier of Na is 1.04 eV and Mg is 1.02 eV. 

As shown in Fig. 1, the calculated stable positions in the dislocation core are denoted Oct-A and Oct-B, respectively. 
The binding energy of Na (Mg) at Oct-A is 0.72 (0.622) eV, which is 1.54 (1.63) eV larger than the Td site. At Oct-B site, 



the binding energy of Na (Mg) is 0.684 (0.6) eV, which is 1.5 (1.6) eV larger than the Td site. Those energy differences may 
be caused by the fact that the deformation of dislocation may provides more space than perfect Si to accommodate the 
compressed interstitials. More important, 30° partial dislocation can change the negative binding energy to positive. As a 
result, Si anode is suitable for the storage of Na and Mg impurities. This may shed light on the design and application of Si 
anode in NIBs and MIBs.  
 

The binding energy differences of Na and Mg with respect to Td site are shown in Fig. 1a. Those differences present 
how strong the outside regions of dislocation enhance (positive) or weaken (negative) the binding of Na and Mg with host 
Si atoms. Because the energy differences of Oct-A and site L are almost the biggest, we studied the diffusion properties of 
Na and Mg among those two sites, which are shown in Fig. 2. It can be seen that it is thermodynamically favorable for them 
to diffuse into the 30° partial dislocation core but not to diffuse out. Since the barriers of Na and Mg diffusion into the 
GLVORFDWLRQ�FRUH��VLWH�/ĺ2FW-A) are 0.18 eV and 0.17 eV less than the results of perfect Si crystal, it is kinetically favorable 
for them to diffuse into the dislocation core. Finally, Na and Mg interstitials may concentrate in the dislocation core. 

 
Fig. 2. (a) The schematic view of Na and Mg diffusion among 30° partial dislocation core (Oct-A) and surrounding area 

(site L). (b) and (c) are the corresponding lowest energy path of Na and Mg, respectively. 
The diffusions of Na and Mg in 30° partial dislocation core are mainly dominated by the motion among Oct-B sites 

with barriers of 2.73 eV and 2.81 eV, respectively. The corresponding schematic trajectories and lowest energy curves in 
one period are presented in Fig. 3. Those energies are 1.69 eV and 1.79 eV larger than the defect-free Si. In other words, the 
presence of the 30° partial may retard the motion of dopants and become a limiting factor of charge/discharge rate of NIBs 
and MIBs.  

 
Fig. 3. (a)-(b) The schematic view of interstitials diffusion along the 30° partial dislocation core from Oct-B, and the 
corresponding lowest energy pathway of (c) Na and (d) Mg in one period.  
 

CONCLUSIONS 
 

The multi-scale simulation method is used to study the effects of 30° partial dislocation on the performance of Si anode in 
NIBs and MIBs. Because of the deformation of 30° partial dislocation, Si anode is suitable for the storage of Na and Mg 
impurities. In addition, Na and Mg interstitials may tend to concentrate in these defects areas. However, the presence of 30° 
partial dislocation may lead to low rate capability of NIBs and MIBs.  
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Abstract  One phenomenological expression for self-rippling energy is used to study the effect of an applied force on ripple formation of 
otherwise free-standing graphene ribbons. The two coefficients of the used expression depend on specific mechanism of self-rippling and 
can be determined based on observed wavelength and amplitude of ripple mode. Thus the obtained model is challenged by detailed 
comparison of its predictions with some known data available in literature. The present model predicts that the rippling can be controlled 
or even suppressed with an applied tensile force, or collapsed into narrow wrinkles (of deformed wavelengths down to around 2 nm) under 
an applied compressive force. In particular, the estimated minimum tensile strain to eliminate rippling is about 0.06-0.26%, in remarkable 
agreement with known data (0.25%-0.4%). 
 

INTRODUCTION 
  
  Intrinsic rippling has been observed in free-standing single-layer graphene sheets [1] DQG�KDV�DURXVHG�UHVHDUFKHUV¶�HQRrmous 
interest. Such self-rippling is characterized by out-of-plane deflection which causes stable periodic ripple mode. Since rippling 
have a profound impact on electronic, chemical and mechanic properties of graphene sheets, it is of great interest to understand 
the intrinsic driving force for self-rippling and to develop simple theoretical models for rippling-related mechanical 
phenomena. Motivated by the role of van der Waals attractive force in rippling-related phenomena [2], an approximate model 
was proposed in a previous work [3] for the rippling energy of free graphene ribbons. However, a technical difficulty 
associated with the simplified rippling energy expression derived in [3] is that the derived expression cannot be written as a 
desired smooth integral form of the deflection and its derivatives, which limits its applicability to other rippling-related 
mechanical phenomena. Here, instead, a phenomenological integral expression proposed in [3] is employed to study the effect 
of an applied force on ripple formation of free graphene ribbons, whose two undetermined coefficients can be estimated by 
the observed wavelength and amplitude of associated ripple mode. 

 
THE PROPOSED MODEL AND DETERMINATION OF ITS TWO COEFFICIENTS 

 
  For a free-standing graphene ribbon treated as an elastic beam, with the proposed expression of rippling energy, the total 
potential energy can be written into a desired elegant integral form as  

2 2 2 2

0 0
( , ) ( ) [1 ( ) ] ( ) (1 4 ) ,

2
L L

L xx x x
EIU A m w w dx w w dxP J � � �³ ³                           (1) 

where L is the length of the graphene ribbons, EI is the bending rigidity of the ribbon, P and J are two undetermined 
positive parameters, w is the deflection of graphene ribbon. For a periodic ripple mode ( ) sin( )w x A mx , where A is 
the amplitude and m is the wavenumber, the total potential energy (per unit length) of the graphene ribbon is 
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the minimization conditions of (2) give 
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where 1EI b u eV is the bending rigidity of graphene ribbon of width b. Thus, the parameter pair ,P J  for a graphene 
ribbon of width b can be determined based on known experimental data of the wavelength and amplitude of observed ripple 
mode from (3). Using the known experimental data [1, 4-6] on wavelength (5-10 nm) and amplitude (0.5-1 nm) of ripple 
modes of free-standing monolayer graphene at room temperature, the estimated ranges of the two coefficients J and P by 
(3) are 
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THE EFFECT OF AN APPLIED FORCE ON RIPPLE FORMATION 

 
  With the model with the above-listed two determined coefficients, it is of great interest to challenge the model by detailed 
comparison of its predictions to some known data. For this purpose, let us study the effect of an applied force on ripple formation. 
For a periodic rippling mode ( ) sin( )w x A mx  and with the rippling energy, the total potential energy (per unit length) 
of a single-layer graphene ribbon subjected to a constant axial force T is  

        2 4 2 2 2 2 2 2 2 2 21 3( , ) (1 ) (1 ) (1 ).
2 4 2 16total

EI TU A m A m A m A m A m A m AP J � � u � � �                (5) 

Using the minimization condition of (5) with respect to both 2A  and 2m , the effect of an applied force ( /Tb P ) on the 
deformed wavelength (which is the wavelength observed in experiments) given by ' (1 )O H O � ��ZKHUH�Ȝ�LV�WKH�ZDYHOHQJWK�
in the undeformed configuration and H  is the effective contraction of graphene ribbon) and the associated amplitude-
wavelength ratio of the ripple mode is shown in Fig.1 for a graphene nanoribbon of width b  with a chosen typical parameter 
pair 1 18 2/ 0.427( ), 1.3 10 ( )b Jm mP J� �  u . 

 
Fig.1 The effect of an applied force ( /Tb P ��RQ�³GHIRUPHG�ZDYHOHQJWK´ DQG�³GHIRUPHG�DPSOLWXGH-ZDYHOHQJWK�UDWLR´ 

It is concluded from Fig.1 that 
1. With an applied tensile force, ripples can be controlled or even fully suppressed. This conclusion is consistent with relative 
references, such as [7]. 
2. The minimum tensile strain to eliminate rippling is about 0.06-0.26%, in remarkable agreement with known data (0.25%-0.4%) [8].  
3. Under sufficient compressive stress, ripples would be collapsed into narrow standing wrinkles (of minimum wavelengths 
around 2 nm) with relatively large amplitude-to-wavelength ratio. This is consistent with known references, such as [2, 9].  
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AN ANALYTICAL MODEL FOR POROUS SINGLE CRYSTALS WITH ELLIPSOIDAL
VOIDS
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Summary A rate-(in)dependent constitutive model for porous single crystals with arbitrary crystal anisotropy (e.g., FCC, BCC, HCP etc)
containing general ellipsoidal voids is developed. The proposed model, denoted as modified variational model (MVAR), is based on the
nonlinear variational homogenization method. Periodic multi-void finite element simulations are used in order to validate the MVAR for a
large number of parameters including cubic (FCC, BCC) and hexagonal (HCP) crystal anisotropy, various creep exponents, several stress
triaxialities, various void shapes and orientations and porosities. The MVAR model is in good agreement with the FE results for all cases
considered in the rate-dependent context. A simple way of calibrating the MVAR is also depicted in the rate-independent context so that an
excellent agreement with the FE simulation results is obtained. In this last case, this proposed model can be thought as a generalization of
the Gurson model in porous single crystals.

INTRODUCTION

The constitutive response of metallic alloys is strongly affected by voids originating in the manufacturing process, that
have an important effect on the lifetime as well as deformability of materials. Indeed, the growth of initially present processing
induced voids in a nickel based single crystal superalloy as well as in standard polycrystals played a significant role in limiting
creep life, as recently shown by experimental observations [1] at high enough temperatures on tensile specimens.

Even so, there have been only a handful of models for porous single crystals which deal with special void geometries,
loading conditions and slip system orientations. Such studies involve the study of cylindrical voids with circular cross-section
in a rigid-ideally plastic face-centered cubic (FCC) single crystals or that of spherical voids and general loading conditions
[2, 3]. While each one of these studies has its own significant contribution to the understanding of the effective response
of porous single crystals none of them is general enough in the sense of arbitrary void shapes and orientations and general
loading conditions.

In this regard, in the present study we develop a three-dimensional model that is able to deal with arbitrary crystal
anisotropy, arbitrary ellipsoidal void shapes at any given orientation and general loading conditions [5]. The proposed model
is based on appropriate extension of a former work of the authors [4] in two-dimensional porous single crystals.

THEORY

In this section, we define first the constitutive response of the matrix phase which follows a classical crystal viscoplastic
law and then we summarize the homogenized model for the porous single crystal.

Constitutive response of the matrix
Let us consider now a reference single crystal which undergoes viscoplastic deformation on a set of K preferred crystal-

lographic slip systems. At this stage, for simplicity in the homogenization procedure elasticity effects are neglected. These
systems are characterized by the second-order Schmid tensors µ(s) (∀s = 1, ..., K) and the the Schmid law given by

µ(s) =
1

2

!
m(s) ⊗ s(s) + s(s) ⊗m(s)

"
, τ (s) = σ · µ(s). (1)

with m(s) and s(s) denoting the unit vectors normal to the slip plane and along the slip direction in the sth system, respectively,
while σ is the applied stress and τ (s) is the resolved shear stress acting on the sth slip system. The constitutive behavior of
the matrix phase is then characterized by the viscoplastic stress potential U such that

U(σ) =
K#

s=1

γ̇(s)0 τ (s)0

n + 1

$%%τ (s)
%%

τ (s)0

&n+1

. (2)

Obviously, in this last expression, U is a homogeneous function of degree n+1 in the stress σ, K is the total number of active
slip systems, n ≥ 1, γ̇(s)0 and τ (s)0 denote the creep exponent, the reference slip-rate and the reference flow stress (also denoted
as critical resolved shear stress CRSS) of the sth slip system, respectively. In addition, let us notice that the limiting values of
the exponent, n = 1 and n→∞ correspond to linear viscoelasticicty and rate-independent perfect plasticity, respectively.

*Corresponding author. Email: kdanas@lms.polytechnique.fr



� �

��	����





�

�

��	����


�

�

� �

��	�����





�

�

�

�20=:.E
�

�

	



E�*=0.E;=:/*,.;E27E<1.

��

?1.:. 2;E<1.E98:8;2<A� 2;E*E/8=:<1�8:-.:E62,:8;<:=,<=:*5E<.7;8:E(�)E*7-E2;E:.5*<.-E<8E<1.E?.55E478?7E�;1.5+AE<.7;8:E;.:>270

<8E+:270E<1.E-.9.7-.7,.E8/E<1.E68-.5E=987E<1.E>82-E;1*9.E�*;9.,<E:*<28;

�

�

�

�

�

*7-

�



��

�

95*7.E27E<1.E,*;.E8/E*E98:8=;E�*�E����E�+�E���E*7-E�,�E��"E;2705.E,:A;<*5E,869:2;270E;91.:2,*5

>82-;E/8:E:*70.E8/E,:..9E.@987.7< �E�869*:2;87E+.<?..7E<1.E &�#E68-.5E*7-E<1.E��E:.;=5<;E/8:E*E98:8;2<A �E�7E�,�E-2//.:.7<

7=6+.:E8/E*,<2>.E;529E;A;<.6;E*:.E,87;2-.:.-�

�E*7-E8:2.7<*<287E>.,<8:;E�

� �

�

����

� �

�������	��

�

(
)E��E$:2>*;<*>*�E$�E�89*0872�E��E!..-5.6*7�E&�E$..<1*:*6*7�E��E$<*:8;.5;4A�E*7-E#�E�*7.:3..�E�//.,<E8/E;9.,26.7E<12,47.;;E87E<1.E,:..9E:.;987;.E8/E*

72�+*;.-E;2705.�,:A;<*5E;=9.:*558A�E�,<*E *<.:2*52*�E�	�����D��

�E�	
��

(�)E'��*7�E���.;;87�E$��8:.;<�E��%*70=A�E*7- $��=0*<�E� A2.5- /=7,<287 /8: ;2705. ,:A;<*5; ,87<*27270 >82-;� �7<.:7*<287*5 �8=:7*5 8/ $852-; *7- $<:=,<=:.;�

�	��

�D�
�
�E�	
��

(�)E��E"*=@�E��E 8:27�E#�E�:.77.:�E*7-E��E�87-8�E�7E*99:8@26*<.EA2.5-E,:2<.:287E/8:E98:8=;E;2705.E,:A;<*5;E�27E9:.;;��E�=:�E��E .,1�E��$852-;�E�
�E
D
	�

�	
��

()E��E +2*489�E��E�87;<*7<27.;,=�E*7-E��E�*7*;�E�E68-.5E/8:E98:8=;E;2705.E,:A;<*5;E?2<1E,A527-:2,*5E>82-;E8/E.5529<2,*5E,:8;;�;.,<287�E�7<�E��E$852-;E$<:=,<��

�����E
		D

��E�	
�*�

(�)E��E +2*489�E��E�87;<*7<27.;,=�E*7-E��E�*7*;�E�E68-.5E/8:E98:8=;E;2705.E,:A;<*5;E?2<1E,A527-:2,*5E>82-;E8/E.5529<2,*5E,:8;;�;.,<287�E��E .,1�E"1A;2,;

$852-;�E����D���E�	
�+�

� ��

�20=:.E
E;18?;E,:8;;�;.,<287;E8/E<1.E.//.,<2>.E0*=0.E;=:/*,.;E27E<1.


 � �

���������
���
��������������������	������

%1.E &�#E.//.,<2>.E;<:.;;E98<.7<2*5E8/E*E98:8=;E;2705.E,:A;<*5E2;E02>.7E+A

�����
 � � �������� �� 	 ��
��

�	�

�
� �
�
�
�
�
� �
�
�
�
��

� ���

�
�

��� 	 


�

�

�������

�

�

�

�

� �

�

�

�	

�

95*7.E/8:E�*�E����E�+�E���E*7-E�,�E��"

98:8=;E;2705.E,:A;<*5;�E&*:28=;E,:..9E.@987.7<; *:.E,87;2-.:.-E?125.E<1.E98:8;2<AE2;E;.<E<8 �E�7

<1.E,87<.@<E8/E<12;E�0=:.�E?.E8+;.:>.E*E>.:AE088-E*0:..6.7<E+.<?..7E<1.E &�#E9:.-2,<287;E*7-E<1.E��E:.;=5<;E/8:E<1.E.7<2:.

:*70.E8/E,:..9E.@987.7<; �E�7E*7AE,*;.�E<1.E6*@26=6E.::8:E2;E/8=7-E<8E+.E27E<1.E8:-.:E8/ ��E�8: �E27E�20�E
*�

*7-E:.5*<2>.5AE1201E<:2*@2*52<2.;�E<1. ,=:>.E,:8;;.;E<1.E:.;<E8/E<1.E,=:>.;E5.*-270E<8E*E;<2//.:E:.;987;.E*<E5*:0.E;<:.;;

<:2*@2*52<2.;

�

� � � � 	

� 	

�

�

�

���� 	 � ��� ����

� ����
���

� ��� �

�

� �

�

�

+=<E<12;E2;E78<E<1.E,*;.E27E<1.E,*;.E8/E*E���E,:A;<*5E27E�20�E
+�E�7E<=:7�E27E<1.E,87<.@<E8/E��"E98:8=;E,:A;<*5;

��20�E
,��E?.E�7-�E:*<1.:E;=:9:2;2705A�E<1*<E<1.E &�#E.;<26*<.E5.*-;E<8E*E/=55AE27,869:.;;2+5.E:.;987;.E27E<1.E,*;.

���

?1.:.

�

�

�

�

��

;529E;A;<.6;��E2::.;9.,<2>.E8/E<1.E>*5=.E8/E98:8;2<A�E>82-E;1*9.E8:E8:2.7<*<287E=;.-�E*;E;18?7E27E�20�E
,�E%1.E.@95*7*<287E8/

;=,1E*E:.;987;.E,*7E+.E*<<:2+=<.-E<8E>2:<=*5EB:202-CE-2:.,<287;E27E<1.E,8698;2<.E<1=;E5.*-270E<8E9:.;;=:.�27-.9.7-.7<E:.;987;.�

%8E27>.;<20*<.E<12;E/=:<1.:�E?.E,87;2-.:E<1.E,*;.;E8/E��"E;2705.;E,:A;<*5E?2<1E9A:*62-*5

� �

�

�

�

�

�

�

�

� �

�

�

�E*7-E,86+27*<287E8/E+*;*5�

9:2;6*<2,E*7-E9A:*62-*5

�

�

�

�

� �

*,<2>.E;529E;A;<.6;E�

�

�

�

�

	

�

��E�7E<1.;.E,*;.;E?1.:.E68:.E;529E;A;<.6;E*:.E*,<2>*<.-�E<1.E &�#

9:.-2,<287;E5.*-E0:*-=*55AE<8E68:.E,869:.;;2+5.E:.;987;.;�E�7E8<1.:E?8:-;�E27E�20�E
,�E87.E8+;.:>.;E<1*<E<1.E��"E,:A;<*5

�
�

�

�

�

�

�

?2<1 ;529E;A;<.6;E2;E68:.E,869:.;;2+5.E<1*7E<1.E��"E,:A;<*5

�

�	

�

�

�

�

� �

�E?2<1 ;529E;A;<.6;�E%1.;.E9:.-2,<287;E*:.E/=55AE,87�:6.-

+AE,8::.;987-270E��E,*5,=5*<287;�

*� E +� E ,�

�

�

�

� �������
		�

�

�	

��

�����

�

�

��

�

����

���

�

� �������	

�

� �

����

���

�

�	

� �

�

�

�����

�

�

���

�

� �	�������	������
�




��

	�

�

�
�	

���



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

AN EXTENSION OF THE GURSON MODEL INVOLVING LODE ANGLE
Ahmed Benallal

LMT-Cachan, ENS cachan/CNRS/Université Paris-Saclay, Cachan, France
Summary A parametric representation of the effective yield surface for a voided material with yielding of the matrix governed
by both the effective stress and the third stress invariant is formulated here in the framework of the Gurson approach to ductile
fracture.

INTRODUCTION

While earlier micromechanical analyses suggests ductile fracture to be dependent on stress triaxiality [1, 2, 3],
experimental evidence also shows effects of Lode angle (see e.g. Barsoum and Fakeslog [4]. In a recent paper
[5] we assessed the effects of the third stress invariant in the yielding of ductile porous solids in the framework of
the Gurson approach with the yielding behavior of the matrixwith von Mises yielding criterion.The present study
goes along the same lines and its objective is the consistant introduction of the Lode angle in the framework of the
Gurson approach when the yielding behaviour of the matrix is dependent on both the effective stress and the third
stress invariant.

CONSTITUTIVE RELATIONS FOR POROUS SOLIDS INVOLVING THE LODE ANGLE

We use the following notations. σ and ϵ̇ denote the microscopic stress and strain rate in the matrix while
the macroscopic stress and strain rate are called respectively Σ and Ė. The invariants of the microscopic stress
tensor are the hydrostatic stress σm, the von Mises equivalent stress σeq and the stress Lode angle ω respectively

defined by σm = 1
3σii,σeq =

!
3
2sijsij and ω = 1

3 ������
"

27
2

det s
σ3
eq

#
where s is the stress deviator and repeated

summation is used. The invariants for the macroscopic stress are defined exactly in the same way and denoted
Σ, Σeq and Θ. We also use the invariants of the microscopic strain rate tensor ϵ̇ defined similarly by ϵ̇m = 1

3 ϵ̇ii,

ϵ̇eq =
!

2
3 ϵ̇ : ϵ̇, ζ = 1

3 ������
"

4 det ϵ̇
ϵ̇3eq

#
and those of the macroscopic strain rate Ė denoted Ėm, Ėeq and η.

The constitutive behavior of the matrix of the porous solid is considered as incompressible, isotropic, rigid-
plastic and the plastic flow obeys to normality. The yielding of the matrix is described by a yield function f
positive and homogeneous of degree one in the stress in the form f(σ) = σeqg(ω). Function g(ω) describes
possible effects of the third invariant of stress on yielding. The yield surface defined by σeqg(ω)↗σ0 ≤ 0 is
assumed convexe and smooth, thus satisfying in particular g′(0) = g′(π3 ) = 0.

The dissipation function, denoted π, is defined by π(ϵ̇) = σ : ϵ̇. Owing to convexity of the yield func-
tion f and normality, the function π(ϵ̇) is obtained for every ϵ̇ by usual procedures and found to be π(ϵ̇) =

σ0 ϵ̇eq√
g2(ω(ζ))+(g′(ω(ζ)))2

= σ0ϵ̇eqG(ζ). The function π is only dependent on the Lode angle of the strain rate ζ.

With the Gurson ’s cell [3], a hollow sphere cell with external radius b and a void with radius a, and porosity
f = a3

b3 , one uses a spherical coordinate spherical system (r, θ,φ) and the variable change λ = b3

r3 . The trial field
used by Rice and Tracey [2] and Gurson [3] is given by ϵ̇ = Ė′ + λĖmeD with eD = 1↗3 er ⊗ er where er is
the unit vector in the radial direction and 1 the second order unit tensor. Defining the quantities

δ = 1
8

$
↗2
√

3 ��n(2η) ���(2θ) ��n2(φ) + ���(2η)(3 ���(2φ) + 1) + �
%

(1)

µ = 1
4

$
2
√

3 ��n(η) ���(2θ) ��n2(φ) + 3 ���(η) ���(2φ) + ���(η)
%

(2)

together with the strain rate triaxiality ratio H = Ėm

Ėeq
, the effective strain rate and the Lode angle are respectively

given by ϵ̇eq = Ėeq

&
1↗�µλH + �H2λ2 and ���3ζ = cos 3η+6(1−2δ)λH+12µλ2H2−8λ3H3

(1−4µλH+4H2λ2)
3
2

.



Parametric representation of the yield criterion
Computing the macroscopic dissipation by Π(Ė) = 1

V

'
V π(ϵ̇)�V with V the volume of the porous material

and using the general results for porous plasticity given in [5], the following parametric representation of the
effective yield criterion is obtained with dΩ = ��nϕ�θ�ϕ

Σm
σ0

= 1
6π

' 1
f

1

'
Ω

G(ζ)[2λH−µ]√
1−4µλH+4H2λ2

dλdΩ
λ +

1
6π

' 1
f

1

'
Ω

1
sin 3ζ

g′(ω(ζ))G(ζ)
g((ζ))

(
1−2δ+4λHµ−4λ2H2

1−4µλH+4H2λ2 ↗ (cos 3η+6(1−2δ)λH+12µλ2H2−8λ3H3)(2λH−µ)
(1−4µλH+4H2λ2)2

)
dλdΩ
λ (3)

Σeq = U2 + V 2, ���3Θ =
U
$
U2↗3V 2

%
���3η↗V

$
V 2↗3U2

%
��n 3η

(U2 + V 2)3/2
(4)

U = ∂Π
∂Ėeq

= σ0
4π

' 1
f

1

'
Ω

G(ζ)[1−2µλH]√
1−4µλH+4H2λ2

dλdΩ
λ2 +

σ0
4π

' 1
f

1

'
Ω

1
sin 3ζ

g′(ω(ζ))G(ζ)
g(ω(ζ))

(
cos 3η−4Hλ(1−2δ)+4µλ2H2

1−4µλH+4H2λ2 ↗ (cos 3η+6(1−2δ)λH+12µλ2H2−8λ3H3)(1−2λHµ)
(1−4µλH+4H2λ2)2

)
dλdΩ
λ2 (5)

V = 1
Ėeq

∂Π
∂η = σ0H

2π

' 1
f

1

'
Ω

G(ζ)[− ∂µ
∂η ]√

1−4µλH+4H2λ2

dλdΩ
λ +

σ0
4π

' 1
f

1

'
Ω

1
sin 3ζ

g′(ω(ζ))
g(ω(ζ)) G(ζ)

*
− sin 3η−4Hλ( ∂δ

∂η )+4H2λ2( ∂µ
∂η )

1−4µλH+4H2λ2 +
2Hλ(cos 3η+6(1−2δ)λH+12µλ2H2−8λ3H3) ∂µ

∂η

(1−4µλH+4H2λ2)2

+
dλdΩ
λ2 (6)

In the absence of Lode angle effects in the yield behaviour of the matrix and after integration with respect to λ, the
results obtained in [5] are recovered. The parametric representation given above allows for some explicite results.

For purely hydrostatic loadings H → ±∞, the macroscopic stress is also purely hydrostatic. One finds that
Σm
σ0
→

2
3 ln f
g(0) when H → ↗∞ while Σm

σ0
→ − 2

3 ln f
g(π

3 ) if H → +∞. This result is also directly obtained if one
analyses the hollow sphere considered here on its own, subjected to macroscopic hydrostatic stress Σm. Notice
here how the Gurson result is changed and especially the fact that positive mean stresses are affected by g(π3 ) while
negative mean stresses are affected by g(0).

When H → 0, it is easily checked that expression of the macroscopic yield surface is Σeqg(Θ) = (1↗f)σ0.
which is up to the size reduction factor 1↗f exactly the equation of the yield surface of the matrix. The situation
is similar as in the Gurson model and actually holds for any matrix yield surface.

With some approximations, it is felt that a full explicite expression can be obtained under more general situa-
tions. This will be discussed in the future.

References

[1] McClintock, F.A.: A criterion of ductile fracture by the growth of holes. Journal of Applied Mechanics, 35, 363-371, 1968.
[2] Rice, J.R., Tracey, D.M.:On the ductile enlargement of voids in triaxial stress fields. J. Mech. Phys. Solids 17, 201-217, 1969.
[3] Gurson, A.L.: Continuum Theory of ductile rupture by void nucleation and growth Part I. Yield criteria and flow rules for porous

ductilemedia. J. Engrg. Mat. Tech. 99, 215, 1977.
[4] Barsoum, I., Faleskog, J.: Rupture in combined tension and shear: Experiments. Int. J. Solids Structures 44, 1768-1786, 2007.
[5] Benallal, A., Desmorat, R. and Fournage, M.: An assessment of the roles of the third invariant of stress in the Gurson approach for ductile

fracture. European J. of Mech./A Solids, Vol.47,400-414, 2014.



 

 

a) Corresponding author. Email: d.balint@imperial.ac.uk. 
 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada  

RATE SENSITIVITY IN DISCRETE DISLOCATION PLASTICITY 
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2 Department of Mechanical Engineering, Imperial College London, London, United Kingdom 
 

ABSTRACT 
 

   The origin of the rate-sensitive behaviour of plasticity over strain rate regimes from 10#$ to 10$s#& has been assessed 
with reference to three key mechanisms: dislocation nucleation, time of flight (dislocation mobility) and thermally activated 
escape of pinned dislocations. A new mechanistic formalism for incorporating thermally activated dislocation escape into 
discrete dislocation plasticity (DDP) modelling techniques is presented. It is shown that nucleation and dislocation mobility 
produce rate-sensitive behaviour for strain rates in the range 10' to 10$s#&, but cannot do so for significantly lower strain 
rates, for which thermally-activated dislocation escape becomes the predominant rate-controlling mechanism. At low strain 
rates, the strong experimentally observed rate-sensitive behaviour of Ti alloys, manifested as stress relaxation and creep, is 
shown to be captured well by the new thermal activation DDP model. 
 

INTRODUCTION 
 
   The rate sensitivity of the plastic deformation of alloys has long been of scientific interest and technological relevance. 
Rate sensitivity is strongly material dependent and much work has been done in order to understand its mechanistic basis. 
Its manifestation is often through the observed progressive increase in flow stress from low strain rates ( < 10*s#&  to 
high strain rates ( ≥ 10*s#&  in a positively rate sensitive material. It is argued that the plastic deformation is moderated 
by thermal activation events at low strain rates while being controlled primarily by viscous drag at high rates. Discrete 
dislocation plasticity is a modelling technique in which slip on defined active crystallographic systems is represented 
through explicit representation and motion of discrete dislocations. In the classical two-dimensional DDP model, there are 
two parameters associated with time scale: first, the dislocation source nucleation time ,-./ describes the operation of the 
Frank-Read source from a trapped dislocation segment to a full, glissile loop, and second, the ratio of viscous drag 
coefficient and shear modulus 0 1 characterises the time scale of a dislocation moving within an obstacle-free crystal 
matrix. A systematic study of rate sensitivity in DDP revealed that quasi-static DDP is able to predict the rate sensitivity in 
the high strain rate regime of ( ≥ 10*s#&. Beyond ( = 10*s#&, plasticity is controlled primarily by viscous dissipation, 
and the constitutive rules used in classical DDP models give rise to the rate dependence of the material. When obstacles are 
present, rate sensitivity is affected by the strength assigned to obstacles since, ordinarily, there is no explicit time associated 
with obstacle escape, i.e. the leading dislocation is released from an obstacle immediately after the resolved shear stress 
exceeds a critical strength, so that classical DDP cannot account for the rate sensitivity in the low strain rate regime. In this 
paper, we address the roles of dislocation nucleation and time of flight or mobility, and present a new formalism for 
incorporating thermally activated dislocation escape in numerical DDP techniques. We utilise a systematic methodology by 
considering single crystal stress relaxation in order to study the mechanistic contributions to observed rate-sensitive 
behaviour over the strain rate regime 10#$ to 10$s#&. 
 

RESULTS AND DISCUSSIONS 
 
   The motion of dislocations can be hindered by several types of obstacle such as forest dislocations, solute atoms and 
small precipitates, etc. In the DDP formulation presented here, obstacles are modelled as points on the slip planes and may 
be assigned a time ,345, which is a thermal activation-related, stress-related variable describing the required time for pinned 
dislocations to escape obstacles. We consider a dislocation line gliding along its slip plane that becomes pinned by a group 
of obstacles. The dislocation experiences a thermal activation event under the applied stress τ enabling it to attempt to 
overcome the energy barrier and escape the obstacles. The frequency of successful jumps 6  to escape obstacles 
considering only forward activation was first introduced by Gibbs and subsequently utilised by Dunne, considering both 
forward and backward activation events. The value of ,345 can be derived based on the local thermal activation event 
which may be expressed as the inverse of the successful jump frequency, i.e. ,345 = 1 6.  
   In order to investigate the rate sensitivity dependence arising from nucleation, mobility and thermal activation 
systematically, these three processes are analysed independently using a consistent methodology: a single HCP crystal 
undergoing prismatic slip is considered, under conditions of stress relaxation with uniaxial loading. The crystal is first 
stretched plastically followed by a period of strain hold at the maximum strain, and the resulting stress relaxation during the 
hold period is examined for each mechanism in turn to quantify the resulting rate sensitivity.  



   As shown in Fig.1a, both the analytical solutions and DDP simulations reveal that the rate sensitivity manifested as 
stress relaxation resulting from both dislocation nucleation and mobility diminishes to insignificant levels for strain rates 
lower than	10*s#&. At higher strain rates greater than	10$s#&, there is found to be a contribution to rate sensitivity from 
both dislocation nucleation and mobility mechanisms, and the effect from nucleation is found to be stronger at lower strain 
rates than that for mobility. On the other hand, as shown in Fig.1b, at low strain rates the rate sensitivity is predominated by 
the thermal activation process and the rate-sensitive range is affected by the activation energy. It is seen that increasing 
activation energy appropriately leads to a higher energy barrier and as a consequence, a larger obstacle escape time 
constant. The rate-sensitive range of strain rate shifts to higher strain rate for lower activation energy, since in this case, 
pinned dislocations more easily overcome the energy barrier required to escape obstacles. Hence the average dislocation 
velocity is higher which leads to a higher rate-sensitive range. 
 

 
Fig.1. Relative contributions of (a) nucleation time, mobility of dislocations and (b) thermally activated dislocation escape on 

controlling stress relaxation and its time response from DDP simulations (symbols) and analytical results (lines). 
 

CONCLUSIONS 
 
   The rate sensitivity of 2D discrete dislocation plasticity has been studied systematically, and is argued to originate from 
three independent mechanisms which are, respectively, dislocation nucleation, time of flight (the dislocation mobility) and 
finally, thermally-activated dislocation escape from pinning obstacles. The thermal activation of escape has been addressed 
in this paper and a formalism presented for its incorporation within numerical DDP modelling techniques. The regimes of 
strain rate from 10#$ to 10$s#& over which each of the three mechanisms operates and predominates has been examined. 
It has been shown that at high strain rate (( ≥ 10*s#&), the rate sensitivity is largely controlled by the dislocation nucleation 
process and the free flight (mobility) of dislocations. At low strain rate (( < 10*s#&), there is little or no rate sensitivity 
originating from either the nucleation process nor the dislocation mobility, and it is argued that the predominant mechanistic 
basis for observed rate sensitivity originates from thermally activated processes which assist dislocations pinned at obstacles 
to escape. 
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MODELLING FIBER REINFORCED COMPOSITES EXHIBITING ELASTOPLASTIC
DEFORMATION
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1Institute of Applied Mechanics, RWTH Aachen University, Mies-van-der-Rohe-Straße 1, 52074 Aachen,
Germany

2AICES, RWTH Aachen University, Schinkelstraße 2, 52062 Aachen, Germany

Summary In this paper, a nonlinear constitutive model accounting for anisotropic plasticity using the concept of structural tensors and
formulated in the framework of multi-surface plasticity is proposed. To determine the parameters of the constitutive model and to further
validate the model, a finite element model of a plain weave repeating unit cell (RUC) is set-up. The model is fitted and compared to volume
averaged stress-strain response generated from the RUC.

MATERIAL MODEL

Plastic anisotropy is described using the method of structural tensors as developed by [1]. A second order structural tensor
is defined as Mi = Ni ⊗ Ni(i = 1, 2, 3) where Ni(i = 1, 2, 3) are unit vectors pointing in priveleged directions of the
material. Additionally, the unit vectors Ni are orthogonal to each other.

In general, orthotropic materials can be characterized by three symmetry planes, described by the structural tensors Mi(i =
1, 2, 3). To this end, two yield functions are defined

Φi =
!
σ · (Ai[σ])↗(σyi↗Ri) , Ai = ai (Mi ⊗Mi) i = 1, 2 (1)

such that they account for yielding in N1 and N2 directions respectively. Furthermore, a third yield function to account for
yielding in N3 direction and shear yielding is defined as:

Φ3 =
!
σ · (A3[σ])↗(σy3↗R3)

A3 = a3 (M3 ⊗M3) + a4 (I ↗(M1 ⊗M1 + M2 ⊗M2 + M3 ⊗M3)) + a5

"
D1↗� (M1 ⊗M1)

#

+ a6

"
D2↗� (M2 ⊗M2)

#
(2)

where the fourth-order tensors D1 and D2 are given by Dα
ijkl = 1

2

$
Mα

ikδjl + Mα
jlδik + Mα

il δjk + Mα
jkδil

%
,α = 1, 2 and I

is the fourth-order identity tensor. The prefactors ai(i = 1, 2, 3) are related to the uniaxial yield stresses σ̄11, σ̄22 and σ̄33 in
the three orthogonal directions, whereas the coefficients ai(i = �, 5, �) are related to the shear yield stresses σ̄12, σ̄13 and σ̄23.
The final form of the constitutive equations of the model is summarized below:

• Stress tensor σ =
∂ψe

∂ε
(E1, E2, E3, G1, G2, G3, ν12, ν13, ν23)

• Yield functions Φi =
!

σ · (Ai[σ])↗(σyi↗Ri) , i = 1, 2, 3

• Evolution equations ε̇p =
&3

i=1 λ̇i
A [σ]!

σ · (A [σ])
, κ̇ =

&3
i=1 λ̇i

• Discrete Kuhn-Tucker conditions λ̇i ! 0, Φi " 0, λ̇i Φi = 0 i = 1, 2, 3

The linearized version of the strain energy function ψe proposed for modelling biaxial composite materials in [2] and Voce’s
exponential hardening function Ri = ↗Qi(1↗e−βi κ) are here chosen for all numerical considerations. For the numerical
aspect and the implementation of multi-surface plasticity, the reader is referred to [3].

MESO MODEL

To determine the material parameters of the constitutive model and for verification, an idealized geometry of the internal
architecture of a plain weave repeating unit cell (RUC) is generated with a length of 3.8mm and a thickness of 0.�mm,
see Figure 1. Furthermore, the RUC is assumed to be part of a much larger material specimen, therefore periodic boundary
conditions are applied through equation constraints in the ABAQUS/standard software package. The tows and the matrix are
modelled as General Electric 218CS (GE218CS) continuous tungsten wire and cold worked oxygen free high conductivity
copper (OFHC) material respectively, with actual experimental data obtained from [4]. A standard von-Mises yield function
with isotropic hardening is here adopted. The material parameters obtained after fitting are given in Table 1.

∗Corresponding author. Email: rex.bedzra@rwth-aachen.de
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STRENGTH PROPERTIES OF NANOPOROUS MATERIALS:
A MOLECULAR DYNAMICS APPROACH

Stella Brach ∗1,2, Luc Dormieux3, Djimedo Kondo2, and Giuseppe Vairo1

1Department of Civil Engineering and Computer Science, University of Rome ”Tor Vergata”, Rome, Italy
2Institut D’Alembert, UMR 7190 CNRS, University Pierre and Marie Curie, Paris, France

3UR Navier, Ecole des Ponts ParisTech, Champs-sur-Marne, France

Summary Strength properties of an aluminium single crystal containing a spherical nanovoid are investigated by means of a Molecular
Dynamics (MD) approach, in the case of a fixed porosity level and for different values of the void size. Elasto-plastic mechanical response,
under triaxial strain-based conditions and including axisymmetric and shear states, are numerically investigated, and allows to identify the
corresponding limit stress states. The dependence of the macroscopic strength properties on all the three stress invariants is quantified. Void-
size effects are clearly shown. In detail, it is observed that reducing the void radius induces a strengthening of the sample. Furthermore,
the occurrence and the amount of void-size effects strongly depend on the Lode angle, resulting in a shape transition of both meridian and
deviatoric strength surfaces when the void radius is varied.

Since the recent arising of advanced nano-technologies, as well as of innovative engineering design approaches, nanoporous
materials have been extensively studied in the last two decades, leading to a considerable worldwide research interest in both
industrial and academic domains. In fact, owing to their excellent rigidity and strength properties, nanoporous materials
open towards groundbreaking applications in several technical fields, involving ultra-high performance devices and challeng-
ing multifunctional uses. In order to fulfil to these promising applications, one of the most fundamental aspect consists in
characterising and predicting the strength properties of these materials, as dependent on the size of voids.

Due to the lack of an exhaustive experimental characterization, numerical methods addressing Molecular Dynamics can be
considered as an effective alternative to provide benchmarking evidence (see for instance [4, 5]). As a matter of fact, MD-based
simulations account for material arrangement at the atomistic level, automatically furnishing helpful insights on nanoscale
effects. Nevertheless, current MD simulations are generally limited to the analysis of particular admissible stress states only
(computed under uniaxial, volumetric or shear conditions), without considering more complete multiaxial scenarios, and
thereby not allowing for more comprehensive insights. In this sense, the central purpose of the present paper is to investigate
strength properties of nanoporous materials under multiaxial loadings via a MD-based approach (see [1]).

x

y

z
2R

X Y

Z

[010] //x

[100] //y

[001] //z

FCC lattices

Figure 1: Synoptic scheme of proposed Molecular Dynamics model.

Let a material neighbourhood of a nanoporous medium be considered (Fig. 1), characterized by a periodic nanostructure
along the global Cartesian directions X , Y and Z. The representative cell consists in a nano-single crystal of aluminium (i.e.,
FCC lattices), embedding a spherical void of radius R. The simulation domain, undergoing to periodic boundary conditions,
is subjected to triaxial strain-based expansion (TXED) and compression (TXCD), as well as to shear strain conditions (SHRD).
For each case, different triaxiality levels have been considered, describing deformation paths ranging from pure deviatoric
states to pure hydrostatic ones. Denoting as Σ the computed macroscopic stress tensor (with Σd its deviatoric part) the Haigh-
Westergaard invariants ζ = ��Σ/

√
3, r = (Σd : Σd)1/2, ���3θΣ = (3

√
� ���Σd)/(Σd : Σd)3/2 are adopted for giving a

three-dimensional description of the strength states. For a fixed porosity value (p = 1%), strength properties of nanoporous
samples have been investigated by varying the void radius from 0.5�1 nm to 2.9�� nm.

The strength properties of bulk (i.e., p = 0) and nanoporous (p = 1%) samples are depicted in Fig. 2 in the meridian (ζ, r)
(Figs. 2a and 2c) and in the deviatoric ζ = const (Figs. 2b and 2d) planes. As main aspects, performed computations show:
(i) a clear influence of all the three stress invariants on strength properties; (ii) a complex relationship between the applied

∗Corresponding author. Email: brach@ing.uniroma2.it



�� �

�� �

�� �

�� �

�

�

�� �

�� �

�� �

� �
�

�

� ���

�

�

�

�� �

�� �

�� �

�� �

�� �

���

�

�

�� �

�� �

�� �

�

�

�� � ���

��

�� �

�� �

�� �

�� �

�� �

� ��

�

�

�

�� �

�� �

�� �

�� �

�

�

�� �

�� �

�� �

�� �

�

�

�� �

�� �

�� �

�� �

�

�

� � �� 	 � � � � � � 	 � � �  � �� � �� � �	 � �� � � � ��
�

�

�

�

	




�

�



�

��

�������

��
��
�
�
�

�������� ����

�������� ��� ���

�������� ��� ���

���� ��� � �� ���

���	����

���	����

���	����

��

���

���

�

�

����

����

����

����

����

����

����

����

���

� �

� �

� �

� �

��� �����

��� �����

��� ��� ��

��� ��� ��

� � �� � � � � � � � 	 � � � ��

�

�

�

�

�

	




�

�

��

��
��

�
�
�

����

�����

�����

���
�

������

������

��

�

����

���������

���������

���
�	���

����

���

���

� ����

����

���

�

�

�

� ����

� � � � �

� � � � �

� �

� �

��

�1/;8-A
�A"-3-<)5:A8-9;3:9A.68�A�)�A)5,A�*�A*;32A9)473-9�A�+�A)5,A�,�A5)567686;9A9)473-9�

�

����������

'	(A�8)+0A#��A�6841-;>A���A�65,6A���A%)186A���A%61,�91@-A-..-+:9A65A9:8-5/:0A7867-8:1-9A6.A5)567686;9A4):-81)39�A�5A1591/0:A<1)A)A�63-+;3)8A�?5)41+9

)7786)+0�A#;*41::-,�A
�	�

'�(A�6841-;>A���A�65,6A���A 65A315-)8A0646/-51@):165A)7786)+0A6.A9:8-5/:0A6.A5)567686;9A4):-81)39A=1:0A15:-8.)+-A-..-+:9�A�5:A�A�5/A#+1A�	�	�
�		��


�	��

'�(A�1A���A�;::8?A�����A#0)84)A!��A�6;819A�����A�:6419:1+A1591/0:9A15:6A,1936+):165�*)9-,A4-+0)51949A6.A<61,A/86=:0A)5,A+6)3-9+-5+-�A�A�-+0A!0?9A#631,9

��	���	��	�A
�		�

'(A$8)1<18):)5)A#��A�815/)A�����A�-5965A�����A�-?-89A�����A%61,A/86=:0A15A4-:)39�A�:6419:1+A+)3+;3):1659�A�+:)A�):-8A��A����������A
����

�
�
�
�

�� �
�

�

�� �
�

�

�� ���

�� � ��

�

9:8)15A9:):-9A)5,A:0-A6*:)15-,A9:8-99A65-9�A�111�A91/51�+)5:A<61,�91@-A-..-+:9�A&1:0A8-.-8-5+-A:6A�1/9�
)A)5,A
*�A:0-A9:8-5/:0

,64)15A6.A:0-A*;32A9)473-A19A+0)8)+:-819-,A*?A)A91/51�+)5:A78-99;8-�,-7-5,-5+-A)5,A)A+3-)8A15�;-5+-A6.A:0-A9:8-99A�6,-

)5/3-�A8-9;3:15/A15A:81)5/;3)8�90)7-,A+8699A9-+:1659A15A:0-A,-<1):681+A73)5-�A�5A:0-A+)9-A6.A5)567686;9A,64)159�A4-81,1)5A)5,

,-<1):681+A9:8-5/:0A9;8.)+-9A15A�1/9� 
+A)5,A
,A)8-A906=5A:6A*-A91/51�+)5:3?A)..-+:-,A*?A<61,�91@-A-..-+:9�A4)153?A8-9;3:15/A15

:0-A14786<-4-5:A6.A:0-A9:8-5/:0A7867-8:1-9A=0-5A<61,A8),1;9A8-,;+-9�A$0-A6++;88-5+-A)5,A:0-A)46;5:A6.A9;+0A)A9:8-5/:0-515/

-..-+:A9:865/3?A,-7-5,A65A:0-A<)3;-A6.A:0-A9:8-99A�6,-A)5/3-�A�5A,-:)13�A8-.-8815/A:6A�1/�
,A.68A)A�>-,A0?,869:):1+A9:8-99A3-<-3

�A:0-A01/0-9:A�8-97-+:1<-3?�A36=-9:�A15�;-5+-A19A6*9-8<-,A15A:0-A+)9-A6.A)A:81)>1)3A->7)59165A�8-97��A+6478-99165��A�9A)A8-9;3:�

)A90)7-A:8)591:165A6++;89A15A:0-A,-<1):681+A786�3-9�A7)9915/A.864A)A4;3:1�91,-,A763?/65)3A90)7-A:6A)A:81)5/;3)8�312-A65-�A=0-5

:0-A<61,A91@-A8-,;+-9�A�68A:0-A0-8-15�),67:-,A768691:?A3-<-3�A:0-A,-7-5,-5+-A6.A9:8-5/:0A7867-8:1-9A65A:0-A<61,A8),1;9A0)9A*--5

906=5A:6A78)+:1+)33?A,19)77-)8A=0-5A<61,A91@-A)99;4-9A<)3;-9A/8-):-8A:0)5 54�

�++68,15/3?�A78-9-5:A5;4-81+)3A8-9;3:9A+)5A*-A+6591,-8-,A)9A)5A;9-.;3A+65:81*;:165A:6A786<1,-A+647)8):1<-A*-5+04)829

.68A<)31,):15/A)5,A+)31*8):15/A:0-68-:1+)3A9:8-5/:0A+81:-81)A.68A5)567686;9A4):-81)39�A�5A,-:)13�A786769-,A+647;:):1659A+3-)83?

15,1+):-A964-A+81:1+1949A15A)<)13)*3-A+65:15;;4A4-+0)51+9�*)9-,A9:8-5/:0A46,-39A�-�/��A'
�A�(��A9;//-9:15/A:0-A5--,A:6A,-81<-,

56<-3A)5,A468-A+6478-0-591<-A:0-68-:1+)3A.684;3):1659�

�

�� �

��������

��������

��������

����
���

���������
��

���

� �

�

�
�

�

�

�

�

��

�����

�����

�����

�

���

� �

�

�

���

�

�� ���

�� �

�� �

�� �

�� �

�

����

����

����

�

�

����

����

����

����

����

����

����

�� �

�� �

�� �

�� �

�� �

�

�
�

�

�

�

��

�����

�����

�����

� �
�

�



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

ANALYTICAL AND NUMERICAL TOOLS FOR RELAXATION IN CRYSTAL PLASTICITY

Sergio Conti1 and Georg Dolzmann ∗2

1Institut für Angewandte Mathematik, Universität Bonn, Germany
2Fakultät für Mathematik, Universität Regensburg, Germany

Summary Results concerning the relaxation of variational models in crystal plasticity will be presented. These results include complete
analytical formulas for the relaxation of special model energies in simplified geometries and two dimensions and a proposed concept for a
fully discrete numerical algorithm that can be used to compute the relaxation for a given deformation gradient or to compute this relaxation
for many gradients at the same time and during a finite element calculation.

RELAXATION

The starting point of our discussion is the time discrete model for the evolution in the framework of crystal plasticity
which was in particular advocated in [3, 11, 13]. We use the multiplicative decomposition of the deformation gradient in the
spirit of [9, 10], i.e., F = FeFp where F = Du denotes the deformation gradient, Fe the elastic and Fp the plastic part of the
deformation gradient. This plastic part encodes the deformation obtained from one or several simple shear deformations in a
prescribed number of slip systems, see [14] for a justification of the continuum framework. If we represent the simple shear
in one of the finitely many slip systems as Fp = I + γisi ⊗mi then the model energy can be written as

W (F ) =

!
τγ + κγ2 if F = R(I + γsi ⊗mi), R ∈ SO(n), γ ∈ R, i ∈ {1, . . . , N} ,

∞ otherwise ,

where τ is the critical shear stress and κ the strain hardening modulus. It is well-known that the resulting energy density does
not have the right convexity properties in order to allow an application of the direct method in the calculus of variations and
therefore one passes to the relaxed energy

W qc(F ) = �nf
φ∈W 1,∞

0 ((0,1)n;Rn)

"

(0,1)n
W (F +∇φ)dx , (1)

see [8, 12] a detailed discussion of all the technical aspects of relaxation and the fundamental role of relaxation in modern
mathematical theories for materials and [4] for first results towards relaxation with the constraint of incompressibility.

It turns out to be an extremely hard problem to find closed analytical formulas for the relaxation given by the foregoing
formula. In a two-dimensional model situation with two orthogonal slip systems this was studied in [7] and just recently the
case of three slip systems has been analyzed in [5].

In view of these analytical difficulties, it is mandatory to develop numerical schemes. If a part of the analytical relaxation
can be carried out, then one may use semi-discrete approaches in the sense of [1, 2]. However, if the situation is too complex,
then a fully discrete scheme might be the only solution. We will present one approach in this direction of a scheme that
computes laminates of higher orders at all Gauss points in a finite element simulation. Finally outstanding open questions will
be discussed.
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porous solid with Tresca matrix than in a porous solid with von Mises matrix. Furthermore, Gurson's [3] predicts the 
slowest void growth �KDOI�RI�WKDW�SUHGLFWHG�E\�7UHVFD¶V�. 
 

  
   (a)       (b) 
Figure 1: Evolution of the void volume fraction: comparison between the predictions of Gurson's [3] and Cazacu et al [4] 
criteria for porous solids with von Mises matrix and that of Cazacu et al [2] criterion for a porous solid with Tresca matrix 
for triaxiality T = 2.  
 
Cazacu et al [1] proposed an yield criterion that accounts for the specific plastic deformation mechanisms as single crystal 
level through a parameter k. If plastic deformation is due to slip obeying Schmid law, k=0 and the criterion reduces to von 
Mises criterion whereas if plastic deformation is due to both slip and twinning, k is non-zero, and the yield criterion 
accounts for tension-compression asymmetry. In the latter case, the yield locus of the respective porous solid lacks any 
symmetry, and there is a strong effect of J3 for all triaxialities.  

 
 

   (a)       (b) 
Figure 2: (a) Comparison between gauge surfaces from FFT full-ILHOG�VLPXODWLRQV��V\PEROV��DQG�&D]DFX�DQG�6WHZDUW¶V�>�@�
yield surface (k=0.3), for loadings with J3 > 0 and J3 < 0; (b) Effect of k on void growth: comparison between predictions 
according to [5]and Gurson [3] for T = 2.  
 
These unusual features have been confirmed by full-field calculations (Fig. 2(a)) and lead to specific effects in terms of void 
evolution (see Fig. 2(b)). 
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DUCTILE FAILURE OF SHEAR-DOMINATED “HAT” SPECIMENS

Edmundo Corona ∗1

1Solid Mechanics, Sandia National Laboratories, Albuquerque, New Mexico, USA

Summary This work addresses the response and ductile failure of an A286 steel “hat” specimen that develops high shear deformations
when loaded in compression. After significant plastic flow, the load-deflection response of the specimen exhibits a maximum followed
by a gradual decrease in the load culminating in catastrophic failure. Finite element models with calibrated elastic-plastic response and a
Johnson-Cook failure model failed to predict the load maximum. Introducing lower ductility to a small percentage of the elements caused
material failure to nucleate and induce the load maximum in the simulations. As observed in the experiments, relatively little material
damage was needed to produce the load maximum.

INTRODUCTION

Many penetration and puncture problems are influenced by the ductile failure of metals under high states of shear. Numer-
ical simulations of such problems require implementation and calibration of appropriate plasticity models and ductile failure
criteria that can replicate the response of the material. In order to accomplish this, it is essential to also experimentally mea-
sure the actual material response. In this work careful material experiments conducted on A286 steel followed by numerical
modeling of the response and failure of shear-dominated “hat” specimens were considered. An expanded presentation of the
experimental work is given in [1].

The experimental set-up and a close-up picture of the shear specimen are shown in Fig. 1. The specimen is 1.25 in. (3.2
cm) tall and has a width of 0.395 in. (1.0 cm). It was compressed quasi-statically in displacement control between two platens
as shown, thus symmetrically inducing high shear deformation at two locations, which will be referred as “ligaments”. Both
the compressive load P and the distance between the two platens ∆ were recorded during the tests. The typical load-deflection
response of the specimen is labeled “Test” in Fig. 2, with ∆ normalized by the ligament height H = 0.125 in. (3.2 mm). The
repeatability of this response was verified through 15 test repetitions.

The specimen response was characterized by a load maximum, followed by a slow decrease in load with further displace-
ment until catastrophic failure occurred. Figure 3 shows that two cracks growing through the high-shear ligament, starting at
the two extremes, were responsible for the decrease in load. The length of these cracks grew steadily until a critical point was
reached where the two joined through the complete thickness of the specimen resulting in catastrophic failure.

Figure 1: Photographs of experimental set-up and a specimen.

MATERIAL CHARACTERIZATION AND FINITE ELEMENT MODELING

A separate set of tests were conducted on uniaxial tension specimens of circular cross-section cut from the parent plate at
three in-plane orientations 45 degrees apart. The tests indicated that the yield stress of the material in shear was approximately
5% lower than would be expected from isotropic yield. This was accounted for in the numerical simulations by using Hill’s
yield criteria in a classical elastic-plastic model with isotropic hardening. A series of tests on axisymmetric notched specimens

∗Corresponding author. Email: ecorona@sandia.gov
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Summary Ultrasonic shot peening is a cold surface treatment used to extend the fatigue life of metallic components. a long time 
process generated a strong plastic deformation, which could lead to a surface nanostructuration. Finite element crystal plasticity 
allows describing both modification microstructure and residual stress computation. In the present study, numerical simulation of 
ball impact was performed using a crystal plasticity based dislocation dynamics code. 
 

MANUSCRIPT 
 
   Ultrasonic Shot Peening (USP) is a cold surface treatment derived from Conventional Shot Peening (CSP). These 
processes are used to improve the fatigue life of metallic components. Indeed, Roland et al. [1] performed traction-
compression fatigue tests on peened and non-peened stainless steel samples and showed fatigue life improvement due to 
shot peening. The same type of experiment was performed by Tian et al. [2] but with nickel-based alloy samples. Lu and Lu 
[3] showed that thousands of impacts induced hardening on a treated surface, while Ortiz et al. [4] focused on 
microstructure modification and Xing and Lu [5] on residual compressive stress. Moreover, Lu, K. and Lu, J. [6] observed 
that a long time process generated a strong plastic deformation, which could lead to a surface nanostructuration. 
 
The experimental study of ultrasonic shot peening showed that the number of impacts increased with the number of beads 
while the mean value of impact depths decreased. Discrete Element Method (DEM) analysis was consistent with 
experimental surface analysis regarding the number of impacts and predicted a decrease in the mean value of impact 
velocities with an increasing number of beads. Then, impact effects on the material were analyzed using explicit finite 
element simulations. The impact depth, absolute maximal compressive stress and its corresponding depth were obtained 
regardless of the initial impact conditions identified by DEM analysis.  
 
Moreover, combined DEM-FEM analysis showed that the mean value of impact depths decreased with increasing number 
of beads. This result, consistent with surface analysis, appeared to be linked to the decrease in impact velocities. 
Furthermore, the present analysis allowed for differentiating both configurations in terms of residual stress to determine the 
effect of the process according to the number of beads. 
 
Then combined analysis was a reliable tool for predicting residual stress induced by USP. Furthermore, USP is also used for 
microstructure change at the surface, leading to nanostructuration. Thus, the introduction of a mechanical behavior based on 
crystal plasticity would complete the understanding of process effects by analyzing microstructure change under impacts. 
 
As noted by Cottrell in 1953, work hardening is the most challenging problem in dislocation theory. Progress in multiscale 
modeling, now provides means for incorporating more physics into current strain hardening models. Substantial progress 
has been achieved regarding the connection between mesoscale studies and the continuum framework. Codes for crystal 
plasticity appeared some years ago. Recent codes for the polycrystal treat the local nature and number of active slip systems 
inside the grains, as well as their evolution. The current trend is, then, to develop dislocation-based constitutive formulations 
at the scale of slip systems. Such models involve, however, extensive parameter fitting and are, paradoxically, totally unable 
to treat the complex behavior of single crystals. 
 
The objective of the present work is to show that the predictive ability of crystal plasticity code can be considerably 
improved by making use of the available information arising from theory, and dislocations dynamics simulations. For this 
purpose, a dislocation-based constitutive formulation for strain hardening in face-centered cubic crystals will be presented 
[7,8]. This multiscale approach is based on the storage-recovery framework expanded at the scale of slip systems. A 
parameter-free formulation is established for the critical stress and the storage rate, taking advantage of recent results 
yielded by dislocation dynamics simulations. The storage rate of dislocations in the presence of forest obstacles is modeled 
for the first time at the level of dislocation intersections and reactions.  
 



The mean free path per slip system is found to be inversely proportional to the critical stress. It also depends on the number 
of active slip systems, which leads to an orientation dependence of stage II strain hardening in agreement with experimental 
data. The total storage rate is obtained by including three additional contributions, notably that of the self-interaction, which 
leads to a model for stage I hardening. 
 
In a first step, results obtained by implementing such a constitutive framework in the crystal plasticity code ANAIS for the 
single crystal are shown. In a second time, integration of grain boundary effect in such behavior law based on actual 
distance and back stress effect will be presented. And finally, a comparison between experimental and numerical results 
obtained on an ultrasonic shot peening test will be analyzed. A Typical result is given on figure 1. In particular, the number 
of balls on the residual stress induced by USP will be studied.  
 
  

 
 
Figure 1: EBSD mapping of disorientation and strain map calculated by crystal plasticity approach for one impact obtained 
after ultrasonic shot peening test  
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Summary We discuss the complex interactions arising from inherent plastic anisotropy, texture and stress triaxiality in Mg polycrystals using
crystal plasticity modeling and simulation. The micromechanics of deformation originating from initial textural variations are mapped and
their influence on the deformed textures for increasing triaxiality is resolved. We discuss the implications of the distribution and evolution
of the deformation modes at increasing amounts of triaxiality on failure. The results demonstrate the role of the inherent plastic anisotropy
at the single crystal level on the macroscopic deformation anisotropy, limit loads and strain localization.

INTRODUCTION

Magnesium (Mg) and Mg alloys are exemplary candidate materials that find use in applications ranging from automotive
to biomedical sectors. However, the complex intrinsic plastic anisotropy at the single crystal level and strong texture effects
often relate to damage intolerance in Mg alloys limiting their acceptance as a preferred structural material. This is further
exacerbated under complex loading conditions, which influence their micromechanics and macroscopic responses in a com-
plicated manner. Recent experimental studies indicate that stress triaxiality, defined as T = σh/σe where σh is the mean
hydrostatic stress and σe is the von Mises equivalent stress, significantly affects the failure characteristics of Mg alloys [1, 2].
Developing a sound understanding of the coupling between the intrinsic plastic anisotropy, texture and stress triaxiality is
imperative in order to enable designing lightweight micro and macrostructures using Mg alloys. In particular, it is critical to
understand the role of deformation mechanisms in textural evolution and its implications on the failure processes with varying
triaxiality conditions, which is not well understood. Motivated by these outstanding issues, we investigate the micromechanics
of polycrystalline Mg subjected to triaxial stress states using a three dimensional HCP crystal plasticity modeling framework
[3]. Observations from 3D finite element simulations of smooth and notched round bar specimens subjected to tensile loading
are compared with the experimental results reported in Ref. [1].

MODEL DESCRIPTION

In the polycrystal FE model, we define each grain comprising multiple finite element as an Euler angle set {E} =
{φ1,φ,φ2} using the Bunge rotation scheme to obtain the actual orientation of the grain in the polycrystalline ensemble. In
the present work, φ1 causes rotation of [101̄0] in the plane of the sheet, φ causes rotation of [0001] away from the sheet normal
direction and φ2 results in rotation of [101̄0] out of the plane of the sheet. We assume a normal distribution for each of the
three angles in {E} with their mean values equal to zero and standard deviations {∆E} = {∆φ1,∆φ,∆φ2}, respectively. In
the following, we present some illustrative results from our simulations for different microstructural fabrics that mimic rolled
sheet textures. In addition to smooth round bar geometry, two notched round bar geometries are considered - RN10 and RN2
(see Ref. [1] for appropriate definitions of RNα) where RN2 has higher notch acuity than RN10.

RESULTS AND DISCUSSION

Macroscopic responses: Figure 1a shows the normalized load (F/A0) at a fixed applied strain for the smooth, RN10 and
RN2 specimens for different {∆E} = {∆φ1,∆φ, 0} combinations. In smooth specimens, for a given in-plane texture (∆φ1)
the weakening of out-of-plane texture (higher ∆φ) shows in a non-monotonic load behavior. In notched specimens the trend
appears monotonic with a weaker out-of-plane texture resulting in weaker load carrying capacity.

An interesting observation shown in Fig. 1b is that, smooth specimens exhibit strain localization in the form of a shear
band. While this aspect was reported by Kondori and Benzerga [1] it is rather unusual given the bar geometry. Our analysis
shows that this uncommon behavior results from unequal distribution of slip on prismatic systems. Moreover, the critical
strain to localization depends on the textural strength exhibiting a non-monotonic trend as a function of ∆φ1.

∗Corresponding author. Email: shailendra@nus.edu.sg



Figure 1 Macroscopic characteristics of Mg polycrystalline specimens under different stress triaxiality conditions. Panel (a) shows
normalized load (MPa) and Panel (b) shows critical strain for initiation of shear localization for different {∆E} cases

.

Micromechanical characteristics: While the detailed micromechanical characteristics will be discussed during the presen-
tation, here we briefly mention the role of deformation mechanisms. The most active slip modes are prismatic ⟨a⟩ (prism slip)
along the sheet transverse (T) direction and pyramidal ⟨c + a⟩ slip (P2 slip) along the sheet normal (thickness, S) direction,
which are systematically affected by the initial textural variations. Notched specimens show relatively higher P2 slip activity
compared to prism slip whereas the reverse is true in the smooth specimens (for the same initial texture). Further, they also
exhibit increasing propensity to extension twinning (ET), shown in Fig. 2. In comparison, ET activity is much smaller in
smooth specimens and becomes more negligible for initially sharper textures (i.e. low ∆φ1 and ∆φ.

(a) hL = +�.25 (b) hL = � (c) hL = −�.25

Figure 2 Distribution of ET along the normalized notch height (hL in RN10 specimen with {∆E} = {10◦, 0◦, 0◦} at a fixed strain
εA = 0.2.

CONCLUSIONS

Textural variations and inherent plastic anisotropy couple with triaxiality to produce rich mechanical characteristics of
Mg microstructures. Detailed investigations reveal that the modulation of deformation mechanisms at the microscopic scale
affect the macroscopic deformation anisotropy, which could in turn affect failure characteristics in a non trivial manner. Such
numerical investigations are expected to provide insight into designing stronger and tougher Mg microstructures.

References

[1] Kondori, B and Benzerga, A: Effect of stress triaxiality on the flow and fracture of Mg alloy AZ31. Metall Mater Trans A 45.3292–3307, 2014
[2] Kaushik, V, Narasimhan, R and Mishra, R: Experimental study of fracture behavior of magnesium single crystals. Mater Sci Eng A 590. 174–185. 2014.
[3] Zhang, J and Joshi, SP: Phenomenological crystal plasticity modeling and detailed micromechanical investigations of pure magnesium. J Mech Phys

Solids 60. 945–972. 2012



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

DUCTILE POROUS MATERIALS WITH A MOHR-COULOMB MATRIX:
THEORY AND NUMERICAL BOUNDS

Djimedo Kondo ∗1, Kokou Anoukou1, Franck Pastor2, and Joseph Pastor3

1Institut D’Alembert, UMR 7190 CNRS, Sorbonne Universite (UPMC), Paris, France
2Athenee royal Victor-Horta, rue de la Rhetorique, 16, Bruxelles, Belgium

3Laboratoire LOCIE, UMR 5271 CNRS, universite de Savoie, 73376 Le Bourget du Lac, France

Summary We investigate the specific effects of Mohr-Coulomb matrix on the strength of ductile porous materials. To this end, we first
perform a theoretical study based on a careful kinematics limit analysis. Then, we develop an advanced numerical procedure which delivers
for the strength properties both static (lower) and kinematic (upper) bounds. The latter are used to assess and validate the theoretical model.

Following Gurson [4], consider a hollow sphere model, but here with a rigid perfectly plastic Mohr-Coulomb matrix,
subjected to axisymmetric uniform strain rate boundary conditions. A specific aspect of the Mohr-Coulomb yield function is
its dependency on all the three stress invariants (the equivalent stress σe, the mean stress σm and the Lode angle θL):

F(σ) = σe +
sin(φ)

ζ(θL)

!
σm − c

tan(φ)

"
= 0 (1)

with
ζ(θL) =

1√
3
cos(θL)−

1

3
sin(φ) sin(θL)

Note that the case of a Drucker-Prager matrix, already studied by [3], corresponds to a criterion depending only on the first
two invariants. Moreover, for an internal friction angle φ = 0, the Mohr-Coulomb yield function reduces to the Tresca one.

Taking advantage of an appropriate family of three-parameter trial velocity fields accounting for the specific plastic de-
formation mechanisms, we first provide a solution of the constrained minimization problem required for the determination of
the macroscopic dissipation function. The macroscopic strength criterion is then obtained by means of a Lagrangian method
combined with Karush-Kuhn-Tucker conditions. Owing to the above mentioned specificities of the Mohr-Coulomb matrix
(plastic compressibility, sensitivity to third stress invariant), a careful analysis and discussion of the plastic admissibility con-
dition (which involves the knowledge of the sign of the principal strain rates) is required.

The proposed procedure leads to a parametric closed-form expression of the macroscopic strength criterion (see [1]). The
later explicitly shows a dependency on the three macroscopic stress invariants. In the special case of a friction angle equal
to zero, the established criterion reduced to recently available results for porous Tresca materials [2]. For completeness, the
macroscopic plastic flow rule and the voids evolution law are fully detailed.

For validation purpose, an advanced numerical Limit Analysis of a hollow sphere having a Mohr-Coulomb matrix is car-
ried out. The static and kinematic limit analysis approaches are recalled for the numerical purposes. Then, we present the
hollow sphere model, together with its axisymmetric FEM discretization. After an adaptation of a previous static code, an
original mixed (but fully kinematic) approach dedicated to the axisymmetric problem has been elaborated with a specific
quadratic velocity field associated to the triangular finite element. Despite the less good conditioning inherent to the axisym-
metric modeling, the final conic mixed code appears very efficient, allowing to take into account numerical meshes highly
refined. After a first validation in the case of spherical cavities and isotropic loadings, for which the exact solution is known,
numerical lower and upper bounds bounds of the macroscopic strength are provided for axisymmetric loading states. The
numerical data are used to assess and fully validate the theoretical results. Effects of the the friction angle and that of the
porosity are illustrated.

In detail, considering axisymetric loadings (Σx = Σy), let us introduce the generalized loading vector in a Cartesian co-
ordinates system (with orthonormal basis (ex, ey, ez)): Σm = 1

3 (2Σx + Σz), Σgps = Σx − Σz .
Figure 1 illustrates effects of the porosity, while in Figure 2 are displayed the effects of material friction angle. The results are
normalized by the matrix cohesion c. In general, a significant improvement of the numerical results is obtained, comparatively
to that presented in [5].

∗Corresponding author. Email: djimedo.kondo@upmc.fr



Moreover, a very remarkable agreement is obtained between theory and the present numerical bounds [6]. A marked effect
of porosity is noted, in particular in compression zone. Significant asymmetries of the obtained surfaces are also observed,
more particularly when the friction angle increases and the porosity is fixed: in particular, the tension and the compression
hydrostatic points are reduced and increased respectively with an increase of φ). Note that the particular asymmetry of the
obtained strength surfaces is a signature of the dependency of the macroscopic criterion on all three stress invariants (and
notably the third one).
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Figure 1: Porous Mohr-Coulomb material: comparison of the predictions by the proposed strength criterion with the numerical bounds for
a friction angle φ = 5 degrees and different values of porosity: f = 0.01 and f = 0.10.
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Figure 2: Porous Mohr-Coulomb materials: comparison of the predictions by the proposed strength criterion with the numerical bounds
for a porosity: f = 0.01 and different values of friction angle φ = 5 degrees, φ = 10 degrees and φ = 25 degrees.
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Summary Turbine blades are used in the hottest part of the aero-engines and are made of Ni-based single-crystal superalloys chosen for their 
exceptional mechanical performances at high temperatures. However, at high temperature/low stress conditions, Ni-based single crystal 
superalloys are subjected to D�GLUHFWLRQDO�FRDUVHQLQJ�RI�WKH�VWUHQJWKHQLQJ�Ȗ¶�SKDVH��NQRZQ�DV�Ȗ¶�UDIWLQJ��7Kis microstructural evolution influences 
the mechanical behavior and the damage. When subjected to multiaxial state of stresses, the microstructure is highly convoluted and has to be 
modeled in order to improve the mechanical response and lifetime prediction. A 3D formulaWLRQ�RI�WKH�Ȗ¶�GLUHFWLRQDO�FRDUVHQLQJ is therefore 
expressed and compared with a high-temperature creep test performed on a bi-notched specimen developing multiaxial stress/strain fields. 
The 3D microstructural model is providing good performances and can be then used for improving the mechanical and lifetime prediction 
of turbine blades experiencing multiaxial state of stresses due to their complex geometry. 
 

INTRODUCTION 
 
The development and exploitation of gas-turbine blades casted from nickel-base superalloys in single crystal form has been 
one of the most successful industrial and commercial ventures relating to advanced structural materials over the last twenty 
years. These limiting components are used in the hot section of the engine and are therefore subjected to high-temperature 
creep deformations during in-service operations. This extreme thermo-mechanical environment leads to phase transformations 
as well as stress and microstructure gradients which dramatically alter mechanical properties. Indeed, a directional coarsening, 
NQRZQ�DV�Ȗ¶-rafting (see Figure 1), is observed in single-crystal superalloys for temperatures above 800 °C and sufficiently 
high applied stresses [1, 2]��7KLV�SKHQRPHQRQ�FRUUHVSRQGV�WR�D�FKDQJH�LQ�WKH�Ȗ¶-phase aspect from a cuboidal to a platelet 
shape and is correlated to the sign of the misfit [3, 4], the crystallographic orientation [4, 5], and the amount of plastic 
deformation [6]. 

Figure 1�� 0&�� Ȗ�Ȗ¶� PLFURVWUXFWXUDO� HYROXWLRQ�
during a multi-interrupted creep-fatigue test at 1050 
°C/160 MPa: (a) at the beginning of the experiment 
�FXERLGDO� Ȗ¶� morphology) and (n) after 2.41 h 
(secondary creep stage ± UDIWHG� Ȗ¶� PRUSKRORJ\���
1RWH�WKDW�WKH�Ȗ¶�SKDse appears in dark. 
 
7KH�RULHQWDWLRQ�RI�WKH�Ȗ¶�UDIWV�LV�GHSHQGHQW�RQ�
the principal stresses [7]. Thus, multiaxial 
loading due to the intricate geometry of the 
turbine blades and the mechanical gradient 

generated by the cooling channels is highly disturbing the microstructure which modifies the local mechanical response. It is 
therefore essential to determine properly WKH�HYROXWLRQ�RI�WKH�Ȗ�FKDQQHO�WKLFNQHVV�in 3D in order to improve the predictability 
of models dealing with multiaxial state of stresses. 
 

MODEL PRESENTATION 
 
The 3D directional coarsening model is based on a work previously done by the author who developed a microstructure-
sensitive model in a crystal plasticity framework [8]. This model is able to predict the mechanical response and the lifetime 
of specimens subjected to thermo-mechanical loading. 7KH�VWUDLQ� UDWH� IRUPXODWLRQ�RI� WKH�Ȗ¶-phase evolution is taken into 
account the dissolution/precipitation of Ȗ¶ precipitates during non-isothermal loading (fthermic) , as developed in [9, 10] and 
validated by synchrotron radiation [11], the homothetic growth due to high temperature conditions which leads to a 
spheroidization of the Ȗ¶ precipitates (fhomothetic) , and the directional coarsening due to dislocation motions inside the Ȗ�channels 
(fmechanic) . 7KH�ILQDO�H[SUHVVLRQ�RI�WKH�Ȗ¶�WKLFNQHVV�PD\�EH�VXPPDUL]HG�E\�WKH�IROORZLQJ�HTXDWLRQ� 
 

 )1( hom0 otheticmechanicthermic fffww ��u  Eq. 1 
 
Ȗ¶ rafts are perpendicular to the maximum principal stress, as shown by Cormier et al. [7] nearby pores. Therefore, the 
principal plastic strains are used since principal stresses and principal strains occur in the same directions and Matan et al. 
have shown that a creep strain threshold is necessary to be overcome so that the Ȗ¶�rafting process become significant and can 
proceed [12]. So, the former expression for fmechanic based on the accumulated plastic strain is modified as follow: 
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,Q�WKLV�HTXDWLRQ��Ȟ�LV�WKH�DFFXPXODWHG�viscoSODVWLF�VWUDLQ��ȟ�LV�D�strain rate dependent function��Ȟ0 is a temperature dependent 
material parameter, fdiffusion is a function taken into account the fact WKDW� WKH�Ȗ¶�PLFURVWUXFWXUDO�HYROXWLRQ�LV�D� WHPSHUDWXUH-
dependent phenomenon, and p

pH  is the principal plastic strain vector. 
 

NUMERICAL RESULTS 
 
A <001>-oriented specimen was designed to generate a non-uniform and multiaxial complex mechanical field by the presence 
of two asymmetrical notches (see  
Figure 2). Thus, the Ȗ�Ȗ¶ microstructure should evolve according to the local mechanical field of this sample which was tested 
under non-isothermal conditions with a reference level at 1050 °C/F = 410 N. An overheating of 20 s at 1200 °C under load 
was performed after 24 h of creep to obtain the influence of the plastic strain on the kinetics of both dissolution/precipitation 
and Ȗ¶ rafting development. After the overheating, the specimen was crept for 30 more minutes at 1050 °C. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2: Microstructural observations of the Ȗ¶ rafted microstructure at the end of the test by scanning electron microscopy and 
compared with the microstructural state predicted by the FE simulation for the y direction. 
 
As observed in Figure 2, the 3D coarsening model gives a good result in terms of microstructural prediction. Indeed, the model 
is well predicting where the non-rafted microstructure is located (top-left microstructure) and where the Ȗ¶ thickness is reduced 
due to the precipitation of fine Ȗ¶ precipitates within the Ȗ channels (bottom-right microstructure). 
 

CONCLUSIONS 
 

The model performance was tested comparing finite element simulations and experimental results on a bi-notched specimen 
generating strong multiaxial strain/stress fields. $�UDWKHU�JRRG�DJUHHPHQW�RI�WKH�PLFURVWUXFWXUH�PRGHO¶V�SUHGLFWLRQV�ZLWh the 
observation was obtained. The new 3D directional coarsening model is then able to tackle complex geometries and loads at 
high temperatures.  
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Summary Gradient nano-grained (GNG) materials possess both high strength and high ductility. Recent experiments attributed the outstanding 
synergetic properties to the extra hardening induced by the grain size gradient (GSG) structure. Here we developed a theoretical model to 
reveal the underlying correlation between the strong extra strain hardening achieved in the nano-grained layers of the gradient structure 
and the non-uniform deformation of the lateral surface observed in experiments. The proposed model led to the establishment of a simple 
physical law that can be expressed as * *H A , where *H  and *A  are two dimensionless parameters. The former represents the extra 
strain hardening, while the latter characterizes the non-uniform deformation of the lateral surface. The values of these two parameters can 
be obtained through the experimental data, which undoubtedly validated the proposed physical law. 

INTRODUCTION 
 
   Nano-grained metals and alloys are usually strong but brittle. However, one of our co-authors Wu et al. [1] observed a 
strong strain hardening behavior (Fig. 1) in the nano-grained layers of the GSG region in a GNG interstitial free (IF) steel 
sample, up to a tensile engineering strain of 0.25. They attributed the extra strain hardening to the non-uniform deformation 
in the lateral surface (Fig. 2). However, the critical issue of how the non-uniform lateral surface deformation induces the 
extra hardening has yet to be addressed [2]. Therefore, in the present study a theoretical model will be developed to 
quantitatively correlate the non-uniform deformation in the lateral surface of the GNG sample with the extra strain 
hardening achieved in the GSG layer based on the experimental observations made by Wu et al. [1] and the concept of 
geometrically necessary dislocations (GNDs) [3, 4].  
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Figure 1. Variation of hardness increment H'  (defined as the difference between the hardness along the thickness dimension of the 
VDPSOH�³DIWHU´ DQG�³EHIRUH´ a tensile test ) of GNG IF steel samples subjected to various tensile strains with respect to the depth h [1]. 
The short dashed lines represent the extra hardening (i.e., gH' ) achieved in the GSG structure resulting from the non-uniform 

deformation in the lateral surface for 0.25eH  . 
 

 
 

Figure 2. Schematic diagram of a GNG sample subjected to a uniform tensile strain zH : (a) before tensioning and (b) after tensioning 
before occurrence of necking. The GNG sample consists of two GSG surface layers sandwiching a CG core. 
 

MODEL DESCRIPTION 
 



   It has been widely accepted by researchers that non-uniform deformation is usually accommodated by GNDs [3, 4]. In 
this section, we will develop a physical model to correlate the non-uniform deformation in the lateral surface with the extra 
strain hardening ( gH'  in Fig. 1) achieved in the GSG layer of the GNG sample based on the concept of GNDs. Fig. 3(a) 
presents a schematic diagram of the GNDs induced by the non-uniform deformation near the lateral surface of the GSG 
layer. A unit layer of thickness h'  is selected for analysis. The value of h'  is assumed to be small enough such that the 
GHIRUPHG�ODWHUDO�VXUIDFH�FDQ�EH�DSSUR[LPDWHG�DV�D�VWUDLJKW�SODQH��WKDW�LV��µ$%¶�FDQ�EH�YLHZHG�DV�D�VWUDLJKW�OLQH��,W�LV�DVVXPed 
that the GNDs are spaced equally along the sample depth h near the deformed lateral surface in the unit layer. The density 
of GNDs is then derived as: � �2

GSG a b hU ª º '¬ ¼ , where b LV�WKH�PDJQLWXGH�RI�%XUJHU¶V�YHFWRU�RI�*1'V. %\�XVLQJ�7D\ORU¶V�

relation and Von Mises flow rule, we obtained a physical law that can be expressed as in a simple form as: * *H A , where 
� �* 22g gH H H H P ' �' ( P  is shear modulus) and * *A a a ( *a  is a constant) are two dimensionless parameters, 

which represent the extra strain hardening achieved in the GSG region and the non-uniform lateral surface deformation, 
respectively.  

 
 

Figure 3. The GNDs in a GNG sample subjected to uniaxial tension. (a) GNDs near the deformed lateral surface in the GSG region; (b) 
GNDs in a unit layer (grey area in (a)). 

 
RESULTS AND DISCUSSIONS 

 
Fig. 4 presents the variation of two dimensionless parameters derived from the proposed model, i.e., *H  and *A , 

with respect to the sample depth h for a GNG IF steel sample at 0.25eH   in the GSG region. The results show that the 
values of both parameters first increase to a maximum value and then decrease, and they are comparable in magnitude. The 
value of *A  at 0.314 ȝmh'   is in good agreement with that of *H  at large h, i.e., � �80,120 ȝmh� , and they 
approximately approach an equal maximum value at the same sample depth h. The significant quantitative difference 
between the two parameters at small h is due to the significant influence of noise in the measured height profile data, 
because a small noise in lateral displacement data could generate a significant error in calculating its slope, i.e., the value of 
parameter a. As a result, the two parameters are deemed in agreement with each other, thus validating the proposed physical 
law. 
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Figure 4. Comparison of two sample depth dependent dimensionless parameters, i.e., *H  and *A . 
 

CONCLUSIONS 
 

   A physical law has been derived to correlate the strong extra strain hardening ( *H ) achieved in a grain size gradient 
structure with the non-uniform deformation ( *A ) in the lateral surface of a GNG material based on the existing 
experimental observations and the concept of GNDs. 
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As assuming elastic walls, the computed mean channel backstresses in copper and nickel PSBs range between 10 and 20% of 
the remote stress whatever the temperature. Their contribution to the remote stress decreases with temperature increasing. 
Because the average internal stress is equal to zero and the wall volume fraction is generally low (Fig. 1 a), the mean wall 
forward stresses are much higher and reach about two times the remote stresses (Figs. 1 c & 2 c). At room temperature, the 
backstresses reach 10-15% of the remote stress whereas the forward stresses around 125%. The computed mean phase values 
agree well with the values measured in PSBs [1,3,6]. The difference between predicted and computed stresses is within the 
measurement accuracy. Moreover, the predicted resolved shear stress profiles through walls and channels are rather close to 
the ones measured by TEM observations (Figs. 1 c & 2 a). But they differ somewhat close to the walls. It should be noticed 
that mean internal stresses should be equal to zero, which holds for the computed profiles, but not for the measured ones. The 
stress evaluation close to walls may be biased by small loop radius measurement & crude tension line coefficient values. 
In the case of cells widely observed during either high amplitude cyclic loading or tensile straining, the backstresses computed 
in the soft phase are definitively not negligible with respect to the remote stress. They reach about 20% of the flow stress 
whatever the metal, crystal orientation and plastic strain magnitude. The predicted and measured values differ generally by 
less than the measurement accuracy [3]. The microstructure configuration of veins/channels is finally investigated. The 
predicted values are generally low and almost negligible. These results agree once more with the values measured by CEBD 
[6] and X-ray diffraction [3]. Therefore, the computed mean soft phase internal stresses can reach 20% of the flow stress in 
PSBs and cells, but are negligible in looser microstructures such as the vein / channel one. Such discrepancies may be 
explained by the differences between the PSBs and cells geometries on one side and the veins/channels geometry on the other 
side. In the first case, the plastic deformation of the soft phase is clearly hindered by the hardly deformable walls, whereas in 
the second case, the soft matrix contains hard phase inclusions, which configuration is more deformable than the first one. 
The evaluations of PSB wall forward stresses allow an improvement in the prediction of the maximum stable edge dipole in 
PSB walls whatever the metal and temperature (Fig. 2 b), using the classical formula reported in [5]. This explains the huge 
discrepancy between measured heights and the ones computed as using the remote stress, often reported in literature [5,6]. 
Interestingly, the computed channel backstresses obey similitude laws with respect to channel thickness as the remote stress 
does [1]. Finally, for PSBs and cells, close-form expressions are deduced from the numerous FE computation results allowing 
the proposal of constitutive laws. Nevertheless, the prediction of deformation-induced microstructure characteristic lengths 
depending on material, temperature and loading conditions is still missing for closing the whole set of equations. 

                   
Fig. 2: a) same plots as in Fig. 1 c but for Ni at RT (experimental data [3]); b) computed and measured maximum dipole 
heights in copper and nickel PSB walls [12,5]. Either the remote shear stress or the wall shear stress (including forward stress) 
is used in the computation of the maximum stable dipole height.  
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Summary Custom Al-6061-T6 tubular specimens with a 1 mm thick test section are loaded to failure under radial paths of shear and tension. 
Deformations are measured with 3D digital image correlation. The thin-walled test section and use of DIC allow the stress and local 
deformations to be established from experimental measurements alone. The stress and deformation within the test section are uniform until a 
load maximum is reached, beyond which deformation localizes into a circumferential band with width the order of the wall thickness. A series 
of experiments show that the strain at failure monotonically increases as the triaxiality decreases, in contrast to previously-reported results for 
this alloy. The strains at failure are also significantly larger than previously-reported values. Numerical simulations demonstrate that the 
deformation, including localization, can be reproduced reasonably accurately to large strains with suitably-calibrated plasticity models. 
 

BACKGROUND 
 

 Recent work on ductile failure under shear-dominant stress states has challenged the long-accepted premise that the strain 
at failure monotonically decreases with increasing triaxiality. Advancement in the field is challenged by the fact that ductile 
failure is preceded by large, highly localized deformations which are difficult to monitor and introduce an unknown stress 
state. We present results from experiments on tubular specimens loaded to failure under radial paths of shear and tension. A 
thinner test section machined into the specimens has nearly uniform stress and deformation up to the onset of localization, 
and provides minimum constraint to its development. 3D digital image correlation (DIC) is used to monitor the localized 
deformation up to rupture. The results differ significantly from other recent findings, and highlight the role that localization 
plays in accurately establishing a material’s strain at failure. 

 
EXPERIMENTAL 

 
Setup and Procedure  
 Our specimens are machined out of commercially available 51 mm diameter Al-6061-T6 tubes. Each specimen is 
230 mm long and has a uniform test section at mid-length that is 10.2 mm long and 0.965 mm thick. The ends of the tubes 
are gripped leaving approximately 12.7 mm lengths on either side of the test section unconstrained. The specimens are 
loaded to failure under radial paths of axial and shear stress in an axial/torsional biaxial testing machine. Loading is 
accomplished by prescribing a rotation (or displacement) and using the corresponding torque (force) as the command signal 
for the force (torque) – see [1,2]. 3D DIC is used to monitor surface strains across the full test section. This setup allows the 
stress and local deformations to be established directly from the experimental measurements.  
 
A Typical Experiment  
 A radial stress experiment in which the nominal axial and shear stress are equal is outlined here. The specimen was 
loaded in rotation control. Figure 1 shows the nominal shear stress (T ) plotted against the relative rotation (φ) between the 
edges of the test section. The response follows the expected path with a linearly elastic region followed by mild hardening. 

The stress reaches a maximum (^) of 168 MPa at a rotation of about 
7 deg. Beyond the limit load deformation localizes in a circumferential 
zone with a height that is of the order of the wall thickness (to). The 
test section rotates an additional 2.5 deg. with the stress decreasing. 
The rate at which the stress decreases accelerates just before failure, 
which is accompanied by a sudden load drop. The axial stress-
elongation response follows a similar trajectory, with a normalized 
elongation (δ/Lg) of 0.035 at the limit load and 0.044 at failure. 
 The deformation of the test section and accompanying localization 
is qualitatively demonstrated in Fig. 2 with an image of the test section 
and the strains computed by the DIC system superimposed on the 
surface in the final image prior to failure. The relative rotation 
between the top and bottom of the test section is seen through the 
misalignment of the yellow triangles, which were initially aligned, and 
by the distortion of the originally-rectangular analyzed zone. Fig. 1 Nominal shear stress-rotation response 
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CONSTITUTIVE MODEL OF SERRATED YIELDING AT EXTREMELY LOW 

TEMPERATURES INCLUDING MECHANICAL AND RADIATION DAMAGE 
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Summary The paper describes the constitutive model of discontinuous plastic flow (DPF, serrated yielding), that occurs at extremely low 
temperatures. A physically-based constitutive description of material behaviour, including damage evolution of mechanical and radiation origin, 
has been developed. The stress serrations are evaluated on the basis of changes in dislocations density, instead of a phenomenological 
unobservable function of state parameters. The mechanical damage description is based on the Lemaitre-Chaboche approach, whereas, the post-
irradiation damage evolution is based on the Rice and Tracey evolution law for the size of clusters of micro-voids.  

 
DISCONTINUOUS PLASTIC FLOW (DPF) 

 
   The problem of constitutive modelling of material, that exhibits instability at extremely low temperatures, was examined 
by the authors in Ref. [4] and Ref. [5], for uniaxial and multiaxial cases, respectively. Also, some conference presentations 
addressed the problem, e.g. Ref. [1], [2]. The phenomenon is met during monotonic tension of a sample at extremely low 
temperatures (for instance in liquid helium at 4.2K). First, elastic deformation is followed by regular plastic flow. However, 
after some plastic strain threshold is exceeded, the yielding becomes discontinuous (serrated). At the macroscopic scale one 
observes repeated sudden drops of stress value, while strain increases monotonically (Fig. 1a). After each drop of stress, 
short relaxation process goes on (stress value decreases asymptotically), and then elastic reloading follows until an updated 
yield surface is reached. The macro scale effect is physically explained at the micro level, by postulating thermo-mechanical 
nature of the observed instability. Namely, the density of dislocations (!) increases significantly due to the evolution of 
lattice barriers (Lomer-Cotrell locks), which block their motion. After critical interaction of L-C barriers density (B) and 
shear stress ("e) at the head of dislocation pile-up, the barriers are broken and spontaneous motion of dislocations happens. 
Such a collective effect triggered by avalanche-like crossing of Lomer-Cottrell locks by edge dislocation pile-ups manifests 
itself in the form of macroscopic slip (sudden increase of the permanent plastic strain) and temperature increase (due to 
plastic power dissipation). It is observed that the slip takes place at a fixed value of total strain. Since the plastic part of 
strain increases jump-like, the elastic one decreases by the same value, and hence the drop of stress is observed. Together 
with the plastic strain, the mechanical damage evolves in the material. For initially irradiated material, the mechanically 
induced damage is combined with the radiation-induced counterpart. 
 

NEW FEATURES OF CONSTITUTIVE MODEL 

 

Stress serrations 

   The way the drop-of-stress value is calculated, is the key point of any constitutive model that includes the DPF 
phenomenon. Here, new approach, based on micro scale, is proposed. The relation between the after-serration stress (#) in 
the lattice and the after-serration density of dislocations (!0) is defined as: 

( )0 0M G bσ τ α ρ= +        (1) 

whereas, just before serration the stress value (#p) stays on the yield surface and is related to dislocation density by: 

( )p

0M G bσ τ α ρ= +        (2) 

where M is the Taylor factor, "0 stands for the shear stress of internal friction, G is the shear modulus, $ is the coefficient of 
dislocations interaction, b denotes length of the Burgers vector. Hence, the plastic strain serration increment is expressed as: 

( )serr

p 0/MG b Eε α ρ ρ∆ = −       (3) 

depending on the density of dislocations before and after the drop of stress (Fig. 1b). The evolution law for the density of 
dislocations prior to serration, including creation and annihilation terms, is given in Ref. [3, 4, 5]. It is assumed that after-
serration density of dislocations is not kept at initial level (!0

0), but evolves during the loading process and depends on the 
current plastic strain and density of dislocations prior to serration: !" # $"%"""&'()*%+ , -%./ !       (4) 

Also, the value of B does not entirely vanish after a particular serration. After-serration values of these parameters are ‘foot 
prints’ of the repeated process of accumulation, followed by failure of the barriers. 



 
Figure 1: a) Four stages of plastic flow: continuous hardening, serration, relaxation, elastic reloading back to hardening 

curve; b) Density of dislocations in the course of serrated yielding 
 

Mechanical damage 

   Within the framework of continuum damage mechanics, the mechanically induced damage is ruled by the plastic strain 
and is described by a parameter Dm, following the Lemaitre-Chaboche kinetics: 012 # 3 456'7895:;<=>?= 0@ABBBCDEB@) F @)G     (5) 

Post-irradiation damage 

   The evolution of post-irradiation damage parameter (1HE9Bis also ruled by the plastic strains [6]: 01HE # IJKL:MNOPM.Q@)R S TR0@)      (6) 

where qA stands for surface density of clusters of voids caused by radiation and depends on the irradiation dose; r is the 

mean cluster radius and evolves according to the Rice and Tracey law: B0L # LMNOPMQ@)R S TR. It is postulated that the 

increments of the mechanically induced damage parameter and the post-irradiation damage parameter are added to obtain 
increment of total damage parameter 01 # 012 , 01HE. The macroscopic emanation of damage evolution consists in 
degradation of the elasticity modulus (unloading and reloading modulus) from initial Young’s modulus to a current 
effective one (Fig. 2) UVC # U6T S 19.  

 
Figure 2. Change of the effective modulus in the course of serrated yielding due to mechanically induced damage. 

 
CONCLUSIONS 

 
   A new approach is proposed for evaluation of drop of stress during serrated yielding. The physically based formulation is 
based on the density of dislocations met in the material just before and just after serration. These values are likely to be estimated 
in experiments. The foot prints of repeated serrations are included by the assumption of evolution of the initial density of 
dislocations, which, after serration, is not restored to a virgin material value. Also, the after-serration density of the LC locks is 
reduced to non-zero value. The constitutive model is supplemented with damage evolution, including the mechanically induced 
as well as the post-irradiation damage.  
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Summary The phenomenon of strain localization in the course of discontinuous plastic flow (DPF) at extremely low temperatures is 
investigated. DPF is observed mainly in fcc metals and alloys strained in cryogenic conditions, practically down to absolute zero. Recent 
experiments indicate strong strain localization in the form of shear bands propagating along the sample. The Dirac-like temperature response is 
measured by thermometers located within the gauge length of the sample. Spatio-temporal correlation indicates smooth shear band propagation, 
as long as the process of phase transformation remains on hold. The model of temperature distribution represented by Green-like solution of 
heat diffusion equation describes the strain localization effect. 
 

DPF VERSUS PLC 
 
   The phenomenon of strain localization in the course of discontinuous plastic flow (DPF, serrated yielding) at extremely 
low temperatures has not been addressed in the literature. On the other hand, a significant effort has been focused on the 
mechanism of shear bands initiation and propagation during the so-called PLC (Portevin-Le Chatelier) effect, observed in 
certain materials at room temperature. The reason for such a dramatic lack of information on the behaviour of materials at 
extremely low temperatures is related to testing conditions. The experiments are carried out inside a double-wall cryostat, 
which is not transparent and usually tightly equipped with necessary instruments. Thus, there is practically no possibility to 
scan the surface of the sample by means of such instruments like thermographic camera, in order to detect possible effects 
of strain localization. In order to do so, specific deduction methods have to be used, which has been explained in the present 
paper. 
 

MOTION OF SLIP BANDS DURING DPF 
 
   Thermodynamic conditions of DPF are strictly linked to the so-called thermodynamic instability, related to vanishing 
specific heat when the temperature approaches absolute zero. Macroscopic character of DPF is reflected by stress 
oscillations as a function of strain (time) and generation of plastic power partially converted to heat during each serration. 
The relevant stress-strain and temperature-strain curves are shown in Fig. 1. 

 
Figure 1 Tensile test results: the stress-strain curve (red) and temperature-strain curve (blue) for 304 stainless steel at liquid 

He temperature (4.2 K). Visualization of slip band evolution along the specimen.  
 
It is worth pointing out, that during tensile tests of stainless steel (304, 304L, 316, 316LN) the plastic strain induced ߛ ՜  Ԣߙ
phase transformation [1] is also observed. This fcc-bcc phase transformation is represented by hardening effect, well visible 
in the stress-strain curve. The stress-strain and the temperature-strain characteristics (Fig. 1) indicate the nature of slip band 
propagation during cryogenic tensile test performed on 304 stainless steel. Analyzing the results, it is worth focusing on 
temperature spikes distribution in the range without phase transformation (no hardening). The envelope of the temperature-
strain curve (spikes) may suggest the nature of slip band evolution during tensile test at liquid He. Temperature distribution 
in this range has regular form (comb-like profile), which occurs when the slip band freely propagates from one extremity of 
the specimen to the other. On the other hand, distribution of temperature spikes in the hardening range is random, which 
reflects irregular and constrained motion of the slip bands (Fig. 1).  



MULTISCALE THERMO-MECHANICAL CONSTITUTIVE MODEL OF DPF 
 
   Such experimental evidence of strain localization process must be taken into account in the constitutive model of DPF 
by locating the representative volume element (RVE) inside the slip band. DPF consists in massive failure of lattice barriers 
associated with increase of the resolved shear stress at the heads of dislocations pile-ups, until the stresses reach the level of 
cohesive strength of the material [2,3]. The kinetics of DPF is expressed by: 

� � � �+
LC LC, ,B F T pH p pU V �  

Where ܤሶ  denotes rate of the number of barriers per unit surface, ܨା  is function of dislocations density ߩ, temperature ܶ 
and stress ߪ, whereas,   represents the threshold above which the lattice barriers massively develop and ܪሺǤ Ǥ ሻ denotes 
the Heaviside function.  
The plastically active process, including plastic slip accompanied by abrupt drop of stress, takes place inside the slip band 
and the plastic work is partially converted to heat. For what concerns the thermodynamic aspect of slip band propagation, 
the amount of heat generated in the course of loading can be approximately estimated by means of simple energy balance. It 
leads to evaluation of temperature increase (spike), resulting from low temperature thermodynamic instability (Fig. 2a). The 
experimental results indicate that the response of thermometer (size of spike) depends on the place where the slip band 
occurs (Fig. 2b). 

 
Figure 2 Comparison of a) numerical and b) experimental stress-strain 
(red) and temperature-strain (blue) curves corresponding to DPF (304 

stainless steel). 

 
The thermo-mechanical process leading to 
temperature oscillations can be more precisely 
described by means of heat diffusion analysis, 
including temperature response at a distance 
from the heat source. Temperature profile 
(spikes) obtained as a result of heat diffusion 
analysis (involving thermodynamic parameters 
and variables depending on temperature) turns 
out very similar to what is measured during the 
experiment (Fig. 3) . 
However, as soon as the phase transformation 
process takes place, the motion of slip bands is 
hindered by formation of the secondary phase 
inclusions. For this reason, the temperature 
spikes occurring during the phase transformation 
are randomly redistributed (Fig. 1). Most 
probably, the free path of a slip band is limited 
to the average distance between the secondary 
phase inclusions and the initiation of slip band 
has random character. This part of the process, 
seen from the point of view of temperature 
measurements, has disordered character.  
 

 
Figure 3 Time response of thermometer during tensile test of 304 
stainless steel at liquid He temperature, a) experimental results, b) 

numerical results. 
 

CONCLUSIONS 
 
   Physically based multiscale constitutive model of DPF has been substantially improved by adding correct description of 
slip band propagation and related thermo-mechanical effects. An explanation of DPF coupling with the fcc-bcc phase 
transformation process at extremely low temperatures is underway.  
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BOUNDS FOR THE PLASTIC STRENGTH OF POLYCRYSTALLINE VOIDED SOLIDS
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Summary The elastoplastic response of polycrystalline voided solids is idealized here as rigid-perfectly plastic. Bounds on the macro-
scopic plastic strength for prescribed microstructural statistics and single-crystal strength are computed be means of a linear-comparison
homogenization technique. Hashin-Shtrikman and Self-Consistent results in the form of yield surfaces are reported for cubic and hexagonal
polycrystals with isotropic texture and varying degrees of crystal anisotropy. Improvements over earlier linear-comparison bounds of up to
forty per cent are found at high stress triaxialities. In the case of deficient crystals, the Self-Consistent results assert that voided aggregates
of crystals with four independent systems can accommodate arbitrary deformations, those with three independent systems can dilate but
not distort, and those with less than three independent systems cannot deform at all. We report the sharpest bounds available to date for all
classes of material systems considered.

INTRODUCTION

Plastic growth of microcavities in polycrystalline ductile solids can be significantly influenced by the crystallographic and
morphological textures of the aggregate [1]. Theoretical analysis of this process requires micromechanical models that relate
the macroscopic stress state with the microscopic plastic deformation in polycrystalline voided systems. A fairly simple ap-
proach to the problem consists in idealizing the mechanical response of the individual grains as elastically rigid and plastically
non-hardening, and employing homogenization techniques to bound the macroscopic plastic strength of the polycrystal in
terms of the single-crystal strength and the statistics of the morphology and orientation distributions of the grains and voids.

It is already known that the first-order bounds of Taylor and Reuss become futile in the presence of a vacuous phase —the
Reuss bound predicts vanishing strength, while the Taylor bound predicts infinite strength under purely hydrostatic loadings.
Sharper bounds incorporating higher-order statistics were derived by deBotton & Ponte Castañeda [2] making use of the idea
of a linear-comparison medium that is optimally selected via a suitably designed variational principle. This allows the use of
any linear homogenization approach to generate corresponding results for nonlinear polycrystals. Idiart & Ponte Castañeda
[3] later showed that these bounds make implicit use of a relaxation in the variational scheme which weakens the resulting
bounds. Eliminating this relaxation leads to sharper bounds at the expense of increasing the computational complexity. In this
work we evaluate the impact of the relaxation in the context of cubic and hexagonal systems with varying degrees of crystal
symmetry and porosity.

RESULTS

Figure 1 reports results for polycrystalline solids with hexagonal crystal symmetry with ratio c/a = 1.59. Single crystals
are assumed to deform plastically on three sets of slip systems: three basal systems {0001} ⟨1120⟩, three prismatic systems!
1010

"
⟨1120⟩, and twelve first-order pyramidal-⟨c+ a⟩ systems

!
1011

"
⟨1123⟩. Two hundred crystal orientations were pre-

scribed according to a Sobol sequence in order to generate textures as close as possible to isotropy —see [4]. Relaxed (double-
primed) and non-relaxed (unprimed) bounds were generated by means of the Hashin-Shtrikman (HS) and Self-Consistent (SC)
approaches to homogenize the linear-comparison medium. The bounds are seen to produce smooth, closed and convex sur-
faces that are enclosed by the Taylor surface, as they should, and the relaxation is seen to have a notorious detrimental impact
on these surfaces, especially at large stress triaxialities. Indeed, the overall impact of the relaxation as measured by the norms
of the “elastic” domains is ∼ 21%, but the impact on the shear strength is ∼ 1% while on the hydrostatic strength is ∼ 40%.
Similar results —not shown— have been obtained for cubic polycrystals. More striking, however, is the fact that the non-
relaxed HS bounds are sharper than the relaxed SC” bounds above a certain stress triaxiality, a feature never observed in the
context of fully dense systems. Recall that the Hashin-Shtrikman approach provides bounds for the entire class of polycrys-
tals with prescribed one- and two-point statistics, which includes the subclass of polycrystals that realize the Self-Consistent
scheme. Thus, the non-relaxed HS results constitute rigorous upper bounds for all other results, including the relaxed SC”
results. This is an indication that the loss resulting from the relaxation depends more crucially on material parameters such
as heterogeneity contrast than on the number of slip systems of the constituent crystals. It is recalled that linear-comparison

∗Corresponding author. Email: martin.idiart@ing.unlp.edu.ar



Figure 1: Bounds on the yield surface of isotropic hexagonal polycrystals with porosity f = 0.05, subjected to axisymmetric
loadings. Relaxed (double-primed) and non-relaxed (unprimed) bounds of the Hashin-Shtrikman (HS) and Self-Consistent
(SC) type. Dashed lines indicate directions of constant stress triaxialities Xσ = 1/3, 1, 2, 4.

techniques like the ones considered in this work are known to give fairly accurate predictions for voided systems under low
to moderate stress triaxialities but unrealistically strong predictions under high triaxialities —see [4]. While the significant
improvements found in this work are not expected to render the predictions for high triaxialities realistic, they are expected to
enlarge the range of stress triaxialities for which the predictions are accurate.

Further calculations as a function of crystal anisotropy show that the shear and hydrostatic strengths of voided polycrystals
behave like σc

e ∼ Mγe and σc
m ∼ Mγm as M → ∞, where M is the relevant slip contrast. The exponents depend on the

bounding method and the number J of linearly independent slip systems of the single crystals left in the limit. When J is
less than five, the crystals become deficient. In this case, the Taylor bound predicts γe = 1 and γm is undefined, while for the
Hashin-Shtrikman bounds predict γe = γc = 1 independently of crystal symmetry. By contrast, the exponents γe and γc dis-
played by the Self-Consistent bounds are different and do depend on crystal symmetry. From the numerical results generated
for various cubic and hexagonal systems it was inferred that γe = (4− J)/2 and γm = (4− J)(3− J)/2. The expression for
γe is the same as that previously inferred in [5] for the shear plastic strength of fully dense polycrystals. According to these
laws, there can be voided aggregates of deficient crystals that can still accommodate arbitrary macroscopic deformations.
However, spherical deformations cannot be accommodated by polycrystals with less than three independent systems, while
deviatoric deformations cannot be accommodated by polycrystals with less than four independent systems. In other words,
the Self-Consistent results assert that voided aggregates of crystals with four independent systems can accommodate arbitrary
deformations, aggregates of crystals with three independent systems can dilate but not distort, and aggregates of crystals with
two independent systems cannot deform at all.
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Localization out of the competition of rate dependence and Hadamard instability
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Summary Materials deformed under high strain rates can exhibit failure through formation of shear bands. Shear band formation is often
associated with Hadamard instability and strain localization into an emerging coherent structure. We assess the contributions of various
effects leading to localization in the simplest model for which the stress exhibits strain softening and strain rate sensitivity. A linearized
analysis indicates that the combined effect leads to Turing instability. Then we consider the nonlinear problem and introduce a set of self-
similar variables. A class of special solutions is obtained which pinpoints the emergence of a coherent localized structure and the formation
of a shear band. This solution is associated to a heteroclinic orbit of a certain dynamical system. The orbit is constructed numerically and
yields almost explicit shear localizing solutions.

A SIMPLE PARADIGM FOR LOCALIZATION

Shear bands are narrow regions of intense shear observed during the plastic deformation at high strain rates; they form one
of the most striking instances of material instability and have been analyzed extensively e.g. [8, 2, 1, 4, 6]. From early studies
[7] it was recognized that Hadamard instability due to strain softening response plays a key role to the onset of instability. At
the same time, once instability sets in, higher-order effects like rate dependence or strain-gradients get triggered and affect the
response. The objective of this paper is to analyze the competition between Hadamard instability (caused by strain-softening
inelastic response) and strain-rate dependence. We consider the model

vt =

!
vnx
γ

"

x

, γt = vx , (1)

which describes a shearing deformation with v the velocity in the shear direction and γ the (plastic) strain. Here, elastic effects
are ignored and the strain is the total plastic strain, n measures the effect of strain-rate sensitivity. Note that for n = 0 the
system (1) reduces to the system of elasticity with stress-strain response τ = τ(γ) = 1

γ in the unstable regime. This system
is elliptic in the t-direction and exhibits Hadamard instability. Despite this fact, for n ≥ 0, (1) admits the class of universal
solutions

vs(x) = x, γs(t) = t + γ0 , σs(t) =
1

t + γ0
. (2)

describing uniform shearing with the parameter γ0 measuring the initial strain. The objective of this work is to analyze the
competition between Hadamard instability and strain-rate dependence, and in particular to describe the stability or instability
of the uniform shearing solutions both at (a) the linearized as well as (b) the nonlinear level. It is well known that Hadamard
instability is connected to the catastrophic growth of oscillations. One issue to address is how rate dependence kills the
oscillations and produces a concentration of strain, as observed in experimental studies of shear bands.

The model (1) is among the simplest where this competition can be analyzed. As (2) is a time dependent solution it gener-
ally will lead to non-autonomous systems. An exception is for the response τ(γ) = 1

γ which offers the great simplification that
it leads to autonomous sytems and is thus selected here. Exploiting this fact, through a transformation into relative variables,
the problem of studying the stability properties of (2) is transformed into the study of the stability properties of the equilibrium
(1, 1, 1) for the nonlinear system

Vτ = Σx =

!
(Vx)n

y

"

x

, yτ = Vx↗y . (3)

System (3) describes relative perturbations, for instance Σ = σ/σs(t), and thus offers the right yardstick to judge stability of
the time dependent solution (2), in the spirit of [4].

LINEARIZED STABILITY ANALYSIS

First, we perform a linearized stability for the equilibrium (1, 1, 1) for the system (3). The linearized analysis gives the
following result: (a) For n = 0, as expected, all modes grow exponentially fast and indicate catastrophic growth and Hadamard
instability. (b) For 0 < n < 1, the modes still grow and are unstable but at a tame growth rate. In fact, in this regime the
behavior is that of Turing instability. (c) For n > 1 strain-rate dependence is strong and stabilizes the motion.
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THE NONLINEAR PROBLEM

In the second part we study in detail the nonlinear system (3). Motivated by scaling properties of the system we look for a
self-similar solution of the form

V (x, τ) = eλ
n

2−n τ V̄
#
ξ
$
, y(x, τ) = eλ

n
2−n τ ȳ

#
ξ
$
, Σ(x, τ) = eλ

#
−1+ n

2−n

$
τ Σ̄
#
ξ
$

where ξ = xeλτ , (4)

where λ > 0 is a parameter. One can easily check, that if such solutions exist, then they will localize as time proceeds. Their
existence is based on constructing a solution for the nonlinear system of singular ordinary differential equations

λ

!
n

2↗n
V̄ + ξV̄ξ

"
= Σ̄ξ, , λ

!
2

2↗n
ȳ + ξȳξ

"
= V̄ξ↗ȳ , Σ̄ =

V̄ n
ξ

ȳ
, (5)

that determines the profile (V̄ , ȳ , Σ̄). Such singular systems may (or may not) have solutions and this is determined by a case-
by-case analysis. In the present case, one can remarkably de-singularize the problem and transform it to an autonomous system
of three first-order differential equations. One then shows by a combination of dynamical systems techniques and numerical
computation that the system has a one-parameter family of heteroclinic connections. Of these, a special one corresponds to
a smooth heteroclinic connection for the nonlinear system (5) that in turn gives rise to a coherent localizing structure. The
heteroclinic orbit is represented by the red dotted line if Figure (a), while the variables depicting the velocity v and the strain-
rate u = vx are depicted in Figures (b) and (c), respectively. The rigorous analysis validates the heuristic asymptotic results

(a) The heteroclinic orbit (red dotted line) (b) Localizing strain rate (c) Localizing velocity profile

Figure 1: (a) the heteroclinic orbit; (b) and (c) the emerging structure

in [3] that the onset of localization can be predicted by an asymptotic analysis in the style of the Chapman-Enskog expansion
of the kinetic theory.

CONCLUSIONS

The instability occuring in rate-dependent localization resembles (at the linearized level) the so-called Turing instability
familiar from problems of morphogenesis [5]. The combined effect of Hadamard instability and rate dependence can suppress,
at the nonlinear level, the oscillations and result into a single run-up of concentration that appears like the shear bands observed
in experiments.
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ɂሶ i = Ai
Ce : ൣ൫Eሶ െ Eሶ vp൯ + Ai

Be : Eሶ vp + SE: Se: (Ci: ɂሶ i
vp െ Ce: Ai

Be : Eሶ vp )൧                                         (3) 
ɐሶ i = Ci: Ai

Ce : [Se: ȭሶ + ሺSE െ I4ሻ: ൫ɂሶ i
vp െ Ai

Be : Eሶ vp ൯]                                                      (4) 
where SE is the well-known Eshelby tensor. The macroscopic strain rate Eሶ  and stress rate ȭሶ  of heterogeneous materials 
can be expressed as 
Eሶ = σ fiɂሶ iN

i=1  and ȭሶ = σ fiɐሶ iN
i=1                                                                    (5) 

where fi  is the volume fraction of the i-th grain.ɂሶ i and ɐሶ idenote the average rates of strain and stress in the i-th grain, 
respectively. 

 
RESULTS 

For the irradiated Fe-Cr alloys, both the yield stress and flow stress would be affected by the presence of radiation-induced 
defects. As shown in Fig. 1(a), the yield stress increases from 230 MPa up to 420 MPa for the Fe-9Cr alloy irradiated up to 0.6 
dpa and tested at 573 K. Meanwhile, the strain hardening rate decreases for the irradiated samples. These results correspond to 
the model where the SRCs are treated as weak precipitates under shear. The presence of SRCs with high density significantly 
increases the level of flow stress, and therefore assists the stress activated absorption of DLs. The detailed analysis of different 
hardening contributions to the yield stress measured after irradiation to 0.6 dpa at 573 K is given in Fig. 1(b). 

 

     
 
 

Figure 1. (a) Left: stress-strain curves of irradiated Fe-Cr alloys at 573 K and 0.6dpa. Solid lines are theoretical results and solid 
points are experimental data. The SRCs are treated as weak precipitates under shear. (b) Right: the contribution of different 
hardening mechanisms to the yield stress compared with experimental data for irradiated Fe-Cr alloys at 0.6 dpa and 573 K. 

 
CONCLUSIONS 

 
In this work, we proposed a theoretical model for the thermo-mechanical plastic response of Fe-Cr alloys accounting for the 
neutron irradiation induced defects at elevated temperatures. A CPM accounting for irradiation-induced defects (DLs and SRCs), 
Cr solid solution and grain boundary strengthening is developed to describe the stress-strain responses at the grain level. The 
EVPSC method is then used to obtain the macroscopic behavior of polycrystalline Fe-Cr alloys. Finally, the model is 
parameterized using existing experimental data. The numerical results based on the proposed model indicate that (1) In the non-
irradiated Fe-Cr alloys, the yield stress increases almost linearly with the Cr content, and the solid solution hardening dominates 
at the elevated temperatures, (2) In the Fe-Cr alloys irradiated up to 0.6 dpa, TEM-visible DLs and nanometric SRCs provide 
major contributions to the net flow stress, (3) The analysis of the evolution of DLs and SRCs in conjunction with the plastic 
deformation suggests that the best agreement with the experimental data is achieved if the SRCs are treated as weak obstacles 
under shear. 
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where ூܰ
௨ are the standard FEM shape functions, ܌ூ are the nodal degrees of freedom, ܠ are the coordinates of node ܬ, 

 .is the Heaviside step function, and ݂ఈ is the signed distance to Ȟௗఈ ܪ
It is important to note that a unique feature of the XFEM-DD is that heat generation within the domain is captured by 

considering the motion of individual dislocations as moving heat sources [2]. The heat generated by each moving 
dislocation ߙ at time ݐ is calculated through the rate of work done by the Peach-Koehler force on the dislocation [2]:  

 
ሻݐఈሺݏ ൌ ሻݐሾ۴ఈሺߚ ή  ሻሿ (4)ݐఈሺܞ

where ۴ఈ is the Peach-Koehler force on dislocation ܞ ,ߙఈ is the velocity of dislocation ߙ, and ߚ is a coefficient which 
represents the fraction of work converted to heat. 

Thus, the body heat source term in Equation (2) which represents the heat generated by the motion of all dislocations in 
the domain is 

 

ܵሺܠǡ ሻݐ ൌ  ܠሺߜሻݐఈሺݏ െ ఈሻܠ


ఈୀଵ
 (5) 

where ܠఈ is the position of dislocation ߙ, and ݏఈ  is the heat generated by the motion of dislocation ߙ at time ݐ. 
 

RESULTS 
 

  
Figure 1. Stress-strain behavior at different loading rates without (left) and with (right) thermomechanical coupling [2] 

 
The refined XFEM-DD model will consider inertial effects through augmentation of the governing equations described in the 

last section. Using this model, stress-strain behaviour of the coupled model will be compared to uncoupled results. Simulations 
using the existing XFEM-DD have been able to qualitatively capture the increased importance of thermal effects and impact of 
temperature rise, in particular, softened stress-strain behaviour (see Figure 1) [2]. Accordingly, the relationship between 
temperature rise and increased strain rate of the refined model will be investigated. Finally, the cost-benefit between accuracy 
and computational costs will be assessed with respect to the existing and refined XFEM-DD model. 
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Summary In this paper, the quasi-static plastic deformation of a hot-rolled magnesium AZ31B thick plate is investigated at room temperature
in both tension and compression. A macroscopic two-surface model is used to describe the complex anisotropic behavior of this material.
The model accounts for plastic anisotropy as well as yielding asymmetry due to twinning. The primary deformation mechanisms, glide
by dislocation motion and twinning, are treated separately. A comprehensive database is used for model identification, which includes
specimens along the plate principal directions and off-axes specimens along diagonal orientations in principal planes. Flow stresses and
strain anisotropy (R-value) coefficients are included in the identification procedure. The parameter optimization strategy is presented. It is
shown that the model captures the anisotropic behavior of the material.

MATERIAL AND TESTING

The material used is from a 32mm-thick, hot-rolled AZ31B plate provided by Magnesium Elektron company in the H24
condition (strain hardened and partially annealed) [1]. The plate rolling direction is referred to as L, the long transverse
direction as T and the short transverse or through-thickness direction as S. Specimens are tested in tension and compression
at a strain rate of 10−3 s−1 for loading along principal directions (L, T and S) and along all diagonal orientations within
principal planes (LT, LS and TS) (Fig. 1-a). Uniaxial compression tests are obtained from a previous study [2] with the
experimental procedure described in [1]. These were supplemented with new uniaxial tension tests. All tests were carried out
at room temperature on a servo-hydraulic testing machine under displacement control. A mechanical extensometer was used
to measure axial strains and in addition, each test was paused at regular strain intervals to measure the lateral diameters using
a caliper.

CONSTITUTIVE MODEL

The constitutive model proposed in [3] was used to describe the material elastoplastic behavior. Two plastic yield surfaces
are introduced so as to account for both glide and twinning mechanisms. Each surface describes plastic anisotropy using the
linear transformation method proposed in in Barlat et al. [4] (symmetric yield surface for glide) and Cazacu et al. [5] (non-
symmetric yield surface for twinning). The total inelastic strain tensor results from the additive contribution of glide εg and
of twinning εt.

Plastic deformation due to glide
The model is based on the definition of an effective stress σg function of the stress tensor σ:

σg =

!
1

2

"
|S2

g ↗S3
g |ag + |S3

g ↗S1
g |ag + |S1

g ↗S2
g |ag

#$1/ag

(1)

where S1
g , S2

g and S3
g are the eigenvalues of a modified stress deviator sg defined as: sg = Lg : σ where Lg is a fourth order

tensor which introduces 6 parameters to describe the anisotropic distorsion of the yield surface along the axes of orthography
[4]. The yield surface is expressed as:

Φg = σg↗Rg(pg, pt) (2)

where Rg(pg, pt) corresponds to the flow stress expressed as a function of the cumulated plastic strain due to glide pg and
twinning pt. Rg(pg, pt) is expressed as:

Rg(pg, pt) = R0
g + Q1

g

%
1↗e−b1gpg

&
+ Q2

g

%
1↗e−b2gpg

&
+ Hgpt (3)

Parameter R0
g is set to the yield stress in transverse direction (T). Plastic flow associated to dislocation glide is then obtained

assuming normality as:

ε̇g = ṗg
∂σg
∂σ

(4)

with: σgṗg = ε̇g : σ. This equation provides an implicit definition of the cumulated plastic strain pg .
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Summary Experimental tests under different proportional loading conditions were performed to investigate the constitutive behaviour of a rare-
earth magnesium alloy (ZEK100) rolled sheet at room temperature, under quasi-static conditions. An anisotropic yield function for HCP materials 
with yield asymmetry, CPB06, was calibrated from monotonic experimental data. To evaluate the performance of the yield criterion, non-
proportional experiments were performed with an emphasis on the cyclic shear test. It was observed that although slip and twinning mechanisms 
govern the response of the magnesium alloy under proportional loadings, reversed loadings can activate the de-twinning mechanism as well 
leading to a substantial Bauschinger effect. 
 

INTRODUCTION 
 

Magnesium alloys have the potential for significant weight reduction and improved fuel economy in the automotive industry 
due to their low density and high specific ultimate tensile strength compared to conventional steel and aluminium alloys. 
However, the implementation of magnesium alloys as wrought products is currently limited because of their low ductility at 
room temperature due to a limited number of available deformation mechanisms in their HCP crystal structure. The dominant 
slip systems of magnesium alloys at room temperature are basal slip followed by prismatic and pyramidal slips with higher 
critical resolved shear stress (CRSS). Twinning can also provide an independent deformation mechanism [1]. Under cyclic 
loading with strain path changes, a de-twinning mechanism can also appear [2]. In general, magnesium alloys in the form of 
rolled sheets or extrusions exhibit severe anisotropy and tension-compression asymmetry [3]. 
 
The objective of the present work was to investigate the room temperature constitutive behaviour of a rare-earth magnesium 
alloy sheet, ZEK100, under quasi-static strain rates undergoing monotonic and cyclic loadings. The material was subjected to 
a variety of monotonic and proportional loading conditions including uniaxial tension, equal-biaxial tension, shear, plane-
strain tension and uniaxial compression. Furthermore, the behaviour of the material under cyclic shear condition was 
investigated. Studying the behaviour of the material under both monotonic and cyclic deformation can shed light into the type 
of deformation mechanisms accommodating plastic deformations and provide insight into utilizing suitable constitutive 
modelling approaches for predicting the response of materials. 
 

PROCEDURE, RESULTS AND DISCUSSION 
 
A rare-earth rolled magnesium sheet, ZEK100 (O-temper), with a nominal thickness of 1.55 mm was used in the present study 
(1.3%wt. Zn, 0.2%wt. Nd, 0.25%wt. Zr and 0.01%wt. Mn). The monotonic experiments performed on the ZEK100 were 
selected to cover a wide range of stress states to reveal the anisotropic behaviour of the material. Using the results of 
experimental tests, the CPB06ex2 yield criterion [4] was calibrated for one plastic work level (corresponding to the equivalent 
plastic strain of 0.01 for the uniaxial tension test in the rolling direction). The severely anisotropic behaviour of the material 
is apparent from inspection of the yield surface in Figure 1 with a clear asymmetry between the tension region (first quadrant) 
and compression region (third quadrant). This can be explained by deformation being slip-dominated in tensile loading while 
yielding in compression is mostly governed by the twinning mechanism which activates at lower stresses [3]. Abedini et al. 
[5] has demonstrated the significant evolution of the ZEK100 yield surface with deformation as the shape of the yield surface 
and level of tension-compression asymmetry changes during deformation. At larger strain levels, the yield stress in 
compression eventually becomes larger than in tension.  
 
Fully-reversed cyclic shear tests were performed on the ZEK100 to complete a full cycle and half with a cumulative shear 
strain of approximately15%. The cyclic shear response of the material is plotted in Figures 2 for the shear test loaded in the 
diagonal direction of the sheet with the principal stress components in the rolling and transverse directions. It can be seen 
from Figure 2 that the shear response of the ZEK100 in reversed conditions shows a lower value of yield stress indicating a 
Bauschinger phenomenon that is attributed to the de-twinning mechanisms. This can be explained with the fact that the twin 
nucleation stress is higher than the stress needed for de-twinning for which no nucleation is needed [2]. Furthermore, it can 
be seen from Figure 2 that the second and third yielding regions demonstrate a more gradual yielding compared with the 
abrupt initial yielding transition. It has been reported that twinning mechanisms result in a sharp yielding behaviour while de-
twinning is characterized by gradual yielding [2] indicating again that a de-twinning mechanism is active in reverse shear 
conditions. 



 
Fig 1: CPB06ex2 yield locus at plastic work level of 2.24 MPa (equivalent plastic strain of 0.01). Circles show the experimental results. 

 
Fig 2: Absolute shear stress vs. absolute cumulative shear strain response for the ZEK100 in cyclic condition. The shear response in 

monotonic condition is also plotted for comparison [6]. The vertical axis represents the absolute shear stress. The first region of loading is 
ODEHOOHG�DV�³�´�ZKLOH�WKH�UHYHUVHG�ORDGLQJ�LV�ODEHOOHG�DV�³�´��)LQDOO\�WKH�ODVW�UHJLRQ�³�´�LV�LQ�WKH�VDPH�GLUHFWLRQ�DV�WKH�LQitial loading. 

 
CONCLUSIONS 

 
   Monotonic and cyclic tests were performed on a rare-earth magnesium alloy sheet (ZEK100). It was shown that the monotonic 
response of the ZEK100 is highly anisotropic with tension-compression asymmetry due to the activation of slip and twinning 
mechanisms in tension and compression, respectively. The shear response of the material in reversed loadings exhibited the 
Bauschinger effect indicative of activation of the de-twinning mechanism. Constitutive modelling of the response of the material 
in monotonic and cyclic conditions will be considered in future contributions. 
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ESTIMATION OF SHEAR STRESS IN MACHINING USING THE TEMPERATURE 
DISTRIBUTION ON THE TOOL FACE 

 
Timothy J. Burns1 & Bert W. Rust1 

1Applied and Computational Mathematics Division, NIST, Gaithersburg, Maryland, USA 
 
Summary Given an experimentally determined discrete set of steady-state temperature measurements along the region of contact of the work 
material with the rake face of the tool, an inverse method is used to obtain an estimate of the shear stress in the work material near the tool-
material interface.  
 

INTRODUCTION 
 
   Despite many years of study, the determination of accurate constitutive response models for the flow stress in materials 
for finite-element simulations of high-speed machining operations remains a difficult unsolved problem. Most attempts to 
model the material response using experimental data have been based on direct methods that fit compression test data of small 
samples of the material of interest to a given highly nonlinear constitutive response model. The main problem with this 
approach has been that the conditions under which compression tests can be performed are not nearly as extreme as the actual 
conditions that are present in a typical high-speed machining operation [1], so that a machining process simulation using the 
nonlinear material response model necessarily requires huge extrapolations in order to simulate the cutting conditions. 
  
   One area of machining research in which significant progress has been made in the past few years has been on the 
measurement of the 2D temperature distribution on the chip±tool interface, using infrared thermography. In particular, Menon 
and Madhavan [2] have reported high accuracy temperature measurements during high-speed machining of a titanium alloy, 
using single wavelength thermography with an instrumented transparent tool. For their experimental cutting conditions, they 
have obtained a 1D temperature distribution as a function of distance along the rake face of the tool, along an internal cross 
section of the chip±tool interface, with an estimated combined standard uncertainty of less than 1%.  
 

OUTLINE OF RESULTS 
 
   Motivated by this work, we have been investigating a new approach to the problem of estimating flow stress in machining, 
that is based on an inverse method. By finding an asymptotic solution of a convection-diffusion problem that models the flux 
of heat into the chip and the tool during a cutting experiment, the temperature distribution along the tool face can be shown 
WR�VDWLVI\�$EHO¶V�HTXDWLRQ��D�9ROWHUUD�LQWHJUDO�HTXDWLRQ�RI�WKH�ILUVW�NLQG�ZLWh a weakly singular kernel, convolved with the flow 
stress [3]. Inversion of this Abel transform provides an estimate of the distribution of flow stress in the chip material near the 
tool-chip interface. 
 
   Because the temperature data are experimentally determined, estimation of the flow stress by inversion of the Abel 
transform under these circumstances is an ill-posed problem. In this talk, we will show that the Truncated Singular 
Components Method (TSCM) of Rust [4],[5], which has been successfully used to find approximate numerical solutions of 
Fredholm integral equations of the first kind with noisy data, can also be applied to find approximate numerical so lutions of 
the Abel equation, and thus an estimate of the flow stress in the work material can be obtained. 
  

CONCLUSIONS 
 
   We have applied our method to three sets of temperature data on the tool-chip interface that were obtained in a series of 
orthogonal cutting experiments on AISI 1045 steel by Davies, et al. [6]. In these tests, the cutting speed was held fixed at 
3.7 m/s, and the temperature distribution along the rake face of the tool was determined for three different uncut chip 
thicknesses h1; the temperature results are plotted on the figure below (left). The corresponding estimates of the shear flow 
stress Wf using our method, without correcting for the heat flow into the tool, are also plotted in the figure (right). 
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DISCUSSION 
 
   The initial objective of quantitative predictions has not been achieved yet. Several avenues for improvement have been 
identified, namely, a better characterization of the eigenstrains fields and the correction of a flow in our peening setup. A 
second experimental campaign is on the way at the time of writing. Significant progress in comparison with existing 
procedures has nevertheless been made with regard to the simulation of the process. The idea of working with eigenstrains ± 
well established in other domains like welding and laser peening ± that was so far overlooked by the shot peening 
community enables to: 

(i) Estimate the deformed shape of large parts in a single computational step: since the plastic strain field is not altered 
by the springback of the structure as long as the transformation remains elastic, the introduction of the appropriate 
eigenstrain field yields the expected result provided a potential path dependency is taken into account. 

(ii) Ease the simulation of complex treatments: 
(a) Partition of the finite element model to take into account different (or the absence of) treatments in some areas 

is straightforward. 
(b) Eigenstrains fully characterize the post peening state ([4]) and are mostly independent of the geometry of the 

part ([5]). It is therefore conceivable to establish databases of such profiles that could be used to simulate most 
peening operations from scratch through a procedure similar to the one presented here. 
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Figure 1 ± (a) Eigenstrain profile corresponding to a reference treatment extracted from residual stress XRD measurements 
using the inverse procedure described in [3] ± Deformed shape of a 15mm (b) and 5mm (c) thick AA2024-T51 panel 
subjected to the reference treatment ± (d) Comparison of experimental (left) and numerical (right) out of plane 
displacements for the two panels. The eigenstrain profile from fig1.a has been used for the simulations ± All dimensions are 
in mm 
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Essential and natural boundary conditions are used on the boundaries  
u = u , 
Tn ı  Ĳ , 

respectively, where u  is the displacement vector, u  is the prescribed displacement vector, n  is the unit normal vector 
and Ĳ  is the prescribed traction vector.    
 

SOLUTION PROCEDURE 
 
   Thermo-mechanical rolling simulation starts with creating a uniform node arrangement over the initial computational 
domain or slice. The solution procedure is based on overlapping 8 noded ( 8NZ  ) local influence domains. A function and 
its derivatives can be approximated for a node position using its neighbouring points in a local influence domain. Radial basis 

Functions (RBF), � � � � � �22 2 ,n x xn y ynp p p p c\  � � � �p  c  is set to 32 and first order polynomial functions ( 3pN  ), 

� � � � � �1 2 mean 2 mean1, , ,n n x n yp x p y\ \ \� � �  �  �p p p  are used as approximation functions which are multiplied with 
collocation functions. The details of the calculation of the collocation constants and solution procedure are explained in [8].  
 

NUMERICAL EXAMPLE 
 
  A computer application with user friendly interface has been created to see the results for each slice during the rolling 
simulation. The results can be seen over a specific slice in terms of temperature, displacement, strain and stress fields.  

    
   Figure 1: A rolling schedule which consists of 6 rolling stands, when the initial size of the billet is 105 X 60 mm is 
simulated. The figures of displacement vector field on the left and strain vector component ( xxH ) filed on the right are shown 
for the last contacting slice under the last roll.  
 

CONCLUSIONS 
 

   In this paper, numerical simulation of hot shape rolling of steel is described based on LRBFCM. The solution procedure is a 
carried out by straight forward meshless method based on RBFs. In the calculations, the slice method is used to reduce the 3D 
system to 2D. Thermal and mechanical models are described with their corresponding boundary conditions. An example of the 
simulation results is shown. This paper differs from [7] by inclusion of the ideal plastic deformation.  
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A NOVEL MATERIAL MODEL FOR THE LARGE-SCALE SIMULATION OF
TEMPERATURE DEPENDENT INELASTICITY
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Summary Solder is a fundamental material used to connect chip to chip carrier. The reliability of electronic packaging is limited by the
ability of the chip/chip carrier interconnects (solder balls) to withstand thermo-mechanical strain. The primary cause for this strain is thermal
mismatch in properties among the constituent materials. In this study, a novel material model for simulating the mechanical response of the
solder balls during the packaging process is developed. The model includes Norton creep, J2 plasticity and thermo-elasticity within a finite
strain framework. A finite element based numerical method, together with a return-mapping algorithm, is developed from the constitutive
equations. The numerical routine is implemented into the multi-physics code ALBANY for simulating large-scale solder ball problems on
high performance computers.

INTRODUCTION AND MOTIVATION

Electronic products serve an essential role in our daily lives. During the use of an electronic device information is electron-
ically transmitted between integrated circuits (ICs) . Physically, ICs are small dies made of silicon or other semiconducting
materials that are interconnected by several levels of electronic packaging. The first level of electronic packaging is mounting
ICs on a chip carrier, which protects the die from the environment and makes the device easy to handle [1]. This is the focus
of our work.

Flip chip packaging is a method used in the first-level packaging for interconnecting semiconductor devices, such as IC
chips, to external circuitry [2]. One critical stage in this method is the cooling stage. The composite device that consists of
chip, solder balls and chip carrier undergoes such a cooling stage after the solder balls are melted with hot air reflow. The
cooling stage raises some concerns about the reliability of solder balls. There is often a mismatch of coefficient of thermal
expansion (CTE) between the chip, the chip carrier material, and the solder balls, resulting in a stress across the solder balls [3].
This stress may eventually lead to fatigue failures. The failure of a single solder joint could compromise the functionality of
an entire device.

The mechanical response of the solder ball material is often inelastic, with a rate-independent component (J2 plasticity)
and a rate-dependent component (creep). When modeling the creep response of metals, there are two common choices:
Anand’s creep model and the Norton creep model. Anand’s model is popular, however, it has many parameters which makes
it difficult to calibrate and employ in practice. Norton’s model is simpler with fewer parameters. However, to our knowledge
a finite deformation counterpart of this model that works in concert with rate-independent elasticity has not been developed.
This forms the major thrust of our effort.

MATHEMATICAL FORMULATION

The equation of equilibrium for a material undergoing slow, quasi-static deformation is given by

� �vP + ρ0B = 0, �n B (1)

where ρ0 : B → R is the reference density and B is the body force. P is the 1st Piola-Kirchhoff stress tensor, has the
following relationship with Cauchy stress tensor σ,

P = JσF−T. (2)

Here F is the deformation gradient and J = ���F is the determinate. τ := Jσ is the Kirchhoff stress tensor.
We employ a multiplicative split of the deformation into an elastic and an inelastic part. The stress depends on the elastic

component through a standard compressible, Neo-Hookean relation. The evolution of the inelastic part is governed by an
associative flow rule. The flow rule contains two inelastic strain rates: plastic and creep. The J2 plastic part is driven by a
Von-Mises yield condition, and a strain hardening law.

The creep-rate is governed by a Norton creep model, which can be expressed as,

γcr = A �xp

!
↗Q

R
· 1

T (t)

"
∥s∥c1 (3)

where γcr is creep strain rate, A is a relaxation parameter of the material, Q is an activation energy, R is the gas constant, T
is the absolute temperature at time t, s is a measure of stress and c1 is a stress exponent.

∗Corresponding author. Email: oberaa@rpi.edu
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Summary The results of experimental studies of irreversible deformation of heterogeneous materials that contain micro-cracks, pores, inclusions, 
and other structural heterogeneities are analysed. The dependencies of deformation properties of the materials on loading conditions are examined 
and common mechanisms and some features of their behaviour are specified. The constitutive relations for elastoplastic materials, which 
properties are susceptible to the stress state types are proposed. The features of irreversible bulk deformation are studied and the conditions for 
unique solution of boundary value problem are formulated. The applicability of proposed constitutive relations is demonstrated on the solution of 
plane stress crack problem for materials under consideration. 
 

MECHANICAL PROPERTIES OF HETEROGENEOUS METERIALS 
 
   For heterogeneous materials there is no single curve of the dependence between von Mises equivalent stress and equivalent 
strain. The equivalent stress-strain curves depend on loading conditions [1]. These effects are revealed in structural graphite 
materials, rocks, concrete, refractory ceramics, cast iron, some composite materials and others. The stress state type can be 
defined by the parameter ߦ ൌ ߪ , whereߪȀߪ ൌ ଵ

ଷ    is von Misesߪ  is the hydrostatic component of the stresses andߪ

equivalent stress, ߪ ൌ ටଷ
ଶ ܵ ܵ , ܵ ൌ ߪ െ  . This parameter determines on the average the ratio of normal stresses toߜߪ

shear stresses in solids and it is named stress triaxiality. The mechanical properties of media under consideration can be 
illustrated by experimental data for rocks. Diagrams of the dependence between effective stress ߪ [MPa] and effective strain 

ߝ ൌ ටଶ
ଷ ݁݁, where ݁ ൌ ߝ െ ଵ

ଷ ߝ ,ߜߝ ൌ   is bulk strain, obtained under proportional loading of cylindrical specimensߝ

of white marble are shown in Fig. 1. The experiments were carried out under axial compression and lateral pressure with 
different ratios of axial stress to lateral pressure. Curve 1 corresponds to uniaxial compression, ߦ ൌ െͲǤ͵͵͵, and curves 2±7 
correspond to the following values of parameter ߦ��í�����������í�����������í����������í����������í����������í����������7KH�
samples of white marble had the density 2.71 g/cm3 and the porosity 0.92%. The relation between the hydrostatic component 
of stresses and bulk strain for the same types of proportional loading are shown in Fig. 2. Instead of a single curve there is a 
set of curves ߪ   . It means that the shear and bulk properties of this material are interrelated. From Fig. 2 one can seeߝ
that under conditions of compressive stresses, the dilatation of a material is possible, so that the hydrostatic stress and the bulk 
strain may have different signs, although under the uniform triaxial compression, the material exhibits a linear dependence of 
the bulk strain on the hydrostatic stress. 

  

 
Fig. 1: Equivalent stress-strain curves for 
white marble under different conditions of 
proportional loading. 

Fig. 2: Relations between hydrostatic 
component of stresses and bulk strain for 
white marble. 

Fig. 3: Equivalent stress-
strain curves for cast iron 
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A SLAB MODEL FOR RING ROLLING
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Summary A slab model with non-vertically aligned contact points is coupled with an elastic model of a split ring to model ring rolling. The
slab model uses rigid plasticity and Coulomb friction. The workpiece is assumed to be at yield on the rolls and locally has circular free
surfaces otherwise. The choice of four contact points and two neutral points are used to satisfy force and geometry end conditions within
the roll bite. A variable thickness and variable curvature beam model approximate the split ring. End conditions for both models must be
compatible, producing a coupling between the two models. Additionally, to time step through the process, the plastic deformation within
the roll gap must be estimated and tracked to update the unstressed thickness and curvature of the outer model. Comparisons will be made
to finite element simulations for a range of parameters and several methods of curvature prediction.

INTRODUCTION

Ring rolling is a common forming process to produce metal rings. The thickness of forged ring blanks are reduced while
the circumference is increased by passing the workpiece between two rolls with a separation less than the current thickness to
incrementally thin the workpiece. Analytical models remain of interest as short evaluation are required in closed loop control.

Slab ring rolling models have previously been presented [3, 2], however, none include the behaviour of the elastic ring or
properly treat the positioning of the contact points. Recent slab sheet rolling models have been developed to make curvature
predictions of the workpiece [4, 1] which is necessary for predicting the deformation of the outer ring.

MODEL FORMULATION

Figure 1: Illustration of the ring rolling
process.

During ring rolling, plastic deformation predominantly occurs within the roll
bite, indicated by the shaded region in Figure 1. By assuming it is limited to this
region, the process can be considered in two parts: the ‘inner’ problem of plastic
deformation between the roll bites and the ‘outer’ problem of the elastic ring.
The inner and outer models are coupled by matching forces and geometry at the
entrance and exit to the roll bite.

Roll Bite Formulation
The roll bite model is formulated similar to that in [4]. The rolls are considered

rigid, the workpiece perfectly plastic and transverse material flow is neglected.
Roll-workpiece interactions are modelled with a Coulomb friction model,

τ =
v↗U

|v↗U |µp, (1)

where τ is the shear, p is the roll pressure, µ is the friction coefficient, v is the workpiece velocity on the boundary and U
is the roll velocity. A force balance of each vertical element provides conditions to determine ordinary differential equations
for the mean through thickness shear, τ̄ ; horizontal (in the x direction of Figure 2) stress on the top roll surface, σtop; and
horizontal stress on the bottom roll surface, σbot. To close these equations through thickness variation in horizontal stress is
assumed to be linear and the workpiece is assumed to be at yield when in contact with roll surfaces,

(σx↗σy)2 + (µσy)
2 = k2 (2)

where k is the yield stress in shear. The force balances can then be solved for
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Figure 2: Illustration of the roll bite geometry.

where primes indicate differentiation in x and Fh/v,top/bot is the horizon-
tal/vertical force acting on the top/bottom boundary.

The key development from [4] is to allow the inlet and outlet contact
points to vary. This requires assumed geometry of the free surfaces of the
workpiece to close the force balances in these regions. The geometry is de-
tailed in Figure 2, It also requires six points, where the friction conditions
change, to be determined: inlet contact, neutral point and outlet contact on
the top and bottom rolls.

The surface velocity ratio at the neutral points must equal the roll speed
ratio,

Utop

Ubot
=

v(xN,top)

v(xN,bot)
.

where v(x) = vin∆hin/∆h(x). This condition can be used to solve one
neutral point from the other.

Given the bottom contact point of either end, the top contact point can
be determined using geometry. Assuming both the top free surface of the workpiece and the rolls are circular, as depicted in
Figure 2, the boundary equations are

(x↗x0↗rinsin (θin))
2 + (y↗y0 + rincos (θin))

2 = r2in

x2 + (Rtop + gtop↗y)2 = R2
top.

where gtop is the clearance between the defined axis and the bottom of the top roll. Eliminating y between these equations
produces a quadratic equation for the top contact point.

The remaining three points are then determined to satisfy both inlet and outlet conditions on the mean shear, τ̄ ; top
horizontal stress, σtop; and bottom horizontal stress, σbot.

Ring Formulation
A curved elastic beam model with variable thickness and curvature is used to model the workpiece outside the roll gap as

a split ring. The extent to which the split is separated determines the relative angles, curvature and forcing at the ends of the
ring. These values define the geometry and end conditions of the inner problem so are iteratively solved between both models
to find values that satisfy both.

This formulation requires a known, unstressed thickness and curvature profile. As the process starts with a workpiece of
known geometry this requirement is initially satisfied but subsequent plastic deformations must be tracked as the processes
continues in a time stepping manner. As plastic deformation only occurs in the roll bite, predictions of the plastic roll
reduction and curvature change from the roll bite model are sufficient. Several approximations of curvature prediction have
been proposed in literature [4, 1] and these are compared within this framework.

CONCLUSIONS AND FURTHER WORK

We have extended a slab model to allow the position of the contact points to be determined. This accommodates more
arbitrary end conditions to be coupled to a curved beam model to describe the outer ring of the workpiece. To step forward in
time, as the workpiece is reduced, curvature and thickness predictions are required and must be tracked around the workpiece.
This will be implemented and comparisons will be made to finite element simulations for a range of parameters. Several
existing curvature predictions from slab models will be compared in this application.
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Summary The deformation mechanism of kink bands in a layered solid with a single-slip system is studied. The computational analysis
from our previous work, which used a spring–mass model is developed to discuss the criterion for the kink banding. An idealized model
from a viewpoint of the kinematic condition of compatibility formulated for the development of a ridge-shaped kink structure(RSKS) is
used to explain the results. A theoretical consideration based on the Maxwell stability criterion for the simple idealized model predicts the
dependency of the intensity of interlayer interaction.

INTRODUCTION

Nucleation of kink deformation under a compressive force in the direction parallel to the layers can be regarded as a type
of instability phenomenon[1,2]; the deformation mechanism is closely related to the geometrical nonlinearity of the layered
solid. In our previous works, the kinematic condition of compatibility is formulated for the development of a ridge-shaped
kink structure(RSKS) [3], and computational analysis of kink deformation is carried out using a practical model of layered
ceramics to study the effects of inter-layer slip and delamination[4]. In this study the deformation mechanism is discussed
from the viewpoint of the instability theory based on the Maxwell stability criterion[5].

MODEL AND METHOD OF COMPRESSION TEST

Computational simulation of kink deformation
A specimen of layered solid is compressed parallel to its layers as shown in Figure 1 . The force field of particles system

is given by total energy Φ that consists of contribution of the distance of neighboring particles in the same layer, Φbond,
contribution of the angle of neighboring bonds, Φangle, and nonlinear interaction of different layers, Φinterlayer. Table 1 shows
parameters to study the effects of both intrinsic character of material (the inter-layer strength R and the stiffness of in-layer
bending, Cθ) and external conditions (the velocity of constraint particle, vbc and the stiffness of elastic support, k).

Theoretical prediction of stress–strain relationship
An ideal model of kink deformation is studied for the theoretical prediction of mechanical properties as shown in Figure

2. We use the variables l, h, α, u, α∗, γ(1), γ∗, ω∗ and their associated formulations from Ref. [3]. Under the ideal plasticity
assumption that the resolved shear stress τ∗ = σ sin(2α∗) cos(2α∗) in a RSKS is a constant critical resolved shear stress
(CRSS), τ0, during the development of kink deformation, the nominal compressive stress σ and the nominal strain ε = u/l
are expressed by α∗. The stress σ is evaluated by:

σ = Eε (pre-kinking), and σ = E(ε− εp) (kinking and post-kinking) (1)

where E denotes Young’s modulus. The plastic strain is εp = (h/l)γ(1) = (h/l)[tan(2α∗)− 2 tanα∗].
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Figure 1: Spring–mass model(see Ref. [4])

Table 1: Analysis conditions(see Ref. [4])

Case R vbc/v0 k/Cpair

Case 1 1.0 1.0 10−4

Case 2 1.0 2.0 10−4

Case 3 0.3 1.0 10−4

Case 4 0.3 2.0 10−4

Case 5 0.1 1.0 10−4

Case 6 0.1 2.0 10−4

Case 3s 0.3 1.0 10−3

Case 5s 0.1 1.0 10−3

(1) (1)

(1)
α∗

α α∗∗

γ ∗

α∗

ω∗ ω∗

γ ∗ ∗γ

∗γ

h

γ
(1)

γ
(1)

ω ∗ ω∗

αα
α α

l2

uu

(a)

(b)

Figure 2: A simple model of
RSKS under uniaxial
compressive loading:
(a) initial shape, and (b)
deformed shape (See,
Ref. [3])
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A MEAN-FIELD MODEL FOR TRIP - ALGORITHMS AND PARAMETER
IDENTIFICATION
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2MINES ParisTech, PSL Research University, MAT - Centre des Matériaux, CNRS UMR 7633, BP 87 91003 Évry,

France
3Chair of Engineering Mechanics, University of Paderborn, Warburger Straße 100, 33100 Paderborn, Germany

Summary Recently a meso-macro mean-field model formulated in the framework of viscoplasticity, including backstress effects, has been
proposed to depict the effects of transformation induced plasticity (TRIP) in Maraging steels for non-proportional loadings [1]. This model
has now been implemented in an implicit return-mapping formalism in the finite element code Zebulon. The implementaion is discussed and
the stability of the solution as a function of the time step is compared to an explicit solution. Performance tests for fully implicit and mixed
implicit-explicit solutions are carried out on larger structures. Local divergence issues, arising from the application of the Newton-Raphson
scheme and the strong coupling between the phase fraction and evolution equations are discussed. As a next step a micro-scale model
incorporating realistic transformation strains for lath martensite and crystal plasticity is developed, for the calibration of the macroscopic
transformation yield function as well as stress and temperature dependent kinetics.

For constitutive models capturing dissipative mechanisms, stress update algorithms are always required. In the strain-
driven process within a finite element model, the goal of such update algorithms is the computation of the state variables at
time tn+1 by means of the internal variables at time tn and the current strain tensor. An overview of stress update algorithms
can be found in [2] and in the references cited therein. Here it is pointed out that recently, so-called variational constitutive
updates, which were long known but rarely implemented, are increasingly gaining momentum [3]. Here we follow the
nowadays, most frequently applied implementation scheme, i.e. the so-called return-mapping or projection scheme. Within
this scheme, evolution equations and the flow rule are discretized by a backward Euler time integration and the unknowns
such as the plastic strain increment are computed by solving a system of nonlinear equations, with a standard Newton-
Raphson iteration. In our model, formulated in a small strain formalism at the macro-scale, the interaction of plasticity and
TRIP is taken into account via a coupling of backstresses, supported experimentally by a certain percentage of recoverable
TRIP strain upon load reversal. Evidently, these backstress effects become an issue for non-proportional loading paths, i.e.
whenever the local stress state varies with time. The additional strain rate originating from TRIP is frequently described by a
flow rule in analogy to classical plasticity [4, 5]. The anisotropy of the transformation strain is reflected in the macroscopic
transformation-yield function. Basic ideas on its formulation on the RVE level in analogy to plasticity can be found in [6].
For instance tension-compression asymmetry is achieved with a third invariant. The resulting orientation meanfield tensor
εo, which is purely deviatoric, gives an average value of crystallographic orientation strains arising in the martensitic phase
pursuant to specifically activated martensitic variants. The variant interaction is taken into account on the mesolevel by
introducing an orientation back stress tensor. For the coupling between martensitic transformation and accompanied plastic
deformation, the β-rule [7] has been adopted only for the deviatoric strain parts, meaning that in the austenitic phase plastic
deformation and in the martensitic phase orientation strains and plasticity are taken into account. The volumetric strains are
treated with a linear scale transition rule. Thereby, the Greenwood–Johnson and Magee effect are dealt with separately on the
mesolevel. The modified β-rule also couples the meanfield orientation tensor, with plasticity of both phases on the mesoscale
directly. Therefore, i) each newly growing martensitic domain arises with the meanfield value of those variants preferred due
to the actual phase stress field and ii) further internal variables and evolution equations for orientation induced plasticity can
be omitted. While the direction of microstructure evolution can be described by thermodynamics it is the strong influence
of thermodynamic non-equilibrium mechanisms that entails the large variety and complexity of microstructures. Maybe the
most challenging part of models like this is to quantitatively describe the phase-fraction kinetics depending on the interplay
between stress, strain and temperature rates, by finding relations of reasonable parameters for internal transformation driving
and dragging forces. Note that this can no longer be done on a macroscopic level where only phase-averaged quantities appear,
therefore we develop a model on the microscale within one grain taking into account the highly anisotropic transformation
strains and rate independent crystal plasticity. The model should help to determine suitable parameters for yield functions
such as that of our model [1]. In maraging steels, martensite appears in the form of laths in a hierarchical manner, which
is a general feature of quenched steels with a low or negligible carbon content, such as plain low-carbon steels, low-carbon
and low-alloy steels, and interstitial free (IF) steels [8]. Particularly, laths having the same densest planes ({111}) form
a block, blocks form a packet, where each packet contains exactly 6 variants, and packets partition the grains [9]. Many
models merely use the Bain strains as strain input. However, the Bain orientation relationship does not exist. Therefore, it
is not appropriate for calculating transformation texture [10]. A complete crystallographic set of habit-plane shape strains
calculated from the phenomenological crystallographic-theory of martensite transformations including: The habit plane, the



shape deformation and the orientation relationship (and implicitly the lattice-invariant deformation normally calculated with
a double shear formalism [11].) For the non-thermoelastically grown martensite considered here, the midrib of the lens like
plates (plane of initial, unconstrained growth) can be seen as the habit-plane [12]. The evolution the martensitic variants
is modelled within a visocplastic framework. Let λi be the volume fraction of the i-th variant, then the evolution of each
martensite variant fraction is given by (see [13]):

λ̇i =
1

νtr
⟨Φi

tr⟩
!
Hs[λ

0,λi]
"ntr i > 0 with Φi

tr =
!
Λ0↗Λi

"
↗fc and Hs[λ

0,λi] = (λ0)s1(λi)s2 (1)

where Φi
tr is a overstress function ensuring that variants only start to form out of the austite if the difference between the free

enthalpies of austenite and martensite exceeds an energetic barrier fc [13]. The general formalism for multiple transforming
variants can be found in [14]. At the same time rate-independent single-crystal plasticity for a face-centered cubic lattice is
considered to quantify the plastic deformations in the untransformed austenite.
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MODELING RESULTS 

 
   The internal pressure is plotted in Figure 2 as a function of the radial displacement for models using the Barlat, Hill, and 
von Mises yield surfaces. The Barlat and Hill yield surfaces are two choices one can choose for an anisotropic model, but 
they give significantly different results; the results using the Hill model have a maximum pressure that is approximately 
15% higher than that calculated with the Barlat model. This shows a significant difference in behavior for two models that, 
to the extent that they can, model the same material behavior. 

   We analyze the results to understand the influence of the yield surface on the structural loads. The stress paths are 
plotted in plane stress space in Figure 3. For this load path the effect of the yield surface is obvious. While the yield stress in 
the circumferential direction is the same for all three models, and the yield stress in the axial direction is the same for the 
two orthotropic models, the results are very different, even for the orthotropic models. The shape of the yield surface 
between the two material directions along with the different plastic flow directions leads to significant differences in the 
results. 

   We have many choices for plasticity models, and many aspects of a plasticity model - including the hardening model, 
temperature dependence, and rate dependence - are important. The yield surface, however, is often overlooked. As shown in 
this work, significantly different results can be obtained for models that ostensibly capture the same behavior. 
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Figure 2: The pressure vs. radial displacement curve for the internally 

pressurized cylinder showing significantly different results for 2090-T3 Al. 
 

 
Figure 3: The pressure vs. radial displacement curve for the internally pressurized 

cylinder showing significantly different results for 2090-T3 Al. 
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Summary It was experimentally observed in the literature that damage during low cycle fatigue of polycrystalline nickel-based alloys 
initiates in the areas with highly localized plastic strains. In our study alloy-R88DT with densely populated annealing twins, the interface 
between the twin and the parent grain is especially prone to local damage since it coincides with the slip planes. This is more evident 
when the interface is characterized by high Schmid factors and low elastic modulus grain. Crystal plasticity simulations are performed in 
order to identify numerically the microstructural factors, such as crystalline orientation of the grain±twin pair, elastic properties of the 
grain and twin, twin geometry, promoting high total stain in the material and thus high probability of damage. Maps indicating the strain 
localization are provided in the space defined by grains/twins orientations at high temperatures where multiple types of slip systems are 
activated. 
 

Introduction 
 
R88DT material is a precipitation strengthened polycrystalline superalloy used in the gas turbine disks due to its excellent 
elevated temperature properties such as high tensile strength, superior creep resistance, and high resistance to fatigue crack 
growth. The crack nucleation process at the microscale was studied experimentally [1,2] and location of damage was 
identified. For this material with high annealing twin density, the interface between the twin and the parent grain appeared 
to be the weakest link, especially if it is characterized by a high Schmid factor and high discrepancy in the elastic modulus 
of the two sides of the interface. Using crystal plasticity models, the current study identifies the orientations (of the grain 
and associated twin) for which the interface may experience high plastic deformations and thus high probability of failure.  
First a micro-structurally informed crystal plasticity model was developed at high temperature. Single crystals with 
representative microstructures were created and mechanically tested under different crystallographic orientations for model 
calibration. The model calibrated on single crystal data was then used in a polycrystalline structure to predict the 
macroscopic stress-strain response. Once validated, the model was applied for various grains/twin orientations in order to 
identify the high interface strains scenarios. 
 

MECHANICAL TESTS, CHARACTERIZATION AND MODEL DEVELOPMENT 
 
Tensile and compressive tests of representative material, single crystal oriented in 3 different directions ([100], [110], [111]) 
were conducted at 1200oF. Tensile tests were performed at a strain rate between 1e-3 to1e-4/s while compression tests were 
performed at constant strain rate of 1e-3/s. Selected specimens were deformed to rupture, while others were interrupted 
around 7% strain for microstructure characterizations. The mechanical tests were followed by TEM characterization for 
deformation mechanisms understanding. Mechanisms as plastic slip alongside primary and secondary octahedral systems, 
stacking-faults formation and precipitate shearing have been observed. Their activation was highly dependent on crystal 
orientation. Figure 1 shows the dominant mechanisms for [100] and [111] loading direction. Interestingly strong tension- 
compression asymmetry has been observed at tested temperature in [111] orientation.   
 

 
a) [100] tension sample Pairs of {111}½[011] 

dislocations shearing the precipitates 
 

b) [111] tension sample. Pairs of 1/6[211] 
partials 

Figure1. TEM observations for single grain specimens. Strongly coupled {111}½[011] 
 dislocation pairs observed for [100] oriented sample (a)), dislocation activity in {111}1/6[211] observed for [111] oriented sample (b)) 
(Courtesy of Mallikarjun Karadge, GE Global Research) 
 
The observed mechanisms have been incorporated in a viscoplastic constitutive model and implemented in a finite element 
code based on framework proposed by Lee [4, 5]. The model was able to distinguish the activation of octahedral primary 
and secondary slip systems for different crystallographic orientations, to capture the tension compression asymmetry and to 
predict very well the initial yield values. Applied on the actual samples geometries (cylindrical with circular cross-section) 



 

 

the model captured the ellipsoidal deformed cross section of the tension samples and extensive shearing of the compression 
samples.    

 
Figure 2 Deformed cross-section of the [111] tensile sample as observed in the experiment and predicted by the crystal plasticity model  

 
RESULTS AND CONCLUSIONS 

 
Experimental observations presented in the literature [1, 2] showed correlations between the the high damage probability 
locations and high strains locations (which are most often at the interface between grains at their associated annealing 
twins). Due to the FCC structure of the studied alloy, the interface grain- coherent twin is always in a {111} type of plane. 
Using the calibrated visco-plastic model, we constructed a contour map of the maximum projected strains at the grain ±twin 
interfaces, in a sphere representing the grain orientation (Figure 3c).This type of map can provide a rapid estimation of the 
damage probability when comparing various grains orientation. We observed numerically that the high strains locations are 
cumulated effect of high Schmid factor (Figure 3a)) locations and high grain/twin difference in elastic modulus (Figure 3b), 
in agreement with the experimental observations. The method can be efficiently applied (and maps reconstructed) for 
various stress and temperature levels. 

 

 
Figure 3 Contour maps of the elastic modulus difference, maximum [111] Schmid factor difference and projected strain difference between a 
grain and its associated annealing coherent twin. Each point on the sphere represents a loading direction. Figure 3c ± gives a first order 
indication of the orientations with higher probability of failure (red areas)  
 
The authors would like to acknowledge Shenyan Huang and Mallikarjun Karadge (General Electric Global Research) for their 
contributions to the experimental and microstructural characterization parts. 
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Summary The paper reports results of tests where monotonic deformation was conducted in assistance of cyclic straining in the perpendicular 
direction. Two variants of strain signals combinations were applied, i.e. monotonic tension with torsion cycles and monotonic torsion with 
tension-FRPSUHVVLRQ�F\FOHV��7KH�DPSOLWXGHV�RI�F\FOLF�VWUDLQ�ZHUH�ORZHU�WKDQ������IUHTXHQF\�OHYHOV�ZHUH�VHOHFWHG within the range from 0.005 
to 1 Hz. Independently of the cyclic strain direction applied the material response was similar. A stress reduction with the cyclic strain 
amplitude increase was obtained for direction of monotonic loading. 
 

INTRODUCTION 
 
   An effect of cycles on material subjected simultaneously to monotonic loading was investigated with special emphasis 
to find possible application for technological forces reduction. Such approach is widely used by research groups trying to 
modify the so called KOBO method, [1, 2]. This technique enables to produce tubes, rods and other types of profiles at 
lower forces, than those necessary during conventional processes execution, [3]. In typical procedures an application of the 
KOBO technique enforces large deformation in direction of cyclic loading [1, 2]. However, as it has been shown by other 
researches [4, 5] the same effect can be achieved using cyclic loading of significantly lower strain amplitude. Such aspect of 
analysis is not sufficiently recognized as yet. Therefore, the main aim of this paper is to study variations of stress-strain 
curve due to monotonic deformation assisted by cyclic loading under a range of strain amplitudes and different frequencies. 
 

EXPERIMENTAL PROCEDURE 
 
   The experimental procedure contained three stages. Firstly, monotonic tension and monotonic torsion tests were carried 
out. Afterwards, monotonic tension assisted by cyclic torsion (symmetrical cycles) with step increasing strain amplitude was 
performed. The third stage was planned to have step increasing strain amplitude of tension-compression cycles 
superimposed on monotonic torsion. All tests were performed at room temperature using thin-walled tubular specimens of: 
60 mm ± total length; 15.7 mm ± gauge length; 0.75 mm ± wall thickness, Fig. 1. Axial and shear strain components in the 
form of monotonic and sinusoidal functions were used to control the loading programme, Fig. 2a. In the case of torsion-
reverse-torsion cycles the following magnitudes of shear strain amplituGH� ZHUH� WDNHQ�� ������ ������ ������ ������� ZKLOH�
frequency was equal to 1Hz. The tests to identify a frequency effect were conducted for values lower than 1Hz under 
FRQVWDQW� VWUDLQ� DPSOLWXGH� HTXDO� WR� ������� $Q� LQIOXHQFH� RI� WHQVLRQ-compression cycles on monotonic torsion was 
LQYHVWLJDWHG�IRU�D[LDO�VWUDLQ�DPSOLWXGH�HTXDO�WR��������������������DQG�������� 
  

 
(a) 

 
(a) 

 
(b) 

 
(b) 

Fig. 1. Thin-walled tubular specimen: 
(a) geometry and dimensions, (b) zone for 
location of strain gauges  

Fig. 2. Test details: (a) loading programme, (b) comparison of standard tensile 
characteristic to the responses under combined loading programme illustrated in 
Fig. 2a 

 
 
 
 



RESULTS AND THEIR ANALYSIS 
 
The 14 MoV 6-3 steel commonly applied in automotive industry was selected for testing. It is used to produce car elements, 
engine parts and suspensions��7HQVLOH�SDUDPHWHUV�RI� WKH� VWHHO�ZHUH�DV� IROORZLQJ��<RXQJ¶V�PRGXOXV� - ���î��5 MPa; yield 
point - 523 MPa; ultimate tensile stress - 653 MPa. The representative results from tests are presented in Figs. �·4. As it is 
shown in Fig. 2, the steel in tension direction exhibited significant stress reduction due to presence of torsion cycles. This 
effect became to be stronger with the increase of shear strain amplitude. The tensile stress drop attained 90% for the highest 
strain amplitude considered. Similar effect has been observed during monotonic torsion assisted by tension-compression 
cycles, Fig. 3. Again, with the increase of the cyclic strain amplitude, the shear stress magnitudes diminished dramatically. 
Shear stress drop attained the level of ~30, ~150 and ~200 MPa for cyclic strain amplitude equal to ���������������������
respectively.  
In the final step of the experimental programme an influence of cyclic torsion frequency on the monotonic tension was 
investigated. Three levels of frequency were taken into account: 0.005, 0.05 and 0.5 Hz. In each test the cyclic strain 
DPSOLWXGH�ZDV�WKH�VDPH���������7KH�UHVXOWV�DUH�VXPPDUL]HG�LQ�)LJ�����$V�LW�FDQ�EH�VHHQ��WKH�D[LDO�VWUHVV�ORZHUHG�DURXQG�����
MPa for the lowest frequency considered. For the higher values of this parameter, i.e. 0.05 Hz and 0.5 Hz, such drop was 
equal to 370 MPa and 470 MPa, respectively.   
7KH�H[SHULPHQWDO�REVHUYDWLRQV�ZHUH�PRGHOOHG�XVLQJ�WKH�WKUHH�VXUIDFH�PRGHO�SURSRVHG�E\�0Uy]�DQG�0DFLHMHZVNL�>6]. 
    

  
Fig. 3. Variations of shear stress due to 
presence of step increasing amplitude of 
tension-compression cycles: 1 - 0.1%; 2 - 
0.15%; 3 - 0.3%; 4 - 0.75 %, frequency 1Hz 

Fig. 4. Effect of cyclic torsion frequency 
on tensile curves 

 
SUMMARY 

 
   Stress occurred during monotonic deformation can be significantly reduced by application of cyclic strain in the transversal 
direction. This effect was visible for small values of cyclic VWUDLQ�DPSOLWXGH�DQG�IUHTXHQF\��EHORZ������DQG�����+]��UHVSHFWLYHO\��
In comparison to the initial state even 90 % stress reduction during monotonic loading can be achieved when assisted by cycles.   
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Summary There are given results of experiments over fine grained asphalt concrete on mode of direct tension under constant stress, 
staged and cyclic loading at temperature of 20°ɋ. Curves of creep and long-term strength have been constructed. Essential influence of 
magnitude, duration of loading and resting between loadings on asphalt concrete failure time has been stated. Only 6-7% of strain 
recovers after removing of the load.  
 

INTRODUCTION  
 

   Asphalt concrete is one of the main materials to construct road pavements. Mechanical properties of asphalt concrete 
depend on temperature, magnitude and duration of loading [1]. Under actual road condition, load magnitude of vehicles’ 
wheels on asphalt concrete pavement surface and loading duration change in wide range. Therefore practical importance is 
determination of the mechanical behavior of asphalt concrete taking into consideration changes in mentioned above factors.  
   In this paper there are presented results of experiments over samples (size: 5ɯ5ɯ16 cm) of fine grained asphalt concrete 
prepared using bitumen (grade of 100-130) on scheme of direct tension in different loading regimes at 20 °ɋ temperature. 
70 samples of asphalt concrete were tested.    

 
CONSTANT STRESS  

 
   Testing under constant stress (creep) is one of the basic methods for determine behavior of viscoelastic material [2]. 
Testing of asphalt concrete samples was carried out on special constructed equipment. Obtained results showed that under 
all stresses asphalt concrete samples were failed. Asphalt concrete creep curves have three characteristic sites (Fig.1): the 
site I of unstabilized creep with decreasing rate, the site II of stabilized creep with constant (minimum) rate and the site III 
of accelerating creep with increasing rate which precedes failure. Average relative durations of these sites are equal to 13 %, 
63 % and 24 % respectively.     
   Constructed curve of asphalt concrete long-term strength is satisfactorily approximated by power function. Stress 
change per one order causes changes in failure time of tree orders.    

 
STAGED LOADING 

 
   Under actual road conditions vehicles with different weight parameters move on roads. Their axial loads vary in wide 
range. Sequence of its application also essentially changes. Therefore there were tested asphalt concrete samples according 
to staged loading scheme to estimate influence of loading sequence and its value on asphalt concrete failure.    
   The first sample was loaded by stress equal to 2.29 kg/cm2 (39.4 % from strength) during 40 seconds (loading rate 
0,0573 kg/(cm2Âs) which had not changed for 60 s. Then with the same loading rate the stress was reduced till 1.57 kg/cm2  
which was constant till the sample failure. The sample failure time was 1987 s.  
   The second sample was loaded firstly by stress equal to 1.7 kg/cm2 (27.0 % from strength) with the same loading rate 
which was constant during 60 s. Then the stress was increased till 2.29 kg/cm2 with the same loading rate which was 
constant till the sample failed. The sample failure time was 1024 s.  
   There was established that changes in small and big tension stresses sequences essentially influence on the asphalt 
concrete failure time.  In the case when the sample was firstly loaded by big stresses and then by small ones the failure 
time increases almost for two times than the sample was loaded firstly by small stresses and then by big ones. This fact can 
be explained by the fact that in the first case the duration of acting of big stress is essentially less than duration of acting of 
small stresses.  

 
CYCLIC LOADING  

 
   There are relaxation periods with different durations between loading sequences on roads. The sample of asphalt 
concrete was tested according to the certain scheme to estimate relaxation effect. Firstly the sample was loaded by stress 
equal to 1.38 kg/cm2 (23.8% from strength) with rate equal to 0.0626 kg/(cm2Âs)  which was constant during 120 s. Then 



the sample was unloaded fully with the same rate and it rested during 300 s. That regime of loading-unloading-rest was 
carried out five times. The stress was constant after the 6th time of loading till the sample failure (Fig. 2). Next sample of 
asphalt concrete was tested under constant stress equal to 1.38 kg/cm2 till it failure. The times of the samples failure were 
14 916 s and 5 836 s respectively.  

 
LOADING WITH CONSTANT RATE 

 
   It was established that the asphalt concrete under investigated regimes of loading and temperature has essential 
plasticity: only 6-7% of strain recovers; relaxation between serial loadings essentially increase the failure time - five time 
relaxation with 300 s duration of each  increased the failure time for 2.6 times.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1 Creep curve of the asphalt concrete 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2 Curve of the asphalt concrete deforming at staged loading  
 

   Next samples of asphalt concrete were tested by loading with constant rate till failure. The results showed that 
dependence of strain from stress is nonlinear. The influence of loading rate on asphalt concrete strength was found.  
 

CONCLUSIONS 
 

   Experimental research of fine grained asphalt concrete samples at different regimes of loading showed, that: a creep 
curve has tree stages of deforming; the curve of long-term strength is discribed by the power function; at big loads 
dependence of stress from strain is nonlinear and plasticity is occurs.          
 
References 
[1]  Levenberg E.: Modelling asphalt concrete viscoelasticity with damage and healing. International Journal of Pavement Engineering. 2015: 1-13. 
[2]  Cristensen R.M.: Theory of viscoelasticity: an introduction, Academic Press, NY 1971.  



	

24th	International	Congress	of	Theoretical	and	Applied	Mechanics	

	

SM14	-	Stability	of	Structures	 	

TS.SM14-1.01		 Bigoni,	Davide	-	Flutter	and	dissipation	instabilities	in	structures	subject	to	dry	
friction	follower	forces	(INVITED)		

2766	

TS.SM14-1.02		 Zippo,	Antonio	-	Experimental	investigation	of	dynamic	behaviour	of	pre-
compressed	circular	cylindrical	shell	

	2768	

TS.SM14-1.03		 Ford,	Matthew	-	Buckling	and	collapse	of	the	bicycle	wheel	 	2770	

TS.SM14-1.04		 Formica,	Giovanni	-	Nanocomposite	microbeams	for	sensing	applications	 	2772	
TS.SM14-1.05		 Galich,	Pavel	-	Elastic	wave	propagation	in	highly	deformable	layered	materials	 	2774	

TS.SM14-1.06		 Hadrien,	Bense	-	Instabilities	in	dielectric	elastomer	plates	 	2776	
TS.SM14-2.01		 Paidoussiss,	Michael	P.	-	Dynamics	of	long	tubular	cantilevers	in	axial	flow	

(INVITED)	
	2778	

TS.SM14-2.02		 Hamouche,	Walid	-	Non-linear	dynamic	actuation	of	multistable	shells	(Paper	
Confidential	–	to	be	disclosed	at	later	date)	

		

TS.SM14-2.03		 Hoang,	Tuan	-	Stability	and	buckling	of	a	flat	circular,	intrinsically	curved	filament	
spanned	by	a	fluid	film	

	2780	

TS.SM14-2.04		 Kochmann,	Dennis	-	Transition	waves	in	periodic	multi-stable	mechanical	
systems	

	2782	

TS.SM14-2.05		 Lazarus,	Arnaud	-	Modal	analysis	of	structures	in	periodic	states	 	2784	

TS.SM14-2.06		 Lestringant,	Claire	-	Instabilities	of	a	compressed	hyper	elastic	prism:	
Competition	between	wrinkles	and	creases	

	2786	

TS.SM14-3.01		 Shrivastava,	Suresh	-	Plastic	bifurcation	paradox	for	circular	and	rectangular	
plates	

	2788	

TS.SM14-3.02		 Martin,	Maverick	-	Tape	spring	rod	model	as	a	regularised	Ericksen’s	bar	
involving	propagating	instabilities	

	2790	

TS.SM14-3.03		 Mora,	Serge	-	Gravity	driven	instability	in	horizontal	elastic	layers	 	2792	

TS.SM14-3.04		 Plucinsky,	Paul	-	Interplay	of	wrinkling	and	microstucture	in	nematic	elastomer	
membranes	

	2794	

TS.SM14-3.05		 Psarra,	Erato	-	Instability	of	MRE	film	-	substrate	block	under	magneto	-	
mechanical	loadings	

	2796	

TS.SM14-3.06		 Qu,	Shaoxing	-	Wrinkling	behavior	of	an	inflated	dielectric	elastomer	balloon	 	2798	
TS.SM14-4.01		 Reis,	Pedro	-	Defect-controlled	buckling	of	depressurized	elastic	shells	(INVITED)	 	2800	

TS.SM14-4.02		 Tanaka,	Hiro	-	Transformation	shift	of	periodic	cellular	structure	by	controlling	
internal	stiffness	

	2802	

TS.SM14-4.03		 Wehmeyer,	Steven	-	Non-linear	response	of	elastic	snap-through	structures	 	2804	

TS.SM14-4.04		 Wen,	Guangyang	-	Dynamic	Stability	of	Biaxially	Strained	Thin	Sheets	Under	High	
Strain-Rates	

	2806	

TS.SM14-4.05		 Xu,	Fan	-	On	axisymmetric/diamond-like	mode	transitions	in	core-shell	cylinders	
under	axial	compression.	

	2808	

TS.SM14-4.06		 Yu,	Tian	-	Multi-stability	and	bifurcations	of	thin	bands	 	2810	
PO.SM14-1.01.305		 Aranda-Iglesias,	Damian	-	Oscillatory	behaviour	of	compressible	hyperelastic	

shells	subjected	to	dynamic	inflation	
	2812	

PO.SM14-1.02.306		 Borkowski,	Łukasz	-	Numerical	analysis	of	dynamic	stability	of	plate	by	using	
tools	used	in	dynamics	

	2813	

PO.SM14-1.03.307		 Cottanceau,	Emmanuel	-	A	finite	element/quaternion/asymptotic	numerical	
method	for	the	3D	simulation	of	flexible	cables	

	2815	



	

24th	International	Congress	of	Theoretical	and	Applied	Mechanics	

	

PO.SM14-1.04.308		 Darabi,	Mehdi	-	Dynamic	Instability	of	Antisymmetric	Cross-ply	Laminated	
Composite	Cylindrical	Shell	

	2817	

PO.SM14-1.05.309		 Hollenbeck,	Derek	-	Effect	of	Non-Linear	Constitutive	Law	on	Column	Buckling	 	2819	
PO.SM14-1.06.310		 Kento,	Okui	-	Study	on	desigining	the	superior	crushing	response	of	lightweight	

egg-box	panel	
	2821	

PO.SM14-1.07.311		 Kesari,	Haneesh	-	Enhancement	of	buckling	strength	in	the	tapered	skeletal	
elements	of	marine	sponges	

	2823	

PO.SM14-1.08.312		 Lerbet,	Jean	-	Kinematic	structural	stability	 	2825	

PO.SM14-1.09.313		 Li,	Bo	-	Stability	analysis	of	uniform	deployable	structure	in	compression	 	2827	
PO.SM14-1.10.314		 Liu,	Yang	-	Post-buckling	analysis	of	a	hyperelastic	layer-substrate	structure	

under	compression	
	2829	

PO.SM14-1.11.315		 Liu,	Yuanpeng	-	Torsional	wrinkling	behaviour	of	annular	thin	elastic	sheets	 	2831	

PO.SM14-1.12.316		 Renaud,	Sylvain	-	A	new	approach	to	assess	the	dynamic	sliding	stability	of	
structures:	Application	to	concrete	dams	

	2833	

PO.SM14-1.13.317		 Seraj,	Saemul	-	Dynamic	instability	of	doubly-tapered	rotating	laminated	
composite	beams	

	2835	

PO.SM14-1.14.318		 Singler,	Timothy	-	Thin	film	wrinkling:	A	solid-liquid	interface	instability	 	2837	

PO.SM14-1.15.319		 Slesarenko,	Viacheslav	-	Formation	Of	Wavy	Interfaces	In	Layered	Visco-
Hyperelastic	Composites	

	2839	

PO.SM14-1.16.320		 Tao,	Qiang	-	Bending	capacity	of	inflated	mesh-reinforced-membrane	beam	 	2841	
PO.SM14-1.17.321		 Vaziri,	Ashkan	-	Highly	deployable	multifunctional	cellular	structures	with	

hierarchy	
	2843	

PO.SM14-1.18.322		 Yin,	Jie	-	Harnessing	directed	buckling	for	switchable	conductive	pathway	 	2844	

PO.SM14-1.19.323		 Zheng,	Bin	-	Buckling	distortion	of	aluminum	plates	under	non-uniform	welding	
stress	field	

	2846	

PO.SM14-1.20.324		 Zou,	Shibo	-	Unfolding	process	of	coiling	fibers	made	by	instability-assisted	fused	
deposition	modeling	

	2848	

	 	



 

 

a) Corresponding author. Email: davide.bigoni@unitn.it 
 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada  

FLUTTER AND DISSIPATION INSTABILITIES IN STRUCTURES  
SUBJECT TO FRICTION FOLLOWER FORCES 

 
Davide Bigoni1, Oleg Kirillov2, Diego Misseroni,1 Giovanni Noselli,3 Mirko Tommasini1 

1DICAM, University of Trento, Trento, Italy 
2Russian Academy of Sciences, Steklov Mathematical Institute, Moscow, Russia 

3SISSA, International School for advanced Studies, Trieste, Italy 
 
Summary Flutter and divergence instabilities are theoretically and experimentally analyzed in elastic structures with internal and external 
damping. Despite of the fact that only the former (and not the latter) was believed to be a destabilizing effect, it is theoretically demonstrated 
that the external damping plays a role similar to internal damping, so that both yield a pronounced destabilization paradox (in the Ziegler sense). 
This finding and other features of the Beck and Pflueger columns are substantiated by an experimental campaign in which the follower forces 
are obtained via dry friction with a newly designed experimental apparatus. 
 

INTRODUCTION 
 
   Flutter and divergence instabilities may occur in elastic structures subject to tangential follower loads and well-known 
examples are the Ziegler double pendulum and the Beck and Pflueger columns [1, 2]. A key point in these mechanical 
frameworks is the realization of the follower force, which has been long debated and often considered of impossible 
practical realization, as discussed in detail by Elishakoff [3]. 
The controversy about the realization of the force was definitively solved by Bigoni and Noselli [4], who showed how to 
realize a follower tangential force in the Ziegler pendulum via Coulomb friction. Their idea, sketched in Fig. 1, was to 
provide the follower force through a wheel of negligible mass mounted at the end of the Ziegler double pendulum and 
constrained to slide against a frictional plane. 
 
 

 
 
Fig. 1 Sketch of the experimental setup to realize a follower tangential force in the Ziegler double pendulum (figure adapted 

from [4]) 
 
 

THE (;3(5,0(17$/�5($/,=$7,21�2)�7+(�%(&.¶6�&2/801 
 
   The experimental realization by Bigoni and Noselli was found unsuitable for the analysis of the Beck and the Pflueger 
columns, because if the ellipse of inertia of the cross-section of the rod to be tested is elongated, lateral torsional buckling 
occurs and if the ellipse of inertia of the cross-section of the rod is a circle, flexure involves large deformation, too large to 
produce the force necessary to flutter. Therefore, a new apparatus has been designed, following the scheme reported in Fig. 
2 and realized.  
 
   The new experimental setup allows the first realization of follower tangential forces on elastic structures and allows a 
systematic investigation of flutter, divergence, and dissipation-induced instabilities. In these experiments, internal and 
external damping play a chief role, so that the effects associated to these two types of damping have been thoroughly 



 

 

investigated. From theoretical point of view it is shown that external damping plays a destabilizing role qualitatively similar 
to internal damping [5], a feature previously not believed, and which is now also experimentally confirmed. 
 
 
 

 
 
 

Fig. 2 Sketch of the experimental setup to realize a follower tangential force in the %HFN¶V�FROXPQ 
 
 
 
   The experimental realization of the follower force also permits the investigation of the so-FDOOHG�µ=LHJOHU�GHVWDELOL]DWLRQ�
SDUDGR[¶��ZKHUH�WKH�FULWLFDO�IRUFH�IRU�IOXWWHU�LQVWDELOLW\�GHFUHDVHV�E\�DQ�RUGHU�RI�PDJQLWXGH�ZKHQ�WKH�FRHIILFLHQW�RI�LQWHUQDl 
damping becomes infinitesimally small. This instability is important since it represents an example of dissipation-induced 
instability (in the sense explained in [6]) and the experimental setup allows for the first systematic investigation of this 
instability. 
 

CONCLUSIONS 
 

   A theoretical framework and an experimental setup have been proposed for the investigation of flutter and divergence 
instabilities in elastic continuous structures, in the presence of internal and external damping. Results confirm theoretical results 
that were demonstrated a long time ago, but never experimentally verified and pave the way to the realization of self-oscillating 
mechanisms of completely new design.  
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#0-C-?7-914-5;)3C)5)3@:1:C>):C+)991-,C6<;C>1;0C)5C67-5C3667C*@C)C:15-C:;-7C.964C		���AC;6C
����A�C>1;0C)C:;-7C.9-8<-5+@

6.C	��C�AC�15C:64-C;-:;:C9-,<+-,C;6C��	�AC;6C*-;;-9C9-�5-C;0-C:;<,@��C�)+0C9<5C:;)9;15/C.964C;0-C01/0-:;C.9-8<-5+@C�
����A�

;6>)9,:C;0-C36>-9C.9-8<-5+@C�		���A�C)5,C*)+2>)9,:�C-)+0C;14-C=)9@15/C;0-C4)/51;<,-C6.C;0-C6:+133);165:C/-5-9);-,C.964

;0-C:0)2-9�C.964C��	C$C>1;0C9-/<3)9C:;-7:C6.C��	C$C<7C;6C;0-C4)?14<4C=)3<-C6.C	��C$�C#0-:-C:>--7:C>-9-C9-7-);-,�C*6;0C;0-
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��

�

��

� )9-C=)91-,�C#0-C79-::C:@:;-4C)336>:C;6C=)9@C;0-C:;);1+C)?1)3C36),C.964C)
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�11� �C		����� �C$-36+1;@C=:C�):-C�++-3-9);165

�5C),C06+C:-;<7C0):C*--5C,-=-367-,C15C69,-9C;6C4-):<9-C*6;0C;0-C,@5)41+C36),C)5,C;0-C)4731;<,-C6.C=1*9);165C65C;0-C:0-33

:<9.)+-�C;-:;:C)9-C7-9.694-,C);C,1..-9-5;C79-36),:C)5,C,1..-9-5;C)4731;<,-:C6.C;0-C)?1)3C,@5)41+C-?+1;);165�C;0-@C0)=-C:06>5

;0-C-?1:;-5+-C6.C565C315-)9C*-0)=16<9C15C+-9;)15C15:;)*131;@C9)5/-:�C�0)6:C1:C.6<5,C)5,C)C=-9@C>-33C,-�5-,C:6.;-515/C*-0)=16<9

+)5C*-C6*:-9=-,C;6/-;0-9C>1;0C)C8<):1C7-916,1+C)5,C4<3;173-C7-916,1+1;@�C�65C315-)9C,-7-5,-5+-C6.C;0-C9-:765:-C65C;0-C79-36),

7)9)4-;-9C1:C6*:-9=-,�C�<9;0-9C-?7-914-5;:C)5,C+699-3);165C>1;0C5<4-91+)3C)5,C;0-69-;1+)3C46,-3:C5--,C;6C*-C7-9.694-,C15

69,-9C;6C.<33@C<5,-9:;)5,C;0-C6*:-9=-,C70-564-5)�
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���C�::<-:C	B
�C��C�)@C
����C )/-:C

��

�C�""�C��

����&

�����

���

��� � � �

�

�

� � ��� ��

�:).-;@C3141;C;6C)=61,C:0)2-9C,)4)/-��C!-:<3;:C)9-C79-:-5;-,

.69C79-36),C=)3<-:C6. )5,C.69C,1..-9-5;C=63;)/-C3-=-3:�C"@4*63: )5, 4-)5C,-+9-):15/C�,�C,6>5�C)5,C15+9-):15/

�<�C<7�C.9-8<-5+@C:>--7C�C#0-C,@5)41+C)?1)3C36),�C;0-C3);-9)3C=1*9);165C)5,C;0-C)++-3-9);165:C);C;67C)5,C*):-C6.C;0-C:0-33C)9-
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)/9)4C6.C3);-9)3C=-36+1;@

,91=-C=63;)/- ,

�1/<9-C��C%);-9.)33C6.

3);-9)3C =-36+1;@C ,91=-

=63;)/- ,

#)*3-C	�C 615+)9-C4)7:�C70):-C,1)/9)4:�C:7-+;9<4C)5,C;14-C01:;69@C);

� � � �

��� � � �

������
���


	���������

� � � �

� � � ��

������������� � �������������� � 
������� � ������������

��
� � ���� � �
� � � � 
� � ��� � �
�

���


��

���


�

��


�

��


�& ��!������

�
��
��
��

�$
�

�#�"%� �&����	���������'

��	� � ���� � �	� � � � 	� � ��� � �	�

���	

��

���	

�

��	

�

��	


����������

�
�
��
��
�
��
�

������������������������

� � � � � � � � 	 � 

��

�	

��
��

��
�

��
�

�!#����'����#�"%� �&

�
&
 
��
!
��
��
�
�

�#�"%� �&����	���������'

� � ���� � ���� � ���� � ���	

����

��
�

����

�
�

�


�

���

������$�

�
&
 
��
!
��
��
�
�

�#�"%� �&����	���������'

�1� �C		����� �C$-36+1;@C=:C�@5)41+C�6),��� � � �� � ��� ��

�	�� � ���� � � � ��� � 	��

���


��

���


�

��


�

��


��$��������$
�
�

�
��
��
��

�$
�

�#�"%� �&����	���������'

�	�� � ���� � � � ��� � 	��

���


��

���


�

��


�

��


��$��������$
�
�

�
��
��
��

�$
�

�#�"%� �&����	���������'

� � � � � � � � 	 � 

��

��

��
��



����������������������������������	���������������������������������������
�


������ �>%,&:&.(>8+((.>,4>$>23(453(44('>4536&563(�>5+(>5(04,10('>421-(4>+1.'>5+(>3,/>60'(3>&1/23(44,10�>�5>&$0>%6&-.(>'6(>51>5+(>(.$45,&

(0(3*:>4513('>'63,0*>&104536&5,10>13>)31/>(95(30$.>.1$'4�>�+,4>%6&-.,0*>/1'(�>-0180>$4>$><5$&1=>13><215$51>&+,2=>'6(>51>,54>4$''.(�.,-(

4+$2(�>&$0>3(46.5>)31/>(,5+(3>1)>581>3(.$5('>)$,.63(>/(&+$0,4/4>�
�>(.$45,&>%6&-.,0*>60'(3>60,)13/>421-(>5(04,10�>$0'>���>':0$/,&>&1..$24(

8+(0>.1$'('>5+316*+>5+(>+6%�>�:0$/,&>)$,.63(>,0,5,$5(4>)31/>.1&$.>%6&-.,0*>1)>5+(>3,/>0($3>5+(>31$'>&105$&5�>�(>'(3,7(>$0>$0$.:5,&$.

(923(44,10>)13>5+(>%6&-.,0*>5(04,10>)13>$0>60.1$'('>8+((.>$0'>4,/6.$5(>8+((.>&1..$24(>64,0*>010�.,0($3>�0,5(�(.(/(05>&$.&6.$5,104�>�(

23(4(05>$>.18(3>%160'>)13>5+(>.1$'>$5>8+,&+>421-(4>8,..>%6&-.(�>�(>�0'>5+$5>,0&3($4,0*>421-(>5(04,10>,0&3($4(4>5+(>)$,.63(>.1$'�>60.(44>5+(

421-(>5(04,10>,4>&.14(>51>5+(>%6&-.,0*>5(04,10�>,0>8+,&+>&$4(>5+(>8+((.>8,..>&1..$24(>60'(3>(7(0>$>4/$..>',4563%$0&(�

������	�&���&�	�����	�

�+(>3,/>1)>$>&107(05,10$.>%,&:&.(>8+((.>,4>&100(&5('>51>5+(>+6%>%:>$>4(5>1)>4.(0'(3>421-(4�>�$&+>421-(>(9(354>$>3(4513,0*

)13&(>10>5+(>3,/>2312135,10$.>51>5+(>'(�(&5,10>1)>5+(>3,/>$5>5+$5>21,05�>�)>5+(>421-(4>$3(>&.14(.:>42$&('�>5+(>3,/>&$0>%(>/1'(.('

$4>$>&637('>%($/>10>$>&105,06164>(.$45,&>)160'$5,10>"
#�>�+(>)160'$5,10>45,))0(44>,0>5+(>3$',$.>$0'>.$5(3$.>',3(&5,104>$3(

��� �
���

���

���� �� � � ��� �
���

���

�	
� �

�

�
�

8+(3(  ,4>5+(>06/%(3>1)>421-(4� � $0' � $3(>5+(> 160*�4>/1'6.64>$0'>&3144�4(&5,10$.>$3($>1)>$>421-(� ,4>5+(>3,/

3$',64�


� ,4>5+(>.(0*5+>1)>$>4,0*.(>421-(�>$0' ,4>5+(>,0&.,0$5,10>$0*.(>1)>$>421-(>165>1)>5+(>&(05(3>2.$0(>1)>5+(>8+((.�

�(>�345>'(3,7(>$0>$0$.:5,&$.>41.65,10>)13>5+(>&3,5,&$.>5(04,10>%$4('>10>5+(>23,0&,2.(>1)>45$5,10$3:>215(05,$.>(0(3*:�>�+(

453$,0>(0(3*:>,4>'(&1/214('>,051>&1/210(054>)13>3,/>%(0',0*�>5134,10�>421-(>'()13/$5,10�>$0'>$>010�.,0($3>&1053,%65,10>)31/

5+(>&1/23(44,7(>)13&(>,0>5+(>3,/�

�

� �

���#$��&�%������&%���"&%��� "�&#! ��&$��#� �

� ��	� ���
� ���
�� ��	
	��	��� "�#�>�(&1/214,0*>5+(>'()13/$5,10>,051>$>4(3,(4
1)>4,0641,'$.>/1'(4>$0'>4(55,0*>5+(>4(&10'>7$3,$5,10 ��

���

8+(3( ,4>5+(>3,/>%(0',0*>45,))0(44� ,4>5+(>3$5,1>1)>5+(>5134,10>51>%(0',0*>45,))0(44 �>$0' ,4>5+(>/1'(>06/%(3�

�

�

�
 � 	���
 �

��

� ����"��!��������

� � �	�

.($'4>51>$0>(923(44,10>)13>5+(>&3,5,&$.>%6&-.,0*>5(04,10�

�
�
�
�
�!
"�
��
�
�
!
!
��
�
��

�
�

���

�

���

���

���

	��


��

�� � 	� � �� � �� � ��� � ���

�
�

��

��


�

��



��

"�"���!"�����!!

��� ���

���

���

��

��

��

�

�

���

� �

�,*63(>
>�$�>�1'(>45,))0(44>)13>5+(>�345>5+3((>3,/>/1'(4>$0'>5+(>17(3$..>8+((.>45,))0(44�>�+(>8+((.>%6&-.(4>8+(0>5+(>45,))0(44

1)>/1'( ��>*1(4>51>;(31�>�%�>�6&-.('>8+((.>7,(8('>)31/>$%17(�>�&�'�>�,0641,'$.>'()13/$5,10>/1'(4�

�

�

�

�

�

�133(4210',0*>$65+13�>�/$,.>/)13'�6�0135+8(45(30�('6

���

��

����>������>�
���>�6*645>�	
��>�1053($.�>�$0$'$

���
�	��&���&�������&�&���&�	�����&�����

�$55+(8>�13'

��

�

�




�

�>�,>!+$0*

�

�

��

�>$0'>�.68$4(:,>�$.1*60




�>�




�

������������������������������������	���������������������������������������
�

�
��

�



���� ���	�
�

�
����
�� � ���

"/,A*522(69,A25(+A+,6,4+9A54A:/,A803A(4+A9651,A6856,8:0,9�A(9A=,22A(9A:/,A9651,A:,49054�A�4*8,(904.A9651,A:,49054A.,4,8(22?

04*8,(9,9A:/,A);*1204.A25(+A),*(;9,A:/,A9651,A9?9:,3A*(4A),(8A(A/0./,8A25(+A),-58,A+,:,4905404.A�45:,A:/,A454�204,(8A),/(<058

04A�0.;8,A
A�*���A�5=,<,8�A0-A:/,A9651,A:,49054A09A*259,A:5A:/,A*80:0*(2A);*1204.A:,49054A68,+0*:,+A)?A�7;(:054A
�A,<,4A(A93(22

+09:;8)(4*,A=022A2,(+A:5A-(02;8,�

�������������������������

�� � �	 � �� � �	


�
��
��
�
��
��
�
�
��
��

�

�

	�

���

�	�

���

�	�

���

�	�

�����	���
����	����
����
	���

� � 	

��� � ���

�������������������������

� � ���


�
��
��
�
��
��
�
�
��
��

�

�

���

���

���

	��

��������������������������������������
$/,4A(A)0*?*2,A=/,,2A9;6658:9A(A<,8:0*(2A25(+�A:/,A25(+A09A9;6658:,+A)?A9/58:,404.A5-A(A-,=A9651,9A;4+,84,(:/A:/,A/;)A&�'�

�-A:/,A25(+A09A.8,(:A,45;./A:5A*(;9,A9651,9A04A:/09A@54,A:5A259,A:,49054A,4:08,2?A2,(<04.A:/,A803A;49;6658:,+A2(:,8(22?�A:/,A=/,,2

=022A);*12,A25*(22?A=/0*/A2,(+9A:5A*(:(9:856/0*A-(02;8,�A�?4(30*A�40:,�,2,3,4:A903;2(:0549A5-A=/,,2A*522(69,A8,<,(2A(A-(02;8,

685*,99A<,8?A90302(8A:5A:/(:A=/0*/A=(9A7;(20:(:0<,2?A+,9*80),+A)?A�8(4+:A&�'�A"/,A-(02;8,A685*,99A09A35+,2,+A04A����#!

�>620*0:A;904.A),(3A,2,3,4:9A-58A:/,A803A(4+A9651,9A��0.;8,A
��

"/,A25(+�+0962(*,3,4:A*;8<,A-58A(A25(+,+A=/,,2A,>/0)0:9A454�204,(80:?A+;,A:5A);*1204.A5-A04+0<0+;(2A9651,9A;4+,84,(:/

:/,A/;)�A$,A35+,2A:/09A),/(<058A)?A04*2;+04.A(A-5;4+(:054A?0,2+A9:8,99� 	

���

�

�

���

�����������������������

� �

�0.;8,A
�A�(�A�5(+�+0962(*,3,4:A*;8<,A-58A=/,,29A=0:/A+0--,8,4:A9651,A:,490549�A�)�A!4(69/5:9A-853A(A903;2(:054A5-A=/,,2

*522(69,�A!651,9A(8,A/0++,4A-58A*2(80:?�A�*�A�536(80954A),:=,,4A+08,*:A4;3,80*(2A952;:054A=0:/A����#!A�>620*0:A�*08*2,9�

(4+A*54:04;;3A),(3A54A,2(9:0*�62(9:0*A-5;4+(:054A35+,2A�8,+A204,��

"/,A9:8,4.:/A5-A(A)0*?*2,A=/,,2A09A56:030@,+A:/85;./A*556,8(:0<0:?A),:=,,4A:/,A803A(4+A:/,A9651,A9?9:,3�A"/,A9651,9

3;9:A),A:0./:A,45;./A:5A8,909:A+,:,4905404.A=/,4A:/,A=/,,2A09A25(+,+A(4+A:/,A803A3;9:A),A9:0--A,45;./A:5A+09:80);:,A:/,A25(+

5<,8A9,<,8(2A9651,9�A"0./:,404.A:/,A9651,9A),?54+A:/,A*80:0*(2A:,49054A+,9*80),+A)?A�7;(:054A
A=022A*(;9,A:/,A=/,,2A:5A);*12,

=0:/5;:A(4?A,>:,84(2A25(+�A$,A+,9*80),+A:/,A3,*/(4093A5-A=/,,2A*522(69,A:/85;./A4;3,80*(2A903;2(:0549A(4+A+,80<,+A(A25=,8

)5;4+A-58A:/,A*80:0*(2A25(+A-58A9651,A);*1204.A04A�7;(:054A��A"/,9,A8,9;2:9A*(4A),A;9,+A)?A+,90.4,89A(4+A=/,,2);02+,89A:5

56:030@,A=/,,2A9:8,4.:/A-58A+0--,8,4:A80+,89A(4+A*54+0:0549�

�

�	������	��


���������

�� ��

�

&	'A�066(8+A����!�A�8(4*09A$����A�4A(A"/,58,:0*(2A(4+A�>6,803,4:(2A�4<,9:0.(:054A5-A:/,A!:8,99,9A04A(A (+0(22?A!651,+A$08,A$/,,2A;4+,8A�5(+9A(6620,+A:5

:/,A 03� � �����A66�A
���
��A	��
�

&
'A�0A%�A��A(4+A��A��A�8(+-58+A��A���A�2(9:0*A�,>;8(2�:589054(2A);*1204.A5-A*54:04;5;92?A8,9:8(04,+A(8*/,9� � �A66�A

���
�

�A
��


&�'A�;8.5?4,A��A��A(4+A�023(./(40(4A ��A�0*?*2,A$/,,2A(9A�8,9:8,99,+A!:8;*:;8,� � �A66�A������A	����

&�'A�8(4+:A��� �A�<5*,:�A�(25A�2:5�A	����

�

���������������������

��������������������

������������

	���������
��

04A:/,A*54:04;;3A,2(9:0*A-5;4+(:054

35+,2�A"/,A?0,2+A9:8,99A8,68,9,4:9A:/,A(<,8(.,A204,A25(+A(:A=/0*/A:/,A9651,A259,9A:,49054�A$,A0362,3,4:A:/09A35+,2A;904.A(

*;9:53A454�204,(8A�40:,�,2,3,4:A*5+,A��0.;8,A
A�*���A�A25=,8A)5;4+A-58A:/,A549,:A5-A9651,A);*1204.A09A.0<,4A)?

��

��

���



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

NANOCOMPOSITE MICROBEAMS FOR SENSING APPLICATIONS
Marek Cetraro1, Walter Lacarbonara ∗1, and Giovanni Formica2

1Department of Structural and Geotechnical Engineering, Sapienza University of Rome, Rome, Italy
2Department of Studies on Structures, Rome Tre University, Rome, Italy

Summary The nonlinear dynamic behavior of nanocomposite microbeams excited near the primary resonance of the lowest modes is
investigated towards wide-band mass sensing applications. The aim of the study is to exploit and expand the frequency bandwidth of
the microdevice taking into account both the nonlinear bending effect of the frequency response and the significant frequency shift of the
frequencies due to the variation of carbon nanotubes (CNTs) volume fraction, a control parameter in the process design of the nanocomposite
material. A nonlinear inextensible Euler-Bernoulli model is employed to describe the large bending motions [1], and the Ehelby-Mori-
Tanaka theory [2] is used to obtain an equivalent elastic law for the employed two-phase material. The nonlinear equation of motion
is discretized via the Galerkin method, the eigenvalues analysis is carried out to detect the frequency shift and the nonlinear frequency
response is unfolded and characterized using a pathfollowing technique.

INTRODUCTION

A great deal of research is being focused on the design and manufacturing of microdevices such as accelerometers, gy-
roscopes, microswitches for electronic circuits, gas sensors, miniaturized devices for structural health monitoring and signal
filtering. A lot of these microelectromechanical (MEMS) devices can be realized using microbeams designd to operate under
static or dynamic conditions near resonances.
An example of a micromechanical resonant gas sensor was proposed in [3] to perform high-quality measurements of the level
of matter in rarefied chemical vapors. The microcantilever was designed so that a portion of its surface could absorb a specific
type of molecules (matter) which, in turn, shifts the resonance frequency. Thus the frequency shift is used as indirect measure
of the level of matter in the gas in which the beam oscillates. A nonlinear study of a gas sensor was presented in [4] where
both the static and dynamic behaviors of the electrostatically actuated device were studied to avoid the pull-in which would
prevent the sensor from working.

EQUATION OF MOTION

For an inextensible Euler-Bernoulli nanocomposite beam (see Fig. 1 left), the full nonlinear equation of motion expanded
up to third order is given by the following nondimensional integral-partial-differential equation [1]:
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where v represents the bending displacement, k is the equivalent nondimensional bending stiffness that is a nonlinear function
of the CNTs volume fraction φc, the Young modulus and Poisson coefficients of the polymer hosting matrix (EM, νM) and
CNTs (EC, νC). The 3D constitutive equations for the nanocomposite reduced to a plane stress state (Saint-Venant conjecture)
are used to obtain the generalized stress resultants in terms of the beam generalized strains.

EIGENVALUE AND FREQUENCY RESPONSE ANALYSIS

The eigenvalue problem was first solved varying the volume fraction of CNTs. The results in Fig. 1 show that the
frequencies increase with increasing CNTs volume fraction while no appreaciable differences exist using different polymeric
matrices such as PEEK or Epoxy.
The frequency-response curves for the lowest three modes, for different excitation levels, are reported in Fig. 2 portraying a
hardening behavior of the first mode and a softening behavior of the second mode. Moreover, Fig. 2 (right) shows a number of
frequency-response curves obtained, at a given excitation amplitude, for various volume fractions. The peaks of the resonance
curves decrease with the growth of CNTs volume fraction. A closed-form formula, useful for design, that predicts the peak
resonance amplitudes was obtained. The (dashed) curve shown in Fig. 2 is an excellent approximation of the microbeam
behavior also in the nonlinear range.

∗Corresponding author. Email: wlater.lacarbonara@uniroma1.it
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Figure 1: Carbon nanotube composite microbeam model (left). Variation of the lowest five nondimensional beam frequencies
with the CNTs volume fraction. The solid line indicates Epoxy nanocomposite microbeams, while the dotted-dashed line
describes PEEK nanocomposite microbeams.

Figure 2: Frequency-response curves of the lowest two modes of the micro cantilever for fixed values of CNTs volume fraction
(φc = 0.1%), for different excitation amplitudes (left). ω0 is the first natural frequency, Ω is the excitation frequency.

CONCLUSIONS

The eigenvalue and path following analyses of nanocomposite microbeams in large-amplitude bending showed that the
frequency bandwidth of the device, thought as a microresonator sensor, can be expanded using both the frequency shift due to
variations of CNTs volume fraction and the nonlinear bending of the frequency-response curves. Experimental work is being
carried out starting from the fabrication of arrays of microbeams.
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ELASTIC WAVE PROPAGATION IN HIGHLY DEFORMABLE LAYERED MATERIALS

Pavel I. Galich∗1 and Stephan Rudykh1

1Department of Aerospace Engineering, Technion – Israel Institute of Technology, Haifa, Israel

Summary Elastic wave propagation in highly deformable layered matter with compressible neo-Hookean phases is investigated. The explicit
relations of the phase and group velocities in the finitely deformed incompressible layered materials are derived by utilizing an exact
analytical solution for the finitely deformed incompressible laminates. Moreover, based on the expressions of the phase velocities for the
finitely deformed compressible homogeneous material, the phase velocities of pressure and shear waves propagating orthogonally to the
layers in the finitely deformed compressible laminates are estimated.

INTRODUCTION

Elastic waves have been treated in detail due to doubtless significance for many fields: ranging from seismology to
medicine. The change in the media properties, stress-strain state and stiffening effects [1] can significantly transform elastic
wave propagation. Remarkably, even relatively simple homogeneous materials can be utilized to achieve acoustic function-
alities such as disentangling of pressure and shear waves by application of the certain deformation [2]. Recently, fabricated
materials (referred as acoustic metamaterials) have attracted considerable attention due to acoustic properties which are not
commonly observed in natural materials, i.e. negative elastic moduli or/and mass density (which can result in a negative
refractive index, for example). Particular case of these metamaterials is capable of large deformations materials, referred as
the soft metamaterials, which open the promising opportunities of manipulating the acoustic properties by deformation. Thus,
elastic waves can be tuned by designing microstructures, which can be further actively controlled by external stimuli, for
example, by mechanical loading [3], electric or magnetic field.

The heterogeneity of the matter together with the deformations can stimulate the development of elastic instabilities [4, 5].
These sudden and reversible geometry transformations can be employed to change the acoustic characteristics [3]. On the
other hand, mechanical stimulus applied to the inhomogeneous media influences elastic waves by the change in the local
properties, for example, local softening/hardening. We show that the local deformations significantly influence elastic wave
propagation even if the geometry of the material does not tangibly change [6].

ANALYSIS

In this work, we focus on the metamaterials with the periodic microstructures (i.e. phononic crystals), which have attracted
considerable attention recently due to possibility of phononic band gaps (BGs). A specific case of the generic periodic
materials is the class of layered structures (see Fig. 1). Layered phononic crystals are easy to build in contrast to sophisticatedly
microstructured ones, while ,as we will show later, they can produce similar acoustic characteristics, actively tuned by the
application of deformation.

Figure 1: Schematic representation of the periodic layered material made out of two alternating phases with volume fractions va and vb = 1− va.

∗Corresponding author. Email: galich@technion.ac.il
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where χe = xe/L. The parameter f is related to the degree of streamlining of the free end. Thus, f → 1 for a well-streamlined
end, and f → 0 for a blunt one; generally, f < 1. It is also supposed that the bending moment at the free end is approximately
equal to zero: (∂2η/∂ξ2)ξ=0 = 0.

If the flow past the cylinder is laterally confined, the added mass is no longer ρA but χρA, where χ = [(D2
ch+D2)/(D2

ch↗
D2)] > 1, Dch being the diameter of the confining flow channel, and equations (1) and (2) need to be slightly modified; e.g.,
the first term in square brackets in (1) becomes χu2(∂η/∂ξ) rather than u2(∂η/∂ξ). With increasing χ the cylinder is generally
less stable.

Typically, the system with a pinned upstream end develops stationary yawing and divergence at low flow velocities and
flexural instabilities at higher ones (Figure 2). For a clamped rather than pinned upstream end, stationary yawing does not
arise, but the flexural instabilities do. An interesting feature of the dynamics is that there is a location along the cylinder where
the flow-induced tension vanishes, and downstream of that point the cylinder is under compression [5].

may obtain

1
3 mþMð ÞL3þ fMþmð ÞseL2
h i

€ϑþ MUL2þ1
6 ρDUCNL3þ1

6 ρDCDL3þ fMUseL$ fMUL2þ1
2 ρDUCNseL2

h

þ1
2 ρDCDseL2

i
_ϑþ 1

4 ρDU
2CNL2$ fMU2Lþ1

2 ρDU
2CNseL

h i
ϑ¼ 0: ð26Þ

Eq. (26) is the equation of motion of a rigid pinned-free cylinder in axial flow. In this equation, the first bracket
represents the total mass (i.e. structural massþadded mass) moment of inertia, the second bracket the fluid-related
damping, and the third bracket the fluid-related stiffness. For a second-order linear differential equation in the form of
a€zþb_zþcz¼ 0 with a40, similar to the one presented in Eq. (26), it is well known that a negative c results in a divergent

Fig. 6. Variation of critical flow velocity (ucr=εn , where εn ¼ ð1=2Þεcf ) for static and dynamic instabilities of a flexible, neutrally buoyant (i.e. β¼ 0:5) pinned-
free cylinder as a function of εcf (εcf ¼ εcN ¼ εcT ). The numerical results obtained via Galerkin's method are shown as ∆ for f¼0.7 and as ◯ for f¼1.0. The
solid line shows the results obtained analytically via the Adomian Decomposition Method; the dashed line shows the linear interpolation on the numerical
results. Other system parameters are cb ¼ 1$ f , c¼0, χe ¼ 0:00667, χe ¼ 0:00785.

Fig. 7. A rigid pinned-free cylinder undergoing a rotational motion.

Fig. 8. A rigid pinned-free cylinder with the forces and moment acting (a) on it and (b) on the tapering end-piece.

M. Kheiri, M.P. Païdoussis / Journal of Fluids and Structures 55 (2015) 204–217 213

Figure 2: The dimensionless critical flow velocity ucr for divergence and flutter, divided by ε∗ = 1
2εcf , where cf = cN = cT

is the frictional drag coefficient.

Early work suggested that the system remains stable for all flow velocities if it is sufficiently long. More recently, however,
it was found that flutter may occur even for very long systems [5,6], provided that the free end is not too blunt, as seen in
Figure 2. The oscillatory motion is concentrated near the free end.

The theoretical predictions of the dynamics and stability are in good agreement with experimental observations.
Interesting dynamics is also displayed by the ‘reverse flow’ system, where the flow is from the free downstream end

towards the supported end [7,8]. Flutter-like motions occur at low flow velocities (u = 0.3↗0.�). At higher flow velocities,
the oscillation ceases, and eventually a static divergence takes place. Agreement between theory and experiment is good
qualitatively, and reasonably good quantitatively.

CONCLUSION

The dynamics of a cantilevered cylinder (truly cantilevered or with the upstream end pinned) in forward and reverse axial
flow has been studied, and it is shown that the system is subject to both static and dynamic instabilities, with the static ones
occurring first for forward flow and last for reverse flow.
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STABILITY AND BUCKLING OF FLAT CIRCULAR CONFIGURATIONS OF A CLOSED,
INTRINSICALLY CURVED FILAMENT SPANNED BY A FLUID FILM

T. M. Hoang and Eliot Fried∗
Okinawa Institute of Science and Technology Graduate University, Onna, Okinawa, Japan 904-0495

Summary We study stability and buckling behavior of generic flat circular configurations of flexible but inextensible loops made from
filaments with intrinsic curvature and spanned by liquid films. Three dimensionless parameters govern stability and buckling. Of these, the
dimensionless surface tension of the liquid film and the ratio of torsional rigidity to flexural rigidity of the filament are familiar from previous
works. The remaining parameter, namely the dimensionless intrinsic curvature of the filament, captures the influence of the curvilinear rest
configuration. In-plane and out-of-plane buckling modes corresponding to stable solution branches that bifurcate from the branch of flat
circular solutions are found to exist. The critical value of the dimensionless surface tension needed to induce out-of-plane buckling is found
to be less than that needed to induce in-plane buckling. The destabilizing influence of the intrinsic curvature can nevertheless be countered
by increasing the torsional rigidity relative to the flexural rigidity.

PRELIMINARIES

Consider a flexible loop made from a filament, with uniform circular cross section and mechanical properties, spanned by
a liquid film. Let the filament be modeled as an inextensible and unshearable rod with midline C. Suppose that the rod has
intrinsic curvature κ0, bending rigidity a > 0, and twisting rigidity c > 0. Additionally, let the liquid film be modeled as a
surface S endowed with uniform tension σ > 0. Assume that the curve C has no points of self-contact, that the surface S is
orientable, and that the midline C of the rod and the boundary ∂S of S coincide, so that C = ∂S.

Let t denote a unit vector field to C and introduce a consider field d satisfying

|d| = 1 and d · t = 0. (1)

Consistent with the special Cosserat theory of rods, the orthonormal triad {t,d, t × d} provides a material frame for C. By
(1)2, d lies in the cross-section of the rod and admits a representation

d = cosψp + sinψb (2)

in terms of the normal and binormal elements p and b of the Frenet frame {t,p, b} of C. Using a prime to denote differentia-
tion with respect to arclength along C, consider the curvature vector κ and the twist density ω of C, as defined by

κ = t′ and ω = (d× d′) · t. (3)

Let n denote a unit normal field for S, in which case the mean curvature S by given by

H = −1

2
divSn, (4)

where divS denotes the surface divergence operator on S.
Bearing in mind the foregoing assumptions and notation, suppose that the total free-energy E of the system is of the

particular form

E =

!

C

1

2
(a|κ− κ0d|2 + cω2) +

!

S
σ. (5)

On denoting the radius of the loop by R, simple considerations lead to three potentially significant dimensionless parameters:

α =
c

a
> 0, β = Rκ0 ≥ 0, η =

σR3

a
> 0. (6)

EQUILIBRIUM CONDITIONS

Granted that the system is mechanically isolated, the equilibrium conditions can be derived by requiring that the first
variation δE of E obeys δE = 0. These amount to a condition

H = 0 (7)

on S along with two conditions

(a((κ− κ0 cosψ)p)′ − cωκb− c(κ−1ω′b)′ − λt)′ + σt× n = 0 and cω′ = aκ0κ sinψ, (8)

on C. In (8), λ is a Lagrange multiplier needed to ensure that the constraint of inextensibility |t| = 1 holds, κ = |κ|. The
equilibrium conditions (7)–(8) are satisfied for any flat circular configuration of the system. For κ0 = c = 0 the equilibrium
conditions (7)–(8) reduce to those of Giomi & Mahadevan [1] and Chen & Fried [2]. For κ0 = 0 the equilibrium conditions
(7)–(8) become those of [3].

∗Corresponding author. Email: eliot.fried@oist.jp



STABILITY RESULT

An equilibrium state in which S has unit normal n and C has unit tangent t, unit normal p, director d with the form (2),
and curvature κ and twist density ω determined by (3)2 is stable if and only if the second variation δ2E of E obeys

δ2E =

!

C
a((1− κ0κ−1 cosψ)|u′′|2 + κ0(κ

−1 cosψ (p · u′′)
2

+ 2 sinψ(p · u′′) + κ cosψ(δψ)2))

+

!

C
λ|u′|2 + c((δω)2 − ωt · (u′ × u′′)− ω′δ(κ−1b) · u′′) +

!

S
σ((divSu)2 − tr((∇Su)2) + |(∇Su)n|2) ≥ 0 (9)

for all u = δr, where r denotes any parameterization r of S with restriction to C satisfying r′ = t. For a loop made from an
intrinsically straight filament, κ0 = 0 and (9) simplifies to a condition derived by Biria & Fried [4]. In particular, the stability
condition (9) is satisfied for a flat circular configuration of the system if the following inequalities hold:

0 ≤ η ≤ min
"

3, 6

#
1− (α+ β)β

4α+ β

$%
, 0 ≤ (α+ β)β

4α+ β
≤ 1. (10)

When κ0 = 0, (10) reduces to the condition η = 3 obtained by Giomi & Mahadevan [1], Chen & Fried [2], and Biria & Fried
[4]. Hereafter, we assume that κ0 > 0.

BIFURCATION RESULT

Buckling occurs if and only if the linearization of the equilibrium equations (7)–(8) about a trivial solution (i.e. a flat
circular configuration) has a nonvanishing solution. This yields to the following results:

A stable bifurcation from the flat circular solution branch to a flat noncircular solution branch occurs at η = 3 if the
intrinsic curvature κ0 satisfies

κ0 ≤
1

2R

#&
α2 + 7α+

1

4
− α+

1

2

$
. (11)

From (11), the maximum allowable value of κ0 corresponding to the onset of bifurcation occurs increases monotonically with
the ratio α = c/a. Increasing c relative to a therefore increases the value of κ0 at which the bifurcation from the trivial
solution branch to the flat noncircular solution branch occurs.

Alternatively, a stable bifurcation from the flat circular solution branch to a saddle-like out-of-plane solution branch occurs
at η = 6

'
1− (α+β)β

4α+β

(
< 3 if the intrinsic curvature κ0 satisfies

1

2R

#&
α2 + 7α+

1

4
− α+

1

2

$
≤ κ0 ≤

1

2R

#)
α2 + 14α+ 1− α+ 1

$
. (12)

Since the critical value of η in this case increases monotonically with α for any choice of β > 0 but decreases monotonically
with β > 0 for any choice of α, and since the permissible range of κ0 determined by (12) increases monotonically with α, it
follows that the destabilizing influence of κ0 can be countered by increasing c relative to a.

CONCLUSIONS

We synopsized results concerning the stability and buckling behavior of a generic flat circular configuration consisting
of a liquid film spanning a flexible loop made from a filament with a curvilinear rest configuration characterized by the
presence of intrinsic curvature. We found in-plane and out-of-plane buckling modes. The critical value of the dimensionless
surface tension required to induce out-of-plane buckling is less than that required to induce in-plane buckling. However, the
destabilizing influence of the intrinsic curvature of the filament can be neutralized by increasing the torsional rigidity relative
to the flexural rigidity.
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TRANSITION WAVES IN PERIODIC MULTI-STABLE MECHANICAL SYSTEMS

Dennis M. Kochmann∗1, Neel Nadkarni1, and Vidyasagar Vidyasagar1
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Summary Multistable mechanical systems possess more than one stable equilibrium configuration; examples include buckling structures
as well as crystalline solids undergoing solid-solid phase transitions or ferroelectric switching. Under external loading, such systems
can produce strongly-nonlinear transition waves that switch between equilibria; this process is commonly accommodated by interfacial
motion (e.g., of phase boundaries or domain walls). We will derive the fundamental underlying dynamic theory and demonstrate – through
simulations and experiments – that it applies equally to the snapping of periodic buckled structures and ferroelectric ceramics.

INTRODUCTION: INSTABILITY-INDUCED TRANSITION WAVES

Instabilities in solids and structures are ubiquitous across length and time scales, and our engineering design principles
commonly aim to prevent those. In recent years, engineering mechanics has undergone a paradigm shift towards taking
advantage of instabilities. At the core of all instabilities lies a non-convex energy landscape that is responsible, e.g., for
phase transitions, localization, and structural buckling. Among others, such systems can give rise to strongly nonlinear
transition waves that switch between stable configurations (e.g., between phases or between buckling modes). Understanding
the underlying dynamic phenomena enables us to understand the physics of various microscale phenomena as well as to create
new interesting mechanical systems that exploit the effects of instability. Therefore, we have developed the underlying theory
and studied its application to selected examples including periodic snapping structures for mechanical logic and nonlinear
diodes, and domain switching in ferroelectric ceramics.

UNDERLYING THEORY OF NONLINEAR DYNAMICS

We consider a periodic lattice whose elastically-connected elements are attached to nonlinear multi-stable potential energy
landscapes. Examples of this scenario include periodic chains of elastically-coupled masses attached to buckled beams [1, 2]
as well as ferroelectric ceramics whose potential energy is multi-welled with respect to the atomic-scale polarization [3]. As a
result, phase or domain boundaries exist which separate regions of homogeneous configurations. Under external loads, those
boundaries move, thereby producing a kink transition wave whose propagation gradually switches the system locally from one
stable configuration into another. This process is observed in a myriad of physical systems spanning length and time scales
from atomistics to macroscopic structures. Based on the nature of the physical process, such systems are characterized as
non- or weakly-dissipative, dissipative, or diffusive. Non- or weakly-dissipative models have been used to explain phenomena
such as dislocation motion, ferromagnetic domain wall motion, dynamics of CNT foams, or lattices of bistable structures [1].
By contrast, diffusive or dissipative kinetics play an essential role in describing the physics of, e.g., ferroelectric domain
switching, magnetic flux propagation in Josephson junctions with tunneling losses, pulse propagation in cardiophysiology and
neurophysiology, sliding friction, or under-damped commensurate phase transition to name but a few (see [4] and references
therein). Although numerous theoretical studies have been devoted to characterizing the motion of phase boundaries partic-
ularly in 1D periodic physical, chemical or biological systems, the lessons learned almost exclusively apply to special cases
only, owing to the variety of nonlinear interaction potentials and non-convex on-site potentials. Here, we present a surprisingly
simple universal energy law that applies to all of the above dissipative and diffusive systems and uniquely links speed and
profile of transition waves to the energetics and kinetics of the periodic system. In non- or weakly-dissipative systems, the
energy is described well by its Hamiltonian which remains approximately constant as the wave propagates. However, energy
transport in dissipative or diffusive lattices is not well understood at present. Therefore, we focus on the dynamics of diffusive
and dissipative systems and derive an explicit energy transport law for such lattices [4].

APPLICATIONS: SNAPPING STRUCTURES AND FERROELECTRIC SWITCHING

We consider two particular applications. On the one hand, mechanical transition waves are found in structures undergoing
coordinated snap-buckling. Such a scenario arises, e.g., in periodic chains of elastically-coupled masses, where each mass is
exposed to a bistable on-site potential (e.g., because it is attached to a pre-buckled membrane, as shown in Fig. 1). Despite the
highly-complex geometry and the strongly-nonlinear interactions between the individual masses and the nonlinear potentials
of the buckled members, the resulting transition wave obeys a surprisingly simple linear scaling law which relates the kinetic
energy of the wave, the wave speed, the linear damping inherent in the system, and the difference in potential energy between
the two buckled states of the bistable elements.

∗Corresponding author. Email: kochmann@caltech.edu
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TAPE SPRING ROD MODEL AS A REGULARISED ERICKSEN’S BAR INVOLVING
PROPAGATING INSTABILITIES

Maverick Martin∗1,2, Stéphane Bourgeois1, Bruno Cochelin1, and François Guinot2
1LMA, Centrale Marseille, CNRS, UPR 7051, Aix-Marseille Univ, F-13451 Marseille, France

2Thales Alenia Space, Cannes, France

Summary This paper focuses on a tape spring rod model with an up-down-up elastic bending constitutive equation that explains the creation
of localised folds which involve propagating instabilities. A simplified version of a recently published planar rod model with flexible cross-
section is presented and analysed as a regularised Ericksen’s bar problem. This simplified model allows to estimate the characteristic length
of the transition zones that govern numerical simulations.

THE BENDING-FLATTENING MODEL FOR PURE BENDING TEST

An original model of tape spring has been recently proposed by Guinot et al. [1]. This model is based on the reduction
of a classical shell model into a thin-walled planar rod model with flexible cross-section. This model has been improved by
Picault et al. [2] and extended to 3D motions [3]. It has been implemented in a finite element software and simulations have
demonstrated its ability to account for complex behaviour of tape springs such as the creation of localised folds. However,
a fine mesh is required to obtain reliable results whereas the use of coarse mesh leads to numerical issues that generate
perturbations on the overall response. In order to investigate these numerical troubles, a simplified version of the planar
rod model developed in [2] is presented in this work. Considering the pure bending test, additional assumptions lead to a
model with only two kinematic variables : the opening angle βe of the cross-section (Figure 1(a)) and the rotation angle θ
of the cross-section assumed to remain orthogonal to the centerline (Figure 1(b)). Only two coupled phenomena are kept :
the bending of the centerline and the flattening of the cross-section. Let s1 be the normalised curvilinear abscissa along the
centerline. The strain energy of the rod model is expressed with the normalised longitudinal curvature θ̃,1a and the normalised
transverse curvature β̃e :

ue(θ̃, β̃
e) = 2D (βe

0)
2
! l
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2
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+
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12a2 (βe

0)
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in which a is the half-length of the cross-section, h its thickness, l = L/a is the normalised length of the tape spring, βe
0 is

the initial opening angle. D = Eh3

12(1−ν2) is the shell flexural rigidity with E the Young’s modulus and ν the Poisson’s ratio.

+

-

Cross-section plane

Tape spring 

centerline

Figure 1: (a) and (b) definitions of variables βe and θ. (c) Tape spring deformed shape for an opposite-sense bending test and
(d) the related moment-rotation curve obtained with an arclength continuation method for both coarse and fine mesh.

∗Corresponding author. Email: martin@lma.cnrs-mrs.fr
aX,1 refers to the derivative of X over the curvilinear abscissa s1.



The pure opposite-sense bending test described by Seffen and Pellegrino [4] consists in applying two opposite rotations θi
around e2 at ends. During this test, a localised fold appears and the deformed shape involves three distinct zones : the folded
area where the cross-section is flattened (βe = 0), the non-deformed zones (βe = βe

0) and the transition ones. The moment-
rotation curve obtained with an arclength continuation method is plotted in Figure 1(d) for both coarse and fine mesh. The
plateau results from propagating instabilities that occur during the growth of the fold at the constant propagating fold moment
M∗. This plateau is affected by oscillations which amplitude and frequency depend on the mesh density.

LINK WITH THE ERICKSEN’S BAR PROBLEM

Taking the curvatures θ̃,1 and β̃e as constants along s1 leads to the up-down-up law shown in Figure 2(a), which can be
seen as the local constitutive bending equation. This kind of law generates jumps between two deformation states at M∗

(Maxwell load) corresponding to the equality of energies represented by areas A1 and A2 in Figure 2(a).
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1

Figure 2: (a) Up-down-up behaviour law and corresponding propagating fold moment M∗. (b) Value of longitudinal curvature
θ̃,1 (red) and opening angle β̃e along a half tape spring and associated characteristic lengths lθ and lβ .

Considering the equilibrium of a bar with an up-down-up constitutive equation, Ericksen [5] has shown that the continuum
problem has an infinity of solutions, and that jumps occur for the mesh-dependent discrete problem. Truskinovsky [6] has
introduced high-order terms that regularise the problem in order to obtain a unique solution. Regarding equation (1), one can
see the presence of the first derivative of the transverse curvature β̃e which has a regularising effect on the model. Because of
this term, jumps of solution are replaced by rapid transitions over some short characteristic lengths. As illustrated in Figure
2(b), estimates of characteristic lengths lθ and lβ linked to θ̃,1 and β̃e are found with the simplified proposed model. A reliable
solution for the discrete problem is obtained when the size of elements is smaller than lθ, which is found to be shorter than lβ .

CONCLUSION

Starting from a complete planar rod model with flexible cross-section, a simplified bending-flattening model has been
created. This model helps to point out the origin of numerical instabilities which are observed during finite element simulations
with coarse mesh. The presence of the first derivative of the transverse curvature β̃e introduces characteristic lengths related
to transition zones where propagating instabilities occur. Numerical issues are avoided when the length of elements is shorter
than the smallest characteristic lengths. Because numerical issues have been solved, authors are now able to determine the
optimal mesh density to perform finite element simulations.
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their size depend on the shear modulus (Fig.1-e,f,g) and of the thickness. Flipping again the container (so that the free surface
is horizontal and upward) leads to the perfectly flat surface we started from.
To obtain quantitative information about the surface deformation, a regular light grid is projected about the free surface (Fig.
2-a). If the free surface is flat, the image of the grid is not distorded (Fig.1-a). It is warped if the free surface is deformed,
this distorsion is the bigger the surface is more deformed (Fig.1-b-g). To measure the distortion, a rectangular lattice is fitted
with the recorded images (Fig. 2-b). The deviation is plotted as a function of α = ρgh/µ in Fig.2-c. Fitting functions
a + b(α↗α∗)c with these data gives α∗ = �.05 ± 0.25, demonstrating the existence of an instability threshold at α∗ (Fig.
2-c). The elastic layer remains flat for α < α∗, and it is unstable in the opposite case.
A linear analytic calculation taking into account the interplay between elasticity and gravity yields an instability threshold
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Figure 2: Quantitative analysis of the surface distortion. (a) Experimental setup. (b) Full circles: intersections of the
distorted lines of the grid observed on a sample (µ = �1.5 ± 0.5 Pa). Solid lines defined the grid that best fits the observed
one. (c) Square root of the mean squared error with the grid that best fits the observed one as a function of α = ρgh/µ with
g = 9.81m · s−2 (full circles). The solid line is the best fit with the power law a + b(α↗α∗)c. We find α∗ = �.05 ± 0.25.

for ρgh/µ = �.223 · · ·, in nice agreement with the experiments.
A surprising and striking non linear feature of the instability (well beyond the threshold) is the difference in the observed

patterns between snapshots (f), (g) and (h) of Fig.1, all the three corresponding to the same shear modulus with the same con-
tainer size. The first two are directly obtained from a gel of �0 ± 0.5 Pa at room temperature. The third one is obtained after
cooling sample of Fig.1-(f,g) upside down from 50 degrees down to room temperature. The shear modulus correspondingly
decreases from �� ± 0.5 Pa to �0 ± 0.5 Pa. The cooling takes place gradually from the boundaries towards the center of
the sample, resulting in shear modulus gradients until thermal equilibrium is reached. The dramatic difference between the
observed patterns highlights the existence of several equilibrium configurations. This must be related to a complicated energy
landscape with several local minima far from the instability threshold, providing a particularly interesting challenge for non
linear physics and morphogenesis. Somehow the notion of instability as introducing a kind of free choice in the evolution of
a system shows up here. It implies that the ultimate state reached after such an instability depends not only on the growth of
the unstable structure itself but also on uncontrollable or at least hard to control small effects, like various inhomogeneities in
space and time. This is clearly evidenced in our experiment.

These results open the way for further fundamental studies, for instance concerning the dynamic formation and the large-
scale organization of the patterns, which are both of great importance for non linear physics and morphogenesis. RTI in
solids should also be found in more complex situations, such as biology, geology and industrial processing, with visco-plastic,
visco-elastic or non-isotropic materials. Moreover, the instability is expected to occur to structures subjected to more extreme
conditions (high accelerations, strong and non-uniform gravitational fields) where the direct observation is hardly possible.
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WRINKLING BEHAVIOR OF AN INFLATED DIELECTRIC ELASTOMER BALLOON 
 

Guoyong Mao, Xiaoqiang Huang, Junjie Liu, Mazen Diab & Shaoxing Qua)  
Department of Engineering Mechanics, Zhejiang University, Hangzhou, Zhejiang, China 

 
Summary Wrinkles are often observed in a dielectric elastomer membrane when it is pre-stretched, inflated and then 
electromechanically activated. In this study, a hybrid experimental and analytical study is conducted to investigate the role of various 
parameters, i.e., the initial pre-stretch, initial inflation pressure and applied voltage, on the wrinkling behavior of an inflated dielectric elastomer 
balloon, such as the nucleation sites, critical voltage and type of wrinkles. Snap-through instability and electrical breakdown of the activated 
membrane are also analysed. Three-dimensional phase diagrams that delineate the different operation conditions of the activated dielectric 
elastomer membrane are constructed to aid designing soft actuators. 
 

INTRODUCTION 
 
   Dielectric elastomer (DE) as one kind of electroactive polymers, has attracted extensive studies in the field of smart 
materials and structures, due to its superior properties, such as voltage-induced large deformation, fast response, quiet 
operation, high energy density, light weight and low cost. DE is widely used as a soft transducer with unique 
electromechanical property [1]. A typical DE transducer is composed of a DE membrane sandwiched between two 
compliant electrodes (such as carbon grease). When subjected to a high voltage, the DE membrane contracts out-of-plane 
and extends largely in-plane. 
   Usually, a DE membrane undergoing large deformation can experience three types of failure: mechanical, electrical and 
pull-in instability. This electromechanically-induced large deformation needs to be studied and understood in order to 
control it and tailor it to suit the applications as soft transducer. Generally speaking, instabilities, including pull-in instability, 
snap-through instability, wrinkling and creasing, may lead to the failure of DE structure. Therefore, suppression of such 
instabilities is very important. On the other hand, mechanical instabilities accompanied by large deformation can, if 
rationally harnessed, pave the way for new functions and applications. 
   Recently, we conducted experimental and theoretical studies to investigate the wrinkling instability of a pre-stretched 
DE membrane subject to a combination of internal pressure and high voltage [2]. We set up the analytical model for the 
inflated DE membrane and study the wrinkling instability of the balloon considering the effect of pre-stretch, initial 
inflation pressure and applied voltage [2]. We then create a bifurcation diagram that delineates homogenous zone, snap-
through instability and wrinkle instability for the DE membrane. 
 

EXPERIMENT 

   The experimental setup is schematically shown in Fig. 1 of our previous publication [2]. Wrinkles are observed when a 
step voltage is applied on the inflated DE balloon. The substantial observations are summarized in the following. (i) The 
geometric characteristics of the wrinkle morphology and the nucleation sites depend on the inflation pressure, the applied 
voltage, and the prestretch. (ii) The critical voltage to nucleate wrinkle decreases as the inflation pressure increases. (iii) The 
location to nucleate the wrinkle shifts from the center to the boundary of the membrane as the inflation pressure increases. 
(iv) The wrinkle morphology changes from stripe-like wrinkles to labyrinth-like wrinkles when increasing the voltage. (v) 
The nucleation sites and types of wrinkles with initial pre-stretch near 1 are different from the above observations with 
larger pre-stretches. 
 

THEORETICAL PREDICTIONS 
 

The experimental results showed that the nucleation sites and pattern are dominated by the initial inflation pressure and 
the voltage. Moreover, pre-stretching the DE membrane can affect wrinkling instability of the inflated DE balloon. In the 
following, analytical study is necessary to predict the wrinkling behavior of the DE membrane as a function of the pre-
stretch, initial inflation pressure and voltage. In our study, the DE membrane is modeled using the membrane theory, and 
the key assumptions in deriving the analytical model are stated as follows: (i) The shape change of the DE membrane during 
charging is assumed to be negligible; (ii) The total stress (S+) in the current configuration is the sum of the mechanical stress 
(S-) due to the mechanical loading and the compressive Maxwell stress (-S+M) induced by the electric field; (iii) If either of 
the two in-plane stress components, Si+ (i = 1, 2) becomes negative, the membrane wrinkles immediately12. If s2

+ < 0 and 
+ +
1 20.5s s! , stripe-like wrinkles along the circumferential direction nucleate. If 1s

" < 0, 2s
"

 < 0 and + +
1 20.5s s# , 

labyrinth-like wrinkles emerge. We developed the governing equations for this problem [2]. 
 



RESULTS  
 
  The experimental and analytical predictions show that the nucleation sites and patterns of the wrinkles of an inflated 
dielectric elastomer membrane are dependent on the initial inflation pressure, the voltage applied, and the prestretch. As the 
inflation pressure increases, the critical voltage to nucleate wrinkle decreases, while the location to nucleate the wrinkle 
shifts from the center to the boundary of the membrane. Moreover, by increasing the amplitude of the applied voltage, 
wrinkle morphology changes from stripe-like wrinkles to labyrinth-like wrinkles. The nucleation sites and types of wrinkles 
with initial pre-stretch near 1 are different from the above observation, i.e., those with larger pre-stretches, i.e., ! 2. While 
wrinkles are more spread throughout the surface in the former case, they are localized either near the edge or the apex of the 
inflated balloon in the latter. We also discuss and analyze snap-through instability and electrical breakdown of the activated 
membrane. As shown in Figure 1, three-dimensional phase diagrams that delineate the different operation conditions of the 
activated dielectric elastomer membrane are constructed.  

 
Figure 1 3D phase diagram of pre-stretched DE membrane subject to electromechanical loads. (a) Safe area. (b) Snap-

through may occur if the DE balloon is inflated within this area. (c) Wrinkles occur if the DE balloon is subject to a step 
voltage. (d) Cross area of (a) and (c). The pre-stretch ratio is varied as 

pre 1,2,3,4,5$ % .  
 

CONCLUSIONS 
 

   Results obtained from both experiment and analytical model show that various parameters, i.e., the pre-stretch, initial 
inflation pressure and applied voltage, have significant effects on the wrinkling behavior of an inflated dielectric elastomer 
balloon. The critical conditions for wrinkle nucleation conditions and patterns can be tuned by prestretch, initial inflation 
pressure, and the voltage. Snap-through instability and electrical breakdown of the activated membrane were also determined. 
Three-dimensional phase diagrams that delineate the flat state, wrinkle state or snap-through zones are also presented. 
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DEFECT-CONTROLLED BUCKLING OF DEPRESSURIZED ELASTIC SHELLS.
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Summary We revisit the classic problem of buckling of spherical elastic shells under pressure loading, with an emphasis on determining the
role that engineered imperfections have on the critical buckling pressure. Since the 1960’s numerous theoretical and computational studies
have addressed this canonical Mechanics problem, but there is a striking lack of precision experiments to corroborate these predictions. We
perform an experimental investigation where thin shells of nearly uniform thickness are fabricated by the coating of hemispherical molds
with a polymer solution, which upon curing yields the elastic structure. Moreover, our manufacturing technique allows us to introduce a
single dimple-like defect with controllable geometric properties. By systematically varying the amplitude of this defect (smaller than the
thickness of the shell) we study the effect that these imperfections have on the buckling strength of our spherical shells. Small deviations
from the spherical geometry result in large reductions in the buckling pressure and our experimental results agree well with existing theories.
We then perform a broader exploration for other classes of defects, for which theoretical predictions are yet to be developed.

FABRICATION OF OUR THIN ELASTIC SHELLS

We have developed of a coating technique to fabricate nearly uniform hemispherical thin elastic shells that is analogous
to the traditional recipe to make chocolate eggs. We start with volume of liquid solution – Vinylpolysiloxane (VPS) or
Polydimethylsiloxane (PDMS) – and pour it onto a rigid spherical mold (inset of Fig. 1a). Gravity induces drainage and
viscosity of the fluids resists it. The drainage dynamics is such that it leads to uniform coatings frozen in time as the polymer
cures, which are subsequently peeled off from their mold. We have studied how the curing of the polymer affects the drainage
dynamics and eventually selects the final shell thickness, hf , and sets its uniformity (approximately 7% standard deviation in
hf between the pole and the equator). Using this technique we have fabricated shells in the range 30 < hf [µ� ] < 800.

A series of experiments has been performed where we have systematically varied material (VPS and PDMS, at different
temperatures) and geometric (radius of the mold, R) parameters. The results are plotted in Fig. 1a, where we find that the shell
thickness scales as hf ∼ R1/2. The square-root dependence of hf on R can be rationalized by balancing the characteristic
curing time, τc, of the polymer solution against the characteristic drainage time, µ0R/(ρgh2

f ), obtained when balancing the
viscous stresses and gravity in the lubrication layer, to yield hf ∼

!
µ0R/[ρgτc], where µ0 is a characteristic viscosity of the

polymer, ρ its density, and g is the acceleration of gravity. The fact that all the data collapse onto a master curve (irrespective
of the polymer and curing temperature, over a wide range of R) supports this scaling analysis. We have also developed a more
formal lubrication theory for the flow field that takes the rheology of the polymer into account, which is able to even more
accurately predict the experimental results.

The robustness of the coating technique and its flexibility, two critical features for providing a generic fabrication frame-
work, are shown to be an inherent consequence of the flow field (memory loss). Moreover, the shell structure is both indepen-
dent of initial conditions and tailorable by changing a single experimental parameter: the waiting time between the preparation
of the polymer solution and the pouring onto the mold.

Figure 1: (a) Final thickness of the elastic shells fabricated using a coating technique (inset). The solid line corresponds to the
scaling hf ∼

!
µ0R/[ρgτc]. (b) Critical buckling pressure as a function of shell thickness. The dashed line corresponds to

the classic prediction, Eq. (1). (c) Knockdown factor as a function of R/h for three different shells (see legend).



CRITICAL BUCKLING PRESSURE AND KOCKDOWN FACTORS

We proceed by performing mechanical tests on shells that were fabricated using the mechanism described in the previous
section. In Fig. 2b, we plot the experimentally measure critical pressure for the onset of buckling (imposed volume conditions),
and compare the results with the classic prediction [1]:

pcl =
2E!

3(1↗ν2)

"
h

R

#2

, (1)

where E is the Young’s modulus of the polymer and ν ≈ 0.5 its Poisson’s ratio. The classic theory consistently underpredicts
the data, as expected due to the presence of material imperfections. In Fig. 1c, we plot the ratio of the critical pressures mea-
sured experimentally and the prediction from Eq. (1), as a function of R/h and observe knockdown factors of approximately
30%, consistently with classic experimental results in the literature. These knockdown factors can be attributed to material
imperfections (e.g. small air bubbles trapped during the curing of the polymer).

TUNING THE CRITICAL BUCKLING PRESSURE THROUGH GEOMETRIC IMPERFECTIONS

The fabrication protocol described above was modified to produce thin shells containing engineered geometric imperfec-
tions at the pole. The starting point is a thick VPS shell fabricated using the original method, which is itself used as a flexible
mold (light green in Fig. 2a). Fresh liquid polymer is then poured onto this spherical mold (dark green in Fig. 2a), and the
ensemble is immediately placed under an Instron machine to apply an indentation displacement, w. This indentation load
deforms the flexible mold such that the final thin shell (upon curing and after pealing it from the mold) has a ’dimple-like’
geometric imperfection with an amplitude that can be accurately set by varying w. In Fig. 2b, we present the angular profile
of the imperfection (calculated with Finite Element Modeling for an indentation scenario during fabrication identical to the
experiments, in the range 30 < w [µ� ] < 2�0) and find that our shells have a profile similar to the “Type 1” defects considered
in the seminal paper by Koga and Hoff [2]. This now enables us to establish a direct connection to the predictions by Hutchin-
son [3], which, to the best of our knowledge, had to date not been directly compared to experimental data. In Fig. 2c, we plot
the experimental critical buckling pressure, normalized by the classic prediction Eq. (1), as a function of the dimensionless
amplitude of the geometric defect, δ = w/h. Our data closely follows the theoretical predictions, which do however provide
a consistent over-prediction. These findings have motivated us to consider the possibility that non-axisymetric considerations
at the onset of buckling may be important to more accurately describe the process.

Figure 2: (a) Schematic of the experimental protocol used to fabricate nearly spherical shells with a well defined geometric
imperfection at its pole. (b) Angular profile of the geometric defects of our shells compared with for Type 1 and Type 2 defects
previously considered by Koga and Hoff (image adapted from Ref. [2]). (c) Kockdown factor as a function of the amplitude
of the imperfection. The lines are theoretical prediction from axisymmetric buckling theory [2, 3].
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TRANSFORMATION SHIFT OF PERIODIC CELLULAR STRUCTURE
BY CONTROLLING INTERNAL STIFFNESS
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Summary In some instability phenomena as typified by Euler buckling, the pre-bifurcation deformation is infinitesimal. Engineers are
used to make a design to prevent the structure from falling down because of such unstable deformation. In this study, we propose a novel
bifurcation system for two-dimensional cellular structure, which shows that the pre-bifurcation deformation is not small. We previously
developed the structural unit, the geometry of which exhibits eight-fold rotational symmetry. Controlling the point of loading, the system
can switch between two types of auxetic transformation; the structure transforms into diamond cells or square cells. We here newly model
a modified structure by inserting linear springs between periodic unit cells and demonstrate the large deformation analyses under uniform
compression, which show the switching mechanism for the two different motions after the structure undergoes some extent of cell deflection.
We also discuss about the analogy mechanism of a linkage structure.

TRANSFORMATION SHIFT OF A PERIODIC STRUCTURE WITH CELL DEFLECTION

We consider the periodic assembly with a cell unit in the fashion of a square lattice [1, 2], as shown in Fig. 1(a). The
periodic cells are pivotally connected at their vertices on the boundaries. Additionally, a linear spring is periodically inserted
between adjacent cells. We assume all cell walls have a dimension of ℓ, stretching stiffness EA and bending stiffness EI .
Then, the couples of cells of same color are welded and the couples of cells of different color are pinned, respectively. We
here define a dimensionless parameter as k̃ ≡ kℓ3/EI , where k is the constant of a half-length spring.

By applying the finite element method with beam elements [2], we perform the large deformation analyses of the proposed
structure for a change in k̃ under uniform compression load W . Figures 1(b) and (c) show the obtained stress–strain curves
for k̃ = 10.5 and 11.0, respectively, The two curves clarify that there is a bifurcation point between k̃ = 10.5 and 11.0 and
that the structural deformation shifts to a square patterned cell parallel to the loading direction when k̃ ≤ 10.5 and does to a
diamond patterned cell when k̃ ≥ 11.0 (see the insets in Figs. 1(b) and (c)). We hereafter call the former motion as Motion
II and the latter as Motion I. In this structural system, increasing k̃ changes the distortion of the internal square cells against
compression, which shifts the balance point of the resultant moment inside the squares. That is the switching mechanism
whether the squares rotate in the direction of Motion I or II.

The switching mechanism obtained provides the additional interpretation that the deformation of the finite-sized structure
with k̃ ≈ 11.0 strongly depends on the boundary conditions of the external loading. In other words, there is a possibility
of selecting the two types of deformations at will to control the boundary conditions, which might be useful in engineering
applications.

L

L
x1

x2

x3

k

EI

=
L

2u
ε =

L

2u
ε

(i) (i)’

(i) (i)’

(ii)

(ii)’

(a) (b) (c)

=
LW

σ
[M
P
a
]

Figure 1: (a) The periodic cellular structure [2]; the two equilibrium paths calculated by the compression analyses: (b) Motion
II for k̃ = 10.5 and (c) Motion I for k̃ = 11.0.
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THE MECHANICAL ANALOGY OF LINKAGE STRUCTURE

It is well known that there is an energy equivalence between structural mechanics and molecular mechanics [3]. In a
two-dimensional beam structure, the strain energy of a uniform beam under pure axial force and pure bending moment can be
respectively described as

UA =
1

2

EA

ℓ
(∆ℓ)2 and UM =

1

2

EI

ℓ
(2α)2, (1)

where ∆ℓ is the axial stretching deformation and α is the rotational angle at the ends of the beam. In comparison with atomic
structure, a direct relationship between the structural mechanics parameters EA, EI and the molecular mechanics parameters
is obtained as follows:

EA

ℓ
= kr and

EI

ℓ
= kθ, (2)

where kr and kθ are the bond stretching force constant and bond angle bending force constant, respectively. According to
the relationship between structural and molecular mechanics, we here represent the cell deflection with the bending angle of
a bond to construct the bar-and-joint framework with flexible squares linked by rotational springs as shown in Fig. 2(a). Let
the stiffness of the rotational springs be r and the linear spring constant be k, respectively, we redefine the dimensionless
parameter as k̃ = kL2/r.

We perform the large deformation analyses of the linkage structure subjected to uniform compression loading W for
k̃ = 4.6 and 4.7. Figure 2(b) shows the calculated stress–strain curves and it can be observed that the structure behaves as
Motion II for k̃ = 4.6 and does Motion I for k̃ = 4.7. The bifurcation of the transformations is located at ε ≈ 0.4. The shifting
mechanism obtained here is similar with that of the proposed cellular structure with cell deflection. Thus, the distortion of the
linked square induced by a change in the bonding angle shifts the equilibrium state of the moment, which causes switching
to Motion I or II. This suggests that the linkage structure has a wide range of applications from molecules to architecture and
that the simple mathematical model might allow the derivation of the exact solution of our proposed bifurcation system.
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Figure 2: (a) The first of the eight structural elements of the proposed periodic linkage structure; (b) The calculated stress–
strain curves of the deformed structures under uniform compression. The structure transforms to Motion II for k̃ = 4.6 and to
Motion I for k̃ = 4.7.
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Summary Moderate rotation beam theory is used to map out a complete quasi-static analytical solution. Insight from the quasi-static solution
is exploited to derive a single degree-of-freedom dynamic model. Complete regime maps are presented for the macroscopic lattice stress
and strain associated with snap-through, stable configurational changes, and the peak strains in the struts before and after snap-through. It
is demonstrated that snap-through behavior can only be achieved without densification by including struts in the loading direction that are
twice the lattice spacing. The paper concludes with a brief discussion of lattice concepts that enable exploitation of these behaviors.

INTRODUCTION

While topology optimization of linear behavior appears to be well in hand, the understanding and exploitation of non-linear
behaviors associated with large lattice deformation is far less established. This is particularly true for lattices that experience
large deformation yet small strains, which exhibit highly non-linear behavior despite the fact that members remain elastic.
Such behaviors are critical for lattices with very low relative density since elastic buckling of the members is prevalent, as
opposed to higher relative density lattices that are governed by inelastic deformation in stretch-dominated members.

Many have analyzed the structure presented here for load-deflection response [1], as well as used the highly non-linear
response as a benchmark test for different non-linear solution techniques for finite element analysis [2]. Figure 1A shows
one lattice concept for which the derived governing equations are applicable; this concept is motivated by the fact that the
geometry is arguably the simplest cellular lattice topology that will exhibit snap-through behaviors. The lattice material
consists of slender members oriented at an angle with respect to the global (X1, X2) coordinate system. For compression
in one direction and suitable constraint in the other, one obtains a variety of behaviors, as shown in Figures 1B and 1C.
Depending on the strut angle and slenderness ratios, one can obtain: (i) non-linear but purely monotonic behaviors with no
snap-through, (ii) bi-directional snap-through (Figure 1B), and (iii) snap-through that leads to a second stable equilibrium
configuration upon unloading (Figure 1C). Referring to Figure 1, the inclusion of finite-sized ‘nodes’ at strut intersections
is motivated by the fact that certain behaviors would otherwise be influenced by densification (self-contact), because such
transitions occur at large displacements relative to the projected length of the struts in the loading direction.

RESULTS

This work presents a comprehensive analytical solution that elucidates the combinations of geometry and loading that
produce each type of behavior (Figure 2). These governing equations can be used in designing non-linear structures through
examination of relative density, macroscopic strains before and after snap-through, etc (see Figure 3). The full dynamic
equations, and insights generated by the quasi-static solutions, are used to develop an idealized single degree of freedom non-
linear model, which is used to elucidate the nature of structural damping and identify scenarios in which quasi-static behaviors
are sufficient to infer cyclic response (Figure 4). This enables rapid computation of complete regime maps indicating the type
of behavior expected, as well as contour maps of the critical loads, deflections and strut strains associated with unstable
transitions in lattice configurations.

Hysteresis in a loading-unloading cycle is typically inferred from the instability points identified with quasi-static solu-
tions. This implicitly assumes that there is sufficient damping in the material (or boundary conditions) to suppress dynamic
oscillations during snap-through. While sometimes true, it is not clear from prior treatments when such assumptions are valid.
To gain general insight into the hysteresis introduced by unstable transitions, this work adopts a Kelvin-Voight viscoelastic
constitutive law, which serves a simple purpose: it introduces a dissipative time-scale that governs the transition from the
quasi-static time scale associated with slow loading rates to the much faster inertial time-scale triggered by an instability. This
can be used to accurately determine instances in which quasi-static solutions yield acceptable estimates of hysteretic losses.
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FIG 1. Lattices formed from straight-sided struts. For some 
configurations, bistable behaviors can only be achieved by using 
finite-sized strut connections that eliminate self-contact at large 
deformation. 

 

FIG. 2. Typical plane strain (e1 = 0) behaviors of angled struts: 
(A) a comparison of full solutions and approximate solutions, B) 
inferred quasi-static response for cycling under load control with 
constant hysteresis, (C) inferred quasi-static response for cyclic 
under load control where shakedown occurs after the first cycle, 
due to a second stable equilibrium state. 

 

 

FIG 4. Typical plane strain dynamic behaviors of angled struts with 
low-frequency applied force. On the left, the dashed line is a scaled 
plot of the applied force as a function of time; on the right, the 
dashed line is the quasi-static force-displacement relationship 
(assuming displacement control). 

 

 

FIG 3. Regime maps for design of bistable lattices. Three regimes 
include no snap-through, bi-directional snap-through, and 
permanent strain after unloading. 

 

 

 

 

 

 

 

 

 

 

 

  




�&#'$���-"��"��&�"�-��$�&(!�"(-�-�����"��� -"��"��&�"�-��$�&(!�"(-��!�&�()'�

���-�"�*�&'�(+-#� -�������"�-��


�)!!�&+  -.7@;36/@4*68&.27@83@8-*@78&'.0.8=@3+@7869(896*7@92)*6@6&4.)@03&).2,@6&8*7@;-*2@.2*68.&@.7@8&/*2@.283@&((3928
@�2@(3286&78@83@8-*

;.)*0=@97*)@&4463&(-@97.2,@13)&0@&2&0=7.7@83@)*8*61.2*@8-*@7869(896*�7@+&78*78@,63;.2,@*.,*213)*@?@1*&2.2,+90@320=@+36@703;@03&).2,

6&8*7@?@8-*@46*7*28@789)=@&2&0=>*7@8-*@8.1*	)*4*2)*28@6*74327*@83@74&8.&00=@03(&0.>*)@4*6896'&8.327@.2@7869(896*7�@.2@36)*6@83@92)*678&2)@8-*

.2.8.&8.32@3+@8-*@(366*7432).2,@+&.096*@1*(-&2.717
@ -.7@&4463&(-@.7@+3003;*)@-*6*@83@789)=@8-*@78&'.0.8=@3+@6&4.)@'.&<.&0@786*8(-.2,@3+@8-.2

40&8*7
@ -*@2320.2*&6@8.1*@*:3098.32@3+@&@79(-@&@4*6896'&8.32@.7@789).*)@291*6.(&00=@&2)@.8@.7@7-3;2@8-&8@8-*7*@7869(896*7@&6*@78&'0*@928.0@8-*

8.1*@;-*2@8-*@(32).8.32@+36@8-*@0377@3+@*00.48.(.8=@.7@6*&(-*)
@�2@&2&0=8.(&0@1*8-3)�@'&7*)@32@0.2*&6.>&8.32�@.7@97*)@83@)*�2*@8-*@7.>*@3+@8-*

.2�9*2(*@>32*@3+@&@43.28	;.7*@4*6896'&8.32@&2)@;*@789)=@.87@)*4*2)*2(*@32@(3278.898.:*@0&;7@&2)@03&).2,@(32).8.327


����������

 -*@.779*@3+@)=2&1.(@78&'.0.8=@3+@7869(896*7@.7@&2@.14368&28@*2,.2**6.2,@463'0*1@&2)@&@79'78&28.&0@&13928@3+@;36/@-&7@'**2

)32*@83@.2:*78.,&8*@8-*@6*74327*@3+@7869(896*7@83@.14907*@36@8.1*	)*4*2)*28@03&)7
@�7@&@6*7908�@&2)@)9*@83@8-*@1&2=@4377.'0*

)*�2.8.327@+36@8-*@78&'.0.8=@3+@8.1*	)*4*2)*28@7=78*17�@8-*@8*61 *2(314&77*7@1&2=@(0&77*7@3+@463'0*17@&2)

).++*6*28@4-=7.(&0@4-*231*2&@&2)@-&7@1&2=@.28*646*8&8.327�@;.8-@.2*68.&@'*.2,@8-*@320=@(31132@)*231.2&836


�2@8-*@&'7*2(*@3+@.2*68.&�@8-*@463(*77*7@3+@+&.096*@'=@&@'.+96(&8.32@.278&'.0.8=@13)*@.2@*0&78.(@730.)7@&2)@7869(896*7@.7@;*00

92)*67833)@&2)@&@,*2*6&0@&7=14838.(@1*8-3)303,=@'&7*)@32@13)&0@&2&0=7.7@-&7@'**2@)*:*034*)�@8-.7@&4463&(-@-&7@&073@'**2

97*)@+36@8-*@)=2&1.(@78&'.0.8=@463'0*1@3+@*0&78.(@7869(896*7
@�238-*6@.)*&�@43490&6@.2@�9.)@1*(-&2.(7�@-&7@&073@'**2@97*)@+36

8-*@)=2&1.(@78&'.0.8=@&2&0=7.7@3+@730.)7@;.8-@136*@,*2*6&0@(3278.898.:*@0&;7@92)*6@-.,-@6&8*7@3+@03&).2,�@&((36).2,@83@;-.(-

32*@7**/7@8-*@730.)�7@+&78*78@,63;.2,@*.,*213)*�@36@8-*@;&:*0*2,8-@&773(.&8*)@;.8-@03;*78@2*(/.2,@786&.2
@ -.7@1*8-3)@-&7

'**2@6*4*&8*)0=@&440.*)@.2@8-*@789)=@3+@)=2&1.(@78&'.0.8=@3+@:&6.397@*0&78340&78.(@7869(896*7@�'&67�@6.2,7�@40&8*7�@7-*007@*
8
(
�

92)*6@-.,-@03&).2,@6&8*7@;-*6*@8-*@+&.096*@4&88*62@&2)@7.>*@3+@+6&,1*287@.7@3+@.28*6*78


�3;*:*6�@*<4*6.1*28&0@*:.)*2(*@+631@6&4.)0=@*<4&2).2,@*0*(8631&,2*8.(&00=@03&)*)@1*8&00.(@6.2,7@'=@$�%@7-3;7@23@)31	

.2&28@;&:*0*2,8-@&8@8-*@2*(/*)@4&88*62@3+@8-*@6.2,7
@�36*3:*6�@8-*6*@.7@23@*:.)*2(*@3+@.2�9*2(*@3+@786&.2@6&8*@32@8-*@2*(/.2,

786&.27�@;-.(-@&6*@(327.78*28@;.8-@1&<.191@+36(*@(6.8*6.32@3+@&@6&8*@.2)*4*2)*28@(3278.898.:*@0&;@��327.)�*6*@(6.8*6.32�
@�3	

8.:&8*)@'=@8-*7*@3'7*6:&8.327�@$�%@-&:*@6*(*280=@789).*)@8-*@)=2&1.(@78&'.0.8=@3+@&2@.2(3146*77.'0*�@2320.2*&60=@*0&78.(@'&6

&8@).++*6*28@786&.2	6&8*7@'=@+3003;.2,@8-*@*:3098.32@3+@03(&0.>*)@71&00@4*6896'&8.327@.2863)9(*)@&8@).++*6*28@8.1*7
@ -*@7&1*

&4463&(-@.7@+3003;*)@-*6*@+36@8-*@'.&<.&0@786*8(-.2,@3+@6&4.)0=@*<4&2).2,@8-.2@40&8*7�@;-*6*@;*@+3003;@8-*@8.1*@*:3098.32

3+@74&8.&00=@03(&0.>*)@4*6896'&8.327@&2)@8-*.6@.28*6&(8.327�@97.2,@0.2*&6.>*)@78&'.0.8=@&2&0=7.7@&2)@+900=@2320.2*&6@291*6.(&0

(&0(90&8.327


�+"�!��-'(��� �(+

��

��

	��

������

�

��

��

�.,96*@��@�*+8�@�(-*1&8.(@).&,6&1@3+@&@'.&<.&00=@786&.2*)@40&8*�@�.,-8�@ =4.(&0@.2�9*2(*@(32*@3+@&2@.2.8.&0@� �@4*6896'&8.32@&8@8-*@36.,.2@� �

7-3;.2,@8-*@*:3098.32@3+@8-*@.2�9*2(*@>32*7

�

�

��� ����

##�!@�� ���@�	�@�9,978@����@�3286*&0�@�&2&)&

����
� ����
�
�� �� �
��
���� ����
��� �	
� �	����

����� 	
�	 ����
�������

�
@"*2

�

��

�.2@6*)�@&2)

&2)@�
@ 6.&28&+=00.).7����

�

�

���#&�(#�&�-��-����"�%)�-��'-�# ���'�-��������-������	

�# �-�# +(���"�%)��-��
��

�



�.2@'09*�@3+@8-*@703;@&2)@+&78@;&:*@74**)7@&032,@8-*@(366*7432).2,@6&).&0@).6*(8.32


� ,�$�&(�!�"(-��-����"�%)�� �# �-�# +(���"�%)��-��
��

�

�

�366*7432).2,@&98-36
@�1&.0�@,9&2,=&2,
;*2�430=8*(-2.59*
*)9



��� ��� ��� ��� 	 �'4*A.'7*+4/4-A+=654+49

/8A8.5<4A/4A�/-:7+A	�

�'� A �(�

7+86+)9/;+2>�A'7+A'285A8.5<4A/4A9.+8+A�-:7+8�A +8:298A)'2):2'9+*A)577+8654*A95A'A.>6+7+2'89/)A)5489/9:9/;+A2'<A</9.A'A6/+)+</8+A65<+7A2'<A:4/'=/'2

):7;+A�

A �)�

�/-:7+A
�A�7++4��'-7'4-+A897'/4A6+79:7('9/54A)5495:78 '9A9.7++A*/,,+7+49A*/3+48/542+88A9/3+8A'� �A(� '4*A)�

�

� � � 
�� �	 
�� �� 
�� ���


�


 �� � � � � � � �


�� ��� 
�� �� �� 
 � �

�

� � � � 	

�

� �A'4*A'A25'*/4-A'4-2+ ��

!.+A4:3+7/)'2A)'2):2'9/54A5,A9.+A9/3+A+;52:9/54A5,A9.+A9/3+A+;52:9/54A5,A'4A/4/9/'2A� �A6+79:7('9/54A'9A9.+A57/-/4

� �A,57A9.7++A*/,,+7+49A*/3+48/542+88A9/3+8 /8A8.5<4A/4A�/-:7+A
�A<.+7+A9.+A2'89A9/3+A)577+8654*8A95A9.+A548+9A5,A2588A5,

+22/69/)/9>A'254-A54+A*/7+)9/54A�9.+A54+A'254-A<./).A9.+A89754-2>A25)'2/?+*A6'99+74A5,A*+,573'9/54A'66+'78�A/4A9.+A62'9+�

!.+A675658+*A'6675').A/8A:8+,:2A,57A9.+A89'(/2/9>A'4'2>8/8A5,A357+A7+'2/89/)A897:)9:7+8A:4*+7A./-.A897'/4A7'9+8�A�8A54+A8:).

+='362+A<+A)/9+A9.+A7+)+49A<571A(>A%
&A54A9.+A89'(/2/9>A5,A'A67+88:7/?+*A9./4A7/4-A'9A./-.A7'9+8�A<.+7+A/9A/8A8.5<4A9.'9A,57A83'22

;'2:+8A5,A9.+A'662/+*A25'*/4-A7'9+�A9.+A897:)9:7+A,'/28A9.75:-.A'A-25('2A35*+�A<./2+A,57A2'7-+A;'2:+8A5,A9.+A'662/+*A25'*/4-A7'9+

9.+A897:)9:7+A,'/28A(>A'A25)'2/?+*A35*+A5,A*+,573'9/54�A'8A'285A,5:4*A7+)+492>A/4A9.+A+=6+7/3+498A5,A%	&�A�:7A89:*>A'285A8.5<8

9.+A8+48/9/;/9>A5,A9.+A8/?+A5,A3/4/3:3A'4*A3'=/3:3A/4�:+4)+A?54+8A</9.A7+86+)9A95A9.+A)5489/9:9/;+A35*+2A:8+*�A'4*A.+4)+

9.+A)':9/54A4++*+*A/4A:8/4-A8:).A)'2):2'9/548A95A67+*/)9A,'/2:7+A6'99+748�

%	&A��A�'/4>A'4*A��A ';/��.'4*'7�A�>4'3/)A(:)12/4-A5,A9./4A3+9'22/)A7/4-8A:4*+7A+=9+74'2A67+88:7+� �A
�	
�

%
&A!�A�:9+2'9A'4*A��A!7/'49',>22/*/8�A�>4'3/)A89'(/2/9>A5,A+=9+74'22>A67+88:7/?+*A+2'89/)A7/4-8A8:(0+)9+*A95A./-.A7'9+8A5,

25'*/4-� �A	�	@	
�A
�	��

%�&A��A ';/��.'4*'7A'4*A��A!7/'49',>22/*/8�A�>4'3/)A89'(/2/9>A5,A'A('7A:4*+7A./-.A25'*/4-A7'9+�A +86548+A95A25)'2A6+79:7('�

9/548� �A����	@����A
�	�

%�&A��A$.'4-A'4*A��A ';/��.'4*'7�A�4A9.+A*>4'3/)8A5,A4+)1/4-A'4*A,7'-3+49'9/54A@A��A7+'2�9/3+A'4*A6589�3579+3A5(8+7;'�

9/548A/4A'2A���	��� �A	�
�	��@
	��A
����

�
�

���

���

�

<.+7+A542>A)5495:78A5, � ��
 � �

�

�

����������

'7+A8.5<4A/4A)5257�A!.+A+=9+49A5,A9.+A/4�:+4)+A?54+8

�����
���

���
�����������������������	����	���������
�

���
�����������������������	����	���������
�

���
���������������������������


�
�
� �

��
���� ����	� �	� �����

!.+A45;+2A/*+'A.+7+A/8A95A'4'2>?+A9.+A+;52:9/54A5,A86'9/'22>A25)'2/?+*A6+79:7('9/548A5,A9/3+�*+6+4*+49�A7'6/*2>A897'/4+*

62'9+8A:4*+7A(/'=/'2A9+48/54A/4A57*+7A95A:4*+789'4*A9.+A/4/9/'9/54A5,A9.+A)577+8654*/4-A,'/2:7+A3+).'4/838�A#+A89:*>A'A
��

/4)5367+88/(2+�A+2'89562'89/)A�7'9+�/4*+6+4*+49�A62'9+�A:8/4-A'A4542/4+'7A)5489/9:9/;+A2'<A3'1+8A8+48+A,57A7+'2A897:)9:7+8A8/4)+

45A:425'*/4-A5)):78A:49/2A'A65/49A/4A9.+A897:)9:7+A7+').+8A9.+A2588A5,A+22/69/)/9>A)54*/9/54�A'9A<./).A65/49A5:7A)'2):2'9/548A'7+

9+73/4'9+*�

"8/4-A'A�4/9+A897'/4A*+,573'9/54A9.+57>A5,A62'89/)/9>A�('8+*A54A25-'7/9.3/)A897'/4��A<+A,5225<A9.+A9/3+A+;52:9/54A5,A86'9/'22>

25)'2/?+*A6+79:7('9/548A'4*A9.+/7A/49+7')9/548�A!.+A4542/4+'7A9/3+A+;52:9/54A5,A8:).A'A6+79:7('9/54A/8A89:*/+*A4:3+7/)'22>A:8/4-

���A'4*A/9A/8A8.5<4A9.'9A9.+8+A897:)9:7+8A'7+A89'(2+A:49/2A9.+A9/3+A<.+4A9.+A)54*/9/54A,57A9.+A2588A5,A+22/69/)/9>A/8A7+').+*�A�4

'4'2>9/)'2A3+9.5*�A('8+*A54A2/4+'7/?'9/54�A/8A:8+*A95A*+�4+A9.+A8/?+A5,A9.+A/4�:+4)+A?54+A5,A'A65/49�</8+A6+79:7('9/54A'4*A<+

89:*>A/98A*+6+4*+4)+A54A)5489/9:9/;+A2'<8A'4*A25'*/4-A)54*/9/548�A�57+A86+)/�)'22>A<+A*+9+73/4+A9.+A+=9+49A5,A9.+A/4�:+4)+

?54+8 �� '4*

��� �

�

'4*

�

�

�A)577+8654*/4-A95A9.+A,'89+7A'4*A825<+7A<';+A86++*8

� �

�

���
�

�

,57A9.+A825<+89A'4*A,'89+89A<';+A86++*8

�
'4* ��

'4* �� '254-A'A*/7+)9/54A/4)2/4+*A(> </9.A7+86+)9

95A9.+A.57/?549'2A'=/8A'9A*/3+48/542+88A9/3+ �A�A��A62599/4-A5,A9.+A9<5A/4�:+4)+A)54+8A,57A9.+A)'8+A5,A'A:4/'=/'2A897+9)./4-

�25'*A'4-2+ �A5,A'A65<+7A2'<A3'9+7/'2A</9.A:4/'=/'2A>/+2*A897'/4

�
�

� � ���� � � �� �



��$"���� �������$������$	��$������������$��������$�� ���������$!�������$��!���$��� "���$���������� �����$�����$�� 

 ���$������$����$������������$	��$��������$"����$�������$�


������$���
�$�����$���������$��$"���$������$���$��$�����

�$����$��#����$���$����������!$���������$�������$�������$�

����$�������������!$������������$�����$��$�$���������$��$"�

��$����������$	�$"��$���$������$���������$����$����������



�" -*�2�	2�!�2$��,21 -*�2+!'/+2�2(!�+�2�"� *�%2'&2(�,,�*&2+�$��,"'&2��1&��2�02�)�2����2�!�2�$-�2+'$"�2�-*.�2"+2��,�*%"&��

,'2��2)-",�2+�&+",".�2"&2,!�2&-%�*"��$2*�+-$,+�2�!�2*" !,21 -

�21&",�2�$�%�&,2%'��$�2
+2�'*2($�&�*21$%�+-�+,*�,�2+0+,�%+

���2�-�2���2�',"�*���**0�2���2��$'-�,,�*�2���2�'& �2��	2�21&",�2�$�%�&,2%'��$"& 2�'*2"&+,��"$","�+2"&2,!"&21$%+2'&2+'�,2+

�&+,��"$","�+2"&2,!"&21$%+2'&2!0(�*�$�+,"�2+-�+,*�,�+2�02�21&",�2�$�%�&,+�2�&,�2��2�'$"�+2�,*-�,�

'*#2�'*2"&+,��"$","�+2'�21$%�+-�+,*�,�2+0+,�%+�2��2���!�2�!



�
� � �� �� � �=9*'4' ��

�
	 � � � �� �=6*'=$#0&�5=&+#)10#.

564#+)*6'05=#0&=691=%10+%#.=5+0)7.#4+6+'5=$')+0=61=(14/=#6=+65='0&5�=�746*'4=&'(14/#6+10=4'37+4'5=564'6%*+0)=4#6*'4=6*#0=274'

$'0&+0)�=�'=%*#4#%6'4+<'=6*'5'=.+/+6+0)=56#6'5=#5=��.+-'=14=��.+-'�=&'2'0&+0)=10=9*'6*'4=6*'=$#0&=.+'5=10=$16*=5+&'5=14=10=10'

5+&'=1(=6*'=2.#0'=$'69''0=6*'=%.#/2'&='0&5=�5''=�+)74'=
��

�+)74'=
�=�#�=�=#0&=�$�=�=%10�)74#6+105=0'#4=6*'=&'8'.12#$.'=.+/+6�

�6=+06'4/'&+#6'=8#.7'5=1(=5*'#4=&+52.#%'/'06 �=#=$#0&=/#;=#&126=/#0;=+06'4/'&+#6'=56#$.'=56#6'5�=#5=5*190=+0=�)74'=��

�6#6'5=0#/'&=9+6* 14 #4'=5;//'64+%=2#+45�=51=6*'4'=#4'=0+0'=&+56+0%6=56#6'5�=9*+%*=&')'0'4#6'=+061=�8'=9*'0=6*'=%.#/2+0)

#0).'

�
�

	
�

�

�
�

�

����=������=�
���=�7)756=�	
��=�1064'#.�=�#0#&#

�=�74=+0+6+#.=#66'/26=61=%.#55+(;=6*'5'=56#6'5=75'5=)'1/'64+%=('#674'5=57%*=#5=+0�'%6+10=21+065�

�+)74'=��=�9'.8'=56#$.'=%10�)74#6+105=1(=#=564+2=9+6*=#52'%6=4#6+1 �=014/#.+<'&=%1/24'55+10 �=#0&

%.#/2+0)=#0).'


�	��������	��� ��� ����������� �� ���� �����

�+#0= 7
 #0&=�#/'5=�#00# �



�������������������������������������������������������������������������������������
�������	���

��� � ��� �
�

	�����

	
� ��� � 	
� �
�

�*+0=$#0&�=14=564+2�.+-'=5647%674'5=#4'=%1//10=/16+(5=+0=�':+$.'=#0&=&'2.1;#$.'=5;56'/5=!
"�=5'48+0)=#5=+06')4#6'&=%100'%6145

!�"�=*+0)'5�=#0&=7/$+.+%#.5�=�'=':2'4+/'06#..;=+08'56+)#6'=#=5+/2.'=%10�)74#6+10=4'24'5'06+0)=6*'=#$18'=6;2'�=#=6*+0='.#56+%=$#0&=9+6*

'0&=%10564#+065=10=215+6+10=#0&=14+'06#6+10�=�*'5'=%10564#+065=%144'5210&=61=#=%1/$+0#6+10=1(=%1/24'55+10=#0&=5*'#4=9+6*=4'52'%6=61=#

�#6=4'%6#0)7.#4=4'56=%10�)74#6+10�=�'=8#4;=6*'=#52'%6=4#6+1=1(=6*'=$#0&�=#0&=6*'=215+6+10=#0&=%.#/2+0)=#0).'=#6=+65='0&5�=�*'=$7%-.'&

5647%674'=4'/#+05=&'8'.12#$.'=72=61=.+/+6+0)=&'(14/#6+105=6*#6=#2241#%*=10'=1(=691=6;2'5=1(=56#6'�='#%*=&1/+0#6'&=$;=691=5+0)7.#4+6+'5�=�6

+06'4/'&+#6'=&'(14/#6+105�=6*'=5647%674'=/#;=#&126=/#0;=&+56+0%6=56#$.'=56#6'5�=�4#05+6+105=$'69''0=6*'5'=56#6'5=%#0=$'=5/116*=14=8+1.'06�

#0&=&'2'0&=56410).;=10=%10564#+065=57%*=#5=6*'=%.#/2+0)=#0).'�

�0=174=24'5'06#6+10�=9'=9+..=4'.#6'=174=4'57.65=61=24+14=914-=10=69+56'&=564+25=!��="�=#0&=#0#.;6+%#.=/1&'.5=1(=#0+516412+%=41&5�

� ��

��144'5210&+0)=#76*14�=�/#+.�=*#00#,�86�'&7

�'='/2.1; � ���� ���6*+%-=21.;'56'4=5*+/=561%-=$#0&5=1(=&+/'05+105 #0& �=�+456=6*' �'0&5=#4'=&+52.#%'&=619#4&5

'#%*=16*'4=$;=#=�:'&=&+56#0%' #0&=%.#/2'&=#6=#=�:'&=#0).' �5''=�+)74'=
#��=�*'0=6*'5'='0&5=#4'=&+52.#%'&=.#6'4#..;

$;=#=8#4+#$.'=&+56#0%' �=5*'#4+0)=6*'=$7%-.'&=$#0&�=�*'=%.#/25=#4'=14+'06'&=8'46+%#..;=61=/+0+/+<'=6*'='(('%65=1(=)4#8+6;�

�*'#4+0)=+5=2'4(14/'&=37#5+�56#6+%#..;�=#0&=6*'=241%'55=+5=1(6'0=*#.6'&=51=6*#6=6*'=$#0&=%#0=$'=/#07#..;=/#0+27.#6'&=+061=16*'4

.1%#.=/+0+/#=+0#%%'55+$.'=$;=6*'=5*'#4+0)=241%'55�

�6=#=.+/+6+0)=8#.7'=1(=5*'#4=&+52.#%'/'06

� � �
� �

�

� �

�
�

� 	
�

�

�



Figure 3: Shearing a band of aspect ratio W/L = 0.25 and normalized compression ∆L/L = 0.5, with different clamping
angles. Three time series from left to right. (a) θ = 15◦, smooth transition from U to US+ ; (b) θ = 30◦, snap-through from
U to WS- ; (c) θ = �5◦, snap through from U to uUui.

Figure 3 shows the effect of clamping angle on the response of a band to shear. At low angles, a smooth transition to an
S-like state is observed. At slightly larger angles, the transition is a violent snap-through. At still larger angles, the system
snaps to a higher-mode shape. Prior to a snap, elastic energy is focused at two points on the structure (white arrows); this is
relaxed upon snapping.

Figure 4 shows the landscape of stable states and transitions for the examples in Figure 3 (a) and (c). The normalized
shear displacement ∆W/Wmax serves as a bifurcation parameter. Red lines show paths (one hysteretic and one not) traced
by sweeping the parameter up and down, beginning in the U state. In some cases (not shown), the system returns to a W state
rather than a U state. Gravity in the vertical orientation causes asymmetry between some + and↗states. Snap-through can
involve significant inertia.

Figure 4: Bifurcation diagrams corresponding to Figure 3(a) (left) and (c) (right).
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Oscillatory behaviour of compressible hyperelastic shells subjected to dynamic inflation: A
numerical study
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Summary This paper is concerned with the role played by material compressibility in the oscillatory behaviour of Mooney-Rivlin spherical
shells subjected to dynamic inflation. For that purpose we carried out a comprehensive numerical analysis using: (1) a finite differences
MacCormack’s scheme implemented in MATLAB and (2) a finite elements model implemented in ABAQUS/Explicit.

ABSTRACT

The oscillatory behaviour of a thick-walled spherical shell, due to the application of a step pressure in the inner face, is
investigated. The shell material is taken to be isotropic and compressible within the framework of finite nonlinear elasticity.
For that purpose we have developed two different numerical methodologies. The first one is a finite differences MacCormack’s
scheme first proposed by [1]. The second one is a finite elements model aimed to systematically verify and complement the
outcomes of the aforementioned finite differences method. We have detected that numerical dispersion and diffusion impose
limits to the capacity of the computational simulations to describe the shock wave that emanates from the inner surface of the
shell due to the application of the inflation pressure. Nevertheless, both numerical approaches capture the essential features
which describe the oscillatory behaviour of the shell, including the maximum stretch of the oscillation. Furthermore, we have
conducted a parametric study to assess the role played by applied pressure, material compressibility and shell thickness in the
oscillatory motion of the shell. Systematic comparison with the analytical solution for the incompressible limit first proposed
by [2] is carried out. We have shown the interplay between the maximum amplitude of the oscillation and the applied pressure,
and obtained the critical pressure for which the oscillatory behaviour is lost, leading to an unbounded expansion of the sphere.
Moreover, our calculations have revealed that the wave propagation within the specimen plays a key role in the dynamic
response of the shell. The phase portraits used to represent the oscillatory motion of the sphere show a characteristic sawtooth
shape that is accentuated with the increase of material compressibility and shell thickness.
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NUMERICAL ANALYSIS OF DYNAMIC STABILITY OF PLATE BY USING TOOLS USED IN 
DYNAMICS 
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The aim of the study is to analyze an isotropic plate in terms of its dynamic stability (or its instability), by using tools that are 
mainly used in the vibrations theory of dynamical systems e.g. in the theory of bifurcation and chaos. The results achieved by 
XVLQJ� WRROV� VXFK� DV� SKDVH� SRUWUDLWV�� 3RLQFDUp� PDSV�� ))7� DQDO\VLV�� Lyapunov exponents will be compared with the results 
obtained by using the Volmir criterion. 
 
   In this presentation was examined a square isotropic plate with dimensions b=l=100mm, h=1mm and the material 
constants E=200GPa, Ȟ 0,3, joint supported on the all edges (Fig. 1). Dynamic compressive load was included in the plane 
of the plate. 
 

 
Fig. 1. Analyzed plate 

 
Using research done by Volmir [1], the above plate can be described by following equation: 
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0V - medium stress, tV - stress amplitude, K - parameter which is dependent on the boundary conditions. 
Transform the equation (1) to dimensionless form we get: 

01 3  ���
xx

bxx)cosk(ax \W      (2) 

where: 




� 
kr

a
V
V 01 , 

2
0Z
K

 b , 
xxxx

 ]
Z 2

0

1x , ] x , 33 ] x , 
0Z
T\  , W  ± dimensionless time. 

 

 
Fig. 2. The graph of dynamic stability and instability of the plate (a) and the timing diagram of stress (b) [1]. 

 



An analysis of dynamic stability consists of changing parameters ı0 and ıt (Fig. 2b), which in turn allowed to create the 
graph of dynamic stability and instability of the plate (Fig. 2a). 
   Comparison of the results obtained by SKDVH�SRUWUDLWV��3RLQFDUp�PDSV��))7�DQDO\VLV�DQG�Lyapunov exponents [2] with the 
results shown in Fig. 2a was made for the two values of the parameters k and ș��ȍ: an area of dynamic stability (k=0,3, 
ș��ȍ 0,9), an area of dynamic instability (k=0,45, ș��ȍ 1,1). 
 

 
Fig. 3. Phase portraits (a, b), 3RLQFDUp�PDSV (c, d), FFT analysis (e, f) for the stability solution (a, c, e) and the instability 
solution (b, d, f). 
 
   Summing up the results, it can be concluded that using tools used in dynamics it is possibile to designate the areas of 
VWDELOLW\� DQG� LQVWDELOLW\� IRU� WKH� VWXG\� V\VWHP�� )RU� SKDVH� SRUWUDLWV� �)LJV� �D�� �E�� DQG� 3RLQFDUp� PDSV� �)LJV� �F�� �G�� ORVV� RI�
stability associated with a significant increase in the value of displacement and velocity (all studies have been done for the 

initial conditions equal to x =0,01, 
x

x =0,00) and the nature of the resulting solutions. On the graphs of the FFT analysis, 
during the transition into the area of instability, a signal spectrum is continuous (specification of dominant frequencies is 
impossible) and significantly increased their amplitude. Using the Lyapunov exponents cannot precisely described when the 
loss of stability take place. Both of the stability (k=0,3, ș��ȍ 0,9) and instability (k=0,45, ș��ȍ 1,1) areas we get the two 
Lyapunov exponents equal to zero ± a quasiperiodic solution (two disproportionate to each other frequency, so-called a 2D 
torus). However, the use of the Lyapunov exponents is useful for the larger values of parameter k, which are not shown in 
Fig. 2a. For k=1,60, ș��ȍ 1,1 the largest Lyapunov exponent reaches a positive value, the analyzed system goes into a 
FKDRWLF�VROXWLRQ��7KLV�VROXWLRQ�FDQ�EH�DOVR�REVHUYHG�LQ�WKH�3RLQFDUp�PDS��)LJ����� 

 
Fig. 4. 3RLQFDUp�PDSV for the chaotic solution. 
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EFFECT OF NON-LINEAR CONSTITUTIVE LAW ON COLUMN BUCKLING

Derek Hollenbeck∗1, Soheil Fatehiboroujeni1, and Sachin Goyal1
1Department of Mechanical Engineering, University of California, Merced, CA, USA

Summary Columns with linear constitutive laws in bending can sustain higher than critical buckling load after buckling. In other words,
they have stable post-buckling behavior. However, a class of materials such as redwood exhibits cubic nonlinearity in the constitutive law
with softening effect. An analysis with simple idealized model reveals that such cubic nonlinearity in the constitutive law diminishes the
domain of post-buckling stability, and lead to catastrophic collapse. This work further investigates the finding by taking into account the
nonlinear constitutive law into beam theory.

It is known that certain materials such as redwood exhibit cubic constitutive law of the form [1]

σ = E1ϵ+ E2ϵ
3 (1)

where E1, E2 are constants, σ is the axial stress and ϵ is the axial strain. This nonlinearity translates into a similar nonlinearity
in the constitutive law for bending

q = E1I1κ+ E2I2κ
3 (2)

where q is the bending moment having restoring effect on the curvature κ, and I1 and I2 are the second and fourth moments of
cross-sectional area respectively. Accounting for the above nonlinearity in the Euler equation, and using perturbation analysis
for a clamped-free case, Haslach [2] showed that the post-buckling behavior becomes unstable beyond a critical value of E2.
Szymczak and Mikulski [3] refined this analysis further with the tangent modulus theory, and found that even the buckling
load is reduced.

Figure 1: Idealized model of buckling of a clamped-free column. The torsional spring at the hinge captures lumped bending
stiffness as M = k1θ + k2θ3, where k1 and k2 are constants and M is the restoring moment of the spring.

However, an analysis with simple idealized model, such as shown in Fig. 1, with the cubic nonlinearity in the constitutive
law reveals that the post-buckling behavior does not abruptly change from being stable to being unstable as the cubic nonlin-
earity in the constitutive law is increased. Instead, the domain of stability diminished smoothly as shown in the bifurcation
diagrams in Fig. 2. In other words, the post-buckling behavior is stable at the onset, but after at a critical value of θ, it becomes
unstable and the column collapses catastrophically. The critical value of θ does depend on the cubic nonlinearity factor k2.

Motivated by this observation, we further investigated the post-buckling stability using a nonlinear beam theory. By
including higher order terms in the perturbation analysis of the beam, we observed similar trends as observed in the idealized
model. Therefore, we conclude that it is necessary to include higher order terms in the perturbation analysis that were ignored
in [2], to capture important trends in the post-buckling stability of the columns with nonlinear constitutive laws.

∗Corresponding author. Email: dhollenbeck@ucmerced.edu



Figure 2: Normalized critical buckling load is plotted against θ for several values of k2 while keeping k1 constant. The red
curve corresponds to the trajectory of the critical load for a linear constitutive law (k2 = 0). The stable post-buckling domain
is shrinking as |k2| is increasing.
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RESULTS AND DISCUSSIONS

Fig.3(a) shows FEM result and experiment result (Zupan et al,2003) and both results are in good agreement. As can be
seen from fig.3(a), crush response of egg-box panel can be divided into three stages, stage1:elastic deformation of conical
cover, stage2:plastic deformation of conical cover, stage3:plastic deformation of the cone. Among these three stages, we
will evaluate stage2 to stage3 which the affect crush response of egg-box panel. Fig.3(b) shows the compressive load during
these stages can be approximated by equation (1) and (2) which proposed by Oliveria and Deshpande respectively. The large
difference between equation (1) and FEM result is due to effect of strain hardening of the material. Therefore, the effect
of strain hardening coefficient on the deformation behavior for model with angle ω = 60◦ and thickness t=1mm, is shown
in fig.3(c). For large strain hardening coefficient Eh the slope expands to the outside while cone deformed inside. As the
slope expand to the outside, strain energy caused by the expansion of strain at the circumference occurs, but this is ignored
in equation (1) and (2) as it considers only strain energy by the bending.Thus, it is concluded that the theoritical solution of
equation (1) and (2) becomes smaller than FEM result of egg-box.
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Fig.3 (a) Comparisons of FEM result and experiment result. (b) Comparisons of FEM result and analysis result.

(c) Deformation behaviours for egg-box with different hardening modulus Eh/E = 1/100.
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CONCLUSIONS

In this paper, study on designing the superior crushing response of lightweight egg-box panel is carried out which consisted
of a conical frusta and the base, by a using finite element method (FEM). It is found that there exists three kinds of defor-
mation stages.However, if the strain-hardening of the constituent material increases, the deformation behavior changes, and
the conventional estimation technique cannot be used effectively. So in order to take into consideration the strain hardening
effect of the material properties, one has to use an energy equivalent flow stress σfl defined by the work-hardening exponent
(n-value), and evaluate the compressive load P by using σfl instead of yield stress Y . Further, a controlling technique for the
ideal compressive load-displacement curve is proposed by introducing the basement and changing the length of the basement
and the cone angle.

References

[1] Deshpande V.S., Fleck N.A.: Ehergy absorption of an egg-box material, Journal of the Mechanics and Physics of Solids, Vol.51(2003), pp.187–208.
[2] Zupan M., Chen C., Fleck N.A.: The plastic collapse and energy absorption capacity of egg-box panels, International Journal of Mechanical Science,

Vol.45(2003), pp.851–871.
[3] Chung J.G., Chang S.H.: Sutcliffe, M. P. F., Deformation and energy absorption of composite egg-box panel, Composites Science and Technology,

Vol.67(2007), pp.2342–2349.
[4] Oliveira J.G., Wierzbicki T.: Crushing analysis of rotationally symmetric plastic shells, Journal of Strain Analysis, Vol.17, No.4(1982), pp.229–236.
[5] Wierzbicki T., Abramowicz W.: The mechanics of deep plastic collapse of thin-walled structures, In Jones, N., and Wierzbicki, T. editors, Structural

Failures, John Wiley(1989).



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

ENHANCEMENT OF BUCKLING STRENGTH IN THE TAPERED SKELETAL ELEMENTS
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Summary Biological structures, such as stems and bones, possess some very distinct mechanical designs. By comparing variants of these
designs using synthetic materials, scientists have shown that bio-inspired designs can lead to an enhancement of the materials’ properties.
However, a major criticism of pursuing bio-inspired engineering has been that there are scarcely any examples of structural biomaterials that
have been rigorously shown to contain a close-to-optimal design. To address this criticism, we discuss the skeletal elements of the marine
sponge Tethya aurantia called spicules, which are monolithic silica rods that are 1–2 mm long, 30–50 µm thick. The spicules’ mechanical
effectiveness is primarily limited by their buckling strength. Spicules possess a distinct taper along their length. Using recent mathematical
results, mechanical testing and computational modeling we show that the spicules’ tapered shape is very close to the shape that has the
greatest buckling strength.

INTRODUCTION

Structural biomaterials (SBs), such as bones and shells, possess some remarkable mechanical properties, such as high spe-
cific toughness and stiffness [1, 2]. Underlying the SBs’ remarkable properties are the structures’ unique mechanical designs,
which are a consequence of millions of years of evolution. These distinct designs have serendipitously inspired engineers to
come up synthetic materials that possess enhanced mechanical properties [3]. Currently, engineers are interested in making
the process of discovering new ideas and designs from nature more systematic. However, these efforts are being excessively
undermined by the idea that evolutionary adaptations do not create perfect designs, but rather only provide enhancements to
make biological materials perform well enough. Furthermore, there are scarcely any examples of SBs that have been rigor-
ously shown to contain a close to optimal design. For this reason, it is natural to wonder whether evolution is even capable of
producing a “perfect” structure.

To provide a balanced perspective on the benefits of looking to nature for inspiration we discuss the form and function of
the skeletal elements of the marine sponge Tethya aurantia. These elements, called spicules, are axisymmetric, monolithic
silica rods that are 1–2 mm long, and 30–50 µm thick. The spicules are distributed in the sponges’ compliant collagenous body
to enhance its stiffness [4]. These spicules possess a distinct taper along their length, which we found be a highly uniform
feature across individual specimens. The spicules are internally homogeneous and we found that their deformation is linearly
elastic and that they break cleanly into two pieces in an abrupt, brittle fashion. From these two observations and the slender
nature of the spicules, we infer that they primarily fail through a buckling instability, which is triggered by the compressive
tractions that are distributed along their lengths.

The spicules most certainly experience various, complex compressive traction distributions along their length. However,
we show that of all possible compressive load distributions the case where the forces are concentrated at the ends is the most
critical. Furthermore, we found using numerical modeling that the compressive loads on the sponge body mostly appear as
concentrated forces on the spicule ends. Thus, the spicule’s performance is limited by the maximum compressive force that
it can support on its ends prior to encountering the buckling instability. It was proven only recently that columns that possess
what we term the Clausen profile can withstand the largest compressive end forces for a given volume of material before
buckling [5]. We found that the tapered profiles of the spicules are very close to the Clausen profile. In addition to maximizing
the buckling strength, we also show that small imperfections in the Clausen profile result in only minor decreases in the critical
buckling load. This design is therefore not only optimal, but also robust against potential fabrication constraints. Thus, our
results demonstrate that in at least some cases evolution can be powerful enough to lead us to the best solutions.

HYPOTHESIS AND SPICULE SHAPE MEASUREMENTS

Buckling is a phenomenon that occurs when an, often slender, element under compressive forces transitions from a purely
compressed state to a state characterized by large lateral deflections. This sudden transition, or “bifurcation”, in the deforma-
tion behavior results in a loss of the structure’s capacity to transmit loads and is characterized by increased compliance and
the presence of tensile stresses due to bending.

For an axisymmetric column with radius r that can vary with the position z along its length L. Of all possible r(z) over
[0, L], for which the total volume V is constant, the shape r̂(z) that results in the maximum load transmitted before the onset
of buckling is given by
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r̂(θ) = Lα ��n(θ) (1a)

z(θ) =
L

π

!
θ↗1

2
��n(2θ)
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where the parameter θ varies from 0 to π, and α is the column’s aspect ratio [5]. This shape provides a 33% enhancement to
the critical buckling load over that of an equal volume cylindrical column.

The Clausen profile is a very gradually tapered shape; a feature that serves as the motivation for our study of the spicules.
Specifically, we hypothesize that the taper of the spicules maximizes structural support provided to the sponge by maximizing
their critical buckling load.

To test our hypothesis, we quantify the taper of 32 spicules by extracting the boundary of the spicule profile from stitched
SEM images. We consider four candidate models – constant cross-section (CCS), ellipsoid, double-cone, and the Clausen
profile – to describe the shape of the spicules. For each spicule measured, we fit the four models to the boundary data points
using the aspect ratio as the fitting parameter and minimizing the sum of squared errors (SSE) between the data and the
model. In order to select the best fit model we compute Akaike’s Information Criterion (AIC) for the four candidates for each
spicule [6]. We find that of the four candidate models considered, there is very strong support that Clausen profile is the best
descriptor of the spicule shape. This similarity between the Clausen profile and the measured taper of the spicules reinforces
our hypothesis that the tapered shape of the spicules is an adaptation for making the sponge body stiffer.

Table 1: Summary of model comparison metrics across the 32 spicules

SSE × 1000 AIC

mean SD mean SD

Clausen (1) 0.16 ± 0.08 -3608.3 ± 160.8
ellipsoid 0.28 ± 0.17 -3475.7 ± 187.8

CCS 0.77 ± 0.40 -3205.6 ± 145.9
double cone 2.13 ± 0.84 -2932.9 ± 102.9

ROBUSTNESS OF THE CLAUSEN PROFILE

Finally, we investigate the sensitivity of the enhancement in buckling load to deviations from the perfect Clausen column
shape. Specifically we perturb the Clausen profile while enforcing the constraint that the volume of the perturbed and un-
perturbed columns must be equal. We numerically compute the buckling load for the perturbed shape and compare it to the
critical buckling load of the unperturbed Clausen profile. By generating 104 different randomly perturbed shapes, we estimate
the worst case reduction of the critical buckling load as a function of the magnitude of the perturbation.

We repeat this process for an equal volume CCS column and show that the critical buckling load of the Clausen profile is
affected less by imperfections in its cross-sectional area.
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Summary This paper provides an update on a recent sequence of results [4],[5],[6],[7],[8],[9],[10] concerning stability of non conservative
discrete systems which led to the emergence of the original concept of Kinematic Structural Stability (ki.s.s). This concept deals with the
property for a system (more accurately for an equilibrium configuration) to preserve or not its (linear) stability domain when it is subjected to
additional kinematic constraints. Conservative systems show a universal ki.s.s. whereas nonconservative elastic systems show a conditional
divergence ki.s.s. according to the second order work criterion. Flutter ki.s.s has not been characterized by a simple algebraic condition.

DEFINITION OF KI.S.S.

It is well-known that non conservative systems may exhibit some paradoxical behaviors like the well-known destabilizing
effect by additional damping (see [3] for example for a modern point of view). However, it is less reported that a similar
destabilizing effect may occur by additional kinematic constraint(s). To the best of our knowledge, it has been first mentioned
by J.J Thompson in [2] but it has never been really investigated until the last five years.
Ignoring then thisThompson’s work, authors of the present paper started in 2009 to investigate the links between stability and
the so-called second-work criterion first introduced by Hill [1] in a complete different framework, and more recently used by
considering stability of discrete systems under mixed perturbations. Coming back to the usual Lyapounov stability namely
stability under perturbations of initial conditions, the authors then questioned the property a stable equilibrium to remain
stable when the system is constrained by additional kinematic constraints. More accurately, suppose Σ a mechanical system
described by a finite family of coordinates q = (q1, . . . , qn) subjected to a load system which is described for the sake of
simplicity by a loading parameter p. Let qe an equilibrium configuration so that it is not removed with an increasing of p. We
then question the stability of qe when p is increasing and more accurately, using only a linear framework, we assume that the
motion about qe is governed by:

MẌ +K(p)X = 0 (1)

where M,K(p) ∈ Mn(R) are respectively the mass and stiffness matrices (at qe) of Σ and X = (q − qe)T ∈ Mn1(R). We
suppose that for p = 0, Σ is conservative stable and that the domain of stability of this equilibrium qe is [0, p∗[ with eventually
p∗ = +∞.
A family of m linear kinematic constraints is a family C = (C1, . . . , Cm) of linear forms identified by the scalar product
with column vectors so that these constraints are equivalent to a matrix C = mat(C1 . . . Cm) ∈ Mnm(R). The constrained
system will be denoted by ΣC and qe is then supposed to be still an equilibrium position of ΣC . Analogously, [0, p∗C [ is the
stability interval of the configuration 0 for ΣC .
The main question reads: what is the relationship between p∗ and p∗C? More accurately, do we have p∗ ≤ p∗C as it always
happens for conservative systems? If not, can we explain why and can we find (or build) a family of constraints C so that
p∗C < p∗.

Definition 1 If p∗ ≤ p∗C ∀C we say that the system (more accurately the equilibrium position of the system) Σ is universally
kinematically structurally stable or that its kinematical structural stability (ki.s.s) is universal. If there is a value p∗k(< p∗)
such that p∗k ≤ p∗C ∀C, the ki.s.s. is only conditional. If there is no such p∗k, the ki.s.s is any. According to the mode of linear
stability (divergence or flutter) we also speak about divergence or flutter ki.s.s.

RESULTS ABOUT KI.S.S.

The results may be so summarized:

• Using Rayleigh quotient, an usual well-known result (Courant’s Theorem) claims that for conservative systems the
ki.s.s. is universal.
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• For nonconservative systems leading to (1) with a non symmetric matrix K(p), the divergence ki.s.s. is conditional.
More accurately, p∗k,div = p∗sw(< p∗) is the lowest positive root of the symmetric part Ks(p) of K(p). In other words,
as long as the second order work criterion holds, no kinematic constraint C may destabilize ΣC . Moreover, the number

m < n of constraints is not significant. Finally, for p = p∗sw, the destabilizing constraint C = (U) =

⎛

⎜⎝
a1
...
an

⎞

⎟⎠ such

that ΣC is divergence unstable (the constraint then reads a1x1 + . . . + anxn = 0) must be chosen so that the vector U
is on the invert image by K(p∗sw) of the isotropic cone of Ks(p∗sw) (because of p∗sw < p∗div , K(p∗sw) is invertible).

• For nonconservative systems, the flutter ki.s.s is any: there is a systematic analytical method for finding p∗k,fl by use
of calculations on Grassmmann manifolds but, according to the three degree of freedom systems Σ, p∗fl ≤ p∗k,fl or
p∗fl > p∗k,fl may occur.
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Post-buckling analysis of a hyperelastic layer-substrate structure under compression

Yang Liu1 and Hui-Hui Dai ∗2

1Department of Mechanics, School of Mechanical Engineering, TianJin University, TianJin, China
2Department of Mathematics, City University of Hong Kong, Hong Kong SAR

Summary The compression of a hyperelastic layer-substrate structure is considered in our paper. We consider the whole structure is
relatively thin so that it will buckle when the external loads reach certain critical value. Considering the effect of Young’s modulus between
layer and substrate, the asymptotic model equations are obtained by use of the combined series-asymptotic expansion method. Both the
linear and weak non-linear analysis are carried out in this paper. The good agreements of critical stretch from our model and the exact one
shows the validity of our model. Then, we unitizing the solvability condition technique to obtain the analytic solutions of two cases, i.e., the
ratio of Young’s modulus between layer and substrate is of O(1) or large. Corresponding numerical solutions verified that our approach can
obtain quite good results and from the analytic formulas of strains, deflections, one can easily see how the parameters affect the quantities.

METHODS AND MODEL

B        A

 L

Y

X

~

~

Figure 1: The geometry of the problem.

The geometry together with the Cartesian coordinates system for the current problem is shown in figure 1. The incremental
governing equations for the system with traction free boundary conditions for a static problem is well-known, one can refer to
(1) and (2) for details. Due to the complexity of the equations themselves, we adopt the combined series-asymptotic expansion
method (see also (3)) to derive the asymptotic model equations and the results are as following

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

h1W + h31W2 + h32G2 + h33W3 + h13WG2 + h38G4 + h39W2G2 + h40W4 + B(h3G,X + h6GW,X + h7WG,X
+h14WW,XG + h15W2G,X + h16G2G,X) + B2(h2W,XX + h34W2

,X + h9WW,XX + h35G2
,X + h11GG,XX) = ∆γ,

h17G + h20WG + h36G3 + h27W2G + h41WG3 + h42W3G + B(h18W,X + h21WW,X + h22GG,X
+h28W2W,X + h29W,XG2 + h30WGG,X) + B2(h19G,XX + h23GW,XX + h37G,XW,X + h25WG,XX) = ∆q,

(1)

where hi(i = 1, 2, · · ·) are related to m1, e (the Young’s modulus ratio), ν and r (the thickness ratio). W and G denote the
leading order axial and shear strain. ∆γ and ∆q denote the incremental stress along X and Y directions, respectively.

POST-BIFURCATION ANALYSIS

We consider two cases, i.e., e is of O(1) or large. The weak non-linear analysis can be conducted by use of the solvability
condition and we directly show the results here. The two-terms asymptotic solutions are

W ≈ bζ(W0 + ζW1) = ± Bh3λ1

B2h2λ2
1 − h1

√
−∆γ
√
φ0

φ1
cos(λ1X) +

∆γ

h1
+
φ0(d1 + d2)∆γ

2h1φ1
− c2
φ0

φ1
∆γcos(2λ1X), (2)

G ≈ ζ(G0 + ζG1) = ±
√
−∆γ
√
φ0

φ1
sin(λ1X) − c3

φ0

φ1
∆γsin(2λ1X). (3)
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Thus the leading order asymptotic solutions are

W ≈ ζ 7
5 W0 = ±e−

7
5 4

√
−∆γe 3

5
φ0

φ1

Bq3λ1

B2q2λ2
1 − q1

cos(λ1X), G ≈ ζ 7
5 G0 = ±e−

7
5 4

√
−∆γe 3

5
φ0

φ1
sin(λ1X). (4)

Where the coefficients are related to the material and geometrical parameters.
Note that the validity of analytic formulas have been verified by the corresponding numerical results. With the obtained

analytic solutions, the deflection of the structure can be easily deduced and we find that both the curves of critical stretch and
the amplitude with Young’s modulus ratio are not monotone, which suggest a possible way to control the structure’s stability
and deflection. Fig.2 shows that when the whole displacement is fixed, we can use bilayer replace a single layer so as to
achieve the ideal deflection (adjust the material or geometrical parameters).
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(a) Dashed line is a single
layer and solid line is a bilayer.
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(b) Dashed line is a single
layer and solid line is a bi-
layer.

CONCLUSIONS

The post-bifurcation analysis for a layer-substrate structure are studied both analytically and numerically. By construct-
ing certain small geometrical parameters, the complicated governing equations are reduced to two coupled nonlinear ODEs
through the combined series-asymptotic expansions method. Then we solve the two coupled equations by use of the solvability
condition technique at the near-critical loads. Two cases are considered, i.e., e is of O(1) or large. Through the systematically
asymptotic analysis, it is found that, when e is of O(1), the nature of bifurcation is supercritical and the two-terms approximate
solutions for the leading order axial and shear strain are obtained, when e is large, the nature of bifurcation is subcritical and
the leading order approximate solutions are obtained. All the analytic results are verified by the numerical ones.

The obtained analytic formulas for the post-buckling solutions can give us useful insights about how the geometrical
and material parameters affect the post-buckling states. Further, our results can give people certain insights when designing
a structure. one can control the stability and deflection amplitude of a composite layer by specifying the geometrical and
material parameters into certain domains.
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A NEW APPROACH TO ASSESS THE DYNAMIC SLIDING STABILITY OF STRUCTURES:
APPLICATION TO CONCRETE DAMS

Sylvain Renaud1, Najib Bouaanani ∗1, and Benjamin Miquel2

1Department of Civil, Geological and Mining Engineering, Polytechnique Montréal, Montréal, Québec, Canada
2Division of Expertise in Dams, Hydro-Québec, Montréal, Québec, Canada

Summary This paper proposes a new numerical technique to assess the dynamic sliding stability of structures. First, special finite elements
are developed to account for the effects of cohesive contact and tensile strength along interfaces regardless of the complexity of their
geometric irregularity. The developed elements can account for sliding, rocking and degradation of the mechanical properties along contact
interfaces during dynamic excitation. For illustration purposes, the proposed methodology is applied to an existing concrete dam subjected
to earthquakes. Based on the results, the simplifying assumptions commonly adopted in this type of analyses are criticized and are shown
to be unconservative in some cases.

INTRODUCTION

Sliding stability assessment of structures is crucial to ensure their safety against extreme dynamic loads such as earth-
quakes. Structures usually contain joints, which may constitute weakness zones where cracking, sliding and/or rocking may
occur under extreme loads [1-3]. The mechanical behaviour at a joint can be generally characterized by interface geometry,
friction angle φ, cohesion c, and tensile strength ft. However, it is common in simplified stability analyses to: (i) oversimplify
irregular joint interfaces, and (ii) neglect the effects of c and ft. In this paper, an original and efficient numerical technique is
developed to assess the dynamic sliding stability of structures while accounting for the effects irregular interfacial geometry,
friction angle φ, cohesion c, and tensile strength ft.

PROPOSED TECHNIQUE

Two types of nonlinear behavior can occur after cracking at a bounded structural joint: uplift and sliding. Sliding can be
divided into two phases: (i) the first, occurring when the joint basic frictional strength is exceeded; and (ii) the second, which
is triggered when the strength of the bounded joint interface, characterized by the cohesion c, is exceeded. When the second
sliding phase occurs, cracking is considered and c = 0. In the same manner, uplift can be divided into two phases: (i) the first,
corresponding to uplift of cohesionless joint interfaces; and (ii) the second which occurs as soon as the strength of the bounded
interface, characterized by tensile strength ft, is exceeded. When the second phase of uplift is active, cracking is considered
and ft = 0. When c = ft = 0, uplift and sliding at the interface is modeled using basic frictional contact finite elements
related to the friction angle φ as shown in Fig. 1 (a). To model c and ft, two types of interface elements are introduced in
Fig. 1 (a), denoted by TECs and TETs, i.e. abbreviations for Truss Element for Cohesion and Truss Element for Tensile
strength, respectively. The TECs are constrained to remain parallel to the joint interface while the TETs are constrained to
remain perpendicular to this interface during dynamic motion. When the first phase of sliding is triggered, a deformation
∆(TEC) is induced in the TEC, which starts to sustain a force F (TEC) as shown in Fig. 1 (b). This deformation increases
until ∆(TEC)

max where it reaches the ultimate strength of the TEC, which is related to cohesion c. At this level of strain, the
joint is cracked parallel to the interface, the TEC disappears and c = 0. When the first phase of uplift is triggered, the TET
deforms by ∆(TET) and starts to sustain a force F (TET) as shown in Fig. 1 (c). This deformation increases until ∆(TET)

max
where it reaches the ultimate strength of the TET related, which is related to tensile strength ft. At this level of strain, the joint
is cracked perpendicularly to the interface, the TET disappears and ft = 0. Therefore, the ultimate strengths of the TECs and
the TETs are governed by

k(TEC) ∆(TEC)
max =

!
τ − σ tan(φ)

"
S = c S k(TET) ∆(TET)

max = −σ S = ft S (1)

where k(TEC) and k(TET) are the rigidity of the TEC and the TET, respectively, S is the tributary area associated with each
TEC or TET, τ is the shear stress, and σ is the normal stress at the joint. Truss elements are adopted because they are basic
finite elements available on most finite element software or can be easily programmed. They are implemented using bilinear
materials including a rupture option that causes their disappearance as soon as their ultimate strength is reached. The proposed
modeling procedure was successfully verified against analytical predictions based on Mohr-Coulomb failure criterion.

∗Corresponding author. Email: najib.bouaanani@polymtl.ca
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Figure 2: Instability region for 1st out-of-plane bending mode of doubly-tapered and uniform composite beams 

     
Figure 3: Modal response ݍଵሺݐሻ for the parametric points P1, P2 and P3 

 
   In Figure 2, the area inside the upper and lower boundary lines is an unstable region where the width of instability region 
increases with the amplitude factor. Compared to the uniform composite beam, the width of instability region for the doubly-
tapered (Configuration-D) beam is 53.03% (for ߚ ൌ ͲǤͷ) less. Also, it can be understood from Figure 2, that beam with taper 
Configuration-B has the smallest width of the instability region and beam with taper Configuration-D has the largest width of 
the instability region among all the taper configurations considered. 
   If any parametric point ሺߚǡ  Ȁʹ߱ଵሻ of the structural system is in the unstable region, the system becomes dynamicallyߠ
unstable. In order to verify such a statement, the modal response ݍଵሺݐሻ corresponding to any parametric point can be 
determined after solving the state-space form of equation (2) by using the Runge-Kutta method [3]. The modal response 
should keep increasing with time when the beam is unstable. In Figure 3, modal responses of three different points (P1, P2 
and P3 shown in Figure 2) are given for 1st vibration mode, where points P1�ሺߠ ൌ ͳͺͳͶǤʹ rad/s,ߚ� ൌ ͲǤͶሻ and P2 (ߠ ൌ ͳͺͲǤ͵ 
rad/s, ߚ ൌ ͲǤሻ are located in the stable region and point P3�ሺߠ ൌ ͳͺͳͲǤͶ�rad/s, ߚ ൌ ͲǤͷሻ is located in the unstable region of 
the doubly-tapered beam of taper Configuration-A. The modal responses of points P1 and P2 are confined within a scope of 
about 0.01 m, while that of point P3 increases rapidly and exceeds 5 m within the same time duration. Hence, the structural 
system corresponding to point P1 and point P2 is dynamically stable, but that corresponding to point P3 is dynamically 
unstable.  
 

CONCLUSIONS 
 

   The combined effects of width and thickness taper on the dynamic instability behavior of laminated composite beam are 
significant. The double tapering significantly reduces the risk of dynamic instability caused by periodic rotational velocity. 
An increase in the amplitude of periodic rotation increases the possibility of dynamic instability. 
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well-known Föppl±von Kármán equations, widely used to analyze membranes subjected to large deflections1-4, have been 
adopted to simulate the deformation of the Au film, accounting for both stretching and bending effects. The flow of the fluid 
is described by the Reynolds lubrication equation. The fluid and solid equations are coupled because the pressure in the 
Föppl±von Kármán equations depends on the pressure in the fluid. 

 

Figure 1. Effect of thickness on evolution of the instability, (a) thickness=400 nm, droplet mass=0.89 mg; (b) thickness=700 nm, droplet mass=1.11 mg; 
(c) thickness=1000 nm, droplet mass=0.65 mg. 

 
Figure 2. Wave Number drops significantly as the thickness of the film is increased. 

CONCLUSION 

   It has been observed that spreading of liquid Hg at the Au/glass interface resulted in a wrinkling instability in which its 
evolution (both temporal and spatial) strongly depends on the film thickness. A theoretical model has been proposed to 
simulate this complex process. 
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Fig.3 Comparison results of specific load              Fig.4 Wrinkling patterns 

 
Table 1 Comparison theoretical results with experimental results 

Tip Load Theoretical results (N) Experimental results (N) Difference (%) 
KM

w
F  0.93 0.88 5.68 

KM

coll
F  1.35 1.47 -8.16 

MRM

w
F  0.94 1.04 -9.62 

MRM

coll
F  2.66 2.57 3.50 

 
COMMENTS 

 
An inflated MRM beam was fabricated, theoretical and experimental analysis were carried out to study its bending capacity. 

Experimental results verified an inflated MRM beam has higher load-carrying efficiency than a pristine membrane beam. The 
Shell-Membrane Model was validated by experiments. The inflated MRM beam performed novel wrinkling characteristics. This 
provides a useful way to resist wrinkling for membrane structures. 
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Summary In the present work we propose a new class of cellular structures with square and triangular grids, which are capable of dramatic 
but controlled shape and size change through alteration of their underlying topological hierarchy. This high degree of geometrical change 
can yield a correspondingly wide bracket of mechanical and multifunctional behavior of these structures. 
 

ABSTRACT 
 

The properties of traditional materials are fixed by their atomic or molecular arrangements and typically difficult to alter 
further due to the constraints of sub continuum forces and relatively closely packed microstructure. Thus developing and 
engineering new materials with either extreme properties or a non-traditional combination of behavior becomes extremely 
challenging. This fundamental limitation of the properties can however be challenged by first noting that the overall 
properties of a given material originate not just from the atomic constituents but their mutual arrangements, for instance, 
their lattice structure. 

Therefore, although coal, graphite, diamond and graphene are allotropes of carbon, their properties are strikingly 
different. Taking the analogy of allotropy further, an adroit control of topological distribution of matter can be used to 
engineer novel properties even at a larger scale. In this context, cellular materials, whose structure is made up through 
scaling up of a fundamental geometrical unit cell can be seen as analogs of natural crystals and thus serve as an excellent 
template for metamaterial development. More importantly, the meso-level organization and large free spaces inside cellular 
structures make imparting geometrical changes in their underlying structure much easier compared to traditional materials 
or composites. Since the overall properties of cellular materials are directly linked to the geometry of the underlying unit 
cell, it becomes possible to herald materials capable of reversible change of properties through physical stimuli hitherto 
impractical at large scale except in special cases such as piezoelectric, shape memory or specially designed glass materials.   

In the present work we propose cellular structures with square or triangle grids, which are capable of dramatic but 
controlled shape and size change through alteration of their underlying topological hierarchy. This high degree of 
geometrical change can yield a correspondingly wide bracket of mechanical and multifunctional behavior since the overall 
properties of cellular materials are intrinsically tied to their underlying topology. We are particularly interested in 
investigating the elastic, as well as the phononic behaviour of these structures. We carry out an energy-based method to 
obtain closed-IRUP�H[SUHVVLRQ�RI�<RXQJ¶V�PRGXOXV� IRU� KLHUDUFKLFDO� VWUXFWXUHV�ZLWK�XQGHUO\LQJ� Vquare-grid topology with 
changing hierarchy. Furthermore, finite element (FE) based band structure calculations were employed to obtain the 
phononic bandgap (i.e., frequency ranges of strong wave attenuation) evolution of these structures at different levels of 
hierarchy. We find that the change in shape and size of these hierarchical structures can significantly affect the static and 
dynamic responses, and they can be effectively used to tune the stiffness and bandgaps of these multifunctional hierarchical 
cellular structures. 
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Summary Extensive studies have been conducted on buckling induced pattern transformation in free-standing structures while little attention in 
constrained structure. Here we study the swelling-induced buckling of arrays of thin stripes with their bottom fixed to the substrate, as well as 
their potential applications in switchable conductive pathway. We find that unlike the classical buckling of free-standing thin plate stripe only 
showing one global half wave, multiple local waves are generated on the top through bottom constrained buckling. The explicit analytical 
solutions for predicting buckled geometry are developed and validated by both finite element method (FEM) simulation and experiments. 
Moreover, we demonstrate the use of buckling-induced controllable contacts in enabling design of switchable conductive pathway in electricity, 
which opens up a wide range of novel application possibilities in conductive pathway, photonic/phonic wave guiding, and among others. 
 

INTRODUCTION 
 
   Deterministic order is highly desired in surface patterning [1] and structural reconfiguration in metamaterials [2] through 
deformation. However, buckling deformation, which can either bend up or down is energetically equivalent, often induces 
geometrical frustration in structures and thus disordered configuration [3], presenting a challenge for structural ordering in 
reconfigurable metamaterials. To control the ordered buckling configurations, we carried out a combined experimental and 
numerical method to create large area of ordered and deterministic patterns of arrays of ridges with their bottom constrained 
through directed buckling strategy. The deterministic control of buckling configurations is demonstrated in ridges consisting 
of both hydrogel and Polydimethylsiloxane (PDMS) at multiple length scales. 
 

 
Fig. 1 (a) Schematic illustration of array of ridges with bottom constrained to substrate. (b) Tilted SEM images of hydrogel 
micro-ridges before deformation. (c) SEM images of disordered buckling pattern in ridges after swelling-induced buckling. 
(d) SEM images of ordered buckling pattern after directed buckling  
    

RESULTS AND DISCUSSIONS 
 
   Fig. 1b shows the tilted SEM image of an array of undeformed hydrogel micro-ridges. Upon swelling, the free swelling 
of ridges is constrained by their clamped bottoms to non-swelling rigid substrates, which renders the ridges under 
compression and thus induces lateral buckling when beyond a critical strain. Despite the same buckled sinusoidal wavy 
shape in each single ridge, a disordered buckled structural configuration is observed with randomly shifted phase angles 
between ridges (Fig. 1c) owing to the bistability in each wave, where it can equivalently bend upward or downward and 
thus the buckling direction is indeterminate. In contrast, after directed buckling, the disordered pattern transits to a long-
range ordered one showing the same phase angle in (Fig. 1d). 
   The well-controlled phase angle of buckled waves in ridges can be used for enabling the new function in potentially 
activating the switchable electrical conductive pathway through controllable buckling-induced ridge contacts. Fig. 2a shows 
that for buckled ridges with the same phase angle, there is no contact after buckling between ridges since buckled ridges are 
parallel to each other no matter how close they are. However, when ridges are shifted to certain distance, after buckling, the 
physical contacts between buckled ridges are enabled due to their mismatched phase angles (Fig. 2b). Using this way, the 
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(b)(a)

50 Pm

50 Pm

(c) (d)

Disordered Ordered



connections between ridges after buckling is established through buckling-induced contact. To demonstrate this new 
function we apply conductive coating to the hydrogel ridges. Proof-of-concept experiments show that a Domino-like 
conductive pathway in series can be reversibly activated through swelling-induced buckling and evaporation induced de-
swelling of ridges on rigid substrates (Fig. 2c). The lit LED light proves the success of the activation.   
 

 
Fig. 2 (a) Schematic illustration of buckled parallel ridges without physical contact due to identical phase angles (b) After 
phase angle shifting, contacts between parallel buckled ridges are enabled. (c) Proof-of-concept experiment on 
demonstrating of activating switchable conductive pathway in array of ridges through buckling driven contacts. LED light is 
on after buckling. 
 

CONCLUSIONS 
 

   The directed buckling strategy opens a new avenue for creating highly ordered and deterministic buckled structural 
configurations, where the original disordered buckling patterns with random distributed phase angle of buckle waves transit to 
ordered one with the same phase angle. The directed buckling leads to the physical contacts between ridges, and thus enables the 
functionality in activating switchable conductive pathway, which may find great potential applications in environmental hazard 
sensors, display, electric circuits, phononic and photonic waveguiding, and active micro-fluid channels, and among others. 
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Summary Thin aluminum plate is prone to buckle after welding. The buckling distortion is induced by the non-uniform welding stresses. 
To predict the critical stress in the buckling distortion accurately, a rational analysis is presented in this paper. The non-uniform welding 
stresses is represented by mathematical equations. Then, the prediction model of critical buckling stress is established to predict the 
critical stress. 
 

WELDING INDUCED BUCKLING ANALYSIS 
 
The amount of the buckling distortion is large which significantly influences the dimensional accuracy and the assembly 
process. Besides, it cannot be pushed back mechanically in general, once a plate has buckled. Thus, the welding induced 
buckling is widely focused by many researchers. Masubuchi [1] investigated the buckling distortion in long steel strips after 
welding. The critical buckling stresses under various boundary conditions were calculated by engineers at Kawasaki Heavy 
Industries [2]. Frank [3] calculated the critical buckling force where the welding residual stresses are equivalent to the 
uniform welding stresses. Actually, the welding residual stresses are non-uniform. In this paper, the critical residual stresses 
are calculated by employing the non-uniform welding stresses. 
 

NON-UNIFORM WELDING STRESS 
The longitudinal compressive residual stresses generated by welding is the key factor leading to the buckling 
distortion in welded structure. In Refs. [2-3], the longitudinal residual stresses are simplified to uniform stresses, as 
shown in Fig. 1a, which is beneficial to the calculation of the critical buckling force. However, the welding residual 
stresses are non-uniform in the welded structure, as shown in Fig. 1b. Here, the longitudinal residual stresses are 
represented as 
 2

0 ( )xN N y yD E J � �   (1) 
where, 0N  is the average stress. D , E , and J  are coefficients. 

Nx-
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stress
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Y
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a)                                                  b) 

Fig. 1 Welding residual stresses applied in the critical stress calculation 
 

CRITICAL RESIDUAL BUCKLING STRESS 
The residual welding stresses can be divided into compressive stress and tensile stress. For compressive stress, the 
basic equation can be written as  
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  (2) 

where w  is the deflection, D  is the flexural rigidity of the plate, xN  is the mid-plane load in X direction. In the 
basic equation, the body forces are ignored. For compressive stress, the basic equation can be written as  
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The boundary conditions of the buckled plate after welding can be given as 
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 The equilibrium equation is given as Eq. (4). The continuity condition at the boundary of the tensile and 
compressive stresses is written as Eq. (5). The critical buckling stresses can be solved with Eqs. (2-5). 
 

CONCLUSIONS 
 
The non-uniform welding stresses is represented in this paper. Then, the critical buckling stresses can be solved with 
the basic equation and the boundary conditions. The study in this paper can help the critical stress predition. 
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Summary Microstructured fibers with sacrificial bonds fabricated by instability-assisted fused deposition modeling (IFDM) exhibit high 
toughness and stretchability. However, early breakage of backbone hinders the fiber from achieving higher toughness. Finite element analysis 
using ANSYS was performed to analyse the unfolding process of a single coiling loop under uniaxial force. Results show that maximum von 
Mises stress is found at the inner side of the previous top loop, which corresponds with the location of fiber breakage from experiments. Bending 
continues to be the dominant factor for maximum stress during the unfolding process. Torsion contributes more to maximum stress with 
decreasing fiber slenderness. The stress analysis of the unfolding process would help to optimize the fiber production by reducing maximum von 
Mises stress to avoid early breakage of backbone. We hope that microstructured fibers made with IFDM could one day be used for safety-critical 
applications, such as safety harness or bulletproof vests. 
 

INTRODUCTION 
 
   By depositing either a thin filament of Newtonian viscous fluid [1, 2] or a slender elastic rod [3, 4] onto a moving belt, periodic 
patterns are generated. These instability phenomena are known as the fluid mechanical sewing machine (FMSM) and the 
elastic sewing machine (ESM), respectively. The patterns generated with the FMSM and the ESM are highly similar indicating 
the dominance of the geometry of the problem over the constitutive relation of the material used [3]. Passieux et al.[5] harnessed 
a similar instability phenomenon occurring in a fused deposition modeling (FDM) 3D printer to create patterned fibers. 
Passieux et al.[5] demonstrated that this instability-assisted fused deposition modeling (IFDM) could be used to tailor the 
mechanical properties of the fibers by picking the right patterns to make fibers with more or less toughness and rigidity. 
However, early breakage of the fiber for some fabrication parameter values remains a big obstacle to increase the fiber’s 
toughness. Previous experiments show that the location of breakage changes from the top of the loop to the site of broken 
sacrificial bonds where stress concentration are generated depending on the fiber size and pattern. Therefore, a comprehensive 
stress analysis of the unfolding process of a single coiling loop needs to be done to understand the cause of early breakage. 
 

 
Figure 1. Simulation of a single coiling loop under uniaxial tension in ANSYS using model data from the literature: a, the coiling pattern in the 
optical microscopy image was fabricated using the speed ratio (VE/VB) of 3.616 under a deposition height of 10 mm, which corresponds to the 
steady coiling radius of 2.55 mm. Same parameters were used in this paper, including the geometrical model inputs and ANSYS simulation model. 
b, uniaxial tension was simulated in ANSYS by fixing the left end of the fiber in the isometric view, and extending the right end. Apparent strain 
was obtained by dividing the displacement of the right end by the initial distance between the left and right end. 



   A finite element analysis (FEA) of a single coiling loop was built based on the geometrical model for FMSM patterns 
from the literature. Nonlinear analysis was carried out based on beam elements by FEA in ANSYS. Axial, bending, torsional 
shear and von Mises stresses were calculated from FEA to provide a comprehensive stress analysis of the unfolding process. 
 

METHODS AND RESULTS 
 
Finite element model for single coiling loop 
   Brun, et al. [2] developed a geometrical model for FMSM patterns containing three coupled non-linear ordinary differential 
equations. Although the fiber material we used in the experiment is a shear thinning fluid [6] rather than a Newtonian fluid, 
the geometric results based on this model match well with experiment results. Symmetry was utilized to generate z coordinates 
of the fiber pattern according to the diameter of the filament. The three-node beam element BEAM 189 was used to model 
the unfolding of a single coiling loop with the geometric nonlinearities taken into account.  
    
Finite element analysis results 
   Nonlinear analysis was carried out for the single coiling loop in ANSYS. The simulated coiled fiber is shown in Fig. 1 as 
it is extended. Maximum von Mises stress is found at the inner side of the previous top loop, which corresponds with the 
location of fiber breakage from experiments.  
   The preliminary results of Fig. 2 allow to understand the effect of slenderness on different stress components during the 
unfolding process. In general, von Mises stress goes down with increasing slenderness. For bigger slenderness, torsional shear 
stress is much smaller as expected, which is due to the reduction of torque for slenderer fiber. While mid-way bending peak 
becomes more obvious for bigger slenderness, and the slenderer the fiber is, the longer the bending mid-way peak continues. 
Thus, bending should be taken more care of when we choose slenderer fiber to minimize von Mises stress. 
 

   
Figure 2. Maximum stress during the unfolding process of a fiber with wavelength ! = 5.23 mm and slenderness ratio: a, !/d 
= 3.49; b, !/d = 34.87. Maximum bending and torsional moments are plotted versus strain in the insets. 
 

CONCLUSIONS 
 

   Although torsion could be reduced by using slenderer fiber, bending continues to be a key factor for the fluctuation of maximum 
stress during the unfolding process of coiling loop. Therefore, strategies which reduce the bending stress could be practised to 
avoid early breakage of backbone and optimize the fiber production. 
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Summary A Fast Fourier Transform (FFT) method is developed to solve the elasto-static equations of the field dislocation mechanics for 
periodic media with heterogeneous linear elasticity. After prescribing a Nye's dislocation density tensor, the incompatible and compatible parts 
of the elastic distortion are obtained, respectively, from the resolution of a Poisson-type equation and a Lippmann-Schwinger integral equation 
with incompatibilities. Both equations are solved through an iterative basic scheme based on intrinsic discrete Fourier transforms with centered 
and rotated finite difference schemes, respectively. For a single pixel regularization of the dislocation density within the dislocation core, the 
elastic fields due to dislocations with elastic heterogeneities are accurately obtained by the present method without Gibbs oscillations. 
 
 

INTRODUCTION 
 
The elastic theory of continuously distributed dislocations initiated by Kröner [1] and recently revisited by Acharya [2] 
through the so-called Field Dislocation Mechanics (FDM) leads to a rigorous description of the incompatibility of the elastic 
strain due to the presence of dislocations in crystalline solids. The elasto-static equations of FDM were recently solved for 
linear elasticity within a FFT framework [3, 4]. In the latter, the equations for the incompatible elastic distortions and the 
balance of momentum are solved in the Fourier space, while the resulting elastic fields are obtained in the real space by 
using the inverse Fourier transform. An extension of this spectral approach to field dislocation and generalized-disclination 
mechanics (FDGDM) was proposed in [4]. The elasto-static field equations of FDM in a linear heterogeneous medium yield 
a Lippmann-Schwinger integral equation with incompatibilities arising from the presence of polarized (or geometrically 
necessary) dislocation densities. The FFT scheme based on the iterative basic scheme (BS) allows solving the classic 
Lippmann-Schwinger integral equation of the periodic boundary-value problem by the introduction of a modified Green's 
function associated with a well-chosen reference medium [5]. The presence of elastic incompatibilities needs a two-step 
numerical procedure starting from the resolution of Poisson-type equation. Motivated by the accuracy and the efficiency of 
the FFT-based iterative scheme for heterogeneous elastic materials, we propose in this paper to extend the work described in 
[4] to study the interactions between elastic heterogeneities and dislocations for periodic media. Special attention will be 
paid to the control of the Gibbs phenomenon by using discrete Fourier transforms (DFT) together with centered finite 
differences for the Poisson-type equation [4], and, with rotated finite differences for the Lippmann-Schwinger equation [6].  
 
 

RESULTS AND DISCUSSIONS 
 
The assessment of the present approach is conducted by comparisons with the analytical solutions [7] in the case of a single 
edge dislocation of Burgers vector magnitude b=4.05×10-10m restricted to a single pixel located in the centre of a circular 
inclusion embedded in a matrix phase of unit cell dimension 900b×900b. As an example of simulation results, the composite 
material is discretized using a 2D FFT grid constituted of 2048×2048 pixels and the circular inclusion is ten times softer than the 
matrix assuming isotropic heterogeneous elasticity. In this case, Figure 1(a) shows the occurrence of spurious Gibbs oscillations 
regarding local stress field T11 (normalized by the shear modulus of the matrix µM) when using the classical discrete 
approximation of the continuous Fourier transform to solve both the Poisson-type equation (P) and the implicit Lippmann-
Schwinger integral equation (BS) [5], here denoted by P- BS procedure. In contrast, a good approximation is obtained with 
the centered finite difference scheme together with DFT to compute the Poisson-type equation (PC) and the rotated finite 
difference scheme (BSR) together with DFT to solve the Lippmann-Schwinger equation, here denoted by PC- BSR 
procedure. Indeed, it is shown (Figure 1(b)) that the local stress field inside the inclusion and around the “core region” of the 
dislocation obtained with the present iterative basic scheme well matches the analytical solution (AS). The combination of 
centered differences with DFT to compute the Poisson-type equation (PC) and the classic FFT approximation for Lippmann-
Schwinger equation (BS) denoted here by PC- BS procedure also leads to satisfying results for such mechanical contrast 
(Figure 1(b)). However, careful comparisons between the PC- BSR and the PC- BS procedures reveal the occurrence of little 
Gibbs oscillations in the PC- BS solution contrary to the PC- BSR one (see Figure 1(c)). These observations reinforce the 
conclusions given in the case of homogeneous elasticity [4]: such an intrinsic DFT scheme constitutes a suitable way to solve 
Poisson-type equations without any Gibbs oscillations especially when the dislocation density is restricted to a single pixel. 
On the other hand, as reported in [6], the DFT with rotated finite difference scheme to compute the modified Green tensor 
improves the accuracy of the FFT method, in comparisons with [5]. The present FFT method is also suitable to simulate more 
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The FDM elasto-static equations with heterogeneous linear elasticity
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and stable results are obtained by using a centered 
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MICROSTRUCTURE EVOLUTION IN CU THIN FILMS, INVESTIGATED BY AB-INITIO 
AND LEVEL SET MODELING 
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Summary The microstructure of Cu thin films may evolve significantly from the as-deposited state by self-annealing, also at room temperature. 

These microstructure alterations are of importance as they have a profound impact on both electrical and mechanical film properties. In the 

present study, the microstructure developments during self-annealing are studied by means of combining ab-initio and mesoscale level set 

modeling. This allows investigation of relative and combined effects of anisotropic grain boundary energy, mobility and stored energy 

distribution on the evolution of both grain structure and texture. Variation of grain boundary energy is evaluated by density functional theory 

calculations and is used as input for the mesoscale level set model. Based on the numerical simulations, observations are made related to, for 

example, the stability of the (111) texture which is dominant in the as-deposited state, to the prerequisites for abnormal grain growth and to the 

influence of stored energy heterogeneities. 

 

MODELING OF SELF-ANNEALING IN CU THIN FILMS 
 

Background 
   Electrical wiring in integrated circuits is commonly achieved by deposition of thin Cu films. These electroplated films 

are, however, metastable directly following the deposition and significant changes may occur in the material due to self-

annealing. This process can continue for hours or days after deposition, also at room temperature. The process causes 

substantial changes to the microstructure. For example in terms of crystallographic texture, grain size and grain size 

distribution. Due to the extensive alterations of the microstructure, also bulk thermomechanical and electrical properties of 

the film change. Self-annealing in thin Cu films has been investigated for several years but there is still, however, some 

dispute on the origins of the process and on the actual mechanisms which are involved. The phenomena has been in focus 

for numerous experimental investigations, but considerably less attention has been given to numerical modeling approaches 

which permit further studying of the microstructure evolution during self-annealing in thin Cu films. Such numerical 

modeling is in focus of the present study. 

 

Modeling framework 
   In the present work, microstructure evolution in thin Cu films during room temperature self-annealing is investigated by 

means of a mesoscale level set model. This allows very accurate representation of the grain boundary network in the 

polycrystalline microstructure. The model is formulated in such way that the relative, or collective, influence of anisotropic 

grain boundary energy, mobility and heterogeneously distributed stored energy can be investigated. Related research has 

also been presented previously in [1-3]. The consideration of anisotropic grain boundary properties is achieved by allowing 

misorientation-dependent grain boundary quantities to be evaluated locally in the microstructure with high precision. Ab-
initio density functional theory (DFT) calculations are also performed to provide input to the mesoscale model in terms of 

the variation of grain boundary energy for different grain boundary configurations. The stability of the predominant (111) 

fiber texture in the as-deposited state is studied as well as the stability of some special low-Σ grain boundaries. Further, the 

numerical model allows tracing of the grain size distribution and any triggering and evolution of abnormal grain growth 

during self-annealing. 

 

 

 

 

 

 

 

 

 

 

 

 

CONCLUSIONS 

Figure 1: Abnormal growth, from left to right, of (001) grains (gray) at the expense of the (111) texture component 

(white). The abnormal growth of (001) grains is triggered by a lower stored energy content in this texture component. 



 

 

 

   A mesoscale level set model of microstructure evolution in polycrystalline materials is established. Using results from 

ab-initio DFT calculations, the level set model is shown to be a competent tool for tracing microstructure evolution during 

room temperature self-annealing in Cu thin films. 

   It is found that abnormal grain growth depends mainly on stored energy variations, whereas anisotropic grain boundary 

energy or mobility is insufficient to trigger abnormal growth in the model. However, texture dependent grain boundary 

properties contribute to an increased content of low-Σ boundaries in the annealed microstructure. Texture evolution is also 

caused by stored energy variations, since the coexisting (111) and (001) texture components in the as-deposited state evolve 

into a (001)-dominated texture after sufficient annealing time, cf. Figure 1. Further, it is found that whereas stored energy 

variations promote the stability of the (001) texture component, anisotropic grain boundary energy and mobility tend to 

work the other way and stabilize the (111) component at the expense of (001) grains. 
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MULTISCALE MODELING OF DS ALLOYS APPLIED TO
MATERIAL ELEMENT AND STRUCTURAL CALCULATIONS
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Summary The purpose of this paper is twofold. A first section deals with the development and calibration of a multiscale model
able to describe the anisotropic viscoplastic behaviour of a directionally solidified material. The model is applied to a Nickel-
Base superalloy used in turbine blades. The second part proposes a solution to estimate the scatter observed between several
components due to the fact that the grain size is not small with respect to the component size.

MULTISCALE MODELLING

Directionnally solidified materials have a very specific columnar microstructure, with all the grains sharing one
crystallographic direction. In the present case, the material is FCC, and the axes of the cylindrical grains (namely
the x3 direction in the laboratory frame) correspond to the crystallographic ⟨001⟩ direction, generating a strong
elastic and plastic anisotropy. The resulting material has an initial transverse isotropy, and can be represented by
means of macroscopic models with the relevant symmetries [1, 2]. It is nevertheless difficult to follow the way the
material hardening will develop with this type of models, this is why we used crystal plasticity, in the framework
of a mean field model, to represent the material.

In the present work, the so called β-model is used and adapted to account for elastic anisotropy and the
subsequent viscoplastic flow [3, 4]. The single crystal model takes into account both isotropic and kinematic
hardening [5]. The transition rule describing the way local stress can be obtained from the macroscopic stress
introduces a state accommodation variable β

∼
g for each crystallographic orientation g, the role of which is to

represent a non linear accomodation term in each crystallographic phase. The specificity of the model is then
to have the same response as the Kröner model at the onset of plastic flow, then to follow the response of a
self consistent model, but with an explicit accomodation tensor, that increases the numerical efficiency. The rule
involves specific parameters that have to be calibrated from an external computation. This is made here by means
of Finite Element Crystal Plasticity on a material element [6]. This calculation is made with a synthetic aggregate
generated by Voronoï tesselation, loaded in tension and shear. The comparison between the model and FECP results
is made on the macrosopic response, but also on the averaged responses in each crystallographic phase (Fig.1).

FIGURE 1 – Contour of the local tensile stress in the elastic and plastic regime, and the corresponding tension
curves for each crystal orientation. The mean field model is in agreement with the average of 20 realizations
obtained with the full field model (less than 5%error).

∗Corresponding author. Email : georges.cailletaud@mines-paristech.fr



STRUCTURAL CALCULATIONS

The DS materials are often used in components which size is not large with respect to grain size, so that the
assumption of scale separability, needed to safely apply the scale transition rules is not verified. In such conditions,
an unique macroscopic calculation is far from giving a reasonable information. The averaging process linked to
the use of the macroscopic model may hide important local overstress in case of non compatible local deformation
schemes. A calculation that introduces the mean field model at each integration point does not meet the response of
the individual specimen. The only satisfactory solution seems to use the “brute force” to compute every component
as a very new structure. Obviously, this solution is not manageable in an industrial environment. A statistical
approach is then needed. This section introduces a numerical strategy to estimate the scatter in a given component
by means of a reduced number of calculations using the basic “one shot” response delivered by the β-model and
subsequent calculations on a limited number of time steps with a full field approach. As an example, Figure 2
shows the full field response (von Mises equivalent stress) on a cruciform specimen under an equi-biaxial loading.
Both upper and lower faces are shown. The field presents an important heterogeneity, which is due to the grain
shape and distribution. The proposed method allows to estimate the mean value of each critical variable in each
geometrical point of the component, and the local scatter. A series of tests is planned on this type of specimen.

FIGURE 2 – Von Mises stress contour on the upper and lower faces of a cruciform specimen made of DS material,
under equi-biaxial loading. The grain shape and orientation has a predominant influence on the local result.
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ANISOTROPIC DAMAGE COUPLED WITH PLASTICITY - 
MODEL DEVELOPMENT AND COMPARISON WITH EXPERIMENTS 
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Summary In the present contribution, a new anisotropic and coupled damage-plasticity model is developed. It is based on a 
second order damage tensor and applies two potentials, one for the plasticity and one for the damage part. The formulation 
includes only very few material parameters and can be easily transferred to large deformations. Example computations and 
comparison with experimental results show that the model yields physically reasonable results whereas it is numerically still 
feasible. 
 

Basic modeling steps in the context of small deformation 
 
   In contrast to isotropic damage based on a scalar damage variable D, the modeling of anisotropic damage requires to 
work either with a second-order or a fourth-order damage tensor. Approaches of the first kind can be found e.g. in [1,2]. 
Models based on a fourth-order damage tensor are presented e.g. in [3,4]. In the present work, we start the derivation by 
formulating the Helmholtz free energy function ! as isotropic function of a second-order damage tensor D and the elastic 
strain tensor !e. As such we let depend ! on the ten invariants of D and !e (J1, ..., J10). Inserting the ansatz into the Clausius-
Duhem inequality we finally come to defining two potentials, one for the plasticity and one for the damage part. Using 
these, the evolution equations for the plastic strain tensor !p, the damage tensor D and the two hardening variables (plastic 
and damage part) are formulated in an associated form.  
 The damage potential includes two functions fd and qd (hardening part) which allow to adjust the damage evolution over 
time as well as the stress-strain curve quite well. A good correlation with experiments can be achieved. Interestingly, the 
model can be well adapted to metallic materials but also to non-metallic materials such as concrete or composites.  
 The concrete choice of the Helmholtz free energy function is leaned on the work of Lemaitre (see e.g. [5,6]) where we, 
however, slightly modify the suggestion of the mentioned authors in such a way that ! is a function of the invariants J1, ..., 
J10. In this way, the material tensor obtains with respect to the orthotropic frame an orthotropic structure which can be well 
exploited to determine the material parameters hidden in !.  
 Further important is the fact that we can introduce one or several "drivers" for the damage. Suitable drivers are the strain 
tensor, the plastic strain tensor, the continuum mechanical stress tensor or the effective stress tensor. Tension-compression 
asymmetry is included by considering only the positive eigenvalues of these drivers (Macaulay bracket). 
  

Numerical issues 
  
 At the Gauss point level of the finite element implementation, several challenging numerical problems have to be 
tackled. First of all, we need to robustly manage the case differentiation into (1) elastic, (2) only damage, (3) only plastic, (4) 
coupled plastic damage behaviour. For the integration of the sophisticated evolution equations suitable algorithms shall be 
used, e.g. the backward Euler algorithm. This leads to a set of highly non-linear equations the solution of which can be e.g. 
performed by means of Newton-Raphson's method. The associated tangent is here computed numerically. Further, the 
algorithm has to recognize non-physical cases, e.g. DA (A = 1,2,3) (eigenvalues of D) <0 or >1. 
 Since anisotropic damage modeling is per se elaborate it is important to keep the numerical effort at the finite element 
level as low as possible. In the present contribution a special reduced integration finite element technology is suggested 
which works with only one Gauss point. An important issue is the hourglass stabilization which has to be developed in such 
a way that the anisotropic material behaviour is taken into account. 
  
 Some example computations, striving for a comparison of algorithms (fully implicit and partially explicit) are shown 
below. 

 



 
 
 

 
 
 

Extension to large deformations 

The extension of the modeling approach to large deformations is certainly not easy but follows the same methodology as 
described above. A new point is the aspect that the damage tensor D is considered to live in the intermediate configuration. 
It is then possible to define the Mandel stress tensor which turns out to be symmetric. Finally, evolution equations for Cp 
(plastic right Cauchy-Green tensor) and Dr (damage tensor with respect to the reference configuration) are formulated. 
There are no additional material parameters. Also the damage potential can be taken over. See also [7,8] for more 
information. 
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Summary The main objective of this work is to investigate the response of the ductile porous material subjected to cyclic loading. To this
end, by adopting the non-linear homogenization theory proposed in [2], we first formulate a new constitutive model for porous materials with
hardenable matrix. An isotropic hardening law as well as kinematic one are considered. The resulting elasto-plastic model at macroscopic
scale is then numerically implemented based on the algorithm described in [1]. Finally, the prediction of the proposed elasto-plastic model
is validated by comparing with the Finite Elements results.

HOMOGENIZATION OF THE POROUS MATERIAL WITH A HARDENABLE PLASTIC MATRIX

Constitutive model
Let us consider a porous material whose microstructure is assumed to be statistically uniform and represented by a ”Rep-

resentative Volume Element (RVE)”, denoted Ω. The latter one is composed of the domain Ω(1) occupied by the matrix and
void spaces Ω(2), which are considered to be in the form of ellipsoid randomly distributed in the matrix. The latter Ω(1) is
made of an elasto-plastic material with an isotropic and a linear kinematic hardening law, while voids are assumed to change
their volumes, shapes and orientations under finite plastic deformation. The local plastic criterion reads then:

φM (σ,X) =

!
3

2
(σ′↗X) : (σ′↗X)↗σ0(εpeq) ≤ 0 with σ′ = σ↗1

3
tr(σ)1 (1)

where σ is the Cauchy stress tensor. As classically, X denotes the back stress tensor in the matrix and is deviatoric by
definition. εpeq is the local equivalent plastic strain while σ0 is the cohesion of the matrix.

Furthermore, the internal variables describing the microstructures of the RVE is denoted s =
"
εp, f, w1, w2,n(1),n(2),n(3)

#
,

in which f is the porosity, w1, w2 the aspect ratios of the representative ellipsoid void, n(i), i = 1, 2, 3 the orientations of the
principal axes.

By constructing a ”Linear Comparison Composite (LCC)” (see for instance [2]) for the considered porous materials, the
macroscopic yield criterion is derived as:

$Φ =
(σ̄↗X̄) : $Mp : (σ̄↗X̄)

1↗f
↗σ2

0(ε
p
eq), with $Mp =

3

2
K +

3

1↗f
Q̂−1 (2)

where $Mp is the effective plastic compliance tensor of the incompressible matrix, expressed by means of the fourth order
deviatoric tensor K and the microstructural tensor Q̂(w1, w2,n(i)). X̄ is the instantaneous macroscopic back stress tensor.
It is important to indicate that, as opposed to the case of heterogeneous composites (see [3]) , the isotropic hardening in the
matrix will not induce any kinematic hardening in the macroscopic response of the porous materials; this is due to the fact that
the stress field is null in the pore.

Numerical implementation of the proposed macroscopic model
The macroscopic strain tensor is written as:

D̄ = D̄e + D̄p, D̄e and D̄p are respectively macroscopic elastic and plastic strain rate (3)

In the present study, the elastic and plastic responses of the porous material are treated independently and then combined to
numerically compute the full elasto-plastic response. The elastic strain rate reads D̄e = M̃e :

◦
σ̄ (see also [1]), where

◦
σ̄ is the

Cauchy stress co-rotating with the spin of the voids and M̃e(s) the effective elastic compliance tensor, while the plastic one
D̄p is obtained from the normality law:

D̄p = Λ̇
∂Φ̄

∂σ̄
= Λ̇N =

2Λ̇

1↗f
M̃p :

%
σ̄↗X̄

&
(4)
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SEQUENTIAL AND CONCURRENT MULTISCALE MODELING: FROM MOLECULAR
DYNAMICS TO CONTINUUM MECHANICS
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Summary Molecular dynamics has become a powerful tool in simulating material system viewed as a collection of discrete atoms/particles,
while continuum mechanics has been successfully used to study continuum medium. The fundamental difference between these two
disciplines leads to the challenges in constructing a multiscale method aiming at bridging the gap between atomistic description to continuum
description either sequentially or concurrently. In this work, we have proposed a novel multiscale method from atoms, modeled by molecular
dynamics (MD), to genuine continuum, modeled by classical continuum mechanics (CM). The philosophy is that a solution region can be
decomposed into critical region and non-critical far-field, where MD is used in critical region to capture the key phenomena such as cracks,
dislocations, etc., and a newly formulated coarse-grained MD and finite element method are used in non-critical far-field. The size of the
simulated material system can be significantly increased, which overcomes the well-known size limitation of MD.

INTRODUCTION

Nowadays, due to the development of massively parallel computers, numerical simulation has emerged as a powerful
tool to investigate material and structural behaviors. Basically, there exist two fundamental physical models, discrete and
continuous, that provide foundations for all material modeling. At nano-scale, the material body is viewed as a collection of
discrete particles moving under the influence of their mutual interactive forces. Unfortunately, due to large number of particles
involved as well as complex nature of atomistic interactions, the application of MD over a realistic range of length and time
scales is not feasible. Even worse, the occurring time of concerned physical event is too far away in the future comparing
with the small time step needed in MD simulations. On the other hand, at macro-scale, materials are modeled by continuum
physics, which is simply invalid for material systems at nanoscale because, to say the least, stress-strain relation cannot replace
interatomic potential and the treatment of temperature is totally different than that in MD. From a practical viewpoint, simula-
tion of strongly coupled multiscale systems becomes necessary. Therefore, a new unified theory and associated computational
methods for such strongly coupled system have to be developed.

Figure 1: (a) Schematic diagram of coarse-grained MD model in the ABC region and continuum mechanics in continuum
region; (b) Schematic diagram of MD model in the atomic region and coarse-grained MD model in the ABC region [6,7].

∗Corresponding author. Email: jdlee@gwu.edu



METHOD

Several concurrent multiscale techniques have been developed, such as handshaking domain method [1], bridging-scale
method [2], heterogeneous multiscale method [3], quasicontinuum method [4], and multiscale field theory [5]. Those multi-
scale techniques provide simulations for atomistic/microscale coupling system. However, it remains a challenge to extend the
simulations to macroscale scale. In this work, we construct a multiscale modeling theory from atoms, modeled by molecular
dynamics (MD), to genuine continuum, modeled by classical continuum mechanics (CM).

The basic strategy for multiscale modeling may be described as follows. Suppose we have a solution region, in which there
are several critical sub-regions where cracks, dislocations or other critical physical phenomena occur. We choose concurrent
multiscale modeling: use atomistic model for the critical regions and large-scale model for the non-critical far field. We
have successfully incorporated MD and coarse-grained MD for co-existing atomic region and atom-based-continuum (ABC)
region (cf. Fig. 1b) in a single theoretical framework. We now proceed to add genuine continuum (GC) region, modeled by
continuum theory, into the picture (cf. Fig. 1a).

Atoms in the atomic region, modeled by MD, simply follow the Newtons law of motion. Temperature in the atomic region
is calculated based on the velocity field; but it is not controlled through any thermostat. For the ABC region, we set up a mesh,
consisting of nodes and elements (cf. Fig. 1b), similar to the one used in classical finite element method. It is noticed that, in
the ABC, each node represents a unit cell, which consists of n atoms, not necessarily the same kind. Atoms in the ABC act as
followers and messengers: they follow the nodes according to shape functions and serve as messengers to pass the interatomic
forces to the corresponding nodes. In the GC region, each node only has three degrees of freedom for displacements (or
two if 2D plane problem is treated) and one degree of freedom for temperature, because in continuum mechanics there are
three equations for equilibrium and one for energy. The material properties include stress-strain relations, thermal expansion
coefficient, heat conductivity, and heat capacity. We will find those properties from pure MD simulations, i.e., sequential
multiscale modeling. At the interface, a group of nodes in ABC corresponds to a node in GC as shown in Figure 1a. Here, we
make two assumptions: (1) A node in GC is anchored at the mass center of the corresponding group in ABC and (2) The sum
of heat fluxes into the node in GC and the group in ABC is zero. We also set the target temperature of the group in ABC to be
the temperature of the node in GC. Thus we can formulate the interface conditions between ABC region and GC region. This
enables one to perform concurrent multiscale modeling.

RESULTS AND CONCLUSIONS

We have successfully developed a MD computer code, which is capable of simulating material systems, such as rocksalts,
perovskites, and even complex polycrystalline structures, in thermal, mechanical and electromagnetic applications. An atom-
istic simulation methodology, based on the energy release rate, is introduced as a tool to unveil the fracture mechanism of
graphene at nanoscale. This methodology can be easily extended to any other atomistic material system. Phonon dispersion
relation subject to strains at various levels are investigated. We also investigated the heat conduction phenomena at nanoscale
by reformulating the Nose-Hoover thermostat for MD and CGMD simulation. Moreover, we have developed both force-based
and stiffness-based coarse-grained MD models to show that mechanical wave can propagate through the interface between the
Atomic region and ABC region smoothly. More results will be shown and discussed in details during the presentation.
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TWO-SCALE, FE-FFT- AND PHASE-FIELD-BASED COMPUTATIONAL

HOMOGENIZATION
Julian Kochmann∗, Stephan Wulfinghoff, Stefanie Reese1 and Bob Svendsen2

1Institute of Applied Mechanics, RWTH-Aachen University, Aachen, Germany
2Chair of Material Mechanics, RWTH Aachen University, Aachen, Germany

Summary The purpose of this work is the development of a two-scale, FE-FFT- and phase-field-based computational model to link macro-
scopic deformation processes to microstructural modifications and peripheral and surface zone properties of polycrystalline materials. The
macroscopic BVP is solved using finite element (FE) methods and the solution of the microscopic BVP, which is embedded as an RVE in
each integration point, is found exploiting fast Fourier transform (FFT), augmented Lagrangean and fixed-point methods. Non-conserved
phase-fields are introduced to characterize the local material composition and model changes in the crystal structure. As a first example,
the proposed methodology is applied to the modeling of martensitic phase transformations subjected to macroscopic deformation processes.
For simplicity, attention is restricted to the linearly geometric, isothermal and isochemical case and quasi-static processes.

INTRODUCTION

Surface layer properties such as the state of eigenstress or the hardness of the material affect the durability and functionality
of processed materials to a large extent, but are difficult to predict, in general. On the one hand, this is due to the fact that
these properties are determined by microstructural features such as the grain size, distribution or morphology. On the other
hand, different processes are characterized by different and complex loading and boundary conditions. Thus, to capture both,
a two-scale approach might be considered. Recently, [1] proposed a two-scale and RVE-based computational approach of
elastic phase-field- and FFT-based modeling of microstructure evolution and FE-based modeling of structural behavior. In
this work, this model is extended to viscoplastic constitutive modeling, texture evolution and macroscopic contact problems.

MATERIAL MODEL FRAMEWORK

The proposed model is two-scale, FE-FFT- and homogenization-based in nature [1, 2]. In what follows, macroscopic
quantities are denoted by the index ”M”, whereas their microscopic counterparts are characterized by no index.

xMBM

t

BRVE

micro scale, FFT, phase-field

BRVE

macro scale, FE

σ, C εM, ε̇M

ε,σ,φ, ξ

u

Macroscopic relations and scale separation

Let us introduce the macroscopic strain εM = sym∇uM and
stress σM, which is assumed to fullfill the quasi-static balance of
linear momentum divσM = 0 defined at each integration point
xM of the macroscopic structure BM with boundary ∂BM. The
constitutive relation is determined by the solution of the micro-
scopic BVP, which is embedded as a RVE x ∈ B in each xM ∈
BM. The handshake between both scales is accomplished through
εM = 1

V

!
V
ε(x;xM) dV (x) andσM = 1

V

!
V
σ(x;xM) dV (x),

respectively. The macroscopic BVP is solved using an implicit re-
duced FE formulation yielding one integration point per element.
The algorithmic tangent operator C = ∂εM

σM, which is required
for the linearization procedure, is computed by numerical differ-
entiation.

Microscopic field relations
Consider a heterogeneous microstructure, which is composed of multiple grains g = 1, . . . , ngr with orientation Rg , (coex-
isiting) phases a = 1, . . . , nph with residual strains εra and slip systems s = 1, . . . , nsl associated with the crystal symmetry
of phase a. The local material composition and microstructure evolution is modeled by means of a non-conserved phase-field
φ and its gradient ∇φ. The specific form of the Helmholtz free energy density ψ := ψ(ε,φ,∇φ, ξ) is adapted from [6], where
ξ = {γ,α} represents a set of internal variables associated to plastic slip γs and kinematic hardening αs = |γs|. The quasi-
static balance of linear momentum divσ = 0 and Allen-Cahn equation φ̇m−1

φ
= ∂φψ − div (∂∇φψ) form the microscopic

BVP in x ∈ B with periodic boundary conditions for u and φ on ∂B. The plastic strain rate ε̇p is assumed to take the standard
form from crystal plasticity ε̇p = γ̇0

"nsl

s=1 ms (|τs|/τcs )
p sgn(τs) where γ̇0, γ̇s, τ

c
s , p and ms are the normalization factor,

shear rate, critical resolved shear stress, rate-sensitivity exponent and symmetric Schmid tensor. The system of microscopic
equations is solved in a fully staggered fashion based on FFT-, augmented Lagrangean- and fixed-point methods (e.g., [4]) for
viscoplastic polycrystals (e.g., [5]) and implicit time integration in Fourier space.

∗Corresponding author. Email: julian.kochmann@rwth-aachen.de



COMPUTATIONAL EXAMPLE

The proposed methodology is applied to the modeling of martensitic phase transformations in polycrystals subjected to
a macroscopic indentation process. In each macroscopic integration point a random microstructure with 100 grains of ran-
dom crystallographic orientations was generated by using DAMASK (www.damask.mpie.de). The model was implemented
into the open-source finite element program FEAP (www.ce.berkeley.edu/projects/feap/), the FE-results were visualized using
PARAVIEW (www.paraview.org) and the local fields at the RVE-level using OVITO (www.ovito.org). The material parame-
ters were adapted from [3] and [6], respectively.

u, u̇

martensite I

austenite

martensite II

martensite I

austenite

martensite IIσ
eq [MPa]

6.153E+3

40.0

20.0

1.834E-1

0.0510

0.0003

0.0510

0.0003

ε
eq
p [-]ε

eq
p [-]

Figure 1: Indentation problem: Visualization of volume fraction of retained austenite and plastic strain distribution of
different integration points at a different depth with respect to the surface

The von-Mises equivalent stress distribution in the macroscopic structure is visualized in Fig. 1 as well as local fields (phase
composition and equivalent plastic strain) of the two elements, which are highlighted in black. With increasing load, shear
bands form and the volume fraction of martensite twin variants increases in grains with specific crystallographic orientations.
The evolution of martensitic variants is coupled to crystal plasticity based on [6], which captures the inheritance of plastic slip
during the phase transformation.

CONCLUSION

The proposed two-scale model represents an efficient alternative to the classical multiscale FE method. Quadratic con-
vergence can be observed at the FE-level for each load step and a high fidelity representation of local fields is possible using
FFT- and Green function methods. Compared to FE- and Newton-based solvers, the microscopic FFT-solver requires much
more iterations. However, each of these iterations only takes seconds. The proposed methodology captures macroscopic
boundary and loading conditions as well as the evolution of the microstructure and texture and microstructural characteristics
such as the grain morphology and size. Therefore, the proposed model represents a promising approach to link macroscopic
processes to microstructural modifications and surface layer properties. Future development will focus on the identification
and quantification of material parameters and the extension to thermo-mechanically coupled processes.

Acknowledgements: Financial support of Subproject M03 of the Transregional Collaborative Research Center SFB/TRR
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Summary We present a modeling framework that couples continuum dislocation transport, nonlinear thermoelasticity, crystal plasticity, and 
consistent internal stress and deformation fields to simulate the single-crystal level response of materials to extreme dynamic conditions. 
Dislocation transport is modeled by enforcing dislocation conservation at a slip-system level through the solution of advection-diffusion 
equations. The configuration of geometrically necessary dislocation density gives rise to a back-stress that inhibits or accentuates the flow of 
dislocations. Associated with this internal stress field is an internal strain field. The paper will describe each theoretical component of the 
framework, key aspects of the constitutive theory, and details of implementation into a 1-D research code and 3-D production hydrocode. 
Results from single- and poly-crystal plate impact simulations will be discussed in order to highlight the role of dislocation transport and pile-up 
in shock loading regimes. 
 

OVERVIEW OF MODEL FRAMEWORK 
 
Mesoscale modeling and simulation can provide a physical connection between important microstructural processes (e.g. 
plasticity, damage nucleation, phase transformation, twinning) occurring under extreme dynamic environments and 
macroscale models of engineered performance. In the case of polycrystalline materials, this connection can be established 
via theoretical and numerical mesoscale models of polycrystal response, only if such models include accurate descriptions 
of the underlying single-crystal physics. In addition, mesoscale simulation results can assist in the interpretation of 
experimental observations in many cases. Together, mesoscale modeling and experiments with high-resolution diagnostics 
can inform the development of improved macroscale damage and plasticity models. A predictive modeling capability for 
phenomena occurring at material interfaces during shock loading of solids demands a proper, physics-based treatment of the 
fundamentally nonlocal interactions involving dislocations and interfaces.  
 
Our modeling approach is outlined in Figure 1 and explained in more detail in Ref. [1]. Crystal plasticity is modeled as a 
coupled initial- and boundary-value problem (IBVP), consisting of three sub-problems: deformation momentum balance 
(DMB), continuum dislocation transport (CDT), and dislocation-deformation compatibility (DDC). The DMB sub-problem 
reflects classical continuum deformation field theory, with the displacement field as the primary unknown variable. This 
sub-problem is governed by the principle of conservation of momentum under the applied loading. The CDT sub-problem is 
governed by conservation laws for the densities of dislocation populations, which are treated as primary field variables. The 
DDC sub-problem reconciles evolving dislocation fields from CDT with the deformation and stress fields of DMB. 
Specifically, solving the DDC sub-problem is necessary to identify the internal stress field, and associated strain field, 
attributed to the distribution of geometrically necessary dislocations in the lattice. The coupling between these sub-problems 
reflects (i) that plastic deformation (DMB) is accommodated by dislocation motion (CDT), (ii) the redistribution of 
dislocations (CDT) within a crystalline material is driven by stress (DMB, DDC), and (iii) a net polarity in the dislocation 
density fields (CDT) gives rise to long-range internal, residual stresses (DDC).  
 

DISLOCATION MOTION UNDER SHOCK LOADING 
 
Simulations of a flyer plate impact experiment are presented in an effort to highlight the intended applicability of the model. 
In one considered case (cf. Figure 2) a shock wave transits a target specimen driving dislocation motion. Figure 2a depicts 
the situation in this toy problem. The target plate comprises a bi-crystal with grain boundary aligned perpendicular to the 
direction of shock wave at the mid-thickness of the specimen. In this case, the grain boundary is assumed to be perfectly 
impenetrable to dislocation motion. A flyer plate (not shown) impacts the bi-crystal specimen at t = 0. A compressive wave 
travels through the thickness of the specimen until reaching the free surface on the right hand side. At the same time, the 
flyer plate has separated from the target specimen such that two release waves travel towards each other ultimately 
interacting to generate a state of large tensile stress nominally aligned with the interface between the two crystals. As the 
shock wave moves through the material the compressive stress state behind the elastic precursor wave drives dislocation 
motion. Dislocations of opposite polarity travel in opposite directions on a given slip plane giving rise to an evolving 
geometrically necessary dislocation (GND) density field depicted in Figure 2b. In this case, the impenetrable (i.e. zero 
dislocation flux) grain boundary inhibits crystallographic slip in the vicinity of the grain boundary. Other cases considered 
include restricted, but non-zero dislocation transmission through the boundary in various 1D and 3D simulations of bi-
crystal and polycrystal test cases. 
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MODEL REDUCTION FOR COMPOSITE MATERIALS AND POLYCRYSTALS
Pierre Suquet ∗1, Rodrigue Largenton2, and Jean-Claude Michel1

1 Laboratoire de Mécanique et d’Acoustique, CNRS, Marseille, France.
2 MMC, EDF R&D Site des Renardières, Avenue des Renardières, 77818 Moret sur Loing, France

Summary The present study is devoted to the generalization of the Nonuniform Transformation Field Analysis (NTFA), a model-reduction
approach introduced by the authors. First, the local fields of internal variables are decomposed on a reduced basis of modes. Second, the
dissipation potential of the phases is replaced by its tangent second-order (TSO) expansion. The reduced evolution equations of the model
can be entirely expressed in terms of quantities which are pre-computed once for all.

REDUCED-ORDER MODELS

A common engineering practice in the analysis of composite (or polycrystalline) structures is to use effective or homoge-
nized material properties instead of taking into account all details of the individual phase properties. Unfortunately when the
individual constituents are nonlinear, the exact description of the effective constitutive relations requires the determination of
the local fields (at the microscopic scale). For structural computations, the consequence of this theoretical result is that the two
levels of computation, the level of the structure and the level of the unit-cell, remain intimately coupled. The nested resolution
of these coupled problems (known as FE2 analysis) is so far limited by their formidable size.

It is therefore quite natural to resort to model-reduction techniques achieving a compromise between analytical approaches,
which are costless but often very limited by nonlinearity, and full-field simulations which resolve all complex details of the
exact solutions, but come at a very high cost.

Individual constituents
The composite materials considered in this study are comprised of individual constituents undergoing partly reversible and

partly irreversible transformations modelled by a finite number of internal variables α. It is further assumed that the stress
derives from a free-energy function w(ε,α) and that the evolution of the variables α is governed by the driving forces A
associated with α. It is often the case (but not always) that this last relation can be expressed with the help of a dissipation
potential ϕ and the constitutive relations take the compact form,

σ =
∂w

∂ε
(ε,α),

∂w

∂α
(ε,α) +

∂ϕ

∂α̇
(α̇) = 0. (1)

Composites and polycrystals
A representative volume element (r.v.e.) V of the composite is comprised of phases occupying domains V (r). The spatial

averaging over V is denoted by ⟨.⟩. Each individual phase is governed by the above differential equation with potentials w(r)

and ϕ(r) in V (r). The r.v.e. V is subjected to a path of macroscopic strain ε(t) and periodicity conditions are assumed on ∂V .
The local problem to be solved to determine the local fields σ(x, t), ε(x, t) and α(x, t) consists of a generalized thermoelastic
problem, in which the field of internal variables α(x) is fixed, coupled with the differential equation (1) at every point x in
the volume element. The homogenized (or effective) response of the composite along this path {ε(t), t ∈ [0, T ]} is the history
of average stress {σ(t), t ∈ [0, T ]} where σ(t) = ⟨σ(x, t)⟩.

Nonuniform Transformation Field Analysis (NTFA)
In order to avoid the full-field resolution of the local problem, Michel and Suquet ([1, 2, 5]) have introduced a de-

composition of the fields of internal variables on a finite set of pre-determined shape functions (NTFA decomposition)

α(x, t) =
M!

k=1

ξ(k)(t) µ(k)(x), where the fields µ(k)(x) are the modes and the ξ(k) are the reduced variables. It can then be

shown that the overall response of the composite is governed by two potentials

σ =
∂ "w
∂ε

(ε, ξ),
∂ "w
∂ξ

(ε, ξ) +
∂ "ϕ
∂ξ̇

(ξ̇) = 0, "w(ε, ξ) = Inf
⟨ε⟩=ε

⟨w(ε,α)⟩, "ϕ(ξ̇) = ⟨ϕ(α̇)⟩, (2)

where α is given by the NTFA decomposition. In many cases of interest, the effective free-energy "w can be expressed in terms
of pre-computed quantities and the difficulty lies in the evaluation of the effective dissipation potential "ϕ in terms of ξ̇ without
computing “on-line” the local fields α̇.

∗Corresponding author. Email: suquet@lma.cnrs-mrs.fr
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SIMULATION RESULTS AND DISCUSSION

Figure 2: Effect of micro-texture on the evo-
lution of the crack nucleation parameter R.

To study the effect of microtexture on dwell fatigue response, two 3D poly-
crystalline models of bimodal Ti-6242 were created with and without MTRs, by
the following procedure: A set of grain orientations based on X-Ray Diffraction
macrotexture measurements from a forged bimodal Ti-6242 specimen[2] are as-
signed to both models. Using an iterative algorithm the crystallographic orien-
tations are swapped between randomly selected grain pairs in order to either (1)
obtain clusters of similarly oriented grains representing MTRs in microstructure
MSMTR (See Fig 1); and (2) obtain highly-misoriented grain pairs in MSmis,
therefore resulting in a microstructure devoid of MTRs.

Dwell fatigue simulations are conducted at peak load level of 750 MPa and
load ratio R=0.1[5]. A wavelet-based multi-time scaling method WATMUS[3]
is used for efficient calculation of the local material response over the fatigue
cycles. Investigation of both microstructures MSMTR and MSmis reveals sig-
nificant differences in their micro-scale responses. Fig 1 shows the distributions
of the local plastic strain and stress, the predicted location of crack nucleation
and crack plane in the microtextured model MSMTR after 500 dwell fatigue cycles. The response of microtextured model is
characterized by: (i) significant plastic strain accumulation within the micro-textured regions that are favorably oriented for
plastic slip, (ii) confinement of plastic deformation to these microtextured regions, ending at the boundaries of hard micro-
textured regions, and (iii) stress concentration due to load shedding predominantly at boundaries of the hard microtextured
regions. These features result in a dwell crack nucleation at the boundary of a hard micro-textured region, neighboring a soft
region as shown in Fig 1 indicated with the arrow and the dashed line. The microstructure without MTRs exhibits milder and
less variable response of local plasticity and stress compared to the micro-textured model[5]. The lack of clustered soft grains,
and the grain-scale alternation of plastic anisotropy results in a composite strengthening effect, suppressing plastic strain accu-
mulation in the grains. Consequently, load shedding is less pronounced in this microstructure. The evolution of the maximum
dwell crack nucleation variable R over the fatigue cycles is given in Fig. 2, for both microstructures. MSMTR shows a rapid
accumulation of the nucleation variable, while MSmis shows limited accumulation, i.e. better dwell fatigue resistance. The
critical region for crack nucleation in MSMTR is located at the boundary of a ’hard’ MTR with low Schmid factor that ex-
hibits cycle-dependent stress concentration due to load shedding mechanism. This MTR is adjacent to a ’soft’ MTR with high
prismatic Schmid factor that exhibits high plastic strain accumulation. The crack initiates within the hard MTR, and crack
plane normal is within 20 degrees of the load axis, consistent with the experimental observations[1]. These results are verified
by repeating simulations with different macrotextures: models with MTRs consistently show poor dwell fatigue performance.

Hierarchical Multi-scaling of Crystal Plasticity Simulations for Structural-scale Constitutive and Damage Models
The CPFE model presented above is used to develop structural-scale elastic-plastic constitutive and damage models using

parametric homogenization. A rigorous sensitivity analysis is performed to identify the important statistical parameters of
the microstructure that control the macroscopic elastic-plastic behavior. CPFE simulations on polycrystals with different
grain morphologies and textures are performed under various loading conditions. The macroscopic constitutive equations are
then derived in terms of the microstructural statistical parameters. As macroscopic response is influenced by microstructural
variability, a probabilistic extension of the parametric homogenization is being developed to predict structural-scale response.

The presence and spatial extent of MTRs are characterized by statistical measures such as grain misorientation distribution
and spatial auto-correlation of orientations. These measures are used as microstructural parameters for structural-scale models
of fatigue damage. Micro-mechanical modeling of deformation and fatigue along with multi-scale homogenization may help
understand and predict the structural-scale response in relation to the material design at the microstructural-level.
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Summary This work reports on a 2-d edge dislocation model within the framework of a PDE-based continuum dislocation mechanics
theory (Field Dislocation Mechanics) [1] . We numerically explore such physical phenomena as Peierls stress, dislocation pile-ups, dislo-
cation annihilation & dissociations, supersonic dislocations (even in 2-d); Within the same framework,‘self-healing’, an important tectonic
phenomena that cannot be predicted by the mostly used crack-based dynamic rupture models, is also modelled.

INTRODUCTION: SIMULATIONS OF SOME KEY PROBLEMS IN PLASTICITY

• Peierls’ stress effects in a translationally-invariant continuum theory as FDM is commonly believed to [2] vanish since
the system energy is translationally-invariant. However, the fact that classical models treat dislocations as rigid objects
fails to account for the possibility that Peierls stress could be affected by shape change of dislocations. Representing
dislocations with tensor fields (Nye tensor), FDM serves as an appropriate tool to probe such problems. As a matter of
fact, FDM can predict that there exists a finite magnitude applied load that cannot set the dislocation in motion (Fig. 2),
i.e., Peierls stress exists due to the dislocation core effects.

• Quasi-static behaviours of individual or a few dislocations are approached here as equilibrium configurations of the
dynamical model. The corresponding non-singular stress distribution obtained from modelling these problems is a true
equilibria of a dynamic theory corresponding to a local minima of the free energy of a body. The solutions of [3] have
no such thermodynamic status. A larger implication is that FDM can serve as a model for studying questions related
to equilibrium and dynamic evolution (at realistic time-scales) of core structures of single and interacting dislocations
under loads, utilizing input from finer length-scale models like Density Functional Theory and Molecular statics. As
examples, Fig. 3 shows dislocations pile up against the left boundary under shear load; Fig. 4 shows the initial,
intermediate and final states of the quasistatic process where a perfect dislocation dissociates into two partials, simply
due to energetical preference wiht no ad-hoc rules inserted to carry out the nonlinear process of dissociation.

• The velocity of dislocation versus applied load with the presence of material inertia is analyzed, with special emphasis
on investigating velocity of sub-inter-supersonic regime. The MD experiment of [4] has revealed the nonlinear relation-
ship between the dislocation velocity and the applied load. FDM qualitatively reproduces those effects, as shown in Fig.
5. A supersonic dislocation forming (behind the dislocation) a nonsymmetric Mach cone of Cauchy stress wave is also
observed and analyzed.

• ‘self-healing’ traction profiles behind slip fronts in rupture dynamics is a conclusion deduced from observations of
many earthquake records [5] which says that the slip duration at any given point through which a rupture front has
propagated is relatively short compared to the duration of the whole earthquake. It is demonstrated that FDM can be
used as a modelling tool for rupture dynamics. Most importantly, FDM can predict the ‘self-healing’ behaviour, which
is out of the reach of mostly used slip-weakening, crack-based rupture models. Fig. 6 shows the agreement of transverse
displacement field across the rupture layer produced by FDM with that inferred from Parkfield earthquake (from Aki,
1968; copyright by the American Geophysical Union).

MODEL SETUP AND SOME KEY RESULTS

We reduce the small deformation FDM theory, a complete discription of which can be found in [6], to a 2-d composite
layer model. The geometry concerned in this paper is illustrated by Fig. 1. The body is made of two elastic parts and a
plastic layer where dislocation plasticity is active. To ensure non-negative dissipation we choose the dislocation velocity in
the direction of driving force (as is standard in thermomechanics). The reduced governing equations take the form of,

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ρ
∂2ui

∂t2
=
∂Tij

∂xj
in Ω

∂φ

∂t
=

1

Bm lm−1

∣∣∣∣
∂φ

∂x1

∣∣∣∣
2−m(

τ ↗∂η

∂φ
+ ϵ

∂2φ

∂x1
2

)
in L

(1)
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Figure 1: Geometry of the 2-d edge dis-
location model. Dislocation plasticity is
only active in layer L. All dislocations
are assumed to be of edge type and move
only in e1 direction.

Figure 2: A single edge dislocation un-
der investigated remains still for smaller
shear traction loads, showing a Peierls
stress = 5× 10−5µ ∼ 1MPa.

Figure 3: Shear stress: initially evenly
distributed array of dislocations pile up
against the leftmost fixed dislocation un-
der shear load then get equilibrium.

Figure 4: An example of modeling dis-
location dissociation. The perfect dislo-
cation energetically preferred to become
partials.

Figure 5: FDM reproduce MD simu-
lations of dislocation kinetic with iner-
tia. Horizontal dashed lines indicate rel-
evant acoustic wave speeds.

Figure 6: Transverse displacement at a
fixed point in the rupture passage cal-
culated by FDM model compared with
sketch of the observed data recorded in
Parkfield earthquake.

where m is a scalar parameter that shows up in the dislocation velocity function and can be chosen to probe different types of
behaviours. φ(x, t) := Up

12 is the plastic distortion; τ(x, t) is a stress averaged over the plastic layer thickness. Bm is the drag
coefficient and ϵ is the scalar diffusion parameter. The system of equations are solved with a Finite Elemenet method coupled
with an upwinding Finite Difference scheme in a staggered formulation.
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Summary The main paradigm of isogeometric analysis is the use of a common set of basis functions for design and analysis. Thus, the
basis functions of a Computer-Aided-Design (CAD) application are used for the analysis with the Finite-Element-Method (FEM). In this
work the basis functions of Non-Uniform Rational B-splines (NURBS), which is the prevailing geometry definition in CAD industry, are
used. The defining characteristic of dual basis functions is that the integral of their product with their associated standard basis functions
yields the Kronecker delta property with respect to indices. In the case of NURBS the definition of dual basis functions is non-trivial and
several possibilities exist. This work shows and compares different approaches for the dual basis functions. They are applied within the
isogeometric mortar method, which is used to couple non-conforming NURBS meshes. An outlook on further applications is given.

INTRODUCTION

This works shows and compares different approaches for the computation of dual basis functions for Non-Uniform Ratio-
nal B-splines (NURBS) with the intention to use them in the isogeometric mortar method. Isogeometric analysis simplifies
a tighter integration between design and analysis [1] by using the NURBS geometry description and the NURBS basis func-
tions for the analysis. Furthermore, the employed NURBS basis functions exhibit higher continuity as standard Lagrange
basis functions and are able to exactly represent complex geometries.

NURBS AND ISOGEOMETRIC ANALYSIS

The i-th B-spline basis function of order p with i = 1, . . . , n is defined by the Cox–de Boor algorithm

Np
i (ξ) =

ξ↗ξi
ξi+p↗ξi

Np−1
i (ξ) +

ξi+p+1↗ξ
ξi+p+1↗ξi+1

Np−1
i+1 (ξ) with N0

i (ξ) =

!
1 if ξi ≤ ξ ≤ ξi+1

0 otherwise
(1)

and has local support on the interval [ξi, ξi+p+1), where ξ is the parametric coordinate and the knot values ξi are taken from
the knot vector Ξ = [ξi]i=1,...,n+p+1. The control points Bi = [xi, yi, ziwi]

T =
"
XT

i wi

#T
with i = 1, . . . , n are used as

nodes for the finite element discretization, and the NURBS basis functions

NI (ξ) :=
Np

i (ξ)wi$nen

î=1
Np

î
(ξ)wî

(2)

are used as ansatz functions for the displacements u =
$nen

I=1 NIuI and as virtual test functions. Here only the 1D case which
is used for curves is displayed. Higher-dimensional cases can be found e.g. in [1].

DUAL AND APPROXIMATE DUAL BASIS FUNCTIONS

The dual functional fi is defined by

fi(Nj) :=

%

Ξ
Njλi �s = δij , (3)

where λi denotes the dual basis functions. By definition, the dual functional fi(Nj) is equal to the Kronecker delta δij .
Approximate dual basis functions do not fulfill the Kronecker delta property exactly but approximately by

fapprox
i (Nj) ≈

!
1 if i = j

0 if i ̸= j
(4)

and were introduced by Chui et al. [2]. An important property of dual or approximate dual basis functions λi is their ability
to exactly reproduce polynomials of degree r by

xr =
n&

j=1

crjNj with crj =

%

I
xrλj �s . (5)

This property is not fulfilled by all choices for the dual basis functions, especially this is not the case for the dual basis
functions of de Boor which are used in [3]. Another important property is the support of the dual basis functions. Here the
most unfavorable approach is to use the inverse Gram matrix as proposed in [4] as this yields global support for each basis
function. A more detailed comparison of potential dual basis functions can be found in [5].
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EXEMPLARY APPLICATION: ISOGEOMETRIC MORTAR METHOD

The mortar method was initially proposed by Bernardi et al. [6] in order to couple domains with non-conforming dis-
cretization. The mortar method as proposed by Bernardi et al. uses constrained approximation spaces to enforce the equality
of deformations along the interface and maintains the positive definiteness of the global system of equations. The use of the
mortar method to couple non-conforming NURBS patches in an isogeometric framework was proposed in [4]. The basic idea
of the mortar method is to decompose the domain into two complementary subdomains Ω1 and Ω2, in which the standard
equations, here exemplary for linear elasticity

� �vS + b = 0 in Ω = Ω1 + Ω2 , t = t on yN = y1
N + y2

N and u = 0 on yD = y1
D + y2

D , (6)

are established. The equality of deformations u1 = u2 along the interface yc is fulfilled by choosing a constrained solution
space S with the properties

S :=

'
u ∈ H1

(
Ω1 ∪ Ω2

) **** u = 0 on yD ,

%

Γc

(
u1↗u2

)
· δλ ds = 0 ∀ δλ ∈ L2 (yc)

+
(7)

for the discretization of the problem stated in Eq. (6). The numerical results of [5] show that the approximate dual basis
functions are the most promising candidate for the use in the isogeometric mortar method. Their properties, which combine
local support with high continuity and an sufficient polynomial reproduction, entail numerical results of which neither accuracy
nor computational costs noticeably deviate from computations with conforming meshes. This does not hold for all other
concepts for the computation of dual basis functions. The results of non-conforming computations of a curved shell structure
with kink are given in Fig. 1. The results clearly show the superior properties of the approximate dual basis functions. For
more details, and for results using the de Boor dual basis functions we refer to [5].

(a) System sketch.
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(b) Study of deformation convergence.
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(c) Comparison of computational costs.

Figure 1: Free form surface with kink: Comparison of deformation convergence behavior and computational costs between
Inverse Gram and Approximate Dual basis functions for computations of non-conforming meshes with 15j : 12j-refinement
along the interface.

CONCLUSION

This works presents different concepts for the computation of dual basis functions for splines. They are applied as test
functions within the isogeometric mortar method. Further applications which make use of the advantageous properties of
approximate dual basis functions seem to be possible.
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Summary A potential-based formulation for an initially rigid cohesive fracture model is proposed. The key feature is a term for the
energy stored in the cohesive interfaces that is nondifferentiable at the origin. A consequence of this formulation is that the activation
computation necessary in previous initially rigid formulations is now replaced by the computation of a minimizer of a nondifferentiable
objective function. This immediately makes the method more amenable to implicit time stepping, since the activation criterion no longer
interacts with the nonlinear solver for the next time step. The algorithm also sidesteps the complexities of time-discontinuity and traction-
locking previously observed in relation to initially rigid models. The optimization problem is reformulated as a nonlinear second-order cone
programming problem. This reformulation allows the nondifferentiability created by the square-root terms in the potential to be treated in a
well-understood conic programming framework and addressed with an interior point method.

COHESIVE FRACTURE AS AN ENERGY MINIMIZATION PROBLEM

Initially rigid cohesive interface models exhibit no discontinuity until a traction criterion is reached, arguably a desirable
property of a fracture model in a continuum setting. In numerical solutions, this constraint is imposed by adaptive insertion
of an interface finite element at the time of activation, weakly through a penalty initial stiffness, or through a discontinu-
ous Galerkin formulation. The activation criterion is a separate entity from the traction-displacement relationship, hence
initially rigid cohesive interface models are also called extrinsic models. These models exhibit a discontinuity in the traction-
displacement relationship, i.e., the interface traction is a discontinuous function of the displacement jump [[φ]]. Indeed, the
traction vector imparted by the interface at activation will almost certainly be unequal to that imparted by the bulk material
prior to activation [5, 7]. Termed a time discontinuity, this is a discontinuity of the governing equations in the displacements
at the time of activation of an interface. Differential equations which are discontinuous in the solution variable are known to
suffer from lack of a solution or nonuniqueness of solution [3]. Time discontinuity can create undesirable effects including
nonphysical vibrations, nonconvergence or slow convergence of the method as the time step size is decreased, and overacti-
vation of interfaces in the resulting computations unless the activation criterion is formulated in a very special (and perhaps
nonintuitive) manner [5, 7]. Initially rigid models are not appropriate for implicit calculations, as would typically occur in a
quasistatic problem, because the activation criterion interacts with the nonlinear solver for the next time step.

We propose a novel formulation of initially rigid cohesive models that dispenses with both the activation criterion and
the explicit use of a traction-displacement relationship. Instead, the main ingredient of the proposed method is an energy
functional, in which one term is energy stored in the interfaces. Variational solutions in the current literature such as the
ones which, based on the variational setting of Eshelby, introduce a fracture criterion in terms of configurational forces [4]
are typically obtained from a weak form. In the case of an initially rigid cohesive model, a weak form is not equivalent to
minimizing an energy functional because the energy function corresponding to the interface is not Fréchet-differentiable in
the displacements. A global minimization principle is employed in [1], in which the crack is described as a field in order to
regularize the functional. This leads to a smeared crack with a sharp crack obtained in the limit as the mesh size goes to zero.
Based on the notion of eigendeformation, Schmidt et al. perform energy minimization to obtain the optimal crack set [8]. The
proposed functional corresponds to the Barenblatt approach of cohesive fracture. The crack geometry follows our analysis in
[6].

The crucial mathematical property of this functional is that it is nondifferentiable at the origin (zero interface opening),
which gives the interfaces the property that they do not activate until a certain level of traction is reached. This critical traction
is incorporated in the construction of the energy functional rather than appearing as an explicit activation criterion. In addition,
the proposed functional is non convex. Overall the proposed energy functional takes the form

E =

!

V0

W dV0 +

!

S0

(φ(δ; δmax) + θ(δn)) dS0, (1)

where V0 is the initial (undeformed) volume of the body and S0 is the union of potential cohesive surfaces; W denotes a
hyperelastic potential; The two functions φ and θ are functions of the displacement discontinuity as follows: δ is a norm of
the displacement discontinuity vector, e.g., δ =

"
� �x(0, δn)2 + β−2(δ22 + δ23), where δn is the normal opening displace-

ment, the other two components δ2, δ3 being tangent to the cohesive surface; δmax is an internal variable that characterizes
∗Corresponding author. Email: papoulia@uwaterloo.ca
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Figure 1: The potential surface φ(δ) + θ(δn) in first loading, i.e., δmax = δ, in the two dimensional case.

irreversibility and is defined as the largest relative displacement attained through the history of the interface. In the dynamic
case we solve the optimization problem

� �n 8E(ū) + (vi+1↗vi)TM(vi+1↗vi)
s.t. ∆t

4 (vi+1↗vi) = ū↗ui.
(2)

OPTIMIZATION ALGORITHM

The optimization problem has been solved in previous work using a continuation method. In this approach, the nondif-
ferentiable objective function is approximated with a differentiable function that can then be solved by classical methods of
nonlinear programming. The particular methods used in the previous work are the augmented Lagrangian method to handle
the nonlinear constraints coupled with a trust region solver to minimize the resulting unconstrained subproblem.

The new optimization algorithm directly captures the nondifferentiability in a general purpose method for nonlinear
second-order cone programming [2]. Second-order cone programming is a special case of semidefinite optimization in which,
in addition to linear constraints, some of the constraints have the form ∥x∥ ≤ y, where x and y are variables of the problem.
These constraints define convex sets, so the problem is overall a convex optimization problem and is usually solved by interior
point methods. However, nonlinear second-order cone programming allows the treatment of nonconvex problems through the
incorporation of additional nonlinear equality constraints. Extensions of interior point methods to the nonconvex case use
various elements of traditional nonlinear programming.
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equipped with generalized boundary conditions describing the interaction of the myocyte with the extracellular matrix and
with other cells. In this framework, the field variables are the displacement vector u, the diffusive membrane voltage field V ,
the local electrophysiological gating fields g1, g2 and s, and the local fiber activation field γ. In Eq. (1), P denotes the second
Piola-Kirchhoff stress tensor and the terms fi are nonlinear functions of the field variables used to mathematically describe
the corresponding reaction-diffusion partial differential equations.

For the solution of the above differential problem, a monolithic fully coupled isoparametric finite element formulation is
proposed, extending and generalizing similar approaches [6]. Due to the strong nonlinearity of the resulting set of algebraic
equations obtained by the semi-discretized finite element formulation in space, a fully implicit solution scheme is adopted.
Hence, the implicit backward Euler time stepping technique is used and the incremental-iterative Newton-Raphson method is
employed at each time step to achieve quadratic convergence of the numerical scheme.

Mathematical formulation of the interface model for myocytes interactions
Physiological quantities, mechanical tractions, and electric signals are exchanged at the boundaries between adjacent cells

in contact, but also between a single cell and its extracellular matrix. Hence, a novel generalized interface element to be
used along the whole myocyte boundary is proposed, thus to model both cell-cell and the cell-matrix interactions. As far
as the mechanical field is concerned, the interface interactions are assumed to be of different type depending on the relative
normal displacement, taking into account contact interactions with partial slip frictional effects in compression, and adhesive
interactions in the case of separation. As regards the other fields, jumps in the transjunctional voltage and in the kinetic
variables transmitted at the interface are allowed. The corresponding current and fluxes are assumed to obey nonlinear Fickian
constitutive relations whose expression is determined from experimental measurements reported in the literature and obtained
from cell-on-chip testing [1, 7]. The resulting formulation is implemented in a novel interface finite element for multi-field
computations, in line with previous applications to mechanics and thermo-elasticity [8, 9]. Also for the interface, a monolithic
fully coupled formulation is exploited and a fully implicit solution scheme is pursued, paying attention to the derivation of the
tangent operators for the Newton-Raphson method.

RESULTS AND CONCLUSIONS

The proposed novel constitutive model, validated against experimental evidences, reproduces static and dynamic observed
behaviors with particular attention to (i) length and slope of contact boundary, (ii) maximum tractions at the interface, (iii)
cell width-length ratio, and (iv) propagation rate of action potential between adjacent myocytes. Simplified geometries are
analyzed reproducing the microfluidic cell cultures adopted in the experiments in [1]. The proposed computational contact
framework opens a new micro-scale level of analysis within the context of nonlinear interaction among biological objects.
Forthcoming contributions will target different biomedical applications, e.g., crosstalk-based cardiovascular diseases, low
energy defibrillation devices, and microfluidic chip design and optimization.
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Realistic RVE-geometries generation for Non-Crimp Fabric composites  
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Summary Non-Crimp Fabric composites (NCFs) are characterized by their high specific mechanical properties and enhanced delamination 
resistance. To extend their use in car and airplane applications, predictive damage models are necessary. Damage phenomena initiation, however, 
may be strongly influenced by stress concentrations, which requires a realistic geometrical modelling to capture accurately stress states at damage 
initiation sites. Yet, current models remain geometrically simplified, and/or would require the actual manufacturing of the NCF specimen each 
time another NCF configuration needs to be investigated. Using principles developed in [1] and extended with NCF features, a RVE generator 
was developed that allows producing realistic geometrical models in a computational efficient and automated way. This abstract discusses the 
RVE generation principles, illustrating that arbitrary shapes of NCFs can be obtained for different stitching parameters. Next, the geometrical 
models are discretized and used to investigate the influence of different stitching parameters on stress concentrations. 
 

INTRODUCTION 
 
   The geometrical complexity of the reinforcement in Non-Crimp Fabric composites (NCFs) is due to the stitching process. 
Initially presented in unidirectional (UD) lamina, fibers are pushed aside by the penetration and tensioning of stitching yarns,  
resulting in mesoscopic and microscopic changes in the fibers configuration. Mesoscopic configuration changes may be 
classified in two categories, stitching holes and nesting, with different undulations directions. Stitching holes are typically 
linked to in-plane undulations of fibers, while, nesting, defined as the penetration of fibers of a given lamina into stitching 
holes of neighboring laminae, is accompanied by out-of-plane undulations. Microscopic changes in fibers configuration, 
additionally, need to be accounted for changes in the local fiber volume fractions and the local fiber directions. 
 
   As compared to straight unidirectional laminae; undulated laminae and local changes in the fiber configuration need to be 
included in geometrical models to obtain predictive damage models. These geometrical side-effects may initiate early damage, 
as they may act as stress concentrators. Undulated laminae may act as favorite places for delamination with increased volume 
fractions causing early crack initiation in the surrounding matrix. Additionally, straightening of undulated fibers upon loading 
may increase further the stress concentrations in their surroundings. A lack of account for these geometrical side-effects may 
cause inaccurate stress concentration prediction and, thus, inaccurate prediction of damage initiation. 
 
   Current geometrical models are usually based on simplifications or require the actual NCF specimen for each NCF 
configuration to be investigated. Geometrical model generators as WiseTex and TexGen assume NCFs as straight lamina in 
which ³elliptical holes´ are introduced via CAD geometries [2]. Alternatively, geometrical models can be based entirely on 
analytical descriptions of the contours of fiber bundles [3], for which the size and shape can be obtained via computed 
tomography, rendering the last approach a time consuming process. However, simplifications and/or time consuming 
processes make current methodologies cumbersome to investigate systematically the influence of stitching parameters on the 
stress concentrations. A new geometrical generation procedure that allows reproducing the complex geometrical features of 
NCFs in a computationally efficient way, has therefore been developed. The geometrical and meshing generation procedures 
will be described in the following. 
 

RVE GENERATION PROCEDURE 
 
    The geometrical generation procedure consists of three successive operations (Fig.1): 
(1) Initially, a set of straight in-plane lines represent the fiber configuration inside UD laminae (Fig. 1a), where its contour 
represents the UD lamina itself. Given the in-plane lines having a chosen diameter and considering geometrical contact 
conditions, the in-plane lines near stitching positions may be pushed away by the inflation of zero-thickness perpendicular 
lines representing the stitching yarns, to its final stitching yarn diameter (Fig. 1b). After inflation, a geometrical tensioning 
procedure straightens the lines in different stages (Fig. 1c). The number of lines discretisations and the amount of geometrical 
tensioning stages determine the final configuration of the set of discretized lines. 
(2) contouring operations, acting on the final configuration of discrete lines, are implemented to obtain a 3D discrete volume 
entity for each lamina individually ± stitching yarns are simplified as lines with circular cross section, as such, only contouring 
of laminae is needed. In the contouring operation, first, tetrahedral elements are created between the points of the discretized 
lines using a Delaunay 3D triangulation. Afterwards, tetrahedral elements inside stitching hole regions, as well as on possible 
concave borders of the lamina, are removed. Finally, by extracting the outer triangles from the remaining tetrahedral elements, 
a discretized contour of the lamina including possible holes is obtained (Fig. 1d). 



(3) a level set-based post-processor is implemented to suppress possible interpenetrations, which may be present due to the 
discretization of lines into vertices. The implemented post-processor, as prescribed in [1], is based on distance calculations 
between the discrete contouring triangles and a regular grid, on which the level set field is created. A contouring function in 
MatLab allows extracting a set of triangles representing the contour of the final geometry (Fig. 1e).  
 

        
Fig. 1. Successive steps of the RVE generation procedure, illustrated on a UD lamina [0] penetrated by a straight stitch in its 
center: (a,b,c) set of discretized lines representing lamina and stitching yarn, respectively, at initial stage, after inflation and 
after geometrical tensioning (d) contouring of the discretized set of lines; (e) final geometry produced by a post-process level 
set-based procedure. 
    
    The meshing generation procedures can be performed in any general purpose meshing tool, such as GMSH [4], as the 
contours are constituted of a set of triangles that can easily be exploited. The set of triangles are representing boundaries of 
the fibrous rich regions. After surrounding these fibrous rich regions with a rectangular box, the boundaries of the matrix rich 
regions are obtained by subtracting the fibrous rich areas from the box. Using WKH�³&RPSRXQG�6XUIDFHV´�WRRO�LQ�*06+, sets 
of triangles are reparametrized in the meshing procedure, therefore avoiding ill-shaped elements . Successively, the regions 
are meshed with tetrahedral elements. 
 
   The generated RVEs can be used in any general purpose FE code, in which the fiber volume fractions and directions can 
be explicitly taken into account by exploiting the discretized lines configuration form the geometrical model. Considering 
linear elastic material models, the influence of the stacking sequence and stitching parameters on the stress concentrations 
will be illustrated. 
  

RESULTS 
 

   Geometrical models of NCFs with different stitching parameters and stacking sequence can easily be obtained with the 
parametrized RVE generator. As an illustration, the in-plane and out-of-plane undulations of fiber bundles, in a RVE 
presenting a NCF with stacking sequence [90/+45/0], can be reproduced by the generator (Fig 2). Current geometrical models, 
on the contrary, would consists of straight lamina with a constant shape of the stitching hole across the thickness, or would 
be based on CAD geometries requiring the actual NCF specimen. The importance of these geometrical side-effects on the 
stress concentrations will be emphasized.   
 

 
Fig. 2. shape of fiber bundles in NCF obtained by the computational generation procedure. 
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UNIFIED TREATMENT OF SHOCKS AND MATERIAL INTERFACES IN HYPERELASTIC
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Summary Treatment of discontinuities like shockwaves and interfaces pose a challenge for numerical simulations. Here, we present a novel
treatment of shockwaves and material interfaces in the context of high-order Eulerian simulations of hyperelastic solids, liquids and gases
using a 10th order spectral-like compact finite difference scheme [1] and an adaptation of the standard LAD scheme [2]. The method
is suitable for solving high energy density problems in a single phase as well as problems involving interactions between different phases.
Particular emphasis is laid on the scaling of the model constants in the LAD scheme for different problems. We demonstrate the applicability
of the method using 1D stationary shock, shock tube and impact problems.

INTRODUCTION

High energy density materials undergoing large deformations occur in various engineering applications such as Inertial
Confinement Fusion (ICF), cavitation and metal welding, which can benefit from a detailed understanding of the underlying
physical processes, afforded by numerical simulations. An Eulerian method is well suited to such simulations since they
involve large deformations. The Eulerian equations tracking elastic and plastic flows in a hyperelastic material were developed
by [3]. The aim of the current work is to extend a high-order compact finite-difference scheme previously used for shock-
capturing simulations of gases to liquids and solids.

FORMULATION

The basic framework comprises of equations governing transport of mass, momentum, energy and elastic components
of the inverse deformation gradient tensor [4], with plasticity incorporated as described in [5]. The hyperelastic separable
equation of state (EOS), with parameters γ, p∞ and µ [4] is used. Gases, liquids and solids are described by a single EOS,
since setting µ = 0 reduces the material to a stiffened gas (or liquid), and further setting p∞ = 0 leads to the ideal gas EOS.

The system of equations is solved using a 10th order compact finite-difference scheme with �th order Runge-Kutta time
stepping. A key component enabling the use of high-order centered schemes is the addition of numerical dissipation to capture
shocks that might arise in the solution stably. The localized artificial diffusivity (LAD) scheme of [2], involving artificial shear
and bulk viscosities and artificial conductivity, with coefficients Cµ, Cβ and Cκ, respectively, is used here. Typical values
used previously for ideal gases are Cµ = 0.002, Cκ = 0.01, and Cβ ∼ 2.0.
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Figure 1: (a) Shock tube problem in water (γ = �.�, p∞ = 0.� GPa, µ = 0 Pa [6]) at 51 µs using Cβ = �.0. Current
results: line, exact solution: symbols. (b) Elastic-plastic impact problem in steel (γ = 2.8�, p∞ = �0 GPa, µ = �� GPa [7])
half-spaces for three impact velocities at 0.2 ms. Current results: lines, ref. [7]: symbols. (c) Close-up view around the elastic
shock of negative axial stress showing large oscillations when Cβ = 2 (red lines) and oscillations damped out when Cβ ∼ 10
(black lines).
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Figure 2: Amplitude (red lines) and shock thickness (blue lines) as a function of artificial bulk viscosity coefficient Cβ in
stationary shocks in (a) air (γ = 1.�, p∞ = 0 Pa, µ = 0 Pa, pressure jump pR/pL = �.5), (b) water (pR/pL = �0) and
(c) steel (pR/pL = 2�0). The text in the figures indicates coefficients predicted by a dynamic procedure and corresponding
amplitudes and shock thicknesses.

RESULTS

Figure 1(a) shows an application of the proposed methodology to the classical shock tube problem in water with pressures
on two sides of the interface at x = 0.5 equal to 1010 Pa and 105 Pa. The solution at t = 51 µs agrees well with the
analytical solution. The value Cβ = � had to be used in order to capture the shock smoothly in this case. Figures 1(b-c)
demonstrate problems involving impacts of two steel half-spaces [7]. Elastic-plastic shocks arise depending on the impact
velocities, and the velociy profiles obtained from our method agree with the reference results [7]. Cβ = � ∼ 11 had to be
used for these results. The proposed methodology successfully captures shocks and provides stable solutions in gases, liquids
and hyperelastic solids, provided the coefficient Cβ is adapted to the problem and material parameters.

Figure 1(c) demonstrates that the value used previously for ideal gases leads to oscillations when applied to solids. The
dependence of Cβ on material and problem parameters has not yet been explored systematically since the range of EOS
variation considered was small. Finding a scaling for Cβ is imperative for a unified treatment of shocks using LAD. To
explore this issue, 1D stationary normal shock simulations are carried out for various parameter values, and the variation of
the amplitude of wiggles in the pressure profile expressed as a percentage of the pressure jump and numerical shock thickness
normalized by the grid spacing (computed as in [2]), with Cβ is shown in Figure 2. It is again clear that a single value of Cβ
is unsuitable, and Cβ needs to be varied drastically in order to capture shocks smoothly across the three continuum media.

A dynamic method to auto-tune the coefficient is proposed, and the coefficient values estimated by the dynamic method,
along with the resulting amplitudes and thicknesses are mentioned in the text in Figure 2. The method is based on order of
magnitude estimates of the advection and diffusion terms in the momentum equation, and modifies the coefficient according
to shock strength, material properties, as well as the numerical discretization method. Details of the dynamic method will be
included in the final paper. We note that the method produces reasonable estimates that lead to wiggle amplitudes less than or
close to 1% without excessive smearing of the shock in gases, liquids as well as solids.

SUMMARY AND FURTHER WORK

A high-order compact finite-difference numerical framework with the LAD scheme, previously applied to ideal gases, is
successfully extended to shocks in liquids and solids. A dynamic method to auto-tune the artificial coefficients appearing in
the LAD scheme is proposed, and will be described in detail in the final paper. Further single-material demonstration problems
and extension to multi-material interfaces will also be included in the final paper.

This work was supported by Grant B612155 from Lawrence Livermore National Laboratory, U.S. Department of Energy.
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Summary Numerical simulation has been carried out to study the breakup of earth covered magazine due to internal detonation. As 
experimental study of such problem is very expensive, time consuming and with many limitations in scaling, data collections and analyses, 
numerical simulation using advanced modelling techniques provides a valuable alternative approach. In this study, the commercial dynamic 
solver LS-DYNA [1] is adopted to carry out the simulations of the magazine breakup by using the cohesive element model. The 
*MAT_COHESIVE_TH model in LS-DYNA is strengthened by implementing the strain-rate dependent characteristics of the concrete 
cohesive law. The simulation results are comparable with the test results.   
 

INTRODUCTION 
 

Upon accidental internal explosion, an ammunition magazine will break up and debris formed will be ejected out at high 
speed. The debris could impact on the neighbouring structures or people and may cause damages and causalities. The size of 
the hazard zone due to ejected debris is a critical factor to meet the design requirements of minimum safe clear distance to 
the nearby inhabited buildings or facilities. Due to the nature of the problem, full-scale or scaled experimental study on the 
high speed debris trajectories is deemed to be very costly. A feasible alternative is to harness the power of the modern 
computing technology to conduct numerical simulations, together with verification by a limited number of field tests. In 
numerical simulation, a physics-based modelling procedure has to be established to simulate the dynamic response and the 
breakup process of the earth covered magazine (ECM). These simulations were based on the general dynamic analysis 
package LS-DYNA [1] which has been used extensively in solving dynamic problems (impact, crash, penetration, explosion, 
etc.). However, when using it to simulate the strain-rate-dependent material behaviour and response during the breakup of 
an ECM, further development is needed. 
 

BREAKUP MODELLING 
 

The present simulation involves quite a few simulation aspects: blast loading, fluid solid interaction, structural breakup, 
etc. The breakup modelling is critical to determine the debris distribution and their flight distances. In the finite element 
(FE) method, the fracture simulation is achieved mainly by an approach through element erosion. In LS-DYNA, nodal-
splitting is an alternative approach to simulate the fracture. In which, the FE mesh is shattered into separate element-sized 
pieces, and the nodes at the same location are bundled together by a nodal constraint. The bundled nodes will be released 
after a pre-defined strain-based criterion is met. Prior to the event of nodal split, the elements perform integrally as in a 
continuum structure and the nodal displacements are continuous. Upon occurrence of nodal split, free fractured/cracked 
surface will be formed along the element mesh interface. While the nodal splitting is easy to be implemented, such approach 
comes with many shortcomings. Obviously, fractured surfaces through the split node in all directions will be created at the 
same instant when the strain criterion is met. Furthermore, the strain-based splitting criterion has less physical meaning. To 
alleviate these shortcomings, cohesive law and cohesive elements are introduced to simulate the reinforced-concrete (RC) 
structural breakup. In the latter approach, discrete elements are connected to each other through inter-element faces by 
cohesive elements instead of the nodal constraint. These cohesive elements, sometimes referred as ! interface element" , are 
inserted along all element interfaces. Fractured surface will be formed along FE interface once the in-between cohesive 
element fails. In this case, a pseudo-material model is needed for these cohesive elements to simulate their responses and 
failures. This pseudo-material model is normally referred as the cohesive law (or the traction-separation law).  

 
IMPLEMENTATION OF STRAIN-RATE-DEPENDENT COHESIVE LAW 

 
In this study, a *MAT_COHESIVE_TH cohesive model in LS-DYNA is used for concrete material. As the thickness of 

cohesive element is zero, the common definition of strain rate is not applicable. So the crack opening or separation velocity 
is chosen to be defined as a rate-relevant parameter. As the cohesive law constitutes cohesive strength and fracture energy, 
the rate effect can be divided into two parts. The first part is the rate-dependent cohesive strength for the loading stage. The 
second part is the rate-dependent fracture energy for the softening stage. As such, the relationship of cohesive strength and 
fracture with the opening velocity should be established. In this study, a simple model (see Fig.1) is built to study the 
relationship between the cohesive strength and the opening velocity. It includes two solid bulk material elements and one 
cohesive element with elements size of 0.01m. The bottom is fixed and the top four nodes are subjected to tension. 



Responses to 6 different loading rates are investigated and the results are shown in Table 1. Fig.2 shows the fitted Dynamic 
Increase Factor (DIF) for cohesive strength against the opening velocity. For the rate-dependent fracture energy, the results 
of Harald [2] are adopted. Fig.3 shows the DIF of fracture energy against the opening velocity.  
 

Table 1 Relationship between cohesive strength DIF and opening velocity 

Case Strain rate(1/s) Strength peak(MPa) DIF Opening velocity (m/s) 

1 0.1 4.15 1.0375 1.42e-4 

2 1 4.47 1.1175 0.0014 

3 10 7.23 1.8075 0.015 

4 50 12.8 3.2000 0.08 

5 100 15.4 3.8500 0.18 during loading; 0.4 upon yielding and unloading 

6 500 30.0 7.5000 0.8 (average) during loading; 4.5 upon softening till fail 
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Opening Velocity(m/s)

 Strength DIF
 Fit curve

Model Exponential
Equation y = y0 + A*e

xp(R0*x)
Reduced Ch 0.14576
Adj. R-Squa 0.97553

Value Standard 
F y0 8.019 0.68446
F A -6.761 0.66277
F R0 -3.130 0.8385

 
      Fig.1 Simple model                  Fig.2 Strength DIF             Fig.3 Fracture energy DIF (Harald [2]) 

 
RESULTS IN AN ECM BREAKUP  

 
In an ECM 2/5th scaled ECM explosion test, the structural internal dimensions of the RC cubic box are 2.0m×2.0m×

1.6m. Wall and roof thicknesses are 200mm and they are reinforced with Ø 10-mm bars at 100-mm spacing in two 
directions and double layers. Fig.4 shows the FE model for half of the ECM. Under a high loading density of 20 kg/m3, the 
cohesive elements almost all failed if rate-independent cohesive law is used. Upon implementing the current rate-dependent 
cohesive law, the breakup results are found to very different as shown in Fig.5, which shows very big pieces of debris 
formed from the side walls, rear wall and the roof, and such outcomes agreed very well with site test results.  
 

 

                                       (a) The half structure          (b) The remained cohesive elements 
 Fig.4 FE model for 2/5th scaled ECM        Fig.5 Breakup simulation results with rate-dependent cohesive law 
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Summary Recent advances in fast numerical methods to compute the mechanical response of heterogeneous microstructures have allowed the 
solution of hitherto intractable systems. In particular the use of an iterative Fourier Spectral Method as opposed to the traditional Finite Element 
Method has gained significant interest in the periodic homogenisation of microstructures. In this paper, a method is presented to solve a periodic 
boundary value problem involving electromechanical coupling in a polycrystalline ferroelectric microstructure. In addition to the mechanical 
response of the structure, this method provides insight into the kinetics of domain wall motion in a complex microstructure. Time hysteresis 
curves for the electric displacement and strain evolution resulting from a saw-tooth electric loading are presented, and are shown to qualitatively 
match experimental results. An overview of the diverse applications of this method is also provided.  
 

INTRODUCTION 
 
   Piezoelectrics are a class of materials which demonstrate strong electromechanical coupling behaviour. The application 
of an external electric field results in a spontaneous strain in a given sample; conversely, the application of a strain results in 
the generation of an electric field. Ferroelectrics are a subset of piezoelectrics which exhibit spontaneous electric polarisation, 
demonstrate domain switching and consequently possess a remnant strain [1]. Ferroelectric materials such as PZT, Barium 
Titanate and PMN-PT have been widely used in engineering applications. Examples of the use of ferroelectrics include 
sensors, actuators, transducers and energy harvesting devices. 

However, the primary use of ferroelectrics lies in the linear regime, where they behave with piezoelectric properties. 
In order to advance the use of the non-linear regime, further study is required into the kinetics of domain wall motion and 
thermos-electromechanical coupling in ferroelectrics [1]. This would also allow for tunable electrical and mechanical systems 
which exploit the memory effect due to non-linearity of the strain hysteresis. In this context, the problem of simulating and 
understanding microstructural evolution with dynamic thermo-electromechanical loading is complex and numerically 
expensive using a traditional Finite Element framework. In this paper, a Fourier Spectral implementation is presented, which 
allows for solution of hitherto intractable periodic boundary value problems involving electromechanical coupling in 
ferroelectrics. 
 

OVERVIEW OF THE SPECTRAL METHOD FRAMEWORK 
 
   Spectral methods which utilise the Fast Fourier Transform have been introduced in computational solid mechanics over 
the past two decades by Moulinec, Suquet, Lebensohn and others [2, 3, 4]. Lebensohn et al. have developed an algorithmic 
framework for solving coupled problems involving thermoelasticity and viscoplasticity [3]. The iterative spectral method 
developed scales quasilinearly (as opposed to quadratic or cubic) in computational cost with the number of degrees of freedom 
and avoids the assembly of large stiffness matrices. Hence this framework allows for solution of polycrystals with a large 
number of grains. The limitation of this technique is that the initial problem has to be periodic for convergence of the Fourier 
inversion. Subsequently, the solution is subject to periodic boundary conditions. The spectral framework developed takes 
advantage of this fact, solving for a periodic Representative Volume Element (RVE). An example of a periodic polycrystalline 
microstructure, together with a simulated heterogeneous non-linear elastic RVE under uniaxial strain are shown in Figure 1.  

 
 
 
 
 
 
 
 

 
 

Figure 1: Periodic polycrystalline model and stress distribution of a simulated polycrystal during non-linear elastic test   
Following this work, a numerical implementation for the solution of coupled electromechanical periodic boundary value 
problems has been developed. The governing model and associated scaling parameters are obtained from Zhang and 
Bhattacharya and recast within this spectral framework [5]. The spectral framework itself can be described as an explicit, 
time-stepped Fast Fourier Transform-based scheme. 7KH�Ĳ�SHUWXUEDWLRQ�PHWKRG�LV�XVHG�WR�FRQYHUW�WKH�JRYHUQLQJ�PHFKDQLFDO�



and electrical equilibrium equations into the iterative equations. Polarisation distributions are updated using an evolution 
equation or kinetic law and external electric load stepping is performed. The external electric field is applied to the sample 
through a saw-tooth function and the coupled electric and mechanical response is obtained at each step of the loading. 
 

SIMULATION RESULTS & COMPARISON TO EXPERIMENTS 
 
   A simplified two dimensional homogeneous microstructure is simulated to observe the generation of a polarisation wave 
that propagates across the body resulting in domain switching. This is used to produce the curves of electric displacement and 
strain with the electric loading, and shown in Figure 2. 
 

 
 
 
 
 
 
 
 
 
 
Figure 2: Normalised simulation results for switching in a single crystal under saw-tooth electric loading 

   Experimental material characterization was performed on commercial samples of polycrystalline PZT-5A with 1mm 
thickness. SEM analysis indicateV�DYHUDJH�JUDLQ�VL]HV�RI�a�ȝP��Typical electrical displacement hysteresis curves below were 
obtained by applying a through-thickness electric field of -2kV to 2kV with a triangular wave profile. Simultaneous in-plane 
strain measurements were taken using a 3D digital image correlation (DIC) system.  
 
 
 

 

Figure 3: Normalised experimental results for electromechanical response under saw-tooth cyclic electric loading 
   Figure 3 shows a typical electrical displacement response of PZT-5A with applied electric field. Switching occurs at 
coercive field of 1.5kV/mm. 7KH� FRUUHVSRQGLQJ� İxx (in-plane) strain curve indicates abrupt transition from extension to 
compression at the coercive field. Positive values indicate extension. These experimental measurements show qualitative 
agreement with the normalised plots of electric displacement and strains obtained using our spectral framework.   
 

CONCLUSIONS 
 

   This work has shown promise in providing new insight into the complex mechanics of domain wall motion and 
electromechanical response of ferroelectrics. The advantage of the Spectral Method implementation over using Finite Elements is 
the computational efficiency in simulating large and complex microstructures. Further work is to be done in understanding and 
incorporating further effects such as thermal dependence and improving the kinetic relations for domain switching [1].  
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Summary: This paper investigates a statistical approach for the validation of a new non-rigid registration method aimed at automating the 
inspection of non-rigid parts in a free-state condition. This non-rigid registration method is based on generating, filtering sample points and finite 
element analysis. Validation of the registration method uses Kolmogorov-Smirnov test to accept or reject estimated defects with respect to 
nominal defects at a desired risk level.  
 

INTRODUCTION 
   Computer aided inspection (CAI) methods speed up the geometric dimensioning process and increase the inspection 
accuracy of manufactured parts by eliminating human intervention and its unavoidable errors. CAI methods for fixtureless 
inspection of non-rigid parts aim at scanning these parts in a free-state condition (without conformation) and compare data 
with the nominal CAD model in a common coordinate system and common state of deformation, which allows identifying 
and estimating defects on these parts. Non-rigid (flexible) manufactured parts (e.g. parts with a very thin thickness) deform 
to an extent in free-state which is beyond the dimensional and/or geometrical tolerances on designed parts. In this study the 
generalized numerical inspection fixture (GNIF) [1] method is applied to generate, for a given part, a set of corresponding 
sample points between the nominal CAD model and the scanned model in a free state. These points are evenly distributed 
over both models and then used to deform the CAD model to conform to scanned data, through finite element non-rigid 
registration (FENR). In [2, 3] an automatic sample point filtering method based on two metrics: von-Mises stress criteria and 
curvature criteria is developed. The developed inspection method filters GNIF corresponding sample points that are suspected 
to be close to defect areas, which makes that associated defects on manufactured non-rigid part can be identified and measured 
accurately. Validation and verification (ASME V&V) approaches on computational simulated models allow assessing 
accuracy and reliability of simulation methods [4]. Verification is the assessment of accuracy of the solution to a 
computational model while validation is the assessment of accuracy of a computational simulation if compared with 
experimental data. In this paper a validation approach in accordance with the ASME V&V10.1-2006 recommendations is 
applied to corroborate the estimated results of fixtureless inspection obtained from our improved method based on filtering 
GNIF sample points [2, 3]. 
 

VALIDATION OF NON-RIGID COMPUTER AIDED INSPECTION 
   The investigated validation method is presented herein on a case study based on measuring an aerospace aluminum skin 
panel with the following approximate dimensions: 1.5°m length, 1°m width and 1°mm thickness. For this part, Fig. 1a shows 
the nominal CAD model and Fig. 1b shows the scanned mesh, which is deformed (representing free-state deformation) and 
features three defects (bumps). Fig. 1c illustrates nominal maximum amplitude and area for these 3 bumps whereas Fig. 1d 
illustrates estimated maximum amplitude and area for these bumps. 

    
Figure 1: A non-rigid aluminum panel a) front and top views of the CAD model b) front and top views of the scanned part 

in a free-state c) nominal distance distribution d) estimated distance distribution. 
 

The nominal inspection result of distance distribution, as shown in Fig. 1c, is a comparison between the CAD model and scan 
model before flexible deformation. This model (before deformation) thus only features the 3 bumps and represents scan model 
in the actual assembly state. The area of a defect is based on assessing the portion of the defect that exceeds the tolerance, as 

Bump#1 

Bump#3 

Bump#2 

Max. Amp.: 1 mm 
Area: 85 mm2 

Max. Amp.: 1.5 mm 
Area: 98 mm2 

 

a b c d 

Max. Amp.: 1 mm 
Area: 60 mm2 

Max. Amp.: 0.68 mm 
Area: 33.95 mm2 

Max. Amp.: 1.62 mm 
Area: 114.95 mm2 

 

Max. Amp.: 0.85 mm 
Area: 41.77 mm2 



specified on the drawing. In this paper, we considered a 0.4°mm tolerance, which is a usual representative profile tolerance 
value for this type of thin-walled aerospace parts. Applying non-rigid fixtureless inspection based on filtering corresponding 
sample points, the area and amplitude of defects on the scanned model are estimated. The estimated inspection result is 
presented as a distance distribution, as shown in Fig. 1d. This distribution is based on calculating distances between the scan 
model (including both defects and flexible deformation) and deformed CAD model using our improved non-rigid registration 
method (based on filtering sample points). Then, a further investigation of these results consists in using V&V to assess 
similarity between shapes of estimated and nominal defects (without free-state deformation). The boundary and shape of a 
given defect is defined, either for nominal or estimated defects, with respect to sets of nodes for which the distance between 
shape with and without defect exceeds a certain threshold. We studied three thresholds: 100% (0.4° mm), 30% (0.12° mm) 
and 10% (0.04° mm) of the specified tolerance (defects are illustrated in red in Fig. 2).  
 

Defect shape threshold  (10% tolerance) 0.04 mm (30% tolerance) 0.12 mm (100% tolerance) 0.4 mm 

Nominal inspection 
result 

   

Estimated inspection 
result 

   
Figure 2: Shape of defects for different distance thresholds. 

 

Distances between shape with and without defects measured on the nodes of each triangulation provides us with two sample 
data referred to as nominal and estimated distance distributions. Similarity between these distributions is assed using, among 
many other statistical tests, the Kolmogorov-Smirnov (K-S) test [5]. This test is applied to evaluate the difference between 
the cumulative distribution functions (CDFs) of the two sample data mentioned above at a desired significance level. The 
failure in the decision of K-S test is interpreted that the two shapes of defects are different enough. In contrast, the K-S test 
decision is passed when the two sample data have sufficiently similar statistical distribution. We have implemented K-S tests 
at a 5% significance level in MATLAB®. Meanwhile, we studied the robustness of our improved non-rigid inspection method 
by adding synthetic noise into scan data. In Table 1, the K-S test decision for inspection results associated with noise-free 
scan models as well as inspection results including noise is presented, for the three thresholds introduced above. The added 
noise in the scan data is form Gaussian distribution with mean value of 0 mm and standard deviation of 0.03 mm. 
 

Table 1: Results obtained with K-S tests at a 5% significance level (Error type I (D) = 0.05). 
Defects: BUMP1 BUMP2 BUMP3 

Noise inclusion status: 
Defect shape threshold Noise-free With noise Noise-free With noise Noise-free With noise 
(10% tolerance) 0.04 mm Pass Pass Pass Fail Pass Pass 
(30% tolerance) 0.12 mm Fail Fail Pass Pass Pass Pass 
(100% tolerance) 0.4 mm Fail Fail Pass Pass Pass Pass 

 
CONCLUSIONS 

   In this work, a nonparametric statistic hypothesis test, namely Kolmogorov-Smirnov test, is applied to validate the estimation 
of defects that are detected using our improved fixtureless inspection method for flexible parts. A positive K-S test decision 
is interpreted as meaning that an estimated defect shape is sufficiently similar to that of the nominal defect or not. An 
interesting aspect of this V&V approach is that it can easily be generalized to many other geometric feature identification and 
assessment processes. 
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Summary In this paper, the performance of local searching procedure was tested in proposed isogeometric contact algorithm. Recent study
on the assessment of various unconstrained optimization methods for computing the closest point projection in local contact search was
followed up and extended to problems discretized by spline representation (Bezier, B-spline, NURBS, etc.). It was shown that the sphere
and the torus approximation methods significantly increase the robustness of the local contact search procedure in isogeometric contact
algorithm.

INTRODUCTION

The main difficulty in the contact analysis is a non-smoothness of contacting surfaces. It arises from inequality constraints
as well as from geometric discontinuities induced by spatial discretization. The contact analysis based on traditional finite
elements utilizes element facets to describe a contact surface. Unfortunately, the facet interfaces are only C0 continuous
so that normal surface vectors may experience jump across element boundaries, which may lead to artificial oscillations of
contact forces.

A remedy to this geometric discontinuity may be provided by isogeometric formulation [1]. In this approach, the known
geometry is accurately described by the Non-Uniform Rational B-Splines (NURBS) basis functions, which serve at the same
time as the element basis functions. The isogeometric analysis provides some additional advantage, which is especially
attractive to contact analysis [2], namely, preserving geometric continuity, facilitating patch-wise contact search, supporting a
variationally consistent formulation, and having a uniform data structure for the contact surface and the underlying volumes.

LOCAL CONTACT SEARCHING

In isogeometric contact analysis well-established contact searching procedures originally developed for classical finite
element method are usually utilized [3]. This procedures were designed mainly for linear finite elements. Therefore, their
direct employment in isogeometric analysis requires sampling of free-form surface patches, which is rather computationally
expensive. Local searching represents the calculation of the closest point projection of a contactor/slave point onto a given
target/master segment. In other words, measuring penetration of slave point through the counterpart’s object master surface
is required. It is necessary first to define the outward normal and then to compute its intersection with a curved surface,
establishing minimum distance. The condition of minimum distance leads to the solution of the following equations

∂x(r, s)

∂r
· (x(r, s)↗xs) = 0

∂x(r, s)

∂s
· (x(r, s)↗xs) = 0

(1)

where the isoparametric coordinates r, s of the contact point x(r, s), defined as the point on the master surface closest to the
given slave node xs, have to be found. Although appearing trivial at first glance the numerical solution process is far from
being easy, especially when dealing with severely distorted surfaces. Recently, several unconstrained optimization methods
for the solution of non-linear algebraic systems (1) were thoroughly tested in Reference [4]: the Newton-Raphson method,
the least square projection, the sphere and torus approximation method, the steepest descent method, the Broyden method,
the BFGS method, and the simplex method. The effectiveness and robustness of these methods was tested by means of a
proposed benchmark problem discretized by a three-dimensional quadratic serendipity elements. It is obvious that the local
search procedure strongly influences the robustness, accuracy and computational cost of the contact analysis.

In this paper, we followed conclusions drawn in Reference [4] and extended this work to problems discretized by spline
representation (Bezier, B-spline, NURBS, etc.) In proposed isogeometric contact algorithm [5] the attention was focused
on the geometric approximation methods which turned out to be the most promising methods in local contact search. The
simplest geometric approximation is the least square projection method [4]. This method utilizes plane as the approximation
surface and therefore it is also denoted as the first order algorithm. In the second order algorithm proposed in Reference [6]
the surface is approximated by a sphere. The example of osculating sphere is shown in Figure 1. A more advantageous
approximation surface is given by a torus patch [7].
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The principle of these method is as follows: the slave point xs is projected onto the contact surface which is replaced by
the selected approximation surface described by the plane, sphere or torus in every iteration. Next, the projection of the slave
point xs is mapped onto this alternative surface. Finally, the resulting projected point is considered as a new approximation of
the solution and the process is repeated until the convergence is reached.

n
xk

xs

xk+1

xc

qg1

g2
t

Figure 1: Sphere approximation method.

CONCLUSIONS

In this paper, the performance of local searching procedure was tested in proposed isogeometric contact algorithm. Several
unconstrained optimization methods were thoroughly tested: the Newton-Raphson method, the least square projection, the
sphere and torus approximation method, the steepest descent method, the Broyden method, the BFGS method, and the simplex
method. The effectiveness and robustness of these methods was tested by means of a benchmark problem involving impact of
two tubes discretized by the NURBS splines. It was shown that the sphere and the torus approximation methods significantly
increase the robustness of the local contact search procedure in isogeometric contact algorithm.
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Summary We propose a new computational framework for simulating deformation and fracture in large shell structures that is well-suited to
parallel computation. In contrast to many existing methods, the framework is able to model fracture driven by transverse shear, in addition
to combined bending and in-plane stretching. The essential ingredients of this framework are a discontinuous Galerkin discretization of a
Reissner-Mindlin type shear-flexible theory and a interface element-based cohesive zone model of fracture.

APPROACH

Plate and shell elements remain in wide use in the practical design of large thin structures such as aircraft fuselages, ship
hulls, automobiles, submarines, and pressure vessels. In many applications, fracture is a critical design concern, and thus the
ability to numerically predict crack propagation in shells is a highly desirable goal. There has been considerable progress on
this front in the last 10-15 years; however, in this manuscript we wish to draw attention to two important aspects that have
received relatively attention. First, many existing computational shell fracture methods are not scalable, in the sense of parallel
computing, and consequently simulation of large structures remains out of reach. Second, while most existing approaches treat
in-plane tensile failure, modeling fracture due to transverse shearing is often omitted.

Scalability problems typically arise from the introduction of new degrees of freedom on the fly to describe crack propaga-
tion. A recently developed remedy has been proposed that is composed of two elements: (i) a discontinuous Galerkin (DG)
discretization of the body, and (ii) a cohesive zone model (CZM) of fracture implemented through interface elements. The
combined DG-CZM methodology, initially proposed in the context of three-dimensional solids, has the unique advantage that
scalability in parallel computation is achieved almost automatically; see [1, 2]. We adopt this methodology and formulate a
new discontinuous Galerkin method for shear-flexible shells.

In adopting a DG-CZM method, our framework is similar to the work of Becker et al. [3, 4] for Kirchhoff-Love (i.e.,
thin) shells. The distinction of our work is that it is based on a shear-flexible shell theory, which brings us to the second point
raised above. An obvious domain of shear-flexible theories is the modeling of relatively thick shells. Another, perhaps less
obvious, is in modeling of highly impulsive loads for both thick and thin shells. High-rate loadings, such as impacts and blasts,
increase the influence of transverse shearing on the response, even in shells that could be considered “thin” in a quasi-static
scenario. In highly impulsive events, the duration of the loading is short compared to the characteristic flexural response time
of the structure, essentially shortening the span (and increasing the effective “stubbiness”) of loaded material during the initial
response. Shear-off type failure near supports or stiffeners is favored in such cases. In thin shell theories, the transverse shear
stress resultants are indeterminate, and are related to a derivative of a generalized force. In practical terms, this means that the
shear resultants are not readily available in a computer implementation to use in a fracture criterion. Furthermore, as there is
no elastic energy storage of shear deformation in thin shell theories, even if a shear-off fracture were modeled, there would
be no energy release from the structure into the fracture process zone that provides the essential driving force in fracture
mechanics. On the contrary, the shear-flexible theory underlying the proposed framework allows the modeling of transverse
shear-off type failures, in addition to in-plane tearing type fractures.

By way of illustration, we show numerical results of beam blast experiments originally conducted in [5]. In these ex-
periments, planar explosive charges were affixed to the top face of a clamped aluminum beam and detonated; the delivered
impulse was controlled by varying the thickness of the charge. In the left of Figure 1, the experimental results are shown in
order of increasing impulse, top to bottom. At small impulses, the beam experiences permanent deflection due to bending and
stretching without fracture. At intermediate levels of impulse, the beam shows necking and tensile failure at the supports after
large deflections have been sustained. Finally, at large impulses, the beam undergoes shear-off at the supports with little per-
manent deformation. Each of these regimes has been captured in our numerical results, shown at right for three representative
impulse values.

Locking is a well-known problem in numerical analysis of shear-flexible shells; here, the inherent flexibility afforded by
DG methods in the choice of approximation spaces is exploited to prevent locking naturally, without recourse to mixed meth-
ods or reduced integration. Hence, the DG discretization imultaneously furnishes remedies for locking, consistent enforcement
of compatibility, and parallel scalability in an elegant manner.

The scalability of the method can be exploited to simulate deformation and fracture in large engineering-scale structures.
As a demonstration, in Figure 2 we show snapshots from an idealized simulation of explosive decompression in a modern
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U*
sum index is consistent throughout the structure. The degree of consistency of the U*

sum index is set as the criterion to 
evaluate the load transfer efficiency of the structure. 

 
 

Fig. 3: Illustration of the U*
sum index Fig. 4: U*

sum distributions and design modifications of the strut 
 

RESULTS 
A parcel rack strut was used as the sample structure to be modified as shown in Fig. 5. Based on the U* theory, three 
structural issues were detected for the strut and then the corresponding modifications were conducted as shown in Fig. 4. 
The modified strut is 10% lighter than the original as can be seen from Tab. 1. Meanwhile, the overall rigidity of the 
structure is not declined due to the weight reduction. The overall deformation of the modified strut is 5% smaller than the 
original. Though having lighter weight, the modified strut accomplishes better stability of the load transfer compared to the 
original design. It can be seen from Fig. 6 that the U* variation of the modified strut (solid line) is much more uniform than 
the original (dash line). It has to be pointed out that the marked area of the strut is the failure location in the force testing as 
shown in Fig. 6. On the other hand, the modified strut performs better than the original from the viewpoint of the load 
transfer efficiency. As can be seen from Fig. 4, the degree of the consistency of the U*

sum index in the modified strut (on 
right) is much higher than the original (on left) when comparing the U*

sum distribution of both struts (same colour indicates 
same U*

sum value). 
 

Tab. 1: Computational data of the strut 

Model Material 
<RXQJ¶V�
Modulus 

(GPa) 

Service 
Loading 

(N) 

Maximum 
Deformation 

(mm) 

Maximum 
Stress 
(MPa) 

Mass 
(g) 

Original Strut Nylon 2.5 1921 2.49 20.6 1403 
Modified Strut 2.37 15.2 1265 

 

  
Fig. 5: Model of the parcel rack strut Fig. 6: Force testing and the U* variation of the strut 

 
CONCLUSIONS 

   Design modifications were conducted for a vehicle component based on the proposed method. Compared to the weight 
of the original, the modified structure is 10% lighter (Tab. 1). Meanwhile, the overall rigidity of the modified structure is 
not declined due to the weight reduction (Tab. 1). Furthermore, the load transfer performance of the modified structure is 
improved not only in terms of stability (Fig. 6) but also from the viewpoint of efficiency (Fig. 4). The results of the design 
modifications demonstrate that the proposed method is effective on designing advanced vehicle structures with lighter 
weight and better load transfer performance. 
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Summary 3D printing is a promising way for product manufacturing. However, some problems rising during 3D printing processes could 
decrease the accuracy and quality of the printed parts. In order to solve those problems, the printing processes need to be evaluated in advance to 
avoid likely defects. Although FEM is well adopted to do engineering simulations, finite element meshes for irregular objects always are 
irregularly distributed that the element meshes cannot match the horizontally-growing shapes of the parts during the additive process. Hence,  
FEM cannot be easily adopted for this type of simulation. On the contrary, the proposed method based on so-FDOOHG�PHVKOHVV�PHWKRG�GRHVQ¶W�
need element meshes, so its analysis models can be designed to match the horizontally-growing shapes to simulate WKH�SDUWV¶�EHKDYLRUV�GXULQJ�
printing processes. Furthermore, the proposed method adopts STL geometry, which is the main format used in 3D printing industry, as the only 
analysis model. 
 
 

INTRODUCTION 
 
   3D printing has become a promising and popular way to produce parts in various fields, for it can produce almost any 
kinds of shapes, even extremely irregular. However, during implementing 3D printing to produce parts, some issues which 
could decrease the accuracy and quality of the printed parts may rise, such as warpage of parts after cooling, collapse due to 
inadequate support during printing, etc. In order to tackle those problems and reduce the manufacturing cost due to repetitive 
tries, the printing processes need to be evaluated in advance and improved when defects could happen. Numerical simulation 
is one of the efficient ways for evaluating engineering problems; especially, the Finite Element Method (FEM) has been 
considered a powerful tool to do the simulation. Nevertheless, the FEM models, i.e. element meshes, for irregular objects 
always are irregularly distributed that the element meshes cannot match the growing shapes of the parts in the middle of the 
growing additive process. As a result��WKH�)(0�GRHVQ¶W�VHHP�WR�EH�D�suitable tool for simulating 3D printing processes. In 
contrast, the proposed method based on the so-called meshless method [1] GRHVQ¶W�QHHG�HOHPHQW�PHVKHV, so its analysis models 
FDQ�EH�GHVLJQHG�WR�PDWFK�WKH�JURZLQJ�VKDSHV�IRU�VLPXODWLQJ�WKH�SDUWV¶�EHKDYLRUV�GXULQJ�SULQWLQJ�Srocesses.  
   Geometry data in STL (Stereo-Lithography) format has been adopted by the 3D printing industry as a De facto standard 
format to transfer geometry data between different software systems, e.g. sending a CAD data in STL format to a 3D machine 
to print it out. The geometry in STL format (simply called STL geometry) has higher capability and flexibility to represent 
irregular geometry, especially those data obtained with scanning equipment such as CT-scanners and 3D scanners. Therefore, 
the proposed method adopts STL geometry as the analysis model that no other analysis model-building work is needed. To 
achieve that, this method includes several schemes to handle the STL geometry so that the STL geometry can be directly used 
for the simulation. This STL-based way can largely reduce the time and effort for building the analysis models. To demonstrate 
the effectiveness and efficiency of the proposed method, a structural analysis of a mandible bone with irregular-shaped 
geometry has been conducted. 
 

METHOD 
 
3D printing simulation 
 
   A 3D printing machine prints parts in a layer-by-layer (additive) way that the printed parts are growing horizontally. In order 
to simulate the horizontally-growing situation, the analysis models must meet the same condition, i.e. horizontally-growing. 
Unfortunately, the finite element meshes for parts with irregular shapes always are irregularly distributed that they cannot match 
the horizontally-growing condition. As a result, it is hard to generate a suitable analysis model for doing simulation.  In contrast, 
the proposed method [2][3] based on so-FDOOHG�PHVKOHVV�PHWKRG�GRHVQ¶W�QHHG�DQ\�HOHPHQW�PHVKHV��VR�LWV�DQDO\VLV�PRGHOV�FDQ�EH�
designed to match the horizontally-growing shapes, as shown in Fig. 1. Hence the proposed method can be used to simulate the 
growing processes in 3D printing. 
 
Geometry in STL format (STL geometry) 



   STL geometry has been adopted by the 3D printing industry as a De facto standard format to transfer geometry data between 
different software systems. In STL geometry, The triangularized surface geometry is employed to represent the boundary surfaces 
of the objects, i.e. the surfaces of the three-dimensional objects are represented by certain number of tiny triangular facets. This 
type of geometry data has higher capability and flexibility to represent irregular geometry, especially those objects obtained with 
scanning tools such as CT-scanners and 3D scanners, e.g. medical parts. Currently, most computer-aided tools support this type of 
format. Therefore, the proposed method adopts STL geometry as the analysis model; besides, no other manually model-building 
work is needed for the proposed method that the analysis process directly proceeds with the STL geometry to do simulations. To 
achieve that, several geometry-related schemes has been designed to treat the STL geometry that the STL geometry data becomes 
the only analysis model data needed for the simulation.  
 
 

CONCLUSIONS 
 

   Evaluating printing processes in advance LV�QHFHVVDU\�WR�DVVXUH�WKH�SURGXFW¶V�TXDOLW\��1HYHUWKHOHVV��WKH�)($�EHFRPHV�GLIILFXOW�
to use due to the requirement of finite element meshes which cannot meet the horizontally-growing condition easily. On the 
contrary, with the proposed method based on the meshless method, the analysis model with only nodes can be designed to meet 
that condition easily. Moreover, the proposed method adopts the STL geometry, which is a De facto standard in 3D printing 
industry for transferring product geometry, as the analysis model. As a result, the user can directly use the already-ready geometry 
model to be the analysis model that no extra model-building work is needed; the analysis process can become much simpler and 
straightforward.   
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Fig. 1   Analysis model comparison between the FEA and the proposed method 
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Summary We describe a cell-centered Finite Volume space discretization of the multidimensional compressible hyperelasticity equations
written under Lagrangian form. The main features of the numerical method relies on its capability, at the discrete level, to ensure not only
the Geometric Conservation Law but also the Clausius-Duhem imbalance (entropy inequality), while conserving the total energy. Numerous
representative test cases assess the accuracy and the robustness of this novel Finite Volume method.

CONTEXT AND MOTIVATIONS

The numerical modelling of fast transient dynamics phenomena characterized by large deformations and high strain rates
is a topics of great importance for industrial applications such as high velocity impacts. Nowadays, the development of
Finite Volume (FV) discretizations for Lagrangian solid dynamics seems to be a promising alternative to the traditional Finite
Element approaches. For instance, in [6, 7, 1] FV algorithms are provided for simulating the dynamic response of hyperelastic
materials for which the constitutive law satisfies the principle of material frame indifference and is consistent with the second
law of thermodynamics, refer to [4]. Furthermore, cell-centered Lagrangian FV discretizations of the so-called Wilkins
hypoelastic model [14] have been also recently proposed [8, 12]. In this framework, standard infinitesimal elastoplasticity
models are extended to the finite strain range by formulating constitutive law in terms of frame invariant stress rates. In spite
of its simplicity this approach arises two main difficulties [11, 3, 9]. First, the definition of objective stress rates is somewhat
arbitrary and not unique, further it leads to an evolution equation for the deviatoric stress which cannot be written under
conservative form for multi-dimensional flows. This flaw renders the mathematical analysis of discontinuous solutions such
as shock waves questionable. Second, hypoelastic based models are characterized by a dissipative behavior within the elastic
regime. In other words, reversible transformations of an elastic material are characterized by a non-zero rate of entropy. This
shows that the Wilkins hypoelastic model is thermodynamically inconsistent. Up to our knowledge, the traditional shock wave
hydrocode community has not paid attention to these problems. It is certainly due to the fact that the Wilkins model is good
enough for most engineering purposes for highly unsteady problems, if one turns material parameters to match experimental
results. However, the issues related to the non uniqueness of the objective stress rate and the thermodynamical inconsistency
are very troubling from both theoretical and numerical perspectives, particularly when one is dealing with flows containing
shear and shock waves. On the other hand, the established computational mechanics community is careful about these issues
but it typically does not deal with shock waves.

To cure the aforementioned flaws of the hypoelastic approach in the context of fast solid dynamics, we present a cell-
centered FV methodology that solves the conservation laws of continuum mechanics (mass, momentum and total energy)
for isotropic materials characterized by an hyperelastic constitutive law. Since the proposed numerical scheme will keep the
same structure as the one developed for the Wilkins hypoelastic model [8], we shall be able to perform rigorous comparisons
between the hyperelastic and the hypoelastic modelling. Indeed, using the same FV framework, we shall assess precisely
hypoelastic model weaknesses against representative test cases in which shock and shear waves are present.

LAGRANGIAN HYPERELASTICITY IN TOTAL LAGRANGIAN FORM AND UPDATED LAGRANGIAN FORM

We consider the conservation laws of continuum mechanics written under total Lagrangian form, refer to [4]. The material
constitutive law is derived according to the principle of material frame-indifference (objectivity) and consistently with the
second law of thermodynamics. Assuming an elastic isotropic material, its constitutive response is defined by a free energy
function expressed in terms of the principal invariants of the left Cauchy-Green tensor and the absolute temperature [5]. The
first Piola Kirchhoff stress tensor and the Cauchy stress tensor are determined by means of the derivative of this free energy
function with respect to the left Cauchy-Green tensor. In addition, to facilitate the comparison with the hypoelastic Wilkins
model, we introduce a decomposition of the free energy function into an isochoric and a volumetric part, which implies the
decomposition of the Cauchy stress tensor into a spherical part (pressure) and a deviatoric part (shearing). The time evolution
of the deformation gradient, required to update the left Cauchy-Green tensor, is governed by the Geometric Conservation
Law (GCL). A special attention is given to the compatibility condition associated to the GCL and its link with the Piola
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condition [13]. These equivalent conditions are of major importance since they allow to transform the foregoing conservation
laws written under total Lagrangian form to their counterparts written under updated Lagrangian form. In this representation,
the Cauchy stress terms uniquely depends on the left Cauchy-Green tensor and the GCL amounts to write that the Olroyd
derivative of the left Cauchy-Green tensor is equal to zero. The characterization of discontinuous solutions (shock waves)
by means of the Rankine-Hugoniot jump conditions will be briefly reviewed in both total Lagrangian frame and updated
Lagrangian frame.

CELL-CENTERED LAGRANGIAN FINITE VOLUME DISCRETIZATION

The FV discretization of the foregoing conservation laws in both total Lagrangian and updated Lagrangian representations
are detailed in bidimensional geometry employing a cell-centered placement of the physical variables. The numerical flux
computation relies on a node-centered approximate Riemann solver which allows to compute not only the nodal velocities but
also the subcell traction forces. This FV algorithm is the natural but non-trivial extension to solid dynamics of the method
initially introduced in the context of gas dynamics in [10]. The numerical flux approximation ensures the compatibility with
the GCL at the discrete level. The subcell force expression in terms of the cell-centered stress tensor, the nodal velocity and the
cell-centered velocity has been derived to enforce a local entropy inequality at the semi-discrete level ensuring the conversion
of kinetic energy into internal energy through irreversible processes such as shock waves. We also note that this discretization
guaranties the conservation of total energy and momentum. The second-order time and space discretization is obtained by
means of an acoustic Generalized Riemann Problem (GRP) approach [2, 10]. The piecewise linear space time reconstruction
of the state variables is performed in each computational cell and in each time interval following the characteristic equations.
More precisely the time derivative of the physical variables are eliminated in terms of the spatial derivatives through the use of
a Lax-Wendroff method. The monotonicity of the discrete solution is enforced employing a frame-invariant limiting procedure
which applies to scalar as well as to vectors and tensors.

CONCLUSION AND PERSPECTIVES

After having defined and validated a nominally second-order FV discretization of the non linear elasticity equations for
isotropic hyperelastic materials, we plan to extend its capability to cope with the numerical simulation of elastic-plastic flows
of isotropic solids at large deformations.
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COMPUTER MODELING OF DYNAMICS OF 3-D ELASTIC SOLIDS WITH COUPLED 
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Summary The dynamic three-dimensional linear boundary-value problems of elasticity theory with coupled physical and mechanical fields are 
considered based on the boundary elements methods. Obtained calculation results are compared with the corresponding results from other 
authors and numerically-analytic solutions. High precision of the results is obtained and presented in this paper. 

INTRODUCTION 

   Studies of the dynamic problems of elastic solids with coupled mechanical and non-mechanical fields (porosity, 
electricity, temperature) are highly demanded. The integral approach is one of the universal approach of numerically-
analytical analysis of dynamic boundary-value problems of solid mechanics. A Boundary Elements Method [1] can be 
outlined from a variety of discrete schemes of this approach. The approximated singular integral equations are used to get 
the numerically-analytical solutions of boundary-value problems of the dynamics of anisotropic elastic solids. Dual 
Reciprocity theorem [2, 3] is used to get these equations. The alternative approach is based on regular integral equations of 
the first type [1, 4]. Both approaches promoting rejection of the traditional formulations of singular integral equations 
method. One of the main reason is not effective scheme to calculate the kernels of these equations. Kernels may be 
transformed using the Radon representation [5] to resolve this issue. In addition, usage of the effective numerical schemes 
of computer modeling for dynamic [6] and static [7] parts of the kernels allow us to use the classical formulation of the 
solution of dynamic problems. First solutions were found for scattering of elastic waves [8, 9]. The development of this 
approach for boundary-value dynamic problem of three-dimensional solids with physicomechanical fields is presented in 
this paper. Examples of this kind of boundary elements solutions may be found in [10, 11]. Traditionally, the numerical 
solution of the time-domain boundary integral equations may be found with usage of integral transformation or stepped 
algorithms. Convolution quadrature methods [12] allow to use stepped schemes for thermoelasticity and poroelasticity 
boundary-YDOXH�SUREOHPV�ZKHUH�*UHHQ¶V�PDWULFHV�FDQ¶W�EH�ZULWWHQ�LQ�WLPH�GRPDLQ� Boundary elements schemes are based 
on Green-Betti-Somigliana formula. The development of boundary-elements method is done by usage of time-step method 
for numerical Laplace transform inversion and Butcher tableau notation for Runge-Kutta method for computer modeling of 
solids dynamics. The results of numerical experiments are presented. 

MATHEMATICAL AND DISCRETE MODELS 

   Field interaction models correspond to poroelasticity, thermoelasticity and electro-magneto-elasticity. For porous 
PDWHULDOV�FKDUDFWHUL]DWLRQ�%LRW¶V�PRGHO�LV�XVHG� *UHHQ¶V�PDWULFHV�DQG��EDVHG�RQ�LW��ERXQGDU\�LQWHJUDO�HTXDWLRQV�DUH�ZULWWHQ�
for basic differential equations in private derivatives. Discrete analogue are obtained by applying the collacation method to 
a regularized boundary integral equation. The collocation nodes coincide with the approximate nodes of the intital boundary 
functions. Boundary element schemes follow time-step method of numerical Laplace transform inversion with classical and 
modified  'XUELQ¶V� PHWKRG� DQG� &RQYROXWLRQ� 4XDGUDWXUH� 0HWKRG� with modifications. To improve the accuracy and 
effectiveness of warking schemes of the BEM decisions are based on time units of the schemes of Runge-Kutta methods. 

THE RESULTS OF NUMERICAL STUDIES 

   The effectiveness of the developed boundary-element approach is demonstrated on a number of boundary-element 
analyses of dynamic deformation of 3-D poroelastic bodies: modeling surface waves of a homogeneous and a compound 
poroelastic body; investigating the effect of the properties of a poroelastic material on the propagation velocities of surface 
waves. A two- and three-component media are considered with four and five basic functions, respectively, describing the 
ZDYH� SURFHVV�� ,Q� DFFRUGDQFH� ZLWK� %LRW¶V� DQDORJXHV� RI� SRURHODVWLFLW\� SUREOHPV� ZLWK� IRXU� EDVLF� IXQFWLRQs and a 
thermoelasticity problem makes it possible to consider one of the theories. Using as an example the problem of the effect of 
an axial force upon the end of a prismatic body in the form of Heaviside time function, a comparative study of the wave 
propagation in completely or partially saturated porous media is done. In problems of a half-space, the effect of attenuating 
cavities on the wave processes is shown. Boundary-element evaluations of poroelastic solutions of the problems considered 
are obtained, using both drained and non-drained material models. The wave process in a poroelastic material is 
characterized by the appearance of a third wave. In what follows, some illustrations of the results of numerical experiments 
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   As can be seen in Figs. 1(a) and (b), a nearly unified pattern can be found in the probability density function of the 
normalized maximum shear stress in biaxial test at different loading stages. Samples with different initial void ratios and the 
same grading are examined. A two-parameter Weibull distribution model can be used to approximately describe the pdfs of 
߬ҧ within a particle in a biaxial test, with better graded samples showing a lower probability of high stress index. (See the 
fitted curves in Figs. 1(a) and (b)). 
 

 
   For samples at different loading stages in a biaxial test, second order Fourier series expressed by Eq. (4) can be used to 
approximate the probability distribution function of maximum shear stress orientation�݂ ሺߠ௦ሻ, 

݂ሺߠ௦ሻ ൌ ଶ
గ  ܽ௦ܿݏͶሺߠ௦ െ  ሻ .                                 (4)ߠ

�ሺɅୱሻ in Eq. (4) is composed of a linear part and a nonlinear part. The coefficient �ୱ of the nonlinear part reflects the 
degree of anisotropy of Ʌୱ and implies a complete isotropy when �ୱ ൌ Ͳ. Ʌ is a parameter denoting the most possible 
orientation. �ୱ and Ʌ can be determined by a nonlinear regression of the corresponding cdf. The fitted cdfs using Fourier 
series are shown with dash lines in Fig. 2.  
   For the samples tested, an obvious trend of increasing anisotropy can be found with the increase of stress ratio, from the 
start of shearing to the peak state. 
 

CONCLUSIONS 
 
   This paper examines the evolution of the maximum shear stress in uncrushable granular materials in biaxial tests using 
DEM and probabilistic method. We found that for both loose and dense samples with the same grading, the magnitude of 
normalized maximum shear stress inside particles during biaxial test have a nearly unified probability density function and 
can be approximately described by a two-parameter Weibull probability distribution function. For the same material tested, 
the distribution function is affected by the change of grading during biaxial test, with better grading showing a lower 
probability of maximum shear stress, while the void ratio have little effect on the distribution. However, the anisotropy of 
the maximum shear stress increases with the rising of stress ratio. Second order Fourier series can be used to approximately 
express the probability density function of maximum shear stress orientation. 
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integrated by interpolation node values. The problem is solved in Laplace domain. 'XUELQ¶V�PHWhod [7] with variable 
integrating step is used to obtain solution in time domain. 
 

NUMERICAL RESULTS  
 

Problem of a p ris matic poroviscoelastic column clamped at one end and subjected to a Heaviside type load at another 
and is considered. Poroelastic material is Berea sandstone. Material constants are: 29 /108 mNK � , 29 /106 mNG � , 

3/2458 mkg U , ,66.0 I 210 /106.3 mNKs � , 3/1000 mkgf  U , 29 /103.3 mNK f � , )/(109.1 410 sNmk �� � . 
Displacements, pore pressure and tractions are obtained at points B (Fig.1) for d ifferent values of viscoelastic parameters 
(Fig.2 ± Fig.4). 

       
Fig.1 Problem statement.     Fig.2 Displacements. 

 
Fig.3 Pore pressure.     Fig.4 Tractions. 

 
CONCLUSIONS 

 
An influence of v iscoelastic parameters on dynamic responses is demonstrated on the example o f a p roblem of the 

prismat ic poroviscoelastic solid under Heaviside-type load (Fig.2 ± Fig.4) by boundart element approach. The 
poroviscoelastic PHGLD�PRGHOOLQJ� LV�EDVHG�RQ�%LRW¶V�WKHRU\�RI�SRURXV�PDWHULDO� LQ�FRPELQDWLRQ�ZLWK�WKH�HODVWLF -viscoelastic 
corresponding principle. Viscous properties are described by model with weakly singular kernel.  
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GRADIENT BASED POST-BUCKLING OPTIMIZATION
OF LAMINATES USING KOITER’S METHOD

Søren R. Henrichsen1, Paul M. Weaver2, Esben Lindgaard1, and Erik Lund ∗1

1Department of Mechanical and Manufacturing Engineering, Aalborg University, Denmark
2Department of Aerospace Engineering, University of Bristol, United Kingdom

Summary Laminated composite structures are typically thin-walled structures that are prone to buckling, when compressed. To fully utilize
the capabilities of such structures, the post-buckling response should be considered and optimized in the design process. This work presents
a novel method for gradient based design optimization of the post-buckling performance of such structures. The post-buckling analysis is
based on Koiter’s asymptotic method. The design sensitivities of the Koiter factors are derived using the direct differentiation method and
new design optimization formulations based on the Koiter factors are presented. The proposed optimization formulations are demonstrated
on a square laminated composite plate and a curved panel where the post-buckling stability is optimized.

INTRODUCTION

Fiber reinforced laminated composite structures allow a high degree of tailoring of the structural response, and in several
cases such a structure has a design load close to the buckling load. In these cases the performance of the structure in the post-
buckling regime is of interest, and it is the aim of this work to develop gradient based optimization methods for improving the
post-buckling performance. Detailed post-buckling analysis is computationally expensive, as it involves nonlinearities, and
often a path following solution algorithm like the arc length method is used to trace the equilibrium curve. One method to
reduce the complexity and extract the most important properties of the post-buckling response is to use asymptotic methods.
The methods substitute the full and complex response by a series of simpler problems [1]. Much research within asymptotic
post-buckling analysis is based on the work by Koiter [2], see also [3, 4] for an exhaustive description of the analytical approach
to Koiter analysis. Recently, [5] demonstrated Koiter analysis combined with the Differential Quadrature Method. Asymptotic
methods extract the essential properties of the considered problem. For bifurcation buckling, these properties relate to the type
of buckling i.e., symmetric/asymmetric and the stability of the post-buckling response. In asymptotic methods the response is
assumed to develop in a self-similar manner, and it cannot capture effects not included in the asymptotic expansion. Regardless
of these limitations, asymptotic methods have demonstrated their applicability for post-buckling analysis of structures.

In the standard Koiter analysis only the first two terms in the expansions are of interest as these describe the stability in
the vicinity of the critical point and the type of stability. If the response further in the post-buckling regime is of interest,
more terms are needed in the expansion. The primary interest in this work is in the initial response, thus Koiter’s method is
applied. Assuming that the load and deformation for the distinct critical bifurcation point c are known, the initial post-buckling
response is represented by a Taylor-like expansion, where the expanded load factor λ, displacements u, strains ϵ, and stresses
σ are extrapolated into the post-buckling regime as

λ =λc + aλcξ + bλcξ
2 + cλcξ

3 + . . . (1)
u =0uλ+ 1uξ + 2uξ2 + 3uξ3 + . . . (2)
ϵ =0ϵλ+ 1ϵξ + 2ϵξ2 + 3ϵξ3 + . . . (3)
σ =0σλ+ 1σξ + 2σξ2 + 3σξ3 + . . . (4)

Here a superscript 0 defines a pre-buckling quantity, whereas all higher quantities are related to the post-buckling state. λ is
the post-buckling load factor normalized with respect to the applied load, λc is the critical buckling load factor, a, b, and c
are the first three Koiter factors which are non-dimensional, 0u is the pre-buckling displacement field, 1u through 3u are the
post-buckling displacement fields, and ξ is the perturbation variable. 0...3ϵ and 0...3σ are the expanded strains and stresses
with 0 being the pre-buckling quantities. The expansions for λ, u, ϵ, and σ are assumed to be valid asymptotically as ξ → 0.

FINITE ELEMENT BASED ANALYSIS AND OPTIMIZATION

Koiter analysis has been implemented within a finite element framework in previous work such as [6–10], where shell
and beam elements have been used. In this work the finite element implementation is based on 9-node equivalent single layer
isoparametric shell elements using first order shear deformation theory, see details in [11].

The objective is to maximize the post-buckling stability of laminated composite structures by gradient-based optimization
techniques. Thus, the design sensitivities of the Koiter factors, a and b, and the critical buckling load factor λc are needed. The
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direct differentiation method has been used to derive semi-analytical design sensitivities. A number of different optimization
formulations have been implemented and investigated in order to handle both asymmetric post-buckling and symmetric post-
buckling responses. The Koiter factors are used to optimize the initial post-buckling response of all structures considered,
and in order to have a benchmark on the performance of the considered structures, maximization of the critical buckling load
factor is also performed.

When the bifurcation is symmetric the Koiter a-factor is zero and the initial post-buckling response is governed by the
Koiter b-factor. To maximize the post-buckling stability maximization of the Koiter b-factor is applied in such cases. This
formulation only considers the post-buckling curvature factor i.e., the Koiter b-factor, in the objective as this factor defines the
post-buckling stability. An alternative approach is to maximize the bλc product, as the product is present in the expansion of
the load factor.

When an asymmetric post-buckling response is present the Koiter a-factor is non-zero. Consequently the initial post-
buckling response is unstable. In order to minimize the asymmetry the a-factor should be as close to zero as possible. In such
cases the absolute value of the a-factor is minimized.

The gradient based optimization formulations are demonstrated on two different examples i.e., a simply supported square
plate and a curved panel, see details in [11]. The parameterization is based on elementwise fiber angles but other lami-
nate parameterizations like the Discrete Material Optimization parameterization have been implemented within the presented
framework.

CONCLUSIONS

The proposed post-buckling optimizations successfully optimize the post-buckling stability even in the considered cases
where the pre-buckling response is nonlinear, resulting in structures with increased post-buckling stability. The post-buckling
optimization method operates directly on the physical phenomenon related to post-buckling stability. Consequently, the
proposed method enables the possibility of obtaining a better performance of the laminated composite structure in the post-
buckling regime.
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Summary This paper presents a Laplace domain direct boundary element formulation for three-dimensional problems of linear anisotropic 
elasticity, based on the integral representations of the dynamic fundamental solutions. Special technique for approximation of both static and 
dynamic parts of the displacement fundamental solution (and its spatial derivative) over the boundary elements is employed along with a 
parallelization scheme in order to improve computational efficiency. Modified Durbin’s method is used to obtain time domain solutions. To 
validate the proposed formulation numerical results are compared with results of dynamic experiment and finite element solutions. 
 

INTRODUCTION 
 
   The Boundary Element Method (BEM) is known to be a very efficient numerical approach for solving dynamic 
problems of linear isotropic elasticity. As is well known, boundary element formulations are strongly dependent on the 
availability of the corresponding fundamental solutions. This becomes a major impediment to developing a conventional 
direct BEM approach when general anisotropic materials are considered since the corresponding dynamic fundamental 
solutions are not available in the closed form. One way to overcome this drawback is to employ the Dual Reciprocity 
Method first formulated by Nardini and Brebbia [1]. However, internal collocation nodes are often required to achieve 
desirable accuracy of the solution. 
   In this research, a three-dimensional direct boundary element formulation is presented which uses integral 
representations of Laplace domain dynamic fundamental solutions derived by Wang and Achenbach [2]. Validity of the 
present formulation is confirmed through the comparison of the obtained numerical solution with results of dynamic 
experiment and finite element simulation. 
 

BEM FORMULATION 
 
   The Somigliana identity for problems of linear anisotropic elasticity yields the displacements at any point inside the 
domain :  when both displacements and tractions on the boundary :w *  are known: 
 
 � � ,)(d),(),,(),(),,(),( ³

*

*� yyyxyyxx sushstsgsu jijjiji  .:�x  (1) 

 
where superposed bar denotes a Laplace transformed variable and s is the Laplace parameter. x and y are the source and 
field points, iu  and it  are displacements and tractions, respectively. jkg  and jkh  are the displacement and traction 
Laplace domain fundamental solutions. 
   Following standard boundary element procedure, we obtain the boundary integral equation: 
 
 ,,)(d),(),,(p.v.)(d),(),,(),( *�*�* ³³

**

xyyyxyyyxx sushstsgsuc jijjijjij  (2) 

 
where ijc  is the free terms, p.v. denotes that the integral is to be interpreted in the Cauchy principal value sense.  
   As the first step of numerical implementation, we approximate boundary geometry by eight-node quadrilateral elements 
with quadratic shape functions. Spatial discretization of Eq. (2) is based on the point collocation scheme with the mixed 
boundary elements with linear and constant approximation of the displacements and tractions, respectively. Such splitting of 
the collocation points allows to deal with the natural discontinuities of the tractions while continuously approximating the 
displacements. Displacement fundamental solution is obtained by taking the Laplace transform of the time domain 
representation derived by Wang and Achenbach: 
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elements are more accurate also converge faster. In addition, it is clear that the stress follows a wrong trend at the 
homogeneous elements represented by scatter points (each three scatter points represent one homogeneous element). The 
axial stress ߪ௫௫ in FGM experiences an increasing trend, whereas, it is decreasing for homogeneous normal elements as 
shown in Fig. 2 and Fig. 3. This will cause the error so that even by averaging between common nodes in adjacent elements, 
the stress still does not match the true solution except for very fine mesh. 

      
 
 
 
 
The second example is the indentation of a rigid flat punch to a FG substrate as exhibited in Fig. 4. The width and height of 
the FGM are ܮ௫ and ܮ௬ , the width of the flat rigid punch is ܽ, and the indentation depth is ݀, with ܮ௫Ȁܽ ൌ ʹǡ ௬Ȁܽܮ ൌ
ͳǡ ݀Ȁܽ ൌ ͳͲିସ. The elastic constants of the FGM substrate vary exponentially in the ݕ direction, and a reference value of 
ʹͲͲ�
�� LV�FRQVLGHUHG�IRU� WKH�<RXQJ¶V�PRGXOXV�DW� WKH�ERWWRP��ZKLOH�� WKH�3RLVVRQ¶V�UDWLR�  .͵has the constant value of ͲǤ ߥ
The problem is solved under the plane strain condition. The distribution of normal strains along ݔ ൌ ͳ is depicted in Fig. 5 
in which the distinction in the behaviour of homogeneous and FGM elements is clear. This issue is assessed by inspecting 
the strain convergence shown in Fig. 6. It is found that strains achieved by FG elements converge with 100 elements, but for 
conventional elements it will take place with higher number of elements. Furthermore, similar to the previous example it 
can be justified that the piecewise homogeneous modelling of the problem with normal elements may not produce reliable 
results. 

        
 
 

 
CONCLUSION 

 
A general finite element procedure was reviewed for modelling linear elastic isotropic FGMs with 9-node graded and 
homogeneous elements. Solving two sample problems, it was revealed that 9-node graded elements are more accurate and 
effective. Furthermore, the reliability of the piecewise homogeneous modelling of the problem with normal elements for 
local stress/strain field was challenged as they may produce inaccurate estimation except for very fine mesh.  
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Fig. 1. The comparison of the axial stress 
along the thickness direction at ݔ ൌ Ͳ 
between the FEM and analytical solution 
for ݄ߙ ൌ ͲǤͲͳ, ݄ߚ ൌ ͳ. 

Fig. 2. The stress contour along the beam 
thickness at ݔ ൌ Ͳ for different indexes of 
material variation ݄ߚ�ሺߙ ൌ Ͳሻ. 

Fig. 3. The comparison of the axial stress 
along the thickness direction at ݔ ൌ
Ͳ obtained with FEM between FG and 
normal elements for ݄ߚ ൌ ͳǤʹͷ. 

Fig. 4. A FGM substrate indented 
by a flat rigid punch. 

Fig. 5. The strain contour along the defined  
pass for different indexes of material gradient ܮߚ௬. 

 

Fig. 6. The comparison of the normal strain along the defined 
pass between the FG and normal elements for ܮߚ�௬ ൌ ʹǤͷ. 
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Abstract Engineering structures are designed to transfer external loads to the supports. Therefore, it is necessary to study this process of load 
transfer. The U* index method has been introduced to follow the load path in the structure. The U* index value at each point corresponds to its 
significance in the load carrying process. The U* index theory has been used as a new design criteria in lightweight vehicle structures but there 
have been few studies that apply this method to real vehicle components under working loading conditions. In this study, a major load carrier 
component of a multiple passenger vehicle is studied from the load transferring perspective, using the U* index theory. A detailed design 
evaluation is also performed, based on the U* index analysis and design modification are suggested based on the evaluation. 

INTRODUCTION 
 

   Load transfer analysis has opened a new door to structural analysis in mechanical engineering. While the conventional 
stress analysis provides failure criteria by searching for local mechanical features, the load transfer analysis provides a general 
awareness regarding the performance of the structure. Combinations of these two paradigms can lead a global understanding of 
the structure. Load path is defined as the course taken by a unit of applied load within a structure, beginning at the point of 
application and ending at the equilibrating boundary constraint [1]. The U* index theory for load transfer was introduced in 
1995 [2] as an approach for detecting load paths in the structure. The U* index value of each point in the structure represents its 
significance in load transfer process and thus, the U* index distribution in the structure can be used to detect the main load paths 
in the structure [3]. Moreover, the U* index has evolved so much in the last twenty years and some useful design criteria have 
been derived from this theory. These features have been used in several studies in literature (e.g. [4] and [5]). However, to 
expand the application of theory it still necessary to apply the U* index theory to real world problems. Therefore, objective of 
this study is to evaluate a real load carrying member of a multiple passenger vehicle using the U* index theory. 
 

METHODOLOGY 
 
   The U* index theory introduces an indicator for 
load transfer in the structure. This index can be 
calculated using the total strain energy of the system 
under different loading conditions. Fig. 1a shows a 
sample structure. If we illustrate the whole structure 
with three linear springs (Fig. 1b) the strain energy 
of the system can be calculated using Eq. 1. Then, as 
shown in Fig. 1c, by fixing the arbitrary point C, and 
applying the initial dA at point A (Loading point) the 
strain energy of the system will change and can be 
calculated with Eq. 2. 

 
Figure 1) Sample structure for U* analysis: (a) Original structure, (b) 

Spring model and (c) Modified constraints (d) U* distribution 
 

ܷ ൌ ͳ
ʹ�ܲ ݀ ൌ

ͳ
ʹ�ሺܭ݀  ݀ሻ݀ (Eq. 1) ܷᇱܭ ൌ ͳ

ʹ�ܲ 
ᇱ݀ ൌ

ͳ
ʹ�ሺܭ݀ሻ݀ (Eq. 2) 

where PA and �ᇱ  represent the loading magnitude in original and modified systems, respectively; and dA is the 
displacement at the loading point. Kij (i, j=A, B, C) is the internal stiffness between the any two points in the structure. Then 
following the approach introduced in [2] the U* index can be calculated by the presented formula in Eq. 3 

ଵܷכ ൌ ͳ െ ܷ
ܷᇱ ൌ ൬ͳ െ ʹܷ

ሺܭ݀ሻǤ ݀
൰
ିଵ

 (Eq. 3) 

where U is the strain energy of the original system �ᇱ is the strain energy of the modified system and U*
1 is the load 

transfer index for the imposed loads. Figure 1d shows the U*
1 distribution in the sample structure along with the detected 

load path based on the U* theory. Following the similar approach and index of U*
2 can be defined and calculated for the 

reaction forces that are going to be transferred in the structure. Combination of these two indices provides a new measure 
for load transfer in the structure. This index is called U*

sum and the value of this index at any point in the structure is 
proportional to the significance of that point in the load carrying process. 

CASE STUDY- WINDOW PILLAR OF A MULTIPLE PASSENGER VEHICLE 

To verify capabilities of the U* index theory in real life problems, the window pillar of a multiple passenger vehicle was 
selected for this study. Figure 2a shows the modelled window pillar. The loading and boundary condition for modelling was 
extracted from an analysis on a full vehicle model. 

 



 

RESULTS AND DISCUSSION 

   The results of the conventional stress analysis and the load transfer analysis for the imposed load (U*
1) and the reaction 

forces (U*
2) are shown in Fig 2. Following the two load paths of U*

1 and U*
2 explains the reason behind the visible stress 

concentration in Fig 2b. Predicted load paths show that the major portion of the loading is passing through the edge of the 
interface between the horizontal and vertical bars. Thus a detailed analysis of this section can show the weak points and the 
potentials for improvement in the design. Figure 2e shows the U*

sum distribution in the structure and Fig. 3depicts a details 
analysis on the intersection of horizontal and vertical bars. 

 
Figure 2) a: Computer model of the window pillar, b: von-Mises stress, c: U*

1 distribution, d: U*
2 distribution, e: U*

sum distribution 

   As shown in Fig.2e side part of the vertical bar is not contributing in the load transfer, which leads to poor load transfer 
as shown in Fig 3d. Figures 3b and 3c highlights the jump in the stiffness value of the structure at the area which is 
experiencing stress concentration in Fig 3a. Therefore, design modifications like adding a stiffener in the marked location 
can improve the performance of this structure. Such modification, based on the predicted load transfer, will reduce the stress 
concentration and lowers the risk of failure. 

 
Figure 3) Detailed analysis of the intersection (a) stress concentration, (b) candidates for stiffener (welding) , (c) stiffness jump ± weak 

point and (d) poor load transfer 
 

CONCLUSION 
 

   In this study the load transfer of a vehicle component was studied using the U* index theory. It was shown that U* index 
can provide a reasonable justification for the complicated stress distributions and more importantly design evaluation was 
done on the structure using this theory. Using U* index theory potential locations for design improvement was found in the 
structure, based on the assessed load transfer of the design. This application of U* index theory in a real world problem enhances 
further development of this relatively new concept in structural analysis. 
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Summary In this work, a number of computational methods for the numerical solution of boundary-value problems (BVPs) for inhomoge-
neous elastostatics are investigated and compared. This includes algorithmic formulations, discretization methods, and numerical solution
schemes. The inhomogeneity of interest is the classic case of an inclusion embedded in a matrix. Both discontinuous (i.e., classic) and
smooth stiffness distributions are treated, the latter via phase-field modeling of the matrix-inclusion composite as a two-phase system. For
simplicity, attention is restricted to the strong form of mechanical equilibrium. With the help of the analytic solutions in the one-dimensional
context, a number of principle issues related to numerical solution of the BVP are investigated. Besides being of interest in its own right, the
general lack of commutativity of differentiation and interpolation motivates as well the investigation and comparison of both displacement-
and the more classic strain-based algorithms. A number of examples will be discussed.

BASIC ALGORITHMIC RELATIONS

For brevity, only the mechanical part of the coupled BVP for the mechanical and phase fields (i.e., in the case of a smooth
stiffness) is summarized here. For simplicity, attention is restricted to the case of geometric and physical linearity. Let u,
E = ��� ∇u, T , and C represent the displacement, strain, stress, and elastic stiffness fields, respectively, in the matrix-
inclusion (MI) system. As usual, in the discontinuous case, formulation of the BVP is based on additional compatibility
and equilibrium conditions at the matrix-inclusion interface. Perhaps the most well-known class of algorithms developed for
inhomogeneous elastostatics is that based on the equivalent homogeneous medium [e.g., 2, 3]. Let CH be the corresponding
homogeneous stiffness and GH the Green function of the elliptic operator↗��v ◦CH ◦ ∇. On this basis, E = Ē↗ΓH ∗ TP
is a (formal) strain-based solution of the mechanical BVP determined by mean strain Ē, the Lippmann-Schwinger operator
ΓH induced by∇GH, and the ”polarization” stress TP := T ↗CH∇u. This is exploited for fixed-point iteration in a number
of algorithms or ”schemes”. In particular, the ”basic” scheme [e.g., 1, 3] utilizes the algorithmic (i.e., algebraic) forms
!∇u = û⊗ ık, !��vT = T̂ ık, Ĝ−1

H a = CH[a⊗k]k and Γ̂HA = ��� ĜHA(k⊗k) for the corresponding quantities obtained
via (continuous) Fourier transformation (FT) in terms of (continuous) wavenumber k with ı =

√
↗1. In order to (low-pass)

filter Gibbs-related oscillations occuring in the case of discontinuous C, resulting in improved convergence behavior and
robustness, [1, 4] developed alternatively ”accelerated” algorithms or schemes. Rather than on FT of the ”exact” quantities,
these are based on FT of finite-difference approximations ∇hu and ��vhT to ∇u and ��vT , respectively, in physical space
depending on the grid spacing h = (h1, . . .). Any of these can be expressed in the general forms !∇hu = û ⊗ qh, !��vhT =

T̂ q∗
h, Ĝ−1

H a := CH[a ⊗ qh]q∗
h, Γ̂HA = ��� ĜHA(q∗

h ⊗ qh), with q∗
h the complex conjugate of qh. In particular, for

forward-backward-difference (FBD)-based acceleration, qhm = h−1
m (eıkmhm ↗1) for m = 1, . . . , d in d dimensions. On the

other hand, in the case of central-difference (CD)-based acceleration, qhm = ı h−1
m ��n kmhm. These compare with qm = ıkm

holding in the case of the basic scheme just discussed. In the current work, the above ”conventional” strained-based algorithms
are compared with analogous displacement-based algorithms in the context of the (formal) solution u = Ēx + GH ∗ ��vTP
of the mechanical BVP.

EXAMPLE RESULTS IN ONE DIMENSION

In what follows, five different algorithms are compared for the case of discontinuous C. The first three are based on Fast
Fourier Transformation (FFT) and include the basic scheme (FFT-basic), accelerated CD (FFT-C) and accelerated FBD (FFT-
FB). The other two represent direct forward-backward- (FB) and central- (C) based finite-difference schemes in the physical
space. As shown in Figure 1 (left), the inclusion lies in the region 0.25 < x < 0.�5 and is 100 times stiffer than the matrix.
Results for ��vTP from the three FFT-based algorithms are shown in Figure 1 (right). In particular, the Gibbs oscillations
resulting from the jump in C at the MI interface are visible in the results from the basic approach (green curve). In contrast, the
filtering in the accelerated schemes filter these out. Here, the FFT-FB scheme is the most effective. This is due at least in part
to the fact that forward-backward differencing couples even and odd computational nodes, whereas central differencing does
not. This can be seen most clearly in the displacement-based results in Figure 2 (right). The analogous strain-based results
in Figure 2 (left) are insensitive to this. Note that the Gibbs oscillations of ��vTP in Figure 1 (right) for the FFT-basic case

∗Corresponding author. Email: jaber.rezaeimianroodi@rwth-aachen.de
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Figure 2: Strain (left) and displacement (right) results near the MI interface at x = 0.25. The points shown are grid points.

(green curve) have been largely filtered out by the Green function in the corresponding displacement results (green curve) in
Figure 2 (right). This filtering effect of the Green function can also be seen in the reduction in the FFT-C results (blue curve)
of the oscillations in the FD-C results (black dashed curve) due to the odd-even node decoupling mentioned above. On the
other hand, perfect agreement is obtained between the FD-FB (red crosses) and FFT-FB (red curve) results because of node
coupling in this case.

CONCLUSIONS

Displacement-based solutions provide a much more detailed picture of differences among the respective algorithms exam-
ined than the strain-based approach. Gibbs oscillations due to the stiffness jump at the interface affect the polarization stress
and displacement results, but not the strain results. Central-difference-based accelerated algorithms filter out these oscillations,
but result in additional fluctuations due to decoupling of odd and even computational nodes. Forward-backward-difference-
based accelerated algorithms restore such coupling, resulting in perfect agreement between displacement results.
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GEGENBAUR SERIES EXPANSION WITH INTERVAL, FUZZY AND RANDOM VARIABLES 
 

Shengwen Yin, Dejie Yua, Hui Yin, Baizhan Xia  
State Key Laboratory of Advanced Design and Manufacturing for Vehicle Body, 

Hunan University, Changsha, Hunan, China 
 
Summary For uncertain problem with interval, random and fuzzy uncertainties, a unified orthogonal polynomial approximation method is 
developed using Gegenbauer series expansion(GSE). A simple numerical example is presented to investigate the accuracy of GSE with 
different value of polynomial parameter O . Based on the numerical analysis, the optimal O  for GSE with fuzzy and random variable is 
determined. 
 

INTRODUCTION 
 

As the response prediction of uncertain models is computational expensive in many engineering cases, there is a 
growing demand for the development of more efficient and accurate methods for propagating uncertainties. Due to the good 
performance in accuracy and efficiency, the orthogonal polynomial approximation method has received much attention 
lately. A lot of well-established orthogonal polynomial approximation methods are available for random, fuzzy and interval 
analysis[1,2,3]. However, these methods are developed based on different types of polynomials. As a result, the choice of a 
suitable polynomial for various uncertain models has become an important issue in the application of orthogonal polynomial 
on uncertainty analysis. The aim of this paper is to develop a unified orthogonal polynomial approximation method for 
uncertain problem with random, fuzzy and interval parameters. In order to construct the unified framework, the Gegenbauer 
series expansion(GSE)[3] which has been successfully used for random analysis is introduced and then adapted for interval 
and fuzzy analysis. 
 

FUNDAMENTAL THEORY OF GSE AND ITS APPLICATION FOR RANDOM PROBLEMS 
Based on the Gegenbauer polynomials, a continuous function ( )f [  defined on [ 1,  1][ � �  can be approximated as 

the nth-order GSE 

0
( ) ( ) ( )

n

n i i
i

f p f GO[ [ [
 

|  ¦                                      (1) 

Where if  is the ith ( 0,1,...,i n ) constant coefficient which can be estimated by Gauss-Gegenbauer integration, n  

denote the retained order of GSE. ( )nGO [  is the parametric Gegenbauer polynomials of n degree. O  is the polynomial 
parameter which satisfies 0O ! . Recently, the GSE has been developed for bounded random problems. The premise of 
GSE ZLWK�UDQGRP�YDULDEOH�LV�WR�XVH�WKH�UDQGRP�YDULDEOHV�IROORZLQJ�Ȝ-PDFs or their derivative PDFs to approximate original 
random variables. By using a suitable transformation of random variable, the GSE can be adopted to approximate any 
mono-peak or mono-valley PDFs according to the practical needs of engineering. More details about the application of GSE 
for bounded random problems can be found in the literatures[3] and [4]. Obviously, the GSE is based on the parametric 
polynomial, thus it may have the potential to solve the interval and fuzzy problems by using a suitable O . The GSE for the 
approximation of uncertain problems with random, interval and fuzzy variable is presented hereafter. In particular, the 
optimal value of O  for the interval and fuzzy uncertainty analysis is fully discussed.  

 
GSE WITH INTERVAL VARIABLES 

 
In the orthogonal polynomial approximation method, the weight function is always used to minimize the residual error 

of the polynomial expansion. As a result, the weight function may have a great influence on the accuracy of the polynomial 
expansion. In order to investigate the effect of the weight function on the accuracy of GSE, the third-order GSE is used to 
approximate a simple function 2( ) 1 (1 )y f x x  � , and different values of O  are considered. The error yielded by GSE is 
plotted in Fig.1. For a comparison, the weight function of GSE with different O  is plotted in Fig.2. By a comparison of 
Fig.1 and Fig.2, we can find that GSE will lead to large errors at the region where the weight value is approach to zero. 
Furthermore, we can observe that when 0.5O  , the error yielded by GSE is much larger at the bounds of interval. 
However, the weight value of GSE is the same over the interval when 0.5O  . It indicates that a relatively large weight 
value of GSE should be assigned at the bounds of interval if we want to achieve the same accuracy over the whole interval. 
As regarding the engineering cases, the minimum or maximum of the response is always attained at the bounds of interval. 
In order to improve the accuracy of GSE at the boundary points, the O of GSE can be set as arbitrary small value that is a 
little less than 0.5. In this paper, the O of GSE with interval random is set as 0.1O  . 
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Fig.2 The weight function of GSE  
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GSE WITH FUZZY VARIABLES 

 
Generally, the fuzzy uncertainty propagation can be converted into a set of nested interval evaluations by the cutD �  

technique[2]. The cutD � denotes the interval cut from the range of variation of fuzzy variables. When 1 2D D! , there is 

1 2cut cutD D� � � . Fig. 3 shows a typical membership function of fuzzy variable. Based on the cutD �  technique, the 
GSE for fuzzy uncertainty analysis contains two main steps: (1) constructing the GSE for the response at the 0 cut�  of 
interval parameter; (2) calculating the minimal/maximal of response at each cutD � through the 0 cut�  GSE, which 
can avoid multiple approximations at all cutsD � . As the minimal/maximal of the response at each cutD �  is calculated 
through the 0 cut� GSE, it is more important to ensure the accuracy of 0 cut� GSE over the whole interval. Fig.1 and 2 
indicate that when 0.5O = , the GSE can converge more rapidly at the bounds of interval. In this case, the error yielded by 
using GSE for interval analysis at 0 cut�  may be smaller than that at any other cutsD � . In order to ensure the accuracy of 
the 0 cut�  GSE for the interval analysis at any other cutsD � , the GSE with 0.5O t  is employed for fuzzy analysis. 
However, when 0.5O ? , a very high retained order of GSE is required to achieve a desirable accuracy for interval 
analysis at 0 cut� . Therefore, the O  of GSE with fuzzy variable is set as 1O  . 
 

CONCLUSIONS 
 

GSE can provide a unified approximation for the response of uncertain problems with random, fuzzy and interval 
uncertainties. The polynomial parameter O  of GSE depends on the nature of the uncertainty: for the random problems, 
O is determined according to the original PDFs; for the interval problems, O is set as an arbitrary small value that is a little 
smaller than 0.5; for the fuzzy variable O is set as 1. Through the unified GSE which is a simple function, the random, 
fuzzy and interval analysis can be efficiently implemented by many numerical solver. 
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MONITORING THE VISCOELASTIC BEHAVIOR OF COMPLEX FLUIDS USING
MULTI-FREQUENCY RESONANCE TRACKING

Tobias Brack ∗1 and Jurg Dual1
1Institute for Mechanical Systems, Department of Mechanical and Process Engineering, ETH Zurich, Zurich,

Switzerland

Summary This paper presents a resonance sensor that is able to monitor shear storage and shear loss modulus of a complex fluid. Using
a frequency tracking control loop, the dynamic properties of a vibrating circular tube that is in contact with the fluid are evaluated. An
analytical sensor model allows to relate the dynamic properties of the coupled system tube-fluid with the mechanical properties of the
fluid itself. By simultaneously controlling multiple resonance modes of the oscillator, a discrete spectrum of the complex moduli can be
monitored. As an example, a viscoelastic xanthan gum solution is characterized at five discrete frequencies between 2 kHz and 20 kHz.
The measurements are combined with a conventional mechanical rheometer representing the lower frequency range from 10 to 300 Hz. The
results are compared to measurements obtained by diffusing-wave spectroscopy (DWS).

INTRODUCTION

In modern applications, a lot of sensors exist that use the dynamic parameters (e.g. resonance frequency) of a vibrating
system to determine the magnitude of external influences. This may be the mass of an additional load [1] or the mechanical
properties of a fluid [2]. Usually, control loops are used to maintain the vibration at resonance which allows to continuously
monitor the measurement parameters. However, this method is typically limited to one single frequency. But especially in
rheology, the evaluation of several frequencies is necessary. Until now, this has been overcome by using multiple resonators
[3] or by consecutively tracking different resonance frequencies [4].
The sensor presented in this paper uses multiple parallel control loops that are each responsible for the tracking of one
resonance frequency of a continuous mechanical oscillator. This allows to simultaneously evaluate a discrete frequency
spectrum of external influences by using one single oscillator.

SENSOR DESIGN AND OPERATION MODE

(b)(a)

optical
readout

electro-
magnetic
excitation

Figure 1: Experimental setup of the sensor. - a)
Section view: Moving parts are colored red, fixed
parts are green. (b) Photo of the sensor.

The experimental setup of the sensor presented in this paper is de-
picted in Fig. 1. The vibrating structure, colored in red, is a fixed-free
brass tube system with a free length of 227 mm. Approximately half of
the free vibrating length is in contact with the fluid. An electromagnetic
transducer excites the system at the free end to torsional oscillations.
Since the phase shift between an excitation signal and the corresponding
response is a unique indicator for both resonance frequency and damping,
the response of the system is measured optically and a phase-locked loop
is used as control method to achieve the frequency tracking. This allows
to continuously measure the resonance frequency as well as the damping
of the oscillator with or without fluid influence [5]. As described in [6],
a parallel arrangement of multiple PLL subsystems can be used for the
simultaneous tracking of multiple frequencies. Thereby, each PLL is re-
sponsible for the phase control and generation of one single frequency,
while the sum of all PLL outputs is led to the oscillator as excitation.

In the vicinity of a resonance frequency the torsional oscillator can be
described by a linear, single degree of freedom oscillator. If the sensor is
immersed into a fluid, an external shear force influences the sensor. Due
to this force, both resonance frequency and the damping will alter. The shear force can be described by a non-linear, com-
plex function Ff that is dependent on the fluid properties, i.e. the density and complex viscosity η = η′ ↗iη′′, the sensor
dimensions, the vibration frequency ω and a mode-dependent factor that includes uncertain parameters like the fluid level or
the influence of the fixation [2]. It is assumed that all parameters except the two viscosity parameters are known a-priori or
by means of calibration. Hence, the measurement of two parameters, namely the resonance frequency and modal damping,
is sufficient to evaluate the complex viscosity and thus shear storage and shear loss modulus G′ and G′′ of the fluid at the
resonance frequency.

∗Corresponding author. Email: brack@imes.mavt.ethz.ch



It can be shown that the additional damping is proportional to the real part and the shift of the resonance frequency is pro-
portional to the imaginary part of the fluid influence Ff [2]. However, the formulation for the frequency and damping shift
cannot be analytically solved for η′ and η′′ due to the complexity of the function Ff . Therefore, the shift of both resonance
frequency and damping is numerically calculated for a given set of complex viscosities using an analytic model of the sensor.
The resulting data points are then used to relate the measured values of frequency shift and damping shift with the complex
viscosity.

RESULTS

As a sample fluid a solution of 0.5% kg/m3 xanthan gum in deionized water is used. Here, the five first torsional modes of
the sensor are used, covering a frequency range from 2 kHz to 20 kHz. The measurement results are compared with diffusing-
wave spectroscopy (DWS) measurements provided by LS Instruments AG. Measurements with a conventional mechanical
rheometer are performed as well. The result depicted in Fig. 2 shows a very good agreement between the different methods.
The error for mode 5 is due to the digital control loop that operates near at its maximum frequency of 24 kHz.
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Figure 2: Complex viscosity η∗ =
!
η′2 + η′′2 and complex shear moduli G′ and G′′ of 0.5 w% xanthan solution measured

by conventional rheometry, DWS and the torsional oscillator.

CONCLUSIONS

In this paper a resonance sensor has been presented that is able to measure the viscoelastic properties of a complex fluid
by using multiple resonance frequencies of a vibrating structure. In contrast to other existing methods this approach allows to
monitor viscoelastic parameters in the laboratory as well as in industrial applications. Here, five frequencies between 2 kHz
and 20 kHz have been used. Since a full calibration is not possible, the calculation of the complex viscosity is performed based
on an analytic model of the sensor. Measurement results of xanthan solution show a very good agreement to other methods,
hence proving the correctness of the measurement method.
Since only one oscillating structure as well as one sensor/actuator pair is necessary, the presented method is very flexible. By
varying the design and the controller hardware, the range and the number of the used frequencies can easily be adapted.
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Summary Prediction of machine tool chatter requires the characterization of the dynamics of the machine-tool-workpiece system by means
of frequency response functions (FRFs). Uncertainties of the measured FRFs implies uncertainties of the calculated stability diagrams,
therefore robust stability analysis against perturbations of the FRF is of high importance. In this work, a method is presented to calculate
robust stability boundaries based on uncertain FRFs using a combination of the multi frequency solution and the concept of stability radius
defined by µ-values.

INTRODUCTION

In the 1960s, the work of Tobias and Tlusty highlighted the importance of the so-called surface regenerative effect in
machine tool vibration. Past vibrations of the cutting affects the actual cutting force acting on the tool tip, therefore the
process can be described by delay-differential equations (DDE). Stability properties of the machining processes are depicted
by the so-called stability lobe diagrams, which plot critical depths of cut versus spindle speed. These diagrams provide a
guide to the machinist to select the optimal technological parameters in order to achieve maximum material removal rate
without chatter. Although there are several efficient numerical techniques to the stability analysis of the underlying DDEs,
the predicted stability lobe diagrams often do not match experimental cutting tests. One reason for this is the uncertainties of
the measured FRF.

DYNAMICAL MODEL OF MILLING OPERATIONS

The governing equation of milling operations involves time-periodic coefficients, which implies the existence of a periodic
solution. The stability properties of the perturbed variational system around the periodic motion can be determined according
to the extended Floquet theory. The simplest model is used here, where the dynamical properties of the tool are reduced to
a single-degree-of-freedom system (SDoF), and a straight-fluted milling tool is considered with constant pitch angle, i.e.,
the principal period is identical to the tooth-passing period. This model is described by a linear periodic delay-differential
equation in the form

ẍ(t) + 2ζωnẋ(t) + ω2
nx(t) = � (t) (x(t↗τ)↗x(t)) , (1)

where τ = �0N/Ω is the regenerative delay (tooth passing period), N is the number of teeth and Ω is the revolution of the
spindle given in rpm. The τ -periodic function � (t) is called directional factor, which can be calculated as

G(t) = Q
N∑

j=1

gj(t) ��nϕj(t)

(
Kt

Kr
���ϕj(t) + ��nϕj(t)

)
, (2)

where Q = apqfq−1
z Kr/m is the specific cutting-force coefficient, m, k and c are the modal mass, stiffness and damping,

respectively, ωn =
√

k/m is the undamped natural angular frequency, ζ = c/(2mωn) is the damping ratio, ap is the axial
depth of cut, fz is the feed per tooth, Kr is the radial- and Kt is the tangential cutting coefficient, ϕj(t) is the angular position
of tooth j and gj(t) ∈ {0, 1} is a screen function indicating whether the tool is in the cut (gj(t) = 1) or not (gj(t) = 1) [1].

Extended multi frequency solution
The mathematical background of the multi frequency method and its extension is detailed in [2, 3]. The solution implies

a Fourier-series expansion of the periodic functions and gives a Hill’s infinite matrix in the form
⎡

⎢⎢⎢⎢⎢⎢⎣

...
p−1

p0
p1
...

⎤

⎥⎥⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎢⎢⎣

. . .
A−1,0 A−1,−1 A−1,−2

A0,1 A0,0 A0,−1

A1,2 A1,1 A1,0

. . .

⎤

⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎣

...
p−1

p0
p1
...

⎤

⎥⎥⎥⎥⎥⎥⎦
= Φ

⎡

⎢⎢⎢⎢⎢⎢⎣

...
p−1

p0
p1
...

⎤

⎥⎥⎥⎥⎥⎥⎦
, Am,n = H(mΩ+ωc)Gn(�−i(mΩ+ωc)τ↗1), (3)
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Figure 1: Milling operations: a) Dynamical model b) Robust stability diagram of a downmilling operation with radial immer-
sion ratio 85% (relative error is r(ω) = 0.2|H(ω)|) c) Robust stability diagram of a full-immersion milling operation (relative
error is r(ω) = 0.2|H̄(ω)|).

which corresponds to the perturbed motion around the periodic solution, where Gn is the nth-order Fourier component of
the periodic function � (t). Hill’s infinite matrix can be factorized as Φ = HEW, where H = ����(H(mΩ + ωc)),
E = ����(�−i(mΩ+ωc)τ ↗1), and [W]mn = G(m−n). After truncation to the first ±l harmonics, the indices are reduced
to m ∈ {↗l, . . . , l} and n ∈ {↗l, . . . , l}. The existence of a periodic solution around the stationary motion requires that
���(I↗Φ) = 0.

ROBUST STABILITY

Due to imperfect excitation, the changes in the environment and the complexity of the machine-tool structure, the measured
FRFs are usually loaded by noise. In practice, the measurements are repeated several times and the average of the individual
measurements is used for the construction of stability diagrams. This technique does not take into account the uncertainty
of the measurements. Here we assume that the FRF is decomposed into two parts, an averaged frequency response function
H̄(ω) and a perturbation δH(ω), i.e. H(ω) = H̄(ω) + δH(ω). The maximum size of the perturbation is described by the
uncertainty radius r(ω) such that |δH(ω)| ≤ r(ω). This definition of the perturbation gives complex disks on the Nyquist
diagram. Condition for a periodic solution for the perturbed system can be given as

���(I↗(H̄ + δH)EW) = 0 ⇐⇒ ���(I↗EW(I↗H̄EW)−1δH) = 0. (4)

Robust stability analysis is performed using the concept of stability radius, which defines the distance from the stability
limit in terms of perturbations. Following [4], the formula for the stability radius can be given using the so-called µ-values in
the form

rδ =

(
��p
ωc≥0

µ(M)

)−1

, (5)

where M = EW(I↗H̄EW)−1. The µ-values are then approximated as µ(M) ≤ ρ(M̃R), where ρ is the spectral radius,
R = ����(r(mΩ + ωc)) and [M̃]mn = |[M]mn| (for further details, see [4]).

Results are presented in Fig. 1 b) and c) for a straight-fluted milling tool with N = 2, where 20% uncertainty was assumed
in the FRF in the form |δH(ω)| ≤ r(ω) = 0.2|H̄(ω)|. Robust stability boundaries show that, for certain parameter regions,
the uncertainties of the FRF can strongly affect the stability of the process. Machining parameters should be selected from
the robust stable region in order to avoid the possibility of producing chatter.
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CALIBRATION OF TUNED MASS OR INERTER BASED VIBRATION ABSORBERS
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Summary It is becoming increasingly common to use vibration absorbers on civil and mechanical engineering structures, due to increased
flexibility of these structures. The flexibility of the structure generates a non-trivial interaction between the structure and the absorber,
that may severely influence the optimal calibration of the device. A common calibration procedure for mass and inerter based devices
is developed, based on a simplified system in which the effect of the structure flexibility is represented by two contributions: a quasi-
static flexibility and a quasi-dynamic inertial term. This system is used to develop an equivalent resonant absorber device, and an explicit
calibration procedure is developed, in which the equivalent system is calibrated first, and the equivalent parameters then recalculated for the
real device parameters. Examples illustrate the near optimal balance of the frequency response attained by this calibration.

INTRODUCTION

The concept of the tuned mass damper, in which the structural vibration generates a resonance in the device consisting
of a suspended mass, was developed in the forties [1] and has found increased use with the development of more slender
and flexible structures. The tuned mass absorber is mounted at a single point and reacts to the absolute motion. Much more
recently a similar device, but based on the relative motion of two points of fixture, has been developed in the form of absorbers
with an inertial element in the form of an inerter [2, 3]. As it turns out a common format and calibration procedure can be
developed for mass and inerter based vibration absorbers. These vibration absorbers target a specific vibration mode, and due
to the local mounting of the device the motion and the forces associated with the structure-device interaction will be influenced
by contributions from other modes. A common calibration procedure is described, in which the effect of the non-resonant
modes is accounted for by two coefficients, associated with flexibility and inertia, respectively.

EQUIVALENT DEVICE-STRUCTURE SYSTEM

When mounting a device on a structure, the interaction can be described by a displacement component u = w
T
u in which

u denotes the displacement components of the structure, and w is an integer array with one or two entries that identify the
degree(s) of freedom connected to the device. A key point of the present procedure is an approximate representation of the
response u to a device force f in the form

u ≃
! ω2

r

ω2
r − ω2

1

kr
+

1

k′r
−

1

k′′r

ω2
r

ω2

"
f. (1)

This is a modification of the standard modal response formula in which ωr and kr are the frequency and modal stiffness of
the resonant mode r, while the additional two terms are an approximate representation of the response from the non-resonant
modes. The coefficients k′r and k′′r represent a flexible and an inertial coupling between the resonant modal displacement and
the device. These coefficients can be determined from the structure stiffness and mass matrices by standard matrix operations,
without the need for a full modal analysis, as demonstrated in [4]. Seen in relation to the device these two terms correspond to
a spring with stiffness k′r and an inerter type term with equivalent mass m′

r = k′′r /ω
2
r as illustrated for the tuned mass absorber

in Fig. 1a.

(a)
m′

r
md

kd

cd

k′r

uj

fd
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k′d

c′d

m′

d

uj

fd

Figure 1: (a) Tuned mass absorber with structural corrections k′r and m′

r. (b) Equivalent device with parameters k′d, m′

d, c′d.

The tuned mass absorber with stiffness kd, mass md and damping parameter cd can be calibrated in an optimal sense if
acting on a single mass structure by use of the poles of the quartic characteristic equation [5]. It furthermore turns out, that the
dynamic amplification of the amplitude of the structure is closely equal to the reciprocal of the optimal damping ratio of the
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absorber. Thus, for the basic structure-absorber system a simple explicit calibration procedure is available based on selection
of the target amplification around resonance [5].

In the present case with flexibility and inertia effects from the non-resonant modes an explicit calibration procedure can
be obtained by establishing an equivalent tuned mass absorber in which the background flexibility and inertia effects are
represented via equivalent stiffness, mass and damping parameters k′d, m′

d and c′d, as illustrated in Fig. 1b. The design
procedure starts with the selection of the dynamic amplification factor, and setting this equal to the reciprocal of the equivalent
device damping ratio ζ′d. When selecting this to be the optimal damping, this determines the equivalent device mass and
stiffness m′

d and k′d. The relations defining the equivalent resonant absorber parameters are now inverted to yield the stiffness
kd, mass md and damping cd of the actual device.

EXAMPLE

The efficiency of tuned mass/inerter absorbers and the efficiency of the calibration procedure are illustrated by the simple
example of an 10 storey building represented as a shear frame with identical stiffness of all storeys. For the lowest vibration
modes a good location of a tuned mass damper is at the top floor, while the inerter based device connects the ground floor and
ceiling. Both devices are calibrated for an amplification factor around resonance of 10, corresponding to an equivalent device
damping ratio of ζ′d = 0.1. Figure 2 shows the dynamic amplification for loading with the mode 2 vertical distribution, and
thus the effect of the non-resonant modes is solely due to the non-resonant displacements resulting from the local interaction
with the device. Three calibration procedures are compared: simple calibration without effects from non-resonant modes,
effect of non-resonant modes via a low-frequency flexibility correction, and the present procedure with a combined flexibility-
inertia correction. As seen from the figure the present procedure leads to a regular frequency response curve closely matching
the maximum amplification factor of 10 used in the design, while the other two calibration procedures handle one of the
devices satisfactorily, while the other is quite unbalanced.
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Figure 2: Second mode amplification of shear frame structure. Absorber with (a) mass, (b) inerter. Simple (dashed), quasi-
static (dashed-dotted), quasi-dynamic (solid).

CONCLUSIONS

An explicit procedure has been developed for the calibration of resonant vibration absorbers with an inertia element
from either a suspended mass or an inerter. The procedure incorporates the structure-device interaction effects into a simple
equivalent resonant mass/inerter based system, which is then calibrated by established methods, followed by subsequent
evaluation of the parameters of the actual device. The structure is represented by the appropriate modal mass and natural
frequency, plus two new parameters characterizing the additional flexibility and inertia effects of the interaction between
structure and device. Examples demonstrate high accuracy of the calibration procedure, which attains a balanced frequency
response curve with specified level of amplification with high accuracy.
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Summary Stochastic resonance is observed by a mechanical experimental apparatus, it is found that addition of noise can lead to an improved 
SNR-the ratio of signal to noise for the response. This paper challenges the vibration isolation to embrace the definition of stochastic resonance 
in terms of signal processing ³noise benefits´, and to design of the nonlinear isolator aimed at verifying that unpredictable fluctuations can play 
a functional role in the force transmission. The nonlinear vibration isolation system could be implemented by connecting a vertical springs in 
parallel with two additional horizontal springs, which are configured so that the potential energy of the system has a double-well. SNR of 
transmitted force is used to analysis this isolation system. It can be seen that the stochastic resonance peak can shift to the higher noise intensity 
as excitation frequency is increased, and as excitation amplitude is increased the SNR can be increased at any noise intensity. 
 

INTRODUCTION  
 
   In certain nonlinear systems, increasing the noise level causes an increase, rather than a decrease, in the quality of 
signal transmission[1]. A vibration isolation model consisting of three springs [2-3] is used to demonstrate the usage of 
stochastic resonance in vibration isolation.  
 

EXPERIMENTAL OBSERVATION OF STOCHASTIC RESONANCE 
 
   Fig. 1 shows the schematic and photograph of the experiment rig. It consists of a cantilever beam and two magnets, 
which attract the tip of the beam. The cantilever beam is made of steel (GCr15SiMn) with total length 0.2 m, Cross-
sectional area 0.008h0.001m2, thickness 0.001m, <RXQJ¶V�PRGXOXV� 206GN/m2, mass density 2700kg/m3. The magnets 
each have intensity 0.2T were positioned close to the beam tip to ensure that the system was bi-stable, symmetric and the 
static displacement of the beam due to the magnetic attraction was 0.0089 m. The amplitude of the sinusoidal signal 
supplying the shaker was maintained at a constant level 0.5 V and the frequency 1 Hz. The ratio of input signal to noise 
SNRlinear is the controlled parameter. In this experiment 1/SNRlinear was varied from 20% to 40%, and the time series of the 
response was recorded for each setting. Fig. 1(c) shows the SNR of response varying with input SNR. It is clearly that as 
increasing noise intensity, the SNR is increased at some noise. At 1/SNRlinear=0.3, The system jumps randomly between two 
wells when only subject to random excitation, then put a weak periodic that cannot drive the system from one well to 
another well into the system, noise induced hopping between the potential wells can become synchronized with the weak 
periodic forcing, and the red line shows periodic and its period equals 1 seconds. 

 
     (a)                                      (b)                                 (c) 

Fig. 1 Stochastic resonance experiment rig; (a) Schematic experiment device, (b) actual experiment rig. (c)Ratio of output signal to noise changing with 
1/SNRlinear , harmonic excitation voltage is fixed at 0.5V.  
 

VIBRATION ISOLATION WITH STOCHASTIC RESONANCE 
 
   Fig.2(a) shows a simple lumped parameter model of a nonlinear vibration isolation system. It consists of a vertical 
stiffness vk  and linear damping coefficient c , and two additional horizontal springs each with stiffness hk  which can act 
as negative stiffness in the vertical direction. The mass m, is excited by both harmonic random force. The three springs are 
configured so that the potential energy of the system has a double-well. The equation of motion for the system can be 
rewritten in non-dimensional form as 

3 Ö ÖÖ Ö Ö Ö2 cos( ) ( )e ex x x x F] D J W VK Wcc c� � �  : �                             (1) 
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MODAL BASIS APPROACHES IN SHAPE AND TOPOLOGY OPTIMIZATION OF
FREQUENCY RESPONSE PROBLEMS

Grégoire Allaire1, Georgios Michailidis ∗1, and Nicole Spillane1

1CMAP, Ecole Polytechnique, 91128 Palaiseau Cedex, France

Summary The optimal design of mechanical parts subject to periodic excitations within a large frequency interval is quite challenging.
Mechanical intuition in such problems is very limited and although Shape and Topology (S&T) optimization techniques could provide an
answer in the conceptual design phase, the necessary computational time using traditional techniques is prohibited, mainly due to the costly
adjoint analysis. In this work, we present two non-adjoint approaches for treating frequency response problems in S&T optimization. In
the first method, we propose to use an approximation of the objective function and its shape derivative via a modal decomposition of the
direct and adjoint states. In the second, we use the modal decomposition both to formulate the problem and to approximate the shape
derivative of eigenvectors, in order to evitate the solution of an adjoint equation for every eigenvector. We present numerical examples for
the minimization of the dynamic compliance.

PROBLEM DESCRIPTION

Consider a structure that vibrates under the application of a periodic harmonic load f(t). The time-harmonic part of the
displacement field u(x, t), solves the equation: Mü(x, t)+Cu̇(x, t)+Ku = f(t), where M, C and K are the mass, damping
and stiffness matrices and the symbol ( ˙ ) denotes derivation with respect to the time. Using complex instead of real numbers,
i.e. considering !f = !Feiωt and !u = !Ueiωt, where !F = fRe + ifIm, !U = uRe + iuIm and ω denotes the excitation frequency,
the previous equation reads "

K + iωC↗ω2M
# !U = !F . (1)

We search to find a shape Ω, belonging to an admissible domain Uad that minimizes the dynamic compliance (Cdyn) in a
range of frequencies [ω1,ω2], i.e. the optimization problem reads

� �n
Ω∈Uad

J(uRe, uIm) =

$ ω2

ω1

$

ΓN

(fImuRe(ω)↗fReuIm(ω))ds dω, (2)

where yN is the part of the boundary on which the external loads are applied.

NON-ADJOINT METHODS FOR FREQUENCY RESPONSE PROBLEMS

The discretization of (2) and the solution of equation (1) for every excitation frequency requires an unrealistic computa-
tional time for industrial examples with large number of DOFs. The most common remedy to this problem consists of using
a modal decomposition of !U . However, using a classical adjoint analysis for the calculation of derivatives with respect to
design variables also requires a significant computational time, since a large number of eigenvalues is required for an accu-
rate approximation of !U and a linear system needs to be solved for each eigenvalue. Therefore, there is a great interest on
developping non-adjoint methods to render S&T optimization applicable on industrial frequency response problems.

Such an approach has appeared in [2], using Padé approximants. In this work, we propose two methods to accelerate
significantly the optimization process for frequency response problems, using a classical modal decomposition method. In this
way, we avoid numerical issues related to the calculation of Padé approximants while using numerical tools that are standard
in industry. We use the level-set method for S&T optimization [1], thus in every iteration of the optimization algorithm we
compute a notion of shape derivative to advect the shape.

Modal decomposition of the direct and adjoint states
A first approach consists of taking the exact shape derivative of (2), then using a modal decomposition for the direct and

adjoint states. More specifically, the shape derivative of (2) reads

J ′(Ω)(θ) =

$

Γ
(θ · n)

$ ω2

ω1

(↗ω2ρuReqRe↗ωcuImqRe + Ae(uRe)e(qRe)

↗ω2ρuImqIm + ωcuReqIm + Ae(uIm)e(qIm))dω ds,
(3)

where A denotes the elasticity tensor and !Q = qRe + iqIm is the complex amplitude of the adjoint state, solving equation
"
K↗iωC↗ω2M

# !Q = i !F . (4)
∗Corresponding author. Email: michailidis@cmap.polytechnique.fr



Instead of solving equations (1) and (4) for every frequency in the discretized set of [ω1,ω2], we can use a modal approximation

as !U =
∞%
j=1
!ajrj and !Q =

∞%
j=1
!aj
Qrj , where (ω2

j , rj) are solutions of the eigenvalue problem
"
K↗ω2

jM
#
rj = 0 and !aj ,!aj

Q are the coordinates of !U and !Q in the modal base.

Modal decomposition of eigenvectors shape derivative
A second approach consists of expressing directly (2) as a function of (ωj , rj), i.e. writing

J(Ω) = J (uRe(ωj , rj), uIm(ωj , rj)), then compute its shape derivative which reads

J ′(Ω)(θ) =
∞&

j=1

'
∂J

∂uRe

(
∂uRe

∂ωj
Ωj(θ) +

∂uRe

∂rj
Uj(θ)

)
+

∂J

∂uIm

(
∂uIm

∂ωj
Ωj(θ) +

∂uIm

∂rj
Uj(θ)

)*
, (5)

where Ωj(θ), Uj(θ) stand for the eulerian derivatives of ωj and rj respectively. Assuming that eigenvalue ωj is of multiplicity
one, in order to avoid complications realted to the crossing of eigenvalues, Ωj(θ) is classical in literature. In order to avoid
an adjoint analysis for each Uj(θ), we first consider the corresponding lagrangian derivative of rj as Vj = Uj + ∇rjθ and

approximate it, using the same eigenbasis, as Vj =
∞%
k=1

ak
Vj

rk.

NUMERICAL RESULTS

Consider a classical 2d cantilever, clamped at its left boundary and with a unitary vertical force applied at the middle of its
right side (see Figure 1). Minimizing the volume of the structure under a constraint on the static compliance, we result in the
optimized shape of Figure 1 (right). For this shape, the dynamic compliance for an excitation force of the type f(t) = cos(ωt)
for ω ∈ [0.1, 0.2] Hz takes the value Cdyn = 2�.5�. Adding a further constraint on Cdyn in the previous problem, the
optimized shapes for the different approaches appear in Figure 2.

Figure 1: Left: boundary conditions; right: optimized shape for the static compliance.

Figure 2: Optimized shapes for: Cdyn ≤ 15 (left column); Cdyn ≤ 10 (middle column); Cdyn ≤ 5 (right column), using
the: adjoint method (upper row); modal decomposition of the direct and adjoint states (middle row); modal decomposition of
eigenvectors shape derivative (lower row).
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்߱ெ of four analyzed TMD embodiments. First set of parameters (No. I) contains the following values: m = 1.0 [kg], k = 
2943.0[Nm], ்ܿ ൌ ͲǤͺͺͷͻ� ሾ���ሿ and inertance I in the range from I=0.5[kg] to I=11[kg]. After transformation to 
dimensionless values we get: ݉=0.1, ݇=0.3, ்ܿ=0.002828 and ܫ߳ۃͲǤͲͷǡ ͳǤͳۄ. In the second case (No.II) we consider 
the TMD with increased stiffness of the spring and changed accessible range of inertance (see Fig. 2(c)). In the third (No. 
III) and fourth (No. IV) case the mass of TMD is increased twice and both stiffness and ranges of accessible inertance are 
changed. Parameters of all investigated TMDs are chosen so that in each case the range of accessible dimensionless natural 
frequencies of the device is ்߱ெԖۃͲǤͷǡ ξʹ�  We assume that damping properties should be preserved in a wide range of .ۄ
excitation frequencies. The best measurable indicator of amplitude decrease is comparison of frequency response curves 
(FRC) of base oscillator without and with TMD. For that reason for each considered set of TMD parameters we pick 200 
equally spaced values of ܫ  from the accessible range of inertance and for each of them calculate the FRC using 
continuation method (AUTO-07p package [5]). Next, we superimpose received curves and find minimum amplitudes of the 
base structure for Ȧࣅ(0.5,ξʹ). As a result we obtain the curve that can be used to evaluate damping effectiveness of the 
proposed TMD and present them in Fig. 2(a,b). Dashed lines in Fig. 2(a,b) demonstrate the response of the base oscillator 
without TMD. In Fig. 2(a) we show changes of the base structure response when No. I set of parameters of TMD is used. In 
Fig. 2(a) gray lines correspond to FRCs of base oscillator with the TMD for equally spaced values of inertance ܫ from the 
accessible range ܫ߳ۃͲǤͲͷǡͳǤͳۄ (we plot every tenth from 200 FRCs to do not blur the figure). Analyzing the shape of the 
FRCs one can say that parameter ܫ significantly influences the response of the structure and determines the position of the 
minimum along FRC. Therefore, to fully present benefits from the changeable inertance we plot the black solid line that is 
created as a connection of points where we observe minimum values of the base oscillator amplitude. Procedure described 
above was performed also for Nos. II, III and IV of 70'�SDUDPHWHUV¶�VHWV��5HVXOWV�RI�WKH�FRPSXWDWLRQV�DUH�SUHVHQWHG�LQ�)LJ��
2(b). Comparing the shapes of FRCs obtained for four considered TMDs realizations one can say that changes of mass and 
spring stiffness of TMD strongly affects its damping properties. The difference in the systems response is especially visible 
for Ȧࣅ����������� )RU�70'V�ZLWK� VPDOOHU� RVFLOODWRU¶V�PDVV� ݉ ൌ ͲǤͳ (Nos. I and II) we do not observe any peak along 
FRCs while for increased mass ݉ ൌ ͲǤʹ (Nos. III and IV) one spike emerges around Ȧ=0.6. Using smaller mass we can 
decrease the base oscillator amplitude for all excitation frequencies. Reduction of the amplitude is the more noticeable the 
larger Ȧ. Simultaneously, TMDs with higher mass are more effective in mitigation of base structuUH�PRWLRQ�IRU�DOO�Ȧ�H[FHSW�
for the small range near the peak on the FRC. In that range Ȧ(0.623 ,0.582)ࣅ for No. III and Ȧ(0.640,0.680)ࣅ for No. IV 
usage of TMD increases the base structure amplitude instead of mitigating its motion. Hence, for further improvement of 
damping efficiency by increasing the mass of the TMD one has to be reconciled with the fact that for some Ȧ the 
amplification of base structure motion may occur instead of its reduction. TMDs with smaller spring stiffness (Nos. I and 
III) provides better damping efficiency in the whole considered range of excitation frequency. 
 

 
Figure 3: FRCs of the base structure with linear stiffness and attached TMD. Subplot (a) presents in details results obtained 

for the No. I set of TMD parameters, on subplot (b) comparison between all four TMD embodiments (Nos. I-IV) is 
presented. The black dashed line corresponds to the FRC of system without TMD, gray lines show the FRC for system with 

TMD for different ܫ values. Table (c) values of parameters in simulations. 
Conclusions 
In this paper we present and analyze properties of new TMD design that is characterized by the presence of inerter with 
controlled CVT that enables stepless changes of inertance. To prove the versatility of the device we check damping 
SHUIRUPDQFH�RI� IRXU�70'�HPERGLPHQWV� FKDUDFWHUL]HG�E\�GLIIHUHQW� VHWV� RI� SDUDPHWHUV�� )RU� DOO� FRQVLGHUHG� VHWV�RI�70'¶V�
parameters one can observe a significant decrease of amplitude of motion in wide range of excitation frequencies. Results 
presented in this paper prove that introduced construction of TMD provides remarkable damping properties in a notably 
wide range of vibration frequencies. For detailed studies see [6]. 
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Abstract 
Spinning rotors are ubiquitous components that are essential for power generation, propulsion, gas compression, vacuum 
generation, machining, and other energy driven processes. Higher rotational speeds enable smaller, hence more power dense 
machines, to be developed. Active rotor dynamic systems include those where rotors are levitated by controllable active magnetic 
bearings. In principle, the rotor is levitated in a contact-free condition, which is efficient for high speed operation. However, 
abnormal overload events or transient faults may give rise to a loss of functionality and cause a rotor to come into contact with 
emergency touchdown bearings. This may result in excessive vibration at a level that may cause structural damage to the system. 
It is important to understand the mechanisms that drive these persistent nonlinear dynamics in order that control of contact-free 
rotor levitation may be restored. This paper will explore the options that are available.  
 

INTRODUCTION 
 
   The principles of operation of rotor/active magnetic bearing (AMB) systems are well-known [1]. A typical layout is 
shown in Figure 1. In the vertical axis through the AMB coils, electrical currents ሺ݅ǡ ݅ሻ may be adjusted for levitation 
control of the rotor and to maintain clearance between the rotor and the AMB. However, excessive external influences or 
faults conditions may cause the 
rotor to make contact with a 
touchdown bearing (TDB), which 
is in place to prevent excessive 
rotor dynamic excursions. When 
the rotor is in contact with the 
TDB, radial (normal) and 
tangential (friction) forces are 
introduced into the rotor dynamic 
behaviour. These forces may be 
large and may become persistent 
and undesirable [2, 3]. If control 
functionality is still available from 
an AMB or an active TDB, it may 
be possible to restore the rotor to a 
desirable contact-free state. An 
understanding of the contact 
dynamics is required.  
 

CONTROL OF PERSISTENT ROTOR CONTACT MODES 
 
 Figure 2 shows an example of bistable 
responses driven by rotor unbalance. In case 
A, the rotor whirls in a circular contact-free 
condition within the clearance space of the 
AMB. In case B, a bouncing mode solution is 
also possible. In the left hand side diagram it 
is seen that the response of orbit B is lagging 
slightly behind the rotating unbalance vector, 
while the orbit A is almost in anti-phase with 
the unbalance vector. This effect is caused by 
WKH�µKDUG¶�ERXQGDU\�RI�WKH�7'%��7KH�SKDVHV�RI�
the orbits are seen more clearly in the rotating 
frame view of the right hand side diagram in 
which orbit A is represented by a single point 
and orbit B becomes a small loop on the TDB 
boundary. 

Figure 1. Spinning rotor within an AMB showing possible contact with a TDB 

Figure 2. Bistable contact-free (A) and bouncing contact (B) motions in  
inertial (x, y) and synchronously rotating (u, v) frames of reference. 

 

Unbalance 

x  

y  

Contact-free 
orbit A 

Contact 
orbit B 

Unbalance 

u  

v  

Contact-
free orbit A 

Contact 
orbit B 

 

t:  



 
  Persistent contact is problematic since the contact force 
levels are typically large and in excess of the magnitude of 
the unbalance force vector. These may cause structural 
damage to the TDB and the rotor. Furthermore, frictional 
forces at a contact zone will be high, which will induce 
significant thermal inputs to the TDB and the rotor, resulting 
in thermal distortion and thermal bending, respectively. 
 There are a multitude of contact responses that may 
coexist with a contact-free orbit A. Figure 3 shows other 
bouncing modes (B1-B4) together with full forward whirl rub 
orbits, C1 and C2. In each case, the equations of motion were 
solved analytically with different initial conditions and the 
solutions were obtained with a fully functional AMB and the 
same unbalance vector. 
 Another response, not shown, is that of backward whirl. 
Under a fully developed backward whirl, the frequency of 
rotor vibration is scaled by R/c, the rotor radius to clearance 
ratio. This amplifies the contact force to a level that is usually 
destructive. 
 
Control using AMB feedback  
 The operation of an AMB utilises displacement feedback of the rotor orbit. In principle, if the effective unbalance vector 
could be cancelled, say through AMB control action, all contact orbits, together with the contact-free orbit would degenerate 
to the origin at the centre of the AMB. In order to achieve this ideal case, the control system would be required to assess the 
dynamic content of the displacement signals in order to: 
 
(a) Deduce whether contact has occurred, for example, due to a change in the rotor unbalance condition. 
(b) Ascertain which contact orbit has been excited. 
(c) Evaluate the source unbalance (magnitude and phase). 
(d) Apply a synchronous force through the AMB to cancel out the source unbalance. 
 
It is also necessary to account for the fact that a rotor must be 
considered as a multimode vibrational system and that multi-point 
contact with more than one TDB is possible. 
 
Control through an active TDB 
 It is also possible to activate a TDB, moving it in response to 
rotor contact. For such control: 
 
(a) The TDB motion must be a fraction of the radial clearance. 
(b) The actuation must be able to overcome high dynamic contact 

forces under positional control. 
(c) It is possible for TDB control to be applied under open-loop 

action, or under closed loop control. 
(d) The TDB may be moved in response to rotor motion, in 

anticipation of approaching contact to reduce contact force 
levels or to avoid unnecessary contact.  

(e) Once contact-free conditions have been achieved in a stable 
manner, further TDB control is not required. 
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SEMI-ANALYTICAL MODELING OF SUBSTRATE LOSS OF MINIATURE RESONATORS
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Summary In this paper, a new semi-analytical technique for estimating the energy loss in a miniature resonator mounted on a substrate
is presented. Recent high quality factor resonators typically have resonant frequencies up to several hundred kilohertz, and therefore, the
substrate is best treated as a plate. The only traveling waves in a plate are Lamb waves, which leads to a simplified characterization of
the energy carried away from a vibrating source on the plate surface. In the presented approach, absorbing boundary elements of standard
finite element (FE) models are replaced with the analytical expressions for Lamb waves. The method of stitching together the FE model
and analytical expressions is extended to include modal analysis in order to determine quality factors of the resonator modes. The semi-
analytical approach is demonstrated for a cantilever bonded to a plate, and eigenmode parameters are determined. Good agreement with
conventional FE simulations is shown.

MOTIVATION

For the resonator designer, it is crucial to have an efficient method for determining the quality factors of the resonator at
an early stage. Resonator energy loss due to interaction with its substrate (so called anchor loss) has been widely studied, but
most treatments have assumed a semi-infinite medium due to the small dimensions of the resonator compared to the substrate
thickness. Recent high quality factor resonators, though, typically have resonant frequencies from a few kilohertz up to several
hundred kilohertz, and in these cases, due to the wavelengths involved, the substrate is more accurately treated as a plate, not
as a semi-infinite medium. Typically, a model of the resonator that includes a small segment of the plate is created with a
finite element (FE) software in conjunction with absorbing boundary elements [1]. In this paper, an approach is presented in
which the absorbing boundary elements are replaced with the analytical expressions for Lamb waves.

MODAL ANALYSIS APPROACH

Using a FE software, the resonator as well as a small segment of the plate is modeled, as shown in Fig. 1. At the plate
boundaries of the FE model, continuity between FE and analytical solution has to be satisfied [2]. A lossless material is
assumed as well as harmonic motion of the form �−iωt, where ω = 2πf is the angular frequency. Introducing the subscripts I
and B denoting a DOF in the interior and on the interface boundary (cf. Fig. 1), the FE equations are written in the form
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ūI

ūB
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where (̄·) denotes variables in frequency domain. Since Lamb waves form a complete set, displacements and forces on each
of the boundaries (interfaces) can be replaced by the truncated set (n→∞) of Lamb waves

ūB =
n)

i=1

ūiai = Ūa with Ū =
*
û1 �ik1x û2 �ik2x . . . ûn �iknx

+
and (2)

f̄B =↗���n(nx)F̄ a with F̄ =
*
f̂1 �ik1x f̂2 �ik2x . . . f̂n �iknx

+
. (3)

The variables denoted by (̂·) are in wavenumber-frequency domain and the corresponding expressions can be found in the
literature (e.g. [3]). Forces are determined from corresponding stresses using shape functions, and Eq. (1) is rewritten as

interfaceinterface

analyticalanalytical FE model

x

y

Figure 1: Semi-analytical approach: resonator and small segment of substrate plate are modeled with finite elements
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Since the expressions in Ū and F̄ are dependent on ω, this is not a classical generalized eigenvalue problem, and instead,
complex eigenvalues are found by searching for roots of the determinant of A(ω) ≡ K̃(ω)↗ω2M .

RESULTS AND DISCUSSION

The proposed method is demonstrated for a cantilever (length L ≈ 1.90�2 mm, thickness H/2 = 0.��5 mm) that is bonded
to a substrate plate (thickness 2H = 1.�8 mm) of the same material (aluminum, Young’s modulus E = �9 GPa, shear modulus
G = 2� GPa, density ρ = 2�00 kg/m3). For complex frequencies ω = ω0 + �δ, all roots ki of the corresponding dispersion
equations are generally complex. Employing the wave and finite element (WFE) method (e.g. [4]), the complex wavenumbers
ki are determined for f0 ∈ [�0, 100] kHz and δ ∈ [↗20, 0) 1/mm. Since the analytical solution is determined in the far-field
of the “source,” only five of the roots are considered when evaluation the corresponding expressions in Eqs. (2) and (3). Then,
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(b) Displacement u1(t) of the corner node on top of cantilever

Figure 2: Semi-analytical and transient FE results for cantilever demonstrator

the minimum singular value of the matrix A for each complex frequency ω is determined, as shown in Fig. 2(a). The only
singularity on the considered grid of complex frequencies corresponds to the first damped eigenfrequency of the cantilever.
Note that for the sake of clarity, the minimum singular value is not shown for lower frequencies. The smallest singular value
occurs at f1 = 81 kHz and δ1 = ↗11 1/mm. Note that the non-zero damping value indicates that this mode shape, which
corresponds to the bending motion of the cantilever, experiences damping due to the energy transport of the propagating Lamb
waves in the substrate plate. The frequency f1 of this damped mode is also lower than the eigenfrequency of 100 kHz for the
cantilever when fixed to a rigid, non-elastic substrate plate.

In order to compare the results from the semi-analytical approach, transient FE simulation are carried out. A full model of
the investigated cantilever on a substrate plate is created in the FE software Abaqus. The horizontal displacement of the corner
node at the top left of the cantilever due to an initial velocity is shown in Fig. 2(b) along with the envelope curves. The first
eigenfrequency of the damped cantilever is identified from the time history as f1 = np

t2−t1
= 82.5 kHz with np = 5. From the

corresponding values of the displacements u1(t1) and u1(t2), damping is determined as δ1 = f1
np

ln u1(t2)
u1(t1)

=↗13.�8 1/mm.
Minor differences between the transient FE results and those obtained from the semi-analytical approach can be attributed

to the coarseness of the search grid when searching for the root of A(ω), as well as to errors from the truncation of the Lamb
wave set.
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ATTITUDE CONTROL VIA STRUCTURAL VIBRATION

N. S. Tyrell ∗1 and A. E. Hosoi1

1Department of Mechanical Engineering, Massachusetts Institute of Technology, Cambridge, Massachusetts, USA

Summary We present a novel technique for the reorientation of structures “floating” in torque-free environments, applicable to both space
robotics and small satellite attitude control. Conventional orientation control methods require either the usage of continuously rotating
structures (e.g. momentum wheels) or the jettisoning of system mass (e.g. hydrazine thrusters). However, the system proposed herein
requires neither rotating structures nor mass ejection; instead, orientation is controlled by the imposition of a cyclic shape change—the
canonical example from nature is a cat righting itself while falling, thereby always landing on its feet. Further, we extend the concept to
consider the class of structures where the requisite cyclic shape change is attainable via the normal modes of structural vibration. This has
implications both for the design of space structures where the attitude control hardware is integrated directly into the preexisting structure,
as well as for development of orientation control techniques for soft robots.

INTRODUCTION

A cat, dropped upside down, flips and lands on its feet. This falling cat problem has, over the years, attracted the attention
of many physicists, mathematicians, and dynamicists [6], some with names as revered as Stokes and Maxwell [8]. The cat
deforms its structure cleverly—twisting its front half around relative to its back half—such that its orientation changes over
the course of the maneuver but its shape does not. Indeed, the cat does not utilize any external forces, but instead is able to
shift its orientation while conserving angular momentum.

Figure 1: The Cat.

We examine the dynamics of a simple multibody system, inspired by the falling cat, that is also
able to adjust its orientation by undergoing a shape change. Our work builds upon prior investigations of
attitude control via shape change. We demonstrate that it is possible to use the normal modes of structural
vibration to induce the shape changes required to alter orientation. It is well-known that vibrational
analogues to rotational gyroscopes exist (see [5]), but our work presents a system that uses a vibrating
structure to cause rotation, instead of sense it. This feature arises because SO(3) is non-Abelian.

There are natural extensions from our work to the design and attitude control of space structures.
Vibrating, as opposed to rotating, attitude control actuators could be introduced into proposed “satellites
on a chip”. Satellites could be designed that possess little dedicated attitude control hardware, and instead
tune vibrations of preexisting structure to alter attitude.

Prior work
There is a small body of work that deals with orientation control of floating deformable systems by cleverly manipulating

their shape. See [7] for a theoretical treatment, [3][4] for applications to satellites, and [2][1] for MEMS applications. None
of the prior work considers the possibility of structural vibrations causing the attitude-adjusting shape change.

PROBLEM FORMULATION

Figure 2: Shape vari-
ables.

The model system (the Cat, depicted in Figure 1) is comprised of two rigid bodies (A and B) floating
in free space, joined at their center of mass by a ball joint. Angles α and β define the system shape.
When α = β = 0, the distance between the centers of mass of each body is d. We orient the system in
the global frame using the Euler angles of body A: φ, θ, and ψ. We define the shape state r = [α β ]!,
the orientation state g = [φ θ ψ ]!, and the configuration q = [ r g ]! of the system.

To simplify the kinematics and dynamics, A and B are assumed identical and rotationally symmetric
about any body-fixed axis, such that they can be characterized by a single moment of inertia J . To further
simplify, we take d = 0 and assume that both α and β are always small.

Kinematics
The total kinetic energy T is not a function of the orientation g. The potential energy U of the system

is also not a function of g. Therefore, Lagrange’s equations, written only for the orientation state variables, are:

�

�t

!
∂T

∂ġ

"
↗✓✓✓✼

0
∂T

∂g
+ ✓✓✓✼

0
∂U

∂g
= 0 (1)
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We see that the generalized momenta corresponding to each orientation state variable are conserved: ∂T
∂φ̇

, ∂T
∂θ̇

, and ∂T
∂ψ̇

are
constant in time. Each of these conserved quantities can be used to write a corresponding nonholonomic constraint equation
for the system. If we prescribe r(t), we now have enough equations to solve for g(t).

Dynamics
Adding nonzero torsional stiffness (spring constant k) at the ball joint, the potential energy of the system is a function of

the shape state: U = 1
2k(α2 +β2). We derive equations of motion for the dynamical system and find that the vibrations of the

system are linearly uncoupled and thus simple harmonic. Due to the inertial symmetry of the system, the natural frequency of
all vibrations is ω =

#
2k
J . This results in shape state trajectories of the following form:

r(t) =

$
α(t)
β(t)

%
=

$
aα ��nωt

aβ ��n(ωt + ∆)

%
(2)

Where the vibration amplitudes ai and the phase difference ∆ are arbitrary and determined by the initial conditions.

RESULTS

By combining Equations 1 and 2, we can solve for φ̇(t), which can be integrated in time to yield φ(t), the time trajectory
of the Cat’s orientation angle with respect to the z-axis. We find that φ increases monotonically with time. Therefore, the
orientation of the Cat in the global frame changes nonperiodically due to structural vibrations that induce a periodic shape
change. The rate of orientation change is optimal when aα = aβ ! a and when ∆ = π

2 . For these parameter values, we
recover a simple analytical expression for the rotational rate about the z-axis:

φ̇(t) =
1

�
a2ω ��n2 ωt → ⟨φ̇⟩ =

1

8
a2ω (3)

Where angle brackets denote the time average of a quantity. Note that the effective rotational speed is quadratic in a.
To evaluate the performance of the Cat, we introduce two nondimensional metrics: the momentum efficiency, ηm, which

is the ratio of the change in orientation (∆φ) per cycle to the amplitude of vibrations, and the energy efficiency, ηe, which is
the ratio of the useful “energy” stored in the rotation of the Cat about the z-axis to the total amount of energy stored in the
torsional spring:

ηm =
⟨φ̇⟩ 2πω

a
=
π

�
a and ηe =

J⟨φ̇⟩2

ka2
=

1

32
a2 (4)

These metrics are useful since they can be used to compare the performance of this simple vibrational attitude control
actuator to that of standard attitude control actuators, such as momentum wheels.

CONCLUSION

In this paper, we have presented a simple, underactuated multibody system, the Cat, that can change its orientation simply
by changing shape periodically, in the absence of any external forces or torques. Further, these periodic shape changes can be
sustained with structural vibrations. The concept presented will be developed into a novel design for a small satellite attitude
control actuator, which requires no continuously-rotating parts, and could be extended into a control paradigm for the attitude
control of soft space robots. A proof-of-concept experiment is currently being constructed in order to demonstrate vibrational
attitude control.
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DAMPING OF WAVES IN A LAYERED STRUCTURE COMPOSED OF TWO ELASTIC
PLATES COUPLED BY A VISCOUS LIQUID

Mario Weder∗1 and Jürg Dual1
1Institute of Mechanical Systems, ETH Zurich, 8092 Zurich, Switzerland

Summary We present a model describing the frequency and damping of waves traveling in a layered structure that is composed of two elastic
plates and a viscous liquid layer in between. The wave-shaped perturbations are assumed to be small so that the linearized Navier–Stokes
equations adequately describe the incompressible fluid motion. The equations are discretized along the transverse direction which yields an
algebraic eigenvalue problem that we solve numerically. We discuss the results for the three modes in the low wavenumber regime.

INTRODUCTION

Wave propagation and vibration in plates that are in contact with a fluid has been a research topic over a long period [1].
Nevertheless, the research community mainly focused on the influence of the fluid on the real frequency ωr [2, 3], whereas
it is still an open question how to implement viscous damping represented by the imaginary frequency ωi. In this paper we
propose a model that couples the linearized, incompressible Navier–Stokes equations of the fluid with the elastic equations of
the solid. The resulting eigenvalue problem gives then access to both the frequency and the damping of waves in the structure.

MODEL

We consider a two dimensional system that infinitely extends in the longitudinal direction x and is layered in the transverse
direction y. The system consists of two identical elastic solid plates of thickness h that are separated by gap width g filled with
a viscous, incompressible fluid, cf. figure 2. We are interested in the temporal evolution of small, wave-shaped perturbations
q(x, y, t) =: ℜ{q̂(y) �i(ξx−ωt)}, where q(x, y, t) denotes an arbitrary perturbation quantity, q̂(y) its complex amplitude,
ξ ∈ R the longitudinal wavenumber and ω ∈ C the complex angular frequency. Here, ωr := ℜ{ω} is the real frequency
and ωi := ℑ{ω} the temporal amplification rate. For the plates we assume a linear elastic material with Young’s modulus E,
Poisson’s ratio ν and mass density ϱ. With the perturbation ansatz, the momentum equations for a 2D elastic solid [4] are

ω2ûx + c22(D2
y↗ξ2)ûx + (c21↗c22)(↗ξ2ûx + �ξDyûy) = 0 , (1a)

ω2ûy + c22(D2
y↗ξ2)ûy + (c21↗c22)(�ξDyûx + D2

yûy) = 0 , (1b)

with displacement amplitudes (ûx, ûy), dilatational wave speed c1 =
!

E(1↗ν)/[ϱ(1 + ν)(1↗2ν)], distortional wave
speed c2 =

!
E/[2ϱ(1 + ν)] and Dy := �/�y. We assume that the motion in the liquid layer governs the Orr–Sommerfeld

equation [5]. This equation is deduced from the incompressible Navier–Stokes equations by linearizing around a parallel base
flow and applying the perturbation ansatz. With zero base flow the Orr–Sommerfeld equation simplifies to

"
�ωρ(D2

y↗ξ2) + µ(D2
y↗ξ2)2

#
v̂y = 0 , (2)

where v̂y denotes the transverse velocity amplitude, ρ the mass density and µ the viscosity of the liquid. We define continuous
stresses and velocities at the liquid/solid interfaces and traction-free conditions at the free solid boundaries.

We choose a wavenumber ξ and discretize (1), (2) as well as the interface/boundary conditions with the Chebychev
collocation method [5]. The resulting equations can be assembled to an algebraic eigenvalue problem [A↗ωB]q̂, where
the complex wavenumber ω acts as eigenvalue and the discretized perturbations are contained in the eigenvector q̂. We use
MATLAB together with the Multiprecision Computing Toolbox [6] to solve the eigenvalue problem in quadruple precision.
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Figure 1: (a) Angular frequency ωr and (b,c) temporal amplification rate ωi as a function of wavenumber ξ. (c) is a magnified
section of (b). Longitudinal mode (blue dashed line), sinuous mode (black solid line), varicose mode (red dash-dotted line),
Rayleigh–Lamb waves (gray lines, cf. [7]). Circles indicate the selected points for plotting mode shapes in figure 2.
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Figure 2: (a–c) Mode shapes of displacement perturbation (ûx, ûz) of solid layers and velocity perturbation (v̂x, v̂y) of liquid
layer (real part). (d–f) velocity perturbation v̂x of liquid layer (real part). (a,d) shows the longitudinal mode, (b,e) the sinuous
mode and (c,f) the varicose mode.

RESULTS
We use E = 210 � � �, ν = 0.3, ϱ = �850 ��/� 3, h = 2 � � as parameters for the solid layers (steel) and µ =

1.002 � � � �, ρ = 998.2 ��/� 3, g = 5 � � for the liquid layer (water). The frequency spectrum of the layered structure is
plotted in figure 1 in comparison with the Rayleigh–Lamb spectrum for a single plate [7]. We recognise three modes whose
mode shapes are given in figure 2: a longitudinal mode with a linear ωr(ξ) relation as well as a sinuous mode and a varicose
mode which both are of bending type with a nearly quadratic ωr(ξ) relation. The motion of the elastic plates in the longitudinal
mode is primarily in the x-direction while the liquid is at rest, expect for the small, viscous boundary layer near the liquid/solid
interface. Only a small fraction of liquid mass participates the longitudinal mode motion, and the real frequency ωr therefore
changes only insignificantly compared to the single plate (< 0.1% in the plotted range). On the other hand, this boundary
layer is responsible for the viscous damping represented by a negative amplification rate ωi. The sinuous mode is characterized
by a symmetrical deformation of the elastic plates with respect to the center axis and a fluid motion predominantly pointing
in the y-direction. The whole liquid mass must be accelerated in the sinuous mode and this leads to a decrease of the real
angular frequency ωr of �.�% with respect to the antisymmetric Rayleigh–Lamb mode. The damping is weak due to the
small velocity gradients in the liquid layer. The antisymmetric deformation of the plates in the varicose mode causes a liquid
pumping motion along the x-direction from the narrowing to the widening of the gap. In the low wavenumber regime, the
distance between the narrowing and widening is large (∼ π/ξ) and due to this, the acceleration of the fluid in x-direction
is large too. This yields a strong reduction of the real angular frequency ωr because the liquid mass must be pumped along
the extensive x-direction. The viscous layer resulting from this pumping fluid motion also induces the strong damping of the
varicose mode.

CONCLUSIONS
The presented model describes the damping of waves in a layered structure caused by the viscous boundary layer near the

interface. The investigation shows a strong damping of the longitudinal mode. The added mass effect reduces the frequency
of the sinuous mode by �.�%, whereas the damping is small compared to the other modes. The characteristic of the varicose
mode is the pumping motion of the liquid from the narrow to the wide gap sections which leads to a strong reduction of the
real frequency and to a large damping. This insights give a better understanding of damping mechanisms found in resonating
sensors and coupling effects acting between runner and casing of water turbines.
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IDENTIFICATION OF FRACTIONAL ORDER OF VISCOELASTIC MATERIALS
BY FEEDBACK CONTROL

Saeha Yamane1 and Hiroshi Yabuno∗1

1Graduate School of Systems and Information Engineering, University of Tsukuba, Tsukuba, Ibaraki, Japan

Summary Our proposed method identifies the feature of soft matters such as polymers, which is usually modeled as viscoelastic systems
with fractional derivatives. The presented method directly extracts the order of fractional derivatives that indicates the viscoelastic effect
by utilizing self-excited oscillation in the viscoelastic system produced due to velocity feedback. The fractional order is evaluated by
the change of response frequency depending on the displacement feedback gain. Also, for the practical application, we theoretically
show by the method of multiple time scales that nonlinear feedback can realize the self-excited oscillation with small steady state
amplitude.

INTRODUCTION

Viscoelastic materials such as polymers have a property of both viscosity and elasticity. A linear combination of
springs and dampers is widely used for modeling of those matters. For example, the Maxwell model and the Kelvin-Voigt
model are well-known. The parameters of viscous and elastic components of conventional models are identified from the
frequency response curve under the external excitation, even though the curve obtained from the identified parameters
does not globally fit experimental results because of neglecting memory effects. Meanwhile, it is theoretically known
that mathematical models with fractional differential terms can provide the frequency response curve which is globally
agreement with that obtained from experimental data. However, the utilization of the frequency response curve under
external excitation is not suitable because it can not directly identify the fractional order. i.e., because also the effects
affect the shape of the response curve. In order to resolve this problem, we propose an identification method in using
linear and nonlinear feedback control. The velocity feedback compensates viscosity and produces self-excited oscillation.
Then, we can obtain the identification method without a widely used assumption that the modulus of the fractional terms
is very small. Namely, we can directly evaluate the fractional order by using the change of frequency response depending
on the gain of displacement feedback. The nonlinear feedback is also applied for the practical use so that we can set its
amplitude to a small constant.

EQUATION OF MOTION OF VISCOELASTIC SYSTEM WITH FEEDBACK CONTROL

We consider a spring mass damper model added a term of fractional differences that represents viscoelasticity[1] and
give some external forces by feedback control as follows:

m
d2x

dt2
+ c

dx

dt
+

β

Γ(1− α)

! t

0
(t− τ)−α

dx

dt
dτ + kx = f

dx

dt
+ gx+ hx2 dx

dt
, (1)

where m, c, β, k, f , g and h are inertial, viscous, viscoelastic, elastic, linear velocity feedback, linear displacement
feedback, and nonlinear feedback coefficient, respectively, x is the displacement, t is the time and α is the order of
fractional differences (0 < α < 1).

ANALYSIS OF NONLINEAR FRACTIONAL DIFFERENTIAL EQUATION

From Eq. (1), we can obtain a dimensionless fractional differential equation as follows:

d2x∗

dt∗2
− c∗

dx∗

dt∗
+

β∗

Γ(1− α)

! t∗

0
(t∗ − τ∗)−α

dx∗

dt∗
dτ∗ + x∗ − ϵ

dx∗

dt∗
+ a∗x∗2

dx∗

dt∗
= 0, (2)

where ∗ is a dimensionless index and ϵ is a small dimensionless parameter. By applying the perturbation method and
considering order of leading terms, we assume that an approximate solution of Eq. (2) can be described as x∗ = ϵ

1

2x0 +
ϵ

3

2x1. Moreover by applying the method of time scales, two equations of the coefficients of ϵ 1

2 and ϵ 3

2 are derived as
follows:

ϵ
1

2 : D0
2x0 − c∗D0x0 +

β∗

Γ(1− α)

! t∗

0
(t∗ − τ∗)−αD0x0dτ

∗ + x0 = 0 (3)

ϵ
3

2 : D0
2x1 − c∗D0x1 +

β∗

Γ(1− α)

! t∗

0
(t∗ − τ∗)−αD0x0dτ

∗ + x1 = −2D1D0x0 + c∗D1x0 +D0x0 − a∗x0
2D0x0

− β∗

Γ(1− α)

! t∗

0
(t∗ − τ∗)−αD1x0dτ

∗, (4)

∗Corresponding author. Email: yabuno@esys.tsukuba.ac.jp
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where D0 and D1 are partial derivatives ∂
∂t0

and ∂
∂t1

with respect to time scales t0 = t∗ and t1 = ϵt∗, respectively. In
Eq. (3), we can control c∗ so that x0 has a solution of simple harmonic oscillation, in the case, frequency p is zero of an
equation p2 − 1 = β∗ cos(πα2 )pα[2]. Substituting the harmonic solution x0 = A(t1)eipt0 + Ā(t1)e−ipt0 into Eq. (4) and
considering a condition not to produce a secular term in Eq. (4), we obtain a complex amplitude equation as follows:

2pD1A+ ic∗D1A− i
β∗

Γ(1− α)

! t∗

0
(t∗ − τ∗)−αD1Adτ

∗ = pA− a∗p|A|2A, (5)

where A is a complex amplitude. Hence, we can get x∗ ≃ 1√
a∗ cos(pt∗ + φ0).

ANALYTICAL RESULTS FOR VISCOELASTIC MODEL
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Figure 1: Varying of oscillation frequency depending on fractional parameters. (a) Frequency p vs fractional order α. (b)
Frequency p vs fractional modulus β∗.

Figure 1 shows analytical results for the nonlinear fractional equation of a viscoelastic model. The ordinate indicates
the dimensionless response frequency of self-excited steady state harmonic oscillation. In Fig. 1(a), the abscissa indicates
fractional order α, and in Fig. 1(b), the abscissa indicates dimensionless fractional coefficient β∗. As can be seen from
Fig. 1(a), when the fractional modulus is very small i.e. β∗ = 0.01 or 1, it is difficult to distinguish the fractional order
α because the change of frequency is very small. However, the displacement feedback can change fractional modulus
β∗ e.g. β∗ = 100 so that the change of frequency is very large depending on the small change of fractional order α. In
addition, different from the conventional methods, our analysis can deal with the equations that have large coefficient of
fractional differences.

Figure. 1(b) shows that the fractional term whose order α is close 0 affects frequency as
√
β∗ like that in just spring

mass system and one whose order α is close 1 does not affect frequency because of the feedback control that compensates
damping effect.

CONCLUSIONS

We have proposed an identification method about the order of fractional differences. We have analyzed the nonlinear
fractional differential equation under the feedback control with the methods of perturbation and multiple time scales. We
have theoretically derived that the fractional harmonic oscillation has the frequency depending on the fractional order
α and coefficient β∗. In addition, we can make the steady state vibration with a small constant amplitude by applying
nonlinear feedback control. By using these results, we have clarified that our identification method directly extracts the
order of fractional differences and showed the utility of the method for evaluating a property of viscoelastic matters. In
near future works, we practically detect the order of fractional difference of viscoelastic materials such as polyurethane
gum intrinsically contain by the above method. Furthermore, we will show whether various soft matters have each distinct
fractional order or not as like spring term. Eventually, we try to analytically lead viscoelastic basic theory on physics.
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Figure.1 Parameter repartition in beams (color gradient represents property gradient) 

 

  
Figure.2 Mode shapes for a monolithic beam with constant properties (left) and exponentially variable properties (right) : 

(a) mode 1, (b) mode 8, (c) mode 20.  
 

CONCLUSION 
 

At this point, the acoustic black hole phenomenon was reproduced with other means than changing the beam geometry. 
Application of this approach on more complex models, and its combination with other means of mode concentration such as 
coupled systems with structural irregularity, can provide better understanding of the energy focussing phenomenon. 
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UNCERTAINTY ANALYSIS OF ROTATING MACHINES USING FUZZY LOGIC APPROACH

Valder Steffen Jr, Aldemir Ap Cavalini Jr & Arinan D Guerra Silva
LMEst – Structural Mechanics Laboratory, Federal University of Uberlândia, School of Mechanical Engineering,

Av. João Naves de Ávila, 2121, Uberlândia, MG, 38408-196, Brazil.

Summary The present contribution is dedicated to the analysis of uncertainties affecting the dynamic behaviour of flexible rotors. For this aim, 
according to the literature, a stochastic method has been extensively used to model uncertain parameters, namely the so-called Monte Carlo 
simulation. However, in the present contribution, the inherent uncertainties of various parameters of the system (i.e., geometry, material, oil 
viscosity, and radial clearance of oil film bearings) are modelled by using a fuzzy based analysis. This alternative methodology seems to be more 
appropriate when the stochastic process that models the uncertainties is unknown. The dynamic analysis includes both time and frequency 
domains, as given by the unbalance responses and orbits. A comparison between Monte Carlo simulation and fuzzy analysis is performed. Finally, 
experimental tests are made to illustrate the validity of the methodology conveyed.

INTRODUCTION

Uncertainty analysis of dynamic systems has been studied by applying stochastic techniques based on three different 
stochastic approaches, namely the probability theory, in which uncertainty is dealt with by stochastic modelling; interval 
analysis, where uncertainty is modelled as represented by predefined intervals; and fuzzy set theory, in which uncertainty is 
described as incomplete and inaccurate information. Reference [1] brings a review about the main issues in fuzziness and 
probability. The contextualization of the stochastic approach within the structural dynamics scope through the Stochastic 
Finite Element Method (SFEM) and the so-called Polynomial Chaos Expansion (PCE) technique is presented in [2]. In [3]
the fuzzy set theory to uncertainty structural analysis was introduced. Concerning rotor dynamics associated problems, [4]
used SFEM and PCE techniques to investigate the quantification of the effects of uncertainties in the variability of the rotating 
system response. In [5] the SFEM approach was applied to a flexible rotor with uncertain parameters modelled as 
homogeneous Gaussian random fields discretized by the Karhunen-Lòeve series expansion. Following the fuzzy theory, [6]
analysed the dynamics of �exible rotors under uncertain parameters. In [7] the dynamic behaviour of a flexible rotor with 
three rigid discs, supported by two fluid film bearings was evaluated. 

In this context, the present work proposes the application of a straightforward approach to demonstrate the effectiveness 
of fuzzy approach for uncertainty analysis of rotating machines. Thus, fuzzy uncertain parameters are mapped onto the model 
with the aid of the so-called �-level optimization [3]. Additionally, the Differential Evolution algorithm is used to solve the 
optimization problem in the fuzzy analysis [9]. For comparison purposes, the Monte Carlo simulation combined with Latin 
Hypercube sampling is used to generate the envelope of responses of the stochastic rotor system. Experimental tests are made 
to illustrate the validity of the methodology conveyed.

FUZZY LOGIC APPROACH

Fuzzy logic is the term used to the intuitive formulation proposed by [9] that generalize the membership notion of an 
element in a mathematical set, creating a graded notion represented by a membership function. In the fuzzy set theory, the 
uncertainties are described as fuzzy inputs and the mathematical model is represented as a fuzzy function that maps those 
inputs by using the so-called �-level optimization. In this case, the fuzzy inputs are discretized by means of �-cuts creating a 
crisp subspace that is the search space of an optimization problem. The optimization process is carried out in order to finding 
the minimum and maximum values of the model output for each �-level (i.e., lower and upper limits of the correspondent �-
level). 

APPLICATIONS

The proposed uncertainty analysis was first applied to a horizontal rotating machine, which is shown in Fig. 1a. The finite 
element model is composed by a flexible steel shaft with 780 mm length and 12 mm diameter, two rigid discs of steel, and 
two cylindrical hydrodynamic bearings, each one with 25 mm diameter, 10 mm length, and radial clearance of 50 �m [10]. In 
this case, the uncertainty analysis is dedicated to evaluate the influence of uncertainties on the oil viscosity of both bearings 
of the rotating system (i.e., oil temperature). Figures 1b and 1c show the responses obtained along the horizontal direction at
the disc #8, for the rotor operating under a linear run-down condition (3200 to 100 rev/min in 30 sec). The instantaneous 
radius of the orbit obtained at the bearing #4 was considered as being the objective function for the minimization and 
maximization problems associated to the fuzzy analysis. Considering the Monte Carlo simulation, it has been considered 200
samples. Note that both uncertainty analyses provided similar results. 
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Figure 1 ± Numerical analysis applied in a horizontal rotating machine  

(�����lower limit; ���� upper limit; ---- nominal). 
 
The experimental tests were applied to a horizontal rotating machine modeled by using 35 Timoshenko beam elements, 

which is shown in Fig. 2. The finite element model is composed by a flexible steel shaft with 840 mm length and 19.05 mm 
diameter, three rigid discs of steel, and two cylindrical hydrodynamic bearings, each one with 19.05 mm diameter and 12.8 
mm length. The uncertainty analysis is dedicated to evaluate the influence of uncertainties on the radial clearance of both 
bearings. Note that the displacements determined by applying the uncertainty scenario in the FE model can predict 
satisfactorily the dynamic behaviour of the rotor. Only the fuzzy approach was used in this application. 
 

   

---- lower limit / Į = 0 

---- upper limit / Į = 0 

---- nominal 

�����H[SHULPHQWDO 

S1 ± near LHS bearing 

S2 ± near RHS bearing 
a) Rotating machine. b) Plane S1; 1200 rpm. c) Plane S2; 1200 rpm. 

Figure 2 ± Experimental analysis applied in a horizontal rotating machine. 
 

CONCLUSIONS 
 

   In this paper two uncertainty approaches were used to evaluate the dynamic responses of a flexible rotor supported by oil film 
bearings, namely fuzzy and stochastic analyses. The applications show that both uncertainty approaches led to similar results. 
However, the fuzzy analysis seems to be more adequate when the stochastic process that models the uncertain parameters of the 
bearings is not well defined. Finally, the proposed strategy demonstrates the relevance of introducing uncertainties in the design 
variables from the design perspective of rotating machinery.  
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EQUIVALENT VISCOUS DAMPING OF A CYLINDER MOVING TRANSVERSELY
THROUGH SAND: EXPERIMENTAL RESULTS

Eric M. Hernandez∗1, Elizabeth Richards1, and Steven Bellavance1

1School of Engineering, University of Vermont, Burlington, Vermont, USA

Summary This paper presents experimental results regarding the equivalent viscous damping induced by a cylinder moving transversely
through sand with varying degree of water content. The experimental set up consists of a flexible steel frame with an attached cylinder
which moves in free vibration inside a container with sand. Various conditions are examined which include cylinder embedded length,
water-to-sand ratio and initial displacements. It is shown that the proposed set-up significantly increases the effective damping of the frame.

INTRODUCTION

Damping has a significant effect on the dynamic response of structures, specially in free vibration and near resonance.
Most large structures have a damping which is less than 5 percent of critical and thus engineers typically look for ways
to increase damping with additional devises. A variety of devises have been proposed with varying costs, complexity and
effectiveness. This paper reports on experimental results aimed at identifying the equivalent viscous damping ratio of a SDOF
system that uses sand as supplemental means to add damping. The paper examines various cases including dry, saturated and
over saturated sand. Specifically we test the damping imparted by a cylinder moving in the transverse direction through sand.
The experimental setup can be seen in Fig.1.

RIGID BLOCK

SAND

Ø 6.3 mm
Accelerometer

Le

Steel frame
(25mm x 1.6mm)

Direction of Motion

460 mm

460 mm

Figure 1: Experimental set-up.

THEORETICAL BACKGROUND

The free vibration response of a linear, viscously damped single degree of freedom system is governed by

mẍ + cẋ + kx = 0 (1)

with solution given by [1]

x(t) = e−ξωt
!

vo + ξωxo

ωd
��nωdt + xo ���ωdt

"
ξ =

c

2mω
ω =

#
k

m
ωd = ω

$
1↗ξ2 (2)

where ξ < 1 is the damping ratio and ω is the natural circular frequency. If the response is measured and we wish to
identify the equivalent value of ξ from the tests, we can use the so-called log decrement test. The logarithmic decrement δ is
defined as

nδ = l��
Xi

Xi+n
(3)

∗Corresponding author. Email: eric.hernandez@uvm.edu



where Xi is the response at the ith peak and Xi+n is the response at the nth peak after i. It can be shown that the damping
ratio is given by

ξ =
δ√

�π2 + δ2
(4)

To reduce the effect of measurement noise, the estimated damping ratio is averaged across multiple sequential peaks.

IDENTIFICATION RESULTS

This section presents the estimated sand-induced damping ratio results under a combination of conditions. So far we
have examined 3 water-to-sand ratios, 3 different initial displacements (xo), 3 different embedded lengths (Le) and 2 different
natural frequencies. Due to space constraints we only show a subset of results. In each case 10 tests (10 seconds long)
where conducted and a summary of the results is presented in the table below. The acceleration response of the system was
measured using PCB-333B30 accelerometers. The sampling rate was �, 09� Hz. Prior to using the raw acceleration data
for identification a low-pass Butterworth filter and re-sampled at 100 Hz.The frequency and damping ratio of the steel frame
in free vibration (without any added damping) were identified at 5.�Hz and 0.003 respectively. Saturated sand exhibited a
moisture content between 10 and 15 percent. Over-saturated sand exhibited a moisture content around 25 percent.

Table 1: Estimated damping ratio and natural frequency for Le = 10mm.
xo = 10mm xo = 20mm xo = 30mm

ξ fn(Hz) ξ fn(Hz) ξ fn(Hz)
Dry 0.078 5.38 0.0435 5.18 0.02 5.10

Saturated 0.058 5.38 0.032 5.18 0.03 5.15
Over-Saturated 0.038 5.19 0.029 5.10 0.021 5.05
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Figure 2: Time history of free-vibration acceleration response with rod embedded at various lengths.

CONCLUSIONS

The effective damping induced by a rigid cylinder moving in free-vibration transversely through sand was investigated
experimentally. The main trends were as follows: (1) The effective damping in all conditions is significantly larger than the
intrinsic damping of the structure without the added damping, (2) The effective damping imparted by the cylinder moving
transversely in sand decreases with water content and with the amplitude of the motion. The effective natural frequency also
exhibits the same trends however with a smaller sensitivity. Future work on this topic will look at the effective damping under
various types of forced excitation such as harmonic and seismic-induced ground motion.
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of single-walled carbon nanotubes (5%) can significantly increase the natural frequencies of the fibre reinforced laminated 
composite beams. Another observation is that the rise in fundamental natural frequency of beams due to addition of CNTs is 
more significant in nonrotating rather than the rotating cases. 
 

Table 1. Effect of SWCNTs weight percentages CNw on the fundamental natural linear frequency of the cantilever 
rotating and non-rotating CNTFPC blades. 

 
 
 
 
 
 
 
 
 

Table 2. Effects of aspect ratio and type of the nanotubes on the fundamental natural linear frequency of the 
cantilever rotating and non-rotating CNTFPC blades. 

Case

 

/ NCN Cd  
ȍ3 = 0 rad/s  ȍ3 = 10 rad/s 

SWCNTs MWCNTs Difference  SWCNTs MWCNTs Difference 
Strip 100 26.6496 24.5043 [-8.05%]*  28.6383 26.6530 [-6.93%] 
 10000 28.7794 24.5128 [-14.83%]  30.6304 26.6608 [-12.96%] 

Box 100 187.0501 159.0431 [-14.97%]  187.3596 159.4047 [-14.92%] 
 10000 210.3223 159.1685 [-24.32%]  210.5982 159.5299 [-24.25%] 

 
     The effects of aspect ratio and type of the nanotubes are shown in Table 2. One can observe that the fundamental 
natural frequency of the CNTFPC beams increases with an increase in CNT percentage and this increase is more significant 
in SWCNTs than MWCNTs. In other words, single walled carbon nanotube reinforced composite beams exhibit better 
resistance to flexural deflection and vibration in comparison with multi-walled carbon nanotube reinforced beams. 

 
CONCLUSIONS 

     Free vibration analysis of rotating multiscale nanocomposite beams was investigated in this study. The governing 
equations of motions were discretized by the Galerkin method, and the natural frequencies were determined. Numerical results 
showed that the natural frequencies significantly increase with a small content of CNTs. It was also found that the SWCNTs 
reinforcement produces more pronounced effect on the natural frequencies of the beam in comparison with MWCNTs. This may 
be attributed to the defect-free structure of SWCNTs. 
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Case 
ȍ3 = 0 rad/s  ȍ3 = 10 rad/s 

CNw  
 CNw  

0% 5% 10%  0% 5% 10% 
Strip 24.2744 28.7979 32.4403  26.4403 30.6478 34.0946 

  [18.63%] [33.64%]   [15.91%] [28.95%] 

Box 154.9875 210.513 232.879  155.3577 210.788 233.116 
  [35.83%] [50.26%]   [35.68%] [50.05%] 
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Summary The present work studies related non-stationary axially symmetrical problems of propagation of waves in spherical shells filled with 
isotropic conductor. Initial boundary value problems include linearized equation systems, zero initial and boundary conditions. Required 
functions are expanded in terms of Legendre and Gegenbauer polynomials, as well as in serials with respect to a small parameter 
describing the link between electromagnetic and mechanic fields. 
 

PROBLEM DESCRIPTION 
 
It is assumed that spherical shells (thick-wall sphere, spherical cavity or ball) are filled with isotopic conductor. Non-
stationary coupled axially symmetric process is described by non-dimensional linear equations of motion with its right side 
LQ� WKH� IRUP� RI� /RUHQ]� IRUFH� OLQHDUL]HG� JHQHUDOL]HG�2KP¶V� ODZ�� DV� ZHOO� DV� E\� FRQFOXVLRQ� IURP�0D[ZHOO¶V� HTXDWLRQ� LQ� D�
spherical coordinate system � �, , 0, 0 ,r r t d d � � dT - T S S - S  [1]: 
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Here u and v are radial and tangential displacements; ,rE ET  and ,rj jT  are corresponding components of electric field 
vectors and current density; H is non-zero coordinate of electric field vector; eU  - surface charge density; , , , eD K J K are 
non-dimensional physical parameters; time derivatives are dotted, lower LQGH[� ³�´� FRUUHVSRQGV� WR� WKH� LQLWLDO� YDOXHV�� 7KH 
following values are taken as units of measurement: R  and E  are describing linear size and electric field; 1R c  where 

1c  is velocity of the waves of tension and compression; 3RU  where U is density of material. 
Initial conditions are zero, the required functions are limited, initial density of magnetic field is absent. The methods of 
solutions in the above mentioned areas and various boundary conditions are identical. Such methods can be exemplified in a 
ball of 1r  radius with displacement and intensity of electrical field set at the boundary. 
 

EXPANSION AND INTEGRAL REPRESENTATION OF SOLUTION 
 

Let the required functions as well as the right sides of the boundary conditions be expanded in terms of Legendre 
polynomials � � � �cos 0nP nT t  and in products � � � �3 2

1sin cos 1nC nT T� t  where the second factor is a Gegenbauer 
SRO\QRPLDO� �FRHIILFLHQWV� DUH�PDUNHG� E\� ORZHU� LQGH[� ³n´��� 7KHQ�� WKH� /DSODFH� WLPH� WUDQVIRUPDWLRQ� LV� DSSOLHG� �with upper 
LQGH[� ³L´ corresponding representation in time, s, corresponding parameter). The study of the resulted initial boundary 
value problem shows that its analytical solution is pretty much difficult. Therefore, the problem is expanded in series with 
respect to small parameter D which is describing relatedness of the problem (only a part of functions indicated): 



� � � � � � � � � � � �
0 0 0 0

, , , , , , , , , .m m m m
n nm n nm n nm rn rnm

m m m m
u u v r v r H r H r E r E rD W W D W W D W W D

f f f f

    

    ¦ ¦ ¦ ¦  

The result is a recurrent (by m index) system of boundary value problems. Let their solution be written in integral form 
(relations are shown partially; ,u vg g  and Hl  are known functions): 
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The kernels of these representations are Green functions, i.e. limited solutions of the corresponding boundary value 
problems. They are represented explicitly which allows for precise finding originals through expansion in serials with 
regard to exponents [2]. For instance, 0

L
uuG  in (1) is represented as ( � �h x ��D�+HDYLVLGH¶V�IXQFWLRQ��RWKer functions are not 

given here because of space limitation): 
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In the same way the dominant functions in (2) can be represented, as well as in integrations of other components of 
electromagnetic field. However, calculation of their originals implies significant difficulties due to the small value of eK  
parameter. To this reason they are substituted by quasi-static analogues where 
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This allows to write the original representations (2) in the form of single interval (without time convolutions): 
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Recurrent system of equations (1), (2) is solved through numerical integration. 
 

CONCLUSIONS 
 

The algorithm developed will allow for studying mutual influence of non-stationary mechanical and electromagnetic fields in 
bodies limited by spherical surfaces. Such approach can also be applied to bodies of other geometry (for instance, semi-plane, 
round cylinder). 
This work was done with financial support of the Russian Foundation for Basic Research (project code 15-08-00788). 
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Summary: The lumped parameters dynamic model of gripper cylinder in Tunnel Boring Machines is established in which the interaction with 
the rock and the variable stiffness of structures are considered. The correlation between the dynamic behavior and the variable stiffness of the 
cylinder due to interaction with the rock, the oil, the seals, the copper guide sleeve and the length of piston rod is numerical discussed. The 
results show that the natural frequency of the gripper cylinder is mainly affected by the equivalent stiffness of the seals and the oil. The 
fluctuation of the loads between the cylinder and piston rod is investigated, which provides the guide for the damage analysis of the gripper 
cylinder in TBM. 
 
 

DYNAMIC MODEL OF GRIPPER CYLINDER 
 
The Tunnel Boring Machine (TBM) is widely used in hard rock tunnel construction. The gripper cylinder provides 
enormous supported load force for the TBM during the excavation shown in Fig.1a and Fig.1b. The vibration performance 
of the gripper cylinder is important because the damage usually is caused such as the pitting of piston, fracture of the seals 
and fatigue of the cooper guide sleeve. It easily results in the blockage serious accidents. Consequently, it is important to 
study the dynamic model and the vibration characteristic influenced by the uncertainties of gripper cylinder. 

A lumped parameter dynamic model of gripper cylinder system is illustrated in Fig.1c. The cylinder barrel and the piston 
rod are modelled as the beams with the mass bm and rm . The mass of seals and the copper guide sleeve are sm and cm . The 
length of the barrel and the rod are bL and rL  while their bending moments are 21 2 bcgb bI m L  and 21 2 rcg rrI m L , respectively. 
And 1a represents the distance between the centre of the barrel and the seals, 2a is the distance between the centre of the rod 
and the copper guide sleeve. The interaction between the gripper and the rock would change the boundary condition of the 
vibration model, which is defined as the equivalent stiffness of the rock rk . In addition, the equivalent stiffness of the seals, 
the copper guide sleeve, the oil and the bending stiffness of the gripper are denoted as sk , ck , ok and gk , respectively. The 
axial displacements of barrel and rod are denoted as 1x and 2x , the radial displacements of the barrel and rod are denoted by 

1y and 2y , and the rotation displacements are 1T and 2T . 
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Fig.1. A lumped parameter model of gripper cylinder in TBM 

According to the Lagrange equations: 
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where T is the kinetic energy, V is the potential energy and iq is the generalized coordinate of the whole systems. The 
dynamic equations of the gripper cylinder system can be written as: 
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where q is a vector containing the system coordinates while M and K stand for mass matrix and stiffness matrix, respectively.  
 

RESULTS AND DISCUSSIONS 
 
A six degree dynamic model of gripper cylinder can be obtained when the copper guide sleeve and the seals have the same 
velocity with the rod illustrated in Fig.1c. The rod of the gripper cylinder extends to a designed length to provide support 
force when the TBM is working. The influence on the dynamic behaviour due to the gripper and the rock, the equivalent 
stiffness of the seals, the oil, and the copper guide sleeve is numerical studied by using Matlab2015. 

The correlations of the natural frequency and the equivalent stiffness are illustrated in Fig. 2. The natural frequency 
decreases with the extension of the rod increasing. The natural frequency of the gripper cylinder is 34.8 Hz when the piston 
rod is extended to the maximal length (Fig.2a). The natural frequency has the positive correlation with the equivalent 
stiffness of the oil, the seals, the copper guide sleeve (CGS) and the rock (Fig. 2b, Fig. 2c, Fig. 2d and Fig. 2e). It can be 
found that the relationships between the natural frequency and the variable equivalent stiffness are nonlinear because the 
stiffness due to variable factors is coupled. The natural frequency increases 33.3% with the equivalence stiffness of the seals 
changing from 0.01 GN/m to 0.15 GN/m and it has the same increment with the equivalence stiffness of the oil changing 
from 0.3 GN/m to 1.2 GN/m. It increases 12.8% with the equivalence stiffness of the copper guide sleeve changing from 0.2 
GN/m to 6 GN/m. The nature frequency changes 1.1% when the equivalent stiffness of the rock varies from 20 GN/m to 
120 GN/m. It can be concluded that the equivalence stiffness of the seals and the oil have greater influence on the natural 
frequency of the gripper cylinder. 
The vibration is unavoidable for the copper guide sleeve. The loads between the cylinder barrel and the copper guide sleeve 
were studied and the frequency was achieved by FFT shown in Fig.3. The load has an oscillation between -30kN and 30 kN 
and it has a complex frequency spectrum. 
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Fig.2. Nature frequency of the gripper cylinder changing with equivalent stiffness of the copper guide sleeve, the oil, the seals 

and the extension of piston 
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Fig.3. Loads between the cylinder barrel and the copper guide sleeve 

 
CONCLUSIONS 

 
The dynamic model of the gripper cylinder in TBM considering variable stiffness is established. The dynamic performance 
of the gripper cylinder is numerically studied by considering the variable factors. The results show that the equivalent 
stiffness of the seals and the oil play the most important role in the natural frequency of the gripper cylinder. The natural 
frequency decreases with the extension of the piston rod. Based on the dynamic characteristics of the gripper cylinder, the 
loads between the cylinder barrel and the copper guide sleeve are calculated, which may be used in the damage analysis of 
the gripper cylinder. Meanwhile, it is useful in the fault diagnosis and the life prediction of the gripper cylinder in TBM.  
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DAMAGE LOCALIZATION FOR OPERATIONAL MODAL ANALYSIS VIA RANDOM 
DECREMENT TECHNIQUE 
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Summary An approach to localize damage from response of wide band excitation with the help of undamaged model is 
presented. The wide band response is transferred to a free decay response via random decrement technique. The free decay 
response is regarded as two parts, a forced response related with damage and a free decay response of undamaged system. If the 
second part can be eliminated, the residual should belong to a span related with damage. However, the second part cannot be 
extracted directly because the initial condition is not measurable for all system coordinates with limited sensors. Therefore, we 
employ the null space of free decay response span based on undamaged model to eliminate it. The fact that subspace angle 
between the treated free decay response and columns in transfer matrix selected by correct damaged pattern should be zero is 
used in final localization. 
 

INTRODUCTION 
 

   The identification module is often the weak link in damage characterization schemes. This paper presents a damage 
localization scheme that operates without identification and holds whenever it is possible to extract free-vibration signals 
from the damaged state. Random decrement technique, which can extract free response from random response[1], helps to 
extend our application for ambient response. The principle of damage localization based on subspace analysis between 
damaged and undamaged system[2]. The difference with previous papers is that we only take a vector from damaged state 
rather than the vector of difference between damaged state and undamaged state. 
   There is no direct relationship between free decay damaged response vector and the subspace related with damage. 
However, we regard the free decay damaged response as a summation of a free decay response of undamaged system and a 
forced response cause by damage. To eliminate the free decay response of undamaged system part, null space of free decay 
response is constructed with the help of undamaged model. The relationship is built up by multiplying the null space to the 
free decay damaged response vector. 
   This paper is organized as: 1) the theory of damage localization from free decay response; 2) description of random 
decrement technique; 3) numerical example.     
   

DAMAGE LOCALIZATION FROM FREE DECAY RESPONSE 
 

   Consider a system with damage treated as a change in the stiffness matrix 'K . The equation that governs the response 
to an arbitrary initial condition is � � � � � � � � 0d d dt t t� � �'  Mx Cx K K x ,which can be written as 

� � � � � � � �d d d dt t t t'Mx +Cx +Kx = Kx . Let ( )d tx  be divided in two parts � � � � � �d d dt t tc cc�x = x x , where they are   

 
� � � � � � � �

� � � �
� � � � � �

� � � � � � � �
0

0 0 0 0 0 0 0 0
d d d d d d d

d d d d d d

t t t t t t t
and

c c c cc cc cc'

c c cc cc    

Mx + Cx + Kx = Kx Mx + Cx + Kx =
x x x x x x

  (1)    

   Since the initial conditions in the first equation are zero, a Laplace transform leads to ( ) ( ) ( )d ds s sc  'x G Kx , where 

� � 12( )s s s
�

 � �G M C K , and � � 01

0

( )d u us s �  ½
cc  � ® ¾

¯ ¿

x
x C I A

x
, where uA is the transition matrix, uC is the observation 

matrix and I is the identity matrix . The principle for damage localization is ( )d scx  belongs to the subspace of ( )s 'G K . 
If we can eliminate � �d tccx  from � �d tx , it become possible to localize damage. 

   With the help of undamaged model, it is not difficult to get the left null space of 1( )u us ��C I A , which is assumed as Q . 

Multiply Q  on both sides of � � � � � �d d ds s sc cc�x = x x  to get  � � � �d ds scQx = Qx . Consequently, we have 

� � ( ) ( )d u ds s s'Qx = QC G Kx , which means the subspace angle between � �d sQx and ( )u s 'QC G K should be zero with 
the correct damage pattern. Considering the number of sensors is always less than number of DOFs in practice, it is 
impossible to make 1( )u us ��C I A  column full rank with signal s-values. Therefore, we take multiple s-values to construct 
the null space Q  as well as to calculate ( )u s 'QC G K . 
 



RANDOM DECREMENT TECHNIQUE (RDT) 
 

  Because free vibration is often difficult to realize one often must extract the signals from forced vibration response. One 
way that does not require system identification be carried out is using the Random Decrement Technique, which is a method 
to obtain free vibration from random response. The principle of this method is to average segments in random response. The 
segments start at special instants under a condition like ^ `( ) , ( ) 0  i p i p iC t y t a y t  ! . 

   It was shown in [3] that this condition often leads to residual spectra with a peak at the first modal frequency. To avoid 
it, a minimum gap between two adjacent instants of the fundamental period is suggested. 
   In addition, one limitation of RDT is that it provides a short length faithful free decay response. This leads to error in 
Fourier transform. To deal with this drawback, the rule that the duration of RD signal taken into Fourier transform depends 
on s-values is studied.      
 

NUMERICAL EXAMINATIONS 
 

   This approach is illustrated by the 5 DOFs lumped system in Fig.1. Damage is simulated as some percent loss of 
stiffness in spring #4. In addition, there are sensors at coordinates [1 2 4 5] measuring accelerations and 20 dB measured 
noise in random response.  
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   To show the efficiency for different damage extents, we illustrates the numerical results in Fig. 2. As one intuitively 
expects, the contrast realized between the undamaged and the damaged location increases as the extent of damage increases. 
   In addition, we also verified this approach under different SNRs and model error. As it is discussed in [4], the noise in 
RDT mainly depends on averaged times rather than SNRs. As a result, the comparison of subspace angles shows little 
difference with various SNRs but great improvement with increasing of averaged time. And a 5% model error is tolerable 
for this example. Further calculation shows the tolerance would decrease with bigger system.   
 

CONCLUSIONS 
 

   The paper presents a technique for damage localization that operates with ambeint response from the damaged state and 
a model of the healthy state. The scheme operates without the need to perform identification and does not impose any 
significant constraints on the input, namely: it requires that the input be reasonably broad band and of long duration so that 
sufficiently accurate free vibration signals can be extracted from the measurements using the random decrement technique.  
   A feature of the approach is we do not need the response from undamaged state. The localization comes from tranfer 
matrix and free decay response of damaged system (both left multiply the the null space of free response for undamaged 
system. It seems like the model should be highly accurate. In the numerical example, a maximum model error of 5% is 
obtained. As limited length RD signal is faithful, the Fourier tranform will be inaccuracy with a uniform langth for every s-
values. We suggest the length of RD signal should depond on specific s-value, which can be obtained form analytical 
Fourier transform. 
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Summary Results of this paper are presented from an experimental investigation of a honeycomb plate structure under micro-dynamics. The 
dynamic response of the honeycomb plate structure was characterized in terms of modal parameters at different micro-vibration level. Two 
main sweep test methods were established on the ground to measure the FRF curves of a combined plate structure jointed by bolts, over a range 
of vibration acceleration from 10-1 g to 10-6 g, by which the natural frequencies and damping ratios were obtained. The results showed that the 
variances of the first three natural frequencies were less than 1% on different acceleration levels, and the variances of damping ratios for the 
first three modes are less than 25%. 
 

INTRODUCTION 
 

Micro-vibration of the spacecraft means the vibration with amplitude below 0.1g caused by normal functioning of on-
board equipment such as reaction wheels [1]. For high-precision spacecraft such as the space telescopes and navigation 
satellites, the micro-vibration environment will affect seriously the accuracy and stability of the cameras or antenna, which 
reduces the important indicators including resolution. It is therefore necessary to obtain the dynamic characteristics of 
spacecraft under micro-vibration [2]-[3]. In this article, two honeycomb plates jointed by bolts and inserts are designed and 
manufactures as a typical substructure of a spacecraft [4]-[5]. An experimental system is set up to isolate environment 
vibration, to provide subtle excitations and to measure the weak responses. The FRF curves are obtained over a range of 
vibration acceleration from 10-1 g to 10-6 g. Natural frequencies and damping ratios for the first three modes are analyzed for 
different vibration level. 
 

TEST INSTRUMENTATION 

   The measured specimen is a combined structure made up of a two aluminium honeycomb sandwich plates with gross 
dimension of 300h400h20mm. The two plates are connected by three bolts through inserts imbedded to the honeycomb 
plates. Two excitation mathods are used in the tests. The first one is a Model 2007E electrodynamic shaker, providing force 
which is measured by the PCB piezotronics force sensor model 208C01 as shown in Fig.1(a). The other is a TA0505D024W 
piezoelectric chip produced by THORLABS as an actuator as shown in Fig.1(b), which is controled by piezotronics 
controller (MDT693B). It offers a maximum displacement of 2.8Pmf15% with drive voltage range is from 0 to 75 V. To 
measure the small vibration response, a Polytec portable digital vibrometer PDV 100, is used for non-contact measurement 
of surface vibration velocities. When piezoelectric chip is chosed as exciter, the force is derived from acceleration of the 
chip measured by another Polytec vibrometer PDV 100. A LMS Scadas II system is used to control the tests, acquire data 
and analysis the results.These sensors and actuators are chosen because they are the best to meet the requirements defined 
by the objectives of the experiment, because they can excite vibration and provide measurements from which vibration 
acceleration could be diminished to 10-6g with relatively good signal to noise ratio. 

 
Fig.1 Experimental setup: (a) excitation with shaker and (b)excitation with piezoelectric chip 

 
TEST PROCEDURE AND EXPERIMENTAL RESULTS 

Three sweep frequency bands are set to cover the first three natural frequencies, which are 180Hz to 200Hz, 340Hz to 
360Hz, and 420Hz to 440Hz, respectively. For each frequency band, sweep tests were performed on the different constant 

(a)                       (b) 



force (0.2N, 0.1N, 0.05N, 0.01N, 0.05N, 0.001N), provided by the Model 2007E electrodynamic shaker, which excited the 
specimen to vibrate with acceleration level from 10-1g to 10-4g. Sweep tests by the piezoeletric chip can further lower the 
acceleration level to 10-6g. To guarantee repeatability of the test results, five tests were conducted for each condition. 

 
Fig.2 The FRF curves of the first and the second frequency bands under different excitation forces 

 
As shown in Fig. 3, modal damping ratios and natural frequencies for the first three modes of the combined structure were 
obtained at various acceleration levels through FRF curves measuered. 

 
Fig.3 (a) Modal damping ratio and (b) natural frequencies vs acceleration level 

 
The results showed that the first three frequencies matian almost constants and variances were less than 1%. Lower 

damping ratios were observed for lower vibration level whereas the variances of damping ratios for the first three modes are 
less than 25%. 
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ROBUST, SMOOTH AND FAST ASMC - APPLICATIONS TO ROBOT MANIPULATORS
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Summary In this contribution, we discuss different designs based on the concept of sliding mode control (SMC) to deal with uncertain
robotic dynamics in general. We demonstrate the effectiveness of a recently proposed adaptive sliding mode control (ASMC) design with
a novel switching gain dynamics, called integral/exponential adaptation law and referred to as IEG-ASMC hereafter. An adjusting term to
improve the robustness of this gain adaptation during the reaching phase will be discussed. The proposed design does not require a priori
knowledge of the upper bounds of perturbations. These perturbations are not necessarily assumed to be bounded. Tested with different
constant-gain-based SMC and ASMC schemes, the simulation results on a five-link robot manipulator dynamics show chatter elimination
on control actions, faster responses and better tracking error performances of the new IEG-ASMC design.

INTRODUCTION

Rigid manipulators are basically characterized by high nonlinearities, modeling errors, uncertainties and external distur-
bances making their dynamics partially or largely unknown [1, 2, 3]. Then, robust variable structure control methods are
investigated accordingly to deal with their lumped uncertainties of supposedly known and unknown bounds [1, 3]. In partic-
ular, with the ASMC design, the gain is dynamically compensating for the lumped uncertainties (see [1, 2, 4] and references
cited therein). However, the slow response to the uncertainties and the relatively large chattering phenomenon during the
adaptation process remain inherent weaknesses of the integral adaptation [5, 6]. The objective of this contribution (that will be
presented in form of a poster) is to apply the new adjustable IEG-ASMC approach modified from [5] for robotic systems. We
validate the improvements of this gain law compared to conventional SMC and ASMC laws in terms of fast response, smaller
trajectory variation and reduced chattering level. Samples of the simulation results are shown below.

PROBLEM STATEMENT

In general given q ∈ Rn a vector of joint angles and u ∈ Rn the input torque, the dynamics of an n↗link rigid robotic
manipulator is written as M(q)q̈ + N(q, q̇) = u + d(t) [3]. The inertia matrix M(q) and the vector of Coriolis, centrifugal
forces and gravitational forces N(q, q̇) counts for nominal terms and unknown modeling uncertainties (i.e., parameter vari-
ations, unknown loads etc.) [3]. Let qd ∈ Rn be any desired trajectory and e = q ↗qd the corresponding trajectory error.
Defining a measurable σ(e, ė, t) ∈ Rn, called “sliding variable” [4, 5]. Given the time derivative of σ along the system error
dynamics as: σ̇(x, t) = Ψ(x, t) + y(x, t) · u, with x ≡

!
e ė

"T the error state vector, ψ ∈ Rn and y ∈ Rn×n are nonlinear
time-varying smooth functions containing parametric uncertainties and external disturbances [4]. From such robot dynamics,
the norm of the perturbation Ψ(x, t) can be considered upper-bounded with some polynomial function in the norm of state
vector x of unknown constants, and the norm of the uncertain term y(x, t) is positive definite in the wider sense meaning [7].

CONTROL DESIGN AND APPLICATION

The control applied to these uncertain dynamics consists of two parts. An equivalent control ueq , to deal with known
dynamics by maintaining the movement of the system on the targeted sliding surface. The details of this nominal compensation
term are omitted here due to lack of space. The second term us, derived from a discontinuous switching control, drives
the system trajectory to reach such a sliding surface and then to reduce the effect of lumped uncertainties [1, 2, 3]. By
implementing the nominal control ueq , the tracking error problem is transformed into σ-dynamics in us, that is, the control
objective turns to find a feedback switching law us such that the output σ converges to zero. We define the unit switching
control as us = ↗K · σ

∥σ∥ for σ ̸= 0 (note us = 0 elsewhere) [4, 5]. To deal with the lumped uncertainties upper-bounded
with some polynomial functions in the norm of state vector x of unknown constants, the switching gain K is derived from

[5] as ˙̆K =
!1 + γ∥σ∥

1 + ∥σ∥
"
α · ∥σ∥ and K = K̆ + β

!
e∥σ∥↗1

"
for α > 0, β ≥ 0 and 0 < γ ≤ 1. In fact, for any ∥σ(0)∥ ̸= 0

the sliding variable σ converges to the hypersurface σ = 0 in finite time [5]. Each of the three parameters α, β and γ has
a specific role within the algorithm. The term in β (i.e., exponential term) speeds up the gain adaptation to overpower the
lumped uncertainty, while the term α∥σ∥ guarantees the finite time convergence of the error dynamics. Finally, the adjustable
fraction term in β tends to slow down the increase rate of the integral term K̆ when the lumped uncertainties are compensated
and the sliding dynamics σ tends to reach its target manifold.

∗Corresponding author. Email: karim.khayati@rmc.ca
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Figure 2: Schematics of collagen fibrils crossing a micro-channel. The AFM cantilever applies the lateral force on the midpoint
of the fibril, and deflection versus piezo displacement curves are obtained from which the elastic modulus is calculated.

adhered strongly to the micro-channels, resulting in a clamped or fixed boundary condition on both sides for the fibril. Thus,
the fibril was treated as a beam with fixed-fixed boundary conditions. Collagen fibrils are relatively long, and thus, to maintain
consistency for the bending test, it is preferable to have a fibril lay over several channels. For these reasons, micro-channels
needed to be constructed with relatively small widths and gaps between channels. Conversely, the channels need to be wide
enough for the length of the fibrils to be significantly greater than the diameter of the fibrils. Hence, a channel width of 5 µm
was used and the space in between fibrils were also chosen to be 5 µm. These dimensions were confirmed using AFM during
the imaging process. A depth of 10 µm (twice the width) was selected. The AFM probe applied a point load at the midpoint
of the fibril (relative to the edges of the channel), causing a deflection. The magnitude of the deflection depends on the applied
load, as well as the boundary conditions.

RESULTS AND DISCUSSION

An appropriately-positioned fibril was located to perform force measurements. Only fibrils clearly traversing multiple
channels were used to ensure reproducibility of the results by applying the cantilever on the same fibril, but over different
channels to ensure consistency. Prior to applying the force, a drop of phosphate buffer solution (PBS) was added to the sample
to hydrate the fibrils. The cantilever was applied at the midpoint and along the length of the fibril over the channel and force-
displacement curves were obtained. Further, bending was performed for multiple times at the same point for consistency as
well as ensuring that the fibrils were not permanently deformed. The boundary conditions of the fibrils were assumed to be
clamped on both sides. Images were taken of the fibrils before and after the bending process to ensure that the fibrils have
not moved. It is known that if the fibrils slide while being bent by the AFM probe, causes the force-deflection curve to be
nonlinear. Thus, the linearity of the data was checked. The deflection of the midpoint of the collagen fibril was obtained in
terms of the applied lateral force F , as δ = FL3/192EI with L and I being the length and the area moment of inertia of the
cross-section of the fibril, respectively. The Young’s modulus was then obtained as E = F

δ

!
L3

192I

"
. The bending test yields

the value F/δ to 806 pN/µm. The length of the fibril was found to be 2.5 µm, and the radius of the cross-section was 75 nm.
These measurements gives the value of the Young’s modulus of the fibrils to be 2.6 ± 0.2 MPa.
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� � � 5HFHQWO\�� WKHUH� KDV� EHHQ� JURZLQJ� VFLHQWLILF� DQG� HQJLQHHULQJ� LQWHUHVW� LQ� PDWHULDOV� WKDW� HIILFLHQWO\� DEVRUE� DFRXVWLF� RU�
HOHFWURPDJQHWLF�ZDYHV�� � ,Q�SUDFWLFH��RQH�ZDQWV�WKH�DEVRUEHU�WR�EH�DV�VPDOO�DQG�OLJKW�DV�SRVVLEOH��PRWLYDWLQJ�WKH�XVH�RI�WKLQ�
PHWDPDWHULDOV��ZKLFK�DUH�LGHDOO\�PXFK�WKLQQHU�WKDQ�D�ZDYHOHQJWK�� � ,Q�DFRXVWLFV��PXFK�RI�WKH�SUHYLRXV�UHVHDUFK�KDV�IRFXVHG�
RQ� DLUERUQH� VRXQG�� DQG� KDV� LQYHVWLJDWHG� HLWKHU� QDUURZEDQG� VXSHUDEVRUSWLRQ� LQ� VXEZDYHOHQJWK� PHWDOD\HUV� RU� EURDGEDQG�
DEVRUSWLRQ� IRU� ODUJHU� PHWDVWUXFWXUHV� >���@�� � %URDGEDQG� DEVRUSWLRQ� KDV� DOVR� EHHQ� GHPRQVWUDWHG� IRU� GLIIHUHQW� DFRXVWLF�
ZDYHJXLGH� JHRPHWULHV� >�@�� � ,Q� WKLV� SUHVHQWDWLRQ�� ZH� VKRZ� KRZ� VXSHUDEVRUSWLRQ� RYHU� D� ZLGH� IUHTXHQF\� UDQJH� FDQ� EH�
DFKLHYHG�IRU�ZDWHUERUQH�DFRXVWLF�ZDYHV�XVLQJ�DQ�DFRXVWLF�PHWDOD\HU�WKDW�FRQVLVWV�RI�D�VLQJOH�OD\HU�RI�PRQRGLVSHUVH�EXEEOHV�
HPEHGGHG�LQ�D�VRIW�VROLG�>�@�� � :H�FDOO�WKLV�PHWDOD\HU�D�EXEEOH�PHWDVFUHHQ�� � 2XU�DFRXVWLF�PHWDPDWHULDO�FDSLWDOL]HV�RQ�WKH�
VWURQJ�ORZ�IUHTXHQF\�DFRXVWLF�UHVRQDQFH�RI�EXEEOHV��ZKLFK�RFFXUV�ZKHQ�WKH�UDGLXV�RI�WKH�EXEEOHV�LV�PXFK�VPDOOHU�WKDQ�WKH�
ZDYHOHQJWK��E\�DV�PXFK�DV�KXQGUHGV�RI�WLPHV��� � �
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� � � $FKLHYLQJ�VWURQJ�DEVRUSWLRQ�ZLWK�D�EXEEOH�PHWDVFUHHQ�UHTXLUHV�
WKDW� WKH� VWUXFWXUH� RI� WKH� EXEEOH� OD\HU� EH� RSWLPL]HG�� VLQFH� LI� WKH�
VSDFLQJ�EHWZHHQ� WKH�EXEEOHV� LV� WRR� ODUJH�� WKH� WUDQVPLVVLRQ� LV�KLJK�
DQG� WKH� LQFLGHQW� ZDYHV� FDQ� HDVLO\� SDVV� WKURXJK� WKH� OD\HU� ZLWK�
DOPRVW� QR� DEVRUSWLRQ�� ZKHUHDV� LI� WKH� VSDFLQJ� LV� WRR� VPDOO�� WKH�
LQFLGHQW� ZDYHV� DUH� DOPRVW� HQWLUHO\� UHIOHFWHG� DQG� DJDLQ� DUH� QRW�
VLJQLILFDQWO\� DEVRUEHG�� � 7R� RSWLPL]H� WKH� VWUXFWXUH�� ZH� WDNH�
DGYDQWDJH� RI� D� VLPSOH� DQDO\WLF�PRGHO� >�@� WKDW� DFFXUDWHO\� SUHGLFWV�
WKH�UHIOHFWLRQ�DQG�WUDQVPLVVLRQ�FRHIILFLHQWV�RI�D�EXEEOH�PRQROD\HU��
DQG� JLYHV� FRQVLGHUDEOH� LQVLJKW� LQWR� KRZ� WKHVH� SURSHUWLHV� FDQ� EH�
WXQHG�IRU�PD[LPXP�DEVRUSWLRQ�� � 2QH�RI�WKH�VWUHQJWKV�RI�WKH�PRGHO�
LV�WKDW�LW�VXFFHVVIXOO\�GHVFULEHV�WKH�FRXSOLQJ�EHWZHHQ�WKH�UHVRQDWLQJ�
EXEEOHV�� DQ� HIIHFW� ZKLFK� LV� RIWHQ� QHJOHFWHG� LQ� UHVHDUFK� RQ�
PHWDPDWHULDOV� EXW� ZKLFK� LV� FUXFLDO� WR� XQGHUVWDQGLQJ� KRZ�
VXSHUDEVRUSWLRQ� FDQ�EH� UHDOL]HG� LQ�RXU� V\VWHP�� � ,Q�SDUWLFXODU�� WKH�
PRGHO� SUHGLFWV� WKDW� DW� WKH� PLQLPXP� RI� WKH� WUDQVPLVVLRQ�� WKH�
DEVRUSWLRQ� RI� DFRXVWLF� HQHUJ\� LV� PD[LPL]HG� ZKHQ� WKH� GLVVLSDWLYH�
GDPSLQJ�RI�WKH�UHVRQDWLQJ�EXEEOHV��G��LV�HTXDO�WR�WKH�VXSHUUDGLDWLYH�
GDPSLQJ��Ka��ZKHUH�K� ��ʌ��kd�����k�LV�WKH�LQFLGHQW�ZDYHYHFWRU��d�LV�
WKH� VHSDUDWLRQ� EHWZHHQ� EXEEOHV� DQG� a� LV� WKH� EXEEOH� UDGLXV�� � )RU�
EXEEOHV� LQ� D� VRIW� VROLG� PDWUL[�� GLVVLSDWLYH� GDPSLQJ� LV� JHQHUDOO\�
GRPLQDWHG�E\�YLVFRXV�HIIHFWV��Gdis� ��K��UZa����ZKHUH�K�DQG�U�DUH�
WKH�YLVFRVLW\�DQG�GHQVLW\�RI� WKH�PHGLXP� LQ�ZKLFK� WKH�EXEEOHV�DUH�
HPEHGGHG� DQG� Z� LV� WKH� DQJXODU� DFRXVWLF� IUHTXHQF\�� � 7KXV�� WKH�
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)LJXUH� �� 7UDQVPLVVLRQ�� UHIOHFWLRQ� DQG� DEVRUSWLRQ�
SUHGLFWHG� E\� WKH� PRGHO� �OLQHV�� DQG� ILQLWH� HOHPHQW�
VLPXODWLRQV��V\PEROV��IRU�WZR�EXEEOH�PHWDVFUHHQV�ZLWK�K�
 �K*�� � +HUH� t� DQG� r� DUH� WKH� DPSOLWXGH� WUDQVPLVVLRQ� DQG�
UHIOHFWLRQ� FRHIILFLHQWV�� DQG� A�  � �� �� °r°�� �� °t°�� LV� WKH�
DEVRUSWLRQ�� � 7KH� EXEEOHV� ZHUH� DUUDQJHG� LQ� D� VTXDUH�
DUUD\�� � �D��� a�  � �� ȝP�� d�  � ��� ȝP�� DQG�K�  � ����� 3D� V�� �
�E���a� ����ȝP��d� �����ȝP��DQG�K� �����3D�V��



FRQGLWLRQ� G�  �Ka� IRU�PD[LPXP� DEVRUSWLRQ�ZLOO� EH� VDWLVILHG�ZKHQ� WKH� DFRXVWLF� DQG� JHRPHWULF� SDUDPHWHUV� RI� WKH� EXEEOH�
PHWDVFUHHQ�DUH�VXFK�WKDW�WKH�YLVFRVLW\�K� �K*  ��SZa��/ ��d���v�a���d����ZKHUH�Z�LV�WKH�DFRXVWLF�LPSHGDQFH�� � 1RWH�WKDW�VLQFH�
ERWK�G�DQG�Ka�DUH� LQYHUVHO\�SURSRUWLRQDO� WR� WKH�DQJXODU� IUHTXHQF\�Z�� WKH�FRQGLWLRQ� IRU�PD[LPXP�DEVRUSWLRQ� LV�PHW� IRU�D�
ZLGH�UDQJH�RI�IUHTXHQFLHV�� � :KHQ�WKLV�FULWLFDO�FRXSOLQJ�FRQGLWLRQ�LV�VDWLVILHG��WKH�PRGHO�SUHGLFWV�WKDW�����RI�WKH�LQFLGHQW�
HQHUJ\� LV� DEVRUEHG�� DV� LV� VKRZQ� LQ� )LJ�� �� IRU� WZR� GLIIHUHQW� PHWDVFUHHQV� ZLWK� GLIIHUHQW� EXEEOH� VL]HV� DQG� VSDFLQJV�� DQG�
GLIIHUHQW�PDWUL[�YLVFRVLWLHV��
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� � � :KLOH�WKH�PD[LPXP�DEVRUSWLRQ�WKDW�FDQ�EH�UHDOL]HG�ZLWK�D�VLQJOH�
PHWDVFUHHQ�LV�RQO\������VXSHUDEVRUSWLRQ�DSSURDFKLQJ������FDQ�EH�
DFKLHYHG�ZKHQ�WKH�PHWDVFUHHQ�LV�SODFHG�RQ�D�ULJLG�UHIOHFWRU�� � ,Q�WKLV�
FDVH��WKH�WRWDO�UHIOHFWLRQ�LV�WKH�UHVXOW�RI�LQWHUIHUHQFHV�EHWZHHQ�ZDYHV�
UHIOHFWHG�IURP�WKH�OD\HU�RI�EXEEOHV��ZKLFK�XQGHUJR�D�S�VKLIW�LQ�SKDVH��
DQG�ZDYHV�UHIOHFWHG�IURP�WKH�SHUIHFW�UHIOHFWRU��ZKLFK�KDYH�]HUR�SKDVH�
VKLIW�� � 3URYLGLQJ�WKDW�WKH�EXEEOH�OD\HU�LV�PXFK�FORVHU�WR�WKH�UHIOHFWRU�
WKDQ�D�ZDYHOHQJWK��DQG�WKH�UHIOHFWRU�LV�SHUIHFW��LW�LV�HDV\�WR�VKRZ�WKDW�
WKH� WRWDO� UHIOHFWLRQ� LV�]HUR�ZKHQ�WKH�DPSOLWXGH�UHIOHFWLRQ�FRHIILFLHQW�
IURP�WKH�EXEEOH�OD\HU�DORQH�LV�r� �������WKHQ��DOO�WKH�LQFLGHQW�HQHUJ\�
LV� DEVRUEHG�� � 7KLV� FRQGLWLRQ� LV� IXOILOOHG� ZKHQ� K�  � �K�� � $Q�
H[DPSOH� RI� H[SHULPHQWDO� UHVXOWV� DQG� PRGHO� SUHGLFWLRQV� IRU� DQ�
RSWLPL]HG� VXSHUDEVRUELQJ� PHWDVFUHHQ� LV� VKRZQ� LQ� )LJ�� ��� � 7KHVH�
H[SHULPHQWV� GHPRQVWUDWH� SHDN� DEVRUSWLRQ� JUHDWHU� WKDQ� ���� DQG�
EURDGEDQG�DEVRUSWLRQ�JUHDWHU� WKDQ�����RYHU�D�UDQJH�RI� IUHTXHQFLHV�
WKDW�H[WHQGV�RYHU�D�IDFWRU�RI�WZR�LQ�IUHTXHQF\�� � $W�WKH�PD[LPXP�RI�
DEVRUSWLRQ�� WKH� UHIOHFWDQFH� LV� QHDUO\� ]HUR� ���������� � 7KXV�� D�QHDUO\�
SHUIHFW� ULJLG� UHIOHFWRU� FDQ� EHFRPH� DOPRVW� LQYLVLEOH� WR� ZDWHUERUQH�
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)LJXUH� �� ([SHULPHQWDO� PHDVXUHPHQWV� �V\PEROV�� DQG�
PRGHO� FDOFXODWLRQV� �OLQHV�� IRU� WKH� �D�� DEVRUSWLRQ� DQG� �E��
UHIOHFWDQFH�RI�D�EXEEOH�PHWDVFUHHQ�RQ�D�VWHHO�EORFN�� � 7KH�
PHWDVFUHHQ�FRQVLVWV�RI�D�����PP�WKLFN�VODE�RI�3'06��K�
 � ���� 3D� V�� FRQWDLQLQJ� D� VLQJOH� OD\HU� RI� �����PP�UDGLXV�
EXEEOHV� VHSDUDWHG� E\� d�  � ����PP�� 7KH� RVFLOODWLRQV� DUH�
GXH� WR� UHIOHFWLRQV� FDXVHG� E\� WKH� DFRXVWLF� LPSHGDQFH�
PLVPDWFK�EHWZHHQ�3'06�DQG�ZDWHU��DQ�HIIHFW�ZKLFK�FDQ�
EH�VDWLVIDFWRULO\�DFFRXQWHG�IRU�E\�WKH�PRGHO�EXW�ZKLFK�ZH�
DUH� FXUUHQWO\� ZRUNLQJ� WRZDUGV� HOLPLQDWLQJ� LQ� QHZ�
H[SHULPHQWV��
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PASSIVE LOCALIZATION INSPIRED BY BATS IN SILENT FLIGHT

Masoud Jahromi Shirazi1 and Nicole Abaid ∗1

1Biomedical Engineering and Mechanics, Virginia Tech, Blacksburg, Virginia, United States

Summary Bats use echolocation to build a three-dimensional map of their environment by emitting ultrasounds and interpreting the echoes
from objects near them. The distance to such objects can be estimated by the time difference between the sent signal and received echo
times half of the speed of sound. This approach is an example of active sensing, since bats actively echolocate to localize objects, rather than
passively receiving an existing environmental signal. Studies on pairs of bats show that one of them may cease echolocation to prevent signal
jamming. This behavior suggests that only passively listening to the echo from another bat is enough for garnering sufficient information
about the location of obstacles in the environment. This paper studies the possibility of passive localization through numerical simulation
and demonstrates a strategy to passively use echolocation signals for localization. This work paves the way for energy optimization in a
robot swarm.

INTRODUCTION

Since the word “echolocation” was used for the first time by Griffin in 1958, numerous studies have shown how this
sensing method enables bats to search the environment, detect objects and classify them, track and catch a prey while avoiding
obstacles, and more capabilities crucial for survival [1]. From an engineering point of view, these capabilities are far beyond
that of the man-made ultrasonic sensors. Thus, understanding bat behavior can inspire engineering research and technological
developments. In particular, based on the highly social nature of many bat species, we are interested in how echolocation
behaviors are adapted in the presence of many individuals, which can yield applications for engineered multi-agent systems.

In 2008, Chiu et al. observed that, 76% of the times that two bats were located within one meter of each other, one of them
stopped echolocation for more than 0.2 seconds. The authors hypothesized that bats ceased echolocation to prevent signal
jamming with the other bat, yet it raised the question that how the environment can be perceived during that silent flight. One
possible answer is to get localization cues by passively eavesdropping on the echo coming from another bat’s sound [2].

Active sensing is easier and more accurate than passive sensing, but it costs more, especially for a swarm of robots. In
active sensing, each robot consumes energy to send its own signal. Besides, as the number of robots increases, it may increase
the chance of signal jamming. By integrating passive sensing based on eavesdropping, it is not necessary for all the robots
to send signals, which can save energy and increase the operation time of the swarm. In this paper, the possibility of object
localization using passive sensing via eavesdropped signals is investigated by simulation of the acoustic field.

ACOUSTIC FIELD SIMULATION

We simulate a robot which senses its 2D environment passively by interpreting echoes from sounds generated by a fixed
beacon. The domain is limited by walls which reflect sounds. The beacon is equipped with a speaker as an emitter and the
robot with two microphones as receivers. Passive localization is based on the sound received by each microphone. Therefore,
for simulation purposes, it is necessary to model sound propagation in the air and sound reflection from the walls to calculate
the sound pressure level at a robot’s microphone position. For simplicity, the robot’s microphones and beacon’s speaker are
assumed to be omni-directional. Also, the sound pressure level of the beacon’s signal is assumed to be constant and known
by the robot. The walls are assumed to be rigid and therefore reflect all the acoustic power back in a mirror-like reflection. By
these assumptions, the acoustic wave equation has an analytic solution for the sound pressure level at any position and time.

PASSIVE LOCALIZATION

It is enough to estimate the distance and direction of a sound source relative to robot to localize it. The distance can be
estimated by measuring the sound pressure level recorded by microphones. Since the robot knows the pressure level of the
sound produced by the beacon and the sound pressure level decay for an omni-directional source is related to the inverse of
the distance, it is possible to find the estimated distance of the source location.

The direction of the source is mainly estimated by a localization cue called Interaural Time Difference (ITD). It is ap-
plicable when two auditory receivers are available (as in animals with two ears). ITD is the difference in the sound’s arrival
time between two ears as a result of different distances between the source and two ears and it is the main cue for far field
localization [3]. Finding the direction of the source (or an echo that acts as a virtual source) by ITD is illustrated in Figure
1. In this figure, θ is the angle between source and the robot’s head, θh is the robot’s head angle relative to its body, and
L is the distance between microphones. If the source is located far enough from the robot, one can find its direction as

∗Corresponding author. Email: nabaid@vt.edu
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TIME-DOMAIN NEAR-FIELD ACOUSTICAL HOLOGRAPHY AS A MEANS TO PREVENT 
EXPOSITION TO HARMFUL INDUSTRIAL IMPACT NOISES 

 
Jean-Michel Attendu1a) & Annie Ross1 

1Mechanical Engineering, École Polytechnique de Montréal, Montréal, Québec, Canada 
 
Summary Time-domain near-field acoustical holography is a method used to visualize non-stationary sound radiation. It is based 
on the use of a microphone array and fast-Fourier transform based convolution. However, current methods are subject to spectral 
leakage and wrap-around errors. A new formulation based on the time and spatial representation of the transfer function is 
presented in this paper. The errors are suppressed when this formulation is used in conjunction with linear convolution. It is also 
shown that the method can be used to monitor impact noises obtained experimentally. Such visualization is an asset in passive 
noise control for the correction of harmful impact noises often found in industrial environments. 
 

INTRODUCTION 
 
   According to the World Health Organisation, 360 million people (over 5% of WKH�ZRUOG¶V�SRSXODWLRQ��KDYH�GLVDEOLQJ�
hearing loss [1], which involves detrimental social and functional consequences on their lives. A major cause of deafness is 
exposition to excessive noise, which is particularly predominant in industrial environments. Often, the loudest and most 
damageable noises are related to impacts, such as in riveting or hammering. In this proceeding, a new formulation for time-
domain near-field acoustical holography (TD-NAH) is used to monitor impact noises. A pressure field is produced 
experimentally by impacting of a metallic rod on a plate. Such sound mapping can be used for noise diagnosis and can be a 
major asset for establishing passive noise corrections on the source. In the next sections, the theory behind the proposed 
formulation for TD-NAH is summarized, followed by an experimental analysis and conclusions. 
 

TIME AND SPACE DOMAIN NEAR-FIELD ACOUSTICAL HOLOGRAPHY 
 

In NAH, the sound field is acquired in the near-field of the source using an array of microphones. This acts as a 
ERXQGDU\� FRQGLWLRQ� WR� VROYH� WKH� ZDYH� HTXDWLRQ� XVLQJ� *UHHQ¶V� PHWKRG�� LQ� RUGHU� WR� UHSUHVHQW� WKH� VRXQG� ILHOG� LQ� WKUHH-
dimensions. The standard formulation supposes a stationary sound field, and the problem is solved in the frequency domain 
[2]. For non-stationary signals, adaptations of the original formulation were proposed in order to represent the sound field in 
the time-domain [3-5]. However, unlike other existing TD-NAH formulations, the formulation proposed here eliminates 
wrap-around and leakDJH�HUURUV�E\�H[SUHVVLQJ�WKH�*UHHQ¶V�IXQFWLRQ�LQ�WKH�VSDFH�DQG�WLPH�GRPDLQV�EHIRUH�SHUIRUPLQJ�OLQHDU�
convolution. Consequently, the representation of the sound field with the proposed method is more accurate, even after its 
propagation dozens of centimetres away from the source. 

The pressure field is acquired on the measurement plane at ݖ ൌ  . Then, by convolving the measured pressure fieldݖ
with the GrHHQ¶V�IXQFWLRQ�H[SUHVVHG�LQ�Eq. 1, the sound field can be reconstructed on other parallel planes. The convolution 
is performed over theݕ ,ݔ� and time dimensions. 

݃ሺݐǡ ǡݔ ǡݕ ݀ሻ ൌ ݀
ߨʹ ൬

ͳ
ܴଶ

߲
ݐ߲ 

ܿ
ܴଷ൰ ή ߜ ൬ݐ െ

ܴ
ܿ൰ (1) 

In Eq. 1, ݀ is the distance between the measurement plane and the forward reconstruction plane and ܴ is expressed as 
ܴ ൌ ඥݔଶ  ଶݕ  ݀ଶ. The geometry of the problem is illustrated in Fig. 1. 
 

 
 

Fig. 1 Propagation of the sound field from the measurement plane to reconstruction planes 
 

In practice, since the measurements are performed over a finite and discrete aperture, special care must be given to the 
discrete convolution process in order to avoid signal processing errors. First, linear convolution must be applied, as the non-



stationary signal is not periodic over ݕ ,ݔ or ݐ. Linear convolution can be obtained by performing circular convolution 
using the Fast Fourier Transform (FFT), after zero-padding both signals over each dimension [6]. It must also be ensured 
that both the pressure field at ݖ ൌ � DQGݖ WKH�*UHHQ¶V� IXQFWLRQ� DUH entirely included in the spatial domain, as the linear 
convolution supposes that the signals are null outside of their domain of definition. Since the span of ݃ over ݔ and ݕ 
increases with ݀, it is important to fix the spatial domain large enough in order to avoid truncation errors. Finally, the 
sampling frequency and the noise level must be controlled in order to avoid errors due to the differential operator in the time 
domain. Fourth order finite element differentiation is used in this case. In the case of low SNR, regularization algorithm was 
successfully applied with the proposed method to avoid considerable differential errors. 

 
EXPERIMENTAL RESULTS  

 
Experimental measurements were performed in an anechoic environment in order to study the pressure field radiated 

from the impact of an aluminum rod with a 50 by 30 cm Plexiglas plate. The measurement apparatus consists in 64 aligned 
class-1 microphones distanced by one cm center to center. A slide allows the translation of the line of microphones over the 
scanning surface (91 cm by 63 cm), with an increment of 1 cm. The impact is repeated for each measurement position by 
releasing the rod with an electro-magnet, and the measurements are phased by using a 65th fixed reference microphone. The 
sampling frequency is 200 kHz, and the acquisition is performed with a 24-bit resolution. Measurements were performed in 
the near-field at 65 mm from the plate. 

Fig. 2a) presents the sound pressure obtained 100, 200 and 300 mm away from the measurement plane on the central 
orthogonal axis. Each signal has a null amplitude until the sound field reaches its position, and as expected, the maximum 
amplitude decreases with the distance from the source. The pressure field at evolution at ݖ ൌ 300 mm and at ݐ ൌ ͳǤʹ ms is 
presented in Fig. 2b). The main wave front travels radially away from the impact point. Other high frequency wave fronts 
are present due to the dispersion of the bending waves in the plate. 

 
Fig. 2 Forward reconstruction of the transient acoustic field. a) Time evolution of the pressure on the central orthogonal 
axis at 10, 20 and 30 cm from the measurement plane. b) Spatial representation of the sound field at t=1.2 ms and z=30 cm. 

 
DISCUSSION AND CONCLUSION 

 
The proposed method is accurate in the calculation of the sound field for any propagation distance d representative of normal 

working distances in industrial environments. It is thus suitable for the monitoring of transients in industrial environment, where 
sound mapping can be used as a diagnosis tool to control harmful noise emissions with, for example, passive damping. The key 
elements of the proposed method are the time and spDWLDO� GRPDLQ� IRUPXODWLRQ� RI� WKH� *UHHQ¶V� IXQFWLRQ� ZKLFK� DOORZV� WKH�
application of a linear convolution DQG�WKH�GHILQLWLRQ�RI�WKH�VSDWLDO�GRPDLQ�RI�WKH�*UHHQ¶V�IXQFWLRQ�which increases with respect 
to the propagation distance d. The authors would like to thank NSERC for supporting this research. 
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MECHANISMS OF JET CRACKLE
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Summary Crackle is a particularly intense and annoying characteristic of the noise radiated by high-speed (supersonic) jets. Pressure traces
show evidence of relatively strong compression in the sound field and more extreme positive than negative pressure fluctuations thus leading
to positive skewness. To study its mechanisms, a turbulent free shear flow and its near acoustic field is directly simulated without modeling
approximations. The simulations confirm that the ‘footprint’ of pressure skewness originates close to or within the turbulence. A supersonic
flow which includes weak gas dynamic nonlinearities over a wavy-wall, with characteristics set to match scales of the turbulence, suggest a
basic mechanism that potentially underlies the generation of crackle’s near-field pressure fluctuations.

BACKGROUND

Military aircraft and other jet engines operating with high-specific thrust Mj ! 1.5 radiate a particularly intense and
distinct sound that has become known as ‘crackle’. The root mechanisms of crackle are not fully understood, though it
is thought to involve nonlinear acoustics because the sound waves appear steepened. They also have a positive pressure
skewness,

Sk(p
′) =

⟨(p′)3⟩
⟨(p′)2⟩3/2

, (1)

with more extreme pressure maxima than minima. Ffowcs Williams et al.1 first identified crackle as a distinct phenomenon
and found that its perception correlates with Sk(p′) ! 0.�. Pressure signals have periods made up of steepened shock-like
waves followed by weaker, longer, rounded rarefaction regions, but to what extent this character originates at the turbulent
source or arises from propagation effects is unclear. We investigate a potential mechanism leading to these peculiar pressure
fluctuations.

APPROACH AND OBJECTIVES

Simulations are designed to represent the thin, weakly curved turbulent shear layers near the nozzle exit, and there provide
a detailed description of the turbulence mechanisms, including any near-field acoustic nonlinearity that leads to crackle. The
simulations resolve all the energetic scales with no modeling approximations. Figure 1 shows an x-y plane of the three-
dimensional simulation configuration. Following previous work,2 the turbulence was initially seeded with broadbanded,
solenoidal velocity perturbations. Velocity spectra at the centerline confirm that the solution is well resolved and that it
develops to have realistically broadbanded turbulence matching experimental measurements. Linear, ‘wavy-wall’ analogies
have been relatively successful in predicting some aspects noise radiated by high-speed flows;3 however, linear analysis
precludes the finite Sk of crackle. Weakly nonlinear effects can be included in models of irrotational flow over wavy walls,
and we invoke these to examine possible mechanisms leading to finite Sk.

RESULTS

For M ≥ 2.5 flows, the near-field (|y| > δ99 in figure 1) is seen to be teeming with weak, shock-like structures. There
the pressure signal has intense, sharp peaks with rounded, shallow valleys. The corresponding Sk in figure 2 shows Sk ! 0.�
for M ≥ 2.5. Skewness appears unchanged over the distances simulated. The detailed budget of pressure skewness suggests
a balance between local nonlinear interactions and entropy production through a viscous diffusion term. Simulations at
higher Reynolds number confirm insensitivity to viscosity and suggest that large-scale structure dynamics are important in its
generation.

We compare the DNS near field to results for nonlinear supersonic flow over an impenetrable wavy wall. The wall shape
in figure 3 is parameterized by the turbulence integral length scales, lx and lz , in the x- and z-directions, respectively, from
the DNS of the free-shear layers. The wall height (ϵ) is set so as to reproduce the v′rms at the midplane of the turbulent mixing
layer. We observe that nonlinear mechanisms lead the fluid to compress more intensely above the wall troughs with weaker
expansions over the wall crests, so the pressure fluctuations radiate from the surface with more intense peaks than valleys.
Due to convective effects4 the pressure waves then steepen into thin, weak, shock-like waves. Figure 4 shows that skewness

∗Corresponding author. Email: buchta1@illinois.edu
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ACOUSTIC PROPERTIES OF POROUS PLA MONOLITHS PRODUCED VIA NONSOLVENT 
INDUCED PHASE SEPARATION  

 
E.R. Fotsing1a), E. Rezabeigi2, A. Dubourg1, A. Ross1, P.M. Wood-Adams2, R.A.L. Drew2 

1Department of mechanical engineering, École Polytechnique, Montreal, Quebec, Canada 
2Department of mechanical and industrial engineering, Concordia University, Montreal, Quebec, Canada 

 
Summary The acoustic properties of porous PLA monoliths used as bone scaffold were characterized using an impedance tube. This broadband 
absorbing material was produced by controlling the microstructure of pores through an innovative synthesis process. Despite its lightness, the 
obtained PLA foam with mesopores was shown to be an excellent sound barrier whereas the absorption effect was more important for foams with 
macropores interconnected by mesopores. These results can pave the way for new applications in various fields of engineering.  
 

INTRODUCTION 
 
   Polylactic acid (PLA) is a biodegradable thermoplastic which is categorized as saturated aliphatic polyester. Relatively 
high melting point (~ 170 °C); recyclability and good mechanical properties have made PLA attractive for various areas 
including biomedical engineering, transportation and aerospace. PLA has successfully replaced some of the non-
biodegradable industrial polymers and its applications are increasing, because new mass production techniques are making 
this polymer inexpensive and more available in various molecular weights and properties [1,2]. In this study, we designed a 
versatile foaming route, nonsolvent induced phase separation (NIPS), which is able to produce highly porous (up to 91%) 
PLA foams with no gas or sacrificial phases involved. Based on the Flory-Huggins theory, the addition of a nonsolvent to a 
polymer solution increases the Gibbs free energy of the system which may result in phase separation (liquid-liquid or solid-
liquid) [3,4]. Depending on the initial PLA-solvent-nonsolvent composition and the phase separation standing temperature, 
various pore morphologies are formed in situ as a result of this phase separation. The flexibility of this foaming method 
provides the opportunity of tailoring the characteristics of the PLA foams according to their applications. Also, the shape of 
the final foam can be determined by the shape of the mold wherein the phase separation and gelation occur. These ultralight 
NIPS-derived PLA foams have a great potential in aerospace and transportation applications where fuel efficiency is very 
important both for financial and environmental reasons. In fact, porous materials are widely used for noise control in high-
speed trains, cars and under certain requirements, as new materials for novel turbofan acoustic liners.This article reports the 
correlation between the acoustic properties and the microstructure of porous PLA monoliths produced by nonsolvent induced 
phase separation. 
 

PROCEDURES 
Fabrication of PLA foams 
   In order to fabricate the foams, PLA (NatureWorks LLC, Ingeo™ Biopolymer 4032D) with a high average molecular 
weight (Mn = 97000, Mw/Mn = 2) and 1.6 % D-lactide content; dichloromethane (DCM, Fisher Chemical; 
Stabilized/Certified ACS, ≥99.5) as solvent and hexanes (Fisher Chemicals; Certified ACS, ≥98.5 %) as nonsolvent were 
used [2,3]. First, some systems were selected from the liquid-liquid (hexane/DCM volume ratio = 1) [2] and solid-liquid 
(hexane/DCM volume ratio = 1.25) phase separated regions of the PLA-DCM-hexane phase diagram. These ternary systems 
were produced by preparing PLA-DCM solutions with certain concentrations followed by the gradual incorporation of hexane 
at room temperature under vigorous stirring. The systems were allowed to phase separate at room temperature or -23° C (in a 
freezer) until complete gelation which was followed by 24 hours aging. The PLA foams were characterized after a thorough 
solvent exchange in methanol for 30 hours and then drying under ambient conditions. 
Measurement of acoustic properties 
   Acoustic properties (absorption coefficient, acoustic impedance and transmission loss (TL)) of the manufactured foams 
were measured using an impedance tube, in absorption (two microphones) and transmission configuration (four microphones). 
In the tube, the speaker generates plane waves in the tube that travel forward and backward after reflecting onto the specimen 
at the end of the tube. The measurement of the acoustic pressures by the microphones along the tube lead to determination of 
the absorption coefficient and the acoustic impedance. The samples are small cylinders of NIPS derived PLA foams having a 
30 mm diameter and thickness varying between 10 mm and 30 mm.  

RESULTS  
PLA foams with various crystallinity, mechanical properties and mesoporous or meso/macroporous morphologies were 
produced. Fig. 1a represents a foam with mesopores and Fig.1b shows a foam with a combination of meso and macropores. 
A density of 0.14 g/cm3 and 0.17 g/cm3 has been reported for mesoporous and meso/macroporous foams, respectively. In 
general, porous materials can be classified in two groups: open cells which are intereconnected not only over the entire 
material but also connected to the surrounding environment; and closed cells which are discrete and isolated from each other 
and from the outside [5]. Interconnections between macropores through mesopores (Fig.1b) suggest that this type of PLA 
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MODELLING BIOLOGICAL PHENOMENA WITH ROCKET BALLOON BUZZ

Alastair Gregory∗1, Pavel Kahout1, and Anurag Agarwal1

1Department of Engineering, University of Cambridge, Cambridge, United Kingdom

Summary The flow of air through the exit tube of a rocket balloon produces a characteristic buzzing sound. It provides a novel fluid structure
interaction problem that is investigated experimentally. The work is a part of ongoing efforts to better understand the mechanisms of sound
production in diseased lungs, and so allow more specific diagnoses to be made using auscultation. The buzzing sound from a rocket balloon
is produced by a large-amplitude oscillation of the exit tube. Scaling laws are desired for the dominant frequency of oscillations and for the
critical speed for the onset of oscillations.

INTRODUCTION

The oscillation of rocket balloon exit tubes, producing a characteristic buzzing sound, provides a novel fluid structure
interaction problem, with applications to medical diagnosis. We believe that the mechanism for wheezing sounds and flatu-
lence is similar to buzzing in rocket balloons. Better understanding of the wheezing mechanism will improve the specificity
of diagnosis [4]. The instability of flow through tubes has been investigated using starling resistors [1, 3], however, in much
of this work the density ratio of the wall to the fluid is large, and wall inertia is frequently neglected (water has been used as
the working fluid), which does not match conditions in the lung. The aim of this work is to improve this situation, working
towards the development of a stethoscope for the 21st century. To this end, air was forced though rubber tubing and the
resulting oscillations were observed (see fig. 1) as flow rate and tube parameters were varied.

EXPERIMENTAL SETUP

Three rubber tubes were investigated, all with an inner diameter of � � � and a wall thickness of 0.� � � . The tubes were
pulled over a nozzle downstream of an air supply and flow conditioner. The video stills in fig. 1 show the tube only. Different
tube lengths were attained by pulling the tubes over the nozzle to a greater or lesser extent, and length was measured from the
end of the nozzle to the end of the tube. Time averaged flow rate was measured with a rotameter upstream of the tube, and
sound recordings were taken with a Linear X M51 microphone at a distance of 1 � away from the tube exit, and a polar angle
of �0◦ from the axis of symmetry of the microphone (downstream). High speed video was also taken of particular oscillation
modes using a Fastcam-ultima APX 120K high speed camera.

RESULTS AND DISCUSSION

When the flow rate is small, the tube remains open and stationary. There is a critical flow rate as flow is increased at which
self excited oscillations are first observed. As flow is further increased the amplitude of the oscillations is seen to increase,
and the frequency increases slightly. The initial oscillations usually involve small movements of the tube walls about an oval
configuration. At higher flow rates the movement transitions to the kind of motion illustrated in fig. 1 in which the tube
collapses completely in alternating orthogonal directions. The dominant frequencies shown in fig. 2b correspond to the first
onset of visible vibration.

Characterising the Sound Source
We postulate that there are two main mechanisms by which sound is projected into the far-field. The movement of the

tube wall will produces a sound field similar to that of a quadrupole, and oscillations in mass flux out of the tube will produce
a sound field similar to that of a monopole. Observing the tube motion shown in fig. 1, we see that for every cycle of the tube
wall, the area of the tube exit will go through two cycles, so we expect sound produced by the monopole to be at twice the
frequency of sound produced by the quadrupole. Quadrupoles are less efficient at radiating sound than monopoles [2], and so
we predict that the second harmonic of the sound measured will be louder than the first harmonic. Figure 2a shows an example
where this is indeed the case.

∗Corresponding author. Email: alg57@cam.ac.uk
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Figure 1: Tube oscillation images from high speed video (∆t = �� �).

(a) Sound source characterisation.
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(b) Scaling of frequency with length.
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Figure 2: Results.

Scaling of Frequency with Tube Length
The frequency of oscillation is assumed to be primarily set by the normal mode of the flexible tube. There is some evidence

that this is indeed the case in the lung [5]. Furthermore, we assume that the restoring force in the tube is primarily due to
bending. This leads to the approximate scaling law,

ω ∼ h

rl

!
E

ρ(1↗ν2) . (1)

where h is the wall thickness, l is the length, r is the radius, E is the Young’s modulus, ρ is the wall density, and ν is Poisson’s
ratio. Figure 2b shows the dominant frequency of oscillation at onset as a function of tube length. There is good agreement
with this scaling law.

CONCLUSIONS

Progress has been made towards characterising the mechanism of sound production in rocket balloons. Wall movement
and unsteady mass flux have been considered as sources, and the scaling of the dominant frequency with tube length has been
observed. Future work will investigate the effect of wall thickness and diameter of tube, and measure the directionality of
sound produced. Experiments are also under way using a fixed downstream boundary condition, rather than an open one.
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Summary Caenorhabditis elegans (C. elegans) is a model organism for research in the field of molecular and developmental biology. 
Microfluidic chips have improved the handling capabilities and have made high-resolution imaging and fluorescent scanning of C. elegans 
possible by immobilization with special geometries, cooling or gasses [1]. Bulk acoustic wave (BAW) acoustophoresis is proposed to be a new 
contactless handling tool for un-anesthetized C. elegans with ultrasound. Acoustophoresis has been used to position or rotate particles in a fluid 
[2]. Here we show the abilities of this method for the contactless and harmless immobilization of C. elegans. The C. elegans are injected into a 
silicon microchanel and immobilized by focussing them in the pressure nodal lines of a standing acoustic wave. Switching between two fluid 
resonance modes is used to sort C.elegans in two separate outlets. Moreover, a 3D numerical simulation shows the physical princples of C. 
elegans manipulation. 

 

MOTIVATION 

 

   Controlled handling of C. elegans for imaging purposes in microfluidic chips is a challenging task due to their active 
behaviour (swimming, bending and rolling). For laser screening applications it is important to straighten the C. elegans to 
scan its whole length. If the contour is not defined (rolled up or bended) it is not possible to use fluorescent intensity data 
for biological studies if the exciting laser source has a spot size in the range of the width of an adult C. elegans. Also C. 
elegans can block the channel and a synchronization with a later sorting system at high throughput can fail [3]. 
Acoustophoresis as a contactless handling tool can eliminate these problems and lead to reliable biological experiments. 
 

EXPERIMENTAL SETUP AND SIMULATION 

 

   The experimental setup shown in fig. 1(a) consists of a silicon/glass chip with microfluidic channels and a high-speed 
camera. Syringe pumps are used to inject wildtype C. elegans in a M9 buffer carrier fluid into the chip. For acoustophoresis, 
a piezoelectric transducer for the excitation of harmonic bulk acoustic waves is glued to the back side of the device. The 
transducer is excited by a function generator and an amplifier at the frequency of a fluid resonance inside the channel. A 
peltier element for temperature control is connected with a thermally conductive foam. 
    To understand the physical principles of the observed phenomena in the experiment, a simulation with the FEM software 
Comsol Multiphysics is conducted. Fig. 1(b) shows the simulated 3D model and the pressure distribution inside the device at a 
frequency of 3 MHz. To set the material properties of the C. elegans, the speed of sound has to be approximated. Pre-
experiments with polystyrene particles of known material properties are used to evaluate the pressure distribution in a 
microfluidic channel [4]. A C. elegans is moved to the pressure node in the same channel and by fitting the simulation with the 
resulting experimental trajectory a speed of sound of 1600 m/s is achieved, which is similar to the speed of sound of human skin 
[5]. It is then possible to simulate the forces acting on a C. elegans, the influence on the acoustic field and the trajectories inside 
the channel for different frequencies. 
 

 
Fig. 1. Sketch of the experimental setup, the microfluidic device and the simulated device. In (a) The main channel has a depth of 90 µm, a length of >8 
mm and a width of 200 µm or 700 µm. A piezoelectric transducer Pz26 (Ferroperm) is mounted to the back side of the chip. The chip is connected to a 
peltier element by a thermally conductive foam. The simulated 3D model in (b) shows the absolute pressure amplitude at a frequency of 2.8 MHz inside a 
chip with a modelled C. elegans in the middle. 
 



RESULTS 

 

   Immobilization of a C. elegans is shown in the image sequence from a high-speed recording in fig. 2. An adult C. elegans 
flows in a bent state through the microfluidic chip. After a visual detection ultrasound is switched on and the C. elegans is 
straightened and focussed in the middle of the channel. In this position e.g. a laser can detect fluorescent proteins along the 
length or a motion detection software can be used for a length measurement. After a duration of 60 ms the ultrasound is switched 
off and the C. elegans bends again which shows its viability. 
 

 
Fig. 2. Straightening and immobilization of an adult C. elegans for optical scanning purposes. a) No ultrasound, a moving C. elegans 
flows with a speed of 25 mm/s. In b) and c) an excitation pulse (time 60 ms) at a frequency of 3.56 MHz at an amplitude of 17 Vpp 
straightens the C. elegans in the pressure node of the half wavelength (Ȝ/2) fluid resonance mode in the channel middle. The C. elegans is 
slowed down to 9 mm/s due to acoustic forces in x- direction. In d) the negative control without ultrasound shows the bent C. elegans. 
 
   Sorting in fig. 3 is performed by switching between two fluid resonance modes and guiding the C. elegans either in the 
middle outlet or in one of the remaining outlets of the trifurcation (outlet 1.1 or outlet 1.2). Dependent on the size, the 
viability (image analysis) or a detected fluorescent threshold it is possible to sort C. elegans into two categories. 
 

 
Fig. 3. Sorting of C. elegans with an average length of 350 µm (L 3 stage) at a flow speed of 1.6 mm/s. (a) Excitation at 2.165 MHz 
generates a Ȝ mode, which deflects C. elegans to the upper or bottom outlet. (b) In a next time step, the piezoelectric transducer is excited 
at a frequency of 970 kHz ((Ȝ/2), C. elegans are moved to the channel middle and are sorted to the outlet in the middle of the trifurcation. 
An amplitude of 28 Vpp is used. By switching between the Ȝ- and Ȝ/2 resonance mode sorting in two different outlets becomes possible. 
 

CONCLUSIONS 

 
   The microfluidic handling tool BAW acoustophoresis enables immobilization and sorting of living C. elegans. With this 
method contactless and un-anesthetized handling of C. elegans at low flow rates in wide channels becomes possible. In the high 
kHz frequency range a temperature controlled acoustic actuation is harmless for living organisms. Acoustophoresis is seen as a 
handling tool for biological researchers which is harmless, versatile (immobilization and sorting), with a simple chip fabrication 
and is applicable for C. elegans in every stage of its life cycle. Furthermore, new experimental ideas become possible, e.g. the 
evaluation of the fitness of a C. elegans (comparing simulation and experiment) or the imaging at low flow rates.   
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Summary An extensive experimental characterization of the flow past wall-mounted single- and multi-scale porous fences is presented.
Results are shown using hot-wires, PIV, fluctuating wall pressure and a microphone array. There is evidence that both the mechanism of
formation of the far field boundary layer and of sound generation depend strongly on the grid geometry. Results will be presented involving
wall-flow correlations in order to characterize the distinct influences of the grids’ wake in the near-wall region.

INTRODUCTION AND EXPERIMENTAL SET-UP
Wall-mounted porous fences (both single- and multi-scale) are widely employed for industrial flows in which a wall-

bounded flow needs to be passively controlled. More fundamentally, the turbulence generated by the grid interacts with the
turbulent boundary layer (TBL) modifying its properties and influencing its development further downstream [1]. The present
paper will study both the near and far field behaviours of TBL generated downstream of porous fences. Special attention is
paid to (i) the influence of the wake turbulence on the near-wall region and (ii) the acoustic performance of the wall-mounted
fences which may make them unsuitable for certain applications.

Hot-wire measurements were performed at Imperial College London using constant temperature anemometry with an in-
house etched wire of diameter 5µm. This is a closed loop wind tunnel with a square section 0.91× 0.91m2 × 4.8m long. It
was run at a constant freestream speed of U∞ = 10m/s with a background turbulence intensity of ! 0.05%. Further details
for this wind tunnel are reported in [1]. A flat plate was mounted spanning the whole test section and the different grids were
mounted at x0 = 2m downstream of its leading edge where the thickness of the boundary layer δ = 73mm.

Particle Image Velocimetry (PIV) coupled with fluctuating wall pressure was conducted at the University of Poitiers in the
3/4 open BETI wind tunnel built inside an anechoic chamber. The end of the contraction is 0.7×0.7m2 and a square collector
of 0.9 × 0.9m2 is located 1.5m downstream. A flat plate was mounted spanning the gap between contraction and collector;
grids were placed at x0 = 288mm where δ ≈ 20mm. An Underbrink multi-arm spiral array of 31 microphones (mounted
1.3m above the flat plate) allowed the measurement of the radiated sound pressure level, SPL, Φ = 10 log(P ′/M6), where
P ′ stands for the Power Spectral Density of the sound pressure, p′; and M is the Mach number. The location of acoustic
sources was also measured to determine where the radiated noise was generated with a resolution of ≈ 3 cm for intermediate
frequencies O (6 kHz ).

Four different geometry grids were tested in both wind tunnels; all of them were 100mm high with 800mm span and
blockage ratio σ = 0.3. The different grids were formed by a basic pattern repeated until achieving the desired span. Fractal
grid was based on the fractal square pattern described in [2] with thickness ratio tr = 5 and t0 = 5mm. Cross grid was
based on the fractal cross pattern described in [2] with tr = 5 and t0 = 5.6mm. Multiscale grids have been extensively
studied in the past decade because of their characteristic dissipation behaviour [3] and they have been previously employed
in wall-mounted fences [4]. Following Townsend’s attached eddy hypotheses, one can generate a grid such that the size of
the generated eddies scales with the wall-normal coordinate to mimic the expected behaviour of the boundary layer; hence,
Attached grid was made of squares of different sizes with their length equal to the wall-normal location of their centre. Finally,
for comparison purposes a Regular grid of the same blockage was made of bars of thickness t0 = 5mm separated 33mm.

RESULTS
Experiments conducted at Imperial College: The flow in the vicinity of the grids is dominated by the different distributions

of blockage. Although this dependence decays with downstream distance, the furthest measurement station is not far enough
as to get a self similar state in which there is no dependence on the grid. This suggests that different grids present distinct
mechanisms of evolution from initial conditions entailing different adaptation regions for the canonical state of the TBL,
in agreement with results shown in [1]. This hypothesis is also sustained by the spectral measurements and the turbulence
intensity profiles (not shown for brevity), which show a lack of collapse for the outer region of the flow.

Experiments at Poitiers University: The far field SPL shown in fig 1 does not display any preferential frequency for the
Attached and Regular grids (and arguably for the Cross grid at f/U∞ " 200). However, there is a clear broadband peak for
the Fractal case at f/U∞ ≈ 200. This peak may be related with the shedding of the smallest bars (with a thickness of 1mm
their Strouhal number, St ≈ 0.2, is reasonable for vortex shedding). The spectra for different velocities collapse with the M6

non-dimensionalization. This implies that the sound formation mechanisms behave as dipoles rather than quadrupoles; i.e.,
the importance of the sound radiated by the obstacle immersed in the flow is higher than the sound generated by the turbulence
activity downstream of it.

∗Corresponding author. Email: eduardo.rodriguez-lopez12@imperial.ac.uk
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Figure 1: Sound spectra, Φ, in the far field for Attached (a), Regular (b), Fractal (c) and Cross (d) grids at various velocities.

Moreover, one can perform a detection of acoustical sources using a conventional delay-and-sum beamforming followed
by a CLEAN-SC deconvolution algorithm [5]. It confirms the aforementioned result, where the acoustical sources are located
on the grid plane and not in their turbulent wake. Fig 2 shows that for the cases where the spectra showed a peak for a
given St ≈ 0.2 (i.e. Fractal and Cross grids) the sound is mainly generated in regions with a high concentration of the
smallest iterations and it is not uniform along the span of the grid. This contrasts with the Regular case in which there is not a
preferential location of the sound sources along the span of the grid. This effect may be caused by the non-uniform blockage
in the spanwise direction which forces the flow to concentrate along the regions where this blockage is smaller (hence the
velocity is larger); consequently the noise generation is bigger in regions with a higher population of small iterations which
entail a smaller blockage.
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Figure 2: Acoustic source plot at 7200Hz and U∞ = 40m/s for Fractal (a), Cross (b) and Regular (c) grids. Solid green line
shows the location of the grid normal to the measurement plane. Note that the grid is only presented as a reference sketch.
(x, y) = (0, 0) is the projection of the microphone array centre on the measurement plane located at 50mm above the wall.

In order to explore the sound generation mechanisms and the influence of different grids on the near field development
of the boundary layer, coupled PIV and wall pressure fluctuations are being processed and will be presented showing the
different formation mechanisms of the turbulence and sound in the near wakes of the various grids. In particular, correlations
between the fluctuating wall-pressure and velocity fields will be presented in order to study the influence of distinct motions
generated by bars of different sizes and orientations on the near-wall region. The change in thickness of the incoming TBL for
both experimental campaigns will also be tested and discussed along with the development of the flow further downstream.
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Stochastic aspects of thermoacoustic instabilities in combustion chambers

Nicolas Noiray∗1 and Alexey Denisov2

1CAPS Lab., Mechanical and Process Engineering Dep., ETH Zürich, Switzerland
2Paul Scherrer Institute, Villigen, Switzerland

Summary The stochastic nature of combustion instabilities in practical land-based gas turbines and aeroengines combustors has seldom been
investigated. It is shown here that a wealth of information about the constructive acoustic-flame interactions can be gained by scrutinizing
the effects of the inherent turbulence-induced noise which forces the nonlinear thermoacoustic dynamics. In particular, one presents a
method, based on the Fokker-Planck formalism, to identify from dynamic pressure signals the linear growth rates, the type of flame response
nonlinearity and the potential defining the system acoustic energy. It is applied to and validated against experimental data measured in a
lab-scale combustion chamber.

Due to the lack of cost-effective actuators, passive damping technologies constitute the vast majority of thermoacoustic
instability control systems in practical combustors. It has been shown that robust design of these dampers requires the knowl-
edge of the thermoacoustic linear growth rates [1]. Up to now, only linear decay rates providing stability margin could be
quantified, because common output-only system identification (SI) methods used to process pressure data necessitate linearly
stable system. Recently, it has been shown that one can take advantage of the presence of inherent turbulent combustion noise
to extract linear growth rates from limit cycle data [2, 3]. This SI is based on the work of Friedrich and co-workers [4].

A cylindrical combustion chamber operated at atmospheric pressure is used. The thermal power is approximately 30
kW. The turbulent swirled V-flame is anchored at the rim of a lance equipped with an axial swirler. The acoustic pressure in
the combustion chamber is measured by using a calibrated water-cooled microphone. When the equivalence ratio is varied
from 0.47 to 0.5 by increasing the fuel mass flow, the acoustic level in the combustion chamber sharply increases due to the
constructive interaction between the flame and one of the longitudinal acoustic modes (Fig. 1a). At condition c3, the acoustic
pressure probability density function P (p) exhibits a bimodal distribution, which is typical of stochastic limit cycle oscillation.
In contrast, at condition c1, the PDF has a gaussian like distribution which is characteristic of randomly excited linearly stable
oscillator. High speed Particle Image Velocimetry is performed at condition c3 and proper orthogonal decomposition (POD) is
computed from 2 seconds data (see Fig. 1b and 1c). The first two POD modes, exhibiting an axially shifted pattern of coher-
ent structures typical of coherent vortex shedding and advection, carry nearly 20 % of the kinetic energy. The corresponding
axisymmetric roll-up of vortices from the burner exit occurs at the thermoacoustic mode frequency around 150 Hz.

Starting from the acoustic wave equation with heat release rate source term, one can derive a Langevin equation for the
acoustic pressure envelope A(t), where the acoustic pressure is defined by p = A(t) cos(ωt+ φ(t)). This derivation is based
on the following assumptions, which are valid for many practical situations: (i) a single thermoacoustic mode resulting from
the constructive acoustic-flame interaction dictates the flow dynamics, (ii) the flame heat-release-rate fluctuations can be de-
composed into a coherent and a noisy part !q = !qc + !qn, the former resulting from the acoustically driven heat release rate
fluctuations and the latter from the intense turbulence pertaining to practical combustion chambers, (iii) the coherent flame
response to acoustic perturbations exhibits a sigmoid type saturation when the acoustic level increases, which is approximated
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Fig. 1: (a) Acoustic power spectral density from signals measured in the atmospheric-pressure combustion chamber at different equivalence ratios (≃ 30 kW
thermal power), and corresponding acoustic pressure probability density functions Pp. (b) Averaged OH∗ chemiluminescence from the turbulent V flame,
and averaged axial velocity field from -8 (blue) to 15 m/s (red) at self-oscillating condition c3. (c) Energy contribution of the first 12 POD modes deduced
from 2 seconds data (294 acoustic cycles) at condition c3, and POD modes 1 and 2 (blue and red for negative and positive axial displacement). Also shown,
the Fourier transforms of the POD modes amplitudes.
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Figure 2: The flame describing function, F(s, |a|), for four forcing amplitudes: (a) gain and (b) phase.

increases, the positive feedback between unsteady heat release and acoustics can only weaken, since the flame’s gain is
decreasing, while the phase between them remains fixed. If both the gain and the phase vary, however, then both supercritical
and subcritical bifurcations are possible. In this case, even if we assume that the flame’s gain decreases with increasing
forcing amplitude as before, variations in phase can actually lead to stronger positive feedback between unsteady heat release
and acoustics. Now relating these considerations to previous studies: the variations in the flame’s phase with forcing amplitude
seen by Dowling are either zero [3] or small [4], and so only supercritical behaviour is seen; while in Noiray et al. [5], the
experimentally-determined FDF exhibits significant changes in both gain and phase, and so both types of bifurcation behaviour
are seen (and predicted).

As well as looking at the effect of a simple saturation nonlinearity on the dynamics of thermoacoustic oscillations, Dowling
[3] also looked at implications for feedback control. It was found that a linear feedback controller, as well as stabilizing the
linear system, was also stabilizing when applied from an already-established limit cycle. A describing function analysis was
used to explain why the controller was still successful when applied to the limit-cycling system. It is important to remember
here that, due to the relatively simple nature of the flame’s nonlinearity, there was no amplitude dependence of the flame’s
phase response, and therefore the subcritical bifurcations shown in Fig. 1 (b) could not occur. In more recent work, the
amplitude dependence of the flame’s phase response has been shown to play an important role for the dynamics of the coupled
system. In particular, the subcritical bifurcations depicted in Fig. 1 (b) can occur. However, none of these studies has looked
at the implications of this more complex nonlinear dynamics on their feedback control. That is the focus of this work.

This study investigates the feedback control of nonlinear thermoacoustic oscillations. A particular aim is to investigate the
efficacy of feedback control when the system’s nonlinear dynamics are rich. Specifically, we investigate a flame model which
exhibits significant changes in both the gain and the phase of its response to harmonic fluctuations. The flame is modelled
by the kinematic G-equation. We model the experimental geometry of Balachandran et al. [1], accounting for a spatially
non-uniform flow field, curvature corrections on the flame speed and equivalence ratio fluctuations at the injection point. The
flame describing function for this model (gain and phase) is plotted in Fig. 2, which has been determined by forcing the flame
in simulations over a wide range of frequencies and amplitudes. Crucially, we see that both the gain and the phase vary with
forcing amplitude, |a|. This means that bifurcations of both the supercritical and subcritical type (see Fig. 1) are possible.
The acoustic response of the geometry is modelled using LOTAN [7]. This coupled system is in turn coupled to a feedback
controller (whose objective is to completely eliminate oscillations), as shown in Fig. 1 (c).

Our task therefore is to design a controller that is sufficiently robust to provide closed-loop stability even in the presence
of the flame’s changes in gain and phase—and the changes in the dynamics of the coupled system that this will cause. This
is shown in Fig. 1 (c): the coupled thermoacoustic system is represented by the two lower blocks. Notice that the flame
dynamics, F(s, |a|), is a function of both the Laplace variable, s, and the forcing amplitude, |a|. The feedback controller (top
block in Fig. 1 (c)) is denoted by C(s) and is designed using robust control techniques [6] to stabilize both the linear and fully
nonlinear system. The final presentation will present results for control applied to both the linear and fully nonlinear system.
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PERIODIC PARTIAL EXTINCTION IN ACOUSTICALLY COUPLED FUEL DROPLET 
COMBUSTION 

 
John W. Bennewitz1, Miguel A. Plascencia1, Dario Valentini1, Owen I. Smith1 and Ann R. Karagozian1a

 

1Department of Mechanical and Aerospace Engineering 
UCLA Henry Samueli School of Engineering and Applied Science 

Los Angeles, CA 90095-1597, USA 
 
Summary This experimental study investigates the response of burning liquid fuel droplets exposed to one-dimensional standing waves created 
within an acoustic waveguide. Building upon prior droplet combustion studies1 quantifying mean and temporal flame response of several 
alternative fuels to moderate acoustic excitation, the present work extends recent studies2 pertaining to the discovery of periodic partial extinction 
of flames during exposure to higher amplitude acoustic forcing. This investigation explores several alternative liquid fuels exposed to a range of 
acoustic forcing conditions (frequencies and amplitudes) creating sustained oscillatory combustion, periodic partial extinction, and full extinction.  
Phase-locked OH* chemiluminescence imaging and local temporal pressure measurements allow quantification of the combustion-acoustic 
coupling through the local Rayleigh index as well as temporal oscillations in the flame standoff distance. An estimation of the oscillatory strain 
rates experienced by the flames during excitation helps to explain specific relationships among acoustic, chemical, and fluid mechanical/straining 
time scales that can lead to periodic flame extinction. 
 

BACKGROUND AND CONTEXT OF PRESENT STUDIES 
 
   Acoustically coupled combustion instabilities have been a major challenge in the development of liquid rocket engines 
(LREs) and gas turbine engines over many decades. Typically, these instabilities are spontaneously excited, and are 
characterized by large-scale, self-sustained pressure oscillations corresponding to a natural acoustic mode of the combustion 
chamber. The onset of combustion instabilities is attributed to a feedback cycle among temporal velocity oscillations u', 
pressure oscillations p', and oscillatory heat release q', resulting in instability when the latter two parameters are in phase, or 
nearly so, per the well-known Rayleigh criterion3. Conversely, when pressure and heat release oscillations are out of phase 
with respect to one another, there is suggested to be a dampening of the instability4. For a reactive system, combustion 
instability can be mathematically described over an acoustic period T using the Rayleigh index G at a given location x:   
 

ሻݔሺܩ ൌ ଵ
்  ǡݔᇱሺ ǡݔᇱሺݍሻݐ �ݐሻ݀ݐ

்      (1) 
 
where a positive G value denotes in-phase fluctuations of pressure and heat release and hence instability, while out-of-phase 
p' and q' lead to a negative G value and presumably stable combustion. Although the Rayleigh criterion has shown to predict 
naturally occurring thermo-acoustic instabilities in a large number of combustion systems5, relating the bulk properties of the 
reactive system to the detailed acoustically-coupled flame dynamics is still a topic of great interest, especially for alternative 
fuels.   
   The single isolated burning fuel droplet represents a heterogeneous reactive process that provides a fundamental means to 
investigate condensed phase combustion. Over the past decade our group has examined burning fuel droplets within a 
controlled acoustic environment to investigate fundamental acoustically-coupled combustion processes1,2,6, where global 
flame properties (e.g., Rayleigh index G and mean droplet burning rate constant K) as well as temporally oscillatory 
parameters (e.g., acoustic pressure p' and flame chemiluminescent intensity I') could be quantified throughout the acoustic 
cycle via phase-locked OH* chemiluminescence imaging. Bulk flame deflection characteristics are qualitatively consistent 
with the notion of a spatially variable acoustic radiation force7 causing the flame to deflect away from the pressure node (PN).  
For both alcohol fuels (ethanol, methanol) and sooting hydrocarbons (JP-8, Fischer-Tropsch synfuel), the strongest degree of 
flame-acoustic coupling for moderate excitation (pressure perturbation amplitudes at or below 150 Pa) occurred for droplets 
situated near a PN at relatively low frequency excitation (332 Hz). More recent studies2 show that at higher amplitude 
excitation conditions, exceeding perturbation pressure amplitudes of 200 Pa, ethanol droplets can experience periodic partial 
extinction of the oscillating flame structure. The present study extends this exploration to alternative excitation conditions and 
fuels to enable a more fundamental understanding of acoustically-coupled flame dynamics. 

 
EXPERIMENTAL APPROACH AND SAMPLE RESULTS 

 
   The current study investigates the behavior of several alternative fuel droplets, including ethanol and JP-8, burning within 
a closed optically-accessible cylindrical waveguide with loudspeakers situated at each end. The burning droplet is 
continuously fed through a glass capillary by a syringe pump and fixed in place at the geometrical center of the waveguide.  
The acoustic drivers are forced at frequencies low enough to create effectively one-dimensional longitudinal waves to which 
                     
a Corresponding author. Email: ark@seas.ucla.edu  
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SIMULATING ACOUSTOFLUIDIC PARTICLE INTERACTIONS AND UNILATERAL 
CONTACTS 

 
Thierry Baasch1a), Jürg Dual1 

1Institute for Mechanical Systems, Swiss Federal Institute of Technology, Zurich, Switzerland  
 
Summary Determining the trajectories of particles in acoustic fields is one of the major challenges of numerical acoustophoresis. 
Previous work has only focused on determining the trajectory of one single particle or cell in an acoustic field1. Although the forces 
between multiple small spherical particles can be obtained analytically2, previous research failed to address the unilateral contacts in the 
trajectories of multiple interacting particles. The aim of this work is to present a method, which allows to compute trajectories of multiple 
interacting particles in an acoustic field. This goal is achieved by combining acoustic force simulations with a Moreau type time 
integrator3. The model requires acoustic forces to be determined at each time-step, two different methods are applied and compared. The 
presented algorithm allows to simulate the motion of particle clumps, effectively explaining phenomena such as particle chain formation 
and particle clump rotation. 
 

MOTIVATION 
 
In Lab-on-a-Chip technology acoustic waves can be used for the contactless handling of particles and cells. 
Bulk acoustic wave devices use acoustic resonance modes to achieve high acoustic pressure and force amplitudes. The 
Gorkov theory has become a reliable tool to predict the stable and unstable equilibria positions of single particles in the 
acoustic fields, valid for spherical particles much smaller than the acoustic wavelength. However it fails to fully explain 
certain phenomena observed in recent experiments such as particle clump rotation and particle pattern formation as seen in 
figure 1.  
Particle clump rotation has been performed by Thomas Schwarz4. Here the presence of unilateral contacts between the 
particles has to be acknowledged in order to fully understand and simulate the particle trajectories. 
Particle line-up or chain formation has been known for a while and was observed by Ivo Leibacher et al. 5,6,7 using 
aluminum disk and core-shell particles. Not only do the particles line up in chains, but the chains seem also to repel each 
other, thus forming a grid.  
Better understanding of these phenomena can also lead to further advances in micro assembly applications. The presented 
algorithm allows to simulate the complete trajectories of spherical particles in these systems. The method does not limit 
itself to spherical particles and can be expanded for particles of more complicated shapes (work in progress). 
 

 

 
 

Fig. 1. Line-up and stack formation of a) core-shell particles6,7, b) c) aluminum disks in a one dimensional pressure wave5,7 (Videos 
available). 
 

NUMERICAL SET UP 
 

The acoustic forces acting on the particles can be calculated in various ways. It is possible to use the algorithm in 
combination with a semi-analytical approach as presented by Silva et al.2 or to combine it with a finite element software 
package such as Comsol Multiphysics. Comsol Multiphysics can be accessed through the Matlab Livelink and the forces 
can be determined by performing a scattering simulation at each time-step. One main advantage of this method is it not 
being limited in the particle shapes and sizes.  Both methods have been applied during our numerical studies. 
 
In order to include the unilateral contacts and the inelastic impacts in the simulation, a Moreau type time integrator with an 
additional drift correction step has been used. The Moreau time-stepping algorithm involves performing a collision  



detection and solving a normal cone inclusion problem. A projected over relaxed Gauss Seidel scheme is used to solve the 
inclusion problem8.  
 

RESULTS 
 
The particle line-up mechanism is shown in fig. 2. Small particles with a radius of 50 µm were simulated in a one 
dimensional standing wave situation. Here the acoustic interaction forces have been calculated applying the approach 
presented by Silva et al.2 for perfectly rigid particles. The particles have been assumed to instantaneously reach terminal 
velocity, which has been determined using the Stokes drag. 
The particles move into the minimum of the Gorkov potential, which is shown in blue. While moving the particles interact 
with each other, repelling or attracting each other, ultimately forming three repelling particle chains. 

 

 
Fig. 2. Line-up and stack formation of rigid particles in an acoustic field due to secondary acoustic forces. In the background the Gorkov 
potential for one single particle in a one-dimensional acoustic field is shown, blue marking its minimum and yellow its maximum. 
Although the Gorkov theory is only valid for single particles, the particles move into the minimum of the Gorkov potential. The particles 
also form chains which seem to repel each other (Video available). 

 
CONCLUSION AND OUTLOOK 

 
Using the presented algorithm it is possible to simulate complete particle trajectories in realistic acoustofluidic multi-
particle systems. The algorithm includes acoustic interaction (Bjerknes) forces, unilateral contacts and impacts. The 
possibility to combine it with Comsol Multiphysics allows to perform a pre-simulation calculating the pressure field in a 
complex device1  and then using this pressure field as a background field in the following scattering simulations. The 
algorithm can also be expanded to allow for more complex particle shapes (work in progress). 
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we show that the impedance can be tuned by the concentration of TiO2 particles, and that when the amount of particles is 
ideal no significant reflection can be observed.  Some absorption can also be quantified.  Using a shear wave device [3,4] 
± an acrylic prism and a shear transducer centered around 400 kHz ± we measured the shear moduli of the PDMS-TiO2 
materials.  The mechanical properties of the composite material can be further tuned by using silica particles and by 
changing the amount of PDMS crosslinker.  We will discuss the agreement between the CPA model and the experimental 
results.  
  
   We demonstrated that it is possible to create a home-made impedance-matched material using PDMS and particles 
(TiO2 in this case).  We showed that the CPA model helps in choosing the concentration of particles necessary to achieve 
this goal, and discussed the agreement between the theoretical predictions and experimental measurements for the shear and 
longitudinal properties.  The composite material can be cured in a mold to achieve desired sample shape in the same way 
as with classic PDMS, which makes it very easy to handle and to use.  This material, which prevents acoustical reflections, 
can be used as a cell or for walls DURXQG�D�VDPSOH�WR�DOORZ�WKH�VDPSOH¶V�DFRXVWLFDO�SURSHUWLHV�WR�EH probed.  We plan to use 
this material to improve the performance of bubble metascreens for broadband superabsorption of acoustic waves in water 
[2]. 
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Modeling of the flow problem
The source field, i.e., the sound-generating incompressible ‘background flow’, is assumed to be governed by the Euler

equation ∂v/∂t+ ρ−1∇ph =↗v ·∇v, where ph is the ‘hydrodynamic’ fluid pressure. Adding the acoustic velocity u to this
equation gives ∂ (v + u) /∂t + (v + u) ·∇ (v + u) =↗ρ−1∇ph. Taking the curl on both sides eliminates ph, and the (last)
equation can be written as

Dω/Dt = ω ·∇w + κω∂p/∂t, (2)
where w = v + u, D/Dt = ∂/∂t + w · ∇, and p (without an index) is again the acoustic pressure. Eq. (2) is solved
numerically in terms of a discrete vortex method, by discretizing the cylindrical shear layer of the jet into a series a vortex
rings. Inspired by the viscous splitting algorithm used in viscous vortex methods [3], where the Navier-Stokes equation is
split up into a convection part and a diffusion part, (2) is split up into the convection part D (ωθ/r) /Dt = 0 and a part which
‘infuses’ vorticity, ∂ (ωθ/r) /∂t = (ωθ/r)κ∂p/∂t. Here ωθ is the azimuthal component of ω, the only non-zero component
by axisymmetry. In terms of the discrete vortex method, the last of these two equations can be solved, to give the strength
(circulation) of the mth vortex ring as ym(t) = y0m(rm(t)/r0) �xp(κ(p(t)↗p(tmrel)), where rm(t) is the vortex ring radius
at time t, and tmrel is the time where the ring is released at the nozzle (of radius r0), at position x1 (see Fig. 1(b)).

Thus acoustic problem and the flow problem are complete coupled.

NUMERICAL EXAMPLES

Figure 2 shows the frequency spectrum of the flow velocity fluctuations in the shear layer, at position x2 (see Fig. 1(b))
near the ‘end plate’ (i.e. at the downstream end of the cavity), for three different mean flow speeds, U0 = 9, 10, and 11 m/s.
The results in the upper row (parts a, b, c) are without acoustic feedback, while it is included by those in the lower row (parts
d, e, f). The resonance frequency of the tailpipe is fpipe = 200 Hz (in mode n = 1, one half-wave), and it is seen that inclusion
of acoustic feedback results in lock-in of the self-sustained flow oscillations to this frequency.

U0 = 9 m/s U0 = 10 m/s U0 = 11 m/s
VFL [dB] VFL [dB] VFL [dB]
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Figure 2: Frequency spectrum of the flow velocity fluctuations in the shear layer at position x2 in Fig. 1(b).

CONCLUSIONS

The main contribution of the present work is (i) the formulation and solution in analytical (albeit approximate) form of an
inherently coupled flow-acoustic problem within the framework of the classical acoustic analogy approach, and (ii) successful
demonstration of lock-in of the self-sustained flow oscillations to resonant acoustic oscillations.
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A BIEM FOR TRANSMISSION RESONANCE PROBLEMS FOR ELASTIC WAVEGUIDES
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Summary A BIEM (Boundary Integral Equation Method) for computing resonance frequencies for elastic waveguides is presented. We
show that Müller’s integral equation may suffer from complex fictitious eigenfrequencies although this equation is known to be without real
ones. We propose a new BIE formulation which resolves this problem and show numerical examples of resonance frequencies obtained
with this formulation.

INTRODUCTION

Determining resonance frequencies in waveguides is of interest because they affect the behaviour of the solution consider-
ably. This study considers a numerical solver for resonance problems for time harmonic (with e−iωt) SH waves in waveguides
with inclusions. Mathematically, the resonance frequencies are complex eigenvalues (ω’s) at which there exist non-trivial
solutions to the homogeneous boundary value problems. Real resonance frequencies as well as leaky ones with ω’s having
small imaginary parts are of interest.

Boundary Integral Equation Method (BIEM) is considered to be one of advantageous solvers for waveguide problems be-
cause it requires no truncation of the domain thus requiring no special techniques to avoid reflections from artificial boundaries
introduced by the truncation. The long standing inefficiency problem of BIEM is now almost solved with the development of
so called fast BIEMs such as FMM (Fast Multipole Method). With BIEM, however, one has to solve non-linear eigenvalue
problems for discretized BIEs in order to determine resonance frequencies. This non-linear eigenvalue problem, however, can
now be solved efficiently with the SS method [1] as has been verified successfully in [2].

However, one has to be careful in solving transmission problems with BIEs because some known integral equations without
real fictitious resonance frequencies may have complex ones when one considers leaky modes [2]. This paper proposes a new
BIE with which one can distinguish true resonance frequencies from fictitious ones, which we validate with some numerical
examples. These examples clearly show that resonance frequencies are related to the behaviour of energy transmittances.

FORMULATION

Let P be an infinite strip given by P = [−1/2, 1/2]×R which is a model of a traction free waveguide. Also, let Ω2 ⊂ P be
a finite domain (inclusion), Γ = ∂Ω2 be its boundary and Ω1 = P \Ω2. We consider the following homogeneous transmission
problem: find u which satisfies Helmholtz’ equation

∆u+ k2i u = 0 in Ωi (i = 1, 2),

boundary conditions

u+ = u−, µ1
∂u+

∂n
= µ2

∂u−

∂n
on Γ,

∂u

∂x1
= 0 on x1 = ±1

2

and the outgoing radiation condition for u as x2 → ±∞ in P , where ki = ω
!
ρi/µi is the wavenumber, ρi is the density and

µi is the shear modulus in Ωi (i = 1, 2), respectively. Also, the superscript +(−) stands for the trace to Γ from Ω1 (Ω2), ∂/∂n
for the normal derivative and n for the unit normal vector on Γ directed towards Ω1, respectively.

A standard BIE for this problem is the Müller formulation given as follows:

µ1 + µ2

2
u(x)−

"

∂Ω

#
µ1
∂G1(x,y)

∂ny
− µ2

∂G2(x,y)

∂ny

$
u(y)dsy +

"

∂Ω
(G1(x,y)−G2(x,y)) t(y)dsy = 0

µ1 + µ2

2µ1µ2
t(x)−

"

∂Ω

#
∂2G1(x,y)

∂nx∂ny
− ∂2G2(x,y)

∂nx∂ny

$
u(y)dsy +

"

∂Ω

#
1

µ1

∂G1(x,y)

∂ny
− 1

µ2

∂G2(x,y)

∂ny

$
t(y)dsy = 0

(1)
where G1 is the Green function for the waveguide and G2 is the fundamental solution for Ω2 given as follows:

G1(x,y) =
∞%

l=0

fl
e−

√
(lπ)2−k2

1|x2−y2|
!
(lπ)2 − k21

cos lπ

#
x1 +

1

2

$
cos lπ

#
y1 +

1

2

$
, G2(x,y) =

i

4
H(1)

0 (k2|x− y|). (2)
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In (2), fl is 1 for l ̸= 0 and 1/2 for l = 0 and H(ν)
n stands for the Hankel function of the ν-th kind, respectively. The branches

of square roots in G1 are taken so that the summand decays as l → ∞. The integral equation in (1) is known to have no real
fictitious eigenfrequencies. Namely, solving (1) is equivalent to solving the transmission problem if ω is a real number.

We next consider the transmission resonance problem which finds complex ω’s at which the above transmission problem
has non-trivial solutions. We call such ω’s resonance frequencies and the corresponding non-trivial solutions eigenmodes,
respectively. These eigenmodes are outgoing and the resonance frequencies have non-positive imaginary parts.

To solve the transmission resonance problem we search complex ω’s such that (1) has non-trivial solutions (u, t). This is a
non-linear eigenvalue problem for ω which is solved with SS method[1]. The SS method uses path integrals with respect to ω
in the complex plane, thus requiring the analytic continuation of BIE to complex ω. We can carry out this continuation using an
integral representation of the Green’s function in (2). We thus identify a continuous spectrum extending from k1 = nπ, n ∈ N
and we can take the paths of integrations for SS method so that they do not touch the continuous spectrum. See Misawa et
al.[2] for further details.

Unfortunately, this method may suffer from fictitious resonance frequencies when we consider leaky modes. In fact, we
can show that the fictitious eigenvalues of (1) are leaky eigenfrequencies of a certain transmission problem in the free space
R2 with the wavenumbers of the interior and exterior interchanged.

A remedy for this problem is simply to use the incoming fundamental solution −(i/4)H(2)
0 (k2|x − y|) for G2 in (1)

instead of the outgoing fundamental solution in (2). In fact, we can show that this remedy moves the fictitious eigenvalues to
the upper complex plane while keeping true resonance frequencies unchanged. We can thus distinguish fictitious eigenvalues
from true resonance frequencies since true ones have non-positive imaginary parts.

NUMERICAL EXAMPLE

We consider 2 circular inclusions in the waveguide, each having a radius of 0.4 and whose centers are (0, 0), (0,−2),
respectively. We set ρ1 = 1, ρ2 = 0.34, µ1 = 1 and µ2 = 0.16 (we assume quartz inclusions within an iron waveguide). We
solved the non-linear eigenvalue problem with an FMM accelerated BIEM and SS method and plotted obtained eigenvalues
with symmetric eigenmodes in the upper part of Fig.1. We see that the fictitious eigenvalue can be distinguished clearly from
the true ones if we use incoming fundamental solution for G2. We can thus check the effectiveness of our method. The lower
part of Fig.1 shows the energy transmittance in response to a symmetric incident wave eik1x2 from the negative x2 side. We
can find peaks or dips in the transmittance curve at locations corresponding to eigenvalues with non-positive imaginary parts.
We also see that the smaller the imaginary parts of the eigenvalues the sharper the corresponding changes of the transmittance.
We thus see that all the true eigenvalues in Fig.1 actually have relevance to the resonance phenomena.
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Figure 1: Eigenvalues with symmetric modes (upper) and energy transmittance for incident eik1x2 (lower). Solid symbols
stand for fictitious resonance frequencies.

Acknowledgement This work has been supported by JSPS KAKENHI Grant Number 14J03491.

References

[1] J. Asakura, T. Sakurai, H. Tadano, T. Ikegami and K. Kimura: A numerical method for nonlinear eigenvalue problems using contour integrals, JSIAM
Letters, Vol. 1, No. 0, pp. 52–55, 2009.

[2] R. Misawa, K. Niino and N. Nishimura: An FMM for waveguide problems of 2-D Helmholtz’ equation and its application to eigenvalue problems,
http://dx.doi.org/10.1016/j.wavemoti.2015.12.006, Wave Motion, 2016. (accepted)



 

a) Corresponding author. Email: quyegao@vt.edu. 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

NONLINEAR VIBRATION AND SOUND RADIATION FROM SKIN/CORE DEBONDED 
SANDWICH PLATES 

 
Yegao Qu1,2a), Hongguang Li1, Fucai Li1, Guang Meng1 

1State Key Laboratory of Mechanical System and Vibration, Shanghai Jiao Tong University, Shanghai, China 
2Department of Biomedical Engineering and Mechanics, Virginia Polytechnic Institute and State University, 

Blacksburg, Virginia, USA 
 
Summary The nonlinear structural and acoustic responses of debonded sandwich plates are analysed by using a time-domain finite 
element/boundary element method. The nonlinear contact/impact constraints on the interfaces of debonded parts are taken into account by the 
augmented Lagrange method. The time-domain Burton-Miller integral equation is employed to evaluate the radiated sound from debonded 
plates. Effect of interface contact/impact on the vibro-acoustic responses of debonded plates under impulsive and harmonic loads are examined. 
 

INTRODUCTION 
 

Sandwich plates with thin, stiff face-sheets and a lightweight, compliant core are commonly used in aerospace and 
marine industries. One of the most common damages of sandwich plates is a partial separation between the face-sheet and 
the core along their interface. The presence of interface debonding in a sandwich plate may reduce the overall plate stiffness 
and strength, and as a consequence may alternate the vibro-acoustic behaviour of the plate. 

The dynamic behaviour of a debonded sandwich plate is intrinsically nonlinear due to the local contact/impact between 
the interfaces of the debonded parts. Attempts have been made by many researchers to study the nonlinear vibration of 
delaminated composite laminated plates and sandwich plates; see Marjanovi! et al. [1], Chandrashekhar and Ganguli [2], 
and Burlayenko and Sadowski [3]. The nonlinear vibration of debonded sandwich plates with complex debonded interfaces 
were mostly analysed by the finite element method. The literature related to the acoustic problem of debonded sandwich 
plates is rather limited, though considerable attention has been paid to analysis of acoustic radiation from intact plates. The 
objectives of this study are twofold: one is to develop a time-domain nonlinear finite element/boundary element model for 
the vibro-acoustic analysis of debonded sandwich plates; the other is to explore the effect of nonlinear contact/impact on the 
vibration and acoustic responses of debonded plates under impulsive and harmonic loads. 
 

THEORY AND FORMULATION 

   The structural model of a debonded sandwich plate is formulated by using the finite element method. The principle of 
virtual work is used to develop the finite element model of the plate, given as

: 0
t

cd c d d dS W
! ! !
" # ! " ! " ! " $ "

%
& ' & ' $ & () ) ) )u u u u ! " u t!! !                        (1) 

where u , u! and u!!  are the displacement, velocity and acceleration, respectively. # is the mass density, and c is a viscous 
damping coefficient. " and ! are the Cauchy stress tensor and the infinitesimal strain tensor respectively, which are related 
by a fourth-order stiffness tensorC as: (" C! . The mass density # and the elements of the stiffness matrixC may take 
different values for different material layers. t is the surface traction. cW" is the virtual work related to contact/impact 
between debonded regions, given as: 2( / 2)

c
c n n n nW g g dS* +

%
( ') , where n* is the field of Lagrange multipliers, ng is the normal 

gap function and n+ is the penalty parameter. Eight-noded solid elements with three degrees of freedom at each node are 
employed to discretize the sandwich plates, and the finite element equations of motion for debonded plates are given as:  

, - , - , - ext contt t t' ' ( $Mq Cq Kq F F!! !                                    (2) 
where q , q! and q!! are the displacement, velocity and acceleration vectors, respectively.M , C and K are the global mass, 
damping and stiffness matrices, respectively. extF and contF are the global vectors of external and contact forces.  

The time-domain Burton–Miller integral equation is adopted to evaluate the acoustic field of sandwich plates, which is 
obtained by taking a linear combination of the time and normal derivatives of the Kirchhoff integral equation, written by [4]: 
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x x
x x x x

!! !!         (3) 

where. is the velocity potential of the acoustic field. / is a coupling parameter, (0,1)/ > . The detail expressions of ( )D .!  
and ( / )S n.2 2 x! are given in Ref. [4]. Piecewise constant flat elements are used to discretized the surface of the plate, and the 
velocity and acceleration are evaluated at the centre of the external surface of each structural element. The sound field are 
calculated by using the following equation: , - , - , -, /t D S n. . .( $ 2 2 xx .The sound pressure is related to the velocity 
potential as: fp # .( $ ! , where f# is density of the fluid. 
 



RESULTS AND DISCUSSION 
 
   A cantilever rectangular 0°/90°/0°/core//0°/90°/0° plate (‘//’indicates the location of debonded interface) subjected to a 
rectangular impulsive pressure load (see Fig.1; 500Paf ( , for 0.02st ? ; 0f ( , for 0.02st @ ) is examined. The material 
properties of the face layers are: 1 140E ( GPa, 2 3 10E E( ( GPa, 12 13 4.6G G( ( GPa, 23 3.8G ( GPa, 12 23 13 0.3A A A( ( ( ,

1650# ( kg/m3, and the thickness of these layers are the same, given as: / 6f ch h( . The material and geometrical data of 
the core are: 0.05cE ( GPa, 0.1905cA ( , 52# ( kg/m3, 0.008mch ( . Figure 1 shows the comparison of the vibration and 
acoustic responses of the debonded and intact plates. The vibration responses are evaluated at the centre of the top surface 
of the plates and the radiated sound is measured at ( 0.15mx ( , 0my ( , 2mz ( ). The density and speed of sound of the 
fluid (air) are 1.23kg/m3 and 340m/s, respectively. The results show that the presence of the interface debonding increases 
the amplitudes of vibration and acoustic responses of the plate. The frequency signal of the radiated sound from the 
debonded plate is characterized by wider peaks in comparison with those of the intact plate.  
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Fig.1 Comparison of vibration and acoustic responses of intact and debonded sandwich plates under rectangular impulsive 

load: (a) plate model; (b) transversal displacement; (c) radiated sound pressure; (b) FFT of sound pressure 
Figure 2 shows the comparison of the vibration and acoustic responses of the intact and debonded plates under a 

harmonic force, which is applied at the centre of the top surface of the plate, given as: 1 2100[sin(2 ) sin(2 )]f f t f tB B( ' ,
1 1000Hzf ( and 2 1700Hzf ( . The vibration and acoustic responses are evaluated at the same points as the previous case. 
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Fig.2 Comparison of vibration and acoustic responses of intact and debonded sandwich plates under a harmonic load: (a) 

displacement; (b) FFT of displacement; (c) radiated sound pressure; (b) FFT of sound pressure 
As shown in Fig.2, the debonded sandwich plate exhibits complex motions, which not only include the harmonic 

motions of the driving frequencies, but also include the quasi-harmonic and super-harmonic motions. The latter two types of 
motions are due to the intermittent contact between the detached interfaces.  
 

CONCLUSIONS 
 

    A time-domain nonlinear finite element/boundary element model is developed for vibro-acoustic analysis of debonded 
sandwich plates. The existence of debonded interface increases the amplitudes of vibration and acoustic responses of the 
plate. The spectral analysis for the time signals of the structural and acoustic responses of the intact and debonded plates 
reveal that their frequency contents differ considerably. 
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BIG DATA MEETS BIG MODELS:
TOWARDS EXASCALE BAYESIAN INVERSE PROBLEMS

Omar Ghattas∗1, Tobin Isaac2, Noémi Petra3, and Georg Stadler4

1Institute for Computational Engineering & Sciences and Departments of Geological Sciences and Mechanical
Engineering, The University of Texas at Austin, Austin, Texas, U.S.A.

2Computation Institute, University of Chicago, Chicago, Illinois, U.S.A.
3School of Natural Sciences, University of California, Merced, Merced, California, U.S.A.

4Courant Institute for Mathematical Sciences, New York University, New York, New York, U.S.A.

Summary Predictive models of complex systems often contain numerous uncertain parameters. Rapidly expanding volumes of observa-
tional data present opportunities to reduce these uncertainties via solution of inverse problems. Bayesian inference provides a systematic
framework for inferring model parameters with associated uncertainties from (possibly noisy) data and any prior information. However,
solution of the Bayesian inverse problem via conventional Markov chain Monte Carlo methods remains prohibitive for expensive mod-
els and high-dimensional parameters. Despite the large size of observational datasets, typically they provide only sparse information on
model parameters. Based on this property we design MCMC methods that adapt to the structure of the posterior probability and exploit an
effectively-reduced parameter dimension. We apply the methodology to an inverse problem for Antarctic ice sheet flow.

One of the greatest challenges in computational science and engineering today is how to combine complex data with large-
scale models to create better predictions. This challenge cuts across every application area within CS&E, from the geosciences
to materials to chemical systems to biological systems to astrophysics to engineered systems in aerospace, transportation,
buildings, and biomedicine, and beyond. At the heart of this challenge is an inverse problem: we seek to infer unknown model
inputs (parameters, source terms, initial or boundary conditions, model structure, etc.) from observations of model outputs.
The critical need to quantify the uncertainty in the solution of such inverse problems has gained increasing recognition in
recent years. This can be carried out in a systematic manner by casting the problem as one in Bayesian inference. Here,
uncertain observations and uncertain models are combined with available prior knowledge to yield a probability density as the
solution of the inverse problem, thereby providing a rational means of quantifying uncertainties in the model parameters. The
resulting uncertainties in model parameter are then propagated forward through the model to yield predictions with associated
uncertainty.

Unfortunately, solution of Bayesian inverse problems for systems governed by large-scale, complex computational models
with large-scale, complex data has traditionally been intractable. However, a number of advances over the past decade have
brought this goal much closer. First, improvements in scalable forward solvers for many classes of large-scale models have
made feasible the repeated evaluation of model outputs for differing inputs. Second, the exponential growth in high perfor-
mance computing capabilities has multiplied the effects of the advances in solvers. Third, the emergence of MCMC methods
that exploit problem structure has radically improved the prospects of sampling probability densities for inverse problems gov-
erned by expensive models. And fourth, recent exponential expansions of observational capabilities have produced massive
volumes of data from which inference of large computational models can be carried out.

To overcome the prohibitive nature of Bayesian methods for large-scale inverse problems, we exploit the fact that, despite
the large size of observational data, they typically provide only sparse information on model parameters. This implicit di-
mension reduction is provided by low rank approximations of the Hessian of the data misfit functional, which is typically a
compact operator due to ill-posedness of the inverse problem. The low rank approximation of the Hessian can be extracted
efficiently in a matrix-free manner by a randomized SVD method, requiring a number of matrix-vector products that scales
only with the rank of the Hessian, and not its overall size. Each Hessian-vector product amounts to one linearized forward and
one adjoint solve. By exploiting the structure of the inverse problem as represented by the data misfit Hessian, we are able to
substantially reduce the effective parameter dimension (often by three orders of magnitude) at a cost, measured in (linearized)
forward/adjoint PDE solves, that is independent of both the parameter and data dimensions.

The specific problem we address here is the flow of ice from polar ice sheets such as Antarctica and Greenland, which is the
primary contributor to projected sea level rise in the 21st century. The ice is modeled as a creeping, viscous, incompressible,
non-Newtonian shear-thinning fluid. One of the main difficulties faced in modeling ice sheet flow is the uncertain spatially-
varying Robin boundary condition that describes the resistance to sliding at the base of the ice. Satellite observations of the
surface ice flow velocity, along with a model of ice as a creeping incompressible shear-thinning fluid, can be used to infer
this uncertain basal boundary condition. We cast this ill-posed inverse problem in the framework of Bayesian inference,
which allows us to infer not only the basal sliding parameters, but also the associated uncertainty. We demonstrate scalability
with respect to state dimension, parameter dimension, data dimension, and number of processor cores. The largest forward
problems solved have over two billion unknowns on up to 128K cores, and the largest Bayesian inverse problems solved have
over one million uncertain parameters.

∗Corresponding author. Email: omar@ices.utexas.edu
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Summary Predictive computational science implies the integration of models driven by physical understanding, discretised with appropri-
ate numerical algorithms with experimental/real world data that can take advantage of extreme scale HPC architectures. Here we discuss
large scale flow simulations across scales and their integration with experimental data through a Bayesian framework. Bayesian inference
stands amongst the prevalent Uncertainty Quantification and Propagation (UQ+P) techniques. It is used for quantifying and calibrating
engineering models, to achieve data-driven, robust predictions of system performance, reliability and safety. We assess the role of imper-
fections (numerical, experimental, observational) in developing and selecting models with predictive capabilities while incorporating both
expert knowledge and experimental data. We demonstrate the capability to efficiently harness extreme scale computational resources for the
proposed Bayesian UQ+P framework, ushering its applicability to large scale engineering problems.

INTRODUCTION

Simulations of fluid flows in extreme scale HPC architectures have enabled us to understand transport rates of water in
Carbon nanotubes [1], the separation blood and tumor cells in high-throughput microfluidics [2] and insight into the cavitation
collapse of tens of thousands of bubbles in two phase flows [4]. An important aspect of these simulation are the uncertainties
involved in the model parameters and their inference from experimental data. We present the development of such effective
inference techniques using a Bayesian Uncertainty Quantification and Propagation (UQ+P) framework. Bayesian UQ+P tools
involve the solution of global optimization problems, sampling from probability distributions, as well as evaluating high
dimensional integrals. It is used for quantifying and calibrating uncertainty models in engineering simulations, to achieve
data-driven, robust predictions of system performance, reliability and safety. The computational challenge of Bayesian tools
comes from the large number of model evaluations required, specifically in cases of complex engineering models with high
time to solution and resources requirements.

COMPUTATIONAL CHALLENGES AND PROPOSED SOLUTION

A modest number of parallel software frameworks for uncertainty quantification studies are currently available to the
scientific community, with a non-exhaustive list containing DAKOTA [5] and QUESO [6]. The parallelization of these systems
has been mostly based on MPI and either follows a master-worker approach or applies domain decomposition to construct
processor groups where simulations are assigned for execution. Most systems exploit only one level of parallelism, otherwise
they rely on cumbersome implementations that apply hard partitioning of processing units. In addition, they do not take into
account heterogeneous computing architectures, and, finally, they lack runtime support for asynchronous nested task-based
parallelism and adaptive load balancing. Consequently, these systems cannot counteract the increasing number of sources of
load imbalance, such as variable processing power and simulation time, hardware and software faults and the irregularity of
UQ algorithms.

Our Bayesian UQ+P computational framework Π4U [7] addresses these issues. Within this framework, we implement
population based sampling methods and evolutionary algorithms for optimization, such as Transitional Markov Chain Monte
Carlo (TMCMC) [8] and the Covariance Matrix Adaptation Evolution Strategy [9] respectively. All the algorithms imple-
mented have highly parallel task graphs and thus are ideally suited for distributed and parallel computing. The framework is
based on the TORC task-parallel library for clusters [10], which is designed to provide unified programming and runtime sup-
port for computing platforms that range from low-cost desktop machines to large-scale HPC environments. TORC combines
efficient exploitation of multilevel task-based parallelism with ease of programming, hiding low-level parallelization details
and thus facilitating algorithm development using a highly portable and platform-agnostic approach.

RESULTS

We used our framework to orchestrate thousands of full molecular dynamics simulations regarding the calibration of their
interatomic potentials and to reveal traditional calibration shortcomings resulting to large prediction uncertainty [11]. We
performed model selection amongst different constitutive force-displacement laws for granular materials simulations [12].
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Summary Earthquake hazard and disaster simulation for an urban area is carried out by numerically solving non-linear wave equations.
A finite element method with a fast iterative solver is developed, and its performance is examined on the Japanese supercomputer. Tokyo
Metropolis is simulated using a model of 10.7×109 degree-of-freedom. Complicated distribution of seismic ground and structural responses
are computed as consequence of the physical processes that are expressed by the wave equations.

INTRODUCTION

Earthquake is a menace of modern civilization, as it induces various damage and malfunctioning in an urban area. The
physical processes of seismic wave propagation and structural response are expressed by non-linear wave equations for solid
continuum. For the estimation of a possible earthquake hazard and disaster, therefore, it is most straightforward to solve this
equation using a suitable urban area model[1].

The scale of the wave equation is huge; spatial and temporal resolutions required are 10−1 m and 10−1 s, and the size
of the urban area and the earthquake duration is 104∼5 m and 101∼2 s. Configuration of ground structure influences local
concentration of ground motion, and hence high fidelity is essential for the analysis model.

To numerically solve the wave equations for an urban area model of high fidelity, we are developing a finite element method
(FEM)[2]. The degree-of-freedom (DOF) and the time step of the numerical analysis exceed 109 and 104, respectively. A fast
solver is a key element for this FEM.

DEVELOPMENT OF FAST SOLVER

A solver is designed to solve a 109-dimensional matrix equation at 104 times steps. On the K computer, the fastest parallel
computer in Japan, each time step must be solved in 1.44 s in order to simulate the physical processes of an earthquake in
12 h. In view of the K computer characteristics, we adopt a preconditioned conjugate gradient (PCG) method[3], and seek a
moderate preconditioner with less computation cost and high scalability.

The following five features are implemented in the solver that is being developed: 1) a predictor which predicts an initial
solution using the Adams-Bashforth method; 2) an adaptive CG method in which an approximate solution is first obtained, and
then an accurate solution is obtained using the approximate solution as a preconditioner; 3) a multigrid method which uses low
and high resolution models to obtain approximate and accurate solutions, respectively; 4) mixed-precision arithmetic which
uses single- and double-precision arithmetic for low and high resolution models, respectively; and 5) an element-by-element
method which is applied to the matrix-vector operation of the high resolution model, without storing the huge matrix.

Both the low and high resolution models are divided into a set of submodels, each of which one compute node is assigned
and OpenMP parallelization is applied on the node. Hence, the whole process of the solver is computed by MPI-OpenMP
hybrid parallelization.

NUMERICAL EXPERIMENT FOR PERFOMANCE EXAMINATION

The performance of the developed FEM on the K computer is examined; the K computer consists of 82,944 compute nodes
with 8 cores and peak performance of 128 GFLOPS, and its ideal peak performance is 10.6 PFLOPS. A two-layered ground
structure is used as a test model, with an element size being 0.44 m. The actual wave observed in 1995 Kobe Earthquake is
used, with time increment of 0.002 s.

We examine size-up and speed-up efficiencies. A small or large model of 1.5 or 5.27×109 DOF is analyzed in 1.42 s using
36,864 CPU cores or 1.63 s using 663,552 CPU cores, respectively. This leads to a size-up efficiency of 87.1%. A model of
12×109 DOF is analyzed in 4.92 s using 73,728 CPU cores or in 1.56 s using 294,912 CPU cores. This leads to a speed-up
efficiency of 38.9%.

Since most of process time is used by a solver, high size-up efficiency and low speed-up efficiency are the characteristic
of the developed solver; note that FEM is categorized as unstructured grid computation, and, generally, both the efficiencies
are low. Higher band-width ratio is needed for further speed-up of the developed solver.

∗Corresponding author. Email: hori@eri.u-tokyo.ac.jp
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Summary Recent strong earthquakes attacking some Japanese nuclear power plants such as the Great East Japan Earthquake (GEJE) of 9.0 Mw 
on March 11, 2011 recalled the importance of seismic design of existing nuclear power plants seriously. Latest high-performance computational 
mechanics simulation is a promising approach that gives us the ability to predict complicated future scenarios quantitatively and to take adequate 
measures for preventing and mitigating potential damages. In this paper, we explain some key technologies, i.e. the Hierarchical Domain 
Decomposition Method (HDD) with Balancing Domain Decomposition (BDD) preconditioner, of our developing parallel finite element software 
ADVENTURE and its application to a seismic response simulation of an actual nuclear power plant subjected to GEJE during 140 seconds using 
200 million DOFs mesh on the K computer. 
 

INTRODUCTION 
 
   The Great East Japan Earthquake (GEJE) centered off the Pacific cost of Tohoku occurred on March 11, 2011. The 
magnitude was 9.0 Mw and it was the greatest earthquake recorded in the history of Japan. The consequent Tsunami inflicted 
immense damage on the Pacific coast area near the focal region in the east of Japan. Most of the large industrial plants 
including nuclear power plants (NPPs) located along the focal Pacific coast were damaged by the seismic loading and the 
subsequent Tsunami. In case of NPPs, 11 units among 14 units of 4 facilities located along the Pacific coast were under 
operation. These 11 units were safely shutdown with automatic scram systems. At Tokyo Electric Power Company¶V (TEPCO) 
Fukushima Dai-ichi NPP facilities, Units 1, 2 and 3 under operation were also shutdown with automatic scrum systems just 
after the earthquake occurred, and the emergency core cooling system started up. However the subsequent Tsunami of 15m 
height far exceeding a design limit caused long-term station blackout (SBO). As a result, nuclear fuels in the reactor core and 
the used fuel storage pool were not cooled down sufficiently, which led to extremely serious problems, i.e. meltdown, failure 
in containing radioactive materials inside, and emission of radioactive materials outside of the facilities [1]. Even today, five 
years after the accident, the evacuation of local residents still continues and the shortage of electricity supply due to the halt 
of almost all NPPs across the country is a common problem. There is still a big controversy whether the earthquake caused 
any failure in the containment function of Unit 1 before the arrival of the Tsunami. It is very hard to precisely investigate 
actual situation of damaged NPPs by so-called Plant Walk-down in a heavily contaminated environment. A NPP is a large-
scale and very complex system, and a small leakage of radioactive material somewhere and failure of some important system, 
structure and component might cause heavy contamination of the whole plant. Today, over 440 NPPs are under operation to 
provide electricity in worldwide. At the same time, a huge number of earthquakes occur everywhere in the world. 

Latest high-performance computational mechanics simulation is a promising approach that gives us the ability to predict 
complicated future scenarios quantitatively and to take adequate measures for preventing and mitigating potential damages. In this 
paper, we explain some key technologies of our developing parallel finite element software ADVENTURE [2-5] and its application 
to perform seismic response simulation of an actual NPP subjected to GEJE of 9.0Mw during 140 seconds using 200 million DOFs 
mesh on the K computer [6]. 
 

PARALLEL FINITE ELEMENT ANALYSIS USING HDDM WITH BDD PRECONDITIONER 
 

Leading supercomputers offer the computing power of petascale, and exascale systems are expected to appear in the end 
of this decade.  Supercomputers with more than tens of thousands of computing nodes, each of which has many cores, cause 
serious problems in practical finite element software.  Not only the time consuming hot spots of the algorithms but also the 
entire algorithms must be well tuned and parallerized.  For example, K-computer, a Japanese Petaflops machine consists of 
88,128 processing nodes and 705,024 cores, and achieves peak performance of 10.5 Peta FLOPS [6].  Latest HPC machines 
require the following three-layered parallelisms, i.e. (1) Speedup within core, (2) Parallelism in inter-node : Increase parallel 
efficiency in multicore calcuation considering memory band width, and (3) Parallelism in intra-node : Increase parallel 
efficiency in intra-node calculation considering intra-node communication speed. 

Since 1997, we have been developing a unique open source parallel finite element software known as ADVENTURE [2-
5], which enables very precise analyses of practical structures and machines using over 100 million to billions DOF mesh.  
The parallel solution algorithm employed is the Hierarchical Domain Decomposition Method (HDDM) [3-5] with Balancing 
Domain Decomposition (BDD) [4,5,7] as preconditioner.  Figure 1 illustrates the schematic analysis flow of the HDDM-



BDD algorithm. In addition, we have developed a generalized 
parallel IO system, a Hierarchical Domain Decomposition module 
[8], and parallel and walkthrough visualization modules.  Recently, 
we have tuned the software on the K computer, and have achieved 
40 % better execution efficiency compared to theoretical peak 
performance when using 4,096 nodes (32,768 cores), and 10 % 
above peak performance when using 32,768 nodes (262,144 cores). 
 

SIMULATION MODEL AND RESULTS 
 

As one of various application problems, we have been studying 
seismic response and structural integrity evaluation of existing NPPs 
atacked by strong earthquake exceeding design limit [9]. Using the 
latest version of ADVENTURE system on the K computer, we have 
been performing a precise investigation on how the Unit 1 of 
7(3&2¶V�)XNXVhima Dai-ichi NPP facilities responded during 140 
seconds to GEJE of 9.0 Mw.  Figure 2 shows its CAD model.  The 
finite element model of the pressure boundaries consists of 
211,606,180 four-node tetrahedral elements, 44,215,124 nodes and 
132,645,372 degrees of freedom (DOFs), while that of the building 
consists of 141,151,977 elements, 25,691,899 nodes and 77,075,697 
DOFs.  The total of the DOFs of the combined model is about 200 
million DOFs.  The time increment 't is 0.01 second, and the 
duration of the event is 140 seconds. Figure 3 shows a snapshot of 
simulated stress distribution of the combined model.  
 

CONCLUSIONS 
 

   We shows how to solve a realistic and large scale structural model 
of 100 million ± 10 billion DOFs mesh using the K computer which 
has a huge number of nodes and cores.  HDDM with BDD 
preconditioner is robust and very suitable to handle such large scale 
problems on petaflops machines.  We have been investigating any 
seismic damage onto Unit 1 of Fukushima Dai-ichi NPP attacked by 
GEJE on March 11, 2011 before the arrival of the huge Tsunami.  
Such petascale simulation technology is a very powerful tool to obtain 
the best estimate of quake proof capability of existing NPPs attacked 
by strong earthquake. 
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Summary To overcome the challenges likely to be present in exascale systems we recently developed novel asynchrony-tolerant numerical
schemes for partial differential equations which relax the need for synchronization between processing elements at a mathematical level.
The advantages of such schemes can only be realized if their implementation also aims at alleviating the limiting factors at exascale in terms
of hardware, software, and programing frameworks. We present two such implementations with different degrees of asynchrony and their
corresponding tradeoffs between numerical accuracy and performance. Analysis and numerical experiments demonstrate their respective
potential to increase scalability of solvers in future exascale systems.

INTRODUCTION

In the view of the challenges in scalability of solvers likely to be present on future exascale systems, we recently proposed
[2] an asynchronous computing method for partial differential equations (PDEs) based on finite differences. This method
relaxes data synchronization between processing elements (PEs) at a mathematical level, which potentially can reduce the
communication time and improve scalability. An important conclusion from our work is that the numerical properties of
those schemes also depend on the characteristics of the hardware and software on a particular system in addition to standard
numerical and physical parameters. While the mathematical foundation of asynchronous methods has been established in
[2, 1], a number of alternatives open up in terms of implementation of solvers for simulations at extreme scales on real exascale
systems. Different choices in implementation can have an impact on, among others, communication patterns, contention on
subsystems, and the potential degree of computations-communication overlap. In this work, we present two implementations
which result in two broad families of schemes to highlight their capabilities in terms of numerical accuracy and computational
performance. As we show, in both cases there is a trade-off between performance and accuracy. The focus on the comparison
between implementations will shed light on how to quantitatively strike the right balance in realistic simulations.

CONCEPT

Consider the one-dimensional linear advection-diffusion equation, given by ∂u/∂t+ c∂u/∂x = α∂2u/∂x2, where c and
α are constants, discretized with an Euler scheme in time and a second order central difference in space: algebraic equation:

un+1
i − un

i

∆t
+ c

un
i+1 − un

i−1

2∆x
= α

un
i+1 − 2un

i + un
i−1

∆x2
+O(∆x2,∆t) (1)

The solution is evolved in time for given initial and boundary conditions. When the domain is decomposed into multiple PEs,
the computation of spatial derivatives near PE boundaries need u values from neighboring PEs. Thus, at each time step, these
computations cannot proceed unless communications between PEs is completed, thus enforcing synchronization.

This synchronization, however, can be relaxed by allowing schemes to compute spatial derivatives using function values
that are not current but from delayed time levels. This modifies the nature of the finite difference equation, affecting also its
numerical properties. The mathematical feasibility of this method has been studied in [2] where we found that though standard
schemes remain stable under asynchrony, their accuracy is significantly affected. In [1] we derived families of asynchrony-
tolerant (AT) schemes of arbitrary order under asynchronous conditions. An example of a second-order AT scheme is

∂2u

∂x2
≈

un
i+1 − 2un

i + (k + 1)un−k
i−1 − kun−k−1

i−1

∆x2
, (2)

where k is the delay in the latest available time level at the grid point i − 1, which can be set deterministically or randomly
depending on the implementation. This difference is the basis for selecting the implementations presented here. The maximum
delay can be restricted to L time levels (i.e. k ∈ {0, 1, . . . , L − 1}), providing a knob to control error. We define T as the
number of asynchronous time levels that a particular scheme needs, which in the case of Eq. (2) is T = 2, corresponding
to the time levels {n − k, n − k − 1}. The average error due to asynchrony can be then shown [1] to be proportional to

(P/N)∆xa
!

T

m=1 γmkm, where γm are some constants, and P , N and a are the number of PEs, the number of grid points
and the order of accuracy of the AT scheme, respectively. An overbar is an ensemble average. This result clearly shows that
the accuracy of asynchronous schemes at exascale depends not only on the numerical scheme but also on architectural details
of the system (through statistics of the delays km) as well as the manner in which problems are scaled up (through P/N ).

∗Corresponding author. Email: donzis@tamu.com
†Current affliation of KA.



IMPLEMENTATIONS OF NUMERICAL SCHEMES WITH DELAYS

We present two implementations with different communication algorithms. In the first one, which will be referred as
communication minimizing (CM) implementation, communication of data with synchronization is not carried out at every
time step in a simulation, but after a given number of time steps. This reduces the number of messages that are sent during
a simulation to improve scalability. Specifically, communications are done during T time levels after which computations
continue without communications for L − T time levels. The process then repeats. Note that the delay k varies in a deter-
ministic manner in this implementation. For a given physical problem represented by a PDE, error control is based on the
particular AT scheme used and the value of L. They also have an impact on size, frequency and number of messages during
communications. We show how one can predictably trade performance and accuracy with these parameters.

The second implementation is based on asynchronous communications, in which communication between PEs is initiated
at every time step but no explicit synchronization is enforced as long as k < L − 1, where L is set based on accuracy
requirements. We refer to this as the weakly synchronous (WS) implementation. The scalability of solvers is then improved
by overlapping computations and communications which is possible due to the removal of explicit synchronizations at every
time step. In such an implementation, message arrivals are in general random and so is the delay k.

RESULTS AND CONCLUSIONS

To evaluate the performance of our asynchronous methods we have conducted simulations of the advection-diffusion
equations, which represent a widely used case for a PDE with realistic physical content. As a reference case, we choose the
standard synchronous scheme in Eq. (1). The results show that the CM and WS implementations give rise to different moments
of the delay k. This has a first order effect on the error incurred. As we show in this work, in both implementations we can
control the error using L though the effect is different. An example of the numerical convergence of both implementations
is shown in Fig. 1(a) as grid resolution is increased. When compared to the standard synchronous case (black line), the
error incurred by using a standard (non-AT) scheme asynchronously is much greater and converges at a lower rate (red line).
However, this effect is relieved by using the AT scheme in Eq. (2), as seen in the figure (green line).

Performance at extreme scales will also depend on the particular scheme, the statistics of the delay, and L at which
synchronization is enforced. We show how these elements combine in each implementation. An example of the computational
performance is shown in the strong scaling graph in Fig. 1(b). The computational effort per PE used in these simulations is
similar to the expected values at exascale. We see that the standard synchronous case scales poorly as we increase the PE
count, due to the dominance of communication time. When the communication synchronization is relaxed using e.g. WS
implementation, a nearly ideal scaling is obtained. A similar behaviour is also observed in the case of CM implementation.

In conclusion, this work combines recent advances in the mathematical understanding of AT schemes with elements on the
actual implementation on real architectures and its consequences in accuracy and performance. We demonstrate how specific
implementations of AT schemes can provide a path towards true exascale simulations of problems governed by PDEs. We
also note that since the complexity in writing asynchronous exascale codes (especially in high dimensional space and with
complex geometries) is expected to be extremely high, a framework that provide mechanisms in which asynchronous schemes
can be expressed and analyzed efficiently [3] will be extremely valuable.
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Figure 1: (a) Convergence of error with increase in grid resolution. (b) Strong scaling graph.
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Summary As the hardware architecture of modern supercomputers is getting more and more complicated, it is more and more difficult to 
achieve high performance in real production-level application codes. To obtain, not only inter-node parallel performance using MPI, but also 
higher intra-node thread-parallel performance, more efficient utilization of processor cache memory and SIMD vectorization should be 
considered. In case of the domain decomposition method (DDM), one obvious performance bottleneck is the subdomain-wise local FE solver. 
Here in this presentation, performance benchmark of subdomain local FE solvers implemented using preconditioned conjugate gradient solvers 
will be demonstrated. The strength of this implementation is that the working set of local solver just fits in the processor cache memory. They 
are tested on modern multi-core scalar based supercomputers, such as RIKEN K Computer, Fujitsu PRIMEHPC FX100, Intel Haswell and 
Knights Corner. 
 

INTRODUCTION 
 

   Exa-scale supercomputers will appear around 2020-2022. The total number of processor core in a system is already 
reaching the order of millions, as already demonstrated in RIKEN K Computer at Kobe [1]. Also, to obtain high intra-node 
performance, efficient utilization of processor cache memory and SIMD instruction set should be considered. Drastically 
new design and implementation approaches will be required in the post-peta-scale as well as the exa-scale eras. The 
traditional memory access-intensive approach, which prefers less computing and more storage on main memory, might not 
be effective for supercomputers in near future. As a result, the gap between the full potential of the HPC hardware 
architectures and the actual performance of a particular simulation code, written by an ordinary researcher or a developer, 
could be wider and wider.   

The Domain Decomposition Method (DDM) is one of the effective parallel finite element schemes. We have been 
developing an FE-based parallel structural analysis code, ADVENTURE_Solid [2] [3], based on DDM, with the Balancing 
Domain Decomposition (BDD) pre-conditioners. It was successfully applied on a vector-type supercomputer, The Earth 
Simulator (ES) [4]. However, the performance of multi-core scalar-type supercomputers has already surpassed vector-type 
machines. To switch hardware platform from high Byte / FLOPS environments like ES to relatively low B/F one like multi-
core PC clusters, BlueGene and K Computer, we need to re-design some performance sensitive kernels in our DDM code, 
especially the subdomain local FE solver. 

In this paper, various types of performance tuning approaches for the DDM-based structural analysis code, 
ADVENTURE_Solid, on peta-scale massively parallel supercomputers are presented. Here in this paper, we focus our 
attention on the intra-node performance of a supercomputer. In case of a DDM code, this means the parallelization and 
performance tuning of the subdomain local FE solver based on multi-thread programming models, such as OpenMP, 
compiler-based auto-parallelization and utilization of thread-enabled libraries. 
 

SUBDOMAIN LOCAL FE SOLVER IN DDM 
 

The Domain Decomposition Method (DDM) is a numerical scheme for solving a partial differential equation (PDE) 
EDVHG�RQ�D�NLQG�RI�³GLYLGH�DQG�FRQTXHU´�DSSURDFK��$VVXPLQJ�VWUXFWXUDO�DQDO\VLV�XVLQJ�)(0��WKH�IORZ�RI�D�EDVLF�''0�
algorithm is shown in Fig. 1. First, displacement boundary condition is assumed along the interface between neighboring 
subdomains. For each subdomain, a finite element analysis is carried out by the subdomain local FE solver, and reaction 
force can be evaluated along the interface, where displacement values are enforced. There still remains some amount of 
reaction force unbalance along the interface between subdomains. Then, using this unbalance information, the assumed 
displacement boundary conditions can be modified somehow so that the amount of the unbalance is reduced. Typically, this 
process naturally introduces an iteration of Richardson, Gauss-Siedel, SOR or CG. This can be further accelerated by the 
introduction of DDM pre-conditioner, such as BDD and FETI. The iteration is repeated until acceptable convergence along 
the interface is obtained. It is notified that FE analyses of subdomain local problems can be executed independently and in 
parallel. 

 



Although the subdomain local FE solver itself runs on a single MPI process and it is not yet parallelized within a 
computational node, various types of design and implementation of subdomain local solvers have already been investigated 
in our previous work. The choice of linear equation solver (direct or iterative) and usage pattern of main memory (matrix 
storage-free or not) are two main issues. If it is iterative solver-based, further, the type of pre-conditioner and utilization of 
element-by-element techniques may be additional points. They have been roughly categorized into four, DS (Direct solver-
based matrix Storage), DSF (Direct solver-based matrix Storage-Free), IS (Iterative solver-based matrix Storage) and ISF 
(Iterative solver-based matrix Storage-Free). Of them, except the first one, DS, other three approaches consume 
significantly less memory and can be used for solving a very large scale problem. Also, they may be able to utilize 
processor cache memory more efficiently. Actually it was identified that, in terms of execution time, they perform 
comparably well against DS approach. On some low B/F environments, they even run faster than DS.  

In this work, an on-cache iterative solver based on the DDM framework is developed. The subdomain local FE solver in 
DDM code is based on IS-type design described above, employing pre-conditioned CG solvers, such as diagonal scaling, 
SSOR and ICT. They are also parallelized using OpenMP. By adjusting the subdomain size so that the footprint fits within 
the last-level cache of processor, this DDM code can be considered as a kind of an on-cache iterative solver. Some 
performance benchmark results are shown on various kinds of HPC platform, such as Haswell, Knights Corner, RIKEN K 
Computer and Fujitsu PRIMEHPC FX100. 
 

CONCLUSIONS 
 

As a preliminary benchmark result, about 10 % of peak FP performance is obtained on RIKEN K Computer using 
32768 nodes. The implementation will be introduced to the future version of open-source CAE system, ADVENTURE. 

 
 

 
Fig.1: Flow of DDM algorithm. 
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Summary Turbulent transport in fusion plasmas is one of key issues in ITER. To address this issue via the five dimensional (5D) gyrokinetic
model, a novel computing technique is developed, and strong scaling of the Gyrokinetic Toroidal 5D Eulerian code GT5D is improved
up to ∼ 0.6 million cores on the K-computer. The computing technique consists of multi-dimensional/multi-layer domain decomposition,
overlap of communication and computation, and optimization of computing kernels for multi-core CPUs. The computing power enabled us
to study ITER relevant issues such as the plasma size scaling of turbulent transport. Towards the next generation burning plasma turbulence
simulations, the physics model is extended including kinetic electrons and multi-species ions, and computing kernels are further optimized
for the latest many-core architectures.

Fusion energy has a significant potential as a widely available energy source with essentially unlimited supply and man-
ageable environmental impact. One of the most promising approaches to a fusion reactor is magnetic confinement fusion, in
which high temperature fuel plasmas with ∼ 10��� are confined by torus magnetic fields. So far, deuterium plasma exper-
iments in two major devices in Japan and in EU achieved the so-called breakeven condition, where the fusion gain factor Q,
the ratio of (estimated) fusion power to the power required for the operation, becomes unity. To demonstrate the scientific
and technological feasibility of magnetic confinement fusion, the next generation experimental reactor, ITER, is designed to
keep burning plasmas at Q = 10 for ∼ �00�. In achieving this target, one of key issues is to understand and predict turbulent
transport, which dictates the performance of energy confinement, thus, an amount of auxiliary heating required to sustain and
control burning plasmas. Compared with deuterium experiments in existing devices, burning plasma experiments in ITER
have the following differences. Firstly, the plasma size is several times larger than existing devices. Secondly, burning plas-
mas contain multi-species ions, deuterium, tritium, helium, and other impurities. Thirdly, plasma heating due to fusion born α
particles becomes dominant, while deuterium plasmas are sustained by external heating. Although ITER was designed based
on an extrapolation of experimental database from existing devices, the above new features make quantitative predictions very
difficult. Therefore, first principles based fusion plasma turbulence simulations are expected to play critical roles in improving
the credibility of operation scenarios in ITER.

Turbulence is characterized by chaotic behavior and turbulent mixing leading to much larger transport than diffusion pro-
cesses. In addition, fusion plasma turbulence is even more complex because of the following features. Firstly, multiple fluids
(electrons and multi-species ions) with considerably different mobility are coupled through electromagnetic fields and weak
collisional interactions. Secondly, strong confinement fields provide highly anisotropic turbulent structures. Thirdly, inhomo-
geneities in density, temperature, and magnetic fields excite multiple micro-instabilities over wide spectral ranges. Finally,
because of weak collisionality in high temperature plasmas, a particle distribution function is deviated from a local thermody-
namic equilibrium, and kinetic effects such as wave-particle resonant interactions and particle orbit effects play essential roles.
Because of this collisionless character, conventional three dimensional (3D) fluid models such as a magnetohydrodynamics
(MHD) model becomes insufficient, and kinetic descriptions of a plasma in 5D phase space are needed. Here, the standard
first principle model of fusion plasma turbulence is given by a 5D gyrokinetic model, which is derived from a 6D Boltz-
mann equation by eliminating fast gyro-motion of charged particles in magnetized plasmas. Although experimentally relevant
turbulence simulations based on the 5D gyrokinetic model have been prohibitive for a long time, developments of modern
supercomputers and advanced computing techniques dramatically expanded capabilities of 5D gyrokinetic simulations [1].

The latest Peta-scale machines are characterized by relatively low memory size and bandwidth compared with Flops,
complicated hierarchy of hardware architecture in computing nodes and interconnects, and extreme concurrency reaching
at million cores. In addition, future Exa-scale machines may be based on many-core processors and accelerators, which
have complicated hierarchy also within them. In order to overcome such technical requirements, we have developed novel
computing techniques [2]. Firstly, multi-dimensional/multi-layer domain decomposition is designed by fully utilizing the
physics symmetry and the high dimensional property of the 5D gyrokinetic model, and process mapping is optimized for
interconnect topologies. Secondly, communication overheads are minimized by overlapping communication and computation
via communication threads, which are implemented by using OpenMP, and are applicable to any kind of MPI communication
including (blocking/non-blocking) point-to-point and collective communications. Thirdly, within computing nodes, arithmetic
intensity of computing kernels is improved by optimizing OpenMP thread scheduling so that data loaded by different threads
are reused on a shared cache in multi-core processors. By applying the above computing techniques, the strong scaling of the
Gyrokinetic Toroidal 5D Eulerian code GT5D [3, 4] is improved up to ∼ 0.� million cores on the K-computer with keeping
the sustained performance of ∼ 10%.

∗Corresponding author. Email: idomura.yasuhiro@jaea.go.jp



Electrosta*c	poten*al�

a�

a/ρi		
=150�

a/ρi	=300�

a/ρi	=450�
eφ/Ti�

a/ρi	=600	(ρi	:ion	orbit	size)�

Figure 1: The strong scaling of GT5D on the BX900 (JAEA), the Helios (IFERC) and the K (Riken). Problem sizes for an
existing device (NR×Nζ×NZ×Nv∥×Nv⊥ = 2�0×��×2�0×128×32 ∼ 1.5×1010) and ITER (��8×��×��8×128×32 ∼
1.5 × 1011) are used (left). The turbulent electrostatic potential in the plasma size scan of global ion turbulence simulations
ranging from existing device sizes, a/ρi < 300, to the ITER regime, a/ρi = �00 (right).

The strong scaling dramatically expanded the capability of GT5D both in time scales and in problem sizes, and enabled us
to access ITER relevant parameter regimes. In turbulent fusion plasmas, the spatio-temporal scales of plasma turbulence are
characterized by ∆r ∼ 1�� and ∆t ∼ 10µ�, while those of plasma profiles are given as a ∼ 1� and τ ∼ 100� �. Here, ∆t
and ∆r are turbulent correlation time and length, respectively, a is the plasma radius, and τ is the energy confinement time.
In the conventional δf simulations for relatively short time scales < 1� �, the scale gap has been treated by assuming scale
separation, where the total particle distribution f is separated into a macroscopic equilibrium distribution f0 and a microscopic
turbulent perturbation δf , and only the latter is evolved under prescribed f0. On the other hand, with increasing computing
power, full-f simulations, which compute f for longer time scales ∼ τ without any scale separation, have been established.
Thanks to the multi-scale feature, full-f simulations disclosed the so-called self-organized critical phenomena of avalanche-
like non-local transport [4], which is induced by an interaction between turbulence and plasma profiles, and it was shown
that such non-local transport significantly affects the plasma size scaling of turbulent transport [5]. Since ITER is several
times larger than existing devices, its confinement performance will be affected by the plasma size scaling. Although full-f
simulations at ITER size have been prohibitive for a long time, the K-computer enabled us to study the plasma size scaling
up to the ITER regime, a/ρi = �00 (∼ 1011 grids), where ρi is the ion gyro-radius (see Fig.1 right). Conventional plasma
transport theories predicted that for a/ρi > 300, finite plasma size effects such as the plasma boundary effect disappear, and
the heat diffusivity χi approaches a local diffusion theory, χi ∼ χL ∼ ∆r2/∆t. However, the numerical results showed that
even in large devices, χi increases with the plasma size, χi ∼ χLa/ρi, due to the nonlocal heat transport [6]. This finding
provides a new physics ingredient, which is essential for the prediction of the confinement performance in ITER.

Towards Exa-scale burning plasma simulations, GT5D is extended from deuterium plasmas to burning plasmas by intro-
ducing multi-species ions, and kinetic electrons. Since these extensions require two orders of magnitude larger computational
cost, Exa-scale computation is essential. To this end, the computing kernel is further optimized for the latest Tera-Flops class
many-core architectures such as the Fujitsu FX100, the Intel Xeon Phi, and the Nvidia Tesla, and the suitability of the current
numerical approache to different many-core architectures is examined [7].

The computation in this work was performed on BX900 (JAEA), Helios (IFERC), FX10 (Univ. Tokyo), Tsubame (Tokyo
Tech.), FX100 (NIFS) and K-computer (hp120011,hp150027,hp150279). This work was supported by the JAEA-NIFS-NU
collaboration program and by the MEXT, Grant for HPCI Strategic Program Field No.4: Next-Generation Industrial Innova-
tions, Grant for Post-K priority issue No.6: Development of Innovative Clean Energy, and Grant No. 22686086.
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Summary Combustion currently provides 85% of the US energy needs. In fact, the continued demand for abundant combustion fueled
energy will persist well into this century. This places enormous pressure to improve the combustion efficiency in engines for transportation
and power generation while simultaneously developing more diverse fuel streams, including carbon neutral biofuels. Ultimately, to shorten
the design cycle of new fuels optimally tailored to work with novel fuel efficient, clean engines requires fundamental advances in combustion
science. One key avenue of study in this area is the development of predictive models for engineering design. These predictive models couple
chemistry with turbulent transport under real world conditions. Exascale computing will enable first principles direct numerical simulation
(DNS) of turbulent combustion science at higher Reynolds number, higher pressure, and with greater chemical complexity.

One of the primary challenges to achieving exascale computing is designing new architectures that will work under the enormous power and
cost constraints. The mission of co-design within the Center for Exascale Simulation of Combustion in Turbulence (ExaCT) is to absorb the
sweeping changes necessary for exascale computing into software and ensure that the hardware is developed to meet the requirements to
perform these real world combustion computations. ExaCT performs multi-disciplinary research required to iteratively co-design all aspects
of combustion simulation including math algorithms for partial differential equations, asynchronous programming environments, scientific
data management and analytics for in situ uncertainty quantification.

I will present recent results from petascale DNS focusing on mixed regimes of combustion in compression ignition engine environments.
I will then present computer science research highlights in ExaCT in the areas of programming environment and runtimes and in situ data
analytics. I will conclude with a discussion of prospects for DNS of turbulent combustion at the exascale.

Direct numerical simulation of turbulent combustion is an important tool for understanding fuels used in internal combus-
tion engines. Recent results from petascale direct numerical simulation using S3D [1] of a realistic primary reference fuel
blend of iso-octane and n-heptane, involving 171 chemical species and 861 chemical reactions and from a n-dodecane diesel
jet flame are presented. The key to excellent weak and strong scaling performance in S3D is using a task-based programming
model called Legion [2, 3]. Legion automates details of scheduling tasks and data movement, and separates specification of
tasks/data from the mapping onto a machine. It will be shown that these properties have profound implications for program-
mer productivity, shortening activities previously requiring weeks to hours. Performing the DNS and the in situ analysis on
heterogeneous supercomputers with hybrid cpu-gpu configurations required changes in functionality ports to multiple super-
computers, 2D vs. 3D and low vs. high resolution runs. Each variation altered both work and communication, sometimes
radically, but remapping required minimal human effort. The result is a robust, easily modified PRF implementation that is
also over five times faster than the current production code.

In a second DNS performed using Legion, direct numerical simulation of a turbulent, self-igniting temporal mixing layer
between n-dodecane and diluted air was performed to clarify the coupling between turbulence, mixing and ignition chemistry
in diesel engine combustion [4]. The thermodynamics conditions were selected to result in a two-stage ignition event, in which
low- and high-temperature chemical reactions play an equally important role during the ignition process. Jet parameters were
tuned to yield a target ignition Damkohler number of 0.4, a value representative of conditions found in diesel spray flames.
Chemical reactions were described by a 35-species reduced mechanism, including both the low- and high-temperature reaction
pathways of n-dodecane. The present work focuses on the influence of low-temperature chemistry on the overall ignition
transient. Previous studies have demonstrated that ignition is most likely to occur in those regions where scalar dissipation is
low and the mixture composition is close to the most reactive one, e.g. the composition for which, in an homogeneous reactor,
the ignition delay is the shortest. The present study focuses on whether this picture remains valid when low-temperature
reactions are important, and how the ignition delay and location are affected by these low-temperature processes.
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CONCLUSIONS 
 

   We have developed Cartesian-based high-performance parallel solver FFV-C by implementing wall-modelled LES. In this 
work, parallel performance of FFV-C is examined by choosing a NACA airfoil as a validation model. As a result, favourable 
scalability is observed and also found that computational cost in the model is only 20 percent larger than that in the DNS. 
Considering that wall-modeled LES can save total cell size drastically, reduction of the computational cost for high Reynolds 
number calculation is achieved. 
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Summary Direct numerical simulation (DNS) of high Reynolds number (Re = O(105)) turbulent flows requires computational meshes of

O(1012) grid points. Thus, DNS requires the use of petascale supercomputers. DNS often requires the solution of a Helmholtz (or Poisson)

equation for pressure, which constitutes the bottleneck of the solver. We have developed and implemented a parallel solver of the Helmholtz
equation in 3D called petascale Helmholtz 3D (PSH3D). The numerical method underlying PSH3D combines a parallel 2D Fast Fourier

transform (P2DFFT) and a parallel linear solver (PLS). Our numerical results show that PSH3D scales up to at least 262,144 cores. PSH3D

has a peak performance 6× faster than 3D FFT-based methods (e.g., P3DFFT) when used with the partial-global optimization. We have
verified that the use of PSH3D with the partial-global optimization in our DNS solver does not reduce the accuracy of the numerical solution

when tested for the Taylor-Green vortex flow.

INTRODUCTION AND NUMERICAL METHODS

DNS of turbulent flows, e.g. for solving the incompressible Navier-Stokes equations, using the pressure correction method
[1], requires a solution to the Poisson equation for pressure at each time integration step. The Poisson solver is the bottleneck

of such DNS codes. The current work extends the terascale parallel Poisson solver developed by [3, 4] based on [6], which
uses 1D domain decomposition (1DD), to a petascale solver using 2D domain decomposition (2DD).

The key aspect of this method that enabled the advance toward a petascale implementation is the parallel Helmholtz/Poisson

solver and is described briefly here. The general 3D Helmholtz equation

∇2
p− λ2

p = q. (1)

is discretized using second-order finite differences on a uniform Cartesian mesh. p(i,j,k) and q(i,j,k) are unknowns and knowns,

respectively, located at grid point (i, j, k). Applying a 2D FFT to the discrete form of Eq. (1) results in a system of tri-diagonal
linear equations,

p
∗

(m,n,k−1) − αp∗(m,n,k) + p
∗

(m,n,k+1) = q
∗

(m,n,k)∆z
2 (2)

for each set of Fourier wavenumbers (m,n), where p∗(m,n,k) and q∗(m,n,k) are the Fourier transforms of p(i,j,k) and q(i,j,k),

respectively and

α = 2 + (λ2 + λ(m,n))∆z
2 (3)

and

λ(m,n) =
2(1− cos(2πm

Nx

))

∆x2
+

2(1− cos(2πn
Ny

))

∆y2
. (4)

Solutions to Eq. (2) yield the second-order accurate p∗(m,n,k) to which an inverse 2D FFT is applied to obtain p(i,j,k).

Applying the 2DD, the grid (Nx ×Ny ×Nz) is partitioned into N sub-domains (Nx ×
Ny

Py
× Nz

Pz
) where the total number

of processors is: Py×Pz and Py ≤ Ny, Pz ≤ Nz and Py ≤ Nx

2 +1. The complex linear system in Eq. (2) is now sub-divided

across Pz domain partitions, where Py ≤ Nx

2 + 1. A divide-and-conquer strategy, developed by Schumann and Strietzel [7],

leads to a PLS algorithm that only involves nearest neighbor communication except for a boundary correction step which must

satisfy the following constraint equation

rnRκ−1 − (α + 2r2)Rκ + rnRκ−1 = q
κ
1 − p

κ
n − p

κ
2 . (5)

where κ = 1, 2, .., Pz.

∗Corresponding author. Email: ferrante@aa.washington.edu



RESULTS AND CONCLUSIONS

The total PSH3D execution time on a 81923 mesh was studied for various 2DD layouts on up to 262,144 processor

cores of Blue Waters. Dependence on 2DD layout and full strong scaling results are presented in Figure 1. We first tested

a version in which we perform global reductions for all vectors; we refer to this as the “all-global” variant (PSH3D-AG).
Next, we implemented a “local-only” version of the PLS, dubbed “no-global” (PSH3D-NG) . The NG simplification avoids

the costly global reduction step demanded by the full algorithm and demonstrates the maximum possible level of scaling and
performance; only limited by the P2DFFT operation. Finally, we investigate our novel hybrid approach, dubbed “partial-

global” (PSH3D-PG), in which we assess the diagonal dominance in Eq. (5) and construct a parallel reduction scheme that

applies only to vectors at locations where the ratio of diagonal to off-diagonal terms are above a prescribed tolerance. When
optimized through the use of MPI-3 non-blocking collectives, this method shows much better performance relative to all-

global while maintaining the second order accuracy expected by the full DNS algorithm.

(a) Total Poisson-time and constituent FFT and PLS times vs. Pz for

PSH3D-AG using a series of 2DD layouts on 16,384 processors.

(b) Strong scaling of total wall-clock time to solve the Poisson equa-

tion in 3D for variations of PSH3D and P3DFFT solvers [5].

Figure 1: Execution times for parallel Poisson solutions on an 81923 mesh using Cray XE6 compute nodes on Blue Waters. The PSH3D-

AG method computes global reduction operations for all Fourier wave-numbers: (m,n). The PSH3D-PG-“tol” results solve the global

reduction for fewer and fewer (m,n) as tol increases. The PSH3D-NG method avoids global reduction operations completely.

Performance of PSH3D-PG is shown in Figure 1b for a tolerance value of 10−2. Larger values of the PG-tolerance reduce
the number of global solutions that now require a solution, thus creating a more lightweight global-reduction step. The most

dramatic improvement using this technique, was observed on 128k processors where the original AG wall-clock time was
reduced from about 4 to 1 sec. Our numerical tests show that the method retains second-order accuracy for PG-tolerance

values of up to 10−1.

We have developed a new petascale solver for the Helmholtz 3D equation (PSH3D) and tested it on Blue Waters up to
262,144 MPI ranks. The novelty of this method stands in performing a parallel 2DFFT in two spatial directions and a parallel

linear solver in the third spatial direction rather than a fully parallel 3D FFT, and in the special “partial-global” treatment in

implementing the global correction step. The results show that the PSH3D, when used with the AG PLS, is 30% to 40% faster
than P3DFFT [5], and with the optimized PG PLS is more than 6 times faster and 4 times faster than P3DFFT on 128k and

262k MPI ranks of Blue Waters, respectively. We have then extended our DNS solver [2] from 1DD to 2DD and used PSH3D
as its Poisson solver. The DNS code has been verified using this highly optimized solver (PG-PLS) by comparing the DNS

results with the analytical solution of the Taylor-Green vortex flow [8].
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Summary Massively parallel supercomputations are an important analysis tool to study the fundamental local and global mechanisms of
heat and momentum transfer in turbulent convection. We discuss the perspectives and challenges in this vital field of fundamental turbulence
research for the case of convection at very low Prandtl numbers.

MOTIVATION AND SIMULATION MODEL

Turbulent convection is an important area of present research in fluid dynamics with applications to diverse phenomena in
nature and technology. The turbulent Rayleigh-Bénard convection (RBC) model is at the core of all these turbulent flows. It
can be studied in a controlled manner, but has enough complexity to contain the key features of turbulence in heated fluids.
This flow in cylindrical cells has been investigated intensively over the last few years in several laboratory experiments all
over the world [1]. In RBC, a fluid cell or layer is kept at a constant temperature difference ∆T = Tbottom ↗Ttop between
top and bottom plates which are separated by a vertical distance H . The Rayleigh and Prandtl numbers are given by

Ra =
gαH3∆T

νκ
and Pr =

ν

κ
. (1)

The parameter Ra characterizes the thermal driving in convective turbulence with the acceleration due to gravity, g, the
thermal expansion coefficient, α, the kinematic viscosity, ν, and the thermal diffusivity, κ. The hard turbulence regime in
RBC is established for Ra ≥ 106. The Prandtl number Pr characterizes the molecular properties the working fluid. The
aspect ratio y , which is the ratio of cell diameter or cell length and cell height H , is the third input parameter. In this
contribution, we will focus on the specific turbulence properties of convection at very low Prandtl numbers and the resulting
challenges for supercomputer simulations.

The three-dimensional Boussinesq equations (2)–(4) are used to model Rayleigh-Bénard convection. They are given in
dimensionless form by

∇ · u = 0 , (2)

∂u

∂t
+ (u ·∇)u = ↗∇p +

!
Pr

Ra
∇2u + Tez , (3)

∂T

∂t
+ (u ·∇)T =

1√
RaPr

∇2T . (4)

The variable u(r, t) is the velocity field, p(r, t) is the pressure, and T (r, t) is the temperature. We use no-slip velocity
boundary conditions along all walls of the closed cylindrical cell. The temperature field obeys insulating sidewalls and
constant values along the top and bottom plates. A spectral element method (SEM) is applied which is based on the Nek5000
software package [2]. The order of the Lagrangian interpolation polynomials for the expansion on each element (see the
element mesh in the left panel of figure 1) which is used in each space direction is as high as N ↗1 = 13. This code is a pure
MPI code which scales very well up to ∼ 106 MPI tasks. Numerical details and comprehensive resolution tests are found in
Scheel et al. [3]. The SEM is preferred if the fine-scale structure, i.e. gradients of the turbulent fields have to be analyzed.

TURBULENT CONVECTION AT VERY LOW PRANDTL NUMBERS

Compared to the vast number of investigations of turbulent convection in air or water, the very-low-Pr regime appears
almost as a “Terra incognita” despite many applications. Turbulent convection in the Sun is present at Prandtl numbers Pr <
10−3, in the liquid metal core of the Earth one finds Pr ∼ 10−2. Convection flows as present in material processing, nuclear
engineering, or liquid metal batteries have Prandtl numbers between 5×10−3 and 2×10−2. One reason for significantly fewer
studies of convection at low Prandtl numbers is that laboratory measurements have to be conducted in opaque and aggressive
liquid metals when Pr should become much smaller than 0.1.

Direct numerical simulations (DNS) are currently the only way to gain access to the full three-dimensional convective
turbulent fields in low-Pr convection. However, these simulations become very demanding when the small-scale structure
of turbulence has to be studied, even for moderate Rayleigh numbers Ra. To give an example: a simulation for convection
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AFID: A MULTIPURPOSE AND VERSATILE TOOL FOR TURBULENCE SIMULATIONS
J. Donners1, M. Fatica2, D. Lohse3, R. Ostilla-Mónico∗4, E. Phillips2, E. P. van der Poel3, G. Ruetsch2, V.

Spandan3, R. J. A. M. Stevens3, R. Verzicco3,5, Y. Yang3, and X. Zhu3

1SURFSara, Amsterdam, The Netherlands
2NVIDIA Corporation, Santa Clara, California, USA

3Physics of Fluids, University of Twente, Enschede, The Netherlands
4School of Engineering and Applied Sciences, Harvard University, Massachusetts, USA
5Dipartimento di Ingegneria Industriale, University of Rome “Tor Vergata”, Rome, Italy

Summary A code named AFiD has been developed for the direct numerical simulation (DNS) of turbulence. We focus on the problem
of thermal convection, but AFiD can be used for a variety of fluid dynamical cases. AFiD is a hybrid MPI-OpenMP parallelization of an
energy conserving staggered second-order finite difference scheme geared towards high Reynolds number flows. The code is based on ideas
of 2DECOMP, and uses a pencil-type domain decomposition. AFiD allows for one non-uniform dimension in the grid distribution, which
is advanced in time semi-implicitly. Both uniform directions are advanced fully explicitly, which reduces the number of communications.
AFiD builds on 2DECOMP with new data transposes based on MPI_ALLTOALLW calls. A multiple-resolution strategy allows the efficient
solution of advection/diffusion equations for low diffusivity scalar fields, which leads to wall time and memory savings. A GPU port is also
detailed, and its present performance is compared to the current CPU code.

INTRODUCTION

Direct numerical simulations (DNS) provide a valuable tool for studying in detail the underlying, and currently not fully
understood physical mechanisms behind turbulence. Turbulence is a dynamic and high dimensional process, in which energy
is transferred (cascades) from large vortices into progressively smaller ones, until the scale of the energy is so small that they
are dissipated by viscosity. DNS requires solving all of the flow scales, and to adequately simulate a system with very large
size separation between the largest and the smallest scale, immense computational power is required.

Efficient code parallelization is essential to obtaining scientific results. Here we detail the parallelization of an energy-
conserving second-order finite-difference scheme (FDS) based on Ref. [1]. FDS present several advantages, they are very
flexible, allowing for complex boundary conditions and/or structures interacting through the immersed boundary method
with relative ease. Because lower-order schemes are computationally very inexpensive, the grid resolution can in general be
larger for the same computational cost compared to higher order schemes, although one has to consider the higher memory
bandwidth over FLOPS ratio. In our applications, we focus on Rayleigh-Bénard (RB) convection, the flow in a fluid layer
between two parallel plates; one heated from below and cooled from above, with the aim of achieving a high enough thermal
driving (Rayleigh number) to enter the “ultimate” regime, of relevance to geo- and astro-physics, and to help understand the
discrepancies between high-Rayleigh number experiments. However, our code can be easily extended to any wall-bounded
flow which is bounded in only one dimension, i.e. Channel flow and Taylor-Couette flow.

PARALLELIZATION AND I/O

AFiD was designed with high Reynolds number simulations in mind, and it uses this to its advantage, as efficient paral-
lelization is deeply tied to the underlying numerical schemes. As the CFL stability condition for the convective terms becomes
more restrictive at high driving than the stability condition for the viscous terms in the wall-parallel directions, their implicit
integration is no longer required. Thus, we only need to solve implicitly the wall-normal direction. Using a two-dimensional
(pencil) decomposition aligned in the wall-normal direction avoids the communication of non-local information to a process
for the computation of implicit derivatives in wall-parallel directions. This decreases the number of all-to-all communications
per time-step to six, all found in the pressure correction (Poisson solver). The MPI parallelization of AFiD is based on, and
extends 2DECOMP, which only has four transposes available (no x-to-z or z-to-x) with two new data transposes based on
MPI_ALLTOALLW calls, as all six possible data transposes are required. Figure 1(a) shows the code’s strong scaling, which is
very good up to at least 64K cores on the CURIE (CEA) supercomputer. The weak scaling also shows very good performance.

Data output in AFiD uses parallel HDF5. Due to the scale of our simulations, we generate petabytes of raw data in
every run. Most data is not preserved. Every time-step advance generates a new flow field gigabytes large, and thousands
of time steps are advanced every day to obtain statistical convergence in the mean quantities. In our research, we focus on
the transitions in the scaling laws relating heat flux and driving, focusing on temporally- and spatially averaged statistics of
the temperature and velocity fields, which are calculated on-the-fly. In addition, 2D cuts of the whole volume are also saved,
as these require less space and are also used for other analysis, i.e. studying the morphology of the small scale fluctuations.
A few snapshots of the full flow field are also saved, which for the largest cases are as large as 300 GB. We are currently
developing tools for a-posteriori parallel analysis of full flow fields, to study the 3D underlying structures.

∗Corresponding author. Email: rostillamonico@g.harvard.edu
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PETASCALE SIMULATIONS OF SHOCK INDUCED MULTI-MATERIAL MIXING

Akshay Subramaniam ∗1 and Sanjiva K. Lele2

1,2Department of Aeronautics & Astronautics, Stanford University, Stanford, California, USA

Summary The Richtmyer-Meshkov instability arises when a shock wave interacts with an interface separating two fluids. In this work, high
fidelity simulations of shock induced multi-material mixing between N2 and CO2 in a shock tube are performed for a Mach 1.55 shock
interacting with a planar material interface that is inclined with respect to the shock propagation direction. In the current configuration,
unlike the classical perturbed flat interface case, the evolution of the interface is non-linear from early time onwards. The computational
domain is setup to match experiments performed by McFarland et. al. [4]. Simulations at multiple grid resolutions upto 4.3 billion grid
points were performed on upto 65, 536 processors on the Blue Waters system. Comparison with experiments show that the simulations
adequately represent the experimental results. Turbulence statistics before and after re-shock are presented.

INTRODUCTION

The Richtmyer-Meshkov Instability (RMI) is a hydrodynamic instability that is caused by the interaction of a shock-
wave with a material interface. Like in the Rayleigh-Taylor instability where gravity acts to produce vorticity at the material
interface, baroclinic vorticity generation due to the interaction of the interface with the shock wave renders the interface
unstable to perturbations. Equation 1 governs the evolution of the vorticity.

∂ω

∂t
+ (u ·∇)ω = ↗ω(∇ · u)! "# $

vortex-dilatation

+ (ω ·∇)u! "# $
vortex stretching

+
1

ρ2
∇ρ×∇p

! "# $
baroclinic generation

+∇×
%

1

ρ
∇ · τ

&

! "# $
viscous term

(1)

where ω is the vorticity, u is the velocity, ρ is the density, p is the pressure and τ is the viscous stress tensor. In Equation 1,
the baroclinic vorticity generation term given by (∇ρ × ∇p)/ρ2 is active when there is a misalignment of the density and
pressure gradients.

RMI is an important phenomenon in many engineering and science applications involving material mixing. It is important
in supersonic combustion as an enhancer of mixing between fuel and oxidizer. It is important in astrophysical applications,
especially in the physics of supernovae to explain the lack of stratification in supernova remnants. It is also a major roadblock
in achieving sustained fusion in Inertial Confinement Fusion (ICF) and can cause reduced yield and potentially inhibit startup.

NUMERICAL MODEL

We solve the three dimensional multi-species compressible Navier Stokes equations in the mass fraction formulation. De-
tails of the equations solved are given in [1]. The Miranda code [1] developed at the Lawrence Livermore National Laboratory
(LLNL) was used for the simulations shown here. Miranda employs a 10th order compact differencing scheme for the spatial
derivatives that gives a spectral-like resolution [2]. A 5 step �th order Runge-Kutta scheme is used for the time integration.
An 8th order compact filter is applied to the conserved variables after each time step to remove the top 10% of the resolvable
wavenumbers as partial de-aliasing and to ensure numerical stability. This choice of numerical scheme gives high order accu-
racy as well as minimal dissipation in regions where the solution is smooth. For regularization of steep numerical gradients
that appear at regions of solution discontinuity (shocks, interfaces, etc.), the molecular transport coefficients are augmented
locally by artificial fluid properties. Formulae for the artificial properties are given in [3].

PROBLEM SETUP

The interaction of a shock wave with an inclined material interface separating N2 and CO2 is considered. The problem
setup is based on the inclined shock tube experiments performed at the Georgia Tech Shock Tube and Advanced Mixing
Laboratory (STAML) [4]. A schematic of the problem setup is given in Figure 1.

The domain extends from 0 cm to 11.� cm in the y direction, 0 cm to 2.85 cm in the z direction and from ��.23 cm to
251.�� cm in the x direction. An adiabatic no-slip wall boundary condition is applied at the right end of the shock tube. In
the y direction, slip wall boundary conditions are used to mimic the kinematic blocking effect of the walls. In the z direction,
periodic boundary conditions are used since the z direction is homogeneous except wall effects which are expected to be
negligible in the bulk of the domain. The domain is discretized using four different isotropic cartesian grids with 128, 25�,
512 and 102� grid points in the y direction. The largest case has a total of ∼ �.3 billion grid points.
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A NOVEL STRATEGY FOR COMPACT FINITE DIFFERENCE EVALUATION ON
GPU-ACCELERATED CLUSTERS

Ashwin Srinath1, Daniel Livescu2, and Richard S. Miller ∗3

1,3 Department of Mechanical Engineering, Clemson University, Clemson, SC 29634-0921
2Los Alamos National Laboratory, Los Alamos, NM 87544, USA

Summary In this work, we present a novel strategy to solve the tridiagonal systems arising in such numerical schemes as compact finite
differences and alternating direction implicit methods on graphics processing units (GPUs). We demonstrate the impact of the simple matrix
structure on the cyclic reduction algorithm, and show that precomputation of coefficients appearing in the algorithm becomes feasible and
efficient. We demonstrate that an implementation using our approach is able to outperform the NVIDIA CUSPARSE and multithreaded
Intel MKL solvers on GPU and CPU, respectively. We apply this tridiagonal solver to the solution of compact finite differences on multiple
GPUs distributed in a cluster, and show scaling for up to 64 GPUs.

Compact finite difference schemes [1,2] are widely used in computational fluid dynamics (CFD) for their ability to resolve
the high-wavenumber fluctuations associated with turbulent flows. In CFD codes using compact schemes, this generally
constitutes a significant portion of the runtime. The high computational cost associated with compact finite difference schemes
arises from the fact that they require the solution of tridiagonal linear systems. Classically, the Thomas algorithm has been used
to solve such linear systems. But with multi-core CPUs, graphics processing units (GPUs), and more recently, architectures
such as the Intel Many Integrated Core (MICs) expected to be mainstays in scientific computing, such sequential algorithms
need to be replaced by algorithms more suited to these architectures. In this study, we develop an algorithm to solve the
tridiagonal systems arising in compact finite difference evaluation and similar numerical schemes. Our approach is based
on cyclic reduction, an extremely successful algorithm for solving multiple tridiagonal systems on GPUs. Our work fills
two existing gaps in the literature. First, whereas current efforts to develop tridiagonal solvers are focused on single GPUs
(e.g., [3–7]) we develop an approach for multiple GPUs in a distributed system (GPU-accelerated clusters). Second, we
specialize the cyclic reduction for the case of near-Toeplitz tridiagonal systems, a special class of systems arising in numerical
schemes such as compact finite differences, alternating direction implicit methods, line relaxation methods, and others.

If fi represents the value of a uniformly sampled function with spacing dx, evaluated at the ith sample point, the first
derivative f ′

i can be approximated from a relation of the form:

f ′
i + α(f ′

i−1 + f ′
i+1) = a

fi+1↗fi−1

dx
+ b

fi+2↗fi−2

dx
+ c

fi+3↗fi−3

dx
+ . . . (1)

The derivative is defined implicitly, requiring the solution of a linear system to solve for the derivative at all points i simulta-
neously. An example of such a scheme is the fourth-order accurate Padé scheme, which yields the following system:

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2
1/� 1 1/�

. . .
. . .

. . .
2 1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

f ′
1

f ′
2
...
...

f ′
n−1

f ′
n

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−5f1+4f2+f3
2dx

3(f3−f1)
4dx

...

...
3(fn−fn−2)

4dx
5fn−4fn−1−fn−2

2dx

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2)

We note the near-Toeplitz nature of the tridiagonal system, i.e., constant diagonal coefficients except near the boundaries.
The cyclic reduction algorithm consists of two phases, each containing log2(N) ↗1 steps. At each step of the forward
reduction phase, the odd-indexed equations are eliminated, yielding eventually a 2-by-2 system. At each step of the backward
substitution phase, the odd-indexed equations are solved from the known solutions of the even-indexed equations. Cyclic
reduction is well-suited to highly threaded processors such as GPUs [8], as the individual equations can be processed in
parallel.

∗Corresponding author. Email: rm@clemson.edu



Figure 1: Relative solver performance for 2-D (left) and 3-D (right) problems. Relative solver time defined as:
Time taken by solver/Time taken by NEATO solver

When cyclic reduction is applied to near-Toeplitz tridiagonal systems, we make the important observation that each for-
ward reduction step preserves the near-Toeplitz nature of the linear system, i.e., the elimination of the odd-indexed equations
at each step yields a new linear system that has exactly the same near-Toeplitz structure. This makes it feasible to precom-
pute and store the coefficients of each linear system, significantly reducing the amount of computation required. As it turns
out, this approach also ameliorates several GPU architecture-specific issues relating to memory access patterns. To extend
the above approach to multiple GPUs, we adapt the algorithm described by Mattor et. al [9] to GPUs. Our implementation
ensures that each step of this algorithm is performed on the GPU, avoiding memory transfers to and from the CPU entirely. In
Fig. 1, we compare the performance of our GPU tridiagonal solver for near-Toeplitz systems (NEATO), with the equivalent
library solvers from Intel MKL (CPU) and NVIDIA CUSPARSE (GPU). Here we solve the tridiagonal system in Eq. (2) for
sizes N and multiple right hand sides Nrhs. We present results for two cases, Nrhs = N , (representative of 2-D problems)
and Nrhs = N2 (3-D problems). On the GPU, we are consistently able to obtain better performance than the CUSPARSE
solver. Our GPU solver also outperforms the MKL solver running on up to 16 CPU cores for large 3-D problems. We have
also investigated the strong and weak scaling for a multi-GPU compact finite difference application. Here, we solve for the
derivatives of a 3-D function in a domain distributed among multiple GPUs in a cluster. We are able to show both strong and
weak scaling for up to 64 GPUs (the largest problem investigated).
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NEW DEVELOPMENTS IN SPACE- AND TIME-RESOLVED MEASUREMENTS OF
FREE-SURFACE WATER WAVES

Pablo Cobelli∗1, G. Lagubeau2, T. Bobinski3, A. Maurel4, V. Pagneux5, and P. Petitjeans3

1Departamento de Fı́sica, Facultad de Ciencias Exactas y Naturales, Universidad de Buenos Aires and IFIBA,
CONICET, Buenos Aires, Argentina

2Departamento de Fı́sica, Universidad de Santiago de Chile, Santiago, Chile
3Institut Langevin, UMR 7587, Paris, France

4Laboratoire d’Acoustique de l’Université du Maine, UMR CNRS 6613, Le Mans, France
5Physique et Mécanique des Milieux Hétérogènes PMMH, UMR CNRS 7636-ESPCI-UMPC Univ. Paris 6-UPD

Univ. Paris 7

Summary We present here a novel experimental technique for the space- and time-resolved measurement of the free-surface dynamics. We
discuss recent enhancements on this technique, as well as its characteristics, capabilities and overall performance. Finally, we show recent
results of its application to the study of gravity-capillary wave turbulence.

A NOVEL TECHNIQUE FOR MEASURING THE FREE-SURFACE DYNAMICS

Standard fluid measuring techniques for free-surface deformations are usually limited to point measurements, employing
either one or an array of synchronized sensors. Furthermore, many of these methods involve the use of surface-piercing
elements (such as resistive or capacitive probes) which are intrinsically intrusive. In any case, such methods only allow for
a small number of discrete localized measurements, so that the information on the detailed spatial aspects of the free-surface
deformation and the propagation of disturbances is incomplete. This limitations have led us to develop a novel measurement
technique for the accurate measurement and tracking of the three-dimensional topography of the free-surface [1-2].

This optical profilometric technique is based on the principle employed in fringe projection profilometry. A fringe pattern
of known spatial frequency is projected onto the free surface and its image is recorded by a camera. The topography of the
free surface introduces a frequency modulation in the observed pattern, which is also modified by the perspective due to the
relative positioning and orientation of the projection-recording system. The deformed fringe patter is later compared to the
undeformed (reference) one, leading to a phase map from which the local free-surface height can be reconstructed. In order to
be able to project images onto the liquid surface, its light diffusivity is enhanced by the addition of TiO2 powder, which was
carefully selected in order to provide sufficient contrast without altering the rheology of the working liquid [3].

Fringe projection on the free-surface is achieved by the use of a high-resolution videoprojector, allowing for the projec-
tion of wavelength-controlled sinusoidal-profile fringe patterns, which considerably increases the overall performance of the
technique and the quality of the reconstruction. Moreover, as the technique poses no restrictions on the time-tracking of the
free-surface deformation (other than that arising from exposure time), the obtention of time-resolved measurements of the
free-surface dynamics is only limited by the capturing system’s sampling rate.

Recently, we enhanced the capabilities of this fringe projection profilometry technique by introducing the empirical mode
decomposition profilometry technique (EMDP). This new fringe analysis algorithm, based on the empirical mode decom-
position, is free of spatial filtering and specially apt for measuring free-surface height fields characterized by a broadband
spectrum of deformation. We have shown, both numerically and experimentally, that the free-surface wave fields recon-
structed by EMDP are both spectrally and statistically accurate, which renders it particularly suitable for the study of weakly
nonlinear water-wave phenomena [4].

APPLICATION TO GRAVITY-CAPILLARY WAVE TURBULENCE

In our experiments, water waves are generated by two piston-type wavemakers (20 cm wide, 1 cm inmersed) in a (180×
80) cm2 tank filled with water with depth at rest of 5 cm. Each wavemaker is independently controlled by a servomotor, which
provides a random signal within the (broadband) frequency range of 0–4 Hz. The forcing amplitudes were varied between
1–30 mm. Employing our free-surface measuring technique, we have performed a full space-time characterization of the
free-surface (vertical) velocity field in the context of wave turbulence [5]. The inspected field is 45×45 cm2 with 9682 pixels
and the measurements are performed at a sampling rate of 250 Hz.

Figure 1 shows several snapshots of the free-surface vertical velocity field, v⊥(x, y, t), as determined by our measuring
technique. Each data set considered in this study consisted on 6000 snapshots such as those shown in the figure. Based
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EXPERIMENTAL CHARACTERISATION OF LN2 SLOSHING BY MEANS OF NON-INTRUSIVE OPTICAL 
TECHNIQUES 
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Summary The main goal of this work is to present the possibility to characterize the free surface shape and the velocity field 
of liquid nitrogen contained in a partially filled cylindrical transparent vessel during cryogenic (LN2) sloshing. The results 
obtained will be compared with the one already performed using water as test fluid in order to verify semi-empirical 
formulas generally used for fluid sloshing. 

INTRODUCTION 
 
   The motion of the free liquid surface is called “sloshing”[1]. This phenomenon is particularly important during the 
management of conventional and cryogenic propellants on spacecraft: it can affect the normal operating condition, 
compromising the full space mission [2]. Being able to understand the behaviour of the propellant subjected to extreme 
environmental conditions means being able to predict its position and topology inside the tank, for a given external and 
gravitational acceleration and a determined thermodynamic condition. An example of cryo-sloshing can be seen in Figure 1. 
The prediction and control of this motion is far to be understood due to the different parameters playing a role in the 
dynamic system such as the geometry of the container, the type of external excitation (shape, frequency content and 
amplitude), the level of the liquid and finally the kind of liquid. Therefore the creation of a reliable and consistent 
experimental database is crucial for assessing the accuracy and the range of validity of existing theoretical and numerical 
models for cryogenic sloshing. Unfortunately today there is a lack of database able to provide at the same time quantitative 
information on fluid velocity and interface shape due to both the complexity in handling the cryogenic fluid and to the 
difficulty in applying standard techniques. It is in this framework that the work here presented can be placed. 
Indeed, the main goal of this work is to present the characterization of the free surface shape and the velocity field of LN2, 
contained in a partially filled cylindrical transparent vessel, during sloshing using non intrusive optical based techniques. 
More specifically, the free surface shape of LN2 will be determined, tracking low density particles floating on the gas/liquid 
interface using the so called LeDaR (Level Detection and Recording) technique [3].  
To determine the fluid velocity, particles possessing a density comparable the one of the fluid are mixed to LN2 to perform 
PIV (Particle Image Velocimetry) and/or PTV (Particle Tracking Velocimetry). PIV is a well-establish technique which, 
when applied to cryogenic liquids, is still in development regarding the seeding selection and procedures [4]. It will be 
shown in this work that the use of glass hollow spheres as tracer for PIV is possible provided a proper seeding procedure. 
The results obtained will be compared with the one already performed using as test fluid water in order to verify semi-
empirical formulas generally used for fluid sloshing. 
 

EXPERIMENTAL SET-UP  
 
The experimental set-up used is mainly constituted by a cryostat containing a fully transparent cell, in which LN2 is stored, 
a sloshing table used to generate the sloshing excitation and a time resolved PIV system. The cell is constituted by a 
hexahedral quartz piece possessing a cylindrical hole up to ¾ of its height and is placed in the cryostat sample volume. The 
cryostat is provided of five quartz windows in order to have a full optical access to the fluid during sloshing. Cryogenic 
temperature sensors (RTDs) and pressure transducers are used to monitor temperature and pressure in different locations of 
the sample room and the cell during the whole experiment. The displacement of the sloshing table is measured using an 
Optical Device Sensor (ODS). Finally the PIV system is constituted by a low-power continuous laser, a laser sheet 
generator and a CCD camera (30 fps). A picture of the experimental set-up is shown in Figure 2. 
 

EXPERIMENTAL CONDITIONS  
 
   In order to decouple thermal and dynamic behaviour the sloshing fluid in the cell is kept at saturation conditions. During 
this study, sinusoidal harmonic excitations with amplitude of 1.5 mm and a frequency of 2 Hz and 2.5 Hz are used to 
generate fluid sloshing. For the LeDaR technique the particles used are 3M K46 glass bubbles (density 460 Kg/m3 and 
mean size of 40 µm). Their density is almost half of the one of liquid nitrogen at ambient pressure (807 Kg/m3 at 106 Pa). 
Phase locked images, i.e. images taken at the same phase position of different excitation cycles, of the particles are 
acquired. 
   Particle Image Velocimetry is applied taking into account the standard rules for PIV seeding in liquids and the selection 
criteria presented by Fonda [5]. The evaluation of the seeding characteristics, the particle response time and the PIV 
processing algorithm will be presented in the final paper. Commercial particles (Cospheric hollow glass sphere) possessing 




��"������������� � !���� ��!���� �� ���!������� !������ ���"����� � ��!��� ����

�"����� �� ��������� ���!��� ������!������!�����%�������� ����  ���� �


��"�����	$��� ����� ��� ��#��!���� ������$!���!���� ������ �$���

� � �!��� ��� � ��" �������$��!�!����� ������ �� �����

�

�

�����������

�

'
(�!���*9)014���18<1,�:36:015/�,@5)41+:��;0-69@�)5,�)7731+);165:���)4*91,/-�$51=-9:1;@� 9-::���		��� �

'�(�����*9)4:65��#0-�,@5)41+�*-0)=169�6.�318<1,:�15�46=15/�+65;)15-9:�>1;0�)7731+);165:�;6�:7)+-�=-01+3-�;-+05636/@���&):015/;65���);165)3��-965)<;1+:�

)5,�"7)+-��,4151:;9);165��
������ �

'�(����#C;0��#>6�70):-�.36>�15=-:;1/);165�15�)�+63,�/):�:631,�96+2-;�46;69�46,-3�;096</0�;0-�:;<,@�6.�;0-�:3)/�)++<4<3);165�796+-::��!06,-�")15;��B5-:-��

=65��)94)5��5:;1;<;-���		��� �

'(�����65,)�����!��"9--51=):)5�)5,���� ���);0967�� ��18<1,��1;96/-5�15�.3<1,�,@5)41+:��=1:<)31A);165�)5,�=-36+14-;9@�<:15/�.96A-5�7)9;1+3-:����!-=1->�6.�

"+1-5;1.1+��5:;9<4-5;:��=63�������	
��� �

'�(�����65,)�� 0��#0-:1:��%1:<)31A);165�6.�+3)::1+)3�)5,�8<)5;<4�;<9*<3-5+-�15�+9@6/-51+:�.3<1,:���#91-:;-��$51=-9:1;@�6.�#91-:;-���	
��� �

�

)�,-5:1;@�6.�,-5:1;@� ��	��/�4��)5,�4-)5� :1A-�6.�	� D4�0)=-�*--5�<:-,�;6� :--,�;0-� .36>�� �5�69,-9� ;6�0)=-�,-5:1;@�4);+0�

*-;>--5�;0-�7)9;1+3-:�)5,�;0-� .3<1,��;0-�����1:� :-;�;6�;0-�;-47-9);<9-�6.��	�����)5,�;0-�7)9;1+3-�,1:73)+-4-5;� 15�)*:-5+-�6.�

-?;-95)3� -?+1;);165� 1:�4-):<9-,� ;6� =-91.@� ;0-� )*:-5+-� 6.�*<6@)5;� .69+-:�� �69�*6;0� ;0-� ;-+0518<-:�� ;0-� )46<5;� 6.�7)9;1+3-:�

),,-,�;6�;0-�.3<1,�+699-:765,:�;6�)�=63<4-�9);16�*-;>--5�;0-�.3<1,�)5,�:631,�6.�)*6<;�				�)5,�1+-�+9@:;)3�.694);165�,<-�;6�

;0-�0<41,1;@�6.�;0-�7)9;1+3-:��1:�79-=-5;-,�*@�4-)5:�6.�:<++-::1=-3@�7<9/15/�+@+3-:��=)+<<4�)5,�/):�51;96/-5���

�

�

�1/<9-� �)�79-:-5;:� )� �-�)!� 14)/-� 6*;)15-,� ,<915/� :36:015/�>0-9-� ;0-� 15;-9.)+-�76:1;165� 1:� 01/031/0;-,�*@�4-)5:� 6.� ;0-�

.36);15/� 7)9;1+3-:�� #01:� 14)/-� 1:� ;0-� 9-:<3;� 6.� ;0-� )=-9)/-� *-;>--5� �		� 70):-� 36+2-,� 14)/-:�� $:15/� )� :7-+1.1+� 14)/-�

796+-::15/�)3/691;04�;0-�36+);165�6.�;0-�7)9;1+3-:�65�;0-�:<9.)+-�+)5�*-�,-;-9415-,�)5,�;0-�.9--�:<9.)+-�76:1;165�+)5�*-�;0-5�

-?;9)763);-,�):�:06>5�15��1/<9-��*�� �

� � � �5�-?)473-�6.�15:;)5;)5-6<:�=-36+1;@�.1-3,�6*;)15-,�*@� )9;1+3-��4)/-�%-36+14-;9@��.69�)5�-?+1;);165�70):-�+36:-�;6�;0-�

65-�79-:-5;-,�15��1/<9-����1:�:06>5�15��1/<9-��� �

�

� � � �5�+65+3<:165�15�;01:�>692�1;�>133�*-�:06>5�06>�565�15;9<:1=-�4-):<9-4-5;�;-+0518<-:�+)5�*-�<:-,�;6�+0)9)+;-91A-�:36:015/�

6.�+9@6/-51+�.3<1,:��#0-�796;6+63:�;6�7967-93@�:--,�;0-�+9@6/-51+�.3<1,�>133�*-�,-:+91*-,�)5,�-=)3<);-,��;0-�9-:<3;:�6*;)15-,�*6;0�

.69� 318<1,�/):� 15;-9.)+-�76:1;165� )5,� .3<1,� =-36+1;@�>133�*-� +647)9-,�>1;0� ;0-� 65-:� )+01-=-,�<:15/�>);-9� ):� ;-:;�.3<1,���� .19:;�

);;-47;�15�;0-�=)31,);165�6.�;0-�:-41�-47191+)3�+699-3);165:�.69�.9-8<-5+@�*-0)=16<9�6.�.3<1,�>133�)3:6�*-�79-:-5;-,��

�

�

��������
��������

�
	����
	�


��"�����	$��� ����������� � �� �����

�
�


��"��������!"����� �!����$� ������!��� �!"� ���"�!������!���

 �� �����!�����

�
�)��

�
�*��

�



 

 

a) Corresponding author. Email: hlu@ryerson.ca. 
 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada  

Fig. 1b Cross section view of PA and 
heat sink of a coin (left), and the coin 

geometry (right). 
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Fig. 1a    PCB with PA components 
(top) and a bare PCB (bottom) with 

embedded coins. 

DETERMINATION OF CRITICAL LOADS FOR EMBEDDED RF PA ASSEMBLY  
 

Hua Lu1a) 

1Department of Mechanical and Industrial Engineering, Ryerson University, Toronto, Canada 
 
Abstract Presented is an experimental mechanics based methodology and a case study exemplifying a novel, effective and efficient reliability 
evaluation for a package.  Under the study is a prototype of an advanced embedded RF (radio frequency) PA (power amplifier). The study 
focuses on determining its tolerance to thermal loads and mechanical bending. The reliability attributes are the key specifications for the 
package qualification, which FKDUDFWHUL]H�WKH�DVVHPEO\¶V�VDIH�RSHUDWLRQ�OLPLWV�� �Localized sites of structural weakness in a new design are 
identified first backed by theories of interfacial mechanics.  Novel opto-mechanistic based metrological techniques including optical 
imaging and shadow moiré are applied to measure strains in these areas leading to quantitatively determined failure critical parameters of 
the package, which thus facilitate the design evaluation, modification and optimization.  
 

INTRODUCTION 
   High power RF PA is a popular yet critical and costly component for wireless and satellite communication applications.  
The coin construction in conjunction with the back-attached heat sink is a proving solution to accelerating the heat dissipation 
from the PA, thus is a key technology ensuring the 5)�3$¶V�WKHUPDO�UHOLDELOLW\.  Driven by increasing signal processing speed 
and demand for reducing the assembly thickness and cost, the embedded PA architecture emerges to mitigate the elevated 
overall thickness of the coin structure.  Due to the rapid market shift a timely assessment for WKH�DVVHPEO\¶V�mechanical and 
thermal reliability is imperative for a speedy design concept verification and optimization. The new method integrates the 
reliability testing and the experimental stress analyses, which effectively tackled the challenges.   
   

STRUCTURE FEATURES AND RELAIBILITY CONCERNS 
   The assembly has a novel architecture of a three-dimensional embedded coin construction (Fig. 1), which enables a fast 
heat spread from the PA while keeping a low overall thickness. On the coin¶V�WRS�DQG�ERWWRP�VXUIDFHV a PA component and a 
copper heat sink are attached respectively via reflow soldering.  The coin construction is embedded in a cavity of the ceramic-
HSR[\� PDGH� 3&%� YLD� WKH� FRLQ¶V� WDE� ORFNV� ZLWK� a conductive silver-particle filled epoxy adhesive.  To reduce thermal 
impedance between the heat sink and the coin, a thin shim is inserted in between the contacting surfaces.  The elements are 
tightly bolted together in reflow processing. The coin-PCB bonding strength is critical since any mechanically or thermally 
caused de-bonding could possibly damage the nearby electric routines. Considering also the high mismatch in the CTE 
�FRHIILFLHQW�RI�WKHUPDO�H[SDQVLRQ��DQG�<RXQJ¶V�PRGXOXV�Dcross the interfaces (the laminate CTE is measured at 44 ppm/oC as 
opposed to 17 ppm/oC for the coin material), high thermal and mechanical stress concentrations are expected in the area. As 
such, the theory of interfacial fracture provides needed guidance to the assessment, though it can barely reach quantifiable 
results given the complex structural features and largely uncertain materials¶ behavior. A quick global structural inspection 
indicates that the heat sink attachment (Fig. 2) introduces in-plane compression to the PCB due to CTE mismatch, which in 
turn causes the PCB to bend. The stresses at multi-material interfaces are thus highly concentrated considering the co-existence 
of both material property discontinuities (CTE and E) and geometric discontinuities around local interface corners. 
 
 
 
 
 
 
 
 
 
  
 
 
 

METHODOLOGY AND EVALUATION  
   The mechanistic analysis as adopted can avoid costly and time consuming full-scale testing. The properties of the PCB and 
adhesive material are viscoelastic and dependent on the glass-transition, geometric scale and processing conditions.  
Nonetheless a simple two-dimensional linear-elastic modeling can qualitatively outline patterns of strain/stress distribution 
(Fig. 3).  As revealed, the weak structural links highlighted by areas of shear strain concentrations match well with the 
mechanistic-based analysis.  The results of the qualitative analysis guide the microscopic strain measurement which is aimed 
WR�TXDQWLWDWLYHO\�GHWHUPLQH�WKH�SDFNDJH¶V�critical failure parameters such as the critical de-bonding temperature. Visual failure 
detection is followed upon completion of the measurement in a temperature ramping-up process. The method, the setups and 
the application approaches of the digital speckle correlation can be found in the references [1, 2].  A test sample with a bolt-

Fig. 2    PCB bending  
Thermal-mechanical bending 
bending 

Mechanical bending  

 

 Gravity  

       filler 

2.5 
mm 

18 mm 



connected thick heat sink attachment is schematically shown (Fig 4).  Shadow moiré method is applied to determine the 
FRLQ¶V�HGJH-to-center warpage and the filler thickness is decided based on the image correlation obtained strain results.  The 
strains at anticipated critical locations are measured in separate tests at room and elevated temperatures (Fig. 5, 6).  Test 
samples are grouped according to the different tests arranged to investigate temperature/mechanically induced interface strains 
in bare PCBs, PCBs with heat sink and the component-to-board joints.   

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

RESULTS AND CONCLUSIONS  
   The shear strain in a horizontal-vertical interface corner (Fig. 7) typically experiences a substantial increase when the heat 
sink is attached or shim layer inserted. The visual inspection indicates the cracks grow exclusively along the horizontal 
interfaces as the tab locks and the PCB laminate debond. The thermal-mechanical shear strain in the case of 3-mil filler (Fig. 
8) reveals a recovery at 117 oC, signifying the initiation of de-bonding at that temperature. The crack initiation revealed by the 
unloading thus leads to the determination of the critical temperature or the safe operation criterion for the 3-mil filler case.    
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Fig. 3   FEA obtained shear strain concentration 

Fig. 4  Schematic for test sample used in strain 
measurement for coin construction. 
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EVALUATION OF MECHANICAL CONTACT BETWEEN METALLIC SURFACES

Gábor Csernák ∗, Richárd Wohlfart, Roland Zana, Bálint Magyar, Gábor Hénap, Gábor Stépán
Department of Applied Mechanics, Budapest University of Technology and Economics, Budapest, Hungary

Summary In case of machines or other metallic structures the internal damping is usually negligible compared to the dissipation due to
micro-slips at frictional contacts between machine parts. Consequently, one of the most challenging problems in modal analysis is the
proper evaluation of the effects of contact properties on the modal damping. The frictional dissipation strongly depends on the actual
contact patch, which is hard to determine in case of macroscopically matching surfaces. In the present paper, an experimental technique is
proposed for the evaluation of the contact pattern by the measurement of electric field potentials.

INTRODUCTION

Even well-machined surfaces are rough on a microscopic scale. Consequently, the real area of contact is extremely small
[1]. It means that the pressure – defined as the ratio of the load and the nominal area – does not provide first-hand information
about the real normal stress distribution on the rough surface of the materials. However, the distribution of the compressing
force on a sufficiently small grid can be used for the evaluation of the mechanical contact of surfaces. The contact models
in the literature usually provide relations between the compressing force and the number and size of local contacts. One of
the most popular models was set up by Greenwood and his co-authors [2, 3], who showed that in nominally flat surfaces
the individual contacts are dispersed, while in case of curved surfaces the individual contact areas are often clustered. Our
primary goal is the macroscopic evaluation of contacts such that the clustering of contact areas can be identified (see Figure 1).
Even a coarse discretization may reveal the possibly adverse asymmetries in the contact pressure or the differences between
seemingly identical contacts. Moreover, the force distribution on the contact area may be used for the reliable prediction of
energy dissipation due to dry friction [4]. Since there is physical connection between electrical resistance and the properties

Figure 1: Block diagram of the evaluation algorithm. The force distribution shows three disjoint contact areas.

of mechanical contact [2], it is possible to evaluate the mechanical contact pattern based on the measurement of resistance.
According to the authors’ knowledge, no such methods were published yet, however, there is an extensive body of literature
about the inverse problem, i.e., the determination of electrical contact resistance Re based on the characteristics of contacting
surfaces [5].

MEASUREMENT LAYOUT AND ALGORITHM

At the present stage of the research, the case of line contact is considered, i.e., the nominal contacting surface is narrow
compared to its length. According to the results obtained so far, the method can be extended to the evaluation of real 2D
contacts, as well. The block diagram of the developed algorithm is shown in Figure 1. In the first step, a constant current

∗Corresponding author. Email: csernak@mm.bme.hu
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STRAIN AND STRAIN-RATE DETERMINATION USING DIGITAL IMAGE CORRELATION

Stefan Hartmann∗1, Susana Rodriguez1, and Carmen Sguazzo1

1Institute of Applied Mechanics, Clausthal University of Technology, Clausthal-Zellerfeld, Germany

Summary Digital Imaging Correlation systems for full-field strain analysis are based on traditional approaches to determine strains and
strain-rates on the basis of the motion of discrete points in space and time. Both the theoretical background and concepts to verify the
codes are missing for three-dimensional curved surfaces under large strains. In this presentation, we discuss various possible approaches
for determining different strain measures and the possibility of obtaining the strain-rate as well. This discussion is performed in view of
verification examples, where homogeneous and inhomogeneous deformations are prescribed. It turns out that under certain circumstances
the strain determination might be inaccurate. Additional aspects, for example, real experimental data and the comparison to finite element
results are treated as well.

INTRODUCTION

Full-field determination of displacements and strains is an increasing measurement technology for two- and three-dimen-
sional surface deformations. Two different systems are explained in [2] and [6]. Commonly, these devices are applied for
full-field measurement and both the displacements as well as the strains are used for the interpretation of the deformation
characteristics of a part, for the comparison of numerical models with experimental observations, or for the purpose of ma-
terial parameter identification. The system detects coordinates of points on the surface (two coordinates for 2D- and three
coordinates in 3D-camera systems) and follow them during the deformation in the experiment. In the two-dimensional case
no essential problems occur. However, for the case of curvilinear surfaces, the theory increases to be more complex because
the deformation of curvilinear surfaces has to be studied. In this case, we follow the abstract ideas of [3, 5] and concretize
these concepts to the problem under consideration. Unfortunately, the approaches in [2] and [6] circumvent an explanation
how the strains are determined in detail. This leads to a number of questions:

• What kind of approach is possible to determine the strain and the strain-rates in a curvilinear surface for a given set of
points?

• What accuracy can we obtain using different methods for determining strains, and which advantages and disadvantages
do these methods have?

• Are there verification examples so that the systems can be investigated in view of their accuracy? (in view of the
terminology of verification of programs, see [1], which is adapted to the strain analysis of DIC-systems)

• Can we adapt the models to further problems?

In this presentation, we will address the issue mentioned above and provide new theoretical concepts for strain analysis.
Furthermore, the methods are studied in view of their advantages and disadvantages at various verificiation examples as well
as real experimental data.

SURFACE STRAIN ANALYSIS

The full-field deformation analysis system provides coordinates in the surface of a specimen in the reference and in the
current configuration, see as an example, Fig. 1(a). These points at time t can be described by surfaces, which are necessary for
specific interpolation concepts. In [6] the coordinates of a subset of points of the entire surface in the reference configuration
and for each displacement component is applied leading to four interpolations with a least-square method. In [4] shape
functions from finite elements are chosen requiring only two interpolation, which are based on pure function evaluations. The
latter is based on in-plane deformation gradient

F̂ =
∂θαR
∂Θβ

(⃗aα ⊗ A⃗ β), α = 1, 2, β = 1, 2, (1)

where ϑα = θαR (Θ
β) defines the surface motion of the surface parameters Θβ (material surface coordinates), and ϑα the

surface parameters in the current configuration. a⃗α = ˆ⃗x,α = ∂ ˆ⃗x/∂ϑα and A⃗α =
ˆ⃗
X,α = ∂

ˆ⃗
X/∂Θα define the tangential

vectors in the current and in the reference configuration, A⃗α = AαβA⃗β symbolize the gradient vectors. In [4] convective
coordinates are chosen, ϑα = Θα, whereas in [6] Θ1 = X and Θ2 = Y (using the constraint Z = f(X,Y ) are applied.

∗Corresponding author. Email: stefan.hartmann@tu-clausthal.de



(a) Biaxial tensile test
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x⃗

(b) Kinematical description of the deformation

Figure 1: Illustrative example of surface deformations

We propose two additional approaches using non-convective coordinates combining the advantages of both existing methods.
Thus, different methods have different accuracies and computational efficiencies.

Having the in-plane deformation gradient F̂, the in-plane right Cauchy-Green tensor Ĉ = F̂T F̂ and related principal
stretches, which are of interest in industrial applications, can be determined.

The whole concept of strain analysis can also be adapted to finite elements surface deformations, so that for arbitrary finite
element programs strains on the surface can be determined at any place and a comparison of experimental and numerical
results is possible.

VERIFICATION EXAMPLES

Numerical methods have to be verified. Thus, the presented methods are verified at analytical examples of simple shear
(plane problem), tension combined with torsion (curvilinear surface) and an analytical description of a deep drawing process
(complex three-dimensional deformation) so that a code verification and a sensitivity analysis of the proposed schemes can be
investigated.

REAL EXAMPLES

Finally, a real experimental example is chosen to show the applicability of the methods. Furthermore, the surface strain
analysis is also adapted to a fully three-dimensional finite element simulation, so that both a comparison of experimental
data and simulation is possible as well as material parameter identification on the basis of finite element simulations can be
performed.
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A SHADOW PTV TECHNIQUE FOR PARTICLE TRACKING IN AN INHOMOGENEOUS
TURBULENT FLOW.

Peter Huck1, Nathanael Machicoane2, and Romain Volk ∗1

1Laboratoire de physique, Ecole Normale Suéprieure de Lyon, CNRS et Université de Lyon, France
2Laboratoire FAST, CNRS et Université Paris-Sud 11, Orsay, France

Summary We use a Shadow Particle Tracking Velocimetry technique (S-PTV) with collimated light to investigate the dynamics of a turbu-
lent von Kármán (VK) flow of water. Such a PTV technique, easy to calibrate as apparent particle position on the images do not depend on
the camera-particle distance, allows to track small objects (100 µm particles, fibers, ...) with low power LEDs as light sources. Investigating
the dynamics of Lagrangian tracers, we observe the flow produced in a square tank is bistable, the two states having a life time of several
minutes so that the high speed recordings appear as snapshots of one of the two states that can be reconstructed from the particle trajectories.
We show the two states topologies strongly differ from the one of the mean flow, and how the bistability affects the dispersion of tracers.

INTRODUCTION

Turbulent flows play a major role in mixing, chemical process in reactors, and transport of pollutants in the atmosphere.
In this context, because the Lagrangian point of view which describes the fluid flow properties along the trajectories is the
most natural, Particle Tracking Velocimetry has grown a lot in the past decade [1, 2, 3]. Using an ensemble of fast cameras,
PTV allows to track small particles (10− 100 µm large) in turbulent flows with Reynolds numbers Rλ > 100 with a temporal
resolution of the order of the Kolmogorov frequency fK =

!
ϵ/ν ∼ 1−10 kHz, ϵ being the injected power per mass unit, and

ν the fluid viscosity. However when developing a PTV setup with classical illumination, one has to face several difficulties:
the quality of images strongly depends on the particles characteristics (refraction index, size), it needs a complex 3d calibration
in order to achieve stereo-matching between the different views [4], and it requires powerful light sources (high power LEDs,
or a high power laser) when tracking small objects. To overcome these difficulties we have developed a new optical setup
inspired from [5] which allows to track particles’ shadows produced when using parallel lighting.

EXPERIMENTAL SETUP AND RESULTS

The experimental apparatus is a von Kármán flow identical to the one used in [5]. The flow is produced in a cylinder
with square section using two bladed discs, with radius R = 7, 1 cm, which counter rotate at constant frequency Ω (figure 1
a)). Their spacing is equal to 15 cm, which is also the length of the tank section. Using a water-Ucon mixture 8 times more
viscous than water, this setup produces an intense turbulence with a Taylor based Reynolds number Rλ = 200 and a dissipative
length η = 90 microns. We perform particle tracking of Lagrangian tracers (200 µm polystyrene particles) in a large volume
8 × 7.6 × 7.6 cm3 centered around the geometrical centre ((x, y, z) = (0, 0, 0)) of the flow with 2 high-speed video cameras
(Phantom V.12, Vision Research, 1Mpix@7kHz) with a resolution 800 × 768 pixels, and a frame rate fs = 12 kHz. The
camera arrangement, inspired from reference [5], is depicted in figure 1 b). It consist of 2 arms forming an angle θ = 90◦ with
parallel lighting. Both arms are identical and use a small LED imaged in the focus of a large parabolic mirror (15 cm diameter,
50 cm focal length). This large parallel ray of light then reflects on a beam splitter and intersects the flow volume before being
collected onto the camera using a doublet consisting of a large lens (15 cm in diameter) and the camera objective. As this
arrangement requires some precision in the mounting, all optical elements are aligned using large (home made) reticules also
used to measure precisely the magnification in each arm. When placing an object in the field of view, it appears as a black
shadow on a white background corresponding to the parallel projection of the object on the sensor. When particles are tracked,
camera 1 will then provide their (x1, z1) 2d positions while camera 2 will measure their (y2, z2) positions, the z coordinate
being perfectly redundant (we have z2 = az1 + b). 3d tracking is then performed by first tracking particles independently on
the movies corresponding to the 2 views before trajectories with z1(t) ≃ z2(t) are identified using the relation z2 = az1 + b
as shown in figure 1 c). This relation is obtained by self-calibration with a dilute ensemble of particles that is tracked within a
pair of movies recorded by cam1 and cam2 (here the parameters are a = 0.96, b = 2.7 pixels). Together with the pixel to mm
magnification of one of the cameras, it provides all informations about particle positions in world coordinates.

Because the measurement volume 8 × 7.6 × 7.6 cm3 is twice larger than the integral length-scale L = 3 cm of the
turbulence, the flow properties are not homogeneous in space. We thus record 200 pairs of movies with duration 1.3 seconds
per Reynolds number with O(100) particles in the measurement volume, leading to a very large ensemble of O(4. 105)
trajectories with mean duration ⟨t⟩ ∼ 0.25/Ω so the Lagrangian statistics can be conditioned in space. However we discovered
that whatever the number of movies randomly chosen, we always found that the x and y component of the velocity had

∗Corresponding author. Email: romain.volk@ens-lyon.fr
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EVALUATION OF MEAN PRESSURE FIELD ABOVE A ROOF USING PIV DATA AND A 2D 
INTERPOLATION ALGORITHM 
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1Boundary Layer Wind Tunnel Laboratory, Faculty of Engineering, University of Western Ontario, London, ON, 
Canada 

 
Summary A 2D interpolation method is applied to integrate the pressure gradient data obtained from PIV measurement for the flow above a 
building roof. The reconstructed pressure field is smooth and matched the measured surface pressures reasonably well in terms of distribution. 
This method also allows users to remove the bad input data points. 
 

INTRODUCTION 
 
   In order to better understand the mechanism how the atmospheric boundary layers affect the wind loads on buildings (i.e., 
surface pressures), particle image velocimetry (PIV) has been used to measure the velocity field together with the surface 
pressures. The PIV method can render deeper insights if we can infer the pressure field information from the measured flow 
field data. For 2D flow field, the gradient of mean pressure coefficient can be found by taking the time average of the Navier-
Stokes equation, i.e. 
� � � � � � � � � � � � � �> @^ `refyyxxyxyxx UuuvuuuvvuuCp ������� Q''''2  (1a) 

� � � � � � � � � � � � � �> @^ `refyyxxyxyxy UvvvvvuvvvuCp ������� Q''''2 , (1b)   
ZKHUH�WKH�RYHUEDU�GHQRWHV�WKH�WLPH�DYHUDJLQJ�����¶�GHQRWHV�WKH�IOXFWXDWLRQ�����x DQG����y are the x and y derivatives respectively; 
Ȟ is the kinematic viscosity. The pressure coefficients, Cp, in Eq. (1) are defined as the division of gauge pressure to a reference 
dynamic pressure 0.5ȡ8ref

2. Therefore, the velocity components, u and v, are non-dimensional and defined as division of 
actual velocity to Uref. 
   Gurka et al. (1999) [1] used the pressure Poisson equation and Neumann type of boundary condition to solve the pressure 
field from PIV data. More recently, van Oudhensden et al. (2007) [2] obtained the 2D velocity field around a square prism 
via PIV. They integrated the pressure field directly from the gradient data via a line-wise, downstream marching scheme with 
the LQOHW�ERXQGDU\�SUHVVXUH�SUHVFULEHG�E\�%HUQRXOOL¶V�HTXDWLRQ��$OWKRXJK�WKLV�LQWHJUDWLRQ�VFKHPH�LV�VWUDLJKWIRUZDUG�DQG�IDVW��
the measured gradient data needs to be curl free, such that the value obtained by integration along any arbitrary path is 
independent [3]. However, if a measured gradient data is not perfect, due to either measurement error or noise, the error will 
be propagated along the integration path, leading to distorted results. Ettl et al. (2008) [3] presented an alternative for integrating 
gradient data using generalized Hermite interpolation approach with analytic radial basis functions. This method is aimed to solve 
the problems described earlier. We have been finding this method useful in integrating our pressure gradient data obtained from 
PIV. So this algorithm is briefly introduced and the results of application will be shown in the following sections. 
 

2D ANALYTIC INTERPOLATION 
 

   This method first assumes that the estimated pressure coefficient Cp* at location x can be represented as linear spatial 
superposition of analytic function [3], i.e. 

� � � � � �> @¦
 

�)��) 
N

i
iyiixiCp

1
* xxxxx ED ,  (2) 

where Įi and ȕi denote the appropriate coefficients for the analytic support ĭ centered at i-WK�JULG�SRLQW��:HQODQG¶V�IXQFWion 
was selected in [3] and therefore here for the analytic support. This function is symmetric about its centre and resembles a 
bell shaped surface for U�� 1, where r is the radial distance from the support center. For regions of r > 1 values of zeros are 
padded. The range of influence for the support is denoted here as support size and set as unity. In order to find the coefficients 
for the spatial superposition, the gradient of Cp*, is taken and matched with the measured gradient data obtained from Eq. (1). 
Once the linear system is formed as a result of this procedure, the coefficients can be simply solved by matrix inversion.  
 

RESULTS AND DISCUSSIONS 
 
   The PIV data obtained from the flow field above the roof of a 1/50 scale model of Texas Tech University ³:(5)/´�
Building [4] was used to demonstrate the application of the proposed method. This modelled building has plane dimensions 
of 18.4 cm × 27.5 cm and a height of 7.8 FP�� $� URZ� RI� �� WDSV� ZHUH� SODFHG� RQ� WKH�PRGHO¶V� URRI� VXUIDFH� IRU� SUHVVXUH�
measurement. This pressure measurement system was synchronized with a Time-Resolved Particle Image Velocimetry (TR-
PIV) system. The model was placed on the high speed test section of Wind Tunnel-II at the University of Western Ontario.  
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FRICTION MEASUREMENTS ON SMALL JOURNAL BEARINGS
Mathis Trachsel∗1,2, Jürg Dual1, and Raniero Pittini2

1Institute of Mechanical Systems, ETH, 8092 Zurich, Switzerland
2maxon motor ag, 6072 Sachseln, Switzerland

Summary The setup described in this work allows precise friction measurements on small bearings for various shaft-speeds, radial loadings,
lubricants and gap widths. The system is able to capture simultaneously the friction, as well as the relative displacement between shaft
and bearing which reveals the displacement trajectory and the dynamic behavior, mainly half-frequency whirling with critical speeds. If
displacement is considered for the friction measurement, an improvement in measurement accuracy is achieved when compared to previously
reported techniques. Geometrical tolerances are identified by two measurements and corrected.

INTRODUCTION

Friction measurements in the range of µNm are extremely sensitive to external forces and kinematic constraints which
favor or prevent a fluid film to separate the two sliding bodies. Experiments therefore, should reproduce the common case of
a radial load and an unconstrained displacement. In this work, the friction force is captured at the bearings and transmitted by
a band to a precise balance as shown in Fig. 1. A similar technique was applied in [1, 2, 3]. This method is very precise and
is thus sensitive to tolerances which are identified and corrected by two measurements in opposite direction of rotation. The
relative displacement between shaft and bearing is a key parameter as identified by Reynolds in 1886 and later by Sommerfeld.
But today experimental work is still scarce and only available for bigger shaft diameters [4, 5, 6]. To determine the friction
torque at the shaft, the horizontal component ∆x of bearing eccentricity has to be considered, which is new for this type of
measurement and leads to higher friction at values of high eccentricity. Dynamic phenomena can be investigated and whirling
can be detected in the displacement-data. All parameters involved can be changed easily.

MECHANICAL SETUP

A steel shaft of 3mm diameter is driven at a controlled speed by an electric motor and lies on a V-shaped support built
of hardened steel. The two bearings to be measured are aligned on a steel needle and pressed in a steel cylinder. The friction
force is transmitted to a balance (METTLER, PH403S, 1mg resolution) by a band. The total radial loading Fr can be varied
by changing the weight Fw. On the side of the balance the friction force is either added or subtracted to the force of the static
equilibrium, depending on the direction of rotation.

Fr therefore depends on friction and on the direc-

2

balance weight

bearing
shaft

Fig. 1: Principle and photo of the measurement setup built with a
balance, weight, rotating shaft and bearings considering tolerances.

tion of rotation. Considering the mass of the cylin-
der mz , a simplified value Fr = Fw + Fb + mzg is
used here. To assure high accuracy and constant dis-
tance of the forces Fb and Fw from the axis of rotation,
a stainless steel band of 10µm thickness is applied.
Previous work using ropes did not allow precise mea-
surements and reproducibility. The system resolution
is further increased from the nominal 50 nNm by tak-
ing average values at each speed. Data are digitally
(RS232) transmitted to a PC, data acquisition is con-
trolled by LabVIEW. Two laser systems ILD2300LL by
Micro-Epsilon capture the displacement of one bearing
in x- and y- direction. Results illustrating this tech-
nique are shown for porous journal bearings Sint-B50
having 20% porosity and using non-Newtonian CX-
2000 by Klueber as lubricant, with variable speed and
5µm radial gap between shaft and bearing.

DATA ANALYSIS AND PROCESSING

The friction torque Tf acting on the shaft is calculated from the data Fb, acquired from the mentioned balance, the known
weight Fw and the radius rzb of the imperfect cylinder on the side of the balance and on the side of the weight rzw:

Tf = rzw Fw − rzb Fb (1)
∗Corresponding author. Email: trachsel@imes.mavt.ethz.ch



Considering tolerances ∆r in cylinder-bearing concentricity and horizontal displacement ∆x, the friction torque Tf from (1)
is written with variable parameters rzw = rz +∆r +∆x and rzb = rz −∆r −∆x.

Correction of friction data by identification of geometric tolerances (calibration)
At high speed hydrodynamic friction is not expected to depend on the direction on rotation. According to measurements

and well known theory [8], the shaft is well centered in the bearings and effects of horizontal displacement ∆x are negligible.
The friction torque (1) of two measurements in opposite direction of rotation (cw: clockwise, ccw: counterclockwise) is set
equal at maximum speed and ∆x = 0. By solving for ∆r the tolerances are identified with high accuracy:

∆r = rz ·
2Fw − Fb,ccw − Fb,cw

2Fw + Fb,ccw + Fb,cw
. (2)

The effect and importance of the calibration ∆r and displacement measurement ∆x is illustrated in Fig. 2 at Fr = 0.52N. A
value of ∆r = 8.38µm was found in this case. The horizontal ∆x and the vertical displacement are shown in Fig. 3.
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Fig. 2: Friction data considering cali-
bration ∆r and ∆x from measurement.
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Fig. 4: Campell-diagramm of ∆x:
Fr = 0.33N, critical speed at 3.5Hz.

Influence of the direction of rotation
A dependance of the friction measurements on the direction of rotation was noted at low speeds. With reference to Fig. 1,

this could be explained by the fact that in ccw-rotation the cylinder can easily move up, lift the weight and a fluid film is built.
In cw-rotation however the band is held fixed to the balance resulting in higher friction at the transition to the hydrodynamic
domain and a shift of minimum friction towards higher speeds can be noted as shown in Fig. 2.

Additional insight
The bearing trajectory does not follow the theory by Sommerfeld for all speeds as already found via numerical investiga-

tions carried out in [5]: A lift off is detected at the point of minimum friction or just before. At this point the displacement
changes direction and moves towards a concentric position. Domains of mixed- and hydrodynamic lubrication can be distin-
guished. In Fig. 4 an analysis in the frequency domain at low radial loading reveals the dynamic behavior and the well known
half-frequency whirling [8] starting at some specific critical speed and comes along with a slight increase in friction.

CONCLUSION

A new setup was developed to study the performance of small bearings. Simultaneous detection of friction and displace-
ment improves the precision of friction data and leads to a profound understanding of the fluid-structure interaction which
allows further optimization of parts involved according to specific application.
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DIGITAL EFFECTS IN HARDWARE-IN-THE-LOOP EXPERIMENTS
OF STICK-SLIP PHENOMENA

Gabor Stepan∗, Zsolt Veraszto
Department of Applied Mechanics, Budapest University of Technology and Economics, Hungary

Summary The topic of this study is the analysis of one degree of freedom (DoF) oscillatory systems subjected to the friction force generated
at moving surfaces of mixed dry and viscous friction. The stick-slip phenomenon arising on partially lubricated surfaces can be critical in
many engineering systems. This study aims to present the theoretical considerations behind the use of the hardware-in-the-loop (HIL)
method and to report on possible experimental implementation. We compare the results of the global dynamical analysis with the numerical
results of the simulations. The mathematical model of the HIL experiment considers idealised control, but takes into account the delay
related to the digital effects like sampling. The analytical and numerical analysis of the corresponding discrete model leads to results
validated by the measurements. The conclusions of the theoretical, numerical and experimental study call the attention on the limitations of
HIL experiments when the system is strongly nonlinear.

MOTIVATION

There is a set of historical dynamical problems in engineering that causes permanent difficulties in the design on certain
machines, machine parts. One common feature of these systems is that the desired steady-state behavior of the machine
may become unstable at certain speed ranges. While systems can be tuned to stable parameter domains with reasonable
reliability, they can still exhibit undesired dynamical behavior when large perturbations occur. Machine tool vibrations [1],
wheel shimmy [2], stick-slip [3] or even traffic dynamics [4] belong to this set of problems. The fundamental reason of the
unpredictable occurrence of undesired oscillations is the subcritical sense of the Hopf bifurcations at the loss of stability of the
desired steady states. It is a rule of thumb that delay tends to destabilize dynamical systems, also, it tends to make bifurcations
subcritical. Delay exists in many of the models of the mentioned industrial problems, except the stick-slip phenomenon, which
has simple, even single degree-of-freedom (DOF) nonlinear models while it still performs subcritical Hopf bifurcation.

Since the design of these systems cannot guarantee the avoidance of undesired oscillations, extensive numerical simulation
is needed for large sets of parameters and initial conditions, which still does not substitute expensive tests on prototypes. A
promising way to reduce the costs of this development process is the application of hardware-in-the-loop (HIL) experiments
[5], in other words real-time substructuring [6] when some parts of the system is substituted by actuators and computer
simulation. Digital effects are introduced into these systems when HIL experiments are performed [7]. The discretization in
time (sampling) and space (round-off) may lead to somewhat modified dynamical behavior than the real system [8]. These
limitations of the HIL experiments are studied for the simplest nonlinear model of stick-slip phenomenon.

MATHEMATICAL MODEL AND TEST RIG OF STICK-SLIP HIL EXPERIMENT

The stick-slip phenomenon can be described by a 1 DoF damped oscillator subjected to the so-called Stribeck force:

ẍ(t) + 2ζωnẋ(t) + ω2x(t) = FStr(ẋ(tj − τ))/m , t ∈ [tj , tj + τ), tj = jτ, j = 1, 2, . . . .

FStr(ẋ) =
!
C + (C0 − C)e−cv|v0−ẋ|

"
sgn(v0 − ẋ) + bStr(v0 − ẋ) ,

where the oscillatory system is characterized by its undamped angular natural frequency ωn, damping ration ζ and modal
mass m. The Stribeck force describes the mixed viscous-dry friction between the body and a moving surface of velocity v0
resulting the relative velocity v0 − ẋ between the surfaces. There are several parameters in the force FStr among which the
sticking friction force C0 and the sliding friction force C can easily be identified. The HIL experiment can run with certain
sampling frequency only. This is taken into account by means of the sampling time τ . Due to the piece-wise constant force
FStr, the above system can be transformed into a 3-dimensional nonlinear discrete system.

A HIL experiment was compiled where the damped oscillator consisted of an elastic beam and a block, while the Stribeck
force was emulated by an electromagnetic actuator controlled by a processor that calculated the force according to the formula
of FStr. The test rig is shown in Fig. 1 together with its mechanical model. The deformation of the spring (the elastic beam)
was sensed to obtain the signals of position x and velocity ẋ, and the control force was created by means of a PI control of
the current I that was also measured at the actuator. The signal was sent to the actuator by means of pulse width modulation
(pwm).

∗Corresponding author. Email: stepan@mm.bme.hu
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MEASURING THE DYNAMIC ELECTROMECHANICAL RESPONSE OF
FERROELECTRICS

Charles S. Wojnar∗1

1Department of Mechanical and Aerospace Engineering, Missouri University of Science and Technology, Rolla,
Missouri, USA

Summary To better understand the dynamic response of thermo-electro-mechanically coupled materials, in particular stiffness and mechan-
ical damping, an experimental method called Broadband Electromechanical Spectroscopy (BES) was developed. The motivation for BES
was to study ferroelectric materials over wide ranges of frequencies of simultaneously applied electric fields and mechanical stresses under
temperature control. By precisely controlling electric fields and mechanical loading, the effect of microstructural changes, in particular
domain switching in ferroelectrics, on the dynamic mechanical response is measured. Experiments show large increases in mechanical
damping during domain switching that can be tuned by appropriate electrical loading. Results obtained using the new capabilities brought
by BES can be used to better understand the damping associated with domain wall motion to be able to create ceramic materials with both
high stiffness and high damping – an elusive combination of properties in typical engineering materials.

INTRODUCTION

Various approaches can be taken to reduce vibrations in structures in order to mitigate fatigue. Passive methods involve
combining high damping materials into structures, which results in a compromise of stiffness and damping. Alternatively,
active methods involve actuating structures in such a way to cancel out vibrations. This is typically achieved by piezoelectric
actuators. Piezoelectric materials exhibit a linear relationship between applied stress and resulting charge accumulation on the
surface (electric displacement). This phenomenon is used in shunted piezoelectrics where charge accumulation is dissipated
by connecting surface electrodes with a resistor [1]. But this approach is also highly frequency dependent. The converse
relationship (linear relationship between applied electric field and strain) is what is used in piezoelectric actuators where an
applied electric field is carefully controlled to generate strains in such a way to cancel out vibrations.

The approaches using piezoelectrics, however, only utilize their linear response. Piezoelectrics like the widely used mate-
rial lead zirconate titanate (PZT) are also ferroelectric. That is, they exhibit a spontaneous polarization that can be reoriented
by applying sufficiently large electric fields and/or stresses. The process of polarization reorientation, or so-called domain
switching, is a dissipative process [2]. Nonetheless, there are only a limited number studies on using domain switching as an
alternative mechanism for mechanical damping. This is in part due to a lack of experimental methods for its characterization.
We close this gap by presenting an experimental setup and method called Broadband Electromechanical Spectroscopy (BES)
for measuring the dynamic mechanical response (i.e. stiffness and damping) of ferroelectrics (and other materials) while
applying sufficiently large electric fields to induce domain switching. Using BES, the stiffness and damping of a particular
ferroelectric, viz. PZT, was measured over a wide range of bending and torsional frequencies.

MATERIALS AND METHODS

The apparatus developed for BES is based on Broadband Viscoelastic Spectroscopy (BVS) [3]. That is, cantilevered beam
specimens are tested in bending and/or torsion using contact-less techniques. A magnet is attached to the free end of the
specimen such that when placed between a pair of Helmholtz coils, the magnetic field from the coils applies a bending and/or
torsional moment to the specimen as shown in Fig. 1. The resulting deflection and/or twist of the specimen is measured via
a laser detector setup; an incoming laser beam reflects off of a mirror attached to the specimens free end into a laser position
sensor. Thus, changes in the specimens deflection angle and/or twisting angle are captured by the movement of the reflected
laser beam in the sensor. Going beyond current BVS setups, we add the capability to simultaneously apply electric fields to
specimens via surface electrodes while applying bending and/or torsional moments. Furthermore, the experimental setup is
placed inside a vacuum chamber to reduce parasitic damping.

RESULTS

To measure the dynamic Young modulus and loss tangent, specimens were subjected to bending moments at 75 Hz by
using the vertical pair of coils in the BES setup. Simultaneously, a slowly varying triangle wave electric field with an amplitude
of 1.95 MV/m was applied from 0.01 to 1 Hz for all experiments. The resulting electric displacement is shown in Fig. 2(a).

∗Corresponding author. Email: wojnarc@mst.edu
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MICRO-SPECKLE/GRATING BY FIB DEPOSITION 
AND THEIR APPLICATION TO DEFORMATION MEASUREMENT 

 
Ronghua Zhu1, Huimin Xie1a), Dan Wu1 & Yanjie Li 2 

1AML, School of Aerospace, Tsinghua University, Beijing, 100084, China 
2School of Civil Engineering and Architecture, University of Jinan, Jinan, 250022, China 

 
Summary Deformation carriers-speckle and grating are essential components for deformation measurement using the digital 
image correlation (DIC) and moiré techniques. In order to promote the application of DIC and moiré techniques in micro-
deformation measurement, new techniques for fabricating the micro-speckle/grating are in urgent need. In this study, with aid of 
the FIB-EB dual beam system, a novel micro-speckle/grating fabrication technique with FIB deposition was proposed. The 
speckle or grating structures can be generated by the gas-assisted deposition in the dual beam system. The successful results 
verify that the technique is feasible and can be used for micro-speckle or grating fabrication, and the minimum feature size can 
reach submicron level. From the results of this study, we can find that this technique owns several advantages, such as accurate 
positioning, adjustable view filed and carrier pattern, good adaptability for different surface, no damage on the specimen surface. 
 

INTRODUCTION 
 
   With the rapid development of the micro-device and microsystem, the study of the mechanical behaviour of 
microstructures has drawn great attention from the researchers in related fields, and while analysis of deformation field of 
the measured object will offer a great help for understanding the mechanical behaviour. From the available reports, we 
know that DIC and the moiré techniques are the powerful approaches for deformation measurement. And the methods 
already achieved great progresses in the application of macro-deformation measurement. However, analysis on the research 
results illustrate that there are some difficulties for their application to micro-deformation measurement due to the shortage 
of techniques for fabricating deformation carriers in a micro-region. The objective of this research is to develop new 
fabrication techniques for micro-deformation carrier by FIB deposition method. The technique procedures are introduced in 
detail, and the key parameters which influence the quality of the carrier are also studied. As applications, the optimized 
micro-scale speckle patterns or gratings are utilized to measure the deformation fields incurred by releasing residual stress 
and thermal deformation around a crack, respectively. 
 

EXPERIMENT AND RESULTS 
 

In this study, a commercial FIB-EB dual beam system (FEI DB 235) is utilised (Figure 1). The FIB system takes a role 
as a manufacturing tool, and while the EB system is used for high resolution observation and accurate positioning. In the 
experiment, at first the fabrication process starts with template generation of grating or speckle by software. And then place 
the specimen on the sample stage to select an area of interest. And after that, start deposition according to the template once 
the FIB controlling parameters are determined. Finally, speckle or grating pattern can be fabricated on the specimen surface 
(Figure 2). 

In the process of fabrication, the major factors which affect the quality of the speckle or grating pattern are dwell time, 
current intensity of the ion beam, and total deposition time. As for the dwell time, our experimental result verifies that the 
FKRLFH�RI����ȝV� LV�D� VXLWDEOH�YDOXH�DQG�FDQ�HIIHFWLYHO\�DYRLG� WKH�HORQJDWLRQ�RU�RYHU-etching of the pattern. Moreover, an 
appropriate intensity value of ion beam current could make a balance between the spatial resolution and the deposition 
efficiency, and thus it should be adjusted according to the pattern size and the total deposition time. The lower current 
intensity of ion beam and shorter total deposition time should be an ideal choice for a smaller size of view field. For 
instance, the current intensity RI����S$�DQG�WRWDO�GHSRVLWLRQ�WLPH�RI���PLQ�ZDV�FKRVHQ�IRU�SDWWHUQ�ZLWK�WKH�VL]H�RI���î���ȝP��
while current intensity was 100 pA and total deposition time was 5 min when the SDWWHUQ�KDG�D�VL]H�RI���î���ȝP� 

As applications, in figure 3, the optimized micro-speckle patterns are deposited onto the surface of the laser shock 
peened metallic glass. With the slot milling by focused ion beam, the deformation normal to the slot can be measured after 
the stress release. And then the residual stress can be calculated according the measured deformation. In figure 4, the micro-
gratings produced by this method were used to measure the thermal deformation around a crack in an aluminium film 
supported by PDMS substrate. The deformation during the crack propagation was measured and the results indicate that this 
method is feasible to measure the deformation of thin film at micro-scale.  



 
Figure 1. (a) The dual-beam microscope (FIB-EB) used in the experiment. (b) Schematic diagram of gas-assisted 

deposition [3] 
 

   
Figure 2. SEM images of speckle and grating patterns in two modes. Speckle patterns fabricated by FIB deposition(Pt) 

in (a) SEI mode and (b) BEI mode [1, 3] (c) A micro-grating deposited on the Al film. [2] 
 

  
Figure 3. (a) and (b) are SEM images of the speckles before and after the milling step, respectively. (c) The region in the 
yellow dotted box is cropped for DIC calculation. (d) The trench after ion milling is with D�GHSWK�RI�����ȝP���H��7KH�

deformation normal to the slot after the stress release. [3] 
 

 
Figure 4. Crack propagation in Al film with a temperature rise of 70ƕC. The displacement fields in the front of the crack 

tip before crack propagation are calculated. [2] 
 

CONCLUSIONS 
   The dual beam (FIB-EB) system can be successfully utilized in the fabrication of different micro-deformation carriers. 
As applications, the residual stress on the metallic glass surface and the displacement fields in the front of the crack tip were 
measured. The results demonstrate that FIB-EB dual-beam system is a useful tool with the integrated function of deposition, 
milling, imaging, and we believe this proposed carrier fabrication method has a good potential to promote the further 
application of DIC and moiré techniques in micro-deformation measurement. 
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AN EXPERIMENTAL INVESTIGATION ON INTERFACIAL PROPERTIES OF GRAPHENE: 
SIZE EFFECT 

 
Chaochen Xu1, Wei Qiu1 & Yilan Kang1a)  

1Department of Mechanics, Tianjin University, Tianjin, China 
 
Summary The size-dependent mechanical properties and the edge effect of the tangential interface between graphene and a polyethylene 
terephthalate substrate (PET) are investigated. The interfacial mechanical parameters of graphene with seven different lengths (50ȝm-1cm) are 
measured by in-situ Raman spectroscopy experiments. The three bonding status (adhesion, slide and debond) of the interface between the 
graphene and the substrate results are identified. New phenomena are observed in the interfacial stress/strain transfer process, such as the 
existence of the edge effect and the length of the edge of the interface can be affected by the size of graphene. Additionally, the interfacial shear 
stress exhibits a size effect, with its value significantly decreasing with an increase of the length of graphene, hence the interface between large-
sized graphene and PET is relatively weak. However, the ultimate stiffness and failure strength of the interface are size-independent as they are 
constant regardless of the length of graphene. 
 

INTRODUCTION 
 

Varisized graphene materials have been widely applied to the new domain of microelectronic devices, such as flexible 
electronic components and strain sensors. [1] The quality and performance of these devices are often limited by the 
mechanical properties and the deformation transmission efficiency of the interface between graphene and the substrate or 
surrounding material. [2] However, there have only been a few experimental studies on the interfacial mechanical properties 
of graphene, and these experimental studies have mainly focused on small-sized graphene samples that are a few to dozens 
of microns in length. Therefore, the studies on the interfacial performance of graphene on the macro- to micro-scales and 
the size effects on the performance are insufficient. Herein, we focus on the size effect of graphene, and investigate the size-
dependent mechanical properties of the tangential interface between multi-sized graphene and PET substrate.  
 

TECHNIQUES 
 

 
FIG.1 Sketch of the seven graphene/PET specimens with different lengths (not to scale) and schematic diagram of the experimental setup 

(micro-Raman system and graphene/PET specimen, not to scale). 
 

To explore the size effect of graphene, seven graphene/PET specimens are designed. The lengths of graphene range 
from the macro (L1=1cm) to micro (L7 ��ȝP��VFDOHV��DV�VKRZQ�LQ�)LJ����DQG�WKH�ZLGWK�RI�JUDSKHQH�LV�LGHQWLFDO��: �PP�� 
The graphene sheet is produced by CVD method (chemical vapor deposition) and is physically adsorbed on the PET 
substrate by Van der Waals forces at the interface. These forces guarantee that the graphene can be deformed 
simultaneously as the PET substrate is subjected to a uniaxial tensile displacement-controlled loading process by an 
ingenious micro-loading device, and the in-situ Raman spectroscopy is employed to measure the whole-field deformation of 
graphene, as shown in Fig.1. [3-5] 
 

RESULTS 
 

To explore the size-dependent interfacial mechanical behaviors, Fig.2 provides the variations of strain along the 
centerline of the longest (L1) and shortest (L7) graphene for PET tensile strains (İP) of 0%±2.5% during the loading process. 
The evolution of the strain across the entire graphene can be divided into three stages. In the adhesion stage (İPİ0.5%), the 
strain of the entire graphene, except for the edge, equals the strain of PET. In the sliding stage (0.5%˘İPİ2%), the graphene 
strain is less than the PET strain because the Van der Waals force is not sufficiently strong. In the debonding stage (İP˚2%), 
the curves of graphene strain do not change even as the PET strain keeps increasing indicating the damage of the interface. 
The critical PET strain at which the interface begins to debond is defined as the failure strength of the interface and the 
maximum strain that can be transferred to the graphene before the interfacial failure is defined as the ultimate stiffness of 
the interface. As Fig.2 shows, these two mechanical parameters of the interface is hardly affected by the size of graphene. 



The variations of strain along the centerline of graphene with two different lengths are both composed of two areas at 
every PET strain. These are the central region, where the strain is stable, and the edge region, which is controlled by the 
interfacial edge effect that exhibits the strain gradient. However, the lengths of the edge region are different depending on 
the size of graphene. If the length of this edge region, in which the graphene strain rises from 0% to approximately 90% or 
100% RI�WKH�SODWHDX�YDOXH��LV�GHILQHG�DV�WKH�µFULWLFDO�OHQJWK¶�� ݈, [6] then the ratio of the critical length to total length, ݈ ݈Τ , 
LV� GHILQHG� DV� WKH� µrelative FULWLFDO� OHQJWK¶, Ԃ, which can represent the extent that the interface is influenced by the edge 
effect, where the smaller the Ԃ, the smaller the extent. From Fig.2, the longer the graphene, the smaller the relative critical 
length, and hence the smaller the extent that the interface is influenced by the edge effect. 

 

 
FIG.2 Variations of the strain along the centerline of (a) the longest 10000-ȝP-long graphene (L1) and (b) the shortest 50-ȝP-long 
graphene (L7) at 13 different levels of PET tensile strain during the loading process. (Inset) Schematic showing the locations of the 

sampling points along the centerline of graphene (the length of graphene is normalized and the fractional coordinate is used). 
 

To systematically discuss the size-dependent interfacial performance of graphene, Table I gives the experimental results on 
the graphene with seven different lengths, including five interfacial mechanical parameters, are included in, where the 
deformation parameters, such as the failure strength and stiffness of interface, are size-independent, while the critical length, 
relative critical length and maximum interfacial shear stress are size-dependent. The relative critical length, Ԃ, is considered as a 
dimensionless parameter to evaluate the interfacial edge effect of graphene. As the scaling factor tends toward being constant, 
the size of graphene reaches the macroscopic scale and the interfacial edge effect is no longer influenced by the size of graphene. 
 
TABLE I. The interfacial mechanical parameters of graphene with seven different lengths. 
Graphene length ��                        (ȝm) 50 100 200 800 2000 5000 10000 
Failure strength of interface2 2 2 2 2 2 2 (%)             ��ࢿ�� 
Stiffness of interface1.013 1.013 1.013 1.00 0.988 0.988 0.988 (%)                 ���ܠ܉ܕࢿ�� 
Critical length��                          (ȝm) 40 70 116 280 400 1000 2000 
Relative critical length                         0.80 0.70 0.58 0.35 0.20 0.20 0.20 
Maximum interfacial shear stress �      (Mpa) 0.237 0.158 0.089 0.055 0.022 0.009 0.003 

 
CONCLUSIONS  

 
   We experimentally investigated the size-dependent mechanical properties and edge effect of the tangential interface between 
graphene and a PET substrate. The experiments on graphene with seven different lengths show that the edge effect in the 
interface is affected by the size of graphene, and this size effect can be described by the scaling factor, that is, the relative critical 
length (defined as the ratio of the critical length to total length). This scaling factor decreases with an incremental change of the 
graphene length and tends toward being constant when the graphene reaches the macroscopic level. Additionally, we show that 
the interfacial shear stress is size-dependent, and its value significantly decreases with an increase of the graphene length, hence 
the interface between large-sized graphene and PET is weak. However, the ultimate stiffness and failure strength of the interface 
are size-independent. 
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1C). The mechanical movements driven by the metabolic energy of the cell produced a larger fluctuation of the cantilever 
(Fig. 1A and 2A), while the microcantilever fluctuated very little for the naked microcantilever in PBS without cells (Fig. 
1B).  

We investigated the characteristics of microcantilever fluctuation in the MCF-7 cell line treated with different 
concentrations of paclitaxel which can inhibit cell viability [10] and is one of the most effective natural anticancer agents 
usually used in clinical practice for the medical treatment of ovarian, breast and non-small cell lung cancers [11]. We next 
evaluated the effect of paclitaxel exposure on MCF-7 cells in the measurement process. To understand the origin of the 
fluctuations, the morphology of adherent cells (MCF-7) was observed in-situ using conventional optical microscopy 
(Supporting Information section S6). We observed both live and dead cells which died due to lack of culture medium 
(Supporting Information Video 1 and 2). It can be seen from the microscope videos that live cells moved continuously and 
dead cells was relatively motionless. For a deeper insights of the origin of the fluctuation, the Cell Counting Kit-8 (CCK-8) 
which provides a sensitive colorimetric assay of the biological viability of cells was conducted. 

 
CONCLUSIONS 

 
 In this study, we demonstrated the capability of a fluctuation-based nanomechanical sensor for monitoring the 

micromotions of live cells under various conditions. We proved that the microcantilever sensor is capable of quantifying 
cell viability by measuring nanoscale fluctuations of the microcantilever and calculating the variance of the fluctuation 
curve when cancer cells were exposed to different concentrations of anti-cancer drug. Compared with existing methods, this 
new mode based on fluctuations of the microcantilever has obvious advantages in cell viability monitoring and anti-cancer 
drug screening due to the rapid, label-free, quantitative, noninvasive, real-time and in-situ assay of cell viability within tens 
of minutes instead of days or weeks. This presents the successful use of nanomechanics for anti-cancer drug screening, 
namely that of characterizing the viability change of cancer cells (MCF-7) subjected to various doses of anti-cancer drug.  

The experiments show that fluctuations of the microcantilever with cancer cells (MCF-7) adhered to it decreased with 
increasing concentrations of paclitaxel. The experiments demonstrate that the nanomechanical fluctuations are driven by the 
force generated from the cytoskeleton, using cell metabolism as an energy source, and the dynamic instability of 
microtubules plays an important role in this process. We propose that cell viability consists of two parts: biological viability 
and mechanical viability. The results show that paclitaxel has little effect on biological viability which can be estimated by 
existing biological methods such as the CCK-8, but has a significant effect on mechanical viability which was estimated by 
the nanomechanical method. The technique can not only determine the biological viability of cells, but can also quantify 
mechanical viability in the pN range, which cannot be determined by existing methods. This will be particularly useful for 
anti-cancer drugs which cannot be screened out by existing methods. One might consider the nanomechanical approach as 
being more direct than the electrical and optical methods. This new method provides a new concept and strategy for the 
evaluation and assay of cell viability and the screening of anti-cancer drugs. 
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RESIDUAL STRAINS AND THEIR RELATION TO THE FATIGUE DAMAGE EVOLUTION 
IN COMPOSITE MATERIALS 
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1Department of Wind Energy, Technical University of Denmark, Roskilde, Denmark 

Summary  The fatigue performance of unidirectional glass fibre reinforced epoxy is found to be highly dependent on at which 
curing temperature the composite is manufactured. Performing the curing at 110C instead of at 40C is found to reduce the life-
time dramatically with a factor of 10. Even though, the volumetric shrinkage of the epoxy at the two curing cycles is identical,
the resulting residual strain in an embedded optical fibre measured using fibre Bragg Grating is found to be increased with a 
factor of 3. Together with, 3D x-ray tomography of partly fatigued test specimens there is an indication of a link between the 
measured increased residual strains with the governing fatigue damage mechanism.           

INTRODUCTION 

   In the attempt of making wind turbines cost-competitive, size matters. By increasing the size of wind turbines from less 
than 20 meters as the dominant design for more than 30 years ago to the present turbines with a turbine diameter on more 
than 120 meters, the cost of energy has been reduced with more than a factor of 6. A reduction, which have made the 
electricity price for electricity coming from onshore wind turbines comparable with electricity coming from conventional 
energy sources. Throughout the life-time, the load carrying laminates inside a wind turbine blades experience load cycles in 
the order of 108-109 cycles and the material fatigue resistance is together with the material stiffness considered as one of the 
key material design parameters when designing new wind turbine blade [1]. Therefore, improving the material fatigue 
resistance will make it possible to design larger or lighter wind turbine blade and thereby reducing the cost of energy.  
   Another way to reduce the blade price is by reducing the mould time of the wind turbine blade during the production. 
Nevertheless, in the present study it will be demonstrated that this will have a significant influence on the fatigue life time.
Test-laminates are typically manufactures using a so-called 2-stage cure cycle which include a low temperature curing for at 
least 16-24 hours followed by a post-cure sequence performed at an elevated temperature. Manufacturing large wind turbine 
blade under such conditions will results in un-realistic long mould time and wind turbine blade is therefore often 
manufactured at an elevated temperature throughout the full curing cycles which here will be called a 1-stage cure cycle.      
   In the present study, an optical in fibre Bragg gratings sensor system are used in order to extract the residual stress 
experience by the glass fibre reinforcement during different curing cycles as suggested by [2]. In here, one optical fibre are 
placed in the neat epoxy resin and based on the strains experience by the optical fibre Bragg Grating sensor, the residual 
stresses in the composite can be back-calculated. Some composite material test specimens are manufactured prescribing the 
same cure cycle. Those test specimens is loaded in fatigue, and the corresponding fatigue S-N curves during a tensile-tensile 
fatigue loading are extracted. Some of the fatigue tests are stopped before the final failure and 3D X-ray technique are used 
exploring the fatigue damage evolution.   

MATERIAL SYSTEM 

A representative unidirectional glass fibre reinforced epoxy matrix composite which could have been used in the wind 
turbine industry are used in the study. The composite layup is given by [±45/b/0/b/0]s where the skin-layer, ±45, is a biax 
600 g/m2 woven fabric while the internal part is build-up of a non-crimp UD 1150 g/m2 fabric with a biax100 g/m2 as the 
backing. The orientation of the backing in the layup is indicated by the b in the 0/b sequence. After the stacking, the dry 
fibre fabric is epoxy impregnated with Araldite LY 1564SP/XB3486 from Huntsman by vacuum infusion. Following this, 
the laminate is cured using one of the following two curing cycles; 40ºC in minimum 18 hours followed by a post-curing 
sequence at 75 ºC in minimum 5 hours or a fast curing cycle on 110 ºC in 2 hours. In the following, those two different 
curing sequence will be denoted 40C and 110C, respectively. Both curing cycles will results in a fully cured laminate with a 
final thickness on approximately 4.5mm.  

For the neat epoxy resin, some additional test was performed curing the epoxy in silicon bags where there central in the 
silicon bag was mounted an optical fibre Bragg Grating sensor system. This system was cured one of the two temperature 
profiles mention above.  

RESULTS 

   The neat resin will independent on the curing sequence results in the same overall volumetric shrinkage. Nevertheless, 
the response from the fibre Bragg Grating will show a change going from 0.4% strain for the 40C curing sequence to a 1.2% 
strain for the 75C curing sequence. The 110C curing sequence are resulting in a residual strain somewhere between those to 



values and this lower value for an even higher curing temperature is believed to be linked to some non-linear effects going 
in due to some very high exothermic reactions going on at this high temperature. Static test of the neat resin is found to 
results in nearly identical stress versus strain curves. This is also the case for the static stress versus strain curve for the
composite material. Nevertheless, testing the composite material cured at the two different temperature profiles in fatigue 
are leading to very different fatigue resistance as seen in Fig. 1. Going from a curing temperature on 40C to 110C the life-
time is seen to be reduced with a factor of 10. Additional test was also performed for a curing temperature on 75C. This was 
resulting in a curve which was only slightly above the 110C curve.  

      

Fig. 1 The fatigue curves for the laminates manufactured at different curing temperatures and example on typical damage failure inside a 
fatigued sample.  

   Based in scanning electron microscopic pictures of fatigue specimens, Hansen [3] has postulated a fatigue damage 
mechanism where the fibre failure in the load carrying fibres are introduced from transverse cracks in the off-axis backing 
layers. This is a failure mechanism, which is expected to be sensitive to the magnitude of the residual stresses. The slide of a
3D X-ray scan shown in Fig 1, is taken after 67,000 cycles loaded to 1% strain at 1 Hz of a damage region. The region is 
identified using thermography during the testing looking for hot-spot at the surface. After this, a full test sample width 
15x15mm scan is performed of a hotspot region. From the large field of view scan, a localized damage region can be 
observed which subsequently has been scanned in a zoom field of view scan of a 2.5x2.5 mm region. The localized damage 
region is seen to be align with the backing bundle direction shown to the right in the figure. Observations, which may 
indicate that the backing bundles are controlling the fibre failure of the load carrying fibers. Opposite to [4], it has not been
necessary to make any physical cuts in the specimen and therefore, the cyclic fatigue loading can be continued afterwards 
exploring the growth of the observed damage region.     

CONCLUSIONS 

   There has been observed a large influence of the curing cycle on the fatigue resistance of a glass fibre epoxy matrix 
composite. Curing cycles which is seen to results in different levels of residual strains. In addition, X-ray scan show fibre failures 
which are aligned with the backing bundles in the non-crimp unidirectional fabric. An observation which indicate that backing 
bundle transverse cracking are influencing the final fatigue damage evolution. A fatigue damage mechanism which are believed 
to be sensitive to the present of residual stresses.  
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Summary In-situ SEM fatigue experiments were carried out to study short fatigue crack propagation behavior of various regions (weld 
zone, interface region and heat affected zone) in a dissimilar metal welded joint (DMWJ). The local microstructural effect on short fatigue 
crack initiation and propagation behavior was investigated with its influence on both the material fatigue and structure fatigue analyzed. 
The fatigue crack propagation rate of each region was compared and analyzed. 
 

INTRODUCTION 
 

Dissimilar metal welded joints (DMWJs) are typically used in the primary system of nuclear power plant (NPP) to 
connect the pipe-nozzles to the safe-ends. The fatigue loading is an important concern for the failure of DMWJ. Knowledge 
of fatigue crack initiation and propagation behavior in each region of DMWJ is essentially important for the safety design 
and integrity assessment of NPP. However, fatigue crack propagation (FCP) investigations of DMWJ in NPP are mainly 
focused on the macroscale regime nowadays, and the microstructural effect on the FCP is far less completely understood. 

In order to investigate the short FCP mechanism of various regions in DMWJ (A508/309L/308L/316L), in-situ low 
cycle FCP experiments (f=10Hz, R=0.1, T=320ć) were carried out under SEM with single edge notched specimens taken 
from the weld zone (one specimen FCP direction is parallel to the columnar grain, the other one is perpendicular to the 
columnar grain) and interface region (weld/316L interface and weld/A508 interface), see Fig.1. The microstructural effect 
on the FCP path and rate of each region was compared and analyzed. 
 

 
Fig.1. (a) Illustration of sampling location (b-e) specimens of various regions (the SEM images were 

taken before fatigue experiments) 
 

RESULTS 
 

Fig.2 shows the short FCP modes in various regions of DMWJ. In the weld region, the FCP is mainly influenced by the 
GXSOH[� PLFURVWUXFWXUH� RI� Ȗ� DXVWHQLWH� GHQGULWH�� į� IHUULWH� DQG� Ȗ�į� LQWHUIDFH�� ,W� FDQ� EH� FRQFOXGHG� WKDW� WKH� FUDFN� SURSDJDWHV�
SUHIHUDEO\�DORQJ� WKH�VOLS� OLQHV�RI�Ȗ�DXVWHQLWH�GHQGULWH��į� IHUULWH�DQG�Ȗ�į� LQWHUIDFH [1-4], and the grain boundary may be an 
obstacle for crack propagation. For the structural fatigue of weld/316L interface region, the weld/316L interface may have 
UHVLVWDQFH� WR� WKH� )&3� E\� FKDQJLQJ� LWV� GLUHFWLRQ� ZLWK� WKH� LQIOXHQFH� RI� WKH� ORFDO� Ȗ� DXVWHQLWH� GHQGULWH� VWUXFWXUH�� $IWHU�
penetrating the interface, the crack tends to propagate along the slip lines of various grains and coalesce with the secondary 
cracks formed by slip lines of various directions in the 316L region. For the structural fatigue of weld/A508 interface region, 
the weld/A508 interface without buttering (namely a mixed martensite and austenite zone) may also have resistance to the 
FCP by crack deflection and second crack initiation. After penetrating the interface, the crack propagates or branches along 
the coarse martensite transgranularly within the coarse grain in A508 HAZ. 

 



 
 

Fig.2. Schematic of short fatigue crack propagation modes in various regions of DMWJ 
 

Fig.3 shows the fatigue crack growth rates of each specimen. In the weld region, when propagating perpendicular to the 
FROXPQDU�JUDLQ��WKH�FUDFN�WHQGV�WR�GHIOHFW�DQG�EUDQFK�GXH�WR�WKH�YHUWLFDO�JUDLQ�ERXQGDU\��Ȗ�DXVWHQLWH�GHQGULWH��į�IHUULWH�DQG  
į�Ȗ�LQWHUIDFH�DQG�UHVXOWV�LQ�D�PXFK�IOXFWXDQW�)&3�UDWH��ZKHQ�SURSDJDWLQJ�SDUDOOHO�WR�WKH�FROXPQDU�JUDLQ��WKH�FUDFk propagates 
SUHIHUDEO\� DORQJ� WKH� į� IHUULWH� DQG� SHQHWUDWHV� WKH� DXVWHQLWH�� UHVXOWLQJ� LQ� D� GHFUHDVHG� EXW� OHVV� IOXFWXDQW� )&3� UDWH�� ,Q� WKH�
weld/316L interface region, the FCP rate decreases significantly when deflecting at the 316L/weld interface, indicating the 
316L/weld interface has a resistance to the structure fatigue failure. In the weld/A508 interface region, the strength of 
weld/A508 interface of mixed martensite and austenite is much higher than the weld region and A508. Therefore, when the 
crack tip plastic region reaches the weld/A508 interface, the FCP rate stagnates or even decreases. It can be concluded that 
the high strength martensite zone at the weld/A508 interface is beneficial for the structural fatigue failure. When the crack 
propagates in the A508 HAZ region, due to the coarse grain and lathy martensite structure, the FCP rate decreases when the 
crack penetrating the martensite, branching at the martensite or initiating the second crack. 

 

 
 

Fig.3. Fatigue crack growth rates of each specimen 
 

CONCLUSIONS 
 

In-situ SEM fatigue experiments were carried out to study short fatigue crack propagation behavior of various regions in 
'0:-��,Q�WKH�ZHOG�UHJLRQ��WKH�)&3�LV�PDLQO\�LQIOXHQFHG�E\�WKH�GXSOH[�PLFURVWUXFWXUH�RI�Ȗ�DXVWHQLWH�GHQGULWH��į�IHUULWH�DQG�
Ȗ�į�LQWHUIDFe. The weld/316L interface and weld/A508 interface have resistance to the FCP. The crack propagates or 
branches along the coarse martensite transgranularly within the coarse grain in A508 HAZ. 
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Summary In this article, we show how to combine reduced order modeling and multiobjective optimal control techniques in order to effi-
ciently solve multiobjective optimal control problems constrained by PDEs. Using Galerkin projection and Proper Orthogonal Decomposi-
tion (POD), the underlying PDE is replaced by a system of ordinary differential equations, thereby drastically reducing the computational
effort. We develop a gradient based algorithm by using an adjoint approach in combination with a scalarization method and the numerical
results are illustrated with the example of the two-dimensional incompressible flow around a cylinder.

INTRODUCTION

In a wide range of applications it is desirable to optimally control a dynamical system with respect to concurrent, po-
tentially competing goals. This gives rise to a multiobjective optimal control problem where, instead of computing a single
optimal solution, the set of optimal compromises, the so-called Pareto set, has to be approximated. When the problem under
consideration is described by a partial differential equation (PDE), as is the case for fluid flow, the computational cost rapidly
increases and makes its direct treatment infeasible. Reduced order modeling (ROM, see e.g. [1]) is a very popular method to
reduce the computational cost, in particular in a multi query context such as uncertainty quantification, parameter estimation
or optimization. In the following, we present a method for the solution of multiobjective optimal flow control problems. The
velocity field U(x, t) is described by the 2D incompressible Navier Stokes equations within the domain Ω (Fig. 2). Dirichlet
boundary conditions (BC) with a constant horizontal velocity are imposed on the inflow as well as on the upper and lower
boundary, whereas a standard no-shear Neuman BC is imposed on the outflow boundary. On the cylinder we prescribe a time
dependent Dirichlet BC such that it performs a rotation with the angular velocity γ(t). The system is controlled by γ(t) and
the aim is to compute the Pareto set of optimal compromises for the conflicting objectives minimization of flow field fluctua-
tions u(x, t) = U(x, t)↗⟨U(x)⟩ around the mean flow field ⟨U(x)⟩ = 1

T

! T
0 U(x, t) dt and control cost for the flow around

a cylinder at Re = 200:

� �n
U,γ

"J(U, γ) = � �n
U,γ

# ! te
t0
∥u(·, t)∥2L2 dt
∥γ∥2L2

$
. (1)

A more detailed description and derivation of the algorithms can be found in [2].

REDUCED ORDER MODELING

Reduced order models obtained by Galerkin projection and POD [3] have been very successful in the past for the analysis
of coherent structures in fluid flow. In the context of flow control, ROMs have been investigated by many researchers (see [2]
for an overview). Here, we follow the procedure in [4] to derive a ROM for a system with non-homogeneous, time-dependent
BC. The flow field is decomposed into the mean value ⟨U(x)⟩, a so-called control function Uc(x) and a fluctuating field
u(x, t) in such a manner that u(x, t) possesses homogeneous BC. The Galerkin Ansatz U(x, t) ≈ ⟨U(x)⟩ + γ(t)Uc(x) +%l

i=1 αi(t)Ψi(x) is inserted into the weak formulation of the Navier-Stokes equations, resulting in the following optimality
system (see [2] for details):

α̇ = A + Bα+ C(α) + Dv + (E + Fα)γ + Gγ2,

λ̇ =↗∂J

∂α
↗
#
B +

∂C(α)

∂α
+ Fγ

$T

λ,

γ̇ = v,

µ̇ =↗∂J

∂γ
↗(E + Fα+ 2Gγ)T λ,

0 =
∂J

∂v
+ DTλ+ µ, (2)

α(0) = α0, λ(T ) = 0, µ(0) = 0, µ(T ) = 0,

with ordinary differential equations for the states α and γ as well as for the adjoint variables λ and µ. Note that by introducing
a new control function v = dγ/dt (v is the time derivative of the angular velocity), the actual control γ is now formally a
state variable. The optimality condition (2) is only satisfied by an optimal control function, otherwise it provides a descent
direction for the optimization algorithm.
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Why we need more Degrees of Freedom
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Summary The mechanical systems encountered in biology have many degrees of freedom (DOF). Even the relatively rigid arthropods and
crustaceans have at least 5 DOF in each limb; tentacles and human hands have many more. Here we present a theoretical argument why
multiuse mechanical systems in the natural world have many DOF. Under the assumption that they are power and force limited, and must
furthermore resist environmental disturbances to their state, we derive a limit on the rate of the mechanical system to express multiple
distinct states needed for different uses. As a consequence, higher DOF systems would intrinsically out-compete lower DOF systems.

BACKGROUND

One of the mysteries of the natural world is the staggering structural complexity of organisms. Why does nature select for
mechanisms so much more complex than those we build? In this short paper we offer a motivating argument for why a high
DOF count is an inevitable consequence of requiring versatility. To do so, we must combine ideas from computer science,
theoretical mechanics, and pure mathematics.

Borrowing from computer science[2], let us define sufficient versatility as the ability to express any string in a language
Σ∗ generated by a set of symbols Σ. By “expressing a symbol σ” we will mean the system needs to maintain its configuration
close enough to some nominal configuration that represents σ ∈ Σ. By abuse of notation we will take Σ ⊆ Q to be a discrete
finite subset of the configuration space Q of our mechanism, and the configuration space to be embedded in a real space
Q ⊆ RN which we will use to induce a norm on Q. A symbol σ is expressed if the state q(t) remains within distance ρ from σ
for an interval of time of length δt, i.e. symbol σ was expressed at time t is equivalent to:

∀s ∈ [t↗δt, t] : ∥q(s)↗σ∥ ≤ ρ (1)

We add some mechanical assumptions, and assume that our mechanism has a finite maximal velocity Vmax when changing
configurations by exercising its degrees of freedom. In robotics and biology such velocity limits are usually due to power
limitations and the interaction of intrinsic limits of the motors or muscles with dissipation arising from friction or fluid
dynamics. We shall also assume our mechanism can only exert a force of Fmax or less because of limitations on its material
properties and actuators. Finally, we assume that the environment introduces arbitrary disturbances of bounded energy ∆E.

If a state is maintained without exercising an active DOF, it must be a local minimum of the potential energy. To resist our
postulated disturbances and maintain the state in a neighborhood of a symbol σ, requires introducing a potential energy well
that is at least ∆E deep. Doing so with a force limited to Fmax requires a ball of radius r := ∆E/Fmax or larger around σ to
be contained within the potential well, otherwise the mechanical work done by the potential energy is insufficient to neutralize
some disturbances. Thus to meet the requirement that symbols can be reliably expressed at all, our mechanism must satisfy
ρ ≥ r.

Let us now examine the switching time between some pair of symbols α and β. To switch between symbols, our mecha-
nism must escape the potential well of α and enter the expression ball of β. As a consequence of the previous paragraph we
may conclude

∀α,β ∈ Σ : ∥α↗β∥ > 2ρ (2)

However, because there are non-intersecting balls of radius ρ around each symbol, that is a severe underestimate. Instead,
one must look to mathematical theory to estimate the density of packing of hyper-spheres[1]. As as a crude underestimate,
since hyper-spheres are measurable sets with the standard Borel measure µ(·), one may safely estimate an upper bound using
volumes. We use # to denote set cardinality, and Br(x) is a “ball” {yRN |∥x↗y∥ < r}:

∀x ∈ RN : # (Σ ∩BR(x)) <
µ(BR(0))

µ(Br(0))
=

µ(B1(0))RN

µ(B1(0))rN
= (R/r)N (3)

Let us choose a τ to indicate the maximal inter-symbol delay, i.e. our mechanism is to express #Σ symbols at a rate of
at least one for each δt + τ units of time. Even if the distubances placed us at the most convenient state within Bρ(α), the
transition to Bρ(β) requires a configuration change travel distance of at least ∥α↗β∥↗2ρ. Thus, for a given α, if we require
the ability to travel to any σ ∈ Σ, then ∥σ ↗α∥ < 2ρ + τVmax =: R. Choosing R in this way gives Σ ⊆ BR(α) and
#Σ < (R/r)N .
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Main result
By manipulating the last expression we may therefore conclude:

N > (l��(2ρ+ τVmax)↗l�� r)/ l��(#Σ)

> l��(2 + ξ)/ l��(#Σ)

ξ :=
τ

r
Vmax =

FmaxVmax

∆E/τ
(4)

Thus, there is a minimal number of DOF required to express a language in the presence of disturbances, velocity and force
limits. That dimension grown with the logarithm of the ratio maximal device power to average disturbance power per symbol.

ILUSTRATIVE EXAMPLE

Let us consider a case of 1, 2, and 3 DOF systems, with parameters Fmax,∆E, Vmax all set to 1, and τ = 2. For all these
systems, each symbol must be surrounded by a unit ball associated with it. For the 1 DOF system, only 3 unit balls (intervals)
can be within τVmax of each other, and therefore at our desired rate τ = 2, only 3 symbols at most can be expressed reliably.
If we relax τ , the number of symbols will grow linearly with τ .

For a 2 DOF system, at most 7 unit balls (discs) can be within τVmax of each other, and therefore at our desired rate τ = 2,
7 symbols at most can be expressed reliably. If we relax τ , the number of symbols will grow quadratically with τ .

Holding the number of symbols and τ constant, we must conclude that a mechanical system that needs to express more
than 7 symbols must have at least 3 DOF.

CONCLUSION

The argument we present is very elementary, and includes many simplifying assumptions. We make no claim that these
assumptions correctly describe the constraints placed on real world systems. Many of our assumptions can be relaxed to be
even more realistic without changing the essence of our result, and were made in the current form for ease of exposition. For
example, the assumption of bounded disturbance can be replaced with a suitably low probability of large disturbances, and a
requirement for bounded probability of symbol expression failure.

The core of our observation is that expressing symbols in manner robust to noise implies a packing problem for the stability
basins of the symbols, and that the limits of packing bound the rate of expression of such symbols. The consequence is that
at a given symbol rate and noise, the number of distinct symbols that can be expressed is bounded by an exponential in the
number of DOF. Thus a high number of DOF is an essential requirement for expressing many distinct symbols rapidly and
robustly.

Our astute reader may wonder why organisms would need to express many symbols in the sense we describe here. The
inspiration for this notion comes from looking at locomotion and manipulation[3]. In both cases, organisms must rapidly and
deftly adopt a set of contacts that transfer the required forces the ground or object being manipulated. While that problem
requires only few DOF with flat ground, or spherical objects, it seems to require many distinct specialized configurations when
manipulating complex objects or when small animals move through complex terrain. One may thus envision that the life of
a mouse critically depends on escaping predators through the clutter of a forest floor, and requiring many distinct, complex,
rapid, and deft foot placement choices. Thus, the mouse with many effective DOF in its feet out-competes the one whose feet
are simpler, and allow fewer ways to interact with the substrate rapidly and reliably.

Finally, we draw the reader’s attention to the fact that nowhere in this calculation did we presume an inertia for the system,
nor did our bounds depend on the value of δt required to express a symbol. This means that our conclusion applies equally to
mechanical systems at all scales, and without regard to how briefly they are required to express their symbols, provided our
remaining assumptions apply. The implication is that for systems of all scales, at high levels of environmental noise, if we
want the ability to rapidly express many distinct mechanical configurations, we invariably need more Degrees of Freedom.
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Summary Electric power distribution has been a continuous power flow system from high potential energy sources to low potential loads.
Recently we realized a power packet dispatching system and demonstrated. It may change power distribution completely different from the
conventional in low power network. In the system a packet is a quantized power delivered from potential nodes to others. The packet is also
attached an information to identify the direction of power and so on. The dynamics of quantized distribution form is discussed.

OUTLINE

The power packet is defined as a wave of power with information[1, 2]. As for the physical layer, various configurations are
possible with keeping this concept. However, the substantial characteristic is that the power is quantized and transferred by the
density distribution in a duration of time between two nodes. That is, power is digitized and quantized. In the quantized form,
the spatially transferred power is decided between nodes. Wave equation isa form of relationship in neighboring elements.
Single power packet, which corresponds to a quantized power, is exactly a wave between nodes. The relationship does not
include the long distance over the next node. In and out flow of power at a node corresponds to a density of packet. The
deference of the densities implies the stored power at the node and loss. As for the link, the power is kept between nodes. We
would like to represent the system based on the coupling of resonators and quantum mechanics[3].
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Figure 1: Power Packet dispatching system

Here, we define the density (probability) [4] of power packet by σ(n, t) at a node n in the s-th time duration [ts, ts+∆ts)],
v(n, t) is set as the voltage of packet, and i′(n, t) the current between nodes by the packet. The energy u(n, s) is given in the
duration by the following relation:

u(n, s) =

! ts+∆ts

ts

σ(n, t) · v(n, t) · i′(n, t)dt. (1)

Hereafter, the system is normalized by an appropriate base.
The total flow of power from the k-th node depends on the total flow into the node. The spatial node index is given

by subscript. If there is no storage at the node, the energy conservation law at ts is represented by
"

i∈{i→k} u
k
i (s) =

"
j∈{j←k} u

j
k(s). The density of packet in a time duration gives the energy flow as follows:

uk(s) = −
! ts+∆ts

ts

σk(t) · vk(t) · ik(t)dt. (2)

Here, assume the single connection of nodes, then the energy flow by packets is defined between node k and (k + 1) as
uk+1
k (s) = −uk+1(s) + uk(s). In the connection, uk+1

k (s) = 0 implies lossless line. Between nodes, the relationship holds:

uk+1
k (s) = −

! ts+∆ts

ts

{σk+1(t) · vk+1(t) · ik+1(t)− σk(t) · vk(t) · ik(t)}dt, (3)

The power packet is quantized in voltage. At the setting, vk+1(s) = vk(s). When σk+1(s) = σk(s), the transferred energy
from node k to k + 1 at ts becomes

uk+1
k (s) ∼ −vk(s)

! ts+∆ts

ts

σk(t) · {ik+1(t)− ik(t)}dt. (4)
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The relationship implies that the the energy between nodes depends on the current through the neighboring loop.

σk =

! ts+∆ts

ts

σk(t)dt (5)

gives the temporal rate of packet.
The total energy of the system is give by U(s). It normalizes the system as

jk+1
k (s) = −

uk+1
k (s)

U(s)
∼ Aσk

K
vk(s) · {ik+1(s)− ik(s)} (6)

Here A is the normalizing coefficient and K the coupling inductance. The Γ-shaped radder connection of L and C is the unit
element of distribution line. Then, ik+1(s) − ik(s) = vk(s) · iωC. Here the current can be replaced by voltages of nodes.
Real value vk can be replaced by using complex conjugate voltage vck + vc∗k . And the current

jk+1
k (s) ∼ iωCAσk

K
(vck(s) + vc∗k (s)){(vck(s)− vck+1(s))− (vc∗k (s)− vc∗k+1(s))} (7)

n the time duration ∆ts, we set that there exists a single packet at duty ratio 0.5. pk(s) = 1. The packet has a dc averaged
value and a fundamental component with the period ∆ts/2. The frequency is set as ω(s). The average of jk+1

k (s) becomes

Jk+1
k (s) ∼ iωA′

2K
[vc∗k (s)(vck(s)− vc(k+1)(s))− vck(s)(v

c∗
k (s)− vc∗(k+1)(s))] (8)

Where A′ = CAσk. There the components with 2ω(s) and higher are neglected because of averaging in the duration.
The differential form can be rewrite as vck(s) − vck+1(s) = ∆v/∆x. At a limit of k + 1 to k, ∆x goes to 0. Jk+1

k (s)
converges to J(x) and ∆v/∆x to dv/dx.

J(x) =
iωA′

2K
(vc · dv

c∗

dx
− vc∗ · dv

c

dx
) (9)

Then
iωA′

2K

d

dx

!

x
|vc(x)|2dx = J(x) (10)

holds. This formulation corresponds to the representation by Schrödinger wave equation [3]. The averaged energy between
nodes is defined generally.

iωA′

2K

d

dx

! x2

x1

|vc(x)|2dx = J(x2)− J(x1) (11)

CONCLUSION

The power packet dispatching system is described as a classical realization of quantized power distribution. In the formu-
lation, the power distribution is defined as a density of power packet in the network spatially and temporally. This formulation
includes the conventional swing dynamics in a conventional power system. It will give us a clue to develop the power delivery
system into multi-scale system with various network.
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Summary Unsteady fluid flows have rich dynamics generated from the nonlinear interactions that take place over a broad range of
spatial and temporal scales. We can view these interactions to be present between vortical elements in physical space or between modal
structures in wave space. To characterize these interactions, the use of network analysis that combines graph theory, operator theory,
and dynamical systems theory is considered in our work. We show that network theory is able to capture the important vortical or modal
interactions present in the flow field to provide physical insights beyond those from conventional analyses. The current approach enables
the identification of key interactions and the examination of the resilience of the global interaction network to external disturbances.
Moreover, we can derive the sparsified dynamics models that preserve conservation properties, using concepts from graph theory.
Applications of network-based analysis to vortex dynamics, turbulence, and separated flows are presented.

INTRODUCTION

Network theory studies the underlying mathematical structure of a network (graph), consisting of individual units,
or nodes, with their own local dynamics, as well as their connectivity and mutual influence, given by edges [2, 1, 4].
Collectively, this system is described by a dynamical system on a graph [5]. These fields of study are fundamental
in nature, and have impacted a wide range of applications, including social networks, biological and artificial neural
networks, epidemiology, and cyber security [5]. Network theory can reveal the structural connectivities amongst a set of
elements and analyze their collective dynamics.

While there has been a wealth of studies performed to examine unsteady fluid flows from a variety of perspectives,
there have been limited attempts to capture the vortical interactions using advanced mathematical toolsets. Network
analysis is ideal for the modeling and control of large-scale fluid dynamics systems with high-dimensionality, multi-scale
coherence, and nonlinearity. The vortices or modal structures present in the flow field can be viewed as graph nodes
and the interactions among them can be seen as graph edges. The objective of the present work is to capitalize on these
unique capabilities of network theory to perform network-based characterization and modeling of vortical interactions in
unsteady fluid flows. In what follows, we briefly describe our recent findings from examining unsteady fluid flows with
network-theoretic analyses.

NETWORK-BASED ANALYSIS OF FLUID FLOWS

Vortex dynamics network
To demonstrate the strength of network-theoretic analysis for fluid flow applications, we consider the dynamics of a

set of discrete point vortices [3]. We characterize the network by taking individual point vortices as the network nodes
and the vortical induced velocities as the edge weights based on the Biot–Savart law. This leads to the vortical interaction
network to be described by a complete graph with a range of edge weights. With the mathematical formulation established
for the vortical interaction network, we employ graph theory based sparsification techniques [8] to significantly reduce
the number of edges to model the dynamics without altering the collective behavior of the vortices. This approach gives
rise to the sparsified-dynamics model that has a sparse state operator while preserving physical conservation properties.
The model problem with discrete vortices not only demonstrates the unique capabilities of network and graph theories to
extract important vortical interaction network but also lays the pathways for extensions to the other problems below.

Turbulence network
We examine the dense vortex interactions in two-dimensional isotropic turbulence and find that the vortical interaction

network can be characterized by a (weighted) scale-free network. Cartesian spatial cells can be viewed as nodes in
this example with interaction strength determined by the vorticity of each cell. Shown in Figure 1 are the turbulent
vortical interaction network, network node strengths s, and probability distribution of the strength P (s) ∼ s−2.7. Such
scale-free network structure is representative of airline, internet, and social networks and plays an important role in
modeling collective network behavior and designing control strategies for uninterrupted services or for combatting disease
transmissions [5]. In two-dimensional turbulence, we found that the turbulent flow network retains its scale-free behavior
until the characteristic value of circulation reaches a critical value. Furthermore, we show that the two-dimensional
turbulence network is resilient against random perturbations but can be greatly influenced when forcing is focused towards
the vortical structures that are categorized as network hubs. These findings can serve as a network-analytic foundation to
examine complex geophysical and thin-film flows.
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Figure 1: Vortical interactions in two-dimensional isotropic turbulence described by a scale-free network [9]. (a) Turbu-
lence network. (b) Node strength. (c) Scale-free strength distribution.

Modal interaction network
We can also gather physical insights associated with modal interactions. Network analysis can play a key role in

the identification of these nonlinear interactions amongst modes. In addition, network analysis highlights interaction
dynamics which can be subsequently used for modification (control) of the flow. In this work, we focus on interactions
between modes in terms of energy pathways. We utilize the Galerkin-projection based reduced-order modeling technique
[6] and modal analysis based on finite-time thermodynamics [7] for network-based representation of nonlinear modal
interaction. This formulation enables us to show energy transfer between modes, as presented in Figure 2. In this example
of separated flow over a cavity, we find that the interaction network highlights the dominant Rossiter mode and the
nonlinear energy transfer to its higher harmonics but not to the energetic hydrodynamic modes. We also note that there
are network-theoretic metrics that can reveal important modal nodes for energy transfer analyses.
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size of the node represents the node strength.

CONCLUSIONS

We considered the utilization of network theory to establish a novel formulation of analyzing and modeling the vor-
tical and modal interactions present in unsteady fluid flows. This approach is able to capture the underlying structure of
nonlinear interactions and can produce a sparse representation of the essential interaction physics. The presented formu-
lation opens up a promising avenue in interaction-based studies of a wide variety of unsteady fluid flows complementing
classical analysis techniques. We foresee that network theory and graph theory can provide new insights into the behavior
of fluid flows and provide means for new techniques for modeling and controlling complex unsteady flows.
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Summary Better understanding the hydromechanical behavior of clay-based materials is of interest for a variety of applications in petroleum or 
civil engineering. Here we study self-standing clay films whose thickness is of a few dozen microns. We characterize how the elastic and creep 
properties of those porous systems depend on relative humidity or, equivalently, water content: the dependence is very significant, and the 
relationship between stiffness and water content exhibits no hysteresis. The characterized mechanical properties also depend on the cation 
present in the interlayer water, from which we infer that the mesostructure of the films must play a significant role on their mechanical behavior. 
 

INTRODUCTION 
 
   Clay-based materials are known to be sensitive to water: for instance, upon drying, a clayey soil cracks. This sensitivity 
is a direct consequence of the fact that clay is porous. Better understanding the influence of water on the mechanical 
properties of clays (i.e., their hydromechanical behavior) is of interest for nuclear waste storage, since, in France, the future 
underground storage center will be implemented in an argillite, which is a clayey rock. It is also of interest for a variety of 
applications in civil or petroleum applications, e.g., stability of buildings built on clay rich soils, or stability of boreholes 
drilled through clayey cap rocks. 
   Clay-based materials are also known to be heterogeneous and multi-scale, which makes it more complex to understand 
their hydromechanical behavior at the macroscopic scale. Therefore, here, we work with relatively simple systems made of 
pure clay since, in clay-based materials, clay is the phase that is the most sensitive to water. The systems considered are 
self-standing clay films with a thickness of a few dozen microns. The basic building units of those films are the same as for 
any clay-based material, i.e., nanometer-thick clay solid layers. For most clays (and in particular for the montmorillonite 
clay here tested), those layers are negatively charged. In order to ensure electroneutrality, the interlayer water between 
adjacent clay layers contains cations, whose nature is known to influence the hydromechanical behavior of the clay. 
   Here, we characterize the elastic and creep properties of montmorillonite clay films with various interlayer cations. We 
characterize how those properties depend on the hydric state. First, we present the materials and methods. Then we present 
and discuss the elastic and creep results, before concluding.  
 

MATERIALS AND METHODS 
 
   The films here studied were manufactured with the montmorillonite clay SWy-2, which naturally contains both calcium 
and sodium interlayer cations. We homoionized part of the material with sodium cations, and part of the material with 
calcium cations, so that we could eventually manufacture films with 3 types of interlayer cations: only sodium, only 
calcium, and a mix of both. The films were manufactured by evaporation of a clay suspension on a polyethylene surface. 
After drying, the solid film was just peeled off from the substrate. The films were a-few-dozen-microns-thick and highly 
ordered (see Fig. 1). 

 
Figure 1: ESEM picture of the edge of one of the manufactured films (credits: L. Wang). 

    
   Elastic and creep properties were characterized by tensile testing (see Fig. 2a). The samples were cut from the 
manufactured films into rectangles with a width of 9.3 mm and a length of 80 mm. All experiments were performed at room 



temperature in a controlled environment: humidity was varied from 5% to 90% for the elastic characterization and from 
50% to 99% for the creep characterization. Strains were measured by digital image correlation, which is a contact-free 
technique, with the in-house software CMV. 

 
Figure 2: Measurement of elastic stiffness: a) Pictures of setup and b) Results. 

    
   We also characterized the adsorption isotherms of the films, by weighing the films after equilibration at various relative 
humidities. Thus, we can display next the mechanical properties of the films versus relative humidity as well as versus water 
content. 
 

RESULTS AND DISCUSSION 
 
   In terms of elastic properties, at given water content, the normalized <RXQJ¶V�PRGXOXV�RI� WKH� ILOPV depended on the 
interlayer cation (see Fig. 2b). When the relative humidity or water content increased, the stiffness of all films decreased. 
On a full cycle of relative humidity, stiffness displayed a hysteretic behavior when plotted versus relative humidity, but no 
hysteretic behavior when plotted with respect to water content (see Fig. 2b), suggesting that the natural parameter on which 
elastic properties of the films depend is the water content, not the relative humidity. 
   All films exhibited a creep strain which, after a transient period, increased logarithmically with respect to time. We 
introduce a creep parameter ߢ (expressed in Pa-1) defined as ߢ ൌ ሺܾ݀ ሻܨ ߝ݀ ݀ሺ�� ሻΤΤݐ , where�ܾ  is the width of the film, ݀ 
is its dry thickness, ܨ is the load applied to the film, and ߝሺݐሻ is the measured creep strain. This creep parameter ߢ 
depended on the interlayer cation and was very much sensitive to water: over the whole range of relative humidities 
considered, this parameter was an exponential function of the water content. 
   The results obtained on those films can be compared with results we obtained previously at the scale of the clay layer by 
molecular simulations [2]. In particular, for what concerns elastic properties, molecular simulations showed that the 
stiffness of the clay layer does not depend on the interlayer cation. Therefore, the dependence observed on our films must 
stem from a scale greater than that of the clay layer: the mesostructure of the films, i.e., how clusters of clay layers are 
arranged with respect to each other in space, must play a significant role on their mechanical properties.  
 

CONCLUSIONS 
 

   Here we characterized the elastic and creep properties of self-standing thin clay films. With increasing relative humidity, 
independent of the cation, the films creeped more and were softer. At given water content, the interlayer cation played a 
significant role on those properties: the mesostructure of the films must play a significant role on their mechanical properties. 
Hysteresis disappeared when stiffness was displayed versus water content rather than versus relative humidity. Also, all films 
exhibited a creep strain that evolved logarithmically with respect to time, which is reminiscent of the logarithmic creep observed 
on macroscopic clay samples: this logarithmic feature must originate from the scale of the films or from a lower scale. 
   The gathered data, on top of having made it possible to shed some light on the effect of water or of the interlayer cation on 
mechanical properties of clay, can be of interest for researchers aiming at performing bottom-up approaches and upscaling the 
hydromechanical behavior by starting from the scale of the clay layer: the results that we here gathered on our films provide a set 
of data on which those researchers can validate a first step of their upscaling scheme. 
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Summary Strength and other mechanical properties of cement paste and concrete rely upon the formation of Calcium–Silicate–Hydrates (C–S–
H) during cement hydration. Here we propose a novel description of the C–S–H meso-scale texture with an opportunity to translate results from 
the fundamental (nano) scale to the macro-scale of engineering properties. We use simulations that combine information of the nano-scale 
building units of C–S–H and on their effective interactions, obtained from atomistic simulations and experiments, into a statistical physics 
framework for aggregating nanoparticles. We compute small angle scattering intensities, pore size distributions, local densities, indentation 
modulus of the material, providing a new quantitative understanding of different experimental investigations. Our results lead to a quantitative 
insight into how the heterogeneities developed during the early stages of hydration persist in the structure of C–S– H and impact the mechanical 
performance of the hardened cement paste. 
. 
 

INTRODUCTION 
 
   Controlling the structure and properties of the C–S–H phase is still a challenge, due to the complexity of this hydration 
product and of the mechanisms that drive its precipitation from the ionic solution upon dissolution of cement grains in 
water. Departing from traditional models that are mostly focused on length-scales above the micrometer, recent research has 
addressed the molecular structure and properties of C–S–H. However, small angle neutron scattering, electron-microscopy 
imaging and mechanical nanoindentation experiments, all suggest that an even more important role may be played by the 
mesoscale organization of the C–S–H structure that extends over hundreds of nanometers. In this paper, we illustrate the 
bottom-up modeling effort applied to C–S–H and provide a mesoscale picture of cement paste that results from fundamental 
interactions between grains gained at the atomistic level. 
 

COMPUTATIONAL METHODS 
 
   We have used a statistical physics approach to gain new insight into the C–S–H at the scale of hundreds of nanometers, 
based on the knowledge developed at the nanoscale [1]. The effective interactions between C–S–H nanograins at the end of 
setting (hardened paste) are modelled with a generalized Lennard-Jones potential: 

 (1) 
where r is the inter-particle distance, ε is the strength of the attraction between two particles with diameter σ and γ=12. The 
temperature was T=0.15 in reduced units and the particles size σ was randomly distributed between 3.78 and 9.2 nm. The 
simulations have been performed with box size L = 585.54 nm containing up 6.1·105 particles (total packing fraction η = 
0.33 and 0.52) with at least 5 independent samples. Simulations of C–S–H precipitation were performed using a hybrid 
scheme of Grand Canonical Monte Carlo (GCMC) and Molecular Dynamics (MD). A GCMC cycle consists of NMC 
attempts of particle insertion or deletion followed by NMD = 100 MD steps in the NVT ensemble. The pore size 
distribution (PSD) was obtained from the distribution of diameters of the largest spheres (non-overlaping with the solid 
particles) that can be accommodated in the void regions. The local packing fractions ηlocal were computed in a spherical 
region of radius 35 nm around each C–S–H spherical particle. or the small angle scattering I(q), we first generated a 
digitized 3D image of the structure with a voxel size of 0.571 nm, much smaller than the minimum particle diameter 3.78 
nm and well below the box size. Having computed the two points fluctuation auto-correlation function η(r)2, the scattered 
intensity, I(q), was deduced in absolute scale using the following relation: 

 
(2) 

where ∆ρ is the scattering length density contrast and η ̃(q) 2 the 1D Fourier transform of η(r)2. The stiffness of the 
interaction between two particles of size σ is defined as the curvature of the generalized Lennard-Jones potential and at the 
local equilibrium distance rm = ε / (444σ2). By assuming that the cohesive strength between particles is the same as for the 



calcium-silicate layers within a C–S–H grain, we express the inter-particle stiffness as Y A/rm, where Y is the Young 
modulus of solid C–S–H (68.4 GPa from atomistic simulations of few nanometers C– S–H grains with Ca/Si= 1.7 [2]) and 
A=πrm

2 is the cross section of the applied force. All this leads to a unit pressure ε/σ3 = 0.51GPa. The C–S–H configurations 
were relaxed to zero stress before computing indentation modulus M and hardness H. To compute M, we slightly deform 
the simulation box in the three axial directions and the three shear planes. The range of strain for the elastic deformation is 
±0.005. The indentation modulus M was computed as a linear combination of the bulk K and shear modulus G, 
M=4G(3K+G)/(3K+4G).  

 
Figure 1: The mesoscale model of C–S–H (at η=052) showing the local packing fractions distribution 

 
RESULTS AND DISCUSSION 

 
   In our model, the complex pore network and the structural heterogeneities naturally emerge from the short range 
cohesive interactions typical of nanoscale cement hydrates and from the non-equilibrium conditions under which C–S–H 
densifies during cement setting. The scattering intensity, pore size distribution (related to water and nitrogen 
adsorption/desorption exp.), local volume fractions, indentation modulus obtained from our simulations are compared with 
experiments, and provide a first consistent characterization of the elusive meso-scale structure of C–S–H. 

   
Figure 2: (left) Pore size distributions,  (center) Small–Angle Scattered intensity, (c) Nanoindentation modulus for 

mesoscale model of C–S–H at various packing fractions 
 

CONCLUSIONS 
 

   Calcium-silicate-hydrate nanoscale gel (C–S–H) is the main binding agent in cement and concrete, crucial for the strength 
and the long-term evolution of the material. We use a statistical physics framework for aggregating nanoparticles and numerical 
simulations to obtain a first quantitative model for such a complex material. The extensive comparison with experiments ranging 
from SANS, adsorption/desorption of N2 and water to nano-indentation provide new, fundamental insights into the microscopic 
origin of the properties measured. Unraveling such links in cement hydrates can be groundbreaking and controlling them can be 
the key to smarter mix designs of cementitious materials. 
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Summary As discovered experimentally two decades ago, the wetting front propagating through some porous media can exhibit two very 
different regimes distinctly visible in the log-log plot: the front covers two thirds of its eventual propagation distance in just a few minutes and 
then it takes many hours for it to advance over the remaining third. The first of these regimes is well described by any of the Washburn-type 
models, with the differences between them being insignificant on the log-log plot, whilst the second one is different both quantitatively and 
qualitatively. A new approach to the modelling of the dynamics of wetting fronts in porous media is formulated which makes it possible to 
describe simultaneously both regimes as well as the transition between them. A fundamental issue with Darcy’s law for essentially 2D flows is 
brought to light and a new class of models required to address it is discussed. 

 
INTRODUCTION 

 
   In essence, the problem of the Darcy-scale description of how a wetting front propagates through a porous medium boils 
down to formulating the dynamic boundary condition on the free interface confining the domain where the bulk equations, 
namely Darcy’s law and the continuity equation, operate. The kinematic boundary condition stating that the interface 
propagates with the (volume-averaged) velocity of the fluid is obvious, so it is only the dynamic boundary condition that is 
required to complete the problem formulation. This problem is conventionally addressed by relating the fluid’s velocity to 
the capillary pressure at the surface of the menisci which collectively form the wetting front. The origins of this approach 
can be traced back to Washburn’s 1921 paper [1], where the author considered the Poiseuille flow driven by the pressure 
gradient between the supply reservoir and the meniscus whose surface is bent to meet the wall of the capillary at a 
prescribed contact angle. Variants of this approach include the use of velocity-dependent (dynamic) contact angle in the 
Poiseuille formula instead of the static one used by Washburn as well as longitudinally profiled (as opposed to cylindrical) 
capillaries. These models collectively referred to as Washburn-type models have broadly similar properties and adequately 
describe a host of phenomena observed in experiments [2]. 
   However, experiments show that in some porous media, notably in the sandstone-like ones in controlled experiments 
represented by porous matrices made of densely packed spherical beads [3, 4], there appears another regime of the wetting 
front propagation. Pictorially, it looks as follows: after a very short period of rapid advancement, when the wetting front 
covers approximately two thirds of its eventual propagation distance, its motion slows down so that it takes many hours for 
the front to cover the remaining third and reach its equilibrium position. Importantly, in this last regime the Darcy-scale 
propagation of the wetting front consists of ‘stick-slip’ unsteady motion of individual menisci. This ‘anomalous’ regime of 
the wetting front propagation holds the key to such phenomena as the trapping of ganglia of oil or carbon dioxide 
sequestration by a porous matrix and the problem of removing the former and retaining the latter. With regard to the 
anomalous dynamics of the wetting front the Washburn-type models not only appear to be inadequate, the very approach 
offers no conceptual framework that would allow one to generalize these models to describe the regime in question.  
 

A NEW APPROACH 
 
   The key idea of the new approach to the modelling of wetting fronts in porous media is to consider the modes of motion 
that the individual menisci collectively forming the wetting front go through as the front advances on the Darcy scale. The 
two main modes of motion are: (a) the wetting mode, where in essence the meniscus moves as a whole until the contact line 
formed at the intersection of the free surface and the pore wall gets pinned by asperities or at the throat-chamber junction, 
and (b) a threshold mode, where, with the pinned contact line, the meniscus bends as the pressure on the free surface mounts   

 

until some critical values of the meniscus’ parameters are reached and it is released back 
into the wetting mode. Schematically, the modes of motion are illustrated in Figure 1. The 
Darcy-scale propagation of the wetting front results from the ‘dynamic average’ of the 
pore-scale advancements of individual menisci which intermittently go through different 
modes of motion with the main contribution coming from the mode in which menisci 
spend more time. From the viewpoint of the new approach, all Washburn-type models 
appear as variations on the wetting mode of motion and hence unable to describe the 
phenomenon where, as observed experimentally, the pinning and de-pinning of the contact 
lines of individual menisci play the key role. The new approach provides a conceptual 
framework for incorporating processes occurring on the pore scale and, importantly, offers  

Figure 1. 2D illustration of 
modes of motion. 1: wetting 
mode; 2: threshold mode.  

a methodology for constructing mathematical models of increasing complexity. The main 
difficulty in the way is the averaging in the situations where more than two mode of motion 
are to be considered and non-isotropic porous matrices are involved. 



 
   The parallel treatment of the wetting and threshold modes means that one has to consider simultaneously the direct and 
the conjugate problem where the latter is needed to calculate the ‘termination pressure’ and contact angle, i.e. the maximum 
values of the pressure and the contact angle corresponding to the threshold mode. To describe the anomalous regime of the 
wetting front propagation [3], the simplest model developed in the framework of 
the new approach [5] was generalized to account for the possibility of the 
menisci’s release from the threshold back into the wetting mode as a result of 
fluctuations of pressure on their surfaces coming, for example, from the motion 
of the neighbouring menisci. This effect is accounted for by assuming that, for 
subcritical values of the contact angle, the time spent by the meniscus in the 
threshold mode is proportional to the difference between the critical and the 
maximum value the contact angle reaches in the threshold mode for the current 
position of the wetting front. Figure 2 shows the application of the resulting 
model to one of the sets of data from [3]. One can clearly see the two distinct 
regimes of the wetting front propagation with the data indicating that no simple 
empirical power-law dependence would be able to describe them. In contrast, the 
developed theory, where the interface formation model [6] is used for the 
dynamic wetting process on the pore scale and the spherical-cap approximation   
for the meniscus’ shape is applied for both the wetting and the threshold mode, 
describes the whole experimental curve, from the onset of the motion in the 
Washburn regime to the moment when the interface reaches its equilibrium state. 

Figure 2. Open circles: experimental data 
for the capillary rise through the packed 253 
micron-sized beads [3]; solid line: theory.   

 
 

AN EMERGING CLASS OF MODELS/PROBLEMS 
 
   The developed theory is straightforward to apply for unidirectional flows for which most experiments are performed but 
when it comes to essentially 2D and 3D problems, it highlights an issue with the classical Darcy model itself in its 
application to such flows. In the case where, on the Darcy scale, a fraction of the wetting front moves while the 
neighbouring fraction remains at rest it becomes necessary to consider flows in domains with corners greater than 180 
degrees. Such problems also occur, for example, in a situation where a drop sitting on a porous substrate is imbibed into the 
latter: the free surface of the drop and the boundary of the substrate will then form a corner of 270 degrees and the fluid will 
pass round it. In such cases, the classical Darcy model gives rise to singularities in the velocity field. Although integrable, 
such singularities become unacceptable from the physical standpoint for the problems involving moving interfaces since it 
is the velocity and not its integral that features in the boundary conditions on such interfaces. Therefore, these singularities 
have to be regularized by generalizing the model used to describe the bulk flow. The issue here is that the singularity in 
question occurs solely due to the flow geometry so that no generalization, like Brinkman’s model, which would alter the 
Darcy model for unidirectional flows would be acceptable.     
   An analysis of the issue has shown that the only generalization that would (a) remove the singularity and (b) preserve 
the Darcy model for unidirectional flows for which it is well justified is a model where the permeability of the porous 
matrix is a function of the curvature of the streamlines of the flow that passes through this matrix. By considering a flow in 
a bent channel as a representative analogy of the flow in a porous medium, one can show that, indeed, the permeability 
decreases as the curvature of the streamlines goes up. It can be shown that an algebraic decrease is sufficient to regularize 
the flow velocity. This analysis introduces a new class of models/problems for the fluid flows in essentially 2D and 3D 
configurations where, for a given porous matrix, the permeability is not a prescribed constant but a function to be found 
simultaneously with the flow. A simple example illustrating this class of problems is considered. 
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MATHEMATICAL FORMULATION

Central to the mathematical formulation is an expression for the osmotic pressure

Π(φ, R) = φ
kBTm

vp(R)
z(φ), (1)

where φ is the volume fraction of solute (colloid), kB is Boltzmann’s constant, Tm is the absolute freezing temperature of
the solvent, vp = 4

3πR3 is the (effective) particle volume for each element of the solute of (effective) radius R and z(φ)
is a dimensionless ‘compressibility factor’ that accounts for particle–particle interactions. From the osmotic pressure, the
equilibrium freezing temperature (liquidus) is calculated from the Clausius-Clapeyron equation and the diffusion coefficient
is determined from the generalised Stokes-Einstein relation as

Tf (φ, R) = Tm

!
1↗Π(φ, R)

ρL

"
and D(φ, R) = φ

k

µ

∂Π(φ, R)

∂φ
(2)

respectively, where k(φ, R) is the permeability of the suspension, µ is the dynamic viscosity of the solvent, ρ is density and
L is the latent heat of fusion. The solute flux, both in unfrozen and partially frozen (mushy) colloid, can be written in three
equivalent forms as

↗D(φ)
∂φ

∂z
= φ

k

µ

∂p

∂z
= φ

k

µ

ρL

Tm

∂Tf

∂z
, (3)

where χ is the volume fraction of unfrozen colloid and p = P ↗Π is the ‘pervadic pressure’ [1], which is the difference
between the bulk pressure P and the osmotic pressure and can be interpreted as the pore pressure in a close-packed colloid or
porous medium. In solutions and dilute colloidal suspensions, it is convenient to work with and think in terms of the diffusive
flux (3a) but as the close-packed limit is approached the diffusivity diverges while the concentration gradient tends to zero and
it is more convenient to work with and think in terms of the Darcy Flux (3b). Within a mushy region T = Tf and the diffusive
flux is equal to the regelative flux (3c) driven by ‘thermodynamic buoyancy’ [8].

RESULTS

We have used these fundamental ideas to determine similarity solutions for solidification from a cooled boundary within
partially frozen colloidal suspensions (e.g. figure 2). As particle size increases, the interfacial concentration increases and the
concentration more quickly reaches the close-packed limit within the mushy layer.
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Figure 2: � �� p�����l� v�l�� � f������n� (��l��� ��n��n������n) �� f�n����n� �f v������l p������n f�� p�����l� ��z�� (�) 0�5n� , (b) 2n� �n� (�)
10n� �n ��� v���n��� �f ��� � ���–l�q��� �n���f��� (������ l�n�): � ��� b�l�w (���); �nf��z�n ��ll��� �b�v� (bl��)� N��� ��� ��ff���n� �x�� ���l���

CONCLUSIONS

Regelation within a partially frozen colloidal suspension or soil results from a balance between thermodynamic buoyancy,
driving particles towards warmer temperatures, and viscous drag forces associated with flow through the partially frozen
porous medium. It is fundamentally equivalent to diffusion of solute or of particles within a molecular solution or dilute
suspension of small particles. We have developed a unified model that illustrates this equivalence and provides a means of
computing the characteristics of freezing colloids of arbitrary particle size and concentration.
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Summary: Liquid crystals within interfaces embedded in material micro- and nanostructures are key to the creep and plastic 
behavior of many geo- and biomaterials. We here review latest developments in continuum micromechanics-based upscaling of 
viscous interface-to-creeping bulk material behavior; and we present novel results concerning the plastic effects at the bulk material 
scale, arising from inelastic frictional behavior of the type of interfaces mentioned before. 

 

Inelastic deformations (such as creep or plastic strains) in hydrated geo- and biomaterials often stem sliding events in very 
thin layers of layered viscous fluids in an otherwise elastic matrix [10]. Recent explicit micromechanical homogenization 
schemes [5-7, 9] allow for upscaling the liquid crystal behavior confined to 2D interfaces, up to the 3D creep behavior of the 
overall bulk material. These schemes are based on limit cases of the Eshelby-type solution for eigenstressed ellipsoidal 
inclusions in infinite matrices [1-3] together with the compatibility requirements fulfilled in so-called Mori-Tanaka schemes 
[11]. They have been developed for interfaces with identical size and viscosity [5], as well as for such varying sized and 
viscosities [6-7, 9]. 

 
Figure 1: Representative Volume Element of flat interfaces embedded into a solid matrix 

It turns out that there exists a full analogy between the customarily used spring and damper parameters of classical rheological 
models of the Maxwell and Kelvin-Voigt types, and the interface sizes and viscosities. In particular, the parameters related 
the Kelvin-Voigt representation, i.e. a serial arrangement of one spring and one damper each being positioned in parallel, 
appear as naturally related to the interface properties; each spring-damper unit is uniquely related to one interface family [7]. 
This allows for retrieval of intrinsic interface properties from a series of macroscopic creep on different bio- or geomaterials, 
such as bone [4] or concrete [8]. 

In the present contribution, we discuss the extension of this concept to elastoplasticity, the source of which is the inelastic 
sliding of opposite interface lips once the interface traction exceeds a critical threshold value, namely the cohesion value c. 
Even if this threshold is constant, the overall elastoplastic behavior turns out to be of the hardening type, as ongoing sliding 
HYHQWV� DOVR� UHVXOW� LQ� LQFUHDVLQJ� ÄIUR]HQ³� HQHUJ\� LQ� WKH� HODVWLF�PDWUL[� LQ-between the plastic interfaces. Interestingly, the 



corresponding macroscopic hardening modulus H depends on the interface density d DQG�WKH�3RLVVRQ¶V�UDWLR�Ȟ of the elastic 
matrix, but neither on the elastic modulus of the latter, nor on the interface size, see Figure 2. 

 
Figure 2: Dimensionless hardening modulus-interface density relation in dependency of the Poisson´s ratio of the matrix Ȟ 
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Summary Extraction of salt by leaching process is used intensively nowadays. In this analysis about cavity dissolution modeling, we 
consideU�WKH�FDVH�RI�D�ELQDU\�V\VWHP�FKDUDFWHUL]HG�E\�D�FKHPLFDO�VROXWH�FRUUHVSRQGLQJ�WR�WKH�VROLG�WKDW�LV�GLVVROYHG�E\�D�³VROYHQW´� Salt 
dissolution is controlled by thermodynamic equilibrium at the interface, i.e., equality of the chemical potentials. In this paper, a local non-
equilibrium Diffuse Interface Model and an explicit treatment of the brine-salt interface are introduced in order to solve such dissolution 
problems. Equations are obtained by upscaling micro-scale equations for a solid-liquid dissolution problem using a volume averaging 
theory. Based on this mathematical formulation, dissolution test cases are presented. We introduce and discuss the main features of the 
method. Illustrations of the interaction between natural convection and forced convection in dissolution problems are presented and the 
time and space evolution of the rock salt-fluid interface is shown through several examples. 
 

INTRODUCTION 
   Dissolution of porous media or solids is widely concerned in many industrial fields, e.g., acid injection into petroleum 
reservoirs, dissolution of rocks caused by underground water, etc. In the latter, rock dissolution creates underground cavities 
of different shapes and sizes, which induce a potential risk of collapse as shown in Fig.1. In most applications, modeling 
such liquid/solid dissolution problems is of paramount importance.  
 
 
 
 
 
 
 
 
 
 
 
Fig. 1: Land Subsidence in Central Kansas Related to Salt dissolution (a), explanation of the variables at the local level to the interface (b) 
and averaging volume at pore scale level with material point position vector and 3-phases model (the third phase may be insoluble species 

for instance) (c).[1]  
   Among all methods used for modeling dissolution process, we present two generic ways for simulating such problems. 
The first one is a direct treatment of the evolution of the fluid-solid interface, for instance using an ALE (Arbitrary 
Lagrangian-Eulerian) method. The second uses a Diffuse Interface Model (DIM) to smooth the interface with continuous 
quantities [1, 3, 6 ], like the liquid phase volume fraction, species mass fractions, etc. 
 

MATHEMATICAL MODEL  
 
   According to [1], the Darcy-scale diffuse interface model for Solid/Liquid dissolution problems in a binary system 
includes the 3 following balance equations: the mass balance for the E-phase, the mass balance for the V-phase, the mass 
balance for species A. 
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where EH  is the volume fraction of E-phase, AE:  is the mass fraction of species A in the E-phase, eqZ is the equilibrium 

mass fraction at the V�E interface, D is the mass exchange term, *
EU  and VU  are respectively the E-phase and V-phase 

densities, and *
AED   is the effective diffusion tensor for species A.  *

AED is the macroscopic diffusion/dispersion coefficient,
* *such that:  A AE E E E E EU U Z H U :=  and D�is the mass exchange coefficient between the two phases. The macroscopic 

GLIIXVLRQ�GLVSHUVLRQ� FRHIILFLHQW� DQG� WKH� PDVV� H[FKDQJH� FRHIILFLHQW� DUH� REWDLQHG� E\� VROYLQJ� ³FORVXUH� SUREOHPV´� RYHU�
representative unit cells of the pore-scale geometry, characterized by two boundary value problems for two "mapping 
YDULDEOHV���FORVXUH�YDULDEOHV�,Q�WKH�',0�PRGHO��WKHUH�LV�QR�³SXUH�OLTXLG�SKDVH´�VLQFH�  EH is used continuously to represent 
the fluid as well as the solid regions. Therefore, the Navier-Stokes equations are no longer suitable for this situation. 
Instead, we can adopt a Darcy-Brinkman model to take the place of Navier-Stokes equations for the momentum equations, 
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where K is a permeability function of EH . The Darcy-Brinkman equation will approach Stokes equation when K is very 
ODUJH�DQG�ZLOO�VLPSOLILHV�WR�'DUF\¶V�ODZ�ZKHQ�K is very small. If inertia terms are not negligible, a similar penalization of 
Navier-Stokes equations may be used by adding Darcy-Forchheimer contributions. 
 

NUMERICAL MODELLING 

   Whenever density variation is present in the fluid phases, gravity (buoyancy force) plays an important role in mass and 
heat transports, through natural convection mechanisms. This natural convection phenomenon, often called salt fingering, is 
well illustrated by our model Figures 2 [2]. 

 
Fig 2: Examples of concentration plumes for a 2D simulation with gravity at time 100 s (a) and 1000 s (b) and salt block size 8 mm, and 
for a salt (c) and (d) block size 16 mm (from [2]). 

   The second illustration deals with the modeling of an experimental leaching test performed in a salt layer (Fig. 3). The 
numerical model was extended to gypsum material and one can observe the significant difference in terms of rate of 
dissolution (at the beginning of the test there was no cavity). 

 
 
 
 
 
 
 
 
 
 
Fig 3: From left to right: experimental dissolution-leaching test (and final cavity shape) in a salt layer, cavity after in salt after 12 day and 
then cavity shape in case of gypsum material after 3years. (The cavity is in red and the solid material in blue). 
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Summary We report simultaneous measurements of capillary pressure and water distribution in an unsaturated bed of glass beads
subject to evaporation-induced drainage using xray computed tomography (CT) and a tensiometer. The data reveal that drainage
can occur with or without pressure jumps. In the statistical mechanics framework of Xu and Louge [PRE 92:062405, 2015], these
observations suggest that the drainage phase transition involves reversible periods punctuated by irreversible avalanches.

BACKGROUND

Unsaturated porous media are familiar features of industrial and geophysical systems such as fuel cells, oil deposits
and soils. Recently, Xu and Louge [1] proposed a statistical mechanics that regards permeable solids as an ensemble
of interconnected pores exhibiting geometrical “frozen disorder”, which they characterized by the distribution of two
parameters α and λ measuring, respectively, the specific areas of neck cross section and wettable pore surface relative
to pore volume. In that framework, these authors attributed drainage and imbibition to irreversible collective first-order
phase transitions occurring at capillary pressures ψ and degrees of saturation in wetting fluid S predictable from known
distribution of α and λ and surface energies. They showed how hysteresis in the “retention curves” plotting S vs ψ is
an inevitable consequence of collective interactions among pores, like other systems where statistical mechanics applies,
such as magnetic materials [2]. After calculating the “latent” energies released in the draining and wetting transitions,
they attributed sudden “Haines” jumps in ψ and S to the viscous dissipation of those energies by rapid fluid motion. They
then devised a simple model reproducing the time-history of fluid speed jumps observed in an ordered pore network [3].

In those experiments, Armstrong and Berg [3] noted the limited extent of domains where pores interact collectively.
Xu and Louge [1] called them “mesoscopic domains”, and estimated their size in terms of S. Following Preisach [6], they
showed that, if capillary pressure is applied on boundaries located farther than the mesoscopic size, then retention curves
may no longer be unique. For example, upon reversing the rate of change of ψ, a new curve may invade the region in
(ψ, S) between the two “main” hysteretic retention curve of drainage and imbibition [5]. This “return-point” hysteresis is
also commonly observed in magnetization [2].

Recalling the numerical simulations of Ji and Robbins [4], Xu and Louge [1] also recognized that “avalanches” can
follow the main drainage phase transition, particularly if the degree of geometrical pore disorder, measured as the standard
deviation of α relative to the mean λ, exceeds a critical value. Like the main drainage phase transition, these avalanches
should be irreversible, perhaps contributing, once again, to “return-point” hysteresis.

Therefore, an important question arising in the theoretical framework of Xu and Louge [1] is whether a sample of
mesoscopic size but relatively weak disorder also experiences irreversible avalanches as it loses wetting fluid following
the draining transition and, conversely, whether any fluid drainage can ever occur reversibly.

OBSERVATIONS

To inform this question, we carried out experiments on an open DELRIN plastic tube tightly fitting the 5 mm outer
diameter of a T5x tensiometer with −160 to +100 kPa pressure range and ±0.5 kPa accuracy manufactured by UMS
GmBH (Munich), holding glass beads (65% SiO2, 25% Na2O, 8% CaO, 1% K2O, Potters MIL-PRF 9954-5) with di-
ameter in the range 300 to 425 µm to a height of about 20 mm, initially saturated with degassed, deionized water. This
relatively small sample was on the order of the mesoscopic domain size [1]. A micro-CT scanner manufactured by Aus-
tralian National University operating in the double-helix mode with a General Electric nano-focus x-ray source at 80 keV
and 100 µA produced 9000 counts on the detector in 1.3 s with a 0.8 mm-thick aluminum filter [7]. Three-dimensional
tomographic reconstructions were achieved using the MANGO software package from 1440 projections acquired in ap-
proximately 30 min. Segmentation between air, water and glass was relatively straightforward (Fig. 1). To find the
capillary pressure ψ− where drainage transition occurs (a.k.a. the air-entry potential), we also evaporated the same beads
over ten days in the much larger HYPROP kit of UMS GmbH with a cylindrical vessel of 80 mm diameter and 50 mm
height. Air entry occurred after about 4 hours at ψ− ≃ 1.2 kPa (Fig. 1, bottom left).

As Fig. 1 suggests, drainage from the smaller CT sample exhibited no jump in ψ above noise for the first 4 hours. Then,
near (likely after) the phase transition, significant pressure jumps occurred between long periods of gradual adjustment.
During the latter, B and C had visible changes in water and air conformation from the previous scan, but without jump.
This suggests that some changes in saturation can occur reversibly, as Berg, et al [8] implied. Conversely, irreversible
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Figure 1: Top: tomographic reconstruction of scans A to D; light blue is air without discernible motion from the previous
scan. Deep blue and red are, respectively, advancing and receding air; ϵ is air volume fraction. Middle: capillary pressure
ψ vs time; segments show scan duration. Bottom right: glass beads shown without surrounding air or water; ν is solid
volume fraction. Bottom left: drainage retention curve S ≡ 1 − ϵ/(1 − ν) vs ψ measured in the larger UMS HYPROP.

ψ-jumps occurred around the drainage transition, again with detectable changes in water and air conformation. (However,
it is unclear what role the cylindrical wall played). Meanwhile, because the retention curve had a obvious “kink” in ψ
(Fig. 1, bottom left), we suspect that the sample holder of the HYPROP was much larger than the mesoscopic domain
size, thereby allowing the (ψ, S) region between the main curves of drainage and imbibition to be invaded [1, 6], possibly
leading to irreproducible return-point hysteresis, albeit yielding a smoother retention curve.

In short, our simultaneous tomographic reconstructions and tension measurements suggest that the drainage phase
transition predicted by Xu and Louge [1] is accompanied by irreversible “avalanches” [2, 4] interspersed with reversible
periods of gradual changes in saturation. In future, faster synchrotron CT-scans should be conducted to observe these
avalanches as they redistribute liquid on msec timescales [1, 3], while simultaneously recording their pressure jumps.

This paper was made possible by the support of NPRP grant 6-059-2-023 from the Qatar National Research Fund.
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Summary We investigate shear fracture and mixed mode fracture in inhomogeneous fully saturated porous media with a 2D central force 

lattice model. For this purpose we adopt the extended Biot’s theory. The bars of the lattice break only under traction. This breaking process is 

simulated with a continuous damage model where after a partial failure event spring elements get a new failure threshold sampled from a 

uniform distribution. We investigate avalanche behaviour of the breaking events as well as the pressure evolution and the existence of pressure 

jumps linked to the breaking events in the disordered medium. It is found that the behaviour under pure shear loading is brittle while under 

mixed mode loading overall elasto-plastic behaviour is recovered as was previously observed under biaxial tension loading.  
INTRODUCTION 

 

   We have analysed crack propagation in inhomogeneous media under dry and fully saturated conditions in prevailing mode 

I conditions under different loading conditions adopting a 2D central force lattice model [1]. For this purpose we have 

adopted the extended Biot’s theory and developed a special element, shown in Figure 1. The bars of the lattice break only 

under traction. This breaking process is simulated with a continuous damage model where after a partial failure event spring 

elements get a new failure threshold sampled from a uniform distribution which implies an annealed disorder in the system. 

The loading conditions investigated were boundary traction, assigned pressure and assigned flow. We have investigated 

avalanche behaviour and the connected power law behaviour [2, 3]. We have found that the existence of fluid itself does not 

destroy this power-law behaviour except when the following condition is satisfied: the length scales introduced in the model 

through fluid flow become effective which happens when the value of the increment per step of the external loading 

(pressure or flow) increases above a certain threshold. Moreover we have found the confirmation that crack tip advancement 

is step-wise and that pressure rises or drops at crack tip advancement according to the applied loading condition [4]. This 

behaviour has been explained with Biot’s theory.  

   We extend now the study to shear fracture and to mixed mode fracture. It has been found that the behaviour strongly 

depends on the sample size and the boundary conditions. For a square sample, by imposing a relative horizontal 

displacement between the top and bottom sides a 45° crack is obtained at failure, shown in Figure 2. This is typical for a 

shear test on a small sample. For periodic boundary conditions at the vertical edges (horizontal strip) for the same loading 

conditions a crack parallel to the horizontal side develops at failure, shown in Figure 3. In both cases the failure is sudden 

(brittle behaviour) without a stepwise development of the fracture which on the contrary was observed in case of mode I 

type fractures. Avalanches of the breaking events of the bars in the domain are still observed in both cases. Also pressure 

fluctuations in the samples are observed. Careful examination of the snapshots of the deformed configuration evidences that 

these pressure oscillations happen each time a broken bar results in some opening in the lattice which corresponds to a 

sudden increase of the volumetric strain. This is consistent with Biot’s theory. Both examples show a strong pressure jump 

at failure. This is depicted in Figure 4 for the blue point of Figure 3. For both cases the behaviour is brittle as opposed to the 

overall elasto-plastic behaviour of the mode I type case. When a horizontal traction is added at the vertical sides, which 

corresponds to mixed mode behaviour, pressure oscillations as well as overall elasto-plastic behaviour, typical for mode I 

type situations, are recovered, see Figure 5. The avalanches (number of broken bars for a time step) for such a mixed mode 

case are shown in Figure 6. The number of loading steps to reach failure in case of pure shear loading is roughly ten times 

that for prevailing mode I and mixed mode loading. 

 

CONCLUSIONS 

 

   It has been shown that fracturing in disordered fully saturated porous media at mesoscopic level under shear loading differs 

substantially from mode I type fracturing, while mixed mode fracturing recovers some of the features of mode I type fracturing. 

The former is clearly brittle; the latter shows overall elastoplastic behaviour.  
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Figure 1. The three-layer finite element of the model. From the 

bottom to the top: the fluid pressure 4-node plane element (blue), the 

coupling 9-node plane element (orange) and the solid skeleton made 

of 20 2-node trusses (green). The layers are superposed on the same 

plane. 

 

 

 

 

Figure 2. Square sample under shear deformation: deformed shape 

at failure. The red bars are damaged, the yellow ones undamaged. 

 

 

 

 

Figure 3. Periodic boundary conditions: deformed shape at failure. 

The blue dot is the point where the pressure evolution of Figure 4 is 

recorded. The red bars are damaged, the yellow ones undamaged. 

 

 

 

 

 

Figure 4. Periodic b.c., pressure oscillation at the breaking event 

recorded at the blue point of Figure 3. 

 

 

Figure 5. Mixed mode loading: Average stresses in the trusses versus 

equivalent strain 

 

 

 

 

 

Figure 6. Mixed mode loading: Avalanche distribution versus 

loading steps for the simulation of Figure 5. 
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Figure 2: Selectivity coefficient of CH4/N2 and CO2/CH4 mixtures.

RESULTS AND DISCUSSION

Roughness has significant effects on the selectivity of the gas mixtures. (Figure 2) The selectivity coefficient decreases
with increasing roughness, which means the smoother pore has higher efficiency to separate the gas component that has
stronger interaction from the gas mixture. On the other hand, under the simulation conditions, the physical properties of CH4
and N2 are similar, so the selectivity of CH4/N2 is between 1 and 2, indicating that the pore has no obvious selective adsorption
capacity on the two gas components. However, as CO2 liquefies but CH4 turns into supercritical fluid state at high pressure,
the selectivity coefficient of CO2/CH4 can reach 7.

The cause of the decrease of the selectivity coefficient with roughness is that the density of the adsorption layer decreases
with roughness increasing. Moreover, as roughness increases, the difference of the adsorption layer density between the gas
components also decreases. This is because with roughness increasing, the interaction between gas molecules and the pore
wall descends, so the number of adsorption sites decreases. If roughness is large enough, the adsorption layer disappears and
thus the pore will no longer has the capacity to adsorb gas molecules.

CONCLUSIONS

Roughness has obvious effects on the competitive adsorption behavior of gas mixtures. The selective adsorption capacity
decreases with increasing roughness, indicating that roughness is an unfavorable factor in the separation of gas mixtures,
which could help us to understand the mechanism in the process of shale gas transportation and displacement.
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A MICRO-MACRO MECHANICAL MODEL FOR POROUS ROCK-LIKE
MATERIALS WITH A PRESSURE-SENSITIVE MATRIX

W�Q����n1 �n� J�� ����� ∗1
1LML, UMR CNRS 8107, University of Lille, 59655 Villeneuve d’Ascq, France.

Summary In this work, a micro-macro mechanical model is proposed to describe elastic-plastic behaviors of porous geo-
materials. The studied material is considered as a porous medium composed of a solid matrix and spherical pores. The
solid matrix exhibits a pressure-dependent plastic behavior which is described by an associated plastic model based on a
Mises-Schleicher yield criterion. A macroscopic yield criterion is firstly presented, explicitly taking into account effects of
porosity. With an appropriate plastic hardening law, the micro-mechanical model is then formulated and implemented in a
finite element code. The proposed model is then applied to describe mechanical behaviors of two representative porous rocks,
sandstone and chalk.

MACROSCOPIC CRITERION FOR POROUS MEDIA WITH MISES-SCHLEICHER MATRIX

� ����� ����� ��� f��q��n�l� �n���n����� �n v������ �n��n����n� �ppl������n� ���� �� ��l �n� ��� �xpl������n,
� �n�n� �n��n����n�, �l�p� ���b�l���, ��q���������n �f �������l ��� ���� � � 2 ���� �n ���� �����, w� w�ll p��p���� �
� ������ ���� � ���l �� ������b� ��� � ����n���l b���v��� �f p����� �����l��� � ������l�� ��� ��� p��p��� �f �b���n�n�
�n �n�l�����l �xp������n �f � �������p�� ���l� ��������n, � ��ll�w �p���� w��� � p������� f �� ��n�������� � �� ��l��
� ����x ���� �� ����� �� �� b� �n ������p�� �n� p������� ��n����v� pl����� � ����� , w���� �b��� �� ��� � ��������l������
���l� ��������n [2]:

f(σ) = σ2
eq + 3ασ0σm↗σ2

0 ≤ 0 (1)

B���� �n ��� � p������l�� ��n�����n� �n� ��q����� �n�� [3, 1], ��� �������� � �������p�� ���l� ��������n f�� p�����
� ������l� w��� � � ��������l������ � ����x �� fin�ll� ��v�n b�:

Φ =

Σ2
eq

σ2
0(

1−f
1−Γ

)2
↗3α 1−f

(1−Γ)2
Σm
σ0

+ 2y ����

(
A ln

(
1↗3α

Σm

σ0

))
↗1↗y2 = 0 (2)

�n w���� y =
[
α2W 2(fp) + 2α2W (fp)

]A
, A = sign(Σm)

1↗ 1−α2W 2(fp)−2α2W (fp)
9

2α
�

FORMULATION OF THE CONSTITUTIVE MODEL AND NUMERICAL IMPLEMENTATION

B���� �n ��� ���� p��f��� �n��, ��� � �������p�� ��������n (2) �� ���p��� �n ���� w��� w��� �����bl� pl�����
�����n�n� l�w� �� ������b� pl����� ��f��� ����n �f p����� �����, �xpl����l� ����n� �n�� �����n� �ff���� �f p������� f
�n� pl����� ��� p�����b�l��� �f ��� ��l�� � ����x� � n ��������� pl����� fl�w ��l� �� ���p��� ���� �n� �� ��fin�� b� ���
n��� �l��� ��l�: Dp = λ̇ ∂Φ∂Σ w���� Dp ��n���� ��� � �������p�� pl����� �����n ����� � �� pl����� � �l��pl��� λ̇ ��n b�
������ �n�� b� ��� �l������l pl����� ��n�����n�� ��n�����n:

Φ̇(Σ, f,α, σ̄) =
∂Φ

∂Σ
: Σ̇ +

∂Φ

∂f
: ḟ +

∂Φ

∂σ̄
: ˙̄σ = 0 (3)

� �n�ll�, �n� ���:

λ̇ =
∂Φ
∂Σ : C : D

∂Φ
∂Σ : C : ∂Φ∂Σ ↗

∂Φ
∂f

[
(1↗f) ∂Φ

∂Σm
↗3α

Σ: ∂Φ
∂Σ

2σ̄−3α Σm
1−f

]
↗∂Φ

∂σ̄
∂σ̄
∂εpeq

Σ: ∂Φ
∂Σ

(1−f)(σ̄2− 3
2ασ̄

Σm
1−f )

√
σ̄2↗3ασ̄ Σm

1−f

(�)

� ������n� �� ��� v�l��� �f λ̇, ��� ��n��n� �l������pl����� �p������ �f ��� ������� p����� � ������l ��n b� ������ �n��
�� f�ll�w�:

L =

⎧
⎪⎨

⎪⎩

C �f Φ ≤ 0, Φ̇ < 0

C↗
∏
C : ∂Φ∂Σ

)
⊗
∏
∂Φ
∂Σ : C

)

HG
�f Φ = 0, Φ̇ > 0

(5)

� ��n ��� p��p���� � ������ ����n���l �l������pl����� � ���l �� �� pl�� �n��� �n � fin��� �l�� �n� ���� (� b�q��) v�� �
��b�����n� � � � � b� ���n� � ���n���� �l����� p�������� � pl����� ��������� �p������ �pl�� �l������� f�� ��� l���l
�n��������n �� ���� � ���� p��n��

∗Corresponding author. Email: jian-fu.shao@polytech-lille.fr
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EFFECT OF LOCAL POROUS COATING ON THE STABILITY OF BOUNDARY LAYER

ZhangFeng Huang ∗1, JingGang Mao1, and Xuesong Wu1,2

1Department of Mechanics, Tianjin University, Tianjin 300072, China
2Department of Mathematics, Imperial College London, London, SW7 2AZ, UK

Summary A local scattering approach (LSA) was introduced to study the effect of local porous coating on the stability of an incompressible
boundary layer. The prediction by LSA was verified by direct numerical simulation (DNS), and was compared to that by linear stability
theory (LST) in order to check the validity of the latter. A systematic parametric study was performed, and the results show that local porous
coating significantly enhances Tollmien-Schlichting (T-S) waves, and the effects can be quantified naturally by a transmission coefficient,
which is an intrinsic physical property of the problem.

INTRODUCTION

Porous coating is a passive control of boundary-layer transition, and its effects on supersonic flows over flat plates and
cones have been studied by means of theoretical analyses [1], experiments [2, 3] and numerical simulations [4, 5, 6, 7].
Almost all previous work focussed on the case of extended coating, for which the effects of coating can be understood from
viewpoint of the local linear stability theory (LST). It was found that the second mode growth is massively reduced, but the
first mode growth is moderately increased. However, for local porous coating over a streamwise width comparable with the
wavelength of the instability of the unperturbed flow, conventional LST becomes invalid, because even though the disturbances
far upstream and downstream are essentially eigen modes, the fluctuation near the porous coating is not and can indeed be
rather complex. In this case, the effects of abrupt change (local coating or of rigid-porous junctions) must be accounted for
by a local scattering approach (LSA) [8, 9]. In this paper, the effect of local porous coating on the stability of incompressible
boundary layer on flat plate will be studied in this framework, which is both efficient and accurate numerically.

PROBLEM DESCRIPTION AND METHOD

This problem is illustrated in figure 1. A T-S wave approaches a local porous coating centred at xc and having a width
d. The local porous coating is modelled mathematically by the relation between blowing-suction velocity and the pressure:
v′ = λp′, where λ = λm exp(iϕ)f(x) with f(x) = 0.5 cos[2π(x − xc)/d] + 0.5, when |x − xc| ≤ 0.5d; here λm is the
coating porosity, ϕ represents the phase delay between the velocity and pressure, and the function f(x) characterizes the
distribution of impermeability. The propagation of the T-S wave through the region of coating should be formulated as a local
scattering problem (LSP)[9] and can be solved by local scattering approach (LSA)[9], in which the disturbance is written in
the form Q′(x, y, t) = q(x, y) exp(−iωt) + c.c., and the linearized Navier-Stokes equations are solved subject to inlet and
outlet boundary conditions respecting the flow physics. The key concept of LSA is the transmission coefficient[8], defined
as the ratio of the amplitude of the instability wave after the porous coating to that before the coating, and it is a natural
characterization of the effect on stability. If the non-parallel effect of the mean flow is ignored, LSP can be formulated as
an eigenvalue problem, in which the transmission coefficient appears as the eigenvalue, and the resulting prediction will be
referred to as EVF (eigenvalue formulation).

RESULT

Figure 2 shows the evolution of the amplitude and local growth rate obtained by LSA, LST, EVF and DNS. The predictions
by LSA and DNS agree quite well, which verifies the validation of LSA. The result obtained by EVF with a parallel-flow

(a)

✻
y

✲ x

porous coating
v′ = λp′✻❄✻❄✻❄

✻❄✻❄✻❄✻❄

rigid wall
v′ = 0

Incident T-S wave

rigid wall
v′ = 0

Transmitted T-S wave

(b)

porous coating
xc

A0

As

An

rigid wall

x0

AI
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rigid wall

xn

ATAT (xc)

Figure 1: Diagrammatic illustration of (a) local scattering problem and (b) transmission coefficient Tr = AT (xc)/AI(xc)
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assumption is in good agreement with that by LSA, which includes non-parallelism, implying that the non-parallelism of the
mean flow is a weak effect compared to that of local porous coating. There is a sharp increase of the amplitude in the region
over the porous coating, and the corresponding transmission coefficient is Tr ≈ 3.8, indicating that local porous coating
significantly enhances the T-S wave. The evolution of the amplitude and growth rate obtained by LSA is non-monotonic,
indicating that LSA, being of elliptic nature mathematically, captures the upstream and downstream influences of local porous
coating. In contrast, LST only predicts variation within the porous section even though it captures also the overall enhanced
amplification.

Figure 3 shows the variation of the transmission coefficient with the porosity and frequency. The transmission coefficient
predicted by EVF is in good qualitative agreement with those by LSA and DNS, with a quantitative difference of 5% due to the
non-parallelism of the mean flow, indicating that the abrupt change of porosity is the dominant effect. Significant deviations
between LST and LSA arise for large porosity or for small frequencies. LST fails as it does not capture the upstream or
downstream influence of the porous coating.

CONCLUSION

The effect of local porous coating on the stability of an incompressible boundary layer on a flat plate was studied by using
LSA. The approach was validated by DNS, and the prediction by LSA, which includes the non-parallelism of the mean flow,
is compared to that by EVF and LST. The non-parallel effect of the mean flow is found to be very weak compared to that of
local porous coating. T-S waves are significantly destabilized by local porous coating and the enhancement can quantitatively
be characterized by a transmission coefficient. LST is inadequate except for very weak porosities.
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Summary The organization and dynamic of the concentration in the heterogeneous porous media are key physical factors driving the
chemical reactivity. At equilibrium, the chemical reactivity depends not only on the concentration distribution but also on concentration
gradients for a simple precipitation. We derive the transport equation for concentration gradient and set up an adapted diffusion velocity
method to approximate them numerically. The numerical results give optimal predictions of the chemical reactivity.

INTRODUCTION

A precipitate P dissolves yielding two solute species A and B, P ⇔ A + B. Solute concentrations cA and cB are related
through the equilibrium constant K = cAcB . The reactive rate r between the two species A and B is given by :

r =
2K

((δc)2 + K)3/2
∇(δc)D∇(δc) with δc = cA↗cB (1)

Reactivity does not depend only on the concentration distribution but also on the local diffusive dynamic of concentration
mixing [Le Borgne et al., 2010]. Concentration gradients follow complex spatial and temporal dynamics as they are created
by velocity gradients through elongation and shear stress of the mixing fronts and dissipated by diffusion [Le Borgne et
al., 2015]. Numerical methods should give accurate approximations of both concentration distributions and concentration
gradients. The transport equation for concentration gradients is derived and solved with a particle method based on a diffusion
velocity scheme [Beaudoin et al., 2003]. The particle methods are frequently used to solve the transport equation in porous and
fractured media [Beaudoin et al., 2013] [Robinet et al., 2013]. When transport by advection largely dominates dispersion and
diffusion processes, the particle methods offer a relevant alternative to Eulerian methods [Zhang et al., 2007]. Furthermore,
particle methods can handle a large panel of inert as well as chemical and biological particle types [Tartakovsky et al., 2007].

TRANSPORT EQUATION OF CONCENTRATION GRADIENTS

The transport equation of concentration gradient∇δc i obtained by applying∇ to the transport equation :

∇
!
∂δc

∂t
↗∇ · (Dg) +∇ · (uδc)

"
= 0 with g = ∇δc (2)

where D is the diffusion coefficient, g the concentration gradient and u the flow velocity. Using the properties of vector
operators and the assumptions of incompressible and irrotational flow, the previous equation becomes :

∂g

∂t
↗∇ · (∇(Dg)) + (g ·∇)u +∇ · (u⊗ g) = 0 (3)

The last step consists in writing the diffusion term of equation (3) as an advection term by means of the diffusion velocity :

∂g

∂t
+∇ · ((ud + u)⊗ g) + (g ·∇)u = 0 with ud ⊗ g =↗∇(Dg) (4)

where ud is the diffusion velocity. The transport equation of g (Eq. 3) is then transformed in a purely convective equation
with a source term (Eq. 4). The expression of ud is derived by means of a simple identification between equations (3) and (4).

NUMERICAL RESULTS

The transport of a concentration difference δc between two species is studied in a 2D heterogeneous flow field, see Figure
1. The porous medium is defined by a rectangle with the dimensions Lx = 2048 m and Ly = 512 m. The mean flow direction
is the x axis. The permeability field K, assumed isotropic and heterogeneous, is characterized by a stationary log-normal
probability distribution Y = ln(K), defined by a zero mean and a covariance function given by C(r) = σ2exp(↗|r|/λ)
where σ2 and λ are the variance and the correlation length of Y . σ2 and λ are fixed to 4 and 10 m. The classical laws
governing the steady flow in a porous medium are mass conservation and Darcy law, u =↗K∇P and ∇ · u = 0 with P the
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RESULTS AND DISCUSSION

The model evaluates the in situ stress field near the cells and quantified the nascent diffuse damage thresholds within osteon
lamellae and confirmed the known brittle/ductile fracture behavior of bone. The osteocyte morphology was reconstructed from
confocal microscopy images that were demultiplied to account for the information of finite thickness planes that had been
compressed into single images of the 3D plane segmentation. The canaliculi were traced by tubular geodesics and the edges
of the contours of the cell body were detected by contrast enhancement techniques [3]. The cell meshing was built through
a customized 3D meshing algorithm adequate to interpolate geometrical elements for complex morphologies exhibiting lack
of information. The in situ cell 3D environment were numerically reconstructed from micro CT imaging parallel planes
segmentations with a 5 micron resolution. The highly irregular tubular structures of the osteons were interpolating with a 10
microns resolutions [4]. The live systems mechanically behaved in agreement with the known behavior of fresh human bone.
The mature osteocytes undergo a stable intake of cytoplasmic calcium under loading, nearly 1 to 13 nM under 124 pN local
micro force. This is observed with CFSE and Calcium dye specific. The mixture of progenitor and differentiated osteocytes
release a significant amount of calcium, 7 to 64 nM under 31 pN local micro force and regain about a third of its lost calcium
after successive micro loading cycles. The progenitor and mature osteocytes reorganized in vitro as they are in vivo after 10
days. After 15 days a collagenous matrix is produced and after 39 days hydroxyapatite crystals are produced by the cells that
are undergoing differentiations into osteocytes. The tissues produced after 109 days exhibits nearly a third of the stiffness of
mature bone tissue.

CONCLUSIONS

A successful bone on chip has been implemented to measure osteocyte mechano-biology ate different stages of their
differentiation for period of at least 170 days. The in situ cell biological response to mechanical load in particular its cytosolic
calcium circulation was tracked by two fluorochromes and showed that the calcium membrane exchange rate adapts to the
expected in vivo mechanical load seen by the cells through their differentiation. The created LABS are able to heal micro
cracks in producing a mineralizing collagenous matrix of significant stiffness.
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Summary Considering the porous nature of a seabed, lift-up problem has been studied theoretically. It is assumed that the
seabed is anisotropic in nature and the pore flow is governed by Brinkman equation and the gap flow is governed by Stokes
equation. An analytical series solution is obtained for the flow inside the gap and the seabed in terms of stream function via
separation of variables. It is shown that increasing of vertical permeability enhances the vertical flow, hence decreases the
lift-up force. Breakout phenomenon in terms of the anisotropic ratio and the width of the gap has been discussed.

MATHEMATICAL FORMULATION
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Figure 1: Schematic of the lift up problem

The lift-up process in general is a slow process and involves a slowly increasing gap between the bottom of the
object (to be uplifted) and the porous bed until a turning point when it detaches itself from the porous bed. This
point sometimes is referred as breakout point (see Mei[1], Chang et al.[2]). The relevant two-dimensional domain
of interest is shown in Fig. 1. In this model we assumed that the gap width is less than the size of the pore and
hence the gap flow initially comes from the pore of the rigid porous bed. We further assumed that the gap flow
is governed by Stokes equation and the pore flow is governed by Brinkman equation together with the equation of
continuity given as follows

− ∇p + µ∇2u⃗ − B
µϕ

K u⃗ = 0, ∇.u⃗ = 0 (1)

where B = 0 for the gap region and B = 1 for the porous region. u⃗ is the velocity, ϕ is the porosity, p is the fluid
dynamic pressure, K is the permeability tensor given by K =

!
K1 0
0 K2

"
(see Kohr et al. [4]).

Boundary conditions
We use u⃗ = (u, v) with superscript (1), (2) correspond to the fluid and porous regions respectively. Gap

region/ Fluid region: No-slip condition at the flat bottom of the object (u(1) = 0, v(1) = V ) at y = h; symmetry
about y-axis (u(1) = 0, ∂v1

∂x = 0) at x = 0; parallel flow at the periphery of the gap (∂u(1)

∂x = 0, v(1) = 0) at x = L;
negligible of pressure effect at the periphery p1 = 0 at x = L.

Porous region: Symmetric condition about y-axis (u(2) = 0, ∂v(2)

∂x ) at x = 0; finiteness at the bottom of the
porous medium, i.e., u(2), v(2) is finite at y = −∞; below the periphery of the gap parallel flow condition and
negligible pressure, i.e., ∂u(2)

∂x = 0, v2 = 0, p(2) = 0 at x = L.
At the porous liquid interface, we have, (i) Continuity of velocity component: u(1) = ϕu(2), v(1) = ϕv(2) at

y = 0 (ii) Continuity of stress: τ (1)
xy = τ (2)

xy , τ (1)
yy = τ (2)

yy (refer Song and Huang [3]). We introduce the corresponding
non-dimensional variables: ψ = ψ

V L , x = x
L , y = y

h , p = p
µV√
K1/ϕ

, ε = h
L , Dax = K1

L2 , Day = K2
L2 . Dax and

Day are the corresponding Darcy numbers along horizontal and vertical directions respectively which represent the
ease at which flow can percolate through the pores. Since it is assumed that the gap flow initially is vertical from
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the porous medium, increasing vertical permeability enhance the gap flow. Hence our primary interest is the case
Day ≥ Dax. After introducing the non-dimensional parameters the corresponding governing equations in terms of
stream function reduce to

Fluid region:(0 ≤ y ≤ 1)
∂4ψ

∂y4 + 2ε2 ∂4ψ

∂x2∂y2 + ε4 ∂
4ψ

∂x4 = 0. (2)

Porous region:(−∞ < y ≤ 0)

∂4ψ

∂y4 + 2ε2 ∂4ψ

∂x2∂y2 + ε4 ∂
4ψ

∂x4 − ε4 ϕ

Day

∂2ψ

∂x2 − ε2 ϕ

Dax

∂2ψ

∂y2 = 0. (3)

We have solved Eqs. 2 and 3 analytically subject to the boundary conditions mentioned above. We have discussed
the breakout phenomenon in terms of anisotropic ratio ξ = Day/Dax and the gap width ε.

RESULTS AND DISCUSSION
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Figure 2: (a) Force per unit area for different values of anisotropic ration for Dax = 1.02×10−8, V = 2.3×10−5m/s
(b) Streamlines near the interface region for Dax = 10−8, ξ = 1, ε = 10−1.5.

Fig. 2(a) shows the force per unit area with respect to the ratio of the gap width and the object length (ε) for
different anisotropic ratio ξ. For an imposed constant velocity, force decreases with the anisotropic ratio. One may
note that increase in the anisotropic ratio (i.e., increase of vertical permeability) assists more flow to come from the
porous bed. This initiates increase in the gap ratio and reduces the lift-up force. This process indicates that an
object can be lifted easily when the anisotropic ratio is high. Fig. 2(a) shows that force remains constant before
the first turning point and reduces to zero at the breakout point (ε = 10−1.7). Our results agree with Chang et al.
[2] for ξ = 1, i.e., for corresponding isotropic situation. Initially when the gap width is less than the pore size the
gap flow mainly comes vertically from the porous seabed. Flow from the periphery of the gap play a vital role for
larger gap-width. Fig. 2(b) shows that when the breakout occurs (ε = 10−1.5), most of the gap flow comes from
the periphery of the gap.
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Figure 2: Apparent to intrinsic permeability ratio versus ξKn. Left: square pattern of parallel cylinders - ε = 0.8. The solid
line corresponds to an analytic solution. Right: random distribution of parallel cylinders.
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Figure 3: Dimensionless apparent permeability computed from the complete closure problem and using the expansion up to
the 3rd order. Square pattern of parallel cylinders. Left: ε = 0.25. Right: ε = 0.8.

To further elucidate the non linear dependence of the velocity upon the pressure gradient versus the Knudsen number, the
closure problem yielding Ks was developed using an expansion in ξKn. This allows expressing the macroscopic momentum

equation, up to the mth order in Kn, under the form ⟨vβ⟩ ≃ ↗ 1
µβ

K ·
!

I +
m"
j=1

#
ξλβ

$j Sj

%
·∇⟨pβ⟩β .

In this expression, K is the intrinsic permeability tensor, while Sj is the slip correction tensor at the jth order, I being the
unit tensor. The tensors K and Sj can be predicted from their corresponding closure problems having all the same structure but
coupled together. Up to the first order (m = 1), for which the corresponding apparent permeability remains linear in Kn, the
classical Darcy-Klinkenberg model is recovered if the gas is assumed to be ideal, as was already reported in a previous work
[5]. The higher order terms allow recovering the non-linear behavior observed in the original model prior to the expansion.
This is highlighted in figure 3 representing the apparent permeability versus ξKn that was computed from the solution of the
closure problems up to the 3rd order on unit cells of the porous structure reported in Fig.1a. A careful analysis of the slip-like
boundary condition in the closure problem at the jth order indicates that it contains an explicit dependence upon the curvature
of the solid-fluid interface that is, however, filtered out for j = 1, explaining why, for a structure like the one in Fig.1a, the
first-order apparent permeability becomes more inaccurate as porosity increases since curvature scales as (1↗ε)−1/2.

CONCLUSIONS

Upscaling of slightly compressible gas slip flow in homogeneous porous media was carried out using the volume averaging
method yielding a macroscopic momentum balance equation having a Darcy-like form in which the apparent permeability
depends non-linearly on the Knudsen number in the general case. Using an expansion in the Knudsen number, the apparent
permeability was expressed in terms of the intrinsic permeability and slip-correction tensors, all of them being determined from
closure problems intrinsic to the microstructure of the medium. A thorough analysis indicates that the non-linear dependence
of the apparent permeability on the Knudsen number is related to the curvature of the solid-fluid interface.
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Summary: Nanoscale fluid transport with high controllability and efficiency is highly desired in developing high performance nanofluidic 
materials and systems. In this work, fast and elaborately controllable fluid flow in carbon nanotube (CNT) sponges has been achieved. Based on 
the electrocapillary effect, the affinity between the electrolyte and the CNT surfaces can be regulated by applying low electric potentials, which 
produces or diminishes the capillary pumping pressure inside the sponge, leading to controllable fluid flow. Prefilled oil in the sponge is directly 
extractable with high recovery by electrically switching CNT surfaces from oleophilic to hydrophilic assisted by surfactant. Moreover, it is 
possible to build deformable imbibition media with desired pore sizes since the bulk sponges can be compressed to different degrees while 
maintaining the imbibition function.  
 

INTRODUCTION 
 
   Nanoscale fluid transport is a phenomenon widely presents in processes such as energy conversion and water 
desalination. Enabling controllable, efficient fluid transport through predefined channels is an important consideration in 
developing high performance nanofluidic systems for biological and environmental applications [1]. The spontaneous 
imbibition of fluids in nanoporous hydrophilic media is one issue of present interest. The imbibition dynamics are 
determined by the geometry of the porous host, the fluid-wall interaction, the fluidity and capillarity of the liquid imbibed. 
Those properties are static or hardly externally changeable during the transport process, rendering a flexible, active control 
of the fluid flow very challenging. Recently, the electrocapillary effect was utilized to accelerate the liquid flow through a 
conductive media (nanoporous gold) under low operaWLQJ�YROWDJHV� �H�J���í��9� [2]. However, more elegant control of the 
fluid flow in nanoporous gold requires preloading of another organic solution (e.g., cyclohexane). In addition, flexible 
nanofluidic systems with tailored pore sizes are also highly desired for many applications.  
   Carbon nanotube (CNT) sponges, readily fabricated by chemical vapour deposition, are macroscopic assemblies of 
nanotubes with high porosity, intrinsic hydrophobicity, electrical conductivity, and mechanical flexibility [3]. In this work, 
we show that these CNT sponges could serve as an electrocapillary imbiber to achieve efficient water imbibition under low 
voltages and on±off switchability. Moreover, electrocapillary water imbibition can displace adsorbed oil in the porous 
sponge and extrude oil out smoothly and completely. 
 

ELECTROCAPILLARY IMBIBITION IN CARBON NANOTUBE SPONGES 
 
Sponge samples and experiment setup 
   Sponge samples supported by copper wires were used for imbibition test under electric potential. As illustrated in Figure 
1A, the sponge sample in contact with an electrolyte solution was hung from a microbalance to monitor the instantaneous 
mass change. A three-electrode potentiostat was used to control the electric potential of the system with the sponge as the 
working electrode, a commercial Ag/AgCl (in 3 M KCl) as the reference electrode, and another sponge as the counter 
electrode in the electrolyte solution [4]. The electrolyte solution was 1 M KOH. 
 
Electrolyte imbibition in empty CNT sponges 
   We first probed the possibility to render CNT sponges from intrinsically hydrophobic to hydrophilic by applying electric 
potential so as to initialize the electrolyte imbibition. The mass change monitored by the microbalance keeps almost 
constant in potential range from í����WR�í�����9, indicating no electrolyte was sucked inside the pores, as an as-grown CNT 
sponge is hydrophobic and water cannot enter its pores spontaneously. Right after this threshold voltage, imbibition was 
initiated with a detectable change of m which kept increasing upon more negative potentials. By applying two voltages (-1.2 
V and -0.13 V) alternatively, controlled on-off switching is demonstrated (Figure 1B). This means that the liquid front is 
completely arrested within the pores in the absence of a proper negative potential. The flow velocity can be adjusted by 
applied voltage as well. This on-off switchable imbibition rate is over 20-fold higher than in the oil-pre-saturated 
nanoporous gold. 
 
 



Oil imbibition in compressed CNT sponges 
   We investigated how compression affects the capacity and effect pore size of CNT sponges using cyclohexane 
imbibition. The saturation mass value is found to decrease significantly in compressed sponges, and the imbibition capacity 
can be tailored over nearly an order of magnitude by mechanical compression. Intriguingly, the liquid invasion velocity 
initially drops for the sponge compressed to 38% of original volume, but then starts to increase under further compression. 
This may be related the well-known phenomenon in CNT systems, i.e., liquid slippage, which shows faster fluid transport 
through smaller CNT pores. 
 

 
Figure 1. (A) Experiment setup of the imbibition in CNT sponges. (B) On-off switching during the imbibition of 1M KOH 
into as-grown and unidirectionally compressed CNT sponges, respectively.  
 
Direct oil recovery in CNT sponges 
   If the CNT sponge is saturated with organic solvent, the electrolyte imbibition is suppressed even when a relatively 
large voltage is applied. To solve the problem, a regime of surfactant-assisted electrocapillary imbibition is adopted. With 
the help of surfactant, electrolyte is imbibed into the CNT sponge and the organic solvent is extracted out smoothly and 
completely by applying a low voltage. The process is repeatable and the capacity of oil imbibition and oil displacement is 
maintained. Organic solvents in a wide range of viscosities can be extracted, and the recovery of the organic solvents can go 
up to 95%. 
 

CONCLUSIONS 
 
   We have demonstrated a high-performance CNT sponge-based nanoporous imbiber utilizing its 3D conductive network 
and highly porous structure. Compared to traditional porous materials, the CNT sponges show distinct advantages such as 
easy on±off control, fast imbibition and high capacity, as well as being compressible and pore-size tunable. A simple and 
efficient electrocapillary method to recover adsorbed oil from saturated CNT sponges in controlled manner has been 
developed. More than 95 % of adsorbed oil could be directly recovered, and the CNT sponges can be reused for many 
cycles with high capacity. 
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ABSTRACT 
   Stereoscopic particle image velocimetry has been used to investigate the flow dynamic in a randomly packed bed of 
mono sized spherical particles. By using an index matched fluid the studied bed is optically transparent and measurements 
can be performed within the bed. The velocity field observations are done for particle Reynolds numbers between 30 and 
4000. Results show that in porous media the dynamics of flow can vary significantly from pore to pore. Also in the studied 
plane a considerable amount of the fluid moves in the perpendicular directions to the main flow direction and the averaged 
magnitude of the velocity in the main direction is only about 40 % of the magnitude of the total velocity. This percentage is 
only weakly dependent on Rep.  
 

INTRODUCTION 
   Fluid motion within porous media takes place in geological, biological and technical processes. Due to the vast amount 
of applications the area has been in focus for more than a century.  Still the knowledge of some fundamental issues is 
lacking. This includes information about the detailed flow as the Reynolds number increases and the flow becomes inertia 
dominated or even turbulent. To disclose the details of the flow experimentally, tomographic or optical techniques may be 
applied. Tomographic techniques include Magnetic Resonance Imaging (MRI) (Baldwin et al. 1996; Sederman et al. 1997 
and 1998; Ogawa et al. 2001 and Suekane et al. 2003), Particle Emission Tomography (PET) (Khalili et al. 1998), Nuclear 
Magnetic Resonance (NMR) imaging (Baldwin et al. 1996 and Johns and Gladden 1999), Gamma attenuation and X-ray. 
The drawbacks of these techniques are that they require rather expensive test facilities and may give poor spatial and 
temporal resolution (Kutsovsky et al. 1996; Chang and Watson 1999 and Gladden et al. 2006).  

In contrast to the tomographic techniques, the relative simplicity and low cost of optical techniques such as particle 
image velocimetry (PIV) make them attractive. Usage of such optical techniques in porous media require all phases to be 
transparent and refractive index matched (RIM) (Johnston et al. 1975; Yarlagadda and Yoganathan 1989; Stephenson and 
Stewart 1986; Peurrung et al. 1995; Moroni and Cushman 2001; Rashidi et al. 1996; Huang et al. 2008; Lachhab et al. 2008 
and Patil and Liburdy 2013). One result from a recent study (Khayamyan et al, 2014, 2015) with PIV on packed beds is that 
measurements of all velocity components are required to get a full understanding of the flow.  
 

EXPERIMENTAL 
 The studied packed bed is made from a randomly packing of Plexiglas (PMMA) spherical particles with a diameter Dp = 
12.5 mm. The bed has a square cross section of 100 × 100 mm2 and its length is 310 mm. The bed width to particle diameter 
ratio is consequently 8. This is about two times larger than the bed width to particle diameter ratio used by Patil and Liburdy 
2013. This ratio is large enough to avoid major effects of channeling near the confining walls on bed overall porosity and 
permeability (Chu and Ng 1989). The bed overall porosity (ϕ) which is the ratio of void volume to bed volume is about 
0.414 from direct geometrical calculations. All PIV measurements were performed at the mid-section of this porous bed. 
The fluid is circulated in a closed loop with a centrifugal pump, Tapflo HTM15PP, from an atmospheric pressure storage 
tank where the temperature of the fluid is regulated and kept at 20 ± 0.1 °C with a temperature control unit. The fluid is 
pumped through an electromagnetic flowmeter from ABB, ProcessMaster FEP300, to the Plexiglas box and finally back to 
the storage tank in a completely closed system. The pressure difference over the porous bed was recorded with pressure 
transducers from General Electric, GE PTX5012. 

As already mentioned the Plexiglas box is longer than the bed to enable a uniform flow entering and leaving the 
bed. To fulfill this requirement the jet entering the box is broken and pushed towards the side walls by a baffle plate. After 
the baffle plate the flow passes through a net and a honeycomb to reduce its level of fluctuations and also to break down 
large scale eddies. The net has square openings with a mesh size of 2 × 2 mm2 and the cells in the honeycomb have a 
circular cross-section with a diameter of 2 mm. The thickness of the honeycomb in the flow direction is 25 mm. The inlet to 
the packed bed is 150 mm downstream the honeycomb. To have optical access to the flow field within the bed, the bed has 
to transmit light rays without distortion. To have such a medium the refractive index of the working fluid is matched to that 
of the spheres in the bed.  

A commercial PIV system from LaVision GmbH was used for imaging. This system is based on a double pulsed 
Nd:YAG laser at a wavelength of 532 nm with a maximum frequency of 100 Hz, a minimum inter-frame time for image 
pairs of 5 µs, and two LaVision double-frame FlowMaster Imager Pro cameras with spatial resolution of 1280 × 1024 pixels 
per frame with pixel size of 12 × 12 µm2. Two Nikon AF Nikkor 105 mm lenses were used, with an f-stop of 2.8. The time 
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Summary Molecular dynamics (MD) simulations are conducted to investigate arabinoglucuronoxylan (AGX), one of the major hemicellulose 
in softwood. Mechanical tests and structural analyses reveal that mechanical weakening happens with the increasing of moisture content until 
saturation point, due to the loss of interpolymer hydrogen bonds. Thermal softening and glass transition temperature are also discussed. These 
results will help improve our atomic model of wood cell wall S2 layer to unravel the underlying mechanism of hygromechanical behaviour of 
wood cell wall. 

 
INTRODUCTION 

 
   The wood cell wall S2 layer, a nanoporous composite material that strongly interacts with moisture, is the thickest cell 
wall layer which plays a key role in the hygromechanical behavior of wood. It consists of cellulose, hemicelluloses and 
lignin. Xylan is the most common hemicellulose and the second most abundant biopolymer in plant[1].  The aim of this 
study is to investigate the hygromechanical properties of the S2 layer, more especially to understand its swelling and 
moisture-induced shape memory effect. The understanding of this behavior is important with respect to the paper, 
pharmaceutical, cosmetic, biofuel and food industries. 
   Molecular dynamics simulations, where the time evolving trajectory of a set of interacting atoms is presented by 
integrating the equations of motion, is applied in this study. Simulations capture the system behavior across a subtle 
spatiotemporal domain²length scales up to thousands of angstroms, and timescales up to milliseconds, at femtosecond 
resolution.  

 
HYGROMECHANICAL BEHAVIOR OF AGX 

 
   In this study, we investigate a major hemicellulose in softwood: arabinoglucuronoxylan. We model the AGX according 
to the reported chemical composition and stereochemical structure[2], and then randomly add water molecules to the bulk 
dry material thus mimicking the adsorption phenomenon. Mechanical tests as well as comprehensive structural analyses are 
conducted to identify the sorption isotherm, the bulk and shear stiffness, the free swelling, the diffusion coefficient, as well 
as porosity changes and hydrogen bonding breakage, as the moisture content increases. With the increasing of moisture 
content, the AGX material swells in a linear and isotropic way with an almost constant swelling coefficient. The diffusion 
coefficient increases with moisture content which is mainly related to an increase of porosity and a decrease of tortuosity. 
The stiffness decreases with increasing moisture content until around 30% (mass by mass), after which no further 
weakening is observed. The weakening is attributed to the breakage of hydrogen bonds. At moisture contents higher than 
30%, no hydrogen bond breakage occurs explaining the constant mechanical properties above fiber saturation point as 
observed in macroscopic experiments. Finally, we also studied the glass transition temperature for dry and wet materials and 
the important thermal softening of the material. 

a) b)  
)LJ��D��'LIIXVLRQ�FRHIILFLHQW�RI�ZDWHU��E��DYHUDJH�<RXQJ¶V�PRGXOXV� 



   In a next step, AGX is combined with cellulose[3], galactoglucomannan[4] and lignin, to form a representative system 
of wood cell wall S2 layer. Different representative systems are studied to identify its main hygromechanical properties as 
well as the bonding between the microfibrils and the matrix. Special attention is paid to the so-called hot spots connecting 
different microfibrils [5]. The final goal of this study is to upscale the MD-identified hygromechanical behavior into a poro-
mechanical finite element model allowing also to unravel the underlying mechanism of sorption hysteresis and moisture-
related shape memory effect [6]. 
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PORE SCALE MODELING OF CO2 MIGRATION IN POROUS ROCKS UNDER 
CONDITIONS OF SALINE AQUIFERS  
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Abstract In this paper, CO2 migration in porous rocks under conditions of saline aquifers is numerically simulated with lattice Boltzmann 
method (LBM). An improved LBM model has been given to minimize the unphysical interfacial current. Using the newly formulated LBM 
model, brine-CO2 two phase flow past through real rock geometry under the conditions of CO2 storage in saline aquifers is numerically 
simulated in pore scale. Through the simulation, the effects of different parameters on the permeability of the pores rocks are analysed and 
discussed. 
 

INTRODUCTION 
 

Geological storage of CO2 in saline aquifers is presently one of the most promising technologies for reducing the 
emissions of CO2 into the atmosphere [1]. So far, numerical investigations of CO2 transport in porous media have been 
conducted using two different types of models, i.e. continuum field-scale models [2] and pore-scale models [3]. The 
continuum field-scale models can only provide information under average conditions and rely heavily on the knowledge of 
the effective properties of the rock such as relative permeability and capillary pressure functions, which depend critically on 
the geometry and topology of the pore space and the interaction between the fluids and the pore boundaries. Thus, it is 
necessary to conduct the pore-scale modeling to identify key parameters or physical processes that control macroscopic 
phenomena but which are not captured by continuum field-scale models. In this paper, a new LBM method is developed to 
simulate brine-CO2 two-phase flow past through porous rocks in pore scale.  
 

METHODOLOGY 
 
LBE for Interface Capturing 

According to the phase-field theory, an interface-capturing equation is formulated as [4], 

                              (1)  

where and  are the velocity and time respectively; and M is a diffusion parameter named as mobility, is a 
chemical potential,  acts as an order parameter to distinguish the different fluids.  

A LBE for interface capturing of Zheng et al. [5] is introduced below to recover the Cahn-Hilliard equation,  
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where, x is the space coordinate;  is discrete velocity vector in the  direction;  is the time step during which 
the particles travel the lattice spacing; is a dimensionless relaxation time;  is a distribution function for the order 

parameter , while  is its corresponding equilibrium state,  is a constant 
Eq. (2) was initially proposed to track the interface of two phase flow in 2D [5]. In this study, it is extended to solve 3D 

problem by developing new equilibrium distribution function . On the basis of three-dimensional fifteen-velocity 

(D3Q15) lattice structure [6],  is developed as  
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 Where  is the sound speed for an ideal fluid,  is the weighting coefficient in the  direction,  is a constant 

controlling the strength of mobility, .  is computed by  .    

LBE for Velocity and Pressure 
  A LBE for velocity and pressure fields of He et al. [7] is introduced to solve the velocity and pressure field,  
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where, F is the force associated with surface tension, is a relaxation time related to fluid kinetic viscosity, and G is the 

body force.  is the distribution function for pressure and velocity,  is its equilibrium states given by 

 ,         (5) 

Hydrodynamic pressure  and the macroscopic velocity  are computed by,  

 ,
   

                     (6)  

 
NUMERICAL SIMULATION 

 
The sandstone rocks from Bramhope [8] are studied. Samples of the rocks are scanned using the X-ray computed 

micromotography (CMT) and digital images with a size of 1mm×1mm×1mm are produced, an example of which is shown 
in Fig. 1. It is assumed that the fluid flow through rocks is laminar and fluid parameters used in the LBM simulations are: 
ȡbrine/ȡCO2 =2, ȝbrine/ȝCO2 =8 and contact angle is set as 30o. The fluids flow is driven by the pressure gradient and gravity 
along the vertical (upward) direction and the periodic boundary condition is imposed on the top and bottom faces. Two 
layers of voids are added on top and bottom faces to enable the boundary conditions to be applied. The side surfaces are 
made symmetric boundary conditions. Fig. 2 shows the preliminary results of time dependent phase distributions when the 
situation of brine=0.79. 

 

  
(a) t=400s;                    (b)t=500s 

Fig. 6. Digital image of a rock 
reproduced by the CMT. 

Fig. 7. Evolution of phase distribution with brine saturation of 0.79 (green: solid; blue: 
supercritical CO2; clear: saline water). 

 
CONCLUSIONS 

 
In this paper, CO2 migration in porous rocks under conditions of saline aquifers is numerically investigated using LBM 

in pore scale. A new LBM method has been developed. Using the newly formulated LBM model, brine-CO2 two phase flow 
past through real rock geometries is numerically simulated. CO2 and saline-water properties under conditions of CO2 
storage in saline aquifers are used in the simulation. Through the simulation, the effects of different parameters on the 
permeability of the pores rocks have been analysed and discussed. 
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Summary Aquatic plants are known to protect coastal lines and riverbeds from erosion by damping waves and fluid flow. These flexible 
structures are able to absorb the energy of an incoming fluid by deforming mechanically. Although this natural phenomenon is well 
accepted in the literature, it is not yet well understood. Our research focuses on the mechanisms involved in these fluid-elasticity 
interactions in order to develop an efficient energy harvesting system. The system consists of a forest of flexible rods interacting 
collectively. We investigate the role of different parameters (that concern both the system characteristics and the environmental 
conditions) on the ability of our system to absorb energy from the flow. In these first experiments, we vary the spatial distribution of the 
rods, their flexural rigidity, the frequency and amplitude of incoming waves. 
 

INTRODUCTION 
 
   Understanding the mechanisms involved between fluid flow and vegetation reconfiguration has been the focus of a 
number of recent studies [1][2]. This is particularly interesting when looking at particle transport and coastal erosion. It has 
been observed that when flow passes through a vegetation field, the kinetic energy of the fluid is transferred to the plant 
through mechanical bending, which results in a damping of the flow. This mechanical energy can then be returned to the 
fluid or could instead be harvested and converted into useful electrical energy. In this study, we investigate the potential 
energy which could be extracted from such fluid-structure interactions.  

 
EXPERIMENTAL SETUP 

 
   The studied system consists of a field of flexible beams made from silicone (Polyvinyl siloxane (PVS)). Two different 
flexibilities were tested: a first silicone with a Young’s Modulus ranging between 200 – 300 kPa, and a second silicone with 
a Young’s Modulus ranging between 600 – 700 kPa. The beams were moulded into 12cm long and 1.9cm diameter 
cylinders, which were then onto a plexiglass base of thickness 1cm. The base has 10 x 10 holes with a regular spacing of 
2.6cm.  

 
       

Figure 1: Experimental setup. (a) Schematic of the flume. (b) Tested configurations. 
 

   Several configurations were explored for both rigidities: no beams (« 0 beams »), a single beam (« 1 beam »), two rows 
of 4 beams each off set from one another (« 8 beams »), a row of 10 beams (« 10 beams »), and two rows of 8 beams 
parallel to each other (« 16 beams ») (see Fig. 1). 
   Experiments were conducted in a small scale flume at the PMMH laboratory. A schematic of the setup is given in Figure 
1. The dimensions of the flume are 1.8m long (L) and 0.6m wide (w).  The flexible beams were placed in the center of the 
flume onto the acrylic base, which possesses a 1 to 5 ramp on either side in order to minimize any effects of the change in 



water depth. A linear driven wave paddle was used to produce continuous waves of various frequencies and amplitudes. 
  
   The method used for measuring the surface waves is Fourier Transform Profilometry (FTP). The optical profilometric 
technique developed at the PMMH laboratory by Cobelli et al. [3] uses global measurement of free-surface deformations. In 
this system, a video-projector is used to project a fringe pattern of known characteristics onto the free surface of the flume 
and its image is registered by a digital camera. This image then serves as a reference image and is compared to the deformed 
images for which the deformed fringe pattern can be analyzed and the free surface reconstructed.  
 

RESULTS 
 

 
 
Figure 2: (a) Surface deformation map for “0 beams” configuration. (b) Surface deformation map for “16 beams” configuration. (c) Comparison of wave 

height for the tested configurations. 
 

   Fig 2 displays a typical comparison between unperturbed and controlled wave energy maps. The beam configuration in 
this example consists in a double array of 8 beams dispatched along the span (see Fig. 1 (b) bottom right) corresponding to 
the “best” configuration in terms of energy absorption. In Fig (a) and (b), the square of the local height integrated in time 
(over 80 periods) is shown as a function of space. As can be seen, the presence of the beams (located at x = 18cm in Fig 
2(b)) have a strong effect on the incoming wave energy where up to 60% of dissipation can be achieved for this case. Fig. 
(c) summarizes the progressive effect of the beam density for three different configurations. Here the wave energy has been 
integrated along the transversal coordinate and displayed as a function of x for the sake of clarity.       
 

CONCLUDING REMARKS & FUTURE WORKS 
 
   The first results shown in Fig. 2 confirm the strong ability of this system to control the transmitted energy beyond the 
artificial vegetation. We have been conducting an extensive parametrical study as a function of beam rigidity and spatial 
configuration in order to highlight optima. This point will be discussed in terms of wave interaction and beam mechanical 
response. 
   As seen on Fig. 2, this system is undeniably efficient for the prevention of coast erosion, we shall now determine to what 
extent it is also efficient in harvesting energy.  Future works will focus on such systems involving this time mechanical loading 
to mimic energy harvesting.  
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plate. Equivalently, we observe that the propulsive force is proportional to the trailing edge amplitude squared A2
q , as predicted

by Lighthill [3]. The length of the plate has a significant effect on this plateau as an increase in the length decreases the force
reached at the plateau as well as the resonant frequency. As a result, a compromise is needed to achieve high propulsive force
with a low forcing frequency. Considering plates of different length L, width l and thickness e, we show that the resonant
frequency fr scales like

!
Ee3/(ρL4l) (with E the Young’s modulus of the plate and ρ the density of water), while the plateau

force Fr can be written as Ee3A4/(L4l). Figure 2-(b) shows the evolution of the force F , rescaled by Fr, with the forcing
frequency f , rescaled by the resonant frequency fr, for different lengths, widths and thicknesses of the plate. All the data
collapse for f/fr ! 1 proving the validity of both scales.
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Figure 2: (a) Propulsive force F as a function of the forcing frequency f for four plates of different length L but same width
(l = 5 cm) and same thickness (e = 1 mm). The four data sets show the appearance of a plateau indicated by the horizontal
dotted lines (corresponding force noted Fr) and reached at the resonant frequency fr of the plate (highlighted by the vertical
dotted lines). (b) Propulsive force rescaled by the plateau force Fr as a function of the frequency rescaled by the resonant
frequency fr for the four data sets plotted in (a) and for plates with varying length, width and thickness. The red line represents
the function f(x) = x4.

In order to build a model to account for these observations, the flow field around the rectangular plate is characterized
using flow visualization with fluorescein and Particle Image Velocimetry (PIV). In the model, both the friction force due to the
vortices shed at the trailing edge and the added mass effect are considered. The resulting numerical model gives close results
to the experimental ones and also predicts qualitatively the same deformation of the plate.

CONCLUSION

These experimental results provide a straight forward way of predicting the optimal shapes of a rectangular flexible plate
for a given forcing. As Fr ∼ ρA4f2

r , the crucial parameter in the design of optimal rectangular fins appears to be the resonant
frequency. Moreover, with this set-up, we also looked at the effect of a wall or of a free surface on the propulsive performance
of such fins. For further work, it would be of great interest to look at the propulsion of other geometries of fins such as
triangular or streamlined shapes.
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Summary A mathematical model of an oscillating wave surge converter is developed to study the effect that viscous dissipation has on
the behaviour of the device. Recent theoretical and experimental testing have suggested that the standard treatment of viscous drag (e.g.,
Morison’s equation) may not be suitable when the effects of diffraction dominate the wave torque on the device. In this paper, a new model
of viscous dissipation is presented and explored within the framework of linear potential flow theory, and application of Green’s theorem
yields a hypersingular integral equation for the velocity visco-potential in the fluid domain. The hydrodynamic coefficients in the device’s
equation of motion are then calculated, and used to examine the effect of dissipation on the device’s performance. A special focus is given
to the effects of dissipation on the performance of a device that is tuned to resonate with the incoming waves.

INTRODUCTION

The oscillating wave surge converter (OWSC) belongs to a family of wave energy converters (WECs) known as ‘flap-
type’ WECs [6]. In its simplest form, the OWSC comprises a buoyant flap that is hinged to the seabed, and typically operates
in the nearshore environment where its pitching motion couples with the surge component of the incident waves [9]. Recent
theoretical and experimental studies have shown that OWSCs can achieve high levels of power capture in commonly occurring
seas [9]. This has prompted researchers to develop new mathematical models of the OWSC in order to better understand its
hydrodynamic behaviour. To date, considerable understanding has been achieved primarily through the use of semi-analytical
models to examine the hydrodynamic performance of the OWSC [4, 5], an array of OWSCs [3], and a farm of OWSCs [7].

In each of these studies, the fluid is deemed to be inviscid, and hence the effects of viscous dissipation are neglected.
However, recent experimental wave tank tests and computational fluid dynamics simulations have found that flow separation
occurs at the flap’s tips [8]. In this paper, we assess the effect that viscous dissipation has on an OWSC by modifying the
semi-analytical theory of [4] to include the effects of viscous dissipation near the flap’s edge. We achieve this by applying
an effective pressure discharge in the vicinity of the flap’s tips. The equation of motion of the flap is solved in the frequency
domain, and the solution to which is used to quantify the effect of viscous dissipation on the device’s performance.

MATHEMATICAL MODEL

Consider an OWSC in an open ocean of constant water depth h′, where the prime indicates a quantity with a physical
dimension. The OWSC is represented as a buoyant box-shaped flap of width w′ and thickness 2a′, hinged at a depth d′ on
a rigid platform of height h′ ↗d′ as shown in figure 1. Monochromatic waves of amplitude A′

I and period T ′ are normally
incident upon the flap, which set the device oscillating about its hinge line. Let θ′(t′) be the pitching amplitude of the device
and let t′ denote time. We define the reference system of coordinates O′(x′, y′, z′) with x′ pointing in the opposite direction to
the incoming waves, let the y′-axis lie along the width of the device and the z′-axis points upwards from the still water level.
The origin O′ is located in the middle of the device at the still water level.

The fluid is deemed to be inviscid and incompressible and the flow irrotational. Hence, there exists a scalar potential
Φ′(x′, y′, z′, t′) for the velocity field v′ = ∇′Φ′ that satisfies the following equations (and invoking 2a′ ≪ w′ [4, 5, 7]):

∇′2Φ′ = 0, (x′, y′, z′) ∈ V ′, (1a)

Φ′
,t′t′ + gΦ′

,z′ = 0 at z′ = 0 and Φ′
,z′ = 0 at z′ =↗h′, (1b)

Φ′
,x′ =↗θ′,t′(t′)(z′ + d′) Heaviside(z′ + d′), x′ = ±0, |y′| < 1

2w′, (1c)
where V ′ is the fluid domain, g the acceleration due to gravity, and we have assumed that the behaviour of the system is
linear [4] – a subscripted comma indicates differentiation. In order to incorporate the dissipative effects due to viscosity,
we introduce a ‘dissipative surface’ D′ close to the flap’s edge, as shown in figure 1(b). Across D′, we impose a pressure
discharge ∆P ′, which is a function of the local velocity component (v′n = Φ′

,n) along the outward unit normal vector n to D′

∆P ′ = f
!
Φ′

,n

"
, x = ±0, 1

2w′ < |y′| < 1
2 (w′ + ℓ′) ; ∆P ′(y′, z′, t′) = P ′(↗0, y′, z′, t′)↗P ′(+0, y′, z′, t′), (2)

where P ′ is the hydrodynamic pressure in the fluid. The relationship (2) represents the energy loss due to vortex shedding near
the flap’s edge [1], previously reported in simulations and laboratory tests of the OWSC [8]. The function f typically takes
the form of a linear [1] or quadratic function [2] of the flow velocity. We consider a linear law, with ϵ̄ the linear coefficient
measuring the strength of viscous dissipation; setting ϵ̄ = 0 gives equivalence to existing inviscid models of the OWSC [5].

∗Corresponding author. Email: cathal.cummins@ucd.ie
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Figure 1: The geometry of the surface-piercing OWSC with dissipative surface D′: (a) section (b) front view.

THE RESULTS

Using the model formulated in [5], we find that the capture factor (the ratio of captured to available wave power) curve
contains a spike near the flap’s resonant period; however, including a small amount of dissipation removes this spike. Figure 2
reveals the effect that increasing dissipation has on the resonant peak (T ′ ≈ 9 s). We find that increasing ϵ̄ to 0.01 is sufficient
to reduce the resonant peak to below the level of the peak corresponding to maximum exciting torque (T ′ ≈ 2.2 s).

The capture factor curve of an OWSC contains an unphysical spike when standard inviscid linear potential theory is used.
We show that the inclusion of dissipation in the form of a pressure discharge in the vicinity of the flap’s tips is sufficient to
eliminate this spurious behaviour, and give a more realistic prediction of the hydrodynamic performance of the OWSC.
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Figure 2: The influence of dissipation on the capture factor of an OWSC with spike at the resonant wave period at T ′ ≈ 9 s.

References

[1] X. B Chen, F. Dias, and W. Y. Duan. Introduction of dissipation in potential flows. In Proceedings of the 7th International Workshop on Ship
Hydrodynamics, Shanghai, China, 2011.

[2] O. M. Faltinsen, R. Firoozkoohi, and A. N. Timokha. Steady-state liquid sloshing in a rectangular tank with a slat-type screen in the middle: quasilinear
modal analysis and experiments. Phys. Fluids, 23:042101, 2011.

[3] E. Renzi, A. Abdolali, G. Bellotti, and F. Dias. Wave-power absorption from a finite array of OWSCs. Renew. Energ., 63:55–68, 2013.
[4] E. Renzi and F. Dias. Resonant behaviour of an OWSC in a channel. J. Fluid Mech., 701:482–510, 2012.
[5] E. Renzi and F. Dias. Hydrodynamics of the OWSC in the open ocean. Eur. J. Mech. B/Fluids, 41:1–10, 2013.
[6] E. Renzi, K. Doherty, A. Henry, and F. Dias. How does Oyster work? The simple interpretation of Oyster mathematics. Eur. J. Mech. B/Fluids,

47:124–131, 2014.
[7] D. Sarkar, E. Renzi, and F. Dias. Wave farm modelling of OWSCs. Proc. R. Soc. Lond. A, 470(2167):20140118, 2014.
[8] Y. Wei, A. Rafiee, A. Henry, and F. Dias. Wave interaction with an OWSC, Part I: Viscous effects. Ocean Eng., 104:185–203, 2015.
[9] T. Whittaker and M. Folley. Nearshore OWSCs and the development of Oyster. Phil. Trans. R. Soc. Lond. A, 370(1959):345–364, 2012.



 

 

a) Corresponding author. Email: lucie.ducloue@manchester.ac.uk. 
 

XXIV ICTAM, 21-26 August 2016, Montreal, Canada  

MULTIPLE BUBBLE PROPAGATION MODES IN ELASTO-RIGID MODELS OF AIRWAY 
REOPENING 

 
Lucie Ducloué1 a), Andrew Hazel2 & Anne Juel 1 

1School of Physics and Astronomy and Manchester Centre for Nonlinear Dynamics, University of Manchester, 
Manchester, United Kingdom 

2School of Mathematics and Manchester Centre for Nonlinear Dynamics, University of Manchester, Manchester, 
United Kingdom 

 
Summary We study experimentally the effect of vessel compliance on the propagation of a two-phase flow in a confined geometry. The 
experimental set-up consists of a rigid, thin-gapped rectangular channel topped with an elastic membrane. The injection of air in the oil-filled 
channel leads to the steady propagation of an air finger. Depending on the initial profile of the membrane and the bubble speed, different 
propagation modes can be observed, characterized by the bubble shape and pressure. We show that for weakly collapsed membrane shapes, the 
propagation mode is predominantly governed by the dynamic local membrane vertical displacement at the bubble tip, whereas for strong levels 
of initial collapse the initial (static) non-uniform channel cross-section plays a major role. 
 

INTRODUCTION 
 
   The first breath after birth is an important physiological event in which air first enters the collapsed fluid-filled lungs 
[1]. A related process can occur later in life, when reopening accidentally collapsed regions of the lungs through artificial 
ventilation. Understanding the mechanics of this process is fundamental in designing ventilation strategies that quickly 
reopen the airways while minimizing lung damage [2]. 
   The mechanical problem of airway reopening is complex: during air propagation the airway changes shape in response 
to fluid motion inside it as well as external forces (bronchoconstriction). To understand the reopening of a single airway, 
pioneering experiments [3] have investigated the coupling of a tube deformation to a two-phase flow inside it by studying 
air injection in a fluid-filled, initially collapsed elastic tube. The results have shown the existence of a variety of air 
propagation modes as the tube reopens. Among those, air fingers that propagate at higher speed and lower air pressure are 
of particular biological interest [4]. Those fingers are only observed for high levels of initial collapse and take a surprising 
³SRLQWHG´�VKDSH�LQ�ZKLFK�WKH�WLS of the finger propagates in the thin layer of liquid in the middle of the collapsed tube cross-
section. These experiments have demonstrated the strong influence of the initial (static) level of collapse of the tube on the 
observed propagation modes. However, the role of the shape of the cross-section and the dynamic tube geometry changes in 
response to fluid motion to select the propagation mode remains unclear. Here we propose to experimentally investigate the 
effect of vessel compliance on the propagation of a two-phase flow by designing a simpler compliant channel in which the 
cross-section geometry is partially decoupled from wall elasticity. With this system, we aim to understand the selection of 
the propagation modes observed in the collapsed tube, and assess their generality. 
 

EXPERIMENTAL SET-UP 
 
   &RQWURO� RYHU� WKH� YHVVHO¶V� FURVV-section and its compliance is achieved by designing an elasto-rigid channel. A long, 
rigid, thin-gapped rectangular Hele-Shaw channel is milled from a block of Perspex. Only the top wall of the channel is 
made of an elastic membrane which can be inflated or deflated by a uniform pressure loading. The injection of air at a given 
flow rate in the initially oil-filled channel leads to the propagation of a steady bubble. During propagation, a differential 
pressure sensor records the bubble pressure, while a first camera placed vertically well above the channel allows us to 
monitor the bubble speed and shape. The vertical deformation of the membrane during propagation is imaged by a second 
camera recording the position of a laser line shone on the membrane across the width of the channel. This set-up allows us 
to precisely control the shape of the membrane in the initial statically collapsed state, as well as monitor the dynamic 
changes in the cross-section during air injection. This is essential to understand how fluid motion couples with the 
membrane displacement to select the shape of the air finger. 
 

RESULTS 
 
Influence of the level of initial collapse at fixed bubble speed 
   For a given bubble speed, we show that two different modes of propagation can be obtained depending on the level of 
initial collapse. For moderate initial collapse (finite measurable channel depth in the middle of the cross-section), the static 
depth of the channel prior to air injection is smoothly reduced towards the middle of the cross-section (see figure 1-a). A 
single centered air finger is observed, which resembles the one first observed by Saffman and Taylor [5] for two-phase flow 
in an entirely rigid thin-gapped rectangular channel. However, the finger in the elasto-rigid channel is always wider than the 



one observed under the same conditions in a rigid cell. We show that membrane deflection at the tip of the propagating 
bubble is responsible for this modification in the selection of the finger width.  
   At high levels of collapse, a thin layer of a few dozens of microns of liquid separates the membrane from the channel 
bottom along most of the cross-section, and is matched to the rigid edges by two wedges of liquid at the sides (see figure1-
b). This results in the selection of a completely different mode of propagation in which the air finger is very wide and 
H[KLELWV�DQ�XQXVXDO� µIODW-WLSSHG¶�VKDSH� This propagation mode seems to be selected by the extreme shape of the channel 
cross-section. 
Reopening dynamics from initially strongly collapsed states 
   We also discuss the role of bubble speed on finger selection for high levels of initial collapse, which is a case of 
particular interest to the problem of airway reopening. It is also WKH�OLPLW�LQ�ZKLFK�WKH�ELRORJLFDOO\�UHOHYDQW�³SRLQWHG�ILQJHU´�
can be obtained in collapsed elastic tubes. In the elasto-rigid channel, we show that the flat-tipped bubble disappears below 
a critical speed and, after a short region of bi-stability, is replaced at low speeds by a propagation mode in which two long 
air fingers travel down the deeper sides of the channel. This transition due to the extreme shape adopted by the channel 
cross-section at high levels of collapse seems to be general and the equivalent of the transition to the propagation of the 
pointed bubble in elastic tubes [3,4]. The simpler constitutive law of the elasto-rigid channel leads to a simplified phase 
diagram compared to the tube case. We take advantage of this more easily controlled geometry to investigate the 
mechanisms underlying this transition.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIGURE 1: Typical shape of the channel cross-section imposed prior to air injection for (a) a moderately collapsed state and 
(b) a highly collapsed state. The channel rigid bottom lies at z=0. The vertical height has been scaled by the channel depth 
(1 mm), and the transverse length by the channel width (30 mm). Top pictures show the shape of the finger obtained for 
propagation at the same speed in the two cases.  
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The ability to simulate large-deformation solid constitutive relations results from the kinematic identity

F = (∇ξ)−1 (2)

where F is the deformation gradient tensor. By storing and evolving ξ(x, t) on a fixed Cartesian grid, a spatial finite-difference
gradient can be conducted to obtain the needed kinematic variable, F, for the stress in solid mechanics. In this talk we will
primarily be concerned with hyperelastic relations, whose constitutive relation has the form

The above formulation can be included within an explicit discretization of momentum conservation in order to update the
spatial velocity field v(x, t). Hence, each grid point stores two vectorial quantities, the reference map and the velocity, with
each having a consistent rule for time-step updating.

Note that this routine for solids is very similar to that of a fluid solver, with the exception that the numerical reference
map gradient is utilized in calculating the shear stress rather than the gradient of velocity. This duality is taken advantage of
to produce a rapid, explicit (or semi-implicit) FSI routine.

INTERFACIAL TREATMENT AND SOLID CONTACT

Here, we employ a level-set to distinguish the phases. Because solid interfaces are a persistent material set, the reference
map can be used to ‘correct’ the level set field to ensure the solid mass is always conserved. utilize two different approaches
to maintain continuity between the fluid and solid phases at the interface. The sharp-interface approach ensures satisfaction
of the continuity of normal traction and normal velocity at the interface through subgrid calculation of the zero level-set. A
simpler blurry interface approach permits the fluid and solid properties to switch over gradually, over the course of several
grid spacings. The added simplicity of the latter approach enables us to add certain additional capabilities. Recently, we have
demonstrated the ability to simulate fluid-solid-solid interaction; i.e. solid-solid contact under fully submerged conditions.
The contact interaction is simulated by using the difference of the two solid level-set fields as a measure of relative distance
between the two solid interfaces.

INCOMPRESSIBILITY

The method can be implemented for both compressible and incompressible materials. To implement incompressible
material relations, for the solid and fluid, we can append a projection step to the update procedure, which calculates the
pressure from the solution of a Poisson equation, as solved with a multi-grid method. This approach for implementing
incompressibility is rather straightforward as it is a linear constraint on the spatial velocity gradient, and serves as one of the
benefits of the Eulerian framework.
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ENTRAINMENT MODELS OF TURBINE WAKES, WIND FARMS, AND FLOW
ADJUSTMENT IN CANOPIES

Paolo Luzzatto-Fegiz∗1, Samaneh Sadri1, and Colm-cille Caulfield2

1Department of Mechanical Engineering, University of California at Santa Barbara,
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2BP Institute for Multiphase Flow and Department of Applied Mathematics and Theoretical Physics,
University of Cambridge, Cambridge, UK

Summary In this conference presentation, we build on the turbulent entrainment hypothesis to develop models for flow past individual wind
turbines, large wind farms, and other canopy flows. The entrainment hypothesis consists of a concise turbulence model, which has been
widely used in geophysical fluid mechanics. We develop models for the wake of a single wind turbine, as well as for fully-developed flow
in a large wind farm, inclusive of atmospheric stratification. We next consider flow adjustment at the front of a canopy, which may be rigid
(for wind farms) or flexible (for vegetation). The resulting theories, based on this general turbulence model, agree with field and laboratory
measurements without the need for introducing flow-specific parameters. Finally, this framework can be used to yield a limit for the output
of large wind farms, which we find to be an order of magnitude larger than the performance of current designs.

AN ENTRAINMENT MODEL FOR WIND TURBINE WAKES

Simple models for turbine wakes have been used extensively in the wind energy community, both as independent tools
for engineering calculations, as well as to complement more refined and computationally-intensive techniques. Jensen [6]
developed a model assuming that the wake radius grows linearly with distance x, and approximating the velocity deficit with
a top-hat profile. This model has been widely implemented in the wind energy community; however, recently Ref. [1] showed
that this theory does not conserve momentum. Ref. [1] proposed a momentum-conserving theory, which assumed a Gaussian
velocity deficit and retained the linear-spreading assumption, significantly improving agreement with experiments and Large
Eddy Simulations of turbine wakes.

While the linear spreading assumption facilitates conceptual modeling, it requires empirical estimates of the spreading rate,
and does not readily enable generalizations to other turbine designs. Furthermore, field measurements show sub-linear wake
growth with x in the far-wake, consistently with results from fundamental turbulence studies, and with similarity solutions
that are expected to hold in the very far wake [8].

We develop an integral model, for a turbine wake, by relying on a simple and general turbulence parameterization, namely
the entrainment hypothesis, which has been used extensively in other areas of geophysical fluid dynamics [7, 3]. Without
assuming similarity, we derive an analytical solution for a circular turbine wake, which predicts a far-wake radius increasing
with x1/3, and is consistent with field measurements and fundamental turbulence studies.
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Figure 1: (Left): power density (corresponding to power per unit planform area), in a large wind farm, versus planform-
averaged turbine thrust coefficient. (Right): power density versus atmospheric stability, expressed by Obukhov length.
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AN IDEAL LIMIT FOR POWER OUTPUT IN LARGE WIND FARMS

Wind turbines are often deployed in arrays of hundreds of units, where interactions lead to drastic losses in power output.
Remarkably, while the theoretical “Betz” maximum has long been established for the output of a single turbine, no corre-
sponding theory appears to exist for a generic, large-scale energy extraction system, although models exist for specific turbine
designs and layouts. Recent work with vertical-axis turbines indicates that large performance gains may be achievable [5],
making the search for a theoretical upper bound even more compelling.

By building on the turbulent entrainment hypothesis, we develop a model for an array of energy-extraction devices of
arbitrary design and layout, focusing on the fully-developed regime. When tailoring our model to reflect current wind farm
designs, the predicted power output is consistent with field measurements, as shown on the left-hand-side of Fig. 1. Further-
more, by considering a suitable ideal limit, we establish an upper bound on the performance of a large wind farm. This is
found to be an order of magnitude larger than the output of existing arrays, thus supporting the notion that performance im-
provements may be possible. In addition, by making use of an entrainment parameterization from geophysical measurements
of stratified turbulence, we extend our model to account for the effect of atmospheric stability. Our model is consistent with
field data for large wind farms, as shown in the right-hand panel of Fig. 1.

FLOW ADJUSTMENT IN RIGID AND FLEXIBLE CANOPIES

At the front of a canopy, flow deceleration is associated with strong vertical fluxes of mass and momentum. Accurately
describing this region is important in many applications, including terrestrial and aquatic vegetation, as well as wind farms.
Simple models can provide a framework to analyze these flows, thereby guiding and complementing more refined and com-
putationally intensive tools. Belcher et al. [2] introduced a linearised model that describes the flow field through sparse
canopies, albeit at the cost of solving a PDE. A simpler approach involves vertically integrating the governing equations
across the canopy, yielding scalings that relate key variables (e.g. [4]), which in turn can be used to construct empirical fits.

We build a simple and complete theory, by extending our model for fully-developed canopies. We account for upstream
pressure variations, retain nonlinear advective terms, and neglect pressure gradients inside the canopy. Our entrainment-based
model quantitatively describes the flow velocity and boundary layer height in developing canopy flows, as shown in Fig. 2.
Finally, we extend our theory to account for effects of flexibility in vegetation canopies.
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Summary A parameter space study is presented of the flow past an elastically-mounted cylinder constrained to oscillate in the cross-stream
direction, where the cylinder is also forced to rotationally oscillate. The focus is on enhancing the cross-stream heaving response with
the intent of harvesting energy. Linear damping is applied to the heave to simulate power extraction. The variation of power output with
damping coefficient and geometry is investigated, with circular, elliptical and aerofoil cross-sections tested. Of interest is the variation of
the flow and configuration parameters for the optimal case for each geometry. For these optimal cases, an increase in power output, cylinder
displacement and wake width is observed with increasing cross-section aspect ratio, while a roughly constant driving frequency of 0.180 is
observed for aspect ratios greater than 1.0.

Harvesting energy from flow-induced oscillation of bodies in a freestream has been a focus of renewable energy research.
[1, 2, 3]. With regard to cross-sectional shape, the focus for this problem has been on aerofoils; this study seeks to explore the
effect of geometry and aspect ratio and to also consider the role of vortex-induced vibration, more commonly associated with
circular cross-sections. Of interest will be the changes in flow behaviour and power output across a range of cross-sectional
shapes; more specifically, the elliptical cross-section, of aspect ratio, 1.0 < Γ < 6.0 and more standard aerofoils. Are
there common factors between the flows with optimal configurations for energy-harvesting for circular, elliptical and aerofoil
geometries?

PROBLEM DEFINITION AND METHOD

The study investigates flows for rotationally-oscillating geometries ranging from the circular cylinder to the aerofoil,
where energy is extracted via a damper on the passive heaving motion. The harmonic oscillator equation governing the
heaving motion is:

M
!
ÿ +

c

M
ẏ + (2πfn)

2 y
"
= Fy, (1)

where ÿ, ẏ and y are respectively the acceleration, velocity and displacement of the cylinder perpendicular to the freestream,
Fy is the lift force on the cylinder, M is the mass of the cylinder, m∗ is the ratio of the mass of the cylinder to the mass
of the equivalent volume of fluid, c is the damping coefficient and fn is the natural structural frequency of the system. The
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Figure 2: For the optimal power output cases of figure 1 for aspect ratios, Γ = 1.0, 1,5, 2.0, 4.0 and 6.0, the vorticity fields at
the moment of maximum body displacement.

natural structural frequency is chosen to be close to the vortex shedding frequency for a stationary circular cylinder, that is,
fn = 0.20. Active control is implemented via a pitching motion, with θ = A sin(2πfd), where θ is the angular displacement,
fd is the driving frequency and A is the pitching amplitude. An amplitude of A = π is chosen; although large compared
with other studies of similar problems, for elliptical cross-sections this pitching amplitude results in the major and minor
axes of the geometry both presenting fully-perpendicularly to the freestream during the oscillation. This makes the pitching
amplitude A = π a fundamental starting point for the parameter space. The driving frequency of the pitching motion is varied
by 0.00 ≤ fd ≤ 0.40. Optimal power output is explored by also varying the damping of the system, c. A constant ratio of
body density to fluid density is chosen as, m∗ = ρbody/ρfluid = 5.0. All times and distances are non-dimensionalized by
D/U and D respectively, where D is the major axis of body cross-section and U is the freestream velocity. The Reynolds
number is defined as Re = UD/ν, where ν is the kinematic viscosity; all simulations were run with Re = 200.

Simulations are carried out using an immersed boundary method to represent the moving circular and elliptical bodies on
an underlying Cartesian grid, on which the flow is solved using a finite-difference scheme[4]. The pitching motion of the body
is controlled, while the heaving motion is solved with equation 1 using a Newmark-β method.

RESULTS & CONCLUSIONS

Figure 1 presents contour maps of power output, Pout = cẏ2, as function of both driving frequency, fd, and the damping
coefficient normalized by the cylinder mass, c

M
, for five elliptical cross-sections of aspect ratios, Γ = 1.0, 1.5, 2.0, 4.0 and

6.0, where Γ is the ratio of the major axis of the cross-section to the minor axis, with Γ = 1.0 corresponding to a circular
section. The axis ranges and contour scale are constant across the five plots. The limiting case fd = 0.00 represents the case
with no rotational forcing. The plots show that across the geometries an increase in power output from the unforced case
is possible. For the five geometries, the cases of maximum power output are grouped in the range of driving frequencies,
0.150 ≤ fd ≤ 0.200, below the natural structural frequency of the system, fn = 0.200. The heave response in this region is
periodic, with a single dominant frequency. An increase in the magnitude of power output is observed with increasing aspect
ratio. This can be partially explained by the change in mechanism by which the rotation of the body transfers energy to the
flow. For the circle of aspect ratio, Γ = 1.0, energy from the rotation is transferred only via viscosity; for an ellipse, for
sections of the surface, the rotation contributes to a velocity component normal to the surface. Energy is then also transferred
via pressure. The elliptical shape does also result in a greater power required to produce the rotation; however, incorporating
a Pin does not significantly affect the results of figure 1.

Figure 2 plots the vorticity fields for each case of maximum power output from figure 1, with the cylinder in each case
at maximum displacement. The maximum displacement of the cylinder and the width of the wake increase with aspect ratio.
The fields for aspect ratios Γ = 4.0 and 6.0 are qualitatively similar; the geometry converges to a flat plate with increasing
aspect ratio, so some convergence in behaviour is expected. The variation of the flows for these geometries and for those of
aerofoils of equal aspect ratio is the subject of further work, as well as consideration of the effect of pitching axis location.
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Sébastien Michelin∗1, Yifan Xia1, and Olivier Doaré2
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Summary Flow-induced vibrations such as the flag instability can be used to harvest energy from fluid flows when coupled to an electric
generator (e.g. piezoelectric materials). Focusing on piezoelectric flags, we investigate here the coupling of the fluid-solid mechanical
system to the electric output circuit, and resulting energy transfers. In particular, a new fluid-solid-electric lock-in mechanism is identified
that greatly enhances the harvesting efficiency of the system. Finally, we investigate the synchronization of two piezoelectric flags under
the combined effect of hydrodynamic and electrodynamic interactions.

PIEZOELECTRIC FLAGS AS ELECTRIC GENERATORS

Flow-induced instabilities such as the flutter of flexible plates in axial steady flows generate spontaneous vibrations of
solid bodies. When coupled to an electric generator, these flow-induced vibrations effectively act as flow energy harvesting
mechanisms that can power an output circuit. A piezoelectric flag consists in a flexible plate covered by pairs of piezoelectric
patches: during the flapping motion, the periodic stretching and compression of these patches result in periodic charge dis-
placements that can power an output circuit (Figure 1). These elements also introduce a feedback of the electric circuit on the
solid dynamics: the voltage applied to the piezoelectric electrodes generates an additional mechanical torque on the flag. An
essential property is the piezoelectric coupling factor α that is a measure of the electromechanical energy transfer.

In this work, we present a fully-coupled model for the nonlinear dynamics of the fluid, solid and electric systems, and
investigate the influence of fluid-solid-electric couplings and energy exchanges on the harvesting efficiency, defined as the
ratio of the power effectively used in the output circuit to the kinetic energy flux through the flow section occupied by the
flag [1, 2].
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Figure 1: (Left) Piezoelectric flags in an axial flow. Each piezoelectric pair is connected to an output circuit consisting of a
resistor (where the energy is harvested) and an inductor. (Right) Fluid-solid-electric lock-in: when the fundamental frequency
of the circuit ω0 is comparable to the flag’s spontaneous flapping frequency, the motion of the flag locks onto the circuit
dynamics, resulting in high output efficiency.
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Summary In this work, a reduced-order model (ROM) is constructed to study the physiological flow and wall stress conditions for abdominal 
aortic aneurysms. The method of snapshot Proper Orthogonal Decomposition (POD) is used to construct the reduced-order bases based on a 
series of CFD results, which are then improved using a QR-factorization technique to satisfy the various boundary conditions in physiological 
flow problems. This method can effectively construct a computationally efficient FSI model, which allows us to examine a large range of 
physiological flow parameters. 

 
INTRODUCTION 

 
Simulating physiological flows remains to be computationally expensive and difficult for clinical usage. This is not only 

because of the geometrical complexity involved in these kinds of flow simulations, but also because one might be interested 
in a parametric study of several physiological flow parameters (for example, asymmetry of the inflow, and its flow velocity 
and frequency) for a given model. Here we focus on an abdominal aortic aneurysm. A reduced order model (ROM) of this 
system, which is very highly nonlinear and geometrically non-uniform, can replace the full, nonlinear model with a low-
degrees of freedom ROM model, thus reduce the overall computational cost. In the present problem, we utilize the ROM by 
Proper Orthogonal Decomposition (POD) method to estimate the flow-induced wall shear stress (WSS) and pressure loading 
of a simplified abdominal aortic aneurysm (AAA) based on a decoupled fluid structure approach. This method allows us to 
investigate a wide range of different physiological flow parameters without conducting CFD simulations repetitively.  

 

 
Figure 1: The POD modes from a training set and the reconstructed flow velocities and WSS distributions for different inflow angles 



SNAPSHOT POD WITH TIME-DEPENDENT BOUNDARY CONDITIONS 
 

The snapshot POD method is used here to construct the ROM model [1]. Assume the incompressible Navier-Stokes 
equations are solved in the aEGRPLQDO�DQHXU\VP¶V�IORZ�GRPDLQ�ZLWK�WLPH-dependent inflow velocity and outflow pressure 
boundary conditions. The resulting time series are sampled at a fixed time interval and are called a set of snapshots. Because 
each snapshot is divergence free due to the incompressible flow condition, a linear combination of these snapshots will also 
be divergence free, thus only the discretized Navier-Stokes equations are required to be satisfied. The POD modes are found 
by calculating the time-correlation coefficients between each two snapshots, and repetitive information is filtered out. This 
can be confirmed by recognizing that the energy stored (or the eigenvalue) in each POD mode decays rapidly as the mode 
number increases. Because the flow is strongly driven by the time-dependent pressure, pressure POD modes are directly used 
to model the pressure distribution without additional pressure-velocity equation [2]. 

To adapt the unsteady boundary conditions of the physiological flow on multiple inlets and outlets of the computational 
flow domain, the method discussed in [3], using the QR decomposition algorithm, is utilized. A series of N snapshots is 
generated from a simulation, containing multiple time-dependent boundary conditions, which can be separated into K spatial 
and temporal components. Several different boundary conditions can exist in the same section of the boundary. For example, 
a Womersley flow profile defined on a circular inlet can be expressed as a superposition of a parabolic flow profile and a 
reverse flow profile. The temporal components can then be decided such that they satisfy the overall flow profile based on 
various Womersley numbers.  

The flow velocity is subsequently approximated by the combination of a series of eigenmodes, chosen by the POD 
technique, to ensure that the dominating dynamic behavior is captured with a relatively small number of modes. The 
eigenmodes consist of N particular and N-K homogenous modes. The particular modes have non-zero values for the inflow 
and traction on the boundaries, and are used to satisfy the prescribed inflow condition and the solved boundary traction 
condition. The number of particular modes equals to the number of discretized boundary conditions. Consequently, a limited 
number of particular flow modes are capable of satisfying multiple boundary conditions, which are continuous functions in 
spatial coordinates. The homogenous modes have zero velocity or traction values on the boundaries, and are used to satisfy 
WKH�UHGXFHG�RUGHU�PRGHO�XVLQJ�*DOHUNLQ¶V�WHFKQLTXH�WR�GLVFUHWize the Navier-Stokes equation. 

  
TRAINING SET AND RECONSTRUCTION WITH VARIOUS FLOW PARAMETERS 

 
To construct a reduced order model that is capable of predicting a wide range of behavior of different systems, we obtain a 

set of snapshots from a flow simulation with multiple variable parameters. The created set of snapshots is called the training 
set. The training set should be simulated by changing the parameters of interest as widely as possible, to create the richest 
dynamic behavior for the snapshots and thus to make the POD model a more closely representative model of the full system. 
In order to estimate the reliability of the reduced order model, one seeks to compare the results of the reconstructed solution 
to the exact simulated solution. One method to estimate the relative error in a POD solution without the knowledge of the 
exact solution is by calculating the POD VROXWLRQ¶V� UHVLGXDO�RI� WKH�*DOHUNLQ�PHWKRG. We show that both the velocity and 
pressure distributions are well reconstructed when compared with the exact simulated values with relatively small number of 
modes (Figure 1). A meshless shell model is used to estimate WKH�DQHXU\VP�VLGHZDOO¶V�in-plane stresses. Sidewalls with non-
uniform thickness are considered to model the influence of local weakness on WKH�DQHXU\VP¶V risk of failure. It is found that 
WKH�VHQVLWLYLW\�RI�WKH�PDWHULDO¶V�VWUHQJWK�to the local weakness depends on the aneurysm¶V�VLGHZDOO¶V Gaussian curvature, the 
curvature to thickness ratio, and the distribution of the flow loading. We have pinpointed the locations ZKHUH�WKH�DQHXU\VP¶V�
sidewall is most sensitive to the local weakness. 

 
CONCLUSIONS 

 
A reduced-order model (ROM) is constructed to study the physiological flow in abdominal aortic aneurysms. The method of 

snapshot Proper Orthogonal Decomposition (POD) is used to construct the reduced-order bases based on a highly robust training 
CFD simulation, thus a rich dynamic behavior can be captured by the POD modes. Reconstructed distribution of flow velocities, 
pressure and wall shear stress are calculated based on a wide range of physiological flow parameters and show excellent agreement 
with the exact simulated solutions, while keeping the ROM runs computationally efficient. 
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wake stiffness to explain the frequency of oscillations that they measure. As the cylinder is displaced from the wake centerline,
the average magnitude of the coefficient of lift increases, giving the overall wake a stiffness-like behavior for quasi-steady
dynamics. The wake stiffness is generated by the mean pressure difference between the surrounding flow and passing vortices
shed from the upstream cylinder, providing an approximately linear dependence on displacement.

Since our experiments have no structural restoring force, any forces on the cylinders are due solely to fluid forces. For
cylinder separations of x0/D ∈ [3.5, 5], the power spectrum of cylinder motion is dominated by two frequencies: a lower
power, higher frequency component consistent with the corresponding Strouhal frequency for a stationary cylinder at that flow
velocity; and a higher power, lower frequency component that we associate with the wake stiffness, as shown in Figure 1(e).
When x0/D = 3, the power spectrum shows one frequency peak. Based on results from the literature [7], this behavior lies
within the little-studied gap-flow switching regime for tandem cylinders, which occurs for spacings x0/D < 3.5 according to
[7]. As the trailing cylinder is displaced, flow around the cylinders is redirected through the gap, causing the cylinder to be
forced back toward the centerline. Assi et al. [1] did not conduct experiments in the gap-flow switching regime.

In the present study, we non-dimensionalize the measured frequency of oscillation by flow velocity and diameter to calcu-
late an apparent wake stiffness, which we define as the stiffness necessary to give the measured frequency. Our experimental
results support the use of the wake stiffness model in our tethered cylinder system. Figure 1(f) shows that apparent wake stiff-
ness decreases slightly as Reynolds number increases for all cases within the wake induced vibration regime for which Assi et
al. [1] initially postulated wake stiffness. This decreasing relative frequency is also shown in the original paper. In contrast, in
the gap-flow switching regime the apparent wake stiffness remains essentially constant throughout the tested range, suggesting
that the wake stiffness model is even more applicable to this regime than to the parameter range proposed in [1].

APPLYING WAKE STIFFNESS TO A MODEL OF FLYING SNAKES

A tandem wing model of flying snakes provides an opportunity to extend wake stiffness to tethered, non-circular bluff
bodies. Five species of arboreal snakes native to Southeast Asia, most notably Chrysopelea paradisi, are able to flatten their
bodies into a symmetric airfoil-like shape and glide through the air, as pictured in Figure 1(b). They continue to undulate their
bodies throughout the flight much as snakes do on the ground, leading to complex flight mechanics. The flow structure around
their bodies is unknown, but Holden et al. [3] have investigated the fluid forces on a representative cross-sectional body shape
and have found that the cross-section is a bluff body with a vortex wake at every angle of attack.

In the investigation of flying snakes, work has been done to represent the essential components of the mechanics of gliding
with simplified models. One such model, developed by Jafari et al. [5], uses the mean lift and drag forces on the snake body
shape from experiments by Holden et al. [3] to influence a tandem wing model, considering the wings as rigidly connected,
aerodynamically decoupled bodies, as shown in Figure 1(d). Each wing represents an approximately straight segment of the
snake that is transverse to the incoming flow, which is a bluff body at any angle of attack. The tethered cylinder experiments
provide a connection between previous cylinder experiments and the rigidly connected snake model. Therefore, we assume
that we can apply the concept of wake stiffness to the model, and thereby achieve a first order improvement over the initial
model. We find that wake stiffness affects glide stability and distance for the tandem wing model of the snake.

CONCLUSIONS

We examined the validity of the concept of wake stiffness, first introduced by Assi et al. [1], on a tethered cylinder
configuration, fixing the distance between the cylinders rather than the direction of oscillation. We found that wake stiffness is
a suitable framework for predicting these oscillations, but does not hold completely constant for increasing Reynolds number.
The cylinder experiments lay a foundation for exploring the implications of extending the wake stiffness model to a non-
circular pair of bluff bodies, such as the cross-sectional body shape of flying snakes.
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RESONANCE-FOREVER IN LAMINAR FLOW REGIME
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Summary The phenomenon of infinite-lock-in/resonance-forever is investigated at low Reynolds numbers. It corresponds to the situation
where the structure exhibits large amplitude oscillation up to infinite reduced speed (U∗). Computations have been carried out for various
mass ratios (m∗) to obtain the critical value, m∗

crit, that demarcates the synchronized and desynchronized response at U∗
= ∞. The study

brings out significant differences between high Reynolds number and 2D flow regime.

INTRODUCTION

Unsteady aerodynamic forces arising from vortex shedding from a bluff body may lead to its vibrations. There is a strong
interdependence between the motion of the body and the wake structure associated with it. Free-vibrations are often associated
with resonance/synchronization/lock-in, wherein the structure exhibits relatively large amplitude of oscillation [1]. The range
of reduced speed over which lock-in occurs increases with decrease in the mass-ratio of the cylinder [2]. The mass ratio is
defined as the ratio of the mass of the oscillating structure to the mass of the displaced fluid. Experimental studies carried out
at large Reynolds numbers regime show that below a critical value of mass ratio (m∗

crit), the range of lock-in extends up to
infinite reduced velocity [3]. This situation is referred to as infinite-lock-in/resonance-forever. In this work the critical mass
phenomenon is explored in the laminar regime. Compared to high-Re regime, significant differences are noted in the response
of the fluid-structure system in the laminar flow regime. The differences have been investigated in detail.

COMPUTATIONAL DETAILS

The Navier-Stokes equations in primitive variable form are used to model the incompressible fluid flow. The structure
is modeled as a rigid cylinder mounted on linear spring. To encourage high amplitude oscillations, the structural damping
coefficient is set to zero. Only transverse oscillations are considered. A stabilized space-time finite element formulation
has been utilized to carry out the computations. The details of the formulation along with the boundary conditions and the
mesh employed for the study has been presented in our earlier works [4]. The reduced speed is defined as U∗ = U/fnD,
where, U is the free stream speed, D is the diameter and fn is the natural frequency of the oscillator in-vacuo. The Reynolds
number is based on U and D. Computations have been carried out over a wide range of reduced speed and for U∗ = ∞. For
computations at U∗ = ∞, the natural frequency of the oscillator is assigned zero value in the equations governing the motion
of the oscillator.

RESULTS

Figure 1(a) and (b) shows the variation of the amplitude of cylinder oscillation with reduced speed (U∗) at Re = 150 and
100 for different values of mass ratio. Also shown is the response of the cylinder corresponding to U∗ = ∞. The amplitude
has been non-dimensionalized with the diameter of the cylinder. At Re = 150, the response of the cylinder for m∗ > 0.1
is associated with two jumps at the two ends of the lock-in boundary with respect to U∗. Outside the lock-in regime, the
cylinder exhibits low amplitude oscillation. The reduction of mass ratio to m∗ = 0.1 results in an interesting situation. The
cylinder exhibits large amplitude oscillation up to U∗ = 100, the largest finite reduced speed for which the computations have
been carried out. The amplitude of cylinder oscillation for U∗ = 100 is found to be very similar to that at U∗ = ∞. The
difference in the two amplitude values for all mass ratios is less than 1%. It therefore, appears that for m∗ = 0.1, the extent of
lock-in regime persists up to U∗ = ∞. At U∗ = ∞ the amplitude of cylinder oscillation shows a sharp increase as the mass
ratio is reduced to m∗ = 0.1. This jump is associated with the transition of the response of the fluid-structure system from
desynchronization to lock-in. Therefore, the critical mass ratio for Re = 150 is 0.1.

For Re = 100, the response of the cylinder for m∗ = 10.0 is similar to that at Re = 150. It is associated with two
jumps. However, for m∗ < 2.0, only one jump is observed. Unlike, at Re = 150, the amplitude of cylinder oscillation at
U∗ = ∞, increases smoothly with decrease in mass ratio. Therefore, the critical mass ratio, based on the criteria of jump in
the amplitude of cylinder oscillation at U∗ = ∞, does not exist for Re = 100. In this situation, a frequency based criteria is
used to identify m∗

crit. At the critical mass ratio the frequency of cylinder oscillation at U∗ = ∞ achieves its lowest value.
This definition is found to be consistent with the conventional definition of m∗

crit that is based on the jump in amplitude at
U∗

∞
. Detailed computations show that for Re > 111, the critical mass phenomenon is associated with amplitude jump at

m∗

crit, while for Re ≤ 111, the amplitude at U∗ = ∞ decreases smoothly across m∗

crit.

∗Corresponding author. Email: navrose@iitk.ac.in
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Figure 1: Flow past a free vibrating cylinder: variation of non-dimensional amplitude with reduced for various mass ratios for (a) Re =

150, and (b) Re = 100. Also shown is the amplitude corresponding to U
∗
= ∞. (c) Variation of critical mass ratio with Re.

Earlier studies at large Reynolds number have shown that during lock-in the mode of vortex shedding at U∗ = ∞ is 2P .
In the 2P mode two pairs of counter-rotating vortices are shed per cycle of cylinder oscillation. The present study shows that,
in the laminar flow regime, the vortices are shed in 2S pattern at U∗ = ∞. In this mode, two vortices of opposite circulation
are shed in one cycle of cylinder oscillation. Figure 1(c) shows the variation of m∗

crit with Reynolds number. It is observed
that in the laminar flow regime, m∗

crit increases with increase in Re. This is different from observation made at large Re,
where m∗

crit decreases with increase in Re. A few computations were carried out beyond the 2D flow regime also. These
points are shown in the figure.

CONCLUSIONS

The phenomenon of resonance-forever is investigated in the laminar flow regime. Computations have been carried over a
wide range of U∗ and U∗ = ∞. The response of the cylinder for U∗ = 100 is found to be nearly the same as the response
at U∗ = ∞. For Re > 111, the amplitude of cylinder below critical mass ratio jumps from desynchronized response to
locked-in state at U∗ = ∞. On the other hand, for Re ≤ 111, the amplitude of cylinder oscillation for U∗ = ∞, increases
smoothly with decrease in mass ratio from no lock-in to lock-in. Unlike large Re, the value of critical mass ratio decreases
with increase in Re in the 2D regime.
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Summary This paper presents a numerical study of the deviation motion of 2D flexible flapping in propulsion regime. The wing evolves
in an incompressible flow at low Reynolds number and is subject to large structural deformations. It is shown that the deviation motion
amplitude and phase are influenced by the wing inertia as well as by two feathering mechanisms.

INTRODUCTION

The study of flapping wings has received much attention in the last several years. This subject is of great interest in life
sciences since insects, birds, and many aquatic animals use flapping wings or fins to move. Interest is also growing in the
engineering community as flapping wings constitutes an interesting alternative to conventional aerodynamic principles (fixed
or rotary wings) when it comes to design a lift or propulsion system for small scale devises such as micro air vehicles. In this
context, this paper presents a study of self-propelled flexible flapping wings. The study focuses specifically on the deviation
motion of such wings with different masses and flexibilities.

PROBLEM DEFINITION

Figure 1: Geometry and motion de-
scription of the flat plate wing con-
sidered here. The grayed region is
flexible.

The self-propelled flexible flapping wing investigated in this paper is assimilated to
a flat plate of chord c whose profile is modeled by an Euler-Bernoulli beam model. The
beam model is formulated to take into account geometrical nonlinearities since the wing
undergo significant deformations even though the internal strains remain small. The flow
field surrounding the wing is modeled by the incompressible Navier-Stokes equations.
A harmonic pitching motion given by θ = θ0 ��n(2πft) as well as a harmonic vertical
heaving motion given by h = h0 ���(2πft) are imposed at the leading edge of the wing
which is let free to move horizontally (see Fig. 1). The heaving amplitude is h0 = c, the
pitching amplitude is θ0 = 30◦, f is the motion frequency. Since the horizontal velocity
is a priori unknown, the Reynolds number is defined as Re = h0fc/ν, where ν is the
kinematic viscosity of the fluid. The Reynolds number is set to Re = 200 throughout
this study. The other relevant dimensionless parameters are:

Σ =
ρfh0

ρse
, δ∗P =

ρf (h0f)2c3

EI ′
,

where ρf and ρs are respectively the fluid and the solid densities, E is the solid rigidity,
e is the wing thickness, and I ′ is the inertia of the wing frontal section per unit span
given by I ′ = e3/12. Σ represents the ratio of pressure forces over inertia forces that act on the wing structure. On the
other hand, δ∗P represents the dimensionless flexibility of the wing with respect to pressure forces. As such, δ∗P provides an
estimation of the trailing edge relative displacement with respect to the leading edge. Lastly, it is worth pointing out that the
deviation motion is defined as the horizontal back and forth motion of the wing with respect to a point that moves at the wing
average velocity.

NUMERICAL METHODS

The 2D flexible flapping wing scenario described above is a fluid-structure interaction problem. In order to obtain a
numerical solution for such problem, a partitioned algorithm is used. That is, the fluid flow and the structural deformations are
computed by two dedicated tools while the interaction is realized by transferring loads and velocities through the boundary
conditions on the wing itself. The fluid flow is solved with a second-order finite-volume code based on the OpenFOAM
library. The code uses an iterative PISO algorithm and the mesh motion is handled by inverse-weighting interpolation. On
the other hand, the beam model is implemented using an in-house finite-element code that uses Hermite shape functions and
Newton-Raphson iterations. The two solvers are embedded in a fixed point iterative loop to ensure full implicitness of the
temporal scheme upon convergence. Because such coupling scheme is unstable when the fluid-solid interaction is strong [1],
a stabilization strategy based on artificial compressibility similar to [2] was implemented. The numerical method is presented
in more details and is thoroughly validated in [3].

∗Corresponding author. Email: mathieu.olivier@gmc.ulaval.ca



RESULTS AND DISCUSSION

(a)

(b)

Figure 2: Vorticity field surrounding very
flexible wings at ft = 0. (a) Σ = 50, and
(b) Σ = 0.1.

Numerical simulation results show that both flexibility and mass produce sig-
nificant effects on the deviation motion of a flexible flapping wing. Fig. 3a shows
the deviation motion of rigid wings. It clearly appears that decreasing the mass of
the wing (increasing Σ) increases the amplitude of the deviation motion. This is
simply explained by the fact that heavier wings undergo a smaller acceleration at
a given aerodynamic force. As such, the motion of heavier wing and their general
behavior resembles that of fully-constrained flapping wings (i.e., with an imposed
horizontal velocity). On the other hand, the deviation motion of light wings has a
feathering effect that levels and reduces the magnitude of aerodynamic forces.

The effect of wing flexibility on light wings (Σ = 50) is illustrated in Fig. 3b.
It is observed that increasing flexibility reduces the amplitude of the deviation
motion. This is attributable to another feathering effect, this time caused by wing
flexibility. Indeed, when Σ is high, the wing shape of flexible wings tends to align
itself with the local velocity field since the wing deformation is govern mainly by
pressure forces. This behavior is clearly visible in Fig. 2a. Moreover, increasing
flexibility also has an effect on the phase of the deviation which alters the open-
ness of the figure-of-eight pattern. The effect on the phase is attributable to thrust
peaks that are damped out by flexibility. While aerodynamic forces do not sig-
nificantly influence the trajectory of heavy wings, Fig. 3c shows that increasing
the flexibility of such wings increases the magnitude of the deviation motion that
would be mostly nonexistent otherwise. This increase in deviation is explained by
the fact that heavy wings deform at the extremities of their vertical course at which points, the trailing edge is pulled downward
or backward because of its high inertia (see Fig. 2b). When the deformation is large, the trailing edge displacement also has
a significant forward component that has the effect of pulling the leading edge backward so that the center of mass position
remains mostly unchanged, hence the increase in the amplitude of the deviation motion.
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Figure 3: Deviation motion of flapping wings. (a) Rigid wings for different values of Σ, (b) Flexible light wings (Σ = 50),
and (c) Flexible heavy wings (Σ = 0.1). dx and dy are respectively the x- and y-components of the leading edge relative
displacement.
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RESONANCE CAPTURE IN VORTEX-INDUCED VIBRATION
OF A CYLINDER WITH A ROTATOR

Antoine B. Blanchard∗1, Oleg V. Gendelman2, Lawrence A. Bergman1, and Alexander F. Vakakis3

1Department of Aerospace Engineering, University of Illinois at Urbana-Champaign, USA
2Faculty of Mechanical Engineering, Technion, Israel Institute of Technology, Israel

3Department of Mechanical Science and Engineering, University of Illinois at Urbana-Champaign, USA

Summary At the intermediate Reynolds number Re = 100, a two-dimensional, linearly-sprung, circular cylinder restricted to move in
the cross-flow direction and incorporating a rotational nonlinear energy sink (NES; consisting of a mass freely rotating about the cylinder
axis and whose angular motion is restrained by a linear viscous damper) can undergo repetitive cycles of slowly decaying oscillations —
which can lead to significant vortex street elongation with partial stabilization of the wake — interrupted by chaotic bursts. We construct
a reduced-order model of the fluid-structure interaction dynamics and employ analytical techniques to show that the strongly modulated
response is the manifestation of a resonance capture into a slow invariant manifold (SIM) that leads to targeted energy transfer from the
cylinder to the rotator. Capture into the SIM corresponds to transient cylinder stabilization, and escape from the SIM to chaotic bursts.

FORMULATION OF THE FLUID-STRUCTURE INTERACTION PROBLEM

U

Kcyl

FL

θ
r0

Y

Mcyl, D

MNES, CNES

Figure 1: Circular cylinder in
cross-flow with rotational NES.

We consider a two-dimensional circular cylinder of mass Mcyl and diameter D, im-
mersed in an incompressible fluid of density ρf and kinematic viscosity ν, mounted on a
linear spring of stiffness Kcyl, and allowed to move only in the direction transverse to the
free stream. A pendulum of mass MNES is attached to the cylinder and freely rotates at
constant radius r0 about the cylinder’s generatrix (cf. Fig. 1). Inertial coupling allows en-
ergy to be transferred from the cylinder to the rotator, part of which is dissipated by a linear
rotational viscous damper about the axis of rotation of the NES [1]. The Reynolds number
Re = UD/ν is based on the cylinder diameter and on the free-stream velocity. We de-
fine a dimensionless time τ = tU/D, scale the length, velocity and pressure by D, U and
ρfU2/2, respectively, and introduce the dimensionless quantities y = Y/D, r̄0 = r0/D,
m∗ = ρb/ρf as well as a mass ratio ϵr = MNES/(Mcyl + MNES). The equations governing
the motion of the two coupled oscillators are then expressed in non-dimensional form as

ÿ + ω∗
r
2y = ϵrr̄0

�

�τ
(θ̇ ��n θ) +

2CL

πm∗ and θ̈ + λrθ̇ =
ÿ

r̄0
��n θ, (1)

where ˙( ) = � ( ) /�τ and ρb is the density of the cylinder with the NES [2]. The lift force FL has been scaled in favor of a
dimensionless lift coefficient CL = 2FL/(ρfU2D), while the natural frequency of the linear spring supporting the cylinder
has been non-dimensionalized as ω∗

r
2 = (2πf∗

n )2 = D2Kcyl/[U2(Mcyl + MNES)], and a dimensionless damping coefficient
has been defined as λr = DCNES/(UMNES). The density ratio m∗ is set equal to 10, and the Reynolds number to Re = 100.
The natural frequency f∗

n of the linear spring is chosen close to the normalized shedding frequency of a stationary circular
cylinder at Re = 100, which is equal to the Strouhal number St = 0.1��. The cylinder is initially at rest, while the NES
initial conditions are selected as θ(0) = π/2 and θ̇(0) = 0. Our computational approach is based on the spectral-element code
Nek5000 [3]. The Navier-Stokes equations are cast in an arbitrary Eulerian-Lagrangian frame and integrated forward in time
in a staggered fashion, together with (1) governing the motion of the two coupled oscillators.

PHYSICAL PHENOMENA FOR FINITE MASS RATIOS

For NES parameters ϵr = 0.33, λr = 0.002��5 and r̄0 = 0.�58, the dynamics is characterized by successive cycles of
regular motion of the cylinder and the NES interspersed by chaotic bursts. During periods of regular motion, the cylinder
oscillation amplitude gradually decreases and the NES becomes locked in a regime of steady rotation that corresponds to 1:1
resonance capture with the cylinder. As the slowly decaying cycle progresses, the amplitudes of the lift and drag coefficients
reduce drastically, while the cylinder, NES and lift coefficient are in clear 1:1:1 resonance, dominated by a single frequency
that slowly decreases and reaches a minimum right before the dynamics transitions toward instability. More interesting, as
the lift coefficient approaches zero and the drag coefficient tends to a minimum, the structure of the flow aft of the cylinder
changes noticeably. The attached vorticity is considerably elongated and straightened, suggesting that the steady, symmetric
solution (unstable at Re = 100) is partially stabilized due to the indirect action of the NES on the flow (cf. Fig. 2) [2, 4].

∗Corresponding author. Email: ablancha@illinois.edu
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�
Summary�0XOWL�IUHTXHQF\� YRUWH[�LQGXFHG� YLEUDWLRQV� RI� D� VOHQGHU� F\OLQGHU� LQ� QRQ�XQLIRUP� IORZ� DUH� H[SORUHG� EDVHG� RQ� ILQLWH� HOHPHQW�
VLPXODWLRQV��$�K\GURG\QDPLF�PRGHO�WDNLQJ�DFFRXQW�RI�WKH�LQWHUDFWLRQ�EHWZHHQ�IOXLG�DQG�VWUXFWXUDO�G\QDPLFV�LV�GHYHORSHG�DQG�FRPELQHG�
ZLWK�WKH�ILQLWH�HOHPHQW�PHWKRG�VR�DV�WR�FDUU\�RXW�PXOWL�IUHTXHQF\�YRUWH[�LQGXFHG�YLEUDWLRQ��9,9��RI�D�VOHQGHU�F\OLQGHU�LQ�VKHDU�IORZ��2XU�
QXPHULFDO�UHVXOWV�VKRZV�WKDW�PXOWL�IUHTXHQF\�9,9�PD\�RFFXU�GXH�WR�SDUWLFLSDWLRQV�RI�VHYHUDO�H[FLWHG�PRGHV��$V�WKH�WRZLQJ�VSHHG��RU�WKH�
PD[LPXP�VSHHG�RI�WKH�OLQHDUO\�VKHDUHG�IORZ��LQFUHDVHV��WKH�DYHUDJH�506�VWUHVV�SURJUHVVLYHO\�ULVHV�DQG�WKH�VSHFWUDO�FRQWHQWV�RI�WKH�PL[HG�
VWDQGLQJ�WUDYHOLQJ�ZDYH� VWUXFWXUDO� UHVSRQVHV� EHFRPH�ZLGHU�� EXW� WKH� GLVSODFHPHQW� DPSOLWXGH� FKDQJHV� MXVW� D� OLWWOH�� 7KH� UHJLRQ� RI� ILUVW�
GRPLQDQW�IUHTXHQF\�VKULQNV�EHFDXVH�PRUH�DQG�KLJKHU�RUGHU�PRGHV�DUH�LQYROYHG�LQWR�WKH�UHVSRQVHV��
�

1. INTRODUCTION 

9RUWH[�LQGXFHG� YLEUDWLRQ� RI� ORQJ� IOH[LEOH� F\OLQGHUV� VXFK� DV� ULVHU�� WHQVLRQ� OHJ� DQG� SLSHOLQH� RI� GHHS� ZDWHU� SODWIRUP�
H[SHULHQFLQJ�RFHDQ�FXUUHQW� �RU�ZDYH��EHFRPH�PRUH�FRPSOLFDWHG�DV�ZDWHU�GHSWK� LQFUHDVHV��7KH�G\QDPLF�FKDUDFWHULVWLFV�RI�
VOHQGHU� F\OLQGHU� XVXDOO\� SUHVHQWV� ORZ�IUHTXHQF\� DQG� KLJK�GHQVLW\� QDWXUDO� PRGHV� GXH� WR� ODUJH� VWUXFWXUDO� IOH[LELOLW\�� 7KH�
GLVWULEXWLRQ�RI�IOXLG�ILHOG�LV�QR�ORQJHU�XQLIRUP��6HYHUDO�PRGHV��UDWKHU�WKDQ�D�VLQJOH�PRGH��DUH�RIWHQ�H[FLWHG�GXULQJ�F\OLQGHU¶V�
9,9>���@��)XUWKHU�XQGHUVWDQGLQJ�DQG�GHYHORSPHQW�RI�SUDFWLFDO�SUHGLFWLRQ�PRGHO�RI�WKH�9,9�IRU�ORQJ�F\OLQGHU�OLNH�GHHS�ZDWHU�
ULVHU�H[SHULHQFLQJ�QRQ�XQLIRUP�IORZ�DUH�VLJQLILFDQWO\�FKDOOHQJLQJ��
�

2. HYDRODYNAMIC MODEL AND FINITE ELEMENT SIMULATION  
)RU�D�ORQJ�F\OLQGHU�XQGHUJRLQJ�9,9��WR�JHW�WKH�WKHRUHWLFDO�VROXWLRQ�LV�SUHWW\�GLIILFXOW��7KXV�D�QXPHULFDO�PHWKRG�EDVHG�RQ�

D�K\GURG\QDPLF�PRGHO�DQG�ILQLWH�HOHPHQW�PHWKRG�LV�XVHG�KHUH��)LUVW��EDVHG�RQ�RXU�XQGHUVWDQGLQJ�RI�9,9�DQG�REVHUYDWLRQV�RQ�
H[SHULPHQWDO� UHVXOWV>���@��SDUWLFXODUO\� LQ� ODUJH�VFDOH� ILHOGV�� DORQJ�ZLWK�&)'�VLPXODWLRQV��ZH� IRXQG� WKH� OLIW� IRUFH�H[SUHVVLRQ�
GXULQJ�ORFN�LQ�ZRXOG�EH�PRUH�DFFXUDWH�DQG�UHDVRQDEOH�LI�WKH�FRXSOLQJ�EHWZHHQ�VWUXFWXUDO�DQG�IOXLG�G\QDPLFV�DUH�WDNHQ�LQWR�
DFFRXQWV��$�WKLUG�RUGHU�SRO\QRPLDO�RI�WKH�VWUXFWXUH�YHORFLW\��LQVWHDG�RI�WKH�SUHYLRXV�FRQVWDQW�OLIW�FRHIILFLHQW� LC ��LV�SURSRVHG�
WR�PRGHO�WKH�YRUWH[�LQGXFHG�OLIW�IRUFH� � � �Lf z t

�

DV��
� � �

� � � �� � � ��� �� � VLQ� � � � � � � � � � �� � � � ��L L f Lf z t V D C t C y z t C y z t C y z t p C y z tU Z � � �    � � � � � � � � ����
ZKHUH�z, y�DQG�DUH�UHVSHFWLYHO\�WKH�D[LDO�SRVLWLRQ�DQG�WUDQVYHUVH�GLVSODFHPHQW�RI�WKH�F\OLQGHU�DQG�W�LV�WKH�WLPH��V�DQG� U � DUH�
WKH�YHORFLW\�DQG�GHQVLW\�RI�WKH�IOXLG��D�LV�WKH�GLDPHWHU�RI�WKH�F\OLQGHU��7KH�YDOXHV�RI�WKH�FRHIILFLHQWV�LQ�(T�����FDQ�EH�GHULYHG�
E\�ILWWLQJ�H[SHULPHQWDO�GDWD>���@��2EVHUYLQJ�(T�������ZH�PD\�VD\�LW�FDQ�FDSWXUH��WR�VRPH�H[WHQWV��IHDWXUHV�RI�9,9��)RU�H[DPSOHV��
WKH�IHDWXUH�RI�VHOI�H[FLWDWLRQ�LV�UHSUHVHQWHG�E\�WKH�ILUVW�DQG�VHFRQG�WHUP��VHOI�OLPLWDWLRQ�LV�UHSUHVHQWHG�E\�WKH�QRQOLQHDU�WHUPV��
VSDQ�FRKHUHQFH�EHKDYLRU�LV�DXWRPDWLFDOO\�FDSWXUHG�EHFDXVH�RI�WKH�D[LDOO\�YDU\LQJ�DPSOLWXGH�RI�VWUXFWXUH¶V�YHORFLW\�� �

7KHQ�WKH�G\QDPLF�UHVSRQVH�RI�WKH�F\OLQGHU�XQGHUJRLQJ�9,9�FDQ�EH�REWDLQHG�E\�FRPELQLQJ�WKH�SUHVHQWHG�K\GURG\QDPLF�
IRUFH�PRGHO�ZLWK�WKH�ILQLWH�HOHPHQW�PHWKRG��7KH�F\OLQGHU�LV�XQLIRUPO\�GLYLGHG�LQWR� N � HOHPHQWV�ZKLFK�DUH�QRUPDO�WZR�QRGH�
(XOHU�EHDP�HOHPHQW��7KH�YRUWH[�LQGXFHG�OLIW�IRUFH�DQG�WKH�GUDJ�IRUFH�H[HUWHG�E\�WKH�DPELHQW�IOXLG�DUH�DSSOLHG�DW�WKH�QRGHV�
UHVSHFWLYHO\� LQ� WKH� H[FLWDWLRQ� DQG� GDPSLQJ� UHJLRQ�� 5HJDUGLQJ� WKH� QRQOLQHDU� ORDG�� WKH� 1HZPDUN�%HWD� GLUHFW� QXPHULFDO�
LQWHJUDWLRQ�LV�XVHG�WR�VROYH�WKH�G\QDPLF�HTXDWLRQV��

�
3. MULTI-FREQUENCY VIV RESPONSES AND DISCUSSIONS 

7KH�9,9�UHVSRQVHV�RI�D����PHWHU�WHQVLRQ�FDEOH�LQ�OLQHDUO\�VKHDUHG�IORZ�DW�WHQ�WRZLQJ�VSHHGV�ZHUH�VLPXODWHG�E\�RXU�)(0�
VLPXODWLRQV�DQG�FRPSDUHG�ZLWK�WKH�H[SHULPHQWV>�@��+HUH�VHOHFWHG�UHVXOWV��DW�WZR�WRZLQJ�VSHHGV�RI�����P�V�DQG�����P�V��DUH�
SUHVHQWHG�LQ�)LJ����
3.1 RMS and temporal-spatial evolution of displacement 

)LJ��D�DQG�F�VKRZ�WKDW�WKH�FDOFXODWHG�506�GLVSODFHPHQW�DQG�WKH�GRPLQDWLQJ�PRGHV�JLYH�DFFHSWDEOH�DJUHHPHQWV�ZLWK�
WKH�H[SHULPHQWV��2EVHUYLQJ�WKH�HYROXWLRQ�RI�GLVSODFHPHQW�YHUVXV�WLPH�DQG�F\OLQGHU�VSDQ��VHH�)LJ��E�DQG�G��WKH�UHVSRQVH�LV�D�
PL[�RI�VWDQGLQJ�ZDYH�DQG�WUDYHOOLQJ�ZDYH��6WDQGLQJ�ZDYH�GRPLQDWHV�WKH�WZR�UHJLRQV�FORVHU�WR�WRS�RU�ERWWRP�HQGV�ZKHUH�LW�LV�
HDVLHU�IRU�WKH�H[FLWHG�ZDYH�WR�PHHW�WKH�UHIOHFWHG�ZDYH�DQG�IRUP�D�VWDQGLQJ�ZDYH��7UDYHOOLQJ�ZDYH�EHFRPHV�PRUH�REYLRXV�DW�
KLJKHU�WRZLQJ�VSHHG������P�V��EHFDXVH�WKH�GDPSLQJ�HIIHFW�LV�IDVWHU�IRU�WKH�PRGHV�ZLWK�KLJKHU�PRGDO�RUGHU�� �



 
3.2 Influences of speed on the displacement and stress 
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Figure 1 VIV of flexible cylinder in shear flow respectively at towing speed 0.54m/s (a and b) and 1.14m/s (c and d). 

3.3 Distributions of dominating frequencies along cylinder span 
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CONCLUSIONS 
0RUH� DQG� KLJKHU�RUGHU�PRGHV� WDNH� SDUW� LQ� WKH� G\QDPLF� UHVSRQVH� DV� WKH� WRZLQJ� VSHHG� LQFUHDVHV�� $QG�� WKH� DYHUDJH�

GLVSODFHPHQW�VOLJKWO\�FKDQJHV�ZKLOH�WKH�VWUHVV�SURJUHVVLYHO\�LQFUHDVHV��DSSUR[LPDWHO\�OLQHDU��ZLWK�WKH�LQFUHDVH�RI�WRZLQJ�VSHHG��
+LJK�OHYHO�RI�VWUHVV�DW�KLJKHU�IUHTXHQF\�FRXOG�EH�D�FRQFHUQ�RZLQJ�WR�IDWLJXH�SUREOHP��7KHUH�DUH�GLIIHUHQW�GRPLQDQW�IUHTXHQFLHV�
GLVWULEXWH�DORQJ�F\OLQGHU�VSDQ��DQG�WKH�OHQJWK�RI�WKH�ILUVW�GRPLQDQW�IUHTXHQF\�JHWV�VPDOOHU�GXH�WR�ODUJHU�VKHDU�SDUDPHWHU�DORQJ�
ZLWK�PRUH�LQWHQVH�FRPSHWLWLRQ�EHWZHHQ�SDUWLFLSDWLQJ�PRGHV��
 
References 
>�@ 9DQGLYHU�-.��$OOHQ�'��/L�/���-RXUQDO�RI�)OXLGV�DQG�6WUXFWXUHV�0HFKDQLFV��������������������� �
>�@ 6DUSND\D�7��$���-RXUQDO�RI�)OXLGV�DQG�6WUXFWXUHV�0HFKDQLF���������������������
>�@ *RSDONULVKQDQ�5���9RUWH[�LQGXFHG�IRUFHV�RQ�RVFLOODWLQJ�EOXII�F\OLQGHUV��Ph.D.Thesis��0$��86$��0,7��&DPEULGJH��������
>�@ /LH�+��.DDVHQ�+�.���-RXUQDO�RI�)OXLGV�DQG�6WUXFWXUHV�0HFKDQLFV���������������������
>�@ &KHQ�:0��/L�0��=KHQJ�=4���2FHDQ�(QJLQHHULQJ�����������������
>�@ %RXUJXHW�5��.DUQLDGDNLV�*(��7ULDQWDI\OORX�0�6���-RXUQDO�RI�)OXLGV�DQG�6WUXFWXUHV�0HFKDQLFV������������������� �
>�@ /XFRU�'��.DUQLDGDNLV�*(���(XURSHDQ�-��RI�0HFK��%�)OXLGV����������������������



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

MODELLING AND EXPERIMENTAL CHARACTERIZATION OF DIAPHRAGM PUMPS
AND TUBING

Raphael Frey ∗1 and Jürg Dual1
1Institute of Mechanical Systems, ETH Zurich, 8092 Zurich, Switzerland

Summary The following work presents the basic components of fluid systems containing liquid diaphragm pumps. First, the elastic com-
ponents of liquid diaphragm pumps are isolated and a mathematical representation for these elements is introduced. Then a formalism for
the behaviour of polymer tubing is presented, which is then combined with the model of the diaphragm pump and other simple fluid system
components. Measurements of such fluid systems are then compared with simulation results.

INTRODUCTION

Models of pumps which are connected to pipes have been treated in a variety of works [1, 2]. However, the elastic
pump components are mostly represented with a linear model and pipes are modelled according to a linear elastic material
behaviour. Both assumptions cannot represent small liquid diaphragm pumps whose elastic components consist of rubber and
are connected to polymer tubes. In this paper we propose a model for the representation of the non-linear behaviour of the
elastic components of a diaphragm pump and introduce an existing model for the viscoelastic material behaviour of tubes [3].

ELASTIC PUMP COMPONENTS

The flow–pressure behaviour of a working and resonating diaphragm in liquid diaphragm pumps can be represented with
the following equation

Q =
dp

dt

!
c(p) +

dc(p)

dp
p

"
(1)

, where Q is the flow generated by a certain pressure change in such a diaphragm. The pressure dependent hydraulic capacity
c(p) can be determined with help of the geometrical constraints and the material properties of a specific diaphragm, according
to non-linear plate theories [4]. A possible representation of the variable c(p) is:

c(p) = w0(p)
πa2

3p
(2)

where a is the radii of the clamped diaphragm, p the pressure acting on this diaphragm and w0 the maximal deflection of
this diaphragm, according to the approximative expression developed by Timoshenko [4]. Solving equation (1) for dp/dt
yields two differential equations one for the pressure inside the working chamber and one for the pressure in the resonating
chamber of the pump. These equations can then be solved numerically. Measurements of these non-linear pressure-volume
relationships show good agreement with the established theoretical models, as can be seen in figure 1

Figure 1: Measured volume depending on pressure for a rubber plate with a thickness of 0.3mm. Black solid line: Measured
pressure acting on the resonating diaphragm. Red solid line: Measured volume displaced by the resonating diaphragm. Blue
dotted line: Simulated volume curve according to linear plate theories. Green dotted line: Simulated volume curve according
to non-linear plate theories

∗Corresponding author. Email: frey@imes.mavt.ethz.ch



TUBING

The behaviour of fluids flowing in tubes can be represented with a set of two partial differential equations (continuity and
momentum equation). In the one dimensional case these partial differential equations can be transformed to a set of ordinary
differential equations with help of the method of characteristics. These equations can then be solved numerically. Furthermore
steady and unsteady friction and the viscoelastic material behaviour of tubes can be integrated into the equations which are
describing the tube flow [3].

FLUID SYSTEM MEASUREMENTS AND MODEL VALIDATION

For the solution of this set of differential equations describing the tube flow, boundary conditions at the tube ends are
needed. At the end of the upstream tube and at the beginning of the downstream tube the model of a diaphragm pump serves
as boundary condition. Reservoirs with a constant liquid level at the other ends of the tubes serve as boundary conditions at
these ends. Measurements on a liquid diaphragm pump are compared to a model of this pump. The results of this comparison
are shown in figure 2

Figure 2: Measured (solid lines) and simulated (dashed lines) flow rates in the upstream and downstream tube as well as in
the resonating chamber of a diaphragm pump

The overall flow characteristic, especially the characteristic in the resonating chamber, of the measured pump is in relatively
good agreement with the simulation. Flow rate peaks are overestimated for the flow in the upstream and downstream tube
as well as in the resonating chamber (RC). This could be due to cavitation which may occur for this measurement situation.
Furthermore there is a shift of about 5ms between measured and simulated flow rates in the resonating chamber. If vapour
pressure is reached this will act like a supplementary capacity, which could cause this shift. The viscoelastic property of
rubber could be another explanation.

CONCLUSIONS

The presented non-linear models for the elastic pump components, show relatively good agreement to measurements and
provide good insights in the behaviour of such pump elements. It is therefore possible to use these models, to design new
pumps with a specific flow–pressure behaviour, for example.
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FLOW INDUCED VIBRATIONS OF CYLINDER WITH FLEXIBLE SPLITTER PLATE
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Summary Flow past rigid cylinders with an attached flexible splitter plate is investigated for low Reynolds numbers. Cross-sections with
corners (square) as well as without any corner (circle) are considered. An isolated circular cylinder with flexible splitter plate is mounted
on spring. The effect of flexibility of plate on suppression of vibrations is considered. The rigid plate is found to be more effective for
suppressing the vibrations. The interference between two square cylinders with splitter plates is considered for side-by-side configuration
for different values of stiffness of the plate. Large amplitude of vibrations is observed for the cases in which dominant frequency of the plate
vibrations locks–in with the first natural frequency of its bending oscillations.

INTRODUCTION

Flow past a bluff body with a flexible splitter plate is a classic problem in fluid-structure interaction. The interaction of
the separated shear layers with the vibrating plate leads to interesting dynamical phenomena. Splitter plates/filaments are
commonly used as devices for controlling vortex shedding and vibrations associated with bluff bodies. Several researchers
have studied the effect of rigid [1, 2] as well as flexible [3] splitter plates on the vortex shedding from a stationary circular
cylinder. However, the effect of splitter plates on multiple cylinders and on oscillating cylinders has not been studied in detail.
In this paper, the effect of flexible splitter plates on flow past two square cylinders and on elastically mounted single circular
cylinder is studied.

COMPUTATIONAL METHOD

The fluid flow problem over the deforming domain is solved by using the SUPG/PSPG stabilized space-time approach
known as DSD/SST [4]. The movement of the mesh in the deforming domain is modeled as a linear elastic pseudo-solid.
The nonlinear elastic structural dynamics calculations are carried out via an open-source program [5] based on the standard
Galerkin FEM in a total Lagrangian framework. The fluid and structure dynamics is coupled using a block iterative technique.

RESULTS AND DISCUSSION

Results for the flow past two square cylinders with splitter plates in a side-by-side arrangement are presented. The cylinder
centers are separated by a distance twice the edge length (L) of the cylinders. Each plate is of length of 4L and 0.06L
thickness. Reynolds number based on edge length of the cylinder is 100. The flexibility of the plate, characterized by the
non-dimensionalized Young’s modulus Ae(= E/ρfU2

∞), is varied from �× 105 to 32× 105. The ratio between the densities
of the structure and the fluid is 84.746. Initially, the flow is allowed to develop over the rigid structure for a fixed period of
time. As the flexibility is switched on, the plates exhibit small amplitude oscillations while moving out-of-phase with each
other. However, over a period of time depending on Ae, the motion of the plates eventually becomes in-phase. The frequency
and amplitude of the fully developed response varies with the flexibility of the plates. Figure 1(a) shows the variation of the
amplitude and frequency of vibration of the plates with Ae. The filled blue circles correspond to the amplitude, while the
frequency of vibration is shown with triangles. Also shown, for reference is the variation of natural frequency of the plates
with Ae using a continuous red curve. As seen from the figure 1(a), relatively large amplitudes are observed for the cases
wherein the frequency of oscillation of the plates is close to their first natural frequency. These cases correspond to ‘lock-in’.
During lock-in a well defined closed orbit exists in the phase portraits drawn between tip displacements of the two plates.
Figures 1(b) and 1(c) show the vorticity fields for a lock-in and a no lock-in case, corresponding to Ae equal to � × 105 and
12 × 105 respectively, at a time instant corresponding to the maximum deflection of the plates. During lock-in, the wake is
wider and vortices are released further downstream as compared to the no lock-in case.

Next, the results for the flow past an elastically mounted circular cylinder with splitter plate are presented. The Reynolds
number based on the cylinder diameter (D) is 150. The plate is 3.5D long and 0.2D thick. The value of the parameter Ae
is 8�35, while the ratio of structure and fluid densities is 10. The natural frequencies, non-dimensionalized by U∞ and D, of
the rigid body and bending oscillations are 0.1��� and 0.0��8 respectively. Figure 2 shows the vorticity fields for – (a) an
isolated cylinder, (b) cylinder with an attached rigid plate and (c) cylinder with an attached flexible plate, each having the same
natural frequency of rigid body oscillations. For cases (b) and (c), splitter plate interacts with the shear layers separated from
the cylinder, while inhibiting communication between the two sides of the cylinder. This leads to changes in the frequency
of vortex shedding and amplitude of vibration. The cylinder with the deformable plate has Strouhal number St equal to
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LARGE DEFORMATION OF CHIRAL RODS AND RIBBONS SUBJECTED TO WIND

Masoud Hassani1, Simon Molgat-Laurin1, Njuki W. Mureithi1, and Frédérick P. Gosselin *1

1Department of Mechanical Engineering, École Polytechnique de Montréal, Montréal, Québec, Canada

Summary In the present work, we seek to understand the reconfiguration of plants with a chiral morphology by experimental and theoretical
modeling of the large deformation of flexible chiral rods under wind. Test specimens are made of ABS plastic and polyurethane foam
reinforced with nylon fibers. Wind tunnel tests are performed to evaluate the effect of chirality on flow-induced reconfiguration. A theoretical
model is developed by coupling the Kirchhoff rod theory with a semi-empirical formulation for aerodynamic loading evaluation. A range of
geometrical and material properties and flow velocity is studied in the experimental and theoretical model. It is shown that chirality reduces
the effect of the loading direction on deformation.

INTRODUCTION

In general, plants and vegetation are flexible and are prone to significant deformation under fluid loading, their own
weight or precipitation load. The deformation of plants in flow is usually accompanied by a drag reduction which is termed
reconfiguration [1]. The reconfiguration of plants has been studied fundamentally by modeling them as simple mechanical
structures such as bending beams, fibers and plates [2, 3]. Although these aforementioned models can simplify the two-
dimensional deformation of plants, they are not representative for all forms of plants’ reconfiguration. For instance, some
species of plants grow with a chiral morphology which cannot be modeled by a bending beam. Plants with erect slender
leaves such as typha latifolia usually demonstrate a level of chirality [4]. It has been argued in several studies that chirality
renders plants less vulnerable to wind-induced deformation and buckling [4, 5, 6]. The effect of chirality on the stability of
plants against buckling has been studied by modeling them as upward pre-twisted beams [4, 5]. However, the role of chirality
in the three-dimensional reconfiguration of plants under transverse loading is missing from the literature. The goal of this
work is to study the mechanisms underlying the reconfiguration of chiral biological structures in the flow by modeling them
as a chiral rod. We seek to understand the effect of chirality on the ability of plants to withstand the fluid loading.

METHODOLOGY

Experimental Procedure and Materials
The tests on flexible specimens with chiral morphology are performed in a wind tunnel. A 6-axis force balance is used in

the present experiments to measures the aerodynamic forces and moments. The specimens are clamped to the force balance
at one end using a mast to subtract the effect of boundary layer from the measurements and they are free at the other end. The
measurements represent the time-averaged values of fluctuating loads within the stable region of the test specimens.

Two types of flexible specimens are used in the experiments: circular rods and flat ribbons. The circular rods are made
using polyurethane foam and are internally reinforced with nylon fibers as detailed in [7]. The fibers are positioned along
one diameter of the circular rod and twist around its centerline to form a rotating material frame (ex, ey, ez) with anisotropic
rigidity λ =(EI)y/(EI)x < 1 (see Fig. 1a). This geometry is used in order to simplify the fluid loading evaluation in the
theoretical model. The bending rigidity of the rods is evaluated from a three-point bending test. The flat ribbons on the other
hand have intrinsic directional rigidity due to their less-than-unity thickness to width ratio (Fig. 1b). They are made of ABS
plastic and twisted along their length with a range of pre-twist angles ϕ. Annealing at 100 � for several hours is performed to
make the twisted state of the rods their stress-free state (Fig. 1c,d). For a chiral ribbon, fluid loading depends on the alignment
of its sections with respect to the flow direction i.e. the local angle of incidence ψ. In the tests, the directional rigidity gives
rise to a three-dimensional deformation in asymmetric bending. The clamped end of each specimen is rotated around its
centerline to have different values of angle of incidence at the clamped end ψ0. Eleven rod specimens are made for a range of
natural twist ϕ from 0 to 720 degree and a variety of bending rigidity ratio λ.

Theoretical Model
The three-dimensional reconfiguration is modeled theoretically using the Kirchhoff theory of rods. In the model, a rod is

represented by a deforming three-dimensional and inextensible curve with the assumption of small strains [7, 8]. It is also
assumed that each cross section of the rod remains planar and normal to the centerline. Bending moments and the twisting
moments are proportional to the curvatures, (κx , κy) and the twist (τ), respectively. In this model, the rotation of the material
frame around the centerline is considered by coupling the derivatives of the direction cosines to the Kirchhoff equations. A
semi-empirical formulation of the pressure drag force on an oblique cylinder is also used to evaluate the aerodynamic loading

*Corresponding author. Email: frederick.gosselin@polymtl.ca



Figure 1: A section of a) circular reinforced rod and b) a chiral ribbon. c) A ribbon made of ABS d) A ribbon with 90 degree
of pre-twist angle ϕ after annealing.

on the deformed specimens [7]. For the ribbon, lift and drag are evaluated based on the sectional angle of incidence and the
normal component of the flow velocity to the ribbon’s centerline. The lift and drag coefficients are evaluated from the wind
tunnel tests on a rigid metallic ribbon with the same aspect ratio as the flexible specimens. The governing equations are solved
using Matlab as a boundary value problem.

RESULTS AND CONCLUSIONS

A static bending test is performed on the foam rods by hanging them horizontally under their own weight. Figure 2a shows
the variation of the maximum tip deflection of the hanged rods as a function of ψ0 for three value of ϕ. It is found that by
increasing ϕ from 0 to 720 degree, the deformation becomes less dependent to the loading direction. Figure 2b illustrates the
drag for two ribbons for different angles of incidence, one without twist and the other with a natural twist angle of 360 degree.
The results show that chirality decreases the dependency of the drag to the flow direction. This is in agreement with the results
from the static bending test. Moreover, the drag generally decreases for a naturally twisted ribbon compared to a straight one.
Both of these conclusions support the hypothesis that a chiral morphology could provide an evolutionary advantage to plants
in reducing drag load and making their properties more isotropic.

Figure 2: a) Maximum vertical deflection of a horizontally hanged beam for a range of ψ0. Here, the angle of incidence is
measured with respect to the gravity direction. b) Drag measurement for two ribbons with a natural twist of 0 and 360 degree
for different values of angle of incidence ψ0
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PARTITIONED ITERATIVE AND DYNAMIC SUBGRID-SCALE METHODS FOR FREELY
VIBRATING OFFSHORE STRUCTURES IN TURBULENT FLOW
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1Department of Mechanical Engineering, National University Singapore, Singapore

Summary Fully-implicit combined field scheme proposed in [1, 2] has been extended to model flow-induced vibration of 3D offshore struc-
ture in a turbulent flow. We employ a partitioned iterative and dynamic subgrid-scale (SGS) schemes for solving coupled fluid-rigid body
interaction using unstructured grid. The iterative scheme relies on the so-called non-linear interface force correction formulation to stabi-
lize the variational coupled system based on the filtered Navier-Stokes equations. The interface corrections provide the force equilibrium
with arbitrary accuracy while maintaining the velocity continuity condition along the fluid-structure interface. We show that our second-
order scheme is stable for both VIV and galloping instabilities found in a freely vibrating square cylinder with strong added-mass effects.
We demonstrate the SGS-based large-eddy simulation solver for 3D multicolumn semi-submersible floater subjected to flow-induced mo-
tions at Reynolds number Re = 20000. The transverse amplitude and the Strouhal number of the offshore floater are validated against the
experimental data.

INTRODUCTION

Coupled dynamical fluid-structure systems undergo a great variety of flow-induced vibrations (FIV), both useful and
destructive manners in numerous engineering applications. In particular, ocean environments are full of such self-excited
instabilities, which constitute an interesting problem for the numerical modeling and can have a significant impact on the
systems used in ocean and offshore engineering, including moorings, risers, subsea pipelines, large floating structures. Off-
shore structures interacting with ocean currents are inevitably subject to fluid forces and they may undergo FIV at certain
conditions [4]. Square shaped columns are widely used in offshore floating structures such as semi-submersible. Predicting
FIV in column floaters is a challenging task due to complex wake interference, vortex-induced vibrations and galloping and
several other self-excited instabilities. These coupled instabilities associated with rhythmic oscillations are undesirable for
the riser and mooring fatigue. The motivation of this study is to understand the fundamental FIV behavior of multicolumn
configurations employed in semi-submersible structures. This numerical study focuses on the wake flow fields and vibration
characteristics of the single and multicolumn floating structure. We develop a partitioned iterative procedure to couple the
filtered Navier-Stokes solver with rigid-body dynamics. To account for fluid-body interaction, a partitioned iterative scheme
so-called nonlinear interface force correction (NIFC) has been developed to rigid-body coupling for capturing flow-induced
vibration. The coupled fields are advanced explicitly and the interface force correction is constructed at the end of each fluid
subiteration.

We introduce a new variational formulation along the fluid-body interface through combined interface [5] and nonlinear
iterative force corrections [2]. We provide a modified form of the interface force correction which can be applied with arbitrary
solid dynamics. In addition, we construct a dynamic sequence parameter for stabilizing the interface force along fluid-
structure interface through nonlinear sub-iterations. We show that the geometric extrapolations with the nonlinear iterative
force correction and the CIBC corrections can provide stable solution fluid-structure interaction with strong added-mass
effects. We perform systematic flow-induced vibration study of a square cylinder vibrating freely for the range of reduced
velocity Ur ∈ [1, 20] and mass ratio m∗ ∈ [0.1, 10]. The developed dynamic LES scheme is then validated for the vortex
shedding benchmark problem of an incompressible fluid flow at high Reynolds number (Re = 22000) flow past a squared
cylinder. For the first time, the NIFC procedure based on CIBC corrections has been extended for turbulent flow calculation
using the LES technique. The motion and forces of the floater is discussed as a function of structural damping and reduced
velocity. The numerical results are validated with the recent towing test in the ocean basin [6]. In our numerical study, we
demonstrate that flow-induced vibrations must be considered during the design process of column floater.

REPRESENTATIVE RESULTS

This section reports a set of numerical experiments to understand flow-induced vibrations of the column deep draft semi-
submersible. All the geometry parameters of the semi-submersible model is adopted from [6]. The model is scaled at 1:70 to
the real operational semi-submersible with the sharp cornered columns, as shown in Fig. 1a. The model has four columns with
four pontoons and in the full-load and deep draft condition and is elastically mounted and free to oscillate in the in-line and
transverse directions. The mesh consists of about 1.7 million nodes and 10 million linear tetrahedral elements for capturing
the turbulent wake using the dynamic subgrid LES model. Figure 1b presents the relationship between the reduced velocity
and the transverse vibration amplitude. The ”lock-in” region of VIV happens at Ur ∈ [�, 15], which changes into the galloping
mode after increasing the reduced velocity further.
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A VIBRATING MEMBRANE MODEL FOR MITRAL VALVE HONKS

Edmund Kay*1 and Anurag Agarwal1

1Engineering Deparmtent, University of Cambridge, United Kingdom

Summary A novel flow-structure interaction that simulates mitral valve vibration in the heart, is investigated experimentally. The mitral
valve is modelled by a thin latex rubber membrane and its vibrations are modelled by the Föppl-von Karman equations for the motion of thin
plates. Scaling analyses are used to determine the deflection of the membrane under a given pressure difference, the frequency of vibration
and the critical pressure difference for the onset of oscillation.

INTRODUCTION

A flow-structure interaction is investigated for air flowing over a semi-circular latex rubber membrane as shown in figure 1.
When the pressure difference across the membrane is increased above a critical value (dependent on membrane thickness) the
membrane starts to vibrate with large amplitude. Investigating this phenomenon should help give an insight into the production
mechanism for the “precordial honk”, a tonal heart sound heard in some patients with mitral valve regurgitation [1–3]. The
“precordial honk” is believed to be caused by valve vibration [3, 4]. In this paper we will look to describe the motion of the
membrane by determining non-dimensional relationships from the governing equations.

To the
Plenum

w
Cap

Membrane

Figure 1: Photo and schematic of the experimental apparatus

EXPERIMENTAL APPARATUS

The experimental apparatus and a schematic representation are shown in figure 1. Air is sucked from atmosphere through
the opening between the cap and the membrane and then along a pipe to a plenum. The cap overlaps the edge of the membrane
by � mm, the tube has a diameter of �9 mm, so the semi-circular membrane has a radius of 3�.5 mm . The steady-state velocity
through the tube is measured by a venturi tube downstream of the membrane.

MATHEMATICAL MODEL

The motion of the membrane may be described by the Föppl-von Karman equations for the motion of thin plates (equations
1 and 2). The bending stiffness of all membranes tested is negligible. The material law is given by

1

E
∆2φ = w2

,xy↗w,xxw,yy (1)

where E is the Young’s modulus ∆ is the Laplacian operator, φ is the Airy stress function, and w is the deflection of the
membrane. The equation of motion for the membrane is given by

ρ

h
ẅ = φ,yyw,xx↗2φ,xyw,xy + φ,xxw,yy +

∆p

h
(2)

where ρ is the density of the membrane, h is the thickness, and ∆p is the pressure difference across the membrane. The
amplitude of vibration of the membrane is large and so these equations cannot be further simplified.

*Corresponding author. Email: ek360@cam.ac.uk



RESULTS

The equations describing the large amplitude vibrations are non-linear and difficult to solve. Therefore, the analysis is
restricted to scaling arguments.

Static Analysis
A static analysis is performed to determine how the deflection of the membrane varies with the pressure difference across

it. Equation 1 gives
φ ∼ EW 2 (3)

Using this in equation 2 gives !
EhW 3

"

∆PL4
∼ 1 (4)

Membranes of 5 different thicknesses are tested at a variety of pressures (below the pressure required to cause them to vibrate)
in order to test the non-dimensional relationship given in equation 4. The results are shown in figure 2, with the vertical lines
indicating error bars which assume a maximum error of 1 mm in the reading of membrane deflection.
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Figure 2: Verification of scaling relationship in equation 4

Unsteady Analyses
The vibration of the valve can be caused by two mechanisms. The first is if the unsteady pressure force oscillates at the

same frequency as the natural frequency of the membrane, then this will cause the valve to vibrate. The second mechanism is if
the pressure force is in-phase with the velocity of the membrane, for part of the oscillation cycle, then the pressure can provide
a “negative damping” force where energy from the fluid is transferred to the membrane, causing it to become unstable. By
analysing the functional form of the unsteady pressure force it is possible to determine which of these mechanisms is causing
the vibration of the membrane.

CONCLUSIONS

A flow-structure interaction problem, modelling mitral valve vibration in the heart, has been investigated experimentally.
Scaling analyses have been performed on the governing, Föppl-von Karman, equations to determine non-dimensional rela-
tionships for the deflection of the membrane under a given pressure difference, the frequency of vibration and the critical
pressure difference for oscillation.
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INVESTIGATION ON AEROELASTIC RESPONSE OF A HYPERSONIC WIND TUNNEL 
EXPERIMENT MODEL 

 
Jinan Lv 1a), Ding Chen1, Chen Ji1, Ziqiang Liu1 

1China Academy of Aerospace Aerodynamics (CAAA), Beijing, China 
 
Summary A coupling numerical simulation technology which combined computational fluid dynamics (CFD) method with computational 
structure dynamic (CSD) is developed. Several kinds of mode to exchange data for CFD/CSD coupled computation is designed. Aeroelastic 
response of hypersonic wing under Ma 5 wind tunnel experimental condition is calculated as an example. The coupling of bending and torsion 
mode is captured. The computed result indicates that CFD/CSD method of aeroelastic simulation is feasible and credible. 
 

INTRODUCTION 
 
   In this paper, CFD/CSD coupling simulation method is used to predict the aeroelastic response of two wind tunnel 
experiment models. The aeroelastic response is simulated at the wind tunnel experimental condition, the influence of the 
coupling algorithm used in CFD/CSD coupling simulation is discussed. The CFD/CSD coupling simulation result is 
contrasted to the result predicted by piston theory. Finally, the simulation results are compared to the experiment data 
acquired by binocular vision measurement in hypersonic flutter wind tunnel. 
 

NUMERICAL SIMULATION METHOD 
 
   CFD/CSD simulation method is adopted to predict the flutter boundary of hypersonic wind tunnel model. The procedure 
of data exchanged between CFD and CSD code is split up into three steps: pre-contact search, association and interpolation. 
In flux interpolation, the value is adapted to the element sizes to preserve the integral. In field interpolation, the values are 
kept to ensure a conservative transfer. 
 

COMPUTATIONAL RESULTS 
 
   The wind tunnel experimental condition is used as the computational condition. Two kinds of wind tunnel model are 
analyzed which the thicknesses are 0.47mm and 0.58mm severally. The computational condition is Ma5, static temperature 
60K. 
   Firstly, the steady CFD simulation is done and applied as the initial condition of unsteady CFD/CSD coupling 
simulation. Velocity initial condition is applied to the element nodes of finite element model, in this example it is set to be 
1m/s. The wall-forces of the model are interpreted to the structural model as the force boundary condition. The 
displacements of boundary nodes of the structural model are interpreted and sent back to the flow field solver as the 
boundary condition. The unsteady flow field is calculated again under the new boundary condition and transfer new force 
data to the structural model.  
   The iteration continues in time domain. Four different dynamic pressures are used to capture the flutter boundary. 
Results of displacements in time domain are shown in Figure 1.  
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Figure 1: Deformed displacement of front node of the wing 

   For the model which the thickness is 0.47mm, the calculated results show that when the dynamic pressure grows from 
0.0315MPa to 0.0385MPa, the vibration displacement of the wing appears divergent. The flutter appears in this region where the 
flutter dynamic pressure is between 0.0315MPa~0.03325Mpa. The amplitude of vibration of the wing is about 1.3mm. 



   To obtain the vibration displacement, the optical binocular vision measurement system is applied to achieve the flutter 
model vibration displacement in hypersonic wind tunnel experiment (see Fig. 2.). The system is constituted with CCD 
camera, image acquisition card and control computer mostly. The morphologies of the flutter model are solved by self-made 
programs. 

 
Figure 2: optical binocular vision measurement system in wind tunnel 

   For the model which the thickness is 0.58mm, the CFD/CSD simulation result is compared to the results which are 
obtained by optical binocular vision measurement system (see Fig. 3.). 

 
Figure 3: Contrast numerical simulation with experiment results 

   Because the displacement is plotted in time domain, the two pictures are somewhat different. The vibration frequencies 
acquired by simulation and optical binocular vision technique are 56Hz and 42Hz respectively. The reason is that the effect 
of reflect plate and wind tunnel wall is not be considered in simulation at present. 
 

CONCLUSIONS 
 
   The CFD/CSD coupling numerical simulation method is introduced in this paper. The method is used for the simulation of 
the flutter problem of a hypersonic vehicle wing model. The flutter in time domain is simulated using this method and the 
physical phenomena of the coupling of bending and torsion mode is captured. The simulation results offer an efficient reference 
to the wind tunnel flutter experiment design. 
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STUDY ON VIBRATION CHARACTERISTICS OF THE INFLATABLE BOOM  
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Summary The inflatable membrane boom, as the support structure of space mission, has certain stiffness from the inner pressure. 
With more and more precise requirements of space mission, it is especially significant to predict the vibration characteristics of 
the boom accurately. Base on the study on fluid-structure coupling analysis, this paper establish a new method of the vibration
characteristics of boom considering the influence of the in-tube gas. Taking the 1m inflatable tube for example, this paper 
investigates the effect of the in-tube gas for the vibration characteristics of the inflatable boom. This investigation can provide a 
theoretical basis for accurate calculation of the vibration characteristics of the inflatable structure. 

INTRODUCTION 
As the important support member of space structure, the pneumatic membrane structure required particular stiffness, 

and then it is often filled with the certain pressure gas. So, to improve the prediction accuracy of its vibration characteristic,
a large quantity of pre-stress model analyses are investigated by domestic and foreign scholars. Base the Finite Element 
Methods, Pazhooh[1] and George[2] proposed a hexagonal membrane element and nine-node membrane element for the pre-
stress model analysis. However, Pramila[3] found the natural frequencies of the inflation membrane structure come from the 
experiment measured increased 15 to 30% than from the pre-stress model. The natural frequency and damping ratio of the 
membrane model which had difference cable-net structure area ware investigate by Yang. This study verified the vibration 
characteristics of membrane would change due to the surrounding gas, and showed the gas would bring added mass and 
aerodynamic damping for this structure. Some approaches to solving the vibration characteristics of the membrane 
surrounding gas were proposed. Kassem first calculated the add mass by the potential flow theory, then solved the modal by 
applied the add mass to the membrane[4]. Moreover, the added mass could be solved by potential flow theory, also solved by 
numerical method. Deruntz and Geers applied the boundary element method to solve the added mass, and this reduced the 
amount of computation compared with the potential flow theory. In this paper, a new method is proposed by the earlier 
study of fluid-structure coupling, and the model and harmonic response of the boom is analysed base this method.  

MATHEMATICAL MODEL 

In view of shortcomings of virtual-density method, the fluid-structure coupling method is used to establish a new 
method for the model of the inflation boom has inner gas. As a kind of the finite element method, the model of both the 
inflatable boom and the gas field need be established. As you know, it is important for the set of the coupled boundary 
conditions for gas-membrane coupling. Whole cavity of the inflatable boom is filled with gas, and the gas in the boom is the 
compressible and inviscid.  

Base the fluid-structure coupling method, the normal velocity of the wall on inflation booms and the air normal 
velocity nearby the wall of the inflation boom keep continuous on the contact boundary of the inflation booms and the air 
domain. The equation of contact can be written as

fn f s snv v n v n v! " ! " !! ! ! !
                                     (1) 

Where, fnv , snv  are the normal direction velocity of the wall of booms and gas, respectively; fv! , sv!  are the velocity of 
the wall and the gas, respectively. The fluid momentum equation is projected to the normal direction of the wall, and be 
expressed  

0f
p u n
n

#$ % " !
$

! !""
                                        (2) 

Where f#  and u is the gas density and the wall displacement respectively. Moreover, the coupling boundary demand 
the force continuity, so 

ij j si jn p n& !                                          (3) 
Where ij&  and sip  are the stress of the membrane and pressure of the gas. Base the dynamic equation of the structure, 

the dynamic equation of the inflation booms considering the inner gas can be express as  
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In there, sM  and fM  are the mass matrix of the membrane booms and inner gas; sK and fK  are its corresponding 
stiffness matrix; Q and sF  are the coupled matrix and load vector of inflatable booms. This equation shows the mass matrix 
and stiffness matrix of this structured system is unsymmetrical  

RESULTS 
The change curve of the boom natural frequency with the gas density and the sound velocity are showed in Fig.1. Form 

the lift diagram, one can obtain the fundamental frequency of the boom is 70.3HZ when the gas density is 0.8 kg/m3. And 
the second natural frequency is the same as the fundamental frequency. Moreover, the first to the fourth natural frequency 
descends with the increase of the gas density. The fourth modal frequency decreases faster than the third natural frequency, 
and the two curves overlap while the gas density is 1.8 kg/m3, then the frequency is 148HZ. When the inner gas density less 
than 1.8 kg/m3, the third modal shape is expand and contract vibration. While the inner gas greater than 1.8 kg/m3, the third 
modal shape is the same as the fourth modal shape, is wave motion. The right image sees the change law of the boom 
natural frequency with the increase of the sound speed. It shows the natural frequency of 1st mode and 4th mode keep 
remain constant, and the 3rd mode frequency is linear increased before 380 m/s. When the sound velocity exceeds 380 m/s, 
the 3rd mode frequency is the same as the 4th mode, and the frequency is 169.6HZ.  
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Fig.1  The change curve of the boom natural frequency with the gas parameters  

CONCLUSIONS 
    
In this paper, the in-tube gas effect on the vibration characteristics of the inflatable boom are investigated by the fluid-structure 
coupling method. The change law of the natural frequency with the gas parameter is obtained, and this result shows that the 
mode shape would change when gas parameters are within a certain range.  
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Summary In the context of swimming, flexibility of the fin has often been argued to be an advantage for the propulsion. Experimental and
numerical studies have emphasized the role of the flexibility in propulsion. However, very few analytical works have been developed and
are often limited in the linear regime. We will present a new analytical model of a flexible plate immersed in a flow. The model is weakly
nonlinear and is based on the beam equation in vacuum for the structure and the coupling with the flow is made through linear potential
theory. Comparison between experimental data and predictions are in excellent agreement. Predictions extended to the literature gives good
results as well. This optimization study shows that the performance are always maximal when the system reach its resonance.

EXPERIMENTAL BACKGROUND

The experiment consists of a flexible plate of length 2c and bending rigidity b immersed in a uniform water flow u.
The leading edge of the plate is actuated by a harmonic heave motion aLE cos(ωt) where the amplitude aLE and the angular
frequencyω are controlled. The plate responds passively to the actuation and it deforms as a combination of beam eigenmodes.
The amplitude of response at the trailing edge aTE is then recorded and the relative amplitude aTE/aLE is plotted as a function
of the forcing frequency for different values of the experimental parameters. It appears that the only relevant parameters of
the study is the forcing amplitude, which induces nonlinearities in the response of the plate. The force generated by the plate
is measured by force sensors located the leading edge of the plate. The evolution of the force as a function of the forcing
frequency and amplitude is also investigated. Resonance in amplitude and in thrust are evidence when the forcing frequency
approaches the natural frequencies of the system plate and fluid. Experimental results are obtained from a previous study [1].

ANALYTICAL MODEL

An one-dimensional structure immersed in a two-dimensional potential flow is considered. The structure, actuated by a
harmonic heave motion at the leading edge (x = −1), passively deform. The deflection of the plate h is decomposed into
three eigenmodes of a beam in vacuum as follows

h(x, t) =

(

aLE +
N=3∑

i=1

aihi(x)

)

eiωt, (1)

where ai and hi are the amplitude and the deflection of the ith eigenmode considered respectively [4]. The amplitude of
actuation is imitated by a rigid motion of amplitude aLE. The model is weakly nonlinear and the asymptotic limit of small
income flow velocity is considered. The coupling between the surrounding fluid and the flexible structure is modeled through
the unsteady airfoil theory [3].

The governing equation of motion of the system fluid and structure is represented by the linearized Euler-Bernoulli equa-
tion. It is augmented by two linear damping terms from the visco-elastic dissipation ν and the fluid dissipation µ, a nonlinear
transverse drag term cD, which mimic the transverse motion of the plate due to the imposed motion and a pressure jump across
the plate, given by the fluid. By inserting the modal decomposition (1), the governing equation becomes

(iων − ω2)(αiaLE + ai) + (1 + iωµ)κ4i ai + iω2 cD
m

2

3π

1∫

−1

hi

∣
∣
∣
∣
∣
∣
aLE +

N=3∑

j=1

ajhj(x)

∣
∣
∣
∣
∣
∣

⎛

⎝aLE +
N=3∑

j=1

ajhj(x)

⎞

⎠ dx

−
ω2

m

⎛

⎝βi0aLE +
N=3∑

j=1

βijaj

⎞

⎠ = 0. (2)

The clamped-free boundary conditions are added to the system in order to solve it. The coefficients of the linear dissipa-
tions have been measured independently in damped oscillations experiments. Whereas the constant value of the transverse
coefficient cD of the nonlinear term is adjusted manually to fit the experimental data.
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From, the amplitude of each mode, the total thrust fT generated by the moving plate is investigated. It is decomposed into
the reactive force fP, due to the pressure forces projected onto the direction of the flow, and the resistive force fR, due to the
nonlinear damping forces. Thus, fT is expressed as

fT = fP + fR = −
1

2
ℜ

∫ 1

−1

p ∂xhdx−
1

2
ℜ

∫ 1

−1

(

mν∂th+
4

3π
cD|∂th|∂th

)

∂xhdx, (3)

where ℜ stands for the real part and the overbar for the complex conjugate. The integration is performed over the length of
the plate, i.e., −1 < x < 1.

RESULTS AND DISCUSSION

Solutions of equation (2) give the amplitude of each modes as a function of the forcing frequency and amplitude. The
relative amplitude given by the experimental data (markers) and the prediction (continuous curves) is plotted in figure 1(a) for
two forcing amplitudes. Both exhibit peaks located at the resonant frequencies of the system. Amplitudes and frequencies are
properly captured by the model regardless of aLE, especially for the first resonance. The shape of the deformed plate is also
well described by the model.
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Figure 1: Comparison of the experimental data (symbols) with the predictions (continuous lines): (a) the relative amplitude
aTE/aLE and (b) the total thrust fT for a plate of a given bending rigidity b in water. (c) Evolution of the Froude efficiency
ηmax as a function of the rigidity b. The dotted line represent the maxima of ηmax for Li > 0.03.

As the analytical force depends on the deflection at the trailing edge (equation (3)), one expects to have an agreement
between the resonance in amplitude and the resonance in thrust. Figure 1(b) shows the evolution of the thrust for two forcing
amplitudes as a function of the forcing frequency. Similarly to the amplitude, the predicted thrust are in agreement with the
experimental data for the first resonance. The frequency at which the peak occurs matches the one in amplitude. Moreover,
the model gives excellent results for the larger forcing amplitude regardless of ω/ω0. Nevertheless, the trends for the smaller
amplitude is correct despite the magnitude of the thrust. One possible explanation would be the constant value of the drag
term cD of the nonlinear term.

The evolution of the Froude efficiency ηmax as a function of the bending rigidity b shows that the system reaches its
maximal performance when the system is at its resonance (figure 1(c)). The Lighthill number, defined as Li = fT/u2,
expresses the ratio between the desirable thrust and the typical achievable thrust.

To sum up, a weakly nonlinear, two-dimensional and inviscid analytical model has been developed to capture the behavior
of the flexible plate immersed in a flow. Predictions for the kinematic and dynamic of the system have been compared with two
different sets of experimental data and the results are in excellent agreement in both cases. The optimization process not only
emphasize the role of the resonance to achieve maximal performances, but also the necessity of a well-defined expectation of
the wanted system [2].
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TRANSIENT DYNAMICS OF ELASTIC HELE-SHAW CELL DUE TO EXTERNAL FORCES
WITH APPLICATION TO IMPACT MITIGATION

Arie Tulchinsky1 and Amir D. Gat ∗1

1Faculty of Mechanical Engineering, Technion - Israel Institute of Technology, Haifa 3200003, Israel

Summary We study the transient dynamics of a viscous liquid contained in a narrow gap between a rigid surface and a parallel elastic
plate. The elastic plate is deformed due to an externally applied time-varying pressure-field. We model the flow-field via the lubrication
approximation and the plate deformation by the Kirchhoff-Love plate theory. We obtain a self-similarity solution for the case of an external
point impulse acting on the elastic plate. We examine a distributed external pressure, spatially uniform and linearly increasing with time,
acting on the elastic plate over a finite region and during a finite time period, similar to the viscous-elastic interaction time-scale. The
interaction between elasticity and viscosity is shown to reduce by order of magnitude the pressure within the Hele-Shaw cell compared with
the externally applied pressure, thus suggesting such configurations may be used for impact mitigation.

DYNAMICS DUE TO EXTERNAL POINT IMPULSE

We study the transient dynamics of a viscous liquid contained in a narrow gap between a rigid surface and a parallel elastic
plate. The elastic plate is deformed due to an external time-varying pressure-field applied perpendicular to the plate. We
focus on configuration consisting of a shallow geometry, small ratio of transverse plate deformations to viscous film height,
small Womersley number, negligible solid inertia and negligible membrane effects. Under the assumptions given, the upper
elastic plate dynamics are governed by the Kirchhoff-Love equation and the viscous liquid by the lubrication approximation.
Normalizing and combining the equations together with the no-slip and no penetration boundary conditions, we obtain a
governing equation in terms of the pressure P

∂P

∂T
↗∇6P =

∂Pe

∂T
(1)

where Pe is the external pressure. We focus on the viscous-elastic time scale, where there is no effect from the boundaries,
thus prescribing P (X →∞)→ 0.

The Green function for (1), in its Fourier integral form, is given by [1] . We utilize the symmetry of the transformation
argument, thus converting it into a Hankel integral. We Express the Bessel function in a series form and integrate to obtain a
closed form self-similar expression

G =
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While the function presented can be used by convolution to obtain a general solution, more insight may be obtained from a
solution for the case of Pe = δ(X)δ(T ). This may be achieved without convolution by applying a time derivative on the
green function equation to obtain an equation equivalent to (1). Thus, the pressure-field due to a unit point impulse is

Gp =
∂G

∂T
(4)

IMPACT MITIGATION AND RESPONSE DYNAMICS TO EXTERNAL PRESSURES

We examine an external pressure, evenly distributed on a disk of radius Le, linearly increasing in magnitude with respect
to time until Te and than decreases linearly until vanishing at 2Te, with a total impulse of 1. Convolving the external pressure
with Gp, denoting ηLe = Le/�T 1/6 and dividing by Pe yields the ratio of pressures at the center for T ≤ Te

P (X = 0, T )

Pe(T )
= η6Le

G4,1
2,7

"
η6Le

| 0, 1
↗2

3 ,↗1
3 , 0, 0,↗1,↗2

3 ,↗1
3

#
(5)
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Figure 1: The liquid pressure at X = 0 divided by the external pressure during application period as a function of the
non-dimensional parameter ηLe (a), and the time maximal magnitude of external pressure is reached Te (b).

where G4,1
2,7 is the Meijer G-function. Eq. (5) is presented in Fig. 1a. Three distinct periods are evident: I. An initial period,

2.5 ! ηLe < ∞, where the fluidic pressure closely follows the external pressure, II. The interval, 0.5 ! ηLe ! 2.5, shows
small oscillations of the pressure ratio going from mitigation to amplification and vise versa, and III. The period 0 ! ηLe ! 0.5
where mitigation occurs and grows with time. Fig. 1b shows the ratio of pressures at the time where maximal external pressure
is reached (i.e. Te). From Fig. 1b, it is evident that for any width of external pressure Le, mitigation may be achieved if the
application time is sufficiently long. Specifically, for the case of Le = 0.1, mitigation of more than 90% is obtained for
external pressures applied over the period of 2Te = 10−3 or greater.

EXPERIMENTAL VERIFICATION

Experiments were conducted to illustrate and verify some of the theoretical results. The experimental setup (see Fig.
2a) consists of a 5mm width Polyurethane rubber plate floating over a �mm silicon-oil film. The center of the plate is
deformed due to application of a linear actuator connected to a load cell measuring the force applied on the elastic plate. The
radial deformation profile created during force application is sampled by a laser profilometer. The theoretical deformation is
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Figure 2: (a) Illustration of the experimental setup. (b) Experimental (markers) and theoretical (smooth lines) deformation d
vs. r at t = 0.�s (red), t = 0.�s (blue) and t = 0.8s (yellow), during the application of the external force fe. The insert in
part (b) shows force measurements fe vs. time t.

obtained by convolution of the external force measurements.The radial location of the minimal radius measured by the laser
profilometer was estimated by correlation to the analytic solution as r = 20mm. No other fitting parameters are used and
good agreement between the analytical results and experimental data is evident (see Fig. 2b).
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NONLINEAR PANEL FLUTTER AT VARIABLE TRANSONIC FLOW SPEED

Anastasia Shishaeva1,2, Andrey Aksenov2, and Vasily Vedeneev∗1

1Institute of Mechanics, Lomonosov Moscow State University, Moscow, Russia
2Tesis LTD, Moscow, Russia

Summary We investigate nonlinear self-excited oscillations of elastic plate in transonic flow at unsteady flow conditions: the flow speed
is variable in time. By observing unsteady plate behaviour, we detect bifurcations of limit cycle oscillations. In addition to previously
known limit cycle types, new bifurcations of limit cycles are discovered. When increasing acceleration of the flow, some of the limit cycles
disappear, because they do not have enough time to develop. However, flutter is not fully suppressed even for very high accelerations,
though the most destructive higher-mode oscillations are missed.

INTRODUCTION

Aeroelastic instability of skin panels, known as panel flutter, has been intensively studied over decades [1, 2]. At high
supersonic speeds the coupled-mode panel flutter occurs, while at low supersonic speeds the single-mode flutter is dominant
[3]. Recent nonlinear study [4] has shown that at small supersonic flight speeds, different limit cycles can coexist at the same
flight conditions, which is caused by linear growth mechanism and nonlinear interaction between growing eigenmodes. Some
of the limit cycles include internal resonance between natural modes. Switches of panel oscillations from one limit cycles to
another is accompanied by bifurcations of the aeroelastic dynamic system. In the present paper we study such bifurcations by
means of varying the flow speed at different rates, and watching the unsteady panel response. This approach gives an explicit
way to note the bifurcations in the limit cycles and reveals additional bifurcations not noticed before.

inlet plate

rigid plane

Figure 1: Simulation domain.

FORMULATION OF THE PROBLEM

Elastic plate is mounted into a rigid plane (Fig. 1) with the leading and trailing edges clamped. Inviscid gas flows over
one side of the plate with variable Mach number M(t). At the other side of the plate, a pressure equal to the undisturbed flow
pressure is specified, such that the undisturbed pressure difference along the plate is zero. Linear increase of M in time with
various increase rates ∆ = (dM/dt) × (L/a) (where L is the plate length, and a is the speed of sound) is considered. The
plate-flow interaction is calculated using two coupled codes, Abaqus for simulating the plate, and FlowVision for simulating
the gas flow. During each run a slight disturbing harmonic force is applied to the plate in order to enforce each bifurcation of
the plate oscillations.

RESULTS

For sufficiently low acceleration of Mach number, ∆ = 9.1 × 10−5, several bifurcations are seen (Fig. 2a). First, at
M = 0.78 the plate becomes unstable, and static divergence appears, which signifies pitchfork bifurcation. At transonic
speed, M = 1, Hopf bifurcation occurs, resulting in the first-mode flutter of the plate. At slightly higher Mach number
M = 1.09 transition from non-resonant to 1:2 resonant limit cycle occurs, which is expressed in the non-symmetry of the
oscillations (Fig. 2), the appearance of the second mode in the plate shape and additional doubled frequency present in the
spectrum. At M = 1.41 higher modes appear, and the oscillations become non-periodic. Finally, at M = 1.7 the oscillations
damp out, and the plate becomes stable. At higher Mach numbers (not considered here) coupled mode flutter occurs.

∗Corresponding author. Email: vasily@vedeneev.ru
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Figure 2: Vertical deflection of a plate point vs M , circles represent bifurcations of the limit cycle. Acceleration ∆ =
9.1 × 10−5 (a), ∆ = 3.6 × 10−4 (b).

The variety of limit cycles observed at transonic conditions are in agreement with [4], where flutter at constant flow speed
was studied. Analysis of the problem with variable flow speed yields the detection of two minor bifurcations at M = 1.07 and
M = 1.2, which are slightly visible in Fig. 2a by non-smoothness of A(M) slope, and much better seen in the phase portraits.
For each bifurcation, the change in the plate spectrum, phase portrait, and spatial oscillation mode are analyzed.

For faster increase of M , some of the limit cycles are not formed, since their formation periods are too large. For example,
for ∆ = 3.6 × 10−4 (Fig. 2b) no non-periodic oscillations are observed. However, even for extremely fast increase of M ,
∆ = 1.8 × 10−3 (for a plate of 0.3 m length in the air at normal conditions it corresponds to the acceleration of 660 m/s2),
first mode flutter oscillations are still formed, though more dangerous high-frequency oscillations are missed.

Thus the sufficiently high acceleration of a flight vehicle moving at transonic flow conditions is favourable not only because
of shorter time passed in transonic flutter regime, but also because the most destructive limit cycle oscillations (involving
higher modes) can be avoided.

The work is supported by grants MD-4544.2015.1 and MK-5514.2016.1.
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MIXED FE-SP METHOD FOR NONLINEAR STRUCTURE-WATER INTERACTIONS WITH FREAK 
WAVES 
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Summary This paper develops a mixed finite element ± smoothing particle method for violent water-structure interactions involving freak 
waves and separation between structure and water. The structure undergoes a large rigid motion of 6 DOF with a small elastic deformation, 
so that its elastic displacement relative to the rigid motion can be represented a mode summation based on FE analysis. The water is assumed 
inviscid - incompressible and its motion governed by nonlinear N-S equation. On the coupling interface where no FS separation happens, 
the equilibrium and consistence conditions are required. The numerical iteration process is suggested to solve the nonlinear FSI equations, 
and validation examples are shown a good agreement with available experiment results. 

GOVERNING EQUATIONS 
As shown in Fig. 1, a sold in a material domain s: of outside boundary normal vector iQ , on which a traction force 

iTÖ and a displacement 

iUÖ are respectively given on boundary
TS and US , interacts on its wet interface 6  with water domain f: , of which the dynamic 

pressure 0 p on free surface 
f* , 0 iv on b* and possible given velocity ivÖ  on boundaries v* or .v* Three coordinate systems are 

defined: 321 xxxo� with positive 3x in the vertical direction is fixed in the space,
321 yyyO� , of which axis iyO � parallels axis ixo�

, (i = 1,2,3), is a moving system fixed at the mass centre O of solid, and 321 XXXO� is a material system. A material point
jX at time 

0 t moves to a new position jx at time t , and its motion is denoted by a summation of a translation iu of mass centre, rigid rotation iT
about three axes and small elastic displacement jU of structure. Using the notations of Cartesian tensors and summation convention [1], 

such as Kronecker Delta ijG and permutation symbol ijke , and denoting the rigid rotation by a tensor )( kij TE with its time derivative 

kjmimkij e ETE ��  and partial derivative
kjimkmij e ETE  ww / , we can derive the dynamic equations of the system as follows.  

  Solid: The position and velocity of particle
jX at time t respectively are 

            .)(, jijjjkjmimkijijjijjijiijijjijii UUXeuUUXuxUXux �������� EETEEEEE ��� ��� ��             (1) 

Introducing a transformation ijH with its related generalised coordinate
iU~ , which may be a finite element interpolation function matrix

ijH
[2] and node displacement vector, or a mode function matrix and generalised mode coordinate vector [3], we denote the elastic displacement 

DDUHU ii
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the kinetic and potential energy of body are respectively calculated in the forms 
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Here M  is total mass of solid, M~ is generalised mass matrix,
lFÖ ,*Ö and rF~  are resultant force, moment and generalised force, while the 

FSI forces involving fluid pressure p denotes by the last column in Eq. 3. We derive the dynamic equations of solid motion by using 
Hamilton equation [3], ,0///)/(  w3w�ww�ww iii qqTdtqTd � therefore, we have 
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Fluid: The water motion is governed by Lagrangian Navier-Stokes equation for incompressible and inviscid fluid in association with 
corresponding boundary conditions [4-6] 

.on  ,Ö;on  ,0;on  ,,)(;in  ,0,/ vf,3,,3 * * 6 � �: � iiiiiiiiiiiffiifiii vvpUvpUgvpgv QQQQGUUG ���   (4) 

PARTITIONED ITERATION SOLUTION 
   Equations (3) and (4) include 3 rigid translations su , 3 rigid rotations

sT and N generalised coordinates
DU~ , in which the rigid motions 

could be large but the elastic deformation is assumed small, so that the second order quantity of
DU~ are neglected. It is convenience to use 

a commercial FE code to obtain the natural modes and frequencies of the solid as the input data for the code designed for the method 
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Summary This research investigates the fundamental physics of smart materials under shock compression, and presents concepts that can be 
exploited for active shock mitigation.  The results indicate momentum can be transferred through electro-magnetic field, not just mechanically.  
This enables new approaches to actively controlling the properties of materials subjected to impact or explosive generated shock. 
 
   Shock waves in solids arise from impact or explosive events.  They travel at the speed of sound and impart momentum 
in their wake.  Smart materials offer the ability to modify how a shock wave propagates through a material in the several 
microseconds that pass between the initial impact and the arrival of the shock.  The speed of sound and the elastic modulus 
in a piezoelectric or ferroelectric material can be modified by changing the electrical boundary conditions (open vs. short 
circuit).  How to use this property to electronically switch from a monolithic to a layered structure in linear piezoelectric 
materials has been under investigation as a means to spread the shock front.  Even small changes in the width of the shock 
front result in considerable reductions in the acceleration it produces. This effect can be enhanced by taking advantage of 
the non-linear material behavior associated with domain wall motion and pressure induced phase transformations.  This 
work addresses shock propagation in linear piezoelectric plates that make up the layers of an active 2-2 composite shock 
mitigation system.  Simulations of the behavior of the plates were performed using the Sandia National Laboratory 
multiphysics shock modeling code ALEGRA-FE.  
   Layered structures provide an effective means to attenuate shockwaves through wave scattering at impedance-
mismatched interfaces. The difference between the impedances of two dissimilar materials (density multiplied by speed of 
sound) determines how the shock wave is transmitted or reflected as it passes the interface. Impedance-mismatched layered 
structures have the ability to spread the shock front, thus reducing the associated acceleration.  The effect depends on the 
geometry and the relative direction of shock propagation, i.e. normal or oblique to the 2-2 composite (layered plates) [1].  
The shock viscosity (a measure of shock-front spreading and attenuation) of a heterogeneous material can be greatly 
increased by increasing the impedance mismatch of the constituents. [2,3,4] Layered piezoelectric structures can have their 
mechanical impedance changed by changing the electrical boundary conditions on the individual layers, offering the ability 
to rapidly switch from a homogeneous to a heterogeneous structure.  The degree of heterogeneity indiced depends on the 
properties of the piezoelectric.  In this work, PZT is considered. 
   PZT is a piezoelectric ceramic that, when poled, displays a remanent polarization. In a linear piezoelectric material the 
electric displacement is a function of both applied stress and electric field, i.e. D=dσ+εE where σ is the applied stress and d 
is the piezoelectric coefficient. At a boundary with an electrode, the normal component of electric displacement is equal to 
the surface charge density on the electrode.  Under short circuit boundary conditions, stress causes charge to flow to keep 
the potential at the electrodes constant.  Under open circuit conditions the charge density cannot change and thus the 
electric displacement is held constant and stress induces an internal electric field.  Simulations indicate that these effects 
are not uniform in the transient case when a shock wave has travelled part way through the piezoelectric material.   
   The geometry for the shock propagation simulations was an electroded plate of PZT (fig. 1a) with initially homogeneous 
polarization.  Prior to arrival of the shock, the surface charge density balances the internal dipole charges and there is no 
electric field (fig. 1b). As the shockwave traverses the element, the dipoles in the shocked region of the PZT are 
compressed, decreasing the electric displacement.  Under open circuit conditions, in order to maintain zero electric 
displacement, an equal an opposite electric displacement εE is induced.  As such, a compressive stress (negative) results in 
a positive electric field within the shocked material via the piezoelectric effect  (fig. 1c).  The electric field in the 
unshocked region remains zero, as there is no compressive stress to induce an electric field.  The shockwave continues to 
traverse the element, until the entirety of the element is under shock compression and sustains an internal electric field 
approximately equal to –d σ/ε.  The open circuit shock response is very similar to that of a non-piezoelectric material, with 
the exception that some energy is available as electrical energy.  Under short circuit conditions, as the shockwave traverses 
the element the compressive stress results in a positive electric field within the shocked region.  In this case, charge flows 
to balance the potential on the electrodes.  This results in a negative electric field in the region ahead of the shock (fig. 1d).  
Depending on the mechanical boundary conditions, this can induce a corresponding tensile stress in the material ahead of 
the shock, effectively spreading out the shock front.  The tensile stress induced by the negative electric field alters the 
unshocked PZT region in two ways.  If the PZT element is rigidly bonded to the subsequent layers, the tensile stress will 
act to piezoelectrically-stiffen the PZT material.  The amount of this stiffening can be tuned in real time by controlling the 
resistance between the two conductors. If the PZT element is not rigidly bonded to the subsequent layers, the tensile stress 



will cause the element to contract and separate, introducing a gap at the interface.  This induced gap creates a new 
impedance-mismatched interface.  Finally, if the back half of the PZT is replaced with PZT that has been poled in the 
opposite direction, the negative electric field will produce a compressive stress.  This demonstrates the novel ability to 
transfer momentum from the shockwave forward into the unshocked material via electric field, inducing either compression 
or tension through composite design.   

a)  b)  

c)       d)       
 

Fig 1). Schematic of representative volume element subjected to shock loading via plate impact (a).  The shockwave will travel from left to right. Initially, 
all the dipoles are balanced and there is zero electric field within the PZT (b). As the wave traverses the PZT under open circuit conditions, an electric field 
develops in the shocked region due to the piezoelectric effect (c).  No electric field develops in the unshocked region.  Under short circuit conditions 
current flows to equilibrate conductor voltages, creating a negative electric field in the unshocked region (d).  This field induces a tensile stress due to the 
converse piezoelectric effect.  
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Abstract In this paper, the constitutive modeling of nonlinear multifield behavior as well as the finite element implementation are discussed. 
Nonlinear material models describing the magneto-ferroelectric or electro-ferromagnetic behaviors are presented. Both physically and 
phenomenologically motivated constitutive models have been developed for the numerical calculation of principally different nonlinear 
magnetostrictive behaviors. Further, the nonlinear ferroelectric behavior is based on a physically motivated constitutive model. On this basis, 
the polarization in the ferroelectric and magnetization in the ferromagnetic and magnetostrictive phases, respectively, are simulated and the 
resulting effects analyzed. Additionally, the ferroelectric model accounts for damage due to microcrack growth. Numerical simulations focus on 
the calculation of magnetoelectric coupling and on the prediction of local domain orientations as well as damage evolution, microcrack growth 
and delamination of interfaces, going along with the poling process, thus supplying information on favorable electric-magnetic loading 
sequences. 
 

THEORETICAL FRAMEWORK AND MODELS 
 
   The coupling of magnetic and electric fields due to the constitutive behavior of a material is commonly denoted as 
magnetoelectric effect. The latter is only observed in a few crystal classes exhibiting a very weak coupling, mostly at low 
temperatures, which can hardly be exploited for technical applications. Much larger coupling coefficients are obtained at 
room temperature in composite materials with ferroelectric and ferromagnetic constituents. The magnetoelectric effect is 
then induced by the strain of matrix and inclusions converting electrical and magnetic energies based on the piezoelectric 
and magnetostrictive effects. 
   Here, the constitutive frameworks of ferroelectric and reversible and irreversible ferromagnetic behaviors are 
summarized and compared to each other. Ferroelectric materials exposed to electromagnetic fields are described by the 
constitutive equations: ߪ ൌ ܿ൫ߝ െ ൯ߝ െ ݁ܧǡ ܦ ൌ ݁൫ߝ െ ൯ߝ  ܧߢ  ܲ

ǡ ܤ ൌ ܪߤ [1]. Within a 
microphysical framework, the irreversible strain ߝ and polarization ܲ

 are due to domain wall motion. Considering 
plane problems, a grain consists of four domain species separated by 90° - and 180° - domain walls. The formulation of a 
nonlinear constitutive law thus requires at least four internal variables and associated evolution equations locally describing 
the switching of unit cells on the micro level. Due to intended applications within a multiferroic framework, the ferroelectric 
material is allocated a magnetic permeability expressed by the third equation relating the magnetic field ܪ and the 
induction ܤ. The elastic, piezoelectric, dielectric and magnetic permeability tensors ܿ, ݁, ߢ and ߤ also depend 
on the internal variables, giving rise to an additional source of nonlinearity, even in the magnetic properties. The other 
quantities are stress ߪ, electric field ܧ and electric displacement ܦ. 
   Based on the same ideas as ferroelectric constitutive equations, the ferromagnetic constitutive equations read ߪ ൌ
ܿ൫ߝ െ ൯ǡߝ ܦ ൌ ǡܧߢ ܤ ൌ ܪߤ ܯ

 [2, 3]. Here, local irreversible strain and magnetization ܯ
 are likewise 

governed by four internal variables describing Bloch wall motion due to magnetomechanical driving forces. The affinity to 
ferroelectricity on the macro- and mesoscales allows for a similar modeling of ferromagnetism covering the essential 
phenomena. In the constitutive framework the physical processes merge into an evolution law for the internal variables, 
which is based on the magnetoelastic or electroelastic energies, respectively, going along with the changes of the directions 
of magnetic or electric dipoles. In contrast to ferroelectricity, piezomagnetic coefficients relating magnetic field and stress 
or strain and magnetic induction are not involved, accounting for the saturation. As a second consequence, the irreversible 
strain does not directly induce a magnetic induction ܤ. Magnetostriction is rather induced by the irreversible part of the 
strain, which in turn is controlled by the magnetic field but also by mechanical loads. The same way, a strain field has an 
impact on the magnetic induction via ܯ

. Dielectric properties are allocated by the second equation which is linear only at 
the first glance, since the dielectric constants ߢ  are controlled by the internal variables in a nonlinear manner. 
Ferromagnetic materials exhibiting a significant electric conductivity are excluded by the model.   
   Whereas the previous ferromagnetic constitutive equations generate hysteresis loops, the constitutive equations of 
nonlinear reversible ferromagnetic behavior are given by ߪሶ ൌ ܿሺߝǡ ሶߝሻܪ െ ǡߝሺݍ ሶǡܪሻܪ ሶܦ  ൌ ǡߝ൫ߢ ሶǡܧ൯ܪ ሶܤ ൌ
ǡߝሺݍ ሶߝሻܪ  ǡߝሺߤ  ሶ [2, 3], where a rate dependent depiction has been chosen. The nonlinearity is completelyܪሻܪ
included in the material coefficients depending on the independent variables strain and magnetic field. Due to the 
reversibility of the constitutive behavior, these functions are unique, not involving any internal variables. The coefficient 
functions, now including the magnetostrictive tensor ݍሺߝǡ  ሻ, have to be chosen in a way to reflect experimentalܪ
observations. A second requirement is to satisfy thermodynamical consistency by defining a thermodynamical potential 
yielding all the coefficient functions by differentiation. These purely phenomenological approaches involve several 
parameters, which are adjusted to specific material behaviors.  
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Summary The realization of mechanical metamaterials analogous to electronics systems, like diodes, transistors and logic elements, opens
new horizons towards the fabrication of advanced acoustic systems, smart actuators and adaptable vibration mitigating materials. Previous
realizations of acoustic diodes and mechanical switches have employed nonlinearities to break transmission symmetry, but have not yet
been able to demonstrate amplification or to execute complex logic operations. Our work harnesses the interaction between geometric
nonlinearities and nonlinear magnetic potentials, to engineer frequency-agile band gaps in mechanical metamaterials. These gaps are
utilized to demonstrate, both numerically and experimentally, the switching and amplification of a mechanical signal in a mechanical circuit
board. The tunability of the proposed system in real-time enables the realization of the complete set of mechanical logic elements. We
fabricate and test a mechanical metamaterial that utilizes interconnected phononic transistors to execute simple calculations.

Electronic transistors used in today’s electronic devices are characterized by their ability to amplify or switch electronic
signals. Conventional field effect transistors (FET) consist of at least three terminals: a source, a drain and a gate. The
switching functionality takes place by applying a current at the gate to control the flow of electrons from the source to the
drain. Due to the big difference in amplitude between the controlling signal (in the gate) and the controlled signal (flowing
from the source to the drain), one can cascade or reproduce an electronic signal by connecting multiple transistors in-series to
perform computations. The realization of a mechanical transistor analogous to a FET enables the switching and amplification
of mechanical waves by mechanical waves (i.e., sound and vibrations). The challenge of building all-phononic circuits is the
ability to switch and amplify phonons by phonons, while operating on a single frequency. This enables the reproduction of
mechanical signals, without information loss due to frequency conversion. The possibility to create all-phononic transistors
functioning at a single frequency, has been theoretically proposed [1], while switches and diodes [2] have already been shown
both numerically and experimentally, as detailed in a recent review [3].

The idea of utilizing a mechanical computing-system has a long established history [4]. In fact, the first known calculators
and computers were both mechanical; before electronics took over. Recently, with our growing ability to manipulate mechani-
cal waves, the concept of phononic computing emerged [3]. That is, utilizing phononic metamaterials in basic logic operations.
Phononic metamaterials are periodic systems composed of a basic building block, (i.e., unit cell), that repeats spatially. These
materials exhibit distinct frequency characteristics, band gaps, which are frequency ranges where elastic/acoustic waves are
prohibited from propagation. Applications of a phononic materials in computing can range from thermal computing (at small
scales) to ultrasound and acoustic based computing (at larger scales).

In this work, we experimentally realize a phononic transistor analogous to an electronic FET device. The system we
propose consists of an array of geometrically nonlinear unit cells (representing the metamaterial), connecting the source to the
drain, as shown in the schematic (Fig.1). Each individual unit cell contains a magnet and is designed to have a subwavelength
band gap, to decouple the frequency of operation from its characteristic size. An array of permanent magnets is positioned
beneath the metamaterial and is used to tune the resonant response of the unit cells. To dynamically control the tuning (and
provide a gating functionality), we coupled the permanent magnets to a driven, magnetic cantilever (herein referred to as
the gate). When a relatively small mechanical signal passes through the gate, it induces a shift in the array of magnets,
which in turn tunes the band gap frequency of the metamaterial, allowing the source energy to flow to the drain. Following
a systematic design methodology, we utilize a configuration of four interconnected transistors to experimentally realize all
existing electronic logic gates. We use a subset of these gates to build a phononic-circuit-board for a binary calculator.

Figure 1: Schematic of the proposed concept for a mechanical transistor.

∗Corresponding author. Email: daraio@ethz.ch



We calculate the band structure of an infinite array of unit cells using the finite element method, by solving the elastic
wave equations and Bloch wave formulation and considering the wave propagation along the direction of periodicity (i.e.,
ΓX direction). We characterize the system experimentally by fixing one end of the finite metamaterial structure to the source
(i.e., a mechanical shaker) and the other end to the drain (a fixed, rigid support). The signal at the drain is measured using
a laser Doppler vibrometer. The numerically obtained dispersion curves of the infinite media is shown in Fig. 2 (left). The
experimental characterization of the frequency response function of a 5 unit cell finite metamaterial is shown in Fig. 2 (right).
Theory and experiments agree well, particularly in the band gap frequency range, highlighted in gray.

Figure 2: (Left) Numerically obtained dispersion curves in the Γ X direction of the metamaterial. (Right) Experimentally
obtained frequency response function of a metamaterial consisting of 5 unit cells. The band gap region is highlighted in gray
in both panels.

We demonstrate the switching ability of the fabricated system in Figure 3. We measure the mechanical signal at the drain
when the gate is open, allowing the signal to pass, (Fig. 3 left) and when the gate is closed (Fig. 3 right). The amount of
energy flowing from the source to the drain when the gate is closed is on the same order of magnitude as the laser vibrometer
noise level, while the difference in magnitude between the two states, ON and OFF, is bigger than a factor of 5. It is important
to mention that the switching response can be triggered dynamically, driving the gate cantilever at its resonant frequency. We
also measure the signal amplification as a ratio of the amplitude of source signal to the gate signal. From numerical data and
experimental results, not shown, the amplification reached by our system is 10. The combination of real-time switching and
amplification shows the realization of a mechanical transistor analogous to an electronic FET. The realization of basic logic
gates, namely, OR, AND, XOR, XNOR, NAND, NOR and NOT can easily follow. We utilize the proposed framework to
realize the circuit board of a phononic calculator.

Figure 3: Time series of the mechanical signal at the drain when the system is ON (left) and OFF (right).
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Summary In this work, a new 3D thermomechanically coupled phenomenological model is proposed for SMAs. SMA behavior is described
through several strain mechanisms, each associated with its proper internal variables. Forward and reverse transformation are allowed to
take place simultaneously with martensite variants reorientation. This model is built to capture the particular behavior of SMAs when
subjected to complex loading, namely non-proportional thermomechanical loading. The effect of thermomechanical coupling, related to
dissipation and latent heat is examined by means of conducting simulations under various thermal conditions. The validity of the model is
demonstrated by approaching experimental results of complex thermomechanical loading paths of SMA structures.

INTRODUCTION

In this work, a new 3D phenomenological model for SMAs is presented. A physical interpretation of the processes
occuring inside a SMA grain is intended to be approached to redefine the principles of reorientation, forward and reverse
transformation. This leads to the introduction of independent scalar rate variables which drive each of the three strain mecha-
nisms. Accordingly, a robust formalism is presented within a thermodynamical framework, and based on a Gibbs free energy
potential. Each internal variable is designed to evolve linearly with respect to one of those three scalar variables.

The model is implemented based on an open-source numerical simulation library [3] to conduct simulations of complex
loading paths. The material parameters are calibrated using advanced identification methods and the thermomechanical aspects
of the thermodynamic modeling are examined by simulating various thermal loading paths, e.g. isothermal and adiabatic.
Such thermomechanical coupling accounts for the dissipation phenomena related to the three mechanisms, namely forward
and reverse transformation, and reorientation.

THERMODYNAMIC MODELING

In the framework of thermodynamic phenomenological modeling, a Gibbs free energy potential governing the whole
material behavior is defined. The main internal variables selected are the martensitic volume fraction ξ and three parts of the
total inelastic strain εT , each driven by its respective inelastic mechanism. Forward transformation induces the evolution of
εF :

ε̇F = ξ̇FΛF
ε (σ) (1)

Reverse transformation drives the evolution of εR:

ε̇R = ξ̇R
!
↗εT

ξ

"
(2)

The effect of reorientation is given by evolving εre:

ε̇re = ṗreΛre
ε (σ,X) (3)

The martensitic volume fraction ξ is always found by updating the increasing (Forward) ξF and decreasing (Reverse) part
ξR:

ξ̇ = ξ̇F ↗ξ̇R (4)

The scalar ṗre is the magnitude of the strain that evolves within the martensitic volume which remains intact during trans-
formation. The quantities ΛF

ε and Λre
ε are orientation tensors and depend on the direction of stresses σ and the history of

loading, carried within the backstress X .
It is clear that the three scalar rates ξ̇F , ξ̇R and ṗre are the driving variables of the three mechanisms. When they have

zero values, the respective strains do not evolve, since the mechanisms are not activated. For forward transformation, the
criteria and the evolution laws implemented in [1] are taken in mind. For reverse transformation, a suitable criterion to ensure
return to zero transformation strain when all the martensitic volume is recovered. A criterion imposing kinematic hardening
is considered for reorientation. The backstress X attributes the kinematic feature to the reorientation behavior.

∗Corresponding author. Email: georges.chatzigeorgiou@ensam.eu



�	��
��	� � ��������	��
 �����������	��
 
��	��

%/,?;(20+(9054?5-?9/,?35+,2?5;,7?,=6,703,498?6:)208/,+?04?209,7(9:7,?08?6,7-573,+�?�?9/,7353,*/(40*(2?25(+04.?*54808904.

04?9,48054�?*5367,88054�?9578054?(4+?9,36,7(9:7,?;(70(9054?*(770,+?5:9?54?(?�0%0?9/04�<(22,+?9:),?&
'?/(8?),,4?803:2(9,+�

�(�?�5(+04.?6(9/ �)�?�(9,70(2?(4+?35+,2?7,86548,

�0.:7,?	�?�=6,703,49(2?7,8:298?�650498�?(4+?35+,2?7,6548,?�*54904:5:8?204,�?54?9/,?4573(2?897(04?�?8/,(7?897(04?�?9,36,7(9:7,

+0(.7(3?-57?9/,?*5362,=?454�6756579054(2?9/,7353,*/(40*(2?25(+04.?9(1,4?-753?&
'

%/, 0362,3,49(9054 5- 9/, �789 2(< 5- 9/,735+>4(30*8 /(8 ),,4 *(770,+ 5:9 04 9/, -7(3,<571 5- 3:29062, (*90;(9,+ 04,2(890*

3,*/(40838�?%/,?,--,*98?5-?9/,7353,*/(40*(2?*5:6204.?(7,?,;0+,49?)>?*536(704.?(?803:2(9054?5-?(?454�6756579054(2?25(+04.

:4+,7?0859,73(2?(4+?(+0()(90*?*54+090548�?�4?9/,?25(+04.?67,8,49,+?04?�0.�?
�?9/,?04090(2?9,36,7(9:7,?08?
����

�(�?�5(+04.?6(9/ ? �)�?�(9,70(2?(4+?35+,2?7,86548,

�0.:7,?
�?�=6,703,49(2?7,8:298?�650498�?(4+?35+,2?7,6548,?�*54904:5:8?204,�?54?9/,?4573(2?897(04?�?8/,(7?897(04?�?9,36,7(9:7,

+0(.7(3?-57?9/,?*5362,=?454�6756579054(2?9/,7353,*/(40*(2?25(+04.?9(1,4?-753?&
'

�?45;,2?9/,7353,*/(40*(22>?*5:62,+?6/,453,4525.0*(2?35+,2?/(8?),,4?+,;,2566,+?-57?$��8�?�9?8:**,,+8?04?*(69:704.

3(9,70(2?),/(;057?:4+,7?*5362,=?454�6756579054(2?9/,7353,*/(40*(2?25(+04.�?)>?9(104.?04?304+?9/,?803:29(4,5:8?(*90;(9054

5-?97(48-573(9054?(4+?7,570,49(9054�?�98?;(20+09>?/(8?),,4?(88,88,+?04?*536(70854?<09/?,=6,703,49(2?7,8:298�?%/,?-:22?0362,�

3,49(9054?5-?9/,?�789?2(<?5-?9/,735+>4(30*8?(225<8?9/,?04;,890.(9054?5-?9/,7353,*/(40*(2?,--,*98?54?9/,?3(9,70(2?7,86548,�

���
��	�

����������

&	'?"0+<(0�?�����?�(.5:+(8�?�����? 4?9/,7353,*/(40*8?(4+?97(48-573(9054?8:7-(*,8?5-?652>*7>89(2204,?�0%0?8/(6,?3,357>?(225>?3(9,70(2�?�49�?��?!2(89�?	��

	���	����?
����

&
'?�7(),�?���?�7:/48�? �%��?!(9/?+,6,4+,4*,?(4+?3:290(=0(2?),/(;057?5-?(?652>*7>89(2204,?�0%0?(225>?<09/04?9/,?68,:+5,2(890*?(4+?68,:+562(890*?9,36,7(9:7,

7,.03,8�?�49�?��?!2(89�?
�?	���?
����

&�'?$��#%�?+,;,2563,49 9,(3�?$��#%�?$3(79 �(9,70(28 �2.5709/38 (4+?#,8,(7*/?%5528�?� $*0,490�* �0)7(7>?-57?9/, �4(2>808 5-?9/, %/,7353,*/(40*(2

�,/(;057?5-?�,9,75.,4,5:8?�(9,70(28�?
�	
�



� ��

�

� )9-� :06>5� 15� �1/�� ��� ��

&&

�

�

�

� 1:� 4656;651+)33@� ,-+9-):15/� )5,� =)51:0-:� );�

�

	

�

�

�

��
 � � +6: � �

�

�� � �� � �� � ��

&&

�

��� � � �� � � � �

�� �

�����������

�� >0-9-�

�
�

	

�������

��

&&

�

�

�
 � � :15 �

��

�� � �� � ��

&(

���6>-=-9��

��� � � � �

��

&(

� � �

�

�

�

� =)51:0-:�);� 	

)�

�

��699-:765,15/�)<;069���4)13� @A0<6�.<,)5�-,<�+5�

�

�

� )5,�

�

�	�

��>0-9-� 	��

&(

�
$$�"��� �����
�����</<:;��	
����65;9-)3���)5),)� �

����������
���������������
��
���������������������� �

����
�	��
�����������������	����������� �

�
%)5/�&0)5/��%<-�%6<���%65/A065/��<6)��

	��� "���"��� ���������!�����
������ ��������������#�������$� !�"'�������������������������

�
�#��� '��-5,15/�6.�*-)4:�4),-�6.�+09641+� 318<1,�+9@:;)3�763@4-9:�+)5�*-�9-46;-3@�+65;9633-,�*@� 31/0;� 133<415);165:�)5,� 1:�46,-33-,�*@�
 146:0-526�*-)4�;0-69@�,<-�;6�;0-�76::1*3-�;9)5:=-9:)3� :0-)9�15,<+-,�*@�31/0;���6;0�)5)3@;1+)3� :63<;165:�)5,�.151;-�-3-4-5;�:14<3);165:�0)=-�

:06>5�;0);�;0-�*-5,15/�+0)9)+;-91:;1+:�1:�+65;9633-,�*@�;0-�+6<73-,�)+;165�6.�67;6�464-5;�)5,�67;6�:0-)9�.69+-�796,<+-,�*@�31/0;�133<415);165��

 0-�-..-+;�6.�31/0;�15,<+-,�:0-)9�+6<3,�*-�=-9@�:;965/�,-7-5,15/�65�;0-�318<1,�+9@:;)3�691-5;);165�)5,�*6<5,)9@�+65,1;165:��

�


��������
���

�
� � � �1/0;� 15,<+-,� +65;9)+;165� )5,�*-5,15/� 0)=-�*--5� 9-769;-,� )5,� :;<,1-,� .69� +96::3152-,�763@4-9�4);-91)3:�>1;0� 318<1,�

+9@:;)3�461-;1-:� )5,� )A6� ,@-:�'
��(�� 0-� 31/0;� 15,<+-,� )+;<);165� 6.� :<+0� +09641+� 318<1,� +9@:;)3�763@4-9:� ����:��796=1,-:� )�

<518<-�4-)5:�.69�9-46;-�+65;9633)*131;@�6.�:4)9;�,-=1+-:�� 0-�+3)::1+)3��<3-9��-956<331�*-)4�;0-69@���� ��0)=-�*--5�6.;-5�

<:-,� ;6� :;<,@� ;0-� 31/0;� 15,<+-,�*-5,15/�'�(���6>-=-9�� ;0-�706;6�:;9)15� 6.����:� 1:� )51:6;9671+�� :6� )� 3)9/-� ;9)5:=-9:)3� :0-)9�

:;9)15�+)5�*-�15,<+-,�*@�31/0;�>0-5�;0-�7915+17)3�)?-:�6.�706;6�:;9)15�,6�56;�+615+1,-�>1;0�;0-�,19-+;165:�6.�;0-�*-)4�)?-:��

 0<:��*-)4�46,-3:� +65:1,-915/� :0-)9� -..-+;� :<+0� ):� ;0-� 146:0-526�*-)4� ;0-69@� � � �� :06<3,�*-� )7731-,� )5,� ;0-� 31/0;�

15,<+-,�*-5,15/�1:�+65;9633-,�*@�;0-�+6<73-,�)+;165�6.�67;6�464-5;�)5,�67;6�:0-)9�.69+-:�):�,-;)13-,�15�;0-�.6336>15/�� �

� �

� � �

�65:1,-9�)�����*-)4�<5,-9�31/0;�>1;0�,19-+;69 6.����463-+<3-:�): :06>5�15��1/�� 
��;0-�706;6�:;9)15�1:��

�

� � � � � � � � � � � � � � �

>1;0� ;0-� 706;6�+65;9)+;165�

�����������������
�������������
��	����������	�����

��� �

� 	����	 � 15� �� )5,� ;0-� 706;6�-?;-5;165��� � 	�� � �� � ��� � ���� ��� � 
 � � 	����� � �� 15� ;0-�

7-97-5,1+<3)9�73)5-���*=16<:3@�� 1;:� :0-)9�+64765-5;�
��

&(
�

�

� 1:�565A-96�-?+-7;�

�

	

��*<;�1:�5654656;651+�>1;0�)�41514<4�);�

�

��

��

�

�

� 69�

�

�	

��

�

�

�� 1�-�� ��?�69� ��@���-5+-��>-�

79676:-�;6�<:-�;0-�.6336>15/�46,-3�*):-,�65� � �.69�;0-�31/0;�15,<+-,�*-5,15/��

�� � �

�1/�����91-5;);165�,-7-5,-5+-�6.�67;6�464-5;� �

)5,�67;6�:0-)9�.69+-�
�1/�����1/0;�15,<+-,�,-.3-+;165�6.�+)5;13-=-9:���)��>

� �

��
��&&

&& � ! � &( � &

 

��� � � � �%
	 � �� � �

�& � �& � �& � �&

�?����*��>

�
�

 

 � � �  � �� � � � � ��� � �� � � � � � �
� � � � � � �

���� �>

� )5,� �

$!

��

&
! � &(

�

��� � �%
�� �

�& � �& � �&

����

�1/��
�����*-)4�>1;0�31/0;�133<415);165��!51;�

=-+;69� �1:�;0-�691-5;);165�6.����,19-+;69�

�

�

 � � � �� � � � ���� � �� � �
� � �� � �

�� � �

� � � � � � � � � ����

>0-9-� ;0-� 3-.;�0)5,� :1,-:� )9-� ;0-� :;)5,)9,� .694:� 6.� � � ):� 15� '(�� 0-� 67;6�464-5;� �� �

&& � &&
�

�� � �� � �� � ��

� � 
 � (�(

� � ���

�

� � �

�

����� �

��

�

� )5,� 67;6�:0-)9�

.69+-�


 � � � �

�� �

&( � ! � &(
�

�

� �  � � � ��

#1;0

�

� �+6: � �	�:15 � �



� � � ���� 
 � @3=2� �� ���� � ��

�� � ��� � � � � � � � ��
� �� �

&2><��=2/�,/7.371�->;?+=>;/<�+;/�+5@+B<�=2/� <+6/� 08;�&�&�+7.���&��&23<� 3<�9;8,+,5B�=2/�;/+<87�@2B�=2/�/00/-=�80�=2/�

89=8�<2/+;�08;-/� ��

��
 � 3<� 80=/7� 8?/;5884/.�>9� =8�78@���8@/?/;�� +<� <28@7� 37��31�� ��+�� 08;� -+7=35/?/;<�� =2/� =@8� ./05/-=387<�

-+7�,/�:>3=/�.300/;/7=� 08;� �78=�9+;+55/5� =8� �8;� � +A3<��!8;/8?/;��� � � ��

��
 � -+7�9;8.>-/�+�6>-2� 5+;1/;�/7.�./05/-=387�@&� ��+<�

<28@7�37��31����,��+7.�+�;8=+=387�80�=2/�-;8<<�</-=387�+<� �� � ��

�� � � � ��� � � � � � ����
�
� 
 � ��

���������! � � ��� � �� � � � ��

�� � ��� � � � � � � � � � � � ��� � �� 
 � 
 � � +7.� �� � ��

�� � � � ��� � � � � � ����
�
� 
 � ��

���������! � � � � � � �� � � � �� � ��

�� � ��� � � � � � � � 
 � � � ����� � � � � � ��� 
 � 
 � 
 � 
 � � @3=2� � �� � � �� � ��

�� � ��� � � � � � � � ��� � � � �� 
 � �

�5=28>12�08;�%�%�/7.<��&�&�./05/-=387<�+;/�=2/�<+6/�+<���&��=2/�,/7.371�-2+;+-=/;3<=3-<�+;/�?/;B�.300/;/7=�08;���%�/7.<�

,/+6<�� �31�� �+�� ./93-=<� =2+=� 08;�

���$ ��

��

	

�

�

��

�8@/?/;��6>-2� 5+;1/;� ./05/-=387<� +;/� 9;/.3-=/.� ,B� &�&� .>/� =8� =2/� -86,37/.� +-=387<� 80�

�

��

��

�
�

�

�
�

� +7.�

�

��

��

��


 �� &2/;/08;/�� +7�

8;3/7=+=387�80� ��.3;/-=8;� �78=�+5871�=2/�,/+6�+A/<�-+7�,/�?/;B�,/7/03-3+5�=8�6+A363C/�=2/�5312=�37.>-/.�./05/-=387�� �

�

� � � �

&368<2/748�,/+6�=2/8;B�3<�+9953/.�=8�68./5�=2/�5312=�37.>-/.�,/7.371�80�-2;863-�53:>3.�-;B<=+5�985B6/;�,/+6<��'2/7�

=2/�53:>3.�-;B<=+5�685/->5/<�3<�78=�8;3/7=/.�+5871�=2/�,/+6�+A3+55B�8;�?/;=3-+55B��=2/�5312=�37.>-/.�<2/+;�<=;+37�-86987/7=�3<�

787C/;8�+7.�-+7�9;8.>-/�+�5+;1/�89=8�<2/+;�08;-/�37�+..3=387�=8�89=8�686/7=���8;�,/+6<�@3=2�=@8�/7.<�0;//�+7.�=@8�/7.<�

<3695B� <>998;=/.�� =2/� 5312=� 37.>-/.�,/7.371� ./05/-=387<� +;/�78=� +00/-=/.�,B� =2/� 89=8�<2/+;�08;-/���8@/?/;�� 08;� -+7=35/?/;�

,/+6<��=2/�./05/-=387�-+7�,/�6>-2�5+;1/;�.>/�=8�=2/�-8>95/.�+-=387�80�89=8�686/7=�+7.�89=8�<2/+;�08;-/���8;�,/+6<�@3=2�

87/�/7.�-5+69/.�+7.�=2/�8=2/;�<3695B�<>998;=/.��=2/�,/7.371�<2+9/<�+;/�+00/-=/.�?/;B�<=;8715B�,B�=2/�89=8�<2/+;�08;-/��&2/�

;/<>5=<�+;/�-8703;6/.�,B�=2;//�.36/7<387+5� 0373=/�/5/6/7=� <36>5+=387<��&2><��=2/�,/7.371� <2+9/<�80� <5/7./;�,/+6<�6+./�80�

-2;863-�53:>3.�-;B<=+5�985B6/;<�-+7�,/�;/68=/5B�-87=;855/.�=2;8>12�5312=�355>637+=387���7.�,/+6�68./5<�-87<3./;371�<2/+;�

./08;6+=387<�<28>5.�,/�+9953/.�37�95+-/�80�=2/�-5+<<3-+5�,/+6�=2/8;B�=8�<=>.B�=2/�5312=�37.>-/.�,/7.371�,/2+?38;��

�� � �

�

�

�������
����

���

� 3<� 98<3=3?/� +7.� 2+<� +� 6+A36>6� +=� A�� ���� �8;�

� �

� � � �

&2/�+>=28;<�=2+74�=2/�<>998;=�80�=2/�"+=387+5�"+=>;+5�%-3/7-/��8>7.+=387�80��237+��"8�

	

���������	�����

�

� 

�

�
		���

���	��

�
�

���

)
*

�

�

���� ����!�

�

�� 3=�

,/-86/<�7/1+=3?/�+7.�2+<�+�63736>6�+=�A�� �����8@/?/;��.>/�=8�=2/�89=8�<2/+;�08;-/�

�

��

��

�374/56+77�����"3<234+@+�����#/;/3;+�������'+;7/;�!��� ����	
��	
���		
�� �




	������������

��

)�*�

�

(>�(���"+4+78�!����4/.+�&�� ����
����		���

� � �

�����

� 2+?/�=@8�/A=;/6/<�

08;�

)�*

	

�

	 � 
�

'+;7/;�!���!+2+./?+7� �� ����
��	����		��

�

	������������

�
�

)*

�
�
	

�

�

� +7.� +5@+B<� 2+<� +� 7/1+=3?/� 63736>6� 08;�

'+71��!��$/..B���"�� //�����%2/+;�./08;6+,5/�,/+6<���95+=/<���5</?3/;���			�

�31����/05/-=387<�08;�,/+6�@3=2�87/�/7.�-5+69/.���=2/�8=2/;�<3695B�<>998;=/.���+����&���,��&�&���-���A=;/6/�?+5>/<�?<�.3;/-=8;�+715/�

	�
� � +<� 37� �31�� �,��� �31�� �-�� ./93-=<� =2/� /A=;/6/�

?+5>/<�?<� � ����&�9;/.3-=<�+�6+A36+5� 5312=� 37.>-/.�./05/-=387�+=� 	�
� �� 3�/�� �+<� 3=<�,/2+?38;� 3<�./=/;637/.�,B�

����%"�����!��#"���!��� �!����� �����!�#��� �#���� �����#����"���

�������!

�

�� �� � �� � � � �� 
 �
� �� ���������! � � � � � � � � � � � � �� � � � ��

�� � � � ��



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

A COMPLIANT ORTHOPLANAR SPRING BASED PIEZOELECTRIC VIBRATION
ENERGY HARVESTER

Sharvari Dhote ∗and Jean Zu

Deparment of Mechanical and Industrial Engineering, University of Toronto, Toronto,Ontario, Canada

Summary This paper presents the modeling and experimental analysis of a broad bandwidth piezoelectric harvester. The proposed
harvester consists of a compliant orthoplanar spring (COPS) with piezoelectric plates attached at three different locations. The dynamic
behavior of the harvester with a mass at the center is modeled numerically and characterized experimentally. The prototype is manu-
factured and experimentally investigated to study the effect of a mass on the bandwidth. The simulation and experimental results are in
good agreement. The proposed PVEH has enhanced the performance of the energy harvester in terms of a wide frequency bandwidth
and a high-voltage output under base excitations.

INTRODUCTION

Vibration-based energy harvester (VEH) provides a promising solution of maintenance free power to wireless sensor
nodes. In the last decade, major research efforts have been focused on the design and development of novel harvesters
generating a plethora of literature [1]. Ambient vibrations have wideband characteristics. The narrow bandwidth of
resonance-based linear devices hinder commercialization of this technology. Nonlinear geometric structures are promising
for energy harvesting because of the possibility to design a smaller device[1]. Various nonlinear geometric designs were
investigated in the literature [2, 3].

Most of the multi-frequency VEHs proposed in the literature have used a close linear multiple modes to expand the
bandwidth of an energy harvester. This paper investigates the piezoelectric vibration-based energy harvester (COPS-
PVEH) vibration behavior through experiments and modeling.

DYNAMIC MODELING

In this paper, the equivalent circuit system is used to model and analyze the dynamic behavior of the designed har-
vester. The equations governing the motion of the COPS-PVEH are defined as follows:

MẌ + CẊ + k1X + k3X
3 + θV =↗MZ̈, (1)

CpV̇ +
V

Rl
↗θẊ = 0, (2)

where Z̈ = Acos(ωt) is input base acceleration and over dots describe differentiation with time. Here X represents the
displacement of an inertial mass M , C is a linear viscous damping constant, k1 and k3 are the linear and nonlinear spring
stiffness, θ represents the linear piezoelectric coupling coefficient, V is the voltage across the load resistance Rl for the
piezoelectric harvesting part, and Cp refers a capacitance of the piezoelectric material. Eqs. 1 and 2 are converted to the
non-dimensional governing equations. The ordinary differential equations are numerically solved using the Matlab ode45
solver.

EXPERIMENTAL SETUP AND PROTOTYPE

This section describes the experimental setup used for characterizing the vibration behavior of the COPS-PVEH. The
proposed harvester consists of a COPS with piezoelectric plates attached at different locations. The spring is clamped
between two aluminum rings. The diameter of the device is φ 52 ×10−3 m and thickness 5× 10−3 m. The piezoelectric
plate (PZT-5H) of 8 × 5 × 0.3 mm3 size with a wrap-up electrode is attached to the structure using a super glue. Figure
1(b) shows the piezoelectric plates attached to the prototype sample at three locations, and named as the end piezoelectric
(EP) position, the middle piezoelectric (MP) position, and the center piezoelectric (CP) position. Figure 1(a) shows the
experimental setup with the COPS-PVEH prototype mounted on a shaker. The designed harvester is clamped on the elec-
trodynamic shaker, which provides a harmonic base excitation. The excitation signal is measured using an accelerometer.
The electrical output voltage data are obtained using the Tektronix 3014 oscilloscope.

∗Corresponding author. Email: sharvari.dhote@mail.utoronto.ca
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INFLUENCE OF PHASE TRANSFORMATION ANISOTROPY 
ON TRANSFORMATION SURFACE AROUND A CRACK TIP 

 
Etienne Patoor1,2,a), Guillaume Mohara1, Dimitris Chatziathanasiou3,  

Yves Chemisky3, George Chatzigeorgiou3 & Fodil Meraghni 3 
1School of Mechanical Engineering, Georgia Institute of Technology, GT-Lorraine, Metz, France  

2UMI 2958, Georgia Tech-CNRS, Metz, France 
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Summary A transformation criterion that includes the effect of tension-compression asymmetry and texture-induced anisotropy is used to 
describe the size of the transformation region surrounding the tip of an edge crack in a shape memory alloy. This analysis is made within the 
framework of the linear elastic fracture mechanics (LEFM). Different opening modes are considered. Transformation surfaces obtained are 
compared with those published by Lexcellent et al. (Int. J. Fract. 169: 1-13, 2011) for the isotropic case to capture the influence of 
transformation anisotropy for different fracture modes. 
 

INTRODUCTION 
 
   Shape memory alloys are nowadays used in a wide range of applications developed for a variety of industrial fields. 
However, the necessity to better understand the interaction between cracks and stress-induced martensitic transformation is 
only a recent concern [1, 2]. Based on the linear elastic fracture mechanics framework, Lexcellent et al. have recently 
derived [1, 3] the stress field around a crack tip and have determined the phase transformation zone. They have shown that 
this result is dependant of the loading mode. These authors have taken into account the tension±compression asymmetry 
observed in SMAs and established that this asymmetry is responsible for the ³SHDQXW�VKDSH´ of the transformation region in 
Mode 1. 
   Most of SMA applications are made from NiTi sheets or wires produced by rolling or by drawing. These elements are 
usually strongly textured. The present work aims to consider the influence of the crystallographic texture-induced 
anisotropy on the shape of the transformation zone using the new anisotropic transformation criterion developed by 
Chatziathanasiou et al. (2015) [4].  
 

ANISOTROPIC TRANSFORMATION CRITERION 
 
   In order to take into account the texture-induced anisotropy the notion of alteration of the axes of the stress space is used 
as introduced by Karafillis & Boyce [5]. A new space of stress V* is considered that represents a distortion of the space of 
real stresses. In this way the expression of the original transformation criterion is kept and Chatziathanasiou et al. [4] have 
proposed the following expression: 

Ȱሺߪሻ ൌ ඥܬଶሺכߪሻ ͳ  � ߪଷሺܬ
ሻכ

ଶܬ
ଷ ଶൗ ሺכߪሻ



ଵ
ଶ

െ ݇ఙ ൌ Ͳ 

   Transformation surfaces obtained in that way are presented in figure 1 for different values of parameter p. 

  
Figure 1 - Anisotropic Martensite Phase Transformation 

onset surface [4] 
Figure 2 - Mode I, Anisotropic Martensite Phase Transformation 

onset surface under plane stress condition 



DETERMINATION OF THE TRANSFORMATION ZONE AROUND A CRACK TIP 
 
   It is important to note that if the transformation is anisotropic we still assume that the elasticity remains isotropic. The 
determination of the transformation zone around a crack tip is then obtained considering the linear elastic fracture 
mechanics framework approach as proposed in [1]. The stress tensor כ is considered instead of the real stress tensor. The 
elastic stress field computed around the crack tip is investigated using the transformation criterion in order to determine the 
size and shape of the transformation surface. This is performed for different loading modes and different values of 
parameter p which characterizes the intensity of the asymmetry between tension and compression. 
 

RESULTS  
 
   The onset zone limit for an anisotropic stress-induced transformation is determined for plane stress and plane strain 
conditions considering three different fracture modes. Results are compared with the isotropic ones presented in [1]. 
Material parameters are the same in both cases, only anisotropy differs. In Fig. 2 results for plane stress condition in Mode I 
are presented. Anisotropy generates a slightly smaller surface. Shape is globally conserved but it is shifted to the left. 
Surfaces obtained in Mode II are shown in Fig. 3. Here again, they are slightly smaller with respect to the isotropic ones, 
and is shifted downwards. The intersection of the three plots for a given configuration is not the same. For the isotropic 
case, the intersection is for ȥ� � ���ZKHUHDV� LW� LV� DURXQG� WKH� ���-1.5) coordinate for the anisotropic case. In Mode III the 
surface is a circular one as in the isotropic case (Fig. 4) but this surface is no longer independent of parameter p. This comes 
from the fact that the determinant of the anisotropic stress tensor is not equal to zero as this is the case for the isotropic one.  
 

  
Figure 3 - Mode II, Anisotropic Martensite Phase 

Transformation onset surface for plane stress 
Figure 4 - Mode III, Anisotropic Martensite Phase 

Transformation onset surface for plane stress 
 

CONCLUSIONS 
 

   The notion of alteration of the axes of the stress space to describe the influence of texture-induced anisotropy allows 
extending fracture analysis in SMAs. Prediction of the phase transformation onset zones around a crack tip is obtained for 
three loading modes in plane stress and plane strain conditions. It appears that anisotropic surfaces are slightly smaller than 
isotropic ones while still displaying the same trend. Moreover, a light but noticeable shift of theses surfaces can be observed 
for all modes.  
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2D plane-strain Finite Element (FE) models were set up for three 
chiral cells: regular chiral cell (cell 1 in Fig.2a), chiral cell with core 
(cell 2 in Fig.2a), and chiral cell with soft hinges (cell 3 in Fig.2a). FE 
simulations were performed in ABAQUS 6.13 under uni-axial 
compression along y direction. Periodic boundary conditions (PBC) 
were applied on all four edges of each cell. Hyperelastic Mooney-
Rivlin models were used for two materials in the FE models. The 
3RLVVRQ¶V�UDWLR ߥ and ration ratio ܴ were plotted as the function of 
the compressive strain, as shown in Figs. 2b and 2c.  

 
Fig. 2 (a) FE models���E��3RLVVRQ¶V�UDWLR��DQG��F��

rotational ratio of three chiral cells. 
It can be seem that WKH� UHJXODU�FKLUDO� FHOO� JLYHV�D�3RLVVRQ¶V� UDWLR�RI�~-0.4, while WKH�3RLVVRQ¶V� UDWLRV�RI� WKH� WZR�QHZ 

chiral structures are smaller than that of the regular one. 7KH�3RLVVRQ¶V�UDWLR�RI�WKH�FKLUDO�FHOO�ZLWK�FRUH�LV�a-0.58, and that of 
the chiral cell with soft hinges is ~-1. Fig.2c shows that the cells ZLWK�VPDOOHU�3RLVVRQ¶V�UDWLR�KDve a larger rotational ratio 
between the active and passive ribs. 

A CHIRAL CELL WITH AUXETIC CORES 
   To further tailor the shape of the core, a new chiral structure with auxetic core was designed, and the representative 
volume element (RVE) of it is shown in Fig.3a. 2D FE simulations were performed for the RVE with PBCs under uniaxial 
tension. The ribs AB and CD are stiffened to avoid local buckling. 

7KH�3RLVVRQ¶V�UDWLR�RI�WKLV�QHZ�VWUXFWXUH�was compared with 
the regular chiral cell in Fig. 3b. The new structure shows a 
Poisson¶V� UDWLR� a-0.58. The non-dimensional openings (current 
over the initial cell size) of both cells ܴௗ ൌ ݀Ȁ݀ǡ ሺ݅ ൌ
ͳ����ʹ ሻwere plotted in Fig.3c. Interestingly, Fig.3c shows a 
unique sequential cell opening mechanism: step1, larger cells 
open, core cells only rotate; step 2, smaller cells open.  

This new structure can be used to design smart medical 
bandage for sequentially releasing medicine particles with 
different sizes upon the degree of tension caused by different 
levels of inflammation.  

 
Fig. 3 (a) the new chiral cell with auxetic cores���E��3RLVVRQ¶V�
ratio vs. tensile strain, (c) curves for sequential cell-opening. 

3D PRINTING AND MECHANICAL EXPERIMENTS 
   The chiral structures designed were fabricated via a multi-material 3D printer (Objet, Connex 260). Mechanical experiments 
were performed to study the deformation mechanism of them. Digit Image Correlation (DIC) was used to quantify the strain in 
ribs during the overall deformation. FE simulations of the real 3D printed specimens were performed and compared with the 
experiments. Consistent results were obtained from FE simulations and mechanical experiments. 
   Fig.3 (left) shows the 3D printed specimens of the regular chiral structure, 
which was printed as TangoPlus materials in the 3D printer. The stress-strain 
behaviour of this material can be well captured by the Mooney-Rivlin model. Fig.3 
(right) shows the DIC strain contour of this specimen under the overall strain of -
10%. It can be seen that in most parts of the rib, the local strain is close to zero or 
much smaller than the overall strain. The strain mainly concentrated at the corners. 
This shows that the assumptions of the analytical model are reasonable.  

 
Fig. 3 A 3D printed specimen and the DIC 

results of it.  
CONCLUSIONS  

   New chiral structures were designed based on the concept provided by an analytical rotational-spring-rigid-rod model. The 
deformation mechanisms of them were explored via 2D FE simulations and mechanical experiments on 3D printed specimens. 
The new chiral structure with a circular hard core was SURYHG�WR�KDYH�D�3RLVVRQ¶V�UDWLR�RI�-0.58, and the one with soft hinges has 
3RLVVRQ¶V�UDWLR�FORVH�WR�-1. Compared with the regular chiral structure, the third new chiral structure with auxetic core not only 
SURYLGHV� D� VPDOOHU� 3RLVVRQ¶s ratio (~-0.58), but also shows a unique sequential cell-opening mechanism. Those new chiral 
structures were proved to have robust auxetic effects and deterministic chirality. The new chiral structures can be used to design 
smart composites and actuating devices with applications in medical bandage for drug delivery, cellular camouflage, and sensors 
to respond to external stimuli. 
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MODELING FERROMAGNETIC AND MULTIFERROIC CONSTITUTIVE BEHAVIOR
BASED ON A CONDENSED METHOD (CM)

Stephan Lange ∗1 and Andreas Ricoeur1

1Chair of Engineering Mechanics / Continuum Mechanics, Institute of Mechanics, University of Kassel, Germany

Summary Due to the multifunctional applicability, smart materials are of particular interest in the field of material modeling. Most of
the developed models, describing the nonlinear behavior, are implemented within the framework of the Finite Element Method (FEM).
However, most investigations are restricted to simple boundary value problems (BVP) under uniaxial loading and their goal is the calculation
of hysteresis loops. Regarding this circumstance, the so-called condensed method (CM) is introduced to investigate the macroscopic
polycrystalline ferroelectric material behavior at a global material point without any kind of discretization scheme. In the presented paper,
the CM is extended towards ferromagnetic and multiferroic material behavior. Moreover, numerical results for a pure ferromagnetic behavior
and a comparison between the magnetoelectric coupling coefficient calculated by the FEM and the CM are presented.

INTRODUCTION

Ferroelectric as well as ferromagnetic materials are widely used in smart structures and devices as actuators, sensors,
etc. To model the nonlinear behavior, a variety of models has been developed in the past two decades, e.g. [1]. Most of
the models that have been published were implemented within the Finite Element Method (FEM). The implementation of a
discretization scheme is going along with a high computational effort and the solution of the boundary value problem (BVP)
requires high computational costs. Concerning the material behavior, most investigations are restricted to simple BVP under
uniaxial loading and their goal is the calculation of hysteresis loops. In [2] the so-called condensed method (CM) is introduced
to investigate the macroscopic polycrystalline material behavior of tetragonal ferroelectrics at a global material point without
any kind of discretization scheme. The CM is able to calculate hysteresis loops as well as residual stresses as a result of domain
wall motion [2]. Since reliability and life time of smart structures are crucial features for their development and design and
ferroelectric ceramics exhibit brittle failure characteristics, a high cycle fatigue model to predict the life time under combined
electromechanical loading is introduced in [3]. Besides classical ferroelectrics, other fields of application of the CM have been
exploited, e.g. ferromagnets or ferroelectric-ferromagnetic composites (s. [4]) or ferroelectrics with phase transition. In this
paper the CM is extended towards ferromagnetic and multiferroic composites.

CONDENSED APPROACH FOR NONLINEAR FERROELECTRIC-FERROMAGNETIC COMPOSITES

The system under consideration is a multiferroic composite, where barium titanate (B�� �� 3) is supposed for the ferro-
electric phase and cobalt ferrite (� ���2� 4) for the ferromagnetic phase. The composite is a random dispersion of ferroelectric
and ferromagnetic grains with variable volume fractions. Volume forces bi and charges ωV are neglected. Therefore, the static
balance equations can be specified as σij,j = 0, Di,i = 0 and Bk,k = 0 with stresses σij , electric displacement Di and
magnetic induction Bk. To describe the nonlinear behavior of a multiferroic composite, the thermodynamic potential of each
phase is given as [2, 3, 5]

Ψ(FE) =
1

2
Cijklεklεij ↗elijElεij ↗

1

2
κilElEi↗

1

2
µkmHmHk↗Cijklε

irr
kl εij + eiklε

irr
kl Ei↗P irr

i Ei, (1)

Ψ(FM) =
1

2
Cijklεklεij ↗

1

2
κlnEnEl↗

1

2
µkmHmHk↗Cijklεklε

irr
ij ↗M irr

k Hk, (2)

where Cijkl, eikl, κln and µkm are the elastic, piezoelectric, dielectric and magnetic permeability tensors. εkl, Ei and Hm

denote the independent variables strain, electric and magnetic field. εirrkl , P irr
i and M irr

k in Eqs. (1) and (2) identify the
spontaneous strain, polarization and magnetization as results of domain wall motion [2, 5]. The associated variables are given
by σ∗

ij = ∂Ψ∗/∂εij , D∗
i = ↗∂Ψ∗/∂Ei and B∗

k = ↗∂Ψ∗/∂Hk, where ∗ distinguishes between the ferroelectric (FE) and
ferromagnetic (FM) phases following Eqs. (1) and (2). In the presented model, each local material point has either ferroelectric
or ferromagnetic properties. The domain wall motion is realized by either ferroelectric or ferromagnetic evolution laws for
internal variables ν(n), where n = 1, . . . , � describe the domain species for a two-dimensional case [2, 4]. Switching occurs if
wdiss > wcrit is satisfied, where wdiss characterizes the dissipative work and wcrit the energy threshold. Next, the macroscopic
constitutive equations of a representative multiferroic volume element (RVE), which is given as a global material point in the
context of the CM, have to be determined. Assuming macroscopic values being microscopic volume averages of the 2-phase
comnposite, homogeneous fields in a grain and grains with equal size, i.e. V = MV (m), macroscopic values ⟨σij⟩, ⟨Di⟩
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and ⟨Bk⟩ are obtained by a simple averaging method [2]. Furthermore, a generalized VOIGT approximation is assumed,
where strain εkl, electric field El and magnetic field Hm are kept constant in the RVE consisting of M grains. Applying the
averaging method to the constitutive equations, given by partial derivatives of Eqs. (1) and (2), the macroscopic constitutive
equations of a multiferroic composite yield:

⟨σij⟩ = ⟨Cijkl⟩εkl↗⟨e(FE)
lij ⟩El↗⟨C(FE)

ijkl ε
irr(FE)
kl + C(FM)

ijkl ε
irr(FM)
kl ⟩, (3)

⟨Di⟩ = ⟨e(FE)
ikl ⟩εkl + ⟨κil⟩El↗⟨e(FE)

ikl εirr(FE)
kl ⟩+ ⟨P irr(FE)

i ⟩, (4)

⟨Bk⟩ = ⟨µkm⟩Hm + ⟨M irr(FM)
i ⟩. (5)

Values with angled brackets in Eqs. (3), (4) and (5) denote macroscopic quantities. Angled brackets without the super-
script (FE) or (FM) have contributions of both phases. Depending on the specific BVP the unknowns are chosen among the
macroscopic quantities ⟨σ⟩, ⟨Di⟩, ⟨Bk⟩, εkl, El and Hm. Assuming stress, electric and magnetic field as external loads, i.e.
⟨σij⟩ = σext

ij , El = Eext
l and Hm = Hext

m , the strain εkl results from Eq. (3). The residual stress, e.g. for a local material
point m of the ferroelectric phase, is given by:

σ(m)
ij = C(m)

ijkl

!
⟨Cmnkl⟩−1

!
σext
mn + ⟨C(FE)

mnopε
irr(FE)
op + C(FM)

mnopε
irr(FM)
op ⟩+ ⟨e(FE)

rmn ⟩Eext
r

"
↗εirr(m)

kl

"
↗e(m)

lij Eext
l . (6)

Other quantities, e.g. D(m)
i , ⟨Di⟩, etc., can be determined likewise.

RESULTS

For the numerical investigations an RVE with M = 30 local material points is considered in the following. The external
loads are the same as prescribed above. In Fig. 1(a) the strain and magnetization hysteresis loops for a ferromagnetic material
are shown. The strain loop exhibits, in contrast to a ferroelectric material, the typical saturation for higher magnetic fields
[5] since there is no linear piezoelectric or magnetostrictive contribution to σ(FM)

ij . In Fig. 1(b) the numerical results for
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Figure 1: Numerical results of a pure ferromagnetic material (� ���2� 4) (a) and the magnetoelectric coupling coefficient of
a composite (0.8 B�� �� 3↗0.2 � ���2� 4) (b)

the magnetoelectric coupling coefficient g(σ)22 of the FEM (particle composite) and CM are presented for a ferroelectric -
ferromagnetic composite with 80 % barium titanate and 20 % cobalt ferrite. The results of these entirely different methods
are in a good accordance concerning the order of magnitude for the magnetoelectric coupling coefficient g(σ)22 . Therefore, the
CM is also a powerful tool to investigate ferromagnetic and multiferroic materials without a FEM framework.
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Summary In this work, the influence of the direction and the history of thermomechanical loading of NiTi shape memory alloys on the
overall material behavior is experimentally investigated. In the first part, cyclic biaxial mechanical loading has been applied to cross-shaped
specimens under constant temperature. The residual strains of selected points from the sample surface are extracted and analyzed. The
second part of the study concerns thermomechanical testing of textured samples cut from a laminated plate under complex cyclic loading
at different temperature levels. The evolution of residual strains and the transformation threshold are correlated to the history of loading
and the amplitude of transformation strain. Anisotropic effects are studied by performing those same experiments on different directions
according to the rolling direction of the laminated plate.

INTRODUCTION

Cyclic mechanical loading on NiTi shape memory alloys (SMA) induces a noticeable change in the actuation stroke –
recoverable transformation strain and martensitic transformation stress limits. The general behavior under one-dimensional
loading conditions depends on the temperature of the sample. This is a phenomenon commonly associated to transformation-
induced plasticity [1], but retained martensite that can transform back at higher temperature is also present [2]. If such behavior
is well understood for uniaxial tests, the anisotropic evolution of the SMA response upon cyclic has not been extensively
studied. Moreover, SMAs are known to exhibit strong anisotropy for superelastic loading cases [3], since forming conditions
induce texture in the polycrystal. This has a direct effect on the behavior under biaxial loading as well, as has been investigated
in recent works [4].

In this paper, a series of thermomechanical cyclic tests on NiTi samples is presented. It aims at investigating the effect of
three separate parameters of cyclic loading to the change of the material response, namely the evolution of residual strains and
the transformation threshold in terms of stresses. These three parameters are the number of cycles, the magnitude of ultimate
applied strain and the loading direction. The first part of this series concerns isothermal biaxial loading of cross-shaped
specimens along their two directions. The evolution of the overall kinematic fields of the specimen surface is monitored
using DIC. The second part concerns thermomechanical loading of one-dimensional specimens at different temperatures. A
complex cyclic loading path is applied to observe the evolution of material properties, followed by heating to measure the
recoverable residual strain.

THERMOMECHANICAL TESTING IN ONE DIMENSION

One-dimensional samples cut along the two directions of a rolled NiTi plate at 50.6% Ni atomic content were subjected
to the following loading path: tension towards 3% strain and return to zero force, repeated 15 times in total. Then, tension
to 5% strain and return to zero force. This sequence of 16 cycles is repeated a second time, followed by two last cycles to
3%. Tests were performed at a strain-rate up to 10−4s−1 and the temperature was always controlled at 30, 40 or 50◦C. At the
end of the mechanical loading, the samples were heated up to 100◦C to measure the recoverable residual strain. In the results
presented in Figure 1, it seems to reach saturated values for the loading of 3%, but the 5% target in terms of strain induces
further residual strain.

ISOTHERMAL NON PROPORTIONAL BIAXIAL TESTING

Cross-shaped samples are subjected to repeated biaxial loading at a temperature of 50◦C. The first sequence is composed
of tension cycles along the East-West direction and compression along the North-South direction. In the second sequence, the
force is maintained at zero along East-West, whereas tension is applied in North-South. Two cycles of the first sequence are
repeated during the third sequence. Figure 2 follows the overall force-displacement response for the specimen, as tracked by
the test machine controller. Strain fields on the surface of the sample are tracked by Digital Image Correlation (DIC) [5].

CONCLUSION

The aspects of residual strain and transformation threshold are investigated experimentally for the superelastic behavior of
NiTi alloys. Cyclic loading has been applied in one- and two-dimensional configurations. The effects of transformation strain
magnitude and anisotropy have been studied and related to the material properties.
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EFFECTS OF SWITCHING PROCESSES IN FERROELECTRICS ON THE TEMPERATURE:
A MODELING APPROACH

Marius Wingen1 and Andreas Ricoeur ∗1

1Institute of Mechanics, University of Kassel, Kassel, Hessen, Germany

Summary In this paper, the theoretical background and a Finite Element (FE) solution of a micromechanically and physically based con-
stitutive model is presented. The model considers the mutual nonlinear coupling of thermal and electromechanical fields. Numerical
calculations show the effects of temperature on the electromechanical field quantities and vice versa. They also reveal switching processes
in ferroelectrics and associated heating or cooling.

THEORETICAL PRINCIPLES

Nonlinear thermo-electro-mechanical constitutive law
Based on the thermodynamical potential

Ω̄ =
1

2
Cijklϵ

rev
kl ϵ

rev
ij ↗

1

2
κilEiEl↗

1

2
γθ2↗elijElϵ

rev
ij ↗βijθϵrevij ↗klθEl↗P irr

i Ei↗S̄irrθ, (1)

with the material tensors Cijkl, κil, γ, elij , βij and kl denoting the elasticity tensor, the dielectric tensor, the thermal coef-
ficient, the piezoelectric tensor, the thermal stress and the pyroelectric coefficients, the constitutive equations of a nonlinear
thermo-ferroelectric material are obtained as

σ̇ij = Cijkl(ϵ̇kl↗ϵ̇irrkl )↗elijĖl↗βij θ̇, (2)

Ḋi = eikl(ϵ̇kl↗ϵ̇irrkl ) + κilĖl + kiθ̇ + Ṗ irr
i , (3)

˙̄S = βkl(ϵ̇kl↗ϵ̇irrkl ) + klĖl + γθ̇ + ˙̄S
irr

, (4)

where σij and ϵij are stresses and strains, Di and Ei the electric displacement and electric field and θ and S̄ the temperature
and specific entropy. The superscript ”rev” refers to reversible quantities and ”irr” indicates irreversible changes of state.

Balance of energy
For describing a thermoelectromechanical three-field problem, a third field equation is required, which is obtained from

the 1st law of thermodynamics. In the quasistatic case it reads

˙̄U = ˙̄W + ˙̄Q + ˙̄X , (5)

postulating that the change of internal energy ˙̄U is equal to the sum of of the electromechanical work rate

˙̄W = σij ϵ̇
rev
ij + EiḊ

rev
i , (6)

the specific heat flow rate
˙̄Q = q̇v↗q̇Aj,j , (7)

where q̇v is an internal heat source and q̇Aj,j a heat flux across the boundary, and the dissipative work rate

˙̄X = (σij ϵ̇
irr
ij + EiṖ

irr
i ) > 0 (8)

due to ferroelectric domain switching. The term in braces is a simple approach to quantify the switching energy [1]. Switching
events can also be interpreted as internal heat sources within a reversible control volume. According to Eq. (8), to q̇v then
applies

q̇v = ˙̄X = (σij ϵ̇
irr
ij + EiṖ

irr
i ). (9)

Together with Fourier’s law of heat conduction with the heat conduction coefficients λij and the Gibbs fundamental equation
for the internal energy

˙̄U(ϵ̇ij , Ḋi,
˙̄S) = σij ϵ̇ij + EiḊi + T ˙̄S, (10)

Eqs. (4) and (5), excluding any irreversible entropy production inside the conservative control volume ( ˙̄S
irr

, ˙̄X = 0), (6), (7)
and (9) finally lead to the energy balance, where T is the constant absolute temperature within incremental changes of state:

λijθ,ij = βijT ϵ̇
rev
ij + kiTĖi + γT θ̇↗σij ϵ̇irrij ↗EiṖ

irr
i . (11)
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a) b)

Figure 1: One-dimensional boundary value problem with (a) adiabatic (left boundary) and non-adiabatic (right boundary)
boundary conditions and (b) adiabatic boundaries as numerical test examples
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Figure 2: Analytical results for different loading frequencies with (a) E = 1� � /� and (b) E = 20� � /� ; (c) numerical
result for the local evolution of the temperature at single switching event

SOME RESULTS

Numerical example
Assuming the switching process is dominant for heating, the elasto- and electrocaloric coupling effects are neglected

in Eq. (11). The calculation, however, considers thermal expansion and the pyroelectric effect, which have an influence
on electromechanical quantities. Fig. 2 (c) shows the temperature evolution for the boundary value problem in Fig. 1 (b)
depending on the electric field strength. It shows a rising temperature during domain switching.

Analytical example
A Fourier transformation is applied to all time-dependent variables. As in the numerical solution, electro- and elastocaloric

effects are neglected in Eq. (11). Fig. 2 (a) and (b) show results for the distribution of the temperature depending on the
angular frequency ω for a stress-free (σij = 0) one-dimensional boundary problem, as shown in Fig. 1 (a). Due to the
adiabatic boundary condition at the left boundary (x = 0), the gradient of the temperature is zero there. At the right boundary
(x = L), the heat flows out of the body. It is a pure heating effect caused by switching processes. Higher frequencies foster
the homogeneity of the temperature in the rod.
Because of the relatively small electric field strength in Fig. 2 (a), this very simple calculation predicts results in an order of
magnitude of θ = 100, which is consistent with experiments in [2] and [3]. So-called thin film samples tolerate much higher
electric field strengths than bulks, thus much larger effects can be produced (Fig. 2 (b)).
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MOLECULAR DYNAMICS SIMULATIONS OF
PHASE TRANSFORMATIONS IN NITI BICRYSTALS
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Summary The influence of grain boundaries and grain misorientation on the nucleation and growth of martensite in an equi-atomic nickel-
titanium (NiTi) shape memory alloy (SMA) is investigated by performing molecular dynamics (MD) simulations on bicrystals with a
modified embedded atom method (MEAM) interatomic potential. Stress-induced martensitic transformations are simulated in bicrystals
with mixed grain boundaries and the behavior of the bicrystal is compared to that of individual single crystals. Here, a particular bicrystal
with < 110 > and < 111 > oriented austenite grains is chosen as an example. Results indicate that the mixed grain boundary in the
austenite bicrystal acts as a nucleation site for stress-induced martensitic transformation in the grains. The deformation behavior and the
transformation strain of the bicrystal fall in between those of the two corresponding single crystals.

INTRODUCTION

SMAs can exist in different phases depending on temperature and stress. This leads to interesting properties such as
pseudo-elasticity and the shape memory effect. The reversible phase transformation happens between a high-symmetry B2
austenite phase, stable at high temperatures, and a low symmetry B19’ martensite phase, stable at low temperatures. Under the
application of a load at high temperatures, the austenite phase undergoes large reversible deformations up to a strain of 10 %
by transforming into the martensite phase. This transformation is very sensitive to grain orientation [1], grain size [2] and grain
boundaries (GBs) [3, 4, 5] which are known to influence the nucleation of martensite, the transformation stress and strain, and
the type of variant in regions near the grain boundary. Since the martensitic transformation occurs rapidly, it is difficult to
understand the precise role of various types of grain boundaries by performing experiments. This is why molecular dynamics
is an important tool in understanding the underlying micro-structural changes during such phase transformations. So far, MD
has been limited to study temperature and stress-induced transformations in single-crystal NiTi [6, 7]. In this work, we study
the influence of mixed grain boundaries on stress-induced martensitic transformations by simulating differently oriented NiTi
bicrystals.

METHODOLOGY

A specific bicrystal with a mixed high-angle grain boundary is chosen as an example to discuss method and results. A 3-D
cell with periodic boundary conditions along all directions consisting of two grains of different orientation (Fig. 1(a)) is used.
Overlapping atoms near the GB that are very close to each other are deleted. The two GBs, one in the middle of the cell and

GB1

GB1

GB2

n1

n2

n3

m1

m2

m3

d < 11̄0 >

< 110 >

< 001 >

< 112̄ >

< 111 >

< 11̄0 >

(a) (b)

Figure 1: (a) Schematic of the 3-D periodic bicrystal simulation cell. (b) Sectional view of a relaxed bicrystal with a mixed
grain boundary (atoms in red); orientation of individual grains is also shown.
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one that arises because of periodicity are similar and the separation d between them is large enough to independently study
the effect of the GB. In this work, we choose d =15 nm and 15 nm × 15 nm × 15 nm grains. The initial structure is austenite
with the orientation of the two grains shown in Fig. 1(b).

An energy minimisation is performed to obtain the minimum energy GB structure. After that, the bicrystal is allowed to
thermally equilibrate at 350 K. The loading axis is perpendicular to the GB plane. Tensile and compressive loading simulations
are performed at a strain rate of 107 s−1. To compare results with single crystal behaviour, bulk single crystals along < 110 >
and < 111 > axis are subjected to the same boundary conditions. All simulations are performed with LAMMPS using the
MEAM interatomic potential [8].

RESULTS AND DISCUSSION

Figure 2 shows the tensile (a) and compressive (b) stress-strain response of the B2 bicrystal shown in Fig. 1(b) and that of
the individual single crystals loaded along the < 110 > and < 111 > axis at 350 K. In all cases, there are two regions of linear
deformation, corresponding to phases B2 and B19’, that are separated by a non-linear region – this implies the transformation
and leads to super-elasticity. The stiffness of B2 and B19’ and the strain associated with the stress plateau for the bicrystal
are in between the corresponding single crystal values. Under both tension and compression, the GB acts as a nucleation site
for the onset of martensitic transformation, starting in the bottom grain in Fig. 1(b). In this particular bicrystal, the GB does
not affect martensite variant selection since the same variants are formed in each grain and in the individual single crystals
(results not shown here).
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Figure 2: Isothermal stress-strain behavior of the bicrystal in Fig. 1(b) compared to individual bulk single crystals at 350 K
under (a) tension and (b) compression.
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shown in Fig. 5. The SMP tape passed through the SMA tape and the SEA tape were sandwiched between two SMP tapes 
from upper and lower sides. The laminated material was set in the mold for heat-treating of the SMC belt. The photographs 
of the bending motion of the fabricated SMC belt during heating and cooling are shown in Fig. 6. The SMC belt bends to 
convex downwards (in the direction of the memorized round shape of the SEA tape) by the recovery force of the SEA tape 
during heating (1) – (2). It bends to convex upwards (in the direction of the memorized round shape of the SMA tape) by 
the higher recovery force of the SMA tape at higher temperature (2) – (3). It regains its original shape during cooling (3) – 
(4). As can be seen, the three-way (reciprocating) bending actuation can be obtained by a simple SMC structure. 

CONCLUSIONS 

   In the present paper, the development of a functionally-graded shape memory alloy actuator, a functionally-graded shape 
memory polymer actuator and a shape memory composite actuator was discussed. The main points confirmed are as follows. 
(1) The simple multi-way actuator can be developed by using the functionally-graded shape memory alloy. 
(2) The functionally graded shape memory polymer board, showing the close deformation property of the finger, can be 

applied to the elements coming into contact with body in the medical actuators. 
(3) With respect to the shape memory composite actuators, by the combination of various kinds of shape-memory alloy and 

polymer, the three-way actuation can be obtained. 

Fig. 3 Photograph and structure of FGSMP board

Fig. 4 Indentation curves of FGSMP board and finger

Fig. 5 Arrangement of SMA, SEA and SMP tapes 
for laminating and heat-treating of SMC belt

Fig. 6 Photographs of three-way bending motion of SMC 
belt during heating and cooling

0

100

200

300

400

500

600

0 1 2 3 4 5 6 7 8

N
om

in
al

 s
tre

ss
 σ

[M
Pa

]

Nominal local strain ε [%]

Ti-51.0at%Ni
Ti-50.6at%Ni
Ti-50.4at%Ni

Shape memory treated
Crosshead speed = 1 mm/min
T = R.T.

Fig. 1 Fabrication process and structure of FGSMA wire

Fig. 2 Stress-local strain curves of the FGSMA 
wire at various Ni content positions
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NUMERICAL MODELING OF GAS-EXPANDED LUBRICANTS IN HYBRID BEARINGS 
 

Ssu-Ying Chien1a), Alexandrina Untaroiu1, Mark S. Cramer1 
1Biomedical Engineering & Mechanics, Virginia Tech, Virginia, United States 

 
Summary A binary liquid mixture of synthetic oil and dissolved carbon dioxide could be a potential substitution of conventional lubricants. 
These smart-lubricants have the ability to provide a more efficient and reliable operation of turbomachinery through real-time adjustment of 
lubricant mixture properties. The goal of this study is to investigate the performance and phase behavior of these gas-expanded lubricants in a 
high-speed hybrid bearing using a three-dimensional CFD model. The results indicate that utilizing a smart-lubricant with altered properties 
results in lower power losses as compared to a bearing operating with pure oil. The resulting pressure and temperature distributions also indicate 
that two-phase behavior of carbon dioxide could trigger significant effects on bearing performance even under high ambient pressure condition. 
 

INTRODUCTION 
 
   A smart lubricant, also called a gas-expanded lubricant (GEL), is a binary liquid mixture of synthetic oil and dissolved 
carbon dioxide (CO2). The amount of gas dissolved can vary in time and can be correlated with the various operating 
conditions of the bearing. This provides direct control over the lubricant viscosity that could maximize bearing and rotor 
dynamic performance in real-time [1]. The lubricant properties of this binary mixture can be easily tuned by adjusting the 
mixture composition via the pressure inside the bearing housing as shown in Fig. 1(a). Although previous studies have 
evaluated the performance of GEL in high-speed rotating bearings, all of them were based on the two-dimensional form of 
generalized Reynolds equation with an assumption of a single-phase fluid, which does not account for the potential of 
dissolved CO2 vaporizing or separating from lubricant oils [2]. Therefore, the objective of this study is to utilize three-
dimensional numerical modelling to investigate the performance as well as the phase behavior of smart lubricants in a hybrid 
bearing under different operating environments. A series of single-phase simulations for different lubricants is performed to 
evaluate the potential two-phase behavior and bearing performance in terms of power loss, pressure and temperature 
distributions, as well as the corresponding mixture composition. These simulation results establish a foundation for further 
development of the two-phase model to study the complex fluid phase behavior inside high-speed rotating bearings under 
various operating conditions.  

 
Fig. 1. (a) Smart lubricant viscosity adjustment potential, (b) Boundary conditions, and (c) CFD model of a hybrid bearing  

 
METHODOLOGY 

 
   The high-speed hybrid bearing is selected from the literature and is shown in Fig. 1(b) [3]. It is 76.2 mm in diameter and 
76.2 mm in axial length, has a radial clearance of 0.127 mm and 0.5 eccentricity ratio. The five square recesses on the stator 
are 27 mm in length and 0.254 mm in depth, each having a radially directed inlet orifice of 2.49 mm in diameter. There is one 
outlet port, as shown in Fig.1b). The operating speed is 24,600 rpm. The boundary conditions setup and lubricant properties 
are set according to previous work in [3]. The performance and phase behavior of GEL are first analysed using a three-
dimensional single-phase model using ANSYS-CFX, which solves the Reynolds-averaged Navier-Stokes equations and the 
energy equation. The Shear Stress Transport turbulence model is selected. The boundary conditions include: adiabatic no slip 
walls, static pressure and temperature at the five inlet orifices, and static pressure at the outlet port. The lubricants analysed 
in this study included polyolester oil (POE) and smart lubricant (POE + 20% dissolved CO2). The viscosity of POE and smart 
lubricant at 55°C are 34.04 mPa s and 22.4 mPa s, respectively. An empirical equation for solubility of CO2 in POE based on 
experimental data from Hauk [4] was utilized to analyse the phase behavior: ܲ ൌ ܽଵܥ  ܽଶܶܥ  ܽଷܥଶ  ܽସܥଶܶ  ܽହܥଶܶଶ, 
where mass fraction of CO2, C is described as a function of pressure, P and temperature, T; the empirical coefficients a1 = -
150.3, a2 = 0.5926, a3 = 525.1, a4 = -3.317 and a5 = 0.004917. The accuracy of the CFD model is demonstrated by comparing 
the simulated lift force with the experimental value from Franchek and Childs [5], and the relative error was approximately 
4.3%.  

P µ 

(a) (b) (c) 

stationary 
wall 

rotating 
wall 

inlet 

outlet 



RESULTS AND DISCUSSION 
       
   The effect of using POE and the smart lubricant on the performance of a hybrid bearing was numerically modelled 
considering the lubricant is fed into the bearing at a pressure of 7 MPa and temperature 55°C. The simulation results show 
that the bearing power loss produced by the smart-lubricant is 11.9 kW, resulting in a 13.1% reduction compared to the POE-
lubricated case due to the lower viscosity.  
   Figure 2 (a) and (b) present the comparison of pressure and temperature profiles between a smart-lubricant delivered under 
two different conditions: (1) low ambient pressure with the supply pressure of 5.9 MPa, supply temperature of 40°C and 
outlet pressure of 0 MPa, and (2) high ambient pressure with the supply pressure of 6.4 MPa, supply temperature of 40°C 
and outlet pressure of 5.9 MPa. As can be seen, the peak pressure occurred on the side of the bearing between the applied 
load and the outlet orifice. Also, the wall boundary imposed at the axial ends of the bearing to mimic the effects of the pressure 
annular seals that isolate the bearing cavity induced a much higher temperature in these regions. Figure 2 (c) shows the 
calculated mass fraction of dissolved CO2 based on the resulting pressure and temperature. These results indicate that the local 
pressure drop and the increased temperature can potentially result in the dissolved CO2 vaporized or separated from the oil 
even under high ambient pressure condition. Further study will focus on the two-phase flow modelling to study the complex 
two-phase behavior of smart-lubricants in high-speed rotating bearings, as well as its implication on their performance under 
various operating conditions.     
 

   

   
 

Fig. 2. (a) Pressure profile, (b) temperature profile and (c) mass fraction of dissolved CO2 for a smart-lubricant delivered at 
low ambient pressure (1st row) and high ambient pressure (2nd row)     
 

CONCLUSIONS  
  
  The performance and phase behavior of smart-lubricants in a high-speed hybrid bearing was investigated using a three-
dimensional CFD model. The results indicated that utilizing a smart-lubricant with altered properties results in lower power 
losses as compared to a bearing operating with pure oil. The simulation results suggest that the two-phase flow could possibly 
exist inside a high-speed rotating bearing even under high ambient pressure. This is due to the decrease of local pressure and 
the rise of local temperature at the axial ends of bearing which are sealed. A two-phase flow model, therefore, should be 
developed in the future to investigate the potential vaporization or separation of dissolved CO2 as well as its impacts on 
bearing performance under a variety of operating conditions.    
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Abstract This paper summarizes results of a recent experimental investigation concerning the effects of long-term thermal cycling on macro 
fiber composite actuators. More specifically, this work focuses on how thermal cycling causes impedance measurements to drift and eventually 
stabilize after many cycles. This impedance drift may lead to significant implications for impedance-based structural health monitoring systems, 
strain sensing, and precision positioning devices that are implemented in dynamic temperature environments. 
 

INTRODUCTION 
 
 Macro fiber composite (MFC) actuators are used by several industries in a wide variety of applications including: energy 
harvesting, structural health monitoring (SHM), precision optics, strain sensing, and active vibration suppression [1,2]. MFCs 
are composed of aligned rectangular fibers of piezoelectric ceramic material encased in a structural adhesive, layered with 
interdigitated electrodes, and sandwiched between two layers of polyimide film for electric isolation and additional structural 
reinforcement [3]. This unique design allows MFCs to be more flexible and durable compared to conventional single wafer 
piezoceramic actuators. 
 Bonding a MFC to a structure creates an electromechanically coupled system where electrical impedance of the MFC is 
influenced by the mechanical impedance of the structure. Any structural modification to this system (e.g., damage or defects) 
changes its mechanical impedance, thus changing the electrical impedance measured with the MFC. Using these concepts to 
detect, locate, and assess damage from impedance measurements is the central goal of impedance-based SHM research. If 
significant changes in impedance are caused by anything other than structural damage (e.g., thermal cycling) then the SHM 
system will fail unless proper compensation techniques are developed and implemented. 
 

EXPERIMENTAL DETAILS 
 
 Impedance drift due to thermal cycling was first observed in a related study presented in 2014 by Faria et al. [4]. The current 
research builds on that of [4] by presenting results of a more rigorous experimental investigation. This was accomplished by 
testing multiple specimens in an isolated and controlled environmental chamber thus eliminating as many external variables as 
possible. Six identical specimens were made by bonding a MFC (model: M2814-P2-HT from Smart Material Corp.) to the base 
of a 6061-T6 aluminium cantilever beam having dimensions 127 x 19 x 1.59 mm with DP-460 structural adhesive following a 
standard vacuum bag bonding procedure. Three beams were placed in an environmental chamber and were exposed to repeated 
thermal cycling from -60oC to 90oC. Impedance measurements were taken at -60oC, 25oC, and 90oC during each cycle after 
allowing the system to achieve a steady state at each of the three temperature targets. Each cycle required 180 minutes to 
complete and total of 46 cycles were performed. The other three beams were placed outside the chamber and were used as 
reference or control specimens that were maintained at room temperature for the duration of the experiment. 
 All impedance measurements were carried out and managed by a LabVIEW program developed as part of this research. 
Measurements from this LabVIEW-based impedance analyzer were validated by comparing results with a proven technique. The 
analyzer generates a sine chirp signal to drive a MFC as the system input (X ) which has user-defined start and stop frequencies, 
sample rate, and amplitude. The response signal (Y ) is measured simultaneously at a user-defined sample rate. The frequency 
response function (FRF) is then calculated with H = Sxy / Sxx where Sxy and Sxx are the cross- and auto- power spectrums 
respectively and H is the FRF. Given H, the reference resistance Rs and the input impedance of the data acquisition hardware, it 
is then possible to calculate the electromechanical impedance of the structure using fundamental circuit analysis techniques. 
 Given any two plots such as a pair of impedance measurements or FRFs, the difference between the two plots can be 
represented as a single value by calculating what will be referred to here as the damage metric. The damage metric used for this 
analysis is defined as,  
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where bZ  is the baseline plot, Z  is the new or damaged plot, N  is the number of samples in each array, and the overbar 
denotes the mean value. This damage metric was used to make several comparisons between impedance measurements in the 
following results. 



   

   
Figure 1. Summary of damage metrics for beam pairs 1 and 3 calculated from impedance measurements for the DP-460 
specimens comparing the chamber beams (positive values) to the control beams (negative values). 
 

RESULTS 
 
 Figure 1 shows a collection of damage metrics calculated for beam pairs 1 and 3 where the baselines were taken to be the first 
impedance measurements on the first temperature cycle for each beam pair. Results of beam pair 2 have been omitted due to a 
faulty connection that was discovered during testing. Each plot in Figure 1 was generated by first calculating the damage metrics 
for a chamber beam and the corresponding control beam. The damage metrics for each pair were then normalized by their 
maximum damage metric from all 46 cycles. The damage metrics for the chamber beams are plotted on the positive y-axis and 
the control beam damage is plotted on the negative y-axis. This was done to provide a direct comparison of the impedance drift 
between the chamber and control beams at each target temperature as a function of thermal cycle number. 
 The results in Figure 1 show that impedance measurements stabilize after approximately 25 cycles when measured at 25oC 
and 90oC; however, this stabilizing trend is not as apparent at -60oC. Also, the damage metric magnitude of the chamber beams 
at -60oC is similar to that of the control beams. This means that impedance measurements of thermally cycled beams at -60oC are 
approximately as stable and consistent as impedance measurements taken from beams that did not undergo thermal cycling. 
 

CONCLUDING STATEMENTS 
 
 The authors present a brief summary of results from an experimental investigation focused on impedance drift in MFC 
actuators exposed to thermal cycling. Impedance measurements of a MFC bonded to an aluminium beam were taken at 25oC, 
90oC, and -60oC during each cycle for a total of 46 cycles. Results show that the impedance appears to drift and be inconsistent 
before stabilizing after approximately 25 cycles. The cause of this drift is currently unknown; however, it is most likely due to 
long-term curing effects of epoxy or other construction materials within the MFC. Future work will focus on determining the 
exact cause of this drift followed by developing strategies to compensate for or eliminate it completely. 
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Summary Epoxy based shape memory polymers (ESMPs) always present inherent brittleness and susceptible to fatigue due to the highly 
cross-linked network. To solve the above problems, in this study, we prepared a type of epoxy based shape memory nano-composites 
(ESMNCs) by introducing nano-carboxylic acrylonitrile butadiene rubber powder to ESMP matrix. The thermal, mechanical and shape 
memory behaviour of such ESMNCs were systemically investigated. Results demonstrated that the toughness of the fabricated materials greatly 
LPSURYHG��ZLWKRXW�VDFULILFH�RI�WKH�<RXQJ¶V�PRGXOXV�DQG�WKHUPDO�SURSHUWLHV��$W�WKH�VDPH�WLPH��WKH�(601&V�VKRZHG�GHVLUDEOH�VKDSe memory 
behaviour with fast responsive speed, high shape fixing and recover ratio.  
 

INTRODUCTION 
 
   Shape memory polymers (SMPs) as a kind of smart materials have obtained significant advancements in the past 
decades. SMPs feature the performance to recover the initial shape from the temporary shape upon exposure to suitable 
external stimulus [1, 2]. SMPs exhibit a plenty of merits, such as large deformation, lightweight, feasible manufacturability 
and low cost compared with shape memory alloys (SMAs) [2]. To date, many SMPs including epoxy based shape memory 
polymer (ESMPs), styrene based shape memory polymers (PSMPs), polyaspartimide-urea based shape memory polymers 
and shape memory polyurethanes (SMPUs) etc. have been reported [1]. Among them, ESMPs exhibiting high glass transition 
temperature (Tg), fine chemical stability, high hardness and superior shape memory behaviour. However, as a typical class 
of thermosetting SMPs, ESMPs always present inherent brittleness and susceptible to fatigue due to the highly cross-linked 
network, which greatly hinder their promising and practical applications, especially in engineering fields [3]. Some 
researches have focus on improving the toughness of ESMPs, however, the results lead to the sharp GHFUHDVH� LQ�<RXQJ¶V�
modulus, and thermal properties [3, 4]. Therefore, to further enhance and broaden the applications of ESMPs in engineering 
areas, it is necessary to fabricate ESMPs with high toughness and excellent overall properties. 

In this study, a kind of epoxy based shape memory nano-composites (E-SMNCs) were fabricated by introducing nano-
carboxylic acrylonitrile butadiene rubber powder (CNBENP) to the polymer matrix. Through characterizations, we found 
that such materials possess superior mechanical, thermal and shape memory properties.  

 
EXPERIMENTAL SECTION 

 
Materials 

ESMPs were fabricated as presented in our previous reports [5]. Nano carboxylic acrylonitrile butadiene rubber 
(Narpow VP-501) in powder form were obtained from SINOPEC, Beijing Research Institute of Chemical Industry (BRICI), 
China.  
Preparation of the samples 

The E-SMNCs were fabricated as following steps. To remove the influence of moisture, the obtained nano-rubber 
powder was dried at 50 ć for 24 h in an oven. After that, 100 phr and 8 phr nano-rubber were mixed by using a three-roll 
mill for three times. Then, curing agents and accelerators were added to the mixture and stirred at 80 ć for 30 min. The 
obtained mixture was degassed at a vacuum oven for 10 min at 80 ć and then casted into the pre-heated glass moulds. At 
last, the ESMNC blend was put into an oven for curing. The curing condition was set as 80 ć for 3 h, 100 ć for 3 h and 
150 ć for 5 h. After cooling down to room temperature naturally, the ESMNCs were obtained.  

 
RESULTS AND DISCUSSES 

Thermal mechanical properties 
Dynamical Mechanical Analyzer (DMA/SDTA861e, Mettler±Toledo) experiment was carried out to investigate the 

thermo-mechanical capabilities of the fabricated ESMNCs. The experiment was conducted in tension mode at a frequency 
of 1 Hz. The test temperature changed from 25 ć to 200 ć at a rate of 5 ć/min. The result of the DMA test is shown in 
Fig. 1. It is clearly that the addition of nano-rubber into the ESMP matrix has little effect on the storage modulus and Tg as 
we expected. 



 
Fig. 1 DMA curves of pure ESMP and ESMNC (a) storage modulus (b) loss factor. 

Mechanical properties 
The mechanical properties were tested by Zwick/Roell Z010 (Zwick GmbH & Co. KG) instrument under tensional 

mode at room temperature and at Tg, respectively. The specimens were prepared according to the standard ASTM D638, 
Type IV. The strain rate was 5 mm/min. Fig.2 presents the original stress-strain curves. It can be obtained that, after 
introduction of nano-rubber, the elongation at break of ESMP improves at both low and high temperature. Although the 
facture stress show decreasing trend��WKH�<RXQJ¶V�PRGXOXV�NHHS�FRQVWDQW�HYHQ�D�OLWWOH�LQFUHDVH�DW�URRP�WHPSHUDWXUH, which 
is an expected phenomenon in nano-rubber modified ESMP. 

 
Fig. 2 The stress-strain curves of pure ESMP and ESMNC (a) at room temperature (b) at Tg. 

Shape memory behavior 
Shape memory behavior was investigated by a bending-recovery test. A straight specimen was treated as the original 

shape. Then, it was bended into a ĀUā shape as its temporary shape at Tg+20 ć. The ĀUā shape bar could be fixed 
by cooling down the sample to room temperature. When deformed sample bar was re-heated above Tg +20 ć, the 
specimen could recovery its original shape. Fig. 3 exhibit the visual demonstration of the shape recovery process of 
ESMNC��&OHDUO\��WKH�VDPSOH�FDQ�UHFRYHU�LWV�RULJLQDO�VWULS�VKDSH�IURP�WKH�WHPSRUDU\�³8´�VKDSH�ZLWK�D�IDVW�UHVSRQVLYH�VSHHG� 

 
Fig. 4 Shape recovery process of ESMNC. 

 
CONCLUSIONS 

 
 In this study, we fabricated a kind of epoxy based shape memory nano-composites (ESMNCs) with superior 

mechanical, thermal and shape memory properties. Combining the excellent overall properties and smart shape memory 
effect, the application of such materials will be much wider.  
 
References 
[1] Leng J. S., Lan X., Liu Y. J., Du S. Y.: Shape-memory polymers and their composites: Stimulus methods and applications. Prog. Mater. Sci. 56: 1077-1135, 

2011. 
[2] Meng Q. H., Hu J. L.: A review of shape memory polymer composites and blends. Compos. Part A-Appl. S. 40: 1661-1672, 2009. 
[3] Rousseau I. A., Xie T.; Epoxy based shape memory polymer: composition, structure, properties and shape memory performances. J. Mater. Chem. 20: 3431-

3441, 2010. 
[4] Leonardi A. B., Fasce L. A., Zucchi I. A., Hoppe C. E., Soule E. R., Perez C. J., Williams R. J. J.: Shape memory epoxies based on networks with chemical 

and physical crosslinks. Eur. Polym. J. 47: 362-369, 2011. 
[5] Leng J. S., Wu X. L., Liu Y. J.: Effect of a linear monomer on the thermomechanical properties of epoxy shape-memory polymer. Smart Mater.Struct.18: 

095031, 2009. 
 



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

PERFORMANCE IMPROVEMENT OF IMPACT DRIVE MECHANISM MOTOR USING THE
NONLINEAR PROPERTY OF THE DRIVING MATERIAL

Yimin Tan∗1, Zuguang Zhang 2, and Jean Zu1

1Department of Mechanical and Industrial Engineering,University of Toronto, Toronto, Ontario, Canada
2Advanced Mechatronics of Toronto Inc., Mississauga, Ontario, Canada

Summary Impact Drive Mechanism (IDM) motors, compromising the impact force and the friction to achieve the motion, have a great
potential to be applied in the precision industry. Traditionally, to eliminate the complex behaviours of driving materials, these motors are
majorly operated when the material is driven employing its linear property. The prevalent way of improving the performance of the IDM
motors is to use the optimized driving waveform. However, using a complex waveform greatly increases the burden of driving hardware.
The main objective of this work is to investigate the performance improvement of IDM motors utilizing the nonlinear property of the driving
material. Experiments are conducted to explore the influence of Galfenol nonlinear property on the performance of IDM motors, whose
nonlinear property is modulated using a bias DC current. The result indicates that the motor motion performance can be greatly improved
using the quadratic nonlinear property of Galfenol.

INTRODUCTION

Impact Drive Mechanism (IDM)[1] has been applied in the development of various actuators and motors for the application
in robotics and precision engineering industry. By applying a sawtooth driving waveform, the rapid elongation and slow
shrinkage of the driving element can be achieved which results in a series of impact forces. When the impact force is larger
than the static friction during the sudden deformation, the slip stage can be realized. While the driving material is experiencing
the slow deformation, the generated inertia force is not large enough to overcome the friction force. Then, the motor does not
exhibit an actuation. By repeating this step, a continuous slip-stick motion can therefore be realized. Existing IDM motors
use the linear response of these driving materials for achieving the stick-slip motion to restrain the nonlinear property of
the driving materials. Previous researchers[2] have made a lot of efforts to optimize the driving signal in order to achieve
an improved motor performance. Unfortunately, because of the intrinsic complexity of the friction and the driving material
property, the development of a comprehensive model consumes tremendous efforts. In addition, the optimized driving signal
waveform varies significantly because of the motor application scenario. Also, as the optimized driving signal usually will not
be in a regular type of waveform, generating and amplifying these signals requires more sophisticated hardware. In order to
simplify the driving signal and the hardware, the objective of this work is to investigate the influence of the driving material
nonlinear property on the performance of the IDM motors.

PROPELLING MECHANISM ANALYSIS AND EXPERIMENT VALIDATION

Piezoelectric materials have been prevalently employed in the development of IDM motors. In this study, a novel magne-
tostrictive material, Galfenol[3], is used to explore the effect of material nonlinear property on the performance of the IDM
motors because of two reasons. First, different from the piezoelectric material that suffers from its brittle nature, Galfenol is
known for the excellent mechanical property and thermal robustness. Second, Galfenol shows more controllable nonlinear
effects than piezoelectric materials, which typically include the quadratic and saturation nonlinearity.

Figure 1 shows the prototype of the IDM motor for the experiment in this work. A permanent magnet is attached at
the bottom of the motor mainbody to provide a constant bias magnetic field within Galfenol, whose strength is half of the
saturation magnetic field strength. Figure 2 reveals the nonlinear relationship between the deformation of the Galfenol sample
and the driving current. When the driving current amplitude exceeds 746 mA, the introduced driving magnetic field strength
amplitude is larger than the bias magnetic field. Subsequently, the quadratic behaviour and saturation behaviour can be
explicitly observed. This indicates that the quadratic nonlinearity and the saturation nonlinearity of Galfenol can be triggered
individually by adjusting the bias magnetic field with a DC bias current while keeping a Pk-Pk current of 746 mA. When the
DC current is negative, the quadratic nonlinearity can be the dominant phenomenon. Otherwise, the saturation nonlinearity is
the dominant nonlinear effect.

Making an assumption that the response of Galfenol is absolutely linear against the driving signal, the inertia force gen-
erated by the motor is a continuous pulse signal with positive and negative spikes of a same amplitude. In order to improve
the performance of IDM motors, the acceleration amplitude difference should be enlarged. The Figure 3 (a,b) and (c,d,e)
shows two sets of Galfenol responses considering the saturation nonlinearity and the quadratic nonlinearity, respectively. In
the quadratic nonlinearity dominating case, during the sudden change of the driving current, the material endures the process
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Summary In this paper, an incremental harmonic balance method is employed to study the characteristics of the spherisymmetric vibration of 
dielectric elastomers. Subject to static pressure and voltage, a dielectric elastomer balloon will reach a state of equilibrium. If the voltage 
applied on the system becomes a sinusoidal function of time, the system exhibits strong nonlinearity, which leads to highly complex vibrational 
behaviours of the balloon. The incremental harmonic balance method coupled to an incremental arc-length method with a cubic extrapolation 
technique is adopted to successfully trace the amplitude-frequency relation of the balloon system with different damping factors. 
 

INTRODUCTION 
 
   Dielectric elastomers (DEs) are increasingly promising for the applications of high-frequency oscillators, for example, 
acoustic equipment and pumps. The systems, which usually contain cubic or higher-order nonlinearities, exhibit strong 
nonlinearity. When a dielectric elastomer device works under high frequencies, the speed of motion maybe very fast, thus 
damping would be non-negligible and affect significantly the properties of the system. This paper makes use of an 
incremental harmonic balance (IHB) method coupled with an arc-length incrementation scheme to find possible steady state 
oscillatory solutions to the nonlinear vibration of an ideal dielectric elastomer balloon and reveals the influence of damping to the 
amplitude-frequency characteristics of the system. The results contribute to the building of theoretical foundations for the 
applications of dielectric elastomers in high-frequency occasions. 
 
 

ANALYSIS 
 
   For a DE balloon subject to a static internal pressure p and a sinusoidal applied voltage ( ) sin( )dc act t)  ) �) : , 
the equation of motion [1] becomes 
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where )4/(~ UPSRHcC  and c is the physical damping factor, )//( PURtT   is the dimensionless time and 

PU /~ R: :  is the dimensionless excitation frequency. For any initial conditions, this ordinary equation can be solved 
numerically by a lot of methods. However, we are more interested in the harmonic oscillation in steady states, for which the 
stretch ratio is assumed to be in such a form )sin()cos( TbTaeq ZZOO ��  and the balloon oscillates in a frequency 

that is equal to that of excitation, i.e. : 
~Z . Note that eqO can be determined from static equilibrium and the amplitude-

frequency characteristic can be obtained by solving a number of values of the sets {a, b, Z} from the equation. Substitution 
of O into the equation will lead to an equation in the form of 0),,;(  ZW baf where TZW  . An incremental harmonic 
balance (IHB) method (see [2]) includes a Galerkin process in which the following integrals are computed 
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and a Newton process that solves 0F  iteratively. If the frequencyZ is prescribed, F will be a function of a and b so that
0F  can be solved readily by a usual Newton routine. However, as will be shown in Fig. 1, the mapping from frequency 

to amplitudes is not one-to-one and as a result, an arc-length method needs to be employed in order to capture the 
meandering part of the amplitude-frequency curve. Suppose four points 3,2,1,0,],,[   iba T

iiii Zx  have been available 
and an increment is going to be performed to yield the next point x4. An initial guess of 4x may be obtained by a cubic 
extrapolation technique, which provides: 
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and 334 / INss d , where Nd is the desired number of iterations and I3 is the actual number of iterations during the latest 
increment. Among the components of x4- x3 = ['a, 'b, 'Z]T, picks the one with maximum absolute value and fix the 
corresponding component of x4 as the initially guessed value. Afterwards the other two components will be updated by 
solving 0F   through a Newton routine. By incrementing a number of points, an amplitude-frequency characteristic 
curve can be produced. 
  
 

RESULTS 
 
  By adopting the parameter 1.0)/(  HpR P , 1.0)/( 22  ) Hdc PH  and 1.0/  )) dcac , a family of amplitude (

22 ba � )-dimensionless excitation frequency ( /R U P: ) characteristic curves based on different damping factors are 
obtained by means of the procedure outline above and plotted in Fig. 1. The zero-damping curve with C = 0 is basically the 
same with the one presented in [1], which indicates the effectiveness of the procedure. As the damping factor increases, the 
peak amplitude declines, which is similar to classical linear vibration systems. The jump phenomenon of the amplitude (see 
[1]) as the frequency increases from a small value still exists for all damping factors presented here, however, these curves 
demonstrate a trend that as the damping factor increases, the jump of amplitude is weakened and tends to vanish if damping 
grows further. 
 

 
Fig. 1 The amplitude-frequency characteristics of the balloon with different dimensionless damping factors  
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NONUNIFORM DOMAIN SWITCHING FOR INTERFACIAL CRACK  
SUBJECT TO TWO-PARAMETER CRACK TIP FIELDS 
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Summary This paper deals with a mode III interfacial crack subject to anti-plane stress and in-plane electric fields under non-uniform 
ferroelectric-ferroelastic domain switching. The analysis focuses on the electric regulation effect of ferroelectric fracture properties. The electric 
field changes the size of asymmetric domain switching zone. Employing the weight function method, we obtain the switch toughening effect 
for stationary and quasi-static steady-state growing cracks, respectively. The research will give us ideas to control fracture properties of 
ferroelectric composites by altering the electric field. 
 

INTRODUCTION 
 
   Discovery of ferroelectrics has led to a significant development in smart materials. However, electro-mechanical 
coupling effects are too weak in the existing single-phase ferroelectrics. Ferroelectric composites are designed by 
fabricating dissimilar ferroelectric layers for practical applications. Unfortunately, cracks and flaws inevitably emerge on 
the interface of ferroelectric composites during manufacture and service. Therefore, researches of the interfacial crack in 
ferroelectric composites are of great importance. 
   However, discrepancies between experimental results and theoretical predictions within the linear constitutive models 
imply that nonlinear phenomena of ferroelectric composites are of great significance. Ferroelectric materials can increase 
WKH�IUDFWXUH�WRXJKQHVV�WKURXJK�WKH�GRPDLQ�VZLWFKLQJ�SURFHVV��7R�WKH�EHVW�RI�WKH�DXWKRUV¶�NQRZOHGJH��VWXGLHV�RQ�WKH�FRXSOLQJ�
ferroelectric-ferroelastic domain switching effect of the interfacial crack have not been addressed. The present paper deals 
with a mode III interfacial crack subject to anti-plane stress and in-plane electric fields while considering the domain 
switching effect.  
 

DOMAIN SWITCHING ANALYSIS 
 
Consider a semi-infinite interfacial crack subject to anti-plane mechanical loading and in-plane electric loading at the 

infinity, as illustrated in Fig 1(a). In this work, we assume that the ferroelectric constituents are modelled as elastically and 
dielectrically isotropic. The interaction between electric and stress fields near the crack tip is attributed to the ferroelectric-
ferroelastic domain switching, and the interaction is weak outside the domain switching zone. Because of the orthogonality 
of tetragonal crystal, each mono-crystal of ferroelectrics possesses six types of probable orientations, as depicted in Fig. 
1(b). The initial poling direction of ferroelectric mono-crystal is along the x3-axis in the local coordinate. Mode 1 to mode 4 
represent four types of 90o domain switching, and mode 5 represents one type of 180o domain switching. Only 90o 
switching needs to be considered, because 180o switching can be divided into two procedures of 90o switching. Actual 
domain switching process should proceed to release the maximum work, according to the minimum potential energy 
principle. 

                
Fig. 1. (a) A semi-infinite interfacial crack subject to anti-plane stress loading and in-plane electric loading; (b) Schematic of domain switching of 
tetragonal crystal in the local coordinate. 
 
Domain switching zone 

In ferroelectric solids, only a part of ferroelectric crystals undergo the domain switching process. Based on the non-
uniform ferroelectric-ferroelastic domain switching criterion [1], domain switching proceeds when the domains switching 
work exceeds the threshold. The shape of switching zone is shown in Fig. 2. The size of domain switching zone changes 
with respect to the electric loading, which is similar to the experimental results of Jiang et al. [2] about in-plane domain 
switching. For a crack embedded in a homogenous material, the switching zone decreases with respect to the magnitude of 
electric field under positive electric direction in Fig. 2(a), while it increases with respect to the magnitude of electric field 

(a) (b) 



under negative electric direction in Fig. 2(b). In addition, an asymmetric domain switching zone is obtained in Fig. 2(c) for 
the interfacial crack in ferroelectric composites, due to the mismatch of bimaterial properties. 
 

         
Fig. 2. The shapes of domain switching zone around a stationary crack tip versus the magnitude of electric field under different electric directions with 

app 1 MPa mK  , 0I  : (a) in a homogeneous material with 0Z  ; (b) in a homogeneous material with Z S ; (c) in bimaterial composites with 
0Z  , where appK  is the applied stress intensity factor, I  is the initial poling orientation. 

 
NONUNIFORM SWITCHING TOUGHENING 

 
Utilizing the crack tip field and domain switching zone obtained in previous sections, we will explore the switch 

toughening effect for a stationary crack and a quasi-static steady-state growing crack by calculating the interfacial crack tip 
stress intensity factor. Transformation strain induced by ferroelectric-ferroelastic domain switching is the source of 
toughening. The weight function method is applied here to quantify the interaction between the transformation strain and 
the interfacial crack [3]. The switch toughening effect can be achieved by a surface integral through the domain switching 
zone. For a stationary interfacial crack, the switch toughening effect is demonstrated as zero. For a quasi-static steady-state 
growing interfacial crack, the critical applied stress intensity factor varies with respect to the magnitude and direction of 
electric field, as shown in Fig. 3. 

 

          
Fig. 3. Critical applied stress intensity factors of mono-domain quasi-static steady-state growing crack versus the magnitude and direction of electric field 
under different initial poling orientations: (a) 0I  ; (b) I S . 

 
CONCLUSIONS 

 
   This work deals with a mode III interfacial crack subject to anti-plane stress and in-plane electric fields while considering 
non-uniform ferroelectric-ferroelastic domain switching. We obtain the switch toughening effect for stationary and quasi-static 
steady-state growing interfacial cracks by employing the weight function method. The electric field plays a significant role in 
regulating the fracture toughness of ferroelectric composites. The conclusions can be reached from the analysis above: (i). For a 
stationary interfacial crack, the size of domain switching zone varies with respect to the electric loading. However, no 
toughening effect exists in spite of the electric loading; (ii). For a quasi-static steady-state growing interfacial crack, the critical 
applied SIF varies with respect to the magnitude and direction of electric field.  

The research will give us ideas to control the fracture property of ferroelectric composites by altering the electric field. 
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POLYMER GELS  
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Summary The stress relaxation behaviors of magnetorheological polymer gels (MRPGs) under different magnetic field are 
investigated. An obvious magneto-induced effect on the stress relaxation of MRPGs is found, the stable relaxation modulus 
under a 243.7 mT magnetic field (213.98 kPa) is 534.95 times larger than that without magnetic field (0.4 kPa). For further 
analyzing the magneto-induced stress relaxation mechanism, a phenomenon model is established. It is found that the 
relaxation modulus of MRPGs induced by the mechanic-magnetic coupling effect plays an important role in the stress 
relaxation process. 
 

INTRODUCTION 
 
Magnetorheological polymer gel (MRPG) is a kind of magneto-sensitive smart materials prepared by dispersing micrometer 
sized magnetic particles into a polymer matrix without sufficient cross-linking. The magneto-induced microstructure 
evolution of the particles will change the rheological properties of MRPG remarkably, which indicates that the rheological 
properties of MRPG may be controlled by magnetic field more flexible. The mechanical-magnetic coupling mechanism is 
the key point for investigating the MR mechanism, and the characterization of viscoelasticity in the presence of magnetic 
field is the basis to describe the mechanical-magnetic coupling behaviors of MRPG. The time-dependent rheological 
properties actuated by different external loading, which mainly obtained from creep, stress relaxation, and the dynamic 
mechanical behavior under oscillatory loading, are the important characterizing parameters of viscoelasticity. The 
understanding of magneto-induced viscoelasticity only from dynamic mechanical property is not sufficient, the transient 
experiment under stepwise loading is also needed as complementarity. Stress relaxation is the foundation to investigate the 
complicated response of polymer under arbitrary actuating loadings, which are very important to describe the viscoelastic 
behaviors of polymer.  

As far as we know, there have few public literatures about the stress relaxation behaviors of MRPG. To further 
understand the magneto-mechanical coupling mechanism and provide fully experimental data for theoretical analysis and 
engineering application, the magneto-induced stress relaxation behavior of MRPG is discussed in this paper.  
 

RESULTS AND DISCUSSION 
 
A commercial parallel-plate rheometer (Physica MCR 301, Anton Paar Co., Austria) with a magnetic field generator (as 
shown in Fig. 1a and 1b) is used to carry out the stress relaxation experiment of MRPG. The fabrication procedure can be 
found in our previous work. Fig. 1c shows the magneto-induced stress relaxation model, by which the stress relaxation 
experimental results of MRPG under different magnetic field can be further analyzed. The following equation can be used 
to describe the constitutive relationship of MRPG, the related parameters in this equation can be fitted from the 
experimental results. 
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Fig. 1 The rheometer (a) with its magnetic field generator (b) and magneto-induced stress relaxation model (c). 



It is concluded from Fig. 2 that magnetic field has a great influence on the stress relaxation of MRPG. The relaxation 
stress increases gradually with the increasing magnetic field under the same stepwise strain. The calculating result by using 
the magneto-induced stress relaxation model is also shown in Fig. 2, which fits well with the experimental result. According 
to the fitting data, the stable relaxation modulus under a 243.7 mT magnetic field (213.98 kPa) is 534.95 times larger than 
that without magnetic field (0.4 kPa), which confirms that the magneto-sensitive effect on MRPG is obvious. This result is 
valuable for some applications which aim at controlling the rheological properties of MRPG by adjusting the magnetic field 
strength. The magneto-dependence of stress relaxation behaviors of MRPG indicates that the relaxation stress is induced by 
the particle chains, polymer matrix, and the coupling effect between magnetic particles and polymer chains, the particle 
chain strength and the coupling effect between magnetic particles chains and polymer matrix are significantly influenced by 
magnetic field.  

 
Fig. 2 The stress relaxation behaviors of MRPG under different magnetic field. The solid lines represent the fitting results 
by the magneto-induced stress relaxation model. 
 

CONCLUSION 
 
The stress relaxation experiment is a simple and efficient method to investigate the complex rheological behaviours of 
MRPG under different magnetic fields. With the increasing of magnetic field strength, both of the instantaneous modulus 
and stable modulus of MRPG will increase accordingly, which is originates from the magneto-mechanical coupling effect 
between magnetic particles and polymer matrix. This interpretation should be confirmed by building a more precise 
theoretical model in the future.  
 

ACKNOWLEDGMENTS  
 
The financial support of the National Natural Science Foundation of China (Grant Nos. 11502255, 11502256, 11372295) 
and the key subject "Computational Solid Mechanics" of China Academy of Engineering Physics are gratefully 
acknowledged. 
 
References 
 
[1] Xu Y. G., Gong X. L., Xuan S. H.: Soft Magnetorheological Polymer Gels with Controllable Rheological Properties. Smart Materials and Structures 22: 

075029, 2013.  
[2] Xu Y. G., Gong X. L., Xuan S. H., Li X. F., Qin L. J., Jiang W. Q.: Creep and Recovery Behaviors of Magnetorheological Plastomer and its Magnetic-

dependent Properties. Soft Matter 8: 8483-8492, 2012. 
[3] Li W. H., Du H., Chen G., Yeo S. H., Guo N. Q.: Nonlinear Rheological Behavior of Magnetorheological Fluids: Step-strain Experiments. Smart Materials 

and Sructures, 11: 209-217, 2002. 
 



XXIV ICTAM, 21-26 August 2016, Montreal, Canada

A DISTRIBUTED-PARAMETER MODEL OF A HIGH-EFFICIENCY COMPRESSIVE-MODE
PIEZOELECTRIC ENERGY HARVESTER

Zhengbao Yang ∗1, Haitao Li2, and Jean Zu1

1Department of Mechanical and Industrial Engineering, University of Toronto, Toronto, Ontario, Canada
2Department of Engineering Mechanics, Northwestern Polytechnical University, Xian, China

Summary Vibration energy harvesting is a promising technique to achieve self-powered operation of low-power wireless sensors and im-
plantable devices. A plenty of research has been conducted recently to increase the power output and broaden the working bandwidth
of energy harvesters. We proposed a high-efficiency compressive-mode energy harvester using piezoelectric materials, which exhibited a
superior power-generation capability and nonlinearity-induced wide bandwidth. This study aims to develop a comprehensive electrome-
chanical model for the proposed energy harvester. Specifically, using the Hamilton principle and the Euler-Bernoulli beam theory, we
first obtained the governing equations of the electromechanical system. The model was then discretized using a Galerkin expansion and
solved numerically. We finally compared the simulation results with the experimental data tested from a fabricated prototype. The devel-
oped distributed-parameter model gives us a deep insight into the dynamic characteristics of the system that can help further enhance the
performance.

INTRODUCTION

Piezoelectric energy harvesters have the potential of replacing electrochemical batteries to achieve autonomous operation
of electronic systems. In 2014, we proposed a high-efficiency compressive-mode piezoelectric energy harvester (HC-PEH) [1]
which generated about one order of magnitude more power than the state of the art under the same conditions in experiments.
Although a lumped-parameter model has been developed [2], we still need a comprehensive distributed-parameter model to
gain a deeper insight into the strong nonlinear responses of the electromechanical coupling system. Therefore, here we for the
first time present a distributed-parameter model for the nonlinear compressive-mode piezoelectric energy harvester .

As shown in Fig. 1 (a), the proposed HC-PEH consists of a flex-compressive center, two mass blocks and a pair of elastic
beams. The flex-compressive center is composed of a piezo plate sandwiched by a pair of bow-shaped plates. While working,
the base vibration energy is first absorbed by the flex-compressive center and proof mass. The vibration of proof mass then
induces tensile stress along the elastic beams. Following that, the tensile stress in the elastic beams causes flexural motion of
the bow-shaped plates, and further compression in the center piezo plate. Finally in the piezo plate, the mechanical energy
is converted to electrical energy. Here in the process, force is deliberately amplified twice: first by the elastic beams; second
by the bow-shaped plate. This novel two-stage force amplification mechanism and the employed compressive mode equip the
HC-PEH with the high-power-output capability even under weak excitations.

The HC-PEH is a complex nonlinear electromechanical coupling system. Boundary connections are not rigid; Defor-
mations are not in one direction; The electromechanical coupling in piezoelectric materials does not follow the common
formulation in bending-mode energy harvesters. Therefore, the model for the HC-PEH is much more complicated than the
general linear bending-mode ones. As illustrated in Fig. 1 (a), the transverse deflection and longitudinal deformation of the
elastic beams are denoted by w1(x, t) and u1(x, t), respectively; and that are w2(x, t) and u2(x, t) for the transverse deflec-
tion and longitudinal deformation of the bow-shaped plate. The base excitation is expressed as a(t). The Lagrangian of the
system is expressed as L = T ↗U + We, where T is the kinetic energy, U is the potential energy and We is the electrical and
electromechanical energy [3].

T = T1 + T2 + T3 + TM = 2× 1

2

! L1

0
m1

"
(ẇ1 + ȧ)2 + u̇2

1

#
�x + 2× 1

2
m2

! L2

0

"
(u̇2 + ȧ)2 + ẇ2

2

#
�y+

1

2
MP (ẇ1(L1, t) + ȧ)2 + 2× 1

2
M
"
(ẇ1(L1, t) + ȧ)2 + u̇1(L1, t)

2
# , (1)

where m1 = ρ1A1 [H(x)↗H(x↗(La↗Lb))] +2ρ1A1 [H(x↗(La↗Lb))↗H(x↗La)] , m2 = ρ2A2 are the mass per
unit length of the elastic beams and the bow-shaped plates, respectively. H(x) is a Heaviside function. La is the length of the
elastic beams. Lb is the length of the fixing part of the elastic beams near to the proof mass, which area of the cross section is
twice of that of the elastic beam. ρ1 & ρ2, L1 & L2, and A1 & A2 symbolize the density, length, and cross section of elastic
beams and bow-shaped plates, respectively. M is the proof mass; MP is the mass of the piezo plate.

∗Corresponding author. Email: zbyang@mie.utoronto.ca
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IDENTIFYING STRUCTURE DURING SHEAR JAMMING

R. P. Behringer1 and Dong Wang
∗ 2

1Department of Physics, Duke University, Durham, North Carolina, USA
2Department of Physics, Duke University, Durham, North Carolina, USA

Summary There has been much recent interest in how granular materials jam, i.e. become mechanically stable. Recently, we have have
shown that systems of frictional grains exhibit jamming phenomena that differ from the frictionless case[1, 2, 3]. In particular, a system of
frictional particles can be sheared from a stress free state to produce a jammed state. Here, we consider the nature of shear jamming for
frictional particles. We then consider the micromechanical processes that are involved, and why these processes should be different for the
frictionless and frictional cases.

JAMMING BY SHEAR

We first consider jamming diagrams for frictionless and frictional systems, as in Fig. 1. Part a) shows a jamming diagram
of shear stress, τ and packing fraction, φ, if the particles are frictionless. Part b) shows a sketch, after Bi et al.[2] for systems
of frictional particles. Systems of frictionless grains are unjammed, i.e. mechanically unstable, below φJ as in Fig. 1 a. Above

Figure 1: Schematics of jamming diagrams in a space of shear stress, τ and packing fraction, φ for a) frictionless particles and b) frictional
particles.

φJ , the system is jammed below the yield curve indicated by the positively sloping line separating dark and light gray regions.
A frictionless system exhibits critical (e.g. power-law) behavior at φJ , although φJ itself is protocol-dependent. Above, φJ ,
systems of frictional grains[2, 3, 1] have somewhat similar behavior as in Fig. 1 b, including power-law response at φJ in some
measures[3]. Necessarily, frictional systems have unjammed zero-stress states below φJ , since every state of a frictionless
system is also a state of a frictional system. However, if a frictional system is prepared in a zero-stress state in a packing
fraction range φS ≤ φ ≤ φJ , and then subject to shear strain, it will arrive in the green region of Fig. 1, i.e. in a shear jammed
state. It will arrive in that state after passing through a fragile regime characterized by strong force networks that are roughly
aligned with the compressive direction of shear, and only weak networks in the dilation direction. Note that the fragile states
are jammed[1, 2, 3], and the distinction between fragile and shear jammed is based on the anisotropic percolation of the strong
force networks. The range φS ≤ φ ≤ φJ is comparable to the range of packing fractions between random loose packing and
random close packing.

By default, sheared jammed states are anisotropic, and have non-zero shear stress, τ . We demonstrate the difference
between isotropically jammed and shear jammed states in Fig. 2, left and right, respectively. These two images are from
experiments, described below, that involve photoelastic disks. In both cases, the forces are carried preferentially on force
networks or force chains. But, the nature of the force networks differs substantially for the two images; in particular, the shear
jammed state is characterized by a high degree of anisotropy.

In our experiments, e.g. Fig. 2, we use systems of photoelastic particles[4]. Photoelastic materials are birefringent under
stress/strain. When particles made from a photoelastic material are subject to forces and viewed between crossed polarizers,
they develop fringes that encode the forces they are experiencing. In a typical image, particles experiencing larger forces

∗Corresponding author. Email: bobphy.duke.edu



appear brighter than particles experiencing smaller forces. The fact that the fringe patterns in the disks encode the forces
means that it is possible to algorithmically determine the contact forces between grains, as first shown by Majmudar et al.[4].
Given the contact forces and other available geometric information, it is then possible to compute the full stress tensor for an
experiment, as well as to determine other important measures, including fabric, density, etc. Note that a determination of the
shear stress is essential for mapping out the jamming diagram, such as Fig. 1b.

The differences between jamming of frictional and frictionless systems immediately raises the questions: what are the
micro-mechanical processes at work, and how are they differentiated by friction? The response of frictionless systems has been
extensively explored in the context of foams and molecular-like models. For instance, structural evolution for the frictionless
case is often modeled in terms of T1 and shear transformation zone (STZ) events. However, the highly anisotropic nature of
shear jammed frictional states, with their long force chains indicates that different phenomena occur there. In this regard, it is
important to note that the minimum average number of contacts per particle for a jammed state is 2N for frictionless particles,
and only N + 1 for frictional particles. Thus for disks, 4 contacts are needed on average for a minimally jammed state of a
frictionless system, vs. 3 for a frictional system. Although force chains in frictional systems might suggest that participating
particles have only 2 contacts, in fact, many force chain particle experience 3 contacts, which is why they can be stable. The
fact that frictionless systems of disks need 4 contacts per particle is a telling difference.

In order to capture the micro-mechanical response of our frictional systems, we need a small-scale measure that can depict
the evolution of force chains, as well as other less obvious structures. Towards that end, we consider sequences of three
contacting particles, which we refer to as trimers. We will show that the trimers give considerable insight into the microscopic
response of a sheared (or otherwise strained) system. In particular, a force chain can be thought of as a sequence of partially
overlapping trimers that deform in response to shear. In general, a system has many trimers, and a characterization of a system
must involve statistical descriptions of trimer properties. The bulk of the associated presentation will focus on a number of
different trimer properties.

Figure 2: Photoelastic images which contrast an insotropic jammed state (left) and a shear jammed state (right). In these images, brighter
particles carry larger forces. In the shear jammed state, the force network is highly anisotropic.

CONCLUSIONS

Recent work has shown that systems of frictional particles can jam under shear, starting from stress-free states. We provide
a brief review of the macroscopic features of jamming by shear. We then turn to a micro-mechanical characterization of the
processes at work during shear jamming. To this end we will consider the properties of ‘trimers’, sequences of three particles,
that can be taken as the building blocks of force chains.

Acknowledgement. This work supported by NSF grants DMR1206351, DMS1248071, NASA grants NNX10AU01G,and
NNX15AD38G, and by the William M. Keck Foundation.
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DISCHARGE FLOW OF GRANULAR MEDIA FROM SILOS WITH LATERAL ORIFICE :
EXPERIMENTS, DISCRETE, AND CONTINUOUS SIMULATIONS
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Summary We compare laboratory experiments, contact dynamics simulations and continuum Navier–Stokes with µ(I)-rheology simula-
tions of the granular flow through a silo with a lateral opening. For 3D and 2D simulations the Hagen-Beverloo law is obtained. For 3D
shallow silos, the sidewalls have a crucial role, which has been added in an averaged version of µ(I)-Navier-Stokes allowing to reproduce
the deviation from Hagen-Beverloo due to this lateral friction.

INTRODUCTION

Marine sand glass has long been the main tool to measure time. Since then, granular flows outside silos remain always
of great industrial interest in many fields (such as in food, pharmaceutical, energy, ... industry). Considering granular media
stored in a tank, we want to understand the flow leaking outside it. This could be due to a lateral accidental tearing of the wall
(this can represent very schematically a fuel rod in a nuclear power station during some hypothetical accidental conditions,
in which case the orifice is lateral). The final modeled configuration is depicted on figure 1 left. In contrast, the usual silo
configuration is symmetrical and has the orifice at the bottom. In this usual configuration, in case of a moderate opening of
size D, the discharge flow rate Q is well known to follow the Hagen-Beverloo law (resp. in 3D and in 2D):

Q3D ∼ ρ
!

gD5 resp. Q2D ∼ ρ
!

gD3.

Recently, there have been several papers reporting on the computation of a continuum flow ([6, 7] starting from a fluid
description and [1] starting from a solid point of view) and comparing it to direct simulations of contact dynamics, the
continuum theory being the µ(I)-rheology ([4], [3]) in 2D, and the geometrical configuration the usual one. We propose here
2D simulations in a novel configuration and compare contact dynamics with 2D continuum simulations. We propose as well
new 3D continuum simulations in order to find the scaling law of the discharge rate in this configuration with a lateral orifice,
focussing on the friction of the walls.

EXPERIMENTS AND SIMULATIONS

Experiments
Experiments are performed with a rectangular silo fitted with spherical glass beads (see figure 1 left). The mass flow rate

is measured by a precision balance; the top surface of particles is tracked by a fast camera. The controlled parameters are the
size of particles d in the range [75µm-1300µm], the width of the silo W in the range [3.5mm-40mm] and the height of orifices
D [2.7mm-35mm].

2D Contact Dynamics simulations
We use the LMGC 90 software implementation of the contact dynamics method [5]. The particles, interacting through a

dense granular flow, are treated as perfectly rigid and inelastic. Contact dissipation is modeled in terms of a friction coefficient
that we set to µp = 0.� between particles and to µw = 0.5 with the wall, further details may be found in [8].

2D, 3D, and averaged 2D numerical simulations
The Navier-Stokes simulations are performed with the free solver Gerris and its new version Basilisk under development.

They both use finite volume, projection methods. As two phases are present: a passive surrounding gas and the granular
fluid itself, a Volume of Fluid method is used to track the interface. Basilisk allows for a resolution of the fully-coupled
Poisson–Helmholtz problem (the former code solved dimension by dimension). The simulations are in 2D and in 3D:

∇ · u = 0, ρ
du

dt
= ∇ · σ + ρg, σ =↗pI + 2ηD with D =

1

2
(∇u +∇uT ),

∗Corresponding author. Email: pyl@ccr.jussieu.fr



with the friction µ(I) depending on the inertial number I , ([4], [3]), see details in [6, 7] (µs = 0.�, ∆µ = 0.28, I0=0.4 ):

η =
µ(I)p√

2D2

, with I =
d
√

2D2!
p/ρ

, µ(I) = µs +
∆µ

I0/I + 1
, and D2 =

"
D : D .

Modeling the friction on the wall (proportional to µwp) is a problem with the fluid description as we can impose only no slip
or slip for the velocity at the wall. To take into account this lateral friction, we average the momentum equation across the
width of the silo (in the Hele-Shaw spirit, [2]). This adds ↗2(µwp/W )(↗→u /|↗→u |) as an averaged additional force from the
sidewalls in the momentum equation. We test these three models with both codes.

RESULTS

For the 2D configuration simulations we obtain a good agreement between contact dynamics and Navier–Stokes, and again
we recover the Hagen–Beverloo 2D law. Interestingly enough, we found a simple analytical solution for the pressure field (a
kind of Flamant solution plus lithostatic pressure), which describes well the initial times. For pure 3D continuum simulations
with Navier-Stokes (with slip conditions at the wall), we obtain as well the Hagen–Beverloo 3D law for the flow for aspect
ratio of order one and for square or round holes. Changing now the width W of the silo, from the experiments, we identify two
regimes, which depend on the ratio of height to width of the orifice. When D/W is smaller than a critical value, Q ∼ D3/2W ,
when D/W is larger then Q ∼ W 3/2D (see figure 1 center). The same trend is observed for 2D cross-averaged simulations
(with the additional sidewalls friction term), this is plotted on figure 1 right.

Figure 1: Left, the model configuration: an asymmetrical 3D silo with lateral orifice. When D/W is smaller than a critical
value C, we have Q ∼ D3/2W , like the Hagen–Beverloo 2D scaling. When D/W is larger than C, we have Q ∼ W 3/2D.
The trends obtained from the experiments (center) are reproduced with the averaged Navier–Stokes with µ(I), (right).

CONCLUSIONS

The main result of this work is the identification, both experimentally and numerically, of a new flow regime for thin
silos with a lateral opening, where the discharge rate is proportional to D, in contrast to the classical 2D behavior where
the discharge rate is in power 3/2, obtained for thick silos. This work also demonstrates that the continuum µ(I)-rheology
describes well granular flows compared to experiments and discrete simulations. It can thus be used as a tool to compute many
industrial configurations.
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A PHASE DIAGRAM UNIFIES ENERGY DISSIPATION, KINETICS, AND RHEOLOGY IN
INERTIAL GRANULAR FLOWS
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Summary Flows of hard granular materials depend strongly on the interparticle friction coefficient µp and on the inertial number I, which
characterizes proximity to the jamming transition where flow stops. Guided by numerical simulations, we derive the phase diagram of
dense inertial flow of spherical particles, finding three regimes for 10−4 ! I ! 0.1: frictionless, frictional sliding, and rolling. These
are distinguished by the dominant means of energy dissipation, changing from collisional to sliding friction, and back to collisional, as
µp increases from zero at constant I. The three regimes differ in their kinetics and rheology; in particular, the velocity fluctuations and
the stress anisotropy both display non-monotonic behavior with µp, corresponding to transitions between the three regimes of flow. We
characterize the scaling properties of these regimes, show that energy balance yields scaling relations for each of them, and explain why
friction qualitatively affects flow.
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Figure 1: Phase diagram of dense homogeneous inertial frictional flow. In the frictionless and rolling regimes, most energy is
dissipated by inelastic collisions, while in the frictional sliding regime energy dissipation is dominated by sliding. Along the
phase boundary, grains dissipate equal amounts of energy in collisions and in sliding. The dashed line has slope 2.

In the last decade, progress has been made in describing dense flows of granular media by considering the limit of perfectly
rigid grains, for which dimensional analysis implies that the strain rate ϵ̇, the pressure P and the grain density ρ can only affect
flows via the inertial number I = ϵ̇D

!
ρ/P , where D is grain diameter [7]. In particular, for stationary flows the packing

fraction φ and stress anisotropy µ = σ/P , where σ is the shear stress, are functions of I. From the constitutive relations φ(I)
and µ(I) the flow profile can be explained in simple geometries [5]. Here we focus on dense flows I ! 0.1 for which the
networks of contacts between grains span the system and particle motion is strongly correlated [2], and do not consider the
quasi-static regime I ! 10−4 where flow appears intermittent [3]. In this intermediate range one finds

µ(I) = µc + aµ Iαµ , φ(I) = φc↗aφ Iαφ , (1)

where µc and φc are non-universal and depend on details of the grains. Experiments on glass beads and sand find exponents
αµ ≈ αφ ≈ 1, consistent with numerical simulations using frictional particles reporting αµ = 0.81 and αφ = 0.8� [9].
Despite their importance, constitutive laws Eq.1 remain empirical. Building a microscopic framework to explain them would
shed light on a range of debated issues, including transient phenomena, non-local effects, and the presence of S-shaped flow
curves when particles are soft.

To make progress, it is natural to consider the limiting case where particles are frictionless, a situation that has received
considerable attention in the jamming literature [8, 11]. For hard particles, two geometrical results key for inertial flows are
as follows. First, as the density increases, the network of contacts becomes more coordinated, implying that motion becomes
more constrained. This leads to a divergence of the velocity fluctuations ⟨δV ⟩ when constraints are sufficient to jam the
material [6, 1]. Thus the contact network acts as a lever, whose amplitude is characterized by the dimensionless number
L ≡ ⟨δV ⟩/(ϵ̇D). At the same time, the rate at which new contacts are made increases, and the creation of each contact affects
motion on a growing length scale. These effects imply that velocity fluctuations decorrelate on a strain scale ϵv that vanishes
at jamming [4]. The theory of Ref. [4], which uses that dissipation can only occur in collisions for frictionless particles,
predicts αµ = αφ = 0.35, L ∼ I−1/2 and ϵv ∼ I. Encouragingly, these results agree with the numerics of Ref. [10], which
found αµ ≈ αφ ≈ 0.38 and L ∼ I−0.48. However, αµ and αφ differ significantly from their values for frictional grains stated
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Lever L vs I, (b) for µp ≤ 0.3, and (c) for µp ≥ 0.3. The dashed lines are ∝ I−1/2, while the dotted line is ∝ I−0.22.

above, suggesting the presence of different universality classes. Currently, why friction qualitatively affects flows, how many
universality classes exist, and what differs between them microscopically are unresolved questions.

In this contribution we use numerical simulations to answer these questions. We systematically study dense flows over
a large range of I and particle friction coefficient µp. By focusing on the microscopic cause of dissipation, we show the
existence of three universality classes, as illustrated in Figure 1. To derive this phase diagram, we note that frictional particles
can dissipate energy either through inelastic collisions, at a rate Dcoll, or by sliding at frictional contacts, at a rate Dslid. In
steady state, dissipation must balance the work done at the boundaries. In simple shear, the energy input from the shear stress
is Ωσϵ̇, where Ω is the system volume, thus Ωσϵ̇ = Dcoll + Dslid. To investigate which source of dissipation dominates, we
consider the ratio Dslid/Dcoll, shown in Fig.2a. As expected, collisional dissipation dominates in the frictionless limit, but
sliding dissipation becomes more important as µp is increased, and becomes dominant at intermediate friction coefficients
and small inertial number. Strikingly, the dependence on µp is non-monotonic: when µp reaches ≈ 0.2, this trend abruptly
reverses, and Dslid/Dcoll decreases with µp, implying that collisional dissipation dominates as µp →∞. We use the inertial
number at which Dslid/Dcoll = 1 to define phase boundaries, resulting in the phase diagram of Fig.1. From the non-
monotonicity of Dslid/Dcoll with µp, this leads to two phase boundaries merging at I ≈ 0.1, where the dense flow regime
ends [2]. We then show that this phase diagram correctly classifies other microscopic and macroscopic properties, such as the
velocity fluctuations, which also display a non-monotonic behavior with µp, visible in Fig.2bc.

Our results are that at low friction, there exists a frictionless regime in quantitative agreement with the theory of Ref. [4],
in particular we establish that ϵv ∼ I. As the friction increases, one enters the frictional sliding regime, where dissipation is
dominated by sliding at contacts instead of collisions, and for which ϵv ∼ I holds true but L ∼ I−b with b ≈ 0.22. We relate
the exponent b to an exponent characterizing the density of sliding contacts. Finally, at even larger µp one enters a rolling
regime where dissipation is once again dominated by collisions, and where exponents are consistent with those of frictionless
particles, both for kinetic observables and constitutive laws. We derive the phase boundary between the frictionless and the
frictional sliding regime. Overall, our work explains why friction qualitatively changes physical properties, and paves the way
for a future comprehensive microscopic theory of dense granular flows.
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ABOUT THE MASS FLOW RATE IN SILOS
Diego Maza ∗, Karol Asencio, Sara Rubio-Largo, Ángel Garcimartı́n, Iker Zuriguel, and Raul Cruz Hidalgo

Granular Media Lab, University of Navarra, Irunlarrea S/N 31080 Pamplona, Navarra, Spain
Summary Despite the massive use of silos in the manipulation or processing of industrial materials, the expression used to predict the mass
discharged through its outlet is basically an empirical fitting founded on dimensional arguments [1, 2]. However, the physical origin of this
process –which has received renewed interest due to the recent advances of the numerical tools – has not been completely developed until
very recently. Thereby, these new tools provide micro-mechanical arguments to link the mass flow rate passing through the silo exit with
the dilatancy of the material near the outlet [4, 5, 6]. In this work we summarize these arguments and show its applicability to different
practical situations.

INTRODUCTION

The bulk solids handling is intrinsic to industrial processing. Indeed, tons of particles are daily released through silos
and hoppers under very different conditions. Despite the ubiquity of this situation, we lack of an expression that relate the
micromechanical properties of the delivery material with the mass flow rate. Actually, the typically used expression to estimate
the discharged mass through certain orifice is an empirical relationship founded in a simple dimensional analysis, generally
enounced as Beveerlo “law”.

Early in the sixties, W.A. Beverloo and coworkers[1] introduce an expression to relate the mass discharged through a flat
bottom silo with an outlet orifice of diameter D:

W = CρB
√

g[D↗kd]5/2 (1)

where ρB is the bulk density, g, is the gravity acceleration, d, the “typical” particle diameter, and C and k were fitting
parameters. After the introduction of this expression, some authors attempted to introduce a microscopic interpretation of the
meaning of the fitting constants, introducing concepts like the empty annulus or vena contracta and the free fall arch[2, 3],
which remained as mere idealizations until very recently.

Notably, Eq.1 was introduced to fit a rather small range of experimental data (see Figure 1.a) and assuming that the static
bulk density ρB is representative of the material bulk properties near the outlet orifice. Such assumptions were revised one
decade ago by C. Mancok et al. [4] exploring a large range of orifice sizes under very precise experimental conditions, see
Fig. 1.b.
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Figure 1: Comparison of the mass flow rate extracted from (a) the experimental results extracted from the Tables 5 and �
of Reference [1] and (b) using spherical beads of different diameters and materials with the same experimental conditions
introduced in Reference [4].

Accordingly, these authors introduce an alternative expression to fit the long rage set of experimental results as:

W = C ′√g[1↗1

2
e−b(D−d)][D↗d]5/2 (2)

where two important assumptions were proposed to fit the data: a) that the mass flow rate will be zero in D = d and b) that
the exponential term introduced in the expression is related with the dependence of the volume fraction near the exit orifice.
After that, the dependence of the volume fraction in the silo discharge was explored experimentally in a 2D configuration
confirming the exponential dependence introduced in Eq.2 [5].
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RESULTS

As both former expressions were postulated mainly under empiric considerations, we decided to explore numerically the
micromechanical features of the same experimental situation introduced in figure 1.b. Under these conditions, we showed that
the idealization of a “free fall arch” corresponds to a transition region were the collisional dissipation of energy is maximized
and beyond which the particles flow almost freely [6]. Moreover, we showed how volume fraction and velocity profiles near
the outlet have self-similar profiles depending only on the exit radius, R. Then, and only assuming that temporal correlations
between velocity and volume fraction decay rapidly, it is possible to calculate the mass flow rate for a monodisperse granular
material as:

W (R) =

2π!

o

R!

o

ρo(R) vo(R)r dr dφ = C ′′ φ∞[1↗e−βR]R5/2 (3)

where C ′′ includes the physical and geometrical parameters of the problem (see reference [6] for the details), φ∞ corresponds
to the asymptotic volume fraction of the material near the orifice, β provides the typical scale where the dilatancy of the
material becomes relevant. As Eq.3 does not depend explicitly on the particle radius it is possible to normalize the outlet size
with the particle size to obtain:

W (R) = C ′′ φ∞[1↗e−βR
r ] R̄5/2r5/2 (4)

Hence, Eq.4 can be used to collapse all the experimental results introduced in Figure 1 in a single master curve provided
that a typical radius r can be introduced even for polydisperse materials like sugar or spinach seeds.
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Figure 2: Collapsed experimental data extracted from references [1, 4] using Eq..

Hence, the mass flow rate can be analytically obtained if the right dependence of the volume fraction and velocity profiles
just at the exit of a silo or hopper are introduced. Importantly, Eq. 3 does not depend on any empirical fitting constant related
to concepts like the “empty annulus”. Instead, the relevant scale to estimate the mass flow rate at small orifices is the scale β
which characterizes the influence of the exit aperture on the dilatancy of the material.
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GAS-INDUCED FLUIDIZATION IN WATER-SATURATED SANDS

Valérie Vidal ∗1, Gabriel Ramos2, Raphaël Poryles1, Jean-Christophe Géminard1, and Germán Varas2

1Laboratoire de Physique, École Normale Supérieure de Lyon - CNRS, Université de Lyon, France
2Instituto de Fı́sica, Pontificia Universidad Católica de Valparaı́so, Chile

Summary The morphology and dynamics of gas crossing a liquid-saturated granular bed has a drastic importance in natural and industrial
processes. Due to the repetitive rise of gas through the bed, a fluidized zone is formed, which exhibits a parabolic shape at long times for
a single injection point. This work investigates the fluidization of a liquid-saturated sand submitted to an ascending gas flow, in confined
geometry. First, we focus on the fluidization dynamics from the initial state of a loose-packing, homogeneous bed. The stabilization time of
the central air channel which is always formed in the stationary state is quantified, and its scaling inferred from an energy balance. Second,
we investigate the global characteristics of the gas trapped in the system, in the stationary state. In particular, we show that the gas volume
fraction in the fluidized zone is independent of the injection flow-rate and the grain diameter.

INTRODUCTION

Gas-induced fluidization of liquid-saturated sands is a process widely encountered, from geophysical to industrial pro-
cesses. For instance, air sparging for soil remediation [1, 2], CO2 sequestration [3] or catalytic processes [4] are among the
numerous applications of these three-phase flows, which are still an active research topic. Indeed, due to the strong coupling
between the gas, fluid and solid phase, the full understanding of the dynamics of such processes is still difficult to capture –
in particular, the morphology and dynamics of the fluidized zone where the strong mixing between the three phases occurs.
Many experiments have been developed in the laboratory to investigate the invasion dynamics of a fluid (liquid or gas) inside
a liquid-saturated sand. In buoyancy-driven systems, where gas is injected from a single point at the base of a vertical cell,
it has been shown that the gas rising through the grains forms a central fluidized zone at long times. Its stationary shape is
parabolic, and a slow, global grain motion has been reported, with convective rolls following an upward motion close to the
central air rise, and plunging downward close to the fluidized zone boundaries [5, 6]. In this work, we focus first, on the
growth dynamics of the central fluidized zone, up to its stationary shape. Then, we investigate the dynamics of gas bubbles
trapped in this central zone, and entrained by the granular convection rolls.

EXPERIMENTAL SETUP & DATA ANALYSIS

The experimental setup consists of a vertical Hele-Shaw cell (�0× 30 cm, gap 2 mm), filled with polydisperse, spherical
glass beads immersed in water. In all the experiments, the height of the granular bed is hg = 20 cm, and the liquid is filled
up to a height hw = 2 cm above the grains free surface. The grain diameter can be varied according to the following batches:
d = 218 ± 1� µm, d = 318 ± �� µm, d = �31 ± 3� µm and d = 802 ± �8 µm. At time t = 0 s, air is injected at the bottom
of the granular bed from a central nozzle of inner diameter 1 mm, at constant flow-rate, Q. Direct visualization is achieved
by means of a strong, homogeneous backlight (LED panel) and a camera (PixeLINK, 1280 × 800 px2) acquiring at 0.1 Hz.
Typically, the evolution of the system is followed up to 20 hrs.

The air invasion is analysed by stacking the successive image differences (�k+1↗�k), according to the method detailled in
[6]. We introduce first, the flow density, defined as ρn(x, z) =

!n−1
k=1 |�k+1↗�k|, and it normalized value ρ̄n = ρn/� �x(ρn).

To quantify the grain motion, we then define the horizontal and vertical cumulation, as nx(x, t) =
!

x ρn(x, z) and nz(z, t) =!
x ρn(x, z), respectively, and their normalized value n̄x and n̄z over a given time series.

RESULTS

Growth dynamics of the fluidized zone
Figure 1a displays the flow density map in the system at different times. The fluidized zone starts forming from the grains

free surface, then propagates downwards until reaching its stationary, parabolic shape (white dashed lines, Fig. 1a). The
analysis of n̄x and n̄z makes it possible to quantify the stabilization time τs of the central air channel (white dashed line,
Fig. 1b). The stabilization time is a decreasing function of the flow-rate (Fig. 1c), and this trend does not depend significantly
on the grain size. A theoretical argument accounting for the grain motion, based on the balance between the energy injected
in the system and the energy necessary to move grains over the system height hg , gives τs ∝ Q−2, in good agreement with
the experimental observations (Fig. 1c). This result enhances the importance of the coupling between the grains, fluid and
gas motion. Indeed, for a rigid porous network, a simple geometrical argument gives τs ∝ Q−1, which does not fit the
experimental trend (Fig. 1c).

∗Corresponding author. Email: valerie.vidal@ens-lyon.fr
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ANOMALOUS LOW FRICTION COEFFICIENT IN DENSE SUSPENSIONS

Cécile Clavaud ∗1, Antoine Bérut1, Bloen Metzger1, and Yoël Forterre1

1Aix–Marseille Université, CNRS, IUSTI UMR �3�3, 13�53 Marseille Cedex 13, France

Summary We study the friction coefficient of glass powders in water at low confining pressure, by measuring the pile slope angle in rotating
drum flow experiments. We show that, at low rotation rates, the pile angle is about 10◦, which is much lower than pile angles observed
with larger glass beads in the same conditions (∼ 25◦). Changing the pH or salinity of the suspension restores the classical high slope
angle, suggesting that physical and chemical interactions between particles are responsible for this observation. This result supports a recent
scenario for the shear-thickening transition in such non-Brownian systems, where interparticle repulsive forces suppress friction at low
confining pressure.

INTRODUCTION

Shear-thickening consists in a brutal increase in the viscosity of a dense suspension when the shear rate exceeds a crit-
ical value γc. The most famous example is a suspension of cornstarch in water. This phenomenon was first mentioned by
Freundlich and Roder [1] in 1938 but remains ill-understood despite numerous studies. Recently, theoretical and numerical
works [2, 3, 4] have proposed a new scenario for shear-thickening in non-Brownian suspensions. They suggest that it is due to
a frictional transition induced by a repulsive force between the suspended particles. According to this model, at low confining
pressure, repulsive particles should be nearly frictionless.

Testing this scenario would require to measure the friction coefficient µp between the grains in a suspension. However, this
quantity is very difficult to obtain in classical rheological measurements using neutrally-buoyant suspensions. In this study,
we use non-buoyant suspensions to indirectly measure µp through the pile slope angle θs in rotating drum flow experiments.
In the quasi-static regime, θs = �����n(µ), where µ is the macroscopic friction coefficient of the suspension, which itself
depends on µp [5]. Therefore, measuring the pile slope angle θs should grant access to the interparticle friction at very low
confining pressure (P ∼ ρpgd where ρp is the grains density and d their diameter). For repulsive particles and small enough
d, we expect the pile angle to reflect the low frictional state of the system.

PROTOCOL

We studied the friction properties of glass powder in water. Glass in water is known to have a negative surface charge
[6, 7], which should give rise to a repulsive force between the grains. We used small glass spheres, of diameter d such that
20 µ� ! d ! �0 µ� , immersed in microfiltered deionized water. Larger glass beads (d ∼ 500 µ� ) were also used as a
standard granular suspension. For such large beads, the repulsive force is negligible compared to their weight, thus they
should flow in a frictional state. The plexiglass rotating drums (diameter D = 1.2 �� and width W = 3 � � for the glass
powder, D = � �� and W = 8 � � for the large beads, figure 1 a) are fixed on a vibration free rotating table controlled by a
computer. The angular speed ω of the drum can be varied from 10−3 ◦ �−1 to 90 ◦ �−1. Both the light source and the camera
used to take pictures are disconnected from the table bearing the experiment so they do not cause interfering vibrations. We
took care not to contaminate the drum or the mixture. Indeed, the presence of ions dramatically changes the behavior of the
system, as we evidenced by conducting the same experiment in salty water (1 � �l �−1) and in a pH = 10 buffer solution. The
experimental protocol was as follows: we rotated the drum at high speed (90 ◦ �−1) until the grains were suspended, then we
set the angular speed to a chosen value. Time-lapse pictures were taken in order to determine the angle θ of the grains-water
interface and its evolution in time.

RESULTS

Figure 1 b) shows the long time evolution of the interface angle θ for small glass spheres in microfiltered water, in a slowly
rotating drum. We observe a steady regime with a low pile angle: θs ∼ 10◦. This angle seems independent of the angular
speed ω, which suggests that it is the quasi-static pile slope angle of the suspension. To check the role of chemical and physical
interactions between particles in this low angle, we changed the ionic force of the solution by adding salt or changing its pH.
Figure 1 c) shows that in both cases, adding ions strongly increases the pile slope angle of the suspension to θs ∼ 25◦. This
observation suggests that ions screen the repulsive force. The system thus transits from a frictionless to a ‘standard’ frictional
granular medium. To test this hypothesis, we measured the pile angle of large glass beads of diameter d ∼ 500 µ� at an
angular speed of 5× 10−2 ◦ �−1. As we can see (orange line in figure 1 c), they flow with a large pile angle of θs ∼ 2�◦,

∗Corresponding author. Email: cecile.clavaud@univ-amu.fr
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Figure 1: a) Pictures of the two rotating drums used in this study (top: for small beads, bottom: for large beads). Interface
angle θ versus shifted time t: b) small (20 µ� ! d ! �0 µ� ) glass beads in microfiltered water, comparison between two
angular speeds, c) small glass beads in different suspending fluids and large (d ∼ 500 µ� ) glass beads in microfiltered water.
Time was shifted to simplify the presentation of the data, however this does not influence the discussion of the results.

which is close to that obtained with small beads in ionic solutions. This value is also compatible with previous experiments
using large beads (d ∼ 230 µ� ) [8]. This confirms our hypothesis: the small glass beads in microfiltered water are repulsive
and subjected to a low confining pressure, therefore they flow with a low pile angle. The small beads in the buffer solution or
in salty water, though subjected to a low confining pressure, are no longer repulsive because the presence of ions screens the
repulsive force. The system thus becomes frictional. Finally, the large beads are forced into frictional contact by their weight,
that overcomes the electric repulsion. They cannot be subjected to a low imposed confining pressure.

CONCLUSION

By performing rotating drum flow experiments, we demonstrate the existence of anomalous low pile angles of about
10◦ in suspensions of glass microspheres immersed in pure water. This is much lower than the pile angles observed in
classical granular media and indicates an almost vanishing interparticle friction in these systems for low confining pressures.
Modification of the ionic properties of the solution suggests that such a frictionless state arises due to short-range repulsive
forces between particles that overcome the self weight of the first layers of beads.

This observation gives a first support to the recent scenario for the shear-thickening transition in non-Brownian suspen-
sions, based on a frictional transition induced by short range interparticle repulsive forces. What remains to be asserted is
that the glass powder suspension used in this study does shear-thicken in classical rheological configurations, as previously
suggested [9]. It will also be interesting to adapt the rotating drum set-up to cornstarch suspensions, to see if a frictional
transition occurs in this emblematical shear-thickening medium.

This work was supported by the European Research Concil (ERC) under the European Unions Horizon 2020 research and
innovation programme (grant agreement No 647384).
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CFD-DEM STUDY OF SATURATED GRANULAR MEDIA;  
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Summary In this paper, we present CFD-DEM simulations of stick-slip in dry and saturated granular media. The geometry of the CFD-DEM 
model is based on the loading geometry of the earthquake machine of Penn. State University, where granular layers under biaxial loading are 
tested. In our 3D CFD-DEM simulations, the particles are confined between two rough plates, compressed laterally, and sheared at constant 
velocity. The CFD-DEM results show nonlinear behavior of granular media caused by frictional weakening in the fault gouge leading to slip. We 
compare simulations in dry and saturated (drained) cases to characterize the influence of pore pressure and fluid-particle interactions. The 
macroscopic friction signal, kinetic energy, layer thickness, pore pressure and slip event rate, characteristics of the system, are recorded and 
analyzed. The aim is to characterize the influence of fluids on the frictional behavior of system during the stick-slip cycles.  
 

INTRODUCTION/METHODOLOGY 
 

   There are many physical systems that store elastic energy and release it spontaneously. In earthquakes, the stored elastic 
energy is released abruptly through slips across the common plane of two sides of a fault [1, 2]. Granular materials (detritus) 
made from intact rocks due to erosion [3] are present in this common plane. It has been thought that earthquake physics is 
strongly controlled by the macro/micro scale behaviour of these granular materials [3]. Granular materials of fault gouge play 
a key role in inter-event time i.e. the time between each release of stored energy [1, 2]. Recent studies have shown that well 
before failure, the gouge material evolves into a so-called critical state [4, 5]. The main characteristics of this critical state is 
dilation, saturation in shear stress and mechanical weakening. The mechanical weakening is also manifested by the occurrence 
of precursors i.e. micro (small) shear failures, which can be recorded by acoustic emissions. However, most findings are done 
for dry media and the role of fluids with respect to critical state and slip failure are still less well studied. Use of CFD-DEM 
simulations helps us to understand the physics of frictional behaviour of saturated fault gouges at the grain scale. We use the 
so-called unresolved CFD-DEM method where particle size is smaller than the cell size in the CFD domain. Forces on the 
particles from solid-fluid interaction include drag force, viscous force and forces due to pressure gradient. The assembly of 
particles is first compressed vertically and then sheared horizontally at constant velocity. Figure 1 shows the assembly of 
particles, compacted between two corrugated plates before shearing. The fluid phase flow is obtained by solving the modified 
Navier-Stokes equation, taking into account the presence of granular materials in the fluid [6]. 
 

  
Figure 1: The assembly of particles compacted vertically between two corrugated plates before shearing stage. Periodic boundaries are applied at sides while 
front and back of sample are elastic walls (same material properties).  
 

STICK-SLIP IN SATURATED GRANULAR MATERIALS 
 
   In Fig. 2, the simulation results for the drained saturated case are shown. Panel (a) in Fig. 2 gives the friction signal, where 
stick-slip cycles exhibit a non-linear behaviour of material. Associated with each slip event, we get an increase in kinetic 
energy signal (panel b, semi-log plot). In panels c to f, several stages of the velocity field in CFD domain are shown. Panel c 
shows the flow field in the stick phase where system is storing energy while being sheared, whereas panel e shows the chaotic 
behaviour of flow field during slip, where an abrupt movement of particles and associated release of kinetic energy occur.  
Precursors, i.e. micro-slips during the critical phase, are apparent from the friction signal before a large slip event.  
 



 

 

 

 

 

 
Figure 2: Simulation of saturated drained gouge in rather low viscosity. (a) friction signal (b) Kinetic energy in semi log plot. Panels (c) to (f) are fluid 

velocity field in stick, micro-slips, slip and after slip phases respectively. All units are in cgs unit system. 
 

CONCLUSIONS 
 

   Fluids play a key role in failure mechanisms of granular materials. Our primary results show that fluids with high viscosity 
force the system to continuous sliding rather than to a stick-slip behaviour. Slip events either can occur locally related to small 
events or micro-slips or globally in whole domain associated with large slip events. We further show that fluid properties control 
this localization and general failure pattern. 
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IMPACT IN DENSE SUSPENSIONS: KEY ROLE OF PORE–PRESSURE
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Summary We investigate the impact of a freely-falling rigid sphere onto a granular pile immersed in a Newtonian liquid. Two very different
behaviors are observed depending on the initial packing fraction of the pile. For initially loose packing, the ball readily sinks in the
suspension as in a liquid whereas, for densely packed beds, the ball stops immediately as it hits the suspension. By combining local
measurements of the interstitial fluid pressure and a simple impact model, we show that this liquid–solid transition is controlled by the
coupling between the dilatancy of the pile and the pore–pressure generated by the impact. These results unify the description of impacts
in various particulate media including cornstarch suspensions. They show that complex responses can arise from transient fluid–particle
coupling rather than from the intrinsic rheology of the material.

INTRODUCTION

Impacts on particulate media like granular materials and suspensions have been the subject of an active research during
the past decade, motivated by the question of the granular rheology and applications in astrophysics and ballistics (see a recent
review in [1]). Depending on the experimental conditions, a very rich phenomenology is observed from the formation of
permanent craters in dry granular media [2, 3] to the generation of fluid-like granular jets in fine powders in air [4, 5, 6].
Although these studies showed the importance of the air pressure or initial packing fraction in the impact response, the
question of the physical mechanisms and control parameters that give rise to such a wide variety of phenomena is still largely
open. Recently, studies on shear–thickening suspensions (cornstarch) show completely different behaviors. Above a critical
velocity, an impacting object immediately stops, or in some cases generates cracks, as if hitting a solid [7, 8]. An important
question is whether this impact-activated solidification is related to the complex rheology of the suspension or to more generic
mechanisms involving jamming and/or the interaction between grains and fluid– a recurrent debate in the shear-thickening
community [9]. In this study, we address this question by performing impact experiments on a model (non-buoyant) granular
suspension [10], for which we can systematically control the initial volume fraction φ0 (Fig. 1A).

RESULTS

Fig. 1B displays images captured during the impact on a suspension of water and glass beads of diameter d = 170 µm for
an initially loose (φ0 = 0.560) and dense (φ0 = 0.604) packing. We observe two very distinct regimes. For loose packing,
after impact the ball sinks in the suspension, giving rise to a collapsing cavity and a central jet similar to that observed in liquids
or loose powders in air. By contrast, for dense packing, we observe that the ball stops abruptly within a few milliseconds as it
hits the surface, as if the suspension hardened during impact. This solid-like behavior is strongly reminiscent of the impact-
solidification observed when a solid object hits a shear-thickening suspension like cornstarch [7].

To explain how such a drastic change in behavior can occur with only a slight (∼ 5%) change of volume fraction, we rely on
a pore–pressure feedback mechanism: a coupling between Reynolds dilatancy and the pressure of the interstitial fluid between
grains [12, 13]. When a dense granular packing starts to flow, it must dilate. However, if the medium is saturated with an
incompressible liquid as in our case, this dilation induces a suction of the fluid and thus a drop in the interstitial fluid pressure
(the pore–pressure), which in turn presses the grains against each other and transiently solidifies the medium. A loosely
packed granular bed, on the other hand, tends to compact when it deforms. Therefore, a rise in pore–pressure is produced
during impact, which can balance the weight of the grains and suppress the contact network, resulting in local or global
fluidization. We proceed a direct verification of this mechanism via a pore–pressure measurement in the suspension (Fig.
1C). The transition between a positive peak and negative peak pore–pressure occurs at a critical volume fraction φc ≃ 0.585,
consistent with previous measurements with glass beads [13, 10].

To model these results, we combine the Darcy law [14] and an empirical law for Reynolds dilatancy [11], which gives the
following scaling law for the pore–pressure: Pf ∼ −(ηf/κ)∆φV L, where ηf is the fluid viscosity, κ ∝ d2 is the permeability
of the pile, ∆φ = φ0 − φc, V is the impact velocity and L the typical extent up to which deformation is experienced by the
granular bed. Incorporating this relation in a simple impact model, and assuming a frictional rheology for the granular pile,
predicts scaling laws for the ball penetration and pore–pressure in agreement with experiments for different impact parameters,
grain sizes and fluid viscosities, thus validating our mechanism (Fig. 1D).

∗Corresponding author. Email: yoel.forterre@univ-amu.fr
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SIZE DEPENDENCE OF THE YIELD THRESHOLD IN DENSE GRANULAR MATERIALS

Daren Liu1 and David Henann ∗1

1School of Engineering, Brown University, Providence, RI, USA

Summary Yield of granular materials is typically modeled by local, pressure-dependent criteria, such as the Drucker-Prager condition, in
which yield at a point is assessed based only on the stress. However, nonlocal effects lead to phenomena that cannot be captured with local
yield conditions. For example, flows of thin layers of grains down an inclined surface exhibit a size effect whereby thinner layers require
more tilt to begin flowing, and hence, sufficiently thin layers will not flow, even when the stress in the layer exceeds the yield condition.
Recently, a new continuum model – the nonlocal granular fluidity (NGF) model – was successfully used to predict steady granular flow fields
in a variety of flow configurations. In this work, we show that the NGF model is also capable of quantitatively describing the size-dependent
strengthening of thin granular bodies – both in flow down an incline and in linear shear with gravity.

INTRODUCTION

Nonlocal effects in granular media manifest in myriad different ways. At the origin of the nonlocality is the finite size of
the grains themselves, inducing cooperative behaviors that defy local rheological description. Examples include grain-size-
dependent shear features in the steady flow profiles of granular media. A local rheology can be extracted from uniform simple
shearing data of a granular media [1]; however, nonuniform steady flows of the same material can be seen to violate such a
relation, as the grain-size sets up an internal length-scale that effectively penalizes variations in flow-rate over space [2].

One of the most compelling demonstrations of nonlocality in granular media can be observed in the behavior of grains on
an inclined surface. Contrary to local rheological models, which predict a thickness-independent repose angle, experiments
and discrete simulations verify that granular layers have a critical “stopping height” proportional to the grain size – layers
thinner than this value come to a stop, whereas thicker layers admit steady flow down the incline [3].

Recently, a nonlocal rheological model based on the concept of “granular fluidity” has shown itself able to reconcile the
issues of grain-size dependent shear features in granular media [4]. While these demonstrations pertain primarily to the way
in which grain size influences spatial fields in materials that are driven to flow, nonlocality in the context of the flow threshold,
i.e., whether a material flows at all, is of a relatively different nature. Despite this distinction, in this work we shall show
that the nonlocal fluidity model is also capable of quantitatively describing the size-dependence of the yield threshold in two
distinct geometries – inclined plane flow and linear shear with gravity.

INCLINED PLANE FLOW

In the inclined plane geometry, a layer of thickness H is inclined to an angle θ, shown schematically in the inset of Fig.
1(a). A simple consideration of equilibrium yields that the shear stress and normal pressure in the layer are τ = ρGz sin θ
and P = ρGz cos θ, respectively, where G is the acceleration of gravity, ρ is the density of the granular material, and z is
the distance beneath the surface. A local, pressure-dependent yield condition, such as Drucker-Prager, would dictate that
the flow threshold is defined by a critical value of the ratio of the shear stress to the pressure, µ = τ/P , which we call µs.
In inclined plane flow, we have that µ = tan θ, so that any local yield condition would predict a universal angle of repose
θr = arctan(µs).

A signature of the cooperativity of granular motion is the fact that this universal repose angle is contradicted in experiments.
As shown initially by Pouliquen [3] and verified by others, the angle at which an initially flowing layer of grains comes to a
stop, θstop, depends sensitively on the thickness of the layer when H is small. Inverting, one can extract a function Hstop(θ)
for every granular media and substrate, which represents the critical thickness at which a flowing layer at a certain angle would
arrest.

For inclined plane flow, the NGF model predicts that Hstop is given by

Hstop(θ) =
πAd

2

!
µ2 − tan θ

(µ2 − µs)(tan θ − µs)
, (1)

where {µs, µ2, A} are dimensionless material parameters and d is the grain size [5]. For a direct comparison, in Fig. 1(a),
the above predicted form for Hstop(θ), using previously-determined parameters for glass beads [4], is compared against
Pouliquen’s experimentally determined values using glass beads with a fully rough base. The quantitative agreement is
excellent. It is worth pointing out that the model’s result was obtained using the same continuum parameters that were used
to successfully predict steady flow fields of glass beads in split-bottom cells and other geometries [4]. Yet here, the question
is of a different nature, one of predicting input conditions for flow stoppage rather than velocity profiles in a flowing body.

∗Corresponding author. Email: david henann@brown.edu
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Figure 1: (a) Theoretically predicted Hstop locus (−) as calibrated for glass beads on a fully rough base, compared to exper-
imentally determined values (◦) from Pouliquen [3]. Inset: Schematic of the inclined plane flow geometry. (b) Theoretically
predicted Lstop locus (−) as calibrated for frictional disks, compared to DEM-determined values (◦). Inset: Schematic of the
linear shear with gravity flow geometry.

LINEAR SHEAR WITH GRAVITY

In the case of linear shear with gravity, a rough plate is dragged horizontally across a deep bed (infinite half-space) of
gravitationally-loaded granular material, shown schematically in the inset of Fig. 1(b). The weight of the plate imposes a
pressure Pwall on the z = 0 surface, and its horizontal motion imposes a shear stress of τwall. For this flow configuration,
the length-dimensioned “size” is given by Pwall/ρG, which we denote as L and is analogous to the layer thickness H in
the previous configuration. Regarding the stress field in this configuration, the shear stress is spatially-constant and given by
the shear stress imparted by the wall, τ = τwall, and the pressure field is a combination of the wall pressure, Pwall, and the
gravitational pressure gradient, so that P = Pwall + ρGz. The stress ratio is then µ = τ/P = τwall/(Pwall + ρGz), so that
the maximum value of µ occurs directly under the plate (z = 0) and is µ(z = 0) = µwall = τwall/Pwall.

Again, as in the case of inclined plane flow, a local yield condition, such as Drucker-Prager, will predict a size-independent
flow threshold of µwall = µs with flow only occurring when this threshold is exceeded. In order to elucidate the geometric
generality of the phenomena observed in inclined plane flow, we have performed two-dimensional discrete element method
(DEM) calculations of linear shear with gravity for different “systems sizes,” L = Pwall/ρG, and determined the flow thresh-
old, µwall, in each case. In our DEM calculations, we utilize quasi-monodisperse frictional disks with an interparticle friction
coefficient of 0.4. This granular system has been thoroughly studied, and its material parameters for the NGF model have
been determined [6]. For each value of L, we determine the critical value of the wall stress ratio that corresponds to flow
arrest. Inverted, we obtain a function Lstop(µwall), which is plotted as circles in Fig. 1(b), showing a clear strengthening as
the system size is decreased. We have plotted Lstop as a function of arctan(µwall) so that the analogy to inclined plane flow
is more clear. Note that the angle of repose, i.e., the vertical asymptote in Fig. 1, is different for 2D disks, θr = 14.6◦, than
for glass beads, θr = 20.9◦.

For this flow configuration, the Lstop curve predicted by the NGF model cannot be derived analytically in closed form.
Instead, we perform finite-element calculations using the nonlocal fluidity model to determine the Lstop locus predicted by
the model. The predicted Lstop curve using previously determined material parameters [6] is also plotted in Fig. 1(b). Again,
favorable quantitative agreement is obtained without any parameter fitting – only using parameters determined to describe flow
fields in other geometries [6]. Hence, by comparing the model’s predicted flow threshold in linear shear with gravity to 2D
DEM calculations without parameter calibration, we have shown that the nonlocal fluidity model can be used to quantitatively
model size-sensitive flow stoppage phenomena in geometries other than inclined plane flow.
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Summary Unsteady flows of granular materials are ubiquitous yet remain largely unexplored. In this research, we apply unsteady 
flows to strongly segregating granular materials to control the segregation pattern and enhance mixing. Unsteady flows are 
generated by feeding size-bidisperse granular mixtures with large size ratios onto a quasi-2D bounded heap using alternating feed 
rates. With this flow modulation, large particles and small particles form stratified layers, which have better average mixing than 
the segregated patterns generated by steady feed rates. The mechanisms of layer formation under modulated flow differs from 
those observed during spontaneous stratification, and are related to changes in the repose angle and flowing layer depth with 
varying flow rate. The thickness and length of the stratified layers can be controlled by changing the flow rates and feed cycle 
durations, which is potentially useful for reducing segregation in industrial processes. Funded by NSF Grant CBET-1511450. 
  

INTRODUCTION 
 
   Segregation and mixing of disperse granular materials (differing in size, density, etc.) have important implications in 
situations ranging from material handling in industry to natural phenomena. Most previous studies of granular segregation 
and mixing focused on steady granular flows. However, unsteady flows are ubiquitous and exhibit more complex phenomena 
due to their time-varying kinematics [1,2]. In this study, we intentionally generate unsteady flow to investigate the resulting 
kinematics, its influence on mixing and segregation, and the potential application of unsteady flow to enhanced mixing for 
strongly segregating materials. 
 

FLOW MODULATION 
 
   To generate unsteady flow, we feed size bidisperse granular mixtures with large size ratios onto a quasi-2D bounded heap 
[3] using two distinct and alternating feed rates. Each feed cycle consists of two phases: a fast flow phase with feed rate Qf 
for duration tf and a slow flow phase with feed rate Qs for duration ts. Under this flow modulation, large particles and small 
particles form stratified layers, different from the segregated pattern generated by a steady equivalent mean feed rate, see Fig. 
1. The modulated stratification is different from spontaneous stratification reported in previous studies [4,5], because it occurs 
at higher average flow rates and its pattern is controllable. To investigate the modulated stratification mechanism and the 
influence of input parameters on pattern formation, we conducted experiments in which the feed rates and cycle times were 
varied. 

Figure 1. (a) Segregation in un-modulated flow at volumetric feed rate Q = 12 cm3/s; (b) Controlled stratification in 
modulated flow at approximately the same mean feed rate as in the left figure (Qs = 4.4 cm3/s, ts=12 s, Qf = 18.4 cm3/s,           

tf =15 s, Qmean=12.2 cm3/s). Blue (dark): 3-mm glass spheres; red (light): 1-mm glass spheres.  
 
 
 



RESULTS AND DISCUSSION 
 
   The experiments reveal that large particles flow over smaller ones during the fast flow rate phase but both smaller and 
larger particles flow down the slope during the slow flow rate phase. During the fast portion of the cycle, the layers of large 
particles form; during the slow portion of the cycle, the small particle strata progress further downstream under a moving 
layer of larger particles. The thickness of the repeating layers depends linearly on the total volume of the feed during each 
cycle, V, above a critical value, see Fig. 2. Below this critical value, the layer thickness is more variable, most likely because 
spontaneous avalanches occur at these slow flow rates [3]. The length of the layers of the strata depend in a more complex 
way on the flow rates and durations. 

 
Figure 2. Layer thickness as a function of flow volume per feed cycle. 

 
CONCLUSIONS AND ONGOING WORK 

 
   We demonstrate that stratified segregation patterns in bounded heap flow can be created at mean flow rates well above 
the steady flow rate where spontaneous stratification ends and that the wavelength and the streamwise extent of the layers of 
the segregation patterns can be controlled by changing feed rates and cycle duration time. We are conducting Discrete Element 
Methods (DEM) simulations to gain more insight into the kinematics of unsteady flows, and are optimistic that with this 
knowledge we will be able to design more complicated modulation approaches to achieve finer and more extended layered 
segregation patterns that further enhance mixing.  
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INSTABILITY DURING THE EROSION OF A COHESIVE GRANULAR PILE

Pierre Jop∗, Gautier Lefebvre, and Aymeric Merceron
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Summary The complex interplay between the topography and the erosion and deposition phenomena is a key feature to model granular
flows such as landslides. Here, we investigated the instability that develops during the erosion of a wet granular pile by a dry dense granular
flow. The morphology and the propagation of the generated steps are analyzed in relation to the specific erosion mechanism. The selected
flowing angle of the confined flow on a dry heap appears to play an important role both in the final state of the experiment, and for the shape
of the structures. We show that the development of the instability is governed by the inertia of the flow through the Froude number. We
model this instability and predict growth rates that are in agreement with the experiment results.

INTRODUCTION

The situation where a cohesive granular media and a flowing granular layer interact encounters in the mixing processes
of industrial applications or in some transport of sediment in nature. Erosion patterns are known to spontaneously develop at
the bottom of the river bed depending on the coupling between the flow and the bed geometry through the erosion/transport
laws [1, 2]. Granular flows such as landslides can also alter the underlying ground. However the erosion mechanisms are
not clear when the granular material is dense. Thus recent studies have focused on the evolution of the interface between
static and flowing dry granular layers, on the velocities and on the runout distances. Moreover the studies of instabilities in
granular flows were generally focused on the flowing layer (roll waves, upward traveling waves). Finally, previous studies on
the erosion rate of a cohesive media by a granular flow focused on the physical properties of the cohesive materials (e.g. [4]).
Thus we explore here the coupling between a flow of dry granular material and a cohesive granular bed.

EXPERIMENTAL SET-UP

We performed experiments in a quasi-two-dimensional cell made of parallel vertical glass plates, whose gap width W was
set at 6 and 12 mm. The same polydisperse glass beads of diameter 200-400 µm were used for both the cohesive granular
bed and the flow. The cohesive material was obtained by mixing a small quantity of water with the beads to obtain a low
water content of 1% wt, which corresponds to the formation of individual capillary bridges. This material was introduced and
packed into the cell to form a heap with a planar free-surface of length ranging from 30 to 35 cm. We injected the dry granular
material at the top left of the cell so a flowing layer would form above the wet heap [Fig. 1(a)]. The two remaining parameters
are the initial inclination of the heap θi and the constant injected flow rate Q.

Dry flow

Wet pile

2D set-up of
1.2 cm in width

Glass plates

Constant flow
rate

Dry beads

Slope �(a) (b)

Figure 1: (a) Experimental set-up of the dry granular flowing on top of wet-cohesive granular pile. (b) Destabilization of the
morphology of the pile during the erosion process, creating a succession of steps. The vertical scale is 12cm

.
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Figure 2: (a) Dimensionless growth rates of the steps as a function of the Froude number in experiments for glass beads in the
� mm channels (•) and 12 mm channel (◦) and steel beads in 12 mm channel (⋄). The curves correspond to a prediction of the
theoretical model for a wavenumber in agreement with the experiment h0k = 0.1 at an inclination of θi = 30o. Inset: Direct
comparison of growth rates using the measured wave numbers k̃ as a parameter. (b) Experimental growth rates for different
imposed initial wavelengths. An example is shown on the inset.

RESULTS

With this low water content, we observe that erosion occurs at the interface between the cohesive pile and the granular
flow, without deposition. Wet beads are slowly extracted by the action of the dry flow. Thus, the volume of the cohesive heap
is gradually reduced during the experiment until it reaches a steady state in which the interface is flat and the dry granular
material flows without eroding the wet bed. During this erosion process, two different behaviors can be observed. Either the
eroded interface remains initially flat and parallel to the initial slope, or we observe the creation of step-shaped structures for
rather high inclinations and high flow rates [Fig. 1(b)]. These steps grow and propagate upstream then disappear one after the
other at the top of the channel. In both cases, the final interface is flat and forms an angle θf with the horizontal with θf < θi.

Due to the analogy with the shape and the propagation of the structures led by the pool and step instabilities in riverbeds [1],
we expect to observe an inertial destabilization. The underlying mechanism would be the phase lag between the topography
and the local erosion rate due to inertia. Such phase lag exists for step-pool formations between the erosion and the shape of
the interface [1]. We expect therefore a stability criterion based on the Froude number Fr = u/

√
gh ���θi, which compares

the inertia with the gravity effects, where g ���θi is the projection of the gravity perpendicular to the slope.
We compute the initial growth rates of the instability scaled by the measured erosion time scale. The figure 2(a) show

the existence of a critical Froude number, around 0.8, above which the instability develops with positive growth rates. The
negative values are obtained by following a step coming from the downstream boundary conditions that disappears.

We model the flow using a depth-averaged method with the now well-established rheology of dense granular flows [5].
We make the assumption, as in the fluid case, that the erosion rate is linked to the inertia of the grains. We then carry a
linear stability analysis. We show that the previous assumptions are required to predict an instability of the interface above
a critical Froude number. Moreover we are able to compare the theoretical growth rates for the observed wavelengths [Fig.
2(a)]. Finally we measure the growth rate for three initial wavy interfaces as shown on figure 2(b). These results show that a
mechanism for the wavelength selection need now to be modeled.

CONCLUSIONS

We study a new erosion instability occurring with granular flows over a cohesive granular bed. Above a critical Froude
number, the interface is unstable and the shape of the steps is governed by the properties of the granular flows. We model the
mechanisms in the framework of a Saint-Venant approach. We finally identify that the inertia of grains governs the erosion
mechanisms in dense granular flows. We believe that our results could lead to a better understanding of geophysical flows. On
the other hand, for applications of mixing of grains and liquids such as building materials, our work represents a mechanism
of homogenization of wet aggregates with dry grains in slow mixers.
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Summary A material testing machine was used to experimentally measure the quasistatic force acting on the bottom of cylinders that slowly
and continuously move along its symmetric axis downwards into a granular medium. By utilizing different cylinders to plunge into different
granular materials, we demonstrate that the normalized average pressure [pu] acting on the cylinder’s bottom linearly increases with the
penetration depth, while the linear scale-factor kh just depends on the internal friction angle of the granular material. To theoretically figure
this out, we employ Prandtl’s Slip-Line(PSL) theory to analyze the stress field of the plastic region involved in the granular matter. The
theoretical model also suggests that [pu] should be linearly related to the penetration depth, and kh can be computed theoretically. Good
agreement between the computed values and the experimental results of kh sheds light on the way of the continuum description for the
granular material behaviours.

EXPERIMENTAL STUDY

When a solid object slowly penetrates a granular material, it experiences a quasistatic vertical drag force that varies with
penetration depth h. In general, the static drag force Fh can be reduced to a form as Fh(h) = khhα. Past experimental
studies have found that the exponent α may vary with the intruder geometries and takes a value ranging from 1 to 1.8. Among
these studies, Durian et al. experimentally confirmed, both from impact experiments[1] and quasi-static experiments[2], that
the normalized average pressure [pu] seems to be linearly related to the penetration depth. This enables ones to unveil the
reason underlying the diversity of the value of α involved in different geometries of the intruder. Until now, the understanding
of this relationship is mainly from phenomenological analysis, rather than theoretical explanation. Meanwhile, how the
physical properties of the granular medium affect the coefficient kh is also desiderate to be resolved. In this paper we purpose
to understand the static mechanical regime of granular material according to a combined investigation of experiments and
theoretical analysis.

Figure 1: (a) The sketch of the experimental apparatus; (b) The reproducibility of the axial drag force for D = 40mm cylinder
penetrates sand with different velocities, and the raw data fit well with the fitted regression line (red) after point B.

We performed our experiments via an experimental apparatus sketched in Fig.1(a). A servo-control system drives a
cylinder intruder to slowly and continuously plunge into a granular matter. A force sensor is adopted to measure the vertical
resistance sensed by the intruder. The cylinder contacts the granular matter via its bottom surface so that the contact area
remains unchanged during the whole process of the penetration. This enables us to conveniently scale the average pressure
on the bottom of the cylinder. Four aluminous cylinders with the same height 50mm, while their diameters D with values as
30mm, 40mm, 50mm and 70mm, were tested in our experiments. We restrict the maximum of the penetration depth h to
be less than 50mm so that the cylinders won’t be buried in the medium at the end of the penetration process. The barrel is
45cm in diameter and is filled with granular matter of 21cm height. The size of the barrel is much larger than the cylinders
which ensures the penetration process is free from the boundary effect. To figure out how the drag force relates to the granular
characters, we use five different granular materials: air dry natural sand, millet, and three kinds of glass beads with different
diameters. These granular materials cover different particle shapes, sizes and materials, consequently lead to different internal
friction angles ranging from about 28◦ to 38◦. Because the internal friction angle of the granular matter is very sensitive to
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the state of the particles, we meticulously prepare the packings of the granular matter by the following procedure: before
each test, we stir the granular matter vigorously and homogeneously at first and then gently level the surface with a flat metal
spatula. Fig.1(b) shows the raw data for the cylinder with D = 40mm moving in sand with different velocities ranging from
1.5mm/min to 500mm/min. The high consistency among those different experiments confirms the reproducibility of our
experiment, as well as the quasistatic state of the granular matter. Similar to the compression behaviors of metal materials,
the curves in Fig.1(b) demonstrate that the granular matter will experience an elastic phase (OA), a transition phase (AB) and
a plastic phase(BC), successively. Particularly, the plastic phase exhibits a good linear character for the relation between the
quasi-static force and the penetration depth. A normalized average pressure, [pu] = F

ρsgS
= C0 + khh, is defined to quantify

all the data measured from our experiments. It turns out that the linear scale-factor kh is only dependent on the physical
property of granular material, yet independent of the size of cylinder.

THEORETICAL ANALYSIS

The quasistatic force exerted on the cylinder intruders essentially reflects the bearing capacity of the material at differ-
ent depths. The bearing capacity is dominated by the stress strength of the granular material, and is affected by the stress
boundaries of the granular matter. For the materials we use in our experiments, the onset of the material plasticity can be
distinguished via the Mohr-Coulomb (MC) yield criterion [3], where |τ/σn| = µ0 ≡ tanφ, τ is the shearing stress, σn is the
associated normal stress, and φ is the internal friction angle of the granular material.

Figure 2: (a) Prandlt’s slip-line (α-curves (red) and β-curves (blue)) together with the boundary conditions. (b) Numerical
(lines) and experimental (markers) results of linear scale-factor kh

Based on the MC criterion, together with the stress boundaries, we can use the PSL theory to analyse the plastic stress
field as Fig.2(a) shows. By solving the differential equations of stress along the slip-lines and integrating the axial pres-
sure over the whole area of the cylinder’s bottom, we get the theoretical expression of linear scale-factor as kh(φ) =
2(1+sinφ)
R2

0(1−sinφ)
exp(π tanφ)A(D,φ), where A(D,φ) is an explicit formulation of cylinder diameter D and internal friction angle

φ. Numerically solving kh(φ), we find that the value of kh(φ) just depends on φ and free from D. Fig.2(b) shows both the
computed values of kh(φ) and the experimental ones extracted from our experiments under different granular materials. Good
agreement between them suggests that our theoretical model is suitable for characterizing the quasistatic state of the granular
medium. In addition, we would mention that the value of kh(φ) is sensitive to the small variation of the internal friction
angle. This point indeed reflects the peculiar property of granular medium: the contact network between particles is so easily
changed with the packing state, thus significantly alters the quasistatic force sensed by the intruder.

In summary, the static drag force sensed by a cylindrical intruder is linear to the penetration depth, and the linear scale-
factor kh is a reflection of the physical property of a granular material. The linear scale-factor kh can be easily calculated
numerically by our theoretical model. The good match between our theoretical model and experimental result means that the
granular material can be treated as a uniform continuum whose plasticity is governed by the MC criterion.
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Summary Granular media exhibit many fascinating, and often unique, behaviours which are not only of considerable scientific interest,
but may also prove highly impactful in various real-world processes – with both positive and negative consequences. The tendency of
granular flows to ‘jam’ and become immobile, for example, can prove highly detrimental to the efficiency of various industrial processes.
The predisposition of multicomponent mixtures to spontaneously ‘segregate’ into their individual constituents, meanwhile, can prove both
extremely problematic or highly desirable in industry, and is also key to our understanding of various geological processes. Granular beds
comprising aspherical particles also exhibit the ability to autonomously form complex, ordered patterns, reminiscent of those observed
in colloidal or liquid crystal systems, making them valuable model systems for various thermodynamic and even biological systems. We
demonstrate a means by which the vibrational excitation of granular systems may be harnessed to directly influence, and even control, these
behaviours.

INTRODUCTION

Granular materials – assemblies of multiple discrete, macroscopic particles – are ubiquitous both in nature and industry;
indeed, other than water, granular media are the most widely handled material on Earth, with over 10% of world energy
resources expended on the processing of these materials. Yet despite their ubiquity and widespread relevance, the behaviours
of these materials remain incompletely understood.

Granular materials, when exposed to an energy source, may exhibit a wide array of diverse phenomena. Of these phenom-
ena, we focus on three examples with particular scientific and industrial significance: jamming, segregation, and self-assembly.
Jamming, the term given to the phase transition of a fluid-like granular system to a rigid, solid-like state, is a well-known prob-
lem in many industrial processes, proving a considerable hinderance to the transport of granular materials. Segregation – the
spontaneous separation of a granular mixture into its individual components – is in some instances (e.g. the separation of
valuable ores in the mining industry) crucial, yet in other cases may prove highly problematic, or even dangerous – consider
for instance the potential consequences of unwanted segregation during the mixing of excipients and active ingredients in the
pharamceutical industry. The self-assembly of granular materials, meanwhile, is a burgeoning area of study which has only
recently begun to receive considerable attention, as experimental and simulational techniques advance to a point where the
accurate investigation and modelling of large systems of aspherical particles becomes feasible. This highly active new area of
research has shown that granular materials subjected to vibrational excitation may exhibit ordered states and phase transitions
(see Fig. 1) highly reminiscent of those observed in colloidal, liquid-crystal or even nanoscale systems. As such, it is hoped
that such granular systems may be utilised as easily-studied ‘models’ for nanoscale or biological systems whose direct study
may prove unfeasibly complex or expensive, making this a potentially highly valuable field of study.

We present data from vertically vibrated assemblies of spherical, spherocylindrical and mixed spherical-spherocylidrical
particles, showing that by controlling the manner in which a particulate system is excited, its jamming and segregative be-
haviours [1, 2], configurational state and maximum achievable packing density [2, 3] may all be dramatically altered.

EXPERIMENTAL DETAILS

Our data are acquired through a combination of experiment and simulation. Our experimental data are obtained using
Positron Emission Particle Tracking (PEPT), a technique capable of tracking particle motion with sub-millimetre accuracy
and millisecond-scale temporal resolution in all three spatial dimensions, even deep within the bulk of large, dense and/or
opaque systems. Additional data are produced using discrete particle method (DPM) simulations performed using the open-
source software package MercuryDPM.

In both simulation and experiment, we explore a series of cuboidal containers of horizontal dimensions Lx = Ly ∈
[�0, 120] mm and height Lz = 200 mm filled with between 2 and 12 layers of particles. The particle beds are excited by
vertical vibrations of varying frequency, ω, and amplitude, A, thus producing a range of dimensionless driving strengths
y = ω2A

g ∈ [1, 21]. For each individual data set, data is acquired with a constant acceleration, y0, being applied to the system;
however, the bed may be initially prepared in one of three manners:
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SINGULAR BEHAVIOR OF A COHESIVE POWDER UNDER HORIZONTAL VIBRATIONS

Jean-Eric Mathonnet∗1, Philippe Sornay1, Blanche Dalloz-Dubrujeaud2, and Maxime Nicolas2

1CEA, DEN, DEC, SFER, LCU, Saint-Paul-Lez-Durance, France
2Aix-Marseille Université, CNRS, IUSTI UMR 7343, Marseille, France

Summary We report the influence of horizontal vibrations on the time-evolution of the density of a very cohesive powder. For a wide range
of vibration conditions, the kinetics of compaction presents a two time-scales behavior compared to model materials. A simple stochastic
model, based on clusters of grains, has been developed to understand the compaction process, and a new empirical law proposed to describe
the evolution of the packing fraction φ.

INTRODUCTION

Numerous studies have focused on the time-evolution of the compaction of non-cohesive granular system (monodisperse
glass beads, rice grains ...) submitted to vibrations or vertical tapping. Through experiments, two main empirical laws have
been proposed to describe the time evolution of the volume fraction φ with the number of taps or vibration cycles t.

The first one, based on a heuristics analysis, is an inverse logarithmic law [1, 2]:

φ(t) = φ∞↗
φ∞↗φ0

1 + B ln(t/τ)
(1)

with φ0 the initial packing fraction, φ∞, the final packing fraction, τ , a characteristic time, and B, a fitting parameter.
The second one is a modified Heckel equation [3] which has been written as a stretched exponential function with an

exponent β and a characteristic time τ [4]:

φ = φ∞↗(φ∞↗φ0)�−(t/τ)β . (2)

These expressions may fit well the experimental results obtained with model materials, but many actual granular media
used in industrial process are not made of monodisperse smooth spheres. As an exemple, in the nuclear industry, the shaping
process of fuel pellets uses cohesive powders. Such a cohesive granular system is characterized by a very large angle of
repose, difficulties for filling or emptying a silo, and a very small packing fraction due to the presence of macro-cavities, bulk
holes and vaults.

Through long time experiments under horizontal vibration, we investigate the compaction kinetics of a very cohesive UO2

powder mainly used in the nuclear industry. The UO2 powder we use is a complex granular system constituted of sub-micron
crystallites, aggregates around 0.� µm and agglomerates with a mean diameter d = 30 µm. The powder was held in a
vertical plane-parallel tank of different sections (15× 15 mm2, 25× 25 mm2, �0× �0 mm2 and �0× �0 mm2). The tank is
vibrated horizontally with a permanent magnet shaker with a frequency range between 30 to 100 Hz, and with a normalized
acceleration from 3 g to 9 g.

In order to compare our results on the cohesive UO2 powder with non-cohesive and weakly cohesive materials, we have
also investigated the compaction of monodisperse glass beads with a mean diameter d = 130 µm, and an atomized alumina
powder with a size-range 0.1↗�0 µm.

RESULTS

A typical experimental result of the compaction process under horizontal vibrations is shown on Figure 1. The time
evolution of the UO2 powder compactness presents two stages of compaction. During the first stage, the packing fraction
increases rapidly and approaches a plateau value as observed with model non-cohesive materials. During the second stage, a
second increase occurs, much more slowly: even after 107 cycles, the final state does not seem to be reached. We have also
observed, through different characterizations (SEM, laser diffraction particle size analyzer, and mercury porosimetry), that the
vibration process do not modify the agglomerates.

Our result on glass beads compaction showing only one compaction stage is similar to the results of the literature. For
the alumina powder, we observe a weak second increase between �00 and 2× 104 cycles. The two-stages compaction seems
intrinsic to cohesive granular materials with a strong effect for highly cohesive powders. The expressions (1) and (2) are then
not able to fit the experimental results on UO2 and alumina powder.

The two-stages compaction process may be understood through a simple stochastic model. The model is a set of N unit
grains shared out between Nc clusters of n grains each. Clusters and grains inside each cluster are randomly placed with a
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Figure 1: Examples of experimental results under horizontal vibrations at 100 Hz and � g acceleration. The tank was 15× 15
mm2, and 2�0 mm height. The curves of UO2 and alumina powders are shifted by 3�% and 2�% respectively.

linear fraction and without overlap. At each time step, the grains and the clusters may move according to probably laws pg
and pc which are derived from normalized free volumes [5]. When a grain is allowed to move, it moves downward if the space
below is free. When a cluster is allowed to move, it moves downward with a maximum falling distance of its size.

The results obtained with this simulation show a two-stages evolution analog to the experimental results of the UO2

powder. The first stage (short-time) is related to the compaction of clusters. It mimics the collapse of macro-cavities and large
holes in a cohesive granular system. The time-scale of this first stage is proportional to the clusters number. The second stage
(long-time) is related to the compaction of the individual grains, with a time scale proportional to the number of individual
grains.

The experimental and numerical results are well fitted by an extension of the equation (2) with two stretched exponentials:

φ = φ∞↗(φ∞↗φp)�−(t/τ2)
β2 ↗(φp↗φ0)�−(t/τ1)

β1 (3)

with two characteristic times τ1 and τ2, two exponents β1 and β2, and a plateau packing fraction φp. One of the main result
of our study is that the characteristic times are proportional to the number of objects (clusters or grains). This result is also
confirmed experimentally. Indeed, we observe that the characteristic times are related to the initial height in the tank. It seems
also that the exponents β1 and β2 are linked to the probability laws and characterize the compaction rates of each stage. While
a double exponential fit has already been proposed [6], we provide a very different interpretation of this expression, with a
short-time scale associated to large-scale structures and a long-time scale associated to small-scales (but numerous) grains.

CONCLUSION

Through experiments and a stochastic model, the compaction process of a cohesive powder is analyzed with a two-stages
behavior. The time evolution of the volume fraction is very well fitted with a sum of two stretched exponential functions (3).
While the physical origin of the exponents is still an open question, the characteristic time-scales are related to the number of
moving structures (clusters or grains). The stochastic model may also be useful to describe the compaction of a non-cohesive
granular material, and may be extended for multi-scales structures, leading to a multi-time-scales evolution of the packing
fraction.
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Summary The granular rheology is analyzed locally in the framework of turbulent bedload transport simulations. Using a coupled fluid-
discrete element model, the granular stress tensor is computed locally as a function of the depth, and the results are analyzed in the framework
of the µ(I) rheology. Varying the Shields number, the specific density and the particle diameter, the data are shown to collapse over a wide
range of inertial number and up to unexpectedly high values (I ∼ 3). The results give a better understanding of the granular behavior in
bedload transport and challenge the existing conceptions and parametrizations of the µ(I) rheology.

Considering a granular bed submitted to a surface fluid flow, bedload transport is classically defined by opposition to
suspension as the part of the load in contact with the granular bed, i.e. in rolling, sliding or small jumping motions. This
corresponds to particles for which the downward gravity force is on average much greater than the upward fluid force due to
turbulent fluctuations. While being of fundamental interest for the prediction of riverbed evolution, bedload transport is also
of interest in itself as a complex granular flow configuration. Indeed, the surface fluid shear stress induces a large variety of
granular behavior as function of the depth, from dynamic at the top, to quasi-static inside the granular bed.
In the present contribution, the granular rheology in bedload transport is characterized locally as a function of the depth, and
analyzed in the framework of the µ(I) rheology. To achieve this goal, turbulent bedload transport simulations are performed
using a coupled fluid-discrete element model [1].

METHODOLOGY

A two-phase flow model is used, made of a three dimensional discrete element method (DEM) coupled with a one-
dimensional fluid momentum balance. The model has been validated with experiments, both in terms of granular depth
profiles and sediment transport rate. More details can be found in [1].
The gravity-driven system is made of an inclined channel filled with water, in which monodiperse spherical beads are de-
posited. The position of the water free-surface is imposed, and creates a turbulent, hydraulically rough, and supercritical fluid
flow on the top of the granular bed. Bi-periodic boundary conditions are imposed for the DEM, and only steady uniform con-
ditions are analyzed. Therefore, the unidirectional character of the problem allows to average spatially over the streamwise
and spanwise directions, and to analyze the results only as a function of the depth. In order to study the granular rheology, the
average granular stress tensor

!
σp
ij

"
is computed from DEM. For each slice of volume V , it reads [2]:
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where the sums are respectively over the particles and the contacts contained in the volume V , v
′α
k = vαk ↗⟨vk⟩ is the k

component of the spatial velocity fluctuation associated with particle α of mass mα, f c is the contact force applied by particle
1 on particle 2, and bc is the branch vector from particle 1 to particle 2.

For each simulation, once at equilibrium, the data are averaged over 200 seconds. The stress tensor, the solid volume
fraction and the shear rate profiles enable to compute the µ(I) rheology at each elevation and for each simulation.

RESULTS

Simulations of intense bedload transport are performed, at three different Shields number θ∗ ∼ 0.2, 0.� and 0.�, where
θ∗ = τf/((ρp ↗ρf )gd) with τf the fluid bed shear stress, ρp and ρf the particle and fluid density, g the acceleration of
gravity, and d the particle diameter. For each Shields number, the particle diameter and the specific density are also varied
taking values of respectively d = 3mm, �mm, 12mm and ρp/ρf ↗1 = 0.�5, 1.5, 3.
Figure 1 shows the shear to normal granular stress ratio and the solid volume fraction as a function of the inertial number.

The data collapse over a wide range of inertial numbers and show the relevancy of analyzing the granular rheology in bedload
∗Corresponding author. Email: raphael.maurin@irstea.fr



Figure 1: Shear to normal stress ratio µ = τpxz/τ
p
zz and solid volume fraction φ as a function of the dry inertial number

Idry = γ̇d/
$
τpzz/ρp for different simulations with variation of Shields number, specific density and particle diameter.

transport in the framework of the µ(I) rheology. As can be seen from the good collaspe as a function of the dry inertial
number, the effect of the interstitial fluid on the granular rheology is negligible, supporting recent work [3] suggesting the ab-
sence of a clear transition between the free-fall and the turbulent regime. In addition, the collapse as a function of the inertial
number for both the solid volume fraction and the shear to normal stress ratio is observed up to unexpectedly high inertial
numbers (I ∼ 3), in regions showing an important dependency on the restitution coefficient [4]. While in contradiction with
the classical view, similar high inertial number collapse have already been observed on steady non-uniform granular flows [5]
and on local analysis of granular rolling waves instabilities [6]. Considering inertial number greater than I ∼ 3, the different
curves progressively show a decrease of the shear to normal stress ratio. The latter is similar to the one predicted by the
kinetic theory [7] and suggests a transition to a granular gas behavior. Those results challenge the existing conceptions and
parametrization of the µ(I) rheology, and suggest that the latter could be valid up to higher inertial number than classically
thought.
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Figure 2: Left : probability density function of local density variations centered and renormalized by their means and their
standard deviations for two events of different amplitudes. Right : log-log plot of the histogram for the avalanche sizes over
16000 events.

RESULTS

Long term displacements : a quasi-static 2D silo
The vertical displacement field of our experiment between the initial and the final state is plotted on Fig. 1 middle. The

shape of such displacement field is qualitatively and quantitatively similar to fields observed in the literature on 2D silos.
Indeed, some models describing 2D quasi-static granular silo-like flows for mining applications give a very good agreement
with our displacements Fig 1 right.

Short term displacements : an avalanche-like system
Between two consecutive snapshots, the response of the granular medium is really heterogeneous and made of largely

distributed spatio-temporal events. An avalanche size called NA is defined as the number of disks that have an absolute
displacement at least equals to the one of the intruder. The distribution of avalanche sizes for all experiments is plotted on
Fig. 2 left. Largest events (NA > 13) are power-law distributed that is characteristic of processes ruled by scale invariance.
Finally, one can show that these largest events are not correlated in time.

Structural evolution
Analytical Voronoi tessellations have been performed on every picture in each experiment to get access to local and global

density variations. We found that distributions of local density variations are linked to event amplitudes. Moreover, we can
collapse each distribution by centering and renormalizing them by their means and their standard deviations respectively. This
implies that there is a unique mechanism of rearrangement in terms of density variations see Fig. 2 right.

CONCLUSIONS

Long term and short term rearrangements are analyzed in a 2D granular medium in which an intruder is slowly pulled
out. Long term displacements are very similar to displacements in a 2D quasi-static silo. Short term displacements have a
behavior close to avalanche-like systems with events largely distributed in sizes and uncorrelated in time. Finally, the structural
evolution at short terms is the result of a unique mechanism of rearrangement.
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Summary Some bottom-dwelling fish generate a flow capable of resuspending sand, to bury themselves and avoid predators. By flapping
their fins, they create vortices that lift the sand particles up and deposit them on top of their backs. A model experiment has been developed
to characterize this situation: a rigid foil placed above a sand bed mimics the fin motion. We characterized the influence of the amplitude
and frequency of the motion on the generated fluid flow. In addition, the onset of erosion was determined and these measurements were
rationalized to predict the minimum velocity of the oscillation to erode the granular bed.

DESCRIPTION OF THE PROBLEM

The erosion or resuspension of a granular bed by fluid flows is a key phenomenon for the understanding of various natural
and industrial situations. For instance, in geosciences, sand and sediments can be carried by wind during sand storms, or by
water during a scour. Erosion can also be used in civil engineering to measure soil stability using the so-called Jet Erosion
Test [1]. Some of the erosion processes can lead to catastrophic events. For instance, when a helicopter lands in sandy and
dusty environments or when we step on a dusty ground, the flow generated can lead to the resuspension of harmful particles
[2]. In contrast, some bottom-dwelling fish, such as flounders and stingrays, are able to cover themselves with resuspended
sand to avoid predators. These fish come close to the seafloor and are able to generate vortices by flapping their fins. The
vortices generate a recirculating flow that lifts the sand particles up and contribute to the deposition of the particles on top of
the fish backs.

The oscillation of a foil is a non-stationary situation that can lead to the erosion of a granular bed by an oscillating motion
and has been poorly studied in the literature contrary to the erosion by a stationary situation such as shear flows [3]. The
interaction between the motion of the foil, the fluid and the granular material leads to a complex spatiotemporal evolution and
a dynamic reorganization of the sand bed that can in turn modify the flow field. The objective of this study is to characterize
experimentally the complex interplay between the oscillating foil, the fluid and the granular bed by first investigating the
generated fluid flow and then its impact on the erosion of the granular bed.

EXPERIMENTAL SETUP

The model experiment developed to mimic this situation is sketched in Fig. 1(a). A disk of diameter D is oscillating at
an amplitude A, a frequency f , and is located at a mean distance H from the granular bed. The motion of the disk generates
vortices (Fig. 1(b)) [4]. The granular material used in this study is made of glass beads of diameter d = 350µm and density
ρg = 2500 kg.m−3 immersed in water. The instantaneous velocity fields, as illustrated in Fig. 1(c), are measured in a
vertical plane located through the axis of the disk and are obtained from Particle Image Velocimetry (PIV). The fluid is seeded
with neutrally buoyant small particles, and illuminated by a laser sheet, which allows us to track and quantify the fluid flow
generated by the oscillation of the foil.

The erosion onset of the granular bed is determined by direct visualization (Fig. 1(d)). The onset depends on the gravity
force that tends to keep a grain between its two neighbors and the fluid stress exerted by the flow leads to lift and drag forces
on a particle. The ratio of the two effects is characterized by the Shields number: Sh = ρf U2/(∆ρ g d), where ρf is the
density of the fluid, U the velocity close to the granular bed, g the gravity acceleration, ∆ρ = ρg − ρf and d is the mean
particle diameter [5]. This expression of the Shields number is based on the fluid inertial stress, which is reasonnable since
the particle Reynolds number, Rep = ρfUd/η, where η is the dynamic viscosity of the fluid, remains much larger than one.

RESULTS

The velocity fields obtained by PIV measurements allow us to quantify the vortices generated by the foil oscillation. We
fit the velocity profiles by a Lamb-Oseen vortex model where the radius of the vortices as well as the maximum velocity are
extracted from the fit. We find that the radius of the vortices is proportional to the amplitude of the oscillations but does not
depend on the frequency and on the radius of the foil. The maximum velocity is directly proportional to the maximum velocity
of the foil 2πAf .

∗Corresponding author. Email: morize@fast.u-psud.fr
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Figure 1: (a) Experimental set-up, (b) visualization of a vortex and the resuspension of the granular bed. (c) Typical velocity
field obtained by PIV measurements. (d) Examples of erosion pattern.

We then systematically measure the erosion threshold for varying distance to the granular bed and we find that the larger
the distance H is, the faster the oscillations need to be to reach the onset of erosion. We report in Fig. 2(a) the critical velocity
of the foil V c

foil at the onset of the erosion as a function of H . We observe that V c
foil decreases for increasing A and decreasing

H . Therefore, the relevant parameter to describe the erosion process is the minimum distance H − A from the granular bed.
In addition, the maximum velocity of the vortices is found to be proportional to the radius R of the foil, and therefore the
relevant parameter to evaluate the critical velocity at the onset of the erosion, is the normalized minimum distance (H−A)/R
as confirmed by the collapse of the rescaled measurements shown in Fig. 2(b).
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Figure 2: (a) Critical foil velocity V c
foil as a function of the distance H to the granular bed for different amplitude of oscillation

A and radius R of the foil and (b) V c
foil as a function of the normalized minimum distance (H −A)/R.

CONCLUSION

In this study, we characterized the erosion of a granular bed by an oscillating foil. Coupling PIV methods and direct
visualizations allowed us to show that the onset of the erosion for an oscillating disk at a distance H from a granular bed
depends on a rescaled parameter (H − A)/R. This result suggests that the critical value of the global Shields number, based
on V c

foil, increases as [(H −A)/R]2 for various experiments.
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Summary The present paper addresses the problem of standing jumps formed in flows of granular materials down an incline. First, we show
how a new analytic solution can be derived from depth-averaged hydrodynamics to predict the height of granular jumps. This solution is
robust for a great number of available data on incompressible water flows and is then tested with success on recent experimental data for
granular jumps.

INTRODUCTION

It is now well-established that flows of granular materials down inclines can produce sudden changes in height and velocity,
namely granular jumps by analogy to hydraulic jumps, as for instance shown in one of the pionnering works on the topic
proposed by Savage [1]. In a detailed experimental study [2], we have recently proposed a phase-diagram to show how the
shape of standing granular jumps can drastically change if the slope and the mass discharge are varied (see Fig. 1). At low
mass discharge, the granular flows are thin and dilute, and produce jumps characterized by a strong change in density across
the jump. At high mass discharge, the granular flows are dense and thicker, and lead to nearly incompressible jumps. The
shape of the latter jumps is remarkably influenced by the slope angle that controls the Froude number Fr1 of the flow before
the jump: the jumps are very steep at high slopes (high Fr1), while they become much more diffuse at lower slopes (low Fr1).
Those experimental observations have proven that the one-to-one relation between the jump height relative the thickness of the
incoming flow and the Froude number, which is tradionnally used in hydraulics, is not suitable for all situations encountered
in the laboratory tests. In this paper, we present how an exact solution from hydrodynamics, which takes into account the
influence of the forces acting within the jump volume (its weight and the friction force) and the density change across the
jump, can convincingly reproduce the jump heights measured in the experiments.

Figure 1: Phase-diagram for the shape of granular jumps down an incline proposed in Faug et al. [2]. H/d is the discharge
height at the onset of the granular flows scaled by the grain diameter (glass beads) and ζ is the inclination angle of the granular
chute. There exists a critical angle below which steady jumps can not form [2].

METHODS AND RESULTS

In order to derive an equation able to predict the jump height, we consider a control-volume surrounding the jump and
apply the mass and momentum depth-averaged conservation equations. This yields the following hydrodynamic equation (see
details in [3]):

∗Corresponding author. Email: thierry.faug@irstea.fr
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where h2/h1 is the height of the jump relative to the thickness of the incoming flow, ρ̄2/ρ̄1 is the density change across
the jump, ζ is the inclination angle, L∗ is the jump length, K̄ is a shape-coefficient (more details can be found in [3]), and µe

corresponds to the basal depth-averaged friction within the jump volume.
This paper is firstly devoted to solve the above equation. The previous studies [2, 3] considered approximate solutions

only. Eq.(1) can be put into the form of a cubic equation in h2/h1, which can be solved thanks to the Cardano method.
Then, we check the robustness of the physically meaningful solution of Eq.(1) by comparing it with success to a great

number of available data with water flows (ρ̄2/ρ̄1 = 1 for water) under different conditions: horizontal smooth bottom
(tan ζ = 0 and µe = 0), horizontal rough bottom (tan ζ = 0 and µe ̸= 0), and inclined smooth bottom (tan ζ ̸= 0 and
µe = 0). For the rough bottom, µe is calculated from the traditional empirical scaling for turbulent friction proposed by
Strickler, which can be derived from the phenomenological theory of Kolmogórov [4].

Finally, under minimal assumptions regarding the law describing the depth-averaged granular friction force (µe in Eq.(1)),
the physically meaningful solution of Eq.(1) is successfully compared to the experimental data on granular jumps by [2]. For
the granular jumps down an incline, all the terms coming into play in Eq.(1) have to be considered: ρ̄2/ρ̄1 > 1, tan ζ ̸= 0,
and µe ̸= 0.

CONCLUSIONS

Our results show how depth-averaged hydrodynamics can convincingly reproduce the height of the standing jumps formed
in flows of granular materials down inclines. It is worthy to note that Eq.(1) needs to be fed with the length of the jump and,
to a lesser extent, an information on the shape of the jump (through the shape-coefficient K̄). In all experiments considered
in our study (both the water flows and the dry granular flows), this information was measured in the experiments and directly
used for the computation of the solution of Eq.(1). A challenging question then arises: how to predict the length and the shape
of the granular jumps?
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Summary In order to better understand the mechanism governing segregation in granular flows, the force experienced by a large particle
embedded in a granular flow made of small particles is studied using discrete numerical simulations. Accurate force measurements have
been obtained in a large range of flow parameters by trapping the large particle in an harmonic potential well to mimic an optical probe. An
empirical expression of the segregation force is proposed as a function of the stress distribution.

INTRODUCTION

A rich phenomenology is observed in flows of polydispersed granular material. When flowing, large and small particles
have a tendency to migrate in different regions, giving rise to complex patterns. This tendency to segregate is a major source
of problems in many industrial applications involving mixing processes and is at the origin of geomorphological patterns
observed in deposits of rock avalanches, landslides or pyroclastic flows. Important progresses have been made the last decade
for describing polydispersed granular flows, and a relevant framework based on a mixture theory has been developed to
describe the evolution of the species in many configurations (avalanches [1], flow in rotating drums [2], silo [3]). However,
the segregation flux in those models remains mainly empirical and would benefit from a better understanding of the segregation
phenomenon. Different physical explanations have been proposed in the literature to explain segregation. In the case of dilute
collisional granular flows, segregation can be predicted within the framework of the kinetic theory [4]. This approach valid
in the dilute regime failed to predict qualitatively the direction of segregation in the dense regime. Savage and Lun [5] in a
pioneered work proposed a kinetic sieving mechanics to explained segregation in the dense regime for flows down an inclined
plane. The picture is the following: during the flow, the fluctuating motion of the particles create holes. Large grains can
fall only in large holes, while small grains can fall in both small and large holes. Segregation results from this asymmetry in
the exchange of grains between layers. This pure kinematic picture turns out to be incomplete. Heavy enough particles can
sink instead of rising up during the flow [6, 7], showing that gravity forces can overcome segregation. This suggests that a
dynamics picture in terms of forces may more appropriate to describe segregation phenomenon. The objective of the present
study is to precisely study the case of a single coarse particle in a bath of small particles, to understand in which condition
segregation occurs and what control the forces experienced by the coarse particle.

METHODS

The configuration of interest is sketched in Fig 1a. A 2D granular medium made of slightly polydispersed disks of mean
diameter ds is sheared between two rigid rough plates. The discrete element simulations are made using the open source
software LIGGGHTS.30, for soft, inelastic, frictional spheres [8]. A velocity V and a confining pressure P0 are imposed at
the top plate. Gravity can be imposed either in the vertical z direction, or in the horizontal x direction. In absence of gravity
the system is symmetric and the velocity profil is linear (Fig. 1b). When gravity is switch on, the stress distribution is no
longer uniform and the velocity profile becomes asymmetric (Fig. 1c and d). To study segregation, a particle of diameter
dc larger than ds is introduced at different positions in the layer. To accurately measure the force experienced by the test
particle, we mimic the existence of an optical trap in the z direction for the large particle only. In addition to the gravity and
to the contact forces exerted by the other particles, an harmonic force k ∗ (z ↗z0) is imposed to the large particle, where
z is its vertical position and z0 a reference position. The coarse particle is thus attached with a spring of stiffness k to the
vertical position z0, but is free to move horizontally with the flow. When the stationary regime is reached, the coarse particle
flows with the bulk but remains in average at the same altitude. Its relative position to the reference position z0 thus directly
gives access to the segregation lift force Fz , i.e the force which would induced a migration in absence of the spring. We have
checked that the results are independent of the spring stiffness k.

RESULTS

A large number of simulations have been carried out to investigate different flow conditions. The segregation force Fz (see
Fig. 1a) has been measured for different confining pressure P0, different shear velocity V , different position in the layer z0,
different coarse particle size (dc). The main results are the following. First, the sign of the segregation force varies depending
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SOLID-FLUID TRANSITION AND RIPPLE IN VERTICALLY VIBRATED THICKER GRANULAR LAYER 

 

Osamu Sano* 

Professor Emeritus, Tokyo University of Agriculture and Technology, Koganei, Tokyo, Japan 

 

Summary Collapse of the structure and the resultant flows in granular materials due to vertical oscillation are investigated. A thinner layer of 

granular material exhibits bending oscillation similar to an elastic plate, or undulation, over a certain range of forcing magnitude, where 

relative positions of the constituent particles remain within a distance of its diameter. With the increase of forcing magnitude, the structure of 

the material no longer holds, and the fluid-like behavior characterized by the surface wave, or ripple, appears. In a thicker granular layer, both 

the fluid-like and solid-like states coexist, whose regions change spatiotemporally. The upper part of the layer is relevant to ripple formation, 

whereas the lower part remains immobilized and transmits the momentum from the container bottom. Dependences of the above-mentioned 

solid-fluid transition and the flow characteristics on the magnitude of forcing and the layer thickness are elucidated.  

 

INTRODUCTION 
 

   Granular layer vibrated vertically exhibits both solid-like and fluid-like behaviors depending mainly on the properties of the material 

(particle diameter d, density, friction and restitution coefficients), magnitude of the external forcing (amplitude a, frequency f), container size 

and the layer height h (or the number of the layer N =h/d), which adds difficulties in uniform mixing, control of transport or reaction 

processes, prediction of structural stability of the material, etc. Using assemblages of uniform spherical particles, we have already shown that  

(1) collective motions are recognized for a layer number N larger than N1 (nearly equal to 3), whereas they look random for N < N1 [1],  

(2) a layer of thickness between N1 and a certain number N2 (of the order of 10) exhibits  

  2a) solid-like collective motions (undulation) similar to the bending oscillation of an elastic plate under weaker external forcing [2-3],  

  2b) fluid-like wavy motions (ripple) with the increase of external forcing [4],  

(3) in a layer thicker than N2, only the upper part of the layer is fluidized under sufficiently large external forcing and contributes to ripple 

formation, whereas the lower part transmits the momentum applied at the collision with the bottom of the container [5-7], 

(4) wavelength of the ripple is determined by the density wave refraction due to vertical variation of the number density of the particle, the 

latter of which is considerable over the effective thickness h* near the upper surface, whereas it is almost constant in the lower part [6-8], 

(5) aspect ratio of the height to wavelength of the undulation is determined by the product fa irrespective of the container size [9]. 

So far the details of the above item (3) are not fully understood, on which we shall cast a new light.   

 

EXPERIMENT 

 
   We performed an experiment on the vertically vibrated granular layer in a container, which consists of narrowly spaced transparent walls 

in one of the horizontal direction to allow observation of the quasi-two-dimensional particle motion from the side. We tested several granular 

materials in various sizes of the container. To avoid the complexity, however, we confine our attention to a series of experiments, in which 

single species of material (i.e., lead sphere of a diameter d=1 mm) is filled in a container of horizontal sizes L=100 mm (typical), W=10 mm 

and height H=100 mm. For the purpose of checking the effect of the boundary size, we also tested the one with L = 50 – 200 mm, whereas 

its height was chosen sufficiently large to keep the particles inside the container. The other horizontal size W was chosen to assure the 

quasi-two-dimensionality of motion as well as to assure the negligible effect of wall friction [1]. The container filled with particles was 

oscillated sinusoidally in vertical direction by the vibration generator with frequency f and amplitude a under atmospheric pressure. 
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   Observations were made by means of a high-speed video camera of typically 500 frames/s, with spatial resolution 0.1 mm. Particle 

positions were traced, and the type of collective motion of the granular layer is classified. Hereafter we denote solid phase by the assemblages 

of particles where relative positions remain within a particle diameter distance, and by fluid phase otherwise. Spatiotemporal changes of 

these phases are examined under systematically varied forcing conditions and the layer thicknesses.  

 

RESULTS 
 

   We show an example of the ripple and its associated particle motion in a thicker granular in Fig.1. Figure 1(a) is a snapshot of the layer at 

t =283 ms (initial time is arbitrary), where surface contours at t =233, 258, 283 and 308 ms are superposed. Here, peak and valley regions 

alternate with a frequency 2/f (=2T ), which is 100 ms in this case. Figure 1(b) shows the particle paths from t =258 ms to t =283 ms, which 

covers a time interval T/2. Note that the whole layer moves up-and-down, so that the relative positions of the particles with respect to a 

certain marker particle near the bottom are shown. In contrast to the conventional shallow water waves where fluid particles move 

throughout the fluid domain, the motion of the grains is recognized only in the upper part of the layer, whereas the lower part and the valley 

regions are immobilized or crystalized even in a free flight period of the layer. The layer number of the fluid phase is almost constant (but the 

thickness changes due to dilation and ripple formation) under a given forcing, whereas the layer number (and the thickness hs) of the solid 

phase increases with the increase of the total layer number N (or the layer thickness h). Systematic results with varied f, a and h are obtained.    

    
          Fig.1. Particle motion during the growth of ripple (N=30, f=20 Hz, a=3.40 mm): (a) Snapshot , and (b) particle paths.  

   

CONCLUSIONS 
 

   Spatiotemporal change in vibrating granular material is elucidated, and a pattern diagram is obtained, in which almost rigid-body phase, 

elastic phase characterized by undulation, fluid phase characterized by ripple, and coexisting phase, etc. are classified in terms of the forcing 

magnitude and the layer number.  
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NUMERICAL SIMULATION OF THE FORMATION OF SHOCK INDUCED PARTICLE JETS 
USING DEM 

 
Kun Xuea), Haoran Cui 

1State Key Laboratory of Explosive Science and Technology, Beijing Institute of Technology, Beijing, China 
 
Abstract The dispersal of a cylindrical particle ring by a blast or shock wave induces the formation of coherent structures which take the 
form of particle jets. By the discrete element method (DEM), we performed a quasi-two-dimensional numerical simulation of the shock 
dispersal of the short cylindrical particle rings. Our study found that during the first hundreds of microseconds, particles around the inner 
ring surface begin to exhibit the velocity discrepancy. The fast moving particles squeeze into the interior regions, constituting the 
incipient particle jets. During the outward propagation, the tips of particle jets become blunt, even branch into multiple sub-jets, leading to 
the increase of the jet number which is a function of the impulsive pressure. The origin of particle jets can be attributed to the 
heterogeneous network of stress chains which precipitates the non-uniform distribution of particle velocities along the circumference. 
 

INTRODUCTION 
When a layer of solid particles is dispersed by a blast or shock wave, the expanding particle cloud typically forms a 

non-uniform structure comprised of coherent jets [1-9]. A growing body of photographic and radiographic evidence 
suggests that the jets form early during the dispersal process, on the timescale of the propagation of the shock wave through 
the particle layer [2, 3]. The fact that the timescale of the jet formation is consistent with the shock wave transit times 
excludes the hydro-dynamic instabilities, such as Rayleigh-Taylor or Kelvin-Helmholtz, as the governing mechanisms since 
the particle jets were observed well before the growth time associated with these mechanisms [2, 3, 7, 10]. Some 
investigations attempt to introduce a brittle fragmentation mechanism to explain the jet formation [2, 5]. But in contrast with 
the solid, particles cannot sustain tensile stresses. Nor does the surface energy exist in the particle medium. However the 
tension and the surface energy constitute the fundamentals of the brittle fragmentation mechanism.  

To understand the formation of shock induced particle jets, it is of essence to reveal the early stage of the jet formation. 
The numerical simulation of the shock interaction with particle rings based on the discrete element method (DEM) provides 
the particle-scale information regarding the particle velocity and contact force, which can track the evolution of the velocity 
and stress profiles.  

NUMERICAL SIMULATION 
All simulations are carried out using the LIGGGHTS computational code based on a soft-particle DEM. The physical 

model is the replica of the quasi-two-dimensional experimental setup in ref [4, 9]. The particle packing is done by first 
letting the particles with the average diameter of 200 Pm settle by gravity in the annular simulation box with the inner and 
outer radii equal to 0.02 and 0.04 m, respectively. The shock loading of the particle rings is performed by exerting a 
constant pressure p0 on the innermost layer of particles shaded red in figure 1 for a period time of t0 (see the inset of figure 
1(a)), t0 = 2 ms, mimicking the sustained shock wave used in ref[4, 9]. 

 
Figure 1.  Evolution of the particle ring submitted to the pressure pulses with p0 = 5 bar (a) and p0 = 20 bar (b). Note 

that only particles behind the shock fronts are displayed in the figure. Particles are shaded according to the magnitude of 
particle velocities. 

 
The evolutions of velocity profiles in the particle rings subject to the pressure pulses with different p0 are shown in 

figure 1, both exhibiting resembling features. For the particle ring subject to the pulse with p0 = 5 bar, at t = 0.25 ms, we can 



detect an alternate arrangement of particles clusters with low and high velocities. Particles with velocities well above the 
average are entrained into the interior and evolve into the precursors of the particle jets. These precursors grow into well 
recognizable particle jets at t = 0.75 ms (see figure 1(a)). The particle jet typically has a mushroom-like blurred tip and the 
tip becomes increasingly blunt, eventually splitting into multiple branches. Figure 1(a) shows that a number of jets bifurcate 
well before t = 1.5 ms with some sub-jets converging together. The particle ring subject to the pressure pulse with p0 = 20 
bar undergoes a resembling evolvement except that every signature stages begin at earlier times. In this case, not only can 
we observe more bifurcation of particle jets, but also a few well-defined trifurcation. 

 
Figure 2. The velocity profile coupled with the network of stress chains in a segment of the particle ring subject to the 
pressure pulse with p0 = 5 bar at t = 0.25 ms (a), 0.4 ms (b) and 0.75 ms(c). The particle velocities are denoted by the 
arrows whose size and shade scale with the magnitude of velocity.  

In contrast with the solid, stresses in the granular medium are mainly transmitted along the network of stress chains 
which carry most of load. The heterogeneous nature of the network of stress chains dictates the non-uniform transmission of 
the momentum. As shown in figure 2 (a), denser and stronger the stress chains are, faster and more efficient the 
transmission of the momentum. Otherwise the momentum cannot be transferred effectively.  

The non-uniform radial transmission of momentum initiates the localized particle flows where the particle jets nucleate. 
The fast moving particle jets undergo significant transverse expansion with flaring out front (see figure 1 and figure 2), 
squeezing and compacting the neighboring slow moving particle clusters. These slow moving particle blocks thus are 
enclosed by the strong shear flows (see figure 2(b) and (c)). The particle shear flows destroy the sustained particle contacts, 
thus the network of stress chains in the slow moving particle blocks are segmented, disrupting the transmission of the 
momentum though these blocks. Subsequently these slow moving particle blocks increasingly lags behind the fast 
penetrating particle jets. 

CONCLUSIONS 
DEM simulations of the shock dispersal of the particle rings reveal the formation of the shock induced particle jets 

which are initiated by the non-uniform distribution of the particle velocities on the inner surface. The latter is dictated by the 
heterogeneous network of the stress chains. The incipient particle jets can disperse, bifurcate/ trifurcate, and coalesce while 
they are penetrating the particle rings, leading to the variation of the jet number which is also depends on the pulse pressure. 
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the measured mass, using a chronometer and a balance. The flow of grains and the dynamics of density waves were filmed
with a 1280 px × 102� px high-speed camera (maximum frequency of 1000 Hz). In order to provide the necessary light for
low exposure times while avoiding beating between the light source and the camera frequency, LED (Low Emission Diode)
lamps were connected to a continuous current source. For the present experiments, the camera frequency was set to 250 Hz.
After the tests, a large number of images (in the order of thousands) in RGB format was obtained, therefore a numerical code
was developed in order to calculate the wavelengths and the celerities of the density waves. The waves characteristics are
measured from spatiotemporal diagrams generated by the code.

RESULTS

Two wave regimes were observed, the first corresponding to density waves that propagate at a constant celerity, and the
second to oscillating waves. The oscillating regime appeared when the experiments were conducted using a batch of glass
spheres with rough surface and diameters between 212 and 300 µm. A key observation concerns the direction of propagation:
in the constant celerity wave regime, the density waves propagated upward, contrary to flow direction. This flow regime
appeared with grains of both smooth and rough surfaces, and diameter between 106 and 212 µm. In the oscillating wave
regime, the density waves propagated downward with a modulated drift celerity.
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Figure 2: Spatiotemporal diagrams: the plugs positions as a function of the time at several mass flow rates ṁ. The plugs upper
and the bottom positions are shown by squares and circles, respectively. The mean celerity of the plugs vp is shown in dashed
line. (a) vp = -0.0408 m/s , ṁ = 0.40 g/s. (b) vp = 0.0501 m/s, ṁ = 0.37 g/s. (c) vp = 0.0190 m/s, ṁ = 0.21 g/s.

In Fig. 2, the variations as functions of time for the upper and bottom positions of plugs are shown by squares and circles,
respectively. The mean celerity of the plug, vp, can be determined by the slope obtained for the upper zone. The mean
wavelength of the plugs λ can be determined by calculating the difference between upper and bottom positions: λ provides
the mean size of plugs. Previous works [2, 3] reported that the density waves appeared when the mass flow rate ṁ was within
1.5 g/s - 5 g/s. In the present study, the density waves appeared for values of ṁ ten times smaller than previously reported.
The size of plugs calculated was λ/D ≈ 10, and it is independent of mass flow rate and of flow regime.

CONCLUSIONS

This paper presented an experimental investigation on the density waves of granular flows in narrow tubes. When varying
the mass flow rate, two wave regimes occurred: the density waves either propagated at a constant celerity or oscillated over
a mean drift celerity. The oscillations suggest a stick-slip displacement of the plugs. The density waves appeared with mass
flow rates between 0.1 and 0.95 g/s, ten times smaller than previous reported values. The size of plugs is the same for the two
flow regimes and it is independent of the mass flow rate. The flow regimes are affected by the surface state (smooth or rough)
and by the diameter of the grains.
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Where φb is the initial bulk particle volume fraction, C and k, the fitting parameters.
This expression fits well all our experimental results for mono-disperse experiments, but it is difficult to modify this expression
in the case of a binary mixture. In all cases we observe that the flow rate always exceeds the rate predicted by a simple mixture
law between the flow rate of the purely coarse particles and the purely fine particles (Fig. 4).
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Figure 4: Flow rate versus Xf

for binary mixtures (r=�.3) with
D(mm): 3.5(!), 5.�("), �.�(#),
10(▽), 3.3(×).
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Thus, to interpret our results, we have adapted the model proposed by Janda et al. [1] which suggests that for a given
outlet diameter, the particles velocities are the same whatever the particle diameter (scaling with

√
gD) and that a dilatancy

occurs at the outlet, introducing a geometrical parameter yd, describing this dilatancy which is d dependent.We adapted this
model to propose a new expression for the flow rate :

Q = C ′ρφbyd

!
gD3W = C ′ρφb[1↗αe−β

D
d ]W

!
gD3 (2)

Assuming that for a bidipserse mixture, the same hypothesis are still and independently valid for each size of particles di,
each size has his own dilatancy factor ydi, and the flow rate for a bidisperse mixture becomes :

Q = C ′[Xfydf + (1↗Xf )ydc ]ρφbW
!

gD3 (3)

Equation 3 suggests that the dilatancy is D/di dependent and that the density profile at the outlet, is a simple mixture
law between the volumic fraction of the fine Xf and the coarse Xc particles. Notes that φb is also given by a mixture law,
which implies a complex variation of the flow rate with Xf , this is compatible with our experimental results (Fig. 4). These
hypothesis have been tested, measuring the bulk velocity at the free surface vb = Q/ρφbWL. Numerical discret experiments
present results compatible with our assumptions [5].

Following the same ideas, experiments have been carried out with mono-disperse glass beads, varying the discharge angle.
For a given outlet D, the flow rate increases rapidly when increasing the θ angle (Fig. 6). Thus, the expression of the flow has
to be modified taking into the angle discharge. A simple expression of the outlet diameter as a function of θ is not sufficient
to interpret our results. The dilatancy factor has also to be modify.

CONCLUSION

We have experimentally studied the flow discharge in a rectangular silo with mono-diperse and bi-diperse mixture. To
interpret our results we have proposed a modification of the Janda model [1] which is in adequation with our experimental
results and has been validated numerically by [5]. Modifying the geometry of the hopper (discharge angle), the interpretation
of our experimental results are based on the same hypothesis and the influence of the discharge angle on the particle velocity
and on the dilatancy factor have been studied.
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Summary We investigate the role of particle stiffness on granular rheology by means of numerical simulations. We discuss under which
conditions localized plastic events are present or not when the system is sheared. We also study the different contributions to energy
dissipation and the grain coordination number, in order to draw a diagram separating a region where the grains flow in a liquid-like manner
and another where their behavior is more akin to solid-like plasticity.

The local rheology of granular flows was first established for dry and rigid particles and relates the effective friction
coefficient µ to the inertial number I [1, 2]. It has been generalized for athermal [3, 4] and Brownian [5] dense suspensions.
Non-local effects in these granular flows have been evidenced [6, 7], where creeping zones are difficult to conciliate with
the simple local rheology. However, the precise identification and understanding of the mechanisms at the origin of these
non-local effects is still an open question [8].

Here we address the role of particle stiffness kn on the granular rheology by means of numerical simulations using the
Discrete Element Method (DEM). With for set-up a two-dimensional shear cell at imposed pressure P and shear rate γ̇, we
discuss under which conditions the ratio kn/P controls the presence or not of localized plastic events during the shearing
(Figure 1). To do so, we have in particular built a coarse-grained field ẏ (r⃗, t) reflecting, at time t, the local contribution to γ̇
of a small region around the position r⃗, defined as

ẏ (r⃗, t) =

N!
j=1

[ui(r⃗, t)↗uj(r⃗, t)][zi(t)↗zj(t)] �xp(−||∆r⃗||2
2δ2 )

N!
j=1

[zi(t)↗zj(t)]2 �xp(−||∆r⃗||2
2δ2 )

, (1)

where ui(r⃗, t) is the velocity of the grain i and ||∆r⃗|| =
"

[zi(t)↗zj(t)]2 + [xi(t)↗xj(t)]2 denotes the distance between
the grains i and j. δ is the coarse-graining length, typically on the order of the grain size d.

We also study the different contributions to energy dissipation as well as the grain coordination number, in order to
eventually draw a diagram separating a region where the grains flow in a liquid-like manner and another where their behavior
is more akin to solid-like plasticity.
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Figure 1: Space-time diagrams showing the local contribution of ẏ to the shear rate γ̇, measured on the central line of the
cell, for a system of sheared hard (a) and soft (b) grains. For this example, the ratio of the grain contact stiffness kn to the
overall pressure P is 2.104 and 10 respectively; the shear rate corresponds to an inertial number I = 5. 10−4. Color code
from blue (ẏ =↗�0γ̇ ) to red (ẏ = �0γ̇ ).



References

[1] GDR MiDi : On dense granular flows. Eur. Phys. J. E 14, 341 2004.
[2] Jop P., Forterre Y., Pouliquen O. : A constitutive law for dense granular flows. Nature. 441, 727 2006.
[3] Boyer F., Guazzelli E., Pouliquen O., Phys. Rev. Lett. 107, 188301 2011.
[4] Trulsson M., Andreotti B., Claudin P. : Unifying Suspension and Granular Rheology. Phys. Rev. Lett. 109, 118305 2012.
[5] Trulsson M., Bouzid M., Claudin P., Andreotti B. : Dynamic compressibility of dense granular shear flows. Europhys. Lett. 103, 38002 2013.
[6] Reddy K.A., Forterre Y., Pouliquen O. : Evidence of Mechanically Activated Processes in Slow Granular Flows. Phys. Rev. Lett. 106, 108301 2011.
[7] Bouzid M., Trulsson M., Claudin P., Clément E., Andreotti B. : A non-local rheology for granular flows across yield conditions. Phys. Rev. Lett. 111,

238301 2013.
[8] Bouzid M., Izzet A., Trulsson M., Claudin P., Clément E., Andreotti B. : Non-local rheology in dense granular flows. Europhys. Lett. 109, 24002 2015.



XXIV ICTAM, 21-26 August 2016, Montreal, Canada
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Summary A two-fluid model based on the kinetic theory of granular flow, for the rapid-flow regime, and the Coulomb friction law, for the
slow-plastic regime, is applied to predict the hydrodynamics of dense gas-particle flow in a large-scale three-dimensional fluidized bed. Two
different models for the particle stress tensor, in the elastic-inertial regime, are examined to assess their ability to predict the dynamics of
the bed. The numerical results are validated against published experimental data and demonstrate the significance of the stress tensor in the
elastic-inertial regime. Different flow regimes are identified, in the context of fluidized beds, through the dimensionless Inertial number and
the main characteristics of each regime are discussed to better understand the complex dynamics of fluidized beds.

INTRODUCTION AND NUMERICAL MODELING

Fluidization of a dense system of particles by a fluid is widely employed in industry for processes involving drying,
separation, and mixing of particles and chemical reactions. In turbulent fluidized beds, where the interstitial fluid plays a
significant role in the dynamics of the system, the major challenge is to model the complicated interaction of particles and
the turbulence of the fluid. In such systems, the granular particles rarely reach a volume fraction where the friction between
particles starts to play a role, i.e., εmin

p . Consequently, the particle stress tensor can be described by the kinetic theory of
granular flows. However in bubbling fluidized beds, where the turbulence of the fluid, if any, is damped by the inertia of the
particles, not only does the particle volume fraction reach to εmin

p , but it is also very likely to succeed the packed bed limit,
i.e., εmax

p . Therefore in bubbling beds, in addition to the rapid flow regime, a quasi-static slow regime is likely to happen.
Obviously, there are some regions in the bed where the granular flow undergoes a transient regime that is neither rapid nor
slow in nature. Accordingly, in modeling of bubbling beds, the main challenge is to have a comprehensive model that is able
to distinguish the different behaviors of the granular flow under each regime and appropriately describe the stresses.

The two-fluid model along with the constitutive relations from [1] are used to simulate an isothermal gas-particle system.
There is no general consensus in modeling the stresses in dense regions where there is sustained contact between particles. In
one approach, referred to as the Schaeffer model in the literature, Syamlal et al. [1] proposed that frictional stresses need to
be considered only for regions where the solid volume fraction is higher than the maximum packing limit, εmax

p . On the other
hand, Srivastava and Sundaresan [3] proposed another model, referred to as the Princeton model, that adds the frictional stress
to the kinetic-collisional stress tensor in the intermediate regime. Note that both the Princeton and Schaeffer models use the
same granular rheology for the rapid and slow regimes.

The height of the simulated bed is 160 cm with a diameter of 30.6 cm. The air is injected at the very bottom of the bed at a
velocity of 63 cm/s. All simulations were performed in parallel using 60 cores. The first 10 seconds of the fluidization process
is simulated. The numerical code Multiphase Flow with Interphase eXchanges (MFIX) is used to perform the simulations [1].
The results are validated against published experimental data by Laverman et al. [2]

RESULTS AND DISCUSSION

Figures 1a and 1b represent the azimuthally and time-averaged axial velocity profiles for particles at three different heights.
At the lowest section, there is an overall downward flow of the particles near the center and a small upward flow in the near-
wall region. At the highest section, i.e., for a height of 31 cm, the particle flow is opposite. The results from using the
Princeton model are closer to the experimental data than the results from using the Schaeffer model.

To understand the differences between the results predicted by each model, it is helpful to discuss the behaviour of the
granular materials under different circumstances. At a large applied stress, particles deform at the contact point(s) and are
compressed into the interparticle vacant space. In this quasi-static regime, the particle pressure, p, and shear stresses, τ are
independent of the strain rate, γ̇. In contrast, at high shear strain rates for the rapid flow regime, the momentum transport
is due to the instantaneous binary collisions as well as the inertia of the interparticle motions. Therefore in this regime, the
rheology of the particles is described by the coefficient of restitution and granular temperature and p, τ ∼ γ̇2. Between these
two asymptotic regimes is the so called intermediate or elastic-inertial regime [4], where p, τ ∼ γ̇n, with 0.5 ≤ n ≤ 1. In the
rapid-flow regime, the collisions are assumed to be infinitely rigid. However, it is obvious that once a particle is in multiple
contact with surrounding particles, the elastic forces do play a role in the momentum transport. Therefore, to understand and
quantify the dynamics of dense gas-particle flows, it is helpful to define a dimensionless parameter whose value can help

∗Corresponding author. Email: reza.haghgoo@usask.ca
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Figure 1: Averaged axial particle velocity profiles at different heights

identify the regime of the flow. Following da Cruz et al. [5], the Inertial number, I = |γ̇|dp/(p/ρp)0.5 is defined to be the
ratio of the inertial timescale to the macroscopic deformation timescale. For the rapid or inertial regime, I has large values on
the order of unity, whereas for the quasi-static regime, I has small values in the order of 10−3; values in between belong to
the elastic-inertial regime. Figure 2 shows instantaneous values of the particle volume fraction, the Inertial number, and the
particle viscosity in a single plane. Both models predict that the flows inside the bubbles and free-board have the largest value
of I corresponding to the rapid-flow regime and, lowest value of the particle viscosity. For the regions around and between the
bubbles, i.e., mostly near the center and lower part of the bed, I has moderate values, mapping the flow to the elastic-inertial
regime. In these regions, the values of viscosity are also moderate. The regions in dark blue indicate slow flow corresponding
to the highest values of viscosity. The slow-flow regime predicted by the Princeton model is mostly located near the wall
region, whereas the Schaeffer model predicts one region above the highest bubble and another one at the height of 40 cm.
Note that the extent of the regions in which the flow is elastic-inertia is considerable. However, the Schaeffer model treats
these regions as a rapid flow, whereas the the Princeton model tries to improve their treatment by adding a frictional stress to
the kinetic stresses. Although the Princeton model predicts a more realistic behaviour, there remains a need to introduce the
elastic properties of the particles into the constitutive equations of the elastic-inertial regime.

(a) Princeton model (b) Schaeffer model

Figure 2: Particle volume fraction, Inertial number, and particle viscosity at t = 5 s

CONCLUSIONS

This study demonstrates the significance of the particle stress in prediction of dense gas-particle flows. It shows that the
Princeton model yields more realistic results compared to the Schaeffer model because it differentiates between the rapid and
intermediate regimes. Further study is required to investigate the effects of elastic collisions in the intermediate regime.
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Abstract 

How to inhibition the expansion of the desert edge to the oasis is a major challenge for all over the world, and laying 
the semi-buried checkerboard sand carriers belt is an effective way to mitigate it. An spatio-temporal development 
mathematical model of wind-blown sand based on the coupling of wind field and sand grain is established, by laying the 
semi-buried checkerboard sand carriers belt in the model, the 3D wind field of the internal and rear region of the semi-
buried checkerboard sand barriers belt, the sand streamer and sand flux of the sand-laden wind-blown sand, and grain-sand 
barriers-wind field interaction law are investigated. The results show that the semi-buried checkerboard sand carriers belt 
has an effect on the mean velocity, turbulence intensity and other turbulence statistics which helps us to establish the 
theoretical foundation for the effective control of expansion of the desert edge. 
 
 
Introduction 

In general, researchers have tried different ways to study the interaction of saltation particles with the wind field and 
reveal particle influence on the turbulent characteristics, especially turbulence modification in the internal and rear region of 
the semi-buried checkerboard sand barriers belt. Obviously, inhibition the expansion of the desert edge to the oasis is 
always an open-ended question, disputed question is more evidence the challenge. And it forces us to carry forward the real 
3D wind-blown sand simulation with the semi-buried checkerboard sand carriers belt, and focus on the influence of 
saltation particles on the turbluenc characteristics which helps us to cognize the nature of desertification. 
 
 
Model and Equations 

Using the large eddy simulation method in ARPS, the momentum equation of 3D N-S equation after filted is˖ 

3
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Where, i = 1, 2 and 3 correspond to the streamwise, spanwise and wall-normal directions (i.e., 

1 2 3 1 2 3  ,  , x x x y x z u u u v u w �  �   �   ), respectively; iu , p  and T  represent the filtered wind speed, 
pressure and potential temperature, respectively; Ȟ is a damping coefficient meant to attenuate acoustic waves; ȡf is the air 
density; g is the acceleration of gravity; Fi is the feedback force of sand particles; 1ijG  

 
if i j , otherwise 0ijG  ; 

ij i j i ju u u uW  � are the sub-grid-scale (SGS) stresses [1]; cp and cv are the specific heat of air at constant pressure and 
volume, respectively. 

In order to solve above equations, the SGS stresses can be closed as follows: 
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is the turbulent viscosity of SGS; '  is the grid scale; Csgs depends on the 

Germano subgrid-scale closure method [2,3]. 
And, the particle movement equation of three direction can be expressed as: 
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Where mp 
is the mass of sand particles; 0.5 2(0.63 4.8/ Re )D pC  �

 
is the drag coefficient of sand particles [4]; ȡp 

and ȡf 
are the density of sand particles and air respectively; 
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is the particle Reynolds number; 
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is the bulk fraction which is the total sand volumes within grid to the bulk of unit grid; V' is the 

bulk of unit grid; ȝ is the kinetic viscosity coefficient of air. 
    The whole computational regions see Figure 1. 
 

 
Figure 1. Schematic diagram of wind-blown sand with the semi-buried checkerboard sand barriers belt. 

 
Preliminary Result 
 

 
Figure 2.streamwise velocity with the semi-buried checkerboard sand barriers belt  
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A CONSTANT HEAT FLUX BOUNDARY CONDITION FOR CFD-DEM SIMULATIONS 
 

Aaron M. Lattanzi1, Christine M. Hrenya1,* 
1 University of Colorado at Boulder, Dept. of Chemical and Biological Engineering, Boulder, CO, USA 

 
Summary The modeling of multiphase flows with a constant heat flux boundary is of great practical and fundamental 
significance. Assessing the feasibility of a unit operation often requires the prediction of wall temperature gradients, which 
can induce mechanical failure if they become too large. A numerical technique for modeling such a boundary condition (BC) 
is proposed for gas-solids flows, and directly applied within a computational fluid dynamics and discrete element method 
(CFD-DEM) software. This same technique can be extended to polydisperse systems and the two-fluid model. 
 

Computational Methodology 
 

   All simulations were performed via MFIX, an open-source software developed by the U. S. National Energy Technology 
Laboratory for multiphase flows. Specifically, the hydrodynamics and heat transfer of a gas and monodisperse solids were 
modeled with the CFD-DEM framework within MFIX. The governing equations pertinent to heat transfer are outlined below 
for both phases. 
   The gas phase is treated as a continuum via the following thermal energy balance [1]: 
 

μ
μ� ൫ߝߩܥǡ ܶ൯  ܞ  ή ǡܥߩߝ൫ ܶ൯ ൌ  െ  ή ̶ۿ െ݄ǡ௦ǡ൫ ܶ െ ܶǡ൯

୬

୧ୀଵ
 

 

where ߝ is the gas fraction, ߩ is the gas density, ܥǡ is the gas specific heat, ܶ is the (thermal) gas temperature, ܶǡ is the 
temperature of particle i,�݊  is the number of particles within a fluid cell,�݄ ǡ௦ǡ is the interphase heat transfer coefficient for 
particle i,̶ۿ� ൌ െߝܭ ܶ is the gas heat flux, and ܭis the gas thermal conductivity. 
   In contrast to the continuum representation of the gas phase, the solid phase is treated as discrete particles via DEM. The 
time evolution of each particle property takes the form of an initial value problem.  Since the time step for numerical 
integration must be smaller than the duration of a collision (soft-sphere method), the DEM time step is generally orders of 
magnitude smaller than the continuum time step; i.e., the DEM solver completes many time steps per one continuum solver 
(CFD) time step. With regard to heat transfer, radiation is not considered and thus the resulting conductive and convective 
mechanisms under consideration are: particle-particle (PP) conduction, particle-fluid-particle (PFP) conduction, particle-wall 
(PW) conduction, particle-fluid-wall (PFW) conduction, and interphase convection. The resulting governing equation for the 
internal energy of a particle is [3]: 
 

݉ǡܥǡ
μ
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୨
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where ݉ǡ is the mass of particle i, ܥǡ is the specific heat of particle i, ሶܳ ǡ is the heat flow between particle i and particle j, 
and ሶܳ  is the heat flow between particle i and a wall. Since the aim of this work is directed at a new boundary condition for 
use in CFD-DEM simulations, only the mechanisms pertaining to heat transfer with a wall ( ሶܳ ௐ�����ܳ ሶ ிௐ) will be of 
significance. Rigorous treatments of the PW [2] and PFW [4] mechanisms provide closures for individual particle heat transfer 
coefficients (݄௪ǡ�����݄ ௪ǡ).  
 

Development of Heat Flux Boundary Condition 
 

   When considering a constant heat flux wall BC for multiphase flows, the current state-of-the-art is for a constant flux to 
each phase be specified. Practically speaking, it is often the total wall flux which remains constant, while the flux to each 
phase can vary. For the latter case of a constant total heat flux at the wall, we assume here that all phases experience the same 
wall temperature and that the heat transfer to each phase occurs in parallel. Therefore, the wall heat flux can be written as a 
sum of the heat fluxes to each phase, which may vary with time and space (̶ܳ௪ ൌ ̶ܳሺܠǡ ሻݐ  ̶ܳ௦ሺܠǡ  ሻ). Note that theݐ
solution for the internal energy of the fluid at the wall yields a single temperature over the numerical cell. To describe the 
heat transfer of a discrete particle, the wall temperature used for the particle heat transfer is dictated by the fluid cell it resides 
in (i.e., wall temperature gradients smaller than the fluid cell and arising from the discrete nature of the particles cannot be 
resolved within a fluid cell). Therefore, the heat flux to the gas phase and solid phase must be given in terms of continuum 
variables (on a fluid grid basis). For the gas, the flux in terms of continuum variables is readily available (െߝܭ ܶ). 
However, the heat flux to each particle is resolved in DEM. Since the size of a particle is much smaller than the size of a CFD 
fluid cell, the continuum analog is the average solids heat flux across the fluid cell wall on the boundary: 

(1) 

(2) 
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where m is the number of DEM time steps within a continuum time step, ܣ is the area of the fluid cell plane, ݇ is the number 
of particles undergoing heat transfer in a given DEM time step, ௪ܶ is the continuum wall temperature, and ܪ௦ǡ is the total 
particle-wall heat transfer coefficient. By summing the closures for the heat fluxes (̶ܳ௪ ൌ െߝܭ ܶ ή ܰ  ௪ܶܣ െ  and (ܤ
discretizing, a Robin type (mixed) BC which couples the phases and satisfies the assumed description of a constant heat flux 
wall BC is found.  
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Results 

 
   Simulations were completed on four vertical heat exchangers with internal baffles, a constant mass inflow at the top, and 
constant wall heat fluxes. Wall temperature predictions from the simulations are consistent with qualitative expectations. 
Areas with high solids concentrations near a wall, and thus high solids heat transfer coefficients, result in low wall 
temperatures (Figure 1 (a) below). As evidence that the physical description for the BC is upheld, the heat flux data for the 
first configuration (far left) is given in more detail. Namely, the heat fluxes are extracted along the height of the right domain 
wall. The simulated wall flux is nearly constant along the column wall and the contribution from each phase changes. A close 
inspection shows that the oscillations in the solids heat flux correspond to baffle positions, and that they are out of phase with 
oscillations in the gas heat flux (i.e., the boundary conditions for each phase are coupled). 
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Figure 1.  The temperature [K] profile (a) and extracted heat flux [cal/cm^2s] data (b). 
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Fig.1 Analysed case (Fs=0.95) 

RESULTS AND DISCUSSION 

   Relationship between normalized deformations and slope angle are shown in Fig.2!(a)-(c). Where, safety factor in each 
figure is the ratio of stability number of critical case and analysis case. Except vertical slope, effect of geometry of slope is 
relatively small. The safety factor of analysis case, that is soil strength, has most influence to the slope stability. Simulated 
geometry and shear strain distribution for typical case are shown in Fig.3 (a)-(c). Position of localization is always at the toe 
of slope and wideness of shear zone depends the safety factor. 

!!!!
Fig.2 Relationship between normalized deformations and slope angle 

Fig.3 Simulated geometry and shear strain distribution 

CONCLUSIONS 

   SPH is useful for analysis post-failure deformation of slope. The analysis may useful to predict the deformation by 
considering site condition such as complicated geometry and strength distribution. And it should be also powerful tool to 
develop the new safety chart defined by the post-failure deformation. 
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While the horizontal cylinder is stationary, the granular medium is at rest at the bottom of the cylinder. When the cylinder
rotates with a low to moderate angular velocity its rising side drags out spherical particles from the bottom. After a few
revolutions, a concentrated almost uniform suspension of glass spheres in rotating low-viscosity fluid originates. Inside a
rapidly rotating cylinder, the annular granular layer develops. In the absence of librations, fluid and granular medium undergo
a solid body rotation, and the interfacial surface is axisymmetric. Librations of the cylinder initiate the azimuthal oscillations
of the fluid near the granular medium, and the initially axisymmetric interface between fluid and granular medium becomes
unstable to the growth of quasi-steady relief (Fig. 1a).

According to the observations, the onset of regular dunes is determined by dimensionless libration amplitude: the threshold
value of ϵ obtained at different values of Ωr, Ωl, and ν favourably agree with each other in the plane f , ϵ (Fig. 1b). In the
limit f ≪ 1, experimental data obey the law ϵ ∼ f−1/6.

The spatial period of dunes is determined by the amplitude of fluid oscillations: relative period λ/(ϕ0ϵ) ∼ ϕ−1.2
0 , where

λ is the angular distance between two successive dunes. It has also been found that the ripples are flattened off at ϵ > 0.5.
In the supercritical regime, the existence of azimuthal migration of dunes is revealed. Noteworthy, the direction of dune

migration is parallel or anti-parallel to the steady rotation. In near-threshold region, dunes migrate in the direction of steady
rotation. The increase of ϵ is followed by deceleration of drift and further transition to the reverse migration. Typical migration
rate is a few degrees per minute.

The work is supported by Grant 14-11-00476 of the Russian Scientific Foundation.
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CONTINUUM DESCRIPTION OF SIRMAS-RADULESCU SHOCK WAVE INSTABILITY IN
DISSIPATIVE GASES

Nick Sirmas∗1 and Matei Radulescu1

1Department of Mechanical Engineering, University of Ottawa, Ottawa, Ontario, Canada

Summary Euler and Navier-Stokes simulations are performed to look at the problem of piston driven shock waves through granular gases
undergoing viscoelastic collisions. The shock structure predicted by the continuum formulation is found in good agreement with the structure
obtained by MD. Introducing strong perturbations to the incoming density field, in accordance with the spacial fluctuations in the upstream
state seen in MD, yields similar instabilities as those observed in MD. While the inviscid model predicts a highly turbulent structure from
these perturbations, the inclusion of diffusive terms yields comparable pattern formations to those resulting from MD.

INTRODUCTION

Shock waves driven through granular media have been shown to become unstable. For example, experiments have identi-
fied unstable formations of finger-like jets in granular media dispersed by shock waves driven through air [1]. Similar forma-
tions are observed for granular media that is subjected to a vertically oscillating bed [2]. The complex dynamics involved in
these past configurations have prevented the authors to clearly identify the mechanisms controlling the instability.

To address this problem we previously developed a Molecular Dynamics (MD) model to look at the classical problem of
a piston propagated shock wave into a system of 2D particles [3]. Particles were assumed to be smooth disks that collide
inelastically if the impact velocity of binary collisions exceeded some threshold, which is a simple treatment for viscoelastic
collisions. By allowing for finite dissipation within the shock wave, instabilities were found in the form of distinctive high
density non-uniformities and convective rolls within the shock structure.

The present study looks for the conditions that such a shock structure and instability can be recovered at the continuum
level. Specifically, we investigate the role that diffusion and rarefied effects have on the shock wave. This is done by modelling
the problem via the Euler and Navier-Stokes (N-S) equations for a granular gas, and introducing perturbations in the flow field
to account for statistical fluctuations.

MODELLING DETAILS

The model involves a piston propagating into a system of disks at velocity up. Smooth discs collide inelastically with a
constant coefficient of restitution ε if the impact velocity of two colliding disks exceeds some threshold u∗. In the present
study we only look at the dilute regime, with the initial packing fraction of disks η = Nπd2/A = 0.012, where N is the
number of disks, d is the particle diameter, and A is the area of the domain.

We solve the N-S and Euler equations for a 2D granular gas [4] with the software package MG, courtesy of Sam Falle
(University of Leeds). The transport coefficients from Jenkins and Richman [5] are used and the energy sink term accounting
for inelastic collisions, present in both the Euler and N-S descriptions, has been modified to include u∗, taking the form:

ζ∗ =↗ �

d
√
π

!
1↗ε2

"
ρT 3/2ηg2(η) �xp

#
1

2

u∗2

u2
rms

$%
1 +

1

2

u∗2

u2
rms

&
(1)

where we have the density ρ, temperature T , pair correlation function g2(η), and root mean squared velocity urms.
In order to account for statistical fluctuations that are present in the MD simulations, the incoming density is perturbed,

with square ‘bins’ of sides ∆ (normalized by d) perturbed with variance

σ =

√
π

2
√
η∆

(2)

RESULTS

A parametric study is completed to compare the 1D shock structure obtained from Euler and N-S simulations with those
from MD. The results are in good agreement with varying up, u∗, and ε. Figure 1 shows an example of the developed structure
in the piston frame of reference for up/u∗ = 2.0, u∗/urms(o) = 10, and ε = 0.95. The N-S calculation produces a similar
relaxing shock structure with that observed in MD, with only slight differences in the density at the piston face. The shock
front for the Euler simulations is a sharp discontinuity, as expected for the inviscid solution, but the results still give a similar
relaxing structure after the shock front, evolving at the same distance from the piston as N-S and MD.

∗Corresponding author. Email: nsirmas@uottawa.ca
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RHEOLOGICAL PROPERTIES OF GRANULAR SUSPENSIONS AT MODERATE
DENSITIES

Francisco Vega Reyes and Vicente Garzó ∗

Departamento de Fı́sica and Instituto de Computación Cientı́fica Avanzada (ICCAEx), Universidad de
Extremadura, E-06071 Badajoz, Spain

Summary Non-Newtonian transport properties of a granular suspension under uniform shear flow are studied. The suspended particles
are modeled as a fluid of smooth hard spheres with inelastic collisions and the interstitial gas is modeled with a volume drag force. The
suspension model is based on the Enskog kinetic equation and hence, our results apply for moderate densities. The model is solved by means
of two complementary routes: Grads moment method (analytical) and Monte Carlo simulations of the Enskog equation (computational).
Unlike in previous works on granular dense suspensions, Grad’s solution includes nonlinear terms in the kinetic stress tensor in the evaluation
of the momentum transfer from the Enskog collision operator. This allows us to calculate the (nonzero) normal stress differences in the plane
normal to the laminar flow. Comparison between theoretical and numerical results shows in general good agreement even for conditions of
strong inelasticity and/or moderate densities.

INTRODUCTION

Granular matter under rapid flow conditions can be modeled as a gas of hard spheres (of mass m and diameter σ) with
inelastic collisions. In the simplest model, the spheres are assumed to be completely smooth and so, the inelasticity in
collisions is only accounted for by a (positive) constant coefficient of normal restitution α ≤ 1 which only affects to the
translational degrees of freedom of grains. The case α = 1 refers to elastic collisions. In spite of the simplicity of the model,
it has been able to capture many of the trends observed in real granular flows especially those associated with collisional
dissipation. On the other hand, although granular particles in nature are usually surrounded by an interstitial fluid (like the
air, for instance), the influence of the latter on the dynamic properties of solid particles has been frequently neglected in most
theoretical and computational works. However, the impact of the surrounding gas on solid particles turns out to be important
in a wide range of practical applications, such as for instance species segregation [1]. For this reason, the study of granular
suspensions has attracted the attention of engineering and the physics community in the last few years [2].

Needless to say, the kinetic theory of granular suspensions is an intricate problem since it involves two different phases
(solid particles and interstitial gas) and hence, it would require in principle to solve a set of two coupled kinetic equations
for each one of the velocity distribution functions of the different phases. Nevertheless, due to the mathematical difficulties
involved in the above approach, a different strategy is usually followed and one considers a single kinetic equation for solid
particles where the effect of the surrounding gas is accounted for by means of an effective external force. Recently, a new
suspension model has been proposed [3]. The model accounts for three sources of particle acceleration due to the gas phase:
(i) mean drag (via a term involving a coefficient β and the difference between the mean flow velocities of solid U and gas Ug

phases), (ii) “thermal” drag (via a term involving a coefficient γ and the granular temperature, or a measure of particle velocity
fluctuations), and (iii) particle neighbor effects (via a term involving a coefficient ξ and stochastic Wiener process increment).
In the case that U = Ug , mean drag and neighbor effects (first and third terms of the effective external force) disappear and
only the drag force interaction remains. This will be the simplified suspension model considered here.

The objective of this paper is to determine the rheological properties of a granular suspension under uniform (or simple)
shear flow (USF). At a macroscopic level, this state is characterized by a constant number density n, a constant (granular)
temperature T and a linear velocity field (that is Uy = Uz = 0 and ∂Ux/∂y ≡ a = const). In addition, in the case of
granular suspensions, it is usually assumed [4, 5] that U = Ug and so, the fluid force is given by the drag viscous force.
In the steady state, the viscous heating term is exactly compensated by the cooling terms arising from collisional dissipation
and viscous friction. Thus, the (scaled) shear rate a∗ = a/ν(T ) (where ν(T ) ∝

√
T is an effective collision frequency for

hard spheres) is a function of the coefficient of restitution α and the (scaled) friction coefficient γ∗ ≡ γ/ν. It is important to
remark that the USF state falls beyond Newtonian hydrodynamics [6] since the presence of shearing induces non-zero normal
stress differences Pxx −Pyy and Pyy −Pzz [7]. The evaluation of the above quantities in terms of α, γ∗ and the solid volume
fraction φ is the main target of the present contribution.

THEORETICAL BACKGROUND

At a microscopic level, the USF is generated by Lees-Edwards boundary conditions which are simply periodic boundary
conditions in the local Lagrangian frame V = v− a · r and R = r− ta · r. Here, a is the tensor with elements aij = aδixδjy .

∗Corresponding author. Email: vicenteg@unex.es



In terms of the above variables, the velocity distribution function is uniform (namely, f(r,v) = f(V)) and the Enskog kinetic
equation for the granular suspension becomes

−aVy
∂f

∂Vx
− γ

m

∂

∂V
·Vf = JE[V|f, f ], (1)

where JE[V|f, f ] is the Enskog collision operator. The pressure tensor has kinetic and collisional transfer contributions, i.e,
P = Pk + Pc where Pk =

!
dVmVVf(V) and

Pc =
1 + α

4
mσdχ

"

dV1

"

dV2

"

d#σΘ(#σ · g)(#σ · g)2#σ#σf(V1 + aσ#σy#x)f(V2). (2)

Here, χ is the (constant) pair correlation function, d is the dimensionality of the system (d = 2 for disks and d = 3 for
spheres), #σ is a unit vector along the centers of the two colliding spheres, Θ is the Heaviside step function and g = V1 −V2

is the relative velocity.
The kinetic contribution Pk can be obtained from Eq. (1) by multiplying both sides of this equation by mViVj and inte-

grating over velocity. The result is

aiℓP
k
ℓj + ajℓP

k
ℓi +

2γ

m
P k
ij = ΛE

ij , (3)

where ΛE
ij ≡

!
dV mViVjJE[V|f, f ]. The exact forms of the collisional moment ΛE

ij and the collisional contribution Pc

are not known, even for elastic collisions. However, a good estimate of both quantities can be obtained by using Grad’s
approximation

f(V) → fM(V)
$
1 +

m

2T
ViVjΠij

%
, (4)

where fM(V) = n (m/(2πT ))d/2 e−mV 2/2T is the local equilibrium distribution function and Πij = P k
ij − nT δij is the

traceless part of the kinetic contribution to the pressure tensor. Upon writing the distribution function (4) we have taken into
account that the heat flux vanishes in the USF and have also neglected the contribution to f coming from the fourth-degree
velocity moment. The expressions of Pc and ΛE

ij can be derived when the trial Grad’s distribution (4) is inserted into Eqs.
(2) and (3), respectively. The algebra involved in evaluating the velocity integrals is tedious but straightforward and we have
expressed the (scaled) pressure tensor P/(nT ) in terms of the parameter space of the problem (the coefficient of restitution
α, the scaled friction coefficient γ∗ and the solid volume fraction φ = (π/6)nσ3 for spheres). In addition, in contrast to
previous attempts [5], our calculations have been obtained by retaining nonlinear terms in the (traceless) pressure tensor Πij

and hence, our Grad’s solution is able to detect the influence of both viscous friction and inelasticity on the normal stress
difference Pyy − Pzz (which was assumed to be zero in Ref. [5]).

To gauge the reliability of our theoretical predictions for rheological properties, we have also numerically solved the En-
skog equation by means of the direct simulation Monte Carlo (DSMC) method [8] applied to inelastic hard spheres under USF.
In addition, we have also added the drag force coming from the interaction between the solid particles and the surrounding
interstitial gas. After a short transient period, the system achieves a steady state where the elements of the pressure tensor
can be computed from the simulations. As in the case of dilute granular suspensions [7], good agreement between theory and
simulations is found for conditions of practical interest. In particular, the theory is able to reproduce quantitatively well the
dependence of both the shear stress (Pxy) and the normal stress differences (Pxx−Pyy and Pyy−Pzz) on α and/or the density
φ for not too large values of γ∗.
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IN-PLANE LOADING OF HEXAGONAL HONEYCOMBS:
POST-BIFURCATION AND STABILITY BEHAVIOR
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Summary Buckling of honeycombs is an important problem. We identify three open questions: (i) How does the mechanical response
depend on the applied loading device? (ii) What can the Bloch wave representation of all bounded perturbations contribute to our under-
standing of the stability of post-bifurcated equilibria? and (iii) How does material nonlinearity affect the critical bifurcation load? We model
the honeycomb as a 2D infinite perfect periodic medium and use group theory (instead of the imperfection method) to study its bifurcation
behavior under various far-field loadings. We evaluate stability using two criteria: rank-one convexity and Bloch wave stability. We find
that the post-bifurcation behavior is extremely sensitive to the loading device, and confirm that the flower mode is unstable. Our (first ever)
Bloch wave stability analysis of the post-bifurcated equilibria shows that the flower mode is stable for all sufficiently short wavelength
perturbations, explaining its observation by Papka and Kyriakides (1999).

METHODS AND RESULTS
In this work we revisit the problem of in-plane equi-biaxial compression of a regular hexagonal honeycomb structure.

There is an extensive literature for this problem: from the seminal experiments of Papka and Kyriakides (1994, 1999), to
the characterization of the onset of failure by Triantafyllidis and Schraad (1998) and Ohno et al. (2002), to the study of
honeycomb post-bifurcation behavior using an intuitive approach by Okumura et al. (2002) and the more systematic group-
theory methods of Saiki et al. (2005). However, our literature review has identified three open theoretical questions about
honeycomb post-bifurcation behavior: (i) How does the mechanical response of a honeycomb depend on the applied loading
device? (ii) What can the Bloch wave representation of all bounded perturbations contribute to our understanding of the
stability of post-bifurcated equilibria? and (iii) What effect does material nonlinearity have on the critical bifurcation load?

Our investigation pays special attention to the effects of the loading device on the post-bifurcation and stability behavior.
We consider the equilibrium and bifurcation behavior of the infinite perfect hexagonal honeycomb structure subjected to (i)
displacement, (ii) dead load (Biot), and (iii) live load (two-dimensional pressure) control. We adopt a purely elastic model and
employ linear and nonlinear elastic material constitutive responses. Based on the results of Triantafyllidis and Schraad (1998),
the (initial) post-bifurcation equilibrium and stability behavior predicted by our model is applicable to all real hexagonal
geometry honeycomb structures composed of rate-independent solids subjected to equi-biaxial compressive loadings.

We use a systematic branch-following and bifurcation technique for the perfect structure, complemented by analytical
group theory results to identify and compute the bifurcation and post-bifurcation behavior of a perfect hexagonal honeycomb
structure. An important feature of this methodology is that it does not use the imperfection method. (The imperfection method
is a simple heuristic numerical method encountered in engineering practice that often works well for the study of bifurcation
behavior associated with equilibrium paths with widely separated bifurcation points. However, the method is highly unreliable
for problems with a high degree of symmetry.) For the evaluation of an equilibrium configuration’s stability, we employ only
strictly necessary stability conditions that are applicable to all boundary value problems. In particular, we use the Rank-One
Convexity (RK1) criterion (to evaluate stability with respect to long wavelength perturbations) and the Bloch wave criterion
(to evaluate stability with respect to all bounded perturbations).

With these techniques, we obtain the equilibrium, stability, and bifurcation behavior of the honeycomb subjected to various
in-plane (compressive) stress states and identify an infinite set of bifurcation points along the principal equilibrium path. We
investigate the honeycomb’s 1 × 1, 1 × 2, and 2 × 2 unit cell bifurcation behavior and confirm previous results from the liter-
ature. However, we go further in our study of the post-bifurcation behavior and identify the path’s stability relative to the RK1
and Bloch wave stability criteria. We also identify a common but ad-hoc energy-based stability criterion (that is not generally
necessary for all boundary value problems). We show that in many cases the ad-hoc criterion provides erroneous predictions.
We further obtain a few representative and interesting examples of previously unreported equilibrium configurations associ-
ated with 2 × 2 and 3 × 3 unit cells. Finally, we show that relative to the linear stress–strain material behavior the critical
bifurcation load increases for strain-hardening nonlinearities and decreases for strain-softening nonlinearities. However, this
effect of material nonlinearity is only observed for appropriately-oriented, predominately uniaxial loading devices.

Our results confirm that, for equi-biaxial loading, the Mode III flower pattern obtained under displacement control con-
ditions is RK1 unstable (as first reported by Okumura et al. (2002), but unfortunately dismissed by these authors). Further,
we use the Bloch wave stability criterion to gain a deeper understanding of the stability properties of the Mode III bifurcated
equilibrium path (Fig. 1). We find that although this mode is unstable with respect to very long wavelength perturbations,

∗Corresponding author. Email: relliott@umn.edu
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All three modes are found to be unstable with respect to the
RK1 and Bloch wave criteria. In contrast, the ad-hoc crite-
rion predicts that Mode III is stable. The deformed equilibrium
configuration at three loading parameters (∆ = �.�5, �.3, and
�.55) is shown for Mode I (first row), Mode II (second row)
and, Mode III (third row).
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Figure 1: (left) Bifurcation diagram and configurations; (right) Bloch wave stability eigenvalue surfaces for Mode III.

it is stable with respect to short and moderate wavelength perturbations. This provides an explanation for how Papka and
Kyriakides (1999) were able to observe this mode: the 18× 21 unit cell specimens used in their experiments were well within
the Mode III moderate wavelength stability range identified in this work. A full description of this study (for the case of
equi-biaxial loading and linear stress–strain behavior) may be found in Combescure et al. (2016).
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EFFECTIVE ELASTIC PROPERTIES OF SOME CELLULAR AUXETIC MATERIALS

Igor Berinskii∗1

1School of Mechanical Engineering, The Iby and Aladar Fleischman Faculty of Engineering, Tel Aviv University,

Tel Aviv, Israel

Summary A two–parametric mechanical model is proposed to describe a class of auxetic cellular materials. The microstructure of these
materials varies from the regular to re–entrant honeycombs with change of the angle between the nodes of material’s lattice. An interaction
among the nodes is described by combination of longitudinal and torsional springs. Effective properties of the solid material corresponding
to the given microstructure are determined. It is shown that re–entrant honeycomb structures demonstrate the auxetic properties at any
combination of parameters whereas the usual honeycombs can have both positive and negative Poisson’s ratios.

AUXETIC PROPERTIES OF THE HONEYCOMBS

Most of known materials undergo transverse contraction at longitudinal extension in one direction and a transversal ex-
pansion when compressed. However, from physical point of view the opposite behaviour is permissible. The materials called
“auxetics” become thicker perpendicular to the applied stretching force and thinner under compression. Usually this feature is
connected with a special microstructure of the material that also makes auxetics more subject to the bulk deformation than to
the shear one. A broad interest to auxetics appeared after the publication of Lakes [1] where he proposed the three–dimensional
re–entrant structures to model polymer foams with negative Poisson’s ratios. Even earlier two–dimensional structures were
proposed to model auxetic properties of materials by Almgren [2] and Kolpakov [3]. Nowadays a lot of two–dimensional
auxetic structures are studied, however re–entrant honeycombs (REH) proposed by Almgren and Kolpakov (Fig. 1) is one of
the most common. It is used for design and fabrication of auxetic materials at different scale levels starting form molecular
structures to engineering materials. In this paper the springs model is used with another homogenization method to determine
the full tensor of elasticity for the effective continuum. As a result, macroscopic elastic constants depend on one geometrical
(angle) and two mechanical (stiffness of longitudinal and rotational springs) parameters only. A main purpose of this work is
to find out the combinations of these three parameters standing for the auxetic properties of honeycomb structures.
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Figure 1: Re-entrant honeycombs (REH) structure (a) and its mechanical model (b)

SYMMETRY OF HONEYCOMB STRUCTURES AND CORRESPONDING SOLID MATERIAL

Let us consider the two-dimensional structure shown at Fig. 1. Let us represent the structure as the nodes connected by
linear and torsional springs. For the sake of simplicity consider the interaction among the nearest neighbours only. Denote the
longitudinal spring stiffness as c and the torsional spring effective stiffness as g (Fig.1). Suppose that c and g have the same
dimension (N/m). For the sake of simplicity the linear springs are considered. In addition, an angle ϕ connecting the adjacent
linear springs is introduced. Two mechanical parameters and angle ϕ determine the linear elastic properties of the effective
continuum corresponding to the material at the macroscale.

A structure has two orthogonal planes of symmetry. For two-dimensional material it corresponds to the orthotropic mate-
rial with the following matrix of stiffness

C =

⎛

⎝
C11 C12 0
C12 C22 0
0 0 C33

⎞

⎠ (1)
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Here the Voight notation was used to represent the 4 independent components of the stiffness tensor: C11 = C1111, C22 =
C2222, C12 = C1122, C33 = C1212. The stiffness matrix (1) must be positive definite for the strain energy density to be
positive. This give the following conditions:

C11 > 0 C11C22 − C2
12 > 0 C33 > 0 (2)

Note, in case of orthotropic 2D material these conditions do not give any limits for the Poisson’s ratios unlike the 2D isotropic
material where −1 < ν < 1.

EFFECTIVE ELASTIC PROPERTIES OF RE–ENTRANT AND REGULAR HONEYCOMBS

The uniform strain of the REH structures and corresponding solid material were considered. Effective elastic properties
were found as functions of c and g from the comparison of the resulting deformation energies. Let us do not bring out the
general formulae but consider some partial cases instead.

Honeycomb structure

The honeycomb structure can be received from REH structure by substitution ϕ = 2π/3. As expected, the symmetry of
the structure is changed from orthotropic to isotropic. The non-zero components can be found as

C11 =
√

3c(c+18g)
6(c+6g) C12 =

√

3c(c−6g)
6(c+6g) C11 = C22 C33 = 1

2 (C11 − C12) (3)

This results coincides with the results obtained for graphene crustal lattices that have the same structure [4]. It is easy to check
that conditions (2) are satisfied for any positive c and g.

Triangular structure

The elastic constants for this case (ϕ = π/3) are given by

C11 =
√

3c(c+18g)
18(c+6g) C22 =

√

3(c2+14cg+16g2)
2(c+6g) C12 = −

√

3(c2+4cg+36g2)
6(c+6g) C33 =

√

3g(5c+6g)
3c+2g

(4)

As C11, C22 are the positive defined quadratic forms of positive c and g and C12 is a negatively one, the material will always
demonstrate auxetic properties.

Rectangular structure

A value ϕ = π/2 corresponds to the rectangular structure. The following elastic moduli can be obtained:

C11 = 6cg
c+12g C22 = c C12 = 0 C33 = 12g (5)

These formulae give the zero values for Poisson’s ratios, and hence, the rectangular structure is a boundary case between the
auxetic and non-auxetic materials.

CONCLUSIONS

The 2-parametric mechanical model was proposed to determine the auxetic properties of two–dimensional materials with
a periodic microstructure. The model was used to determine the effective elastic properties of re–entrant honeycomb structure.
Some special cases (isotropic honeycombs, rectangular, and triangular lattices) were considered.
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Summary Electrokinetic (EK) transport couples hydrodynamics and electrostatics at liquid interfaces. In particular, it is possible to generate
a flow near a charged interface in a liquid by applying an electric field, due to the drag force exerted on counter ions near the interface, a
phenomenon referred to as electro-osmosis (EO). We propose here to use EO in the context of liquid foams, the charges being carried by
the surfactants used to stabilize the foam. The main challenge of the project is to achieve a complete understanding of EK transport in a 3D
liquid foam. To do so, we used a multiscale approach combining experimental and theoretical (molecular dynamics (MD) simulation) tools.
In this article, we present our newest results on this general project.

ELECTRO OSMOSIS: AN OVERVIEW

Electroosmotic (EO) flow refers to the motion of a fluid generated by an electric field. Close to a charged interface in
a liquid, an ionic double layer of opposite charge is established which is dragged by an applied electric field. Far from the
interface, the neutral bulk liquid is then set in motion via viscous diffusion, leading to a plug flow at a velocity v.

Such ionic and massic coupled transports, as their streaming current and potential counterparts, are actually encountered
in many natural systems and diverse applications, from biology and physiology-with the key role of electrokinetic transport
through nanopore in cell regulation- to liquid flow through macro scale porous materials, relevant to building industry, water
treatment [1], filtration and energy conversion [2]. From a technological point of view, electric driving of liquids in micro
and nano channels has shown excellent integration capability and has become a standard tool for species separation, sorting,
and lab on chip application [3]. In all these applications, the interface where EO effects take place can be rather liquid/solid
(energy conversion devices for example) or liquid/gas (water treatment by ion flotation through electrically driven bubbles),
the plug flow velocity v verifying the relation set by Smoluchovski [4]:

v =↗ζϵE
µ

(1)

The peculiar nature of the charged interface is accounted for in the so-called ζ-potential. Indeed, this latter potential depends
not only on the electrostatic environment in the vicinity of the surface, characterized by the surface electrostatic potential Vs,
but also on the hydrodynamic boundary condition. In the case of solid interface where slippage could occur, it has been shown
theoretically and experimentally [5] that the ζ potential writes

ζ = V0(1 +
b

λ
) (2)

with b the so-called slip length [4] at the solid/liquid interface. The magnitude of the EO flow will increase if a large surface
potential is achieved together with a large slip at the surface. Ionic surfactant laden interfaces seem to gather these two
properties, as surfactant density can be relatively large, and the hydrodynamic boundary condition can be tuned by orders
of magnitude, as shown by drainage experiments in soap films. Recent MD simulations [6] confirm that an infinitely long
soap films display an EO flow resulting from a coupled effect of slippage and counter ion binding. In this numerical work,
the relative motion between the water and the surfactant is recorded, neglecting the effect of the surfactant (i.e the charges)
mobility along the interface, which has proven to play a crucial role on EO magnitude near hydrophobic surfaces. The
experimental study of an electro osmotic flow on a surfactant interface is a first step towards the understanding of a more
complex system: the EO flow in foam.

This talk is divided in two parts. We will first present an experimental study of the EO flow generated by one interface.
Then we will show preliminary results concerning the behaviour of foam under an electric field.

ELECTRO OSMOSIS CLOSE TO A SOAPY INTERFACE

The present work is dedicated to study the influence of the peculiar hydrodynamic condition on the EO flow near a surfac-
tant laden interface. We therefore built a new experimental method to measure the ζ potential near a surfactant laden interface.
The general principle of the measurement is to probe the fluid displacement under electric forcing near a surfactant laden
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interface via particle tracking in the liquid. Fluorescent bead displacements are recorded via a confocal inverted microscope
(Leica TCS SP5 DMI6000) for various distance to the interface. The full amplitude profile gives access to a measure of
the surfactant zeta potential we can compare to the surface charge of the interface. Based on these experimental results we
discuss the distribution of surfactants at the interface. In fact, we measure experimentally an EO motion of water compatible
with a zeta potential value of the order of around 100mV, and which is decreasing as surfactant concentration increases. By
analytical study, we show that the surfactants at the interface are expected to be immobile, and then that the results obtained
are compatible with previous MD simulations [6]. The hydrodynamic contribution of the zeta potential can be estimated by
using a new optical method (SHG) [7] to probe the static surface potential.

This idea is then put to the test by studying with numerical simulations an electrokinetic phenomenon in a confined system:
the electrophoresis motion of nanobubbles covered by surfactant. In this system, we observe that the electric field generates an
inhomogeous repartition of surfactant on the bubble (figure 1), confirming our idea that a Marangoni stress prevents surfactant
mobility at the interface.

Figure 1: Slice in the z direction of a 24 angstroms radius bubble covered with 30 SDS surfactant (depicted in white) in a salty
aqueous solution when an electric field E=0.1V.nm−1 is applied in the x direction. SDS molecules are accumulating on one
side of the bubble

ELECTRO OSMOSIS IN LIQUID FOAM

In addition to these simple geometry experiment, we study electro-osmotic transport in a class of materials where it has
not been explored so far : liquid foams. Liquids foams are gas bubbles trapped in a network of films, plateau border and
nodes. EO flow have already been studied in a porous solid media with fixed geometry. The main difference in foam is the
deformability of the structure. Though part of our daily lives and important in many industrial processes, foams are short-lived
materials. Being strongly out of equilibrium, they irreversibly evolve and, as everybody has observed in a foam bath, they
eventually collapse. An important mechanism at play in this process is the drainage induced by gravity, which is unavoidable.
A way to cancel and reverse this gravity-driven drainage would be to provoke a counter-gravity EO flow in the foam.

We design then an experimental setup to observe the quantity of water in the plateau Border while an electric field is
applied to the foam. The first observations show that an electrical current passing through the system damages dramatically
the foam structure. The ions released by electrolysis destabilize the system, its time life being related to the applied electric
field. We overcome this difficulty by using special home made electrode and present promising preliminary results on EO in
foam, together with hydrodynamic calculation of EO flow in this peculiar deformable porous system.

This work has been funded through french ANR project EFOAM.
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Summary The present work is devoted to the modelling of the behaviour of solid foams under dynamic loading conditions. Using 
micromechanics, a continuum model for micro-inertia effects in closed-cell foams is proposed. This simple model is aimed at improving 
constitutive models for foams by incorporating the contribution of micro-inertia. An application of the proposed modelling to shock wave 
propagation in metal foams is proposed. The influence of micro-inertia is found to be significant. 
 

INTRODUCTION 
 
   Foams are highly porous materials with a relative density (ratio between the density of the foam and the density of its 
base material) generally lower than 0.3. Metal foams exhibit interesting mechanical properties. In particular, they have 
excellent energy absorption capabilities and are used in impact protection and shock mitigation applications. The dynamic 
behaviour of foams is generally different from the one observed under quasi-static loading, even for foams made of 
materials having a low strain-rate sensitivity (like some aluminium alloys) [1]. In fact, the macroscopic rate-dependency of 
metal foams is not necessarily related to the viscoplastic behaviour of the base material, but can be due to local inertia 
effects induced by the rapid crushing of the cells of the foam microstructure during deformation (micro-inertia effects) [2]. 
This finding was corroborated by the results of recent micromechanical finite element foam models (in which the 
microstructure is represented explicitly) [3,4]. 
   In this contribution, we propose a continuum description of micro-inertia effects in closed-cell foams. The proposed model is 
based on a multiscale approach: a unit-cell of the foam microstructure is considered and the macroscopic foam response is 
obtained using a dynamic averaging procedure. An application of the proposed modelling to shock wave propagation is 
presented. 
 

MICROMECHANICAL MODELLING 
 
General dynamic homogenisation framework 
   The present model is based on the dynamic homogenisation technique introduced by Molinari and Mercier [5]. Here, 
this method is recast in a Lagrangian framework. We consider a Representative Volume Element (RVE) of porous medium 
that occupies the domain Ω" in the initial configuration. The macroscopic nominal stress tensor #$%  is defined as the 
conjugated quantity of the deformation gradient through the virtual work principle: 
  &'%$#$% = 〈&*+,-,+〉 + 〈0" &1+2+〉        (1) 
where 2+ and -,+ respectively denote the components of the acceleration and (nominal) stress fields within the RVE and 
0" is the initial (local) mass density. &'%$ is a virtual increment of the macroscopic deformation gradient, &1+ is a 
microscopic virtual displacement field and *+, = 31+ 34,"⁄ + &+, (with &+, being the Kronecker delta). 
With this formalism, the macrostress is the sum of two contributions: a static stress #$%678 related to the behaviour of the 
constitutive material of the RVE and a dynamic stress #$%9:; induced by local inertia effects within the RVE. 
  #$% = #$%678 + #$%9:;         (2) 
The use of the virtual work principle is very convenient for an analytical characterisation of micro-inertia effects. Indeed, it 
is often possible to obtain a closed-form expression of the dynamic stress by adopting a suitable trial displacement (or 
velocity) field [5,6]. 
 
A model for closed-cell foams 
   A model for micro-inertia in closed-cell foams has been developed using the framework described in the previous 
section. For the derivation of the dynamic stress, we have considered an initially spherical shell as a RVE of the foam, see 
Fig.1. Because foams have large porosity, we suppose that the thickness of the cell <= is smaller than its radius >= and that 
the mass of the material is distributed over the reference surface ?, of the shell. The motion of this surface is defined by 
the relation: 4% = '%$4$". With these assumptions, the following expression for the dynamic stress has been obtained: 
  #$%9:; =

 
! 0"""">=

#'$%$          (3) 



where 0"""" is the average initial mass density of the foam. It should be noticed that the dynamic stress is proportional to the 
second time derivative of the deformation gradient. This means that micro-inertia leads to macroscopic rate effects (even if 
the base material of the foam has a rate-insensitive behaviour). 

 
Fig. 1. Scheme of the Representative Volume Element (RVE) considered in the present approach. In the initial 

configuration, the RVE is a spherical shell of radius >= and thickness <=. 
 

APPLICATION TO SHOCK WAVE PROPAGATION  
 
   The present model has been applied to the propagation of shock waves in metal foams. We have considered the 
configuration adopted in [4]. A foam specimen with a relative density of 0.1 and a length of 3 cm impacts a rigid wall. 
Several impact velocities have been considered. In all cases, a shock wave is generated at the impact surface. 
   Figure 2 presents a comparison between the results of the proposed continuum model and those of the 3D 
micromechanical finite element simulations presented in [4]. The results of a continuum simulation in which micro-inertia is 
not taken into account are also portrayed. It appears that micro-inertia has a significant influence on the features of shock 
waves. First, micro-inertia induces a shock structure: the shock front has a finite thickness and a continuous evolution of the 
velocity is observed (Fig. 2-a). Micro-inertia also leads to a reduction of the shock celerity (Fig. 2-b). The results of the 
proposed modelling are in close agreement with those of the micromechanical finite element simulations. 
 

(a)  (b)  
Fig. 2. Illustration of the influence of micro-inertia on shock propagation. The impact of a foam specimen with a length of 

0.03 m against a rigid wall is considered. (a) Velocity distribution along the specimen at several times for an impact 
velocity of 250 m/s. (b) Time evolution of the shock front position for different impact velocities. The results obtained with 

and without micro-inertia are compared to the results of the micromechanical finite element simulations of Zheng et al. [4] 
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Summary Sound velocity and attenuation measurements in well-characterized liquid foams were performed over a wide frequency range
(1-600 kHz). The study was limited to the long wavelength case: even for the highest frequencies explored, the wavelength was larger than
the typical size of the micro-structure of the foams. Typical results are shown, for a foam with a liquid volume fraction of 10%. A strongly
dispersive behavior was found, with three regimes of propagation: at low frequencies, the effective velocity was 33m/s, as predicted by
Wood’s law; at high frequencies, the velocity was of the order of 220m/s; in the intermediate regime, velocity and attenuation varied
strongly with frequency, presenting the typical features of a low frequency resonance. A new model is proposed, based on the coupled
displacements of films, liquid channels and gas in the foam.

Solid foams and fibrous media have been extensively studied for their acoustical properties, in particular in the scope of
sound attenuation. Liquid foams, on the other hand, have received much less attention from acousticians and, as such, they still
exhibit unexplained acoustical properties. For instance, it has not been clear whether the high acoustic attenuation measured
in liquid foams was mainly due to viscous losses [1] or thermal losses [2]. Moreover, evidence of a low frequency resonance
had been reported, but the mechanism of this resonance was not identified [3, 4, 5]. The influence of the chemical composition
(e.g., the surfactant used to stabilized the foam) had not been investigated [6]. Here we focus on another open question: what
is the effective sound velocity in a liquid foam? According to Wood’s law, sound should propagate in a mixture of air and
water with a velocity given by the approximate formula: vW = 10 m.s−1/

!
Φ(1↗Φ) where Φ is the liquid volume fraction

(for 2% < Φ < 98%, this simple formula gives a good approximation of Wood’s law, within 3% of relative error, for a mixture
of water and air, assuming an isothermal behavior for the air). Some experiments had shown that Wood’s law was correct for
liquid foams [7, 8], but others had revealed significant deviations [9, 2].

To shed light on this question, we performed experiments with two main improvements compared to previous studies:

• We covered an extended range of frequencies (from 1 to �00 kHz). The low frequency regime was investigated by using
an impedance tube [10], while broadband air transducers were used to explore the ultrasonic regime [11].

• We worked with well-characterized foams, i.e. we controlled their chemical composition and liquid volume fraction
(Φ), and were able to precisely determine the bubble size distribution [12]. Lognormal distributions were found, with
average radii of the order of 20 to �0 µm, and a polydispersity index (normalized standard deviation) of about 0.�.

Figure 1: Measured sound velocity,
as a function of frequency, in liquid
foams with a liquid volume fraction
of Φ = 10%. Square: low frequency
results (impedance tube) for an av-
erage bubble radius of 22 µm and a
polydispersity index of 0.��. Cir-
cles: high frequency results (broad-
band air-transducers) for an average
bubble radius of �5 µm and a polydis-
persity index of 0.�2. Dashed line:
velocity predicted by Wood’s law for
Φ = 10% (33 m/s).
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Figure 1 shows a typical measurement we obtained for the sound velocity as a function of frequency, in a Φ = 10% foam.
Sound propagation is clearly dispersive, with a Wood’s velocity at low frequency, and a higher speed (≃ 220 m/s) at high
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frequencies. Dispersion is accompanied by a strong attenuation (not shown), which peaks at 120 kHz (i.e., the frequency at
which the increase of sound velocity is steeper in Fig. 1).

We propose a new model to explain our experimental findings [13]. It is based on the particular structure of liquid foams.
Foams can be viewed as an assembly of struts (or liquid channels, in the liquid case) connected together to form a network.
But contrary to solid foams, which can be either opened-cell or closed-cell, liquid foams are necessarily closed-cell. Indeed,
their mechanical stability depends on the existence of the thin films that maintain the tension through the liquid network.
These thin films that separate neighboring bubbles appear to be key ingredients to explain the acoustical properties of the
foam, because they strongly couple the air and the liquid network displacements. At low frequency, all the components (air,
films, struts) move together and Wood’s law is recovered. But, at higher frequency, only the air and the films move; the inertia
of the struts being too high to let them vibrate. As a consequence, the effective density of the foam is reduced, which explain
the high sound velocity observed experimentally. In the intermediate regime, the strong attenuation is explained by a low
frequency resonance of the strut-film system, which even gives rise to a regime of negative effective density [13].
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Summary In this paper, we show that a thermocapillary stress induces a surface flow which can be sufficient to counteract the bulk gravity
drainage, i.e. it is possible to stop, or even reverse, the drainage of a liquid foam. We report experiments using either a soluble (SDS) or
poorly soluble (DOH) surfactant in a model system, a 2D microfoam, in which the full geometry of the liquid phase is known, leading
a priori to accessible modeling. In the former case, surface rheology can be disregarded and a model considering mass conservation
allows recovering the experimental results. In the later case, the boundary condition includes Gibbs elasticity (non homogeneous surface
concentrtaton of surfactant) and both shear and dilational surface viscosities. In this case, investigating surfactant transport mechanisms
could not allow extracting a dominant contribution leading to the conclusion that all surface rheology properties have to be considered.

INTRODUCTION

The development of controlled discrete materials (containing packed gas inclusions) covers a large variety of applications
such as scaffolds for tissue engineering [1], enhanced oil recovery [2], optics [3] and phononic crystals [4] to cite a few.
Controlling gravity drainage leading to non homogeneous gas inclusions is thus an issue to develop controlled materials.
Foam drainage models have been steadily refined since the pioneering work of Leonard and Lemlich [7], either considering
surface shear viscosity or Gibbs elasticity without leading to a general consensus on a dominant mechanism [5]. In this work,
we propose to investigate surface viscoselasticity in a model system which is a 2D microfoam. The advantages are manifold:
at microscales, there is no film between adjacent bubbles, the liquid fraction is constant for a cavity smaller than the capillary
length, and together with a monolayer of bubbles, allows extracting the 3D liquid fraction of the foam. This configuration may
thus appear as a building block experiment for modeling. We first present drainage experiments using a soluble surfactant,
SDS, which will be considered as a reference experiment. We show that for a soluble surfactant it is possible to predict the
drainage dynamics using mass conservation arguments, while the addition of a small amount of non soluble surfactant, DOH,
sufficiently complexifies the boundary condition at the interface to prevent from simple modeling.

EXPERIMENTAL SETUP

The experimental setup is made of a Polydimethylsiloxane (PDMS) Hele-Shaw cell fabricated using soft lithography, of
dimensions L × w = 2000 × 1500 µm2 in the plane, and thickness e ∈ {19.3 ; 5�.2}µm, see inset of Fig.1.a. Optimized
resistors placed below the cell generate a linear temperature profile [6], leading to a constant thermocapillary stress throughout
the foam: dxγ = ∂xT ∂T γ. The foaming solution consists of SDS (Sigma-Aldrich, 16 mM - 2 cmc - at 25◦C) with DOH
(Fluka, the concentration will be precised throughout the paper) mixed with glycerol (5.68 wt%, Aldrich) in deionized water
(Millipore). In the following, the DOH bulk concentration will be noted either [DOH] in the graphs, or simply c in the
equations. The cavity can be placed either horizontally, undergoing both gravity drainage and the thermocapillary pumping,
or horizontally, undergoing solely the thermocapillary pumping. We quantify the drainage dynamics by following the time
evolution of the liquid fraction φ, by image processing [8]. The drainage dynamics is shown on Fig.1.b.c.d. At initial time the
bubbles do not touch Fig.1.b, as drainage is processed, bubbles come into contact Fig.1.c, then the contact point stretches to
extend as a contact line Fig.1.d. Drainage dynamics is quantified during the stages c and d.

SOLUBLE SURFACTANT

The liquid fraction as a function of time for a SDS solution is plotted on Fig.1.e. In these experiments, the cell is placed
vertically, the liquid flow results from the combination of a bulk flow driven by gravity and a surface flow driven by the
thermocapillary stress. Without any temperature gradient, the liquid drains towards the bottom of the cavity over a typical
time of 15 s. By switching on the temperature gradient at 3.1 K.mm−1, the liquid fraction is kept constant all along the
experiment, stopping gravity drainage is successfully achieved. While increasing the temperature gradient at 7 K.mm−1, the
liquid exits the cavity towards the top of the cavity, showing that it is even possible to counteract gravity drainage. A simple
model can be derived considering that the liquid flux exiting the cavity results from a thermocapillary flux and a gravity flux.
In this model, the boundary condition at the interface is reduced to η ∂vx∂n = ↗∂γ∂x . It is found that the liquid fraction evolves
exponentially, φ : φ0 �xp(↗t/td) where φ0 is the initial liquid fraction and td a typical drainage time, which is found to be
robust as compared to the experimental data (see Fig. 1.e).
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MODELLING THE CRUSHING BEHAVIOR OF A CERAMIC BRITTLE FOAM

Omar Kraiem ∗1, Nicolas Schmitt1, Amine Neffati2, and Han Zhao1,3

1LMT-Cachan UMR 8535, ENS Cachan, CNRS, Université Paris Saclay, Bâtiment Léonard de Vinci, 61 avenue
du Président Wilson, 94230 Cachan,
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3Sorbonne Universités, UPMC Univ Paris 06, UFR 919, 75005 Paris, France.,

Summary This paper presents some experimental results and numerical computations carried out to model the quasi-static crushing behavior
of an open-cell ceramic foam (OCCF). The aim was to identify a continuum model able to predict the mechanical response under complex
compression loading paths. Different multiaxial compression tests have been performed to characterize the 3D-response of the material,
which is slightly anisotropic, strongly non-linear and dependent on the compaction level. It has been shown that the Deshpande-Fleck (DF)
yield criterion which depends on both the mean stress and the von Mises effective stress fit the experimental data well. The original DF
model developed for foams has been modified by introducing a dependence of the plastic Poisson’s ratio with the plastic volumetric strain
to improve the prediction of the radial expansion. It has been implemented into the finite-element code LS-Dyna via an usermat subroutine.
Results of a simulation of a lab-scale shock absorber subjected to compression are in close agreement with the experimental results and
validate the model robustness.

INTRODUCTION
Open-cell ceramic foams (OCCF) constitute a new promising lightweight materials combining interesting physical and

thermo-mechanical properties [1]. In particular their ability to accommodate large deformation when it is confined makes
them good candidates for energy absorption engineering applications. When subjected to an impact, a confined foam part is
subjected to a multiaxial stress state, which is more complex than the uniaxial compression state. Consequently, there is a
need to characterize the behavior under multiaxial loadings to identify a mechanical model.

METHODS
To do that, an experimental campaign including multiaxial compression tests was conducted to reproduce the stresses

present during the crushing impact. In addition, SEM and X-ray tomographic observations were made. In this paper only
quasi-static loadings are described. The experimental results were obtained on cylindrical and cubical specimens of OCCF
(ρ = 280 g·cm−3). Uniaxial compression tests with and without lateral confinement on the cylindrical specimens were
performed with universal hydraulic testing machine (Instron). An ex-situ quasi-static compression test was also performed on
an cylinder. To investigate their failure mechanisms, 3D images of the progressive degradation of the sample are reconstructed
using X-ray micro-computed tomography analysis. The multiaxial loadings program consisted of three types of triaxial tests
such as hydrostatic compression, oedometric compression and proportional compression. These tests were conducted with
Canto’s compaction device [4] installed in the triaxial testing machine ASTREE. This machine comprises six independent
actuators paired up along the three perpendicular directions pushing the blocks to reduce the hole, each one sliding relative
to the others. During the triaxial tests, the imposed displacements on the cubical specimen in each direction were measured
by laser displacement sensors. Based on the experimental data a slightly modified Deshpande-Fleck model [2] has been
identified. The modification of the model has been implemented as a user-defined material model subroutine in the finite
element code LS-DYNA [3]. Then simulations by finite element method of crushing tests on a metallic confined OCCF part
have been carried out in order to validate this model.

RESULTS AND DISCUSSION
For the multiaxial characterization, under hydrostatic compression loading (ISOU), it was observed that the compressive

strength in the foaming direction is higher than that on the two other directions indicating an isotropic transverse behavior of
the ceramic foam. Common to most ductile foams, when lateral displacement was prevented by metallic confinement (OEDO
conditions), OCCF showed a typical compressive response with the three distinctive regions: at first a short elastic range
with a brittle failure, then a crushing plateau and finally a densification with an increase in stiffness and stress (Fig. 1(a)).
The confining pressure remained constant after the first damage of the specimen and then it increased as the volumetric
strain increase. This result indicates also that the foam displays a non-constant plastic Poisson’s ratio. The non-proportional
compaction tests (TRIAX) consisted to impose an axial displacement at a constant rate while keeping constant the lateral force.
For different confining pressures, this loading path permitted to show that the load-carrying capacity of the OCCF increases
significantly with the confining pressure. The analysis of the 3D macroscopic images and SEM micrographs has enabled
tracking the mechanisms of deformation during the test (Fig. 1(b)). The images have shown that the non linear deformation
of the OCCF are controlled by the appearance of crushing bands in the sample which resulted from the fragmentation of the
foam sample into parts becoming more and more smaller until they are transformed into powder at the end of the densification.
These observations were also confirmed by a 2D microscopic observation at small fine scale using SEM. In order to estimate
the failure surface of the ceramic foam in the different multiaxial loading conditions, the experimental data from all the tests

∗Corresponding author. Email: kraiem@lmt.ens-cachan.fr
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WHY LAGUERRE TESSELLATIONS ARE GOOD APPROXIMATIONS OF FOAMS

André E. Liebscher*1, Andrew M. Kraynik2, and Claudia Redenbach1

1Department of Mathematics, University of Kaiserslautern, Kaiserslautern, Germany
2Physics Department, University of Erlangen-Nuremberg, Erlangen, Germany

Summary Stochastic models are valuable tools to study the mechanical behaviour of low-density foams. Owing to a similar cellular
morphology, Laguerre tessellations have turned out to be the natural model for such foams. Laguerre tessellations are additively weighted
generalisations of Voronoi tessellations, where polyhedral cells are formed through interaction of spheres. However, the cell curvature of
foams allows only an approximation by Laguerre tessellations. This work studies the error in elasticity induced by the approximation based
on simulated random foams. For low polydispersities, Young’s modulus is overpredicted with an almost constant error of at most5 % by the
Laguerre approximations. With increasing polydispersity the prediction error increases following a cubic function.

INTRODUCTION

Low-density foams can be perceived as a subdivision of space into random (slightly curved) polyhedral cells whose edges
form an interconnected network. Its local structure obeys Plateau’s laws, that is, only three faces may intersect at a dihedral
angle of exactly 120°. In stochastic geometry a subdivision of space with this topology is known as normal tessellation. It can
be shown that any normal tessellation of the three-dimensional Euclidean space!3 is a Laguerre tessellation [1].

A Laguerre tessellation is an additively weighted generalisation of the well known Voronoi tessellation. The latter is
generated by a locally finite set ϕ = { x1 , x2 , . . . } ⊂ !3 by assigning to each point x ∈ ϕ the polyhedron C(x , ϕ) composed
of those points in space that have x as nearest neighbour in ϕ. To generalise this notion, we attach to the points of ϕ positive
weights. Each pair [x , r] ∈ ϕ can then be interpreted as a sphere with centre x and radius r, whose corresponding Laguerre
polyhedron is defined by

C
!
[x , r], ϕ

"
=
#

y ∈ !3 : | |y − x | |2 − r2 ≤ | |y − x′ | |2 − r′2 with [x′ , r′] ∈ ϕ
$
. (1)

If all radii are equal, we obtain the Voronoi polyhedron as special case.
Random Laguerre tessellations appear to be the natural model for low-density foams as both share the same topology and

a similar random cellular morphology. However, the cell curvature of foams allows only an approximate representation by
Laguerre tessellations. To answer the question how good such an approximation can be, we follow the approach in [2]. Its main
idea is to find a set of spheres ϕ whose Laguerre tessellation best fits the cell system (and thus the edge system) of the foam by
minimising the discrepancy between the individual cells of the foam and the Laguerre tessellation. We call such a tessellation
Laguerre approximation.

The results in [2] show that the cellular morphology as well as the local topology are reproduced quite well by Laguerre
approximations. In this work, we focus on the error in elasticity induced by the approximation based on simulated random
foams. The foams were produced with the Surface Evolver [3] by minimising the surface area of Laguerre polyhedra generated
from dense polydisperse sphere packings. We then computed the Laguerre approximations of the foams, calculated Young’s
moduli of the resulting tessellations by finite element analysis, and compared them to the moduli of the foams. The result of
this comparison is shown in Figure 1.

ELASTICITY OF APPROXIMATED OPEN CELL FOAMS

For our study we used 8 foams with 1728 and 51 foams with 2197 cells. Their polydispersities ranged from 0 to 0.6,
whereas values up to 0.3 are commonly found in real foams. The polydispersity p is defined as the quotient of the standard
deviation σr and the mean r̄ of the equivalent sphere radius r , i. e. p = σr/r̄ , where r is determined from the volume V = 4⁄3 πr3

for each cell of the foam. Note that p equals zero only for monodisperse foams.
The foams were approximated using the method presented in [2]. This method provides an exact reconstruction of a

tessellation if it is known to be a Laguerre tessellation. However, as foams cells (especially in foams with high polydispersity)
have curved surfaces, an exact representation by Laguerre polyhedra is impossible. To measure the goodness-of-fit of the
approximation, we compare the individual foam cells with their approximations and count the number of extra or missing cell
neighbours. We denote this quantity asFdiff.

The lower part of Figure 1 shows the mean goodness-of-fit of the Laguerre approximations, grouped into eight classes with
respect to polydispersity. Between a polydispersity of 0 and 0.45 the approximation error stays below 5 % with a minimum
of about 1 % around p ≈ 0.2. For polydispersities above 0.45 the error increases to about 14 % at p ≈ 0.6. This result is
not surprising as Plateau’s laws have great influence on the morphology of foams, whose cells necessarily need curvature to
maintain their local topology.

*Corresponding author. Email: liebscher@mathematik.uni-kl.de
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Figure 1: Increase in Young’s modulus Ediff when approximating foams by Laguerre tessellations with respect to polydispersity p.
Fdiff is the mean error in local topology between a foam and its approximation, that is, the number of extra or missing cell neighbours.

To study the influence of the approximation error on elasticity, we determined the difference Ediff of Young’s modulus for
each foam and its corresponding Laguerre approximation. In both cases, Young’s modulus was computed by connecting the
vertices with straight beam elements of uniform Plateau-border cross section. The Young’s moduli of the foams were always
softer than then the ones of the Laguerre approximations. This effect is caused by the definition of faces in Laguerre polyhedra,
where vertices must lay in a common plane. Owing to cell curvature this restriction does not hold for foams.

Ediff is depicted in the upper part of Figure 1. Up to a polydispersity of about 0.25, the error induced in Young’s moduli by
the Laguerre approximations is relatively insensitive with respect to polydispersity. Within this range it is almost constant and
smaller than 5 %. The error then rapidly increases to about 17 % with increasing polydispersity. This relation is well described
by a cubic function of the polydispersity p, more precisely

f (p) = 60.69p3 + 4.25 . (2)

The coefficients of Equation (2) were determined by regression analysis using weighted least squares.

CONCLUSIONS

It was shown in [2] that the cellular morphology of foams is reproduced quite well by Laguerre approximations. For
polydispersities below 0.45, the lower part of Figure 1 illustrates that even the local topology of the approximations is in
astonishing agreement with the simulated foams. Within this range we observed at most 5 % incorrectly assigned cell neighbours
in the complete structure. Hence, we may conclude that from a geometric point of view Laguerre tessellations are good
approximations for low- to mid-polydisperse low-density foams.

In the presented study we additionally considered the mechanical response of open cell foams. For low-polydisperse foams
with 0 ≤ p < 0.25, we found the elastic behaviour of the Laguerre approximations in very good agreement with the one of the

simulated foams. The Young’s moduli of the approximations were at most 5 % stiffer than the ones of the simulated foams.
For mid-polydisperse foams with 0 .25 ≤ p < 0.5, the error in Young’s modulus increases to 12 % following a cubic function,
despite the good geometric approximation. This result is not surprising as with increasing polydispersity the influence of cell
curvature on the elastic behaviour becomes predominant.

In practice, however, foams barely exceed a polydispersity of 0.3. Laguerre tessellations are then able provide realistic
models for low-density (open cell) foams. Even for higher densities Laguerre tessellations provide reasonable models for the
mechanical behaviour of foams [4]. Moreover, the approach presented in this work can be applied to establish bounds for
certain mechanical properties of foams as the isotropic Plateau polyhedra theory does for geometric ones [5]. An according
study is subject of ongoing research.
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IMBIBITION OF DRY AQUEOUS FOAMS BY OIL
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Summary When put in contact with a liquid, dry foams may wick owing to surface-tension-driven flows until reaching equilibrium. This
work is devoted to the dynamics of this imbibition process. We consider imbibition of non-wetting liquid, by putting the dry foam into
contact with organic oils. Indeed, with the appropriate choice of surfactants, oil spontaneously invades the liquid network of the foam
without damaging it. We consider two geometries for the oil: a large oil slick and a filled oil pore. Our experiments show original dynamics
for the imbibition which are discussed using the framework of foam drainage.

INTRODUCTION

Dry liquid foams are biphasic systems constituted of a dense assembly of bubbles. These bubbles are separated by liquid
foaming solution, distributed between the thin films, the slender liquid-filled channels, called Plateau borders, and the nodes
[1, 2]. The flow of foaming solution throughout the different elements of foam, commonly referred to as foam drainage,
has been investigated in various geometries. For example, when a dry liquid foam is put into contact at its bottom with its
constitutive foaming solution, the liquid spontaneously rises within the liquid network following a t1/2 law as experimentally
observed in microgravity conditions [3, 4, 5]. On Earth (as opposed to microgravity conditions), theoretical predictions
concerning semi-infinite foams with an initial liquid fraction equal to zero report that the capillary rise continues indefinitely
despite gravity, following a t1/3 law [6] that recalls capillary rise observed in corners [7, 8]. Dry aqueous foams can therefore
be seen as soft liquid porous media in which imbibition processes can occur. This spongelike feature is of obvious practical
importance in cleaning industries or Enhance Oil Recovery providing that the remarkable imbibition ability of foam holds for
the liquid of interest.

EXPERIMENTS

We therefore consider the interaction of an aqueous foam with an immiscible oil. We first highlight the conditions under
which the oil is not a defoaming agent. It appears that using oil and surfactant that ensures negative value of the Entry (E)
and Spreading (S) coefficient, is a sufficient condition [9]. Those coefficient, derived from thermodynamics considerations
are given by: E = γwa + γwo ↗γoa and S = γwa ↗γwo ↗γoa, where γwa,γwo and γoa are the interfacial tension of the
water/air, water/oil and oil/air interfaces.

Then, we experimentally consider the foam ability to pump oil when trapped in different geometries corresponding to
common configurations in geological media such as a reservoir and a soil pore as depicted in figure 1. We generate the foam
into a rectangular column with a removable upper part. Thus, we can extract at the top of the column a foam sample for which

Figure 1: Geometries considered in this work. The dry foam is connected to a horizontal oil slick (left) or to a single pore
(right)

∗Corresponding author. Email: elise.lorenceau@ifsttar.fr



Figure 2: Imbibition of a fluorescent oil drop sitting on a flat surface by a dark aqueous foam placed above (see Figure 1 left).
The oil drop is initially 2cm large and the time interval between the images is 5 s.

the liquid fraction can be measured. The foam sample is put into contact with the oil in situations depicted in Figure 1. Given
that the contrast of optical indexes between the foam and the liquid is small or null, we add a small quantity of fluorescent
dyes to the liquid. Those fluorescent markers, which are trapped in the liquid, provide a means of visualizing the swollen part
of the foam. With this set-up and under illumination with excitation at 488 nm, the oil is luminous while the aqueous foam -
only constituted of air and foaming solution - is not visible. Then, we use the fluorescence intensity to extract the dynamics
of the imbibition front as can be seen in Figure 2.

DISCUSSION

We describe our experimental results using the non-linear foam drainage equation: Dynamics is driven by the capillary
pressure and resisted by the viscous and gravity forces in the liquid microchannels. Assuming a constant pressure in the
imbibing liquid reservoir, we show that the imbibition front advances and flattens out in time due to gravity, the effect of
which is quantified by introducing the Bond number B, which compares the gravitational and capillary pressures using the
mean bubble radius as a characteristic length. Theory, numerics and experiments are in good agreement [10, 11].

From our results, we also identify different criteria to predict which imbibing oil-foam couple makes imbibition possible.
First, the capillary depression in the foam must overcome the oil depression to set the oil into motion. This condition is
fulfilled in the limit of dry foam and small bubbles. Then, the entry and spreading coefficient must be negative and the ratio
between the oil-water must be smaller than a critical value.

Last, we discuss the long term evolution of these oil-laden foams under classical ageing processes such as coalescence and
topological rearrangements [12].
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BRITTLE FRACTURE OF HIERARCHICAL SELF-SIMILAR HONEYCOMBS 
 

Michael Ryvkina & Raz Shraga 
School of Mechanical Engineering, Tel Aviv University, Israel 

 
Summary Brittle fracture of hierarchical self-similar honeycombs caused by propagation of a semi-infinite crack is considered.  The stress 
state is obtained by the novel multiscale analysis method allowing to address only one repetitive cell. The critical stress criterion for the fracture 
toughness analysis is adopted. A parametric study is carried out and optimal crack arresting parameters for hierarchical layout are determined. 
 

FRACTURE TOUGHNESS EVALUATION 
 
   The tunable overall mechanical properties of hierarchical honeycombs received recently a considerable attention in the 
literature (e.g., [1]), but their fracture behaviour yet was not investigated and this issue is the subject of the present paper. Two-
dimensional isotropic self-similar hierarchical honeycombs with hexagonal based layout are considered. The periodic patterns 
corresponding to the different hierarchy orders are depicted in Fig.1. Brittle fracture caused by a macrorack which is formed by 
broken ligaments is examined, honeycombs are modelled as beam lattices and it is assumed that the crack propagates when the 
maximal tensile stress in a beam reaches the rupture stress of the parent material fsV . Thus, the fracture toughness in terms of 

fsV  can be determined by the analysis of the self-similar crack tip field. This field corresponding to a semi-infinite crack 
can be obtained by considering of a sufficiently large portion of honeycomb with an embedded crack, however, for 
hierarchical microstructure this problem may be rather computationally expensive due to a large number of degrees of 
freedom. In order to overcome this difficulty a novel multiscale analysis method based on the discrete Fourier transform is 
employed.  
    A rectangular domain 1 2H Hu  surrounding the crack tip which includes a large number N of rectangular repetitive 

1 2h hu  cells  is considered, 1 24N M M  where / (2 ), 1,2i i iM H h i  . The cells are identified by the vector 

index 1 2{ , }k k k , 1, 1,.., 1i i ik M M M � � � � . The stress state in each cell is completely defined by the vector of 

its nodal displacements 1 2{ , ,.., } ,n k ku u u u  each node possesses one rotational and two translational degrees of 
freedom. 
 

 
Fig.1. Representative cells for the self-similar hierarchical honeycombs of 0th, 1st and 2nd orders. 

 
   The governing equations for the considered problem include the equilibrium equations for each cell, the continuity 
conditions at the neighbouring cell interfaces and zero traction conditions at the crack faces. The external loading is defined 
by the conditions at the rectangular domain boundaries which are determined from the K-field solution for homogeneous 
elastic material possessing effective elastic properties of the honeycomb. Similar to [2], these conditions are formulated in 
the form of jumps in both displacements and traction components between the opposite sides of the rectangle. The above 
formulation allowed to reduce the problem for the periodic domain consisting of many cells to the problem for a single 
representative cell by application of the discrete Fourier transform. The unknowns in this problem are the complex valued  
Fourier transforms of the cell displacements 1 2* *( , ), / , , 1,.., 1;r r r r r r rq M q M M MM M M S   � � � �u u  

1, 2.r   After solving of the representative cell problem 1 24M M  times for each combination of the parameters 1 2,q q  
the inverse transform is applied and nodal displacements in all cells of the considered domain are determined. The analysis 



of the stress state in the beam elements in the crack tip vicinity shows where the maximal tensile stress tipV is developed 

which allows to determine the fracture toughness 

fs
IC

tip
K KV

V
  

where K is an amplitude of the K-field used for the formulation of boundary condition at the remote boundaries. 
 

THE HIERARCHY EFFECT 
 
   The influence of the hierarchy on the fracture behaviour is illustrated by a comparison of the Mode I fracture toughness 
values (0)ICK and ( ),ICK J  for 0th and 1st order layouts, respectively. The dependence of their ratio upon the hierarchy 

parameter 1 0/L LJ   is presented in Fig.2. The case of fixed relative density U  0.115 and constant elements thickness 

for each hierarchical order is considered, consequently, 1 0t t� , i.e., for the 1st order hierarchy layout the thickness is lower  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.2. Fracture toughness for the 1st order hierarchical honeycombs for layouts with fixed density and different length      
ratios of the elements. The inset shows the near-tip region of deformed honeycomb for a specific length ratio. 

 
than for the 0th order case. It appeared, however, that for the optimal length ratio J  0.35 the value of the fracture 
toughness not only does not decrease but somewhat increases. Note, that the same optimal ratio was reported in the study of 
elastic modulus of hierarchical honeycombs[1]. The existence of the above optimal value can be explained by the influence 
of the hierarchy on the bending dominated behaviour of the considered honeycombs. The parametric study for the 2nd order 
hierarchy has shown that further increase of the toughness up to 9% with respect to the 0 order case is possible for the 
specific combination of length parameters 0 1,L L and 2L . 
 

CONCLUSIONS 
 
  The fracture toughness of hexagonal honeycomb of fixed relative density decreases with decreasing cell size being 

inversely proportional to the square root of the length scale 01/ICK Lv . However, if instead of simple scaling with 
decreased cells size one employs more sophisticated hierarchical layouts, it is possible not only to avoid toughness decrease 
but even to increase it for optimal values of geometric parameters. These values are found to be close to that which 
maximise the effective elastic modulus of hierarchical honeycombs.   
 
References 
[1] Ajdari, A., Jahromi, B.H., Papadopoulos, J., Nayeb-Hashemi, H., Vaziri, A. Hierarchical honeycombs with tailorable properties.: International Journal of 

Solids and Structures, 49, 1413-1419, 2012. 
[2] Ryvkin, M. and .Hadar, O..: Employing of the discrete Fourier transform for evaluation of crack-tip field in periodic materials. International Journal of 

Engineering Science, 86, 10-19, 2015 .   
 

1 0Length ratio /L LJ  

the crack 



�

"��
���������������������������������������	����� ��������������#������������������������

�
� ����#

" # $

! "�#

���"44*$&�3".%7*$)�3425$452&�*3�"�#52(&/.*.(�-5,4*'5.$4*/.",�-"4&2*",�3*.$&�*4�*3�,*()47&*()4��%&3*(."#,&��&4$���4�",3/�)"3�

4)&�0/4&.4*",*4*&3�*.�3/5.%�*.35,"4*/.��7)*$)�*3�6*4",�'/2�4)&�3"'&49�".%�34"#*,*49�/'�3&26*$&��'/2�*43�)*()�0/2/3*49���.�4)&�0"0&2��3/5.%�

42".3-*33*/.�$)"2"$4&2*34*$3�/'�092"-*%",�42533�$/2&�3".%7*$)�0".&,�"2&�*.6&34*("4&%���)&�3425$452&�$/.3*343�/'�47/�'"$&�3)&&43�

".%�"�$/2&�$/-0/3&%�/'�42533&3�".%�3/5.%�"#3/2#*.(�-"4&2*",�'*,,*.(�*.�4)&�30"$&���)&�3425$452&�*3�3522/5.%&%�#9�"$/534*$�',5*%�

".%�".�*.$*%&.4�7"6&�*3�*-0/3&%�/.�4)&�0".&,���,5*% 3425$452&�$/50,*.(�*3�$/.3*%&2&%���)&�"$$52"4&�0&2*/%*$�-/%&,�7*4)�

092"-*%",�42533�$/2&3�2&0&"4*.(�*.�47/�%*-&.3*/.3�*3�&34"#,*3)&%�".%�".",93&%���3*.(�4)&�.5-&2*$",�$",$5,"4*/.��4)&�3/5.%�

42".3-*33*/.�$)"2"$4&2*34*$3�/'�3425$452&�*3�345%*&%���*.",,9��4)&�&''&$43�/'�0"2"-&4&23�/'�3425$452&�".%�*.$*%&.4�7"6&�"2&�%*3$533&%�

'/2�4)/2/5()�5.%&234".%*.(�".%�3934&-�%&3*(.�

�

�".%7*$)�3425$452&�$/--/.,9�$/.3*34*.(�/'�47/�4)*.�#54�34*''�3+*.�,"9&23�3&0"2"4&%�#9�4)&�,*()47&*()4�$/2&�-"4&2*",�)"3�#2/"%�

"00,*$"4*/.�02/30&$43�*.�4)&�'*&,%3�/'�"6*"4*/.��3)*00*.(�".%�42".30/24"4*/.�"3�"�./6&,�+*.%�/'�-5,4*'5.$4*/.",�,*()47&*()4�3425$452&��

�4�)"3�350&2*/2�02/0&24*&3�/'�,/7�%&.3*49��)*()�342&.(4)��)*()�-/%5,53�".%�0/4&.4*",�"00,*$"4*/.�*.�)&"4�42".3'&2��*-0"$4�2&3*34".$&��

&.&2(9�"#3/2#*.(��&4$���*#2"4*/.�".%�"$/534*$�02/0&24*&3�"2&�",3/�6&29�*-0/24".4�'/2�4)&�3&26*$&�34"#*,*49�".%�3"'&49�7)*$)�"442"$4�

7*%&�"44&.4*/.���/,%3 	!�345%*&%�4)&�42".3-*33*/.�".%�2&',&$4*/.�/'�7"6&3�*.�,"9&2&%�-&%*"�#9�&,"34*$*49�4)&/29���*.$&�4)&.��-".9�

"54)/23�2&3&"2$)&%�4)&�02/#,&-�/'�,"44*$&�3425$452&�#9�/#4"*.*.(�4)&�&15*6",&.4�-/%&,�53*.(�)/-/(&.*:"4*/.�4)&/29���/7&6&2��

7)&.�4)&�7"6&,&.(4)�*3�4)&�/.�3"-&�/2%&2�"3�4)&�*.4&26",3�*.�4)&�$/2&��*4�*3�35*4"#,&�4/�2&("2%�4)&�3425$452&�"3�"�30"4*",,9�0&2*/%*$�

3425$452&�7*4)�4)&�$/..&$4*/.�/'�42533&3�2"4)&2�4)".�"�-5,4*,"9&2�/24)/42/0*$�0,"4&���&"%� 
!�&80".%&%�4)&�3425$452",�2&30/.3&�/'�

4)&�0&2*/%*$�3425$452&�*.4/�"�3&2*&3�/'�30"$&�)"2-/.*$3�4/�*.6&34*("4&�3425$452",�2&30/.3&3�/'�0&2*/%*$",,9�34*''&.&%�#&"-3���&&� �!�

345%*&%�4)&�7"6&�02/0"("4*/.�/'�0&2*/%*$",,9�2*#�34*''&.&%�0,"4&3�#"3&%�/.�4)&�'/2-&2�7/2+���524)&2���".( �!".%��*. !�

*.6&34*("4&%�4)&�0&2*/%*$�0"24*4*/.*.(�".%�2*#�34*''&.&%�3".%7*$)�3425$452&�2&30&$4*6&,9���)&�345%*&3�"#/6&�"2&�/5434".%*.(�#54�

'/$53&%�/.�4)&�&15*6",&.4�-/%&,�/2�3*-0,*'*&%�/.&�7*4)�/.&�%*-&.3*/.",,9�2&0&"4*.(�$&,,�".%�".�"$$52"4&�-/%&,�4/�$)"2"$4&2*:&�

4)&�3/5.%�42".3-*33*/.�*3�%&3*2"#,&���/�"%%2&33�4)&�"'/2&-&.4*/.&%�%&'*$*&.$*&3��7&�&34"#,*3)�4)&�$/-0,&4&�-/%&,�".%�"*-�4/�'*,,�

4)&�("0�/'�3/5.%�42".3-*33*/.�/'�47/�%*-&.3*/.",,9�0&2*/%*$�,"44*$&�7*4)�092"-*%",�42533�$/2&3���,,�0/33*#,&�-/4*/.3�/'�'"$&�

3)&&4�".%�42533&3�"2&�4"+&.�*.4/�"$$/5.4���)&�3/5.%�42".3-*33*/.�,/33�*3�.5-&2*$",,9�$",$5,"4&%�4/�%&-/.342"4&�4)&�02/0&24*&3�/'�

4)&�3425$452&���/2&/6&2��*.6&34*("4*/.3�"2&�$/.%5$4&%�4/�2&3&"2$)�4)&�*.',5&.$&�/'�0"2"-&4&23�/'�4)&�7"6&��-"4&2*",��(&/-&429�".%�

,"9/54�/'�42533�/.�3/5.%�*.35,"4*/.��7)*$)�"2&�)&,0'5,�'/2�4)&�02"$4*$",�%&3*(.�/'�4)&�3425$452&�7*4)�"$/534*$�2&15*2&-&.43��

�

�

�.�4)&�0"0&2��4)&�*.'*.*4&�47/�%*-&.3*/.",�3".%7*$)�3425$452&�7*4)�092"-*%",�42533�$/2&3�*3�*.6&34*("4&%��"3�3)/7.�*.��*(52&�	��

��".%� �%*2&$4*/.3�"2&�",/.&�4)&�0".&,�".%� �%*2&$4*/.�*3�0&20&.%*$5,"2�4/�*4���)&�3425$452&�*3�3522/5.%&%�#9�"$/534*$�',5*%�� �

�

� �
�*(52&�	���"44*$&�3425$452&�7*4)�092"-*%",�42533�$/2&3��"#3/2#*.(�-"4&2*",�*.�$/2&�*3�./4�3)/7.��

�

�)&�%*30,"$&-&.43� � ��/'�4)&�'"$&�0".&,�"4�$/22&30/.%*.(�0/*.43�*.�%*''&2&.4�0&2*/%*$�&,&-&.43�3)/5,%�)"6&�4)&�2&,"4*/.3)*0�

/'�42".3'&2�$/.34".4�

�

�

�������������

�


 ���	��������������
����� �����

�� ���)&�7"6&.5-#&2�".%�,&.(4)�/'�$&,,� �3)/5,%�3"4*3'9� ���)&.��4)&�-/4*/.�/'�0".&,�*3�&802&33&%�"3� �
 ������

� � � �
 � 

� � 	�
�

" � #� � � � 
�" � � � 
�# � !����

� � �

� � �

! � � � � � �
�� � � �� �

�

��� 
 � �� � � � ��� � �� � 

�������

�

� � �

"�

	�	

��/22&30/.%*.(�"54)/2���-"*,� -",*�)*4�&%5�$.�

�

�)&�30"$&�*3�30,*4�*.4/�4)2&&�0"243��*.$*%&.4�'*&,%��*.$*%&.4�".%�2&',&$4�7"6&3���'*&,%�*.�4)&�$/2&��".%�2"%*"4&%�'*&,%���"6&3�*.�&"$)�

2//-�$".�#&�&802&33&%�#9�6&,/$*49�0/4&.4*",�'5.$4*/.�

�

�

�

*

������������
	�
���5(534�
�	����/.42&",���"."%"� �

�"3�4)&�3"-&�0"44&2.�/'� � ����,5*%�3425$452&�$/50,*.(�*3�$/.3*%&2&%�#9�

*-0/3*.(�6&,/$*49� $/.4*.5*49� $/.%*4*/.� "4� ',5*% 0".&,� *.4&2'"$&3���/-#*.*.(�7*4)� 4)&�7"6&� &15"4*/.� *.� 4)&� "$/534*$� ',5*%� ".%�

"#3/2#*.(�-"4&2*",��4)&�2&,"4*/.3)*03�#&47&&.�"-0,*45%&3�/'�4)&�-/4*/.�".%�0"2"-&4&23�*.�7"6&�0/4&.4*",�'5.$4*/.�"2&�&34"#,*3)&%��

�����������
�����������������
���������������	� �����������
���	�

�� ����������

! "�#

�
�/.(��&*��".(����*��"



   The forces and moments exerted by the trusses and wave pressures are applied on the panel. The truss is regard as Euler-
Bernoulli beam and the stiffness of force Kz and moments Krx, Kry caused by compression and bend are obtained easily. Then the 
governing equations for panels vibration are given by  
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The principle of virtual work and the modal orthogonality are used in one cell to gain the motion wi and the modal amplitudes of 
waves. Then the sound transmission loss (STL) could be work out by numerical calculation. 
 

RESULTS 
 
   The convergence was check out and the result was truncated in limited terms. Also, the theoretical results were compared 
with those of FEM simulation. The STL curves show the trend, properties of sound insulation and different kinds of resonance. 
The incident wave and the effects of parameters are discussed for thorough understanding and system design, such as the 
material, size and layout. The curves arise with the enlargement of the oblique angle ș (confirmed ĳ=45Û), as shown in Figure 2. 
Vertical incident meets the best sound isolation in brief. While the azimuth angle ĳ exerts little influence on the result. Curves 
coincide in the front half and seem like small oblique translation in some degree in latter half. On the other hand, the increase of 
modulus of elasticity of truss causes the promotion of the previous resonance frequencies but less effect in high frequency range. 
But enhancing modulus of elasticity of panel could increase the transmission loss as a whole. The area and shape of cross-section 
of truss have little impact overall and altering the support angle influences the result which has the similar trend in affecting 
equivalent density. The parameters of panels and layout of truss are the most important to watch in system design. 
 

 
Figure 2. STL curves with respect to varies elevation angle ș of incident wave at confirmed azimuth angle ĳ=45Ĭ. 

 
CONCLUSION 

 
   The accurate two dimensionally periodic model of composite lattice structure with pyramidal truss cores and fillers was 
established and validated. The dynamic equations were derived using the space harmonic approach and the virtual energy 
principle. The sound transmission was studied with the surrounding acoustic fluids and wave pressures. The results were 
received by numerical computation. The characteristics and properties about sound insulation were analysed. The lattice 
structure is designable and potential in sound insulation. Some parameters were studied for further comprehension which is 
useful for system design. 
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Figure 2: Elastic properties of TPMS-foams: (a) uniaxial modulus, (b) shear modulus, (c) bulk modulus. 

 

 
Figure 3: Thermal/electrical conductivity of TPMS-foams.  

   
Figure 4: Anisotropy of TPMS-foams. Universal anisotropy index for (a) elasticity (b) conductivity   

 
CONCLUSIONS 

 
   In this paper, six types of TPMS are used to create novel cellular materials in order to study their elastic properties, conductivity, 
and anisotropy based on a finite element method. It is shown that the elastic moduli and the conductivity of these cellular materials 
is dependent on their internal structure (architecture). Due to the high continuity and connectivity of TPMS, it is expected that the 
performance of TPMS-foams to be superior as compared to other stochastic and lattice based cellular materials. 
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Summary This paper presents a time domain method to determine viscoelastic properties of open-cell foams on a wide frequency range. This 
method is based on the adjustment of the stress-time relationship, obtained from relaxation tests on polymeric foams samples under static 
compression, with the four fractional derivatives Zener model. The experimental relaxation function, well described by the Mittag-Leffler 
function, allows to predict straightforward the frequency-dependence of complex modulus of polyurethane foams. A curve was reconstructed 
on the reduced frequency range (0.1Hz – 1 MHz) using the time-temperature superposition principle. Very good agreement was obtained 
between experimental complex moduli values and the fractional Zener model predictions. The proposed time domain method may constitute an 
improved alternative to resonant and non-resonant techniques often used for dynamic characterization of polymers for the determination of 
viscoelastic moduli on a broad frequency range.  
 

INTRODUCTION 
 
   To characterize the mechanical behavior of viscoelastic materials, experiments can be carried out either in frequency or 
in time domains. In the linear regime, the two results are connected to each other. For example, the relaxation or retardation 
time function is extracted from experimental curves of complex moduli versus frequency./1/ To avoid the long and 
sometimes difficult series of measurements at several temperatures/2/ or in a wide frequency range in vacuum, /3/ this paper is 
focused on the experimental determination of the relaxation function R(t) and the computation of the complex modulus in 
frequency domain through a single relaxation test. The originality of the present method lies with the fitting of the 
relaxation function R(t) and the resolution of the stress–strain relationship in time domain. In addition, it has been shown 
that the use of Mittag-Leffler function, more appropriate for the fitting process, allows to predict straightforward the 
frequency-dependence of complex modulus.  
   The analysis of the fractional Zener model (FZM) in frequency domain/4/ highlights its mathematical and physical 
background and its ability to describe the viscoelastic behavior of materials in a wide frequency range. Thus, the frequency 
dependence of the viscoelastic moduli were calculated on a very broad range of frequency and compared to experimental 
value obtained by time temperature superposition (TTS) method from isotherm dynamic measurements on a narrow 
frequency and temperature domains.  
 

FZM IN TIME AND FREQUENCY DOMAIN 
 
   The αth order fractional derivative of the function )t(ε  is defined with the gamma function as 
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= , where τ is an integral variable./5/  

For the special case of FZM, the stress-strain relation is written as ,                                

and .in time and frequency domain respectively/6/. The complex modulus is 

defined as "jG'G)(ˆ/)(ˆ)(G* +=ωεωσ=ω . 

EXPERIMENTS AND RESULTS 

   The polyurethane (PU) foam, kindly provided by Tramico Company, is considered for relaxation tests in time domain 
and for dynamic measurements in frequency domain. The foam samples were cylinders of 20 mm of radius, and 40 mm or 
20 mm length for the relaxation experiments or dynamic measurements respectively. In relaxation tests, a constant strain 
was applied to the foam sample in the linear regime. The chosen relaxation duration was determined by some tests in the 
time range (1min - 8 hours); the relaxation function obtained in just 10 min and the FZM are able to predict the measured 
stress at long time as shown by Fig. 1; the insert is a zoom of the ten first minutes. Following Mainardi/6/, the relaxation 
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function is )a/t(E)ma/b(m)t(R α
α −−+=  where )a/t(E α

α − is the classical Mittag-Leffler function. The relative error of 
the fitted curve is less than 2%. 
   In dynamic tests the frequency sweep was fixed between 0.16 and 16 Hz. and the strain at 0.1% is in the linear response 
of the foam. The temperatures of the experiment were fixed at 20, 10, 0, -10 and -20 °C. The TTS is used to compute the 
complex shear modulus at a reference temperature (20 °C) over a broader frequency range./7/ This method consists in 
translating horizontally and vertically the curves of G’ and G” versus frequency obtained on a reduced frequency range at 
different temperatures, in order to superimpose them at a given temperature.  
   The comparison between experimental measurements and the prediction of the viscoelastic moduli over a wide range of 
frequency using FZM is presented in Fig. 2. For the studied foam, the agreement is very good both on G’ and G” even 
though the prediction of the storage modulus is better than for the loss one.  
 

 
 
Fig; 1: Stress relaxation (experimental and FZM fitted curves).  Fig. 2: Storage and loss moduli comparison 

 
CONCLUSIONS 

 
   In this work, by adjusting the FZM on the stress relaxation experiments of acoustic foams, we were able to extract the four 
parameters of the model. It has been shown that the relaxation function obtained in just 10 min in a single static compression test 
was sufficient to calculate the complex modulus at any frequency. This model was analyzed and its mathematical and physical 
backgrounds have been outlined. To verify the applicability and the accuracy of the present procedure, the complex modulus was 
obtained on a wide frequency range using the TTS principle. The comparison between the experimental results and the predicted 
values of the FZM has shown a good agreement in a frequency range between 0.1 Hz and 106 Hz. The proposed method may be 
considered as an improved alternative to characterize the frequency dependence of polymeric foams especially at high 
frequencies and could be generalized for other materials. 
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Figure 1. Undeformed model structures with different cell geometries and increasing number of cells while the volume of 
solid material is fixed (left) and deformed structures subject to 50% stretch in the vertical direction, showing the non-
homogeneous Green-Lagrange vertical strains (right). For stacked and diamond cells, the ratio between the thickness and the 
length of the cell walls also remains unchanged, while for staggered and hexagonal cells, this ratio increases slightly. 
 

 
Figure 2. The non-linear elastic modulus (left) and non-linear Poisson¶s ratio (right) for the diamond cells of Mooney-Rivlin 
material with the different curves corresponding to structures with a different number of cells while the volume of elastic 
material is fixed.  
 

CONCLUSION 
 
Thanks to their monotonic behaviour, the non-linear elastic modulus and Poisson¶s ratio analysed here can be used as 
indicators for finding the optimum wall thickness or number of cells in similar structures. 
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USE OF STUDENT COMPETITIONS TO REINFORCE THE LEARNING EXPERIENCE IN 
FRESHMAN MECHANICS EDUCATION 

 
Michael D. Gilchrist 

Mechanical & Materials Engineering, University College Dublin, Belfield, Dublin 4, Ireland 
 

 
Summary The author has been teaching a compulsory introductory Engineering Mechanics course for the past decade. This is taken by all 
Bachelor of Engineering students at University College Dublin in their first university semester. The syllabus topics that students study in this 
module include vectors, Newton’s laws, equilibrium in two and three dimensions, friction and motion in rectilinear and curvilinear coordinate 
systems. This paper describes a variety of different, low-cost, team competitions that have been organised in past years for each cohort of 
approximately 300 students annually.  It is hoped that these examples of student competitions may be of interest to academics teaching similar 
mechanics modules elsewhere. 
 
 
INTRODUCTION 
 
   The understanding and application of Newton’s laws of motion is fundamentally important in all 
university level engineering programmes. A solid foundation in these concepts is needed to understand 
more complex subjects such as mechanics of materials, fluid mechanics, dynamic systems, machine 
design and control theory. In a university environment, it can be common to teach Newtonian 
mechanics through theoretical analyses and from a mathematical basis, ignoring many of the tangible 
everyday connections that students actually have with this subject. By introducing team-based 
competition assignments, where fundamental mechanics principles are experienced personally, a 
stronger mental connection can be made with theory, thereby reinforcing students’ understanding. 
   Students studying engineering mechanics at University College Dublin are required to participate in a 
competition assignment, working in small group sizes (4-5 per group). This competition assignment 
counts for 20% of the overall module. Other coursework constitutes two laboratory practicals, each 
counting for 5%. An end of semester written examination counts for the remaining 70%. This approach 
to teaching blends methods for concept-based learning [1,2] and problem-based learning [3-5]. This 
firstly promotes a student’s understanding of concepts in engineering science and then develops their 
ability to visualise real-world problems in terms of underlying fundamentals, and subsequently 
empowers them to quantitatively analyse and obtain solutions to physical problems. In the 21st 
Century, it remains an imperative that engineering students are provided with a foundation on which to 
build, and a place in which they can explore the physical manifestation of theoretical concepts [6]. 
 
 
TEAM ASSIGNMENTS 
 
   An open design problem with some given constraints is assigned to the class, and they are allowed to 
solve the problem by any means necessary as long as it complies with given guidelines. The class of 
300 students is randomly divided into groups of 5 students which compete against each other. The 
assignment is typically scheduled during weeks 7-9 of a 12-week semester and teams compete against 
each other at the end of this three-week period. Such group projects can be used to further enhance the 
involvement of the students with the theory learned in lectures, and to encourage their creativity, 
teamwork, and communication skills, which are very important for any working environment. A 
friendly competitive environment between the groups is created to further motivate the quality of the 
results and to encourage each student’s interest in the results from other groups. A mechanics problem 
can be analysed on many levels, depending on the knowledge of the person. A theoretical explanation, 
as detailed as the student’s knowledge allows, is required to establish the mental connection between 



theoretical analyses and everyday life. Students are also encouraged to research more advanced 
concepts personally, in order to enhance their understanding and analysis of the mechanical phenomena 
in these project.  Examples of these are summarized below; the corresponding talk will present a 
selection of videos from these assignments and will discuss student participation and pass rates.  
 
Fastest Egg Race: Design and construct a vehicle to transport a medium sized chicken’s egg 
(uncooked). The vehicle should travel down a ramp and stop as close as possible to the wall at the end 
of the track in the least amount of time without breaking the egg. 
 
Pasta Bridge: Design and build a freely supported bridge to span a 1 m width using only pasta and 
glue.  The mass of the bridge should not exceed 4 kg.  The design should seek to maximize the ratio of 
total weight carried to self-weight of the bridge. 
 
Paper Tower: Using only A4 sheets of paper, each team of students must build a structure that is at 
least 1 metre high. The finished tower cannot include any other materials (e.g., adhesive, sellotape, 
glue, etc.). On the date of the challenge, each team will have one hour to construct their tower. The 
tower will be required to support a mass of 1 kg at its top for a minimum of 10 seconds. The minimum 
weight ratio (weight of tower to weight of applied mass) will determine the best performing tower. 
 
Mini Curling: Design and build a mechanical device to launch a polished aluminium puck along a 
linoleum floor and stop as close to a finish line as possible. The puck will be approximately 20mm 
thick and 70mm in diameter, and will weigh between 150 and 250g.  Since the exact mass of the puck 
will be unknown until the day of the challenge, students are advised to calculate the sliding distance of 
a puck impacted by their device as a function of its mass in order to ensure best accuracy. 
 
Mini Basketball: Design and build a mechanical device to throw a tennis ball from variable throwing 
distances into a basket of 20 cm diameter and 80 cm above the ground. Teams should estimate the 
trajectory of the ball and calibrate their device to ensure accuracy as a function of throwing distance. 
 
 

CONCLUSIONS 
 

   The use of competition assignments that use real-world examples to emphasise mechanics concepts 
are shown to enhance participation rates and strengthen levels of engagement for freshman engineering 
students. There are no additional financial costs to including such activities in engineering mechanics 
modules, even for large student numbers. 
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MECHANICS FOR LIBERAL ARTS STUDENTS 
 

Yutaka Shimomura 
Department of Physics, Hiyoshi Campus, Keio University, Yokohama, Japan 

 

Summary From my quarter-century experience of educating liberal arts students of Keio University in Japan, who are generally 
not good at mathematics, I believe that mechanics is a very effective subject for them to learn scientific approaches through 
observations and experiments on mechanical phenomena: they develop a study skill of how to find a problem, form a hypothesis 
for the solution, validate it, and finally solve the problem.  This is because many phenomena in mechanics are comparatively 
simple but attractive, ubiquitous, easily observable, sometimes intuitively understandable and sometimes mysterious.  
 

INTRODUCTION 
 

I am a professor of physics in the faculty of law, Keio University [1], Japan, which was established in 1858 by 
Yukichi Fukuzawa, whose face is printed on a ten-thousand yen bill. The founder Fukuzawa was one of the pioneers of 
modern Japan, who noticed the importance of learning that is based on “jitsugaku”, or science.  It was the demonstrational 
feature of science that he thought important, as is compactly expressed in the Royal Society's motto 'Nullius in verba' [2].  
In fact, he incorporated physics in curriculum at early days of Keio as a basic preparatory subject for all students to learn 
before other subjects.  In 1886, as the first introductory book on science in Japan, he published “Kinmou Kyuuri Zukai” 
with many Japanese illustrations, which introduces phenomena explained by thermal, solid, fluid mechanics and geoscience. 

Succeeding the founder’s spirit of science, I have been teaching physics with experiments in Keio University for 25 
years to the liberal arts students who belong to the faculties of letters, economics, law, or business and commerce.  Most of 
them are not strong at mathematics, and some are even allergic to mathematical formulae, so that in my physics class I try to 
avoid using mathematics as much as possible and explain theories in physics with ordinary words.  

Since 2006, I also have been teaching to a small study group of three- or four-year level students belonging to the 
faculty of law, who physically research natural phenomena in the class.  Up to now, I have been taking up phenomena 
mainly in solid and fluid mechanics for this study class. 

Here, I review how my liberal arts students in both classes learnt scientific approaches through their experiments and 
observations of natural phenomena in mechanics to see whether mechanics is effective for their learning.   
 

PHYSICS CLASS 
 

In the physics class, I call into question 
the mechanics of swings in playgrounds, which 
are so familiar to them and simple amusing ride.  
I often ask students why they can pump their legs 
just by the repeat of flexing and extending 
motions, though the repeat does not seem to 
generate any mechanical energy.  Most liberal 
arts students can’t answer this question at once, 
and I let them think and discuss in a small group.  
Then, given some hints, they notice the timing of 
flexing and extending is important and start 
remembering how they actually move riding on a 
swing.  So, they try to draw a trajectory pattern 
of their navels on a swing, and finally find that 
they could give a positive energy to the swing by 
extending when the swing is in the lowest 

position and flexing when it is in the highest position because the extending motion should need the force against the 
centrifugal force in addition to the gravity and the flexing one would not be vertical, as shown in figure 1.  As the last topic 
in this class, I discuss about the possibility for going into a 360-degree roll of a swing, based on their finding.  In this class, 
students really enjoy thinking and discussing about the physical mechanism of a swing without any complex formula and 
learn the importance of observation and clearly answering the question.  
 

STUDY CLASS 
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In the study class, I have been teaching students for 10 years through observations and experiments on phenomena in 
solid and fluid mechanics, and so far, I have taken up the flip of a Japanese sword [3], the power-law behaviors of rolling 
disks [4], the precessions of a gyroscope [5], and the dancing sphere as the former, and the propulsion of water striders [6], 
the Pen Sue Xi’s water spray [7], and the polygonal boundaries formed in rotating fluids [8] as the latter.  I will talk about 
these studies as many as possible at my oral presentation in ICTAM2016, but here, I focus only on the topic the flip of a 
Japanese sword [3]. 

     It is known to some of 
kendo (Japanese art of fencing) 
masters that a Japanese sword 
stably laid on a horizontal table 
will rotate to take up the other 
stable position with the cutting 
side of the blade down when it 
is quasi-statically pulled to the 
side of the haft, being 
horizontally held by a 
supporting force acting on the 
edge of the haft, and the length 
of the part of blade in touch 
with the table is shortened to a 
certain length.  This simple 
phenomenon is an exchange of 

stable positions and there is a critical point on the blade, or the edge of the blade in touch with the table that gives rise to the 
exchange.  I introduced this curious but easily observable phenomenon to my students and questioned about the origin of 
the exchange: the sword’s elliptical cross section, or its warpage of the blade?  The students made a straight toy sword with 
an elliptical cross section and pulled it on a table in the classroom and find it does not show the exchange.  Then they cut 
and reform a wire in the shape of a circular arc and did the same experiment to find it does show the exchange.  So they 
concluded that the exchange of stable positions is caused by the warpage of the blade.  They further confirmed that 
theoretically-predicted positions of the critical points of various circular arcs agree well with the observed counterparts, as 
shown in figure 2.  With their conclusion, I also found that the critical point is the centre of percussion of the blade, which 
explains the empirically-based advantage of cutting things at the critical point with the Japanese sword. 
     This class was very successful in developing student’s study skill of how to find a problem, form a hypothesis for the 
solution, validate it, and finally solve the problem through the simple experiments, which are easily executed in a classroom with 
a few stationery products: a ruler, a protractor, a compass, and a wire. 
 

CONCLUSION 
 
Liberal arts students, who are generally not good at mathematics, can effectively learn scientific approaches through 

observations and experiments on natural phenomena in mechanics.  This is because mechanics can treat phenomena that are 
comparatively simple but attractive, ubiquitous, easily observable, sometimes intuitively understandable and sometimes 
mysterious. 
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TEACHING STRUCTURAL MECHANICS WITH MODELS 
 

Davide Bigoni1, Francesco Dal Corso1, Diego Misseroni,1 
1DICAM, University of Trento, Trento, Italy 

 
Summary Several models are presented to help teaching structural mechanics at all levels to engineering and physics students. The simpler 
models have been developed to explain the concepts of elastic beam, segmental arch, truss structure, elastic frame, and Euler buckling. More 
sophisticated models have been designed to introduce advanced concepts such as flutter instability under tangential follower load and 
configurational forces under bending and torsion. 
 

INTRODUCTION 
 
   In the last decade we have developed physical teaching models to improve the presentation and understanding of 
scientific results, especially to engineering and physics students (at undergraduate and graduate level), but also to all levels, 
ranging from untrained audiences to peers in the scientific community. 
   Digital technology has indisputable merits and is of crucial importance in teaching. However, it tends to reduce physical 
intuition in students generally and for students used to an intuitive approach (such as those involved in engineering studies) 
it can be difficult to understand how principles are applied in the real world. This is particularly true in mechanical 
engineering, probably the hardest discipline in engineering studies. 
   Several mechanical models developed in our laboratory have been shown to be of primary importance (i) as proof-of-
concepts of newly discovered phenomena; (ii) as teaching tools at different levels, including PhD programs; (iii) as 
demonstrators at public exhibitions, even for untrained public. 
   Our models have been conceived, designed, and realized to give tangible, vivid evidence of non-intuitive mechanical 
phenomena. Some of them have been invented for illustrating results obtained within EU financial schemes, others have 
been addressed to scientific presentations, and others have been designed to help students in understanding basic and 
advanced concepts of mechanics. 
   Our results and findings provide a breakthrough innovation in engineering education, through a simplification in the 
teaching of mechanics. We will continue developing our methods, thus contributing, through engineering education, to a 
sustainable and equal opportunities human development. 
 
 
 

MODELS FOR BASIC STRUCTURAL ANALYSIS 
 
   Cross and Morgan ZURWH�LQ�������µthe ability of a designer of continuous structures is measured chiefly by his ability to 
visualize the deformation of the structure under load. If he cannot form a rough picture of these deformations when he 
begins the analysis he will probably analyse the structure in some very awkward and difficult way; if he cannot picture 
WKHVH�GHIRUPDWLRQV�DIWHU�KH�KDV�PDGH�WKH�DQDO\VLV��KH�GRHVQ¶W�NQRZ�ZKDW�KH�LV�WDONLQJ�DERXW¶��7KLV�VWDWHPHQW�UHPDLQV�YDOLG�
today. However, the visualization of the deformation of a structure is more complex than it may appear and for this reason, 
WHDFKLQJ� PRGHOV� DUH� IXQGDPHQWDO� WR� VWLPXODWH� VWXGHQWV¶� LQWHUHVW� DQG� WR� VLPSOLI\� OHDUQLQJ�� :H� KDYH� GHYHORSHG� VHYHUDO�
structural models for Civil engineering students, for elastic beam, segmental arch, truss structure [1], elastic frame [2], and 
(XOHU¶V�EXFNOLQJ, Fig. 1.  
 

 
 

Fig. 1 from left to right, models for: Segmental arch��7UXVV�VWUXFWXUH��(ODVWLF�IUDPH�DQG�(XOHU¶V�EXFNOLQJ 
 
 
 



 

 

ADVANCED MODELS FOR FLUTTER INSTABILITY & CONFIGURATIONAL FORCES 
 
   Proof-of-concept-models have been designed by us to give evidence to previously unknown mechanical phenomena. 
These include: buckling of an elastic rod under tensile dead load [3], flutter instability induced by dry friction [4], effects of 
curvature constraint on instability [5], existence of configurational forces [6], effects of configurational forces on instability 
[7], the elastica arm scale [8], the torsional gun [9], Fig. 2. All these phenomena are so innovative that it is hard to imagine 
their real world implications without a working physical model. 
 
 

    
 
 

Fig. 2 From left to right, models for: Flutter instability; The elastica arm scale; The torsional gun 
 
 
 
 

CONCLUSIONS 
 

   Usually engineers face the problem of characterizing new materials of unknown properties and this is done using standard 
WHVWLQJ�PDFKLQHV��2XU�PRGHOV�RULJLQDWH�IURP�DQ�RI�µLQYHUWHG�DSSURDFK¶��ILUVW�ZH�GHYHORS�D�WKHRU\�WR�GHVFULEH�D�SKHQRPHQRQ�DQG 
then we build a model which will behave physically according to the theory. In this sense, our laboratory is unique: we use our 
testing machines with data acquisition to fully define the behaviour of our physical models to see how well it fits the theoretical 
models. We have thus been able to show complex nonlinear instabilities such as flutter instability in the real world which were 
previously only demonstrated mathematically. We have discovered and demonstrated buckling instability of a bar in tension and 
the existence of configurational forces. We have invented a new type of elastically deformable arm balance and a torsional 
actuator, each one with its associated model. These models have been used to engage both our peers and the public in our 
discoveries. Teaching models of truss structures and frame structures have been developed to enhance teaching at the 
undergraduate level.  
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Summary This communication presents a methodology and tools that take advantage of research projects developments in the field of
mechanics of materials for education outreach. Such new learning experience should meets the requirements of efficient interactive learning
: ease of use, hands-on oriented, interactive exposure to theoretical concepts. It also has to be linked to state-of-the art scientific and
industrial design numerical tools. Based on the new generations students audience expectations, an interactive method has been developed
to facilitate the exposure of student to theoretical concepts and hands-on experience. Interactive learning notebooks are utilized, combined
with high-efficiency scientific libraries wrapped in the widely-utilized Python language. Such methodology thus allows to easily link the
theoretical concepts to industrial softwares and numerical tools, through their Python language scripting interfaces.

INTRODUCTION

Interactive Learning is a pedagogical approach that incorporates interactive experience into course design and delivery. It
has evolved over the years, and benefits of the state-of-the art digital technology in terms of human-machine interaction and
communication. Among the tremendous number of digital tools available (video and audio support, online communication,
serious games), interactive coding is an efficient choice to expose students to basic scientific computing while learning theo-
retical concepts with a hands-on oriented approach. Such a different learning angle necessitate a paradigm shift in education.
In particular, the new audience skills and expectations, and the new technology capabilities have to be included in the design
of courses and preparation. A second aspect of interactive content is the interaction and compatibility with up-to-date simu-
lation tools and numerical analysis packages in the field of mechanics of structures and materials. Also, compatibility with
optimization methods, data mining, analytics and machine learning is necessary to explore the wide toolbox available to the
new generation of engineers and scientists. Concerning the adaptation to new audience, such courses have to match with the Z
generation of students expectations [?]. Their members have indeed grown up with internet and communication technologies,
and they have a savvy use of interactive human-machine tools [?]. They therefore naturally highly expect tailored learning,
sharing content within a community, and human-machine interaction at any stage of their learning experience. To adapt to such
audience, new courses require a quick access to interactive, technology-oriented hands-on experience to facilitate the learning
process of theoretical concepts in physics. On the second hand, the design of courses need also to be oriented towards the deep
understanding of simulation methods in engineering. Indeed, students should be very familiar with finite element analyses
(FEA) packages, material science libraries, optimization algorithms and workflows. Most of the advanced techniques for the
simulation of materials nowadays relies on third-party packages dedicated to the behavior of materials, such as DIGIMAT,
Z-Mat, MOOSE or SMART+. According to which concepts in mechanical of materials are approached, such transition from
numerical research tools to educational material invite us to review the learning experience we propose. Indeed, since the
development and/or use of efficient integrated numerical tools is a new requirement for engineers in Mechanics and Materials,
a proper paradigm in education must be adopted. We have summarised three important features of an innovative interactive
tool: (i) It must be compatible with integrated tools and solutions for the analysis of a material or mechanical system; (ii) the
tools and knowledge exposed must be adapted to numerical simulation methods commonly utilized in industry (iii) it must
easily interact with other numerical and/or scientific libraries and analytics

SIMMIT : AN INTERACTIVE TOOL

Such conclusions have led to the definition of an interactive learning package, named simmit which stands for ”Simulation
in mechanics and Materials : interactive tools”. Such tool is proposed in an open-access format, to build a community of
contributors around it and facilitate exchanges between users. The objective is eventually to facilitate the transmission of
knowledge, concepts and contents that are traditionally utilized in advanced numerical simulation in Mechanics of Materials,
from theoretical concepts to practical use of numerical tools for simulation and analytics.

The learning experience of students is typically depict in Figure ?? in dashed lines. Theoretical concepts in mechanics of
materials and continuum mechanics are assimilated in one hand, and in a second hand they learn the use of software as well as
high-level programming language to connect and interoperate input/outputs of such softwares and build workflow to analyse,
optimise, present results. The two aspects are usually disconnected, since there are no tools to combine them. One way to
connect the two aspect is to develop a library in a high-level language, such as Python, that will allow to develop an interactive
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Summary The backbone of engineering education is based on the presentation of the fundamental principles, mathematical and physical
models embedded in a series of challenging and inspiring examples of applications.

In the last decades, traditional educational paradigms have been challenged an easy access to numerical solutions eroding the fundamental
knowledge in mathematics, the access to libraries and knowledge, communication technologies, etc. As a consequence, we witness an
important evolution of the way students learn and of the student-teacher interaction.

The paper presents a novel way of understanding continuum mechanics theory using symbolic computations and discusses the combination
of symbolic and numeric method for solving the indentation problem of a mulilayer structure.

INTRODUCTION

The backbone of engineering education is based on the presentation of the fundamental principles, mathematical and
physical models embedded in a series of challenging and inspiring examples of applications. Ideally, part of the illustrations
should come from table-top experiments presented during the lectures. Mastery of the subject will finally arrive with practical
skills acquired through experience by solving exercises, doing experiences, analyzing data.

In the last decades, traditional educational paradigms have been challenged from different directions: the explosion of
computational power has brought into play an easy access to numerical solutions eroding the fundamental knowledge in
mathematics and the capacity to compute closed-form solutions, the internet has changed human interactions and the access
to libraries and knowledge, etc. As a consequence, we witness an important evolution of the way students learn and of the
student-teacher interaction based on the new communication technologies. Almost all top universities are struggling to shape
the new tools of learning and to overcome these difficulties. Most of the effort [3, 4] goes into massive open online courses,
shortly denoted as MOOC, which can give easy access to conceptual and technical content, shrink geographical distances and
foster interdisciplinary research. However, the explosive popularity of MOOC learning, does not solve the question of how to
teach the practical skills of science ? as practical skills have to be acquired through hands-on experiences: problem-solving
activities, laboratory courses, field trips, internships and project work etc., see the discussion in [5].

Our aim is to addresses the question of teaching the fundamental concepts and the practical skills of continuous mechanics
by taking advantage of capabilities of combining symbolic and numeric computations in programs like MATHEMATICA [6].
The advantages of manipulating a high level symbolic computer code are of different nature. It facilitates computational
burden of applying partial differential operators to vector and tensor field in general and especially in non Cartesian coordinate
systems and it is therefore a new mean of approaching classical closed-form solution. One can easily check the validity of
existing formulas, graphically and numerically manipulate the result and create numeric approximations of the solutions.
Moreover, the rigor of a computer code obliges to respect a certain formalism in manipulating the expressions which insures
a good understanding of the underlying concepts. Therefore the description of mechanics with such a tool brings the balance
between theory, classical closed-form solutions and numerical computational.

The paper presents a novel way of understanding theory using symbolic computations as presented in [1] and discusses
the combination of symbolic and numeric method for solving the indentation problem of a mulilayer structure as discussed in
[2].

UNDERSTANDING THEORY

The easy manipulation of differential operators on vector and tensor fields opens up a series of subjects in continuous
mechanics: kinematic of motion and the concept of deformation, equilibrium of stress fields and their efficient representation
using potentials, anisotropy of elasticity tensors, computation of closed-form and approximate solutions for elasticity equi-
librium, vibration or buckling problems, approcimate solution using energy minimization principles etc. In order to keep the
presentation concise, only few subjects will be select to illustrate the topics included in this treatment.

Kinematics of motion serves as a vehicle for introducing the concept of deformation as a transformation map, leading
naturally to the concept of deformation gradient and polar decomposition into rotation and translation. The definition of
strain then follows, and particular attention is focused on the concept of small strain. The procedure for reconstructing the
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displacement field from a given distribution of small strains is constructed based on rigorous arguments, and implemented in
the form of an efficient MATHEMATICA module. In the process of developing this constructive approach, the conditions for
small strain integrability are identified (also known as the Sain Venant strain compatibility conditions) and the significance of
the second order incompatibility operator, inc.

An arduous subject is the introduction and use of the method of displacement potential. Firstly, the harmonic scalar and
vector Papkovich-Neuber potentials are introduced, and the representation of simple deformation states in terms of these
potentials are found. Next, the fundamental solution of three-dimensional elasticity is derived, the Kelvin solution for a force
concentrated at a point within an infinitely extended isotropic elastic solid. The Kelvin solution serves as the basis for deriving
solutions for force doublets, or dipoles, with or without moment, and also for centers of dilatation and rotation which easily
be developed starting from this basic brick.

COMBINING SYMBOLIC-NUMERIC SOLUTIONS

Indentation experiments have recently become the standard testing method for hard materials like thin films and surface
coatings or soft biological materials like cells. The identification of material properties is based on the indentation curve
P ↗h representing the applied load P on the indenter with respect to its penetration’s depth h during loading/unloading test
and various phenomenological formulas are used to relate the apparent indentation modulus to the elastic properties of the
different layers.

The solution method discussed here[2] is based on the introduction of Neuber-Papkovich potentials for representing the
displacement fields in each layer and the substrate and the application of the Hankel transforms. As such the problem is
reduced to the boundary conditions at each interface and at the upper face where the contact takes place. The symbolic
manipulation of the complex analytical expression permit to created automatically a linear system equations defining a stress
distribution for a given contact radius and indentor shape and to couple it with a nonlinear solver which determines the contact
radius of solution the indentation problem.

This construction of the solution method combining the symbolic and numerical part present several advantages over
classical methods: it keeps a clear form of the solution method and assures an better control of errors when transposing
complex formulas and when adding up further developments and it permits compiling of pre-computed expressions insuring
a 10-50 times acceleration of the computing time. Moreover, the style of presentation premits a better understanding of the
solution and the possibility to survey the calculations by non-specialists.

PERSPECTIVES

The presentation of several subjects in continuous mechanics using the combined power of symbolic and numeric com-
putations show that arduous subjects can be transformed in a virtual laboratory game. The next step is to connect this tool to
other teaching experiments and transform an old and computational intensive subject is a fuzzy elegant play.
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Summary We present the methodology we have used to teach and motivate Physics students to work in experimental projects even 
in the theoretical courses. We believe this form of teaching forces students to integrate their previous knowledge, encourages their 
initiative and helps them develop self-confidence. We show some of the projects and discuss our point of view about the relationship 
between teachers and students. 
 

MOTIVATION 
 
7KH�SURJUDP�WR�REWDLQ�D�%DFKHORU¶V�'HJUHH�LQ�3hysics at the School of Science of the National University of Mexico has a 
strong theoretical orientation even though it includes seven compulsory traditional laboratory courses: mechanics, collective 
phenomena, electricity and magnetism, optics, electronics and contemporary physics I and II. Students comment that they are 
bored in the labs, that they do not learn, that the equipment is old and does not work so they waste their time and experiments 
do not come out as expected. This reinforces the myth that physics students do not like to do experiments. In most of these 
courses, experiments are used to ³illustrate´ RU�³SURYH´�concepts seen in the theoretical part of the class. However, in my 
experience with the two theoretical courses I teach at the sophomore and senior levels, 85% of the students choose an 
experimental subject for their final project. The rest of the class does either computational work or review theoretical papers. 
 

METHODOLOGY 
 
In general, a team of three students presents the experiments even though sometimes students prefer to work alone. The 
students dedicate many hours to search for a topic (it is usually a published experimental paper), justify their choice, design 
and set-up an experiment, obtain results, prepare an oral presentation and write a term paper. This work is additional to 
traditional homework and partial examinations. 
When the projects are very good and the students wish to continue working on them after the semester is over, they get to 
present their results in the education section of the National Congress of Physics or at the Congress of the Division of Fluid 
Dynamics of the Mexican Physical Society. We also have a channel in you tube where some of the edited videos can be seen, 
and we recently started a web page.  
Students are free to work elsewhere, but most of the experiments are set up at the Taller de Hidrodinámica y Turbulencia 
(Hydrodynamics and Turbulence Laboratory) where they can use the techniques and equipment that we use in our research, 
in particular lasers, high-speed video cameras, frequency generators, spectrum analyzers and power supplies.  
The teaching assistants assigned to the course and my graduate students help me guide the younger students through the 
process. The students present a written proposal of their project, and once it is accepted there is a constant interaction between 
teachers and students that has proven to be most effective. The environment is friendly, there are many discussions, and the 
truth is that we all learn with each new project.  

 
Splashing   Faraday Waves 



 
Ranque Hilsch Tube 
 
 

CONCLUSIONS 
 

We believe that this form of teaching is very important even for students that are theoretically oriented. To work in the 
laboratory, students have to integrate what they have learned before in mechanics, optics, electricity and electronics, 
thermodynamics and quantum mechanics. It is one of the few times that they see physics as a whole in a classroom. They also 
understand the concepts involved in measuring and the physical principles that involved in measuring devices like voltmeters, 
photodetectors, etc. They learn to design experiments, recognize the important variables and understand concepts like 
repeatability, precision and uncertainty, and realize the importance of statistics and probability, and data analysis.  
Finally, they learn to work as a team, to express themselves orally and by writing, to search for bibliography, to defend their 
point of view, to present their results. It is also an important experience for the teaching assistants who have to use their 
imagination in a wide variety of proposals.  
This method has influenced the experimental courses of the new program of biomedical physics and some groups of the 
contemporary physics labs, where students learn through projects starting on the first semester. With the collaboration of 
some researchers and professors, students spend four weeks in a research lab doing a project and then they switch to another. 
The following team continues with the work, and at the end, all the groups discuss their work and make a presentation of the 
evolution of the project. The main advantage is that the students get to work with modern equipment in current research topics 
close to researchers.  
The results exceed our expectations. Students learn more and are very motivated, they are independent and feel free to present 
their points of view and participate in discussions. We hope to convince our colleagues that all experimental courses should 
be taught through projects. 
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Summary The paper describes some features of finite element package FlexPDE that makes it a very suitable tool for teaching such courses as 
continuum mechanics, strength of materials, elasticity theory, mathematical modelling etc. Unlike the majority of modern FEM software it is 
concentrated mostly on equations describing the physical process allowing deeper understanding underlying mathematics, easy switching to 
new models, and conducting numerical experiments to test the material and functional characteristics of these models. Some examples which 
can be of use in student labs are presented. They demonstrate not only the nice way from the physical object to numerical result through 
mathematical modelling but also the problems that are intended to inspire students for independent work, self-study and research activities.  
 

INTRODUCTION 
 
   Finite element program FlexPDE [1±2] stays apart of the typical modern FEM packages being oriented not on the 
engineering design but serving as a tool for numerical analysis of equations with partial derivatives arising in many fields of 
natural sciences. Flexibility of FlexPDE scripting language allows user easily describe the system of differential equations, 
boundary conditions, and shape of the region and set up the required quantities to be calculated. The proven effectiveness of 
this package in the area of elasticity theory makes it very useful for designing and implementation courses on strength of 
materials, continuum mechanics, the theory of elasticity and plasticity etc. 
 

EXAMPLE 1. METRONOME VIBRATIONS 
  
   As an example the scheme for analysis of the frequency of the metronome vibrations is presented below. This problem 
is not complicated for modelling. At the same time obtained results can be easily compared with known data, or even with a 
full-scale experiment. Students also can study the dependence of frequencies on various parameters of the construction [3]. 
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VARIABLES     U1 U2 U3          
DEFINITIONS  h=0.11 rho=7800 ... 
    
EQUATIONS 
    U1:   dx(S_11) + dy(S_12) + dz(S_31) + lambda*rho*U = 0    
    U2:   dx(S_12) + dy(S_22) + dz(S_32) + lambda*rho*V = 0   
    U3:  dx(S_13) + dy(S_23) + dz(S_33) + lambda*rho*W = 0  
 
EXTRUSION 
    z = 0, h 
BOUNDARIES  
      region 1  
      start(0,0) load(U1)=0 load(U2)=0 load(U3� ��OLQH�WR«�  
 
PLOTS  
    grid(x+U1, y+U2, z+U3) as "Shape" 
    summary 
        report lambda 
END 



EXAMPLE 2. NONLINEAR BENDING 
 
   The wide range of specific features of hyperelastic bodies [4] can be demonstrated by means the problem of pure 
bending. Even the simple scheme of analysis presented below opens a number of tasks for individual student research. 
Amongst them are the calculation of geometrical parameters of computational scheme that guarantee the state of pure 
bending, and analysis of physical and geometrical nonlinearities. The latter task itself includes several stages ± deriving the 
nonlinear equations, the automation of obtaining such equations for new nonlinear constitutive relations, setting up the 
correct boundary conditions in the case of large strains, analysis of the effect of the geometrical and material parameters, the 
use of refined methods of calculation to obtain the best convergence of numerical schemes and so on.   
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Deformed Shape Bending Diagram 

 

 

 
 

 
CONCLUSIONS 

 
   Nowadays different types of engineering software accompany the teaching process. Using the finite element package 
FlexPDE when teaching mechanics and mathematical modelling related courses allows students to better absorb the course 
material, to understand the essence of the problem, to propose new ideas and methods of solution and to attract additional math 
for solving complex problems. 
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Summary Fluid Mechanics Education for the undergraduate civil engineering students, for the Islands of the Commonwealth 
Caribbean, is influenced by the need for a robust design of infrastructure for withstanding the forces of nature associated 
with hurricanes, storm surges, and tsunamis. Against the foregoing background, this paper describes the Fluid Mechanics 
Education in the Department of Civil of Engineering at the University of the West Indies.  
 

INTRODUCTION 
 
   Fluid Mechanics forms the theoretical base for coastal, environmental and hydraulic engineering and plays a critical role 
in the design of civil engineering infrastructure. In the Caribbean islands, there is a need for protection of critical lifeline 
infrastructure from high winds and storm surges during the frequent passage of hurricanes. Moreover, these islands are also 
vulnerable to tsunamis, and there is a need for the construction of tsunami shelters. It should also be noted that most of these 
islands have a mountainous terrain, and that the major roads, urban areas, airports, water pipelines and hotels are located 
along the coastline. Therefore, a clear and deep understanding of fluid mechanics is essential for the wind resistant design of 
buildings and wave resistant design of coastal roads, breakwaters, pipelines, sea walls, shoreline revetments and tsunami 
shelters. This short paper provides a glimpse of fluid mechanics education for civil engineering students at the University of 
the West Indies, hereafter abbreviated as the UWI. 
 

THE UNIVERSITY OF THE WEST INDIES (UWI) 
 
   The UWI has four campuses - in the Bahamas, Jamaica, Barbados and Trinidad ± across the Caribbean Region (Figure 
1).  It is an autonomous regional institution and currently has a total enrolment of approximately 40,000 students. It started 
as Imperial College of Tropical Agriculture of the University of London in 1948 and at present is supported by, and serves, 
the following 17 islands: Anguilla, Antigua and Barbuda, the Bahamas, Barbados, Bermuda, the British Virgin Islands, the 
Cayman Islands, Dominica, Grenada, Jamaica, Montserrat, St. Kitts, Nevis, St. Lucia, St. Vincent and the Grenadines, 
Trinidad and Tobago, and Turks and Caicos Islands. These islands have a combined population of about 5 million people, a 
total land mass of approximately33,000 km2, and are spread over an oceanic area of approximately 2.25x106 km2. 
 
   The Department of Civil Engineering, which is a part of the UWI Faculty of Engineering, is located at St. Augustine in 
Trinidad. Its undergraduate programme in Civil Engineering commenced in 1961 in a special relationship with Imperial 
College, London. Moreover, the Department has maintained academic links with the United Kingdom through a formal 
accreditation of its programmes by with the UK Engineering Council through the Joint Board of Moderators (JBM), which 
comprises the UK based Institutions of Civil, Structural and Highway Engineers. 
 

 
 

 
The central objective of striving for a clear, and deep, understanding of Fluid Mechanics among the undergraduate students 
is to develop an ability for correctly, and fully, interpreting the codes of practice/design guidelines relating to wind/structure 
and wave/structure interactions for the design of hazard resistant infrastructure. At the UWI this objective is achieved 
through a specially designed syllabi and a continuous learning thread [3], which puts the fluid mechanics education at the 
centre of the relevant issues, as shown in Figure 2. 

Figure 1: The Caribbean 
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LEARNING THREAD 
 

   The learning thread in Fluid Mechanics for the undergraduate civil engineering students at the UWI begins with an 
introductory course in Fluid Mechanics in their first year. In this course, principles of hydrostatics, the conservation laws of 
mass, energy and momentum and their applications are first introduced. These are followed by an introduction to boundary 
layers. In the second year, the students take another course in Fluid Mechanics which concentrates on flow in open channels, 
potential flow and atmospheric boundary layer. Thereafter, in the third year, the students take a course in Coastal 
Engineering where mechanics of wave motion, sediment transport and design of coastal structures are covered. Finally, all 
undergraduate students are required to carry out a final year capstone design project which - given the oceanic setting of the 
Commonwealth Caribbean - invariably requires consideration of wind and wave forces. The capstone design project, inter 
alia, requires, and develops, skills of analysis and synthesis, and in it the students come to appreciate the need for clarity, 
and depth, of their knowledge in Fluid Mechanics for correctly interpreting the physical processes involved as well as the 
various codes of practice and guidelines mentioned earlier. A clear and deep understanding leads to optimal design and 
construction of infrastructure, and thus enhances its sustainability. 
 
   The aforementioned learning thread is underpinned by closely supervised tutorial sessions, site visits, laboratory 
experiments, text and reference books, multimedia and Computational Fluid Dynamics (CFD. It is said that those of us who 
teach fluid mechanics are fortunate, as are our colleagues in some other fields such as optics, that our subject is easily 
visualized. Moreover, the literature of fluid mechanics has many beautiful and revealing photographs which can be used as a 
valuable resource for teaching. Thus, conventional lectures are VXSSOHPHQWHG�E\�³$Q�$OEXP�RI�)OXLG�0RWLRQ´ by Van Dyke 
[4]. Moreover, the advantages of the aforementioned visual nature of Fluid Mechanics, in the learning process, are further 
strengthened by the use of an interactive multimedia DVD [2]. 
 
   Integration of Computational Fluid Dynamics (CFD) in the undergraduate fluid mechanics courses can considerably 
enhance learning [1]. Specifically, classroom CFD demonstrations and home assignments help students to learn the basic 
concepts of Fluid Mechanics. Moreover, it also shows CFD simulations as a powerful design tool for examining alternative 
designs. It should be noted, however, that only simple applications of CFD, rather than numerical algorithms, are 
emphasized, e.g. flow separation around a bluff body. 
 

CONCLUSIONS 
 

   Fluid Mechanics Education, for Civil Engineers, in the Commonwealth Caribbean islands needs to specifically address, 
with clarity and depth, its role in the sustainable design of infrastructure for withstanding the fluid dynamic forces associated 
with hurricanes, storm surges, and tsunamis. This objective is achieved at UWI through: (a) a specially designed syllabi, and 
(b) the concurrent use of traditional lectures, tutorials and site visits as well as use of multimedia and CFD in a learning 
thread through its undergraduate civil engineering curriculum.  
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