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Balance laws of the mixture

The mixture as a single fluid

”each position £ may be occupied simultaneously by several
different particles X,, one for each constituent o”

pa, individual mass density,
Individual fields || v,, individual velocity,a =1, ...,n.
T, unique temperature

Mass balance and momentum balance for each constituent

atpa + az'pavé — ma;
Drpavl, + Oi(pavavy — t))) = hi,

m,, internal mass production due to chemical reactions,

h,, production of partial momentum due to collisions
between different constituents,

t,, partial stress tensor.

p=2_"Pa; mass density,
Global fields || ¥ = ) %’Ua, velocity,

T temperature.

)

Global balance laws

Orp + O;pv’
O pv?! + O;(pv'v! — tY)
Oip(e +1/207) + 0;(ple + 1/20°)v" — tYv; + ¢')

g, internal energy,
t, stress tensor,
g, thermal flux




Non-Fickean models for the binary mixture

Binary mixture
u = v — v, diffusion velocity,
J = piu, diffusion flux,
P1
c=—
p

, mass concentration

Non-Fickean diffusion models

State variables

clx,t), J(x, 1), plx,t),v(x,t), T(x,t)
Algebraic identity

projv] = J'v! + Jv' 4 cpv'v! + pru'n’.
Hypothesis
p1u @ u ~ 0

Dynamic law for J

~

Oy (Jk + cpvk) + 0; (Jivk + ot JF 4 cpvkvi — tﬁk) = K"




Non-reactive mixture. Telegraph equation

Extended thermodynamical model
Oip + Oipv’ = 0

Oipv? + Oi(pv'v! — 1) = 0,

Oip(e +1/207) + 9;(p(e + 1/20° 0" — t9v; + ¢') = 0
Oipc + Oi(pev' + J') =

Oy (Jl'C + cpvk) + 0; (JifulC + 0 J" 4 cpvtv’ — tﬁk) =

Constitutive relations

Inviscide Mixture
1y 17 1] 17
ty = —p10¥, t7 = —po”,
pP1 = CP.

Production of the partial momentum

~

h = 'Ulm + MHLJ7 Mll — MH(Ca P, T)
P12

Production of the partial mass

~

m = m(c,p,T).

State equations

e=¢€lc,p,T),p=plp,T).
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Non-Fickean models for the binary mixture

Non-reactive mixture. Linear model

Assumptions

Thermal equilibrium
T:To,p:po,’l):o

Partial momentum production

State variables

c(t,x),J(t,x),t >0,z € R

Governing equation. Cattaneo equations

poOic+ 0 J = 0, (1)

D
M= 8T + poDde = —J
Po




Non-reactive mixture. Telegraph equation

Dimensionless form

&gc -+ 6x<] = O,

2
eoyJ + 0,.c = —J, g = %g—g.

Telegraph equation as mathematical model for non-Fickean diffusion

e0c + O,c = Oc.

Notations
C O —Uxg
u = A, = - -
J ]’ © —e719, —e71
Cauchy problem for the non-Fickean diffusion problem (NFDP)
(
du
< dt
\ ul,_y = uo

Cauchy problem for Fickean diffusion (FDP)

)
dw
— = 0%w
dt
\
\ wl,_y = o




Non-Fickean models for the binary mixture

Theorem. Assume that the initial datum wu, is a bounded continuous function
and ug, 0,up, O*uy belong to L*(R). Let

u.(t, ) be the the solution of the (NFDP),

w(t, z) be the solution of the (FDP).

Then we have the following properties:

(1) Finite speed of propagation. If the initial datum ¢, has compact support, then the
solution c.(¢,x) has also compact support for any finite time ¢

(2) Fickean diffusion as singular asymptotic limit of non-Fickean diffusion. The following
relations hold

lime.(t, z) = w(t, ),

e—0

lin% (Je(t,x) + Opee(t,x)) = 0.

(3) Fickean diffusion as asymptotic limit of non-Fickean diffusion for t — oo
c(t,x) = w(t,x) + O(t_l/Q) + O(exp(—t/2¢)), t — o0

Sketch of proof. Using the Fourier transform one obtains:

The Fourier transform of the solution

Uc(t,€) = E(t, &) (€),

and solution

u(t,z) = E(t; ) * up(x).

. _i we(tyg) + 25atwe(t7£) —25i€w5(t,f)
E(t,§e)=e 2¢ :
—2i€we(t, ) —w:(t, &) + 2e0uw: (¢, §)
to to

2 —e 2
0 =+1—4e8% w.(t,§) = %-




Non-reactive mixture. Telegraph equation

(1) Finite speed of propagation
Explicit formula for the solution of (NFDP)
1 /2 .
I(z) = —/ e”Sn0d g,

n /2

/2 _ a@+t/ve) +alr —t/VeE)
e/ (t, x) 5

t ! V1 — 2 1 1 — 2
—/ It L [ P ) Ao
de | 4 2¢ 1 — 2 2¢

Jo(z +t/ve) — jolz — t/\/e)
—JF .

+

i/l LY g (I L Vg,
45 —1 4/ 1 — y2 25 0 \/g
2) Fickean diffusion as singular asymptotic limit of non-Fickean diffusion.
(2) g ymp
~ —&%t 0
. (§]
l{%g(t7£7€) - < _ige—f% 0 ) ’
and observe that the function
_~ 2
w(t, &) =e ¢ (¢

solves the (FDP).




Reactive mixture. Structure of the strong detonation waves

Reactive mixture. Structure of the strong detonation waves

Classical Chapman-Jouget theory of the combustion process
assets that

”The whole reaction process take place in an infinite thin
layer. The reactant being in equilibrium state before shock
suddenly reaches after shock another equilibrium state as a

product of reaction”.

State variables
U — (p7u7p7c7 J)'

Euler extended equations
0¥'(U) | OF'(U)

ot or PiU)

0
puU
® = | p(u?/2+cq)+p/(yv—1)
pPC
J + pcu

pu (
pu® +p

F = | p(u*/2+cq)u+yup/(y—1)+qJ |,P=
pcu + J

Ju + (pcu + J)u + pe \

MNo oo

p=pRT;e —ey=Cy(T —Ty) + cq; q heat release

Remark. The structure analyzed here take into account the chemical reaction rate
and the diffusion phenomena in the reactive zone.
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Reactive mixture. Structure of the strong detonation waves

Reactive shock wave solutions

U_ , x <st,
Ulz,?) _{ U, x> st.

Production is concentrated on the line z — st =0
P=PU_,Uy)(x — st).
Rankine-Hugoniot equations
—s (B(U) — B(U_)) + F(U;) — F(U-) = P(U_U,)

Simple wave solutions

S (—se(U) + F(U)) = P(U)
T Tinert TSD
T Tz'nert TSD
B — —
c_ c_ Cy
J J J.
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Reactive mixture. Structure of the strong detonation waves

Strong detonation wave

Chemical state variables

() =) () = ()

Thermodynamical state variables

7_SD o TSD M2 2

m2

m=p(u—s), 7=1/p;a=\/pT; M* =
PP’

0> = W/ M) =27 = 1)=i0 =y + 1/M;

w=1-1/M2%3="2/1-a?
o

M? > MZ;, =1+ h%/2+ hy/1+ h2/4
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Reactive mixture. Structure of the strong detonation waves

Simple waves

plu—s) = m
d(m2 +p) 0
—_— ’7_ p—
dy b
D w2 1 qle+ Tjm) = 0
dy v —1
d m
d—y(c+]/m) = —
d d d ~ ~
de—yJ+2de—yT+pd—yc = h—um

Mass production

m=—Kpd(T)c

Partial momentum production

h—uim = —K&(T)J
Hypothesis on the function ¢

®(T) >0, for T > T;,®(T) =0, for T < T}, and Lipschitz
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Reactive mixture. Structure of the strong detonation waves

New chemical variables

v = c+J/m
c = c
Profile of the structure

Dynamical system for chemical variable

4

de v M?

— = L _Qd(T
— = —Qcd(T

1 c®(T)

N
o
N————
L
I

W)
(4, = ()

¢ T o

§w> - 7]\;2121—0
S TW = oo 0090
() - f;fg, =211 0)
U_ Uinert USD
T 7(1) 7(0)
T T(1) 7(0)
1 - 1 - 0
1 1 0
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Reactive mixture. Structure of the strong detonation waves

Figure 1: Orbit of the state variabiles in reacting zone.

Theorem. If the Mach number M_ and heat release ¢ satisfy the following con-
ditions:
M? > MZ,;, for~y>3

—1
(3 =) V1 for 1 <y <3
q < )

2B -=7)(3y—1)

then there exists a solution of the differential system. The solution remains in the

region W for any y > 0.
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