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Diffusion of calcium and accompanying mechanical effects
in three basic structures:

e In the bulk tissue — mathematically in a 3-dimentional
space,

e |n a thin tissue layer (basically 2-dimensional space)

. In an infinite thin cylindrical volume (basically 1 —
dimensional space).
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The diffusion of calcium plays an important role in the

living cells. It is mainly manifested in the existence of
waves of calcium concentration:

1. intracellular waves

2. across the tissue -extracellular waves.

e They are responsible for the coordination of the
response to the local changes of the conditions.

e Variation of calcium concentration can serve as a
mechanism of movement of cells (e.g. crawling
motility of keratocytes)



In supporting calcium waves the nonlinear, autocatalytic
mechanism, represented by a bi-stable source term in the
respective diffusion equation

c; = DAc + f(c)
plays an important role.
Example: f=-A(c —cy)(c —c)(c — c3)
where 0=<c¢ < <cj3,

The calcium wave represents a travelling front joining the
two stable equilibriums.



Experiments: calcium waves can be generated by local
mechanical stimulation. So, there must be some coupling
between the chemical (change of calcium concentration)

and mechanical processes (deformation). Since the

deformations induced by traction are rather small, we
assume that the tissue can be treated as a visco-elastic
material, whose stress tensor has the following form:

O-ij = 2.661] + 2[161']' +v195ij +V2éij + Tij ,

where A and p are the Lame coefficients, € = (¢;;) is
the infinitesimal strain tensor, 8 = Tré is the dilation,
v; and v, are the viscositiesand T = 7(c) is the
symmetric traction tensor representing traction forces,
generated by the sol- gel transition of the cytoplasm.
This transition is caused by the change of calcium
concentration.

The diffusion of calcium is rather slow ( e.g. the speed of
calcium waves is of the order of tens microns per second),
therefore the inertial forces can neglected and the
equation of motion of the medium reduces to the quasi-
static balance of forces:

0
EO-U +Fl =0



In the case of tissue F can represent forces exerted on the
cytogel by extracellular matrix consisting of a net of actin
fibers.

E.g. we can assume that F is a restoring force proportional
to the displacement vector-field u(x).

F=-ku



Diffusion in the whole R3

Mechanical part. We assume that the traction tensor is isotropic,

Ty = T5ij . Expressing the strain tensor in terms of the

displacement vector field u(x),

€ij gl(uu +u]l)

we can write balance of forces as
v{(u + )6 +v,0 + %vzdivﬁ + r} + ulAi + %vaﬂ = ku

To solve this equation we can introduce the potential for the
displacement vector-field i i.e. i(x) = gradiy. Then, denoting

def

V=V +V
and noticing that 6 = Ay we obtain:

\7{(2,u+/1)0 +v6 +r—kw,b} =0
Assuming that the stresses are vanishing at infinity we have
Qu+21)0+v0+1=ky

By the definition of 8 we obtain the following linear evolutionary
equation for the displacement potential

VAP + (2p+ DAY — kp +1(c) =0



In general the viscous forces are much smaller than the elastic
ones, so they can treated as a perturbation, thus writing

€ij = Ei(jo) + vei(jl) + -,

and consequently
0 =00 +vy0) +... and Y =9pO +yp@ 4 ...
For the first approximation we obtain (case k=0)

Qu+ 100 + 17 =kyp®,

which is equivalent by definition of 6 to the following Helmholtz
equation

0 k 0) _ 1
Aw()_mlp()__mr

whereas for the first correction terms we obtain

Qu+ 210V — k@D +v9® =0, 5o

1
(2u+2)*

1 Kk 1) — :
9()_mlp()__ T

Similarly as before we obtain the Helmholtz equation for the first

correction for

1 k 1) _ 1 .
At 2u+1 Y = CuiiE

The asymptotic analysis of equations (10) and (12) for large and
small k is possible.



Here we consider here mainly the case of k=0. In this case we
have

0 — __T 11
0 2u+A and 0 (2u+1)2 T

2.2 Reaction diffusion equation. The calcium diffusion equation
with incorporated mechanical effects is

¢ = DAc+ f(c,0)

The experimental determination of the source function f(c,0)
seems to be very difficult, especially that the proposed
mathematical model should be treated as an approximation of
much more complex reality. The source term f(c,0) should
satisfy some physical restrictions e.g. it should be nonnegative
when concentration c approaches zero. In [1] fis

proposed as a sum:
f(c,8) = f(c) +v6,

which can be thought of as a first term in the power series of f
with respect to the dilation 8. This form for large values 6 can
however lead to unphysical behavior- the source term can become
negative for c=0, thus leading to unphysical negative values of
calcium concentrations. Still it can be useful in explaining some
interesting features of the mechno-chemical coupling. The
experiments in which calcium waves are generated by squeezing
locally the tissue or part of a cell see[ ], can be explained in the
frame of discussed here mechano-chemical model if the coupling
constant y is negative. Indeed squeezing induces negative 6,
therefore if initially the system was in the lower stable state C,



(ground state) then when 0 decreases during the gradual
squeezing, the ground state C;(0) increases till the moment where
the minimum of the function f(c,0)+y8 with respect to c becomes
equal to zero. At this moment the stable and unstable states
merge and C; becomes unstable for positive perturbations of c.
When 6 is still increasing the state C; (as well as C, ) cease to exist
and the system is jumping to the upper stable state. In this way
the local concentration becomes high enough to start the
propagation of travelling wave supported in its further evolution
by the autocatalytic mechanism, encoded in the model by
bistability of f(c).

t(c)

Inour appr. 8 = 6% + 61, Assuming that, 6°(c) = ~onin

already encoded In the form of f; thatis assuming that
f(c,0) =f(c)+y6°(c) +yOD = g(c) + YD we obtain

¢, = DAc + g(c) +yo® or

¢ = DAc + g(c) + Y Guin? +/1)2



Noticing that 7 = 1,. ¢, we finally arrive at a single reaction
diffusion equation

B(c)c, = DAc + g(c),
where f=({1-—-y

A% T )
Qu+1)z ¢/

The existence of travelling waves solutions follows immediately
from the appropriate theorem for a single reaction diffusion
equation, provided that g(c) is of a bi-stable type. In the case
when B is a non-vanishing constant or does not change much,
the viscosity influences only the speed of the wave leaving the
wave profile unchanged.

For very large k, when other terms except of ¥ and 7 can be
neglected we have 1 = —k~!t and then the reaction diffusion
equation for calcium concentration becomes

¢. = (D —yk™tt.) Ac+ f(c) —yk™tt . (Vc)?.



3.Diffusion in a thin layer of a visco-elastic material

Consider a thin layer of visco-elastic material; (x!,x?%, x3) € R? x
[—d, d] with free, unloaded upper and lower surfaces. Under the
influence of internal stresses such layer can in principle undergo
buckling. This possibility, however, will not be analyzed here. In this
Section we assume that the traction tensor 7 can be somewhat
anisotropic, i.e. it can be of the following form

T 0 O
=10 7 O
0 0 733

Together with x1 x2% x3 we use here x, y,z and X = (xl,xz) for

the convenience.

Since the layer is thin we can expand the displacement vector-field
in powers of z (=x°) up to second order terms (the dependence on t
is suppressed for the convenience)

— 1), - 2) ;-
u;, = a) (%) + ai( ) (%)z + al.( ) (%) 22
The plane (x1,x2,0) is assumed to be a symmetry plane, so we
have
{ u,(x,z) =u,(x,z), a =1,2
us(x, —z) = —us3(x, z)

This implies: u; = a3z and u} =0, so finally



{ua = ad(x) + a®(x)z*
u; = as(x)z

Consequently the strain tensor is given by:
_1c0 2 2 0 2 2
€ap = E{a“'ﬁ tagpz®+ag, +a;z,z2%}
_1¢y 2 1
€43 = 5{2% + ag’a}z

_ 1
€33 = a3

Boundary conditions. Since the top and bottom surfaces are free
unloaded surfaces the following relations must be satisfied for
z = +d:

1. 0,3 = 0: , ZME(Zg + VZéa3 =0
2. 033 = 0: A0+ 2[1633 + Vlé + V2é33 + T33 = 0
Balance of forces, ¢(t, x,y) potential:

(A+‘U)H—‘Ll633 +V9—V2é33 +T_k¢:0



Boundary conditions: If z = +d (free unloaded surfaces) we require that for i=1,2,3, ;3 =0; thus for

i=0=1,2 we arrive at

€a3li=4s =0 > Zagz) + ag’l(z =0 = €,53=0 (23a)
Whereas for i=3 we have

26 +2uald + 133 = 0 (23b)

Let us note that If we do the averaging of Egs (22) over the layer thickness 2d, we obtain similar results

1 1, (2 2). d?
Eaﬁ = 5 (aa,ﬁ + aﬁ,a) + E(a((z,; + a(,g)? (243)
€s3=0 , €= agl) (24b)

Now we can proceed in a similar way as previously, assuming that 7 depends only on ¢, whereas c can be

. . . . . d
a function of t,x,y, but not z, we introduce the two-dimensional potential y, u, = ax—al,b ,

ale 0= €11 + (S¥) + €33 = 411 + (05Y) + a%

So in zero order approximation:

/1((111 + azz) + (Z‘U + A)agl) + 133 = 0

Propagation in thin layers — plane stress state assumption.
o = {aaﬂ,aag,agg} a,f =12
0 = g + €33 gdZie é = €11 t+ €9,

Boundary conditions. Since the top and bottom surfaces are free unloaded surfaces the
following relations must be satisfied for z = +d:

1. 0,3 =0 ,whichimplies 2ue,; =0 ()

2. o033 = 0 which implies A0 + 2uez3 + 133 =0 at z=+d ()
Let us note that:

1. If the calculations are made up to main, i.e. zero order terms in d, then the coefficients of

the strain tensor are depending only x and y. Indeed we have

1 1
€ap =5 (Aap + Ap0) €3=0 , ep=ay’

2. If second order terms in d are preserved, then as it can be easily verified, the averaging over the
layer thickness in the mechanical equilibrium equations, denoted here by < >, commutes with
differentiation



d a
<@O-ij >_ﬁ<o—i]‘>

Therefore, mechanical equilibrium equations

. [k 0 0
o = ku, where k=0 k 0], are
0 0 O

reduced to 0,p g = KU, , With «,f = 1,2. Now it is convenient to introduce a 2-dimensional dilation,
0= €11 + €2, related to the two-dimensional strain tensor €45, a,f = 1,2. The boundary condition

033 = 0 gives us
~ 1 ~
10 + (ZIU. + 1)633 + T33 = 0 = €33 = —m{‘[&g + /19}
Proper b-dry condition is:

Aé + (Z‘Ll + 1)633 + Vlé + V2é33 + 133 = 0

A. Mechanical equilibrium equations
O-ij,j =0 = O-aj,j =0 — O-aﬁ,[)’ =0

Since all quantities in the above equations are independent of z, i.e. they depend on x!, x? and
t then

(/196txﬁ + Z‘Llé'aﬁ + Taﬁ ),ﬂ
Full equation of mechanical equilibrium (with viscous terms) is
166, 2 66 3
( ap + UEqp + v ap + V2€ap + Taﬁ),ﬁ

(’155a,8 + 163355113 + Z,Llé'aﬂ + Vlé(gaﬂ + V1é336aﬁ + VZéaﬁ + Taﬂ) =0

B
which can be transformed to (nie jest dobrze bo eps33 jest policz niedokl)
(A+ﬂ)é+l€33 +V§+V1é33 +T_kl/J =0
2ul
[ > M+/1 96aﬁ + Zﬂfaﬁ + V196aﬁ + szaﬁ T33 ( - 2H+/1T33):| = kua

Using the potential for u, and denoting as before v = v; + v,, we obtain after integration we again
arrive at a Helmholtz equation for the potential Y (t, x, y)

2ui A Vi .
(Z#H"'IJ)A'J""VAE[) k¢+(T—2#+AT33 it 33) 0
From now on we assume k=0, and expand the potential as before

2 A A .
MY+ v — e + (7 — 5 Tas — 5t ) = O



2ul A
( B84 + gy + (T =5 +Argfs)) =0

A

[ 2pd 68,5 + 21€qp + ( T +/1133)5aﬁ ]‘ﬂ = ku,

2+/1

where 8 = 6 + e33.Introducing (2-dimensional) potential: u, = ¢ p we arrive at

Vo {aniteag + (1 - 2%133) — ko) =0,

which after integration gives

A
4“2;4+/’l A(l) + ( - 2u+2 T33) - k¢ = O

4 Diffusion in a long thin fiber.
In this case we assume that traction tensor is symmetric with respect to x (= x* ) axis
T11 0 0
=10 7 0
0 0 7

By the axial symmetry of the problem we have

o = {011,01(1'%3} a,f =23
Z symetrii €55 = €33, awiec O = 0 + 265, 0 = €11 + 265,

Warunki brzegowe g, =0, g;3 =0
i=2 A0 +2uep, +7=0 0 =0+ 2¢ey stad
/1@ + 2(2 + /1)622 + Typ = 0 - /1611 + 2(/1 + ‘11)622 + Typ = 0

Réwnania r6wnowagi:
1601+ 2p€erq + 7111 =0
10 + 2,[1611 + 71711 = 0

stad

{(2# + 1)611 + 21622 + 711 = 0
1611 + 2(/1 + ‘11)622 + Tyo = 0

. :ATU—(A+2#)T=_ 1 .
22 2u(2p + 32) 2u+ 32




AT — (A4 Wty 1
€11 = == T
uu +34) 2u+ 32
In the case of isotropic traction tensor T;; = 7, we have €17 = €3, = €33 and

0= 3611 = -3

T
2u+32

Uwaga: mozna oczywiscie postulowac¢ réwnanie

f =f(c.0,0) wtedy 8 - wylicza sie przez c.

.1 . 1
V{(,u +1)6 +v,0 +Ev2divU + T} + pdu + Evau =0

Thus to solve this equation we can introduce the potential for @i i.e. ti(x) = gradi. Then noticing that
6 = Ay we obtain:

V{u+ 10+ (v +v)8+1}=0
Thus we have:
1. Qu+1)® +7=0
AYy©® = —

2u+ A
2. Qu+00M +v6 =0

v

1 =
So AyY i)

T

and M =—-_2L_9©O
2u+A

By taking the trace of the last equation we obtain
BA+ 20D + (Bv; +v,)0@ = 0 and consequently

(1) — _3v1itv2 4(0)
4 31+2u 0%

By taking the traceless part of equation 2. we arrive at
2‘Ll (E(l) - %9(1)611) + V) (61(10)611) = O,



which finally allows us to find the correction to the strain tensor due to the viscosity

(1) (1 9(0)8 (O)) 1 3V1 + Vo . (0)6
€ " 2u\3 € 331+ 2u

In the case of isotropic traction tensor, (7;; = 76;;), Eq.(1) after introducing the displacement vector-
field u(x) gives us

(u+D70® + pAu+vr=0
for the zero-order approximation. In general the displacement u(x) can be decomposed into the sum of
the gradient of a potential and the curl of a certain vector-field. As all other terms in the equation are

gradient-like and the material in the infinity is assumed to be undisturbed, then it is sufficient to introduce
the displacement potential u = V. In this way we come to

ViQu+ DAY +1}=0

So, up to a constant we have

T

W= u+a

T
2u+A’
Developing the potential ¥ similarly as the strain tensor

Noticing that A = 6 we have 8(® = —

Y = 1!)(0) + l,l)(l) + o
we have AYyD = —gM

we have AYyD =g

where the zero-part of the strain tensor corresponds to the vanishing viscosities. Comparing the terms of
the same order we obtain

1. U(O) = AB(O)SU + 2.[161(]0) + Tij
2. o =020M6; + 2uei(jl) + 1,006, + vze’ig.o)
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